
Chapter 4
Modeling the Fatigue Behavior of
Fiber-Reinforced Composite Materials
Under Constant Amplitude Loading

4.1 Introduction

The fatigue design of a structural component is based on the evaluation of the
fatigue behavior of the constituent materials under loading conditions similar to
those of the structural component that it will encounter during its operational life.
The failure mechanisms of a fiber-reinforced composite material are more complex
than those of a metallic one. A synergy of matrix cracks, layer delamination and
finally fiber failure comprises the basic failure mechanisms of fiber-reinforced
composite materials. Due to this complexity, the application of a simple theory for
the quantification of the effect of each one of these failure mechanisms on the
fatigue life of a composite material and the eventual establishment of a method
for the derivation of design allowables is very difficult. On the other hand, the
measurement of a number of macroscopic damage metrics that are affected by
the development of the failure mechanisms is possible and requires only simple
experimental procedures and set-ups. For example, the relationship between the
applied load and the corresponding number of cycles up to failure, the remaining
strength after a fatigue loading or the stiffness degradation during the application
of a constant or variable amplitude loading pattern can be used for the derivation
of reliable allowable values for the design of a structural component.

Significant research efforts have been devoted to the understanding of the
fatigue behavior of fiber-reinforced composite materials and development of
techniques to model the fatigue life and predict material behavior under different
conditions. A large amount of fatigue data have been derived for composite
materials under different loading patterns in several engineering domains, such as
the aerospace and wind turbine industries, e.g., [1–5] during the last decades.
Usually, the results are presented in terms of S–N curves (of any type), and the
design allowables are defined based on the life of the examined material under
specific applied loads. Depending on the nature and amount of available data,
design allowables in terms of S–N curves can also be determined for any reliability

A. P. Vassilopoulos and T. Keller, Fatigue of Fiber-reinforced Composites,
Engineering Materials and Processes, DOI: 10.1007/978-1-84996-181-3_4,
� Springer-Verlag London Limited 2011

87



level, taking into account the stochastic nature of the phenomenon, as described in
Chap. 3 of this volume. The main drawback of this type of fatigue data inter-
pretation is the necessity for the failure of the material in order to derive the S–N
curve. This is based on destructive testing and there is no way to implement this
method during fatigue loading to serve as a life-monitoring tool. A different
damage metric must be used for this purpose. The behavior of this damage metric
during fatigue life must be characterized with simple and limited experiments,
without the need to reach material failure, so that the method can be used for
estimation of the fatigue life of the examined material or structural component
while it is in service.

A damage metric that fulfills these requirements is the stiffness of the material.
Use of stiffness as a damage metric does not require the failure of the material since it
can be measured in a non-destructive way. Moreover, as the stiffness of composite
materials exhibits less scatter than strength, the modeling of the stiffness behavior
during fatigue life can be performed based on fewer experimental data than those
needed for a reliable statistical analysis of the fatigue behavior of the examined
material based on the derived S–N curves. As it will be presented later on, the
stiffness degradation measurements can be used for the derivation of S–N curves that
do not correspond to failure, but to a stiffness degradation level. This kind of curve is
very useful for the design of structures that comprises of moving parts, since it can
constitute design allowables that conforms with specified limits of displacement
(strains) in order to maintain the structure’s geometry and avoid causing problems in
operation either by conflicting movements between different parts or by undesirable
changes in the aerodynamics of each structural component.

Regardless of the method used for modeling, the established model in terms of a
mathematical expression can be used to interpolate or extrapolate the fatigue
behavior for different numbers of fatigue cycles. However, the situation is not as
simple for the modeling of the behavior of a composite material when it is loaded
under different loading patterns, e.g., Tension-Tension (T-T), tension-compression
(T-C) or Compression-Compression (C-C) fatigue. The effect of the different mean
stress levels of the various loading cases is very critical for the fatigue life of any
composite material. It is not easy to interpolate between different loading domains
in order to model the behavior of the material under new loadings and the constant
life diagrams (CLDs) were established to address this problem. Depending on the
CLD formulation, the interpolation between known material behaviors can be
linear or non-linear. However, the accuracy of a CLD can only be evaluated based
on comparisons with available fatigue data for the examined material.

In this chapter, the types of S–N curves commonly used for composite materials
are reviewed and a critical comparison of their modeling ability is made. The
models based on the linear regression of the stress vs. the logarithm of the number
of cycles to failure (Lin-Log) or the logarithm of the applied cyclic stress vs. the
logarithms of the number of cycles to failure (Log–Log) is presented and their
modeling accuracy is compared to the modeling accuracy of novel methods for the
interpretation of fatigue data based on stochastic computational tools, such as
artificial neural networks and genetic programming, as presented in [6–8].
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The most commonly used constant life diagrams for composite materials and
those most recently introduced are also presented in this chapter. Their predictive
ability is evaluated by using the dataset in Chap. 2 and others from the literature.
The applicability of the models, the need for experimental data and the accuracy of
the predictions are considered as critical parameters for the evaluation.

The stiffness degradation during the fatigue life of the examined composite
material was thoroughly examined in Chap. 2 as a function of several parameters:
the loading case (C-C, T-T or T-C loading), the applied cyclic stress level and the
percentage of fibers along the loading direction. A systematic statistical analysis,
corresponding to a certain R-value and off-axis direction, proved that irrespective
of the constant amplitude stress level, stiffness degradation data are satisfactorily
fitted by standard statistical distributions. Modeling of the stiffness degradation
can be used for the derivation of S–N curves that correspond to specific stiffness
degradation levels and not to failure. Here, these stiffness-controlled curves,
designated Sc-N curves, were determined for each R-ratio and off-axis direction
and compared to fatigue strength curves. It is shown that these two kinds of curves
can be correlated and it is thus possible to derive fatigue design allowables cor-
responding to specific levels of stiffness degradation and survival probability.
Furthermore, even by using only half of the experimental data, Sc-N curves can
still be accurately defined.

4.2 Which Type of S–N Curve?

One of the most explicit and straightforward ways to represent experimental
fatigue data is the S–N diagram. It is preferred to other approaches for the
modeling of the fatigue life of FRP composite materials, e.g., those based on
stiffness degradation, or crack propagation measurements during lifetime, since it
requires input data (applied load and corresponding cycles to failure) that can be
collected using very simple recording devices.

Usually, fatigue data for preliminary design purposes are gathered in the region
of fatigue cycles ranging between 103 and 107. However, depending on the
application, high- or low-cycle fatigue regimes can be of interest. Additional data
are needed in such cases to avoid the danger of poor modeling due to extrapolation
in an unknown space. Although for the high-cycle fatigue regime long-term fati-
gue data must be acquired, the situation seems easier for low-cycle fatigue where
static strength data can apparently be used in combination with the pure fatigue
data. However, when the static strength data are considered in the analysis, other
problems arise, and thus the use of quasi-static strength data for the derivation of
fatigue curves (such as fatigue data for 1 or � cycle) is arguable. No complete
study on this subject exists. Previous publications, e.g., [9], showed that quasi-
static data should not be a part of the S–N curve, especially when they have been
acquired under strain rates much lower that those used in fatigue loading. The use
of quasi-static data in the regression leads to incorrect slopes of the S–N curves as
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presented in [9]. On the other hand, although excluding quasi-static data improved
the description of the fatigue data, it introduced errors in the lifetime predictions
when the low-cycle regime is important, as for example for loading spectra with a
few high-load cycles.

The selection of the fatigue model that is established by fitting a mathematical
equation to the experimental data is of paramount importance for any fatigue
analysis. The fatigue model reflects the behavior of the experimental data to
theoretical equations which are consequently used during design calculations.
A number of different types of fatigue models (or types of S–N curves) have been
presented in the literature, with the most ‘‘famous’’ being the empirical semi-
logarithmic and logarithmic relationships. Based on these it is assumed that the
logarithm of the loading cycles is linearly dependent on the cyclic stress param-
eter, or its logarithm. Fatigue models determined in this way do not take different
stress ratios or frequencies into account, i.e., different model parameters should be
determined for different loading conditions. Also, they do not take into account
any of the failure mechanisms that develop during the failure process and these
fatigue models therefore have the disadvantage of being case-sensitive, since they
may derive very accurate modeling results for one material system under specified
loading conditions but very poor results for another. Other more sophisticated
fatigue formulations that also take the influence of stress ratio and/or frequency
into account were also reported [10, 11]. A unified fatigue function that permits the
representation of fatigue data under different loading conditions (different R-ratios)
in a single two-parameter fatigue curve was proposed by Adam et al. [10]. In
another work by Epaarachchi et al. [11], an empirical model that takes into account
the influence of the stress ratio and loading frequency was presented and validated
against experimental data from different glass fiber-reinforced plastic composites.
Although these models seem promising, their empirical nature is a disadvantage as
their predictive ability is strongly affected by the selection of a number of
parameters that must be estimated or even, in some cases, assumed.

Methods for the S–N curve modeling of composite materials, also appropriate
for the derivation of S–N curves that take into account the stochastic nature of the
examined materials, have been established to permit the derivation of S–N curves
with some statistical significance based on limited datasets e.g., [12, 13]. These
statistical methods (already presented in detail in Chap. 3) are also based on a
deterministic S–N equation for representation of the fatigue data; however a more
complicated process, compared to the simple regression analysis, is followed for
the estimation of model parameters. In addition, the methods introduce assump-
tions that also allow the run-outs (data from specimens that did not fail during
loading) to be considered in the analysis.

Recently, artificial intelligence methods have been adopted for interpretation of
the fatigue data of composite materials. Artificial intelligence methods have previ-
ously been used and validated in various fields. They appear to offer a means of
dealing with many multivariate problems for which no exact analytical model exists
or is very difficult to develop. Artificial neural networks (ANNs) have proved as very
powerful tools for pattern recognition, data clustering, signal processing etc. During
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the last 10 years, ANNs have been used to model the fatigue life of composite
materials by modeling their S–N behavior, e.g. [14–17], or by deriving constant life
diagrams in order to model the effect of different stress ratios on the fatigue life of an
FRP composite system, see e.g., [18, 19]. They have also been used in other engi-
neering problems, such as prediction of the multiaxial strength of composite mate-
rials, Lee et al. [20], or the modeling of the fatigue crack growth rate of bonded
FRP-wood interfaces, Jia et al. [21]. A hybrid neuro-fuzzy method, designated
ANFIS (Adaptive Neuro-Fuzzy Inference System), has been used to model the
fatigue life of unidirectional and multidirectional composite laminates. Results of its
application to two, different in general, material systems have been presented in
[6, 22]. Finally, Genetic Programming (GP) has been successfully used as a tool for
the derivation of S–N curves and modeling of the fatigue behavior of composite
materials, as presented by Vassilopoulos et al. [8].

This innovative tool in the field of fatigue life modeling, based on genetic
programming, is also introduced in this chapter and its ability to derive appropriate
S–N curves is evaluated against traditional empirical and statistical methods.
Selected experimental data from the database presented in Chap. 2 have been used
for the application of the different models and comparison of their modeling
ability. For the application of the GP method the GP software tool from RML
Technologies, Inc., DiscipulusTM [23] was used.

4.2.1 Empirical and Statistical S–N Formulations

As mentioned in Chap. 3, the easiest way to estimate the parameters of a fitted
line representing material behavior is linear regression analysis, which can be
performed even based on hand calculations. The resulting S–N curve yields an
estimate of the mean time to failure as a function of the corresponding stress
variable. In the S–N formulation, the stress variable r can refer to any cyclic stress
definition, rmax (maximum cyclic stress), ra (cyclic stress amplitude) or even Dr
(cyclic stress range). The mathematical expressions of the semi-logarithmic and
logarithmic S–N formulations are given in Eqs. 4.1, 4.2:

logðNÞ ¼ Aþ Br or ð4:1Þ

r ¼ roN �1
kð Þ ð4:2Þ

in which r represents the selected stress variable and N the corresponding number
of cycles to failure, while A, B, r0 and k are the model parameters that will be
determined after the application of the process to the available fatigue data. The
fatigue life is considered as the dependent variable whereas the stress or strain is
considered as the independent variable for the fitting.

The appropriate formulations, Eq. 4.3, for Whitney’s Weibull statistics, and
Eq. 4.4 for the Sendeckyj’s wear-out model were also used in this chapter for the
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derivation of S–N curves, corresponding to a 50% reliability level (see Chap. 3 for
definition of the model parameters).

ra ¼ ro �lnPSðNÞ½ �
1

af k

� �( )
ðNÞ �

1
kð Þ ð4:3Þ

rmax ¼ b �lnPSðNÞ
1
af

h i
ðN � AÞC½ ��G ð4:4Þ

4.2.2 Genetic Programming for Fatigue Life Modeling

Genetic programming (GP) is a domain-independent problem-solving technique in
which computer programs are evolved to solve, or approximately solve, problems.
Genetic programming is a member of the broad family of techniques known as
Evolutionary Algorithms. All these techniques are based on the Darwinian prin-
ciple of reproduction and survival of the fittest and are similar to biological genetic
operations such as crossover and mutation. Genetic programming addresses one of
the central goals of computer science, namely automatic programming, which is to
create, in an automated way, a computer program that enables a computer to solve
a problem [24].

In genetic programming, the evolution operates on a population of computer
programs of varying shapes and sizes. These programs are habitually repre-
sented as trees, as for example the one shown in Fig. 4.1, where the function
f ðxÞ ¼ 3r þ xþ 5ð Þ � 2yð Þ is represented in tree format. The operations are
performed in the ‘‘tree branches’’ and the result is given at the ‘‘tree root’’.

Genetic programming starts with an initial population of thousands or millions
of randomly generated computer programs composed of random choices of the
primitive functions and terminals as defined in the first and second preparatory
steps (see below) and then applies the principles of biological evolution to create a
new (and often improved) population of programs. This new population is

+

_

x 5 y 2

r3

+

( )( )3 5 2r x y+ + -

Fig. 4.1 Tree representation
in genetic programming
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generated in a domain-independent way using the Darwinian principle of survival
of the fittest, an analogue of the naturally occurring genetic operation of crossover
(sexual recombination), and occasional mutation [25]. The crossover operation is
designed to create syntactically valid offspring programs (given closure amongst
the set of programmatic ingredients). Genetic programming combines the
expressive high-level symbolic representations of computer programs with the
near-optimal efficiency of learning of Holland’s genetic algorithm. A computer
program that solves (or approximately solves) a given problem often emerges from
this process [25].

Six major preparatory steps must be performed before applying genetic pro-
gramming [25] in a given problem. These steps include preparation of datasets,
setting-up of the model and design of the termination criteria, as explained in the
following:

1. Determination of the set of terminals. The terminals can be seen as the inputs to
the as-yet-undiscovered computer program. The set of terminals (or Terminal
Set T, as it is often called) together with the set of functions is the ingredients
from which genetic programming constructs a computer program to solve, or
approximately solve, the problem.

2. Determination of the set of primitive functions. These functions will be used to
generate the mathematical expression that attempts to fit the given finite sample
of data. Each computer program is a combination of functions from the function
set F and terminals from the terminal set T. The selected function and terminal
sets should have the closure property in order that any possible combination of
functions and terminals produces a valid executable computer program (a valid
model).

3. Determination of the fitness measure which drives the evolutionary process.
Each individual computer program in the population is executed and then
evaluated, using the fitness measure, to determine how well it performs in the
particular problem environment. The nature of the fitness measure varies with
the problem: e.g., for many problems, fitness is naturally measured by the
discrepancy between the result produced by an individual candidate program
and the desired result; the closer this error is to zero, the better the program. For
some problems, it may be appropriate to use a multi-objective fitness measure
incorporating a combination of factors such as correctness, parsimony (small-
ness of the evolved program), and efficiency.

4. Determination of the parameters for controlling the run. These parameters
define the guidelines in accordance with which each GP model that evolves.
The population size, i.e., the number of created computer programs, the max-
imum number of runs, i.e., evolved program generations and the values of the
various genetic operators are included in the list of parameters.

5. Determination of the method for designating a result. A frequently used method
for result designation of a run is to appoint the best individual obtained in any
generation of the population during the run, (i.e., the best-so-far individual) as
being the result of the run.
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6. Determination of the criterion for terminating a run. The maximum number of
generations, or the maximum number of successive generations for which no
improvement is achieved (values that were determined in step 4), is usually
considered as the termination criteria.

Typically, the size of each developed program is limited, for practical reasons,
to a certain maximum number of points (i.e., total number of functions and ter-
minals) or a maximum depth of the program tree. Each computer program in the
population is executed for a number of different fitness cases so that its fitness is
measured as a sum or an average over a variety of different representative situa-
tions. For example, the fitness of an individual computer program in the population
may be measured in terms of the sum of the absolute value of the differences
between the output produced by the program and the correct answer (desired
output) to the problem (i.e., the Minkowski distance) or the square root of the sum
of the squares (i.e., Euclidean distance). These sums are selected from a sampling
of different inputs (fitness cases) to the program. The fitness cases may be chosen
at random or in a structured way (e.g., at regular intervals) [25].

All the individual programs of the initial population (generation 0) usually have
exceedingly poor fitness, although some individuals in the population will fit the
input data better than others. These differences in performance are then exploited
by genetic programming. The Darwinian principle of reproduction and survival of
the fittest and the genetic operations of crossover and mutation are used to create a
new offspring population of individual computer programs from the current
population.

The reproduction operation involves selecting a computer program from the
current population of programs based on fitness (i.e., the better the fitness, the more
likely the individual is to be selected) and allowing it to survive by copying it into
the new population. Therefore, a new population, that of the offspring programs,
replaces the old population. This iterative process is continued (new generations are
evolved based on crossover and mutation operations) until a termination criterion, as
defined in the sixth preparatory step, is satisfied. Regardless of their fitness, all
generated programs, including those of the initial population, are syntactically valid
executable programs.

The crossover operation creates new offspring computer programs from two
parent programs selected on the basis of their fitness. The parent programs in
genetic programming are usually of different shapes and sizes. The offspring
programs are composed of sub-expressions from their parents. These offspring
programs are usually of different shapes and sizes than their parents. For example,
consider the two parent computer programs (models) represented as trees in
Fig. 4.2 One crossover point is randomly and independently chosen in each parent.
Consider that these crossover points are the division operator (/) in the first parent
(the left one) and the multiplication operator (•) in the second parent (the right
one). These two crossover fragments correspond to the underlying sub-programs
(sub-trees) in the two parents–the sub-trees circled in Fig. 4.2. The two offspring
resulting from the crossover operation, depicted in Fig. 4.3, have been created by
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swapping the two sub-trees between the two parents in Fig. 4.2. Thus, the cross-
over operation creates new computer programs using parts of existing parent
programs. Since entire sub-trees are swapped, the crossover operation always
produces syntactically and semantically valid programs as offspring, regardless of
the choice of the two crossover points. Because programs are selected to partici-
pate in the crossover operation based on their fitness, crossover allocates future
trials to regions of the search space whose programs contain parts from promising
programs [25]. The crossover is the predominant operation in GP.

The mutation operation creates an offspring computer program from one parent
program that is selected based on its fitness. One sub-tree is randomly and inde-
pendently chosen and then substituted with another sub-tree, see Fig. 4.4, by using
the same growth procedure as it was originally used to create the initial random
population. There are several kinds of mutations possible. Some examples are [26]
the branch-mutation, where a complete sub-tree is replaced by another, the node-
mutation, which applies a random change to a single node, etc. This asexual
mutation operation is typically performed sparingly during each generation.
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Fig. 4.2 Crossover
operation: the two parent
programs in tree
representation

+

_

x 5

r3

+

_

z 92y

+

a +

/

6 1

Fig. 4.3 Crossover
operation: the two offspring
programs in tree
representation

+

_

x 5 y 2

r3

+

+

_

x z5 8

r3

+

/

Mutation operation

Fig. 4.4 Mutation operation
of a parent program

4.2 Which Type of S–N Curve? 95



The idea of modeling fatigue life with genetic programming was applied as
described in the following:

The fatigue data of each dataset described in Chap. 2 was used for the training
of the model and the selection of the best program.

– The training set contained the data which the tool used for learning. In other
words, the fitness function was calculated based on the training set. Maximum
stress values were used as the input parameters, while the corresponding cycles
up to failure were considered as the desired output parameters. Given the
number of input and output parameters in the training set, the process is char-
acterized as a non-linear stochastic regression analysis.

– The validation set contained data for the evaluation of the evolved programs,
after the training of the model, and the selection of the best one among them,
based on the set criteria. In this case the criterion was the minimization of the
error between the targeted output and the output produced by the evolved
program. It is imperative that the validation set should contain examples that
comprises of a good representative set of samples from the training domain.

– A test, or applied set, is constructed in the sequel, containing input data for
which the output is expected to be calculated by the selected evolved program.
Although these data are ‘‘new’’ and have not been used for the training or
validation of the model, they should be in the range of the training set, since the
ability of GP for extrapolation outside the training set has not yet been validated.
For the case studied here, the test datasets were prepared so as to cover all the
range from minimum to maximum cyclic stress levels in order to obtain, after
the termination of each run, an entire S–N curve.

The same model (the selected evolved program) can be stored and potentially
used to predict other output values for a new applied input dataset.

The training efficiency of the genetic programming tool was very good. As
shown in Figs. 4.5, 4.6, 4.7, 4.8 where the target output is compared with the best
program output after the training process for selected cases, the coefficient of
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multiple determination (R2), was in the range between 0.90 and 0.96. In the same
Sures some information about running the GP model is also presented and can be
described as follows:

• Data points: denote the number of data used for training the GP tool.
• Runs: The total number of evolving processes. During each run, new generations

of the population are produced and usually evolve, i.e., the accuracy is
improved. Each run finishes after 300 generations without improvement. It was
decided to keep the number of runs constant for all examined cases.

• Evolved programs: The total number of computer programs that was evolved
during the training process.

• Elapsed time: The total computer time required for the training of the model
(depending on computer model).

• R2: The coefficient of multiple determination, a statistical indicator that shows
the accuracy of the model.

The GP tool was executed on an INTEL� CoreTM i5 CPU 750 at 2.67 GHz,
with 4 GB of RAM. As it can be seen in Figs. 4.5, 4.6, 4.7, 4.8 the data points used
for each material case were preconditioned in different ways, sorted in ascending
or descending order to prove the insensitivity of the proposed modeling technique
to the treatment of the input data and also to avoid the generation of supervised
modeling results.

After the development of a number of computer programs (during training) and
the selection of the best one among them (during validation), the predictions
(program output) were compared with the actual experimental data.

The results are presented in Fig. 4.9, where selected predicted S–N curves are
plotted along with the experimental data for each material system on the S–N
plane. As shown in Fig. 4.9, the modeling accuracy of genetic programming is
excellent. In all the studied cases the produced curves follow the trend of the
experimental data perfectly. It should be mentioned that the S–N curve predicted
by the genetic programming tool is not of the predetermined type: power curve, or
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polynomial, or semi-logarithmic etc. The resulting curve consists of data pairs
(input and output) that can be simply plotted on the S–N plane. Using the model in
this way suffices for the subsequent analysis, but output data, even if this is not
necessary, can be easily fitted by a 2nd to 4th order polynomial equation, as shown
in Fig. 4.10. Compared to Fig. 4.9, symbol frequency has been reduced and the
scale of the x-axis has been extended to log(N) = 2 in Fig. 4.10, but only for a
better presentation of the research findings.

4.2.3 Comparison of the Modeling Ability of the S–N
Curve Formulations

The fatigue data from Chap. 2 were analyzed using the selected methods and the
fatigue model parameters were determined and, for cases arbitrarily selected from
those examined, are tabulated in Table 4.1 After the determination of the fatigue
model parameters, S–N curves can be easily derived for any range of loading
cycles.

m
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Log(N)

Fig. 4.10 Third and fourth
order polynomial S–N curve
equations for GP output

Table 4.1 Calculated fatigue model parameters for selected cases from the database presented in
Chap. 2

Linear regression, Eq. 4.2 Whitney, Eq. 4.3 Sendeckyj, Eq. 4.4

Material ro (MPa) 1/k af ro (MPa) 1/k af b (MPa) G C

0�, R = -1 164.31 -0.0517 1.51 155.71 -0.0463 29.37 105.10 -0.0476 1.54e-4

15�, R = 0.1 195.35 -0.0774 2.12 181.73 -0.0694 28.46 190.85 -0.0721 1.29

60�, R = 10 155.77 -0.0842 2.79 156.80 -0.0833 34.53 85.20 -0.0931 3.85e-4

75�, R = 0.1 88.63 -0.0838 2.06 83.82 -0.0769 26.31 86.73 -0.0781 1.44
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Fatigue behavior as modeled by all the available methods is presented in
Figs. 4.11, 4.12, 4.13 and 4.14 for comparison. It can be concluded that although
based on different approaches, in general all fatigue models could adequately
represent the fatigue behavior of the selected experimental data, at least for the
central part of the S–N curve, for log(N) = 3 to log(N) = 6. In all examined cases,
Figs. 4.11, 4.12, 4.13 and 4.14 show that all fatigue models produce similar S–N
curves with the Log–Log being steeper than the others. In some of the examined
cases however, GP is shown to be superior as it can follow the real trend of the
experimental data, without any constraints regarding a selected equation type. In
Fig. 4.12, for example, where the predictions for the data obtained from specimens
cut at 15� are presented, it is shown that the GP curve ‘‘follows’’ the trend of the
experimental data more accurately than the other three fatigue models that result in
a rather straight curve on the log(N)-S plane.

For example, when examining the stress level of 80 MPa, the experimental
average number of cycles could be calculated as 77,985 and the corresponding
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estimated numbers from the GP curve and other methods as 63,095 and 107,152
cycles, respectively. Moreover, for the stress level of 71 MPa, the GP tool esti-
mates 380,189 loading cycles and the other methods approximately 562,341
loading cycles, while the experimental average is 421,213 loading cycles. For both
examined stress levels, the GP curve underestimates the actual number of loading
cycles by a factor of 9.7–19.1%, while the other curves overestimate the number of
loading cycles by a factor of more than 33.5%. Although this conclusion is specific
to the examined dataset, it shows the ability of the GP to adapt the model output to
the given dataset.

The above comments were based on analysis of the available experimental
fatigue data, without considering the corresponding static strengths of the exam-
ined material. Therefore, the validity of the modeling, without the need for
extrapolation, is true only for numbers of cycles between ca 1,000 and 10 million.
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4.2.4 Concluding Remarks

Several fatigue models for the derivation of S–N curves based on simple input
fatigue data have been presented in order to evaluate their modeling ability and
ascertain whether or not there is a type of S–N curve among those examined that
exhibits superior features.

The results showed that for the range of cycles examined here (103–107) all
examined models present similar accuracy. The simple deterministic formulation
of Eq. 4.2, which resembles a pure mathematical fitting equation, is capable
of modeling the fatigue life and can be used in preliminary design processes.
However, a more detailed analysis of the results suggests that the statistical
methods (e.g., those presented by Whitney and Sendeckyj) must be preferred when
more accurate modeling is needed. The statistical methods take into account the
fatigue data of specimens that did not fail during loading (run-outs) and are
moreover based on assumptions regarding the relationship between static strength
and fatigue data (wear-out model), which in a sense introduces into the process the
mechanics of failure of the examined material. In addition they can be applied for
the derivation of reliability-based S–N curves that can be very useful in the design
of critical elements.

On the other hand, genetic programming has been proved to be a very powerful
tool for modeling the non-linear behavior of composite laminates subjected to
cyclic constant amplitude loading. It can be used to model the fatigue life of
several composite material systems, and can be favorably compared with other
modeling techniques. Here genetic programming has been used as a stochastic
non-linear regression analysis tool. As the training dataset has been structured with
a single input for a single output, the tool has been used to ‘‘fit’’ the behavior of the
examined material. GP modeling is not based on any assumptions, as for example
that the data follow a specific statistical distribution, or that the S–N curve is a
power curve equation. Thus, the derived S–N curves do not follow any specific
mathematical form but only the trend of the available data, giving each time the
best estimate for their behavior. However, as shown here, the output data can be
easily fitted by simple 3rd to 4th order polynomial equations. Although these facts
alone suffice to justify the effectiveness of genetic programming as a modeling tool
for the fatigue analysis of composite materials, the idea of using this tool for these
types of analyses is not restricted to this application. The objective is to use more
complex genetic programming configurations by introducing models with multiple
inputs, e.g., stress amplitude, maximum stress, stress ratio and off-axis angle, and
attempt to assign the corresponding number of cycles to failure to each set of
inputs. It is anticipated that in such an analysis GP can be used as a predicting tool
for several purposes, such as off-axis fatigue life prediction and construction of
constant life diagrams .

Based on the above conclusions, all the examined S–N curve types are
appropriate for modeling the fatigue life of composite materials. The empirical
S–N formulations, like the one presented in Eq. 4.2, can be used for any
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preliminary stage, since the model parameters can be estimated even by hand
calculations. The more complicated numerical modeling represented here by the
GP tool is useful when more a detailed description of fatigue behavior is required.
The statistical methods Eqs. 4.3 and 4.4 are able to derive S–N curves for any
desired reliability level and are therefore useful for design purposes where high
reliability levels are desirable.

4.3 Constant Life Diagrams

A strong mean stress effect on the fatigue life of the on- and off-axis specimens
was observed (see Chap. 2). The fatigue behavior of the examined material under
different stress ratios was visualized in Chap. 2 by means of the constant life
diagrams (see Figs. 2.11–2.13). In these figures, a linear interpolation between the
known values was used, although, as will be shown in the following, this is not
repeatedly the most appropriate method for composite materials.

In previous papers presented in the literature [27–32] it has been proved that,
although the classic linear Goodman diagram is the most commonly used, par-
ticularly for metals, it is not suitable for composite materials, mainly because of
the variation in the tensile and compressive strengths that they exhibit. The
damage mechanisms under tension are different from those under compression. In
tension, the composite material properties are generally governed by the fibers,
while in compression the properties are mainly determined by the matrix and
matrix-fiber interaction. Therefore, straight lines connecting the ultimate tensile
stress (UTS) and the ultimate compressive stress (UCS) with points on the R = -1
line for different numbers of cycles are not capable of describing the actual fatigue
behavior of composite materials. A typical constant life diagram (CLD) for
composite materials is thus usually shifted to the right-hand side and the highest
point located away from the line corresponding to zero mean stress, rm = 0.

Several CLD models have been presented in the literature [28–39] in order to
deal with the aforementioned characteristics of composite materials. A compre-
hensive evaluation of the fatigue life predicting ability of the most commonly used
and most recent is presented in [27]. Since the introduction of the constant life
diagram concept by Gerber and Goodman back in the 19th century [40, 41], all
presented methods have two common features–they represent the fatigue data on
the (rm–ra)-plane and their formulation is based on the fitting of available fatigue
data for specified R-ratios or the interpolation between them. The same concept
has been followed for the derivation of CLDs for composite materials.

Starting from the basic idea of the symmetric and linear Goodman diagram and
the non-linear Gerber equation, different modifications were proposed to cover the
peculiarities of the behavior of composite materials. A linear model representing a
modified Goodman diagram was presented in [42]. It is based on a single exper-
imentally derived S–N curve and linear interpolation for the estimation of any
others. More sophisticated models, although still based on the linear interpolation
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between known S–N curve values and static strength data, were presented and
analytical expressions for the theoretical derivation of any desired S–N curve were
developed based on this idea [33, 43]. In the proposed models, a minimum of
amount of experimental data was used, while simultaneously accommodating the
particular characteristics of composites.

An alternative semi-empirical formulation was proposed in a series of papers by
Harris’s group [28, 29, 34]. The solution was based on fitting the entire set of
experimental data with a non-linear equation to form a continuous bell-shaped line
from the ultimate tensile stress to the ultimate compressive stress of the examined
material. The drawback of this idea was the need to adjust a number of parameters
based on experience and existing fatigue data. Kawai [30, 35] proposed the
so-called anisomorphic CLD that can be derived by using only one ‘‘critical’’ S–N
curve. The critical R-ratio is equal to the ratio of the ultimate compressive over the
ultimate tensile stress of the examined material. The obvious drawback of this
model is the need for experimental data for this specific S–N curve and therefore,
theoretically, it cannot be applied to existing fatigue databases. However, the
minimum amount of data required is an asset of the proposed methodology. Based
on the Gerber line, another formulation of the CLD was proposed by Boerstra [36].
This offers a simple method for the lifetime prediction of laminated structures
subjected to fatigue loads with continuously varying mean stress and dispenses
with any classification of fatigue data according to R-values. The disadvantage of
this method is the complicated optimization process with five variables that must
be followed in order to derive the CLD model.

A new model was recently proposed by Kassapoglou [37, 38] based on the
assumption that the probability of failure during any fatigue cycle is constant and
equal to the probability of failure under static loading. Following this assumption,
S–N curves under any loading pattern can be derived by using only tensile and
compressive static strength data. However, the restricted use of static data disre-
gards the different damage mechanisms that develops during fatigue loading and in
many cases leads to erroneous results, e.g., [44].

A novel constant life diagram formulation was introduced in [39]. The model
was established on the basis of the relationship between the stress ratio (R) and the
stress amplitude (ra). Simple phenomenological equations were derived from this
relationship without the need for any assumptions. The model parameters can be
estimated based on a limited number of fatigue data. The validity of the proposed
CLD formulation was evaluated by comparing predicted and experimental results
for a wide range of composite materials. This new formulation, designated the
‘‘Piecewise Non-Linear model’’ (PNL), compares well with the existing ones,
being more accurate in some of the studied cases for a wide range of glass and
carbon fiber composite materials [39].

Novel computational methods have also been employed during the last decade
for modeling the fatigue behavior of composite materials and the derivation of
constant life diagrams based on limited amounts of experimental data, e.g., [8, 18, 19].
These methods offer a means of representing the fatigue behavior of the examined
composite materials that is not biased by any damage mechanisms and not
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restricted by any mathematical model description. They are data-driven techniques
and their modeling quality depends on the quality of the available experimental
data.

The influence of the constant life diagram formulation on the prediction of the
fatigue life of composite materials was extensively studied in [27]. The most
commonly used and most recent CLD formulations for composite materials are
evaluated in this paragraph. The applicability of the models, the need for exper-
imental data and the accuracy of their predictions are considered critical param-
eters for the evaluation. The effect of the selection of the CLD formulation on
fatigue life prediction is assessed according to its ability to accurately estimate
unknown S–N curves. The comparison of the modeling ability of the CLD for-
mulations can also be based on the life prediction results of any life prediction
methodology of which the CLDs are part. In this case however, other parameters
that influence the results (i.e., other steps of the methodology concerning the
selection of the S–N curve type for the data interpretation, damage summation
rule, etc.) may mask the effect of the CLD formulation. Based on the results,
recommendations concerning the applicability, advantages and disadvantages of
each of the examined CLD formulations are discussed.

4.3.1 Theory of CLD Models

Constant life diagrams reflect the combined effect of mean stress and material
anisotropy on the fatigue life of the examined composite material. Furthermore,
they offer a predictive tool for the estimation of the fatigue life of the material
under loading patterns for which no experimental data exist. The main parameters
that define a CLD are the mean cyclic stress, rm, the cyclic stress amplitude, ra,
and the R-ratio defined as the ratio between the minimum and maximum cyclic
stress, R = rmin/rmax. A typical CLD annotation is presented in Fig. 4.15.

As shown, the positive (rm–ra)-half-plane is divided into three sectors, the
central one comprising combined tensile and compressive loading. The Tension-
Tension (T-T) sector is bounded by the radial lines, representing the S–N curves at
R = 1 and R = 0, the former corresponding to static fatigue and the latter to
tensile cycling with rmin = 0. S–N curves belonging to this sector have positive
R-values less than unity. Similar comments regarding the two remaining sectors
can be derived from the annotations shown in Fig. 4.15. Every radial line with
0 \ R \ 1, i.e., in the T-T sector, has a corresponding symmetric line with respect
to the ra-axis, which lies in the compression-compression (C-C) sector and whose
R-value is the inverse of the tensile R-value, e.g., R = 0.1 and R = 10.

Radial lines emanating from the origin are expressed by:

ra ¼
1� R

1þ R

� �
rm ð4:5Þ
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and represent single S–N curves. Data on these lines belong to the S–N curve for
that particular stress ratio. Constant life diagrams are formed by joining data points
corresponding to the same numbers of cycles on consecutive radial lines.

Although from a theoretical point of view the above representation of the CLD
is rational, it presents a deficiency, since it cannot accurately model the fatigue
behavior of the examined material for loadings in the regions of the T-T
(e.g., R = 0.95) and C-C (e.g., R = 1.05) sectors close to the horizontal axis,
which represent loading under very low stress amplitude and high mean values
with a culmination for zero stress amplitude (R = 1).

The classic CLD formulations require that the constant life lines converge to the
ultimate tensile stress (UTS) and the ultimate compressive stress (UCS), regardless
of the number of loading cycles. However, this is an arbitrary simplification
originating from the lack of information about the fatigue behavior of the material
when no amplitude is applied. In fact, this type of loading cannot be considered
fatigue loading, but rather creep of the material (constant static load over a short or
long period). Although modifications that take the time-dependent material
strength into account have been introduced, their integration into CLD formula-
tions requires the adoption of additional assumptions, see e.g., [32, 44].

4.3.1.1 Linear CLD

The concept of the linear CLD model [42] is based on a single S–N curve that must
be experimentally derived. All other S–N curves can be determined from the given
one by simple calculations. This simplified formulation assumes that the failure
mechanism is identical in tension and in compression when the load amplitude is
the same. In the (rm–ra)-plane, the above assumption implies that any constant life

Fig. 4.15 Annotation for (rm–ra)-plane
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line forms an isosceles triangle, subtending p/4 angles with the axes [42]. Any
constant life line can be calculated by:

ra

ro
þ rm

ro
¼ N�1=k ð4:6Þ

where k and r0 are parameters of the power law equation which describes the S–N
curve at the selected R-value.

The linear CLD for on-axis specimens of the examined material in Chap. 2 is
presented in Fig. 4.16, based on the experimentally derived S–N curve under
reversed loading.

4.3.1.2 Piecewise Linear CLD

The piecewise linear CLD [33, 43] is derived by linear interpolation between
known values in the (rm–ra)-plane. This CLD model requires a limited number of
experimentally determined S–N curves along with the ultimate tensile and com-
pressive stresses of the materials. S–N curves representing the entire range of
possible loading are commonly used for the construction of piecewise linear
CLDs, normally at R = 0.1 for T-T loading, R = -1 for T-C loading and R = 10
for C-C loading patterns. Constant life lines connect data points of the same
number of cycles on various S–N curves. Unknown S–N curves are calculated by
linear interpolation between known values of fatigue and static strength data.

Analytical expressions were developed for the description of each region of the
piecewise linear CLD in [43].

1. If R0 is in the T-T sector of the CLD, and between R = 1 and the first known
R-ratio on the (rm-ra)-plane when moving counterclockwise, R1TT, then
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r0a ¼
UTS

UTS
ra;1TT
þ r0 � r1TT

ð4:7Þ

in which r0a and ra;1TT are the stress amplitudes corresponding to R0 and R1TT,
respectively and ri ¼ ð1þ RiÞ=ð1� RiÞ, and r0 ¼ ð1þ R0Þ=ð1� R0Þ.

2. If R0 is located between any of two known R-ratios, Ri and Ri+1,

r0a ¼
ra;iðri � riþ1Þ

ðri � r0Þ ra;i

ra;iþ1
þ ðr0 � riþ1Þ

ð4:8Þ

3. If R0 lies in the C-C region of the CLD, and between R = 1 and the first known
R-ratio in the compression region, R1CC,

r0a ¼
UCS

UCS
ra;1CC
� r0 þ r1CC

ð4:9Þ

where r0a and ra;1CC are the stress amplitudes corresponding to R0 and R1CC,
respectively.

The application of Eqs. 4.7–4.9 to the material data presented in Chap. 2 results
in the CLD shown in Fig. 4.17 for the on-axis specimens.

4.3.1.3 Harris’s CLD

Harris and his colleagues developed a semi-empirical equation based on fatigue
test data obtained from a range of carbon and glass fiber composites [28, 29, 34]

a ¼ f ð1� mÞuðcþ mÞv ð4:10Þ
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where a is the normalized stress amplitude component, ra/UTS, m the normalized
mean stress component, rm/UTS, and c the normalized compression strength,
UCS/UTS. In this equation, f, u and v are three adjustable parameters that are
functions of fatigue life. The estimation of the parameters is based on the behavior
of the material along the entire range of loading, combining T-T, C-C and T-C
fatigue results. In this context, the formulation takes into account the combined
effect of the different failure mechanisms that are developed under tension and
under compression on the fatigue life. Early studies [28, 29] showed that parameter
f mainly controls the height of the curve, and is a function of the ratio of the
compressive to the tensile strength, while the exponents u and v determine the
shapes of the two ‘wings’ of the bell-shaped curve. Initially, the model was
established with two simplified forms of Eq. 4.10 where u = v = 1 and u = v for
a family of carbon/Kevlar unidirectional hybrid composites [28, 29]. Since this
model was not accurate for different material systems,the general form of Harris’s
model was implemented in the sequel. In the general form, parameters f, u and
v were considered as functions of fatigue life. Depending on the examined
material, and the quality of the fatigue data, these parameters were found to
depend linearly on the logarithm of fatigue life, log(N), for a wide range of FRP
materials [29]:

f ¼ A1logðNÞ þ B1 ð4:11Þ

u ¼ A2logðNÞ þ B2 ð4:12Þ

v ¼ A3logðNÞ þ B3 ð4:13Þ

in which parameters Ai and Bi, i = 1,2,3, are determined by fitting Eqs. 4.11–4.13
to the available experimental data for different loading cycles.

Beheshty and Harris [29] showed that the selection of this empirical form
for the parameters u and v can be employed for a wide range of materials,
especially CFRP laminates. However, parameter f is sensitive to the examined
material and its values vary considerably between GFRP and CFRP laminates.
Since the modeling accuracy of the Harris CLD is significantly dependent on
the quality of the fitting of these parameters, Harris and his colleagues estab-
lished different formulations for the estimation of parameter f based on
experimental evidence obtained from a number of different composite material
systems. The most recent proposal for the estimation of parameter f is the
following equation:

f ¼ Ac�p ð4:14Þ

where A and p are also functions of log(N). However, experimental evidence
proved that values of A = 0.71 and p = 1.05 can be used in order to produce
acceptable results for a wide range of CFRP and GFRP laminates [34].

The Harris CLD, also referred as the bell-shaped CLD, e.g., [42], looks like the
one presented in Fig. 4.18 for the on-axis specimens of the materials of the
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examined dataset. Equation 4.14 with A = 0.71 and p = 1.05 was used for the
derivation of parameter f. The other two parameters were estimated by fitting
Eqs. 4.12–4.13 to the experimental data.

4.3.1.4 Kawai’s CLD

Kawai’s group [30, 35] developed a formula that describes an asymmetric constant
life diagram, designated the anisomorphic constant fatigue life (CFL) diagram in
[30]. The basic characteristic of this formulation is that it can be constructed by
using only one experimentally derived S–N, designated the critical S–N curve. The
R-ratio of this S–N curve is defined as the ratio of the ultimate compressive over
the ultimate tensile stress of the examined material. The formulation is based on
three main assumptions:

1. The stress amplitude, ra, for a given constant value of fatigue life N is greatest
at the critical stress ratio,

2. The shape of the CFL curves changes progressively from a straight line to a
parabola with increasing fatigue life, and

3. The diagram is bounded by the static failure envelope, i.e., two straight lines
connecting the ultimate tensile and ultimate compressive stresses with the
maximum ra on the critical S–N curve.

The CFL formulation depends on the position of the mean stress on the
(rm–ra)-plane, whether it is in the tensile or compressive region. The mathemat-
ical formulation reads:

rv
a � ra

rv
a
¼

rm�rv
m

UTS�rv
m

� �ð2�wxÞ
; UTS� rm� rv

m

rm�rv
m

UCS�rv
m

� �ð2�wxÞ
; UCS� rm� rv

m

8><
>:

ð4:15Þ
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where rv
m and rv

a represent the mean and cyclic stress amplitudes for a given
constant value of life N under fatigue loading at the critical stress ratio. wx denotes
the critical fatigue strength ratio and is defined as:

wv ¼
rv

max

rB
ð4:16Þ

where rv
max is the maximum fatigue stress for a given constant value of life N under

fatigue loading at the critical stress ratio. rBð[0Þ is the reference strength (the
absolute maximum between UTS and UCS) of the material that defines the peak of
the static failure envelope. Therefore this normalization guarantees that wx always
varies in the range [0, 1] and the exponents ð2� wxÞ in Eq. 4.15 are always greater
than unity. Subsequently, linear (when 2� wx ¼ 1) or parabolic (when 2� wx [ 1)
curves can be obtained from Eq. 4.15.

The critical fatigue strength ratio (see Eq. 4.16) is related to the number of
loading cycles defining the normalized critical S–N curve:

wv ¼ f ð2Nf Þ ð4:17Þ

After determining the critical S–N curve by fitting to the available fatigue data, the
CFL diagram can be constructed on the basis of the static strengths, UTS and UCS,
and the critical S–N relationship. The dependence of the anisomorphic CFL diagram
on the critical S–N curve limits its applicability to the datasets for which available
data under the critical R-ratio exist. When no-S-N curve under the critical R-ratio
exists, the one that is closest to this value can be used as proposed in [27]. This was
also the process followed for the derivation of the anisomorphic CFL diagram of the
on-axis specimens of the examined dataset, which is presented in Fig. 4.19.

A modified anisomorphic CFL formulation was recently introduced by Kawai and
Murata [45] to improve the performance of the original anisomorphic diagram. The
authors observed that the fatigue behavior of matrix-dominated CFRP laminates
cannot be described by simple linear or curved lines between the UTS, and the stress
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amplitude of the critical S–N curve. Therefore they introduced the use of another
S–N curve designated the ‘‘sub-critical’’ S–N curve in order to subdivide, wherever
necessary, the sectors between the static strengths and the critical S–N curve, and
eventually accurately fit the material behavior. The modified CFL diagram was
proved accurate for modeling the fatigue behavior of the material investigated in [45]
but its applicability is very limited to the examined material and cannot be gen-
eralized without additional experimental data.

4.3.1.5 Boerstra’s CLD

Boerstra [36] proposed an alternative formulation for a CLD that can be applied to
random fatigue data, which do not necessarily belong to an S–N curve. In this model,
the R-ratio is not considered a parameter in the analysis and the model can be applied
to describe the behavior of the examined material under loads with continuously
changing mean and amplitude values. Boerstra’s model constitutes a modification of
the Gerber line. The exponent was replaced by a variable also including the differ-
ence in tension and compression. The general formulae of the model are:

For rm [ 0 : rap ¼ rApð1� ðrm=UTSÞaTÞ ð4:18Þ

For rm\0 : rap ¼ rApð1� ðrm=UCSÞaCÞ ð4:19Þ

where rap is the stress amplitude component for a reference number of cycles, Np,
rAP is an ‘‘apex’’ stress amplitude for Np and rm = 0, and aT and aC are two shape
parameters of the CLD curves for the tensile and compressive sides, respectively.

The above equations represent the CLD lines in the (rm–ra)-plane. According to
the author [35], existing fatigue data for different kinds of composite materials show
steeper S–N curves under tension and than under compression. An exponential
relationship with the mean stress can be a good description for the slope (1/m) of S–N
lines as follows:

m ¼ moeð�rm=DÞ ð4:20Þ

in which mo is a measure for the slope of the S–N curve on the Log–Log scale for
rm = 0 and D is the skewness parameter for the dependency of m.

Equations 4.18–4.20 suggest that five parameters, mo, D, Np, aT, and aC, must
be defined in order to construct the CLD model. However, the estimation of the
parameters requires a multi-objective optimization process. The aim of this opti-
mization is to estimate the parameters allowing the calculation of the shortest
distance between each measuring point and the S–N line for its particular mean
stress. The procedure is as follows:

1. The static strengths UTS and UCS are determined and some fatigue test data
on specimens with various values of stress amplitude, ra, and mean stress, rm,
should also be available.
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2. The desired value of Np is chosen and an initial set of values for parameters
mo, D, Np, aT and aC is assumed.

3. The slope of the S–N line, m, is calculated for each measured rm using
Eq. 4.20.

4. The ra corresponding to each rm is projected to the (rm–ra)-plane for the

selected number of cycles Np by rap ¼ raðN
.

NpÞð1=mÞ.

5. raP is calculated for each pair of r0p and rm using Eqs. 4.18 and 4.19.
6. A modified stress amplitude, rap,mod, is calculated by feeding back the average

value of rAP and the measured mean stress value, rm, into Eqs. 4.18 and 4.19.
7. The difference between the logarithms of the measured stress amplitude

and the modified stress amplitude is then computed as: Dra = ln(rap) –
ln(rap,mod).

8. The theoretical number of cycles, Ne, corresponding to the rap,mod stress
amplitude and the measured mean stress, rm, can be calculated by solving the
equation:

Ne ¼ Np
ra;mod

ra

� �m

ð4:21Þ

9. The difference between the measured number of cycles, N, and the theoretical
number of cycles, Ne, is defined by Dn = ln(N) – ln(Ne).

10. The shortest distance between each independent point and the S–N lines in the
rm–ra-N space is expressed by: Dt ¼ signðDraÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ð1=Dr2

a þ 1=Dn2ÞÞ
p

. The
sum of all Dts is designated as the total standard deviation, SDt. Minimization
of the SDt results in the estimation of the optimal mo, D, Np, aT and
aC parameters.

The CLD that results from the above is presented in Fig. 4.20. The experi-
mental fatigue data were directly considered in the analysis without the derivation
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of any S–N curves. However, the process can be equally applied to fatigue data
obtained by S–N curve equations, derived after fitting of the experimental data, as
will be presented in the following.

4.3.1.6 Kassapoglou’s CLD

A very simple model was recently proposed by Kassapoglou [37, 38]. Although
proposed for the derivation of S–N curves under different R-ratios, this model can
potentially be used for the construction of a piecewise non-linear CLD. The basic
assumption of the model is that the probability of failure of the material during a
cycle is constant and independent of the current state or number of cycles up to this
point. This assumption oversimplifies the reality and masks the effect of the dif-
ferent damage mechanisms that develop under static loading and at different stages
of fatigue loading. However, adoption of this assumption allows the estimation of
the parameters of a single distribution based on the static strength data and use of
this same distribution for the calculation of the fatigue life of the examined
material. In this case, this model requires no fatigue testing, no empirically
determined parameters and no detailed modeling of damage mechanisms.

The model comprises the following equations for calculation of maximum
cyclic stress as a function of number of cycles:

rmax ¼
bT

ðNÞ
1

aT

; for 0�R\1 ð4:22Þ

rmax ¼
bC

ðNÞ
1

aC

; for R [ 1 ð4:23Þ

while for R \ 0 the following equation should be solved numerically:

N ¼ 1
rmax

bT

� �aT

þ rmin

bC

� �aC
ð4:24Þ

Parameters ai, bi, i = T or C denote the scale and shape of a two-parameter
Weibull distribution that can describe the static data in tension and compression
respectively.

This model cannot be applied to the examined material described in Chap. 2
since the amount of available experimental static strength data is limited and
therefore it is not possible to fit a reliable statistical distribution on them.

4.3.1.7 The Piecewise Non-Linear CLD

All previous CLD formulations are based on the fitting of linear or non-linear
equations to existing fatigue data on the (rm–ra)-plane. However, there is no
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rational explanation for the selection of these two stress parameters. Any other
combination of ra–rm–R can just as well be used for the derivation of a constant
life diagram. A plot of stress amplitude against stress ratio for different numbers of
loading cycles is presented in Fig. 4.21.

The surface of Fig. 4.21 represents the fatigue failure locus of the examined
material. Any loading combination above the surface causes failure. A projection
of this surface on the R–ra plane can be considered as a constant life diagram, see
Fig. 4.22.

In Fig. 4.22, the x-axis represents the R-ratio and ranges from –? to +?
without any singularity. The y-axis represents the stress amplitude and has positive
values. S–N curves for any stress ratio, R, are represented by vertical lines ema-
nating from the corresponding value of R on the x-axis. This diagram can be
divided into four distinct domains, each corresponding to different loading con-
ditions: Domain I for compression-tension (C-T) loading under �1�R� � 1,
Domain II for tension-compression (T-C) loading under �1�R� 0, Domain III

aa

Fig. 4.21 Representation of
relationship between fatigue
parameters ra–R–Log(N)
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corresponding to T-T loading under 0�R� 1 and Domain IV for C-C loading
under 1�R� þ1.

The material’s behavior in each of these domains can be described by
simple phenomenological non-linear fitting equations and the model parame-
ters can be estimated by using appropriate boundary conditions for each
domain of the diagram and known values of ra, rm and R, as described in the
following:

Domains I and IV: –? B R B -1 and 1 B R B ? ? :

ra ¼ 1� Rð ÞðAI; or IV

R
þ BI; or IV

R2
Þ ð4:25Þ

where AI, BI, AIV and BIV are model parameters that can be easily determined by
fitting Eq. 4.26 to the available experimental data.

The process is based on the selection of the appropriate boundary conditions for
each domain of the CLD. For Domains I and IV, described by Eq. 4.25, the
boundary conditions are the following:

for R ¼ �1; ra ¼ rR¼�1
a ; and rm ¼ 0;

for R ¼ �1; ra ¼ rR¼�1
a ; and

for R ¼ 1; ra ¼ 0; and rm ¼ UCS

ð4:26Þ

where stress parameter superscripts denote the corresponding stress ratio, e.g.
rR¼�1

a is the stress amplitude for R = -1.
By applying these three boundary conditions, Eq. 4.25 becomes:

for R ¼ �1 ! rR¼�1
a ¼ 2ð�AI þ BIÞ ; or

for R ¼ 1 ! UCS ¼ 2ðAIV þ BIVÞ ; or

for R ¼ �1 ! rR¼�1
a ¼ lim

R!�1
1� Rð ÞðAI;or IV

R
þ BI;or IV

R2
Þ ¼ �AI;or IV

ð4:27Þ

and the four fitting parameters AI, BI, AIV and BIV can be defined as:

AI;or IV ¼ �rR¼�1
a

BI ¼
rR¼�1

a

2
� rR¼�1

a

BIV ¼
UCS

2
þ rR¼�1

a

ð4:28Þ

When the S–N curve under R = 10 is available instead of that under R = ±?,
the boundary conditions should be adjusted accordingly.

Domains II and III: �1�R� 0 and 0�R� 1:

ra ¼
1� R

AII;orIIIRn þ BII;orIII
ð4:29Þ
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The fitting of Eq. 4.29 on the constant amplitude fatigue data of several different
material systems [39] proved that parameter n can be considered equal to 1 for
Domain II and equal to 3 for Domain III. The boundary conditions are the following:

for R ¼ 1; ra ¼ 0 and rm ¼ UTS

for R ¼ �1; ra ¼ rR¼�1
a and rm ¼ 0

ð4:30Þ

if only the S–N curves under R = -1 and R = 1 are used. Implementing the
above-mentioned boundary conditions results in:

AII;or III ¼
1

UTS
� 1

rR¼�1
a

BII;or III ¼
1

UTS
þ 1

rR¼�1
a

ð4:31Þ

However, if the S–N curve under R = 0 is considered as well, the boundary
conditions Eq. 4.31 are supplemented by:

ra ¼ rR¼0
a ; for R¼ 0 ð4:32Þ

By applying the boundary conditions for Domains II and III in Eq. 4.29,
parameters AII, BII, AIII and BIII acquire the following values:

AII ¼
1

rR¼0
a

� 2
rR¼�1

a

AIII ¼
2

UTS
� 1

rR¼0
a

BII;or III ¼
1

rR¼0
a

ð4:33Þ

Similarly to Domains I and IV, when the S–N curve under R = 0.1 is available
instead of that under R = 0, the boundary conditions are modified accordingly.
More S–N curves may be used to improve the accuracy of the model. However, as
shown in the next paragraphs, the use of only two or three S–N curves, under
R = -1, R = ±? (alternatively R = 10), and R = 0 (alternatively R = 0.1)
suffices to produce an accurate model.

The PNL constant life diagram for the on-axis specimens on the (rm–ra)-plane
is presented in Fig. 4.23. The S–N curves derived under R = 10, -1 and 0.1 have
been used for the calibration of the model.

4.3.2 Evaluation of the CLD Models

The performance of the examined constant life diagrams has been evaluated on
three different material systems. In addition to the material examined in this book
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(see Chap. 2), two more material databases were used in order to support the
analysis and assist the derivation of more reliable conclusions. All examined
materials are fiberglass-polyester and fiberglass-epoxy laminates, which are typical
materials used in the wind turbine rotor blade construction industry.

The following criteria were considered to evaluate the applicability of the
examined CLD models and assess their influence on the fatigue life prediction of
the examined composite materials:

Accuracy of predictions: quantified by the accuracy of predicting new S–N curves.
Need for experimental data: quantified by the number of S–N curves required to
apply each CLD model.
Difficulty of application: qualitative criterion.
Implemented assumptions: qualitative criterion.

For the application of the linear model, the R = -1 curve was used. For the
construction of the Kawai CFL, the R = -1 curve (the closest to the critical one,
since the S–N curves corresponding to the critical R-ratios (ca. -0.9 for the on-axis
specimens and ca. -0.8 for the specimens cut at 45� off-axis) are not available)
together with the static strengths were employed. In addition, the R = -0.5 curve
was used for the modeling of material #3, since for this case the critical R-ratio was
-0.63. For the application of the remaining models – piecewise linear, Harris and
Boerstra—three to five S–N curves, under R = 0.1, R = -1, R = 10 and addi-
tionally R = 0.5 and R = 2 (for material #3) along with the static strengths were
used to describe all the regions of the CLD. Kassapoglou’s model was applied only
for the database of material #3, since it was the only one for which a statistically
significant population of static strength data was available. Power curve fitting was
performed on all available experimental fatigue data to determine the S-N curves.
These curves were used in all formulations in order to have the same basis for the
comparisons.

-300 -200 -100 0 100 200 300
0

50

100

150
 Pred. CL lines
Used exp. data
Exp. data for validation
 
 

σ
 (

M
Pa

)
a

 σ
m (MPa)

Fig. 4.23 PNL CLD for on-
axis specimens, N = 103–107

118 4 Modeling the Fatigue Behavior of Fiber-Reinforced Composite Materials

http://dx.doi.org/10.1007/978-1-84996-181-3_2


Material #1 GFRP multidirectional specimens cut on-axis and at 45� off-axis from
a laminate with the stacking sequence [0/(±45)2/0]T (from Chap. 2).

Specimens cut on-axis and at 45� from the multidirectional laminate from
Chap. 2 were considered as the first example for the comparison of the CLD
formulations. The selected test set consisted of 56 (for the on-axis) and 57 (for the
off-axis) valid fatigue data points, distributed in four S–N curves per case (at ratios
R = 0.5, 0.1, -1 and 10). This is a typical dataset containing experimental fatigue
data for the initial steps of design processes. Details concerning the specified
material, preparation and testing procedures can be found in Chap. 2 of this
volume. The UTS and UCS for this material were experimentally determined by
axial tests as being 244.84 MPa and 216.68 MPa for the on-axis and 139.12 MPa
and 106.40 MPa for the 45� off-axis specimens.

Three of the four existing S–N curves and the static strength values were used
as the input data. The S–N curve at R = -1 was used for the construction of the
linear CLD and the Kawai CFL. For the model proposed by Boerstra, this is not
necessary, as it can be applied even for sparse fatigue data in the (ra–rm–N)-space.
However, the CLD based on the fitted S–N curves was also plotted. Pre-processing
of the fatigue data revealed that Eq. 4.14 is more appropriate for determination of
parameter f, as prescribed by the Harris model. Equations (4.12) and (4.13) were
used for the u and v parameters. The resulting CLD based on the estimation of all
parameters using Eqs. 4.11–4.13 was also derived for the comparisons.

Different CLDs based on the various approaches are presented in Figs. 4.16,
4.17, 4.18, 4.19, 4.20 and 4.23 for the on-axis specimens, and Fig. 4.24 for the 45�
off-axis specimens. Based on the results, Linear and Kawai CLDs are inaccurate
for the examined material, while the predictions of the piecewise linear and
Boerstra diagrams at the stress ratio R = 0.5 seem the most accurate.

It should be mentioned that the S–N curve used as the critical one is different
from that recommended by Kawai’s model and this may be the reason for the
inaccurate results. As shown in Fig. 4.24c, the influence of parameter f on the
shape of the predicted CLD based on Harris’s model is very important. Insufficient
modeling of its relationship to fatigue life can introduce significant errors. How-
ever, use of both fitting equations, Eqs. 4.11–4.13 or Eq. 4.14, introduced errors,
especially in the vicinity of the low-cycle fatigue region. The application of
Boerstra’s model based on the experimental results instead of the fitted S–N curves
led to a less conservative CLD for the examined material. The accuracy is not
significantly affected by this selection however.

Material #2 Multidirectional glass-polyester laminate with a stacking sequence
that can be encoded as [(±45)8/07]S, [46].

The second material used for the comparisons was a multidirectional glass-
polyester laminate consisting of 50% per weight unidirectional and 50% per
weight ±45 plies. The material data were initially produced for the FACT data-
base and were subsequently included in the Optidat database [46]. A total of 101
valid fatigue data points were found for the predetermined material tested under
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five different constant amplitude conditions: R = 0.1, -0.4, -1, 10, -2 and used
for comparisons. In this dataset, the maximum stress level ranged between 65 and
325 MPa and measured lifetime was between 48 for low-cycle fatigue, and 60.3
million cycles for longer lifetimes. A UTS of 370 MPa and UCS of 286 MPa were
reported.

Three of the five existing S–N curves, those under R = 10, -1 and 0.1, plus the
static strengths were used as input data. The remaining two S–N curves (under
R = -0.4 and -2) were used to evaluate the modeling accuracy of the proposed
methods. As for material #1, the R = -1 S–N curve was used for the construction
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of the linear and Kawai models, since it is the closest one to the critical stress ratio
(-0.77). Based on the preprocessing of the experimental data, all model param-
eters for Harris were considered as linear functions of the log(N) and estimated by
means of Eqs. 4.11–4.13.

Constant life diagrams according to the described models are presented in
Fig. 4.25. All derived CLDs, except that prescribed by the linear model, are
accurate for the prediction of the S–N curve at R = -0.4 and R = -2.5. As can
be seen in Fig. 4.25e, the use of experimental data or fitted S–N data does not
significantly affect the predictions based on Boerstra’s model. The difference is
even less when longer lifetime is evaluated.
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Material #3 GFRP multidirectional laminate with a stacking sequence of [90/0/
±45/0]S, [47].

The third example is based on experimental fatigue data retrieved from the
DOE/MSU database, which has the code name DD16. The material was a mul-
tidirectional laminate consisting of eight layers, six of the stitched unidirectional
material D155 and two of the stitched, ±45, DB120. CoRezyn 63–AX–051
polyester was used as the matrix material. The material was tested under 12
R-ratios for a comprehensive representation of a constant life diagram. Reading
counterclockwise on the constant life diagram, the following R-ratios can be
identified: 0.9, 0.8, 0.7, 0.5, 0.1, -0.5, -1, -2, 10, 2, 1.43 and 1.1.

Here, for comparison of the constant life formulations, experimental data col-
lected under seven R-ratios (0.8, 0.5, 0.1, -0.5, -1, -2 and 10) were selected. In
total, 360 valid constant amplitude fatigue data points were retrieved. The absolute
maximum stress level during testing was between 85 and 500 MPa and the cor-
responding recorded cycles up to failure ranged from 37 cycles in the low-cycle
fatigue region to 30.4 million in the high-cycle fatigue region. The UTS for this
material was determined as 632 MPa, while the UCS was 402 MPa. More infor-
mation about this material system and the testing conditions along with more data
for further analyses can be found in [47].

Five of the seven existing S–N curves plus the static strengths were used as
input data for all the CLDs, except for the linear and Kawai models which require
only one S–N curve. The remaining two were used to evaluate the modeling
accuracy of the proposed methods.

For material DD16, the strength ratio according to Kawai is -0.63. Therefore,
the S–N curve at R = -0.5 was also used for the derivation of the CFL based on
Kawai’s instructions. Preprocessing of the experimental data showed that the
behavior of parameter f in Harris’s model can be better fitted by the power law
given by Eq. 4.14. Equations 4.12 and 4.13 were used for the other two model
parameters. However, application of the model based on the linear fitting of all
three parameters was also performed. Power S-N curves were used for the
implementation of all models, but again, Boerstra’s CLD was constructed using
the untreated experimental data as well.

Constant life diagrams according to the described models are presented in
Fig. 4.26. The linear diagram is accurate only for the prediction of the curve at the
stress ratio, R = -0.5 (R2 = 0.93), but failed to accurately predict the curve at
R = 0.8. The predictions of the piecewise linear diagram were better in both cases.
The influence of the selection of the power or linear fitting for estimation of the
parameter f in Harris’s model is significant, as shown in Fig. 4.26c. The bad fitting
quality of Eq. 4.11 for the derivation of the relationship between parameter f and
number of loading cycles results in the inaccurate CLD presented in Fig. 4.26c. On
the other hand, use of the S–N curve at R = -0.5, as being closest to the S–N
curve determined as critical by Kawai, seems to improve the modeling accuracy,
although not in a consistent manner. Furthermore, the application of Boerstra’s
model based on fitted S–N data significantly improved accuracy, especially for the
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S–N curve at R = -0.5. The model proposed by Kassapoglou produced very poor
results.

All comparisons were based on the assumption that a power law-based equa-
tion, corresponding to a 50% reliability level, is appropriate for the accurate
modeling of the constant amplitude fatigue data. However, any other S–N for-
mulation, e.g., a mathematical expression that provides statistically based S–N
curves [48] or even S–N curves estimated by using computational tools such as
genetic programming [8] or neural networks [19], can be employed for the
interpretation of the fatigue data. The piecewise linear CLD for material #2 would
look like that shown in Fig. 4.27, if S–N curves for 50% and 95% reliability levels
derived based on the method described in [48] and not based on the standard power
low equation are used for interpretation of the fatigue data.

As can be seen, use of a different S–N formulation has a limited effect on the
CLD shape, especially for numbers of cycles between 103 and 107. As was shown
in [8], in this region most S–N formulations provide similar fatigue models,
although a higher reliability level results in more conservative diagrams however.

4.3.2.1 Evaluation of CLD Performance

Comparison of the results shows that the piecewise linear, piecewise non-linear,
Harris, Kawai and Boerstra CLD models can be sufficiently accurate under specific
conditions. The linear model and the one proposed by Kassapoglou were proved to
be inaccurate for the examined material’s fatigue data. Comparison of the CLDs
from the four eligible models reveals that piecewise linear is more consistent than
the others since it is not based on any assumption. It is constructed by linear
interpolation over the available fatigue data and therefore accurately depicts their
behavior. The other three diagrams are very sensitive to the selection of the input
data, especially Kawai, and estimation of the model parameters, e.g., Harris.
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A graphical comparison of the predicting ability of the different CLD modeling
methods is attempted in Figs. 4.28, 4.29, 4.30 and compared to the available
experimental data for arbitrarily selected cases. The linear model underestimates
the fatigue strength of the examined material in all the examined cases, leading to
conservative fatigue life predictions. On the other hand, Kawai’s model generally
overestimates the behavior, implying an optimistic assessment of fatigue life and
thus a non-conservative fatigue design. Although still not accurate, the predictions
from the piecewise linear and the piecewise non-linear together with those derived
by the Boerstra model seem to be the most representative of the fatigue behavior of
the material under the specific loading pattern.

A quantification of the predicting ability of each of the applied models was
performed. Table 4.2 shows the R2 values between the predicted curves and the
experimental data for validation.

Generally, higher values were exhibited by the piecewise non-linear followed
by the piecewise linear formulation. These models seem to be the most reliable for
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the entire set of data examined in the present chapter. Other CLD formulations can
also be accurate, however, although not consistently so. Their accuracy depends on
the quality of the examined fatigue data, the selected input data (e.g., linear,
Kawai) and the quality of the fitting and/or optimization for estimation of the
parameters (Harris and Boerstra).

In terms of need for experimental data, it is obvious that the model proposed by
Kassapoglou is the least demanding, followed by the linear and Kawai models.
However, as already discussed, this compromise reduces the accuracy of the
predictions. The piecewise linear can also be implemented by using a single S–N
curve, thus becoming equivalent to a shifted Goodman diagram, but, as mentioned
above, in this case its predictive ability is also reduced.

As far as ease of application is concerned, the only difficulty occurs in the
Harris and Boerstra models. According to the former, a non-linear regression
should be performed for the derivation of the three-model parameters, while for
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Table 4.2 Comparison of predicting ability of the applied models in terms of coefficient of
multiple determination (R2)

Material #1 Material #2 Material #3
R = 0.5 R = -0.4 R = -2.5 R = -1 R = -0.5 R = 0.8

Linear 0.37 0.72 0.61 - 0.93 0.35
Piecewise linear 0.89 0.91 0.84 - 0.88 0.93
Harris-f: Linear 0.63 0.95 0.71 - 0.77 0.51
Harris-f: power law 0.64 0.94 0.64 - 0.94 0.80
Kawai (R = -1) 0.15 0.94 0.83 - 0.87 0.31
Kawai (R = -0.5) - - - 0.76 - 0.43
Boerstra-Exp Data 0.65 0.86 0.83 - 0.60 0.85
Boerstra-SN Data 0.69 0.89 0.84 - 0.84 0.91
Kassapoglou - - - 0.93 0.41 0.48
PNL 0.88 0.95 0.96 0.92 0.78
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the latter, a five-parameter optimization problem must be solved to estimate
desired constant lifelines.

Apart from the piecewise linear, all other models depend on a number of
assumptions. These assumptions originate either from experience and experi-
mental evidence, e.g., in the linear, Harris, Kawai and Boerstra models, or are
clearly theoretical assumptions like the one introduced by Kassapoglou. As pre-
viously shown, the adoption of any assumption can simplify the models, which,
under certain conditions, can produce quite accurate results.

However, there is no guarantee that these models can be used for different
materials or even different loading patterns.

4.3.3 Concluding Remarks Regarding the CLD Performance

A comparison of the commonly used and recently developed models for the
derivation of constant life diagrams for composite materials was carried out in this
section. Seven methods were described, and their prediction accuracy was eval-
uated over a wide range of constant amplitude fatigue data obtained from GFRP
materials. The influence of the selection of the CLD method on the fatigue life
prediction of composite materials was quantified. The following conclusions were
drawn:

• The selection of an accurate CLD formulation is essential for the overall
accuracy of a fatigue life prediction methodology. As shown, the ‘‘wrong’’
choice can produce very conservative or very optimistic S–N curves, which is
directly reflected in the corresponding life assessment.

• All methods involve the problem of mixing static and fatigue data. Their
accuracy is reduced when curves close to R = 1 (in tension or compression)
have to be predicted. Moreover, the same applies for the derivation of accurate
S–N curves to describe the very low-cycle fatigue regime, i.e., N \ 100. The
unified equation used in Harris’s model to describe fatigue behavior for both
tension and compression loading also includes the influence of the damage
mechanisms that developed under different loading patterns. All other models
work separately for tension and compression loading; they are based on different
equations for the description of different parts of the constant life diagram.

• The simplicity offered by some of the models, e.g., linear, Kassapoglou, Kawai,
in most cases compromises accuracy. In addition, although these models were
developed with the aim of minimizing the amount of experimental data
required, they do not offer the possibility of using more data when an extensive
database is available, e.g., linear and Kawai are based on the critical S–N curve
and cannot accommodate any other S–N curves in order to improve the accuracy
of the predictions. Another deficiency of models like these two is that they
cannot be used to analyze random variable amplitude fatigue loading
with continuously changing mean and amplitude, since they are accurate only
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for S–N curves close to the critical one (for the linear) and only if the critical
one (according to the material) can be experimentally derived (Kawai). It should
be mentioned however, that Kawai introduced his model for the description of
CFRP material behavior different from that of the GFRP materials examined in
this study.

• The accuracy of Harris’s model is acceptable only when the behavior of the
model parameters can be effectively fitted versus the fatigue life. However, the
fitting methods proposed by Harris do not always lead to accurate results.

• Boerstra’s model can be used without the need to fit the available experimental
data with an S–N curve. This is an asset since it can therefore be used to model
variable amplitude data with continuously varying mean and amplitude values.
However, it was proved that use of the fitted S–N data instead improves the
modeling accuracy of the Boerstra model.

• The relatively simple piecewise linear and its non-linear counterpart, the PNL,
were proved the most accurate of the compared formulations when a reasonable
number of S–N curves (C2–3) is available. A more sophisticated, non-linear
interpolation between the known S–N values and a more realistic description of
the behavior close to R = 1 would improve the results of these models.

4.4 Stiffness Degradation

The stiffness/strength-based models were mostly established as phenomenological
models since they propose an evolutionary law to describe the gradual degradation
of the specimen’s stiffness or strength in terms of macroscopically measurable
properties [49]. The modeling of the varying damage metric reflects the damage
accumulation in specimens during fatigue. The damage metric depends on many
factors, including applied cyclic stress, number of fatigue cycles, loading fre-
quency and environmental conditions.

The stiffness-based model is derived from the change in stiffness of a material
or a structural component undergoing fatigue. The residual stiffness is expressed as
a function of initial stiffness and number of cycles. The relationship between these
three parameters can be of any mathematical form, e.g., linear, power, sigmoid,
depending on the experimental data. Similar models were developed using residual
strength as the damage metric. However, stiffness offers certain advantages
compared to strength: it can be measured using non-destructive methods and
presents less scatter on the measured results than strength data. Furthermore,
residual strength exhibits only minimal decreases with the number of cycles until it
begins to change rapidly close to the end of lifetime, while stiffness exhibits
greater changes during fatigue life [50–53] and thus a higher sensitivity to damage
progression.

A wide variety of composite materials exhibit a stiffness degradation trend
that can be simulated by a curve like the one schematically shown in Fig. 4.31.
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The three regions designated in this figure were firstly distinguished by Schulte for
the tension-tension fatigue of cross-ply carbon/epoxy laminates [54].

In the initial region, and up to around 10% of fatigue life, the material exhibits a
sudden stiffness reduction (compared to region II). In the intermediate region, the
material’s stiffness degrades at a constant and moderate rate. Finally, significant
deterioration of the material can be observed close to the end of the fatigue life.
A third region with a steeply descending slope simulates this phenomenon.

The main objective of the research community is to model this behavior for any
selected composite material for different structural applications. To this end, a
power law relationship was used in [55, 56] to describe the stiffness degradation of
a glass-fiber cloth composite laminate and the concept of fatigue modulus was
introduced. It was defined as the ratio of maximum stress over maximum strain at a
specific cycle. The fatigue modulus measured during the first loading cycle was
assumed to be the same as the elastic modulus. The fatigue modulus at failure was
dependent on the applied cyclic stress level.

A modified exponential model was introduced in [3] to describe the behavior of
graphite/epoxy laminates. Stiffness at any loading cycle was expressed as a
function of the initial stiffness, ultimate strength of the laminate, applied stress
level and two constants that should be adjusted by fitting the model to the
experimental data.

Although a number of studies have been presented on the modeling of the
stiffness degradation of several materials, fewer have been presented on the
investigation of the fatigue behavior of structural components such as structural
joints, e.g., [57, 58].

The concept of the shear stiffness modulus was introduced in [57] for the
study of the fatigue life of adhesive lap joints produced from bi-directional
woven E-glass fibers and polypropylene matrix. The shear stiffness modulus was
defined as the ratio between shear stress in the bond and axial strain. Experi-
mental results showed that the joints exhibited little and almost linear stiffness
degradation throughout most of their life, followed by a sudden decrease
between 0.95 \ N/Nf \ 1. A similar tendency was observed in [58] for double-lap
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joints composed of GFRP pultruded laminates. Although GFRP laminates
exhibited considerable stiffness degradation under low cyclic loads, the joint
specimens showed degradation of less than 5% failure. Two empirical models, a
linear and a non-linear, were introduced in [59] for the modeling of the stiffness
degradation of two types of joints commonly used in civil engineering applica-
tions, and the derivation of design allowables for the examined structural joints
based on stiffness degradation measurements.

The above-mentioned studies proved that residual stiffness could be an efficient
damage metric for the description of the fatigue behavior of composite materials
and structures. Based on this metric, fatigue design curves can be derived that do
not correspond to failure but to a certain percentage of specimen stiffness reduc-
tion. This concept was initially introduced in [60] where the author proposed the
derivation of S–N curves corresponding to specific stiffness degradation. In this
case, data points in the S–N plane denote that under cyclic stress a predetermined
stiffness reduction is reached after N cycles. Such stiffness-controlled fatigue
design curves, henceforth denoted by Sc-N, can be derived in a straightforward
manner using empirical stiffness degradation models, like the simple one previ-
ously introduced in [61]. The accuracy of this theoretical approach has been
validated independently using experimental data from different material systems
[62].

Especially for the design of structures containing rotating parts, like wind
turbine or helicopter rotor blades, Sc-N curves can better serve the requirements of
proposed full-scale testing procedures [63], where blade functional failure is said
to correspond to irreversible stiffness reduction of up to 10%. Therefore, to con-
form to this kind of testing procedure for example, fatigue design allowables in the
form of Sc-N curves must be established, and to that end systematic stiffness
reduction data monitoring and statistical analysis must be performed beforehand.

In the following, the experimental data presented in Chap. 2 will be used for the
demonstration of a method for the derivation of Sc-N curves, and the modeling of
the fatigue life of the examined material. Sc-N curves determined for each R-value
and off-axis direction will be compared to fatigue strength ones-N curves derived
based on the statistical analysis of the fatigue strength data.

4.4.1 Fatigue Life Modeling Based on Stiffness Degradation

Although more complicated and therefore more accurate models for the modeling
of stiffness variations during fatigue life exist [54], the simple empirical model for
the description of stiffness changes and the derivation of stiffness-controlled design
curves previously introduced in [61] and further validated for different material
systems in [62] is used here for the demonstration of the technique. A brief outline
of the model is given below.

The degree of damage in a polymer matrix composite coupon can be evaluated
by measuring stiffness degradation, E(N)/E(1), where E(1) denotes the Young’s
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modulus of the material measured at the first cycle, different in general from the
static value, Est, and E(N) is the Young’s modulus measured at the N-th cycle. It is
assumed that stiffness degradation can be expressed by [53]:

EðNÞ
Eð1Þ ¼ 1� k1

ra

Est

� �k2

N ð4:34Þ

Material constants, k1 and k2, in Eq. 4.34 are determined by curve fitting of the
respective experimental data for E(N)/E(1), which depend on the number of stress
cycles, N, and the level of applied cyclic stress amplitude, ra. Rearranging
Eq. 4.34 in the following form:

1� EðNÞ
Eð1Þ

N
¼ k1

ra

Est

� �k2

ð4:35Þ

allows the easy determination of model constants.
Equation (4.34) also establishes a stiffness-based design criterion since for a

predetermined value of E(N)/E(1), e.g., p, one can solve for ra to obtain an
alternative form of design curve, Sc-N, corresponding not to material failure but to
a specific stiffness degradation percentage (1 - p)%.

Sc-N curves for any specific stiffness degradation level, E(N)/E(1), can be
easily calculated by means of the following equation:

ra ¼ Est

1� EðNÞ
Eð1Þ

k1N

 ! 1
k2

ð4:36Þ

4.4.2 Stiffness-Based and Reliability S–N Curves

Based on stiffness degradation data (Chap. 2), stiffness-controlled Sc-N curves,
corresponding to specific E(N)/E(1) values, were calculated by means of Eq. 4.36.
Fatigue strength curves were also defined at predetermined survival probability
values using Eq. 4.4 and parameters of the statistical model shown in Table 4.1.

When comparing these two kinds of fatigue design curves it is concluded that
there is a correlation between the probability level of the fatigue strength curves
and the stiffness degradation level of the Sc-N curves. To any survival probability
level, PS(N), there is a corresponding unique stiffness degradation value, E(N)/
E(1), which can be determined from the cumulative distribution function of the
respective stiffness degradation data. It is this value of E(N)/E(1) for which the
cumulative distribution function, F(E(N)/E(1)), takes the value of PS(N). For
example, F(E(N)/E(1)) = 0.95 for a residual stiffness of 0.96 for 15� off-axis
specimens loaded under R = 0.1, as shown in Fig. 4.28, and therefore, the Sc-N
curve for E(N)/E(1) = 0.96 is corroborated well by the fatigue strength curve
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corresponding to a 95% reliability level as shown in Fig. 4.29. The same applies
for the reliability level of 50%, a residual stiffness of 0.87 corresponds to this value
of cumulative distribution function (see Fig. 4.32). It is indeed observed that Sc-N
and S–N curves from each set lie very close to each other and that the former type
of design curve is slightly more conservative. Using the Sc-N at E(N)/E(1) = 0.96
as derived from Fig. 4.32 as design allowable, a reliability level of at least 95% is
guaranteed while stiffness reduction will be less than 5%. Similar comments are
also valid for Figs. 4.33, 4.34 where corresponding curves are shown for speci-
mens cut at different off-axis angles and tested under different R-ratios.

Observing the two different curves derived as stated in the above, it was concluded
that they are similar for all cases considered in this work, with the Sc-N being slightly
more conservative in general. Therefore, in design an Sc-N curve providing infor-
mation on both survival probability and residual stiffness can be used.

It should be mentioned that this good correlation between stiffness-based and
reliability S–N curves applies to all other types of specimens, tested under different
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loading conditions. In Table 4.3, S–N curve equations are given for a 95% reliability
level (according to Whitney’s method, see Chap. 3) for all datasets used in this study
and are compared to the corresponding stiffness-based Sc-N curve equations.

Despite the observed discrepancies, which are not significant in most cases,
stiffness-based Sc-N curves can be used instead of reliability S–N curves in design.
Curves of the former type provide information regarding two design parameters,
reliability and stiffness degradation level. Thus, they can be used in design to fulfill
the requirements of design codes and regulations. In addition, Sc-N curves can be
determined much faster, as stiffness degradation trends are readily captured by
testing only a small number of specimens.

To demonstrate this, the procedure for the determination of stiffness-based
Sc-N curves was repeated by using only half of the specimens. Half of the
specimens from each set was randomly selected and the calculations were repe-
ated. The Sc-N curves determined in this way were then compared to the original
ones. The probability cumulative distributions were almost identical in most of the
cases studied, e.g., see Fig. 4.32. Thus, the Sc-N curves were similar to those
determined by using the full dataset as shown for example in Fig. 4.35 for 30� off-
axis coupons, tested under alternating stress, R = -1. (Figures 4.36, 4.37).

4.4.3 Concluding Remarks

During operational life, the stiffness of a structural element is reduced. The
modeling of the fatigue life of specimens cut at several off-axis angles from a
multidirectional laminate [0/(±45)2/0]T and subjected to uniaxial cyclic loading
over a wide range of R-ratios was performed in this chapter based on stiffness
degradation measurements.

A simple empirical model was used for the determination of design curves,
which do not correspond to fatigue strength but to a predetermined value of
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stiffness reduction by using only a portion of the fatigue data required for the
determination of a reliable S–N curve. The established Sc-N curves provide
information on the allowable stiffness degradation and also the probability of
survival. It was shown that Sc-N curves are comparable to corresponding design
allowables derived after statistical analysis of the fatigue strength data, although
stiffness-controlled curves are, in most of the cases studied, slightly more con-
servative, especially for higher numbers of cycles.

4.5 Conclusions

Methods for the modeling of the constant amplitude fatigue life of composite
materials and structures have been reviewed in this chapter. The traditional rep-
resentation of the constant amplitude fatigue data on the S–N plane has been
addressed in the first sections. Novel techniques that can be used for the derivation
of more accurate S–N curve types were introduced and their modeling accuracy
has been compared with that of conventional ways of representing fatigue data.

Constant life diagrams are commonly used for the prediction of ‘‘unseen’’
material data, under different loading conditions from those for which experimental
constant amplitude fatigue data exist. The concept of the CLDs has been presented in
this chapter and conclusions about their predicting ability have been drawn.

Modeling of the fatigue life of fiber-reinforced composite materials based on
non-destructive measurements of the material stiffness and its fluctuations during
fatigue life has long been a subject of investigation. A simple model has been
employed in this chapter for the demonstration of a method that allows the deri-
vation of stiffness-controlled S–N curves that represent the material’s constant life
fatigue behavior by accommodating both strength and stiffness information. The
use of this method enables the testing time required to obtain fatigue design
allowables, corresponding to a preset stiffness degradation and reliability level, to
be reduced by at least 50%.
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