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Abstract This article presents two observability inequalities for the heat equation
over £2 x (0,T). In the first one, the observation is from a subset of positive
measure in 2 x (0, T), while in the second, the observation is from a subset of
positive surface measure on 92 x (0, 7). We will provide some applications for the
above-mentioned observability inequalities, the bang-bang property for the minimal
time control problems and the bang-bang property for the minimal norm control
problems, and also establish new open problems related to observability inequalities
and the aforementioned applications.
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1 Introduction

This article serves as a review on observability inequalities from measurable sets for
solutions to the heat equation. The purpose of trying to obtain the two observability
inequalities that we will see and prove in this article, was that in control theory there
is a very well known result, the Hilbert Uniqueness Method, that assures that the null
controllability of an equation is equivalent to obtain an observability inequality for
the adjoint equation. This result is attributed to J.L.. Lion. In our previous research
we were studying the null controllability of parabolic equations over measurable
sets, so, for the Hilbert Uniqueness Method reason, we focused on proving the
observability inequalities (Theorems 1 and 2) that we will see in this article.
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2 J. Apraiz

In the next lines of the Introduction we will establish the type of problem we will
work on, remember some a priori estimates for the parabolic equations and recall
some previous results about this kind of work.

Then, in Sect. 2, we will establish and prove Theorems 1 and 2 which will
give us two observability inequalities. We will continue, in Sect. 3, showing
some applications of the observability inequalities we have proved, the bang-bang
property for the minimal time control problems and the bang-bang property for the
minimal norm control problems. Finally, with Sect. 4, we will finish the article
establishing some open problems related to observability inequalities and their
applications to control theory.

Let £2 be a bounded Lipschitz domain in R"” and T be a fixed positive time.
Consider the heat equation:

oou—Au=0, inf2x(0,7),
u=0, ondf2x (0,T), @))]
u(0) =up, in 2,

with ug in L2($2). The solution of (1) will be treated as either a function from [0, 7]
to L>(£2) or a function of two variables x and ¢. Two important a priori estimates
for the above equation are as follows:

lu(T)ll 22y = N($2, T, @)/D lu(x, )| dxdt, (2)
for all ug € L?(£2), where D is a subset of £2 x (0, T), and

d
lu(T)l 20y < N(R2, T, 3)/3 |, UG Dl dods, 3)

for all ug € L*(£2), where J is a subset of 352 x (0, T). Such a priori estimates are
called observability inequalities.

In the case that D = w x (0, T) and J = I" x (0, T') with w and I" accordingly
open and nonempty subsets of §2 and 952, both inequalities (2) and (3) (where
252 is smooth) were essentially first established, via the Lebeau-Robbiano spectral
inequalities in [6]. These two estimates were set up to the linear parabolic equations
(where 382 is of class C?), based on the Carleman inequality provided in [5]. In the
case when D = w x (0,T) and J = I' x (0, T) with w and I accordingly subsets
of positive measure and positive surface measure in §2 and 952, both inequalities (2)
and (3) were built up in [1] with the help of a propagation of smallness estimate from
measurable sets for real-analytic functions first established in [10]. For D = w x E,
with @ and E accordingly an open subset of §2 and a subset of positive measure in
(0, T), the inequality (2) (when 0£2 is smooth) was proved in [11] with the aid of
the Lebeau-Robbiano spectral inequality, and it was then verified for heat equations
(when £2 is convex) with lower terms depending on the time variable, through a
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frequency function method in [8]. When D = w x E, with w and E accordingly
subsets of positive measure in §2 and (0, T'), the estimate (2) (when 0£2 is real-
analytic) was obtained in [12].

In [2], we established the inequalities (2) and (3) when D and J were arbitrary
subsets of positive measure and of positive surface measure in £2 x (0, 7') and 92 x
(0, T) respectively. Such inequalities not only are mathematically interesting but
also have important applications in the control theory of the heat equation, such
as the bang-bang control, the time optimal control, the null controllability over a
measurable set and so on.

We will see how we proved the two above-mentioned inequalities. We start
assuming that the Lebeau-Robbiano spectral inequality stands on £2. To introduce
it, we write

O<M <A< <hj<-

for the eigenvalues of —A with the zero Dirichlet boundary condition over 952, and
{ej : j = 1} for the set of L?(£2)-normalized eigenfunctions, i.e.,

Aej+Ajej =0, in$2,
“4)
ej =0, ondgQ.

For A > 0 we define

Enf = Z(f,ej)ej and Si'f:Z(fvej)eja

Aj=<A Aj>n

where
(frepy= [ Feydx, whenf e L%@). j = 1.
2

Throughout this paper the following notations are used:

(fig) = fg fedx and | fll 2 = (f. )

v is the unit exterior normal vector to §2. do is surface measure on 952. Bg(xg)
stands for the ball centered at xg in R” of radius R, Ag(xg) denotes Bg(xg) N 952,
Br = Bgr(0) and Ap = Ag(0). For measurable sets o C R" and D C R" x (0, T),
|| and |D| stand for the Lebesgue measures of the sets. For each measurable set J in
382 x (0, T), |J] denotes its surface measure on the lateral boundary of £2 x R. {e’4 :
t > 0} is the semigroup generated by A with zero Dirichlet boundary condition over
8£2. Consequently, ' f is the solution to the problem (1) with the initial state f in
L?(£2). The Lebeau-Robbiano spectral inequality is as follows:
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Foreach0 < R < 1, thereis N = N(S§2, R), such that the inequality

1€ Fll 202y < NeMVHIE Fl 2800y (5)

holds, when Bag(x0) C 2, f € L>(£2) and A > 0.

2 Observability Inequalities

Our main results related to the observability inequalities are stated as follows, but,
first, we will define the real-analyticity of the set A4r(qo).

Definition 1 Let go € 062 and 0 < R < 1. We say that Asg(qo) is real-analytic
with constants ¢ and § if for each g € A4g(qo), there are a new rectangular
coordinate system where ¢ = 0, and a real-analytic function ¢ : Bé cR*1 SR
verifying

$(0) =0, [0% ()| < |afts™l*I=1
when x’ € Bé, o e N1

(6)
BoN§2 =B, N{(x",x,) :x" € Bé, xn > o (x)},

B, N2 =B, N {(x, x,) 1 x" € Bé, X, = ¢ (x))).

Here, Bé denotes the open ball of radius ¢ and with center at 0’ in RL

In the next two theorems, we establish two observability inequalities for the heat
equation over §2 x (0, 7). In Theorem 1, the observation is from a subset of positive
measure in £2 x (0, T), while in Theorem 2, the observation is from a subset of
positive surface measure on 3£2 x (0, T).

Theorem 1 Suppose that a bounded domain S2 verifies the condition (5) and
T > 0. Let xo € §2 and R € (0, 1] be such that Bagr(xg) C S2. Then, for each
measurable set D C Br(xo) x (0, T) with |D| > 0, there is a positive constant
B = B(£2,T, R, D), such that

le™2 £l 2y < €® / le'4 f(x)| dxdt, 7
D
when f € L*(£2).

Theorem 2 Suppose that a bounded Lipschitz domain §2 verifies the condition (5)
and T > 0. Let gqo € 352 and R € (0, 1] be such that A4r(qo) is real-analytic.
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Then, for each measurable set J C Agr(qo) X (0, T) with |J| > 0, there is a positive
constant B = B(2, T, R, J), such that

d
172 fll 20, < fg [ Al dod, (®)

when f € L*(£2).

Next, we will see some results that will be necessary in the proof of the previous
Theorem 1.

Lemma 1 Let Br(xg) C 2 and D C Br(xg) x (0, T) be a subset of positive

measure. Set

Dy={xeR:(x,t)eD}, E={te0,T):|D]|>|D|/QT)}, t € (0,T).
&)

Then, D, C £2 is measurable for a.e. t € (0, T), E is measurable in (0, T), |E| >
|D|/2|Bg| and

Xe@xD, (x¥) < xp(x,1), in 2 x(0,T). (10)

Proof From Fubini’s theorem,

T
|@|:f |2Dt|dt=/ |@,|dt+/ D] dr < |BgI|E| + |DI/2.
0 E [0,TI\E

O

Theorem 3 Let xo € 2 and R € (0,1] be such that Bsg(xg) C $£2. Let
D C Bgr(xo) x (0, T) be a measurable set with |D| > 0. Write E and D, for
the sets associated to D in Lemma 1. Then, for each n € (0, 1), there are N =
N($2, R, |DI/(T|Brl),n) and & = 0(82, R, |D|/(T|Brl),n) with 6 € (0, 1),
such that

153 0
(NeN/(”"‘) / XE(S)”eSAf”Ll(’Ds)dS) 1€ 2y
3]

1”4 fll 2@ <
(11)
when0 <t <t <T,|EN(t1,0)| > n(ta — t1) and f € L*(82). Moreover,
_ N+1-0 _ N+1-¢
e N1 ”etzAf”Lz(Q) —e an-1) ||€”Af||L2(_Q)
(12)

16}
=< N/ xe®Ne’? fllp1(p,) ds, when q > (N +1—6)/(N+1).
1
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The reader can find the proof of the following Lemma 2 in either [7, pp. 256-257]
or [8, Proposition 2.1].

Lemma 2 Let E be a subset of positive measure in (0, T). Let | be a density point
of E. Then, for each z > 1, there is || = l1(z, E) in (I, T) such that, the sequence
{l;n} defined as

lm+1=l+z_m(ll_l)a m=1527“'a

verifies
1
[EN Umtts )] > 3 Um —lpy1), whenm > 1. (13)

Proof (Theorem 1) Let E and D, be the sets associated to D in Lemma 1 and /
be a density point in E. For z > 1 to be fixed later, {/,,} denotes the sequence
associated to [ and z in Lemma 2. Because (13) holds, we may apply Theorem 3,
withn = 1/3, 41 = l41 and 1 = [, for each m > 1, to get that there are N =
N($2,R,|D|/(T|Brl)) > 0and 8 = 0(82, R, |D|/ (T|Brl)), with 6 € (0, 1), such
that

NEl-0 — N+1-6 LA
o I
e s [l d £l o) — e (b =ln+1) || gl Fliae

I
" N+1-0
<N $)|le'? ds, when g > and m > 1.
< /l XE® Flle,y TR >
(14)
Setting z = 1/¢ in (14) (which leadsto 1 < z < Nﬁ’rﬂg) and
_ N+1-6
J/Z(t) —=e =D (I =)t L > O’
recalling that
by —lpi1=2"@G@-1DU =1, form > 1,
we have
vl fll 2y — v DA fll 2
In (15)
<N | xe@le fllpip,ds, when m> 1.
lm+l

Choose now

_U(, N+
! N+1-6)
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The choice of z and Lemma 2 determines /1 in ([, T') and from (15),

Y@ ™™ fll2ay — v @ Dl fll 2

I (16)
<N xe®e* flli(p,) ds, when m > 1.
lm+l )
with
2(N+1-—0)>%
y(@)=e*"and A = A(22, R, E,|D|/ (T|Bgl)) = (O(Jlr ) )
L=

Finally, because of

TA A A :
le” “ fllL2iey < 1€ fliLzg), sup e’ Sz < +oo, lim y(1) =0,
>0 t—0+

and (10), the addition of the telescoping series in (16) gives

le™2 £l 2y < Ne“‘/ le'd f(x)|dxdt, for f e L*(£2),
DN x[L,11])
which proves (7) with B = zA + log N. O

Remark 1 The constant B in Theorem 1 depends on E because the choice of /| =
l1(z, E) in Lemma 2 depends on the possible complex structure of the measurable
set E (See the proof of Lemma 2 in [8, Proposition 2.1]). When D = w x (0, T),
one may take ! = T/2,11 = T, z = 2 and then,

B = A(£2, R, |w|/|BrD/T.

Remark 2 The proof of Theorem 1 also implies the following observability esti-
mate:

_Zm+lA

A A
sup sup e e fllp2) = N le'? £ (x)| dxdt,
m=>01ly 1 <t<lp D2 x[L0])

for f in L?(£2), and with z, N and A as defined along the proof of Theorem 1. Here,
lo=T.

Next, we will see some results that will be necessary in the proof of the previous
Theorem 2.

Lemma 3 Let gy € 052 and J C Ar(qo) x (0, T) be a subset with |J| > 0. Set

Ji={xedR:(x,nedtte©T) E={re07):|d|=1d/2T)}.
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Then, J; C Agr(qo) is measurable for a.e. t € (0, T), E is measurable in (0, T),
[El = |1/ 2IAR(G0)]) and xg () xg,(x) < xg(x, 1) over 352 x (0, T).

Proof From Fubini’s theorem,

T
g1 =/ il dt =/ IHzIdt+/ 1d:1dt < |AR(xo)I[E| +1d1/2.
0 E [0, TNE

O

Theorem 4 Suppose that §2 verifies the condition (5). Assume that go € 952 and
R € (0, 1] such that Aag(qo) is real-analytic. Let J be a subset in Agr(qo) X
(0, T) of positive surface measure on 082 x (0, T), E and J; be the measurable
sets associated to J in Lemma 3. Then, for each n € (0, 1), there are N =
N(£2, R, |3|/(T1ARr(q0)), n) and 6 = 60(82, R, |J|/(T|ARr(q0)]), n) with 6 €
(0, 1), such that the inequality

%) 0
- ¢ 1-6
e fll 2y < (NeNNz " / xw)u;ve’AfuLn(gt)dr) 1" £l 200
n
17

holds, when 0 <t} < tp < Twithth —t1 < 1, |[EN(t1,0)]| > n(ty — t1) and
f € L*(2). Moreover

_ N+1-0 — N+1-6
e = 1€ [l aig) —e 1 e g
18
" 3 1A N+1-6 (1%
<N XE(t)“ave f”Ll(g,)dt’ when q > N+1 -
1

Proof (Theorem 2) Let E and J; be the sets associated to J in Lemma 3 and [ be a
density point in E. For z > 1 to be fixed later, {/,,} denotes the sequence associated
to/ and z in Lemma 2. Because of (13) and from Theorem 4 withn = 1/3,#; = Ly41
and tp = [, with m > 1, there are N = N(£2, R, |d|/ (T|Ar(g0))) > 0 and
0 =60(82,R,|d|/ (T|Ar(q0)])), with 8 € (0, 1), such that

_ N+1- —  N+1-0
e m=lmy1 ”@lmAf”LZ(_Q) —e q(lm=ly41) ||elm+lAf”L2(9)

<N/lm ()”8 SAfH d h >N 1=0 d >1
N a6 € s, when and m .
It XE av L'(dy) q N 1

Let

_U(, N+
) N+1-6)
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Then, we can use the same arguments as those in the proof of Theorem 1 to verify
Theorem 2. |

Remark 3 The proof of Theorem 2 also implies the following observability esti-
mate:

_ m+1A A 9 ‘A
sup sup e T fllpe) =N | 2 e A f(x)| dadt,
m>01ly41<t<lp JN@R2 x[1,01])

for f in L?(82), with A =2(N + 1 — 9)2/[9(11 — )] and with z, N and 0 as given
along the proof of Theorem 2. Here, Iy = T'.

3 Applications of Observability Inequalities

We will now show some applications of the Theorems 1 and 2 in the control theory
of the heat equation. Specifically, we will focus on the uniqueness and bang-bang
properties of the minimal time and minimal L°°-norm control problems.

In this section we assume that 7 > 0 and that £2 is a bounded Lipschitz domain
verifying the condition (5).

First of all, we will show that Theorems 1 and 2 imply the null controllability
with controls restricted over measurable subsets in £2 x (0, T) and 052 x (0, T)
respectively. Let D be a measurable subset with positive measure in Bg(xg) x (0, T)
with Bygr(xg) C £2. Let J be a measurable subset with positive surface measure in
AR(qo) x (0, T), where go € 982, R € (0, 1] and A4r(qo) is real-analytic. Consider
the following controlled heat equations:

o — Au = xpv,in 2 x (0, T],
u=0,on08 x [0, T], (19)
u(0) = ug, in £2,
and
diu —Au =0, in 22 x (0, T,
u=gxg, onds2 x|[0,T], (20)

u(0) = ug, in £2,
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where ug € L?(£2),v € L®(2 x (0, T)) and g € L>®(d82 x (0, T)) are controls.
We say that u is the solution to (20) if v = u — e'“uq is the unique solution defined
in [4, Theorem 3.2] to

v —Av =0, in 2 x (0, 7),
v=gxg, onds2 x (0, T), 21)
v(0) =0, in £2,

with g in L (082 x (0, T)) for some 2 < p < oco.

From now on, we always denote by u(-; ug, v) and u(-; ug, g) the solutions to
problems (19) and (20) corresponding to v and g respectively.

Corollary 1 For each ug € L*($2), there are bounded control functions v and g
with

lvllLeo@2x0.7)) < CilluollL2(e),

lgllL=@exo.r) < CalluollL2(e)s

such that u(T; ug,v) = 0 and u(T; ug,g) = 0. Here C; = C(£2,T, R, D) and
C,=C(£2,T,R, D).

Proof We only prove the boundary controllability. Let E be the measurable set
associated to J in Lemma 3. Write

J={(x,t):(x,T—1)ed} and E={t:T —t € E}.
Let! > 0 be a density point of E (Hence, T—lisa density point of E). We choose z,
[1 and the sequence {/,,} as in the proof of Theorem 2 but with J and E accordingly

replaced by Jand E. It is clear that
O<l<---<lpy1 <lp--- <l <lp=T, mgl}rloolm:l'
We set
M=JN@2x[T—-1L,T-1])Cd.

It is clear that |M| > 0. The proof of Theorem 2, the change of variablest =T — t
and Remark 3 show that the observability inequality

lpO)l 2 < ¢ /M 19 (p, )| dods, 22)
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holds, when ¢ is the unique solution in L*°([0, T'], L2(£2))NL%([0, T, HO1 (£2)) to

0o+ Ap =0, in$2 x[0,T),
0 =0, onof2 x [0,7), (23)
o(T) = ¢r, in 942,

for some ¢7 in L?(£2). Set

(T—1)A

X = {gfIM tpt) =e or, for0 <t < T, forsome g7 € L*(£2)}.

Since M C 982 x [T — 11, T —I], X is a subspace of L'(W) and from (22), the
linear mapping A : X — R, defined by

ACGY 1) = (uo, 9(0)),

verifies
d d d
4GS 0| = P lluoll2qe) fM 129 (p, 1) dodt, when 2|5 € X.

From the Hahn-Banach theorem, there is a linear extension T : L'(M) —> R of
A, with

T (3% ) = (uo, 9(0)), when 5% | € X,

v

TN < P lluollll fll1 vy forall fe LTM).

Thus, T is in L' (M)* = L*°(M) and there is g in L>°(M) verifying
T(f) = / fgdodt, forall f e L'(M) and gl vy < eBluoll.
M

We extend g over 952 x (0, T) by setting it to be zero outside M and denote the
extended function by g again. Then it holds that u(T'; ug, g) = O provided that we
know that

/ u(T; ug, g)er dx = / upp(0)dx — / g g‘i dodt, forall o1 € Lz(.Q).
2 2 M
(24)

To prove (24), we first use the unique solvability for the problem
ou—Au=0, in 2 x (0,T],

u=ry, ondf2 x [0, T],
u(0) =0 in £2,
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with lateral Dirichlet data y in L? (382 x (0, T)), 2 < p < 00, established in [4,
Theorem 3.2] (See also [3, Theorems 8.1 and 8.3]). Then, because g x is bounded
and supportedin 082 x [T —[1, T —1] C 982 x (25, T — 2n) for some n > 0, the
calculations leading to (24) can be justified via the regularization of gxs¢ and the
approximation of §2 by smooth domains {£2;; j > 1} asin [3, Lemma 2.2]. O

3.1 Definition of the Minimal Time Control Problems
and Main Results

In this section, we apply Theorems 1 and 2 to get the bang-bang property for the
minimal time control problems usually called the first type of time optimal control
problems; they are stated as follows. Let @ be a measurable subset with positive
measure in Br(xo) and Bsgr(xg) C $£2. Suppose that A4g(go) is real-analytic for
some go € 952 and R € (0, 1] and let I" be a measurable subset with positive surface
measure of Ag(xp). Foreach M > 0, we define the following control constraint set:

Ul, = {v measurableon 2 x R : |v(x,1)] <M forae. (x,7) € 2 xRT}.
U3, = {g measurableon 92 xRV : |g(x,1)| <M forae. (x,1) € 92 xR}

Let ug € L?(£2) \ {0}. Consider the minimal time control problems:

t
(TP)),: T\ = min {t >0: e’Auo~|—/ "9 (x,v) ds =0}
0

1
velly,
and

(TP)%,I : TA%, = min {r >0: u(x,t;g) =0 forae. x € 2},
geu%/l

where u(-, - ; g) is the solution to

qu—Au=0, in xRT,
u=gxr, on 32 x Rt, (25)
u(0) = uo, in £2.

Any solution of (T P)’M, i = 1,2, is called a minimal time control to this problem.
According to Theorem 1 and Theorem 3.3 in [9], problem (T P)}W has solutions. By
Theorem 2, using the same arguments as those in the proof of Theorem 3.3 in [9],
we can verify that there is g € U%,I such that for some # > 0, u(x, t; g) = O for a.e.
x € 8.
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Lemma 4 Problem (TP)%,I has solutions.

Proof Let {t,},>1, with t, N\ T2, and gn € u%w be such that u(x, t,,; g,) = 0 over
£2. Hence, on a subsequence,

gn —> &* weakly starin L*°(382 x (0, 11)). (26)
It suffices to show that
un(x,t;) = u(x, ty; gn) — u*(x, TA2/I) =u(x, TA%,; g, forall x € £2. 27

For this purpose, let G(x, y, t) be the Green’s function for A — 9, in £2 x R with
zero lateral Dirichlet boundary condition. Reference [4, Theorems 1.3 and 1.4] and
[4, p. 643] show that for g € U3, and (x, 1) € £2 x (0, T),

t
u(x,t; g) = eug —fo /m ;;’VC; (x.q.t =) xr(q.s)8(q,s)dogds (28)
and
T -
/ / 155 (.. DI dogd < +oo, whenx € 2, T > 0. 29)
0 982

Also, by standard interior parabolic regularity there is N = N (n, €) with

lux,t; 8) —u(x,s;: )l < Nt —s| (lgllze@exo.r) + luoll 2(2)) (30)

when d(x,d82) > /e andt > s > €. Now, when x € 2 with d(x, 92) > /e, it
holds that

ln (x, 1) — u* (X, T < lun(x, 1) — 0 (x, TE)| 4 lun (x, Toy) — u*(x, Tip)l.

This, along with (26), (28), (29) and (30) indicates that (27) holds for all x € 2
with d(x, 382) > 4/€. Since € > 0 is arbitrary, (27) follows at once. |

Now, we can use the same methods as those in [11], as well as in Lemma 4, to
get the following consequences of Theorems 1 and 2 respectively.

Corollary 2 Problem (TP)llVI has the bang-bang property: any minimal time
control v satisfies that |v(x,t)| = M for a.e. (x,t) € w x (0, Tﬂl,l). Consequently,
this problem has a unique minimal time control.

Corollary 3 The problem (T P)%,I has the bang-bang property: any minimal time
boundary control g satisfies that |g(x,t)] = M for a.e. (x,t) € I' x (0, TAZ,[).
Consequently, this problem has a unique minimal time control.
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3.2 Definition of the Minimal Norm Control Problems
and Main Results

In this section, we apply Theorems 1 and 2 to get the bang-bang property for the
minimal norm control problems; they are stated as follows. Let D and J be the
subsets given at the beginning of this section. Let ug € L*(£2), we define two
control constraint sets as follows:

Vo ={v e L®2 x(0,T)) : u(T; up, v) = 0}
and
Vg = {g € L®02 x (0,T)): u(T;up, g) = 0}.
Consider the minimal norm control problems:

(NP)p : Mp =min{|vlre@xo07r): vEVD]

and

(NP)g: Mg =min{llgllz~pex0r): &€Vs}.

Any solution of (NP)p (or (NP)g) is called a minimal norm control to this
problem. According to Corollary 1, the sets Vp and Vg are not empty. Since Vp
is not empty, it follows from the standard arguments that Problem (N P)p has
solutions. Because Vg is not empty, by using the similar arguments as those in the
proof of Lemma 4, we can justify that Problem (N P)g has solutions.

We can use the same methods as those in [8] to get the following consequences
of Theorem 1 and Theorem 2 respectively:

Corollary 4 Problem (NP)p has the bang-bang property: any minimal norm
control v satisfies that |v(x,t)] = Mop for a.e. (x,t) € D. Consequently, this
problem has a unique minimal norm control.

Corollary 5 The problem (N P)g has the bang-bang property: any minimal norm
boundary-control g satisfies that |g(x, t)| = My for a.e. (x,t) € J. Consequently,
this problem has a unique minimal norm control.

4 Open Problems

In this section we will establish the heat equation with similar conditions to what
we studied before, but in this case we will require it to verify other type of boundary
conditions instead of Dirichlet boundary conditions.
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Let £2 be a bounded Lipschitz domain in R" and consider the following heat
equation,

oiu —Au =0, in£2 x (0, 1),
Du=0, ondx0,7), 31)
u(0) = up, inS2,

with Neumann boundary condition and

du—Au=0, in x(0,1),
Du+au=0, ond2x(0,T), (32)

u(0) =ug, inS2,

with Robin boundary condition, where & € R and ug in L3(£2).

We proved two observability inequalities (Theorems 1 and 2) for these kind of
equations over measurable sets with Dirichlet boundary conditions, but if we change
that condition to now use Neumann or Robin conditions, would we be able to prove
some similar observability inequalities? And, if that’s the case, could we apply them
to prove some bang-bang properties?

The idea of facing these questions is to spread our mathematical knowledge about
this kind of problems and also to discover new interesting ways or limitations in
the techniques we are used to working with. It could also be physically interesting
because of the physical meaning of these new boundary conditions, as we will see
now.

The Dirichlet boundary condition states that we have a constant temperature at
the boundary. This can be considered as a model of an ideal cooler in a good contact
having infinitely large thermal conductivity.

With the Neumann boundary condition case for the heat flow, we can say that
we have a constant heat flux at the boundary or that it corresponds to a perfectly
insulated boundary. If the flux is equal to zero, the boundary condition describes
the ideal heat insulator with the heat diffusion. For the Laplace equation and drum
modes, we could think this corresponds to allowing the boundary to flap up and
down but not move otherwise.

Finally, the Robin boundary condition is the mathematical formulation of
Newton’s law of cooling where the heat transfer coefficient « is utilized. The heat
transfer coefficient is determined by details of the interface structure (sharpness,
geometry) between two media. This law describes the boundary between metals
and gas quite well and is good for the convective heat transfer.
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