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Abstract. Self-assembly is the process where smaller components
autonomously assemble to form a larger and more complex structure.
One of the application areas of self-assembly is engineering and pro-
duction of complicated nanostructures. Recently, researchers proposed a
new folding model called the oritatami model (OM) that simulates the
cotranscriptional self-assembly, based on the kinetics on the final shape
of folded molecules. Nanostructures in oritatami system (OS) are repre-
sented by a sequence of beads and interactions on the lattice. We propose
a method to design a general OS, which we call GEOS, that constructs
a given geometric structure. The main idea is to design small modular
OSs, which we call hinges, for every possible pair of adjacent points in
the target structure. Once a shape filling curve for the target structure
is ready, we construct an appropriate primary structure that follows the
curve by a sequence of hinges. We establish generalized guidelines on
designing a GEOS, and propose two GEOSs.

1 Introduction

Self-assembly is the process where smaller components—usually molecules—
autonomously assemble to form a larger and more complex structure. Self-
assembly plays an important role in constructing biological structures and high
polymers [21]. Applications of self-assembly include nanostructured electric cir-
cuits [2,5] and smart drug delivery [13,20] (Fig. 1).

One well-known mathematical model of the self-assembly phenomenon is the
abstract tile assembly model (aTAM) by Winfree [22]. Recently, Geary et al. [7]
proposed a new folding model called the oritatami model (OM) that simulates
the cotranscriptional self-assembly based on the experimental RNA transcription
called RNA origami [8]. In general, OM assumes that a sequence of molecules
is transcribed linearly, and predicts its geometric shape from the autonomous
folding of the sequence based on the reaction rate of the folding. An oritatami
system (OS) consists of a sequence of beads (which is the transcript) and a
set of rules for possible intermolecular reactions between beads. For each bead
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(b) (c)

Fig.1. The motivation of the oritatami model. (a) An illustration of an RNA
Origami [7], which transcribes an RNA strand that self-assembles. (b) The product
of an RNA Origami. (c) Abstraction of the product in oritatami system.

in the sequence, the system takes a lookahead of a few upcoming beads and
determines the best location of the current bead that maximizes the number
of possible interactions from the lookahead. Note that the lookahead represents
the reaction rate of the cotranscriptional folding and the number of interactions
represents the energy level (See Fig.2 for the analogy between RNA origami
and oritatami system.). Researchers designed various OSs including a binary
counter [6] and a Boolean formula simulator [11]. It is known that OM is Turing
complete [7] and there are several methods to optimize OSs [10,12,15]. There
are also approaches to analyze construction of geometric structures [14,17].

interaction bead
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Fig. 2. (a) Analogy between RNA origami and oritatami system. (b) Visualization of
oritatami system and its terms.

There are many experimental researches on engineering nanostructures using
self-assembly [16,18]. Since the trial-and-error approach in designing nanos-
tructures is often costly, researchers instead rely on abstract models of self-
assembly to engineer desired nanostructures. In aTAM, nanostructures are rep-
resented by shapes, and researchers focused on finding tile complexity of a target



Construction of Geometric Structure by Oritatami System 175

shape [1,19]. Because a nanostructure is represented by sequence of beads and
bead interactions on the lattice in OS, one may ask; given a geometric structure
on the lattice, how can we design an OS that constructs the given structure? A
naive solution is to use unique bead types for all possible beads. However this
approach is unrealistic in experiments and is not a desired solution. Instead, we
want to use only a constant number of bead types and a fixed ruleset, and design
a function that encodes a given geometric structure into a transcript such that
the transcript folds as the given structure.

We propose a generalized method to design a geometric structure construct-
ing OS (GEOS in short). The target structure is given as a set of points in an
arbitrary lattice. We map each point in a target structure to a set of points
in the triangular lattice for the OS. The main idea is to design small modular
OSs, which we call hinges, for every possible pair of adjacent points in a target
structure. These hinges use interactions of beads only within adjacent points
instead of global interactions across many points. Moreover, the system con-
structs a complete structure for each point at a time instead of dividing a point
into partial structures constructed at different times. This design policy yields
robustness of the structure in realization. Once a shape filling curve—a skeleton
sequence traversing the target structure—is given, we construct an appropri-
ate transcript that follows the curve by a sequence of hinges (See Fig. 3). We
establish generalized guidelines on designing a GEOS, and propose two GEOSs.

Recently, Demaine et al. [3] studied a similar problem of general geometric
structure construction by OS. They considered a set of points on the triangular
lattice, and mapped each point to an hexagon in the lattice for the OS. They
filled the whole set of hexagons globally, without explicit point ordering. They
proposed a basic module to fill the hexagon. They also suggested how to modify
the module to be connected with neighboring modules, resulting in a target
conformation spanning the whole set of hexagons. They used an OS of delay 1
and arity 4, and obtained the rigidity 1. Note that their scale is at least 19
according to our measure whereas our approach gives 25 in both designs.

Construction

Shape filling Epcoding of primary Resulting
curve of turns structure Conformation
= —> 3331---4334 —>E = (W, a.d, 0, w) with w = f(3)/(3)--- f(3)/(4) =>

Fig. 3. An illustration of a geometric structure constructing OS. Once a shape filling
curve for the given geometric structure is given, the curve is encoded as a sequence
of numbers denoting consecutive turns. For each turn, we propose a partial primary
structure called a hinge. The sequence of corresponding hinges forms the transcript
of the geometric structure constructing OS, and the resulting conformation constructs
the given structure.
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2 Preliminaries

Let w = ajas - - - a, be a string over X' of size n and bead types a1,...,a, € X.
The length |w| of w is n. For two indices i,j with 1 < i < j < n, we let wli, j]
be the substring a;a;t1 ---aj—1a;; we use wi] to denote w[i,i]. We use w” to
denote the catenation of n copies of w.

Oritatami systems operate on the triangular lattice A; with the vertex set V'
and the edge set E. For a point p and a bead type a € X, we call the pair (p, a)
an annotated point, or simply a point if being annotated is clear from con-
text. Two points p,q (or annotated points (p,a),(q,b)) are adjacent if they
are at unit distance. A path is a sequence P = pips---p, of pairwise-distinct
points p1,pa, ..., pn such that p;p;41 is at unit distance for all 1 < i < n. Given
a string w € X", a path annotated by w, or simply w-path, is a sequence P,
of annotated points (p1,w[l]),..., (pn,w[n]), where p;1 - - - p, is a path. We call
points of the w-path beads, and we call the i-th point (p;,w[i]) the i-th bead of
the w-path. Let H C X x X be a symmetric relation, specifying between which
bead types can form a hydrogen-bond-based interaction (interaction for short).
This relation H is called the ruleset.

A conformation instance, or configuration, is a triple (P, w, H) of a directed
path P in A, w € X* U X¥ and a set H C {(i,j) | 1<4,i4+2<y,
{P[i], P[j]} € E} of interactions. This is to be interpreted as the sequence w
being folded while its i-th bead wl[i] is placed on the i-th point P[i] along the
path and there is an interaction between the i-th and j-th beads if and only if
(i,4) € H. Configurations (P, w1, Hy) and (Ps,ws, Ha) are congruent provided
w, = wg, Hi = Hy, and P; can be transformed into P, by a combination of
a translation, a reflection, and rotations by 60°. The set of all configurations
congruent to a configuration (P,w, H) is called the conformation of the con-
figuration and denoted by C = [(P,w, H)]. We call w a primary structure of
C. Let ‘H be a ruleset. An interaction (i,5) € H is valid with respect to H, or
simply H-valid, if (w[i],w[j]) € H. We say that a conformation C is H-valid
if all of its interactions are H-valid. For an integer a > 1, C' is of arity « if
the maximum number of interactions per bead is «, that is, if for any k& > 1,
|{i | (i,k) € H}|+|{j | (k,j) € H}| < o and this inequality holds as an equation
for some k. By C<,, we denote the set of all conformations of arity at most o.

Oritatami systems grow conformations by elongating them under their own
ruleset. For a finite conformation C;, we say that a finite conformation Cs
is an elongation of Cy by a bead b € X under a ruleset H, written as

4 ﬂb Cy, if there exists a configuration (P,w, H) of Cy such that Cy includes
a configuration (P - p,w -b,H U H'), where p € V is a point not in P and
H' C {(i,|P|+1) |1 <i < |P| = 1,{P[i],p} € E, (w[i],b) € H}. This operation
is recursively extended to the el*ongation by a ﬁnlte sequence of beads as follows:
For any conformation C, C it » C; and for a finite sequence of beads w and a
bead b a conformation C is elongated to a conformation C’g by w - b, ertten as

Ci L w-.p C2, if there is a conformation C’ that satisfies Cy —> C’" and C’ —>b Cs.
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Fig. 4. An example OS with delay 2 and arity 2. The seed is colored in red, and the
stabilized beads and interactions are colored in black. (Color figure online)

An oritatami system (0OS) is a 6-tuple & = (X, w,H,da,C, =
[(Py,ws, H,)]), where H is a ruleset, § > 1is a delay, and C,, is an H-valid initial
seed conformation of arity at most «, upon which its transcript w € * U XN
is to be folded by stabilizing beads of w one at a time and minimize energy
collaboratively with the succeeding § — 1 nascent beads. The energy of a con-
formation C' = [(P,w, H)] is U(C') = —|H|; namely, the more interactions a
conformation has, the more stable it becomes. The set F(Z) of conformations
foldable by this system is recursively defined as follows: The seed C,, is in F(5);
and provided that an elongation C; of C, by the prefix w[1 : i] be foldable (i.e.,
Co = Cy), its further elongation C;11 by the next bead w[i+1] is foldable if

Ciy1 € argmin min {U(C”) ’ C ﬂ)w[i+2:i+k] C' k<4,C € Cga}. (1)
CECSO‘ s.t.
Ciﬂ’w[i+1]c

Once we have C;11, we say that the bead w[i+1] and its interactions are stabi-
lized according to Cj41. A conformation foldable by = is terminal if none of its
elongations is foldable by =.

Figure4 illustrates an example of an OS with delay 2, arity 2 and the rule-
set {(a,b), (b, f), (d, f), (d,e)}; in (a), the system tries to stabilize the first bead a
of the transcript, and the elongation in (a) gives 1 interaction. However, it is not
the most stable one since the elongation in (b) gives 2 interactions in total. Thus,
the first bead a is stabilized according to the location in (b). In (c), the system
tries to stabilize the second bead f, and the elongation in (c) gives 1 interaction
for the primary structure fe. However, the elongation in (d) gives 2 interac-
tions in total. Thus, the second bead f is stabilized according to the location in
(d). Note that f is not stabilized according to the location in (b), although the
elongation in (b) is used to stabilize the first bead a.

3 On the Generalized Design of GEOS

The input for the design of a geometric structure construction OS (GEOS) is as
follows:
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e A lattice Ay on the plane.
e A shape that we want to fill on the lattice, which is given by the set Py of
points. It is necessary that the grid graph of Py should be connected.

The output should include

e A triangular lattice A; that spans Ag.

e An injective function f. : p € Ag — p. € A; that maps a point in Ay to a
point in A;. For each point p in A, we call f.(p) the core point.

e A bijective mapping f, : p € A9 — U(p) C A; that maps a point in Ay to a
set of points in A;. For each point p in A, we call the induced graph of f,(p)
the unit shape. The unit shape should be a solid grid graph, and the size
of fu(p)—which we call the scale—should be constant for all p’s. Moreover,
fu(Ap) = Ay, The concept of the scale is introduced while proving intrinsic
universality of aTAM [4] as the size of the metatile that can simulate one
tile in the system. Here, the scale represents the size of the partial primary
structure that can cover one point in Py.

e A deterministic OS = = (X, w, H,d, o, C, = [(Py,wo, Hy)|) on A¢, where the
final conformation covers at least one point in f,(p) for each p € Py.

unit shape

final conformation
Ay
(a) (b)

Fig.5. An illustration of the input and the output for the GEOS. The figure in (a)
shows the input and the figure in (b) shows the output. In figure (b), core points are
colored in blue. The scale of the OS is 4. (Color figure online)

Figure 5 shows an example of the input and the output for the GEOS. Aside
from the lattice, the mapping and OS, we establish desirable features that deter-
mine a good design of the geometric structure construction OS, motivated from
the design of a shape-fitting aTAM by Soloveichik and Winfree [19].

e The scale should be as small as possible: Each point in Py is mapped into a set
of points in Ay, on which the conformation of the OS is stabilized. Thus, the
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smaller the size of U, the shorter the length of the final conformation—which
helps realization of the OS in experiments.

e The number of beads in = should be as small as possible: This goal is moti-
vated from minimizing the number of tiles in an aTAM, which also helps
realization of the OS in experiments.

e The final conformation should fill as many points in f(Py) as possible: We
use rigidity to refer to the lower bound of the ratio of the number of filled
points to the scale.

The basic idea of the GEOS is to design small OSs for all possible pairs of
unit vectors in Ag. Namely, if we have a shape filling curve for Py in Ag, the
curve can be represented as a sequence of unit vectors. For each point, we have
an in-vector and an out-vector that represent the curve. For each pair of vectors,
we design a partial OS—which we call a hinge—that fills adjacent unit shapes
in A;. We propose design guidelines that are helpful in constructing a GEOS.
Although there is no need to follow all of the guidelines, following each guideline
provides a necessary condition for better features described above.

1. Unit shapes should be identical. Moreover, unit shapes considering core points
should have reflection and rotational symmetry. Note that the number of
beads we use depends on the number of possible pairs of adjacent unit shapes.
Identical and symmetric unit shapes greatly reduce the number of possible
cases, as shown in Fig.6. The unit shape in (a) has partial rotational sym-
metry on the triangular lattice, and there are two different types of distinct
unit vectors that we should consider (Namely, there are two distinct pairs
of adjacent unit shapes.). Thus, we need to design 10 different hinges. On
the other hand, the unit shape in (b) has full rotational symmetry on the
triangular lattice, and all pairs of adjacent unit shapes are identical. Thus,
we only need to design 5 different hinges.

Fig. 6. Two possible unit shapes. We assume that Ag is triangular.

2. We categorize beads into two categories: core beads and hinge beads. Core
beads form a partial conformation (which we call a core) that covers the core
point, and we use different hinge beads for different hinges to connect cores.
We use distinct core for each pair (U(p), @) of an unit shape and an unit
vector, which we call an unit. We establish two guideline for the core.
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(a) Cores for different unit vectors should be rotationally symmetric. Like the
guideline for the symmetry of unit shapes, this condition greatly reduces
the number of hinges.

(b) For each point covered by the core, all neighbors of the point should be in
the unit shape. Namely, core beads are not revealed on the surface of the
unit shape, which prevents unintended interactions between core beads
and hinge beads from another unit shape. Figure7 shows two example
cores, where only the example (a) follows the guideline.

(a) (b)

Fig. 7. Two possible cores, colored by red lines. While the core in (a) follows the
guideline, the core in (b) does not, and reveals the purple core bead, which may cause
unintended interactions with hinge beads from another unit shape. (Color figure online)

3. For each unit, we construct the core and the contert—which points in the
unit shape are filled before the core stabilizes. Namely, we divide U(p) except
points occupied by core beads by two sets: preoccupied points X(p) and unoc-
cupied points O(p). We have one more guideline for the context: For each
possible pair ((U(p1),a1)), (U(p2), a3)) of adjacent units where p; + a3 = ps,
there should be a Hamiltonian path from the core of the first unit to the
core of the second unit that covers O(p;) UX(pz). This guideline ensures that
the final conformation fills the maximum number of points in f(Py). Figure 8
shows two example contexts, where only the example (a) follows the guideline.

Fig. 8. Two possible contexts for units with the unit vector directing right. In each unit,
preoccupied points are denoted by crosses. While the context in (a) allows maximum
number of filled points, the context in (b) allows some points (in red boxes) that cannot
be covered by the hinge. (Color figure online)
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4. For each possible pair of adjacent units, we design a hinge that fits into the
contexts. We establish one guideline for the hinge: Hinge beads interact only
with hinge beads within the same hinge, or core beads. Namely, hinge beads
in different types of hinges do not interact with each other. This guideline
prevents unintended interactions between different types of hinges, and we
only need to check interactions with the adjacent, same type of the hinge in
the validation process. Figure9 shows two example hinges, where only the
example (a) follows the guideline.

Fig. 9. Two possible hinges for the same pair of adjacent units. While the hinge in (a)
has no interaction between current hinge beads and beads in preoccupied points, the
hinge in (b) have some (in red boxes), which may cause unintended interaction when
the neighboring units are filled with hinge beads in preoccupied points. (Color figure
online)

Table 1. Summary of strengths of four guidelines on desirable features of GEOS.

Guidelines| Small |X|| High rigidity| Avoiding unintended interactions
(i) v

(i)@) | v

(i1)(b) v

(iii) v

(iv) v

We summarize the strengths of four guidelines on desirable features of GEOS
in Table 1. Following the proposed design guidelines, we design two GEOSs in
the following section.

4 Two GEOS Designs

4.1 A GEOS Oriented from a Triangular Lattice

In the first GEOS that we call Za, we set Ay as a triangular lattice. Note
that we use a shape filling curve to encode the given geometric structure in the
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triangular lattice, and not all connected triangular grid graph is Hamiltonian.
Thus, in general we assume that a shape filling curve instead of a geometric shape
on the lattice is given as an input. However, when Aj is a triangular lattice, we
can construct a Hamiltonian path in return for tripling the scale. In the mapping
of Py to U(Py), we group and map three unit shapes and core points for one point
in Py to use the algorithm proposed by Gordon et al. [9], who proved that there
exists a polynomial algorithm to find a Hamiltonian path in a connected, locally
connected triangular grid graph. We can successfully make the grid graph of
U(Py) locally connected by mapping multiple core points and adding additional
filling points to U(Py) as shown in Fig. 10.

S~

core points

o ravavaval

T

1ling point
L £

Fig. 10. Construction of a locally connected grid graph from Py. We map three core
points from a point in Py. In addition, we add a filling point between two sets of core
points for each edge in the grid graph of Py. The resulting grid graph is always locally
connected.

Fig. 11. Two of six units including cores. Cores are represented with colored beads,
dotted lines and red arrowed lines. Crosses represent preoccupied points. All units and
cores are rotationally symmetric according to unit vectors. (Color figure online)

Formally, the set Py of points on the lattice Ay is encoded to the set C; of
core points on the triangular lattice A; as follows:
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For each point (z,y) € Py, we add three points (2z,2y), (2z — 1,2y +
1), (2z,2y + 1) to C,.

If two points (x,y), (x + 1,y) are in Py, we add (2z + 1,2y) to C;.

If two points (z,y), (z,y + 1) are in Py, we add (22 — 1,2y + 2) to C;.

If two points (x,y), (x — 1,y + 1) are in Py, we add (2 + 1,2y + 2) to Cs.

Note that the grid graph of C, is always locally connected.

In ZA, we use one unit shape and six unit vectors (from Ag). A part of the
units including cores is shown in Fig. 11. We use integers to represent bead types
and superscripts to represent different sets of bead types. We observe that all
units and cores are rotationally symmetric according to unit vectors, following
design guidelines (i) and (ii)(a). Thus, we need to consider only 5 hinges. We
can observe that cores are not revealed on the surface of unit shapes, following
design guideline (ii)(b). Note that we use distinct sets of beads for different
hinges, and there is no interaction between hinge beads from different hinges,
following design guideline (iv). Also note that for each hinge, there exists one
point that cannot be filled. Thus, the rigidity of this OS is 24/25.

Fig. 12. An illustration of the hinge h;i. Core beads are represented with superscript c,
and hinge beads are represented with superscript 1.

Figure 12 shows one of the five hinges, representing that the shape filling
curve proceeds straight. We use 20 distinct hinge beads for this hinge. The delay
is 4, and each bead in the hinge is stabilized by at least 4 interactions. Note
that once all hinges are given, it is straightforward to design sequences of beads
for borderlines of the shape filling curve, where the starting sequence becomes a
seed and the ending sequence becomes a suffix of the primary structure.

An example of =4 is shown in Fig. 13. Once the set P of points is given as in
(a), we construct the set of core points as in (b) and find a Hamiltonian path for
the grid graph. Then we connect hinges according to the triples of consecutive
points in the path as in (c). Red lines represent core beads.

4.2 A GEOS Oriented from a Square Lattice

Note that the rigidity of =4 is not 1. We design the second GEOS called =
that uses Ay as a square lattice, whose rigidity is 1. Since not all connected grid
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(b) ()

Fig. 13. An example of Za

graph of Ay is Hamiltonian, we first transform a square lattice into an affine
triangular lattice, as in Fig. 14(b). Then, we can transform the grid graph into a
locally connected grid graph by quadrupling the scale as in Fig. 14(c). From the
locally connected grid graph, we can extract a Hamiltonian path as in Fig. 14(d).

(@) (b) (c) (d)

Fig. 14. (a) The input shape (b) the input shape on the affine triangular lattice (c)
construction of a locally connected graph (d) a retrieved Hamiltonian path

We use two unit shapes and four unit vectors (from Xy). Figure 15 shows the
mapping of core points and unit shapes from Ag. Two types «, 8 of unit shapes
of size 25 appear in Fig. 15, where one is rotationally symmetric to the other.

Units including cores are shown in Fig. 16. We refer to a hinge as a pair of an
unit shape type and an unit vector, i.e. (o, up). Considering symmetry of units,
we need to design 11 hinges. The delay of the system is 5, and each bead in
the hinge is stabilized by at least 5 interactions. We can observe the following
properties of the design of hinges.

e All neighbors of the core points are in the unit shape, following design guide-
line (ii)(b).

e Hinge beads in different types of hinges do not interact with each other,
following design guideline (iv).
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/

unit

shape

e o o o o o o 4 o o

Ao A

Fig. 15. The mapping of core points and unit shapes from Ag. Arrows on the right
unit shapes represent unit vectors

right up down left

Fig. 16. Eight units including cores. Cores are represented with colored beads, dot-
ted lines and red arrowed lines. Crosses represent preoccupied points. Rotationally
symmetric units are paired by white arrows. (Color figure online)

e In all hinges that connect two points p; and po, the grid graph of O(p;)UX(p2)
is Hamiltonian, following design guideline (iii). Moreover, every hinge fills
O(p1) UX(p2). Thus, Eg covers all points in f(PPy).

e There are hinges covering at least 2 pairs of units due to the rotational sym-
metry of units.

e When the filling curve goes upward, we consider only one hinge due to the
reflection symmetry of cores in units («, up) and (3, up).

e In the hinge connecting two units (3, up) and (5, right), the core for (3, right)
is horizontally rotated. From the point in the shape filling curve that maps
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to the unit, we regard all hinges as horizontally rotated until we use another
hinge for (8, up) and (5, right).

An example of Py in a square lattice is shown in the left of Fig. 17. Given the
set of points Py, the GEOS fills points in f(Py) as in the right of Fig. 17.

Fig.17. (Left) An example of Py in a square lattice. A Hamiltonian path that covers
the grid graph of Py is denoted by the arrowed line. (Right) The final conformation
that fills f(Po). The conformation starts and ends at the downmost unit shapes. Red
lines represent cores, black lines represent hinges and blue lines represent horizontally
rotated hinges. (Color figure online)

5 Conclusions

We have established generalized guidelines on designing a GEOS, and proposed
two GEOSs summarized in Fig. 18. Although we can construct an arbitrary shape
out of a GEOS, there are optimization problems. In general, reducing the scale
also reduces the number of hinge beads we use, but also makes it harder to design
symmetric unit shapes for the tessellation and may increase the number of units
to consider. Reducing the scale may also increase the possibility of unintended
interaction between different hinges. Thus, it is a challenging question to find a
GEOS that uses the minimum number of bead types while achieving maximum
rigidity.

GEOS Scale Rigidity | # of Hinges | +# of Bead Types
Ea 25 (75 when group core points) 24/25 5 104
Em 25 (100 when group core points) 1 11 223

Fig. 18. Summary of two proposed GEOSs
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Our two GEOS designs have approached the objective by setting up four

design guidelines. It turns out that the first = cannot achieve rigidity 1, while
the second =g achieves rigidity 1 using more bead types. Our future work
includes finding bead complexity—the lower bound of the number of beads—for a
given lattice Ay and optimization of GEOSs.

Acknowledgements. This work has been supported in part by the NIH grant R01
GM109459.
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