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Chapter 1 ®
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updates

Introduction

The purpose of this book is to explain some recent results in analysis, which
in general terms may be described as follows: Major constructions or operations
in analysis are often characterized in a natural and unique way by some very
elementary properties, relations or equations which they satisfy.

A simple example on the real line would be the exponential function mapping
sums to products.

To describe the basic theme of the book, let us consider the classical Fourier
transform F on R™ given by

F()w) = | exp(-2mite.s)) S(0) dy

on the Schwartz space S(R™) of “rapidly” decreasing smooth functions f : R® — C.
As well-known, F maps bijectively the Schwartz space onto itself and exchanges
products with convolutions. The interesting fact is that these properties (almost)
characterize the Fourier transform. As shown by Artstein-Avidan, Faifman and
Milman [AFM], any bijective transformation 7" : S(R™) — S(R™) satisfying

T(f-9)=T(f) = T(g)

for all f,g € S(R™) is just a slight modification of the Fourier transform: there
exists a diffeomorphism w : R" — R™ such that either T'(f) = F(f o w) for all

feSR) or T(f) = F(f ow) for all f € S(R™).
Assuming in addition that 7" also maps convolutions into products,

T(f+g9)=T(f) T(9)
for all f,g € S(R™), the diffeomorphism w is given by a linear map A € GL(n,R)

with |det(A)| =1, ie.,, T(f) = F(fo A) for all f € S(R™) or T(f) = F(f o A) for
all f € S(R™). Details are found in the papers by the above authors and Alesker
[AAM], [AAFM] and [AFM].
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2 Chapter 1. Introduction

Note that T is not assumed to be linear or continuous. Nevertheless the real
linearity and the continuity of 7" are a consequence of the result.

A priori the Fourier transform is an analytic construction. However, it is es-
sentially uniquely recovered by the basic properties which we mentioned. Starting
with the simple formula for a bijective map exchanging products and convolutions,
we get an operation which has a rich structure and extremely useful properties.

There are some other properties which also characterize the Fourier trans-
form, e.g., the Poisson summation formula, cf. Faifman [F1], [F2].

The exponential function e = exp : R — R on the real line is, up to multiples,
characterized by its functional equation

e(r+y) =e(x)-e(y)

for all z, y € R™, if measurability of e is assumed, see Aczél [A]. In comparison, the
Fourier transform T' = F : S(R™) — S(R"™) is characterized, up to diffeomorphism
and complex conjugation, by being bijective and satisfying the operator functional
equation

T(f-9)=T(f)*T(g)

for all f,g € S(R™). Therefore we recover a classical transform in analysis by an
elementary relation, namely the above operator functional equation. Note that the
operator T is not assumed to satisfy any regularity condition like continuity or
measurability as in the case of the above map e.

Following a similar approach, we will study in this book the question to which
extent the derivative is characterized by properties like the Leibniz rule operator
equation

T(f-9)=T() 9+ T(g)

or the chain rule operator equation
T(fog)=T(f)og T(9)

on classical function spaces like the spaces C* of k-times continuously differentiable
functions, T : C* — C, f,g € C*. We will determine all solutions of either
one equation and also of various extensions of them. In most cases, we will a
priori assume neither continuity nor linearity or another algebraic property of the
operator 7. However, a posteriori, a natural type of continuity of 7" will be a
consequence of the result.

Simple additional 4nitial conditions like T'(—21Id) = —2 in the case of the
chain rule will guarantee that T is actually the derivative, Tf = f’, and, in
particular, linear, see Chapter 4.

Returning to the Fourier transform, suppose that 7' : S(R") — S(R") is
bijective and satisfies T'(f - g) = T(f) = T(g). By the properties of the Fourier
transform, J := F o T then satisfies J(f - g) = J(f) - J(g) for all f,g € S(R™). To
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prove the result for 7', it therefore suffices to determine all bijective multiplicative
maps J : S(R") — S(R™), J(f-g) = J(f)-J(g), i.e., solve another simple operator
functional equation on a classical function space of analysis. In this case there is
a diffeomorphism w : R™ — R™ such that either Jf = fow for all f € S(R") or
Jf = fowforall f € S(R"), cf. [AFM]. Bijective multiplicative maps on relevant
functions spaces of analysis were studied before in the papers of Milgram [M] and
of Mréun and Semrl [Mr], [MS].

Another transformation which is important in analysis and geometry is the
Legendre transform L. Let C,, denote the class of all lower-semi-continuous func-
tions ¢ : R — R U {£oo} and fix some scalar product (-,-) on R™. The Legendre
transform of ¢, also called Legendre—Fenchel transform in higher dimensions, is
given by

£(8)(x) = supl(z, 5) — 6()], 6 € C, R,

Then L(¢) € C,, L is an involution , i.e., £L2(¢) = ¢, and L is order-reversing,
ie., ¢ < implies L(¢) > L(¥) for all ¢,¢ € C,. Being an involution and order-
reversing are the most basic properties of a “duality” relation, which is a natural
operation having many other interesting and very useful consequences. In fact,
they nearly characterize the Legendre transform. By a result of Artstein-Avidan
and Milman [AM], for any order-reversing involution T : C,, — C,, there is a
symmetric linear map B € GL(n,R) and there are vy € R™ and ¢y € R such
that T has the form T(¢) = L(¢p o B+ vg) + ( -, v0) + ¢o, ¢ € Cy. So up to affine
transformations, 1" is the Legendre transform.

The general problem considered in this book, whether basic constructions
or operations in analysis or geometry are essentially characterized by very simple
properties like order-reversion or some functional operator equations, was actually
motivated by the question what “duality” or “polarity” means in convex geometry
and convex analysis. Let IC,, denote the class of closed convex bodies with 0 in its
interior. For K € IC,,, the polar body K° € IC,, is given by

K°={zxeR"| forally e K: (z,y) <1}.

Then the map K +— K° from IC,, to itself is an involution which is order-reversing,
K C L implying K° D L° for all K, L € K,,. Gruber [Gr] (in a different language),
Boroezky, Schneider [BS] and Artstein-Avidan, Milman [AM] (in different setups)
showed that conversely any involution 7" : KC,, — K,, which is order-reversing, K C
L implying T'(K) D T(L), is actually the polar map, up to linear transformations:
There exists B € GL(n,R) such that T is given by T(K) = (B(K))° for all
K € K,. The result for the Legendre transform is a corresponding duality result
for convex functions instead of convex bodies.

Let us turn back to analysis. The main attention in this book will be given to
the study of properties of the derivative, like the Leibniz or the chain rule, and to
the question to what extent any of these operator functional equations will nearly
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characterize the derivative, or what other solutions they admit. We also consider
characterizations of the Laplacian and other second-order derivative operations.

It is interesting to compare these classical operations in analysis with func-
tional equations which the exponential function or the logarithm satisfy. The log-
arithm log : RT™ — R sends products to sums, log(zy) = log(z) + log(y) for
x,y € RT. However, on a linear class of functions an analogous non-trivial oper-
ation T satisfying T(f - g) = T(f) + T'(g) does not exist: considering g = 0, one
finds that Tf = 0 for all f, i.e., T' = 0. Let us change this operator equation
slightly by allowing some “tuning” operators A, Ay which will act on a larger
linear space of functions (of “lower” order). For example, consider T : C' — C
and Ay, Ay : C — C such that

T(f-9)=T(f) Ai(g) + A2(f) - T(9g) (1.1)

for all f,g € C'. Then T still maps in some sense products to sums, with some
correction by the tuning operators A; and As. Clearly, if A; = Ay = Id, we just
get the Leibniz rule equation, or simply Leibniz equation,

T(f-9)=T(f)-g+f-T(g), f,geC".

In addition to the derivative, T'(f) = f’, also the entropy operation T'(f) = fIn|f]
satisfies this equation in C! or O, reflecting a logarithmic behavior. The general
solution of the Leibniz rule equation turns out to be a linear combination of the
derivative and the entropy operation. We prove this in Chapter 3. In this extended
interpretation, the derivative operation is an analogue of the logarithm on linear
spaces of functions. We also determine the solutions of the more general equation
(1.1) in Chapter 3.

Another algebraically inspired, interesting aspect of the derivative is illus-
trated by the chain rule equation

T(fog)=T(f)og-T(g) (1.2)

for all f,g € C*(R), k € N. In this case T maps the composition fog = f(g)
to a “compound” product T'(f) o g - T'(g). Since the information on the left-hand
side of the equation involves the composition f o ¢ and not individually f and g,
on the right-hand side also the composition with g is needed, when f appears,
to yield meaningful solutions. A simple product equation T(f o g) = T(f) - T(g)
only admits the trivial solutions 7" = 0 and 7" = 1. The solutions of the chain rule
operator equation are classified in Chapter 4. There are other solutions besides the
derivative (and its powers), but the derivative can be characterized by the chain
rule and an additional initial condition, e.g., T'(—21d) = —2.

Suppose the terms in the chain rule equation (1.2) for T" are positive. Then
P :=logT satisfies

P(fog)=P(f)og+P(g), f.geC'(R), (1.3)



Chapter 1. Introduction 5

mapping compositions to a “compound sum”. Note that equation (1.3) makes
sense for all, and not only for positive functions. Again, compositions with g are
needed on both sides when terms with f appear.

On linear classes of functions like C*(R) or C'(R), the solutions of equation
(1.3) are easily described: there is a continuous function H € C(R) such that

Pf=Hof—H.

This solution by itself is not very interesting. So let us add on the right-hand
side of (1.3) some “tuning” operators, as we did in (1.1). This yields the operator
equation

T(fog)=T(f)og-Ailg)+ A2(f)og T(g) (1.4)
with three operators T, Ay, As.

One solution of this equation is well-known, namely the second derivative
T(f) = D*(f) = f", with A;(f) = (f")? and As(f) = f’. Natural domains are
C?(R) for T and C1(R) for Ay, As, so Ay, A2 may be considered of “lower order”. In
our interpretation, this second-order chain rule equation appears after a logarith-
mic operation is applied to the first-order chain rule, which then is appropriately
“tuned”.

We study the solutions of equation (1.4) in Chapter 9 under a mild condition
of non-degeneration, and determine all triples of operators (7', A1, A2) on suitable
C*(R)-spaces which lead to nontrivial solutions.

The operators (T, Ay, As) are intertwined by (1.4), and there are fewer types
of solutions than one might imagine at first. There are non-trivial solutions for T’
on CF(R)-spaces for k € {0,1,2,3}, with appropriately chosen tuning operators
Ay, Ay. On CF(R)-spaces for k > 4 there are no further solutions, i.e., solutions
which might depend on the fourth or higher derivatives. The only solution for
k = 0 was already described above, Tf = Ho f — H, with A} = Ay = 1.

For k = 1 there are three different families of solutions, where all operators
act on C'. For k = 2, in addition to the solutions mentioned for k = 0, 1, there is
very little diversity for the operators A;, As. They are again defined on C'!' with
A1(f) = [ Ao(f) and Aa(f) = |f'|? {sgn f'} for a suitable p > 1. The term
{sgn f’} may appear here or not, yielding two solutions. The main operator T is
described by the above value of p and two continuous parameter functions ¢, H,
¢ # 0, namely

Tf=(cf"+[Hof—H-f)-[f""" {sgn f'}.

So for H = 0, we essentially get the second derivative. Suitable additional initial
conditions determine the form of T. Requiring, e.g., T(Id?) = 2 and T/(Id*) = 6 Id,
with Id"(z) = 2!, [ € N, yields T(f) = f”, A1 (f) = f and Ay (f) = f'.

The case k = 3, in addition to the solutions for £ = 0, 1, 2, leads to solutions in
terms of the Schwarzian derivative S. In this case A1(f) = f2Aa(f), where A
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has the same form as for £ = 2 but with p > 2. The most interesting solution is

T(f) = f2S(f), A1(f) = f* and Ay(f) = f'?, cf. Chapter 9.

One main step of our method is the localization technique, which allows to
reduce operator equations to functional equations. We show, e.g., in the case of the
chain rule equation (1.2) that any non-degenerate solution 7'f(z) is determined
by some function F' of the variables z, f(z) and the derivatives of f at = up to
order k, if f € C*(R) and 2 € R. No regularity of this function F is known at
the outset but has to be proved later. We show that the operator equation for
T then turns into a functional equation for F', the solutions of which have to
be determined. Usually then we have to prove the continuity or regularity of the
coefficient functions appearing in the structure of the solutions of F'. Functional
equations and regularity results for them are studied in Chapter 2, in preparation
for later application in subsequent chapters.

We already mentioned that various of our results are proved under some
condition of non-degeneration. There are two different forms and reasons for this
type of assumption.

One of them is a very weak form of surjectivity of the operator. This together
with the operator equation will often yield in the final result that 7' is actually
surjective. For example, the assumption in Theorem 4.1 for the chain rule equation
only requires as non-degeneration condition that 7" is not the zero operator on the
half-bounded functions, allowing a complete description of all solutions.

A very different type of non-degeneration is required when two or three dif-
ferent operators appear in the equation, such as in (1.1). We then need, e.g., that
a tuning operator A will not be proportional on some open interval to the oper-
ator T, cf. Theorem 3.7, or not be proportional to the identity, cf. Theorem 7.2.
By these conditions of non-degeneration we avoid a “resonance” behavior of two
different operators, which often has the consequence that they are not localized.
In the case of equation (1.1) there is, e.g., the following non-localized solution

T(f)(@) = f@) ~ fa+1), A) = Ao(F)) = 5(F() + fla + 1),
where the operators T, A; and As act from C(R) to itself. For functions with small
support around z, 7" here acts as identity and A; and A are homothetic to the
identity. These effects typically appear with Leibniz rule type equations which are
studied in Chapters 3 and 7. The exact form of the non-degeneration condition
differs from one chapter to the other, but stays the same in each chapter.

In some cases we may avoid the assumption of non-degeneration and prove
theorems about the general structure of the solutions of equations like (1.1) with-
out localization. These results are found in Chapter 8.

Interestingly enough, the equations we consider in this book show some unex-
pected stability or even rigidity. Perturbing the Leibniz rule equation by a “small”
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additive term yields solutions which are perturbations of the original equation. In
the case of the chain rule, we even have rigidity: the perturbed solutions have
the same solutions as the original equation. The chain rule equation allows no
reasonable additive perturbation. This is shown in Theorems 5.6 and 5.8.

In the case of the chain rule, the rigidity even allows us to study the solutions
of the inequality

T(fog)<T(f)og-T(g), f.g€eC'(R).

To completely describe the solutions of this operator inequality, under some non-
degeneration condition and a weak continuity assumption, we have to prove local-
ization and classify certain submultiplicative functions on the real line, which by
itself is a curious result, cf. Theorems 6.1 and 6.2.

Let us consider not necessarily small additive “perturbations” of the Leibniz
rule. Suppose, e.g., that we add to the Leibniz equation a product of two copies
of a “lower-order” operator A,

T(f-9)=Tf-g+f -Tg+Af - Ag,

f,g € C¥(R). This equation is not only motivated by a perturbation of the (first
order) Leibniz rule, but, in fact, reflects the behavior of the second derivative
T = D?. Indeed, choosing A = /2 D, the equation is satisfied for these operators
(T, A). The natural domain for T is C?(R), for A it is C*(R). Thus A is of “lower
order” than T

This point of view leads to higher-order Leibniz rule type equations deter-
mining derivatives of any order, cf. Section 3 of Chapter 5. Moreover, it may be
considered for functions on R"”, too. The equations then yield characterizations of
the Laplacian under natural assumptions, e.g., orthogonal invariance and annihi-
lation of affine functions. We investigate this in Chapter 7.

In most of the results on operator equations for one operator 7" in this book
we do not make any continuity or regularity assumption on the operator T. A
posteriori, the theorems imply that the operator T is actually continuous in a
natural way. In the proofs we use the fact that the image of the operators is
contained in spaces of continuous functions. We feel, however, that the main reason
for the automatic continuity of the solution operators is a consequence of the non-
linearity of the equations, like the chain rule equation. Using the axiom of choice
and Hamel bases, it is of course easy to construct non-continuous and even non-
measurable solutions of linear equations on infinite-dimensional spaces. However,
this is not the case for non-linear equations.

Much of the material of the book is based on papers of the authors and their
coauthors. However, various theorems shown in this book extend published results
or relax the assumptions made there. The proofs of most results are provided in
detail. The book is addressed to a general mathematical audience.
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Chapter 2

Regular Solutions of Some
Functional Equations

The derivative D is an operator which acts as a map from the continuously differ-
entiable functions C1(R) on R to the continuous functions C(R). It satisfies the
Leibniz and the chain rule

D(f-g)=Df-g+ f-Dg,
D(fog)=(Df)og-Dg,  f,geC'R).

In this book, we show that operators T': C*(R) — C(R) obeying either the
Leibniz or the chain rule operator equation

T(f-9)=Tf-g+f-Tg, (2.1)
T(fog)=(Tf)og-Tg,  fgeC'(R) (2.2)

are close to the standard derivative. Actually, we completely establish the form of
the solutions of either equation. We also consider more general operator equations
modeling second-order derivatives or the Laplacian. Only very mild conditions are
imposed on the map 7.

The basic question mentioned already in the introduction is: Are classical
operators in analysis like differential operators characterized by very simple prop-
erties such as (2.1) or (2.2), and additional initial conditions, e.g., T'(—21d) = —2?

Chapters 3 and 4 will be devoted to determine and describe all solutions of
either equation (2.1) or (2.2). The first step in solving equations like (2.1) and (2.2)
is to show that the operator T is localized, i.e., that there is a function F : R? — R,
such that

Tf(x)=F(z, f(2), f'(x)), feC'(R), z€R.
At this point, the function F' and its possible regularity is unknown, but the
operator equation for T translates into a functional equation for F', in the above
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cases into either

F(x, a0Bo, 010 + apBr) = F(z, a0, 00)Bo + F(x, Bo, f1)o,

or
F(xazaalﬂl) = F(y;z,al)F('JJ,y;ﬂl),
for all x, vy, z, ag, Bo, a1, 81 € R.

Functional equations, of course, are a classic subject, and there is a vast
literature on the topic, cf., e.g., the books of Aczél [A], Aczél, Dhombres [AD],
Jérai [J], Székelyhidi [Sz] or the recent book by Rassias, Thandapani, Ravi, Senthil
Kumar [RTRS]. Much less is known about the operator equations which we will
discuss in this book, and the specific functional equations which they generate.

In this chapter, we determine the solutions of a few functional equations
which originate by localization and various reduction steps from the operator
equations we will study, identifying the representing function F' up to some para-
metric functions. To be self-contained, we provide the proofs of these results, even
though most of them are found in, e.g., [A] or [AD] or in more generality in [J] or
[Sz]. Some of the proofs are new, and we present them in more detail. In this chap-
ter we do not outline the general theory of functional equations as done, e.g., in
[J] or [Sz], but rather only solve those functional equations which will be relevant
in later chapters.

To show the regularity of the parameter functions occurring in the represent-
ing function F, we prove some new general continuity results under assumptions
which are easily verified in the case of the operator equations which we investigate.
A general reference when solutions of functional equations are smooth is Jérai [J].

2.1 Regularity results for additive and multiplicative
equations

We start with the classical question when additive functions are linear.

Proposition 2.1. Let f : R — R be measurable and additive, i.e., satisfy the Cauchy
equation

flety) = fle)+fly), zyek
Then f is linear: there is ¢ € R such that f(x) = cx for all x € R.

Clearly, additive functions satisfy f(ra) = rf(z) for all » € Q. Thus, contin-
uous additive functions are linear, f(xz) = cx with ¢ = f(1), as already noted by
Cauchy.

Proof. Fix x # 0 and define functions ¢, : R — R by

f(z) : 1

o(t) == f(t) — b Y(t) == TEREOR t € R.
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By assumption ¢ and ¢ are measurable with 0 < ¢ < 1. Hence, v is integrable
on finite intervals. Note that p(z) = 0, p(t + ) = o(t) + p(z) = ¢(t), and
Y(t + x) = 1(t). Thus ¢ and ¥ are periodic with period x. Therefore,

2 Jo
B ) ) e (t)]
0= [ o —venja = [ G

using |¢(2t)| = 2|¢(t)|. We conclude that ¢ = 0 almost everywhere, i.c., f(t) =
@t for almost all ¢ € R. In particular, for x = 1, f(¢t) = f(1)t for almost all

t € R. Hence, for any x # 0, there is 0 # ¢y € R such that f(tyg) = f(x)to and

x

f(to) = f(1)to. Hence, @ = %00) = f(1), f(z) = f(1)x for all x # 0. Obviously,
this also holds for = 0. g

[Fvwa=2 [Tvwa= [vena,
0 0

In general, additive functions are not linear: Let X C R be a Hamel basis of
R over Q (assuming the axiom of choice) and ¢ : X — R be an arbitrary function.
Any x € R can be written uniquely as = = Y. ; \iz;, 2 € X, Ay € Q, J a finite
index set. Define f : R — R by

f@) = glaihizi, == Nz
ieJ i)

Then f is additive but not linear, unless g is constant. These pathological
functions need to be unbounded on any small interval.

Proposition 2.2. Let I € R be a non-empty open interval and f : R — R be additive
and bounded on I. Then f is linear, f(x) = cx with ¢ € R.

Proof. Let |I| > 6 > 0 and M := sup,c;|f(x)]. Then for any t € R with [t| < §
there are x,y € [ witht =z —y,

lF@)] = [f(z —y)| = |f(z) = Fly)] < 2M.
Using the additivity again, we find for any s € R with |s| < §/n that |f(s)| <

2M/n. Let u € R be arbitrary. Then, for any n € N, there is r € Q with |u —r| <
d/n. We find

| f(u) = uf(1)] FO) +rf(1) —uf(1)]

= |f(u) -
< [flu=n)|+Ir—ulf(1) < (2M +6f(1))/n,
which yields f(u) = f(1)u for all u € R. O

The multiplicative analogue of Proposition 2.1 is
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Proposition 2.3. Let K : R\ {0} — R be measurable, not identically zero and
multiplicative, i.e.,
K(uw) = K(u)K((v), wu,velR.

Then there is p € R such that, for all u € R, either K(u) = |[ul? or K(u) =
|ul? sgn(u).

Proof. Since K is not identically zero, K (u) # 0 if u # 0. Therefore, we may define
f:R—=Rby f(xr) =In|K(e”)|. Then, for any z,y € R, f(z +vy) = f(z) + f(y).
Since f is measurable, too, by Proposition 2.1 there is p € R such that f(z) = px
for all x € R. Hence, |K(u)| = u? for any u > 0. Since K(u) = K(y/u)? > 0,
we get K(u) = uP for u > 0. Further, K(—1)? = K(1)> = K(1) = 1 implies
that K(—1) € {+1,—1}. Then K(—u) = K(—1)K (u) implies that K (u) = |ulP or
K(u) = |ulP sgn(u), depending on whether K(—1) =1 or K(—1) = —1. O

For the complex version of this result, we assume continuity. For zeC~\{0},
let sgnz := ‘z—‘ Also put sgn0 := 0.

Proposition 2.4. Let f : C — C be continuous, not identically zero and multiplica-
tive,

f(w) = F)f(w), mweC.
Then there are p € C with Re(p) > 0 and m € Z such that

f(z) =|z|P(sgnz)™, ze€C.

We prove Proposition 2.4 by applying the following proposition which we
need later not only for functions defined on C but on C". For z = (z;)7_;, d =
(dj)j—, € C", we denote by (-, -) the linear form — not the scalar product — on C",

(d,z) = Z?Zl d;zj. Moreover we put z = (z;)"

j=1-
Proposition 2.5. Let n € N and suppose that F: C* — C ~ {0} is continuous and

satisfies
F(z+w)=F(z) - F(w), zweC".

Then there are ¢,d € C™ such that
F(z) = exp((c,2) + (d, %)), z€C"

Proof of Proposition 2.5. Write z € C" as z = z + iy, ,y € R™ and I in polar
decomposition form,

F(2) = G(z + iy) exp(iH (z + iy)).

where G : C" — R.q is continuous and H : C" — R may be chosen to be
continuous, too, since it may be constructed from continuous branches. Note that
H is defined on C" and not on n-fold products of strips, so that it does not yield
an injective representation of F. (E.g., for n = 1 and F(z) = exp(2z), we would
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s

have H(z +iy) = 2y and we would not identify 2y = 4+ and —7 for y = +75 and
y = —%5.) Then, for all z,y,u,v € R",

G((x+u)+i(y+v)) = Gz +iy)G(u + iv),
H((z+u)+i(y+v)) = H(x +iy) + H(u+ iv) + 2k,

for some k € Z which is independent of z,y,u,v since H is continuous. Define
® : R?" — R by either ®(z,y) := InG(x +iy) or ®(z,y) := H(x+iy)+ 27k. Then
® is continuous and additive,

(x4 u,y +v) = P(z,y) + P(u,v).

Selecting © = y = 0 and renaming v as y, we get ®(z,y) = P(x,0) + ©(0,y)
and similarly ®(z + u,0) = @(z,0) + ®(u,0). If = = (z;)7_, = Y7, zje,
where (e;) denotes the canonical unit vector basis in R™, we have by additiv-
ity ®(z,0) = Y°7_, ®(x;e;,0). Proposition 2.1 yields that there are aj, 8; € R
such that ®(zj;e;,0) = ajz; and ®(0,yje;) = B;y;. Hence with a = (a;)”

j=1>
B=(8))}-1, a:=3(a—if) and b:= J(a +1iB) € C",
®(z,y) = (a,z) + (B,y) = (a,2) + (b, 2).

This means that G(z) = exp(®(z,y)) = exp({a, z)+ (b, Z)), and with different

vectors @,b € C", H(z) = (a, z) + (b, ) — 2rk, so that
F(z) = exp({c,2) + (d, 2)), c¢:=a+ia, d:=b+ibeC" O

Proof of Proposition 2.4. We have f(w) # 0 for w # 0 since f # 0. Define F :
C — C~ {0} by F(2) := f(expz). Then F is continuous and

F(z4+w) = F(z)F(w), zweC.

By Proposition 2.5 with n = 1, F(z) = exp(cz + dz), hence f(w) = ww?, w € C.
For w # 0, let sgn(w) := 1. Then f(w) = |wl? sgn(w)? with p = ¢+ d € C and

= el
q=c—d € C. Since f is continuous, ¢ has to be an integer, ¢ = m € Z. Since f
is bounded near zero, Re(p) > 0 is required. O

In later applications of Proposition 2.1, the measurable additive function f
will actually depend on parameters or independent variables, so the linearity factor
c will depend on these parameters. To prove the continuous dependence of ¢ on
the variables, we use the following result. Before formulating it, we introduce some
notations. Let Ny := NU {0}. For n € N, k € Ny, I C R" open, let

C*(I,R) := {f: T —R | f is k-times continuously differentiable}

and C%(I,R) := Npew C*(I,R), C(I,R) := CO(I,R). Let | € N, f € CYI,R).
By Schwarz’ theorem, the I-th derivative f®(z) of f at # € I can be rep-

resented by the M(n,l) := (”:i_ll) independent [-th order partial derivatives
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(@)1 i <onzizn. For k € N, let N(nk) == i) M(n,1) = ("757).

oz, -~~8:cil n
Then, using this representation of derivatives, we put

Ji(x, f) = (f(x), .. .,f(k_l)(x)) e RNMWR) - f Ck_l(I,R), rvel.

Theorem 2.6. Letn € N, k € Ny and I C R™ be an open set, possibly unbounded.
Let B: I x RNk R be a function satisfying

(a) B($7U1 + U2) - B(x7vl) + B($7U2); rel ., U € RN(TLJC)
(b) B(-,Ji(-;f)) is a continuous function from I to R for all f € C*°(I,R).

Then there is a continuous function ¢ : I — RN%) 5o that
B(z,v) = (c(z),v), z€l, ve RN (R,

By (-, -) we denote the standard scalar product on the appropriate RN -space, here
N = N(n,k). Then

k—1

with continuous functions ¢; : I — RM (D),
For k = 0, the variable v and Ji(-; f) are not present in (a) and (b).

Proof. To keep the notation simple, we give the proof only in dimension n = 1,
although the arguments in higher dimensions follow the same basic idea. Forn =1,
we may assume that I is an open interval. We proceed by induction on k = N (1, k).
For k = 0 there is nothing to prove. Assume k € N and that the result holds for
k—1.

(i) Define A := {x € I | B(z, -,0,...,0) : R — R is discontinuous}. We
claim that A has no accumulation points in /. Assume to the contrary that x,, €
A — o € I. We may assume that (x,,) is strictly monotone, say decreasing, so
that @, > Z;11 > Too. Fix a smooth, non-negative cut-off function v € C*(R)
with ¢|p_[-1,1] = 0, max®y = (0) = 1 and W (0) = 0 for all I € N. Denote
¢; := max |D'y|. For m € N, let

Sm :=min (3 min {|z,, —z;|: 1 <j<oo, m#j}, o).
By assumption (a), B(z,, -,0...,0) : R — R is an additive function which is
discontinuous for each m € N. By Proposition 2.2 it must be unbounded on
(0,€) for any € > 0. Therefore, we may choose 0 < ¥y, < exp( — %) with
|B(@ms Ym, 0, ...,0)] > 1. Define

gm () = Yym¥ (x;xm), rel



2.1. Additive and multiplicative functions 15

Then g, € C°(I) with g () = Ym, g% () = 0foralll € Nand gy, (z) = 0 for
all 2 € I with |z —2,,| > 6,,. Moreover, |D'g,,| < cjym ;). Define g := 3"« gm.
We find, for any [ € Ny,

Z [D'gm| < Z Ym0y < 1 Z 5, exp (-;) < 00,

meN meN meN m

so that g € C°°(I). Note that g(z,,) = y, since we have by definition of §; for any
m # j that |z, — x;| > 2§, so that g;(z,,) = 0. Since z,, = T and y,, — 0, we
have by continuity that g(z.) = 0. Also gt (2,,) = 0 for all I € N, and again by
continuity g\ (x,) = 0 for all I € N. Since B(-, Jx(-,g)) is a continuous function
by assumption (b),

B(mmaJk(xmag)) — B(xoow]k(xomg)) = B(SCOO,O,. . aO) =0.

However, |B(Zm, Ji(Tm, 9))| = |B(Zm, Ym,0,...,0)| > 1, which is a contradiction.
Therefore, A has no accumulation points in I and its complement in [ is dense in
1.

(ii) We next claim that A is empty. Take any xg € I. By (i) there is a
sequence (x,,) with z,, ¢ A, z,, — x¢. For all yo € R, B(-,¥0,0,...,0) is
continuous on R, applying (b) to the constant function f(x) = yo, and there-
fore, B(zm,v0,0,...,0) — B(xo,%0,0,...,0). Hence, B(z,, -,0,...,0) —
B(xog, +,0,...,0) pointwise. This implies that B(zg, -,0,...,0) is a measurable
function, being the pointwise limit of continuous functions. By (a),
B(xg, +,0,...,0) is additive so that Proposition 2.1 yields that B(zo, -,0,...,0)
is linear and hence continuous so that 2y ¢ A. Hence, A = ().

We conclude that B(x,y,0,...,0) = c¢o(x)y for some function ¢y : I — R.
Since ¢o(z) = B(x,1,0,...,0), ¢o is continuous by assumption (b). Finally write

B(xay(h"'vykfl):B(xay()voa"‘vo)+B(x707y17"’7yk71)
:CO(x)yO+B(x707yla"'7yk—l)'
Note that conditions (a), (b) also hold for B(x,0,y1,...,yx—1) as a function

from I x R*¥=! to R. Thus, by induction assumption, B(z,0,y1,...,yk_1) =
Z;C;% ¢;j(x)y;, ¢;j € C(I). Hence,

B@,yor 1) = 3 5y = (e(x),y)

with e(z) = (¢;(2))Z0, ¥ = (45)20- U
Theorem 2.6 will be used in the next chapter to analyze the solutions of the
Leibniz rule operator equation. We will also study perturbations of the Leibniz rule
equation. To show that the solutions of the perturbed equations are perturbations
of the solutions of the unperturbed Leibniz rule equation, we need a more technical
variant of Theorem 2.6 in dimension n = 1 which we will apply in Chapter 5.
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Proposition 2.7. Let k € N, I C R be an open set and B,E,\I/ I xRF = R be
functions, ¥ measurable, and M : I — Ry be a locally bounded function such that

(i) B(z,v) = B(z,v) +¥(z,v), xze€l, veRk

(ii) B(z,v1 +v3) = B(z,v1) + B(z,v3) , z €1, vy,vy €RF,

(¢) B(+,Jx(+, f)) is a continuous function from I to R for all f € C>(R).
(d) sup{|¥(x,v)| |v e RF} < M(2) < oo, zel.

Then B(x,-) is linear for all z € I, i.c., there is c(x) € R¥ such that B(x,v) =
{c(x),v) for allv € R*.

Proof. (i) We adapt the previous proof and first claim that
A= {x el ’ E(l‘, +,0,...,0):R—Ris discontinuous}

has no accumulation point in 7. If this would be false, there would be a sequence
of pairwise disjoint, say strictly decreasing points z,, € A with x,, = o € I.
Since M is locally bounded,

K :=max (M (zo),sup{M (z,,) | m € N}) < 0.

Since é(xm, -,0,...,0)is discontinuous and additive, by Proposition 2.2, it attains
arbitrarily large values in any neighborhood of zero. Again, choosing d,, and 0 <
Ym < exp(—1/0,,) as in the previous proof, such that |B(z..,Ym,0,...,0)] >
3K + 1, we define g € C*°(I) as before with

g(xm) = Ym,; g(xoo) =0, g(l)(xm) = g(l)(xoo) =0,

for all m,l € N. By assumption (c)
B(mmaynmoa cee 70) = B((Em, Jk(fmag))
— B(xoo, Jk(xomg)) = B(%s,0,...,0).

But B(zo, - ) is additive, hence B(zog,0)=0. Since B=B—V and |¥(z,,, - )|< K,
we arrive at the contradiction

2K < lim |B(2m,Ym,0,...,0)| = |B(z,0,...,0)| < K.

m—r oo

(ii) Fix an arbitrary point zo € I. By (i) there are z,,, ¢ A with z,, — 0.
Therefore, B(xy,, -,0,...,0) is continuous for all m € N and, by assumption (c),
B(-,90,0,...,0) is continuous for any yg € R. Thus

B(xm,90,0,...,0) — B(x,¥0,0,...,0).

Hence B(xg, -,0,...,0) is the pointwise limit of the functions

B(xpm, +,0,...,0) = B(zy, +,0,...,0) — U(x,,, -,0,...,0),
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therefore measurable, so that

|B(xo, -,0,...,0)| < K + |B(zo, -,0,...,0)

)

i.e., B(xg, -,0,...,0) is additive and bounded by a measurable function. By a
result of Kestelman [Ke| — similar to Proposition 2.2 but slightly more general —

B(zo, -,0,...,0) is linear, i.e.,

B(ZL'(), y(),(), N ,0) = Co(l’o)yo.

Induction on k using

B(anyOM"ayk—l) = B($07y0703~-~70) +§(x030ay17"'7yk—1)

ends the proof. O

In the case of the chain rule operator equation studied in chapter 4, we will
need different regularity results, yielding the regularity of a function from the
property that certain differences of the function are regular.

Proposition 2.8. (a) Let L : R — R be a function such that for any b € R
o(z) := L(z) — L(bx), z€R

defines a continuous function ¢ € C'(R). Then L is the pointwise limit of contin-
wous functions and hence measurable.

(b) Let 0 < a <1 and L € C(R) be a continuous function such that
Y(z) :=L(z) —al (%), z€R

defines a C*-function 1 € C1(R). Then L is a C*-function, L € C*(R).
Proof. (i) For b =1/2, p(x) = L(x) — L(x/2) is continuous and for n € N

5 (5o () = a0+ (2(3) -2(30).

=0

For b =z, ¢(y) = L(y) — L(xy) is continuous in y = 0, hence,

(1 () 2(2) =500

Therefore, the limit exists for n — oo in the above equation and

L(z) = L(1) +§ (g& (23]) — (;)) .
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Hence L is the pointwise limit of continuous functions.

(ii) Fix M > 0 and let x,2; € [-M, M]. For any n € N

S (6(5) v () = - e e (2 () - £ (3))

Jj=

Since L is continuous, the last term on the right-hand side tends to 0 for n — cc.
Since ¢ € C*(R), ¢’ is uniformly continuous in [—M, M| and bounded in modulus,
say by N. Let ¢ > 0. Then there is 6 > 0 such that for all y,z € [-M, M] with
ly — z| < 0, we have |¢'(y) — '(2)| < €/2. Assume |z — x1| < 6. Then, by the
mean-value theorem,

ORORICES

for some x(j) between x and z;. Since |% — 8| < |z — 21| <6, we find

”Zi@ ('<éf’>—w/<z;>) 5=
Moreover,
L(3) - L(3)

G (F) L) o

Jj=n

uniformly in @, 2, € [-M, M] for n — oo. Therefore,

L) = tim 2@ =L@ i (%)j¢/ (52)

T—x1 xr— I ¢ 27
Jj=0

exists and ¢’ € C(R) implies L' € C(R), L € C}(R). O

2.2 Functional equations with two unknown functions

In this section we discuss the solutions of some functional equations which involve
two unknown functions. It is an interesting subject by itself which was studied
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intensively, cf., e.g., the books by Aczél [A], Aczél, Dhombres [AD] and Székelyhidi
[Sz]. We will use these results in Chapters 7, 8 and 9 to study operator equations
which are inspired by the Leibniz rule or by the chain rule of the second order.
Several theorems in this section are special cases of results in [Sz]. Our intention
here is to give direct proofs.

The second derivative D? satisfies the Leibniz and the chain rule type for-
mulas

D*(f-g)=D*f-g+f-D?9+2Df - Dy,
D*(fog)=(D*fog) - (Dg)*+(Df)og D%,  fg€C*R).
To understand the structure of these equations, we will later consider a more
general setting: We will study operators T : C%(R) — C(R) and A, Ay, Ay :
C1(R) — C(R) satisfying one of the following equations
T(f-9)=Tf-g+[ Tg+Af-Ag,
T(fog)=Tfog-Aig+ (A2f)og-Tg,  f,g€C*(R).
Under mild assumptions, it will turn out that there are not too many choices
of operators (T, A) or (T, Ay, Ay) satisfying any one of these operator equations.
To solve them, after localization, we have to find the solutions of some specific
functional equations which involve two unknown functions.

We now discuss the solutions of these functional equations. The results of
this section will only be used later in Chapters 7, 8 and 9.

Proposition 2.9. Let m € N and assume that F, B : R™ — R are functions such
that for any o, p € R™,

F(a+8) = F(a) + F(B) + B(a)B(8). (2.3)

Then there are additive functions c¢,d : R™ — R and v € R such that F and B
have one of the following three forms:
Either

(a) F(a)=—*+d(a), B(z) =7,
(b) F(a) = 5c(a)® +d(a), B(a) = c(a),
(c) Fla) =~?(exp(e(e)) — 1) +d(a), B(a) = y(exp(c(a)) — 1),

for any o € R™.
Conversely, these functions satisfy equation (2.3).
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Proof. (i) If B = 0, then F is additive and we are in case (a) with v = 0. Therefore,
we may assume that B # 0. Choose a € R™ with B(a) # 0. For a € R™, define
functions f,b: R™ — R by

fla) :=F(a+a)— F(a) — F(a), b(a):=B(a+a)— B(a).

Then by (2.3)

fla+p) = fle) +b()B(B), «a,feR™ (2.4)
For a =0, f(B) = f(0) + b(0)B(5). Inserting this back into (2.3), we find
b(0)(B(a+ B8) — B(a)) = b(a)B(B). (2.5)

Suppose first b(0) = 0. Since B(a) # 0, (2.5) implies that b = 0 identically and
that f = f(0) is a constant function. Since f(«) = B(a)B(«) by (2.3), also B is
constant, B = f(0)/B(a) =: 7. Let d(a) := F(a) +~2. Then by (2.3)

d(a+8) = Fla+B)+7° = (F(a) + F(8) +7°) +7° = d(a) + d(8),

i.e., d is additive on R™ and F and B have the form given in (a).

(ii) Assume now b(0) # 0. Putting @ = 0 in (2.5), we find that B(0) = 0.

Moreover,
B(a+ ) = B(a) + l;((g))B(ﬁ). (2.6)

Suppose first that b is a constant function. Then ¢(«) := B(a) is additive and
d(a) := F(a) — 3c(a)? satisfies

d(a+B) = Fla+ B) — 3(c(a) + ()
= (F(a) + F(B) + B(a)B(B)) — A¢(a)? - 1e(B)? — c(a)e(B)
= d(a) +d(f).

Hence, d is additive and F' and B have the form given in (b).

(iii) Now assume b(0) # 0 and that b is not constant. Choose oy € R™ with
b(a) # b(0). Since the left-hand side of (2.6) is symmetric in « and 3, we have

Blo) + X% ps) = () + Z%))B(@-

For 8 = ag, B(a) = 5525 (b(@) — b(0)), and by (2.4),

Fla) = £(0) = b(0)B(a) = y(b(e) — b(0)), (2.7)

with v := b(0)B(ap)/(b(cg) — b(0)). For v = 0, B = 0, and we are again in case
(a).
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So assume 7y # 0. Then, by (2.4) and (2.7),

v(b(e + B) = b(0)) = f(a+ B) — f(0)
f(a) = f(0) + b(a) B(B)

_ 2 (b(a) — b)) + Z((‘g))w(b(m—bw))
b(a)b(8)
= (%50 ):

b(c)b(B), b(a) =b(§)” > 0. Note that

Hence, b(a) := b(a) /b(0 )satisﬁesg(a+ﬂ)
(— 0, but b(O) = 1. Therefore, c(a) :=

( ) # 0, since otherwise b( ) = b ) a) =

(a
Inb(«) is additive and b(a) = b(0) exp(c(a )) This yields B(«) = vy(exp(c(a)) —1).
Put similarly as above d(a) := F(a) —v?(exp(c(a)) — 1). Then (2.3) and the
additivity of ¢ yield

d(a+ B) = (F(a) + F(B) + B(a)B(B)) — 7*(exp(c(a)) exp(c(8)) — 1)
= d(@) +d(B),

i.e., d is additive. Therefore, we have the solution given in (c),

F(a) = v*(exp(c(a)) — 1) + d(). O
In the case m = 1, we need a multiplicative analogue of Proposition 2.9.

Proposition 2.10. Assume that F,B : R — R are functions such that, for any
a,peR,

F(ap) = F(a)B + F(B)a+ B(a) B(B). (2.8)
Then there are additive functions ¢,d : R — R, and there is v € R such that F
and B have one of the following three forms:

(a) F(a) = a (c(In]a]) =), Bla) = ya;

(b) F(a) = a(5¢(n]al)® +d(inlal)), B(a) = ac(ln|a]);
(c) F(a) = a(y*[{sgna}exp (c(Inlal)) — 1] 4 d(Ina])),
B(a) = [{sgna} exp(c(In|al)) — 1].

In (c), there are two possibilities, with sgn a present in both F and B and the other
one with sgn « replaced by 1.
Conversely, these functions satisfy equation (2.8).

Proof. (i) For a € R, define f(a) := F(exp(a))/exp(a), g(a) := B(exp(a))/ exp(a).
Then (2.8) implies

fla+0b) = f(a) + f(b) +g(a)g(b), a,beR.
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The solutions of this equation (m = 1) were given in Proposition 2.9, e.g., in case
(b) with additive functions ¢,d : R — R,

fa) = 3e(a)? +d(a),  g(a) = c(a).
Then for @ > 0, a := Ina, so that a = exp(a),
F(a)=a(ic(lna)’ +d(lna)), B(a)=ac(lna).

The cases (a) and (c) are similar, which yields Proposition 2.10 if a > 0.

(ii) We will now determine F'(«) and B(«) for negative a. In all cases except
one, F' and B turn out to be odd functions. The exceptional one is the case
of the third solution when the sgn a-term appears. Unfortunately, this requires
distinguishing several cases in the basic equation (2.9) below. Choosing 8 = —1
in (2.8) and exchanging o and —a, we find

F(a) + F(=a) = F(=1)a+ B(-1)B(a) = =F(-1)a + B(-1)B(-a),

ie,, B(—1)B(—a) = B(-1)B(a) + 2F(—1)a.

For a =1, B(—1)? = B(—1)B(1) + 2F(—1). Hence,

B(~1)B(~a) = B(~1)[B(a) + (B(~1) - B(1))a],

) (2.9)
F(a) + F(—a) = B(—1) [B(a) + L(B(~1) — B(1))a] .

If B(—1) =0, also F(—1) = 0 and (2.9) implies that F(—a) = —F(«) and, using
(2.8),
B(-a)B(B) = F(—af) — F(-a)B + F(B)a
= —F(af) + F(a)B + F(B)a = —B(a)B(B),
i.e., F and B are odd functions, which means that in cases (a), (b) and (c¢) In«
has to be replaced by In || for oo < 0.
(iii) Now assume B(—1) # 0. In cases (b), (c), we know B(1) = F(1) = 0.

Then by (2.9)

B(—a) = B(a)+B(-1)a, F(a)+F(-a)= B(-1) [B(a) + 3B(-1)a| . (2.10)

Using (2.10) for o instead of a and (2.8), we find

B(-1) [B(afB) + $B(- > B] = F(aB) + F(—ap)

= (F(a) + F(~)) 8 + (B(a) + B(~a)) B(B)

B(- 1)[ ( )8+ 3B(-1)aB] + 2B(a)B() + B(—1)B(B)a
2(B(a) + 3B(~1)a) (B(B) + 3B(-1)8) .
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Therefore, p(a) := ﬁB(a) + o is multiplicative, p(af) = p(a)p(B). For posi-
tive @ > 0, this occurs only in case (c¢) when

B(a) = avy|exp(c(lna)) — 1].
This identifies v = $B(—1), and for a < 0 we have
B(a) = avy[sgna-exp(c(In|al) — 1],

from the multiplicity of ¢, where the term sgn « has to be present since otherwise
B(—1) = 0. For o < 0, we get from (2.10) and the known form of F(—a) for
—a=|al >0
F(a) = —F(—a) + 2v(B(a) + 7a)
= a[v*(exp(c(In]al)) — 1) + d(In|al)]
+29[ = ya(exp(c(In|al)) + 1) + ya

= a[y*(sgnaexp(c(ln|a))) — 1) + d(In |a)].

In this case B and F' are not odd, in the other cases of (b) and (c) they are odd.
(iv) It remains to consider case (a) for v < 0, when B(—1) # 0. Then
B(1) =~ and (2.9) yields for a > 0 that B(—a) = B(—1)a and
F(a)+ F(—a) = $B(-1)(y + B(-1))o.

Using this for af instead of o and (2.8) we find

$B(—1)(y+ B(—1))ap = F(afB) + F(—ap)
= (F(a) + F(=a))B + (B(a) + B(~a)) B(8)
=3B(-1)(y+B(=1)aB + (v + B(-1))aB(B),
hence, B(—1) = —v, B(—a) = —ya = —B(a), F(—a) = —F(«), so that B and

F are odd functions, which means, in the formula of (a), that In « has to replaced
by In|a| for a < 0. O

In Chapter 3 we will need the solution of a functional equation which re-
sembles the addition formula for the sin function. We first consider the complex
case.

Proposition 2.11. Letn € N and F, B : C" — C be continuous functions satisfying
F(z4+w)=F(z) - B(w)+ F(w) - B(z), zweC". (2.11)

Suppose F is not identically zero. Then there are vectors ci,co,dy,ds € C" and
there are k € C~ {0} and €1,e2 € {0,1}, with €1,€2 not both zero, such that F
and B have one of the following two forms:
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(a) F(z) = ({c1,2) + (c2,2)) exp((dy, 2) + (d2, 2)),
B(Z) ex <d17 > <d2’2>)f
(b) F(2) = gp(erexp({c1, 2) + (c2,2)) — ezexp({d1, 2) + (d2, 7)),

B(2) = 3(erexp((c1, 2) + (c2, 2)) + ea exp((dy, 2) + (do, 2))), zeCm
Conversely, these functions satisfy equation (2.11).
In the real case we get

Corollary 2.12. Let F,B : R"™ — R be continuous functions satisfying

F(la+ ) =F(a)B(f) + F(B)B(a), «,8€R™

Suppose F' is not identically zero. Then there are vectors b,c,d € R™ and there is
a € R such that F' and B have one of the following four forms:

(a) F(a)= (b,a)exp({d,a)), B(a) = exp({d, a));
(b) F(a) =a exp({c,®)) sin((d, o)), B(a) = exp({c,)) cos((d, ));
¢) F(a) =a exp({c,a)) sinh({d,)), B(a) = exp({c,)) cosh({d, a));

(
(d) F(a) =a exp({d,a)), B(a) = 5 exp((d,a)), a € R™.
Conversely, these functions satisfy the above functional equation.

Proof of Proposition 2.11. (i) Fix ¢t € C™ \ {0}. We claim that F',B and B(- +t)
are linearly dependent functions. For all =,y € C”

F(x+t)B(y)+B(x+t)F(y) = F(x+y+t) = F(x)B(y+t)+ B(z)F(y+t). (2.12)

Since F' is not identically zero, by (2.11) also B is not identically zero. Hence
there is y; € C™ such that B(y;) # 0. Choosing y = y;, equation (2.12) shows
that F'(-+t) is a linear combination of F', B and B(-+t) with coefficients depending
on the values B(y1), F'(y1), B(y1 +t) and F(y; +1t). Inserting this back into (2.12)
yields for all x,y € C™

F(z)(B(y)B(yr +t) — B(y) Bly + 1)) + B(x)(By) F(yr +t) — B(y1) Fy +1))
+ Bz +1)(B(y1)F(y) — B(y)F(y1)) =0. (2.13)

Suppose B(y1)F(y) — B(y)F(y1) = 0 holds for all y € C". Then F = FEyigB
and already F' and B are linearly dependent. Else there is yo € C™ such that
B(y1)F(y2) — B(y2)F(y1) # 0, and equation (2.13) shows that F, B and B(- +1)

are linearly dependent.

(ii) Assume that B = kF for some k € C. Then F(x + y) = 2kF(z)F(y),
and k # 0 since F is not identically zero. Proposition 2.5 implies that there are
c1, ¢z € C" such that F(z) = 5 exp({c1, 2)+(c2, 2)), B(2) = 5 exp({c1, 2)+(ca, 2)).
This is a solution of type (b) with ez = 0.
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(iii) We may now assume that B and F' are linearly independent. Then by
(i) there are functions ¢y, co : C™ — C such that

B(x +1t) =c1(t)F(x) + c2(t)B(z), x,teC". (2.14)

The left-hand side is symmetric in  and ¢t. Applying it to = + y + ¢, we get an
equation similar to (2.12). The arguments in (i) then show that co, B and F' are
linearly dependent: there are by, bs € C such that

co(x) = b1 B(x) + b F ().
Inserting this back into (2.14) and using the symmetry in (z,t), we find
ci(t)F(x) + (b B(t) + b F(t)) B(x) = B(x +t)
= c1(2)F(t) + (01B(x) + b2 F(2)) B(t),

c1(z) — baB(z) = Cl()F(i)QB(t)F(x) —: by F(z),

for any fixed ¢ with F(t) # 0. Hence ¢1(x) = boB(x) + b3 F(z), and again by (2.14)
B(z +1t) = (b2B(t) + bsF(t)) F(z) + (b1 B(t) + b2 F(t)) B(x).
Insert this and formula (2.11) for F'(z+t) into (2.12) to find, after some calculation,
(1 =b1)B(t) = b2 F(t)) (F(2)B(y) — F(y)B(x)) =0,
for all z,y,t € C". Since B and F are linearly independent, we first conclude that
(1 —b1)B(t) = b F'(t) for all ¢, and then that by = 1, by = 0. Therefore, ¢; = b3 F
co = B, and (2.14) yields
B(z +1t) =b3F(t)F(z) + B(t)B(z), z,teC".
Take k € C with k? = bs. Using (2.11) again, we find
(Bx+y) £kF(z+y)) = (B(z) £ kF(z))(B(y) £ kF(y)),
so that f := B £ kF solves the equation f(x +y) = f(x)f(y). Since f # 0, by
Proposition 2.5, there are ¢y, ¢o,dy,ds € C™ such that
B(z) + kF(z) = exp((c1, 2) + {(c2, Z)),
B(z) = kF(2) = exp((dy, 2) + (d2, 7)),
which gives solution (b) with ¢ =€y =1, if k # 0.

(iv) If & = 0, again by Proposition 2.5, B(z) = exp({dy, z) + (da, z)) for
suitable di,dy € C. Define G(z) := %. Since B(z + w) = B(z)B(w), equation
(2.11) yields

G(z+w)=G(z) + Gw), =z weC"
Hence G is additive and continuous. As in the proof of Proposition 2.5 there are

c1, ¢ € C™ such that G(z) = (c1, 2) + (c2, Z), which yields with F(z) = G(z)B(z)
the form of F' and B given in part (a). O
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Proof of Corollary 2.12. Extend F,B : R" — R to ﬁ B:Ct - C by F ~( ) =
F(Rz), B(z) := B(Rz) with Rz = (Rz;)}_; if 2 = (2;)7_;. Here R denotes the

real part, and below S will stand for the imaginary part. Then F', B satisfy (2.11)
and are real valued. The functions B and F' in part (a) of Proposition 2.11 are
real valued if and only if ¢; = ¢ and d; = ds yielding the solution in (a), when
restricted to R™, with b = 2Rec; and d = 2Rd; .

The formula for B in part (b) of Proposition 2.11 with €5 = €5 = 1 is real
valued if and only if either ¢; = & and d; = ds or ¢; = dy and ¢ = d;. In the first
case one gets a solution of type (c¢) with vectors ¢ = R(¢1 + dy), d = R(ex — dy),
in the second case a solution of type (b) with ¢ = R(c1 + ¢2) and d = (1 + ¢2).
In the first case k needs to be real, in the second case purely imaginary. The last
solution (d) originates from (b) in Proposition 2.11 for ¢ =1, e3 = 0 (or 1 = 0,
€g = 1) |

In Chapter 9 we need a multiplicative one-dimensional analogue of Corollary
2.12 which is the following result.
Proposition 2.13. Let F, B : R — R be continuous functions satisfying
F(ry) = F(z)B(y) + F(y)B(x), z,y€R. (2.15)

Suppose F' is not identically zero. Then there are constants a,b,c,d € R, ¢,d > 0,
so that F and B have one of the following four forms:

b(ln|a|)|z|{sgna}, B(x) = |x|*{sgnx};

(a) F(z) =
(b) F(x) = blz|¢sin(aln|z|){sgnz}, B(z) = |z|? cos(dIn |z|){sgnz};
(c) F(z) = 5(|z|[sgna] — [|{sgna}), B(z) = 3(|2[[sgna] + |z|*{sgn });

(d) F(z)=blz|{sgna}, B(z) = |z|¥{sgnz}, z € R.

Here the terms {sgnx} and [sgn x| may be present or not, simultaneously in F and
B. If a sgn-factor is not present, the corresponding value of ¢ or d could be 0, too,
Conversely, these functions satisfy the above functional equation.

Proof. (i) Let F(a) := F(expa), B(a) := B(expa). Then F(a+8) = F(a)B(8)+
B(a)F(B). Hence (F, B) have one of the four forms given in Corollary 2.12. Then
for x > 0, substituting @ = Inz = In |z|, (F, B) have the form given in Proposition
2.13 with sgnz = 1.

(ii) Tt remains to determine F(z) and B(z) for < 0. In the first three
cases F'(1) = 0. Then 0 = F(1) = F((—1)?) = 2F(—1)B(—1). Assume first that
F(=1) = 0. Then F(z) = F(—z)B(-1) = F(z)B(-1)2, hence B(-1)? = 1,
B(—1) € {1,—1}. Thus F is even or odd, depending on whether B(—1) = 1 or
B(—1) = —1. Using F'(z) = F(—x)B(—1), the functional equation implies for any
z,y €R

F(z)B(=y) + B(=1)F(y)B(z) = F(2)B(-y) + F(-y)B(z) = F(-ay)
= B(=1)F(zy) = B(=1)[F(x)B(y) + F(y) B(z)].
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Therefore F(z)B(—y) = F(x)B(—1)B(y) which yields B(—y) = B(—1)B(y).
Hence F' and B are both even or both odd. This implies the formulas for F
and B for negative x in the first three cases. Since F' and B and the right-hand
sides are continuous, the values at zero are obtained by taking the limit for x — 0
on both sides.

In the last case F'(1) =: b # 0. Equation (2.15) yields for y = 1 that F(z) =
F(z)B(1) + bB(x). Since B # 0, we conclude that B(1) # 1 and F(x) = AB(x)
with A := %%1) # 0. Inserting this into (2.15), we get B(zy) = 2B(x)B(y), so
that 2B is multiplicative on R. By Proposition 2.3, B(z) = 1|z|%{sgnz}, F(z) =
2|z|*{sgnz}, so that b= 3. O

2.3 Notes and References

The classical result for measurable additive functions, Proposition 2.1, is due to
Fréchet [Fr]. The paper [Fr] is written in Esperanto. Alternative proofs were given
by Banach [B] and Sierpinski [S]. The proofs in [Fr] and [B] use the axiom of
choice, the one in [S] does not require it. The simple proof presented here is due
to Alexiewicz and Orlicz [AO].

The proof of Proposition 2.2 follows Kestelman [Ke], where the linearity of
additive functions is shown under the even weaker assumption that f is bounded
from above by a measurable function on a set of positive Lebesgue measure. This
stronger result is used in the proof of Proposition 2.7.

Proposition 2.3 on measurable multiplicative functions is found, e.g., in Aczél
[A], Section 2.1.2.

Proposition 2.5 is shown by Aczél [A] in Section 5.1.1, Theorem 3, in the case
of n = 1. The generalization to n > 1 is straightforward. The result also holds if F’
is assumed to be only measurable instead of being continuous, cf. Aczél, Dhombres
[AD], Theorem 5 of Section 5.1 (n = 1). The proof is slightly more elaborate than
in the continuous case.

Since Proposition 2.4 follows directly from Proposition 2.5, it is also true if
the non-zero function f is only assumed to be multiplicative and measurable.

Theorem 2.6 is due to Faifman, see the Appendix of [KM1].
Proposition 2.8 is a slight extension of Lemma 19 in [AKM].

Proposition 2.9 is a special case of Theorem 10.4. in Székelyhidi [Sz], which
is illustrated by the functional equation (10.6b) in this book. Theorem 10.4. also
covers solutions of functional equations with more than two unknown functions. In
the case m = 1, Proposition 2.9 is related to some functional equations in Section
3.1.3 of Aczél [A] and in Chapter 15, Theorem 1 of Aczél, Dhombres [AD] to which
this result could be reduced. Our direct proof uses ideas of Section 3.1.3 of Aczél
[A].
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Proposition 2.11 can be found in Székelyhidi [Sz], Theorem 12.2.; as an appli-
cation of his general theory of functional equations on topological abelian groups,
cf. also Theorem 10.4. in [Sz]. We gave a direct proof which was inspired by the
book of Aczél [A], where the case n =1 is considered in Section 4.2.5, Theorem 2
and its Corollary. For Corollary 2.12 in the case n = 1 cf. Aczél [A], p. 180.
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Check for
updates

The Leibniz Rule

We will show that the derivative as a map on classical function spaces of analysis is
characterized by the Leibniz rule as well as the chain rule. This is a consequence of
results in this and the next chapter. We first study the solutions of the Leibniz rule
equation as a map on the k-times continuously differentiable functions C*. There
are many examples of derivations in algebra and differential geometry generalizing
the Leibniz rule for the derivative of products of functions. However, on C* there
are only few examples of derivations. A priori, we assume neither linearity nor
continuity of the derivations which we characterize. However, the continuity of the
operator is a consequence of the results. Various solutions are actually non-linear.

3.1 The Leibniz rule in C*

To formulate the basic result, we use the following notation:
Let I C R be an open set. In particular, I = (—o0,a), (a,b), (b,c0) with
a,b € R or I =R are natural choices. For k € Ny := NU {0} let

Ck(I) = {f:1— R fis k-times continuously differentiable on I}.

We denote the continuous functions also by C(I) := C°(I) and put C*(I) =
Nien CF(I). The basic result for the Leibniz rule operator equation is

Theorem 3.1 (Leibniz rule). Let k € Ny and I C R be an open set. Suppose that
T : C*(I) — C(I) is an operator satisfying the Leibniz rule equation

T(f-9)=Tf-g+f Tg, fgeC ). (3.1)
Then there are continuous functions c,d € C(I) such that, if k € N,
Tf=cfn|fl+df, [feCI). (3:2)

Conversely, any map T given by (3.2) satisfies (3.1). For k =0, if T : C(I) —
C(I) satisfies (3.1), there is c € C(I) such that Tf = c fIn|f].
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Since lim, ¢ zIn|z| =0, 01n |0] should be read as 0.

Remarks. (a) The formulas (3.1) and (3.2) are meant pointwise, e.g., (3.2):

(Tf)(x) = c(@)f () | f ()| + d(2)f' (), feCHI), zel.

Thus the solutions of the Leibniz rule are linear combinations of the derivative and
the “entropy solution” fIn|f| which acts as a “derivative” on spaces of continuous
functions. Note that neither continuity nor linearity is imposed on the operator
T; in fact, Tf = fIn|f| is a non-linear solution.

(b) For k > 2, there are not more solutions than for k& = 1. Hence, T :
Ck(I) — C(I) naturally extends by the same formula to T' : C}(R) — C(R).
Therefore C1(I) is the “natural domain” for the Leibniz formula among the C*(I)-
spaces.

(¢) If T also maps C?(I) into C*(I), it has the form T'f = d f’ with d € C'(1),
since in general fln|f| ¢ C'(I) for f € C?(I). “Initial” conditions like 7'(Id) = 1
and T'(21d) = 2 together with (3.1) also imply that T'f = f’ is the derivative.

(d) If the image of T' does not consist of continuous or at least measurable
functions, there are different solutions of the Leibniz rule equation. Let F(R)
denote the space of all functions f : R — R, and H : R — R be an additive but
not linear function, as constructed after Proposition 2.1. Let ¢ € F'(R) and define
T:C(R) — F(R) by

Tf(x) = c(z)f(x)H(In|f(z)]), feCR), z€R,
with T'f(x) := 0 if f(z) = 0. Then T satisfies the Leibniz rule

T(f-9)=Tf-g+f-Tg.

(e) For k > 2, there are more solutions of (3.1) on the positive C*-tfunctions
than those given in (3.2), cf. Corollary 3.4.

The proof of Theorem 3.1 consists of two steps. The first is to show lo-
calization, i.e., that T is defined pointwise in the sense that there is a function
F: 1 xRF! R such that for all f € C*(I) and z € I

Tf(x) = F(z, f(2),....fP(z)).

At that point no regularity of F' is known. The operator equation (3.1) then is
equivalent to a functional equation for the representing function F. The second
step of the proof is to analyze the structure of F' and to prove the continuity of
the coefficient functions occurring there, by using the fact that the image of T
consists of continuous functions. In the case of Theorem 3.1, we have to show that
F does not depend on the variables a; = f\)(z) for j > 2 and that the functions
¢,d in (3.2) are continuous. To find the solutions of other operator equations in
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later chapters, we will use the same basic strategy in the proofs, although with
very different representing functions.

To prove Theorem 3.1, we first show that 7" is “localized on intervals”.

Lemma 3.2. Suppose T : C*(I) — C(I) satisfies (3.1). Then T(1) = T(—1) = 0.
If J C I is open and f1, f» € C*(I) satisfy fils = fals, then T f1]; =T fa|,.

Proof. For any f € CK(I), T(f) =T(f-1) = T(f) -1+ T(1) - f, which implies
T(1) = 0. Moreover 0 = T(1) = T((—1)?) = —27(-1), T(-1) = 0. If J C I is
open and fi|; = fa|s, let € J be arbitrary and choose g € C*(I) with g(z) =1
and suppg C J. Then f1 - g = fo - g and hence by (3.1)

fi- Tg+ThH-g=T(f1-9)=T(f2-9)=fo-Tg+Tf>-g,
which implies T'f1(z) = T fo(x) for any x € J, yielding T f1|; = T f2] ;. O
Localization on intervals always implies pointwise localization.

Proposition 3.3. Let k € Ny and I C R be an open set. Suppose T : C*(I) — C(I)
satisfies, for all open intervals J C I, that

[fils = fols = Tfils =Thals,  f1, f2 € CH(I)]. (3.3)

Then there is a function F : I x R*¥1 — R such that

Tf(x) = F(z, f(x). f'(2),..., [P () (3.4)
holds for all z € I and f € C*(I). It suffices to have (3.3) only for all intervals J
of the form J = (—oo,z) NI and J = (x,00) NI with z € I.

Proof. Let x¢ € I be arbitrary but fixed. For any f € C*(I), let g be the Taylor
polynomial of order k at xq. Let Jy := (—o0,z9) NI and Jy := (29,00) N I and

define
_Jf@), zed,
Mz) = {g(x), x € Jo.

Then h € C¥(I) and f|;, = hly,, hls, = gls,. By assumption Tf|;, = Thl|,,
and Th|j;, = Tg|j,. Since Tf, Th and Tg are continuous functions and
{xo} = J1 N Ja, we find Tf(z0) = Th(xg) = Tg(xp). Since g only depends on
(zo, f(x0), ..., [*)(x0)), so does Tg(xg). Therefore, Tf(xo) = Tg(zo) only de-
pends on these values, i.e., there is a function F' : I x RF*! — R such that

Tf(x0) = F(zo, f(z0), ..., f* (20)),

for any f € C*(I), zo € I. O
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Proof of Theorem 3.1. (i) We will first show that for any f > 0, TTf depends
linearly on In f and its derivatives, and then that no derivatives of order > 2 show
up in the formula for 7. By Lemma 3.2 and Proposition 3.3 there is a function
F : I x R¥1 — R such that, for any f € C*(I) and = € I,

Tf(a:) = F(x,f(x),f’(x),. . af(k)(x))
Define a map S : C*(I) — C(I) by

Sg(z) == T(exp(g))(z)/ exp(g)(z), g€ C¥(I), z €I

Then Sg(x)=F(z,exp(g)(z),...,exp(g)*) (z))/exp(g)(x) depends only on z, g(z)
and all derivatives of g up to g*)(z). Hence, there is a function G : I x RFf! — R
such that

Sg(x) = G(ac,g(;zc)7...,g(k)(ac))7 geCk(), z el

For any g1, g2 € C*(I), by the Leibniz rule equation on C*(I),

Sl -+ 92) = T(E )/ (e ) = T(EM) e +T(e%) /e = Sg1 + 5ga
Since for any a = (ozj);?zo, 8= (Bj);?zo € RF*! and € I, there are g1, g2 € C*(I)
with gy)(x) =y, géj)(a:) = B; for all j € {0,...,k}, we have

G(z,a+ B) =G(z,0) + G(z,B), zcl, a,pcRF

Since Sg = T'(e?)/e? is a continuous function on I, we also know that

Gz, g(z),...,g" (2))

is a continuous function of # € I for all ¢ € C*(I). By Theorem 2.6, there is a

. . k
continuous function ¢ : I — RFF! so that G(z,a) = (c(z),a) = > i—0 ¢(T)ay,
writing ¢ = (cj)fzo, with continuous coefficient functions ¢; € C(I).

For f € CF(I), f >0, let g :=In f. Then f = expg and

kol

Tf(z) = f(2)S(In f)(z) = f(2) Y _c;(x)(In f)P (z). (3.5)

=0

Conversely, this formula defines a map on the strictly positive functions into the
continuous functions satisfying the Leibniz rule since

(n(f9)” = )9 + (Ing)?, f,g€CH().

(ii) Let us now consider the Leibniz rule for 7' : C*(I) — C(I) when the
functions are negative. Suppose f € C*¥(I) and = € I are given with f(z) < 0.
Then there is an open interval J € I, x € J with f|; < 0. Choose g € C*(I) with
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g < 0on I and f|; = g|;. Then Tf(x) = Tg(x). To determine T f(x), we may
therefore assume that f < 0 on I. Then f = —|f| and by the Leibniz rule and
Lemma 3.2

T(f) =T(=[f) = =T(fD) + AT (=1) = =T(|f]-
Using (3.5), we find

Tf=-=T(f]) **Iflzcy In| )"

7=0
k
=Y ¢n|f?,  feck).
j=0

To be defined on C*(I), T f needs to be continuous also for f and = with f(z) = 0.
However, for j > 2, f(In|f])¥) is of order O(|f|~U=1) as |f| \, 0, if f' # 0.
Therefore, using localization, in the above formula ¢y = -+ = ¢, = 0 is required
for T : C*(I) — C(I) to be well defined.

To be more specific, let k > 2, z¢p € I and choose ¢y > 0 with (xg — 2€q, 2 +
2¢9) C I and consider f(x) := z — 2. Let 0 < € < ¢ and h be a strictly
positive function with A|(z,4e,00n1 = fl(zg+e,00)n1, i-€., b has to bend upwards
for ¥ < xg + € in a smooth way. Applying the above formula for h, we get for
Tf(l‘o + 6) = Th(l‘o + 6)

k
Tf(xg+e€)=Th(xzg+€) = co(xg + €)elne + Z cj(wo+e) (=1 G — 1)l e
j=1
Since T'f and cq,...,c, are continuous functions, this implies for ¢ — 0 that

cr(xg) = -+ = ca(xp) = 0. This means that

Tf=cofIn|f]+crf.

This also holds when f has isolated zeros z, f(x) = 0, since lim,_,o yln|y| = 0.
Note that T'f(2) = 0 in this case since we have continuous functions on both sides.
This is true by continuity of T'f, too, if x is a limit of isolated zeros of f. If f|; is
zero on a non-trivial interval J C I, T f|; = 0. (]

Corollary 3.4. Let k € N and I C R be an open set. Suppose that T : C*(I) —
C(I) satisfies the Leibniz rule equation (3.1). Then there are continuous functions
o, ... c, € C(I) such that for every strictly positive function f € C*(I), f > 0
and all x € T

Z ¢j(z) (Inf)9(a).
=0

Conversely, T defined this way satzsﬁes equation (3.1) for all positive functions

feCkI).
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This is a corollary to the proof of Theorem 3.1, which yielded (3.5) for positive
functions f > 0. Note, however, that we need T to be defined and to satisfy (3.1)
for all functions f € C*(I), and not only for the strictly positive ones, since in the
proof of Lemma 3.2 the operator T is applied to functions fig = fog which are
zero on a large part of the set I. For k > 2, there are more solution operators T
on the positive functions than on all functions. For k = 1, we just recover (3.2).

3.2 The Leibniz rule on R"

Theorem 3.1 gives the solutions of the Leibniz rule on I C R. It has an analogue
for functions on n-dimensional domains I C R™. For n € N, k € Ny, open sets
I C R™ and finite-dimensional real Banach spaces X let

CF(I,X):={f:1— X | fis k-times continuously differentiable on I},

with C(I, X) := C°(I, X) denoting the continuous functions. In this section, we in-
clude the image space X of functions in the notation C*(I, X) to indicate whether
X is, e.g., R or R™. Let L(R™,R"™) denote the continuous linear maps for R™ into
itself. The derivative T = D maps C'(I,R) into C(I,R™). The following theorem
extends Theorem 3.1 to this n-dimensional setting. We did not directly state the
result in the more general form, since its proof is a bit more elaborate and requires
further notations.

Theorem 3.5. Let n € N, k € Ny and I C R™ be an open set. Suppose that
T : CF(I,R) — C(I,R™) satisfies the Leibniz rule

T(f-9)=Tf-g+fTg, f.geCFIR).

Then there are continuous functions ¢ € C(I,R™) and d € C(I, L(R™,R™)) such
that for all f € C*(I,R) and all x € I

Tf(x) = c(x)f(z) In|f ()| + d(=)(f'(2)).

For k=0, d should be zero. Conversely, any such map T satisfies the Leibniz rule.

Note that on the right-hand side of the Leibniz formula we have pointwise
multiplications of scalar and R™-valued functions. In the result, d(z) is a matrix
operating on the vector f’(x), and ¢(x) is a vector multiplying the scalar entropy
expression f(z)In|f(z)| for any = € I.

For k > 2 there are no more solutions than for £ = 1. Therefore T extends
by the same formula to C1(I,R), so that C*(I,R) is the “natural” domain of 7.
If d =0, T even extends to C(I,R).

The Leibniz rule immediately implies 71 = 0 for the function 1 on I C R™.
If J C I is open and fi, fo € C¥(I,R) satisfy fi|; = fa|s, we claim that Tf,|; =
Tfal; : Let @ € J be arbitrary and choose g € C*¥(I,R) with g(x) = 1 and
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support of g in J. Then f;-g = fo-¢ and hence by the Leibniz rule (f; — f2)-Tg =
(Tf1—=Tf2)-g,s0Tf1(x) =T fa(x), Tf1]|; =T f2|;. Therefore we have localization
on (small) open sets. We now show that this implies pointwise localization, as in
the 1-dimensional case.

For 0 < [ < k, the I-th derivative f)(z) of f € C*(I,R), I C R™ open,
at x € I is an [-multilinear form f®)(z) : R" x --- x R” — R which we may
—_————

1
identify with the vector of all [-th order partial derivatives of f at x, a vector in
R™ . By Schwarz’ theorem, the iterated partial derivatives do not depend on the
order of taking them, so that we have only M(n,1) := ("7} different i-th order

n—1
1
partial derivatives, indexed by (%)1<2‘1<...<“<n. As in Theorem 2.6, we will
21 K - -

identify f (l)(:ﬂ) with this vector in RM () to allow for independent choices of the
values of these derivatives. Together the function and all derivatives of order < k
constitute

N(n k) := zk: M(n,1) = (” + k)

n
1=0
independent variables. In this setup, we have:

Proposition 3.6. Let m,n € N, k € Ny, I C R" be open and T : C*(I,R) —
C(I,R™) be an operator. Suppose that for all open subsets J C I and all f1, fo €
CH(I,R) with fi|; = fa|; we have that Tfy|; = T fs|y. Then there is a function
F I xRNMK) 5 R™ sych that

Tf(z) = F(z, f(2), '), (@)
for all f € C*(I,R) and x € I.

Proof. Fix xg = (20;)I-y € I. By assumption, T'f1(z9) = T fa(xo) for every two
functions fi, fo € C*(I,R) which coincide on a small open neighborhood of
in I. To prove that Tf(z¢) depends only on (zo, f(z0),..., f* (xg)), we may
therefore assume that I is a (possibly small) open cube or ball centered at x. Let
f € CF(I,R). Define, for x = (x;)"_, € I and i € {1,...,n} the i-th partial k-th
order Taylor approximation to f at xy by

k

1
hz(ac) = Z ﬁf(l)(xm, ey LGy Li41y e - - ,mn)((x — SL’())M7 ey (.’L‘ — xo)[i]>,
=0 "
where (2 — z0)};) := (¥1 — Zo1, ..., % — 204, 0,...,0) € R". Here we consider £

as an [-multilinear form from R™ x ---R"™ to R. Note that h := h,, is the k-th
order Taylor approximation to f at zg. Let hg := f. Then the functions hgy and
hy join C*-smoothly at the intersection of the hyperplane z; = xg; with I, since
by definition of (z — x)[1) only the iterated derivatives with respect to z; occur
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non-trivially in hq. Similarly h;_; and h; join C’k—smoothly at the intersection of
the hyperplane x; = xo; with I, for all i € {2,...,n}. Therefore, putting

hi_l(I), rel, z; <z,
9i(x) =
hi(z), xel, z; > xo;

for i € {1,...,n}, we have that g; € C*(I,R). On J; := {z € I | ; < x¢;} and
JF={x € I|x; > xo;}, we have hi_1|,- = gi|;-, gi| ;+ = hi|;+. Hence, also
using that the image of T consists of continuous functions,

(Thi—1)(x0) = (Tgi)(z0) = (Thi)(x0),
since xg € f N f We conclude
(Tf)(xo) = (Tha)(wo) = --- = (Thn)(x0) = (Th)(xo)-

However, h only depends on (zq, f(zo), f'(x0), -+, f*)(20)). Therefore, there ex-
ists a function of these parameters which determines T'f(x). Identifying £ (z¢)
with vectors of iterated partial derivatives in RM () as described before, this
means that there is a function F : I x RN(%) — R™ such that

T f(zo) = F(zo, f(xo), f'(20), - >f(k)(930))

for all zg € I, f € C*(I,R), with N(n,k) := Zf:o M(n,1). O
Proof of Theorem 3.5. We adapt the proof of Theorem 3.1 to the multidimen-
sional setting. By Proposition 3.6 for m = n and the localization on (small)

open sets which we proved before formulating Proposition 3.6, there is a func-
tion F: RN(™*) — R™ guch that for all f € C*(I,R), z € T

Tf(x) = F(a, f(x), f'(2),..., [P ().
Define S : C*(I,R) — C(I,R") by
Sg(x) := T(exp(g))(z)/ exp(g)(x), g€ C*(I,R), z€l.

Then Sg(z)=F(z,exp(g)(z), . .. ,exp(g) ™ (x))/ exp(g)(x) depends only on z, g(x)
and all derivatives of g up to g*)(z). Therefore there is a function G : T xRN (k)
R"™ such that

Sg(x) = Gz, g(x),...,9%(x)), geCF*(I,R), z el
For any g1, g2 € CF(I,R) by the Leibniz rule

S(g1 + g2) = T(exp(g1) - exp(g2))/(exp(g1) - exp(g2))
= T(exp(g1))/ exp(g1) + T(exp(g2))/ exp(g2) = Sg1 + Sga,
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i.e., S is additive in the function and derivative variables. We split any o € RN (%)
as @ = (q)F_, where oy € RM(. Then for any = € I and any a = (ag)f_, and
8= (ﬂl)l o € RNE) there are functions g1, g2 € C*(I,R) such that g(l)( ) =

and 92 ) (2 ) = G for all I € {0,...,k}. Recall that all iterated partial derivatives
with indices 1 < i3 < -+ < 4; < n can be chosen independently. Therefore the
additivity of S is equivalent to the additivity of G in the sense that

Glz,a+B) =Gz, a) +G(x,B), zel, a,feRVMH,

Since Sg = T(exp(g))/exp(g) is a continuous function, we have that
G(x,g(x), - ,g® (x)) is a continuous function of x for all g € C*(I,R). By The-
orem 2.6, applied with %k instead of k£ — 1 to any coordinate function G; : I — R
of G = (G;), (with respect to the canonical unit vector basis of R™) separately,
there is a continuous function ¢ : I — L(RN(*) R") so that

k
G(z, ) Z alx rel, a=(u)f,ecRNMH,
1=0

with direct sum splitting c¢(z) = Zf:o a(z), ¢ € LRM™D R™). The direct sum
splitting of ¢ is a result of the coordinatewise application of Theorem 2.6.
For f € CF(I,R) with f >0, let g := In f. Then f = exp(g) and

k

Tf(z) = f(x) S(nf)(x) = f(z) Y a@)((nf)P (). (3.6)

=0

Here the I-th derivative of In f € C*(I,R) at z is identified with a vector in
RM(D  For | > 2, in the regular derivative sense

I f'(z)
f f(z)

where f/(z)! is the (tensor product) l-multilinear form

(In /)0 () = () V(@) = ()7 = D) + Rf (@), fO(2),

l
f/() y17'-'7yl H y] y17~-~7yl€Rn)

and P is a sum of quotients of terms containing powers of f(z) of order <[ —1
in the denominator and tensor product terms of derivatives in the numerator.
Therefore for f(z) N\ 0, the order of singularity of f(z) (In f)¥(x) is sz;(iﬁ),ll,
if f'(xz) # 0, up to terms of smaller growth. Since T'f is continuous and hence
bounded on compact sets of I also for functions having zeros in I, in (3.6) we
need cx(x) = -+ = ¢co(x) = 0, € I. To be more precise, suppose that k& > 2,
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that x = 0 € I for simplicity of notation and that the cube of side-length ¢y > 0
centered at 0 is contained in I. Choose any b = (b;)"; € (Rso)™ and consider
f(z) := (byx) and I. := {z = (@)}~ € I | ; > §,i € {1,...,n}} for any
0 <e<e Let 1:=(1)j-; € R™. Then f|;, > §(b,1) > 0 and

l
Hj:l bi,

S (nf)w) = (1) (- 1)) =
n xr) = : <b7m>l

8.’L‘i1 te 89@[
for z € I, 1 € N. Put ¢(b) == (=1)!1(1 = 1)! ([T)—; bi,)1<is<<is<n - Let
h € C*(I,R) be a smooth strictly positive extension of f|; to I. By localization,
Tf(el) = Th(el) since el € I.. Applying (3.6) to h yields at the point el with
h|l€ = f‘Ie

Tf(el) = Th(el) = co(el) (b,el) In({b,el))

k
+3 alen) (b)) (ber)= Y.
=1

Since T'f, co,...,ck are continuous at 0, we get for € — 0 that ¢, (0)(1)(b)) =0
for any b € (Rs()”. This implies ¢,(0) = 0. Recall that ¢, € L(RM™*) R»). If
k > 3, we find successively in the same way c¢_1(0) =0, ..., c2(0) = 0. Therefore
ca=0,...,c; =0 on I and hence

Tf(x) = co(x)f(x)In f(z) + cr(z)(f'(x))

for positive C*-functions f. Note here that co(z) can be identified with a vector in
R™ and ¢1(z) € L(R™,R™). For general f € C*(I,R), which may be also negative
or zero, it has to be modified to

Tf(x) = co(x) f(x) I |f ()] + c1 () (f'(2)).

This is shown similarly as in part (ii) of the proof of Theorem 3.1 by proving that
T is odd, T(—f) = =T(f). |

3.3 An extended Leibniz rule

We study in this section some families of operator equations to which the Leibniz
rule belongs. These families turn out to be very rigid, in the sense that they admit
only very few “isolated” solutions, in our view a manifestation of the exceptional
role which the derivative plays in analysis.

We return to functions of one variable. Looking at derivations from a more
general point of view, we keep the operator T : C*(I) — C(I), k € N, but replace
the identity operation on the right-hand side of the Leibniz rule by some more
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general operators Ay, Ay : C*(I) — C(I) and study the solutions of the extended
Leibniz rule operator equation

T(f-g)=Tf Aig+Asf-Tg, f.geCr(I).

Thus A; = As = Id is the classical case of the Leibniz rule. Choosing A;f =
Asf =1 for all f € C*(I) would result in the equation T(f - g) = Tf + Tg
mapping products to sums, as the logarithm does on the positive reals. However,
choosing g = 0, we conclude immediately that this equation only admits the trivial
solution 7" = 0. Therefore, adding operators Ay, As to the formula plays a “tuning”
role, helping to create reasonable operators 1" which in some sense map products
to sums on classical function spaces.

The maps Aj, As should be rather different from 7" since, for A; = Ay = %T,
we would have the multiplicative equation T'(f - g) = T'f - Tg, where bijective
solutions 7' : C*(I) — C*(I) have a very different form, e.g., for k = 0, Tf(z) =
|f(u=Y(x))[P®) {sgn f(u='(x))} where u : I — I is a homeomorphism, cf. Milgram
[M], or for k € N, Tf(z) = f(u=!(x)), where u : I — I is a diffeomorphism, cf.
Mréun, Semrl [MS] or Artstein-Avidan, Faifman, Milman [AFM].

Though, for A; = As =: A, the operators T" and A are closely intertwined by
the equation T'(f-g) =T f- Ag+ Af-Tg, there is more variability when solving an
operator equation for two unknown operators. Typically we have to impose a weak
assumption of “non-degeneration”, to guarantee that the operators are localized
and avoid examples like the above proportional one or the following;:

Example. Define T : C¥(R) — C(R) and A : C¥(R) — C(R) by

Tf(x):=flx) - flz+1), Af(x):= %(f(fv)+f(1?+1))-

Then for all f,g € C*¥(R), T(f-g) = T'f-Ag+ Af-Tg since the mixed terms cancel.
This means that both operators are not localized. Here for functions with small
support supp f C (=3, 3), we have T'f(z) = 2Af(z) = f(z) for all z € (-3, 3).
To be able to prove localization, we have to avoid that 7" and A are “locally
homothetic”, i.e., homothetic on functions with small support. To exclude this type

of “resonance” situation between 7" and A, we introduce the following condition
for the pair (7, A).

Definition. Let ¥ € N, I C R be an open set and T, A : C*(I) — C(I) be
operators. The pair (T, A) is C*-non-degenerate if, for every open interval J C I
and x € J, there are functions g;, g2 € C*(I) with support in J such that z; :=
(Tgi(x), Agi(z)) € R? are linearly independent in R? for i = 1,2. We also assume
that, for every x € R, there is g € C¥(R) with T'g(z) = 0 and Ag(z) # 1.

The first condition here is weaker than asking that 7" and A are not propor-
tional.
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We will assume a weak continuity assumption to simplify the proof of the
main theorem.

Definition. For £ € N, a map A : C*(I) — C(I) is pointwise continuous provided
that, for any sequence (f,,)nen of CF(I)-functions and f € C*(I) such that £
fY) converge uniformly on all compact subsets of I for all j € {0, ..., k}, we have
pointwise convergence lim,, o, Af,(z) = Af(z) for every x € I.

We now state the main result for the extended Leibniz rule equation.

Theorem 3.7 (Extended Leibniz rule). Let k € Ny. Assume that I C R is an open
interval and that T, Ay, Ay : C*(I) — C(I) are operators satisfying

T(f-9)=Tf Aig+Asf-Tg, f,g€CHI). (3.7)

Suppose that (T, Ay) are C*-non-degenerate and that T, A1 and As are pointwise
continuous. Then T, A1 and As are localized.

There are three possible families of solutions for T and Ay, As, given by
the formulas below. They might be defined on disjoint subsets Iy, I and I3 of the
interval I, being combined to yield a globally non-degenerate solution so that T
and A1, As have ranges in the continuous functions on I.

More precisely, there are three pairwise disjoint subsets Iy, Is, I3 of I, one or
two of them possibly empty, with I, Is open, such that I = I; U 1> U I3, and there
are functions a,do,...,dg,p : I — R with p > 0 which are continuous on I\ N
where N := 01y U013, and functions v € C(I) and ¢ € C(I3) with ¢ > 0 such that
Ay — Ay = 29T on C*(I), and putting A := 1(Ay+ Az), we have for all f € C*(I)
and x € I,

(Zdl (1n|F)(x) ) | () " {sgn £ (@)},

(3.8)
AS(E) = P s 1)
and for x € I,
k
Tf(@) = a(@) sin(> dile) (nl )V (@)) 1 (@) {sgn £(2)},
=0
. (3.9)
Af(@) = cos(D_ di(w) (|7 (@) ) @) {sgn ()},
=0
and for x € I3,
T () = gale) (1F) P fsan F(2)} — 17(2)|Cfsam ().
(3.10)

Af(x) = 3 (17 g 5@)} + 17(@) " fn(x).
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The terms {sgn f(x)} and [sgn f(x)] may be present in both formulas for T and A
or not at all, yielding different solutions.

The solution (3.8) requires that p(x) > max{l < k | d;(z) # 0} to guarantee
that the range of T consists of continuous functions.

In (3.10), p(z) = 0 or q(x) = 0 are allowed, too, if the corresponding sign-
terms do not occur.

Conversely, let Ay := A+~T, Ay := A—~T where T and A are given by the
above formulas. Then (T, Ay, As) satisfy (3.7).

Remarks. (i) Theorem 3.7 shows that basically only three different types of com-
binations of operators (T, A, As) satisfying the extended Leibniz rule (3.7) are
possible. For k > 1, the first one is similar to the one for positive functions in
Corollary 3.4. Note that (In|f))®|f|P = ar|f[P~*(f")* + Qx, where, for p > k,
Qk,p is a polynomial in the function f and its derivatives, so that T f(z) is well
defined by (3.8) for p > p(x) (in the limit) also for functions f having zeros in x,
and equation (3.8) provides the solution in this situation, too. In (3.8), T'f depends
linearly on the highest derivative f(*), although with a factor which is a power of

f7 €.g., fOI'k:2, Tf:fflli(f,)27Af:f2'

(ii) For k = 1, the first solution is similar to the one of the Leibniz rule in
Theorem 3.1, namely T'f = ¢of In|f| 4+ ¢1 f. Since (3.7) reminds of the addition
formula for the sin-function when logarithmic arguments occur, the second solution
is not surprising, cf. Proposition 2.13.

(iii) Note that only very few tuning operators A yield possible solutions of
(3.7), and that they then determine the main operator T to a large extent. E. g.
choosing A to be given by Af = | f|P{sgn f}, we get that T f is a linear combination
of terms (In|f)" [ |7 {sgn f}.

(iv) The following example shows that the three solutions in Theorem 3.7
may be combined on different subintervals of I to form a non-degenerate solution.

Example. Let I := (—1,1) and f € C(I). Define maps T, A on C(I) by

Lsin(zIn|f(z)]) f(z), z€(-1,0),

Tf(z):= {In[f(2)] f(z), =
F(f@)I7=1) f(z),  2€(0,1),
cos(zIn|f()]) f(z), e (=

Af(z) = ¢ f(z), =0,

@) +1) flz), @e(

On I; := {0}, the pair (T, A) has the form of the first solution (3.8), on Iy :=

(—1,0) the form of the second solution (3.9) and on I3 := (0,1) the form of the
third solution (3.10). Note, however, that for x — 0, d(z) = x — 0, p3(x) —gq(z) =
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z — 0 and that cy(z) = c3(x) = + have a singularity at 0. Nevertheless, T'f and

Af define continuous functions on I since lim,_,o % =1 and

lim (| ()| — 1) = In|f(z)| for f(z) £ 0.

x—0 1

For f(z) = 0, there is nothing to prove. Therefore T' and A map C(I) into C(I) and
satisfy (3.7). The solution is non-degenerate at zero: Just choose functions g, go
with small support and g;(0) = 3, g2(0) = 2. Then (g;(0)1n g;(0), g:(0)) € R? are
linearly independent for i = 1, 2.

(v) It is also possible to combine the two solutions involving derivative terms,
as the following example shows.

Example. Let [ := (—1,1), p > 1 and f € C'(I). Define maps T, A on C*(I) by

Tf(x) = {ismw},((j))) |f(x)|P, z € (~1,0),

L& | f(w)P, ze0,1),

fU@%:{aMw%QHﬂ@F,xeb4ﬁ%

|f ()P, z€[0,1).

On [0,1), the solution is of the first type (3.8), with (In|f]) = %; it could be
defined on R as well. But p > 1 is required here. On (—1,0), the solution is of
the second type (3.9) and requires only p > 0 to yield continuous functions. For
x — 0, di(z) = = tends to zero and a(x) = 1/x has a singularity. This behavior
is needed to join the other solution in a continuous way. We note that there is
a delicate point about the continuity at zero. Both solutions are well defined for
p = 1. However, choosing p = 1 does not yield a solution 7" with range in the
continuous functions. Simply take f(x) = z. Then for p =1, Tf(x) =1 for > 0
while T'f(z) = sin(1) for < 0; T'f is not continuous at 0. However, for any p > 1,
the range of T' consists of continuous functions, since

f'(=) f'()
f(z) f(z)

as easily seen using |sin(¢)| < |t|, and this tends to zero as f tends to zero.

(vi) Let S : C*(I) — C(I) satisfy the Leibniz rule and M : C*(I) — C(I) be
multiplicative. Then the pointwise product T := S - M : C*(I) — C(I) satisfies
equation (3.7) with A being given by A(f) := f - M(f), f € C*¥(I). The solution
(3.8) is of this form.

| I @)P | < 20 f@)P7Hf ()]

@)~ sine

Additional conditions will guarantee in the case k = 1 that the solutions have
a simple form:
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Corollary 3.8. Assume that T, Ay, Ay : CH(I) — C(I) satisfy (3.7), with k = 1,
T # 0, and that (T,A;) are Cl-non-degenerate and pointwise continuous. Let
A= 1(A1 + A). Suppose further that T maps C*°(I) into C*°(I).

Then there are n,m € Ny and a function ¢ € C°(I) such that the solution of
(3.7) has one of the following two forms: either

Tf=cf fr. Af=f",

or

1
Tf=c(f"= "), Af=5("+ "),
for any f € CY(I). If additionally 0 € I, T2 = 0 and T(21d) = 2, we have

Tf=f, Af=f

Corollary 3.9. Assume that T, Ay, Ay : C1(I) — C(I) satisfy (3.7), with k = 1,
T # 0, and that (T, Ay) are C'-non-degenerate and pointwise continuous. Let
A= %(Al + Ag). Suppose further that T maps linear functions into polynomials.
Then there are n,m € Ny and a polynomial function ¢ such that the solution of
(3.7) has one of the following two forms:

either

Tf=cf fr. Af=f",

or

1
for any f € CY(I). If additionally T2 = 0 and T(21d) = 2, we have

Tf=f, Af=f.

In both corollaries, there is v € C(I) such that Ay = A+~T and As = A—+T.
Note that the second solution in both corollaries may be extended to any

feac.

We now turn to the proof of Theorem 3.7. We again start by showing that
T is localized.

Lemma 3.10. Under the assumptions of Theorem 3.7, we have
(i) T(0)=T(1) =0 and A;(1) = A3(1) = 1.

(ii) If J C I is open and f1, fo € C¥(I) are such that fi|; = fa|s, then (Tf1)|; =
(T'f2)ls and (Aif1)ls = (Aif2)ls fori=1,2.
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Proof. (i) Choosing f = 0 in (3.7), we find for any x € I and g € C*(I)
T(0)(2)(1 — Arg()) = A2(0)(z)Tg(x).
By the C*-non-degeneracy assumption, there is g € C*(I) with A;g(z) # 1 and

Tg(x) = 0. Hence, T(0)(xz) = 0, T(0) = 0. Therefore, 0 = A3(0)(x)Tg(x) for all
g € C*(I) which also yields A5(0) = 0. Taking g = 0 in (3.7), we get

Tf(x)A1(0)(x) = T(0)(x)(1 — Azf(2)) =0,

for all € I, f € C*(I). Hence also A;(0) =0.
Next, choose f =1 in (3.7) to find

Tg(x)(1 — A2(1)(2)) = T(1)(x) Arg(x), w €I, g€ CH ().

By Ck-non-degeneracy, there are functions g1,92 € C¥(I) such that
(Tgi(x), A1g;(z)) € R? are linearly independent for i = 1,2. Therefore the previ-
ous equation with ¢ = g; and g = g9 implies As(1) = 1, T(1) = 0. Taking g = 1
in (3.7), we find similarly

Tf(x)(1 = A (1)(2)) = T(1)(x) Az f(x) = 0,
for all f € C*(I). This yields A;(1) = 1.

(i) Let J C I be given and fi, fo € C*(I) with fi|; = fa|s. Let g € C*(I)
with suppg C J. Then f; - g = f2 - g. By (3.7)

Tf-Aig+Asfi - Tg=T(f1-9)=T(f2-9)
=Tfy  Arg+ Aafa- Ty,
(T fi(x) = Tfa(x)) - Arg(z) = (Asfo(x) — Az fi(x)) - Tg(x), xe€l.

For a given z € .J, choose g1,92 € CF(I) with support in J such that
(Tgi(x), A1gi(z)) € R? are linearly independent for i € 1,2. The previous equa-
tion then yields for g = g1 and g = g that T'f1(x) = T fa(z), Asf1(x) = Az fa(x),
ie, Tfil; = Tfals, Aafils = Aafa|s. The argument for Ay fi|; = Aifa]s is
similar. (]

Proof of Theorem 3.7. (i) Assume that (T, Ay, As) satisfy the extended Leibniz
rule (3.7). Then for all f,g € C¥(I) and = € I, using the symmetry in f and g,

T(f-9)(x) = Tf(x)Arg(z) + A2 f(2)Tg(x) = Tg(x)Ar f (x) + A2g(x)T f (x),

hence Tf(x)(Ar1g9(x) — Aag(x)) = Tg(x)(A1f(x) — Axf(x)). If Ay # As, there
is g € CF(I) and = € I such that A;g(z) # Azg(z). Then Tg(x) # 0 since
otherwise T f(z) = 0 for all f € C*(I) which would contradict the assumption of
non-degeneration of (7, Aq), and therefore A; f(x) — Asf(x) = 2v(2z)T f(z) holds

for all f € C*(I), where y(z) := %{;‘jg(m). Since T'f, Ay f, Ao f are continuous
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functions, so is v. Thus A; — Ay = 29T Clearly, A; f(z) = Az f(x) is possible for
some z or all z € I, with y(z) = 0. Put A := (4, + A,). Then A; = A +T,
Ag =T — ~T. Equation (3.7) holds for (T, A) if A, and A, are replaced by the
one operator A.

In the following, we write equation (3.7) with 7" and A and analyze the
structure of these operators.

(i) By Lemma 3.10 and Proposition 3.3 there are functions F, B : I x RF+! —
R such that for all f € C*(I) and z € T

Tf(zx) = F(z, f(z),.... [ (z)), Af(z) = B(, f(z),..., fP(x)).

We introduce operators S, R : C¥(I) — C(I) by Sh := T(exph), Rh := A(exph)
for all h € C*¥(I). Since the derivatives of exph of order I can be written as a
function of A and its derivatives of order < [, the operators S and R are localized
as well, i.e., there exist functions F, B : I x R¥T! — R such that for all h € C*(I)
and x €]

Sh(z) = F(z,h(z),..., k" (x)), Rh(z) = B(z,h(z),...,h" (x)).
Equation (3.7) yields for hy, hy € C*(I)

S(hy + he) = T(exp hyexp ho) = T(exp hi)A(exp ha) + A(exp hy)T (exp hz)

Let a = ()5 g, B = (8)f_o € R¥*! and 2 € I be arbitrary. Choose hy, hy €

Ck(I) with hgj)(x) = o and h(Qj)(x) = f; for all j € {0,...,k}. Then the operator
equation (3.11) is equivalent to the functional equation for ' and B

F(z,a+ ) = F(x,a)B(z,B) + F(z, 8)B(z, a) (3.12)
for all a, 3 € R¥1 € I

We claim that for any fixed « € I, B(x,-) and F'(z, -) are continuous functions

on R*1. To verify this, take a sequence a, = (anj)5_o € R* and a € R¥*! such
k

that a,, — o in R¥T!. Consider the functions h,, (t) := > j=0 O’;’ (t— )9, h(t) =
Z] B ], i (t—x)7. Then A = h® and fn = exp(hn)® — f :=exp(h)? converge
uniformly on all compact subsets of I for any [ € {0,...,k}. By the assumption
of pointwise continuity , we have Af,(z) — Af(z) and Tf,(z) — T f(z) for all
2 € I. This means

Afn(z) — Af(x) = Bz, aq, ..., ),
Tfo(x) = Tf(x) = F(x,a0,...,q).

) =
)
Therefore for all € I, B(x,-) and F(x,-) are continuous functions which satisfy
(3.12). The solutions of (3.12) were studled in Chapter 2, Corollary 2.12.

B(l‘van,Oa"'7 n,k

F(z,an0,...,0nk
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(iii) We now determine the form of T'f and Af for strictly positive functions
f > 0. By Corollary 2.12 for n = k + 1 there are vectors b(z), c(z),d(x) € RFH!
and a(z) € R such that F(z,-) and B(z,-) have one of the following forms

(a) F(z,a) = (b(z), o) exp({c(z), @), B(z, ) = exp({c(z), a));
(b) F(z,a) = a(z) exp((c(z), @) sin({d(z),a)),
B(z,a) = exp((c(z), a)) cos({d(z),a));
(c) F(z,a) = a(z) exp((c(z),a)) sinh({d(z),®)),
B(z,a) = exp({(c(z), a)) cosh({d(z), a));
(d) F(z,a) = a(z) exp((c(r),a)), B(z,a) = 5 exp({c(x), a)), o € R™

Since A(1) = 1 by Lemma 3.10, 1 = A(1)(z) = R(0)(x) = B(«,0). Therefore the
last case (d) is impossible here since in that case B(z,0) = 1.

For positive functions f € C*(I), f > 0, let h:=In f, f = exph, so that in
case (a) with b= (b)F_, c = (a))k,

Af(@) = R(n f)(x) = B, (n )(@),..., (In /)P (@))

f f)
k
= exp (Z ¢ (z)(In f)(l)(w)),
1=0
Tf(x)=S(nf)(z) = F(z,(In f)(z),...,(n f)* (z))

k

= (Z () (In f) l) ) exp(i ¢ (z)(In f) (l )) (3.13)

=0 =0

Depending on « € I, one of the formulas (a), (b) or (c¢) might apply. Let I, I
and I3, respectively, denote the subsets of I where T'f(x), Af(x) is determined by
(a), (b) and (c), respectively. For (a) and f > 0, we just wrote down the formulas
n (3.13). However, the sets are restricted by the requirement that 7T'f and Af
have to be continuous functions for all f € C¥(I). Suppose that the interior of
the domain I; where (3.13) gives the solution — for f > 0 — is not empty. Let
us show that the functions cg,...,cp and bg,...,br have to be continuous in the
interior of I;. Indeed, starting with constant functions f, the continuity of Af
and T'f yields that ¢y and by are continuous. Then choosing linear functions, it
follows that ¢; and b; are continuous. Repeat the argument with polynomials of
successively higher degree.

Since T' and A are localized and have to be well defined also for functions
having zeros in the interior of I, the formula for Af should never become singular,
i.e., unbounded when f 0. The argument for this is exactly the same as in the
proof of Theorem 3.1. However, (In f)) is of order (—) if f/#0and! €N, up
to terms of smaller order. Therefore we must have ¢; = -+ = ¢, = 0 in (3.13)
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on I;. Put p(z) := c¢o(z). Then for f >0, z € I,

Af(@) = f@P@, Ti) = (3 a@mnHO@) f@r@. (314
1=0
The continuity of T'f for all f requires that p(z) > max{l < k| b;(z) # 0} =: P(x).
If P(x) =0, we need p(x) > 0. In this case, (3.14) provides a solution of (3.7) for
positive f.
The case (b) for T"and A on I yields the formula

k

Af(x):exp(z () (n f)D( )cos(Zdl )(In )¢ ))

=0

with continuous coefficient functions ¢;,d; on Is. Continuity for functions with
zeros requires that ¢y = -+ = ¢, = 0. Then with p(x) := ¢o(x), for f >0, z € I,

—COS<Z di(z)(In f)(z )) fla)P@),

k

Tf(x) = a(e)sin(Y i) f)O(@)) f)P, (3.15)

=0

where p(x) > 0 is required and a is continuous in I5. In the last case (c)

Af(x) :exp(i 2() (In f)D( ) cosh(Zdl (In £)D( ))

=0

and here necessarily ¢; = -+ = ¢ = 0 and dy = - = 0. Then with

— dy
p(x) = co() + do(z) and q(z) := co(x) — do(z), Af(x ) = 3(f(@)P") + f(2)1®),
p(x) >0, g(x) > 0, yielding for f > 0, x € I3

A7) = 3 (F@PW + @), To) = ale) (7@ f@)1@). (316)

To be non-degenerate, the solution on I given by (3.15) requires that some
of the continuous functions d; are non-zero at any x € I, and the one on I3 given
(3.16) requires that p(x) # ¢(z) for any x € I3. They can be joined to another
one of the three solutions only when the d; or p — ¢ tend to zero and at the same
time |a| becomes unbounded. Hence, by continuity of the parameter functions, the
subsets I> and I3 are open. Of course, any of the sets I, I5 or I3 could be empty;
the solution may be given on all of I by just one of the formulas, this being the
most natural case. However, I; is not necessarily open. In the first example in
Remark (ii) after Theorem 3.7 we had I; = {0}.
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(iv) It remains to determine the formulas for T'f(z) and Af(xz) when f €
C*(I) is negative or zero. Since Af and T'f are continuous and the coefficient func-
tions are continuous on their domains, the localized formulas (3.14), (3.15),(3.16)
extend by continuity to T'f (x) and Af(x) when f(x) = 0 and x is an isolated zero
of f or a limit of isolated zeros. If x € J C I, J open and f|; = 0, we know by
Lemma 3.10 that T'f(x) =

Suppose now that f € C*¥(I) and = € I are such that f(x) < 0. We may
assume that f < 0 on the full set I, since T'f(z) and Af(x) are determined locally
near x with f(z) < 0. For constant functions f(z) = ao, g(x) = By, we have

Tf(x) = F(z,a0,0,...,0), Af(z) = B(z,a,0,...,0).
Therefore the extended Leibniz rule (3.7) yields

ﬁ(m,aoﬁo,o,...,()) = ﬁ(x,a(),o,...,0)§($7ﬁ0,0,...,0)
+ B(z, 20,0, ...,0)F(x, 8,0,...,0).

Proposition 2.13 gives the possible solutions of this functional equation. They
imply for constant functions f having negative values, too, that one of the following
three cases can occur:

Tf=b(In[f))If"{senf}, Af=I[f["{sen [},
Tf=bsin(dln|f])[f["{sgnf}, Af = cos(dIn|f])|f["{sgn f},

Tf=0b(fP{sen f} = |f|*sen f]), Af= %(\flp{sgnf} + | f1"[sen £1),

leaving out the variable x. The fourth solution in Proposition 2.13 is not applicable
since there B(1) = 3 # 1.

In the first two cases and in the last case when both sgn f-terms are present
or both are absent, we have T(—1) = 0 and A(—1) € {1,—1}. Then by (3.7),
T(—f)=Tf A(-1)+Af T(-1) =Tf A(—1). Hence T is even or odd, depending
on whether A(—1) = 1 or A(—1) = —1. For A, we have similarly A(—f) =
Af A(—1), by the same arguments as in the proof of Proposition 2.13. In the
last case, when the sgn f-terms are different, 7" and A are neither even nor odd.
The determination of T'(—f) and A(—f) in this case is similar to the last case in
the proof of Proposition 2.13. Using this, formulas (3.14), (3.15) and (3.16) yield
formulas (3.8), (3.9) and (3.10) in Theorem 3.7 for general functions f € C*(I).

Conversely, the operators 7" and A defined by these formulas satisfy (3.7). To
check this, e.g., in the case of (3.9), use the addition formula for the sin-function
and (In |fg|)(l (In[fN® 4 (In]g|)®. This ends the proof of Theorem 3.7. O

Proof of Corollary 3.8. The operator T' defined by (3.9) does not map C*°-func-
tions to C*°-functions, since — possibly large order — derivatives of T'f will become
singular in points where f has zeros. The operator given by (3.8) for & = 1 has
the form

Tf=(bfIn|fl+af’) [fI"{sen f},
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q = p—1. Choosing for f constant or linear functions, we conclude that a,b,q € C*
is required. Since |f|?{sgn f} has to be a C*°-function for any C'*°-function f, we
moreover need that | f|9{sgn f} = f" for a suitable n € Ny. If b would not be zero,
a suitable derivative of T'f would have a singularity of order In |f| when |f]| ™\, 0.
Hence T'f = af’f™ in the case of (3.8). Similarly, the solution (3.10) maps C'°-
functions into C*°-functions if and only if T f = a(f™ — f™) for suitable n, m € Ny
and a € C°°°. Both solutions cannot be combined on disjoint subsets partitioning I
since f’ cannot be continuously approximated by differences f¥ — fM, in general.
Therefore we have two solutions defined on the full set 1.

If additionally T2 = 0, the second solution would require n = m and then
T = 0. Thus only the first solution is possible, with 2 = T'(21d)(x) = a(x)2"tam,
e, a(x) = (2z)™". Since x = 0 € I and a € C*(I), it follows that n = 0 and
a=1,ie,Tf=f and Af = f for all f € C'(I). O

Proof of Corollary 3.9. The operator T defined by (3.9) does not map arbitrary
linear functions f(z) = cz, ¢ € R to polynomials, if T 0. In the case of (3.8), T'
again has the form
Tf=@OfIn[f[+af)[f|"{sgn f}.

This will not yield polynomials for all linear functions f unless b =0, ¢ =n € Ny
and a is a polynomial function, i.e., Tf = af'f", Af = f**! for all f € C'(1).

Again, (3.10) yields the second solution with p =n,q = m € Nj.

If additionally T2 = 0, the second solution requires n = m, i.e., T = 0. In
the case of the first solution T'(21d) = 2 gives 2 = T'(21d)(z) = a(z)2" 12", i.e.,
a(x) = (2z)~™. However, a is only a polynomial if n = 0, a = 1. Then Tf = f’
and Af = f for all f € CY(I). O

3.4 Notes and References

The basic result on the Leibniz rule equation, Theorem 3.1, is due to Koénig,
Milman [KM1]. The case k = 0 was shown before by Goldmann, Semrl [GS].

Lemma 3.2 and Proposition 3.3 are taken from [KM1]. For k = 1, Theorems
3.5 and 3.7 were shown in [KM1], too.

The logarithm F = log satisfies F(zy) = F(z) + F(y) for positive z,y > 0.
However, there do not exist a function F' : R — R and constants ¢,d € R such
that F(xy) = ¢F(x)+dF (y) holds for all real numbers z,y € R. A function of this
type sending products to sums requires replacing the constants ¢, d by functions,
yielding in the simplest case the Leibniz rule in R. On the real line R or the
complex plane C, there is the following version of the Leibniz rule:

Proposition 3.11. (a) Let F': R — R be a measurable function satisfying
F(zy) = F(z)y+zF(y), =,y€R. (3.17)
Then there is d € R such that F(x) =dzln|z|, z € R.
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(b) Let F : C — C be a measurable function satisfying
F(zw) = F(z)w+ zF(w), =z,weC.

Then there is d € C such that F(z) =dzln|z|, z € C.

Proof. (a) F(1) = F(1?) = 2F(1) implies F(1) = 0. Similarly F(—1) = 0, which
implies F'(—x) = —F(z). For ay # 0,
F(zy) _ F(z)  Fly)

= +
zy x y

Hence, H(s) := F(e®)/e® is measurable and additive. By Proposition 2.1 there is
d € R with H(s) = ds. Then

F(x) =dxln|z|.

(b) We show by induction on n that for any n € N and 2z € C, F(z") =
nz""1F(z): For n = 2 this is the assumption with z = w. Assuming this for n,
we have F(2"1) = F(2™)z + 2"F(z) = (n+ 1)2"F(2). Let ¢ € C be an n-th root
of unity. Then 0 = F(1) = F(¢") = n¢" *F(¢) implies that F(¢) = 0. Define
G(z) == @ for z € C\ {0}. Then G(2w) = G(2) + G(w) for all z,w € C\ {0}.
Hence ¢ : R — C given by ¢(t) := G(exp(it)), t € R, is additive and measurable.
By Proposition 2.1 there is ¢ € C such that ¢(t) = ct for all t € R. Since F({) =0
for all roots of unity ¢, ¢ = 0, i.e., G|g1 = 0. The polar decomposition of z €
C\ {0}, z = |z|exp(it) yields that G(z) = G(|z]) + G(exp(it)) = G(]z|) and for
z,w € C\ {0}, G(Jzw|) = G(|z]) + G(Jw]|). Similarly as in part (a) we find d € C
such that G(z) = G(|z|) = dln|z|. Hence F(z) = dzln|z| for all z € C\ {0}.
Clearly F(0) = 0. O

Remark. The equation
F(zy) = F(z)B(y) + B(z)F(y), =z,yeR (3.18)

for unknown functions F, B : R — R is a relaxation of equation (3.17). Proposition
2.13 gives the four (real) solutions of (3.18). The first of these, B(z) = |z|*{sgnz},
F(z) =b-1In|z| - B(x) has the property that B has a smaller order of growth as
|z| = oo than F. Comparing this with the operator functional equation (3.7),

T(f-g)=Tf-Arg+Asf-Tg, f,geCHI),

which has an algebraically similar form, the first solution of (3.7) has the property
that A = Ay = A, has a smaller order of differentiability than 7'

We may also consider the Leibniz rule on real or complex spaces of polynomi-
als or analytic functions. For K € {R, C}, let P(K) denote the space of polynomials
with coefficients in K and £(K) be the space of real-analytic functions (K = R)
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or entire functions (K = C) and C(K) be the space of continuous functions on K.
Moreover, let P, (K) be the subset of P(K) consisting of polynomials of degree
<n.

On these spaces, there are different solutions of the Leibniz rule than those
given in Theorem 3.1.

Example 1. Define 7' : P(K) — P(K) by Tf :=deg f - f, f € P(K), where deg f
denotes the degree of the polynomial f. Since deg(f-g) = deg f +degg, T satisfies
the Leibniz rule T'(f - g) =Tf -g+ f - Tg on P(K).

Example 2. Fix zg € K. For f € £(K), let n(f) denote the order of zero of f in
xo (which may be zero if f(z¢) # 0). Define T : £(K) — E(K) by T'f :=n(f) - f.
Since n(f - g) = n(f) +n(g), T satisfies the Leibniz rule T(f - g) =T f-g+ f-Tyg
on &(K).

However, in both examples the operator 7" is not pointwise continuous in the
sense that there are functions f,,, f € P(K) or £(K) where f,, — f converges
uniformly on compact sets but where T'f,,(z) does not converge to T f(z) for
some x € K, since the degree and the order of zero are not pointwise continuous
operations. Let us therefore assume that 7' : P(K) — C(K) is pointwise continuous
and satisfies the Leibniz rule. Does this guarantee that we have the same solutions
as in Theorem 3.17 Again the answer is negative, as the following example due to
Faifman [F3] shows:

Example 3 (Faifman).. If 7 : P(K) — C(K) satisfies the Leibniz rule T'(f - g) =
Tf-g+ f-Tgforall f,gec P(K), then for all f1,..., f, € P(K)

([T =>_CI[ £ 18- (3.19)
j=1 J=1 i=1,itj

Let us first consider the complex case K = C. Since any polynomial f € P(C)
factors as a product of linear terms, f(z) = a]_[;.lzl(z — 2j), with zeros z; € C
and a € C\ {0}, it suffices to define T'(az + b), in order to define an operator
T : P(C) — C(C) by applying (3.19), and then verify that this map T actually
satisfies the Leibniz rule. Let ¢ : C — C be given by ¢(z) := zIn|z|, with ¢(0) = 0.
Define

T(az+b) == ¢(a)z + ¢(b). (3.20)
This map T satisfies the Leibniz rule on P;(C) in the sense that T'(c(az + b)) =

T(c)(az +b) + cT'(az + b), since ¢ satisfies the Leibniz rule on C. In terms of the
elementary symmetric polynomials we have for f € P, (C)

n

R =allG-2zp=3 (0" > azmioozm) Tt (321
k=

j=1 0 1<j1 < <gr<n
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Using (3.20) and requiring that (3.19) holds, yields the formula for T : P(C) —
c(©)
(THE) =Y (D D> dlaz,---z,)) 2" F, (3.22)

k=0 1<ji<<jr<n

as induction on n € N shows. Conversely, one checks that the operator T" defined by
(3.22) satisfies the Leibniz rule, using once more that ¢ satisfies it on C. Moreover,
this operator T is pointwise continuous on P(C), i.e., for any f,,,, f € P(C) with
fm — [ uniformly on compact sets, we have T'f,,,(z) — T f(z) for any z € C, since
the zeros depend continuously on the polynomials (in appropriate order) and ¢
is continuous. We remark that the pointwise continuity statement also holds, if
deg f < liminf,, . deg fy,.

Real polynomials f € P(R) may be factored into linear and irreducible
quadratic factors, the latter corresponding to two complex conjugate zeros. Ap-
plying the Leibniz rule (in C) to such factors yields the real variable requirement
for T

1
T(z* + px +4q) = §(p1n|q|):v +qln|ql, p? < 4q.

Using this together with (3.20) and (3.19) then defines a pointwise continuous
operator T': P(R) — C(R) satisfying the Leibniz rule. In both cases K € {R, C},
the image of T is actually again in P(K).

The question whether pointwise continuous operators T : £(K) — C(K) on
the space of entire functions satisfying the Leibniz rule are of the same form as in
Theorem 3.1 is open. The previous example does not extend to the space of entire
functions £(K) since the (polynomial) functions given by f,(z) = (14 =)™ tend
to f(z) = exp(z) uniformly on compact sets, but 7' f,,(2) = —z(1 + Z)™ 'lnm
for fixed z # 0 is a divergent sequence.

The extended Leibniz rule which was investigated in Theorem 3.7 in the
space C*(I) may also be studied in the Schwartz space of complex-valued rapidly
decreasing functions S(R,C). The operator solutions Af are then expressed by
integer powers of the functions f and their complex conjugates, and the images T f
are linear combinations of logarithmic derivatives of f and its complex conjugate
or a difference of powers of f and its complex conjugate. We refer to Konig,
Milman [KM13], where also criteria are given such that A is the identity and
T the derivative. The extended Leibniz rule in S(R,C) has applications to joint
characterizations of the Fourier transform and the derivative [KM13].
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The Chain Rule

4.1 The chain rule on C*(R)
The derivative D : C'(R) — C(R) satisfies the chain rule
D(feog)=(Df)og-Dyg

for all f,g € C1(R). In this chapter, we study the question to which extent the
chain rule formula characterizes the derivative. We consider general operators
T : CY(R) — C(R) satisfying the chain rule operator equation

T(fog)=(Tf)og-Tg, f.g€C'(R).

Due to the multiplicative structure of this equation, if 7} and 15 are operators
satisfying the chain rule, so does the pointwise product 77 - T5, and also do the
positive powers of the pointwise modulus |T3|. Suppose H € C(R) is a strictly
positive continuous function. Then T'f := H o f/H defines a map satisfying the
chain rule as well. It is even defined on C(R), not only on C*(R). Another example
of a map T : CY(R) — C(R) verifying the chain rule is given by

Tf = f', f € CYR) is bijective,
" 10, feCYR) is not bijective.

To avoid degenerate cases like this one, we impose the condition that 7' should
not be identically zero on the half-bounded differentiable functions

Cy(R) :={f € C'(R) | f is bounded from above or from below},

i.e., that there exist f € C}(R) and = € R such that Tf(z) # 0. For integers
k € N, we also let CF(R) := C*(R) N CL(R).

Our main result states that a multiplicative combination of the previous
examples, together with a possible factor sgn f’, creates all possible solutions of
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the chain rule equation not only on C'(R) but also on C*(R) for any k € N. Again,
all solutions operators are local, i.e., pointwise defined.

Theorem 4.1 (Chain rule). Let k € NU{oo} and T : C*(R) — C(R) be an operator
satisfying the chain rule equation

T(fog)=(Tf)og-Tg, f.geC"R). (4.1)

Assume that T|C;; ®) # 0. Then there exist p > 0 and a positive continuous func-
tion H € C(R), H > 0, such that either

vy =L (42)
or
i =20 e (4.3

In the second case we need p > 0 to guarantee that the image of T consists of
continuous functions.
If k=0 and T : C(R) — C(R) satisfies (4.1), all solutions of T are given by

Tf =l
Conversely, the operators given by (4.2) or (4.3) satisfy the chain rule equa-
tion (4.1).

Under the additional initial condition T'(21d) = 2 (constant function), T has
the form Tf = " or Tf = |f'].
If additionally to (4.1), T(—21d) = —2 holds, T is the derivative, Tf = f.

In the formulation of similar results later we will combine statements like
(4.2) and (4.3) by writing

rf =20 e tsen 11,

the brackets {-} indicating that two possible solutions are given, one with the ex-
pression sgn f’ and one without. Formulas (4.1), (4.2) and (4.3) are meant point-
wise, e.g.,

T(fog)(x) = (Tf)(g(x)) Tg(x), xeR,
H(f(z))

Tf(@) = Ty W @P s f(@)), e R

Remarks. (a) Note that we do not impose any a priori continuity condition on
the operator T'. A suitable level of continuity of 7', however, is an a-posteriori
consequence of the result.
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(b) The proof will show that p and H are completely determined by the
function T'(21d) € C(R): we have T(21d) > 0, p = log, T(21d)(0) and H(z) =
[1.cn@(x/2") where ¢ is defined by o(x) = T'(21d)(x)/T(21d)(0), and where
the product converges uniformly on compact subsets of R, with normalization
H(0)=1.

(¢) For C*°(R), there are not more solutions of the chain rule equation than
for C'(R). Therefore, in the setup of spaces C*(R), the space C'(R) constitutes
the natural domain of the chain rule. Of course, for k£ = 0, in C'(R) there is the
non-surjective solution T'f = HTOf which does not depend on the derivative.

(d) For p > 0, let G be the antiderivative of H'/? > 0. Then G is a strictly
monotone C'!(R)-function and
P((dGo D)
ST ‘

(Gof) d(Go f)
In this sense, all solutions of (4.1) are p-th powers of some derivatives, up to signs.

dG

oS

fsgnf'} = ]

Gl

As a consequence, the derivative is characterized by the Leibniz rule and the
chain rule:

Corollary 4.2. Let k € N and suppose that T : C*(R) — C(R) satisfies the Leibniz
rule and the chain rule,

T(f-9)=Tf g+ f-Tg. T(fog)=(Tf)og-Tg;  f,g€C*R).
Then T =0 or T is the derivative, Tf = f' for all f € C*(R).
Again, no continuity assumption on 7" is required here.

Proof of Corollary 4.2. By Theorem 3.1, T has the form T'f = ¢ fln|f|+ d f" for
suitable functions ¢,d € C(R). If T # 0, ¢ or d do not vanish identically and
therefore T satisfies T ) # 0. Hence, by Theorem 4.1, T'f = %|f’|p{sgn 't
for some p > 0 and H € C(R), H > 0. Both forms of T can coincide only if
p =1, H is constant and ¢ = 0, d = 1 and the sgn f’-term occurs. Then T'f = f’,
feCR). O

Example. On suitable subsets of C*(I) or even C(I), we may define operations T
which satisfy the Leibniz rule and chain rule but are neither zero nor the derivative:
Let I = (1,00) and C4(I) :={f : I — I| f is continuous}. Define H € C(I) by
H(x) = xInz. Then the operator T : C(I) — C(I) given by T'f = % is well
defined and satisfies the Leibniz rule and the chain rule.

We now state a stronger version of Corollary 4.2: The derivative is also the
only operator satisfying both the chain rule and the eztended Leibniz rule studied
in Theorem 3.7:
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Corollary 4.3. Suppose T, A : C*(R) — C(R) satisfy the chain rule and the ex-
tended Leibniz rule for all f,g € C*(R),

T(fog)=Tfog-Tg,
T(f-g)=Tf-Ag+Af-Tg,

and that T does not vanish identically on the half-bounded functions and attains
some negative values. Then T is the derivative, Tf = f', and Af = [ for all
f € CYR).

Proof of Corollary 4.3. Theorem 4.1 yields that T'f is given by

Tf=—=1If""senf

for a suitable function H € C'(R), H > 0 and p > 0. This form of T'f has to coincide
with one of the solutions of the extended Leibniz rule (3.7) for k = 1, which were
given by (3.8), (3.9) or (3.10) in Theorem 3.7. This is only possible for the first
solution (3.8), and then only in the special case when a(z) = di(z) = p(x) = 1,
do(x) = 0, and if the above function H satisfies H = 1 and p = 1, yielding T'f = [,
Af = f for all f € C*(R). O

To prove Theorem 4.1 we first show, as in Chapter 3, that the operator T is
localized. For this, we need that there are sufficiently many non-zero functions in
the range of T'.

Lemma 4.4. Suppose the assumptions of Theorem 4.1 hold. Then for any open
half-bounded interval I = (¢,00) or I = (—o0,¢) with ¢ € R, any y € I and any
x € R, there exists g € C*(R) such that g(x) =y, Im(g) C I and (Tg)(z) # 0.

Proof. (i) Let z € R. We show that (T'g)(z) # 0 for a suitable function g € CF(R):
Since T'|cp(g) # 0, there is #1 € R and a half-bounded function h € CF(R) with

(Th)(z1) # 0. Define ¢, g € Cf(R) by
o(s):=s+x—mx1, g(s):=hop (s); seR.
Then h = go, p(r1) =z and
)

0# (Th)(x1) = (Tg)(p(x1)) - (Te)(z1) = (Tg)(x) - (Tep) (1),
which implies (Tg)(z) # 0. Clearly g € CF(R).

(ii) Suppose I = (¢,00) with ¢ € R. Pick any y € I and = € R. By (i) there
is g € CF(R) with (T'g)(z) # 0. Let J be an open half-bounded interval with
Im(g) C J. Choose a bijective C*-map f : I — J with f(y) = g(z), noting that
g(as) € J. This may be done in such a way that f is extendable to a C*-map
f:R—>RonR, f|1—f Let

gii=f"log:R— ICR.
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Then gy € C*(R), g1(z) = y and Im(g;) C I. Since g = f o gy = f o g1, we find,
using the chain rule equation (4.1),

0# (Tg)(x) = (Tf)(y) - (Tg1)(x).
Hence (T'g1)(x) # 0, g1(x) =y and Im(g;y) C I. O

Lemma 4.5. Under the assumptions of Theorem 4.1, we have for any open, half-
bounded interval I and any f, f1, f» € C¥(R):

() If f|; = 1d, then (Tf)|; = 1.
(ii) If filr = fal1, then (Tf1)|r = (T f2)|1.

Proof. (i) Assume f|; = Id. Take any y € I, x € R. By Lemma 4.4, there is
g € C*(R) with g(x) =y, Im(g) C I and (T'g)(x) # 0. Then f o g = g so that by
(4.1)

0# (Tg)(z) =T(fog)(x) = (Tf)(y) (Tg)(z),
which implies that (T'f)(y) = 1. Since y € I was arbitrary, we conclude (T'f)|; = 1.

(ii) Let fi1|;r = f2|r and = € I be arbitrary. Choose a smaller open half-
bounded interval J C I and a function g € C*(R) such that = € J, Im(g) C I and
gls =1d. Then f1 09 = faog and g(z) = x. By part (i), (T'g)|; = 1. Hence, again
using the chain rule (4.1),

(Tf)(x) = (Tf)(g(x)) - Tg(x) = T(fr o g)(x)
=T(f209)(x) = (Tf2)(g(x)) - Tyg(z) = (T f2) (),
which shows (T'f1)|r = (T'f2)|r. O

Proposition 4.6. Let k € No U {oco} and T : C*(R) — C(R) satisfy the chain rule
equation (4.1). Assume that T'|cx gy # 0. Then there is a function F : RF+2 — R

such that for all f € C*(R) and z € R

Tf(z)=F(z, f(z),....fP(x)). (4.4)

In the case k = oo, this is supposed to mean that T f(x) depends on x and on all
derivative values fU)(z).

Proof. The result follows immediately from Proposition 3.3 for I = R and Lemma
4.5(i1). Note that (3.3) is used in the proof of Proposition 3.3 only for half-bounded
intervals J. g

Proof of Theorem 4.1. (i) Let k € NU {oco}. We first show that T'f(x) does not
depend on any derivative values f)(z) of order j > 2. Let xo, 0,20 € R and
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f,g € CF(R) satisty g(wo) = yo, f(y0) = 20. Using the representation (4.4) of T,
the chain rule equation (4.1) for T turns into a functional equation for F,

T(f o g)(ﬂ?o) = F(mOa 20, fl(yo)gl(xo)a (.f o g)/l(x0)7 - )
= (T'f)(yo)T'g(x0)
= F(yo, 20, /' (wo), 1 (yo), - - - )F(J;O,yo,g'(ato),g”(xo), . ) (4.5)

If 29 = z9, also (g o f)(yo) is defined and

T(fog)(xo) =T f(yo)Tg(xo) = Tg(x0)Tf(yo) =T(g0° f)(v0),

ie.,

F(x0,20, ['(30)g' (x0), (f © 9)"(x0),...)
= F(l/myo,g/(xo)f/(yo)a (go f)”(yo), e ) (4.6)

By the Faa di Bruno formula, cf. Spindler [Sp], the derivatives of (f o g) have the
form

(fog)¥ =fDog-(¢V +¢;(fog....fU Vog,g,...d" D)+ fog- g,

for 2 < j <k, where ¢; depends only on the lower-order derivatives of f and g, up
to order (j7 — 1) (at yo and xp). We have, e.g., oo =0, p3(f' 0g, " 0g,9,9") =
3f"0qg-q g

Also, for any xg, yo € R and any sequence (t,, ),y of real numbers, there is g €
C*(R) with g(xo) = yo and ¢(™ () = t, for any n € N, cf. Hérmander [Ho, p. 16].
This may be shown by adding infinitely many small bump functions. Similarly,
given (s, )nen, we may choose f € C®(R) with f(yo) = zo and f)(yo) = s,,
n € N.

Therefore, (4.6) implies, for all 2o, yo € R and all (sy,), (tn),

F(!L‘o, X0, Sltl,t%SQ + S1t2,t§83 + s1ts + V31, .. ,t{Sj + Sltj + @1, - )
= F(yo, Yo, S1t1,t152 + Sito, t153 + Sits + @32, ..., t185 + S{tj +@j2,---),  (4.7)

where ¢j1,p50 € R for j > 3 depend only on the values of sq,...,s;_1 and
t1, .. s tj—1, e.g., Y31 = 3satita, P30 = 3tas152. The last dots in (4.7) mean that
the variables extend up to j < k if k € N, or range over all j if & = co. Given
20 € R, the functions g and f may be chosen with respect to (2o, o) instead of
(20, yo) for the same sequences (t,,) and (s,,). Then (4.7) is also true with zy being
replaced by zy which means that F'(zg, zo, s1,...,5;,...) is independent of zy. We
put
K(s1,...,85,...) = F(x0,20,51,...,55,...).

Assume that s1,t; are such that s1t; & {0,1,—1}. We claim that for arbitrary
values (a;) and (bj)

K(sltl,ag,...,aj,...) :K(51t17b27...,bj,...),
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i.e., that K only depends on the first variable sit1 if sit; ¢ {0,1,—1}. To see
this, first note that det (t{ Slv) = (s1t1)((s1t1)771 — 1) # 0 for j > 2. Hence, we

tl S{
may solve successively and uniquely the sequence of (2 x 2)-linear equations for

(827t2)7 (837t3)u cee (Sjatj)

t%SQ + 51t2 = a9, t180 + S%tg = b,
tiss + sits = az — @31, t1s3 + sits = by — @3,
tJISj + Sltj = a; — Yji1, tlsj + Sjltj = bj — Pj2,

Here the values obtained for (so,t3) are used to determine @37 and @32 according
to the Faa di Bruno formula, and the values up to (sj,l,tj,l) to determine ¢;;
and @jo accordingly. We then conclude from (4.7)

K(sltl,az,...,aj,...) :K(Sltth,...,bj,...).

This means that K(uq,u2,...,u;,...) is independent of the variables
Uz, ..oy Uy, ..., if up & {0,1,—1}. We then put I?(ul) = K(uy,ug,...,uj,...).
If uy = 1 choose t; =2, s1 = 1/2, u; = s1t; = 1. Then by (4.5) and (4.6), we find
that for any sa,...,8;5,...,%t2,...,t;,... we have

Given arbitrary real numbers us, ..., u;,..., we find successively sg,%2, 53,13, ..

such that the left-hand side equals K(1,u2,us,...,u;,...) and hence K(1) =
K(1,ug,...,u;,...) is also independent of u; for j > 2. A similar statement is
true for uy = —1. To show that K(0,us,...,u;,...) is independent of the u; for
j > 2, too, choose t; = a, s; = 0 in (4.7) to find

K(07a252,...,ajsj—+—goj1,...) = K(0,as2,...,as; + @j2,...),

for all a € R, which again implies independence of further variables. We now write
K (uy) for K(uy). For values yo # xo = zo, we then know by (4.5) that

K(Sltl)

y07$0a817825"'78j7"')

F(Io,yo,tl,tg,...7tj7...) = F(

Since the left-hand side is independent of 51, s2,...,s;,... and the right-hand side

is independent of t5,...,t;,..., this equation has the form
K(t)
F ) = ——m———. 4.8
(0,90, 1) F(yo,70,1) (4.8)

Note that F(yo,xo,1) # 0 since, using Lemma 4.5(i),
F(yo,z0,1)F (0, y0,1) = K(1) = T(Id)(z0) = 1.
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Define G : R? — R by G(zo,y0) = 1/F(yo,20,1). Then by (4.8)

F(x()’y()atl) = G(’l;’o,yo)K(tl),

with G(zg,zo) = 1. Using the independence of the derivatives of order > 2, (4.5)
implies, for all zq, yo, 20 € R, that

F({L‘O, 20, 1) = F(y07 20, 1)F($07y07 1)7
G(z0,20) = G(y0,20)G (w0, Yo)-

Define H : R — Ry by H(y) := G(0,y). Then
G(z,y) = G(2,0)G(0,y) = G(0,y)/G(0,2) = H(y)/H(x).

Again using (4.8), we get

H
F(xo,y0,t1) =

and T has the form

H o f(xo)

oy KU @), feCh®).  (410)

Tf(xo) = F(xo, f(xo), f'(x0)) =

(i) To identify the form of K, note that by (4.5) for xo = yo = 2o,
K(Sltl):K(Sl)K(t1)7 Sl,tl QR,

ie., K is multiplicative on R. Let b # 0. Apply (4.10) to f(x) = bz, we get

that Tf(z) = I;I{((b;)K (b). Note that K (b) # 0 since otherwise, by multiplicativity,

K = 0. Since Tf € C(R), also 1;1{((1;;;;)) defines a continuous function in = which is
strictly positive since H is never zero. We may assume that H is positive. Then for
any b # 0, ¢(x) :=In H(x) —In H(bx) defines a continuous function ¢ € C(R). By
Proposition 2.8(a), In H is measurable and hence also H is measurable. Choosing
f(z) = 322 in (4.10), we conclude that

H ()
K)=Tf(z) ——.
@) =716 g
Since T'f is continuous and H is measurable, also K is measurable. By Proposition
2.3, the multiplicative function K has the form K(z) = |z|P or K(z) = |z|Psgnz
for a suitable p € R, x # 0. Hence we conclude from (4.10) and the continuity
of Tf that Hgf is continuous for any f € C*(R) at any point x € R such that
f'(@) #0.

(iii) We now show that H is continuous. For any ¢ € R, let

b(c) :=lim H(y), a(c):= lim H(x).

y—c z—c
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We claim that g((cg) I’_II((CC))
¢o, b(co) or a(cp) are infinite or zero, this should mean that all other values b(c) or
a(c) are also infinite or zero. Assume to the contrary that there are ¢y and ¢; such

and are constant functions of ¢. In the case that for some

that Il}(&)) < IZ(&)). Choose any maximizing sequence ¥, lim,_,oc ¥, = co with
lim,, o0 H(yn) = b(co). Since for f(t) =t + ¢1 — co, HTof is continuous by part (ii),
lim,,— 00 H(y}ﬂ;i)_c“) = ggz;g exists and using lim,, oo H(y, + 1 — o) < b(c1), we

arrive at the contradiction

b(co)
H(co)

Cl) b(Co) . H(yn +c - CO) H(yn)

o) He)  noee H(ya)  He)

— H(yn +c1—co) b(c1) b(co)
STy S Hie) S Heo)

_ H(
= I

The argument is also valid assuming b(c1) < b(cy) = oo. The proof for a(c) is
similar.

If H would be discontinuous at some point, it would be discontinuous any-
where since the functions  and % and hence g are constant, under this assump-
tion with g > 1. Assume that this is the case, and choose a sequence (¢, )nen of
pairwise disjoint numbers with lim,, , ., ¢, = 0. Let 6,, := % min{|c, —cm| | n # m}
and choose 0 < ¢, < §,, such that ZneN(en/én)k < oo for all k € N, ie., (€,)nen
should decay much faster to zero than d,. Since H is discontinuous at any c¢,,
% > 1. By the above argument, this is independent of n € N, 1 < 3 = %

By definition of b(¢,) and a(cy,), we may find y,, z, € R with

H(y,) _b+a

1.
H(en) ~ 20

‘ynfcn| < €p, ‘xnfcnl < €n,

If 2 = oo, choose them with gg;’:% > 2. Let v be a C*®-cutoff function like
P(z) = exp(—%) for |x] < 1, and ¥(z) = 0 for |x| > 1, and put g,(x) =
(yn — xn)zb(%) The functions (g,)nen have disjoint support since for any
m#n

[T — | > |Cn — em| — 265 > 46, — 26, > 20,.

Hence gy (2m) = (Yn — Tn)Onm. Since

k k
Yn — T 2671
Sl < 3 (L) e < 30 (32 1ol <0

neN neN neN

holds for any k € N,
flz):=x+ Zgn(x), reR

neN
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defines a C'*°-function f with f(x,) = yn, f(0) = 0 and f/(0) = 1 # 0. Since
Tn — 0, Yy, = f(x,) — 0, the continuity of H}‘;f yields the contradiction

HO) .. H(y,) _b+a
1= 29y
H(O)  no% H(zn) ~ 2a

> 1.

This proves that H is continuous.

Now (4.10) implies that

_ Hof()

/(@) [P {sgn f'(2)},

for any f € C¥(R), x € R. By assumption 7'f € C(R) is continuous for any
f € C*(R). This requires p > 0, choosing functions f whose derivatives have
zeros. In fact, if the term sgn f/(x) is present, p > 0 is needed to guarantee the
continuity of all functions in the image of T

(iv) If T(21d) = 2 is the constant function 2, then };1((2;)) 2P = 2 for all x,
which for x = 0 yields p = 1. For b = 1/2, the function ¢ in part (ii) is constant,

o) =InH(x) —InH(z/2) =0.

Hence, the argument in the proof of Proposition 2.8(a) shows that In H(z) =
In H(1), H(x) = H(1), taking L = In H in Proposition 2.8(a). Hence, H}‘;f =1and
Tf=f orTf=|f1 It T(—21d) = —2, the only possible solution of Theorem
41is Tf = f'.

Clearly, the operators T given by formulas (4.2) and (4.3) satisfy the chain
rule (4.1). This proves Theorem 4.1. O

If the image of T" consists of smooth functions, we have further restrictions
on H and p:

Proposition 4.7. Let k € N, k > 2 and suppose that T : C*(R) — C*~1(R) satisfies
the chain rule (4.1) with T|cxw) # 0. Then there exists H € CFYR), H > 0 and
p with either

k-1 and Tf= | p e )
or H f
© \p k
2Ly, rectm)

If the chain rule holds for T : C*(R) — C*(R) with T|cgwr) # 0, there is
H € C*(R) and p € Ny such that

pef{0,....k—=1} and Tf=

:Hof

Tf I

(f)r, feC™R).
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Proof. By Theorem 4.1, T is of the above form with H € C(R) and p > 0. Suppose
T maps C*(R) into C¥~!(R). Then the condition on p is needed to guarantee that
Tf is in C*~1(R) for functions f whose derivatives have zeros.

We claim that H is smooth, i.e., H € C*71(R). Let L := —log H. Obviously
L € C*Y(R) if and only if H € C*¥~}(R). Take f(x) = z/2. By assumption
Tf € C*1(R) and, hence,

p(x) := L(z) — L(z/2)

defines a function ¢ € C*~(R). We prove by induction on k > 2 that ¢ € C*~1(R)
and L € C*=2(R) imply that L € C*~1(R).

For k =2, p € C}(R) and L € C(R) since H € C(R). By Proposition 2.8(b)
with ¢ = ¢ and a = 1, we get L € C*(R).

To prove the induction step, assume k& > 3, ¢ € CFY(R) and
L*=2) ¢ C(R). We have to show that L € C*~1(R). Let (z) := o2 (z) =
L*=2(g) — A5 L*=2 (L), Then ¢ € C*(R) and L =2 € C(R). By Proposi-
tion 2.8(b) with a = ', L¥=2) ¢ CY(R), i.e., L € C*~1(R). This proves that
H e C*\(R). O

4.2 The chain rule on different domains

In the case of C''-functions, there is an analogue of Theorem 4.1 for functions
f:R® - R"™ on R” when n > 1. For finite-dimensional Banach spaces X and Y
and k € Ny, let

C*(X,Y)={f:X =Y | fis k-times continuously Fréchet differentiable},

with C(X,Y) = C°X,Y). Let L(X,Y) := {f € C(X,Y) | f is linear} and
CF(X,R") := {f € C*(X,R") | Im(f) C J for some open half-space J C R"}.
The derivative D is a map D : C*(R",R") — C(R", L(R",R")) satisfying the
chain rule

D(fog)(z) = ((Df)og)(x)- (Dg)(x), f,g€C'(R"R"), z€R"

More generally, we consider operators T : C*(R",R") — C(R", L(R",R")) satis-
fying the chain rule equation

T(fog)(x) = ((Tf)og)(x) (Tg)(x), fg€C(R"R"), z€R".

The multiplication on the right is the non-commutative composition of linear op-
erators on R™. We do not write it with composition symbol o to distinguish it
from the composition of the non-linear functions f, g. In fact, in the following we
will omit the symbol - for this composition. In stating the analogue of Theorem
4.1 for n > 1, we need another assumption on 7'.
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An operator T' : CY(R",R") — C(R", L(R",R")) is locally surjective pro-
vided that there is x € R” so that

{(Tf)(=)]| feC'R"R"), f(x) ==, detf'(z) #0} 2 GL(n,R).

In the following result on the chain rule for maps of this type we use the notation
det T'|cz (R™,R™) # 0 to mean that there should be a function f € CE(R™,R")
and a point = € R™ such that det(7'f(x)) # 0.

Theorem 4.8 (Multidimensional chain rule). Let n > 2, and assume that T :
CL(R",R") — C(R", L(R",R"™)) satisfies the chain rule equation

T(fog)(x)=((Tf)og)(x) Ty(x), fgeC(R"R"), zcR"  (4.11)

Assume also that det T|Cb1(Rn}Rn) % 0 and that T is locally surjective. Then there
are p > 0 and H € C(R™, GL(n,R)) such that, if n € N is odd, for all f €
CHR™,R") and v € R

(Tf)(w) = |det f'(x)["(H o f)(x)f'(x)H(z)"".
If n € N is even, T either has the same form or
Tf(x) = sgn(det f'(x)) |det f'(2)["(H o f)(x) f' () H(z) ",

the latter with p > 0.
Conversely, these formulas define operators T which satisfy the chain rule

and are locally surjective.
If additionally to (4.11), T(21d)(xz) = 21d holds for all x € R™, then H = 1d
and Tf = f" or, if n is even, possibly T f = sgn(det f')f’.

Remarks. (a) Note that a priori we do not impose any continuity condition on 7.

(b) For odd integers n € N, p > 0 and H € C'(R", GL(n,R)),
(Tf)() = sgn(det f'(x))|det f'(x)[" (H o f)(2) f' (@) H ()~

also solves the chain rule equation, but is not locally surjective since in this case
det((T'f)(x)) > 0 for all f € C*(R",R") with f(z) ==

(¢) If T is not assumed to be locally surjective, there are various other solu-
tions of (4.11):

Take any continuous multiplicative homomorphism ® : R — L(R™ R"™) with
®(0) = 0 and ®(1) = Id and any continuous function H € C'(R", GL(n,R)), and
define

(Tf)(x) = (H o f)(z)®(det f'(x)) H(z) ",
r € R, f € CY(R",R"). Then T satisfies (4.11). As for specific examples, take
as ® a one-parameter group like ®(¢) = exp(In|t|A) = [t/ for some fixed matrix
A€ L(R™",R™) and t € R. Here In [¢t| might also be replaced by (sgnt) - In |¢].
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(d) As in the case of one variable (n = 1), the function H is completely
determined by the function 7'(21d). The inner automorphism defined by H, with
additional composition by f, applied to the derivative, essentially yields 7" up to
a character in terms of det f’.

For the proof of Theorem 4.8 we refer to [KM2]. We will not reproduce it
here since it is not in line with our main goals. We just mention a few steps of the
proof.

The localization step for n > 2 is similar to the case n = 1, yielding

Tf(z) = F(z, f(z), ['(2)),

for a suitable function F' : R® x R™ x L(R"™,R") — L(R™,R™). The analysis of
this representing function F' is different from the case n = 1, due to the non-
commutativity of the composition of linear maps in L(R™, R™). However, again
one may show that

K(v) := F(z,z,v) € GL(n,R), v e GL(n,R)

is independent of x € R" and multiplicative, K(uv) = K(u)K(v) for all u,v €
GL(n,R), with K(Id) = Id, K(v)~! = K(v~!). The proof proceeds identifying
these automorphisms K of GL(n,R) as inner automorphisms multiplied by char-
acters in terms of detwv, i.e., powers of |detv|, possibly multiplied by sgn(detv).
This result on the automorphisms of GL(n,R) replaces (the simpler) Proposition
2.3. Additional arguments are also needed to prove the continuity of H.

We may also consider the chain rule equation on real or complex spaces of
polynomials or analytic functions. For K € {R,C}, let P := P(K) denote the
space of polynomials with coefficients in K, £ := £(K) the space of real-analytic
functions (K = R) or entire functions (K = C) and C := C(K). Moreover, let
Pr. := Pn(K) be the subset of P consisting of polynomials of degree < n. There are
simple operators T : P(K) — C(K) satisfying the chain rule T'(fog) = (T'f)og-Tg
which have a different form than the solutions determined so far: For f € P(K) and
ceR,let Tf := (deg f)¢, T mapping into the constant functions. Then T satisfies
the chain rule on P. More generally, if deg f = H;Zl p;j is the decomposition of

r cilj

deg f into prime powers and ¢; € R, T'f = [[;_, p;
and also

will satisfy the chain rule

v =TT L) s gy
j=1

will define a map T : P — C satisfying the chain rule, if H € C(K), H # 0, p > 0,
m € Ny. We do not know whether this yields the general solution of the chain rule
equation for T': P — C. However, we can give the general solution of the chain
rule equation for such maps under a mild continuity assumption.

Let X € {P(K),E(K)} and YV € {P(K),E(K),C(K)}. An operator T : X —
Y is pointwise continuous at 0 provided that for any sequence (f,,)nen of functions



66 Chapter 4. The Chain Rule

in X converging uniformly on all compact sets of K to a function f € X, we have
pointwise convergence of the images at zero, i.e., lim,, . (T'f,)(0) = (T f)(0). For
& € K~ {0}, denote sgn & := £/|£|. We then have the following two results for the
chain rule.

Theorem 4.9. Let K € {R,C} and suppose that T : P(K) — C(K), T # 0, satisfies
the chain rule equation

T(fog)=(Tf)og-Tg, fgecPK) (4.12)

and is pointwise continuous at 0. Then there is a nowhere vanishing continuous
function H € C(K) and there are p € K with Re(p) > 0 and m € Z such that

1= L2 gy (113)

For K =R, m € {0,1} suffices and H > 0. For p = 0, only m = 0 yields a
solution with range in C(K). If T maps into the space P(K), H is constant and
p=m € Ny so that T has the form Tf = f'™.

The result for entire functions is

Theorem 4.10. Let K € {R,C} and assume that T : E(K) — E(K), T # 0, satisfies
the chain rule equation

T(fog)=(Tf)og-Tg, f,g€&K)

and is pointwise continuous at 0. Then there is a function h € E(K) and there is
m € Ny such that

Tf=exp(hof—f) fm
Proof of Theorem 4.9. (a) Since T # 0, there are ng € N, g € P,,,(K) and z; € K
such that Tg(x1) # 0. Let n € N, n > ng. We restrict T' to P,(K) =: P,, and
apply (4.12) for f,g € P, with fog € P,. For any 2o € K, consider the shift
S(x) :=x+x1 —x0, S €P1 CPypand put f:=goS. Then by (4.12)

0# (Tg)(x1) = T(f 0 S ") (x1) = (Tf)(20)T(S™)(w1).

Hence, T'f (o) # 0. Moreover, Th = T'(ho1d) = Th - T(Id) for all h € P,,. Hence,
T(Id) = 1 is the constant function 1. For x € K, let S, (y) := x4y, S; € P1 C Pp.
Again by (4.12)

1=T(d) =T(S_y0S,) = T(S_s) 0 Sy - T(Sy).

Thus for all y € K, T'(S;)(y) # 0. In particular, T'(S,)(0) # 0 for all = € K. Again
by (4.12)

T(f 0 5.)(0) = (Tf)(x) - T(Sx)(0),
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so that for any v € K and f € P,

T(f © 5)(0) (4.14)

B )
TH®) = =15,50)

Let f; € Py, be a sequence converging uniformly on compacta to f € P,. Then
(4.14) and the pointwise continuity assumption at 0 imply that lim;_, (T f;)(z) =
(T'f)(x) for all € K, and not only for z = 0. By (4.14) it suffices to determine the

form of (Tf)(0) for any f € P,. Since, for any f € Py, f(z) = 377, f(j(o)xj is

determined by the sequence (f)(0))o<;<n, (T'f)(0) is a function of these values.
Hence, there is F, : K»T! — K such that

(T1)(0) = Fu(f(0), f'(0),.... f*(0)), f€ Py (4.15)
Since (f 0 5,)9) = f@) 0 S, (4.14) and (4.15) imply

Fo(f(@), f'(2),..., [ (2))
F,(z,1,0,...0) ’

Tf(z) = (4.16)

with F,(z,1,0,...,0) = T(S;)(0) # 0 for any x € K.

(b) We now show that 7'f does not depend on the higher derivatives f\) for
j > 2. Fix ¢ € K and define G,, = G,, , : K" — K by

Fn(xaglw“agn)

Gn(fl, A 7571) = Fn(z, 1707. - 70), é-z c K. (417)

For any (m,...,n,) € K", there is a polynomial g € P,, with g(z and

gW(z) = m; for j = 1,...,n. For & € K, define f € P; C P, kzy fy) =
&i(y — @) + 2. Then f(x) =z, (fog)W(z) = &n; and (go /)Y (z) = &n;
Therefore, by (4.16) and (4.17)
Gn(&1ms -+, 610) :Gn((fog)'(x),...,(fog)( )( )
T(fog)(x) = (Tf)(x)(Tg)(x) = (Tg)(x)(Tf)(x)
—T(go N@)=Gn(&am, - §0M0)-

Given (t1,...,tp) € K" and a € K, oo # 0, let n; = t;/ .
Applying the previous equations with & = «a, we conclude

xT

Gnlti,ta, ... tn) = Gu(ty, ate,...,a" ). (4.18)

Fix t; € K and define G K" ! 5 K by G (ta, ... tn) := Gp(t1,ta,...t,). Then
G, is continuous at zero: if (™) = (t(m) . ,(Im)) — 0 € K" ! for m — oo,

choose polynomials f,, € P, with f(z) = z, f.(z) = t; and f(z) = tg.m)
for 2 < j < n. Clearly, f,, converges uniformly on compact sets to f, where



68 Chapter 4. The Chain Rule

f(z) =t1(y — x) + =. By the assumption of pointwise continuity at 0 of T', (4.16)
and (4.17),

Gt t5™) = G185, .. 1™ = (Tfon) (@)
— (Tf)(x) = Gn(t1,0,...,0) = G, (0,...,0).

Hence, G, is continuous at 0. Letting o — 0 in (4.18), we find

Go(tita, ... t,) = lim Gn(ty,ate, ..., a" M) = G, (t1,0,...,0), (4.19)
a—

i.e., G, = Gy, does not depend on the variables (ta,...,t,) € K" 1: Therefore
T f is independent of the higher derivatives of f.

(c) For any f € P, with f(z) =z and f'(x) = &, we now know by (4.16),
(4.17) and (4.19) that

(Tf)(x) = Gu(f'(x), ... ™M (2)) = Gn(&1,0,...,0)

_ Fo(2,6,0,...,0)
© Fu(2,1,0,...,0) @, &1)- (4.20)

If g € Py satisfies g(z) = x, ¢'(x) = m1, we have by (4.12) and (4.20)

¢z, &om) = T(f o g)(x) = (Tf)(2)(Tg)(x) = ¢(z,m)o(x, m).

Therefore, ¢(z,-) : K — K is multiplicative for every fixed = € K. It is also

continuous: for fgm) — & in K, put f,(y) = %m) (y—x)+z, f(y) =& (y—x)+a.

Then f,, — f converges uniformly on compacta and hence

O(@.6") = (Tfm)(@) — (T)(x) = $(a,&1).
By Proposition 2.3 (K = R) and Proposition 2.4 (K = C) there are p(x) € K with
Re(p(x)) > 0 and m(z) € Z such that
¢z, &1) = &1 [P™) (sgn &)™), (4.21)

sgné&y = & /1€ for € # 0 and ¢(x,0) = 0, with m(z) = 0 if Re(p(z)) = 0 and
m(z) € {0,1} if K=R.

(d) Let H(z) =T(S:)(0) = F,(2,1,0,...,0). Then H(x) # 0 and by (4.16),
(4.19), (4.20) and (4.21),

F.(f(x), f'(x),0,...,0 x ,
1)~ BT 00)_BUE )

)
= BT ) s ) (1.22)
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Choosing f(z) = 2z, we find that p is a continuous function since T'f and H are
continuous. Actually, p is constant: Choosing arbitrary z,y,z € K and functions
f,g € Py with g(x) =y, f(y) = 2z, we have by (4.12) and (4.22),

£ ()g' @)Y (sen 1 ()9 ()"
— 1P )P (sgn )" (@) PO (sgn o ().

Applying this first to polynomials with f'(y) > 0, ¢’(x) > 0, we find that p(yz) =
p(z) = p(y) =: p for all y,z € K| i.e., p is constant. Then, using functions with
arbitrary sgn-values in S, we find that m(yz) = m(z) = m(y) = m € Z may
be taken constant. With p = p(f(x)) and m = m(f(z)), (4.22) gives the general
solution for T': P,, — C, both for K =R and K = C.

(e) Since (4.22) is independent of n € N, this is also the general solution for
T :P — C. In the case that T': P — P, i.e., that the range of T consists only of
polynomials; all functions

i =2 ey, fem,

have to be polynomials. Here m € Z, p € K, Re(p) > 0. For f(z) = %xz this means

1,2
that HJEIQ(I ) |z|P(sgn )™ is a polynomial. For p =0 alsom =0 and T'f = HI_‘}f. For

p >0, Tf has a zero of order p in xyp = 0. Since T'f is a polynomial, it follows that
p € N is a positive integer, and T'f(z) = 2Pg(x) with g € P, g(0) # 0. This implies
that m € Z has to be such that 27 = |z|P(sgnz)™. Therefore Tf = %f’p cP
for all f € P, with p € Ny. Applying this to linear functions f(z) = ax + b,

_ H(az+b H(x
f7H ) = Ly — ¢ = o, we find that p(z) = ZGH and S = Lo are
polynomials in z. Therefore, Hgfgb) =: Cq, is constant in x € K for any fixed
values a,b € K. In particular
H(2z) H(0) H(x +b)
:7:1:;020’ — Y =:!C1}.
H(z)  H(0) ’ H(x) ’

We find that
H(2x+2b) = H(x +b) = c1pH(x) = c1,H(2z) = H(2z + b)

for all z,b € K. Therefore, H(y + b) = H(y) for all y,b € K. Hence, H is constant
and % =1 for all f € P. We conclude that T'f = f?, p € Ny. a

Proof of Theorem 4.10. Since P(K) C £(K), Theorem 4.9 yields that T'|px) has
the form

5=\ ppsn . feP), (123

)
with m € Z, p € K, Re(p) > 0. We also know that H defined by H(x) = T(S,)(0)
is continuous on K. Let ¢ € K, ¢ # 0 be arbitrary. Applying (4.23) t
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and using that Tf € £(K), we get that z — If{((czz))

analytic. Since H is nowhere zero, there exists an analytic function k(c,-) € E(K)

such that 11{1,((6:)) = exp(k(c, 2)), with k(c,0) = 0. For ¢,d € K we find

is in £(K), i.e., real or complex

exp(k(cd, 2)) = HE(IECZZ')Z) = J;II((C;;) Ié(éz)) = exp(k(c,dz) + k(d, 2)),

hence k(ed, z) =k(¢,dz)+k(d, z). In particular, for z=1, k(¢,d)=k(cd, 1) — k(d, 1).
Let h(d) := k(d,1) for d # 0. Then k(c,d) = h(cd) — h(d), and with d replaced by
z, k(e,z) = h(cz) — h(z). Since H is continuous, k is continuous as a function of
both variables. Therefore,

lim k(c, z) = lim h(cz) — h(z) := h(0) — h(z)

c—0 c—0

exists z-uniformly on compact subsets of K. Since k(c,-) € £(K) for all ¢ € K, we
conclude that h € £(K). For w, z € K~ {0} define ¢ € K by w = ¢z. Then

T — exp(k(c,2)) = exp(i(u) — h(2).

This extends by continuity to w = 0 or z = 0. Hence HTO’C =exp(ho f—h) for all
f € P(K). Since T'f, Hiof are in E(K), also |f/|P(sgn f/)™ has to be real-analytic
(K = R) or analytic (K = C) for all polynomials f requiring that p = m € Ny,
taking into account that m € Z, Re(p) > 0. Therefore

Tf=exp(hof—h)f" fePK), (4.24)

m € Ny. Given any f € £(K), its n-th order Taylor polynomials p,(f) € P(K)
converge uniformly on compacta to f. By the assumption of pointwise continuity at
0 of T and (4.14), we have for any z € K, T'f(z) = lim;, 00 T'(pn([f))(2). Moreover,
lim,, o0 h o pr(f)(2) = ho f(2) and lim, o pn(f)'(2) = f/(2). Therefore, (4.24)
holds for all f € £(K). O

Remark. Imposing the additional initial condition 7'(—21Id) = —2 on T in Theo-
rems 4.9 and 4.10 will imply that p = m = 1 and that H and h are constant so
that Tf = f’, i.e., T is the derivative.

4.3 Notes and References

Theorem 4.1 on the solution of the chain rule operator equation was shown by
Artstein-Avidan, Konig and Milman in [AKM].

The proof of the continuity of the function H in part (iii) of the proof of
Theorem 4.1 uses similar arguments as in the proof of Theorem 2.6 and as in Step
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12 of the proof of Theorem 2 of Alesker, Artstein-Avidan, Faifman and Milman
[AAFM].

If the “compound” product T'(f o g) - T'g on the right side of the chain rule
is replaced by a simple product of T'f and Tg, the resulting equation essentially
has only trivial solutions, since the right-hand side does not reflect the effects of
the composition. We have the following result, cf. Proposition 8 of [KM3]:

Proposition 4.11. Let k € Ny and suppose that T : C¥(R) — C(R) satisfies

T(fog):Tnga f’geck(R)

Assume also that for any x € R and any open interval J C R there is g € C*(R)
with Im(g) C J such that Tg(z) # 0. Then Tf =1 for all f € C*(R).

Theorem 4.1 admits a cohomological interpretation. The semigroup G =
(C*(R),0) with composition as operation acts on the abelian semigroup M =
(C(R), ) with pointwise multiplication as operation by composition from the right,
GxM — M, fH := Ho f. Thus, M is a module over G. Denote the functions
from G™ to M by F"(G, M) and define the coboundary operators

d": F"(G,M) — F""(G,M), n €N,

using the additive notation + for the operation - on M, by
d"o(g1;- - gnt1) = G19(g2, -+ gnt1)

n
T Z(—l)W(gl, 015 9iGit 1 iy Gnt1) + (1) o(g1, - gn),
i=1

for p € F"(G, M), g1,...,9n+1 € G. Theorem 4.1 characterizes the cocycles in
Ker(d!) for n = 1. Then p =T : G = C*(R) — M = C(R) has coboundaries

d'T(g1,92) = 1T (g2) — T(g192) + T(92), g1,92 € G-

As for cocycles T, d'T = 0 means in multiplicative notation

T(g2091) =T(92) 91 -Tgr,

and these are just the solutions of the chain rule. For n = 0, ¢ € F°(G, M) can
be identified with ¢ = H € M = C(R) and we have in multiplicative notation
d°H(g) = 222 for g € G = C*(R).

The cohomology group H'(G, M) = Ker(d')/Im(d°) is hence, by Theorem
4.1, represented by the maps g — |¢'|? {sgng’'} from G to M.

We are grateful to L. Polterovich and S. Alesker for advising us on this
cohomological interpretation of Theorem 4.1.

Theorem 4.8 on the chain rule equation in R™ was proved by Konig and
Milman in [KM2]. The result on the inner automorphisms of GL(n,R), which
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replaces Proposition 2.3 in the proof for n > 1, is taken from Dieudonné [D]
and Hua [H]. We are grateful to J. Bernstein and R. Farnsteiner for discussions
concerning the proof of Theorem 4.8.

Theorems 4.9 and 4.10 were shown in [KM11]. We would like to thank P.
Domanski for helpful discussions concerning these results.

Corollary 4.3 stated that the derivative is the only operator (not vanishing
on the half-bounded functions) satisfying the chain rule and the extended Leibniz
rule. It is interesting to note that on the complex plane there are different operators
satisfying the chain rule and the extended Leibniz rule, though not with image in
the continuous functions: By Aczél, Dhombres [AD], Theorem 7 in Chapter 5.2,
there is a non-zero additive and multiplicative function K : C — C which is not
the identity on C. Let C'(C) denote the continuously differentiable (i.e., entire)
functions from C to C and F(C) denote all functions from C to C. Define operators
T,A:CYC)— F(C) by Tf := K(f') and Af := K(f). Then (T, A) satisfy

T(fog)=Tfog- Ty,
T(f -g)=Tf Ag+Af-Tg; f,g € C*(C),

but 7 is not the derivative and A is not the identity on C*(C).

The analogue of the chain rule in integration is the substitution formula. Let
c € R be fixed, I : C(R) — C*(R) denote the operator of definite integration from
ctoz and D : CY(R) — C(R) be the derivative. Then [ is injective and

fog—(fog)(c)=I(Dfog-Dg)

holds for all f,g € C*(R). Modeling this, more generally we consider operators
T:CYR) = C(R) and J : C(R) — C*(R) such that for some fixed ¢ € R and all
f.9€ CY(R)

fog—=(fog)c)=J(Tfog-Tyg).

The natural question then is whether T is closely connected to some derivative
and J to some definite integral. Let us call T : C'(R) — C(R) non-degenerate
if there is y € R such that for all z € R there is f € C}(R) with f(z) = y and
Tf(x) # 0. Also T'(Id)(x) # 0 is assumed for all z € R. We then have by Konig,
Milman [KM12]:

Proposition 4.12. Assume that J : C(R) — CY(R) and T : C*(R) — C(R) are
operators such that for some fized ¢ € R

fog—(fog)c)=J(Tfog-Tg)

holds for all f,g € CY(R). Suppose further that T is non-degenerate and that J is
injective. Then there are constants p > 0, d # 0 such that for all f € C*(R) and
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h € C(R)
Tf(z)=d|f' ()" sgnf'(x), (4.25)
Jh(z) =d=/P / \h(s)|Y/P sgnh(s) ds. (4.26)

c

If T additionally satisfies the initial condition T(21d) = 2, we have thatp=d =1
and

T1@) = f'@) I56) = [ his) ds.

Hence T in (4.25) is a generalized derivative and J in (4.26) is a generalized
definite integral. For the proof we refer to [KM12].
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Chapter 5

Stability and Rigidity of the
Leibniz and the Chain Rules

Equations modeling physical and mathematical phenomena should preferably be
stable: reasonable perturbations of the equations should have solutions which
are controlled perturbations of the solutions of the unperturbed equations. Even
stronger, they may be rigid: this occurs if the perturbed equations turn out to
have the same solutions as the unperturbed equations, so that these equations
allow no reasonable perturbation.

In the previous chapter, we determined the solutions of the Leibniz rule
T(f-g)=Tf g+ f-Tg and of the chain rule T(f og) = Tf o g-Tg, say for
operators T : C*(R) — C(R). In this chapter, we show that these equations are
stable under relaxations and perturbations and that the chain rule is even rigid
in a certain setup. It is not too surprising that the chain rule is more stable than
the Leibniz rule, since its operation also exchanges points x € R in the domain of
definition R, whereas the Leibniz rule fixes these points = € R.

We consider relaxations and perturbations of two different types: firstly, we
relax the equation by replacing the one operator T by three possibly different
operators, V, Ty, Ty : C*(R) — C(R), and study, e.g., in the case of the Leibniz
rule, the solutions of

V(f-9)=Tif g+ f Tog, f.geCHR),

introducing additional freedom with a rule of a similar form, and secondly, we
consider an additive perturbation

where B is a given function of the independent and the function variables. The
Leibniz rule and the chain rule turn out to be stable or even rigid in these situa-
tions. The convolution equation T'(f - g) = T f * Tg for bijective operators T' on
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Schwartz space, characterizing the Fourier transform as mentioned in the intro-
duction, may be relaxed as well, see Section 5.5.

5.1 Changing the operators

We start with the stability of the Leibniz rule under a change of operators. All
function multiplications are meant to be defined pointwise.

Theorem 5.1 (Relaxed Leibniz rule). Let I C R be an open interval, k € Ny and
V,Ty, Ty : C*(I) — C(I) be operators such that the relaxed Leibniz rule equation

V(f-g9)=Tf-g+f Tog (5.1)

holds for all f,g € C(I). Then there are continuous functions c¢,d € C(I) and
a1,as € C(I) such that, with T : C*(I) — C(I) defined by

Tf:=cfhnl|fl+df, feC*I),
we have

Vf=Tf+ (a1 +a2)f,
Tlf :Tf+(11f,
Tof =Tf+asf,  feCHI).

For k =0 we need d = 0. Conversely, these operators satisfy (5.1).

Remarks. The operator T satisfies the unperturbed Leibniz rule T(f - g) =
Tf-g+ [ -Tg, cf. Theorem 3.1. Adding (a1 + a2)1d, a1 Id, az Id to T" obviously
yields operators V, Ty, T, satisfying (5.1). The interesting fact is that these simple
operations yield the general form of solutions of (5.1), so V,T1, T, are very simple
relaxations of T'. Hence, as a consequence of (5.1), V, T} and Ty are closely related.
Actually, a; = T;1.

Note that no continuity is imposed on any of the operators V,T; or T5.
Neither is linearity assumed; in fact, the operators are non-linear if ¢ # 0.

Proof. Exchanging f,g € C*(I), we find
V(f-g)=T1f-g+f Tog=Tig-f+g Tof.

Hence, g - (T1f —Tof) = f - (T1g — Tog). Let a1 := T11 and ag := T 1. Since the
ranges of T} and Ty are in C'(I), a; and as are continuous functions, aq, as € C'(I).
We get, for g =1 and f € C*(I),

T f —af =1Tof —axf,

and
Vi=Tiftaf=Tf+aif
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Define T : C¥(I) — C(I) by Tf :==Vf— (a1 +az2)f. Then Tf =T1f —ay - f =
Tof — a9 - f and, using (5.1),
T(f-9)=V(f-9)—(ar+az) - f-yg
=Tf-g+f-Teg—arf-g—[-axyg
=Tf-g+f-Tg, f.geCHI).

Hence, T satisfies the (unperturbed) Leibniz rule (3.1), and by Theorem 3.1 there
are continuous functions ¢,d € C(I) such that

Tf=cfn|f|+df, feCkI).

We then have Vf =T f + (a1 +a2)f, Thf =Tf +a1f, Tof =Tf + axf. O

Corollary 5.2. Assume that V, Ty, Ty : C*(I) — C(I) satisfy the relaved Leibniz
rule equation (5.1). Suppose further that Tid; = Ted; = 0 holds for two constant
functions dy,ds with values dy # da, dids # 1. Then there is d € C(I) such that

Vi=Tf=Tf=4df.

Proof. In Theorem 5.1 the assumption T1d; = T>d; = 0 for j = 1,2 implies that
c(z)In|dj|+a;(z) =0 for all i, j € {1,2}, x € I. Since (1,1n|d;|) € R? are linearly
independent for j = 1,2, we get ¢ = a1 = as = 0. (]

We now turn to a relaxed form of the chain rule equation. For this, we need
a weak condition of non-degeneration.

Definition. For k € N, an operator V : C*(R) — C(R) is non-degenerate provided
that:

(i) for any z € R, there is f € CF(R) such that V f(x) # 0; and

(ii) for any = € R, there are y € R and f € C*(R) such that f(y) = = and
Vf(y) #0.

Condition (i) means, in particular, that V| g # 0.
We then have

Theorem 5.3 (Relaxed chain rule). Let k € N and V,Ty,T, : C*(R) — C(R) be
operators such that the relaxed chain rule equation

V(fog)=Tifog -Tog, f,g€CFR), (5.2)

holds. Assume that V is non-degenerate. Then there is p > 0 and there are con-
tinuous functions H,c1,co € C(R), H > 0, such that with

i =T ey, recrm), (53
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we have

Vi=(caof) e Tf,

Tf=(cof) Tf,

T2f = C2 - Tf
Conwersely, these operators V, Ty, Ty satisfy (5.2).

Remarks. (a) As mentioned in Chapter 4, the notation {sgn f’} in equation (5.3)
means that there are two possible operators T, one always with the term sgn f’
and one without. If the term sgn f’ appears, one needs p > 0 to ensure that
the ranges of T and V,T; and T5 consist of continuous functions. By Theorem
4.1, the operator T represents the general form of the solutions of the original
chain rule T(f o g) = T'f o g - Tg. Multiplying Tf by ¢ o f - ca, ¢1 0 f, ¢o yields
operators V f, Ty f, To f which obviously satisfy (5.2). The interesting fact here is
that these simple operations already provide the general solutions of (5.2). Again,
no continuity assumption is imposed on any of the operators V, T} or T5.

(b) To illustrate the result, suppose that in Theorem 5.3 we have V = Ty.
Then ¢; =1 and T =Tj.

Proof. Let ¢y := T1(Id), ¢ := T(Id). Then ¢, co € C(R). Choosing successively
g=1d and f =1d in (5.2), we find that

Vi=c-Tif, Vg=ciog-Thg, f,9 € CF(R).

Since V' is non-degenerate, ¢i(x) # 0 and ca(z) # 0 for all z € R. Using these
formulas for V' and (5.2), we get

c2-Ti(fog)=V(fog)=Tifog- Tag
C
—T\fog - ——-Tg.
C10g

Put Tf := ﬁ - Ty f. Then the last equalities mean that

T(fog)=Tfog-Tg, f g€ C*R).

Hence, T satisfies the chain rule equation and is non-degenerate as well. By The-
orem 4.1, there are p > 0 and H € C(R), H > 0, such that

Hof
Tf = 1P fsen 1),
with p > 0 if the term sgn f’ is present. Hence, by the definition of T
Nf=caof - Tf, Taf=co-Tf, Vf=ciof-ca-Tf.

Conversely, the maps (V, T3, T») defined by these formulas satisfy (5.2). O
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Corollary 5.4. Assume that V, Ty, Ty : C*(R) — C(R) satisfy the relazed chain rule
equation (5.2) and that V is non-degenerate. Suppose also that V(21d), T1(21d)
and T»(21d) are constant functions. Then there are constants ¢1,co € R andp >0
such that, with Tf = |f'|P{sgn f'}, we have

Vf = ClCQTf, Tlf = Cle, Tgf = CQTf.
If V(2 Id) = T1(2 Id) = T2(2 Id) = 2, either Vf = Tlf = Tzf = f/ or Vf = Tlf =
Tf =1|f'].

Proof. By Theorem 5.3, ¢y = % and ¢; o (21d) = %. Thus by assump-

tions, ¢; and ¢y are constant functions. Therefore, also H(21d)/H is a constant
function which, by the reasoning in part (iv) of the proof of Theorem 4.1, implies
that H is constant. If V/(21d) = T1(21d) = T5(2Id)=2,¢1 =y =landp=1. O

Corollary 5.5. Let k € N and assume that the operators V, Ty, Ty, T3, Ty : C*(R) —
C(R) satisfy the relazed Leibniz rule

V(f-9)=Tf g+ [ Tayg
and the relazed chain rule
V(fog)=Tsfog Tug
for all f,g € C*(R). If, for any x € R, there is f € CF(R) with V f(z) # 0, then

Vi=Tf=Tf=T3f =Tuf = f.
Proof. By Theorem 5.1, V has the form
Vi=cfln|fl+df + (a1 +a2)f.

Since for all @ € I there is f € CF(R) with T'f(z) # 0, at least one of the functions
¢, d, a; + as is non-zero at any given point € R. This implies that property (ii) of
the condition of non-degeneration of V' is satisfied, too. Theorem 5.3 then gives the
general form of (V, T3, Ty). The solutions in Theorems 5.1 and 5.3 will coincide only
if p = 1, the {sgn f'}-term appears, H is constant and Vf = T3f = Tyf = b f'.
Inserting this into (5.2) yields b =1, b= 1, i.e., Vf = f. 0

This result should be compared with Corollary 4.3 where the derivative was
characterized by the ordinary chain rule and the extended Leibniz rule.

5.2 Additive perturbations of the Leibniz rule

In this section we do not replace the operator T in its occurrences in the Leibniz
or the chain rule by different operators. Instead, we allow perturbation terms and
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ask to what extent both equations are stable. We only consider perturbations that
are local in the functions involved. We start with the Leibniz rule on C'. Recall
that a function f : I — R is locally bounded if it is bounded on all compact subsets
of I.

Theorem 5.6 (Stability of the Leibniz rule). Let I C R be an open interval,
T : CYI) — C(I) be an operator and B : I x R?> — R be a measurable func-
tion such that

T(f - g)(x) =Tf(z) g(x) + f(z) - Tg(x) + B(z, f(z),9(x)) (5:4)

holds for all f,g € CY(I) and any x € I. Assume also that there exists a locally
bounded function M : I — Rsq such that for all x € I, (y,z) € R?

|B(x,y,2)| < M(2)lyl|2]. (5.5)
Then there are continuous functions c¢,d € C(I), a locally bounded function M :

I - R and a function C : I x R — R with |C(z,y)| < M(z)ly| forx €I, y € R,
such that C(x, f(z)) is continuous in x € I for all f € CY(I) and

Tf(z) = c(@)f(z)In|f(2)] + d(2)f'(z) + C(, f(2)).

Remarks. (1) Theorem 5.6 implies that the solutions of the perturbed Leibniz
rule (5.4) are perturbations of continuous solutions of the unperturbed Leibniz
rule (cf. Theorem 3.1) by a continuous function C(z, f(z)) of controlled magni-
tude, |C(z, f(z))| < M(m)|f(a:)| Note that the modulus of the entropy solution
|f(2)|In]|f(z)| grows faster than |C(x, f(x))] as |f(z)] = oco. Again, we do not
impose any continuity assumptions on 7.

(2) Let C(z,y) = I;Ef‘(r; for (z,y) # (0,0) and C(0,0) = 0. Then, for any
f € CYR), C(z, f(x)) is continuous in x, in particular, for those with f(0) = 0,
but C' is not continuous at (0,0). However, C(x, f(x)) cannot be continuous in x
for any f € C(R), cf. [AFM, Lemma 3.1]. So Theorem 5.6 does not claim that C'

is continuous as a function of two variables.

(3) As a consequence of Theorem 5.6, any perturbation function B has to be
of the form

B(z,y,z) = (C’l(x,y-z) — Cy(z,y) —01(1'72)) Y-z,

C(=z,y)
y

where C(x,y) = . Conversely, if C7 : I x R — R is a continuous function

and M : I — R is locally bounded with |Cy (2, y)] < M(JC), define B by the above
equation. Then the perturbed Leibniz rule (5.4) with this function B has a solution
as given by Theorem 5.6.
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Proof of Theorem 5.6. (a) We first show that T is a local operator. Let J C I be
an open subinterval and fi, fo € C*(R) be given with fi|; = f2|;. Choose any
function g € C'(I) with supp(g) C J. Then f; - g = fo - g, hence T(f; - g) =
T(f2 - g). Using the perturbed Leibniz rule formula (5.4), we get for any = € J,
after rearranging terms,

(Tfi(x) = Tfa(2)) - g(@)
= (f2(z) = fo(2)) - Tf(2) + B(a, fo(x), g(2)) — B(z, f(z),9(x)) = 0,

since f1(z) = fa(x). Choosing g with g(x) # 0, we find that T'fi(z) = T f2(x), so
that T'f1|; = T f2|;. Proposition 3.3 implies that there is a function F : I xR? — R
such that

Tf(z)=F(z, f(2), ['(2))
holds for all z € I and f € C'(I). Hence T is locally defined.

(b) For g € C(I), put Sg(x) := L&D 0 o [ Then S : C1(I) — C(I) is

exp g(x)
a local operator, too, and there is a function G : I x R? — R with

Sg(z) = G(z,9(x),¢'(x)), g€ C'(I), zel.
The operator equation (5.4) for T' translates into the following one for S

S(g+h)(z) = Sg(z) + Sh(z) + V(z, g(z), h(x)), (5.6)

for g,h € CY(I) where ¥(z,g(z), h(z)) = 2= 2’:};((3((?))46&2())( D) In view of as-

sumption (5.5), we have, independently of g and h,
¥ (2, 9(x), h(z))| < M(x), x€l,

where M is locally bounded. For any € I and a = (ag,a1), 8 = (8o, f1) € R?
choose g, h € CY(I) with ¢\ (z) = a;, KW (x) = B;, j = 0, 1. Equation (5.6) then
means, in terms of the function G representing S,

G(z,a+ B) = Gz, a) + G(z, B) + Y (x, ag, fo)-

In particular, G(z, 2a) = 2G(z, &) + ¥ (z, ap, ). Tterating this equation, we find,
for any n € N|

Since |¥(x,2%ap, 2 ag)| < M(z |Z] U@, 200, 2 )| < ]\é@) — 0, as

n — oo. Therefore, the series on the right-hand side of (5.7) converges, and the
left-hand side has a limit as n — co. Define

G(z,a) = lim Q—G(x 2"a) =: G(r,a) + ®(r,ap), w€I, acR?

n—00
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with ®(z, ap) 1= limy, 00 Z;:ol U (2,270, 2/ ). We have |®(z, ap)| < M (z).
Since

—G(x 2"a+2"B) =

1 1 1
om —G(z,2"a) + 27(?(3:7 2"B) + Q—n\I/(x, 2", 2" By),

271
G(z,-) : R2 — R is additive,
Gz, a+ ) =G(z,a)+G(z,8), zel, a,fecR’

Note that G(xz,g(z),q' (z)) = Sg(x) = % defines a continuous function

of x since the images of T" and S consist of continuous functions. Therefore, the
assumptions of Proposition 2.7 are satisfied for (G, G, V), and we get that G(x,-)
is linear: for any = € I there are ¢(x),d(x) € R such that

G(z,a) = c(x)ag + d(z)ay
By definition of S and G' we have, for any g € C1(I) and z € I,
T(exp(g))(z) = exp(g(x))Sg(z) = exp(g(2))G (z, g(x), g'(x))
= exp(9(2)) (Gl 9(2), ¢ (2)) — (,9(2)).
This means that, for any f € C*(I) with f > 0 and g := In f, we have
Tf(z) = f(x)(c(z) n|fl(z) + d(@)(In|f]) (z)) — f(2)@(z, n|f[(x))
= c(z) f(z) n[fl(z) + d(z) f'(z) + C(z, f(x)), (5.8)
with C(z, f(z)) := —f(2)®(z,In[f|(z)), |C(z, f(x))| < M(x)|f(z)|. We wrote |f|

in some places in (5.8) even though f > 0: we will show now that in this form the
formula is also true when f/ < 0.

(c) Since T is a local operator, we may consider independently the points
where f is positive and where it is negative. Applying (5.4) to f = g =1 and to
f=9g=—1, we find

() =-B(,1,1),
)+ B(-,—1,-1)) = 3(B(-,1,1) + B(-,—1,-1)),

-T(1
with |T(1)] < M, |T(-1)] < M. Now, let f € CY(I), z € I, be given with
f(z) <0. Then |f(x)] = —f(z ) and applying (5.4), we find

Tf(z) = =T(=f)(z) = T(-1)(2)f(z) + B(z,—f(2),1).
For the positive |f(z)| we know by (5.8)

~T(f)(z) = =T(=f)(z) = c(@) f(2) In |f ()| + d(2) f'(z) + C(z, - f(x)),
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so that B

Tf(z) = c(x)f(z) m|f(2)] +d(@)f () + C(=, f(2)),
where C(z, f(z)) = C(z,—f(z)) — T(-=1)(x)f(z) + B(x,—f(z),1) satisfies
|C(x, f(x))| <3M(x)|f(x)|. Take M (z) := 3M (x) in Theorem 5.6.

(d) We claim that ¢ and d define continuous functions. If d would be dis-
continuous at some point zg € I, choose a sequence xj # x¢ in I such that the
limits limg 00 2 = g, limg_yoo d(zx) exist and limy oo d(x) # d(zg). Recall
that |C'(z,y)|/|y| is locally bounded. Choosing f = 2 in (5.8) and using the conti-

nuity of T'f, it follows that c is a locally bounded function, too. Thus we may find
M’ > 0 such that

sup|e(zi)] < M, sup|Clax,y)| < M'lyl,  y€R.
keN keN
Choose € > 0 so small that |limy_,o d(zy) — d(20)| > 3M’e(1 4+ In1). Consider

f:I =R, f(x):=a—x9+e Since Tf € C(I), limp00 Tf(xx) = Tf(20). By
(5.8)

Tf(xg) —d(xg) = c(ag)(xp — 20+ €) In|zr — 2o + €| + C(xk, 21 — 0 +€)
=: A(zy)
and
Tf(xo) —d(zo) = c(xo) € In|e| + C(x0,€) =: Axp).
This, however, leads to a contradiction, since

3M'e(1+Ind) <|lim d(zy) — d(wo)
€ k—o0

IN

lim Tf () = T (o)

lim [A(zg)| + [Azo)| < 2M'e (1+1nl).
k—o0

+ lim [A(z)] + |A(2o)]
k—o0

Hence, d is continuous. If ¢ were discontinuous at some point zg € I, choose
again x, # xo in I such that the limits limg_,o zx = w0, limg_ o c(xy) exist
and |limg_o0 c(x) — ¢(z0)] =: € > 0. With M’ as above, choose N so large that
eln N > 2M’. Let f be the constant function f = N. Since T'f is continuous, we
get from (5.8)

Tf(xg) =clag)NInN + C(xp, N) — T f(z¢) = c(xo)NIn N 4+ C(xp, N).
This yields the contradiction

0= len;o Tf(xr)—Tf(xo)
> [ lim c(zy) — c(wo)| NIn N — sup |C(zg, N)| — |C(zo, N)|
k

k—o0

> (eln N —2M")N > 0.
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Hence c is continuous, too. Since ¢,d and T'f are continuous, for any f € C*(I),
so is C(x, f(x)) as a function of z € I.

(e) If f(z) = 0 for some f € CY(I), z € I, we have B(z, f(x),g(z)) =
B(x,0,g(x)) = 0 for any g € C*(I) by (5.5). If there is an open interval J C I with
x € J and f|; = 0, we know already that T'f|; = 0 and (5.8) holds. Otherwise,
choose xp — x, f(xr) # 0, f(x) = 0. Since T'f is continuous, T'f(zr) — T f(x).
Applying (5.8) to T'f(x) and using the continuity of ¢ and d, we get that formula
(5.8) also holds for T'f(x),

Tf(x) = d(x)f () + C(x,0),

where we put C(z¢,0) = limy_ o C(z0, f(2f)), the limit being independent of
the particular sequence xj tending to z. Note that the limit of f(xg)In|f(xy)] is
ZeTO. (]

5.3 Higher-order Leibniz rule

We next consider the Leibniz rule on C*(I)-spaces for higher orders k of deriva-
tives. For f,g € C*(I),

(Fog)® = FB g fug® 4 ki (’;) £ glh=a),

j=1

The last sum might be considered as an additive perturbation of the Leibniz
rule by a function B(-, f,..., f*= 1 g,...,g*=Y). Trying to characterize the k-
th derivative by equations like this, note that the k-th derivative annihilates all
polynomials of degree less that k, and then the perturbation term is zero. The
following result states the converse.

Proposition 5.7 (Higher-order Leibniz rule). Let k € N, I C R be an open interval
and B be a function B : I x R?** — R. Suppose that T : C*(I) — C(I) is an
operator satisfying

T(f-g)(@) =Tf(x) g(x)+ f(x) - Tg(x)
+ Bz, f(@),.... ¥V (@), g(),....g" V(@) (5.9)
for all f,g € C¥(I) and x € I. Suppose further that T annihilates all polynomials

of degree < k — 1. Then T is a multiple of the k-th derwative, Tf =d- f*), for a
suitable fized function d € C(I), and B has the form

k—1

B(o @) @) =) Y (5) 1@ @), g9 aer,

j=1
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Proof. (i) The proof of the localization is similar to the one of Theorem 5.6: If
f1, f2 € C*(I) satisfy fi|; = fa|; for some open interval of J C I, and g € C*(I)
is a function with support in J, we have f1-g = f2-g. Hence, by (5.9) for all z € I,

Tfi(x)-g(x) + fi(2) - Tg(x) + B(z, fi(2),...,g" D (2))
=T(f1-9)(x) =T(f2-g)(x)
=Tfo(z) - g(x) + fo(w) - Tg(z) + B(z, fa(@),...,g"* V(x)),
which yields for any « € J that (T f1(z)—T f2(z))-g(z) = 0. Choosing g with g(x) #
0, we conclude T'f1(x) = T fa(x), hence T f1|; = T f2|s. Therefore Proposition 3.3
implies that there is a function F' : I x R*¥*! — R such that for all f € C*(I),
xzel,
Tf(z) =F(w, f(@),.... fP ().
(ii) We claim that T'f () only depends on z and the highest derivative f(*)(z).
Let ag, . .., ok, B € Rand x € I be arbitrary. Choose f € C*(I) with ) (z) = a;
for all j € {0,...,k} and g € C*(I) with g(z) = 1, g¥)(z) = 0 for all j €
{1,...,k—1} and ¢®)(2) = Bx. Then (f - g)U)(z) = a; for all j € {0,...,k—1}
and (f - ¢)®)(z) = ap + aofr. An application of (5.9) to f and g yields for the
function F representing 71" that
F(z,a0,... 061,06 + aoBy) = F(z,a0,...,ap—1,06) + F(z,1,0,...,0, Br)ao
+ B(x,ag, ..., 0p-1,1,0,...,0). (5.10)
Since T' is zero on all polynomials of degree < k — 1, in particular on the constant
functions, we have F(z,1,0,...,0) = T1(z) = 0. Hence, choosing oy = 1, oy =
<+ =ag_1 =01in (5.10), we get

F(z,1,0,...,0,a) + Br) = F(x,1,0,...,0,a) + F(x,1,0,...,0, )
+ B(2,1,0,...,0,1,0,...,0).

For a = B = 0 this yields F(z,1,0,...,0) + B(«x,1,0,...,0,1,0,...,0) = 0,
B(x,1,0,...,0,1,0,...,0) = 0. Therefore, F(z,1,0,...0,-) is additive,
F(x,1,0,...,0, a4 + B%) = F(x,1,0,...,0,ax) + F(x,1,0,...,0, Bk).
Put ¢(z,ar) == F(x,1,0,...,0,ak). Let pr_1(t) := Z;:é St (t — )7, Since
the degree of the polynomial py_; is < k — 1, we have T'pp_1(x) =0, i.e.,
F(:]C, aQ, ... ,Cvk_l,O) = Tpk_l(l’) =0.
Using this and putting o = 0 in (5.10), we find
F(z,ap,...,a-1,008,) = F(z,a0,...,01-1,0) + F(x,1,0,...,0, 8r)ag
+ B(z, a0, ..., 05-1,1,0,...,0)
= C(xaﬂk)ao + B(.I,Oé07 sy -1, 1707 cee 70)
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However, ¢(z,0) = 0 by the additivity of ¢(z,-). Putting S = 0, we get that
B(z,aq,...,ap-1,1,0,...,0) = 0. Hence, renaming a5y as oy, we get for ag # 0

Qg
F(x,ap,...,0p_1,) = ¢ (ar, a) o,
0

and for all f € C¥(I), x € I with f(x) #0,

*) (5
Tf(@) = Pl f(@)seo SO @) = (2. 5 g0,

Since T'f is continuous, c¢(z, g(z)) is continuous for any continuous function g €
C(I), just by taking a solution f € C*(I) of f*) = g. f with f(z) # 0. Theorem
2.6, applied to the additive function ¢(z,-), yields that ¢(z,-) is linear and that
there is a continuous function d € C(I) such that c¢(x, ) = d(z) - 5. Therefore,
Tf(x) = d(z)f® (x), provided that f(z) # 0. This is true by continuity also if
f(x) =0:

Indeed, if ag = 0, (ozj);?:1 # 0 and fixing = € I, consider the polynomial p,
given by p,(t) = 2?21 SH(t — )’ Since p,(t) # 0 for ¢ # x close to x, we have
(Tp:)(t) = d(t)pik)(t). However, for t tending to z, both sides have the limit

F(z,0,aq, o) = (Tps)(z) = d(x)pgf)(m) = d(z)ag,

and hence T'f(x) = d(x)f*)(z) is also true for f € C*(I) and z € I with f(z)
0.

Ol

5.4 Additive perturbations of the chain rule

After studying additive perturbations of the Leibniz rule, we now turn to additive
perturbations of the chain rule. The chain rule turns out to be rigid, under a weak
condition of non-degeneration.

Definition. An operator T' : C*(R) — C(R) is locally non-degenerate provided
that, for any interval J C R and any x € J, there are g € C'(R) and y € R with

9(y) = =, Im(g) C J and Tg(y) # 0.

Additive perturbations of the chain rule for T'(f o g) naturally should involve
functions of the values of f o g and ¢ since the information on f is coupled with
g. This explains the setup in the following rigidity result for the chain rule.

Theorem 5.8 (Rigidity of the chain rule). Assume that T : C*(R) — C(R) is an
operator and B : R? — R is a function such that

T(fog)(x)=Tfog(x) Tyg(x)+ Bz, fog(x)g(z)) (5.11)
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holds for all f,g € CY(R), x € R. Assume also that T is locally non-degenerate
and that T f depends non-trivially on the derivative f'. Then B = 0 and T satisfies
the chain rule. Hence, there are p >0 and H € C(R), H > 0 such that

Ho f(x)
CH(z)

Again, there are two types of solutions, one with the term sgn f’(x) and one
without. The result means that the chain rule permits no additive perturbations
of the above type, if T'f depends non-trivially on f’. If T'f does not depend on f’,
B might just be defined by

Bz, fog(x),9(x)) =T(fog)(x) = Tfog(x) Ty(x),
the right-hand side of which we will show to be localized, i.e., being of the form
Fz, fog(x)) — F(g(x), f o g(x))F(z, g(x))-

Proof. (i) To prove that T is localized, let J C R be an open interval and f1, fo €
CL(R) satisfy fi|; = f2|s. We claim that T'f1|; = T f2|; holds. Let € J. Since T
is assumed to be locally non-degenerate, there is g € C*(R) and y € R such that
9(y) =z, Im(g) C J and Tg(y) # 0. Then f; 0 g = f3 0 g and, using (5.11)

Tfi(x)-Tg(y) + By, fr(x),z) = T(f10g)(x) = T(f2 0 g)(x)
=T fo(x) - Ty(y) + B(y, fo(x),z).

Since f1(z) = fo(x), we get (Tf1(x) — Tfa(x)) - Tg(y) = 0, and since Ty(y) #
0, Tfi(z) = T fa(x). Therefore, Tfi|; = T f2|;. By Proposition 3.3, there is a
function F': R® — R such that

Tf(x) = F(z, f(z), f'(2))
holds for any f € C!'(R) and z € R.

Tf(x) = |/ (@)P{sgn f'(2)}, feC'(R), z€R.

(ii) We now analyze the form of F. For any z,y,z,«, 8 € R, choose f,g €
CH(R) with g(x) =y, f(y) = 2, ¢'(x) = , f'(y) = B. Then the operator equation
5.11) for T is equivalent to the functlonal equation for F,

F(z,z,a8) = F(y,z,B)F(z,y,a) + B(z, 2,y). (5.12)
Let x =y =z and put ¢, := F(z,z,-) : R - R, ¢, := B(z,2,2) € R. Then
(Z)Z(O‘B) = ¢z(a)¢z(6) + ¢z- (513)

For a = 1, we have ¢.(8)(1 — ¢.(1)) = .. If for some z € R, ¥, were # 0,
¢.(1) # 1 and hence ¢,(8) = % =: a, would be a constant function of 3.

Putting « = 1 and y = z in (5.12) would yield

(5

F(z,z,0) =a,F(x,2,1)+ B(x,z, 2).
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Interchanging y and z in (5.12), we get for =1

F(IE, Y, a) = F(Zv Y, I)F(Iv 2, 05) + B(Iv Y, Z)
- C{,ZF(Z', 2, 1)F(Za Y, 1) + F(Za Y, 1)B(3}‘, 2, Z) + B(Jf, Y, Z)
The right-hand side is independent of the derivative variable o and hence T'f

would not depend on the derivative f’, contrary to the assumption in Theorem
5.8. Therefore, ¢, = B(z,z,z) =0 for all z € R.

(iii) We now know that ¢, = F\(z, z,-) is multiplicative by (5.13) and that
B(z,z,2z) =0 for all z € R. Putting g = Id in (5.11), we find
Tf(z) =Tf(x) T(d)(2) + B(z, f(2), ),

for all f € CY(R), x € R. If T(Id)(z) were # 1 for some z € R, Tf(x) =
Bz, f(z),z)/(1 — T(Id)(x)) would be independent of the derivative f’(x) at this
point x, and by applying (5.11) to shift functions g, T'f(z) would be indepen-
dent of f/(z) for all z € R, contradicting the assumption in Theorem 5.8. Hence
T(Id)(z) = 1 for all x € R. We conclude for F' and B that F(x,z,1) = T(Id)(z) =
1 and B(x,z,z) =0 for all ,z € R. Putting f =Id in (5.11) gives

Tg(x) = T(1d)(g()) - Tg(z) + B(z, g(x),9(x)) = Tg(z) + B(z, g(x),9(x)).
Therefore also B(x,z,z) =0 for all z,z € R.
Using this, we find, putting first y = z and then y = x in (5.12),
F(z,z,af) = F(z,z,a) - F(z,2,8) = F(x,2,8) - F(z,z, ). (5.14)

We also used the symmetry in o and S on the left-hand side.

We claim that for any z,z € R, F(x,z,1) # 0. If there were =,z € R with
F(x,z,1) =0, (5.14) would yield F(x, z,«) = 0 for all &« € R, putting 8 = 1. Then
for all v € R by (5.12)

F(z,v,a) = F(z,v,a)F(z,2,1) + B(x,v,2) = B(x,v, 2),
and for all u € R, again using (5.12)
F(u,v,a) = F(z,v,a)F(u,z,1) + B(u,v, )
= B(x,v,2)F(u,2z,1) + B(u,v,x)

would be independent of « for all u,v € R. This is impossible since T f is assumed
to depend non-trivially on f’. Hence, F(x,z,1) # 0 for all z,z € R.
Therefore, putting 5 =1 in (5.14), we get for any z,z,a € R

F(z,z,«a)

Flz,z,1) F(z,2,0) = F(z,z,0), (5.15)
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which is independent of x and z and multiplicative in . Put
pla) = F(z,z,a) = F(z, 2z, ),
olaf) = p(a)p(P) for all o, B € R. By (5.15)
F(z,z,a) = F(z,z,1)p(a).

Note that for all o # 0, @(«) # 0 since else by multiplicativity of ¢, ¢ and F
would be identically 0. Inserting this formula for F' into (5.12), we find

F(x,2,1)p(aB) = F(y,z,1)¢(B) - F(z,y, )p(a) + B(z, z,y).

Dividing this by ¢(af8) = p(a)p(8), we conclude that

B(z,z,y)
F(x,2,1)=F(y,2z,1)- F(xz,y,1) + ,
(@.2.1) = Ply.2 1) Flaan) + 20
for all a # 0 # . Comparing this with (5.12) for « = g = 1, we get
B(z,z,y)
B x,z,Y) = ;
( ) p(ap)

for all z,y,z,«,8 € R. This implies that either B is identically zero or ¢ is
identically 1. If ¢ = 1, F(z,2,a) = F(x,z,1) again would be independent of
the derivative variable «, contrary to the assumption in Theorem 5.8. Therefore
B =0, and T satisfies the unperturbed chain rule equation,

T(fog)(x)=Tfog(x) Ty(x), fg€C(R), zeR.
Hence, by Theorem 4.1, T has the form
Ho
rf =L\ s 1,

with p > 0 and H € C(R), H > 0. Note that p = 0 is not allowed in Theorem 5.8

since then T'f = H;I’f would be independent of the derivative f’. O

5.5 Notes and References

Theorems 5.1 and 5.6 were shown by Koénig, Milman [KM7] in the case I = R.
Theorems 5.3 and 5.8 are also taken from [KMT7].
Proposition 5.7 was proven in [KMS].

As mentioned in the Introduction, the Fourier transform F on the Schwartz
space S(R™) may be essentially characterized by the convolution equation

T(f-9)=T(f)*T(9), fgeSER",
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assuming that 7' : S(R™) — S(R™) is bijective, cf. [AAFM] and [AFM] . In the
spirit of Section 5.1, we may also solve a relaxation of this equation: Suppose that
T,7y, T, : S(R") — S(R™) are bijective operators satisfying

T(f-9) =Ti(f)*T2(g), f,9€SR™).

Then there are C*°-functions ay,as € C°°(R™) which are never zero and a diffeo-
morphism w : R” — R” such that either for all f € S(R™)

Tf=a1*xay* F(fow), Tif =a1 x F(fow), Tof =az x F(f ow),
or that for all f € S(R™)

Tf=ar*ayxF(fow), Tif=a1x F(fow), Tof =as* F(f ow).

The proof is based on the papers [AAFM] and [AFM] and the techniques of Section
5.1, reducing the convolution equation to a multiplicative equation by applying
the Fourier transform.
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The Chain Rule Inequality and
its Perturbations

Chapter 6

In the previous chapter we showed that the chain rule operator equation shows
a remarkable stability and rigidity, under modifications of operators or additive
perturbations. In this chapter we study a different modification of the chain rule,
replacing equalities by inequalities. Suppose T : C1(R) — C(R) is a map satisfying
the chain rule inequality

T(fog)<Tfog-Tg, f.g€C'(R). (6.1)

Under mild assumptions on 7', we determine the form of all operators 7" satisfying
this inequality, provided that the image of T contains functions attaining negative
values. There will be an assumption of non-degeneration of 7" which is a weak
surjectivity type requirement. Moreover, we impose a weak continuity condition
on T'. In the case of the chain rule equation, the continuity of the operators was
not assumed, but it was a consequence of the solution formulas. Here we have less
information on 7', and we require 1" to be pointwise continuous, as defined below.
Remarkably, for functions f with positive derivative, the solutions T f of the chain
rule inequality (6.1) turn out to be the same as for the chain rule equation. For
general functions the solutions of the chain rule inequality are bounded from above
by corresponding solutions of the chain rule equality. This is a similar phenomenon
as in Gronwall’s inequality in its differential form, cf. Gronwall [G] or Hartman
[H], where the solution of a differential inequality is bounded by the solution
of the corresponding differential equation. We also state results for the opposite
inequality T'(f o g) > T f o g- Tg. The proofs are based in part on a result about
submultiplicative functions on R, which is of independent interest.
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6.1 The chain rule inequality

Studying the chain rule inequality, we will impose the following two conditions.

Definition. An operator T : C*(R) — C(R) is non-degenerate provided that, for
any open interval I C R and any x € I, there exists a function g € C'(R) with
g(x) = =, Im(g) C I and Tg(x) > 1. Let us call T negatively non-degenerate if
there is g € C1(R) with g(z) = x, Im(g) C I and Tg(z) < —1.

Definition. An operator 7' : CY(R) — C(R) is pointwise continuous if for any
sequence of functions f,, € C}(R) and f € CY(R) with f, — f and f}, — f’ con-
verging uniformly on all compact subsets of R, we have the pointwise convergence
of limy, oo T'fn(z) = Tf(x) for all z € R.

Theorem 6.1 (Chain rule inequality). Let T : C*(R) — C(R) be an operator such
that the chain rule inequality holds:

T(fog)<Tfog-Tg, f.gcC'(R). (6.1)

Assume in addition that T is non-degenerate and pointwise continuous. Suppose

further that there exists © € R with T(—1d)(xz) < 0. Then there is a continuous

function H € C(R), H > 0, and there are real numbers p > 0 and A > 1, such
that T' has the form

2L, =0,

Tf = { " - € C'(R). (6.2)

—AT P, <0,

Remarks. (a) Let Sf := HTOf|f'|p sgn f’. Then S satisfies the chain rule equation
S(fog)=S8fog-Sg. Equation (6.2) means that Tf < Sf. Thus, the solutions
of the chain rule inequality are bounded from above by solutions of the chain rule
equation for which A = 1. Note that —A = T'(—1d)(0) < —1. Thus under the
additional assumption 7'(—Id)(0) = —1 in Theorem 6.1, T satisfies the chain rule
equation.

(b) Let ¢ > 0. The modified operator inequality T(fog) < ¢-Tfog-Tg may
be treated by considering T} := ¢- T which would satisfy T (fog) <Tifog-Tig.

(¢) The condition T'(—Id)(x) < 0 guarantees that there are sufficiently many
negative functions in the range of T'. If this is violated, there are many positive
solution operators 7' of (6.1): Examples for non-negative solutions can be given
by

Tf(x) = F(z, f(2), | (@)]),

where F : R? x R>g — R>q is a continuous function satisfying

Fz,z,aB) < F(y, z,a)F(z,y, 5) (6.3)
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for all x,y, z,a, B € R. We might take, e.g.,
F(z,z,a) = exp(d(z, 2)) - K(a),

where d is either a metric on R or d(z,z) = z — 2, and K : R>g — R is
continuous and submultiplicative, K (af) < K(«) - K(8) for «, 8 > 0. Non-trivial
examples of such maps K besides power-type functions o, p > 0 and maxima of
such functions are given, e.g., by K(«) = In(a + ¢) with ¢ > e, cf. Gustavsson,
Maligranda, Peetre [GMP], and products of submultiplicative functions. Moreover,
for any continuous submultiplicative function K : R>o — R>, F:= KoF will
also satisfy (6.3) if F' does. There does not seem to be much hope of classifying
the solutions of (6.1) without any negativity assumption like 7'(—Id)(z) < 0 for
some z € R.

6.2 Submultiplicative functions

Let K : R — R be continuous and define T' : C'(R) — C(R) by Tf(z) :=
K (f'(x)). This operator T' will satisfy (6.1) if and only if K is submultiplicative,
ie., K(af) < K(a)K(B) for all a, 8 € R. Hence, as a special case in the proof
of Theorem 6.1, we have to classify submultiplicative functions on R attaining
also negative values. This result is of independent interest and we formulate it as
Theorem 6.2.

Theorem 6.2 (Submultiplicative functions). Let K : R — R be a measurable func-
tion which is continuous in 0 and in 1 and submultiplicative, i.e.,

K(af) < K(K(B), a,B¢eR
Assume further that K(—1) < 0 < K(1). Then there ezist real numbers p > 0 and

A > 1 such that
p >
K(a) = aP, a >0,
—Ala?, a<0.

Hence, K(—1) = —A < 1. Note that K|g., is multiplicative, and if K(—1) =
—1, K is multiplicative on R, i.e., K(a) = |a|P sgna. As mentioned in Remark
(b) above, there are many continuous submultiplicative functions K : R>o — Rx>g
besides powers K(a) = oPf. However, these cannot be extended to continuous
submultiplicative functions K : R — R with K (—1) < 0. There is a corresponding
result for supermultiplicative functions on R, K (af) > K(«a)K(8), which gives the
same form of K, except that then 0 < A < 1.

Examples. (a) The measurability assumption in Theorem 6.2 is necessary. Other-
wise, we may take a non-measurable additive function f : R — R as given in the
comments following Proposition 2.1 and A > 1, and define K(0) := 0 and

o) . s exp(f(lna)), a>0,
Rl {—Aexp(f(lnlal)), a < 0.
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Then K : R — R is non-measurable and submultiplicative with K(—1) < 0 <
K(1).

(b) Let d > 1, ¢ >0, ¢ # d, and put

1, a=1,
K(a):=1< —¢, a=0,
_da « g {07 1}

Then K is measurable and submultiplicative with K(—1) < 0 < K(1), but dis-
continuous at 0 and at 1.

The result corresponding to Theorem 6.1 in the supermultiplicative situation
is
Theorem 6.3. Let T : C*(R) — C(R) be an operator such that

T(fog)>Tfog-Tg, f.g€C'(R).

Assume also that T is negatively non-degenerate and pointwise continuous with
T(—1d)(z) <0 for some x € R. Then there exist numbers p > 0, 0 < B <1 and
a function H € C(R), H > 0 such that

Hof rrp >0
Tf:{Hgof , f/— f € CYR).
—-B=g~|f'IP, f <0,
We first prove Theorem 6.2 which is used in the proof of Theorem 6.1. For
this, we need two lemmas.

Lemma 6.4. Let K : R — R be submultiplicative with K(—1) < 0 < K(1). Assume
that K is continuous in 0 and in 1. Then:

(i) K(0)=0, K(1) =1 and K|a_, <0 < K|g_,.

(ii) There is 0 < e < 1 such that 0 < K(a) <1 for all a € (0,¢) and 1 < K(a) <
oo for all a € (1/€,00).

Proof. Since 0< K(1)=K(1?)<K(1)?, K(1) > 1. Then 1 < K(1) = K((-1)?) <
K(—1)%, implying K(—1) < —1. By submultiplicativity K(—1) < K(1)K(-1),
|K(-1)| > K(1)|K(-1)|. Hence, K(1) < 1, K(1) = 1. Since K is continuous at
1, there is € > 0 such that K|j 14,144 > 0. For any a € [1/(1 +¢€),1 + €,
K(a) > 0 and K(1/a) > 0. Hence, 0 < K(a) < K(1/a)K(a?), implying that
K(a?) >0, ie., Kli1/(146)2, (1462 > 0. Inductively, we get that K|r_, > 0, since
R0 = Upenll/(14€)", (14-€)"]. The inequality K (0) = K((—1)-0) < K(—1)-K(0)
with K(—1) < 0 shows that K(0) < 0. Since K|g., > 0 and K is continuous in
0, we get K(0) = 0. Then there is ¢ > 0 with 0 < K], < 1. Since 1 <
K(1) < K(a) - K(1/a), it follows that K|(/e,00) > 1. Moreover, for any a > 0,
K(—a) < K(-1)K(a) <0, i.e., K|a_, < 0. O
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The second lemma is a well-known fact on subadditive functions on R.

Lemma 6.5. Assume that f : R — R is measurable and subadditive, i.e.,

fls+t) < f(s)+ f(t), s, teR.

f®)

Define p := sup,o =~ and q := infy~¢ f(

. Then f is bounded on compact in-

tervals, —co < p < q < oo and f(0) > O. Moreover, the limits limy_, @,

limy o0 @ exist and p = lim;_, _ @, q=lim;_, @

Proof. (a) We first show that f is bounded from above on each compact subset
of (0,00). Fix a > 0 and put A := f(a). Let E := {t € (0,a) | f(t) > A/2}.
Then E is measurable since f is measurable. Moreover, (0,a) = EU ({a} — E),
since t1,ty > 0 with a = ¢ + t5 implies that ¢t € E or ty € E. Suppose there
are 0 < a < 8 < oo such that f[(, g is not bounded from above. There there
is a sequence (t,), a < t, < 8 with t, — to, a < to < f and f(t,) > 2n.
Let E/, := {t € (0,8) | f(t) > n}. For a fixed n € N, choose above a = t,,
A= f(t,) > 2n. Then

tn
- > 0.
2

(B, > [{t€(0,t,) | f(t) = n}| = |En| > o >

o 2

Since E], > EJ, ., we get that |(,cy Eh| = %. Therefore, f|( ) is infinite on a
set of strictly positive measure, which is a contradiction. Therefore, f is bounded
from above on any compact subset of (0, 00).

(b) Since f(0) < f(0) 4+ f(0), we have f(0) > 0. Also, for any ¢t € R,
0 < f(0) < f(t) + f(—t). Hence, @ < @ for any ¢ > 0, and therefore

o0 20 < lim, . L0,
(t)

! ( ). We claim that the limit lim; o <~ exists and that

q= hmtHOO T' Assume that ¢ € R; the case ¢ = —oo is treated similarly. Let
e > 0 and choose b > 0 with @ < q+ €. For any t > 3b, there is n € N with

€ [(n+2)b, (n+ 3)b]. Using the subadditivity of f, and the definition of ¢ and b,
we find

Let ¢ := 1nft>0

. < @ _ f(anrgtfnb)) < nf(b)thf(tfnb)
nb f(b) . ft—nb) _nd f(t—nb).
t

By part (a), f is bounded from above on [2b, 3b]. Let M > 0 be such that fa; 3y <
M. Since ¢t — nb € [2b, 3b], we get

f(t) _ nb
t

g —/<

4+ +
_t qT¢€ P
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For t — oo, ”b — 1 and M — 0. Therefore, for any € > 0,

— f(t t
lim & gq—i—e:inf&—i—e7
t—oo ¢ t>0 ¢
which shows that the limit lim;_, ! (t ) exists and is equal to gq.
(¢) Consider similarly ¢(t) := f(—t), t > 0. Then by (b)
p = sup b)) = —inf @ — lim (t) = lim 7f(_t)
t>0 —t t>0 t t—oo t t——o0 —
Now ( t) < f( ) implies for ¢ — oo that p < ¢. Moreover, since p > —o00, ¢ > —o0,
and slnce q< oo p < 00. Therefore, —oco < p < g < 0. a

As a consequence of Lemma 6.5, we have that

f(t) =pt+a(t), t<0,
ft)=qt+a(t), t>0,

where a(t) > 0 for all t # 0.

Proof of Theorem 6.2. (a) Let K : R — R be measurable and submultiplicative,
continuous in 0 and in 1 with K(—1) < 0 < K(1). By Lemma 6.4, K(0) = 0,
K()=1, K|g_, <0< K|r., and for a suitable 0 < e <1, 0 < K(a) < 1 for all

€ (0,¢) and 1 < K(a) < oo for all o € (1/¢,00). Define f(t) := In K (exp(?)),
t € R. Then f is measurable and subadditive, and we have by Lemma 6.5

1) lim & inf @ = lim M
t

—00 < pi1=8up —- = <q:= < 00

t<0 1t t——oco t t>0 t t—00

Since f is negative for ¢ < 0 and positive for ¢ > 0, we have that 0 < p < ¢ < oo,
with
ft) =pt+a(t), t<0, f(t)=:qt+a(t), t>0,
)

where a(t) > 0 for all ¢ and lim;, Q = limy oo (— = 0. This means, for all
0 < a<1,that

K(a) =exp(f(Ina)) = o’ exp(a(lna)) > a”,
and, for all 1 < o < o0, that
K(a) =exp(f(Ina)) = a’exp(a(lne)) > af.

(b) We claim that p = ¢ > 0 holds. Using K|g_, < 0 < K|r.,, the submul-
tiplicativity of K implies that for all 8 < 0 < «

K(af) < K(a)K(B), |K(af)| = K(a)[K(B)].
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Since K (1) =1, f(0) = 0. Fix t < 0 and choose o < —1, 0 < § < 1, with t = af3.
Then, by submultiplicativity,

K(t) = K((=1)|a|8) < K(=1)K(Ja)K(8) <0,
|K(8)] = [K(=D[K(Ja)K(8) = [o|?8” = [¢]7877,

using that K(—1) < —1 since 1 = K(1) < K(—1)2. Assuming p # ¢, i.e., p < q,
and letting S tend to 0 (and a to —o0), would yield the contradiction |K (t)| = oco.
Hence, 0 < p = ¢ < co. In fact, 0 < p = ¢ since K is continuous at 0 with K(0) =0
and K(5) > pP for 0 < f < 1.

(c) Let g(t) :== In|K(—exp(t))| for all ¢ € R. Since, for any s,t € R,
K (—exp(s)exp(t)) < K(—exp(s)) K (exp(t)) <0,
we get that

g(s +1t) = In|K (—exp(s) exp(t))| > In|K (- exp(s))| + In K (exp(t))
=g(s) + f(t) = g(s) + pt +a(t),
with a(t) > 0, for all ¢, and lim; 4~ @ = 0. Since f(0) = 0, a(0) = 0. Putting
s =0 yields
9(t) = g(0) + pt + a(t).

Putting ¢ = —s and renaming s by t gives

g(0) > g(t) — pt + a(—t).

Hence,
9(0) +pt +a(t) < g(t) < g(0) + pt — a(-1).

Since a > 0, this implies that @ = 0 on R. Therefore, for all t € R, f(t) = pt and
g(t) = g(0) + pt. We then find, for all 8 <0 < a,

K(a)=a”, |K(B)| = exp(g(In|B])) = exp(g(0))|"

Since exp(g(0)) = |K(—1)| > 1, ¢g(0) > 0. Thus, K(8) = K(—1)|8|P, proving
Theorem 6.2 with —4 = K(—1) < —1. O

6.3 Localization and Proof of Theorem 6.1

As the first step in the proof of Theorem 6.1 on the chain rule inequality , we
show that T is locally defined. More precisely, T f(x) only depends on z, f(x) and

f'().
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Proposition 6.6. Let T : C*(R) — C(R) be non-degenerate, pointwise continuous
and satisfy the chain rule inequality (6.1). Assume also that there exists xg € R
such that T(—1d)(zo) < 0. Then there is a function F : R® — R such that, for all
f € CYR) and all z € R,

Tf(z) = F(z, f(z), f'(z)). (6.4)

To show this, we need a lemma.

Lemma 6.7. Under the assumptions of Proposition 6.6 we have for any open in-
terval I C R:

(a) For all x € I, there is g € C*(I) with g(x) = z, Im(g) C I and Tg(z) < —1.
(b) ForceR, f € CYR) with f|; = ¢, we have Tf|; = 0.
(c) For f € CY(R) with f|; =1d|;, we have Tf|; = 1.

)

(d) Take f1, fo € CY(R) with f1|; = f2|r and assume that fo is invertible. Then
Tfilr < Tfs|r. Hence, if f1 is invertible, too, T f1|r = T fa|r.

Proof. (a) By (6.1), T(Id)(z) < T(Id)(x)? for all + € R. Hence, T(Id)(z) > 1
or T(Id)(z) < 0. If there would be z; € R with T(Id)(z;) < 0, use that by
non-degeneration of 7' there is g € C'(R), g(z1) = z1 and Tg(x1) > 1. Then,

1< Tg(x1) =T(gold)(z1) < Tg(x1)T(Id)(x1) <0,

a contradiction. Hence T'(Id)(z) > 1 for all € I. Also, T(—1d)(z) < 0: 1 <
T(Id)(x) = T((—1d)?)(z) < T(—1d)(—x)T(—1d)(x). By assumption, there is 2o €
R, with T(—1d)(xzg) < 0. If there would be z; € R with T'(—Id)(z1) > 0, by
continuity of the function T'(—Id) there would be x5 € R with T'(—1d)(z2) = 0,
contradicting 1 < T'(—1d)(—x2)T(—1d)(z2). Hence, T'(—1d)(z) < 0 for all z € R.
Also 1 < T(—1d)(0)? yields T'(—1d)(0) < —1.

Now let I C R be an open interval and zy € I. Let € > 0 with J = (21 —€, 21+
€) C I, J:=J—{x1} = (—€¢). Since T is non-degenerate, there is f € C1(R)
with f(0) =0, Im(f) € J and Tf(0) > 1. Then

T(=1)(0) <T(=1d)(0)Tf(0) < -1,

and Im(—f) C J. We transport —f back to J by conjugation with a shift. For
y € R, let S, :=Id+y € C*(R) denote the shift by y. Since for y,, — y, Sy, — Sy
and S;n — ST’J converge uniformly on compacta, by the pointwise continuity of T,
we have that T'(S,, )(z) — T(Sy)(z) for all x € R, i.e., T(S,)(x) is continuous in
y for every fixed x € R. Since

1 <T(Id)(z1) < T(S2,)(0)T(S-2,) (1),



6.3. Localization and Proof of Theorem 6.1 99

we have T'(S;,)(0) # 0. Using T'(Sy)(0) = T'(Id)(0) > 1, the continuity of T'(S,)(0)
in y implies that T'(Sz,)(0) > 0. Let g :== Sy, o (—f) 0 S_4,. Then g(x;) = 21,
Im(g) C J C I, and

Tg(e1) < T(S2, )OI (—P)ONT(S e, )(a1) < 1,
using T'(—f)(0) < —1 and 1 < T(S;, )(0)T(S_z, )(x1).

(b) For the constant function ¢, co g = ¢, hence Te(x) < Te(g(x))Tg(x) for
all g € CY(R). By non-degeneration of 7' and (a), there are g1, g2 € C'(R) with
g;j(z) =z, Im(g;) C I (j € {1,2}), and Tg2(z) < —1, Tg1(x) > 1. Applying the
previous inequality to g = g1, g2, we find Te(z) = 0.

Now suppose f € C1(R) satisfies f|; = c¢. Let x € I and g1, g» be as before.

Since fog; = ¢, for any € I, we have 0 = T'c(x) < Tf(x)Tg;(x), yielding
Tf(x) =0. Hence Tf|; = 0.

(c) Assume that f € C'(R) satisfies f|; = Id|;. Let 2 € I and choose g1, go
as in part (b). Then fog; =g; (j =1,2) and

Tygj(x) =T(f og;)(x) <Tf(x)Tg;(x).
This inequality for g; yields T'f(x) > 1, the one for g, that
Tg2(2)| = Tf(2)|Tg2(x)|, Tf(z) <1

Hence, T'f(z) =1, Tf|; = 1.

(d) Assume that fi|r = fo|r and that fs is invertible. Let g := f5 o fi. Then
g € C*(R) with f; = fyog and g|; = Id|;. By (¢), Tg|; = 1. Hence, for any z € I,
we have g(z) = z and

Thi(z) =T(f209)(x) < Tfo(x)Tg(zx) =T fo(z).
Therefore, T f1|; < T fa|;. O

Proof of Proposition 6.6. (i) Let C := {f € C1(R) | f is invertible and f’(z) # 0
for all z € R}. For any open interval I C R and f1, fo € C with f1|; = f2|; we have
by Lemma 6.7(d) that T'f1|; = T fa|rs, i.e., localization on intervals. Replacing a
function f € C'(R) by its tangent line approximation on the right side of a point
x, and f on the left side of x is an operation inside C. Therefore, the method of
the proof of Proposition 3.3 yields that there is a function F : R? x (R~ {0}) — R
such that for all f € C and all z € R,

Tf(x) = F(z, f(z), f'(2)).

(i) We now consider functions f € C*(R) which are not invertible. Suppose
I := (yo,y1) is an interval where f is strictly increasing with f/'(z) > 0, z € T
and f'(yo) = f'(y1) = 0 (or yo = —o0, f'(y1) = 0 or f'(yo) = 0, y1 = o0, with
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obvious modifications in the following). For € > 0 sufficiently small, f'(yo+e€) > 0,
f'(y1 —€) >0 for all 0 < € < ¢g. Define f € C*(R) by

- f(yo), = <o,
f(@):=4f(z), zel,
f<y1)7 €T Z Y1-

Then ]?’(yo) = :fv/(yl) =0 and fis the limit of functions j‘: € C in the sense that
fe— fand f/ — f’ converge uniformly on compacta. One may choose

B fwo+e)+fwo+e)(zr—(o+e), z=<yo+e
fe(x) := ¢ f(x), x € (Yo +€y1 —e€),
fp—a+ -z —(—e), >y —e

Note that f. € C for any 0 < € < € since f. is invertible with f/(z) > 0 for all
z €R. By (i) for any z € I :== (yo + €, y1 — ¢€)

Tf(x) = F(z, f(x), fl(x)) = F(z, f(2), f' ().

Since T is pointwise continuous, for any = € (yo,y1)
Tf(x) = lim Tfe(x) = F(x, f(2), f' ().

By definition of 1., flr. = fe|15. Since f. € C, we have by Lemma 6.7(d) that
Tf(x) <Tf(x)=F(x, f(z), f'(x)) for any x € I.. For ¢ — 0 this shows that

Tf(z) <Tf(x)=F(z f(z), [ (), € @yo,y1)

(iii) We now show the converse inequality Tf(z) < T f(z) for x € (yo,y1).
We may write f = f o g where

Yo, X < Yo,
g(x) = x, T e (90791)7
Y, T =Y.

If g were in C1(R), 9l yo,y) = Id, T'gl(ye,y,) = 1 so that

Tf(x) <Tf(x)Tyg(x) =Tf(x),

which would prove the claim. However, g ¢ C'(R). Therefore, we approximate g
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by smooth functions g. € C*(R). Let

Yo+ 5, z < yo,

yo + SISy <a <o e,
ge(x) := < yo+e<z <y —e,

m—%, n—e<xz<uy,

Y1 — 5, T 2> Y1

Then ge(y1) =y1 — 5, 9:(W1) =0, ge(y1 —€) = y1 — €, g(y1 — €) = 1, and similar
equations hold for yo and yo + € so that ge € CY(R) for any e > 0. Note that
foge — f, (foge) — f uniformly on compacta with foge, f € Cl( ): Namely,
we have g/ =1in (yo+e,y1 —€) and 0 < ¢/ <1in (y1 —€,91), g. = 0 in (y1,0).
Since gc|;, = Id|;., we have Tg.|;. = 1 by Lemma 6.7(c). Thus by (6.1) for all
S

T(foge)(x) < Tf(ge(w))Tge(x) = Tf(x).

Now the pointwise continuity of T" implies for all = € (yo, y1)
Tf(z) = lim T(f 0 go)(z) < Tf(x).
Together with part (ii), we get

Tf(z) = Tf(x) = F(z, f(x), f'(2)), @ € (yo,n)-

(iv) We now know that (6.4) holds for all f € C'(R) and all open intervals
(yo,y1) of strict monotonicity of f. On intervals J where f is constant, T'f|; =0
by Lemma 6.7(b), and F(z,y,0) = 0 is a result of continuity arguments like
lim_,q Tﬁ (z) = Tf(x) for boundary points of J together with T'f|; = 0. Equation
(6.4) then means 0 = 0. Equation (6.4) similarly extends to limit points of intervals

of monotonicity of f or to limit points of intervals of constancy of f. Hence (6.4)
holds for all f € CY(R) and all x € I. O

Proof of Theorem 6.1. (a) By Proposition 6.6 there is F' : R® — R such that for
all f € CY(R), z € R,
Tf(x) = F(z, f(x), f'(x)).

The chain rule inequality is equivalent to the functional inequality for F,
F(z,z,08) < F(y,z,a)F(z,y, B) (6.5)

for all ,y, 2,a, B € R. Just choose f,g € C*(R) with g(x) =y, f(y) = 2, ¢'(z) =
B, f'(y) = a. The equations Tc = 0, T'(Id) = 1 imply that

F(xz,y,0) =0, F(z,z,1)=1. (6.6)
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Note that F(z,y,1) = T(Sy—z)(z) where S,_, = Id+(y — ) is the shift by y — .
Since T'(Sy—¢)(z) depends continuously on y — x, cf. the proof of (a) of Lemma
6.7, and since by (6.5) and (6.6)

1= F(m,x,l) < F(y,x,l)F(m,y,l),

we first get that F'(x,y,1) # 0 and then F(x,y,1) > 0 for all z,y € R. We showed
in the proof of (a) of Lemma 6.7 that T'(—1d)(0) < —1. Hence, F(0,0,—1) =
T(—1d)(0) < —1 and for any x € R

F(z,z,—1) < F(0,2,1)F(0,0,—1)F(z,0,1) < —1

using 1 = F(0,0,1) < F(0,2,1)F(x,0,1).

(b) Fix 29 € R and put K(«) := F(xo,20,a) for a € R. By (6.5) for x =
y = z = xp, K is submultiplicative on R with K(—1) < 0 < K(1). Further K
is continuous as implied by the pointwise continuity of 7: Assume «,, — « in R.
Consider f,(x) := an(x —x9) + w0, f(x) := a(x—x9)+x0. Then f,(z0) = f(zo) =
xo and [/ (z) = o, — a = f/(z). Hence, f,, — f, f/, — [’ converge uniformly on
compacta and therefore T'f,,(z9) = T f(x), which means

K(ay) = F(zo,x0, ) = Tfn(xo) = Tf(x0) = F(x0, 20, 0) = K ().
Theorem 6.2 yields that there are p(z) > 0 and A(zg) = |F(xo,x0, —1)| > 1 such
that o) .

Kla) = {C—YA(x;)|a|p(f0), o <0, (6.7)
For any z,y,z € R by (6.5)
F(z,z,a) < F(z,2,1)F(z,z,a)F(z,2z,1) = d(x, 2) F(z, 2, &),

where d(z,z) := F(z,2,1)F(z,2,1) > 1 is a number independent of «. Fixing x, z
with 2 # z, we have for all & > 0 that a?(®)~P() < d(z, 2). If p(z) # p(z), we
would get a contradiction for either o« — 0 or for a — co. Hence, the exponent
p := p(x) is independent of = € R.

(¢) We next analyze the form of F(x, z,«) for « # z. Let ,z € R, x # 2. By
(6.5) and (6.7) for all « > 0, B € R,
F(z,z,ap) < F(z,z,0)F(z,z,a) = &P F(x, 2z, 3)

and

Fle.8)  Faz.af)F (.0, 1) = L F(a,.00)

oP

Therefore,
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and we have equality F(z, z,af) = oPF(x, z, §). Putting here § =1 and 8 = —1,
we find that

F 1)aP >0

F(x,z,a) _ (l‘,Z, )Oé ) « = U,

F(x,z,—1)|alP, a<0.

We know that F(x,z,1) > 0. On the other hand,

(6.8)

F(z,z,—1) < F(0,2,1)F(0,0,-1)F(x,0,1) < 0.
Let ¢y (z,2) := F(z,2,%1) and a(z, 2) := |c_(z, 2)|/cy(x, 2). Since
c_(z,2)=F(x,2,-1) < F(a,z,1)F(x,z,-1) < —=F(z,2,1) = —cy(x, 2),

we have a(x,z) > 1 for all 2, z € R. Choose «, 8 € {+1,—1} in (6.5) to find that

e (2, 2) max(a(y, 2), a(z,y)) < 4 (y, 2)es (2, y) max(a(y, 2), a(z, y))

:max(|c( z)|e (x,y)7c+(y7z)|c,(x,y)|)
< Je_(2,2)] = e4 (@, 2)a(,2). (6.9)

Since ¢y (x,z) > 0, this implies for all z,y,z € R that max(a(y, z),a(z,y)) <
a(x, z), which yields a(z,y) < a(z,0) < a(0,0) and a(0,0) < a(x 0) < a(x,y).
Therefore, a is constant, a(x,y) = a(0,0) for all z,y € R. Let A := a(0,0).
Then A > 1 and c_(z,2) = —A c+(x,z). Since we now have equalities every-
where in (6.9), we conclude cy(z,2) = cy(y,z)cq(x,y). For y = 0, cy(x,2) =
c(0,2)es(2,0), 1 = cq(z,2) = c(0,2)cq(x,0). Put H(z) := ¢4(0,2). Then

H >0 and cy(z,2) = gg;g Hence, by (6.8),

nggozp a >0,
F(z,z,a) = AH(Z)

laf?,  a<O0.

Note that H(z) = F(0,z,1) = T(S.)(0) depends continuously on z. Finally, using
(6.4), we have

Hof(x) pr "o
Tf(x){ el @r fl@) =0

—ABSL@ | @) () <0

}; feCYR), z €R.

This ends the proof of Theorem 6.1. O

The proof of Theorem 6.3 is similar to the one of Theorem 6.1.
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6.4 Rigidity of the chain rule

In Theorem 5.8 we showed that the chain rule is rigid: the perturbed chain rule
equation

T(fog)(x) —Tfog(x) Tyg(x) =B, fog(x),g9(z)) (6.10)

under weak conditions implies that B = 0 and that (6.10) has the same solutions
as the unperturbed chain rule. We now consider an extension of (6.10) and study
the more general inequality

IT(fog)(x)—Tfog(x) Tyg(z)| < B(x, fog(x),g(z)). (6.11)

Theorem 5.8 required no continuity assumption on 7. Since (6.11) allows more
freedom than (6.10), we need a stronger condition of non-degeneration of T to
solve (6.11). We also assume that 7" is pointwise continuous.

Definition. An operator T : C1(R) — C(R) is strongly non-degenerate provided
that, for all open intervals I C R, all z € I and all ¢ > 0, there are functions
f1, f2 € CHR) with fi(z) = fo(x) =z, Im(f1) C I, Im(f2) C I, and T'f;(x) > t,

Note that the model chain rule equality has derivative-type solutions, and
then these assumptions are clearly satisfied.

We then have the following rigidity result for the chain rule.

Theorem 6.8 (Strong rigidity of the chain rule). Assume that T : C'(R) — C(R)
1s strongly non-degenerate and pointwise continuous. Suppose there is a function
B :R? = R such that T satisfies

|T(fog)(x)—Tfog(x) Tg(x)| < Bz, fog(x),g(x)). (6.11)

forall f,ge CY(R), z€R. Assume also that there is o €R such that T(—1d)(zg) <
0. Then (6.11) has the same solutions as the unperturbed chain rule, i.e., B can
be chosen to be zero: There is p > 0 and a function H € C(R), H > 0, such that

 Hof()

The proof of this theorem relies on the follow localization result.

Tf(x) F(@)Psgn f'(z), feC'(R), zeR.

Proposition 6.9. Under the assumptions of Theorem 6.8, there is a function F :
R3 — R such that, for all f € C1(R) and all z € R,

Tf(x) = F(z, f(z), f'(x)).

Proof. Using Proposition 3.3, it suffices to show that for any open interval I C R
and fi1, fo € CH(R) with f1|; = fo|; we have Tf1|; = Tfa|;. Let # € I. Since T
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is strongly non-degenerate, we may choose functions g, € C*(R) with g, (z) = =,
Im(g,) C I and lim,,_, o T'g,(x) = co. Then by (6.11)

B(a:,fl(x),x) <T(fiogn)(x)—Tfi(x) Tgn(x) < B(x, fl(z),x)

B(I’fl (1)7‘1’)

Ton@) . = 0, we get by dividing the previous inequalities by

Since lim,, s
Tg,(x) that
. T(fiogn)(x)
T = lim ————2"2 2
where the limit exists. Note that fi o g, = f2 0 gy, since fi|; = f2|;. Therefore,
T f1(z) = T f2(x) and consequently T f1|; = T fa|r. O

Using Proposition 6.9, the operator chain rule inequality (6.11) for 7" is equiv-
alent to the functional inequality for F":

|F(£L’,Z,O[ﬁ) - F(y,z,a)F(x,y,6)| < B(m,z,y), (612)

for all x,y,2,,8 € R. For x =y = z and ¢, := F(x,x,-), d, := B(x,x,z), this
means

Since T is strongly non-degenerate, limaer ¢y (@) = 0o, lim, cp ¢ () = —00. Ac-
tually, we can show that limgy—eo ¢ (@) = 00, lim,,_, o ¢ () = —o0, cf. [KM10].
The pointwise continuity of 7" implies that ¢, : R — R is continuous. These facts
suffice to show that the nearly multiplicative function ¢, is actually multiplicative:

Proposition 6.10. Suppose that ¢ : R — R is continuous with lim,_, o0 ¢, () = 00
and lim, , . ¢z(a) = —o0. Assume also that there is d € R such that for all
a,feR

[¢(aB) — ¢()p(B)] < d. (6.14)
Then ¢ is multiplicative, i.e., d may be chosen zero, and there is p > 0 such that
6(a) = ol sgna.
Proof. Choose f3,, € R such that 0 < ¢(/3,,) — oco. Then by (6.14)

— 0,

d
¢(Bn)

and hence ¢(a) = lim,, % where the limit exists for all & € R. In partic-

ular, ¢(0) =0, ¢(1) = 1. We conclude that for any o,y € R

i £@5n) 9(150)
n—oo ¢(Bn) d(Bn)

P(a)o(y) =
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Now ¢(a Bn)(vBn) < ¢lay 57) + d and $(53,)$(5n) > ¢(5;) — d. Hence

o dayB2)+d . playp?
o) < tim PTRIEE iy AR o),

since ¢(32) — 00, too, in view of |¢(5,)2—d(52)| < d. Similarly ¢(ay) > ¢(a)p(y).
Therefore ¢ is multiplicative and continuous, with negative values for « — —o0.
Proposition 2.3 implies that there is p > 0 such that ¢(a) = |a|P sgn a. O

Proof of Theorem 6.8. By Proposition 6.9, T'f(z) = F(z, f(x), f'(z)), where F
satisfies (6.12). We analyze the form of F. By Proposition 6.10 and (6.13), there
is p(z) > 0 such that F(z,z,a) = ¢,(a) = a?® for any o > 0. For = # 2, by
choosing successively y = 2 and y = z in (6.12), we find

‘F(w,zyaﬂ) - F(x,z,a)ﬁp(’”)’ < B(z,z,z), >0, a R,

and
|F(x,z,aﬂ) - ap(Z)F(m>Za6)| < B(QC,Z7Z), a > Oa 5 eR.

Exchange o and § in the first inequality. Then the triangle inequality yields
|aP@) — oPP)||F(x, 2,8)| < B(z,z,2) + B(x,2,2) for any o > 0, § € R. This
obviously implies p(z) = p(z) for f =1, a — o0, since F(z, z,1) # 0, which is an
easy consequence of (6.12). Thus for any z,a € R

F(z,z,a) = |a|’ sgna

with p := p(z) = p(z) > 0. Since % — 0 for  — oo, we also conclude for all
acR F 8)
. T,z
For any o > 0, a8 — oo if § — o0, and therefore
F F
F(x,z,«a) = lim M:a” lim M:a”F(z,z,l)
B—00 3P af— oo (aﬁ)p
for any z,z € R. For a < 0 we have
F F —
F(z,z,a) = lim Flw 2 af) la|P lim P,z —lalf) _ la|PF(x, 2, —1).
B—ro0 Joid |er] =00 |a|P 3P

Dividing (6.12) by (af)? for a, 8 > 0, we get

F(m7 ’27a5) F(y7 Z’ a) F(l.?y’ /B) < B(m7 Z’y).

P [P aP 3P ~  appp

By (6.15), this implies F(z,z,1) = F(y,z,1)F(x,y,1) for all z,y,2 € R. For
a — +00, f — Foo, a similar argument yields that for all x,y, 2 € R, F(z,z,—1) =
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F(y,z,1)F(x,y,—1) = F(y, 2z, —1)F(x,y,1). Since F(z,z,1) = ¢,(1) = 17 =1 for
all z € R, 1 = F(y,z,1)F(z,y,1) for all z,y € R. Let H(y) := F(0,y,1). Then
F(y,0,1) = ﬁ and

H(z)
F(x,2z,1)=F(0,2,1)F(2,0,1) = ,
(@.21) = FO.2.)F(@,0.1) = 770
H(z)
F(x,z,—1)=F(z,z2,-1)F(x,2,1) = —F(x,2,1) = ———=,
( ) = F( )E( ) ( ) Q)
using that F(z,z,—1) = ¢,(—1) = —1. We conclude that
H
F(z,z,a) = Héz|a|p sgnoa, x,z,a €R.

Note that H(y) = F(0,y,1) = T(S,)(0) depends continuously on y, where S,
denotes as before the shift by y. Using Proposition 6.9, we get

Ho
Tf(0) = F(o. @), 5'@) = T L @p sn o),
for any f € C1(R), x € R. This solves the chain rule operator equation, so that B
in (6.11) can be chosen to be zero, and proves Theorem 6.8. O

We now turn to a further extension of the chain rule, the one-sided perturbed
chain rule inequality. Let B : R? — R be a function and T': C*(R) — C(R) be an
operator satisfying

T(fog)(x) = Tfog(x) Tyg(x) < B(, fog(x),9(z)), (6.16)

for all f € CY(R), x € R. This is more general than the two-sided inequality
considered in Theorem 6.8, and also more general than the one-sided chain rule
inequality considered in Theorem 6.1.

In the results proved so far, the operator T" was localized. The operator
inequality (6.16), however, is too general that localization could always be shown,
even under strong non-degeneration and continuity assumptions on 7. We provide
an example.

Example. Let He C(R) be a non-constant function with 4< H <5. For fe C*(R),
zeR, with f'(z)e(—1,0), let I, denote the interval It =[x+ f" (2)(1+f'(2)), z].
Then 0 < |Iy,| < 1/4. Let Jf(z) := ule fIf:L y)dy denote the average of f in

It ;. Define an operator 7' : C*(R) — C(R) by putting, for any f € C'(R), = € R,

oL@ f1(), fi(x) >0
HoI @) g f (), fl(z) < -2,
Tf(@)i= 4 oo

P18 (74 Bf/(2), —2< f'(x) < -1,
%};()1)% /('7;)7 -1 < f’(x) < 0.
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Then T satisfies, for all f,g € C'(R), x € R,

T(f o g)(@) — Tf o g(a) - Tyg(x) < 5. (6.17)

Obviously T is not localized since it depends on the integral average Jf if f/'(z) €
(—1,0). Note here that for f(x) > 0 or f/(x) < —2, Tf(x) has the form given
in Theorem 6.1 for B = 0, with p = 1, A = 4. For —2 < a = f’(x) < 0 there
is a continuous perturbation of the line 4a by o if a € (—1,0) and by 7+ £«
if @ € (—2,—1]. Note that T'f is continuous for all f € C*(R): if x, € R are
such that f'(z,) € (-1,0) and x,, — « with f'(x,) — —1 or f'(z,) — 0, then
Jf(xn) — f(x) since |14, | — 0.

To prove (6.17), use % < ggzg < g for all y,z € R, and distinguish the
following cases: (1) a, 8 > 0; (2) o, 5 < =2; (3) a, B € (=2,0); (4) « < =2, 5 €
(=2,-1]; b) a < =2, € (—1,0); (6) >0, af < =2; (7) >0, af € (-2, —1];
(8) >0, aff € (—1,0). The estimates to show (6.17) are easy in each case but a
bit tedious. They can be found in detail in [KM10]. O

Assuming localization in addition to (6.16), i.e., that there is a function
F :R3 — R such that for all f € C1(R), x € R,

Tf(x)=F(z, f(2), f'(x))
holds, the operator inequality (6.16) is equivalent to the functional inequality
F(z,z,0B) < F(y, 2, a)F(z,2,8) + B(z, 2,y) (6.18)

for all ,y, z, «, 5 € R. Similar to the two-sided case in (6.12), the most important
special case to solve is the one of z = y = z which means

Gz(af) < Gu(@)2(B) + du,

where ¢, := F(x,z,-) and d, := B(z,x,x). We have the following result on these
nearly submultiplicative functions.

Theorem 6.11. Let ¢ : R — R be continuous with lim, o ¢(a) = co. Suppose
that there is cg < 0 with ¢(c) < 0 and that there is d € R such that we have for
all a, B € R

d(aB) < p(a)d(B) + d.

Then d > 0 and there are p > 0 and A > 1 such that for all a > 0
Ppla) =a”, —Aa® < P(—a) < min(—4a?,—AaP +d).

(=)

—aP

é(=a)

—aP

Moreover, the limit limg_ o exists and A = limg_yoo
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Remarks. For d # 0, ¢|r_, is not of power type, but is close to the power-type
function —A|af? for large |af, a < 0. Interestingly enough, @|r., is of power type
aP. For p=1, A =2, the function

a, a >0,

1

5, o€ [_13 0)7
pla)=q2 ",

3+ 50, a€[-2,-1),

2a, o< =2

provides an explicit example satisfying the assumptions of Theorem 6.11 with
d= %, o(af) < o(a)p(B) + %, which is not of power type on R_g.

The proof of Theorem 6.11 is an asymptotic modification of the one of Theo-
rem 6.2 for submultiplicative functions when d = 0. We only provide the essential
steps of the proof, which are:

(a) Show limgy_yeo ¢(r) = 00, limy s oo P(a) = —00.

(b) Choose b > 1 close to 1. Let ¢y := b, ¢ := £¢. Then for large vo = yo(b),
p1(af) < ¢1(a)g1(B) if aB > yo and ¢2(af) < ¢ga(a)g2(B) if af < —7o:

¢1 and ¢o are submultiplicative for large a8 in the positive, respectively
negative range.

(c) Define f(t) := In¢y(exp(t)), g(t) := In|pa(—exp(t))| for t € R. Then, for
o :=In 0,

0<p:=inf &: lim @<oo, f(t) = pt + a(t).

t>tg T t—00

(d) For t,s € R with t + s > o,
g(t+3s)>g(t)+ f(s) —2Ind.
Using 0 < f(t) + f(—t) for all t € R, show that
lg(t) = [c+ pt + a(t — to)]| < 2Inb,
for all ¢t > to, where ¢ := g(tg) — pto, and a satisfies lim;_, @ = 0 with
a(t) > 0 for t > tg.

(e) Improve the bound for a to a(t) < 61nb for all t > ¢y, for a suitable t; > to.
Then ¢4 (o) = a? exp(a(lna)), o > 0 is asymptotically o for large «, if b is
close to 1 and thus Inb is close to 0. Further ¢o(a) ~ —Ala|? exp(a(In ™ ’)),
aq := exp(ty), for large negative a.

(f) Use ¢ = %¢>1 = bgo, take the limit as b — 1 and prove that ¢(a) = o for
d@) _ 4

—|al?

a>0and limg,_, o
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We do not give the details here, but refer to [KM10].

Using Theorem 6.11, we may prove the following result on the one-sided
perturbed chain rule inequality, assuming localization which cannot be guaranteed
otherwise, as shown by the previous example.

Theorem 6.12. Assume that T : C*(R) — C(R) is strongly non-degenerate, point-
wise continuous, and that there is xy € R with T'(—1d)(z¢) < 0. Suppose that there
is a function B : R3 — R such that the perturbed chain rule inequality

T(fog)(x) <Tfog(w) Tyg(x)+ Bz, fog(x) g(x))
holds for all f,g € CY(R), x € R. Assume also that there is F : R® — R, so that
Tf(z) = F(z, f(z), f'(z)), feC'(R), z€R.

Then there are p >0, A>1, He C(R), H > 0 and a function K : R? x Rg —
R_g which is continuous in the second and the third variable satisfying

—Ao? < K(z,z,—«q)

i 1P—ap H(x)min €T, 2, X T, 2,2
<m1n<—Aa, A +H(z) [B(z,z,x), B(x, 2, )]>

forallx,z € R, o > 0, and for which A = limg_, W exists for all x,z € R,
the limit A being independent of x and z, such that for all f € C*(R) and x € R
Hof(ar:)f/(aj)p7 f/($> >0,

z) = H(z)
Tf(x) {HI;{X)K(x,f(CU)»fI(x))’ f'(z) <0.

The property of K means that for negative values of f/(z), T'f(x) is reason-

ably close to fAHIS,{g) |f/(x)|P, deviating from this value by at most

min[B(z, f(z),z), B(z, f(z), f(z))],

i.e., deviating by at most this amount from the solution in Theorem 6.1 for B = 0.

For the proof of Theorem 6.12 we refer to [KM10]. Theorem 6.11 has an ana-
logue for nearly supermultiplicative functions ¢(af) > ¢(a)d(5) —d and Theorem
6.12 has an analogue for the perturbed supermultiplicative operator inequality

T(fog)(x)>Tfog(x) Tg(x)— Bz, fog(x),g(x)).

6.5 Notes and References

The result on the chain rule inequality, Theorem 6.1 and Proposition 6.6 on the lo-
calization of the operator T' were shown by Konig and Milman in [KM9]. Theorem
6.2 on submultiplicative functions on R is also found in [KM9].
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The proof of Lemma 6.5 on subadditive functions on R follows Hille, Phillips,
[HP, Chap. VII]. If additionally in this lemma f is continuous at 0 and f(0) =0
holds, f is continuous at any ¢ € R, cf. also Hille, Phillips, [HP]. A simpler variant
of Lemma 6.5 for sequences goes back to Fekete [Fe|, p. 233, cf. also Pdlya, Szego
[PS], Problem 98.

The rigidity result Theorem 6.8 for the is taken from [KM10]. Theorems 6.11
and 6.12 as well as the example before Theorem 6.11 are shown in [KM10], too.

Submultiplicative maps may not only be considered on the real line as in
Theorem 6.2, but also on function spaces like C*(I). But, as in the case of multi-
plicative operators, cf. [M], [MS], [AAFM] or [AFM], one assumes that the mapping
is bijective. Let us call T : C*(I) — C*(I) C*-pointwise continuous provided that
for all sequences f,, € C*(I) and all f € C*¥(I) with f7(lj ) fU) converging uni-
formly on compact subsets of I for all j € {0,. .., k} we have that T f,,(x) — T'f(x)
converges for all © € I. Then the following result holds for submultiplicative op-
erators, cf. Faifman, Kénig and Milman [FKM]:

Proposition 6.13. Let [ C R be open and k € Ny. Suppose that T : C*(I) — C*(I)
is bijective, C*-pointwise continuous and submultiplicative, i.e.,

T(f-9)(z) <Tf(x) Ty(z), f.geC*I), z€l (6.19)

Assume also that T(—1) < 0 and that Tf > 0 holds if and only if f > 0 for all
f € CK(I). Then there exist a homeomorphism u : I — I and two continuous
functions p, A € C(I) with A > 1, p > 0 such that

f )P, f(z) >0,
—A(x) |f(@)|P@, f(z) <0.
Conversely, T defined this way satisfies (6.19).

For k € N, we have that A = p = 1 and that u is a C*-diffeomorphism, so
that

(Tf)(u(z)) = {

Tf(u(z)) = f(x).
Thus, for k£ € N, the operator is even multiplicative and linear.
We indicate some steps of the proof.

Step 1. For € I, an approximate indicator at x is a function f € C*(I)
with f > 0 such that there are open neighborhoods = € J; C Jy of x with
fls, =1 and f|p s, = 0. Let AI, denote the set of all approximate indicators at
z. Define a set-valued map from I to the subsets of I by u(z) := ;¢ ar, supp(T'f),
where supp(7'f) denotes the support of T'f. One shows that u(x) is either empty
or consists of only one point and that for f € AL, Tf|,,) = 1. Also for any
f e C*I) and & € I, sgnT f|, ) = sgn f(z). Here the fact that f > 0 implies
Tf >0 is used.
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Step 2. Let G denote the set of all z € I for which there is an approximate
indicator f € AI, with compact support. Then obviously, u(z) is not empty and
hence consists of one point, and u : G — u(G) C I can be considered as a point
map. Using among other things that Tf > 0 implies f > 0, one proves that u(G)
and G are dense in I and that v : G — u(G) C I is continuous and injective.

Step 3. One shows that for any open subset J C I and any fi, fo € C*(I)
with f1]; = fo| s we have that T'f1|,(s) = T f2|u(.s), after proving for any h € Ck(I)
that h|; = 1 implies T'hl, sy = 1 and that h|; = —1 implies Th|, ;) = T(—1)|y(J)-
This yields the localization of T' on G: There is F' such that

Tf(u(x)) = F(x, f(x),..., fP(x))
for any f € C*(I) and x € G. Moreover, sgn F(z, g, ..., ) = sgn ag.

Step 4. The operator inequality for T translates into a functional inequality
for F'. One proves that I’ does not depend on the variables (o, ..., ay). Theorem
6.2 then yields that for any f € C*(I) and all z € G

fla)P), f(x) =0,

(Tf)(u(x)) = ~

—A(2) [f(@)]P®), f(x) <0,
where A > 1 and p > 0 are continuous functions on G. The functions and operators
are then extended by continuity to all of I, with v : I — I being a homeomorphism.

For k € N, considering the inverse operator expressed with powers ﬁ, shows that

A =p =1 and that u is a C*-diffeomorphism. O
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The Second-Order Leibniz Rule

Chapter 7

In the previous chapters we investigated the solutions and the stability properties
of the Leibniz and the chain rule operator equations. These equations formalized
properties of the first derivative of a function. In this and the next chapter we
study equations which are motivated by identities for the second derivative. One
of our goals is to find simple properties which characterize the Laplacian. In the
setup of Leibniz type equations, this will be done in Sections 7.1 and 7.2.

Let I C R be an open interval. Then for f,g € C?(I)
D*(f-g)=D*f-g+f-D*y+2Df - Dy,

where D? and D denote the second and first derivative, respectively. This is a very
particular setting of the operator functional equation

T(f-g)=Tf g+ f Tg+Af-Ag, fgeCI), (7.1)

for operators T, A : C*(I) — C(I), namely for k = 2, T = D? and A = v/2D.
In this chapter we will study the general form of the solutions of (7.1) under
mild additional assumptions. Note that for A = 0, (7.1) is just the Leibniz rule
equation, so its solutions may be added to any solution of (7.1), and they can be
considered as the “homogeneous” solution. Actually, the operators T and A are
strongly coupled by (7.1) and there are fewer solutions (7', A) than one might at
first imagine.

To characterize the Laplacian, we also consider functions in C?(I)=C?(I,R),

where I C R™ is an open set. Then for the Laplacian A := " o°

=1 @’
A(f-g)=Af-g+ f-Ag+2(Df,Dg), f.gcC*LR).

Forx € I CR", Df(x),Dg(x) € R™ and (-, -) denotes the standard scalar product
on R™. Formalizing this, we will also investigate the solutions of the operator
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equation

for operators T : C*(I,R) — C(I,R) and A : C¥(I,R) — C(I,R"). For clarity, we
include in the notation C*(I, X) the space X € {R,R"}, into which C*-smooth
functions f : I — X are mapped, unless evidently X = R.

We characterize the Laplacian by this equation, orthogonal invariance and
the annihilation of affine functions. But we also determine the general solution of
(7.2) under weak assumptions.

For f € CY(I,R), I C R™, we use the notation Df = f’ instead of grad f
and D?f = f” instead of the Hessian Hess f.

The second-order chain rule for f,g € C*(R),
D*(fog)=D*fog-(Dg)*+Dfog- D,

may be better understood if we ignore the form of the specific operator D and
study the “second-order-type” operator equation

T(fog)=Tfog-Aig+Asfog-Tg, f.g€eCR)

for a priori arbitrary operators T, A; and As. We will investigate the solutions of
this equation in Chapter 9.

7.1 Second-order Leibniz rule equation

If the operators T' and A satisfying (7.1) would be localized, as most of the opera-
tors T in the previous chapters, equation (7.1) would turn into a functional equa-
tion for two unknown functions which then could be analyzed. However, without
further assumptions, 1" and A will not be localized as the following simple example
shows.

Example. Define T, A : C?(R) — C(R) by

Tf(z):=—flz)+ fle+1), Af(x):=f(z)—flz+1),

for f € C?(R), € R. Then T and A satisfy (7.1) but 7 f(x) is not a function of
(x, f(z), f'(x), f"(x)), but depends also on the values of f at x + 1. Here, x + 1
might be replaced by x + ¢(z) for any continuous function ¢ € C(R).

In the example, for functions f € C?(R) supported in a small neighborhood
of z, Af(x) = f(x). We have to exclude this possibility to prove the localization
of T and A. To do so, we introduce a condition of non-degeneration of A, already
in the more general setup of functions on open subsets of R™.
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Definition. Let & € Ny, n € N and I C R™ be an open set. An operator A :
C*(I,R) — C(I,R™) is non-degenerate provided that for all open subsets J C I
and all x € J there exist (m + 1) functions g; € C*(I,R) with support in J such
that the (m + 1) vectors (g;(z), Agi(z)) € R™T i € {1,...,m + 1}, are linearly
independent in R™*1,

In the case of (7.1), m = 1, (gi(z), Agi(z)) € R? should be linearly inde-
pendent for ¢ = 1,2: Locally near x, A should not be proportional to the identity
operator. This assumption of non-degeneration excludes a type of “resonance”
situation between two involved operators, namely A and the identity.

Under the assumption of non-degeneration of A, we determine the general
solution of (7.1). We do it slightly more generally for functions f : I — R on
domains I in R", to prepare for the solution of the operator equation (7.2) which
will be based on the following two theorems which are the central results of this
chapter.

The first theorem is, in fact, a special case of the second. However, it is much
easier to state. It is the most interesting special case of the second theorem.

Definition. Let £ > 2, n € N and I C R"™ be an open set. An operator A :
Ck(I,R) — C(I,R) depends non-trivially on the derivative if there is € I and
there are functions f1, fo € C*(I,R) with fi(z) = fao(z) but Afi(z) # Afa(x).

Theorem 7.1. Letn € N, k € Ny and I C R™ be open and connected. Assume that
T,A:CKHI,R) — C(I,R) satisfy the second-order Leibniz rule equation

T(f-9)=Tf g+ f -Tg+Af-Ag, fgeC"I,R),

and that A is non-degenerate and depends non-trivially on the derivative. Then
there are continuous functions a € C(I,R) and b,c € C(I,R™) such that we have
for all f € C*(I,R) and all x € T

1

Tf(x) = 5(f"(@)e(), c(x)) + Rf (@),

Af(x) = (f'(2), c()).

where Rf(x) = (f'(z),b(x)) + a(x)f(x) In|f(z)| is an additive “homogeneous”
solution, i.e., a solution of the ordinary Leibniz rule.
Conversely, these operators satisfy the second-order Leibniz rule.

Hence, up to the additive homogeneous term, the solution for 7' is just a
second directional derivative. We now state the main result when no assumption
on the dependence on the derivative is imposed.

Theorem 7.2 (Second-order Leibniz rule). Let n € N, k € Ny and I C R™ be open
and connected. Assume that T, A : C*(I,R) — C(I,R) satisfy the second-order
Leibniz rule equation

T(f-9)=Tf g+ f Tg+Af-Ag, fgeCrIR), (7.3)



116 Chapter 7. The Second-Order Leibniz Rule

and that A is non-degenerate. Then there are three possible families of solutions,
two of which possibly might be defined on subsets partitioning I and joined to form
solutions on the full set I. More precisely, there are two disjoint subsets I, I C I,
one of them possibly empty, with I = I; U Is, I open, and there are functions
byec: I — R™ and a,d : I — R which are continuous except possibly on 0ls, and
there is p € C(I2,R) with p > —1, such that after subtracting from T the solution
R of the homogeneous equation given by

Rf(x) = a(x)f(x) n|f(z)| + (f'(x),b(x)), [eCI,R), z€l,
the operators Ty := T — R and A have one of the following three forms:

either
o T1f(x) = §(f"(x)ec(x), c(x)), Af(x) = (f'(x),c(x)), x €I, k>2;
o Tuf(@) = 3@ (@) (@))%, Af(@) = d(@)f(@)n|f(2)], @ € I

o T1f(x) = d(x)Af(x), Af(x) = d(z)f(z)({sen f(2)} f(x)|P®) — 1), @ € L.
In the first case, for k > 2, the functions a,b,c are continuous on I, whereas in
the second and third case, for k > 0, the functions a,b,d may have discontinuities
in points of Ols. In the last formula, there are two solutions on Is, one with
the {sgn f(x)}-term present and the second without it. If the {sgn f(x)}-term is
present, p = —1 is allowed, too.

If Iy # I and Iy # I, the last two solutions should be combined to form
a solution on I = Iy U Iy where the images of T and A need to be contained
in the continuous functions C(I). This is possible by appropriate choices of the
parametric functions a,b,c and d, as an ezample below shows.

Conversely, the operators (T, A) defined by these formulas satisfy equation
(7.3).

Remarks. (a) The coupled solutions on I; and I only depend on z and the function
values f(z), but not on the derivatives of f at x. Therefore Theorem 7.1 is a special
case of Theorem 7.2.

(b) We do not impose any continuity conditions on 7" or A. We also do not
require T or A to be linear, which, in fact, is only fulfilled in the case of the first
solution when a = 0, i.e., when T is essentially the second derivative and A is
essentially the first derivative.

(c) Note that for all solutions, the operator A can be extended from C* (I, R)
to C1(I,R) if k > 2, and the operator T from C*(I,R) to C?(I,R), if k > 3, by the
same formulas. Therefore, on C*(I,R) with k > 3, there are not more solutions
than on C?(I,R). In the case of the second and third solution, A can even be
extended to C(I,R) and T to C'(I,R) or C(I,R), depending on whether b # 0 or
b = 0. Therefore,

(C*(1,R),C*(I,R)), (C'(I,R),C(I,R)), and (C(I,R),C(I,R))
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are the natural domain spaces for (T, A).

(d) In the first solution, the second derivative part in T is the second direc-
tional derivative of f at « in the direction of v(z) = HCE%%II , multiplied by 1|c(z)|%.
However, the direction v(z) changes continuously with « € I. Similarly, Af(x) is
a multiple of the directional derivative Bf—(fz)(:ﬂ).

Starting with the derivations Rf = f" and Rf = fIn|f| solving the Leibniz
rule by Theorem 3.1, the main parts of the first two solutions might be considered
as “second iterated derivations”. In particular, on I1, 3 f(In|f|)? plays the role of
the second iterated derivation, when starting with the entropy function fIn|f| as
first derivation, with natural domain C(I;, R). Nevertheless, the solutions of (7.3)
are slightly different from the second iterations of the solutions of the first-order
equation (3.1): Tterating Rf = f In|f]| gives

R*f = f (n[f)* + f (n|ln|f]]).

In the last solution on I5, when the {sgn f(z)}-term does not appear, actually
p > —1 is required to guarantee that the ranges of 7" and A consist of continuous
functions. In the third solution on Is, different from the first two formulas on I
and on Iy, the operators T7 and A are proportional.

(e) Only very few tuning operators A are possible when solving (7.3), and
then they determine the main operator 71" to a large degree. Choosing, e.g., A =
V2 D, D being the derivative, yields that Ty is given by the second derivative.

(f) As in the case of the extended Leibniz rule, considered in Theorem 3.7,
the last couple of solutions for (7, A) in Theorem 7.2 on I; and I could and should
be joined to provide solution operators (7, A) with ranges in C(I), I = I; UI,. To
indicate that this is possible, we adjust the example following Theorem 3.7 to the
second-order Leibniz rule.

Example. For n = 1, k € Ny, define operators T, A : C*(—1,1) — C(—1,1) by

o [3r@ W@l v € (-1,0),
e {afxu ) —1— 2l lf@)), =€ (01,
f
!

8

() In|f(x)|, z € (—1,0],
f@)(f@)" 1), ze(0,1).

On I, = (—1,0], (T, A) is a solution of the second type, on I, = (0,1) one of
the third type, with —%f(x) In|f(z)| being the homogenous part of the solution
for T"on (0,1). For any f € C(—1,1), Af and Tf are continuous at = = 0 since
lim, 0 = (| f(2)[* — 1) = In|f(0)| and

Bl .

lim (| @)~ 1~ 2In|f(2)]) = £ (0 F(0)))"

x—0 ,’1,‘2
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The operator A is non-degenerate: For 0 € J C (—1,1) open, just choose
functions g1,g2 € C*(I) with supp(g;) C J and ¢1(0) = 2, g2(0) = 3. Then
(9i(0),9:(0)In g;(0)) € R? are linearly independent for i = 1,2. O

(g) Since there is no continuous approximation of derivative values f’(x) by
only functions of z and f(z), the first solution cannot be continuously approx-
imated by one of the other two solutions. Hence, the first solution has the full
domain [ if it occurs.

Corollary 7.3. Suppose that the assumptions of Theorem 7.2 are satisfied. Assume,
in addition, that T annihilates all constant functions. Then k > 2 is required and
there are b,c € C(I,R™) such that for all f € C*(I,R) and all x € I

1

S @)e(@), (@) + (f'(2), b)),  Af(z) = (f'(2),c(x)).

Ti@) =5

If T also annihilates the linear functions, the function b is zero.

If I =R"™ and T or A are isotropic, i.e., commute with all shifts S, y € R",
AS, = SyA, where S, f(z) = f(z +y), « € R", the vector functions ¢,b are
constant. Then T is a multiple of the second directional derivative in the fixed
direction of ¢ at x plus a multiple of the first directional derivative in the direction
of b at .

Proof of Corollary 7.3. Choosing different constant functions, the assumption that
T annihilates the constant functions shows that the parameter function d in the
second and third solution for 73 in Theorem 7.2 has to be zero, and also the func-
tion @ in R. This leaves only the first solution for 7). Hence, under the assumptions
of Corollary 7.3, the solution of (7.3) has the form

1

S (M (@)e@), e(@)) + (f'(2), b(x)),  Af(x) = (f'(x),c(@)).

i) =

If T also annihilates the linear functions, the function b has to be zero, too. Note
that ¢ # 0 since otherwise A would be degenerate. Therefore also 1" # 0. (]

To prove Theorem 7.2, we first show that the operators T' and A are localized.
In the following we again represent the (-th derivative f()(x) of f at z by the
M (n, ) independent ¢-th order iterated partial derivatives

o' f(z
( f(z)

axil . 81‘” )1Si1§~~~§i4§n’

as done in Proposition 3.6.

Proposition 7.4. Let k € Ny, n,m € N, I C R" be open, and T : C*(I,R) —
C(I,R) and A : C*(I,R) — C(I,R™) be operators such that

T(f-g)(x) =Tf(z) gl) + f(z) Tg(z) + (Af(z), Ag(x)), (7.4)
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f,g € CE(I,R), x € I. Assume that A is non-degenerate. Let M(n,l) := (”+§_1)

and N(n, k) := Z?:o M(n,0)= (";k) Then there are functions F : T x RN(*)
R and E : I x RNR) 5 R™ such that for all f € C*(I,R) and x € T
Tf(@)=F(w, f(@), '), [ (@)

and
Af(@) = B, f(2), f'(2),..., fP(@)).
In the case of equation (7.3) we need this result for m = 1, but in (7.2) — to
be considered later — we will use it for m = n.

Proof. Let J C I C R" be open and f1, fo € C¥(I,R) satisfy fi1|; = f2|s. For any
g € C*(I,R) with support in .J we have f; - g = fo - g and hence by (7.4)

THi-g+fi-Tg+(Afi,Ag) =T(f1-9)=T(f2-9)
=Tfo-g+ fo-Tg+ (Afa, Ag).

Therefore, for any x € J, with fi(z) = fa(z),
(Tfi(z) = Tfa(2)) - g(x) + (Afi(2) — Afa(), Ag(z)) = 0. (7.5)

Since A is non-degenerate, we may find (m + 1) functions g1, ..., gms1 € CF(I,R)
with support in J such that the (m + 1) vectors (gi(x), Agi(x)) € R™*! for i €
{1,...,m+1} are linearly independent. Applying (7.5) to these functions g; instead
of g, we conclude that T fi(x) — T'fo(x) = 0 and Afi(x) — Afe(z) = 0. This yields
that Tf1|; = Tfa2|; and Afi]; = Afz|s. Note here that Tf; is R-valued and
Af; is R™-valued, for j € {1,2}. Hence by Proposition 3.6 there are functions
F oI xRN 5 Rand E: I x RNM™R — R™ such that

Tf(z) = F(z, f(z),..., f®(x))
and
Af(z) = E(z, f(z),..., fP(x), feC*I,R), z€l O

Proof of Theorem 7.2. (a) We use Proposition 7.4 for m = 1 to conclude that
there are functions F, FE : I x RN("*) — R such that

Tf(z) = F(x, f(2), ['(),..., fP(2))
and
Af(x) = B(z, f(z), f'(2),.... [P (z)), feC¥ILR), el
Putting f = 1 in (7.3) yields that, for all g € C*(I,R) and z € I,
g(x) - T1(z) + Ag(z) - Al(z) = 0.
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By non-degeneracy of A, we may choose g1,90 € CF(I,R) such that
(gi(x), Agi(z)) € R? are linearly independent for i = 1,2. Applying the previ-
ous equality to g = g1 and g = go yields T1(x) = 0, Al(z) =0, i.e., T1 = A1 = 0.
This means that F(z,1,0,...,0) = E(x,1,0,...,0) =0 for all x € T.

For g € C*(I,R), put f := exp(g). Then f > 0 and f € C*(I,R). In the
following, we will analyze the form of the solutions T'f and Af of (7.3) for strictly
positive functions f > 0. Only in part (e) of the proof we turn to general functions.

With f = exp(g) we may define operators S, B : C*(I,R) — C(I,R) by

Sg :=T(exp(g))/ exp(g), Bg:= Alexp(g))/ exp(g), g€ C*(I,R).
Then, for any g1, g2 € C*(I,R), by (7.3)

T(exp(g1) - exp(g2))

Slort92) = =00 -explgs)
_ T(exp(g1)) LT (exp(g2)) | Alexp(g1)) A(exp(g2))
exp(g1) exp(gz) exp(g1) exp(gz2)
= Sg1 + Sg2 + Bgi - Bgs. (7.6)

Since the derivatives of f = exp(g) can be expressed in terms of functions of g
and the derivatives of g, the operators S and B are localized, too. Hence, there
are functions G, H : I x RNV(™*) 5 R such that, for all g € C*(I,R),

T (exp(g))(x)

Sg(x) ox(9) (@) G(z,9(x),...,9"(x))
and
) = Alexp(g))(x) — H(z. olx ®) (4

G(z,0,...,0) = H(z,0,...,0) = 0.
By (7.6) and (7.7) we have, for all g1, 9> € C*¥(I,R) and z € I,

G(x. (91 +g2)(@), . (91 +92) V(@) = G2, 01 (2),..., 91" ()
+G(2,02(@),.., 95" (@) + H(z.01(2), ... 91" (@) - H (2, ga(a)..... 95" ().
For any o = (ay)f_o, 8 = (Be)f_ € RN(K) with ay, B € RM(8) and x € I, we
may choose functions g1, g2 € CF(I,R) such that giz)(x) = ay and gy)(x) = B
for all £ € {0,...,k}, recalling that we represent gﬁf) (z) and gy) (z) by M(n,t)

independent ¢-th order iterated partial derivatives. Therefore, (7.6) is equivalent
to the functional equation

G(z,a+B) = G(z,a) + G(z, B) + H(z,a)H(z,B), z €, a,f RN (78)
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for two unknown functions G and H. By Proposition 2.9, for each x € I there are
additive functions C(x), D(z) : RN(™*) — R and constants v(z) € R such that
any solution (G, H) of (7.8) has one of the following three forms:

either

G(z,a) = 5C(2)(e)” + D(z)(a),

H(z,a) = C(x)(a), 9
G(z,a) = 'y(:zc)2 [exp(C(:r)(a)) — 1] + D(x)(«), (7.10)
H(x,a) = y(x) [exp(C(m)(a)) — 1], '

G(z,a) = —y(z) + D(2) (),
H(z,a) =~(x).

In the third case, Bg(x) = ~(z) for all g € C*(I,R), and hence Af = ~f would be
a multiple of the identity, first on positive functions, but then also on all functions,
by an argument given in part (e) below. This map A would not be non-degenerate.
Therefore, we only have to investigate the specific solutions (7.9) and (7.10) of
(7.8).

By additivity, the functions C(z), D(z) split as a sum

k
Cla)(@) =) el@)(ar), D(@)(@) =) di(z)(ae), a=(ar)i,

=0 £=0

where ¢(x),d¢(z) : RM™O — R are additive functions, too. Hence, for all
g € C*(I,R),

D()(g(x), .., g" (@) = Y de(2) (9 ().
=0

Using this, (7.7) and (7.9) or (7.10), we have the following two possibilities for the
operator B:
either

H(a:, g(z),... ,g(k)(aj)) =C(x) (g(x), . ,g(k) (x))

k
> @) (g (@), geCHIR) (7.11)
£=0

Bg(x)
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or

, g€ CHIR). (7.12)

We also know that Bg(x) = H(z, g(x),...,g" (x)) is continuous for all g € C*(I).
As indicated by the example after the remarks on Theorem 7.2, the solution for-
mulas may possibly change continuously in a “phase transition”. Therefore, we
put

I := {x € I'| (7.11) provides the formula for Bg(z) for all g € CH(I,R)},
I := {x € I'| (7.12) provides the formula for Bg(z) for all g € CH(I,R)}.

Obviously, I1 NI =0, [y UI, = I. If I, = () or I; = {), the solution for B, and
later also for T" and A, is given by a single formula, (7.11) or (7.12). We claim that
I5 is open. If this would be false, there would be zg € I and a sequence x,, € I
with lim,, o0 T = 2. We know that for all g € C*(I,R)

k
Bg(xo) = (o) [exp (Z Q(%)(gm(m))) - 1] ’

=0
(@o) # 0, (ce(w0))i=p # 0.

We will show that a contradiction to the assumption x,, — x( follows from the
fact that a rapidly growing exponential function cannot be well approximated by
additive functions as in (7.11).

Indeed, to show this, let us assume that c¢g(zp) : R — R is non-zero, to keep
the argument and the notation simple. Then there is a fixed @ € R such that
co(zo)(a) > 0 (just multiplication of c¢g(xg) by «). By additivity, for any r € N,
co(xo)(ra) = reo(zo)(a) Hence, for the constant functions g, g.(x) := ra, we
have

Bgr(z0) = v(x0) [exp(r co(wo) () — 1],
using ¢¢(x)(0) = 0 for all [ € N. By assumption, all Bg,(x,,) are given by (7.11).
Hence there are additive functions ¢y(z,,) : R — R such that, for any r € N,

Bgr(zm) = co(xm)(ra) = 1 co(wm) ()
approximates By, (zq) well as m — oo. Hence there is m(r) € N such that

Co(Tm(r)) () > @% [exp(r co(zo)(@)) — 1]7

and therefore sup,,,cy Co(Tm )(a) = co. We conclude that

sup Bgi(2y,) = sup ¢o(m)(a) = oo,
meN meN
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contradicting the continuity of Bg;, which requires that lim,, . Bgi(z;,) =
By (o) exists in R. Hence, I5 is open.

If I5 is dense in I, but Iy # I, we will later get the formula for Bg (and
Tf,Af) by continuous extension from I to 0I; = I \ I, using that all functions
Bg are continuous. Assume that I5 is not dense. Then I; = I \ I» has non-empty

interior /4, and it suffices to prove the formulas for Bg, Af and T'f — as stated in
[e]
Theorem 7.2 — for x € Iy and « € I;. Both sets are open, and we will denote this
o
open set by J € {I,I}, JC I CR™
(b) We now analyze the structure and regularity of the operator B given by

(7.11) and (7.12) on J.
By the remarks before, we may assume that (7.11) and (7.12) hold for all

g € C*(J,R) on the open sets J = I} and J = I, respectively. We also know that

Byg(z) = H(z,g(x), . ,g(k) (3:)) and Sg(z) = G(JC, g(z),... ,g(k)(z))

are continuous functions for any g € C*(J,R).

In the case of J = Iy, (7.9) and (7.11), Theorem 2.6, with (k — 1) replaced
by k, yields directly that C(z) : RV — R is linear and depends continuously
on x € J. Hence, the ¢;(z) : RM(™D — R are linear, continuous and

k

By(z) = C(2)(g(x),....gW (@) = > {eo(@), g ().

£=0

Using this, (7.9) and the continuity of Sg(x) = G(z,g(x),...,¢%)(x)) in z € J
for all g € C*(J,R), D(z)(g(z),...,g" (x)) is continuous for all g € C*(J,R),
too. Hence, again by Theorem 2.6, the functions dy(x) : RM(8) _ R representing
D(x) are linear and depend continuously on x € J, too. Therefore, by (7.7) and

(7.9)

k 2k
Sow) = 5 (Zw(x), ) + 2 _(de(@), 99 (),

£=0

k
Bg(z) =Y (i), g (). (7.13)

In the case of J = I, C(x) is non-zero for any = € J since otherwise A would be
degenerate. Therefore, for any x, C'(z) attains infinitely many different values for
different functions g,,. Forming quotients, we first find that the function v : J — R
n (7.12) is continuous and has no zero in J, which in turn implies that once
more Z?:o co(2) (9 (x)) depends continuously on z € J for all g € C*(J,R).
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Again Theorem 2.6 yields that the c,(x) : RM() — R are linear and depend
continuously on x € J, so that by (7.12),

k
Bg(z) = v(x) lexp <Z<Cg(x),g(f)(m)>> - 1] , x el (7.14)

£=0

(¢c) We now analyze in detail the form of B,S,A and T in the first case

J = I, where S and B are given by (7.13).
Then by (7.13) and the definition of B, for any f € C*(J,R) with f > 0, we
get, putting g :==In f, f = exp(g), that

k
Af(x) = f(z)Bg (@)Y {eo(x), (I ))O (), zeJ.

£=0

The ¢-th derivative of In f has a singularity of order O(%) as [ tends to zero, if
f" # 0. More precisely, for £ > 2,

(In )9 = (J;/)(“) = (=D -1) <J;)é + P(fy. .., fO),

where P is a sum of quotients with powers of f of order < /—1 in the denominator
and product terms of derivatives of f of order < ¢ in the numerator. Therefore, the
order of singularity of f(In f) is (’)(f},l) as [ tends to zero, if f’ # 0. Since Af
is continuous and hence bounded also in neighborhoods of points where f is zero,
the above formula for Af requires that cx(z) = 0,...,co(x) = 0 if £ > 2. This
argument is the same as in the proof of Theorem 3.5. Hence, for all f € C*(J,R)
with f >0,

Af (@) = f(2)B(n f)(2) = co(x) f(z) In f(2) + (c1(2), [ (2)), w €T

Using this, (7.13) and the definition of S, we get for T'f, f > 0,

(co(@) f(z) In f(z) + (e (), f(x)))

Since also T'f is bounded in neighborhoods of points where f is zero, we find that,
if ¢; # 0, the order O(1/f) of singularity in T'f in the first term on the right of
(7.15) has to be canceled by an opposite singularity in the second term on the
right. Since f(In f)(® has a singularity of order O(%), only dy,d; and dy could
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possibly be non-zero. This yields two possibilities for solutions (T, A), as we will
show now. As a multilinear form, (In f)”(z) is given by

o) € mon Ly @) (@) (7))
f(z) f(x)?

returning to regular derivative notation. Hence, symmetrizing our second deriva-

tive notation — and modifying ds(x) accordingly — we need in (7.15) that da(z) =

Lei(2) @ ei(z), if do(x) # 0. In this case (7.15) gives

71(0) = (3ol )10 £(2)* + cole) n f@){er (o), 1)
'(z))? c1(z), f(x))>
+;<cl<a;>(,j)< ) >+ (;U/,@)Cl(@,q(x»; <f>(£)< ) )

+(di(2), f'(x)) + do(z) f(z) In f(x).
This requires that ¢p = 0 since otherwise the second term on the right — involving
the factor In f(x) — would possibly be unbounded. Thus we get, with do = %cl ®cy
and ¢y = 0,
) = 5(f"(@)er(@), cr(@)) + (' (), di(2)) + do() f(2) In f (),

Af(@) = (f'(2),c1(2)), weJ f>0.
This is the first solution in Theorem 7.2. If dy = 0, no singularity is allowed in
the first term on the right of (7.15), requiring ¢; = 0. We then obtain the second
solution in Theorem 7.2,

Tf(z) = geo(2)’ f(z)(In f(2))? + (f'(2), da(2)) + do(2) f(z) In f (=),

Af(z) = co(@)f(x)In f(zx), =€, f>0.

(d) Concerning the solution B of (7.6) in the second case J = I, when B is
given by (7.14), we have for any f € C*(J,R), f > 0, putting g = In f,

k
Af(x) = f(x)B(In f)(x) = v(z) f(x) [exp (Z<ce(3:), (In f)® (gg)>> — 1] ,

£=0

x € J. The boundedness of Af in the neighborhood of zeros of functions f requires
here that c;(z) =0,...,c1(z) = 0. Only ¢o(z) may and should be non-zero. This
yields

Af(x) = v(@) f(x) [exp(co(z) In f(z)) — 1] = 5(2) f () [ f(2) @ —1].
For T'f we find similarly, using (7.7), (7.10) and the definition of S,
Tf(x) = f(x)S(n f)(x)
k
=1(@)*f (@) [f@)* = 1] + f(2) Y _{de(w), (in ) ().

£=0
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Here only dy and dy may possibly be non-zero, yielding

Tf(x) =y(2)’f(z)[f(2)°® —1] + (f'(z),d1(2)) + do(z) f(z) In f(z), x € J,

which is the third solution in Theorem 7.1. The boundedness of Af and T'f for
functions with f \, 0 requires moreover that co(xz) > —1.

In the second and third solution Af(x) depends only on x and f(x), but not
on f’(x). In the first solution, Af(x) depends on f’(z) since ¢1(x) # 0. However,
there is no continuous approximation of derivative values f/(z) by only functions
of x and f(x) for general f € C*(J,R), f > 0. Therefore, the first solution cannot
be continuously approximated by one of the other two solutions. Hence, the first

solution has the full domain I = Iy (or ()), since I is connected, whereas a non-
trivial combination of the last two solutions on domains I, I with [ = I; U I
is possible, as the example following Theorem 7.2 showed. The formulas for the

second solution (7, A) in Theorem 7.2 can be extended from I; to the relative

boundary Iy \} 1 in I by continuity, since both functions on the left-hand side and
on the right-hand side of the formulas for (7', A) can be extended by continuity,
e.g.,

Af(x) = co(x)f(x) In f(x).

First, using the continuity of Af for constant functions f, we get that ¢y can

be continuously extended to I; \ Iy, and then this formula holds for all z € I,
f € CF(I,R), f > 0. The case of T is similar, first extending dy and then d; from

I, to I \ I by applying the formula for T'f first to constants and then to linear
functions.

(e) We now study functions which also attain negative values or zeros. For
constant functions f(x) = ag, g(z) = Bo, o, So € R, equation (7.3) means in
terms of the representing functions F' and FE with
Tf(x)=F(z,a0,0,...,0) and Af(z) = E(z,a0,0,...,0) that

F(z,a05,0,...,0) = F(x,a0,0,...,0)50 + F(z, 5,0,...,0)aq
+E({E7O[(),0,...,O)E({E,BQ,O,...,O).

By Proposition 2.10 there are additive functions Eo(a:),cjo(x) : R — R and there
is 7(z) € R such that the solutions of the equation for (F,E) have one of the
following three forms:

either

F(z,00,0,...,0) = ap [%Eo(x)(ln lao))? + do () (In |a0\)} ,
E(x,ag,0,...,0) = agco(x)(In |ag)),
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or

F(z,a0,0,...,0) = ag (ﬁ(x)z[{sgn o} exp(co(x)(In |a0|))—1]—|—(§0(x)(ln \a0|)),
E(z,0,0,...,0) = ap¥(z) [{sgn ao} exp(o(z)(In |aol)) — 1],

or

F(z,00,0,...,0) = ag[¢(z)(In]ag|)) — F(z)?],
E(z,0,0,...,0) =5(x)ap.

We now investigate the formulas for general functions in C*(I,R). First look
at f € C*(I,R) in points 2y € I where f(xg) = 0. On open subsets where f is
identically zero, both T'f(x) and Af(z) are zero.

If o is a limit point of points z,, where f(x,) > 0, T f(z¢) and Af(xo) are
expressed by the same type formulas as in the points z,,, since for any f € C*(I,R),
x € I with f(x) # 0, both sides in

Tf(x) = F(z, f(2),...,/P(2))

are continuous functions of z € I, and similarly for Af(z). The same applies
to zeros of f when the values f(x,) are negative, once we have established the
formulas for negative f, which we proceed to do now.

Now consider f and = € I with f(z) < 0. Since T' and A are localized, we
may assume that f < 0 on the full set I, even though the original function may
be positive elsewhere.

Comparing the above formulas for F(z,aq,0,...,0) and E(z, «g,0,...,0)
to the already established formulas for T f(x) and Af(x) when f(z) = o > 0,
the first two solutions for (F(z, ap,0,...,0), E(z,ap,0,...,0)) lead — as the only
possibility — to the general solutions

Tf(x) = 5co(2)*f(@)(In|f(2)))* + do(2) f(2) In| f ()] + (da(x), (),
Af(z) = co(2) f(x) In|f(2)],

and

Tf(x) =v(x)* f(z) [{sen f(x)}|f (x)| ) — 1]
+ do(2) f () In | f ()| + (di(2), f'(x)),
Af(x) = y(x) f () [{sgn f ()} f(x)| z) 1,
with ¢y = ¢g, ¢1 = ¢1, ¥ = 7. Calculation shows that, conversely, these formulas

define operators (7, A) which satisfy the operator equation (7.3). In the last case
the term {sgn f(z)} may appear both in 7" and A or not at all.
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The last possible solution for (F, E), Ah(xz) = v(x)a for constant functions
h(z) = a, o € R, corresponds to the solution Af = ~(z)f of (7.7) for positive
functions f € C*(I,R), f > 0, if v # 0. It therefore extends to the degenerate
solution Ag = ~g for all g € C*(I,R), to be excluded. However, if v = 0, this
means that A annihilates all constants functions h(z) = «, also for a < 0.

For a > 0, among the three non-degenerate solutions for positive functions,
only the first solution for A has the property that it annihilates the constant
functions, since Ah = (h/,¢) = 0. Then A(—1) = 0, and by the operator equation
(7.3) with T'(1) = 0 , we also get that 0 = T((—1)%) = —2T(-1) + A(-1)2,
T(—1) = 0. Again by (7.3), we have for all f € C*(I,R), choosing g = —1 that
T(—f) = =T/f. Therefore, T is odd, which leads to the formula for T" for general
functions f € C*(I,R) in the case of the first solution.

The second and third solutions — without {sgn f(z)}-term — are also odd.
The operator T with the {sgn f(x)}-term is the only solution which is not odd.

This proves Theorem 7.2. O

7.2 Characterizations of the Laplacian

We now turn to characterizations of the Laplacian A = Y7 2% on C%*(I,R)

i=1 9x?
for open sets I C R™ by the functional equation (7.2), orthogonal invariance and
annihilation of affine functions, i.e., functions of the form f(z) = (x,yo) + w0,

x € I, for some fixed z¢p € R and yo € R".

Definition. Let n € N, k € Ny and I := {z € R" | |lz|| < r} be an open disc
with 7 > 0 or I = R", r = oo. An operator T : C*(I,R) — C(I,R) is O(n)-
invariant if for all f € C*(I,R) and all orthogonal maps u € O(n), we have that
T(fou)=(Tf)ou.

Clearly, the Laplacian A : C?(I,R) — C(I,R) is O(n)-invariant.

Theorem 7.5 (Characterization of the Laplacian). Let n € N, k € Ny and I :=
{z € R" | ||z|| < r} be an open disc with r > 0 or I = R", r = co. Suppose that
T:CHI,R) — C(I,R) and A : C*(I,R) — C(I,R™) are operators such that the
second-order Leibniz rule equation

T(f-g)(@) =Tf(z) g(x) + f(2) Tg(x) + (Af(2), Ag(x)) (7.16)

holds for all f,g € C*(I,R) and x € I. Assume also that A is non-degenerate and
that T is O(n)-invariant and annihilates the constant functions. Then there are
no solutions of (7.16) if k =0 or k = 1. If k > 2, there are continuous functions
c,d € C([0,7),R), ¢ >0, and U : I — O(n) such that for all f € C*(I,R) and
rel,

Tf(x) = se(lll)?Af (@) + d(lzl)(f' (2),2),  Af(2) = c(l2])) Uz)f'(2). (7.17)
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If T annihilates all affine functions, d = 0, and then

Tf(z) = ze(ll=)*Af(x),  Af(z) = c(l|z]l) U@)f'(z).

Conversely, these operators satisfy (7.16), and T is O(n)-invariant and annihilates
the constant or affine functions, respectively.

Remarks. (i) If d = 0, up to some radial function, T is the Laplacian and A
is essentially the first derivative; choosing the constant function ¢ = /2, T is
precisely the Laplacian. If A is orthogonally invariant, too, U is given by a radial
function V' : [0,7) — O(n), i.e., U(x) = V(||z]).

The natural domain for T is the space C?(I,R) and for A is C'(I,R): If
k > 2, the formula for T can be extended to C?(I,R), and if k > 2, the formula
for A may be extended to C'*(I,R).

(ii) There are many orthogonally invariant solutions 7' of (7.16), besides
those given by (7.17), which do not annihilate the constant functions: One may
take an arbitrary sum 7T of n solutions of equation (7.3) given in Theorem 7.2,
with the only condition that the parameter functions a, b, ¢, d are radial functions,
i.e., depend only on ||z]|.

If T is not orthogonally invariant but annihilates the constant functions, we
may also classify the solutions of (7.16).

Theorem 7.6. Let n € N, k € Ny and I C R™ be open. Let T : C*(I,R) — C(I,R)
and A : C*(I,R) — C(I,R") be operators satisfying the second-order Leibniz rule
equation (7.16). Suppose that T annihilates the constant functions and that A is
non-degenerate.

If k=0 or k =1, there are no solutions of (7.16).

If k > 2, there are continuous functions ¢; € C(I,R™), i € {1,...,n}, and
d € C(I,R™) such that for all f € C*(I,R) and x € I,

Ti(r) = 3 ST @ela). i) + (@), d)),
e (7.18)
[A47@) P = 321 (@), cila)) P

If T annihilates the affine functions, then d = 0.
Conversely, these operators satisfy (7.16), and T annihilates the constant or
affine functions, respectively.

Remarks. (1) This means that T is a sum of multiples of changing second-order

and first-order directional derivatives, and that A satisfies

n

(Af (@), Ag(x)) = Y _(f'(@), ci(@) (g (2), es(x)),

i=1
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f,g € CKHI,R), z € I.If I = R™ and T or A are isotropic, i.e., commute with all
shifts Sy, y € R", AS, = Sy A, where S, f(z) := f(x +y), x € R", the vectors ¢;
are constant. Then the directions of the directional derivatives do not depend on
x € R™. The same holds for d, if T' is isotropic.

(2) Note that in Theorems 7.5 and 7.6 we do not impose any continuity
conditions on 7" or A. Neither is linearity assumed; most of the solutions are non-
linear, in fact.

There is a common part to the Proof of Theorems 7.5 and 7.6:
Suppose T : C*(I,R) — C(I,R) and A : C*(I,R) — C(I,R") satisfy (7.16),

and that A is non-degenerate. For i € {1,...,n} define the component operators
A; 1 CH(I,R) — C(I,R) by Af(z) = (A;if(z))",, in terms of the standard unit
vector basis of R", for all f € C¥(I,R), x € I. Consider the equation for an
operator Ty : C*(I,R) — C(I,R),

T(f-g)=T1f-g+f -Tig+ALf- Ag,
whose general solution we know by Theorem 7.2 since A; is non-degenerate, too.
For f € CF(I,R), let Tf :=Tf —Tof, Af := (0, Aof,..., A, f). Then
T(f-9)=Tf g+ -Tg+(Af,Ag), f.g€C*ULR).
Continuing inductively, we see that (7.16) decomposes into n scalar equations
Ti(f-9)=Tif g+ Tig+Aif - Aig, f.ge CHILR), i€ {l,....n},
of the type considered in Theorem 7.2, T}, A; : C*(I,R) — C(I,R), such that

Tf(z) = ZTJ(:E), (Af(z), Ag(z)) = _ZAJ(x)Aig(x), (7.19)

f,g € C*(I,R), x € I, where the operators (T}, A;) satisfy (7.3) and the A; are
non-degenerate.

Therefore T uniquely determines the scalar products (Af(z), Ag(z)) and, in
particular, ||Af(x)].

Hence, to prove Theorems 7.5 and 7.6 we have to add n solutions of the form
established in Theorem 7.2 and analyze them under the specific assumptions of
these theorems.

Proof of Theorem 7.6. By (7.19), T is a sum of n solutions T; of (7.3) given in
Theorem 7.2. None of the solutions T; occurring in this sum can be of the second
or third type, i.e., of the form

Tif =& f (W|f)? +ai £ (In|f]) + (f' )
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or
Tif = d; f ({sen fYfP" =1) +ai £ (W[f])+{f'bi),
since choosing sufficiently many different constant functions f; = a; and using
that 7" annihilates them, T'f; = 0, we show that the resulting coefficient functions
of the linearly independent terms f (In|f[)2, f (In|f|) or f ({sgn f}f[F" — 1)
possibly occurring in the solution formula for 7" all have to be zero, pointwise for
any € I. Only the T;f = (f’,b;) terms remain, but they may be considered as
part of the first solution type. Since we have f’ = f” = 0 for constant functions
f, the coefficient functions of terms involving first or second derivatives f’ or f”
are not restricted, i.e., there is no limitation to add solutions of the first type.
Therefore we can and may only add solutions of the first type in Theorem 7.2.
This requires k > 2 to get non-trivial solutions for T". If £ > 2, there are continuous
functions b;,¢; € C(I,R™) for i € {1,...,n} such that, with d(z) =Y., b;(z),

n

TS(@) = 3 S @), e@) + (@), da)
and .
(Af(z),Ag(z)) = Z<f’(w),0i($)><g’($)’ ci(x)),
f,g € CE(I,R), z € I. Since A is non-degenerate, ¢ = (c;)"_, # 0. This proves
Theorem 7.6. (I

Proof of Theorem 7.5. (i) Theorem 7.5 is a special case of Theorem 7.6 which we
just proved. We have to determine which of the solutions 7" of Theorem 7.6 are
orthogonally invariant. Note that I is O(n)-invariant, being a disc or R™. Since
T is O(n)-invariant, T(f ou) = (T'f) ou for all f € C*(I,R) and u € O(n). By
the chain rule (f o u)'(z) = f'(u(x))u, (fou)”(x) = " (u(z))(u,u). Hence, using
(7.18)

T(fou)(z)= % Z((f ou)"(z)ei(z), ci(x)) + ((f o w)' (), d(x))
= %Z<f”(U(w))U(Ci(fC)),U(Ci(x))> + (' (u(@), u(d())),
Tf(u(x)) = %ZU"(U(%))@(U(%))’ ci(u(z))) + (f'(u(x)), d(u(z))).

o
Il
A

The assumption of orthogonal invariance of T' therefore means that

Z[(f”(U(x)W(Ci(:C)), u(ei(2))) — (f" (u(@))ei(u(@)), ci(u(@)))]
+ (f'(u(x)), u(d(z)) — d(u(z))) =0 (7.20)

DN | =
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holds for all f € C*(I,R), u € O(n) and z € I. We claim that this implies
u(d(x)) = d(u(x)) and

n n

S (Bulei(a) ulei(x))) = Y (Bei(ulx), ei(u()) (7.21)

i=1 i=1

for all w € O(n), x € T and all matrices B € L(R™,R™). To verify this, let
b € R™ be an arbitrary vector and apply (7.20) to f = (b,-), hence f'(z) = (b,")
and f”(z) = 0 for all z € R, so that (b,u(d(x)) — d(u(x))) = 0 holds for all b
which implies that u(d(z)) = d(u(z)) for all w € O(n), € I. Therefore the first
derivative term in (7.20) is always zero.

Let B = B* € L(R",R") be an arbitrary symmetric matrix. Apply (7.20)
to f(z) = 3(Bz, ). Since then f’(z) = (B-,-) for all z € R", (7.20) implies
(7.21) for all symmetric matrices B, u € O(n ) and z € I. For all antisymmetric
matrices B = —B' € L(R™,R™) and all v € R" we have (Bv,v) = 0. Decomposing
an arbitrary matrix into a sum of a symmetric and an antisymmetric part, we
conclude that (7.21) holds for all matrices B € L(R™,R"™).

(ii) Fixing . € I, for all u € O,,—1 :={v € O(n) | v(z) = 2} ~O(n — 1), we
have d(z) = u(d(z)). Hence, d(z) must be in the direction of z, d(z) = A(z) - x
with A(z) € R. To be orthogonally invariant, we need that A is a radial function
of z, i.e., A(z) = A(||z]|) for some continuous function A € C([0,r),R). Hence

(f'(x), d(x)) = A(=[)(f"(2), ).

Let c;(x) = (cip(z))p=1 € R™ and C(x) = (cip(2))} =1 € L(R",R™). Then
(7.21) is equivalent to

trace(Bu C(z)'C(z)u") = trace(B C(u(z))"'C(u(x))),
for all B € L(R™,R™) and hence
wC(@) Ca)u = Clu(@)) Clu(x)),
for all u € O(n). Fixing € I again, any u € O, := {v € O(n) | v(x) =z}
~ O(n — 1) maps H := z into itself and O,,_; acts transitively on H. For u €
Opn—1, uC(z)'C(z)u = C(x)'C(z) and hence C(2)*C(z)|y is a positive multiple
of the identity on H and also maps x into a multiple of x. Therefore, there are
Y(z),T'(x) € R such that
C(2)'C(x) = B(z) [d+T(2) Py,

where P, : R™ — R" is the projection onto z, P, = < v >Hz|\ % # 0. We have

el
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with Af(x) = trace(f”(x)) that

Tf(x) =5 Z(f”(w)cz'(w), ci()) + (f'(x), d(z))

— (2:6) trace(f” (x)) + F(;) trace(f"(z)Py) + A(|l=|) (' (z), )
=~ = a s + SR 4 \(lall) @), )

Since f(z) is zero on linear functions, (f”(x)z,x) = 0. Further, ¥(x) needs to be
O(n)-invariant as well. Hence there is a continuous function o € C([0,7), R) such
that X(x) = o(]|z]]). We find that

Tf(x)z"(”;”) Af@) +A(el) - (f(2),2),  feCHIR), z el

By (7.16), for all f,g € C*(I,R), z € I,

(Af(x), Ag(x)) = T(f - g)(x) — Tf(2) - g(x) - f(2) - Ty(=)
= a([lz){f'(),q'(x))- (7.22)

(iii) For f = g this 1mphes a > 0. In fact, since A is non-degenerate, o(||z||) >
0 for any « € I. Let pu(t) := \/o(t) for t € [0 r) We will show that Af(x) is, up to
some orthogonal matrlx U (2), equal to u(||lz]|) f'(x). To construct the orthogonal
matrix, take any ¢ € R™, consider the linear function f. = (-, ¢) and define a map
U(z) : R™ — R" for any = € I by U(z)(c) := m/l(fc)(x). Since f!(x) = ¢ for
any z € I, we find for all ¢,d € R", g € C¥(I,R) and z € I, using (7.22),

(U(z)(c) + U(x)(d), Ag(x)) = (A(fe) (@) + A(fa) (x), Ag(x))

1
p(ll1)
= pullzl) (e +d, Ag(x)) = e (A(fera) (@), Ag(2))
= (U(z)(c+d), Ag(z)). (7.23)

Let e; : I — R denote the i-th coordinate function, for i € {1,...,n}. By (7.22),
the vectors A(e;)(x) are linearly independent and therefore span R™. Choosing
g = e;, equation (7.23) implies that U(x)(c) + U(x)(d) = U(x)(c + d). Similarly,
U(xz)(Ae) = NU(z)(c). Hence U(x) is linear. Since by (7.22)

U @)(e)|* = IACf) @)1 = [l fa(@)I* = lel,

(|| y
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U(zx) € O(n) is an orthogonal matrix, and (7.22) yields for any g € C*(I,R), z € I
and ¢ € R™ that

Therefore U(x)!Ag(z) = u(lel)¢' (@), Ag(z) = u(lz])U(@)g (). Clearly U :
I — O(n), mapping = to U(zx), is continuous, since Af is continuous for all
f € C*(I,R). Hence

Tf(x) = sulle®*Af @)+ A(lz){f (2),z), Af(x) = pllz]) U@)f' (),

which is the solution (7.17) of Theorem 7.5. If T' is additionally assumed to anni-
hilate the affine functions, this requires A = 0, and then

Tf(z) = gu(lz])*Af(x), Af(x) = p(lzl) Ux)f (2),

proving Theorem 7.5. |

7.3 Stability of the Leibniz rule

In Theorem 5.1 we showed that the Leibniz rule equation is stable under changing
each occurrence of T to different operators. There is a similar relaxation result for
the second-order Leibniz rule which generalizes Theorem 7.2. It shows that even
if we significantly relax the second-order Leibniz rule equation, the solutions will
not change by much.

Theorem 7.7 (Relaxation of the Leibniz rule of second order). Let n € N, k € Ny
and I C R™ be open. Suppose that V, Ty, Ty, A : C*(I,R) — C(I,R) are operators
satisfying the equation

V(f-9)=Tif g+ f Teg+ Af - Ag, (7.24)

for all f,g € C*(I,R), and that A is non-degenerate. Then there is a continuous
function v € C(I,R) such that Ty f —Tof = ~f for all f € C*(I,R).

Put T := %(Tl +T3). Then there are functions e1,es € C(I,R), a,d,p: I —
R, p> —1 and b,c: I — R™, which are continuous except in isolated points of 1
where different solutions join, such that with the homogeneous solution

Rf=af In|f[+ (b, f"), feC"IR),
the operators V, T and A have the form

VIE=Uf+(e2+2e)f, Tf=Uf-eBf+esf, Af=DBf+eif,
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where (U, B) satisfy (7.3), i.e., are of one of the following three forms, possibly
combined:

either

Uf =24(f"c,e)+ Rf, Bf={(f.c), withk>2,
or

Uf =3d°f(In|f)* +Rf, Bf=df nlf],
or

Uf=df({sen f}fI" —1) + Rf. Bf=df({sen f} [P ~1).

In the last case {sgn f} appears simultaneously in U and B or not at all. Con-
versely, the operators (V,T, A) satisfy (7.24) with T =Ty = T.

Remarks. (a) Again, we do not impose continuity conditions on any of the oper-
ators (V,T1,T», A). If Af depends non-trivially on the derivative of f, only the
first form of the solution is possible. Then, in dimension 1 (n = 1), the operators
Vand T = %(Tl + Ty) are general second-order differential operators, up to a
term involving f In|f|. If V,T1,T5 and A are given, this type of solution con-
tains just one form when V is of Sturm-Liouville type, V f = (pf’)’ + qf, with
p=3c% p =cd =band g = e} +2e = (A1)? + 2(T1). Thus in a certain way,
the relaxed Leibniz rule of the second order is just an algebraic understanding of
general second-order differential operators, and of Sturm-Liouville operators, in
particular, up to a term with f In|f|. Note that V,T are naturally defined on
C?*(I,R) and A on C(I,R).

(b) In the case of the second and third solutions, V and T are naturally
defined on C*(I,R), or if b = 0, even on C(I,R) whereas A is naturally defined
on C(I,R).

(c) To illustrate Theorem 7.7, suppose that n = 1 and V = D? is just the
second derivative. Then ¢ = v/2,b=a =0 and ¢, = —%e%. Then Af = V2f' +e, f

and Tf = f" — V2, f' — 1eif.

Proof. Exchanging f,g € C*(I,R) in (7.24) and taking differences, we find (7} f —
Tof)-g = (T1g—Tzg)-f. For g := 1 and v := T11—T>51, we get that T f —To f = ~f.
Let T := (T} + T»). Then (7.24) holds with T, T> being both replaced by T

V(f-9)=Tf-g+f-Tg+Af-Ag, [ geC"LR). (7.25)
For g = 1 this means with e; := Al and ey := T'1 that

Vi=Tf+e -Af +ea- [
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Inserting this back into (7.25), we find
T(f-g)+e-Alf-g)+ex-f-g=Tf-g+[f Tg+Af-Ag. (7.26)
Define new operators U, B : C*(I,R) — C(I,R) by
Uf:=Tf+e-Af — (el +e2)-f, Bf:=Af—e-f,
for f € C*(I,R). Equation (7.26) means in terms of U and B for f,g € C*(I,R),

U(f-g)+ (e +2e) - f-g=Uf—er-(Bf+er-f)+(el+ex) f)-g
+f (Ug—ei(Bg+er-g)+ (el +e2)-g)+ (Bf+er- f)(Bg+ei-g),

which leads to
Ulf-9)=Uf-g+f-Ug+ Bf-Bg. (7.27)

This is equation (7.3) for (U, B) instead of (T, A). Theorem 7.2 gives the form of
solutions, provided that B is non-degenerate. However, Bf = Af —e; - f, and A
was assumed to be non-degenerate. This implies that also B is non-degenerate.
Now the form of solutions U and B of (7.27) follows directly from Theorem 7.2.

Using the definition of U and B and the formula Vf =Tf + e, - Af +exf,
we reconstruct V., T and A from U and B via

Vi=Uf+(e242e)-f, Tf=Uf—-e -Bf+ey-f, Af=DBf+es-f.

It is easily checked by direct calculation that these maps (V,T, A) satisty (7.24)
with T'= T} = T3 using that (U, B) satisfy (7.3). This proves Theorem 7.7. O

We may start from a different point of view, when investigating the structure
of the Leibniz type equation for the Laplacian

A(f-g)(x) = Af(x)-g(x) + f(z) - Ag(z) +2(f'(x), ¢ (x)),
f,g € C*(I,R), z €1,

other than by the operator equation (7.16), namely: Consider 2(f’(z), ¢'(x)) as
a perturbation term of the Leibniz rule and replace it by a function B of the
parameters (z, f(x), f'(x), g(z), ¢'(x)), leading to the equation

T(f-g)(x) =Tf(x) g(x)+ f(z) - Tg(x) + B(=z, f(z), f'(x), g(x), 9 (x)).

This is similar to our perturbation scheme in Section 5.3. The equation is not
directly comparable to (7.16): On the one hand, it is more special, since the per-
turbation is not by an operator term like (Af(z), Ag(x)) in (7.16) but is given by
a locally defined function B.

On the other hand, it is more general since B is not assumed to be given in
product form separating f and g. The analogue of Theorem 7.5 states in this case,
in the spirit of Proposition 5.7:
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Theorem 7.8 (Stability of the Laplacian). Let n € N and I := {x € R" | ||z| < r}
be an open disc with v > 0 or I = R™ with r = co. Assume that T : C*(I,R) —
C(I,R) is an operator and B : I x R x R" x R x R" — R a function such that

T(f-g)(x) =Tf(z) g(x)+ f(2) - Tg(x) + B(x, f(2), f'(),9(), ¢’ () (7.28)

holds for all f,g € C*(I,R) and x € I. Suppose further that T is O(n)-invariant
and annihilates all affine functions. Then there is a continuous function d €
C([0,7),R) such that for all f € C*(I,R), x € I,

Tf(x) = zd(|z])Af (),
B(z, f(x), f'(2),9(x),¢'(x)) = d(||z]){f'(2),9' ().

Proof. The localization of T' is quickly verified. If J C [ is open and fi, fo €
C?*(I,R) are such that fi|; = fa|s, we have for any x € J and any function
g € C*(I,R) with g(x) # 0 and supp(g) C J that f;-g = fo-g and T(f; - g) =
T(f2-g)- Hence, by (7.28), (T'f1(x) — T fa(x)) - g(x) = (fa(x) — fi(x)) - Ty(x) =
0, since B(z,fl(x),f{(x),g(x),g’(x)) - B(JC,fQ(CE),fé(iE),g(iE),g/(l‘)). Therefore,
Tfi(x) = Tfo(x), Tf1|; = T fa]s. Hence, by Proposition 3.6 there is a function
F:IxRN o Rwith N =14 n 4 20 — 820 0D) _ (n42y g0 that

Tf(z) = F(x, f(2), f'(2), f"(x)), feC*(LR), zel,

holds. Here f”(z) is represented by the % independent partial derivatives

(sz(w))
Ozi0z; ) 1<i<j<n’

For any a = (g, a1,a2), B = (Bo, 1, B2) € RN = R x R™ x RM"+1/2 anq
x € I, we may choose f,g € C*(I,R) such that f(x) = ao, f'(z) = a1, [ (z) = as,
g(x) = Po, ¢'(x) = By, ¢’ (x) = B2, with the above representation of the second
derivative. Therefore, the operator equation (7.28) is equivalent to the functional
equation for F',

F(x, a0fo, P + Boar, aoBz + Boaz + 201 1)
= F(QT,(X(), ar, a2)/60 + F(l’,ﬁo, 61762)a0 + B(.’II, o, O, /60761)7 (729)

for all o, B € RN, where 2c; 81 has to be read as (1,01, + a1,j81,i)1<i<j<n- By
assumption, 71 = 0, hence F(z,1,0,0) = 0 for all z € I, implying by (7.29) that
B(x,1,0,1,0) = 0. Choosing ag = Sy = 1, a1 = 1 = 0 in (7.29) yields
F(x,1,0,0 + f33) = F(2,1,0,a2) + F(x,1,0, 82) + B(x,1,0,1,0)
= F(z,1,0,0) + F(z,1,0, 82).

Therefore, F(x,1,0,-) is additive. For Sy = 1, 81 = 0, as = 2 = 0, we get from
(7.29)

F(I’7O[0,04170) = F(Iva()?alao) +F‘("E7]-7Oa0)040 +B(I,O{0,0L1,1,0),
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which implies that B(x, ag, a1, 1,0) = 0 for all g, g . Next, putting 5o = 1, 81 =0
and a2 = 0 in (7.29), we find that

F(xv g, O, aOBZ) = F("E, Qp, O, 0) + F(.’E, ]-7 07 62)0[0 + B(xv Qp, (q, 17 0)

Since T is zero on all affine functions f(y) = (a1,y) + (ag — (@1, 20)), where
xo € R™ is fixed, we have 0 = T'f(xg) = F(x0, ap, a1, 0). Therefore,

F(J?,O[(), ar, 04052) = F(l’, 1707B2)007
and hence, for all ag # 0,

F(x7a05a1aa2) =F <x7 1a07 OQ) Q.
Qo

Since F'(x,1,0,-) is additive and

Tf(z) = Flo, f(2), f'(@). f"(x)) = F (x 10, J;((j))) 7(@)

is continuous for all f € C?(I,R), f(x) # 0, Theorem 2.6 yields that there is a
continuous function ¢ € C(I,RM), M = ( ), such that

F(2,1,0,a5) = <c(x),a2>,

implying F(z,ag, a1, a2) = {(c(z),a2). Hence F is independent of oy and ay.
Therefore,

Tf(z) = F(z, f(x), f'(2), f"(x)) = (f"(2), c(x))
= > Cij(x)azg;j(ﬂf)-

1<i<j<n

The requirement of orthogonal invariance of T'f(z) then yields, as in the proof
of Theorem 7.5, that there is a function d : [0,7) — R such that Tf(z) =
Ld(||lz[[)Af(z) for all f € C*(I,R) and 2 € I. Inserting this back into (7.28)
yields for B,
B(z, f(2), f'(x), 9(x),g'(x))

= 3d(llz[)(A(f - 9)(x) = Af(x) - g(x) = f(z) - Ag(x))

= d([[z]){f'(z), g'(x))-
This finishes the proof of Theorem 7.8. (]

Remark. If conversely, in the setting of Theorem 7.8, the function B is given by

B(z, f(x), f'(2),9(x),¢'(x)) = d(||z]){f' ()9 (),

and T satisfies equation (7.28), T is just a multiple of the Laplacian,
Tf(x) = zd(|z[Af(z).
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7.4 Notes and References
Theorem 7.2 is an extension of Theorem 1 in [KM4] and Theorem 2 in [KM5],
where the case I = R"” and k = 2 is studied and solved.

The special case [ = R", k = 2 of Theorems 7.5 and 7.6 was proved in [KMS5,
Theorem 1].
Theorem 7.7 was proved for k =2, n =1 in [KM7, Theorem 7].

Theorem 7.8 is found in [KMS8], Theorem 2.
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Chapter 8

Non-localization Results

In the case of the Leibniz-type equations (7.3) and (3.7) there were easy examples
that the intertwined operators T' and A need not be localized, if the map A is not
non-degenerate. In this chapter we study what can be said about the solutions of
these equations if A is degenerate. In this situation, A is in a resonance state with
respect to other operators present.

8.1 The second-order Leibniz rule equation

Let I C R be open. We now return to study the solutions of the second-order
Leibniz rule operator equation

T(f-9)=Tf g+ f Tg+Af-Ag, fg€CrIR), (8.1)

for operators T, A : C*(I,R) — C(I,R), but now without the assumption of
non-degeneration of A. In this case the operators might not be localized, as the
following simple example mentioned in the last chapter shows:

Tf(z) = fle+1) = f(z), Af(2) = f(z) = fle+1), feCRR), zeR

In this section we study the consequences of the non-localization of T" and A for
the solutions of equation (8.1) in the case of open subsets I of R. First of all, the
example mentioned may be extended in the following way.

Definition. Let I C R be open and k € Ng. An operator S : C*(I,R) — C(I,R) is
multiplicative if S(f - g) = Sf - Sg holds for any f,g € C*(I,R).

Example. Suppose S : C*(I,R) — C(I,R) is multiplicative. Define T, A : C*(I,R)
— C(I,R) by

Tf:=Sf—f Af:=f-8Sf [feC"IR).

© Springer Nature Switzerland AG 2018 141
H. Kénig, V. Milman, Operator Relations Characterizing Derivatives,
https://doi.org/10.1007/978-3-030-00241-1_8


https://doi.org/10.1007/978-3-030-00241-1_8
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-00241-1_8&domain=pdf

142 Chapter 8. Non-localization Results

Then T and A satisfy (8.1) since

T(f-g)=Sf-Sg—f-g=(Sf—f)-g+f - (Sg—g)+(f—-5f) (g—S5g)
=Tf-g+f-Tg+ Af - Ag.

Simple examples of multiplicative maps S can be given in the form
H 2))|" {sgn f(¢;(x))},

where m € N, p; > 0 and ¢; : I — [ are continuous functions,
Jje{l,....,m}. If ¢;(z) # « for some j and some z, then S,T and A are not
localized. Here the term {sgn f(¢;(x))} may appear or not, independently for
each j. More generally, let (£2, 1) be a measure space and ¢,, : I — I be continu-
ous functions for all w € €2 such that In|f(¢,(z))| is p-integrable in w € Q for all
€1 and f € C*(I,R). Then

fia) = exp ([ (6 olante)

defines a multiplicative map S : C*(I,R) — CO(I,R).

The paper [LS] by Lesnjak, and Semrl describes the continuous multiplicative
maps S : C(X,R) = C(Y,R) for compact Hausdorff spaces X and Y in terms of
operators of this form. However, this description only concerns the case £k = 0
and compact spaces. Bijective multiplicative maps S : C(I,R) — C(I,R) were
characterized by Milgram [M], having the form Sf(z) = |f(¢(x))[P™®) sgn f(¢(x))
for some homeomorphism ¢ of I and some continuous function p on I. Bijective
multiplicative maps S : C*(I,R) — C*(I,R) for k € N have the form Sf(z) =
f(p(z)) for some C*-diffeomorphism ¢ of I, cf. Mréun, Semrl [MS] and Alesker,
Artstein-Avidan, Faifman, Milman [AAFM], [AFM]. However, to the best of our
knowledge, non-bijective multiplicative operators S : C*¥(I,R) — C(I,R), k € N,
have not been classified. Hence there are very many non-localized solutions (7', A)
of (8.1).

Non-localized solutions of (8.1) such as

Tf(x) = fle(@)) = f(x), Af(z) = fz) = flp(x)),

where ¢ : I — [ is continuous and ¢(z) # « for some z, yield degenerate operators
A in the sense of Chapter 7: They have the property that for such x there exists an
open interval J C I with z € J such that all functions g € C*(I,R) with support
in J are annihilated by S, defined by Sf(z) := f(¢(x)), and hence Tg = —g,
Ag = g near x.

Motivated by this phenomenon, we introduce the following set P of points
x € I where localization of 7" and A might fail:
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Definition. Let & € Ny and I C R be open. Let A : C*(I,R) — C(I,R) be an
operator. Define

P:={xel|3JClopenwithzeJ 3INeC(JR) VgeC"(I,R),
suppg C J Ag|J=/\g|J}.

By definition, P C I is an open set. Note that Ag = Ag automatically implies that
A is continuous since Im(A) C C(I,R). We also introduce a localization set L:

Definition. Let & € Ny and I C R be open. Let T, A : C*(I,R) — C(I,R) be
operators satisfying the Leibniz rule type equation (8.1). Define

L:= {x el ‘ 3F(x,-),E(z,-) : RF! 5 R

Tf(z) = F(z, f(z),..., f®(z)
Vi CHLR) | i) = EEx,f(m),...,f(k)(x)g] }

If T and A are not localized in z, = belongs to P:

Proposition 8.1. We have that P UL = I. However, L N P # () is possible.

Proof. Assume that zp € I\ P. We claim that xp € L. Since I P is open, there
is an open interval J C I ~\ P with 29 € J. Let J C J be an arbitrary open
subinterval of .J and suppose that fi, fo € C*(I,R) satisfy fi|; = fo|s. We claim
that T'f1[; =T fal; and Afi[; = Afals.

Take any y € J. Since y ¢ P, for any open set J; C J with y € J; we
may choose g1,92 € C*(I,R) with supp(g1),supp(g2) C J; such that (g1, Agi)
and (g2, Aga) are not proportional on Ji, i.e., such that there is z; € J; such
that (g1(21), Ag1(21)), (g92(21), Aga(21)) € R? are linearly independent. We iterate
this procedure: Choose a decreasing set of open intervals Jy;11 C J, C--- C J; C J
with y € J; and lengths |.J;| — 0 as £ — co. Find functions g¢{, g5 € C*(I,R) with
supp(g{),supp(gs) C Je and 2z, € Jy such that (g{(2¢), Ag{(20)), (95(2¢), Ag(2¢)) €
R? are linearly independent. Since f; -gf = fy -gf for all £ € N and j € {1,2},
using equation (8.1) for these functions and taking differences yields for j = 1,2
and £ € N

(T f1(ze) — Tfa(20)) - g5 (2e) + (Afi(ze) — Afa(2e)) - Agl(ze) = 0.

The linear independence of (gf(ze), Agf(zK)) €R? for j=1,2 then implies T'f; (z¢) =
T fo(z¢) and Af1(z¢) = Afa(ze). Since |Jo| — 0, limy— o z¢ = y and the continuity
of the functions T'f;, Af; implies that T'fi(y) = T f2(y) and Afi(y) = Afa(y).
Since y € J was arbitrary, T'f1|; = Tf2|; and Afi|; = Afal.

Now Proposition 3.3, applied on the open interval j, _implies that T and
A are localized on J, i.e., that there are functions F, E : J x R*¥*! — R such
that Tf(z) = F(z, f(z),..., f®)(z)) and Af(z) = E(z, f(z),..., f#)(z)) for all

feCHI,R)and z € JC I~ P.Hencezy€JC L.
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The following example shows that P N L # ) is possible. Let A € C(I,R)
and define T, A : C*(I,R) — C(I,R) by Tf := —\2f, Af = \f for f € C*(I,R).
Then (8.1) is satisfied for (T, A), but every point « € I is in L and in P.

Therefore, any point = € I is either in L or in P or in 9P = P~ P. ([l

The following main result of this chapter explains the structure of the solution
of (8.1) in these three possible cases.

Theorem 8.2 (Second-order Leibniz rule with resonance). Suppose that k € Ny,
I C R is an open interval and T, A : C*(I,R) — C(I,R) are operators satisfying
the second-order Leibniz rule equation

T(f-9)=Tf g+ f-Tg+Af-Ag, f.g€C"R). (8.1)

Let P be defined as above. Then there are pairwise disjoint subsets I, Is, I3 C I,
some of which might be empty, I, and I3 open, such that I ~ P = I; U, U I3,
and there are functions a,b,d : I — R which are continuous on I ~ (0P U 0I3)
such that after subtracting from T the solution R of the homogeneous Leibniz rule
equation given by

Rf(z) = a(x) f(z) n|f(2)| + b(z) f'(x), [feCMI,R), zel,
the operators Ty := T — R and A have the following form:
(a) On I~ P the operators T and A are localized and

Tif(x) = 3d(x)*f"(x), Af(z)=f'(z), zel (k22),

Tif(x) = 3d@)*f (@) (In|f(@)))", Af(2) = f(z)n|f(2)], =€ D,

or

T f(x) = d(z)Af (),
Af(z) = d(z) [{sgn f(2)}|f(2)[P™) = f(z)], =z €I

Here p € C(I3,R), p > 0, and the term {sgn f(x)} may be present or not,
yielding two different solutions on I3.

(b) On P the operators T and A are possibly not localized, but T+ dA is localized
and satisfies the (ordinary) Leibniz rule (3.1). Further, there is a multiplica-
tive operator S : C*(I,R) — C(P,R),

S(f-g)(x) = Sf(x)-Sg(z), f.geC"I,R), z€P,
such that
Tif(x) = d(x) Af(z), Af(z)=d(x)(Sf(z) - f(z)), zeP
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In points x € P where T and A are localized, we get the same solution as the
third one in part (a), i.e., x € I3.

Conversely, any operators (T, A) described in (a) or (b) satisfy (8.1).

(c) For x € P = P~ P, either the operators T, A and S can be continuously
extended from P to x with the same formulas as in (b), or they cannot be
continuously extended, and then the operator A fulfils the Leibniz rule in x

A(f - g9)(@) = Af(z) - g(x) + f(2) - Ag(x), f,9 € C*(LR).

Under the assumption of non-degeneration of A, Theorem 7.2 gave the pos-
sible solutions of (8.1): then P = () and only case (a) applies. As the example
following Theorem 7.2 showed, local solutions on I and I3 could be combined to
a globally continuous and non-degenerate solution. In the degenerate situation of
Theorem 8.2 they can be also combined with the second derivative solution on I,
though in a degenerate and non-localized way, but yielding operators with image
in the continuous functions on I.

Example 1. Let k = 2 and define for any f € C?(R,R)

o ) (FR0) = f@) = 2 f'(2), =>0,
Tf( ) = {%f”(m), r < 07

/”@%:{;u@mfu»,x>m
1 (x), x <0.
Then lim,~ o Af(z) = f/(0) and lim, 07T f(z) = %f”(0). Therefore T and A
map C%(R,R) into the continuous functions C' (R, R). They satisfy (8.1) since they
have the form given in (b) on P = (0,00) with d(z) = L, Rf(z) = —1f/(a),
S(x) = f(2x) for x € P, OP = {0} and I; = (—00,0) withd =1 and R =0on I;.
Hence d € C(R ~ 0P,R), but d is not continuous in 0.

Example 2. Let £ = 0 and ¢ : R>g — R>¢ be continuous. Define for any f €
C(R,R)

2 (If (zt+p(@) I”lSgn(f(x)Jrso(fE))*f(I)[lJrfvlnIf(l“)\]), x>0,
Tf(x):=11
@) (@))%, z <0,

(
Af(z) = {<fx+w@»ﬂ%g¢@+w<» @), =>0,
f(@)In|f(z)], z < 0.

For ¢ = 0, this is the localized non-degenerate example given in Chapter 7 fol-
lowing Theorem 7.2. Now let p(z) = 3. Then lim,~ o Af(z) = f(0)In|f(0)| and
lim o Tf(z) = $f(z)(In|f(z)))% On P = (0,00), T and A are not localized
since # + ¢(z) # x. Again, T and A have the form given in (b) with d(z) = 1,

S~ 8|
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Rf(x) = —L f(2) | f(2)], SF(z) = |f(@ + (@) [+ sgn(f(z + p(2)) for @ € P,
We have 0P = {0} and Iz = (—o0,0) in Theorem 8.2, with d = 1 and R = 0
on I. Again, d € C(R ~ 9P,R) is not continuous in 0. For ¢ = 0, 7" and A4
are localized and P = 0, Iy = (—00,0], I3 = (0,00), dI3 = {0}, with the same
function d belonging to C'(R \ dI3,R), again discontinuous at 0. This shows that
both exceptional sets 9P and 0I5 for the continuity of the coefficient functions are
required in Theorem 8.2.

In both examples, T and A cannot be extended by the same formulas as on
P = (0,00) from P to 9P = {0}, but, as stated in (c¢), A satisfies the Leibniz
rule in x = 0, A(f - ¢)(0) = Af(0) - g(0) + f(0) - Ag(0), with Af(0) = f/(0) in
Example 1 and Af(0) = f(0)In]|f(0)], in Example 2. Clearly, the two examples
might also be used to join solutions 7'f = f” on one interval and T'f = f(In|f|)?
on a disjoint interval by connecting them via some intermediate interval belonging
to P. This will give solutions T, A : C%(I,R) — C(I,R) of (8.1) which are not
identically zero at any point z € R. However, they would not satisfy the condition
of non-degeneration, being not localized.

Proposition 8.3. Under the assumptions of Theorem 8.2, if A is localized, also T
1s localized.

Proof. For J C I open, fi, fo € CF(I) with fi|; = fa|s, * € J and g € C*(I)
with suppg C J and g(x) # 0, we have

(Tfi(z) = Tfa(2))g(2) + (Afr(z) — Afa(x))Ag(x) = 0,

similar as in the proof of Proposition 8.1. Since A is assumed to be localized,
Afi(z) = Afa(x). Hence T f1(z) = T f2(x), showing that T is localized on intervals
and hence localized by Proposition 3.3. g

Example. If A is just the derivative, Af = f’, A is localized and by part (a) of
Theorem 8.2, T} f = 5d*f" is essentially the second derivative.

We now turn to the proof of Theorem 8.2.

Proof of Theorem 8.2. (a) Applying (8.1) to f = g = 1 yields that T1 + (A1)? =
0. Put d := —A1. Then d € C(I,R) and T1 = —d? = —d Al. For g = 1 we find
using (8.1) that d Af = —d?f. If for some x¢ € I, d(xg) # 0, the same would
hold by continuity on a small open interval J C I with xzy € J. Then for all
f € CHI,R), x € J, we have Af(x) = —d(z) f(z), Af|; = —d f|; and J C P
with A\ = —d. This implies for f,g € C*(I,R) and z € J, using (8.1),

T(f - 9)(z) +d(z)*(f - 9)(z) = (T f(z) + d()*f(2)) - g()
+ f(@) - (Ty(x) +d(x)*g()).
Therefore, R := T + d?Id satisfies the Leibniz rule on J

R(f-9)(x) = Rf(z) - g(x) + f(x) - Rg(x), w€J.
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By Theorem 3.1, applied to the open interval J, we get that there are continuous
functions a,b € C(J,R) such that

Rf(x) = a(z) f(x)In|f(2)| + b(z) f'(z), feC*I,R), €],
with b= 0 if k = 0. Then for any f € C*(I,R), z € J,

Af(x) = —d(z) f (),
T1f(z) = Tf(x) - Rf(2) = —d(x)* f(z) = d(z) Af ().

Hence Ty and A have the form given in part (b) of Theorem 8.2 with S = 0 on
any interval J where A1 # 0.

(b) We may now assume that we have Al(zg) = T1(xg) = 0 for xo € I.
Assume first that 2o ¢ P. Then by Proposition 8.1, g € L is in the localization
set, and the proof of Proposition 8.1 showed that T"and A are localized in a possibly
small open neighborhood J of zg: there are functions F, E : I x R*¥*! — R such
that for all x € J, f € C¥(I,R),

Tf(z)=F(z, f(z),... fP(2)), Af(x)=E(x, f(x),..., P ().

The proof of Theorem 7.2 now applies without change and yields that 7" and A
have one of the forms given in part (a) of Theorem 8.2 on .J, after subtracting
an appropriate homogeneous solution R, Rf = afIn|f|+ bf’. If two of such open
intervals J intersect for different starting points xg # x1, the parameter functions
in the solutions can be extended by continuity to the union of both intervals,
keeping the type of solution on both intervals, i.e., they are subsets of the same
set I; for ¢ € {1,2,3}. Combining the coefficient functions to single functions on
I . P, there may be only singularities at points of OP or dI3; one has 0I; C OP.

(¢) Assume now that Al(zg) = T1(xg) = 0 and zy € P. By definition of
P, there is an open interval J C I with z¢ € J and a function A € C(J,R) such
that Ag(z) = Ma)g(z) for all € J, g € C*(J,R) with suppg C J. Similarly, if
two open intervals Jy, Jo associated to two points x1,xs € P overlap, Jy N Jy # 0,
the corresponding functions A; and Ay must coincide on J; N Js, since for any
g € C*(I,R) supported in J; N Jo we have \(z)g(x) = Ag(x) = Aa(x)g(x),
x € Jy N Js. Therefore, a continuous function A : P — R is defined on the full set
P, even though Ag(x) = A(z)g(x) only holds for z € P and functions with small
support around z. Define an operator S : C*(I,R) — C(P,R) by

Sf(x) = \z) f(z) — Af(z), feC*(I,R), z¢€P. (8.2)

Hence, Sg(z) = 0, z € J for all ¢ € C*(I,R) with suppg C J. However, for
functions with larger support, in general Sf will not be zero.

For f1, fo € C*(I,R) with fi|; = fa|; and g € C*(I,R) with suppg C .J, we
have f1-g = fa2-g, and applying (8.1) and taking differences, we get

(Tfl(x) — ng(az)) cg(x) + (Afl(:c) — Afg(l’)) “Ag(x) =0, xzelJ,
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so that, using Ag(z) = A(x)g(x) for z € J,
[(Tfi(z) + Mz) Afr(2)) — (T f2(x) + M) Afa(2))] - g(z) = 0.

Choosing for 2 € J a function g with g(z) # 0 and supp g C J, we find that
(TfhHi+AAf)s =Tt XAL)]s,

provided that fi|; = fa2]|s. The same is true for smaller open subsets of J. There-
fore, Proposition 3.3 yields that T+ A = T+ \?Id is localized on .J, even though T
and A may not be localized there. For f,g € C*(I,R) with supp(f),supp(g) C J,
we get using (8.1) and Af(x) = A(z)f(x), Ag(x) = A(z)g(x) for x € J that

T(f-g)(x) = Tf(z) g(z) + f(x) - Tg(z) + Ax)*f(2) - g(x), @€ J.

Adding M\(z)f(x) - g(x) shows that Rf(xz) := Tf(x) + Mx)%f(x) satisfies the
Leibniz rule, R(f - g)(z) = Rf(z) - g(x) + f(x) - Rg(x), x € J, when restricted to
J. By Theorem 3.1, there are continuous functions a,b € C(J,R) such that for all
f € CFIL,R), withsupp f C J, x € J,

Rf(x) = a(x) f(x) In|f(x)] + b(z) f'(2).

Again, joining the functions on different intersecting intervals of this type we may
define a, b continuously on P. Hence a,b € C(P,R).

We now introduce an operator B : C¥(I,R) — C(P,R) on all functions, not
only those having support in J, by

Bf(x) = Tf(x) + \x)*f(z) = Rf(z), feC*(LR), z€P,

with Rf(x) := a(z) f(z)In|f(z)] + b(x) f'(z), x € P. By definition of R and B,
Bf(z)=0forallz € J and f € C*(I,R) with supp f C J. If supp f ¢ J, Bf(x)
will in general not be zero for x € J.

We claim, however, that Bf(x) = \(z) Sf(x) for all f € C*(I,R) and z € J,
where S was defined in (8.2). To verify this, take f,g € C*(I,R) with suppg C J,
but not necessarily supp f C J. Then supp(f - g) C J, too. Inserting the formulas
for T and A in terms of S, B and R into (8.1), we find for x € J

B(f-9)(x) = M«)*(f - 9)(x) + R(f - 9)(z) = T(f - g) ()
=Tf(z) g(x)+ f(z) Tg(z) + Af(z) - Ag(x)
= (Bf(z) = M) f(x) + Rf(x)) - g(x)
+ f(z) - (Bg(x) — Mx)?g(x) + Rg(x))
+ (A=) f(z) = Sf(2)) - (M=) g(z) — Sg(x)).

The terms involving R on both sides cancel, since R, as deﬁned above, satisfies
the Leibniz rule. Further, Bg(z) = 0, B(f - g)(z) = 0 and Sg(x) = 0 for z € J
since supp g C J and supp(f - g) C J. We are left with

0= (Bf(z) = M) - Sf(2)) - g(a), @€ J.
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Choosing g € C*(I,R) with g(z) # 0 and supp g C J implies Bf(z) = A(x) Sf(x)
for € J, even if supp f is not contained in J.
Using this and the definition of B, we have for = € J,

Tf(z) = =A@)*f(2)+Bf(2)+Rf(2) = =A(2)* f(2)+A(@)Sf(2)+Rf (),
Af(@) = M=) f(2) = Sf(=).

Inserting these formulas into (8.1), calculation shows

Mz)S(f - g)(x) = Sf(x)- Sg(z), f,g€ CMIR), zeJ.

If for some x € J, A(x) = 0, then Sf(x) =0, Af(z) = 0 and Tf(x) = Rf(x) for
all f € C*(I,R). This is the solution given in (b) of Theorem 8.2 with d(z) = 0.
If for x € J, A(z) # 0, define Sf(z) := ﬁ Sf(z). Then

S(f-9)(x) = Sf(x)- Sg(x), f.geCHIR), z €

Combining this for different intersecting intervals Ji, J> around points x1,zs € P,
we obtain that S is multiplicative on the full set P. If A(z) = 0, formally put
Sf(r) = 0. Then S : C*(I,R) — C(P,R) is multiplicative for x € P. With
d(z) :== —\(x), this yields

(2)*(Sf(z) — f(x)) + Rf(z), z€P,
which is the solution for 7" and A given in (b) of Theorem 8.2.

(d) Finally, it remains to consider the case that Al(xg) = T1(zo) = 0 and
xg € OP = P~ P. Choose any sequence (z,,) in P with z¢ = lim,_,~ . Since
Af and Tf are continuous for any f € C*(I,R),

Tf(wn) = d(@n)*(Sf(2n) = f(@n)) + Rf (wa) = Tf (o).
If Af(xg) = 0 for all f € CK(I,R), Rf(zo) = lim, o Rf(z,) exists for all
f€CHI,R) and Tf(xg) = Rf(x0).
If there is f € C*(I,R) with Af(xq) # 0, we have d(z,,) # 0 for large n, and

we may assume this for all n € N. Using that S is multiplicative on z, € P, we
get

2(Sf(xn) — flan))®

Af(z,)? = d(zy)
d(ﬂ?n)z(s(f2 Tn) + f(20)® = 2f (2,)S f(x0))
= d(z,)* [(S(f*)(@n) = f(n)?) = 2f (@) (Sf(2n) — f(@0))]
= d(zn) [A(fZ)(:En) — 2f(wn) Af(zn)]- (8.3)
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It Af(2o) # 0 and A(f2) (o) — 2f (w6) Af () # 0, we find

Af(x0)*
A(f?)(z0) — 2f (w0) Af (20)

In this case d can be extended by continuity to zy, and the same is true for S f
for all f € C*(I,R),

d(x,) —

= d(x()) 7’5 0.

1 1
Ty A )+ F ) — Grs Af (o) + F o) = 57 (zo).

Similarly, R,77 and T can be extended by continuity into xg. Therefore, in this
situation, the solution (7', A) of (8.1) in x¢ is as in part (b) of Theorem 8.2.

If Af(xo) # 0, but A(f?)(x0) = 2f(x0)Af(z0), (8.3) implies that lim |d(x,,)|

n—oo
= o0, i.e., d has a singularity at xg. This is the case in the Examples 1 and
2 following Theorem 8.2. Using the multiplicativity of S, we find for all g,h €
C*(I,R)
Alg - h)(zn) — Ag(xn) - M(zn) — g(zn) - Ah(zn)
= d(z,)[(S(g - 1) (xn) = (- B)(xn)) = (Sg(@n) — g(zn))h(zn)
— g(@n)(Sh(zs) — h(zy))]

= d( )(Sg(zn) - (xn))( h(zn) — h(z ))
(

= Ag(wn) Ah(xn) —0- Ag $0) Ah(xO) = 0.

Sf(xn) =

d( n)
Therefore, A(g - h)(zo) = Ag(zo)h(zo) + g(xo) Ah(xo) and A satisfies the Leibniz
rule at o for all g, h € C*(I,R). This ends the proof of Theorem 8.2. O

8.2 The extended Leibniz rule equation

Let I C R be an open interval and k € Ng. In Chapter 3, we studied the extended
Leibniz rule equation

T(f-9)=Tf Ag+Af-Tg, f,g€C"IR), (8.4)

for operators T, A : C*(I,R) — C(I,R) under the assumption of non-degeneration
of (T, A), cf. Theorem 3.7. Without this assumption there are simple solutions of
(8.4) which are not localized, such as

Tf(z) =d(@)(f(z) - flz+1)), Af(x)=35(f(2)+ flz+1)).

Note that for functions f with small support around some point x, Tf and
Af are proportional near x. The term f(x) in the example may be replaced by
|f(2)|P@) {sgn f(z)} and the term f(x+1) by Sf(z), where S : C*(I,R) — C(I,R)
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is an arbitrary multiplicative map, S(f - g) = Sf - Sg, still yielding a solution of
(8.4). We consider the converse question: Does this describe the general form of
solutions of (8.4), in addition to the localized solutions given in Theorem 3.77

Equation (8.4) allows 7" and A to be zero on large subsets of C*(I,R). To
avoid completely degenerate cases, we will impose a weak non-degeneration prop-
erty.

Definition. Let I C R be an open interval, k € Ny and T, A : C*(I,R) — C(I,R)
be operators. The pair (T, A) is weakly non-degenerate if and only if

(i) Veel 3feCFI,R): Tf(z)#0 and
(ii) Ve € I VJCITopen,x€J 3geCFI,R), suppgCJ: Ag(z)#0.

The second condition prevents examples like

Tf(x) = f(p(x)) = f(¥(x)), Af(z) = 5[fle(@)) + f((2))],

where ¢, : I — I are maps not necessarily fixing x. For fixed 2y with ¢(z¢) #
xo # Y(xo), Af(x) will necessarily be zero for all non-zero functions with very
small support J around xy. Non-localized operators of this type seem to be very
difficult to classify. Non-degeneration of (T, A) in Chapter 3 required more strongly
that 7" and A were not homothetic on functions with small support around some
point z. Here we only assume that A is not identically zero on such functions.

Similar to the set P, introduced before Proposition 8.1, we define a set @)
where the localization of the solution operators of (8.4) may possibly fail,

Q= {x el ‘ 3J C I open with z € J 3\ € C(J,R) Vg € C*(I,R),
suppg C J = Tgly = AAgls}.

By definition, @ is open and ) is automatically continuous, since T'g and Ag are
continuous on I and A is not identically zero on such functions. We use the same
localization set L as in Proposition 8.1. If T and A satisfy (8.4), but are not
localized in x, = belongs to Q:

Proposition 8.4. Suppose that k € Ng and T, A : C*(I,R) — C(I,R) satisfy (8.4).
Then QU L = I. However, QN L # ) is possible.

Proof. The proof is very similar to the one of Proposition 8.1. We show that any
point zo € I \ @ belongs to L, zy € L. Choose J C I \ Q open with z € J. Let
J C J be an open subinterval of J and suppose that fi|; = f2|; holds for some
fi, f2 € CF(I,R). We claim that T'f1|; = T'fa|; and Afi|; = Afa|;, which would
imply by Proposition 3.3 that 7" and A are localized. Let y € J. Since y ¢ Q, for
any open set J; C J with y € J; we may find g1, 9o € C*(I,R) with supports in
J1 such that (T'gq, Agy) and (T'ge, Ago) are not proportional on Jp, i.e., there is
z1 € Jy such that (T'g1(z1), Agi(z1)), (T'g2(z1), Aga(z1)) are linearly independent
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in R?. Choose a nested sequence of intervals Jy i C J; C --- C J; with length
|Je| = 0, y € Jp. Find functions gf, g§ € C*(I,R) with supports in .J, and 2z, € J;
such that (T'g{(z¢), Agi(2¢)), (T'g5(z¢), Ags(2¢)) are linearly independent in R2.
Then f4 -gf = fo ~gf forall £ € N, j € {1,2}. Using equation (8.4) for the functions
(g%, g%) and taking differences, we get

(T f1(ze) — Tfa(20)) Agi(2e) + (Af1(2e) — Afa(20)) Tgi(2) = 0,

for j = 1,2, £ € N. The linear independence of (Tgf(Zg), Agf(ZZ)) for j = 1,2, with
¢ fixed, implies that T f1(z¢) = T fo(z¢) and Af1(z¢) = Afa(ze). Since y, zp € Jp
and |J;| — 0, we have limy_,o z¢ = y, and by continuity 7'f1(y) = T f2(y) and
Afl(y) = Afg(y) Therefore Tf1|J = Tf2|J7 Afl‘J = Af2|J, and T and A are
localized at zy. Hence xy € L, and actually a small open neighborhood of x is in
L, as well. O

We extend Theorem 3.7 to the degenerate case. To do so, we describe the
general structure of the solutions of (8.4) on the three sets I ~ @), @ and 9Q) =

QN Q.

Theorem 8.5 (Extended Leibniz rule with resonance). Let I C R be an open in-
terval, k € Ng and T, A : C*(I,R) — C(I,R) be operators satisfying the extended
Leibniz rule equation

T(f-9)=Tf Ag+Af-Tg, f.geCIR). (8.4)

Suppose that (T, A) are weakly non-degenerate and that T and A are pointwise
continuous in the sense of Chapter 3. Let QQ be defined as before. Then there are
pairwise disjoint — possibly empty — subsets Iy, Is, I3 of I, where Is, I3 are open,
with I ~Q = [ Uy U3, and functions ¢, d,p : I — R which are continuous except
possibly on the exceptional set N = 0Q U 01y U 0I5 such that:

(a) On I~ Q the operators T and A are localized, and for all f € C*(I,R) and

z €I,
Tf@)=(dwﬂnf@ﬂ*w%)fgg>U‘ )P (s £(@)).

Af(@) = f @) {sgn f(2)}, ple)>1 (k= 1);
and for x € I,

Tf(x) = c(x)sin(d(z) In|f(2)]) | f () {sgn f () },
Af(x) = cos(d(z) In|f()[) | f () ‘){Sgnf (2)}, plz)>0;
and for x € I3,

Tf(:v) = ge(@) (| (@) P {sgn f(2)} — |f (2)| " sgn f (2))),
(@) = 5 (If (@) P {sgn f ()} + £ (2)|"[sgn f(2)]), min(p(z),d(x)) > 0.
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On Q, the operators T and A are possibly not localized, but T + cA is lo-
calized and multiplicative. Moreover, there is another multiplicative operator
§: CH(ILR) — C(Q.R),

so that for all x € Q

Tf(x) = 3e(x)(|f(@)P {sgn f(x)} — Sf(x)),
Af(z) = 3(|f(@)[P@{sgn f(z)} + Sf(z)), z€Q.

In points x € Q where T and A are localized, we get the same solution as the
third one in part (a), i.e., x € I3.

Conversely, the operators T and A described in (a) or (b) satisfy (8.4)
on I~ 0Q.

ForzecoQ=Q\Q,

either the operators T, A and S can be continuously extended from Q to x
with the same formulas as in (b), or they cannot be extended, in which case
the operator A is multiplicative on x, A(f - g)(z) = Af(z) - Ag(x).

More precisely, in this case there is p(x) > 0 such that

Af(z) = |f(@)["“ {sen f(z)}, f.g€ C*(I,R), z € Q.

As usual, the term {sgn f(z)} in each solution is present in T and A always or

not at all. We showed by an example after Theorem 3.7 that local solutions without
a derivative term, i.e., when d = 0 on I, could be combined to a globally defined,
non-degenerate solution of (8.4) with image in the continuous functions on 7. In
the degenerate situation of Theorem 8.5 solutions involving the first derivative
term can also be combined with other solutions to yield well-defined operators
with image in C(I,R). These solutions, derived from part (b), however, are not
non-degenerate in the sense of Chapter 3.

Example. Let / = R and define S : C}(R,R) — C(R,R) by Sf(z) := f(2x).
Choose in case (b) of Theorem 8.5 p(x) = 1 and ¢(z) = —2/:1c for > 0. Then

—1(f(@) = f(22)), x>0,
f'(z), z <0,

L(f(z)+ f(22)), x>0,
Af(x) = {f(m o

~
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satisfies (8.4) on R. On @ = (0,00) it is a non-localized solution of the type
explained in (b); on Iy = (—00,0] it is a localized solution. We have 0Q) = 01, =
{0}. Since lim,~ o f@22)=f(=) ) 1@ — (0 ), the ranges of T' and A consist of continuous
functions. These operatorb (T, A) are not non-degenerate in the sense of Chapter
3.

Proposition 8.6. Under the assumptions of Theorem 8.5, if A is localized, also T
1s localized.

The proof of Proposition 8.6 is similar to the one of Proposition 8.3.

Example. To illustrate this, suppose that A is given by Af = |f|P? {sgn f} and
that T satisfies (8.4). Then by part (a) of Theorem 8.5, T'f = (cIn|f| + dfT)Af.

In the proof of Theorem 8.5 we will use the following result on localized
multiplicative operators.

Proposition 8.7. Let k € Ny, I C R be an open interval and A : C*(I,R) — C(I,R)
be a non-zero multiplicative operator, A(f - g) = Af - Ag for all f,g € C*(I,R).
Suppose there is a function B : I x RF*1 — R such that for all f € C*(I,R),
rel,

Af(x) = Blx, f(2),.... P (@)).
Then there is a continuous function p € C(I,R) with p > 0 such that

Af(z) = [f(@)|P™) {sgn f(z)}.

The {sgn f(x)}-term either appears for all f or never. If the term is present, p > 0
holds. In particular, Af does not depend on any derivatives of f.

Proof. Since A(1) = A(1)? >0, A(1)(x) € {0,1} for any x € I. If for some g € I,
A(1)(z9) = 0, by continuity of A(1) we would have A(1) = 0 on I and A would
be zero. Hence A(1) = 1. Therefore A(—1)? = A((-1)?) = A(1) = 1, and by
continuity of A(—1), either A(1) =1on I or A(1) = —1 on I. Similarly, A(0) =0,
unless Af =1 for all f. We have for all f € C*(I,R) that A(—f) = A(—=1)A(f).
Since A is represented pointwise by B, it suffices to determine Af for functions
f € C*(I,R) which are strictly positive on I. Then Af = A(y/f)? > 0. Therefore
we may define an operator C : C*(I,R) — C(I,R) by Ch := In A(exp(h)), h €
C*(I). Since A is multiplicative, C' is additive,

C(h1 + he) = 1In A(exp(hy) exp(h2))
=1In A(exp(hl)) -+ In A(exp(hg)) = C(hl) + C(hQ) 3 hl, hg S Ck(.[)

The derivatives of exp h are expressible in terms of exp h and the derivatives of h.
Hence the local representation of A by B yields a local representation of C: there
is a function D : I x R¥*! — R such that for all h € C*(I,R) and = € [

Ch(z) = D(z, h(z),...,h " (2)).
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For any a = (a;)i_y, B = (8;)j=¢ in R*' and = € I, choose hy, hy € C*(I,R)

such that h{")(z) = a; and h§’(x) = B; for all j € {0,...,k}. Then the additivity
of C' is equivalent to

D(z,a+ B) = D(z,a) + D(z,8), «a,f R el

Therefore D(z,-) is additive on RF*! and Ch(x) = D(xz,h(x),...,h ") (z)) is a
continuous function of z € I for any h € C*(I,R). By Theorem 2.6 there are
continuous functions co,...,c; € C(I,R) such that D(z,«) = Z?:o ¢j(x)o; and
hence Ch(z) = E?:o ¢;j(2)h(2). For f € C*(I,R) with f > 0 and h = In f we

get
k

Af = A(exp(h)) = exp(Ch) = exp(z ¢; (In f))).
j=0
Since (In £)¥) has a singularity of order (fT/)] as f N\, 0, if f/ # 0, and A is given in
localized form, the coefficients functions ¢; of (In £)¥) have to be zero for all j > 1.
The argument for this is again the same as in the proof of Theorem 3.1. Hence
Af = exp(eoln f) = fe if f > 0. Applying this to the constant function f = 2
shows that ¢q is continuous, ¢y € C(I,RR). We also need ¢y > 0 to guarantee the
continuity of Af for functions f having zeros. Let p := ¢g. Then either Af = |f|?
for all f € C*(I) or Af = |f|P sgn f for all f, depending on whether A(—1) =1
or A(—1) = —1. This ends the proof of Proposition 8.7. O

We can now prove Theorem 8.5.

Proof of Theorem 8.5. (i) For f = g = 1, equation (8.4) yields that T1(z)(1 —
2A1(z)) = 0 for any = € I. In the non-degenerate case, T1 = 0 and A1 = 1
holds. In general, however, T'(1) # 0 is possible. Then Al(z) = 1/2. Conversely,
if A1(z) = 1/2, choosing g = 1 in (8.4) we find Tf(z) = 3T f(z) + T1(z) Af (),
Tf(zx) = d(x) Af(x) with d(z) = 2T1(z) for all f € C*(I,R). By assumption,
for any x € I there is f with Tf(z) # 0. Therefore, d(x) # 0. Let O := {z €
I'| Al(x) =1/2}. Then O = {z € I | T1(z) # 0} and O is open with O C Q.
Inserting T'f (z) = d(z) Af(z) into (8.4), we get d(z) A(f - g)(z) = 2d(z) Af(x) -
Ag(z) for any f,g € CF(I,R), x € O, i.e., R := 2A is multiplicative on 2 € O,
R(f-g)(x) = Rf(z) - Rg(x), z € O.

We claim that T, A and R are localized on O. Let J C O be open and
fi,fo € CF(I,R) satisfy fi|; = fa|s. Let z € J. By the assumption of weak
non-degeneracy, there is g € C*¥(I,R) with suppg C J and Ag(x) # 0. Since
f1-9= f2-g, an application of (8.4) yields

(T —Tfe) Ag+ (Afi — Afs) - Tg=0. (8.5)
Since Tg=dAg and Tf; = dAf; for i = 1,2, we find at x
2d(x) (Af(x) — Afs(2)) - Aglz) = 0.
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Since Ag(xz) # 0 and d(z) # 0 in view of © € J C O, Afi(z) = Afa(x),
ie, Af1|; = Afs|;. By Proposition 3.3, A is localized in O, i.e., there is B :
O x R¥*1 — R such that for any f € C*(I,R) and x € O

Af(x) = B(.Z‘,f(l‘),f/(l‘), L) f(k)(x))

Since 2A is multiplicative, Proposition 8.7 implies that there is a continuous func-
tion p € C(O,R), p > 0 such that

Af(x) = 3|f@)P, 2€0 or Af(z)=3|f(2)|" sgn f(z), z €O,

in the second case with p > 0. Hence on O C ), A and T = d A have the form
described in (b) of Theorem 8.5 with S = 0.

(ii) From now on, we may assume that x ¢ O. Then T1(z) = 0 and Al(x) =
1. Assume first that = ¢ Q. By Proposition 8.4, z is in the localization set L, and
the same is true for all points in a suitable open neighborhood J of z. Theorem
3.7 now applies on J and yields that T and A are of one of the forms given in (a)
of Theorem 8.5 for all y € J. We note that in the proof of Theorem 3.7, A1(y) =1
is used. If two such open sets intersect, the solutions coincide on the intersection.
They may be extended by continuity to the union and thus to I ~ @, although the
coefficient functions of the three possible solutions may possibly become singular
at the exceptional set (09I U dI3) N (I N Q).

(iii) Now consider z € @, and again = ¢ O, ie., T1(x) = 0, Al(z) = 1.
By definition of @, there is an open interval J C I with z € J and A € C(J,R)
such that for all ¢ € C*(I,R) with suppg C J, we have Tg = A Ag. If two
such intervals intersect, the corresponding A-functions must coincide, just using
functions ¢ supported in the intersection. Therefore, A may be extended to @,
yielding a continuous function A € C(Q,R).

Define two operators Cy. : CF(I,R) — C(Q, R) by

Cif(z):=Nx)Af(x) £ Tf(z), feCKI,R), z€Qq.

Note that for g with suppg C J we have C_g = 0. We will show that CL are
homothetic to multiplicative operators on @ and that C is localized. Using (8.4),
calculation shows
Cif -Crg=NAf£Tf) - (NAg£Tg)
= (Tf -Tg+NAf-Ag) £ NTf Ag+ Af -Tgq)
=NAf - Ag+Tf Tg+\T(f-9),
ANCL(f-g) = NA(f-9) £ AT(f - g).
Therefore, Cy f(x) Crg(z) = ACL(f - g)(x) for = € J is equivalent to

Tf(z) Tg(x) = N(A(f - 9)(z) — Af(z) - Ag()), =z €, (8.6)
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for all functions f,g € C*(I,R), and not only those supported in .J.
We now prove (8.6). Start with three functions f, g, h € C*(I,R). Repeated
application of (8.4) yields

T((fg)h) =T(fg) A(h) + A(fg) T(h)
=T(f) A(g) A(h) +T(g) A(f) A(h) + A(fg) T(h),
T(f(gh)) = T(f) A(gh) + A(f) T(gh)
=T(f) A(gh) +T(g) A(f) A(h) + A(f) A(g) T'(h)
Since both are equal, we find
T(f)(A(gh) — A(g) A(h)) = T(h)(A(f9) — A(f) Alg))- (8.7)

By weak non-degeneration, for any € J there is h € C*(I,R) with supph C J
and Ah(z) # 0. Then supp(g - h) C J, too, and by definition of Q, T'(h)|; =
XA(R)| s, T(gh)|; = XA A(gh)|s. Multiplying (8.7) by A and inserting this, we get

T(F)lo(T(gh)ls — A(g)ls T(h)|1) = A2 A(h)]1(A(f9)ls — A(F)ls Alg)l),
and by (8.4)
T(H)ls T(9)lsAM)| s = N2AMR)| 1 (A(f9)ls — AP Alg)]s)-
Since Ah(x) # 0,
Tf(x)Tg(x) = N (A(fg)(x) — Af(z) - Ag(x)),
which proves (8.6). Hence we have shown that

ACL(f-9)lq =Cxflg - Cxglq,

where, of course, @ is the union of smaller sets J C @, for which this was really
verified. For x € J, h with supph C J, supp(fh) C J and Ah(z) # 0, we find
using (8.4) and the definition of @,
M) A(f - B)(w) = T(f - )(2) = Tf(x) - Ab(x) + Af(x) - Th(z)
=Tf(x)  Ah(z) + Mz) Af(z) - Ah(x),
A@)(A(f - b)(2) — Af(z) - Ah(@)) = Tf(x) Ah(z).
If \(z) =0, Tf(z) = 0 would follow for all f € C*(I,R), which contradicts the

assumption of weak non-degeneration of (T, A). Therefore, A(z) # 0 for all z € Q
and both operators Cy := %Ci are multiplicative on @,

Ci(f-9)(2) =Ci(f)(x) Cilg)(z), fgeC*IR), z€Q,
Cof =A% 1T
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(iv) We now show that Cy = T + AA is localized on Q. Let J C Q be an
open interval and fi, fo € C¥(I,R) satisfy fil7 = fal5. Let x € J. Since z € Q,

there is an open interval J C J, z € J with Tgl; = \Agl; for all g € CF(I,R)
with suppg C J. By the assumption of weak non-degeneration, there is g with
suppg C J and Ag(x) # 0. Then f; - g = fo - g and (8.5) implies

0= (Tfi(z) = Tfao(x))Ag(x) + (Afi(x) — Afa(x))Tg(x)
= (T + 2A) fi(x) = (T + NA) fa(x)) Ag ().

Since Ag(z) # 0, (T + AA) fi(z) = (T + AA) f2(z), (T + AA) fils = (T + AA) f2[ .
By Proposition 3.3, Cy := T + AA is localized on . Since C} = %C@ is also
multiplicative, Proposition 8.7 implies that there is a continuous function p €
C(Q,R) with p > 0 such that for all f € C*(I,R)

Ciflw) = f(@)" {sgn f(2)}, z€Q.
Let S := C_. As we have seen, S is multiplicative and for f € C*(I,R)
Af(x) = 5(Cy + C)f (@) = 5 (| (@) {sgn f(2)} + SF(2)),
7f(x) = (8, - 60 f(w) = A2 (7)) (s f (@) - SF (). w € @

This is the form of T and A given in (b) with ¢ = A. Calculation shows that,
conversely, these operators satisfy the extended Leibniz rule (8.4) on Q.

(v) Finally, consider zy € 0Q = Q ~ Q, and again T1 = 0, A1 = 1. Choose
a sequence r, € @ with z,, — xo. Since Af and T'f are continuous for all f €
C*(I,R), so are C f and Sf = C_ f. Therefore,

Af(@n) = 5(Ci f(xn) + Sf(wn)) = Af (20) = 5(Csf (o) + 5 (o)),

75 () = 2@, () — $7(@)) - T o)
Choose g € CH(I,R) with Tg(x) # 0. If Cyg(x0) # Sg(zo), the limit
Mg Aen) = 5+9(Zf(—x (j’v“)g(wo)

exists. Put A(zg) := 1im”_,oo Mxy). Then Tf(xg) = (C’+f(:c0) Sf(xo))
holds by continuity of T'f, Cy f and Sf for all f € Ck( ,R), and the formulas
from (b) for Af and T'f in @ extend to xg € 9Q.

(x
) =

>/ I\J\H

£0

If Cpg(xo) = Sg(xo), SUP,en [A(@n)| = oo since T'g(x) # 0. In this case, the
formulas from (b) do not extend to xg € 9Q. However, since

Tf(xo) = lim Tf(z,) = lim @((’Lmn) — Sf(xa)),
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and limy, o0 Cy f(zn) = Cflxo), limpy oo Sf(xn) = Sf(zo) exist for all
f e CFI,R), it follows that C f(xz¢) = Sf(xo) for all f € C¥(I,R). Therefore,
Af(xo) = %(C~'+f(xo) + Sf(x0)) = Cyf(xo). For the constant function fo = 2,
6’+f0(x) = 2°(®) 2 € @Q, and p has a continuous extension into zg € dQ. Then
Af(xo) = Cof(mo) = |f(20)P@) {sgn f(x0)} for all f € C*(I,R). In particular,
A is multiplicative, i.e., A(f - g)(xzo) = Af(zo) - Ag(xo). This proves the last part
(c) of Theorem 8.5. O

In the example following the formulation of Theorem 8.5, A(z) = c(z) = —2

is unbounded on x € Q = (0,00) and Af(0) = f(0) is multiplicative on 9Q = {O}$

8.3 Notes and References

Proposition 8.1 and Theorem 8.2 were shown by Kénig, Milman in [KMS] in the
case k =2 and I = R.

One might compare Proposition 8.7 with the result of Milgram [M] that
bijective multiplicative maps A : C(I,R) — C(I,R) have a similar form as in
Proposition 8.7, up to some homeomorphism w : I — I,

Af(u(z)) = |f(2)["™ {sgn f(z)}, f€CU,R), z€l.

In Proposition 8.7 we do not assume the bijectivity, but the localization of the
operator A, and then u is not needed.
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The Second-Order Chain Rule

Chapter 9

Applying the chain rule twice to functions f,g € C?(R) yields
D*(fog)=D*fog-(Dg)*+Dfog- D%

We use this identity as a model for a more general operator equation. Replacing
D? by T and the first derivative expressions by A; and A,, we study in this chapter
the operator equation

T(fog)=Tfog-Aig+Asfog-Tg, f,g€C"R), (9.1)

for general k € N. In the case of the second derivative, Tf = f”, we have that
Ay f = f? and Ao f = f’. Therefore we consider A;, As to be “of lower order” than
T, and we will assume that 7' maps C*(R) into C(R) while A;, Ay operate from
C*(R) to C(R), ¢ = max(k —1,1). It turns out that under reasonable assumptions
on T, Ay, As, equation (9.1) does not admit too many types of solutions.

By Theorem 4.1, the chain rule equation R(f o g) = Rf o g- Rg for maps
R:CF(R) — C(R), k € N, has the solutions

Rf =22 fogsam 1),

with K € C(R), K > 0 and ¢ > 0, if R is not identically zero on the half-
bounded C*-functions. On the functions f with strictly positive images Rf, i.e.,
1" =11l >0, we may consider T'f :=In Rf which will satisfy the equation

T(fog)=Tfog+Ty,
with the solution

Tf=q|f'|+ (Hof—H),
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where H := In K. This solves a special case of (9.1), namely for A; = Ay = 1.
However, the solution does not extend to C!(R)-functions f with f/(z) = 0 for
some z € R. But we may replace this by

Tf=(qm|f'|[+Hof-H)-[f']", Af=Asf=If,

with p > 0. These three operators are well defined on C*(R) and satisfy (9.1). It is
this example which motivates setting £ = 1 if k = 1, where T is defined on C*(R)
and A on C*(R). Otherwise, for k > 2, we put £ =k — 1.

Besides the second derivative and the In| f’|-solution there is also the Schwarz-
ian derivative T = S which satisfies (9.1) with suitable operators A, As. The
Schwarzian derivative of a function f € C3(R) with f’ # 0 is defined by

AN ”y 2 1 my 2
1 3
A YA YA
I 2\ f 2\
The kernel of S on suitable function spaces consists of the fractional linear transfor-
mations f(z) = %is. Although the Schwarzian derivative is mainly used in com-
plex analysis, when studying conformal mappings, univalent functions or complex

dynamics, we will consider it here from the perspective of real analysis composition
formulas. It satisfies

S(fog)=Sfog-(9)?+5g, f.geC*R),

if f' # 0 # ¢'. This, too, is of the form (9.1) with A;g = ¢, A>g = 1. However,
as in the example of In | f’|, it is not defined if f/ = 0. We may compensate for this
fact by multiplying Sf with f’2, and then

Tf=f2Sf=ff"=35(f)? Af=f" Af=f"

define maps T : C3(R) — C(R), A1, Az : C*(R) — C(R) which satisfy (9.1). This
raises the question whether there are solutions 7' of (9.1) with associated suitable
operators A1, As which depend non-trivially on the fourth or higher derivatives.
Under natural assumptions, it turns out that no such operators exist, as we will
show, and we will find all solutions of (9.1).

Besides the “basic” solutions f”, f2Sf and f’log |f’| there are two additional
solutions of (9.1) when k = 1, i.e., when T, A;, Ay are all defined on C*(R).

Equation (9.1) resembles the addition formula of the sin-function, though in
a multiplicative setting, and thus allows for a solution of the form T'f = sin(In | f’|),
Aif = Asf = cos(In|f’|), which again would have to be multiplied by terms |f[?,
p > 0, to be well defined on C!(R). The second additional solution for k = 1 is
based on a cancelation effect. This is similar to the cancelation of terms in the
(non-localized) example T'f(z) = —f(z) + f(x + 1), Af(z) = f(z) — f(z+1) in
the case of the second-order Leibniz rule.
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9.1 The main result

If Ay = Ay = 1T, (9.1) would be the ordinary chain rule T(f o g) =Tfog-Tg.
To exclude this reduction to a previously studied case, we will make the following
assumption of non-degeneration, which prevents T'and A; = A to be proportional.

Definition. Let k¥ € N, ¢ := max(k — 1,1), T : C¥(R) — C(R) and A : C*(R) —
C(R) be operators. The pair (T, A) is C*-non-degenerate provided that

(a) for every x € R there is g € C*(R) such that Tg(x) # 0;

(b) for any open interval J C R and any x € J there exist functions g1, g2 €
C*(R) with image in J and points y1,yo € R with g1(y1) = g2(y2) = « such
that the vectors (T'g;(v:), Agi(v:)) € R? for i = 1,2, are linearly independent.

We also need the following definitions, which are similar to notions which
already appeared in Chapter 7.

Definition. For ¢ € Ny, an operator A : C*(R) — C(R) is isotropic if it commutes
with shift functions S, : R — R, Sy(z) := x4y, z,y € R, ie., if A(foS,) =
(Af)o S, for any f € CY(R), y € R.

Definition. For k € N, an operator A : C*~1(R) — C(R) is C*~-pointwise contin-
uous if for any sequence (f,,)nen of C*(R)-functions and f € C*~1(R), such that
lim,, oo f7(,,j) = fU) converges uniformly on R for all j € {0,...,k — 1}, we have
pointwise convergence lim,, ., Af,(x) = Af(x) for every z € R.

Definition. For k¥ € N, an operator 7' : C¥(R) — C(R) depends on the k-th
derivative, if there are x € R and functions g1, go € C*(R) with g?)(x) = gé])(x)

for all j € {0,...,k — 1} and T'g1(z) # Tga(x).
We may now state the main result of this chapter.

Theorem 9.1 (Second-order chain rule). Let k € N, £ := max(k — 1,1). Suppose
that T : C*(R) — C(R) and Ay, Ay : CY(R) — C(R) are operators such that the
second-order chain rule

T(fog):TngA1g+A2ngTg, fvgeck(R)7 (91)

holds. Assume that the pair (T, Ay) is C*¥-non-degenerate and that Ay and Ay are
isotropic and, if k > 2, are C*~'-pointwise continuous. Then T, A; and Ao are
localized and

(a) if k >4, T does not depend on the k-th derivative;

(b) if k € {1,2,3} and T depends on the k-th derivative, there exist constants
ce,d,p € RN {0}, ¢,7 € R, g,r >0, p > k—1 and a continuous function
H € C(R) such that either,



164 Chapter 9. The Second-Order Chain Rule

Tf =[d Tof + ((f) Ho f = H)(f)" ] |FPH {sen f,
Auf= ()" Aof, Asf =|f'1P {sgn f'}, (9.2)
where Ty f =In|f'|, Tof = f" and Tsf = (f)2Sf = f'f" = 3(f")?,
or, if k =1, additionally the following solutions are possible,
(b2)
Tf =d sin(cln|f']) |f'[" {sen f'},
Ay f = Asf = cos(cln|f']) | f'[P {sen f'}, (9.3)

or

Tf=(Hof)[f" {sgnf'} —H |f'|" [sgn f],
Aif =117 {sen '}, Aof =|f]" [sgn f]. (9.4)
The terms {sgn f'} or [sgn f'] should be simultaneously present in (T, Ay, As) or
not at all, yielding two possible solutions, in the last case even four solutions. If
the function H is constant in (9.4), the form of the operators (T, A1, As) satisfying
(9.1) would be slightly more general, namely (T, Ay + T, Ay —yT') where v € R

is a suitable constant.
Conversely, all operators in (b) satisfy the second-order chain rule (9.1).

Corollary 9.2. Suppose that k € {1,2,3} and that the operators (T, Ay, As) satisfy
the assumptions of Theorem 9.1.

(a) Assume also that T annihilates all affine functions on R. Then there exist
d,p € R such that

either
Tf=dSf|f'[P {senf'}, Aif = (f)? Aof, Aof = |f'" {sen f'}, p > 2,
or

Tf=df"|f'P~! {senf'}, Aif = f Asf, Aof =|f'|" {sgn f'}, p=> 1.

(b) If, in addition to (a), T satisfies the initial conditions

then Tf = f", Aif = f'? and Asf = [ .
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(¢) If, in addition to (a), T satisfies the initial conditions

then Tf:f/2Sf:f/f//l_ %f//Z} Alf:f/4 and A2f:,f,2-

Proof. (a) The first part of Corollary 9.2 follows directly from Theorem 9.1 since
the solutions in formulas (9.3) and (9.4) and the one in (9.2) for £ = 1 do not
annihilate the affine functions. Therefore T depends non-trivially on f” or f”.
Moreover, the function H has to be zero so that the term involving H is zero, to
guarantee that 7" annihilates all affine functions.

(b) Assuming in addition, that T(L;) =1 and T(%) = z holds, the first
solution in (a) would require that 1 = T(TQ—Q) = d(—32P7%) and © = T(%S) =
d(—z22P=2) for all x > 0, yielding the contradiction 2 = p = 1. The second
solution in (a) satisfies these initial conditions with p = 1, d = 1 and the {sgn f’}-
term being present, i.e., Tf = f", A1 f = f? and Ao f = f'.

(¢) Assuming in addition, that T(%Z) = -2 and T(%) = —2? holds, the

second solution in (a) would require that —3 T(z;) drP~! and —2? =

T(%S) = d(:z:(%g)p’l) for all 2 > 0, yielding the contradiction 1 = p = 3. In this
case, the first solution satisfies these initial conditions with p = 2, d = 1 and the
{sgn f’}-term not being present, i.e., T'f = f2Sf = f'f" — 3f"2 A, f = f"* and
Aof = f7. O

Remarks. (a) The assumption that A, As are isotropic is not needed in Theorem
9.1. However, it simplifies the proof considerably, which even in the isotropic case
is technical and lengthy. Under the assumptions of Theorem 9.1, but without the
isotropy condition on Aj, Ag, the general solution of (9.1) can be obtained as
follows:

There are strictly positive functions K7, Ko € C(R) so that for any solution
(T, Ay, A3) of (9.1) there is an isotropic solution (T, Ay, A5) of (9.1) such that

7f(w) = “2 7 1)
Afo) = D A fo), aste) = 28D o),

It is quickly checked that (T, /L, 2[2) satisfy (9.1) provided that (T, A1, As) does.
Conversely, this gives the form of all possible non-isotropic solutions of (9.1).
The assumption that (Aj, As) are isotropic is not used to prove (a) of Theorem
(9.1). The proof simplifies under the isotropy condition since then the functions
representing A;, As do not depend on the independent variable. Therefore, we
stick to this simpler case in our proof.
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(b) If k > 2, the assumption of C*~!-pointwise continuity of A;, A, most
likely can be eliminated. However, it also simplifies the proof of Theorem 9.1,
since then the representing functions of the operators A, As do not depend on
the k-th derivative variable.

(c) The results of Theorem 9.1 show that C*(R) for k = 0, 1,2,3 constitute
the “natural” domains for T and that C*(R) for k = 0, 1 are the “natural” domains
for A; and As. The case k = 0 corresponds to the degenerate case in (bl) when
formally putting thered = 0 and k = 1, i.e., when T'f = Hof—H, A1 f = Axf = 1.
This solution was already mentioned in the introduction.

The operators A; and A, are closely related by A;f = (f/)*"1Af in the
main cases of (bl); the motivating examples therefore showed the typical phe-
nomenon. The operators A; or A, cannot be zero, due to the assumption of C*-
non-degeneration.

(d) The functions f3(z) = x + %37 folx) =a+ “—22 may be used to determine
the constant d in the described form of T in (bl) from d = T f(0) for k = 3,2.
The function H in (bl) is completely determined by the function T'(21d), similar
as in the case of the chain rule equation, cf. Remark (b) following Theorem 4.1.

(e) The structure of equation (9.1), T(fog) =T fog-Aig+ Asfog-Tg, is
somewhat similar to the one of the operator equation T'(f-g) =T f-A1g+Asf-Tg
studied in Theorem 3.7 as an extension of the Leibniz rule, except that the product
T f-A;g there is replaced by the “compound” product T fog-A;1g. There is a certain
similarity in some of the solutions. However, the function variable ag = f(x) in
Theorem 3.7 is replaced by the derivative variable ay = f’(z) here. The difference
between these equations is that (9.1) does not have any solutions depending non-
trivially on the k-th derivative f*) for any k > 4, while the extended Leibniz rule
has solutions which depend non-trivially on f*) for all k € N.

(f) Solving the second-order chain rule, no “phase transition” between two of
the solutions in Theorem 9.1 is possible, contrary to the case of the solutions for the
extended Leibniz rule (Theorem 3.7), or the second-order Leibniz rule (Theorem
7.2), cf. the examples there. This is also true if A; and As are not assumed to
be isotropic. It is essentially a consequence of the fact that ¢,d,p € R~ {0} in
(9.2), (9.3) and (9.4) are constants, and not functions of a, which could have a
singularity or decay to zero at a point of phase transition, as in the examples
following Theorems 3.7 and 7.2.

(g) Concerning a related cohomological result for diffeomorphisms on the
projective line, we refer to Section 9.4.

9.2 Proof of Theorem 9.1

We first show that (T, A1, As) are localized.
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Proposition 9.3. Let k € N, k > 2. Assume that T : C*(R) — C(R) and Ay, As :
C*=1(R) — R satisfy (9.1), that (T, A1) is C*-non-degenerate and that A; and
Ay are isotropic and C*~'-pointwise continuous. Then there are functions F :
R¥*2 R and By, By : R¥ — R such that for all f € C*(R) and z € R

Tf(x) =F(, f(2),.... [P (),
Aif(@) = Bi(f(a),.... f* (@), i=12
For k = 1, without the pointwise continuity assumption, there are functions F :
R3 — R and By, By : R?2 — R such that for all f € CY(R) and x € R
Proof. (a) We first show that T'(Id) = 0 and A;(Id) = Az(Id) = 1. Choosing
f=1Idin (9.1), we find for all g € C*(R), y € R,
Tg(y) = T(d)(g(y)) Arg(y) + A2(1d)(9(y)) T9(y),
Tg(y) (1 — A2(1d)(9(y))) = Arg(y) T(1d)(g(y))-
Since (T, A1) is C*-non-degenerate, for any € R we may find g1, g> € C*(R) and
y1,Yy2 € R with g1(y1) = g2(y2) = x such that the two vectors (T'g;(v:), A19:(yi)) €
R? are linearly independent for i = 1, 2. The resulting two linear equations

therefore only admit the trivial solution T'(Id)(x) = 0, 1 — As(Id)(x) = 0. Hence
T(Id) = 0, A2(Id) = 1. Choosing g = Id in (9.1), we get for all f € C*(R) and
x eR,

Tf(x) =Tf(x) Ai(d)(z) + Az f () T(1d)(2) = T f(x) A1 (1d)(z).
By non-degeneracy, choose f € C¥(R) such that T f(x) # 0. This implies that also
A (Id) = 1.

(b) Let J C R be an open interval and f1, fo € C*(R) be such that fi|; =
fals. We claim that T'f1[; = T'fa|s, Aifils = Aifols, i =1,2.

Take any x € J. By assumption, there are g1, g, € C*(R) with images in J
and points y1,y2 € R with ¢;(y;) = = such that (T'g;(v:), A19:(y;)) € R are linearly
independent for i = 1,2. Since fi|; = fa|s, we have fj 0g; = fyog; for i = 1,2.
By (9.1)

0="T(f109:)(yi) —T(f209i)(y:)
= (Tfi(z) — Tfa(2)) A19i(yi) + (A2f1(z) — Az fo(x)) Tgi(ys)

for i = 1,2. This implies T f1(z) = T fa(x), Az f1(x) = Az fa(z) and hence T f1]; =
Tfaly and Az f1|; = As fo,.
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For z € J, let y := fi(x) = fa(x). Choose h € C*(R) with Th(y) # 0.
Since also (h o f1)|; = (ho f2)|s, we know that T'(h o f1)|; = T'(ho f2)|; and
Tf1|] = Tf2|]. By (91)

0=T(ho f1)(x) =T (ho f2)(x)
= Th(y) (A1 f1(x) — 1f2(x)) + Ash(y) (T f1(z) — T fo(x))
= Th(y) (A1 fi(x) — Asfa(x)),
hence A1 fi(z) = A1 f2(), Le., A1f1|J = A1 f2], too.

(¢) By part (b) and Proposition 3.3 there are functions F, B; : RF2 — R,
i = 1,2, such that for all f € C*(I) and all z € T

Tf(x) :F(.’L‘, f((II), s f(k)(x))a
Aif(x) = Bi(z, f(z),..., fP(2)), i=1,2

We claim that the B;, i € {1,2}, do not depend on f*)(z) for all f € C*(R),
€ R. Let f € C*(I), 2 € R and g(x) := Y020 £260) (2 )7 be the (k — 1)-st

]l
Taylor approximation to f at xy. We will show by C*~!-smooth approximations
that T'f(zo) = Tg(x) holds, and obviously Tg(x¢) depends only on zg, f(x¢) and
all derivatives up to f*=1(zq), but not on f*) (z).
For n € N, let z,, :::coJr%,yn = x9 — < and define ¢,, : R — R by

n

k+1
(@) + P o)z —wo)* (225 ), a2 a0,
¢n(x) _ glxr Zo )X Zo ( . 0)k+1 e Zo

g@) + FP(@o)(@ — mo) (£2-) @ <o,
and functions g, h, : R = R by

L g(m), x < Yn O Tp < x, L f(l'), xr < Xg,
gn(w) . {¢n(x)7 Yn < T < Tn, hn(m) o {gn(l')v T > 9.

Since ¢, is in C*(R) with ¢£f)($o) = gV (z0) = fV(z0), ¢V (zs) = gV (z2),
bn(yn) = g9 (yy) forall j € {0, ..., k}, g, and h,, are in C*(R) as well, and g,, con-
verges to g uniformly in C*~1, i.e. g(J) — ¢ uniformly for all j € {0,...,k—1}.
The C*~!-pointwise contlmuty assumption for A; and As implies that A;g, (z¢) —
Aig(zg), i € {1,2}. Let I_ := (—o00,x), I+ := (x9,00). Then f|;_ = hy,|;_ and
hulr, = gnlr.. By part (b), Aif[r_ = Ashy|r_ and Ashy|1, = Aignlr,, i € {1,2}.
Since the images of A; and A, consist of continuous functions, and {zo} = I_NTy,
we get A;f(xo) = Ajhn(xo) = Aign(zo). With A;g,(z0) — Aig(xo) we have
Aif(zo) = Aig(zg) for ¢ € {1,2}. However, the (k — 1)-st Taylor polynomial g
depends only on (zq, f(z0),..., f*~D(xq)). Thus the A;f(xo) do not depend on
f%®) (z0) and

(Aif)(x0) = Bi(xo, f(o), .-, ¥ (x0)) = Bi(xo, f(z0), -, f&V(x0)),
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for ¢ € {1,2} and all 2o € R.

(d) The assumption that A;, As are isotropic means that for all 2,y € R

Bi(z, fly+a),.... fFVy+2) =Bi(y + =, fly+a),..., fFD(y+a).

This implies that B; is independent of the first variable z, i.e.,

Aif(z) = Bi(z, f(z),..., f* () = Bi(f(),.... f* (2)). O

We now prove part (b) of Theorem 9.1, finding all solutions of the second-
order chain rule if k € {1,2,3}. Afterwards, we will show part (a), that there are
no solutions which depend on the k-th derivative, if k > 4.

Proof of (b) of Theorem 9.1. (i) We first consider the case k = 3, T : C3(R) —
C(R) and Ay, Ay : C?(R) — C(R) satisfying (9.1), and such that T'f depends non-
trivially on f”’. The case k = 2 is rather similar. We will later indicate how the
following analysis of the representing function changes if £ = 2. By Proposition 9.3
there are functions F': R® — R and By, By : R® — R such that for all f € C?(R)
and z € R

Tf(x) = F(x, f(z), f'(x), f" (), f" (@),
Aif(z) = Bi(f(2), f'(x), f"(2)), i=1,2. (9-5)

Then T'(Id) = 0, 4;(Id) = 1 translates into
F(I,Z‘,]_,0,0):O, B7(1',]_,O):1, i:1727

equations which we will use in the following without further mention. Given ar-
bitrary values z,v, z, ay, as, as, 81, B2, B3 € R, choose functions f,g € C3(R) with
g(x) =y, fly) = z, gV (z) = Bj, f9 ) = oy for j = 1,2,3. Then the second-
order chain rule operator equation (9.1) is equivalent to the functional equation
for the three functions F, By, By given by

F(x, 2,011, 0267 + 01 B2, 3B} + 3aaB182 + a1 83)
= F(y,Z,Oél,OéQ,Oég)Bl(y,ﬁl,BQ) +F('r7yvﬁlaﬁ2763)B2('z7a1;a2)a (96)

since
(fog) =f"0g-(9)+[og-g"
(fog)/// — f///og' (g/)3+3fllog'g/ 'g//+f/og'g///.
(ii) We choose particular values for the «;’s and §;’s in (9.6) to identify the
structure of F, By and By. Our first aim is to show that F(x,z, a1, a9, a3) is an

affine function of a3, with coefficients depending on (z, z, a1, o) and that By and
By are related by Bi(z,a1,a2) = a? Ba(z, a1, az).
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Choosing a; = 1 = 1, ag = 2 = 0 in (9.6), we get
F(SL’,Z, 1,070‘3 + B3) = F(yazv 1,0,@3) + F(xaya ]-707B3)7 (97)

which yields for a3 =3 =y=0 that F(z,2,1,0,0)=F(0,2,1,0,0)+ F(«,0,1,0,0).
For & = z this implies 0 = F(x,2,1,0,0) = F(0,2,1,0,0) + F(2,0,1,0,0). Put
G(z) := F(0,2,1,0,0) = T(Id +2)(0). Then G(x) = —F(2,0,1,0,0) and hence
F(z,2,1,0,0) = G(z) — G(x). Put © = z in (9.7) and interchange a3 and 3. Then

F(:vav 1,0&3 +ﬁ3) = F(y,x, 170363) +F(x7ya 1,0,0[3) = F(y,y,LO[g +ﬂ3)a

so that f‘(ag) .= F(x,z,1,a3) is independent of z € R, with F:R->R being
additive by (9.7) for x =y = 2, F(az + f3) = F/(a3) + F(f33). Choose 3 = 0 and
y =z in (9.7). Then

F(z,2,1,0,a3) = F(a3) + G(z) — G(x). (9.8)
Next, put a3 = 1, ag = 5 =0 in (9.6). Then

F(xazaﬁ17ﬁ2aaéﬁf) = F(yaz7170aag)Bl(y761562) +F(xayaﬁlaﬁ270)'

For 31 # 0, o433 may attain arbitrary values, varying /. Renaming the variables
(B1, B2, a4 33) by (a1, aa, a3), we get for ag # 0, using (9.8)

o
F(l’,Z,Oél,OZQ,Olg) =F (ywzalaO;ag) Bl(y,Oq,OéQ) +F($,y,051,04270)
1

= F(z,y, 01, 02,0) + <ﬁ (Z‘;) +G(2) - G(y)) Bi(y, a1, ). (9.9)

1

Similarly, choosing 81 = 1, 82 = a3 = 0 in (9.6) and replacing o483 by as, we get
for ay #0

F(ZL',Z,Oél,OQ,a?,)

= F(y,z,01,2,0) + (ﬁ(

ai”) +G(y) - G(:c)) By(z,a1,02).  (9.10)

851

Take y = z in (9.9) and y = = in (9.10) and compare the results to conclude that
for any aq,as, a3 € R with a3 # 0

~ ([« ~ [«
F (ag) Bi(z,a1,00) = F (3> Bo(z, a1, ).

1 ai

If F were identically zero, by equation (9.9) the function F would be independent
of ag and T'f would be independent of f”/ at any point x € R, contrary to our
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assumption. Hence, there is ¢ # 0 with F(c) # 0. Choose a3 = ca®. Then with

F(t) := P;(‘j;,

Bi(z,a1,0) = F(a?)Ba(z, a1, ).

For f(z):=x+ a3, Ao f(x)=Ba(f(xz),1+2?,2z) and Ay f(0)=B2(0,1,0) =
1 # 0. Since Az f is continuous, there is € > 0 such that Az f(x) # 0 for all z € R
with || < e. Then for all a € [1,1 + €2],

Asf(Va—1) = Bo(f(Va—1),0,2V/a —1) #0

Alf(\/a — 1) B Bl(f(\/a — 1),04,2\/@ - 1)

Agf(\/a—l) Bg(f(\/a—l),a,%/a—l)
defines a continuous function for o € [1,1 + €2]. Since F is additive, Proposition
2.2 yields that F is linear. Since F(1) = 1, we have F(t) = t. Put d := F(1). Then
F(t) = dt and for all ay, g with ay # 0,

=F(a?)

Bi(z,a1,a2) = af Ba(z, a1, az).

Actually, By and B are also independent of z: Put y = z in (9.10) to find
F(z,z,01,a9,a3) = F(z,2,a1,a9,0) + (dz—i’ +G(z) — G(x))Bg(z7a1, ).

Taking y =  in (9.9), we get, using in addition that B; = o Bs,
F(x,z,a1,q9,a3) = F(x, 2, a1, as, O)—&—(dz—%—&—G(z)—G(x))a% Bs(x, aq, s).

Since the left-hand sides of the previous two equations are identical, so are the

right-hand sides. Isolating the terms involving a3 on one side, we conclude

d% (Ba(z, a1, ) — Ba(z, 01, 0)) = [F (&, 2, 1,02,0) — F(z, 2,01, 2,0)]
1

+[G(z) — G(z)] [a] Ba(z, a1, 2) — Ba(z, a1, a2)]. (9.11)

The right-hand side is independent of a3 and hence the left-hand side, too, requir-
ing that Ba(z,a1,as) = Ba(z,a1,as). This means that By and B; = o? By are
independent of x and z. Put

B(Oll,ag) = BQ(I’,OZl,OlQ) = BQ(Z,CV17O[2),

so that a? B(ay, as) = By(z,a1,a3) = Bi(z,a1,az). Since now the left-hand side
of (9.11) is zero, so is the right-hand side. This yields for x = 0 with G(0) =
T(Id)(0) = 0,

F(z,z,a1,02,0) = F(0,0,a1,a2,0) + G(Z)(Oé% —1)B(a1, az).
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Let Fo(ay,as) := F(0,0, a1, as,0). Then, using (9.10) with y = z,
F(z,z,a1,02,a3) = [Fo(or, az) + G(2)(a] — 1)B(ay, az)]
+ 452+ 6() - 6(@) | Blan. )
= Fylar, as) + [dZ—‘I’ +a2G(z) — G(x)}B(al, as).  (9.12)
(iii) By (9.12), it suffices to determine the functions Fj and B. We claim that

B is independent of as and multiplicative in «;q.

Insert formula (9.12) for F into (9.6) with x =y = 2 = 0, g # 0 # B
and isolate terms involving ag and (3 on the left-hand side. This yields after some
calculation

2
d <O‘Z161 + ,?j) [B(aifr, 28] + a1 2) — B(aw, az) B(Br, B2)]

= BiFy(a1, a2)B(B1, B2) + Fo(B1, B2) B(ar, an) — Fo(a1Br, azffi + a1 B2)

a;?QB(alﬁl,Oégﬁlz +Oé152). (913)

—3d

Since the right-hand side is independent of a3 and (3, the same is true for the
left-hand side. Using that d # 0, we get

B(a1 B, aof8; + a1 f2) = B(an, as)B(B1, B2) = Bla1 1, asf + aifz), (9.14)

where the last equality is a consequence of the symmetry of the product in the
middle in o and 8. Given any ¢,s € R and fixed values aq, 51 with a5, ¢ {0, 1},
the linear equations

Bias +ai1fe =1, Piras+aifs =s,
may be solved for as, B2, since det (gf a;) = a1 81 (a1 81 — 1) # 0. Hence for v, ¢
g
{0,1}, B(71,t) is independent of ¢. For f(z) = %x2, Asf(an) = BQ(%?,OQ, 1) =

B(ag,1) = B(a1,0),if oy ¢ {0,1}. Since Az f is continuous, B(ay, 0) is continuous
in @y and by (9.14) multiplicative,

B(Oélﬁl, 0) == B(Oél, O) B(ﬁl, O)
By Proposition 2.3, there is p € R such that
B(a1,0) = |ag|? or B(ag,0) = |a|” sgnay.

Since B( -, 0) is continuous, we need p > 0 in the first case and p > 0 in the second
case. Thus we have for all aq, s, also for a; = 1 and oy = 0,

B(ay, a;) = Blay,0) = |og|P{sgno } =: B(ay). (9.15)
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(iv) We finally determine the form of Fp. Since the left-hand side of (9.13) is
zero, so is the right-hand side, and using also (9.15), we get for a1 # 0 # 51

2 B(a1 1)
o

— Fy(ar,2)B2 B(B1) + Fo(B1, B2) B(a).  (9.16)

Let 81 =1, ap = 0. After renaming o35 as as, we get

Fy(a1 1, a2Bf + a1 2) + 3d

Fo(an, as) = F(a1,0) + Fo(l, %)é(al). (9.17)

Similarly, for a; = 1, 83 = 0 we find after renaming variables

a
Fo(o, o) = Fo(a,0) + FO(L a—i)a? B(ay).
1

Comparing the results, we conclude that F(l, %) = F(1, a—%)a% which for as =
1 al
a} =: a? given Fy(l,a) = Fy(1,1)a® =: ba?. To identify also Fy(aq,0), put
ag = P2 = 01n (9.16). By symmetry in oy and (1,
Fy(a181,0) = Fy(1,0)8 B(B1) + Fo(51,0)B(on)
= Fo(B1,0)a% Bla) + Fo(a1,0)B(6y).
Take the difference of both right-hand sides and choose a fixed 5 ¢ {0,1, —1}. Let

. _ Fo(B1.0) _ 2 N\R
€= G By Then Fy(ay,0) = c¢(af — 1)B(ay). By (9.17),

a3l ~
Fo(ag,an) = [c(a% -1+ bag} B(ay).
1
Put aq = 81 =1 and a3 = B, = 1, to find using (9.16) and B(1) =1,

3 3 1
b+ Zd—F‘O(l,l) + Zd_ ZF() (1,2> = —

so that b = —3d is necessary for (9.16) to be satisfied. Formula (9.12) finally yields,
using the formulas for Fy and B

F(z, 2 a1, an,a3) = qc(oﬁn;dﬁ] + [dZi’m%G(z)G(z)D B(ay)
- [d <Zj’ - 22‘%) +a2H(z) — H(I)} Blay), (9.18)

where we put H(z) := G(z) + ¢. Inserting formulas (9.18) and (9.15) for F' and B
and those for By and Bs in terms of B into (9.6), calculation shows that, conversely,
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these functions satisfy (9.6). Therefore, (9.18) gives the general solution of the
functional equation (9.6).
(v) Hence by (9.5)

Tf=[d(f)Sf+ ((f)2Hof—H)(f)?IfP*{sen f'},
Arf = () Asf, Asf = |f'[P{sen f'}, (9.19)

for all f € C3(R), where S denotes the Schwarzian. We need p > 2 to guarantee
that T'f is continuous for all f € C3(R). Since T'f, f, f', "' and f""" are continuous
for all f € C3(R), it follows from the formula for 7' that (f')?H o f — H is contin-
uous in zg € R for all f € C3(R) and x¢ € R with f/(x¢) # 0. A similar argument
as in part (iii) of the proof of Theorem 4.1 then shows that H is continuous. For
a detailed proof, cf. [KM3, p.889].

For p > 2 or p > 2, formula (9.18) also holds for a;; = 0, i.e., when f/(z) = 0.
To see this, take arbitrary xg,z, a2, a3 € R with s, as not both zero. Choose
f(x) = z+ % (x — 20) + %2 (2 — 20)*. Then for = close to xo, f'(x) # 0. We
consider the case f’(z) > 0. Then by (9.19)

Tf(2) = d|as (az(e —20) + 5 (@ - xO)Q)H

— g(ag + ag(x — xo))2 (ag(m — ) + %(m — x0)2>p_2}
+ (anle —a0) + Lo —a0)” H(F@)
- (ag(x — o) + %(x — xo)z)p H(x).

For @ — x¢, the left-hand side converges to (T'f)(z) = F(xo, 2,0, a2, a3) by the
continuity of T'f and the right-hand side converges to 0 if p > 2 and to —%da% if
p =2 since H and f are continuous. Hence (9.18) and (9.19) also hold for a; = 0,
assuming p > 2.

(vi) We quickly mention how the analysis of F' and B changes when k = 2,
i.e, when T : C*(R) — C(R) and A;, Ay : CY(R) — C(R). The representing
functions F, By and By depend on one argument less and (9.6) is replaced by

F(.’I),Z,Oélﬁl,agﬂf + 04162) = F<y727a17a2)Bl<yaﬁl> + F($7ya,81752)B2(2701)-

In this case F(aw) := F(x,2,1,a9) is independent of z and additive. Putting
G(z) = T(Id+=x)(0) = F(0,z,1,0), equations (9.9) and (9.10) are replaced by

F(z,2,01,02) = F(z,y,a1,0) + [ﬁ (2‘?) +G(2) - G(y)] Bi(y, a1)
az

= F(y, 2 01,0) + [ﬁ ( ) +Gly) — G(:c)] Bs(z, 01).

aq



9.2. Proof of Theorem 9.1 175
This then yields that B;(z,a1) = a1 Ba(z, 1) and (9.11) has the analogue

dZ—j (32(2,011) - Bz(m,al)) = [F(x,x,al,O) — F(Z,Z,al,O)]

+ [G(2) = G()] [a1 Ba(,01) — Ba(z,01)],

with d := F(1) # 0, since T is assumed to depend on the second derivative. This
shows that B(ay) := Ba(z, 1) is independent of z € R, and (9.12) is replaced by

F(xz,z,01,2) = Fo(ay) + [d% +a1G(2) — G(x)}B(al),

with Fy(aq) := F(0,0,a1,0). The analogue of (9.13) is

d <a261 - ﬂQ) [B(a1p1) — B(a1)B(61)]

o B1
= p1 Fo(ar) B(B1) + Fo(B1) B(a1) — Fo(aip).

The right-hand side is independent of as and (s, implying that both sides are
zero. Hence B is multiplicative, B(«a181) = B(«y) B($1) and

Fo(a1p1) = B1 Fo(ar) B(B1) + Fo(B1) B(au),

which yields that Fy(ay) = ¢(ay — 1)B(ay), and finally with H(z) = G(z) + ¢,
F(z,z,01,a9) = (d% +a1H(z) — H(m))B(al),
1

as the analogue of equation (9.18) in the case k = 2.

(vii) We now turn to the case k = 1, when T, Ay, Ay : C}(R) — C(R) satisfy
(9.1).If F : R3 = R, By, By : R? — Rrepresent T, Ay, Ay according to Proposition
9.3,

for all z € R, f € C1(R), we have as a replacement of (9.6)
F(z,z,0001) = F(y,z,a1) Bi(y, B1) + F(z,y, B1) Ba(2, an), (9.20)

for all z,y,z,a1,61 € R. We again put G(x) := F(0,2,1) = T(Id+x)(0), with

G(0) = T(Id)(0) = 0. Let B;(a1) := B;(0,1) and E(«aq) := F(0,0, 7). Then,
putting y = 0 in (9.20) and using the symmetry in («ay, 51), we have
F(z,z,0151) = F(0,2,01) B (1) + F(x,0, 81) Ba(z, 1)
=F(0,2,81) Bi(a1) + F(x,0,01) Ba(z, B1).
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Choosing 81 = 1 in both equations, and also z = 0 in the first equation, we find,
using also B;(z,1) =1,

F(z,z,00) = G(2) By(o) + F(x,0, 1)
= G(2) Bi(an) + (E(a1) — G(2) Ba(ay)). (9.21)

Inserting this into (9.20) with y = 0, we get after reordering terms

G(2)[Bi(a151) — Bi(a1)Bi(B1)] — G(z)[Ba(c1 1) — Ba(z,a1) Ba(B1)]
= E(a1) Bi(B1) + E(B1) Ba(2,01) — E(a1 ). (9.22)

The functions G and E cannot both be zero, since then by (9.21), F' = 0 and
T=0.

(viii) Assume first that G = 0 and E # 0. Then the left and hence also the
right-hand side of (9.22) is zero, and hence Baz(z, 1) cannot depend on z since
the other terms do not depend on z. Hence

E(a1$1) = E(a1) B(B1) + E(fr) B(au) (9:23)
with B := 1(B; + Ba). By (9.21)

Tf(z) = F(x,f(2), f'(2)) = B(f'(x))
is continuous for all f € C*(R). Choosing f(x) = 322 shows that E is continuous.
Also (A1 f(z) + Asf(2)) = B(f'(z)), which implies that B is continuous too. By
Proposition 2.13, the solutions of (9.23) are given by either

E(ay) =d In|aq||ag? {sgnai}, B(ai) = |ai|P {sgnay},
or
E(ay) =d sin(cIn|oq|) joq|? {sgnay}, B(ay) = cos(cln|oq|) |ar]? {sgnoy},

or

for suitable constants d, ¢, p, ¢, r. These solutions are of the form given in Theorem
9.1 (bl), £ = 1 and (b2); B in the last solution may be replaced for (9.22) by
Bi(a) = |aq|? {sgna1}, Ba(a) = |ou|" [sgn a1], since only 3 (Bi+ Bs) is uniquely
determined. The last solution (d) of Proposition 2.13 does not apply here since
B(1) needs to be 1.
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(ix) Now assume that G # 0. Since the right-hand side of (9.22) is indepen-
dent of x, so is the left-hand side. Choose x € R with G(x) # 0. We also know
that G(0) = 0. It follows from (9.22) that

Ba(a1 1) = Ba(z,a1) Ba(1),

which again implies that By (z, ;) is independent of z and that B, is multiplica-
tive, i.e., By(ay) = |a1[P{sgnay} for some p > 0.

Now the right-hand and hence also the left-hand side of (9.22) are indepen-
dent of z, yielding By (a181) = Bi(a1)Bi(B1). Therefore, By(ay) = |on|?[sgn o]
for some ¢ > 0. Since the left-hand side of (9.22) is zero, so is the right-hand side,
and by symmetry

E(a1$1) = E(ay) Bi (1) + E(B1) Ba(ar)

= E(a1) B2(B1) + E(B1) Bi(an), (9.24)

E(a1)(Bi(B1) — Ba(B1)) = E(B1)(Bi(on) — Ba(n)). (9.25)
Equation (9.24) implies for ay = 81 = 1 that E(1) = 2E(1), E(1) = 0. By (9.21)

Tf=E(f)+G(f) Bi(f) — G- Ba(f')

is continuous for all f € C*(R). Hence, for functions f and z with f’(z) = 1 we
have that G(f)— G is continuous at 2. This implies that G is continuous, similarly

as in the proof of Theorem 4.1. Choose f(x) = “"—; to conclude that also E is
continuous.

If E=0, F(z,z,a1) = G(z) |a1]? [sgnay] — G(x) oy |P {sgnay} by (9.21),
yielding one of the solutions of (b2) of Theorem 9.1.

If E#0, choose f; € R with E(f;) # 0. Then (9.25) implies

Bi(a) = Ba(ar) +cE(ay), c:= BM% (—szwl)

If ¢ =0, By(c1) = Ba(oy) = |ay|P {sgnoy} and (9.24) gives

F(alﬂl) _ F(al) F(ﬁl)
Ba(a1p1)  Ba(en)  Ba(Br)

0117&0#[31.

Hence, ¥(s) := % is additive and continuous. Thus there is d # 0 such that

¥(s) = ds, s € R. Therefore

E(on) =d In|oy| Ba(ay),



178 Chapter 9. The Second-Order Chain Rule

and equation (9.21) gives

F(z,2,01) = (d In|au| + G(2) — G(x)) Ba (1),
Bi(a1) = Ba(an) = |aa|P{sgna },

which is the solution in (bl) for k£ = 1.

Ifc # 0, withd = L, B(a1) = d(Bi(a1)—Bz(a1)), and with H(z) := G(xz)+d,
using again (9.21)

F(z,2,a1) = H(z) By(a1) — H(z) Ba(ay)
= H(z)|a1]? [sgnaq] — H(z) |a1|P {sgnay },

which gives the last solution in part (bl) of Theorem 9.1.
This ends the proof of part (b) of Theorem 9.1, finding all solutions of (9.1)
if k € {1,2,3}. O

Remark. As mentioned in Remark (b) after Theorem 9.1, the assumption of point-
wise C*~1-continuity of A; and A, for k > 2 is of a technical nature. Without this
assumption, but keeping the isotropy condition, e.g., equation (9.7), would have
to be replaced by

F({E7Z, 1707a3 + 53)
- F(y,z, 1; O»a3)Bl(ya 1,07ﬂ3) + F(xvyv ]-7 Oa 63)B2(Za 17070‘3),

which admits solutions which do not satisfy Bi(y,1,0,83) = DBa(z,1,0,a3)
=1 for all y, z, a3, B3 € R. The continuous solutions of this equation for x =y = z
are given in Corollary 2.12. They involve additional exponential terms, e.g., in
solution (a) of Corollary 2.12

F(x,2,1,0,a3) = c(x)as exp(p(:s)ag), Bi(x,1,0,a3) = exp(p(z)ag).

Equations corresponding to (9.9) and (9.10) should, however, yield a contradiction
if p(x) were non-zero, due to different orders of growth of F(z, z, a1, e, ar3) in g
in both formulas.

9.3 The case k > 4

It still remains to prove part (a) of Theorem 9.1, namely, that the second-order
chain rule equation (9.1) does not admit any solutions which depend non-trivially
on the k-th derivative when k£ > 4. We prove this without the isotropy assumption.

Proposition 9.4. Let k € N, k > 4. Suppose that T : C¥(R) — C(R) and Ay, Ay :
Ck=1(R) — C(R) satisfy (9.1), that (T, Ay) is C*-non-degenerate and that A, and
Ay are C*~-pointwise continuous. Then T does not depend on the k-th derivative.
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The basic reason that no operators T exist so that T'f would depend non-
trivially on f*) for some k > 4 is that the Faa di Bruno formula for (f o g)®*)
contains too many terms, so that that functional equation for the representing
functions F, Ay, and As would require too many equations to hold for relatively few
variables. This is true, in particular, since the operators A, A would necessarily
have the simple form A;f = (f')*"1Aof, Aof = |f'|P{sgn f'} with p > 0, as we
will see in the proof.

Proof. (i) By Proposition 9.3 there are functions F' : R¥*2 — R and By, By :
R**! — R such that for all f € C*(R) and z € R

Tf(x)=F(z,f(x),...,fP(x)),
Aif(x) = Bi(w, f(z),.... f* D ()), i=12

The fact that A; and A, are isotropic was used only at the end of the proof of
Proposition 9.3 to avoid the dependence of the functions B; of the independent
variable x which we may keep. We will apply the operator equation only for x =
y = z = 0 and functions f, g € C¥(R) with f(0) = g(0) = 0. Then the functions F
and B; are independent of z = 0, f(z) = 0, and we may consider them as functions
F:RF - Rand B; : RF! — R for i = 1,2. We have T(Id) = 0, A4;(Id) = 1.
Isotropy is not needed to prove this. Therefore

F(1,0,...,0) =0, B;(1,0,...,0)=1.
~— ~—
k k—1

The operator equation (9.1) then turns into a functional equation for F, By and
B27

F((fo9)(0),..-,(fo9)*(0))
= F(£(0),..., f™(0)) - Bi(g'(0), ..., g% 1(0))
+ F(g'(0),...,g%™(0)) - Bo(f(0),..., fED(0)).
For any ai,...,ax,B1,...,Bk € R choose f,g € C*(R) with f(0) = g(0) = 0 and

f9(0) =, g9 (0) = B4, j € {1,...,k}. Then (fog)"(0) = as8? + a1 32. By the
Faa di Bruno formula for (f o g)U) for j > 3, we have

pi(a, ) == (f 09)¥(0)
=a; B + (;) aj_1 B B+ qi(a, B) + oz Bi Bt + a1 B
=i a; B +rj(a, B) + 1 B (9.26)

where ¢3(a, 8) = 0 and ¢;(a, ) for j > 4 is the sum of monomials in the variables
(aa,...,a-2,B1,...,Bj—2), each of which contains at least one a; and one (3, as a
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tactor for some 2 < ¢, m < j —2, and where r;(a, 5) depends only on a1, ..., a1
and f1,...,Bj—1. This is shown by induction on j. For a simple proof of the Faa
di Bruno formula, we refer to Spindler [Sp]. Note that p;(«, 3) is not symmetric
in (o, 8). The operator equation (9.1) for (T, A;, As) is then equivalent to the
functional equation for (F, By, B2) given by

F(alﬁlaa2612 + alﬁQap?)(aa/B)a e apk(avﬁ))
= F(Oél, e ,Ozk)Bl(ﬂl, .. .,kal) + F(ﬁh L. ,Bk)Bg(al, c. ,Oékfl). (927)

(ii) We show that F(aq,...,ag—1,ax) is an affine function of «y; more pre-
cisely,

«
F(ala""ak) - F(ala"'aak—lao) +da7]1632(a17"'7ak—1)7 (928)

and that By and By are related by
Bl(al,...,ak_l) :Oélf_lBQ(Oél,...,Olk_l). (929)
This is similar to part (ii) of the proof of part (b) of Theorem 9.1:

Define F(ak) = F(1,0,...,0,04). Choosing oy = 1 =1, ag = -+ =
1 =P = =1 = 0 in (9.27), we get using (9.26) that F is additive,
Fla,+8i) = ( %)+ F(Br). Next take a; = 1, aig = - - = ag_1 = B = 0. Then
by (9.26) and (9.27)

F(Bla e aﬁk 1aﬂ1 Oék) (ak)Bl(ﬁla cee 761{:—1) + F(ﬁh e aﬁk—lv 0)7
using Bs(1,0,...,0) = 1. Renaming variables yields for a; # 0

~ [ O
F(al,...,ak_l,ak) =F (a ) Bl(ag,...,ak_l) +F(a1,...,ak_1,0).
1

Similarly, starting with 81 =1, o = --- = fr_1 = ax = 0, we find for a; # 0,

«
F(Oél, . ,ak,l,ak) =F <al;> Bz(al, .. .,ak,l) + F(al, . ,Oékfl,()). (930)

Comparing both equations, we conclude that

a ~(a
F( k>B1(@1,~--,ak—1)=F<k> By(ai,...,ap_1).

al aq

We now assume that T'f depends non-trivially on f®). Then F has to depend
on ay. The previous formulas then show that F' cannot be identically zero. Thus

there is ¢ # 0 such that F(c) # 0. Let F(t) := FF((Ct) Choose ay, := ca¥. Then

B1 (011, ey Oék_l) = F(Ol’f_l)BQ(Oll, ey Oék_l). (931)
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For f(z) = o+ 3a%, Ay f(x) = Bo(1+ 281 (k — 1)a*=2, ... (k — 1)lz). Hence,
Asf(0) = B2(1,0,...,0) = A2(Id)(0) = 1. Since Az f is continuous, there is € > 0
such that Asf(z) # 0 for all |z| < e. Define ¢ : [1,1 4+ ¢*71] = [0,¢] by p(a) =
(v — 1)ﬁ. Then Asf(¢(z)) is continuous and non-zero in [1, 1 4 €*~1]. Therefore

Afe(@) _ Bi(os (k=1 ()", ... (k — 1)lp(a))
AQf(@(a)) Bo (Oé, (k - 1) (p(a>k_27 Ty (k - 1)'@((1))
is continuous in [1, 1+ €*~!]. By Proposition 2.2, the additive function F is linear.
Using F(1) = 1, we conclude that F(t) =t and hence F(t) = dt with d := F(1) #
0. Now (9.31) implies (9.29), and (9.30) yields (9.28). By (9.26)
pe(a, ) 5 ﬂk LT i, ,5’),
aif 51 a1

where © (1[5’15) depends neither on «y nor on . We now insert (9.28) into (9.27),
use the last equation and isolate the terms having a factor ay, or §j on the left-hand
side. Calculation shows that

= F(a*™h)

d <a1 i Bk) [Ba(anBr, a26f + 1B, pr-i(a B))

ﬂ1
— Ba(on, ..., ap—1)Ba(B1,. .., Br-1)]
= ﬁfilF(al, FESNY @ 773 I 0)32(51, . 7ﬁk71)
+ F(B1,. .., Br-1,0)Ba(1, ..., ax_1)
_F(alﬂlw"mpk*l(oﬁﬁ)ao) drkoglﬂlﬁ>32(alﬁla"'apk1(a7ﬂ))' (932)

Since the right-hand side of (9.32) neither depends on ay, nor on S, and since ay,
and [ may be chosen arbitrarily, the factor of the term involving aj and [ on
the left has to be zero, and we get, using the symmetry of the product,

Bo(a1B1, 2f + a1Ba, . .., pe—1(a, B)) = Ba(ov, ..., c6—1) B2(B1, .- -, Br—1)
= By (alﬂla Boad + Bras, ..., pr—1(B, a)). (9.33)
The same argument as in the proof of Theorem 4.1, part (i), on the chain rule equa-
tion of first order now shows that Bs is independent of the variables as, ..., ap_1:

For a, f1 with a1 81 ¢ {0,1, —1} and arbitrary values of ta,. .., tk—1,82,...,8k—1
we may successively solve the equations

p2(a, B) = t2 Pr—1(a, B) = tp—1

p2(B,0) =527\ pr-1(Br ) = sp—1 [
since they may be reformulated in terms of the successive linear equations for
(0527 62)7 ey (akfh 514)71)7 U-Sing (926)5

{ﬁ{aj—kalﬁjztj—rj(a,ﬂ)} i —9 E—1
7 _ ) J =4y )
Braj + 1B = s; —ri(a, B)
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where 7, = 0 and rj(o,) only depends on the variables (ai,...,q; -1,

51,...? Bj—1) chosen before. The equations are uniquely solvable since

det (? aj) = ai1f1((a1p1)?7t — 1) # 0. Therefore, for all o ¢ {0,1,—1}, by
1 af

(9.33)

By (o ta, ... tg—1) = Ba(a, s2,...,86-1) =t B(a),

and By does not depend on «s,...,ap_1 for a ¢ {0,1,—1}. This also holds in
the limit for « € {0,1, —1}. Equation (9.33) then yields that B is multiplicative,

B(a1p1) = B(ay) B(p1). For f(z) = x—;, Asf(xz) = Ba(z,0,...,0) = B(x) is
continuous. By Proposition 2.3, there is p > 0 such that

Bo(ag,...,a-1) = B(ag) = |aq|? {sgnay}.
Since the left-hand side of (9.32) is zero, so is the right-hand side. We use this
only for a; = 8 = 1 and conclude, using B(1) = 1, that
F(l,ag + B,y pe—1(a, ), 0) +dri(a, B)
= F(l, a9, ... ,ak_l,O) + F(17/827 ey ﬁk—la 0) (934)

Taking here, for k > 4, ag = -+ = a9 = fr—1 = 0, and o1 = 1 = 1 as before,
we find from (9.26) and the explanation of the term g (v, 8) in

ri(o, B) = (I;) Olkflﬁfflﬁz + koo B1 Br—1 + qr(a, B)

given there that

k
F(17627"'aﬁk—2aak—170)+d<2 ak—lBQ
:F(1707"'707ak—170)+F(15/627"'76k—27070)

Renaming variables, this means

k
F(17O[2, sy A2, A1, 0) + d<2> Q102
= F(1,0,...,0,a5_1,0) + F(1,as, ..., ans,0,0).
Next, we choose B3 = -+ = fr_2 = ax—1 = 0 in (9.34). Using (9.26), we then get
F(l,()[g, R ak_2718k—17 0) + dko@ﬂk—l
:F(l,a27...,ak,2,070)—i—F(l,O,...,O,Bk,l,O).

Renaming ;1 as aj_1, both equations are identical except for the term involving
o ag_1. We conclude that necessarily

(5 o= R e s
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Since aj_1 and ay can be chosen arbitrarily and £ — 3 > 1, it follows that d = 0,
hence F = 0 and by (9.28)

F(aq,...,ar) = F(ag,...,ar_1,0).

The assumption that 7'f depended non-trivially on f*) let to the conclusion that
it does not depend on f*) a contradiction. Note that equation (9.35) does not
give a contradiction for £ = 3. There we had the Schwarzian solution. This ends
the proof of Proposition 9.4. O

9.4 Notes and References

Theorem 9.1 is due to Koénig and Milman in [KM3] (k € {0,1,2}) and [KM6]
(k> 3).

A somewhat similar answer as in Theorem 9.1 appears in the study of the first
additive function of the group of diffeomorphisms on the projective line, with co-
efficients in the A-densities, cf. Ovsienko, Tabachnikov [OT]. This is essentially the
study of continuous operators T : Diff(RP!) — C°°(RP!) satisfying the functional
equation

T(fog)=(¢)*Tfog+Ty
A

for various values A € R, i.e., for operators of the specific form A;g = (¢')%,
Asf = 1 on different function spaces. This equation generalizes the chain rule
in a different fashion than the one studied here. As it turns out, the cohomology
groups are non-trivial only for the values A € {0, 1,2}, and they are represented
by cocycles constituting derivations of orders 1,2, 3, respectively. In the last case,
the non-trivial cocycle corresponds to the Schwarzian derivative, [OT, p.20]. This
should be compared to Theorem 9.1 with (formally) p = 0 and A = 2 when T is
the Schwarzian and A;g = (¢')%, A2f = 1. Note here that we do neither assume
the continuity of T' nor a specific form of the operators A; and A,. For ¢ = 0 and
A = 1,0, respectively, the non-trivial cocycles are represented by f” and In|f’|,
respectively, [OT]. Clearly, for diffeomorphisms f, f’ # 0. We thank D. Faifman
for bringing [OT] to our attention.
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