On Some Conformally Invariant )
Operators in Euclidean Space L

C. Ding and J. Ryan

Abstract The aim of this paper is to correct a mistake in earlier work on the con-
formal invariance of Rarita-Schwinger operators and use the method of correction to
develop properties of some conformally invariant operators in the Rarita-Schwinger
setting. We also study properties of some other Rarita-Schwinger type operators, for
instance, twistor operators and dual twistor operators. This work is also intended as an
attempt to motivate the study of Rarita-Schwinger operators via some representation
theory. This calls for a review of earlier work by Stein and Weiss.

Keywords Stein-Weiss type operators + Rarita-Schwinger type operators *
Almansi-Fischer decomposition + Conformal invariance + Integral formulas

1 Introduction

In representation theory for Lie groups one is interested in irreducible representation
spaces. In particular, for the group SO (m) one might consider the representation
space of all harmonic functions on R™. This space is invariant under the action
of O(m), but this space is not irreducible. It decomposes into the infinite sum of
harmonic polynomials each homogeneous of degree k, 1 < k < oco. Each of these
spaces is irreducible for SO (m). See for instance [10]. Hence, one may consider
functions f : U —> 7 where U is a domain in R” and .77 is the space of real
valued harmonic polynomials homogeneous of degree k. If .77 is the space of Clifford
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algebra valued harmonic polynomials homogeneous of degree k, then an Almansi-
Fischer decomposition result tells us that

I = My B uMy—.

Here .#) and .#_, are spaces of Clifford algebra valued polynomials homogeneous
of degree k and k — 1 in the variable u, respectively and are solutions to the Dirac
equation D, f(u) = 0, where D, is the Euclidean Dirac operator. The elements of
these spaces are known as homogeneous monogenic polynomials. In this case the
underlying group SO (m) is replaced by its double cover Spin(m). See [3].

Classical Clifford analysis is the study of and applications of Dirac type operators.
In this case, the functions considered take values in the spinor space, which is an
irreducible representation of Spin(m). If we replace the spinor space with some
other irreducible representations, for instance, .#, we will get the Rarita-Schwinger
operator as the first generalization of the Dirac operator in higher spin theory. See, for
instance [4]. The conformal invariance of this operator, its fundamental solutions and
some associated integral formulas were first provided in [4], and then [7]. However,
some proofs in [7] rely on the mistake that the Dirac operator in the Rarita-Schwinger
setting is also conformally invariant. This will be explained and corrected in Sect. 3.

From the construction of the Rarita-Schwinger operators, we notice that some
other Rarita-Schwinger type operators can be constructed similarly, for instance,
twistor operators, dual twistor operators and the remaining operators, see [4, 7, 14] .
It is worth pointing out that we need to be careful for the reasons we mentioned above
when we establish properties for Rarita-Schwinger type operators. Hence, we give
the details of proofs of some properties and integral operators for Rarita-Schwinger
type operators.

This paper is organized as follows: after a brief introduction to Clifford alge-
bras and Clifford analysis in Sect. 2, representation theory of the Spin group and
Stein-Weiss operators are used to motivate Dirac operators and Rarita-Schwinger
operators. On the one hand the Dirac operator can be introduced and motivated by
an adapted version of Stokes’ Theorem. See [9]. Motivation for Rarita-Schwinger
operators seem better suited via representation theory, particularly for spin and spe-
cial orthogonal groups. In Sect. 3, we will use a counter-example to show that the
Dirac operator is not conformally invariant in the Rarita-Schwinger setting. Then
we give a proof of conformal invariance of the Rarita-Schwinger operators and we
provide the intertwining operators for the Rarita-Schwinger operators. Motivated
by the Almansi-Fischer decomposition mentioned above, using similar construction
with the Rarita-Schwinger operator, we can consider conformally invariant opera-
tors between .Z-valued functions and u.#_-valued functions. This idea brings us
other Rarita-Schwinger type operators, for instance, twistor and dual twistor opera-
tors. More details of the construction and properties of these operators can be found
in Sect. 4.
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2 Preliminaries

2.1 Clifford Algebra

A real Clifford algebra, €1, can be generated from R by considering the relation-
ship

2 2
x7=—|x|
for each x € R™. We have R" C Cl,,. If {ey, ..., e} is an orthonormal basis for
R”, then x> = —||x||? tells us that
eiej =+ ejei = —28,‘],

where §;; is the Kronecker delta function. Similarly, if we replace R™ with C" in the
previous definition and consider the relationship

=zl =-22 -5~ — 2%, wherez = (21,22, ..., 2m) € C",

we get complex Clifford algebra €I, (C), which can also be defined as the complex-
ification of the real Clifford algebra

€ln(C) =<1, ®C.

In this paper, we deal with the real Clifford algebra %'/, unless otherwise specified.
An arbitrary element of the basis of the Clifford algebra can be written as ey =
ej---ej, where A={j,...,j,} C{l,2,....m}and 1 < ji < p<--- < j <
m. Hence for any element a € €l,,, wehavea = ), ase, where ay € R. We will
need the following anti-involutions:

e Reversion:

0= Z(_l)lA\(\AI*I)/ZaAeA’
A

where | A| is the cardinality of A. In particular, ej ---e;, = e}, ---e;,. Also ab =
ba fora, b € Cly.
e Clifford conjugation:

g = Z(_I)IA\(\AIH)/ZaAeA’
A

satisfying e, -~ ¢;, = (=1)"e;, -+ -ej, and ab = ba fora, b € Cl,.
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The Pin and Spin groups play an important role in Clifford analysis. The Pin group
can be defined as

Pin(m) ={a € €l :a=yiyr...y,, whereyy,...,y, € S™! peN},

where S~ is the unit sphere in R™. Pin(m) is clearly a group under multiplication
in ¢1,.
Now suppose that a € §"~! € R™, if we consider axa, we may decompose

X = Xq + Xal,

where x, is the projection of x onto @ and x, | is the rest, perpendicular to a. Hence
Xq| 1s a scalar multiple of a and we have

axa = axq a + axg, a = —Xg| + Xq1.

So the action axa describes a reflection of x across the hyperplane perpendicular
to a. By the Cartan-Dieudonné Theorem each O € O(m) is the composition of a
finite number of reflections. If a =y, -- -y, € Pin(m), we have a =y, --- y; and
observe that axa = O,(x) for some O, € O(m). Choosing y;, ..., y, arbitrarily
in S"~!, we see that the group homomorphism

0: Pin(m) — O(m) : ar> O, (1)

with a =y, ---y, and O,x = axa is surjective. Further —ax(—a) = axa, so
1, —1 € Ker(0).In fact Ker(8) = {1, —1}. See [16]. The Spin group is defined as

Spin(m) ={a € €l :a=yi1y2...Y2p, Y1, -+ Y2p € s"1 peN}
and it is a subgroup of Pin(m). There is a group homomorphism
0 : Spin(m) — SO(m) ,

which is surjective with kernel {1, —1}. It is defined by (1). Thus Spin(m) is the
double cover of SO (m). See [16] for more details.

For a domain U in R™, a diffeomorphism ¢ : U — R” is said to be conformal
if, for each x € U and each u, v € TU,, the angle between u and v is preserved
under the corresponding differential at x, d¢,. For m > 3, a theorem of Liouville
tells us the only conformal transformations are Mobius transformations. Ahlfors and
Vahlen show that given a Mobius transformation on R™ U {oo} it can be expressed
as y = (ax + b)(cx +d)~" where a, b, ¢, d € €l, and satisfy the following
conditions [15]:
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l.a, b, ¢, dareall products of vectors in R™;
2.ab, cd, bc, da € R™;
3.ad — bé = £1.

Since y = (ax +b)(cx +d)' =ac™' + (b —ac 'd)(cx +d)”!, a conformal
transformation can be decomposed as compositions of translation, dilation, reflection
and inversion. This gives an Iwasawa decomposition for Mobius transformations. See
[14] for more details. In Sect. 3, we will show that the Rarita-Schwinger operator is
conformally invariant.

The Dirac operator in R™ is defined to be

D, = i €;0y,.
i=1

We also let D denote the Dirac operator if there is no confusion in which variable
it is with respect to. Note D)% = —A,, where A, is the Laplacian in R". A €1,,-
valued function f(x) defined on a domain U in R” is called left monogenic if
D, f(x) = 0. Since multiplication of Clifford numbers is not commutative, there is
a similar definition for right monogenic functions.

Let .#) denote the space of €'l,,,-valued monogenic polynomials, homogeneous of
degree k. Note thatif b, € 77, the space of ¢l,,-valued harmonic polynomials homo-
geneous of degree k, then Dhy € .#)_y, but Dupy_1(u) = (—m — 2k + 2) py_1u,
SO

G = My ® uMy—y, hy = pr +upr_1.

This is an Almansi-Fischer decomposition of 7. See [7] for more details.
Similarly, we can obtain by conjugation a right Almansi-Fischer decomposition,

S = My & My,

where ./, stands for the space of right monogenic polynomials homogeneous of
degree k.
In this Almansi-Fischer decomposition, we define P as the projection map

Py 96, — M.
Suppose U is a domain in R™. Consider f : U x R" — %1,,, such that for each

x € U, f(x,u) is a left monogenic polynomial homogeneous of degree k in u, then
the Rarita-Schwinger operator is defined as follows

uD,
Ry, := PyD, , =(——+1)D, ,u).
X Dy f(x, u) (m+2k—2+) fx,u)
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We also have a right projection P, : % —> .4, and a right Rarita-Schwinger
operator Ry, = D, Py .. See [4, 7].

2.2 Irreducible Representations of the Spin Group

To motivate the Rarita-Schwinger operators and to be relatively self-contained we
cover in the rest of Sect. 2 some basics on representation theory.

Definition 1 A Lie group is a smooth manifold G which is also a group such that
multiplication (g, h) — gh : G x G —> G and inversiong > g~! : G — G
are both smooth.

Let G beaLie group and V a vector space over F, where F = R or C. A representation
of G is a pair (V, 7) in which 7 is a homomorphism from G into the group Aut(V)
of invertible F-linear transformations on V. Thus 7(g) and its inverse 7(g)~' are
both F-linear operators on V such that

T(g18) = t(g)T(g2), (g H=1(9)"

forall g;, g» and g in G. In practice, it will often be convenient to think and speak of
V as simply a G-module. A subspace U in V which is G-invariant in the sense that
gu e Uforallg € Gandu € U, is called a submodule of V or a subrepresentation.
The dimension of V is called the dimension of the representation. If V' is finite-
dimensional it is said to be irreducible when it contains no submodules other than
0 and itself; otherwise, it is said to be reducible. The following three representation
spaces of the Spin group are frequently used in Clifford analysis.

2.2.1 Spinor Representation Space .7

The most commonly used representation of the Spin group in €'/, (C) valued function
theory is the spinor space. The construction is as follows:

Let us consider complex Clifford algebra €I, (C) with even dimension m = 2n. C"
or the space of vectors is embedded in €, (C) as

(X1, X2, .oy Xpp) > ijej : C" — €1,(0).

Jj=1
Define the Witt basis elements of C** as

€j —1l€jip

fir=—"
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Let I := fif, ... fuf]. The space of Dirac spinors is defined as
S =€, (C)I.
This is a representation of Spin(m) under the following action
p)I =51, fors e Spin(m).

Note that .¥ is a left ideal of %¢l,,,(C). For more details, we refer the reader to [6].
An alternative construction of spinor spaces is given in the classical paper of Atiyah,
Bott and Shapiro [1].

2.2.2 Homogeneous Harmonic Polynomials on 7 (R™, C)

It is a well-known fact that the space of harmonic polynomials is invariant under
the action of Spin(m), since the Laplacian A,, is an SO (m) invariant operator. But
it is not irreducible for Spin(m). It can be decomposed into the infinite sum of k-
homogeneous harmonic polynomials, 1 < k < oco. Each of these spaces isirreducible
for Spin(m). This brings us the most familiar representations of Spin(m): spaces of
k-homogeneous harmonic polynomials on R™. The following action has been shown
to be an irreducible representation of Spin(m) (see [13]):

p : Spin(m) — Aut(4), s — (f(x) > Ef(sxi)s).
This can also be realized as follows

Spin(m) -2 SO (m) > Aut (HR):
ar— O, — (f(x) > f(0ux)),

where 6 is the double covering map and p is the standard action of SO(m) on a
function f(x) € J4 with x € R™.

2.2.3 Homogeneous Monogenic Polynomials on %7,

In €l,,-valued function theory, the previously mentioned Almansi-Fischer decom-
position shows us we can also decompose the space of k-homogeneous harmonic
polynomials as follows

S = My B uMy_,.

If we restrict . to the spinor valued subspace, we have another important representa-
tion of Spin(m): the space of k-homogeneous spinor-valued monogenic polynomials
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on R”, henceforth denoted by %} := . (R™, .%). More specifically, the following
action has been shown as an irreducible representation of Spin(m):

w : Spin(m) — Aut (M), s —> f(x) = § f(sx5).

For more details, we refer the reader to [17].

2.2.4 Stein-Weiss Operators

Let U and V be m-dimensional inner product vector spaces over a field IF. Denote the
groups of all automorphismof U and V by GL(U) and G L(V), respectively. Suppose
p1: G—> GLU) and p, : G — GL(V) are irreducible representations of a
compact Lie group G. We have a function f : U — V which has continuous
derivative. Taking the gradient of the function f(x), we have

VfeHom(U,V)ZEU*QVZUQ®YV, whereV := (dy,,...,0,)-

Denote by U[x]V the irreducible representation of U ® V whose representation
space has largest dimension [11]. This is known as the Cartan product of p; and p;
[8]. Using the inner products on U and V, we may write

UV =(U[x]V)® U[x]V)*

If we denote by E and E+ the orthogonal projections onto U[x]V and (U[x]V)*,
respectively, then we define differential operators D and D+ associated to p; and p,
by

D=EV; D" = E'V.

These are called Stein-Weiss type operators after [21]. The importance of this con-
struction is that you can reconstruct many first order differential operators with it
when you choose proper representation spaces U and V for a Lie group G. For
instance, Euclidean Dirac operators [20, 21] and Rarita-Schwinger operators [10].
The connections are as follows:

1. Dirac operators
Here we only show the odd dimension case. Similar arguments also apply in the even
dimensional case.

Theorem 1 Let p, be the representation of the spin group given by the standard
representation of SO (m) on R™

p1: Spin(m) — SO(m) — GL(R™)

and let p, be the spin representation on the spinor space .. Then the Euclidean
Dirac operator is the differential operator given by R™[x]. when m = 2n + 1.
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Outline Proof : Let{ey, ..., e, } be the orthonormal basis of R” and x = (xy, ..., x;;)
€ R™. For a function f(x) having values in ., we must show that the system
SN
Yeags =0
izl 8)6,'

is equivalent to the system
DY f=E'*Vf=0.

Since we have
R"®.7 = R"[x].¥ & R"[x].7)*

and [21] provides us an embedding map

n: —>R"®.7,

1
o> —(eqo,...,e,w).

Jm

Actually, this is an isomorphism from .# into R” ® .. For the proof, we refer the
reader to page 175 of [21]. Thus, we have

R"®.7 = R"[x].Y & n(7).

Consider the equation D+ f = E+V f = 0, where f has valuesin.””. So V f has val-
ues in R” ® .7, and so the condition D+ f = 0 is equivalent to V f being orthogonal
to n(.’). This is precisely the statement that

m a
Z(—f, eiw) =0, Yo € 7.
il 8x,~

Notice, however, that as an endomorphism of R” ® ., we have —e; as the dual of
e;, hence the equation above becomes

L9
Z(e,-—f, w) =0, Yo € .7,
iR

which says precisely that f must be in the kernel of the Euclidean Dirac operator.
This completes the proof. (]

2. Rarita-Schwinger operators

Theorem 2 Let p; be defined as above and p; is the representation of Spin(m) on
My. Then as a representation of Spin(m), we have the following decomposition

M @ R" = M [ xIR" @ My © My—1 D M1,
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where My is a simplicial monogenic polynomial space as a Spin(m) representation
(see more details in [2]). The Rarita-Schwinger operator is the differential operator
given by projecting the gradient onto the M) component.

Proof Consider f(x,u) € C®(R™, .#;). We observe that the gradient of f(x, u)
satisfies

Vi u) = 0y, ..., 0c)f(x,u) =@y, f(x,u),...,0,, f(x,u)) € M R".
A similar argument as in page 181 of [21] shows
M @R" = M[XIR" ® Vi & V2 @ V3,

where V| = #, Vo = My and V3 = 4, as Spin(m) representations. Similar
arguments as on page 175 of [21] show

0: M — M QR", qr(u) — (qr(wey, ..., q(u)ey)
is an isomorphism from .Z; into .Z), ® R™. Hence, we have
M QR" = M[XIR" & (M) B V2 D V.

Let P| be the projection map from .#; @ R™ to 6(.#). Consider the equation
PV f(x,u) =0 for f(x,u) € C*(R™, ). Then, for each fixed x, V f(x,u) €
M) ® R™ and the condition P,V f(x, u) = 0 is equivalent to V f being orthogonal
to 6 (). This says precisely

D (aees, 0y, f(x, 1)), =0, Yge(u) € A,

i=1

where (p(u), q(u)), = / | pu)g(u)dS(u) is the Fischer inner product for any

m

pair of €l,,-valued polynomials. Since —e; is the dual of e; as an endomorphism of
M ® R™, the previous equation becomes

Z(Qk(u), €0y, f (x, u)) = (qx(u), Dy f(x, 1)), = 0.
i=1

Since f(x, u) € . for fixed x, then D, f(x, u) € 7. According to the Almansi-
Fischer decomposition, we have

D, f(x,u) = filx,u) +ufo(x,u), fi(x,u) € # and f>(x,u) € My_.
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We then obtain (qx(u), fi(x,u)), + (g (w), ufo(x,u)), = 0. However, the
Clifford-Cauchy theorem [7] shows (gx(u), uf>(x,u)), = 0. Thus, the equation
PV f(x,u) = 01is equivalent to

(qr(), fi(x,u))y =0, Ygr(u) € M.

Hence, fi(x, u) = 0. We also know, from the construction of the Rarita-Schwinger
operator, that fi(x, u) = Ry f (x, u). Therefore, the Stein-Weiss type operator P,V
is precisely the Rarita-Schwinger operator in this context.

3 Properties of the Rarita-Schwinger Operator

3.1 A Counterexample

We know that the Dirac operator Dy is conformally invariant in ¢’/,,-valued function
theory [19]. But in the Rarita-Schwinger setting, D, is not conformally invariant
anymore. In other words, in €’l,,,-valued function theory, the Dirac operator D, has the
following conformal invariance property under inversion D, f(x)=0, f(x)isa

"Iy ”m £y~ = 0.In the Rarita-
Schwinger setting, if D, f(x,u) = D, f(x,u) =0, f(x, u) i 1s a polynom1a1 for any

€l,,-valued functionand x = y~!', x € R™, then D,

w
fixedx € R" andletx = y~', u = ﬁ ||y2,x € " then D). ”mf( -1 ¥ ||2) £0
y y
in general.
A quick way to see this is to choose the function f(x, u) = uje; — use,, and use
ywy y Yi .
= =w—2——(w, y),u; =w; —2 (w, y),wherei =1,2,...,m. A
2 (s l (3
straightforward calculation shows that
1 ywy o “2wy(yier — ye2)
m f( 1 2) = m+2 # 0’
||y|| iyl Iyl
o1 Yywy wDy, —2y(y1e1 — ye2)
form > 2.However, P; D fo )= + 1w
Ty II’” Clyl? ( m ) [[y|m+2

=0.

3.2 Conformal Invariance

In [7], the conformal invariance of the equation Ry f = 0 is proved and some other
properties under the assumption that D, is still conformally invariant in the Rarita-
Schwinger setting. This is incorrect as we just showed. In this section, we will use
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the Iwasawa decomposition of Mdbius transformations and some integral formu-
las to correct this. As observed earlier, according to this Iwasawa decomposition,
a conformal transformation is a composition of translation, dilation, reflection and
inversion. A simple observation shows that the Rarita-Schwinger operator is con-
formally invariant under translation and dilation and the conformal invariance under
reflection can be found in [13]. Hence, we only show it is conformally invariant under
inversion here.

Theorem 3 For any fixed x € U C R™, let f(x, u) be a left monogenic polynomial
ywy

homogeneous of degree k inu. If Ry, f (x, u) = 0, then R ,G(y) f (y ", | ||2) =0,
y
where G(y) = L, x=y L u= yw); e R™.
Iyl Iyl

To establish the conformal invariance of Ry, we need Stokes’ T heorem for R;.

Theorem 4 ([7], Stokes’ Theorem for Ry) Let 2" and $2 be domains in R™ and
suppose the closure of $2 lies in 2'. Further suppose the closure of 2 is compact
and 32 is piecewise smooth. Let f, g € C'(2', #,;). Then

/Q [(gCr, ) Re, f(x, )y + (gCx, w), Re f (x, w) Jdx™

(g(xv M)v PkdO'xf(x, u))u
082

/ (g(x, u)daxpk,ra f(xv u))u»
92

where Py and Py, are the left and right projections, do, = n(x)do (x), do (x) is the
area element. (P(u), Q(u)), = me_l P(u)Q(u)dS(u) is the inner product for any
pair of €l,,-valued polynomials.

If both f(x, u) and g(x, u) are solutions of Ry, then we have Cauchy’s theorem.
Corollary 1 ([7], Cauchy’s Theorem for Ry) If Ry f(x,u) =0and g(x,u)R, =0
for f,g € C'(, 2", M), then

/ (g(x,u), Prdoy f(x,u))y = 0.
02

We also need the following well-known result.

Proposition 1 ([18]) Suppose that S is a smooth, orientable surface in R™ and f, g
are integrable €l,,-valued functions. Then if M (x) is a conformal transformation,
we have

/Sf(M(x))n(M(X))g(M(X))ds =/ ) FM)Jy (M, x)n(x) Iy (M, x)g(M(x))dM ™' (),



On Some Conformally Invariant Operators in Euclidean Space 65

where M(x) = (ax +b)(cx +d)" , M1 (S) = {x e R" : M(x) € S}, J1(M, x) =
cx+d

lex +d|m™
Now we are ready to prove Theorem 3.

Proof First, in Cauchy’s theorem, we let g(x, u) Ry, = Ry f(x,u) = 0. Then we
have

0= / / gx,u)Prn(x) f(x, u)dS(u)do (x)
K] Sm—1
Let x = y~!, according to Proposition 1, we have

:/m 1/571 )P, Gn()G) f(y~" wdSw)do (y),

w
where G(y) = ” y” .Setu = ﬁ, since Py, interchanges with G(y) [14], we
i y

have

71 ywy
Y

- / G0, Pude, GO 7 20,

:/ /s Iy ||2)G(V)Pk WG f(y™, +—5)dS(w)do (y)
21 m—1

According to Stokes’ theorem,

_1 Yywy
“ly ||2

2)G () R, GO F(371, 2

=/ & (2

)G (y), RewGO) f (v

Iy ||2 D

+ (g(

Iy ||2 R

Iy ||2
Since g(x, u) is arbitrary in the kernel of Ry , and f(x, u) is arbitrary in the kernel

o ||2)G(y)Rkw RGO (" 2y =

of Ry, we getg( TE

3.3 Intertwining Operators of Ry

In €l,,-valued function theory, if we have the Mdbius transformation y = ¢ (x) =

(ax + b)(cx + d)~" and D, is the Dirac operator with respect to x and D, is the Dirac

operator with respect to y then Dx = J__l1 (¢, x)D,J (¢, x), where J_i(¢, x) =
cx +d cx + d

——— and J| X —— [18]. In the Rarita-Schwinger setting, we
e+ a2 @) = g LB s

have a similar result:
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Theorem S ([7]) For any fixed x € U C R™, let f(x, u) be a left monogenic poly-
nomial homogeneous of degree k in u. Then

(y + d)o(cy + d)

-1
J71 (¢3 y)Rk,y,a)Jl(d)r y)f(¢()’)7 ||Cy+d||2

) = Rk,x,uf(-xv Ll),

where x =¢(y) = (ay +b)(cy +d)~" is a Mobius transformation., u =
(cy +d)w(cy +4d)
ey +4d?

, Ri xu and Ry y ., are Rarita-Schwinger operators.

Proof We use the techniques in [9] to prove this Theorem. Let f(x, u), g(x,u) €
C>®($2',%€1,) and £2 and £2’ are as in Theorem 4. We have

/ (g(x, u), Pen(x) f(x, u)),dx"
982

= f¢ g, OO ” ”2>Pk11<¢ DO @ GO T5)) 4y

|| ||2

))wdy

2/ (g@ (), 2)11(¢ V), Pen() i (9, ) f(@(y), ~—
$1(092) || l ” ”

Then we apply the Stokes’ Theorem for Ry,

/ (8@, ) J1 (. V) Re. i 1) f G (). ),
0@ Iyl || I

(g(¢><y> 20N 1. ). Redi (. y) F( (), ) dy™, 2)

Iy I|2 I| |I2

where u = % On the other hand,

(g(x, u), Pn(x) f (x, u)),dx"
082
= /Q [(sGe, )Rk, fx.w), + (8Cx.w), R f(x, w)), ]dx
- /4) gy (660 FG0), 4 (5600, R 5, 10), 50"
= /Mm [(gx. )Ry, fx.w)j(y), + (g, w), Ji(p. ) T-1($. ) Ri f (x, w)), Jdy™, (3)

where j(y) = J_1(¢, y)J1(d, y) is the Jacobian. Now, we let arbitrary g(x, u) €
ker Ry, and since Ji (¢, ¥)g(¢ (), T ”2)Rk » = 0, then from (2) and (3), we get
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/ (8@, 22 (6, MRS, ) D), 25), dy
¢71(2) || l || I
= /MZ) (8@ ). 575 119 1§ RS (x,),

_ /¢ oy (BOOL @ 9 RS (5,00) "

Since £2 is an arbitrary domain in R™, we have

(g(¢(y) )@ RS (). W)) (g(¢(y) 2 )01 (@, ) I-1 (@, V)RS (x, ),

|| H2 Iy ||2

Also, g(x, u) is arbitrary, we get

Ji(@, V)R J1 (D, y) f(@(y),

T ”2) = J1(¢. ) J-1(d. y)Ri f (x, u).

Theorem 5 follows immediately.

4 Rarita-Schwinger Type Operators

In the construction of the Rarita-Schwinger operator above, we notice that the Rarita-
Schwinger operator is actually a projection map Py followed by the Dirac operator
D,, where in the Almansi-Fischer decomposition,

M2 H® S = My D uMi
Pi: GQ S — My
I —P: QS — utl_.

If we project to the u.#)_, component after we apply D,, we get a Rarita-Schwinger
type operator from .. to u. .

.///k &> %@yﬂ) u%k_l.

Similarly, starting with u.#_,, we get another two Rarita-Schwinger type operators.

uMi_1 &> I .S i Mr;
Miﬂk_l 21) %( ®5” ﬂ) l/l%k_l.
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In a summary, there are three further Rarita-Schwinger type operators as follows:

—uD
T : C®MR™,. R™, u My T =(—P)Dy = ——2 _D,;
i CTRY, M) — CTRY, udhy—1), T =( %) Dy ok —a P
D
Ty : COR™, uthh_y) — COR", M), Ty = PDy = (——"— +1)D,;
m+2k —2
—uD
O1: COR" ut_ ) —> CX®R" utth_), Or= (I —P)Dy = —2" _p.,
m+ 2k —2

T;* and Ty are also called the dual-twistor operator and twistor operator. See [4].
We also have

TF, : COR", M) — COR", My-u), T, = Di(I — Pp,);
Tiy: COR", Myu) — COR", My), Ti = DiPis
Qur i COR", My_u) —> COR", M), Qi = Dy(I — Pi,).

4.1 Conformal Invariance

We cannot prove conformal invariance and intertwining operators of Q; with the
assumption that D, is conformally invariant. Here, we correct this using similar
techniques that we used in Sect. 3 for the Rarita-Schwinger operators.

Following our Iwasawa decomposition we only need to show the conformal invari-
ance of Oy under inversion. We also need Cauchy’s theorem for the Qy operator.

Theorem 6 ([14], Stokes’ Theorem for Q, operator) Let 2" and $2 be domains in R™
and suppose the closure of $2 lies in 2'. Further suppose the closure of §2 is compact
and the boundary of 2, 82 is piecewise smooth. Then for f, g € C' (2, Mi_,),
we have

/Q[(g(x, Wi Qpers wf (x, 1))y + (8 (x, wu, Qruf (x, u)),Jdx™
=f (gCx,wu, (I = P)doxuf (x, u)),
a2

= [ (g(x’ M)MdO'X(I - Pk,r)» uf(x, u))u
a2

where Py and Py, are the left and right projections, do, = n(x)do (x), do (x) is the
area element. (P(u), Qu)), = fS"H P(u)Qu)dS(u) is the inner product for any
pair of € l,,-valued polynomials.

When g(x, u)uQk, = Qruf (x,u) = 0, we get Cauchy’s theorem for Q.
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Corollary 2 ([14], Cauchy’s Theorem for Q; Operator) If Qiuf(x,u) =0 and
ug(x,u) O, =0for f, g € C'(, 2', My_1), then

/ (8(x, wu, (I — Pydouf(x,u)), =0
052

The conformal invariance of the equation Q;uf = 0 under inversion is as follows

Theorem 7 For any fixed x € U C R", let f(x,u) be a left monogenic polyno-

mial homogeneous of degree k — 1 in u. If Qy uf (x,u) =0, then Qi ,,G(y) ﬁ)uﬁ;
y
w w
PO 2y 20, where G(y) = ——, x =y, u =222 e R,
Iy HE Iy

Proof First, in Cauchy’s theorem, we let ug (x, u) Q. , = Qruf (x,u) = 0. Then we
have

0= f / gu(l — P)n(x)uf(x,u)dSwm)do (x)
a2 Jsm

1

Letx = y=', we have

= /3971 _/SH gu(l = Pe)GMnMGWuf (v~ wdSwdo (y),

w
where G(y) = U= ﬁ, since I — Py, interchanges with G (y) [7], we
y

L. Set
lylI™
have

ywy
lIvlI?
ywy
IvlI?

~1 Yywy
Tlyl?
ywy

-1 ywy
SO e

= [ [ e 600 - P )Go)
so-t Jon S

= [ D TEG0). (= Pude,GO)

According to Stokes’ theorem for Qy,

fy )dS(w)do (y)

ywy

1 Ywy
DEAS

, )
IylI? )
ywy

ywy ywy
= G(y), wG
/m (83 oz 0 Qen G

ywy | ywy ywy .o
+/ 8G—3)—5G6 M) Q. GO T3 fO 7, 7—3)) -
.o—l( Iy 1>yl Iyl? IyII? ).

Since ug(x, u) is arbitrary in the kernel of Qy  and uf (x, u) is arbitrary in the kernel

ywy ywy ywy —1 ywy
of Oy, we get §(—2) = G (1) Qs = QuwG () g f(y7, 20 ) =
IR Tyl Iyl Il
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To complete this section, we provide Stokes’ theorem for other Rarita-Schwinger
type operators as follows:

Theorem 8 (Stokes’ Theorem for 7;) Let 2" and $2 be domains in R™ and suppose
the closure of $2 lies in §2'. Further suppose the closure of §2 is compact and 352 is
piecewise smooth. Let f, g € C\ (', #,). Then

/Q [(gCx, ) Te, fOx, 1)) + (gCx, w), T f(x, w))]dx™

f (gCr, 1), Pedo f(x, 1))
082

/ (g(x, M)dO‘XPk,r, f(xv M))M1
a2

where P, and Py, are the left and right projections, doy = n(x)do (x) and (P (u),
o)), = me_l P(u)Q(u)dS(u) is the inner product for any pair of €l,,-valued
polynomials.

Theorem 9 (Stokes’ Theorem for T;) Let £2’ and $2 be domains in R™ and suppose
the closure of §2 lies in 2'. Further suppose the closure of $2 is compact and 952 is
piecewise smooth. Let f, g € C' (', utly_,). Then

/ [(gCe, )T, fQx, ) + (gCx, u), T f (x, u))]dx™
Q2
= / (g(x,u), (I = Podoy f(x, u)),
a0
= / (g(x,u)dox(I — Prr), f(x, u))u,
a0
where P and Py, are the left and right projections, doy = n(x)do (x) and (P (u),

o)), = fgm,. P(u)Qm)dS(u) is the inner product for any pair of €l,,-valued
polynomials.

Theorem 10 (Alternative Form of Stokes’ Theorem) Let 2 and $2' be as in the
previous theorem. Then for f € C'(R™, .#y) and g € C'(R™, M), we have

/ (g(x, w)udoy, f(x, u))u
Y]

= /Q (g(x, wuTy, f(x, M))udxm + /Q (gCx, wu, T f(x, u))udx’”.
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Further

/ (g(x, wudo, f(x, u)).

982

=/ (e, wu, (I = Poday f(x,u)),
082

:/ (g(x,M)MdePka f(X,M))u~
2
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