
Chapter 7
Partial-state and Output Feedback
Trajectory-tracking Control of Underactuated
Ships

Global partial-state feedback and output feedback control schemes are discussed
in this chapter for tracking control of an underactuated surface ship without sway
force. For the case of partial-state feedback, we do not require measurements of
the ship sway and surge velocities, while for the case of output feedback, none of
the ship velocities are required for feedback. The reference trajectory to be tracked
can be a curve including a straight line. Global nonlinear coordinate changes are
introduced to transform the ship dynamics to a system affine in the ship velocities
to design observers to globally exponentially estimate unmeasured velocities. These
observers plus the techniques in the previous chapter facilitate the development of
controllers in the following sections.

7.1 Control Objective

For the convenience of the reader, the mathematical model of the underactuated ship
moving in surge, sway and yaw, see Section 3.4.1.2 (i.e., (3.45) and (3.46)), is once
again presented:

P� D J .�/v;

M Pv D �C .v/v �Dv C�; (7.1)

where the matrices J .�/, M ; C .v/, and D are given by

J .�/D
2
4

cos. / �sin. / 0
sin. / cos. / 0
0 0 1

3
5 ; M D

2
4
m11 0 0

0 m22 0

0 0 m33

3
5 ;

(7.2)

C .v/D
2
4

0 0 �m22v
0 0 m11u

m22v �m11u 0

3
5 ; D D
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d11 0 0

0 d22 0

0 0 d33

3
5 ;
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with

m11 Dm�X Pu; m22 Dm�Y Pv; m33 D Iz �N Pr ;
d11 D �Xu; d22 D �Yv; d33 D �Nr : (7.3)

The propulsion force and moment vector � is still given by (3.43), i.e.,

� D
2
4
�u
0

�r

3
5 : (7.4)

We assume that the reference trajectory is generated by a virtual ship as follows:

P�d D J .�d /vd ;

Pvd D �m11
m22

ud rd � d22

m22
vd ; (7.5)

where all the variables have similar meanings as in system (7.1). It is noted that we
do not require the reference surge and yaw velocities to be generated by the virtual
ship. In this chapter we impose the following assumptions on the reference model
(7.5):

Assumption 7.1. The reference signals xd ; yd ; ud ; rd ; Pud ; Rud and Prd are bounded.
There exists a strictly positive constant udmin, such that jud .t/j � udmin; 8 t � 0.
The reference sway velocity satisfies jvd .t/j< jud .t/j ; 8 t � 0.

Assumption 7.2. One of the following conditions holds:

C1. The surge and sway displacements .x; y/, yaw angle,  , and yaw velocity,
r , are measurable but the surge and sway velocities, u and v, are not.
C2. The surge and sway displacements .x; y/ and yaw angle  are measurable
but none of the velocities u, v, and r are measurable.

Remark 7.1. Condition jud .t/j � udmin; 8 t � 0 implies that the reference surge
velocity is always nonzero but can be either positive or negative. This means that we
consider both forward and backward tracking. From a practical control viewpoint of
surface ships, the condition jud .t/j � udmin; 8 t � 0 is much less restrictive than
a persistently exciting condition on the yaw reference velocity in the references
[19, 71, 106] in the sense that tracking of a straight line is included. Surface ships
are often equipped with a rudder or a pair of propellers or water jets. The yaw
moment to steer the ship is generated by changing the rudder angle or the speed
of each propeller or water jet. These facts imply that the tracking control is carried
out only when the surge speed is nonzero. The condition jvd .t/j< jud .t/j ; 8 t � 0

implies that the ship cannot track a circle with arbitrarily small radius due to the
ship’s high inertia and underactuation in the sway direction.

Remark 7.2. Assumption 7.2.C1 means that we need to solve a partial-state feed-
back control problem. Although the yaw velocity is measurable, there is still a cross
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term uv in the yaw velocity dynamics, see the last equation of (7.1). Assumption
7.2.C2 implies that we need to solve an output feedback control problem. Indeed,
Assumption 7.2.C2 covers Assumption 7.2.C1. We will, however, show later that
design of an output feedback tracking controller is much more involved than that of
the partial-state feedback controller.

7.2 Partial-state Feedback

7.2.1 Observer Design

As discussed above, since the term C .v/v in (7.1) causes difficulties in observer
design, we first remove this term by proposing the following coordinate transforma-
tion:

X D eQ.t;�/v; (7.6)

where Q.t;�/ is a matrix to be determined. Differentiating both sides of (7.6) along
the solutions of the second equation of (7.1) yields

PX D eQ.t;�/Œ PQ.t;�/�M �1C .v/�v C eQ.t;�/.�Dv C�/: (7.7)

It can be seen that the square bracket on the right-hand side of (7.7) is zero, if the
matrix Q.t;�/ is chosen such that

PQ.t;�/�M �1C .v/D 0: (7.8)

By using the first equation of (7.1), a particular solution of (7.8) is

Q.t;�/D M �1
2
4
0 0 �m22q13
0 0 m11q23
m22q13 �m11q23 0

3
5 ; (7.9)

with

q13 D y cos. /�x sin. /Cp13.t/;

q23 D y sin. /Cx cos. /Cp23.t/;

Pp13 D y sin. /rCx cos. /r; (7.10)

Pp23 D �y cos. /rCx sin. /r:

Note that the matrix Q.t;�/ contains only the available signals since we assume
that x; y,  , and r are measurable. Using the Taylor expansion the matrix eQ.t;�/

can be expanded as
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(7.11)
where

a1 D �m22
m11

q13;

a2 D m11

m22
q23;

a3 D m22

m33
q13; (7.12)

a4 D �m11
m33

q23;

a5 D a1a3Ca2a4:

Similarly, e�Q.t;�/ has the same form as (7.11), but all of the terms ai ; 1 � i �
4 have an opposite sign to those defined in (7.12). From (7.11) and noticing that
a5 � 0; 8.q13;q23/ 2 R

2, it is easily seen that all elements of eQ.t;�/ or e�Q.t;�/

are bounded by some constants, which depend only on the ship parameters, m11,
m22, andm33. Using the coordinate change (7.6), the ship system (7.1) is written in
.�;X/ coordinates as

P� D J .�/e�Q.t;�/X ;

PX D �eQ.t;�/M �1De�Q.t;�/X C eQ.t;�/M �1�: (7.13)

The system (7.13) has a very nice structure, namely linear in the unmeasured states.
Of course, a reduced-order observer can be designed but it is often noise-sensitive.
Here we use the following nonlinear observer to construct the unmeasured surge
and sway velocities:

PO� D J .�/e�Q.t;�/ OX CK0.�� O�/;
POX D �eQ.t;�/M �1De�Q.t;�/ OX C eQ.t;�/M �1� C

.J .�/e�Q.t;�//T .�� O�/; (7.14)
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where O� and OX are the estimates of � and X , respectively; K0 D K T
0

is the positive
diagonal observer gain matrix. From (7.13) and (7.14), we have

PQ� D J .�/e�Q.t;�/ QX �K0 Q�;
PQX D �eQ.t;�/M �1De�Q.t;�/ QX � .J .�/e�Q.t;�//T Q�; (7.15)

where Q� D �� O� and QX D X � OX . From (7.15), one can show that



. Q�.t/; QX.t//




�



. Q�.t0/; QX.t0//




e��0.t�t0/; 8 0� t0 � t <1; (7.16)

with �0 D min
�
�min.K0/;�min.M

�1D/
�
, which in turn implies that (7.14) is a

global exponential observer of (7.13). We define Ov D Œ Ou; Ov; Or�T being an estimate
of the velocity vector v as

Ov D e�Q.t;�/ OX : (7.17)

Using (7.17) and (7.14), we rewrite (7.1) in .�; Ov/ coordinates as

� P�
POv
�

D
�

J .�/ Ov
�M �1C . Ov/ Ov �M �1D Ov CM �1�

�
C
�
03�3 H12
H21 H22

�� Q�
QX
�
; (7.18)

where

H12 D J .�/e�Q.t;�/;

H21 D e�Q.t;�/.J .�/e�Q.t;�//T ;

H22 D M �1C . Ov C e�Q.t;�/ QX/e�Q.t;�/�M �1C �. Ov/e�Q.t;�/C
e�Q.t;�/M �1C . Ov C e�Q.t;�/ QX/; (7.19)

with C �. Ov/ being defined such that C �. Ov/ Qv D C . Qv/ Ov. It is now observed that the
systems (7.15) and (7.18) are in a cascaded structure. It is also observed that the
system . Q�; QX/ is GES at the origin and that the connected terms H12;H21, and H22
are Lipschitz in � and Ov. Furthermore from (7.17) and (7.6), the velocity estimate
error vector, Qv D Œ Qu; Qv; Qr�T D v � Ov, satisfies

Qv D e�Q.t;�/ QX : (7.20)

Since all elements of e�Q.t;�/ are bounded, (7.16) and (7.20) imply that there exists
a positive constant �0 such that

k. Q�.t/; Qv.t//k � �0 k. Q�.t0/; Qv.t0//ke��0.t�t0/; 80� t0 � t <1; (7.21)

which means that the estimation errors Q�.t/ and Qv.t/ globally exponentially con-
verge to the origin.
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7.2.2 Coordinate Transformations

We now interpret the position and orientation errors x�xd , y�yd , and  � d in
a frame attached to the ship body. That is, we consider the error coordinates

2
4
xe
ye
 e

3
5D J �1.�/

2
4
x�xd
y�yd
 � d

3
5 ;

2
4
ue
ve
re

3
5D

2
4

Ou�ud
Ov�vd
Or � rd

3
5 : (7.22)

Differentiating both sides of (7.22) along the solutions of (7.18) and (7.5) yields
the error dynamics of the “kinematic part” in the transformed coordinates:

Pxe D ue �ud .cos. e/�1/�vd sin. e/C reye C rdye Chx ;

Pye D ve �vd .cos. e/�1/Cud sin. e/� rexe � rdxe Chy ;P e D re Ch 

(7.23)

where hx , hy , and h are the first, second, and third rows of J �1.�/H12 QX C

Qr
2
4
ye

�xe
0

3
5, respectively.

By looking at (7.23), we see that xe and  e can be stabilized by ue and re . There
are several options to stabilize ye , namely re , ve , or  e . If re is used, the control
design will be extremely complicated since re enters all of the three equations of
(7.23). On the other hand, the use of ve to stabilize ye will result in an undesired
feature of ship control practice, namely the ship will slide in the sway direction.
Hence we will use e to stabilize the sway error ye . As such, we define the following
coordinate transformation

ze D  e C arcsin

 
kyep

c2Cx2e Cy2e Cv2e

!
; (7.24)

where the constants k and c are such that jkj < 1 and c � 1 and will be specified
later. It is seen that (7.24) is well defined and that convergence of ze and ye implies
that of  e . By using the nonlinear coordinate transformation (7.24) instead of a
linear one like ze D  e Ckye , we avoid the ship whirling around when ye is large.
The coordinate (7.24) is slightly different from the one in the preceding chapter.
This will result in bounded virtual velocity controls. Using the nonlinear coordinate
(7.24) together with (7.23), the ship error dynamics are rewritten as

Pxe D ue Cud$
�1
2 .$2�$1/Ckvd$

�1
2 ye C reye C rdye Cpx Chx ;

Pye D ve Cvd$
�1
2 .$2�$1/�kud$�1

2 ye � rexe � rdxe Cpy Chy ;
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Pze D �
1�k$�1

1 xe Ckˇ$�1
1 $�2

2 yeve.ue Cud /
�
re C

k$�1
1

�
ve Cvd$

�1
2 .$2�$1/�kud$�1

2 ye � rdxe� ye$
�2
2 �

xeue Cyeve C .xeud Cyevd /$
�1
2 .$2�$1/C .xevd �yeud /

�
�
k$�1

2 ye �ve.˛ve Cˇuerd /
��Cpz Chz ;

Pue D m22

m11
Ov Or � d11

m11
OuC 1

m11
�u� Pud Chu;

Pve D �m11
m22

uerd � m11

m22
.ue Cud /re � d22

m22
ve Chv;

Pre D .m11�m22/
m33

Ou Ov� d33

m33
OrC 1

m33
�r � Prd Chr ; (7.25)

where hu, hv , and hr are the first, second, and third rows ofH21 Q�CH22 QX , respec-
tively. Also, for notational simplicity, we have defined

$1 D
q
c2Cx2e C .1�k2/y2e Cv2e ;

$2 D
q
c2Cx2e Cy2e Cv2e ;

˛ D d22

m22
; ˇ D m11

m22
;

px D �ud
�
.cos.ze/�1/$1$

�1
2 C sin.ze/k$

�1
2 ye

��
vd
�
sin.ze/$1$

�1
2 � .cos.ze/�1/k$�1

2 ye
�
;

py D �vd
�
.cos.ze/�1/$1$

�1
2 C sin.ze/k$

�1
2 ye

�C (7.26)

ud
�
sin.ze/$1$

�1
2 � .cos.ze/�1/k$�1

2 ye
�
;

pz D k$�1
1

�
py �ye$�2

2

�
xepx Cyepy

��
;

hz D k$�1
1

�
hy �ye$�1

2

�
xehx Cyehy Cvehv

��Ch :

It is now clear that the problem of forcing the underactuated ship (7.1) to track the
virtual ship (7.5) becomes one of stabilizing the system (7.25) at the origin.

7.2.3 Control Design

The triangular structure of (7.25) suggests that we design the actual controls �u
and �r in two stages. First, we design the virtual velocity controls for ue and re
to globally asymptotically stabilize xe , ye , ze and ve at the origin. Based on the
backstepping technique, the controls �u and �r will be then designed. It is noted
that the term

�
1�kxe=$1Ckˇyeve.ue Cud /=.$1$

2
2 /
�

in the ze-dynamics may
vanish and therefore might prevent a global design. This problem can be fixed by
decomposing ue and re as
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ue D ude C Que;
re D rde C Qre; (7.27)

where ude and rde are the virtual velocity controls of ue and re; Que and Qre are the
virtual control errors.

Step 1

In this step, the virtual surge and yaw velocity controls are chosen as

ude D �k1xe
$2

; rde D rd1e C rd2e; (7.28)

where

rd1e D � 1

1�kxe=$1Ckˇyeve.ude Cud /=.$1$
2
2 /

�
k

$1

�
ve C vd

$2

�

.$2�$1//� kudye

$2

� rdxe �
�
ye

$2

�
xeu

d
e Cyeve C .xeudC

yevd /
.$2�$1/

$�1
2

C .xevd �yeud / kye
$2

�ve.˛ve Cˇude rd /

			
;

rd2e D � 1

1�kxe=$1Ckˇyeve.ude Cud /=.$1$
2
2 /

 
k2zep
1Cz2e

Cpz

!
; (7.29)

and ki ; i D 1; 2, are positive constants to be selected later. We have written rde as a
sum of rd1e and rd2e to simplify notation in the stability analysis later. Notice that

1� kxe

$1

C kˇyeve.u
d
e Cud /

$1$
2
2

� 1�jkj
�
1C 0:5ˇ.k1Cjud j/

c

	
; (7.30)

therefore rd1e and rd2e are well defined if the design constants k; c and k1 are chosen
such that

1�jkj.1C0:5ˇ.k1Cjud j/=c/� k� > 0: (7.31)

By noting

jpxj � jud j.2Cjkj/Cjvd j.1C2 jkj/;ˇ̌
py
ˇ̌� jvd j.2Cjkj/Cjud j.1C2 jkj/;

jpzj � jkj.2 ˇ̌py
ˇ̌Cjpxj/; (7.32)

we can show from (7.28) and (7.29) that ude and rde are bounded by some constants.

Remark 7.3. Unlike the standard application of the backstepping technique, in order
to reduce complexity of the controller expressions, we have chosen a simple virtual
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control law ude without canceling the known terms. From (7.29) and (7.28), we
observe that rd1e is Lipschitz in .xe;ye;ve/ and rd2e vanishes when ze does. This
observation plays a crucial role in the stability analysis of the closed loop system.

Step 2

By differentiating (7.27) along the solutions of (7.25) and (7.29), the actual controls
�u and �r without canceling the useful damping terms are chosen as

�u D �m11
�
c1 Que Cm22m

�1
11 Ov Or �d11m�1

11 .u
d
e Cud /� Pud�

@ude
@xe

�
ue Cud$

�1
2 .$2�$1/Ckvd$
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2 ye C reye C rdye

��
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�
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��
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m�1
22 .�m11uerd �m11.ue Cud /re �d22ve/C
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1 $�2

2 .kˇyever �kye.xe �ˇrdve//ze
�
;

�r D �m33
�
c2 Qre C .m11�m22/m�1

33 Ou Ov�d33m�1
33 .r

d
e C rd /� Prd�
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�1
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2 ye � rexe � rdxe
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m�1
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ud /re �d22ve/� @rde
@ e

re C �
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1 xe Ckˇ$�1
1 $�2

2 �

yeve.u
d
e Cud /

�
ze

�
; (7.33)

where ci ; i D 1; 2, are positive constants. We now state the first main result of this
chapter, the proof of which is given in the next section.

Theorem 7.1. Under Assumption 7.1 assume the following:

1. There are no environmental disturbances
2. The ship parameters are known
3. The reference signals are generated by the virtual ship model (7.5) and the ref-

erence velocities satisfy Assumption 7.1.

If the partial state feedback control law (7.33) together with the observer (7.18) are
applied to the ship system (7.1), then the tracking errors x.t/�xd .t/, y.t/�yd .t/,
 .t/� d .t/, and v.t/� vd .t/ globally asymptotically and locally exponentially
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converge to zero with an appropriate choice of the design constants c; k and ki ; i D
1;2. Furthermore, the virtual velocity controls, ude and rde , are bounded by some
computable positive constants.

7.2.4 Stability Analysis

Substituting (7.33) and (7.28) into (7.25) results in the following closed loop system:

PX1e D f1.t;Xe/Cg1.t;Xe/C�1.t; Ov;Xe ;�; Q�; QX/;
PX2e D f2.t;Xe/C�2.t; Ov;Xe ;�; Q�; QX/; (7.34)

where

X1e D
2
4
xe
ye
ve

3
5 ; X2e D

2
4
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Qre

3
5 ; Xe D

�
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�
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4
f11
f12
f13

3
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3
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2
4
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3
5 ;
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4
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3
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3
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'22 D hu� @ude
@xe

.px Chx/� @ude
@ye

�
py Chy

�� @ude
@ve

hv;

'23 D hr � @rde
@xe

.px Chx/� @rde
@ye

�
py Chy

�� @rde
@ve

hv � @rde
@ e

h ; (7.35)

with h�
x and h�

y being the first and second rows of J �1.�/H12 QX . The time de-

pendence of fi .t;Xe/, g1.t;Xe/, and �i .t; Ov;Xe ;�; Q�; QX/; i D 1;2, is due to the
time-varying reference velocities. Observe that the closed loop system (7.34) con-
sists of the .X1e ;X2e/-subsystem and . Q�; QX/-subsystem (see (7.15)) in a cas-
caded structure. From (7.35) it can be readily shown that the connected terms
�i .t; Ov;Xe ;�; Q�; QX/; i D 1;2, satisfy




�i .t; Ov;Xe ;�; Q�; QX/



� �i . Ov;�/




. Q�; QX/



; (7.36)

where the functions �i . Ov;�/ are Lipschitz in Ov and are bounded with respect to any
�. Also we note that by definition Ov D Œ Ou; Ov; Or�T D Œude Cud C Que;ve C vd ; r

d
e C

rd C Qre�T , the . Q�; QX/-subsystem is GES at the origin, and the reference velocities
ud , vd and rd are bounded. On the other hand, the virtual velocity controls, ude and
rde are bounded. Hence, using the recent stability results for cascade systems given
in [17,69], we need to show that there exist the design constants c, k, k1, and k2 such
that the .X1e ;X2e/-subsystem without the connected terms �i .t; Ov;�; Q�; QX/; i D
1;2, is GAS at the origin. That is why we did not include some nonlinear damping
terms in the control law (7.33). From the above discussions, we will study the system
given by

PX1e D f1.t;Xe/Cg1.t;Xe/;

PX2e D f2.t;Xe/: (7.37)

To further simplify the investigation of stability of the system (7.37), we note that
this system also consists of the X1e-subsystem and the X2e-subsystem in a cas-
caded structure. From (7.35), it is not hard to show that the connected term g1.t;Xe/

satisfies kg1.t;Xe/k � �1 kX2ek with �1 being some positive constant. Therefore
global stability of PX1e D f1.t;Xe/ and PX2e D f2.t;Xe/ implies that of (7.37).
We will first study stability of the subsystem PX2e D f2.t;Xe/ then move to the
subsystem PX1e D f1.t;Xe/.

Subsystem PX2e D f2.t;Xe/. By differentiating V1 D 0:5
�
z2e C Qu2e C Qr2e

�
along the

solutions of PX2e D f2.t;Xe/, one can show that this system is globally asymptoti-
cally and locally exponentially stable at the origin for any constants k2 > 0; c1 � 0,
and c2 � 0.

Subsystem PX1e D f1.t;Xe/. To investigate the stability of this subsystem, we take
the Lyapunov function
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V2 D
q
c2Cx2e Cy2e Cv2e C 1

2
k3v

2
e � c; (7.38)

where k3 is a positive constant to be selected later. After some lengthy but simple
calculation using the completing squares, the time derivative of (7.38) along the
solutions of PX1e D f1.t;Xe/ satisfies

PV2 � �p1.t/x2e$�2
2 �p2.t/y2e$�2

2 �p3.t/v2e ; (7.39)

with

p1.t/ D k1�ˇ.k3C1=c/k1 jrd j=.4"3/� Œjkvd j=.4"1/Cˇ.k3C1=c/ �
.k1Cjud j/ jkj.jrd j=.4"3.1�k2//Ck1=.2c

p
1�k2//=k�i ;

p2.t/ D kud �1=.4"2/�
�
k2.0:5 jud jC jvd j/=cC "1 jkvd jCˇ.k3C1=c/�

.k1Cjud j/ jkj�k2 jvd jC .k2Cjkj/.jud jC jvd j/Cjkud j=.c4"3/
�
=k�� ;

p3.t/ D ˛k3� "2�ˇ.k3C1=c/k1 jrd j"3� Œˇ.k3C1=c/.k1Cjud j/ jkj�
.2=cCjkud j"3=cC "3 jrd jC0:5˛=cCˇk1 jrd j=c2/=k�� ; (7.40)

where "i ; 1 � i � 3 are positive constants. Hence the subsystem PX1e D f1.t;Xe/

is GAS at the origin if the design constants are chosen such that

pi .t/� p�
i (7.41)

for some positive constants p�
i ; i D 1;2;3. In summary, we need to choose the con-

stants c; k; k1, and k3 such that they satisfy (7.31) and (7.41). Note that the con-
dition (7.31) automatically implies that jkj < 1 is required in (7.24). In the next
section, we will show that under Assumption 7.1, there always exist the constants c,
k, k1, and k3 such that (7.31) and (7.41) hold.

7.2.5 Selection of Design Constants

To choose the design constants c; k; k1, and k3, we observe the following: First, it
is noted from the expression of p2.t/ that the sign of constant k must have the same
sign as that of the reference surge velocity, ud (this sign does not change under
Assumption 7.1). Second, it is observed that the condition (7.31) can be rewritten in
the form of

1�jkj�1C0:5ˇ.k1Cumax
d /=c

�� k� > 0; (7.42)

which implies that for each fixed k� <1; k1 >0; umax
d
; jkj<k�, we can always pick

a large enough constant c such that (7.42) holds. Third, under Assumption 7.1, the
magnitude of the reference sway velocity is always less than that of the reference
surge velocity. Fourth, the mass including added mass in the sway dynamics, m22,
is always larger than that in the surge dynamics, m11, for surface ships, i.e., ˇ < 1.
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Finally, all of the terms in the square brackets in pi ; i D 1;2;3 have the constant
k as a factor. These terms also decrease when the constant c increases. Looking
closely at pi with the above observations, if the constant k is chosen small enough
and the constant c is selected large enough, then we can pick a positive constant
k1 such that (7.31) and (7.41) hold with some large enough k3. It is noted that jkj
should be decreased and c should be increased if ud is large. This physically means
that the distance from the ship to the point it aims to track should be increased
if the velocities and surge acceleration are large, otherwise the ship will miss that
point. Furthermore when ˛ is small, jkj and k1 should be decreased, and c should
be increased. This can be physically interpreted as follows: If the damping in the
sway dynamics is small, the control gain in the surge dynamics should also be small
otherwise the ship will slide in the sway direction. Due to complicated expressions
of pi .t/, we provide some general guidelines to choose the design constants rather
than present their extremely complex explicit expressions: Pick k� <1, small values
for jkj and k1, larger values for c and k3. Then increase c and k3 until (7.31) and
(7.41) hold.

7.3 Output Feedback

7.3.1 Observer Design

We now introduce a more general coordinate change than (7.6) to cancel the term
C .v/v in (7.1) as follows:

X D P.�/v; (7.43)

where P.�/ 2 R
3�3 is a global invertible matrix to be determined. With (7.43), the

second equation of (7.1) is written as

PX D
h PP.�/v �P.�/M �1C .v/v

i
�P.�/M �1DP�1.�/X CP.�/M �1�:

(7.44)
Our goal is to cancel the terms in the square bracket on the right-hand side of (7.44).
Assuming that the elements of P.�/ are pij .�/; i D 1;2;3; j D 1;2;3, the first
bracket in the right-hand side of (7.44) is zero if

Ppi1uC Ppi2vC Ppi3rC m22

m11
pi1vr � m11

m22
pi2urC m11�m22

m33
pi3uv D 0;

i D 1;2;3; 8.�; u; v; r/ 2 R
6; (7.45)

where for brevity, we omit the argument � of pij .�/. With the first equation of (7.1),
we expand (7.45) as
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�
@pi1

@x
cos. /C @pi1

@y
sin. /

	
u2C

�
�@pi2
@x

sin. /C @pi2

@y
cos. /

	
v2C

@pi3

@ 
r2C

�
�@pi1
@x

sin. /C @pi1

@y
cos. /C @pi2

@x
cos. /C @pi2

@y
sin. /C

m11�m22
m33

pi3

	
uvC

�
@pi1

@ 
C @pi3

@x
cos. /C @pi3

@y
sin. /� m11

m22
pi2

	
urC

�
@pi2

@ 
� @pi3

@x
sin. /C @pi3

@y
cos. /C m22

m11
pi1

	
vr D 0: (7.46)

Therefore (7.46) holds for all .�; u;v;r/ 2 R
6 if

@pi1

@x
cos. /C @pi1

@y
sin. /D 0;

�@pi2
@x

sin. /C @pi2

@y
cos. /D 0;

@pi3

@ 
D 0;

�
@pi2

@y
� @pi1

@x

	
sin. /C

�
@pi1

@y
C @pi2

@x

	
cos. /C m11�m22

m33
pi3 D 0;

@pi1

@ 
C @pi3

@x
cos. /C @pi3

@y
sin. /� m11

m22
pi2 D 0;

@pi2

@ 
� @pi3

@x
sin. /C @pi3

@y
cos. /C m22

m11
pi1 D 0: (7.47)

A family of solutions of the above set of six partial differential equations is

pi1 D ..m11Ci3xCm33Ci1/sin. /� .m11Ci3y�m33Ci2/cos. //

m33
;

pi2 D m22 ..m11Ci3xCm33Ci1/cos. /C .m11Ci3y�m33Ci2/sin. //

m11m33
;

pi3 D Ci3; (7.48)

where Ci1, Ci2 and Ci3 are arbitrary constants. It is noted that the above solutions
can be obtained by the following MapleTM code:

>PDE1:=diff(p11(x,y,\psi),x)*cos(\psi)+
diff(p11(x,y,\psi),y)*sin(\psi)=0,
-diff(p12(x,y,\psi),x)*sin(\psi)+
diff(p12(x,y,\psi),y)*cos(\psi)=0,
diff(p13(x,y,\psi),\psi)=0,
(diff(p12(x,y,\psi),y)-diff(p11(x,y,\psi),x))*
sin(\psi)+(diff(p11(x,y,\psi),y)+diff(p12(x,y,
\psi),x))*cos(\psi)+(m11-m22)/m33*p13(x,y,\psi)=0,
diff(p11(x,y,\psi),\psi)+diff(p13(x,y,\psi),x)*
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cos(\psi)+diff(p13(x,y,\psi),y)*sin(\psi)-
m11/m22*p12(x,y,\psi)=0,
diff(p12(x,y,\psi),\psi)-diff(p13(x,y,\psi),x)*
sin(\psi)+diff(p13(x,y,\psi),y)*cos(\psi)+
m22/m11*p11(x,y,\psi)=0;

>PDE2:=diff(p21(x,y,\psi),x)*cos(\psi)+
diff(p21(x,y,\psi),y)*sin(\psi)=0,
-diff(p22(x,y,\psi),x)*sin(\psi)+
diff(p22(x,y,\psi),y)*cos(\psi)=0,
diff(p23(x,y,\psi),\psi)=0,
(diff(p22(x,y,\psi),y)-diff(p21(x,y,\psi),x))*
sin(\psi)+(diff(p21(x,y,\psi),y)+diff(p22(x,y,
\psi),x))*cos(\psi)+(m11-m22)/m33*p23(x,y,\psi)=0,
diff(p21(x,y,\psi),\psi)+diff(p23(x,y,\psi),x)*
cos(\psi)+diff(p23(x,y,\psi),y)*sin(\psi)-
m11/m22*p22(x,y,\psi)=0,
diff(p22(x,y,\psi),\psi)-diff(p23(x,y,\psi),x)*
sin(\psi)+diff(p23(x,y,\psi),y)*cos(\psi)+
m22/m11*p21(x,y,\psi)=0;

>PDE3:=diff(p31(x,y,\psi),x)*cos(\psi)+
diff(p31(x,y,\psi),y)*sin(\psi)=0,
-diff(p32(x,y,\psi),x)*sin(\psi)+
diff(p32(x,y,\psi),y)*cos(\psi)=0,
diff(p33(x,y,\psi),\psi)=0,
(diff(p32(x,y,\psi),y)-diff(p31(x,y,\psi),x))*
sin(\psi)+(diff(p31(x,y,\psi),y)+diff(p32(x,y,
\psi),x))*cos(\psi)+(m11-m22)/m33*p33(x,y,\psi)=0,
diff(p31(x,y,\psi),\psi)+diff(p33(x,y,\psi),x)*
cos(\psi)+diff(p33(x,y,\psi),y)*sin(\psi)-
m11/m22*p32(x,y,\psi)=0,
diff(p32(x,y,\psi),\psi)-diff(p33(x,y,\psi),x)*
sin(\psi)+diff(p33(x,y,\psi),y)*cos(\psi)+
m22/m11*p31(x,y,\psi)=0;

>solutions:=pdsolve([PDE1, PDE2, PDE3]);

We now choose the constants Ci1, Ci2, and Ci3 such that the matrix P.�/ is
invertible. A choice of C13 D C11 D 0, C12 D 1, C23 D C22 D 0, C21 D 1, C31 D
C32 D 0, and C33 D 1 results in
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P.�/D

2
666666664

cos. / �m22 sin. /

m11
0

sin. /
m22 cos. /

m11
0

m11 .sin. /x� cos. /y/

m33

m22 .cos. /xC sin. /y/

m33
1

3
777777775
:

(7.49)
Substituting (7.49) into (7.44) and using (7.43) and the first equation of (7.1), we
have

P� D J .�/P�1.�/X ;

PX D �D�.�/X CP.�/M �1�; (7.50)

with D�.�/D P.�/M �1DP�1.�/. It can be seen that the matrix P.�/ given in
(7.49) does not use any ship velocities. This feature results in the main difference
between the partial-state feedback design in Section 7.2 and the output feedback de-
sign in this section. From (7.50), we use the following full-order nonlinear observer
to construct the unmeasured ship velocities:

PO� D J .�/P�1.�/ OX CK01.�� O�/;
POX D �D�.�/ OX CP.�/M �1� CK02.�� O�/; (7.51)

where O� and OX are the estimates of � and X , respectively. The observer gain matri-
ces K01 and K02 are chosen such that

Q01 D K T
01P01 CP01K01;

Q02 D DT
� .�/P02 CP02D�.�/

are positive definite, and that

.J .�/P�1.�//T P01 �P02K02 D 0; (7.52)

with P01 and P02 being positive definite matrices. It is straightforward to show that
K01 and K02 always exist since D�.�/ is positive definite. From (7.50) and (7.51),
we have

PQ� D J .�/P�1.�/ QX �K01 Q�;
PQX D �D�.�/ QX �K02 Q�; (7.53)

where Q� WD . Qx; Qy; Q /T D �� O� and QX WD . Qx1; Qx2; Qx3/T D X � OX . From (7.53) and
(7.52), we can show that there exist strictly positive constants �0 and �0 such that




. Q�.t/; QX.t//



� �0




. Q�.t0/; QX.t0//



e��0.t�t0/; 8 t � t0 � 0: (7.54)
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Define Ov D Œ Ou; Ov; Or�T being an estimate of the velocity vector v as

Ov D P�1.�/ OX : (7.55)

Then the velocity estimate error vector, Qv WD Œ Qu; Qv; Qr�T D v � Ov, satisfies

Qv D P�1.�/ QX : (7.56)

Based on (7.56), we cannot conclude anything about the convergence of the velocity
estimate errors since some elements of the matrix P.�/, see (7.49), depend linearly
on x and y. However, our controller will guarantee that .x;y/ are globally bounded.
Then (7.56) implies that the velocity estimate errors globally exponentially converge
to zero. Indeed, the linear dependence of P.�/ on x and y will result in a challeng-
ing problem, which the control design will have to take care of. To prepare for the
control design, using (7.55), we rewrite (7.51) as

Px D Oucos. /� Ov sin. /C �
cos2. /Cm11m

�1
22 sin2. /

� Qx1C
0:5.m22�m11/m�1

22 sin.2 / Qx2;
Py D Ousin. /C Ov cos. /C0:5.m22�m11/m�1

22 sin.2 / Qx1C�
sin2. /Cm11m

�1
22 cos2. /

� Qx2;
P D OrCm11m

�1
33 .y Qx1�x Qx2/C Qx3;

POu Dm22m
�1
11 Ov Or �d11m�1

11 OuCm�1
11 �uC Ov �m22m�1

33 .y Qx1�x Qx2/C
m22m

�1
11 Qx3

�C cos. / QxC sin. / Qy�m11m�1
33 .sin. /x� cos. /y/ Q ;

POv D �m11m�1
22 Ou Or �d22m�1

22 Ov� Oum11m�1
22

�
m11m

�1
33 .y Qx1�x Qx2/C Qx3/�

m211m
�2
22 .sin. / Qx� cos. / Qy/�m211m�1

22m
�1
33 .cos. /xC sin. /y/ Q ;

POr D .m11�m22/m�1
33 Ou Ov�d33m�1

33 OrCm�1
33 �r Cm211m

�1
22m

�1
33 Ou�

.�sin. / Qx1C cos. / Qx2/�m22m�1
33 Ov� .cos. / Qx1C

sin. / Qx2/C .m211Cm233/m
�2
33

�
x2Cy2

� Q Cm�1
22m

�1
33 ���

0:5.m211�m11m22/sin.2 /xC .m11m22 cos2. /C
m211 sin2. //y

� QxC �
0:5.m211�m11m22/sin.2 /y�

.m11m22 sin2. /Cm211 cos2. //x
� Qy� ; (7.57)

where for simplicity, we have taken K02 D .J .�/P�1.�//T .

7.3.2 Coordinate Transformations

If one applies the coordinate change (7.22) to (7.57), it will result in a very com-
plicated system, namely some quadratic terms of .xe;ye; e/ multiplied by the ob-
server errors appearing in the kinematic part of the transformed system due to linear
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dependence of x and y on some elements of the matrix P.�/. This makes the con-
trol design extremely difficult and might result in a finite escape. To avoid the said
difficulty, we propose the following coordinate transformation:

2
4
xe
ye
 e

3
5D J �1.�d /

2
4
x�xd
y�yd
 � d

3
5 ;

8<
:
ue D Ou�ud ;
ve D Ov�vd ;
re D Or � rd :

(7.58)

Indeed, convergence to zero of .xe;ye; e/ implies that of .x�xd ;y�yd ; � d /.
Differentiating both sides of (7.58) along the solutions of (7.57) and (7.5) yields the
error dynamics of the “kinematic part”:

Pxe D ue C .ue Cud /.cos. e/�1/� .ve Cvd /sin. e/C rdye Chx ;

Pye D ve C .ve Cvd /.cos. e/�1/C .ue Cud /sin. e/� rdxe Chy ;P e D re C˝ Ch ;

(7.59)

where, for notational simplicity, we have defined

hx D cos. d /�x C sin. d /�y ;

hy D �sin. d /�x C cos. d /�y ;

h Dm11m
�1
33 .yd Qx1�xd Qx2/C Qx3;

˝ Dm11m
�1
33 ..sin. d /xe C cos. d /ye/ Qx1� .cos. d /xe � sins. d /ye/ Qx2/;

�x D .cos2. /C sin2. /m11m
�1
22 / Qx1C0:5sin.2 / Qx2.m11�m22/m�1

22 ;

�y D 0:5sin.2 / Qx1.m11�m22/m�1
22 C .sin2. /C cos2. /m11m

�1
22 / Qx2:

(7.60)

We define the following coordinate transformation, which is slightly different from
(7.24):

ze D  e C arcsin

 
kudyep
1Cx2e Cy2e

!
; (7.61)

where the constant k is such that jkud .t/j< 1; 8 t � 0. This constant will be speci-
fied later. Using the nonlinear coordinate transformation (7.61) together with (7.59),
the ship error dynamics are rewritten as

Pxe D ue C .ue Cud /px � .ve Cvd /py C .ve Cvd /kud$
�1
2 ye C

rdye Chx ;

Pye D ve C .ve Cvd /px C .ue Cud /py �ku2d$�1
2 ye �

kud$
�1
2 ueye � rdxe Chy ;

Pze D re Cfz Cgzue C˝z Chz ;

Pue Dm22m
�1
11 Ov Or �d11m�1

11 OuCm�1
11 �u� Pud C˝uChu;

Pve D �m11m�1
22 .uere Cud re Cuerd /�d22m�1

22 ve C˝v Chv;

Pre D .m11�m22/m�1
33 Ou Ov�d33m�1

33 OrCm�1
33 �r � Prd C˝r Chr ; (7.62)
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where, for notational simplicity and convenience of the control design, we have
defined the following:

The terms !1, !2, px , py , fz , and gz are defined as

$1 D
q
1Cx2e C .1�k2u2

d
/y2e ; $2 D

q
1Cx2e Cy2e ;

px D$�1
2 ..cos.ze/�1/$1C .$1�$2/C sin.ze/kudye/ ;

py D$�1
2 .sin.ze/$1� .cos.ze/�1/kudye/ ; (7.63)

fz D k$�1
1

� Pud Cud
�
.1Cx2e /$

�2
2

�
ve �ku2d$�1

2 ye C .ve Cvd /�
px Cudpy

�� rdxe �$�2
2 xeye .udpx� .ve Cvd /.py �

kud$
�1
2 ye////;

gz D kud$
�1
1 ..1Cx2e /$

�2
2 .�kud$�1

2 ye Cpy/�$�2
2 yexe.1Cpx//:

The terms ˝z ; ˝u; ˝v , and ˝r containing states multiplied by the observer er-
rors are defined as

˝z D ˝ ;

˝u D Ov.m22m�1
33 .y Qx1�x Qx2/Cm22m

�1
11 Qx3/�

m11m
�1
33 .sin. e/xe � cos. e/ye/ Q ;

˝v D �.ue Cud /m11m
�1
22 .m11m

�1
33 .y Qx1�x Qx2/C Qx3/�

m211m
�1
22m

�1
33 .cos. e/xe C sin. e/ye/ Q ;

˝r D m211m
�1
22m

�1
33 Ou.�sin. / Qx1C cos. / Qx2/�

m22m
�1
33 Ov .cos. / Qx1C sin. / Qx2/C (7.64)

m�1
22m

�1
33 .0:5.m

2
11�m11m22/sin.2 /�xd C

.m11m22 cos2. /Cm211 sin2. //�yd / QxC
m�1
22m

�1
33 .0:5.m

2
11�m11m22/sin.2 /�yd �

.m11m22 sin2. /Cm211 cos2. //�xd / QyC

.m211m
�2
33 C1/.x2e Cy2e C2sin. d /.xeyd �

yexd /C2cos. d /.xexd Cyeyd // Q ;
with �xd D cos. d /xe � sin. d /ye , and �yd D sin. d /xe C cos. d /ye .

The terms hz ; hu; hv , and hr containing the observer errors multiplied by
bounded terms are defined as

hz D kud$
�1
1 ..1Cx2e /$

�2
2 hy �$�2

2 yexehx/Ch ;

hu D cos. / QxC sin. / Qy�m11m�1
33 .sin. /xd � cos. /yd / Q ;

hv D �m211m�1
22 .sin. / Qx� cos. / Qy/�m211m�1

22m
�1
33 .cos. /xd C sin. /yd / Q ;

hr Dm�1
22m

�1
33 .0:5.m

2
11�m11m22/sin.2 /.xd Qx�yd Qy/C .m11m22 cos2. /C

m211 sin2. //yd Qx� .m11m22 sin2. /Cm211 cos2. //xd Qy/Cm�2
33 .m

2
11C

m233/.x
2
d Cy2d /

Q : (7.65)
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The problem of forcing the underactuated ship (7.1) to track the virtual ship (7.5)
becomes one of stabilizing the system (7.62) at the origin. The effort, we have made
so far is to obtain the stabilizing term �ku2

d
ye=$2 in the ye-dynamics.

7.3.3 Control Design

Before designing the control inputs, it is important to note that the terms˝u and˝r
can be dominated by adding some nonlinear damping terms in the control inputs �u
and �r . However the term˝v cannot be dominated by any nonlinear damping terms
in �u and �r . Since ˝v contains uexe and ueye multiplied by the observer errors,
with x and y being substituted in from (7.58), if one designs a virtual control of ue ,
which is linear in xe and ye , the sway velocity dynamics might have a finite escape
time due to the fact that separation principle does not hold for the nonlinear system
in question. The coordinate change (7.58) allows us to design a virtual control of ue
such that it is bounded for all xe and ye and stabilizes the xe-dynamics at the origin.
We design the controls �u and �r in two steps.

Step 1

Define the virtual control errors as

Que D ue �ude ;
Qre D re � rde ; (7.66)

where ude and rde are the virtual velocity controls of ue and re , respectively. The
virtual controls ude and rde are chosen as follows:

ude D �k1xe
$2

;

rde D �k2ze �fz �gzude ; (7.67)

where k1 and k2 are positive design constants to be specified later.

Step 2

By differentiating (7.66) along the solutions of (7.62) and (7.67), the actual controls
�u and �r with some nonlinear damping terms to overcome the effect of observer
errors, and without canceling the useful damping terms, are chosen as

�u Dm11

 
�m22m�1

11 Ov OrCd11m
�1
11 .u

d
e Cud /C Pud C @ude

@xe
.ue C .ue Cud /�
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px C .ve Cvd /
��py Ckud$

�1
2 ye

�C rdye
� @ude
@ye

.ve C .ve Cvd /pxC
.ue Cud /py �kudye$�1

2 .ue Cud /� rdxe
�� c1 Que �gzze C

k3k
�1
4 m11m

�1
22 Orve � ı1 Que�udam

�
;

�r Dm33

�
�.m11�m22/m�1

33 Ou OvCd33m
�1
33 .r

d
e C rd /C PrdC

@rde
@xe

�
ue C .ue Cud /px C .ve Cvd /

��py Ckud$
�1
2 ye

�C rdye
�C

@rde
@ye

�
ve C .ve Cvd /px C .ue Cud /py �kudye$�1

2 .ue Cud /�

rdxe/C @rde
@ze

.re Cfz Cgzue/� @rde
@ve

�
d22m

�1
22 ve Cm11m

�1
22 .uereC

ud re Cuerd //C @rde
@ud

Pud C @rde
@ Pud Rud C @rde

@vd
Pvd C @rde

@rd
Prd � c2 Qre �ze C

k3k
�1
4 m11m

�1
22 .u

d
e C ud /ve � ı2 Qre�rdam/ ; (7.68)

where c1, c2, k3, and k4 are positive constants to be specified later, ı1 and ı2 are ar-
bitrarily positive constants. We introduced the ratio k3=k4 to enhance the feasibility
of design constants. The nonlinear damping terms �udam and �rdam are defined as:

�udam D . Ov2C1/.x2e Cy2e /C Ov2;
�rdam D Ou2C Ov2C .x2e Cy2e /

2C .x2e Cy2e /. Ou2C1/: (7.69)

We now state the second main result of this chapter, the proof of which is given in
the next section.

Theorem 7.2. Under Assumption 7.2, assume that (a) there are no environmental
disturbances; (b) the ship parameters are known; (c) the reference signals .xd ,
yd ,  d , vd / are generated by the virtual ship model (7.5), and Assumption 7.1
holds. If the output feedback control law (7.68) together with the observer (7.51)
are applied to the ship system (7.1), then the tracking errors .x.t/�xd .t/;y.t/�
yd .t/; .t/� d .t/;v.t/�vd .t// globally asymptotically and locally exponentially
converge to zero with an appropriate choice of the design constants k, c1, c2, and
ki ; i D 1; : : : ;4.

Remark 7.4. The main differences between the partial-state feedback and output
feedback designs are the nonlinear coordinate transformations (7.6), (7.24), (7.43),
(7.58), and (7.61). Furthermore, the partial-state feedback controller can allow the
reference trajectory .xd ;yd / to exponentially grow but the output feedback con-
troller cannot. This is because the observer errors of the partial-state feedback de-
sign do not depend on x and y while those of the output feedback design depend
linearly on x and y. Indeed, the output feedback control design can directly yield a
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controller for the partial-state feedback case but not vice versa. We have, however,
presented both control designs for the sake of completeness.

7.3.4 Stability Analysis

Substituting (7.68), (7.67), and (7.66) into (7.62) results in the following closed loop
system:

Pxe D �k1$�1
2 xe C .�k1$�1

2 xe Cud /px � .ve Cvd /py C
.ve Cvd /kud$

�1
2 ye C rdye Chx C Que.1Cpx/;

Pye D ve C .ve Cvd /px C .�k1$�1
2 xe Cud /py �ku2d$�1

2 ye C
k1kud$

�1
2 xeye � rdxe Chy C Que.1�kud$�1

2 ye/;

Pze D �k2ze C˝z Chz Cgz Que C Qre;
PQue D ��c1Cd11m

�1
11

� Que �gzze C k3

k4

m11

m22
Orve � ı1 Que�udam C

˝uChu� @ude
@xe

hx � @ude
@ye

hy ;

Pve D �d22m�1
22 ve �m11m�1

22 .u
d
e r
d
e Cud r

d
e Cude rd /�m11m�1

22 �
.ude Cud / Qre �m11m�1

22 Or Que C˝v Chv;

PQre D ��c2Cd33m
�1
33

� Qre �ze � @rde
@xe

hx � @rde
@ye

hy � @rde
@ze

.˝z Chz/�
@rde
@ve

.˝v Chv/Ck3k
�1
4 m11m

�1
22 .u

d
e Cud /ve � ı2 Qre�rdam C˝r Chr ;

(7.70)

where, for brevity, we did not substitute the expressions of ude and rde into the sway
dynamics. To prove Theorem 7.2, we just need to show that the closed loop system
(7.70) is globally asymptotically and locally exponentially stable at the origin. It
is noted that ˝z contains xe and ye multiplied by the observer errors, see (7.64)
and (7.60). On the other hand, the xe and ye-dynamics are stabilized by the terms
�k1xe=$2 and �ku2

d
ye=$2, respectively. This makes the stability analysis of

(7.70) difficult, i.e., we cannot consider the .xe;ye;ve/ and .ze; Que; Qre/-subsystems
separately as is often done in applying stability results for cascade systems. To il-
lustrate our idea of proving asymptotic stability of (7.70), we first give a simple
example. For any initial conditions .
1.t0/;
2.t0//, the system

P
1 D � 
1q
1C 
21

C�.
2/;

P
2 D �
2C 
1e
���2.t�t0/ (7.71)
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is GAS at the origin for t � t0 � 0, any ��2 > 0, and j�.
2.t//j � A j
2.t/j with A
being any positive constant. In the first step, we show that there exists a positive con-
stant ��1 < ��2 such that j
1.t/j � �1.�/e��1.t�t0/, with �1.�/ being a nondecreasing
function of k.
1.t0/;
2.t0//k. Take the Lyapunov function W D 0:5

�

21 CK
22

�
,

with K being a positive constant, whose derivative along the solution of (7.71) sat-
isfies

PW � ��1

2
1 C �

0:25A2=��1�K�
22 CK
1
2e
���2.t�t0/: (7.72)

Pick K such that A2=.4��1/�K < 0, then (7.72) implies that

PW � 2��1W CKmax.1;K/We���2.t�t0/; (7.73)

which in turn yields j
1.t/j � �1.�/e��1.t�t0/. Therefore the term 
1e
���2.t�t0/

in (7.71) globally exponentially converges to zero. The second step of proving
asymptotic stability can be carried out easily by taking the Lyapunov function

W1 D
q
1C 
21 �1CK1


2
2 ; K1 > 0. We now present the proof of asymptotic stabil-

ity of the closed loop system (7.70) in two parts.

Part 1. In this part, we show that there exists a positive constant �1 < �0 such that

k.xe.t/;ye.t//k � �11.�/e�1.t�t0/C�10.�/; (7.74)

where �11.�/ and �10.�/ are nondecreasing functions of k� .t0/k with

� .t0/ WD Œ Q�.t0/; QX.t0/;Xe.t0/�
T ;

Xe WD Œxe;ye;ze;ve; Que; Qre�T :
Consider the following Lyapunov function:

V1 D 1

2

�
x2e Cy2e Ck3v

2
e Ck4.z

2
e C Qu2e C Qr2e /

�
; (7.75)

with k4 being a positive constant, whose time derivative along the solutions of
(7.70), after some lengthy but simple calculation by completing squares satisfies

PV1 � �k1$�1
2 x2e �ku2d$�1

2 y2e C7"1.x
2
e Cy2e /�azz2e �avv2e �au Qu2e �

ar Qr2e C .�11.�/V1C�10.�//e��0.t�t0/Ca0; (7.76)

where

az D k2k4�0:25"�1
1 .k2k3m11m

�1
22 .k1Cjud j//2� "�1

1 .k1Cjud j/2;
au D k4.c1Cd11m

�1
11 /�5"�1

1 ;

av D k3d22m
�1
22 �6:75"�1

1 �k3m11m�1
22 .k1Cjud j/.8Cjkud j/ jkud j ;

ar D k4.c2Cd33m
�1
33 /; (7.77)
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with "1 and a0 being positive constants. We choose the design constants k, c1, c2,
and ki ; i D 1; : : : ;4 such that

"1 < �0=7; az > 0; av > 0; au > 0; ar > 0: (7.78)

It is not hard to show that there always exist k, c1, c2 and ki ; i D 1; : : : ;4 such that
(7.78) holds for arbitrarily small "1. We will discuss more detail of (7.78) later. With
the choice of (7.78), we can write (7.76) as

PV1 � 14"1 .V1C .a0C�10.�//=.14"1//C
�11.�/.V1C .a0C�10.�//=.14"1//e��0.t�t0/; (7.79)

which, together with (7.75), yields (7.74).

Part 2. We now prove that the closed loop system (7.70) is GAS at the origin by
taking the Lyapunov function

V2 D
q
1Cx2e Cy2e �1C 1

2

�
k3v

2
e Ck4.z

2
e C Qu2e C Qr2e /

�
(7.80)

whose time derivative along the solutions of (7.70), after some lengthy but simple
calculation by completing squares, and using (7.74), satisfies

PV2 � �
x$�2
2 x2e �
y.t/$�2

2 y2e �
z.t/z2e �
v.t/v2e �
u Qu2e �
r Qr2e C
�21.�/V2e��2.t�t0/C�20.�/e��2.t�t0/; (7.81)

where


x D k1�6	1;

y.t/D ku2d � .kud /2.k1Cjud jC jvd jC0:5/�jkud j.k1C	1/�

0:25	�1
1 .kudvd /

2�10	1;

z.t/D k2k4�	�1

1 .0:5.k1Cjud j/2C5.1Cv2d /C0:25.k3m11m
�1
22 �

.k1Cjud j//2.k22 C .kud /
2.k1Cjud jCv2d /C4C4v2d //;


v.t/D k3d22m
�1
22 �7	1�0:25	�1

1 .jkud jC1/�0:5.kud /2�
k3m11m

�1
22 .k1Cjud j/ jkud j.8Cjkud j/�0:25	�1

1 .k3m11m
�1
22 �

.k1Cjud j//2..k Pud /2=.1� .kud /2/C .kud /
4.u2d Ck21 C

.kudvd /
2C r2d C2/C .kud /

2/;


u D k4.c1Cd11=m11/�29=.4	1/;

r D k4.c2Cd33=m33/; (7.82)

where �2 D �0��1, 	1 is a positive constant, and �21.�/ and �20.�/ are nondecreas-
ing functions of k. Q�.t0/; QX.t0/;Xe.t0//k. We now choose the constants k, c1, c2,
and ki ; i D 1; : : : ;4, such that
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x � 
�
x ;


y.t/� 
�
y ;


z.t/� 
�
z ;


v.t/� 
�
v ; (7.83)


u � 
�
u;


r � 
�
r

for all t � 0, where 
�
x , 
�

y , 
�
z , 
�

v , 
�
u, and 
�

r are positive constants. Substituting
(7.83) into (7.81) yields

PV2 � �
�
x$

�2
2 x2e �
�

y$
�2
2 y2e �
�

zz
2
e �
�

vv
2
e �
�

u Qu2e �
�
r Qr2e C

�21.�/V2e��2.t�t0/C�20.�/e��2.t�t0/: (7.84)

From (7.84) we have PV2 � �21.�/V2e��2.t�t0/ C �20.�/e��2.t�t0/, which implies
that V2 � �22.�/, with �22.�/ being a nondecreasing function of k� .t0/k. With
V2 � �22.�/ in mind, one can show from (7.84) that there exists �3 > 0 depending
on k� .t0/k such that kXe.t/k � �2.�/e��3.t�t0/, where �2.�/ is a nondecreasing
function of k� .t0/k, which in turn implies that the closed loop system (7.70) is
asymptotically stable at the origin. However one can straightforwardly show that
(7.70) is also locally exponentially stable at the origin. By carrying out a similar ar-
guments in Section 7.2.5, one can show that there always exist the design constants
k, c1, and c2 and ki , i D 1;2;3;4, such that jkud .t/j < 1 and that the conditions
(7.78) and (7.83) hold.

7.4 Robustness Discussion

In this section, we discuss robustness of the output feedback tracking controller. A
discussion for the partial-state feedback can be carried out in a similar way. The
control law (7.68) has been designed under the assumption that there are no envi-
ronmental disturbances. Indeed, this assumption is unrealistic in practice. The aim
of this section is to discuss the robustness property of our proposed controller in
relation to environmental disturbances. Under additive environmental disturbances,
it is not hard to show that the observer (7.51) guarantees that the observer errors
. Q�.t/; QX.t// globally exponentially converge to a ball centered at the origin. More-
over, one can prove that the tracking error vector Xe.t/ also globally asymptotically
converges to a ball centered at the origin. The radius of this ball can be adjusted
by changing the control gains if the environmental disturbances are not too large.
When the environmental disturbances are large enough, the observer (7.51) cannot
provide a sufficiently accurate estimate of unmeasured velocities, and the control
law (7.68) cannot compensate for considerable environmental disturbances acting
on the sway axis. These will result in an unstable closed loop system, especially at
a low forward speed. This phenomenon should not be surprising since the vessel in
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question is not actuated in the sway axis and does not have velocities available for
feedback. One can see this phenomenon by observing the simple example system
(7.71) with some additive disturbance in the first equation. It is easy to show that
when this additive disturbance has magnitude larger than 1, then the system (7.71)
will be unstable. The robustness issue is still a challenging problem in control of
underactuated ocean vehicles and underactuated systems in general.

7.5 Simulations

This section illustrates the soundness of the control laws (7.68) by simulating them
on the same monohull ship in the previous two chapters. Details of the ship param-
eters are listed in Section 5.4.

The initial conditions of the reference trajectories are chosen as .xd .0/, yd .0/,
 d .0/, vd .0//D .0m; 0m; 0 rad; 0ms�1/. The reference velocities are ud D 4ms�1
and rd D 0rads�1 for the first 300 seconds, and ud D 4ms�1 and rd D 0:02 rads�1
for the rest of the simulation time. This choice means that the reference trajec-
tory is a straight line for the first 300 seconds and then followed by a circle
with a radius of 200 m. Indeed the above choice of reference velocities satisfies
Assumption 7.1. All of the initial conditions of O� and Ov are chosen to be zero.
We first choose k2 D 5, c1 D 1, c2 D 2, ı1 D ı2 D 0:1, K01 D 10diag.1;1;1/,

P01 D P02 D 0:5diag(1,1,1), and K02 D .J .�/P�1.�//
T

. The other design con-
stants are chosen as: k D 0:05, k1 D 1, k3 D 5, and k4 D 100. Simulation re-
sults are plotted in Figures 7.1 and 7.2 with the initial conditions of the ship:
x D �10m;y D 10m; D 0:1 rad;uD 0ms�1;v D 0ms�1, and r D 0 rads�1. It is
seen from Figures 7.1a and 7.1b that all of the tracking and observer errors converge
to zero. The control inputs, �u and �r , are within their limits. As always, the magni-
tude of �u and �r can be reduced by adjusting the control gains such as c1 and c2.
However, the trade-off is a longer transient response time. For clarity, we only plot
the tracking errors for the first 180 seconds, and the observer errors for the first 10
seconds. To illustrate robustness of our proposed controller, we also simulate with
the same control gains and initial conditions chosen as above, and the environmental
disturbance vector �w.t/D 0:5M .Œsin.t/;cos.t/;sin.t/�T C1:5/, i.e., the last equa-
tion of (7.1) is in the form of M Pv D �C .v/v �Dv C� C�w.t/. Simulation results
are plotted in Figures 7.3 and 7.4. For clarity, we only plot the tracking errors for
the first 300 seconds and the observer errors for the first 10 seconds. It can be seen
that the environmental disturbances deteriorate the performance of the controlled
loop system in the sense that the tracking errors do not converge to zero but to a
ball centered at the origin. This shows an important property of robustness of the
controlled system with respect to the environmental disturbances.
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7.6 Conclusions

The key to the control developments is an introduction of the global nonlinear co-
ordinate transformations (7.6), (7.24), (7.43), (7.58), and (7.61) to obtain an expo-
nential observer and to transform the tracking error dynamics to a suitable nonlinear
system, to which Lyapunov’s direct method and the backstepping technique can be
applied. The work presented in this chapter is based on [94, 114, 116, 117].
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Figure 7.1 Simulation results without disturbances: a. Tracking errors (x � xd [m]: solid
line, y � yd [m]: dashed line,  �  d [rad]]: dotted line); b. Observer errors

(
q
.x� Ox/2 C .y� Oy/2 C . � O /2: solid line,

p
.u� Ou/2 C .v� Ov/2 C .r� Or/2

�
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line; c. Ship position and orientation in the .x;y/-plane
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Figure 7.2 Simulation results without disturbances (control inputs): a. Surge force; b. Yaw mo-
ment
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Figure 7.3 Simulation results with disturbances: a. Tracking errors (x � xd [m]: solid
line, y � yd [m]: dashed line,  �  d [rad]]: dotted line); b. Observer errors

(
q
.x� Ox/2 C .y� Oy/2 C . � O /2: solid line,

p
.u� Ou/2 C .v� Ov/2 C .r� Or/2

�
: dotted

line; c. Ship position and orientation in the .x;y/-plane
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Figure 7.4 Simulation results with disturbances (control inputs): a. Surge force; b. Yaw moment




