Chapter 13

Path-following of Underactuated Underwater
Vehicles

This chapter extends the approach proposed for underactuated surface ships in
Chapter 11 to design a path-following system for six degrees of freedom underac-
tuated underwater vehicles. Although the control design is much more involved in
comparison with that for underactuated surface ships in Chapter 11, it still guaran-
tees that path-following errors asymptotically converge to a ball, with an adjustable
radius, centered on a desired path, and covers both parking and point-to-point navi-
gation problems.

13.1 Control Objective

For the reader’s convenience, we rewrite the mathematical model of an underactu-
ated underwater vehicle, which is described in detail in Section 3.4.2.1, moving in
six degrees of freedom as follows:

N1 = J1(2)v1,
M191 =—-C1(v1)v2 —D1v1 — Dp1(v)v1 + 71+ T1E,

N2 = J2(n2)v2, (13.1)
M3vz = —C1(v1)v1 — C2(v2)v2 — D2v2 — Dpa(v2)v —
g2(n2) + 12+ 12E,

where J1(52) and J2(n2) are given by

cos(y) cos(0) —sin(yr) cos(¢) + sin(¢p) sin(6) cos()
J1(n2) = | sin(¥)cos(8) cos(y¥)cos(¢) + sin(¢) sin(8) sin(yr)
—sin(f) sin(¢) cos(6)

sin(y) sin(¢p) + sin(@) cos(¥) cos(¢p)
—cos(¥) sin(¢) 4 sin(0) sin(y) cos(¢) |,
cos(¢) cos(0)
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1 sin(¢)tan(6) cos(¢)tan(6)
J2(n2) =0 cos(¢) —sin(¢) : (13.2)
0 sin(¢)/ cos(8) cos(¢p)/ cos(8)

The matrices My and M are

mii 0 0 Mmaq 0 0
M1 = 0 myo 0 s Mz = 0 M55 0 . (133)
0 0 ms3 0 0 mes

The matrices C1(v1) and Cz(v3) are

0 ms33w —niV
Ci(vi))=| -mzzw 0 mpu |,
mp2V —mi1u 0
0 meer —mssq
Cz(vz) = | —Meel 0 Mmaq4 p . (134)
| M55 —Mg4ap 0

The linear and nonlinear damping matrices Dy, D2, Dy1(v1), and D,3(v2) are

diy 0 0 dss 0 0
Di=| 0dy O [,Dy=]| 0 dss 0 |,
0 0 d33 0 0 d66
_X:z'3=2dui|7/‘|i_1 0 0
Dp1(v1) = 0 S, dyilv] ! o
L 0 0 Y dwilw| !
[ Y=o dpilpl™! o 0
Dz (v2) = 0 S, dgilg)i! 0o | (133
L 0 0 Y dpilr| !

The restoring force and moment vector g2(#2) is given by

pgVGMT sin(¢) cos(6)
g20n2) = pgVGM; sin() ) (13.6)
0

The propulsion force and moment vectors 71 and T3 are

Tu T
=0, m2=|71|, (13.7)
0 T

which imply that the vehicle under consideration does not have independent actu-
ators in the sway and heave. The environmental disturbance vectors 71 and 72
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are given by

TEu(t) TEp(t)
T1E = | TE0(t) |, T2E = | TE4() |, (13.8)
TEw(?) TEr(1)

where tg, (1), gy (), TEw (), TEp(t), TE4(t), and T, (¢) are the environmental
disturbance forces or moments acting on the surge, sway, heave, roll, pitch, and yaw
axes, respectively.

We assume that these disturbances are bounded as follows:

[T ()] = Ty, <00, [tEw ()] < Ty <00, |tEw (1)] < Ty, < 00,

max

|tep (1) < TS < 00, |tEg ()| < T <00, |te, (1) < TFY <00, (13.9)

Since the sway and heave control forces are not available in the sway and heave
dynamics, the vehicle model (13.1) is underactuated.

In this chapter, we consider a control objective of designing the control inputs 7
and 72 to force the underactuated vehicle (13.1) to follow a specified path 2, see
Figure 13.1. If we are able to drive the vehicle to follow closely a virtual vessel that
moves along the path with a desired speed u, then the control objective is fulfilled,
i.e., the vessel is in a tube of nonzero diameter centered on the reference path and
moves along the specified path at the speed 1. Roughly speaking, the approach is to
steer the vessel such that it heads toward the virtual one and diminishes the distance
between the real and the virtual vessels.

> Real vehicle : S Virtual vehicle

Figure 13.1 General framework of underwater vehicle path-following
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In Figure 13.1, A is the center of the real vehicle and A is a point on the reference
path attached to the virtual vehicle. Define the following path-following errors

Xe = Xg—X,
Ye =Yd—),
Ze=12g4—2,

de = /x2+y2+1z2, (13.10)

where x4,y and z; are the coordinates of Ag. Then the terms a;, 1 <i <3 in
Figure 13.1 are obtained from x,, y. and z, by rotating the body frame around the
earth-fixed frame O Xg Yg Z g the roll, pitch, and yaw angles, i.e.,

ai Xe
a | =J1(m2) | ye |- (13.11)
as Ze

Expanding (13.11) yields

ar = xeJ{ ' (2) + ye JP (12) + 2 7 (n2),
az = xe J{2(2) + ye JP2(02) + 2 J 32 (2), (13.12)
asz = er113(772) + yeJ123(772) +ZeJ133(772)a

where J,/ (12) is the element of Jj(52) at the ith row and jth column. Therefore
the path-following orientation errors are defined by the angles o and B. It is noted
that the angles y, o, and 8 are not defined at d, = 0 but with the aid of a desired
controller, limy (g, «,8)|—0(0, V) = (65, %) with 6 and v being the orientation an-
gles of the virtual vessel. Hence in this chapter, we will design a controller such that
it guarantees d, > d with d; being an arbitrarily small positive constant to avoid
chattering caused by d, = 0. With the above definitions, our control objective can
be mathematically stated as follows:

Path-following Objective. Under Assumption 13.1, design the control inputs 71
and 7 to force the underactuated vehicle (13.1) to follow the path 2 given by

Xqg = xq(s),
Ya = ya(s), (13.13)
Zq = 24(5),

where s is the path parameter variable, such that
lim d,(t) <d,, lim |a(t)| <@,
1—>00 t—>00

Jim |0 <B. lim |$(1)] <.
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with d,, ¢, @, and B being arbitrarily small positive constants.

Assumption 13.1. The reference path is regular, i.e. there exist strictly positive con-
Stants a3z min, A3 max»> A2 min ANd a2 max Such that

axa\> 0y4 2 9z \*
o= (2)  (2) () 20
2 2
armin < ([ Z4) 4 (22) < 4. (13.14)
ds ds

1. We might refer to the above objective as a path-tracking one. However, we use
the term “path-following” since our approach is to make the real vehicle follow
the virtual one, see Figure 13.1.

2. Assumption 13.1 ensures that the path is feasible for the vessel to follow, see
Section 13.3. The condition (13.14) implies that the reference trajectory cannot
contain a vertical straight line to avoid singularity of J2(#2) at the pitch angle
0 = +0.57.

3. If the reference path is not regular, then we can often split it into regular pieces
and consider each of them separately. This is the case of point-to-point naviga-
tion, which will be addressed in Section 13.6.

4. The path parameter, s, is not the arc length of the path in general. For example,
a circle with radius R centered at the origin can be described as x; = Rcos(s)
and y; = Rsin(s).

Remark 13.1.

13.2 Coordinate Transformations

From (13.10) and (13.12), we have the position kinematic error dynamics as follows:

A 9 9
de= —[x, 24 4y, Dd | ) 4, D@, 93, (13.15)
d. as as ds

For the path-following orientation errors, referring to Figure 13.1 and the control
objective stated in the previous section, one can see that the following holds

Z—l = cos(y) = cos(a) cos(B), (13.16)

e

which in turn implies that

Jim o (1) =0 o lim y()=0= fim (49D} =4 (13.17)
tl_i>m ﬂ(t) = 0 t—>0o0 1—>00 de(t) . .
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Hence we can either choose the angles « and S, or the angle y, or the term a1 /d, as
the orientation coordinates for the control design. We now discuss the above options
and then choose one that results in a simple control design and enhance feasible ini-
tial conditions.

Using Angles « and . In this case, the path-following orientation errors are defined
as follows, see Figure 13.1:

o =ey—2mngy(ey),

13.18
B =eg—2mng(eg), ( )
where
as
Darctan (—) (as,ar) #(0,0),
ey = aj
0; (az,ar) =(0,0),
(13.19)

2arctan % ; (az, ,/a% +a§) #(0,0),
ep = JVaz+a3
0 ; (az, ,/a% +a§) = (0,0).

The functions ny(ey) and ng(eg) take values in (0,41, +£2,...) such that & and S
belong to (—m, ]. Hence o and B are periodic and piecewise continuous functions
with respect to ¢, and eg. The reason for introducing (13.18) is to convert all equi-
librium points of o and B to the origin. It is seen from (13.19) that e, and eg are
discontinuous on the following surfaces:

Da = {(alaa3) as # O’Cll = O}’
(13.20)
Dg = {(a1,az,a3) a2 #0, \/m: O} )

It is also seen from (13.18) that o and 8 are discontinuous on the surfaces:

Cy ={(a1,a3) 0 =m},

(13.21)
Cp ={(a1,az2,a3): B =m}.

We now use (13.18) to transform the kinematic part of (13.1) to

Nap = fap()S + fapOu+ fup(v+ fup(Ow + Agp()J2(n2)v2,  (13.22)

where

”aﬂz[gbaﬂ]T,

T
390 = Fapt| 20 D oa |

ds s 0ds
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() =—Fap(O)[ 1 2) T2 (n2) I3 () )"
fls() = —Fap() [ J2(n2) JP2(n2) TP () ]"
fB(C) = —Fag() [P m2) IP(2) TP ) ]
Fas) = [0 7250 720] . (13.23)

1 0
Agp() = | —cos(a)tan(B) cos(¢) + sin(e) tan(B) sin(¢)
sin(o) sin(¢) cos(a)

0
cos(6) sin(¢) + tan(B) (sin(6) cos(a) —cos(0) sin(a) cos(¢p) |,
—(cos(a) cos(B) cos(¢p) + sin(e) sin(H)

with

150 = oo [eos(@) % n2) =sina) 11 (1)
cos(a)J 7> (n2) —sin(e) J7' (n2).
cos(a)J7> (2) —sin(e) J7' (n2)].

f 0= |:_ sin(ﬂi{cos(u) T (g 4 5B COS(,B) T2 () — sm(ﬂzlsin(a) I3 ),
_sin(ﬁzlcos(oe) I (1) + cod(ﬂ) J2() - sm(ﬁzlsin(a) JB (),
_sin(ﬂzlcos(a) I (2) 4 Sosth) (/3) 03P y32y 0y — sm(ﬂzlsin(a) J133("2)j| .

(13.24)

From (13.23), we calculate the determination of the matrix Aqg(-) as follows:

det(Aqp(:)) = —cos(a)cos() —sin(a)sin(f) cos(¢) —
sin(@) sin(¢) tan(p). (13.25)

It can be seen from (13.25) that the matrix Aqg(:) is not globally invertible even
when ¢ = 0 and 6 # £0.57. It is also observed that if we choose the angles o and
B as the orientation coordinates for control design, there are a number of discontin-
uous surfaces, see (13.19), (13.20), and (13.21), which make the stability analysis
difficult.

Using Angle y. In this case, the path-following orientation error is defined as fol-
lows, see Figure 13.1:
y =e, —2mny(ey), (13.26)
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where
,/a%—i—a% 2 2
2arctan | —— | | a1, /a5 +a5 | # (0,0),
ey = a1 (13.27)

0; (al, a3 —i—a%) =(0,0).

The interpretation of the above expressions is similar to that of (13.18) and (13.19).
It can be seen from (13.27) that e, is discontinuous on the following surface:

Dy = {(01702,613) tya3+a3#0,a, = 0} . (13.28)

It can also be seen from (13.26) that y is discontinuous on the surface:
Cy ={(a1,az.a3) :y = m}. (13.29)

Differentiating both sides of (13.26) results in

. 1 8612 . 8612 . aaz . 8612 .
V= —F—— 0| s Xet o= Vet+ —Zem— | +
o2 a% +a§ 0x, 0Ye 0z, ~ 0¢

aras (085, 4 23, | P4, 943 5
A T R G L ¥

T 2) 8a1 . + 8a1 . 4 301 . T aal . +
a —Xe — Ve —Ze P
37\ ox, ayey 0Ze ¢
das das day \ ,
(a1 (azﬁ +Q3W) — (Cl% —l—a%) %) 0+
da da da .
(a1 (aza—l'//2 +a3a—;)—(a§+a§)a—w‘) w). (13.30)

Since

£0, (1331)

for all (xe, Ve, Ze ¢, %) € R% and 6 € R\ & 0.57, the angle y can be chosen as the
orientation coordinate for the control design. However (13.30) will result in a very
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complicated control law.

Using a; /d,. By defining
ac= 2 +2,
cos(y1) = Z—e cos(6) — Z—e sin(6), (13.32)
e e

c0s(72) = =% cos(y) + 2 sin(y).

we can write ay/d, as follows

a1 _ cos(y1) + e cos(8)(cos(y2) — 1). (13.33)
de de
Since j—i cos(@)‘ <1,V (xXe, Ve, Ze,0) € R*, the conditions
lim y; =0,
t—>00
lim y, =0 (13.34)
t—00

imply that lim;_co(a1/d.) = 1. Furthermore, from (13.32) we can write

Y1 =0+0g4,
V2=V —VYq,

where 0; = arccos (a./d.) and ¥4 = arccos (x./a.) are the desired orientation an-
gles of the vessel in the horizontal and vertical planes, respectively. Hence (13.34)
also implies the orientation control objective. If one differentiates both sides of
(13.35) to obtain y; and y», there will be discontinuity in the y;- and y,- dynamics
at z, = 0 and/or y, =0, i.e., on the a, and/or x, axes. This discontinuity will cause
difficulties in applying the backstepping technique. To get around this problem, we
compute y; and y, based on (13.32) as follows:

(13.35)

e sin(6) + 2o cos(6)  d sin(y1)

n=6+ decos(yy) decos(yr)’
Jp = g 4 eSO Zecos(Y) _ desinlyz) (13.36)
aecos(y2) acos(y2)

It can be seen that (13.36) is not defined at y; = +0.57,i =1,2,and a, =0, d, = 0.
However, our controller will guarantee that |y; (¢)| < 0.5 and d(¢) > df, a.(t) >
ay;, ¥t >ty > 0 with arbitrarily small positive constants d and a and for feasible
initial conditions. From (13.36), we can see that 6 and w are decoupled. Hence,
designing a controller to achieve the control objective posed in the previous section
by using the orientation coordinate a;/d, would be much simpler than using the
angles y, o, and B. For convenience of control design, we rewrite the transformed
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system dynamics (13.15) and (13.36) as follows:

. 1 8xd ad d 3Zd .

de = A (xex +ye§}—s +29¥)s—d—eu—d—ev—d—ew,

N2y = f2y () + J2(n2)v2,

Myv1 = —C1(v1)v2 — D1(v1)vy + 71+ T1E (D),

M0z = —C1(v1)vy — C2(v2)v2 — D2(v2)v2 — g2(2) + T2 + T2E (),

(13.37)
where
2y =1 y1 92"
0
S () =| s+ fllut+ fv+ fPw |,
s+ fFu+ Lo+ fPw
0xg ya 0z4
S __ - e -
fi=on 35 + w12 o5 + @13 95’
==l n2) + w12J7 (n2) + w137 (92)].
£ =—[on?(2) + w2 m2) + ©13J72 (12)]. (13.38)
1 =—[onl P02 + w12 P (2) + w137 (2)].
0xy 0ya
S __ = e
J5 =2 3s + w2 95
3 ==[wnd!' 1) + w227 (02)].
3 =~ [@207 () + w2 P (12)].
5 ==[wa > (2) + w22 (12)].
with

Xe sin(6) Xe sin(yy)
(aede cos(y1) d2 cos(yl)) ’
( Ye sin(0) Y sin(y1) )
aedecos(yr) d2cos(y1) )’
cos(6) Ze sin(yy)
(et~ ooy (1339
o sin(y)  xesin(y2)
- (ae cos(y2) agcosm)) ’
_ ( cos(Y)  yesin(y2) )
Wy = .

accos(ya) aZcos(yz)

w11
w12
w13
W21

Therefore, we will design the control inputs 7; and 72 for (13.37) to yield the
control objective. In Section 13.3, a procedure to design a stabilizer for the path-
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following error system (13.37) is presented in detail. The structure of (13.37) sug-
gests that we design the actual controls 71 and 72 in two stages. First, we design
the virtual velocity controls for # and v, and choose § to ultimately stabilize d, and
yi,1 = 1,2 at the origin. Based on the backstepping technique, the controls 71 and
T will then be designed to make the errors between the virtual velocity controls and
their actual values asymptotically tend to a small ball centered at the origin. Since
the vessel parameters are unknown, an adaptation scheme is also introduced in this
step to estimate their values used in the control laws. We split the control design
procedure into two steps. The first step is to design 71 while the second step takes
care of 7. This allows us to simplify the choice of feasible initial conditions.

Since the transformed system (13.37) is not defined at d.(¢) = 0, a.(t) = 0,
yi(t) = £0.57,i = 1,2, we first assume that

de(t)>d),ac.(t)>a},|yi(t)| <057, i =1,2, Vi > 15> 0, (13.40)

for some positive constants d and a. Our controller design will guarantee (13.40)
for feasible initial conditions.

13.3 Control Design

The d.-dynamics have two inputs that can be chosen to stabilize d., namely § and
u. We can either choose the input u or § and then design the remaining input. If
we fix §, then the virtual vessel is allowed to move at a desired speed. The real
vessel will follow the virtual one on the path by the controller, and vice versa. In
this chapter, we choose to fix §. This allows us to adjust the initial conditions in
most cases without moving the real vessel, see Section 13.4.
Define
U=u—uy, (13.41)

where u 4 is the intermediate control of u. As discussed above, we choose the inter-
mediate control 1, and § as follows:

ox d 0z
1 1 MO(t, de) (xea_: + Ye gsd Ze a_;l)
udZkl(de_ge)_a(a2v+a3w)+_ ,

de 0xy 2 " ya 2 + 0zg4 2
as as as
(13.42)
g=2 Uolt, de) , (13.43)

G [(axa\* | (oya\', (024
as as as

where k1 and §, are positive constants to be selected later, and ug(¢,d.) # 0, V¢ >
to > 0,d.(t) € R, is the speed of the virtual vessel on the path. Indeed, one can
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choose this speed to be a constant. However, the time-varying speed and position
path-following error dependence of the virtual vessel on the path is more desirable,
especially when the underwater vehicle starts to follow the path. For example, one
might choose

uo(t.dy) = ul (1 — yre %210y e=x3de (13.44)

where uf #0, y; >0,i =1,2,3, x1 < 1. The choice of uo(¢,d.) in (13.44) has the
following desired feature: When the path-following error, d,, is large, the virtual
vessel will wait for the real one; when d, is small the virtual vessel will move along
the path at the speed closed to uj and the real one follows it within the specified look
ahead distance. This feature is suitable in practice because it avoids using a high-
gain control for large signal d,. It is noted that u 4 is not defined at @; = 0. Since the
terms ap/a; and az/a; can be written as (az/d.)/(a1/de) and (as/de)/(a1/d.),
and recalling that cos(y) = a;/d., the intermediate control uy is well defined if
(13.40) holds and

ly(@)| < 0.5z, Vt >ty > 0. (13.45)

We will come back to this issue in Section 13.4.

Remark 13.2.

1. If we design the virtual control u4 without canceling the terms a,v and a3zw in
the d,-dynamics, then the condition (13.45) is not required for u; being well de-
fined. However, an assumption of the sway and heave velocities being bounded is
needed in advance in the stability analysis, i.e. assume stability to prove stability.

2. If the sway and heave velocities are assumed to be bounded by the surge velocity,
the terms a,v and aszw are not required to be canceled either. This controller
can be designed similarly to the one in this chapter. It is noted that the sway
velocity does not require to be bounded by the surge velocity with a relatively
small constant as in [129] for the case of path-following in the horizontal plane.

Substituting (13.42) and (13.43) into the first equation of (13.37) results in

5 ai ai .
de = —k1—(d,—8.)— —1i. 13.46
lde( ) deu ( )

By noticing that under Assumption 13.1, see (13.40) and (13.45), the intermediate
control u4 is a smooth function of x,, ye, ze, §, 4o, N2, v, and w, differentiating both
sides of (13.41) with (13.42) and (13.43) yields

m m d > 4
- 22 33 11 i i
= —vr——wg——u—Y —julut—rz, +
mii mii mii = 1
([) 3ud 8ud . aud 8ud aud .
T — - ——Ze— —§— ——1p—
o e e T 0y YT 0z, ¢ Tas 0 dug
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1 dug (m ma dz3
— () |- — | —uqg——vp——w—

Moo ow \ms3 ms3 ms3
3
dwi . 1
Y w T w A —zw (@) ] (13.47)
— m33 ms3
i=2
where for convenience of choosing u¢, the terms %’)‘C" , 88“7‘1 and B“d do not include

g:o, g';" and g’;" , which are lumped into 1. From (13.47), we choose the actual

control 101 Ty ‘without canceling useful nonlinear damping terms as

5 5 i6) .9 duy 06
o = —c1ii—0] fi(-) =6y tanh (M) «922ﬂ tanh (ﬂu 22) —
€21

ov oV &3o

~ dug i
b3 22 tapn | 2141023 ) (13.48)
Jw w €33

and the update law as

élj = y1;proj (u f1; (), 91/) 1<j <16,

922 = ¥22proj

(1
éZl = Y21p10j (| 921)

2 ua _duy
av

ézz) , (13.49)

923)

where c1, €2i, Y17, v2i, 1 =i <3 and 1 < j < 16, are positive constants to be se-
lected later, and f}; () are the jth elements of f;(:), respectively, with

8w

923 = Y23proj (

oug .  Oug . Oug.
ax, e T oy, Vet g, et

fl() = I:vr’_wq’_ud’_|u|ud’_u2uda_(

ouy . n duy . n dug . oug ouy oug Jdug |
—S+ —u — ——wp, —ur, —v, — |v| v,
as dug 0 anz 72 v P av av )
8ud 3 3ud 8ud aud aud aud 3 r
——2ug, —Lup, —Lw, —2% ,— , 13.50
v ow “q ow vp Jw w Jw wlw Jw v ( )

>

6ij, 1 <i <2is the jth element of él- , which is an estimate of 6; with

2
miimsz miy, miidyy myydys
01 = |maz,ma3,d1,dy2,dyz, m11, s , ,
maz  Mpp My maz

) ’ ’

s T
muidys my; miimay mi1dsz miidy2 mllde]
mpp  mM33 ms33 ms3 ms3 mss
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wu ° wv ° ww
maa

T

m m

0, = [zmax 1 pmax m—“rm‘“} . (13.51)
33

The operator, proj, is the Lipschitz continuous projection algorithm repeated here
for the convenience of the reader as follows:

proj(w, ®) = w it &(») <0,
proj(w, ®) = w if E() >0and &y (w)w <0, (13.52)
proj(w, ®) = (1— & (®))w if £(®)>0and &4 (&) w >0,
D2 —w? (o . . . ...
where & (@) = % By (0) = 8‘32}“’) , [ is an arbitrarily small positive con-

stant, @ is an estimate of @ and |w| < wpy. )
The projection algorithm is such that if ® = proj(w, ®) and ®(fy) < wp and
then

1. o) <oy +& V0<ty<t<oo,
2. proj(w, @) is Lipschitz continuous,
3. |proj(w, ®)| < |w],

4. oproj(w, &) > dw with® = w —d.

Substituting (13.48) into (13.47) yields the error dynamics

3
- 1 1\ . 1 1 -
i =———\ertdin+ Y duilul ™ i+ —06 () - ——0 fi()+
miy P miy mii
1 1 » 10 dug 1 1~ 9
—— T (1) = — By tanh | 2L | = 2L g (1) = —r S x
nii mii €21 v map mii v
0 6 a0 1 1 0 0 0
p(2dt%22 ) Td T ) -y T tanh [ 24 123
W e dw ms d ow 23
(13.53)
Define
V2 = V2 — V24, (13.54)

where v24 = [pa.qa, rd]T is the intermediate control of v,. Recalling that our goal
is to ultimately stabilize 92, = [¢, yl,yz]T at the origin, the second equation of
(13.37) suggests that we choose this intermediate control as follows:

v2a = I3 (02) (= f2y () — K2n2y). (13.55)

where K» = diag(ka1,k22,k23) is a positive definite diagonal matrix. Substituting
(13.54) and (13.55) into the second equation of (13.37) yields

M2y = —K2m2y + J2(n2)72. (13.56)
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To design the actual control T2, we first note that under Assumption 13.1, (13.40)
and (13.45), the intermediate control v3 4 is a smooth function of x,, ye, Z¢, 5, Uo, 12,
and v;. Differentiating both sides of (13.54) and multiplying by M3, along the so-
lutions of the last two equations of (13.37) results in

My = —Ca(v2)92 — D2(v2)d2 + F ()03 + G (-)04(t) + 72, (13.57)
where

F(1)03 =—Cy(v1)v1 — C2(v2)v2q — D2(v2)v24 — g2(92) —
M, (3v2d - 31}2(1).; n dvag . Ovag. Ovag .

00X, e Ve ¢ 0Z, Zet as St dug Mot

024 . Jdv _
2d N2 | —M; 24 M (—=C1(v1)vz — D1(v1)v1 + 71),
a2 dvy

vy

LM 701 (1), (13.58)

G()04(1) = Tw2(t) —M> 501

with F (-) € R3™3 and G (-) € R3*™4 being the regression matrices, 3 € R3*3
and 04(¢) € R™4 being the vectors of unknown vessel and environmental distur-
bance parameters. For the sake of simplicity, the regression matrices F (-) and G (-),
and the vectors 63 and 04(¢) are not written down explicitly. From (13.56) and
(13.57), we choose the actual control T and update laws as follows:

T N N
t2 = K3z — (1], 2(n2)) —~F(83-G()bs,  (1359)
X 3 . ~
03; = y3;proj Z Upj fji, 03 |, 1 <i <ma3,
' f=31 (13.60)
O4; = yaiproj (Z |52jgji|,94i> 1< <my,
j=1

whereg4; >0, 1 <i <3,y3; >0, 1 <j <m3,yq >0, 1 <] <my, K3 =diag(ks,
k32, k33) is a positive definite diagonal matrix,f3; is an estimate of the i th element

of 03, and 6,; is an estimate of the maximum value of the ith element of 84(¢). For
simplicity of notation, we have defined

m3 ~ my A - mp A
,Z S1i03i 'Z g1i04; tanh (82111)21 'Z g1i94i)
R lm=31 R R 1,741 R ) z;zl R
F()03:= 'Z f2i05 |, G(-)04:= 'Z g2i04; tanh (8221 V22 'Z g2i94i) ,
lrr=t31 ~ 17741 A - 17721 A
> fribsi > g3i04i tanh (8231 V23 ) g3i94i)
i=1 i=1 i=1

(13.61)
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with fj;, 1 < j <3,1 =<1 < ms3, being the element in jth column and ith row of
the regression matrix F (). Similarly g;;, 1 < j <3,1 <i <my, is the element in
Jjth column and 7th row of the regression matrix G (-).

Substituting (13.59) into (13.57) yields the error dynamics

. T
Mzt = —C3(v2)52— (K3 + D2(02))52— (13, 2(12)) +F ()03 +
G()04(t)~ F ()83~ G ()ba. (13.62)

We now present the main result of this chapter, the proof of which is given in the
next section.

Theorem 13.1. Assume that

1. the vessel inertia, added mass and damping matrices are diagonal;
2. the environmental disturbances are bounded;

3. the vessel parameters are unknown but constant;

4. the reference path satisfies Assumption 13.1.

If the state feedback control laws (13.48) and (13.59), and the update laws (13.49)
and (13.60) are applied to the vessel system (13.1) then there exist feasible initial
conditions such that the path-following errors (x(t) —xq(t),y(t) —yq(t),z(t) —
zq(t),y1(t),y2(t)) converge to a ball centered on the desired path 2 asymptoti-
cally. Furthermore, the radius of this ball can be made arbitrarily small by adjusting
the control gains.

13.4 Stability Analysis

To prove Theorem 13.1, we first consider the (rlzy,ﬁz)-subsystem and then the
(d. ,u)-subsystem.

(n2y . 92)-subsystem

To investigate stability of this subsystem, we consider the following Lyapunov func-
tion

4
1 T 1 "'T ~ 1 ~T _1 ~
Vi=ngn2y + 50 M2v2+§;0i r;14;, (13.63)
where 0~,' =0; —é,- and I; = diag(yl-j), 1<j<mgfori =3,1<j <my for
i = 4. Differentiating both sides of (13.63) along (13.56), (13.60), and (13.62) yields

3
Vi <—n3, Kanzy — 93 (D20 + K3) 92 +0.2785 ) za;. (13.64)
i=1
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where D¢ = diag(das,ds5,dss) and we have used |x| — xtanh(x/A) < 0.27851
for all x € R and A > 0. From (13.64), we conclude that 72, and v are ultimately
asymptotically stable at the origin. To estimate the upper bound of 12, and v2, we

14 - ~
subtract and add 3 > 01.T I'i_10,- to the right-hand side of (13.64) to obtain
i=3

Vi < —o1Vi+pr, (13.65)
where
. 2Amin (D20 + Ks))
o1 =min|{ 1,24, (K3), ,
' ( min (K2) max(Mz)
Zo I;16; +02785284l (13.66)

i=1
From (13.65), it is direct to show that

P1
Ul

Vi(t) < Vi(tg)e @1¢—10) 4 22 (13.67)

which further yields

01
( ’0) 2,01 ——(1—0)
[n2y®)] < V2Vilto)e 2 —ay)e 2 4y

01
21 (l()) —_(f tO) 2,01 —_(f 70)
va(t ‘/ = e 2 + Pv.
“ ( )” mm(MZ) 01 min(MZ) U() Po

(13.68)

(de,1)-subsystem

To analyze the stability of this subsystem more easily, we first consider the -
dynamics and then the d,-dynamics.

u-dynamics. Consider the following Lyapunov function
m 1 - ~
Vy = %#JFEZQ,TQ*GZ-, (13.69)
i=1
where 6; = 6; —; and I} = diag (y;;), 1 < j <16fori =1, 1< j <3fori =2.
Differentiating both sides of (13.69) along (13.47), (13.48), and (13.49) yields

3
Va < —(c1+di)i® +0.2785 ) ey, (13.70)

i=1
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12 - -
Subtracting and adding 3 > 8Ir;716; to the right-hand side of (13.70) yields

i=1
Vo < =02V + p2, (13.71)

where

o ( 2(¢1+d11))
o =min| 1, ——— |,

iy
1 2 . . 3

P2 = EZ(av,.Tr,.—Hsv,- +0.2785) e, (13.72)
i=1 i=1

with m‘f‘i“ being the minimum value of m11. From (13.71), it is direct to show that

Va(t) < Valtg)e 200 4. 22 (13.73)
02

which further yields

[2
lii(6)] < V/2Va(to)e™02/2—0) 4 [TP2 .y ()em02/20~10) 4 (13.74)
02

Remark 13.3. It is noted that, due to the use of the projection algorithm, by adjusting
K>, K3, c1, &2, €ai, Y1js Y2i> V3ns> Val, 1 <1 <3,1=<j <16,1 <n < mj3, and
1 <1 < my4, we can make p,, py and p, arbitrarily small. This observation plays an
important role in the stability analysis of the d,-dynamics.

d.-dynamics. We first calculate the lower-bound of d.. We now show that there
exist initial conditions such that d,(¢) > d > 0. From (13.46) and (13.16), we have

do > —krd, — (aue—"z/z(’—m) n pu) , (13.75)

where cfe = d, — 8., which with o, > 2k further yields
oty (-)e K1 e—t0)
0’2/2 — kl

Pu (1 —ki(t—10)
. (1 e ) (13.76)

de(1) > de(tg)e™¥10710) 4 (_1 + e—<frz/2—k1><t—to>) _

Therefore, the condition d,(¢) > d; > 0 holds when

ay(+)

— Pu. 13.77
02/2—k: +8e — pu (13.77)

02 > 2ky, 8¢ > d) + Z—u,de(fo) =
1

We will come back to this issue in the next section. We now calculate the upper-
bound of d.. We rewrite (13.46) as
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d, = —k1d, —cos(y)u —ki (cos(y1) — 1) +cos(y)(cos(y2) — 1)) d,. (13.78)

Since (13.78) and the (iZ, 1, y2)-subsystem are in the cascade form, one might think
that the stability results developed for cascade systems in [17] and [69] can be ap-
plied. However, the stability results in those papers were developed for cascade
systems without nonvanishing disturbances. In fact, nonvanishing disturbances may
destroy the stability of a cascade system that satisfies all conditions stated in the
above papers. Therefore, we will use Lemma 10.1 to investigate the stability of the
system (13.78) by verifying all conditions C1-C4.

Verifying Condition C1. Take the Lyapunov function
Vs = %df. (13.79)
It is direct to show that C1 holds with
c0=0,c1=c=0.5,¢c3=1,c4 =kj. (13.80)
Verifying Condition C2. By noting that

cos(y)u + kq (cos(y1) — 1) +cos(y)(cos(y2) — 1)) d~e <

Jit| + k1 ([y1] + 2] |de | (13.81)

we have
A =1, Ay =k;. (13.82)

Verifying Condition C3. This condition directly holds from (13.74) and (13.68).
Verifying Condition C4. From (13.80) and (13.82), condition C4 becomes
k1 —max(py, py) (k1 +0.2500) > 0. (13.83)

From Remark 13.3 and noting that p¢ is an arbitrarily positive constant, we can see
that there always exists kq such that (13.83) holds. All conditions of Lemma 10.1
have been verified, and we therefore have

|de(1)] < @ge () e~74 470 4 pg, (13.84)
where a4, , 04, and pg, are calculated as in Lemma 10.1.
(v, w)-dynamics. Expanding (13.55) gives

qa = — (I3 (2)k21¢ + J3>M2)ka2y1 + J3> M2)ka3y2) —
J32(m2) (f55+ flu) — I3 (m2) (f55 + fr'u) —
(J32m2) [P+ T3 2) 13) v = (I3 (n2) /¥ + I3 (n2) 57 ) w,
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ra = — (I3 m2ka1¢p + I32 ko1 + I3 (2)k23y2) —
J3%(n2) (flsj + flu”) —J33(n2) (fzss + fzu”) -
(32m2) 17+ T3 (2) 1) v = (I3 (n2) /i + T3 (n2) f5° ) w, (13.85)

where Jzij (n2) is the element at the ith row and jth of J; L(y2). To show that the
sway and heave velocities are bounded, we take the following quadratic function

1 1
V= Emgzvz + §m§3w2, (13.86)

whose derivative along (13.37), (13.54), and (13.85) satisfies
V4 = _m22dv3v4 _m33dw2 |U)| w2 —M33dw3w4 —+ Ag‘laXUZ + ATan2 +

1 max ] max
EAI +EA2 , (13.87)

where¢; >0,i =1,2, A;-“‘”‘, 1 < j < 4is the maximum value of 4; with

A1 = —muimaau (F— J3 (n2)ka1¢ — J32(n2)koay1 — J5° (n2)k23y2—
J3%(12) (flsé: + fi'u)— J33(12) (fzsj + fzu“)) + M2 Tyu(r),

Ay = muymazu (§— 13 (n2)k21¢ — J3? (2)kazyr = I3 (2)kazya—
J3%(n2) (/55 + fl'u) — J3(12) (/5554 f3u)) + m33Tww)-

miimzz |MJ233(772) (flw + fzw)| +
2

Az <—m22d22—m22dv2|v| +es|Ar]+

myimss [uJ 3 (n2) (f + fzv)|>
5 .

muma (3P (n2) (£ + /") n
2

Ay = (—m33d33 —m33dyr [w|+ g6 |A2] +

myimss [uJ3*(n2) (f1v+f2v)|> (13.88)

2

It can be seen from (13.88) that A7* exist and are finite since their arguments are
bounded as shown above. Hence (13.87) and (13.86) guarantee a finite upper bound
of the sway and heave velocities.

Initial Conditions for |y (t)| < 7., |y; (t)| < 5.i = 1,2, Vt > 19 > 0. Since |y; (¢)| <
|| N2y (1), i =1,2, YVt >ty >0, from (13.68), it is direct to show that the condition
lyi(t)| <0.57, i = 1,2, Vt >ty > 0 holds if the initial conditions are such that

V2Vi(to) + +/2p1 /01 < 0.57, (13.89)
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which is further equivalent to

4
| m2y (20| * + Amax (M2) |52 (1) > + > I
i=1

~ 2
Gi(to)” + 222 <L (13.90)
01 2

4 . 2
for all ¢ > 1y > 0. It is noted that the terms I';._l ‘ 0;(t0) H and p; can be made
i=1

arbitrarily small, see Remark 13.3.
From (13.33) and (13.16), the condition |y(¢)| < 0.5, Vt >ty > 0 holds if the
initial conditions are such that

ae(t)
de(t)

Under the assumption that |0(¢)| < 0.57, Vt >ty > 0, the above condition is equiv-
alent to

cos(y1(t)) + cos(6(t))(cos(y2(t)—1) > 0. (13.91)

cos(y1(2)) +cos(y2(t)) > 1. (13.92)
From (13.68), the condition (13.92) holds if the initial conditions are such that

~ 2
B (o) +

4
2 (10)|* 4+ Aan (M) 13200 > + Y 17 |
i=1

[2P1 < arccos(0.5), Vi > 1 > 0. (13.93)
o1

Since arccos(0.5) < 0.5, the condition (13.93) covers the condition (13.90).
Initial Conditions for a. (1) > a* > 0, Vt > 1y > 0. Since a2 = d? — z2, we have

——

ai = 2(de (—kycos(y)de + kicos(y)se —cos(y)i) —
Ze (Z);—;s + sin(6)u — cos(f) sin(¢p)v — cos() cos(¢)w))

= -2k cos(y)ag + 2k cos(y)z? + 2k cos(y)de8e —2cos(y)deti —

2z, (aai:s + sin(6)u —cos(#) sin(¢)v —cos(9)cos(¢)w) . (13.94)

From (13.94), it is not hard to see that under Assumption 13.1 and d,(¢) > d} > 0,
if there exists a strictly positive constant @ such that

ae(to) > a?, (13.95)

then there exists a strictly positive constant a such that the condition a. (¢) > a} >
0, Vt > tp > 0 holds.
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In summary, the feasible initial conditions are such that the conditions (13.77),
(13.93) and (13.95) hold. Roughly speaking, with the above initial conditions, due
to the underactuated configuration in the sway and heave, the sway and heave ve-
locities are not able to push the vehicle to the point a, = 0 and d, = 0.

13.5 Discussion of the Initial Condition

We now discuss how to obtain the initial conditions such that (13.77), (13.93), and
(13.95) hold. A close look at these conditions shows that they are always satisfied
by selecting the initial value, s(fp), if the vessel heads toward the conical space
containing the initial path to be followed, see Figure 13.2. If the vessel does not,
the surge control should be turned off and the yaw and pitch controls should make
the vessel turn until (13.77), (13.93), and (13.95) hold before applying the proposed
path-following controller. The angle 8¢ (see Figure 13.2) should be increased if the
initial velocities vy () and va(¢p) are large. Otherwise the vessel might cross the
edge-line of the subspace in question, which might result in y; = £0.57 and/or
y = £0.57m.

13.6 Parking and Point-to-point Navigation

13.6.1 Parking

Parking Objective. Design the controls 71 and 72 to park the underactuated un-
derwater vehicle (13.1) from the initial position and orientation (x (¢y), ¥ (t0), z (to),
@ (to), 0(to), Y (tp)) to the desired parking position and orientation of (x,, yp, zp,
¢p, Op, ¥p) under the following conditions:

1. There exists a large enough positive constant @, such that

Vo) = xp)> + (v(0) = ) + (2 (t0) — ) = .

2. The vessel heads toward the feasible cone containing the desired parking orien-
tation, see Section 13.5.

3. At the desired parking position and orientation, the environmental disturbances
are negligible.

The above conditions normally hold for parking practice. However, if the first
two conditions do not hold, one can apply the strategy in Section 13.5 to move the
vessel until they do hold. Having formulated the parking problem as above, one
might claim that the path-following controller proposed in Section 13.3 can be ap-
plied by setting u equal zero. However, this will result in an orientation that may
be very different from the desired parking one, at the desired parking position, since
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Feasible cone of initial conditions

Edge line

Figure 13.2 Feasible initial conditions

our proposed path-following controller is designed to drive d, to a small ball, not to
zero for reasons of robustness. To resolve this problem, we first generate a regular
curve, £2,(x4,y4.z4), which goes via the parking position and its orientation at the
parking position is equal to the desired parking condition. For simplicity of calcu-
lation, the curve can be taken as a straight line in almost all cases of the vessel’s
initial conditions. Then the proposed path-following controller can be used to make
the vessel follow $2,(x4.y4,2z4). In this case, the velocity uy should be chosen
such that it goes to zero when the virtual vessel tends to the desired parking posi-
tion, i.e., limg,, oo = 0 with dep = /(xg —xp)2 + (ya — ¥p)> + (za —2p)%. A
simple choice can be taken as

uo =ug(l — e X1dep)pmX2de (13.96)

where y; > 0,7 = 1,2. Special care should be taken to choose the initial values of
(xq(t0), ya(to),za(to)), see Section 13.5, and the sign of u¢ such that it results in a
short parking time.

Remark 13.4. Once at the desired parking position and orientation, if there are large
environmental disturbances, there will be an oscillatory behavior in the yaw and
pitch dynamics, and the vessel might diverge from its desired position. This phe-
nomenon is well known in ship dynamic positioning.

13.6.2 Point-to-point Navigation

As seen in Section 13.1, the requirement that the reference path be a regular curve
might be too cumbersome in practice, since this curve has to go via desired points
generated by the helmsman and its derivatives are needed in the path-following con-
troller. These restrictions motivate us to consider the point-to-point navigation prob-
lem as follows.
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Point-to-point Navigation Objective. Design the surge force 7, and the yaw mo-
ment 7, to force the underactuated underwater vehicle (13.1) from the initial po-
sition and orientation, (x(2p), y(%0),z (t0), ¢ (t0),0(t0), ¥ (¢o)), to go via the desired
points generated by a path planner.

To achieve this control objective, we first assume that the path planner gener-
ates desired points, which are feasible for the vehicle to be navigated through. We
then apply the path-following controller proposed in Section 13.3 to each regular
curve segments connecting desired points in sequence. The regular curve segments
can be straight line, arc, or known regular curve ones. It is, however, noted that a
fundamental difference between point-to-point navigation and the proposed smooth
path-following is that there are a finite number of “peaks”, equal to the number of
points, in the orientation errors, Y, and y,. This phenomenon is because the path is
non-smooth in the orientation at the points.

13.7 Numerical Simulations

This section validates the control laws (13.48) and (13.59) by simulating them on
a 5.56 m long underwater vehicle whose parameters are given in Section 12.5. The
values of the vehicle parameters are assumed to be of the real vessel and are es-
timated on-line by the adaptation laws (13.49) and (13.60). We assume that these
parameters fluctuate around the above values £15%. This fluctuation is chosen here
for the purpose of calculating the maximum and minimum values used in the choice
of the design constants. Indeed, a different fluctuation of the vehicle parameters re-
sults in different maximum and minimum values used in the choice of the design
constants. In the simulation, we assume that the environmental disturbances are

Twu = 0.2m11d(t), Twy = 0.2m22d (1), Tww = 0.2m33d(t), Twp = 0.2m44d (1),
Twg = 0.2mss5d(t), Tyr = 0.2meed (1),

where d(¢) = 1+ 0.1sin(0.2¢). This choice results in nonzero-mean disturbances.
In practice, the environmental disturbances may be different. We take the above dis-
turbances for an illustration of the robustness properties of our proposed controller.
It should be noted that only upper bounds of the environmental disturbances are
needed in our proposed controller.

In the simulation, based on Section 13.3 the control parameters and initial con-
ditions are taken as

k1 =0.5,c; =2, K3 = diag(0.05), K3 = diag(2), I; = diag(10), §, = 0.2,

T
[m17 (t0). 127 (10). v17 (t0). v2" (10).5(10)]" =
[—145,—15,-5,0,0.2,0.5,0,0,0,0,0,0,0]7

and all initial values of parameter estimates are taken to be 70% of their as-
sumed true ones. The virtual vessel velocity on the path is taken as ug(t,d.) =
5(1 — 0.8¢72%)e~0-5de  The reference path is given by (xg = —90cos(s), yg =
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90sin(s),zg = 3s), i.e., a helix with constant curvature and torsion. Figure 13.3
plots the trajectory of the vessel and the path (dotted line) to be followed in three di-
mensions. The trajectory of the vessel in the horizontal plane and the path following
error are plotted in Figure 13.4. Figure 13.5 plots the control inputs, 7, T, 7, and
7,. With nonvanishing environmental disturbances, our proposed controller is able
to force the vehicle to follow a predefined path as expected in the control design.
As can be seen in Figure 13.5, d, converges to a nonzero small value, i.e., the sway
and heave velocities cannot push the vessel to the point where d, = 0. From Figure
13.5, it can be seen that the control inputs are below their limits. Therefore, we can
still further shorten the transient time by increasing the control gains.

13.8 Conclusions

The control scheme developed for path-following of underactuated surface ships
in Chapter 11 was extended to design a path-following system for six degrees of
freedom underactuated underwater vehicles. The key to the development of the pro-
posed path-following system is the proper selection of the coordinate transforma-
tions in Section 13.2. The work presented in this chapter is based on [140, 141].

__Reference trajéctary
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Figure 13.3 Simulation results: Path-following real and reference trajectories in three-dimensional
space
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Figure 13.5 Simulation results (control inputs): a. Surge force t,, [N]; b. Yaw moment t, [Nm];
c. Pitch moment 7, [Nm]; d. Roll moment t, [Nm]





