Chapter 3
Matrosov Conditions: Simple Case

Abstract In the preceding chapter, we saw two ways to use non-strict Lya-
punov functions to prove asymptotic stability. The first was the LaSalle In-
variance Principle. A second involved Matrosov Theorems, which require a
non-strict Lyapunov function and auxiliary functions that satisfy appropri-
ate decay conditions. In general, the decay conditions in Matrosov type theo-
rems are less restrictive than those in the strict Lyapunov function definition.
Hence, the Matrosov method can be regarded as a way to prove stability with-
out having to find strict Lyapunov functions.

On the other hand, it is very desirable to have explicit strict Lyapunov
functions, even when the Matrosov Conditions are satisfied, because, e.g.,
strict Lyapunov functions make it possible to quantify the effects of uncer-
tainty using the ISS paradigm. In this chapter, we discuss several methods
for constructing strict Lyapunov functions for time-invariant systems that
satisfy appropriate Matrosov Conditions. In Chapters 8 and 12, we gener-
alize to much more complex time-varying systems, including Matrosov type
theorems for hybrid systems.

3.1 Motivation

To motivate our constructions, let us return to the experimental anaerobic
digester model
$ = u(sin — s) — kr(s,x)
& =r(s,x) — aux (3.1)
y = (Ar(s,z), )

we considered in the preceding chapter, where the biomass growth rate r is
any non-negative C! function that admits everywhere positive functions A
and A such that

sA(s,z) > r(s,x) > xsA(s,x) (3.2)
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62 3 Matrosov Conditions: Simple Case

for all s > 0 and x > 0; u is the non-negative input (i.e., dilution rate); and the
positive constants a;, A, k, and s;,, are as defined in Sect. 2.4.6. This includes
the one species chemostat model with a Monod growth rate, as a special case
[107]. This time our objective is to construct a strict Lyapunov-like function
for an appropriate adaptively controlled error dynamics for (3.1).

Arguing as in the previous chapter, we introduce the dynamics ¥ = y1 (v —
Ym)(yamr — Y)v evolving on (Y, va), where v is a function to be selected
that is independent of = and the ~;’s are prescribed positive constants. With
u = yy1, the system (3.1) with its dynamic extension becomes

§= —78 4+ Yu.
&= a[—yF — ] (3:3)
7= (v = m) (s = -

Here § = s— 84, T = T—Xs, ¥ = Y— Vs, S« € (0, 8, 18 the desired equilibrium
substrate level, and

k

Yo = € (Ym,ym) and

)\Sin

1)*

. The dynamics (3.3) follow by applying the

t
T:/ y1(Ddl,
to

and the state space for (3.3) is D = (=54, 00) X (—Zx, 00) X (Yom — Vaey YM — Vs )-
We first consider the subsystem

§ = —8 4+ Yux
{W = (v = m)om — ) (35)

where v, = s;, — 8+ and z, =
Erdmann transformation

with state space X = (=84, 00) X (Ym — Vs YM — Vs )-
Let us transform the non-strict Lyapunov-like function

1 v v l
Vi(3,7) = #24 7 / dl 3.6
1(59) 29m, Kym Jo (L4 7 —vm)(ymr — 7 — 1) (36)

from [89] into a strict Lyapunov-like function for (3.5), where K > 1 is a
tuning parameter. Later in this chapter, we will see how this transformation
process is a special case of a general method for constructing strict Lyapunov-
like functions.
Choosing
v(§) = —-K3§ (3.7)

as before gives

Vi=- 8 < -Ni5.), where Ni(57) = (38)
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Set
Va(3,9) = —87. (3.9)

Along the trajectories of (3.5), in closed-loop with (3.7), simple calculations
yield )
Va = 787 — 70 + (v — ) (ymr — 1) K3

From the relation

2 20,

and the fact that the maximum value of (v — v, ) (yar —7y) over v € [Ym, Y]
is (yar — Ym)?/4, we get

: i K —Im 2 ~ ~
Va < —Na(3,9) + [W 4 KO =m) ]J\G(s,’y), (3.10)
20, 4
where NV2(8,7) = % 7%
Setting
1 4o, !
T = 1+ [min{ , }] , 3.11
! Tm K’Ym(lyM - ’Ym)z ( )

we can use the decay conditions (3.8)-(3.10) to check that

2
56,9 = Ve + [T+ T Kl =P Vi) Ga12)

*

is a strict Lyapunov-like function for (3.5) in closed-loop with (3.7). In fact,

IA

S —W(é,’y(), ~Where (3.13)
2

W(3,7) = Na(3,3) + T1N1(5,7) = 5 7% + 113

along the closed-loop trajectories of (3.5), and S is also positive definite; see
Sect. 3.6.1 for details and our reasoning behind the choice (3.12) of S.

The fact that the full system (3.3) in closed-loop with (3.7) is GAS to the
origin now follows because (a) its Z sub-dynamics is ISS with respect to (5,7)
and (b) the asymptotically stable (3,4) sub-dynamics does not depend on z.
Let us now construct a strict Lyapunov-like function for the full closed-loop
system. We claim that

U ar~ = -9 _ doa?
M(z,5,7) =@S(8,7) + &%, where & = - (3.14)
m YUk

is a strict Lyapunov-like function for the system (3.3), in closed-loop with
(3.7), for which

2

*32 — oYy 5 (3.15)

m

. - ar
M < —a'yme—
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along the trajectories of (3.3). To see why, first notice that the relation

’Y

m

20, |77 < aym@? + az?

implies that

SN

= —2a77% - 277ax. < —20vm3? + 202, |T7)|
2 (3.16)
S _a'}/mi'z + A '72

m

dt

along the trajectories of (3.3). Then (3.15) follows by adding the inequality

oS < —@1}2*&2—@1”152

to (3.16). We turn next to a general theory that leads to the preceding analysis
as a special case.

3.2 Continuous Time Theorem

For simplicity, we first state our main result for time-invariant systems

& = f(z) (3.17)

evolving on an open set X C R”. Later we generalize to time-varying sys-
tems. In the rest of this section, we assume that the relevant functions are
sufficiently smooth. We also assume:

Assumption 3.1 There exist an integer j > 2; known functions

Vi: X - R,
N;: X —[0,00), and
¢i : [Oa OO) - (0,00),

and real numbers a; € (0,1] such that V;(0) =0 and N;(0) =0 for all i;

VVi(z)f(z) < —Ni(z) Vz e X ; and (3.18)

VVi(z)f(x) < —Ni(z) + ¢s(Va(z ZN‘“ WL (x) (3.19)

fori=2,... 7 and oll x € X. The function V1 is also assumed to be positive
definite on X.
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Assumption 3.2 The following conditions hold:

1. there exists a function p : [0,00) — (0,00) such that

J
Z./\fl(a:) > p(Vi(z))Vi(z) Vo e X; and (3.20)
=1

2. there exist functions pa,...,p; : [0,00) — [0,00) and a positive definite

function p such that for each i € {2,...,7}, the following hold: (a) If V; is
positive definite, then

pi(r) =0 and |Vi(z)] < f)(Vl(a:)) (3.21)
forallr >0 and x € X. (b) If V; is not positive definite, then
Vi) < pi(Vi(2))Vi(z) (3.22)
holds for all x € X.

Assumptions 3.1 and 3.2 agree with the ones in [106], except that [106]
requires the functions p; to satisfy (3.22) for all ¢ and all x € X (instead
of Condition 2. from Assumption 3.2). We refer to Assumptions 3.1 and 3.2
as our Matrosov Conditions, owing to their use of multiple functions V;.
However, there are several different sets of conditions that are referred to as
Matrosov Conditions in the control literature. We prove:

Theorem 3.1. Let Assumptions 3.1 and 3.2 be satisfied. Then one can ez-
plicitly determine C* functions ky, ) € Koo such that the function

5 = S k(%) + o)) (3.23)
=1

satisfies
S(z) > Vi(x) (3.24)
and .
VS(@)f(x) < s p(Va(a)) Va(a) (3.25)
forallx e X.

Remarks on Assumptions

Remark 3.1. If X = R™ and V; is radially unbounded, then (3.24) implies that
S is a strict Lyapunov function for (3.17). If V; is not radially unbounded,
then S is not necessarily radially unbounded and therefore one cannot con-
clude from standard Lyapunov theory that the origin is GAS. However, in
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many cases, GAS can be proved through a Lyapunov-like function and extra
arguments, e.g., by proving that any trajectory belongs to a compact set in-
cluded in X. This is often true in biological models that are based on mass
conservation properties, such as the one we discussed in Sect. 3.1.

Remark 3.2. If V1 is also lower bounded by a positive definite quadratic form
in a neighborhood of 0, then (3.25) implies that the time derivative of S
along the trajectories of (3.17) is upper bounded in a neighborhood of 0 by
a negative definite quadratic function. Also, (3.24) gives a positive definite
quadratic lower bound on S near the origin.

3.3 Proof of Continuous Time Theorem

Throughout the sequel, all inequalities should be understood to hold globally
unless otherwise indicated, and we omit the arguments of our functions when
they are clear from the context.

Construction of the k;’s and £2;’s

Fix j > 2 and functions satisfying Assumptions 3.1 and 3.2. Fix ka,...,k; €
C' N K4 such that

ki(s) > s+pi(s)s and ki(s) > 1 (3.26)
for all s > 0 for ¢ = 2,3,...,j. The following simple lemma is key:
Lemma 3.1. The functions {U;} defined by
Ui(z) =Vi(z) and U;(z) = ki(Vi(z)) + Vi(z) for i >2

satisfy 2k; (Vi (z)) +p(Vi(z)) > Ui(z) > Vi(x) fori=2,....j and allz € X.

Proof. Assumption 3.2 and our choices of the k;’s give

Ui(z) = Vi(z) + pi(Vi(2)) Vi(z) — ps(Vi(a)) Vi(z) = Vi(z) and
Us(z) < ki(Vi(2)) + pi (Vi(2)) Vi(z) < 2k (Va(x))

for all indices i > 2 for which V; is not positive definite. For the other in-
dices, the desired inequalities follow from (3.21) and the non-negativity of
the corresponding functions V;. This proves the lemma. O

Returning to the proof of the theorem, set ki(s) = s, and define the
functions U; according to Lemma 3.1. We can recursively define continuous
non-decreasing functions y; : [0,00) — [1,00) such that
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(Vi) > 2004) 3t k(Vi) + p(V) (3:27)
1=1+1

everywhere, where

Lo [46G =16 - 1)} (manfe
(V1) = max;=2,. ;4 ¢;" (Vi { 3.28
(V) = masxs—s { | (3:29)
for i = 1,2,...,7. For convenience, we set u;(v) = 1, and we introduce the
functions »
&) = [ witr)ar
0
Then 2/(s) > 1 for all s > 0 and 4, and Lemma 3.1 gives
j 1
QUU;) = 20(V1) Y 2(Ur)= (3.29)

=141

for all 4 and x € X. In particular, we have £2;(p) = p.

Stability Analysis

Since 21(s) > 1 everywhere, we get 21 (U (z)) > Ui (x) = Vi(x) everywhere.
Hence,

S(x) = 1 (2Vi(z)) +ZQ(U1(33)) (3.30)

satisfies (3.24). To check the decay estimate (3.25), first note that Assumption
3.1 and our choices of the k;’s give

VS(@)f(x) = 224 (2U)Vi + Z 24U [V Vi + Vs
< Ej:(z;(U v, _
Z 2.
Zrz’ (@ Vi) ZNV)

=1

(3.31)

along the trajectories of & = f(x). Define the everywhere positive functions
FQ, PN ,Fj by
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4G = D) = D2i(Ui(2))pi (Vi (x))
p(V1(x))

For any ¢ > 2 for which 0 < a; < 1, we can apply Young’s Inequality

Ii(z) =

1 1
vivg <of 40§, with p= "~ ¢= ;
a; 1—ai

to get
V1 (1’)
Ii(x)

for all z € X. The preceding inequality also holds when a; = 1, so we can
substitute it into (3.31) to get

N @V (@) < LT @) Nia) +

<Y QTN+ RV (3.32)

by our choices of the I}’s and the formula for ¢ in (3.29).
Since 2, > 1 for all 4, Assumption 3.2 gives

J
Z QUUIN; > p(Vi)Vi.
i1
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Hence, (3.32) gives

J

VS()f(x) < —4p(V1)V1 = 529{

"HP(Vl)Z (QQ(UJ“ ZM) .
i—2 =1

By reorganizing terms, one can prove that

J i—1 j—1 j
> (Q‘(Ui)“li ZM) == ( 3 Q;(Ul)alz>/vi . (3.33)
=1 i=1

=2 I=1+1

It follows that

VS(@)f(r) < - ipm)
j—1

+ N .

i=1

i)+ o) Z 2(U)
=1+

Since the N;’s are non-negative, (3.25) now readily follows from (3.29). O

Remark 3.3. When a2 = ... = a; = 1, Assumption 3.2 can be relaxed by
replacing (3.20) by the assumption that

x ZM(J:) (3.34)

=1

is positive definite, in which case we instead conclude that V.S(z)f(x) is
negative definite. The proof proceeds as in the proof of Theorem 3.1 through
(3.31). Then we can directly apply (3.29) and (3.33) to get

VS@f@) < —, Y AUUIN:()

everywhere. The result follows because {2, > 1 everywhere for all i.

3.4 Discrete Time Theorem

We turn next to an analog of Theorem 3.1 for the discrete time system

Tp41 = f(.l?k), T €X (3.35)
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where X C R™ is open and contains the origin. Throughout this subsection,
we make these two assumptions:

Assumption 3.3 There exist a constant a € (0,1]; an integer j > 2; con-
tinuous functions vy, M;, ¢; : X — [0,00) fori=1,2,...,4; and continuous
functions v; : X — R fori=2,...,j such that

n(f(z)) —n(z) < —M(z) (3.36)
for allx € X and
i—1
vi(f(2)) = vi(w) < =Mi(@) + di(va (@) (@)~ Y M (@) (3.37)
1=1

forallz e X andi=2,3,...,5.

Assumption 3.4 There are continuous functions Cy, : [0,00) — (0,00) for
k=1,2,3,4 such that the functions from Assumption 3.3 satisfy

Y Mi(z) = Ci(ni(x))|zf? (3.38)
1=1
and
Co(vi(2))|z]* < wi(x) < Cs(w(@))]af? (3.39)
forallz € X and
vi(2)] < Ca(nn(z))]al? (3.40)

forallz e X andi=2,3,...,7.

Assumption 3.3 is the discrete time analog of the continuous time Matrosov
Condition in Assumption 3.1 except for simplicity, we took all of the a;’s to
be equal. Notice that we are not requiring the auxiliary functions v; to be
non-negative for ¢ > 2, although v is non-negative.

Theorem 3.2. Assume that the system (3.35) satisfies Assumptions 3.3 and
3.4. Then we can explicitly determine non-decreasing everywhere positive C'
functions k; such that the function

J

S(x) = Zm(vl(aﬂ))m(aﬂ) (3.41)

1=1
satisfies
S(x) > |af (3.42)
and
S(f(x)) = S(x) < —wi(w) (3.43)

for all x € X. Therefore, S is a strict Lyapunov function when X = R"™.
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Remark 3.4. We have chosen to study the case where the auxiliary functions
Va,V3,...,v; are bounded from above by a positive definite quadratic func-
tion in a neighborhood of the origin. We made this choice because it leads
to reasonably simple calculations. We strongly conjecture that a strict Lya-
punov function construction can also be carried out without making this local
quadratic upper bound assumption.

3.5 Proof of Discrete Time Theorem

Throughout our proof, all inequalities should be understood to hold for all
x € X unless otherwise indicated. We can easily find a C' non-decreasing
function I : [0,00) — [1,00) such that

04 (’I“)

Co(r) +1<TI'(r) Yr>0. (3.44)

Hence, (3.36) and the non-negativity of v; give
P (f(2)vi(f(@) = T (@) (z) < —L(vi(x))Ma(z) (3.45)
for all x € X. Also, (3.39) and (3.40) give

Ca(vi(x))

ol (2)) vi(z) + vi(z) > 0. (3.46)

We introduce the functions

=1, and vi(x) =T (2)vi(x) + vi(x) fori=2,3,...,5. (3.47)

Then
vi(z) > v(z) Vi (3.48)
Also, (3.37) and (3.45) give
i1
vi(f(2)) = vi(e) < —Mi(2) + ¢i(n (@) Y M (@) (x) (3.49)
=1

for i > 2. We define the functions Vi, Va,..., V) by

1
Vi(z) =vi(z) and Vi(z) = Zl/r(x) for [>2. (3.50)

r=1

Each function V] is positive definite, because v is positive definite. Moreover,
a simple calculation yields
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Vi(f(@)) = Vi(z) < =Ni(x) +9i(Vi(2)Vi' ™ (@)N (@) (3.51)

for all i > 2, where

Ni(z) = i:AAAx) (3.52)

und
i(Vi(z)) = iiaﬁr(Vl(x)) (3.53)

everywhere for i = 1,...,j. We also sethz
Y1(m) = 0 Vm. (3.54)

We can recursively define everywhere positive non-decreasing C! functions
o, 1, ..,01 that satisfy

a;(r)Ci(r)

0oy 21 (3.55)

and
l1—a 1

@' A7 Oyl o < lage) (3.50
¢ (e, (9

fori=1,2,...,5—1.
Consider the functions

Ui(z) = o (Vi(2))Vi(z) fori=1,2,..,5 and
J (3.57)

Notice that for all i € {1,...,5}, we have
Ui(f(z)) = Ui(z) = a; (V1 (f(@))‘/;(f(f)) —a;(Vi(2)) Vi(x).

Since V1 (f(z)) < Vi(z) and each o is non-decreasing, and since each V; is
positive definite, we deduce that

Ui(f(2)) = Us(z) < ai(Vi(z))[Vi(f(z)) = Vi(x)]. (3.58)
It follows from (3.51) that

Ui(f(x)) = Ui(x)
< oi(Vi(@) | = Ni(@) + i (Vi (2)) Vi ()N ()|

(3.59)
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Therefore,

Uf) —U) <Y [ a0 (Vi ()N ()

r=1

(V) (4 )V “(x)Nﬁ_l(x)]

(3.60)
< —Zar Vl(x) Nr(x)
+Z [a,« (i) (R )V @A (o)
where the last inequality is from (3.54). We deduce that
U(f(@) = U) < =D ar(Vi@)) N (@)
;j (3.61)
+ 3 a1 (Vi(@) o (Vi) VI ()N ().
Using the fact that
J Jj—1
> ar(Vi(@)Ne(z) = a; (Vi) N (x) +Zar Vi(2)) N (2)
> a; (Vi(2))Cy (1 (x |x|2+Zar Vi(2))Nr(2)

and therefore also

X
r=1 7 (3.62)

_ _aj(Vi(@)Cr(Vi(=))
U(f(x) —Ux) < ’ G Vi(x)

D> - (AN e) (369

tar i1 (Vi(@)) g (Vi (@) V] (@) N2 () .-
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Setting

ns= G @ e
0 () ar (s)

1/a

for r =1,2,...,7 — 1, Young’s Inequality pg < p*/(1=%) 4 ¢'/@ applied with

be a; (Vi (2))C1 ™ (Vi) Vi () and
(2))'C5~" (Vi ()

q = (2))' " Yr1 (Vi (@) I (Vi (2)) N (2)

for a # 1 gives

a1 (Vi(@) 1 (Vi () Vi~ (@) N ()

a;(Vi(z))C1(Vi(z))
2jC3(Vi(z))

+(24) " T (VA (@)1 (Vi (2)) N (@)

Vi(z) (3.64)

for all possible a € (0, 1].
Combined with (3.63), this gives

U(f(x)) —U(x)

a;(Vi(2))C1(Va(x))
< ~_1 2103(%2 ))1 Vi(z) (3.65)

1

+z[ 0 (Va(@) 4 (20) " Lo(Vi @)y (Vi (@) A (),

for all possible a € (0, 1]. Since our functions «a; satisfy (3.56), we get

0y (V@) Ca(Va(e) 1

_ < _ )
u(rte) —u@ < =" (3.66)
Using (3.40), we can determine an increasing C function A : [0, 00) — [1, 00)

such that
[U(x)] < A(Vi(x))Vi(z) Ve € X and

Ar) > vr > 0.

. (3.67)
Ca(r)
We easily deduce that

S(z) = U(x) + 24(Vi(x)) Va() (3.68)
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satisfies

S@) > AVi(@)Vi(x) > CXIV%) > Jaf? (5.69)
and

s - s < - @, )
Combined with our condition (3.55) on «j, this proves the theorem. g

3.6 Illustrations

3.6.1 Continuous Time: One Auxiliary Function

Let us show how the strict Lyapunov-like function (3.12) we constructed in
Sect. 3.1 follows as a special case of Theorem 3.1. Choose V; and V5 as defined
n (3.6) and (3.9), respectively. Then our decay conditions (3.8) and (3.10)
imply that Assumption 3.1 is satisfied with j = 2, NV7(8) = 3%, N2(3) = % 72,
as = 1, and the constant function

2 2
_ v, Koo —ym)
02(s) = o) F 4 '

Moreover, since V; is bounded from above by a positive definite quadratic
function near 0, we can find an everywhere positive function p so that

p(V1)V1 < min{l,v;} 8 +5% ZN (8,79)

on X. (In fact, we can choose p so that outside a neighborhood of zero,

c

P = .,

for a suitable constant c.) Thus, the first part of Assumption 3.2 is also
satisfied.

Next note that because max{(yar — ¥)(Y = Ym) : ¥ € [Ym, Y1)} = §(var —
Ym)?, we know that

Lo, 20, P
2%m K’Ym(’YM—’Ym)Q’y -2

1 4v,
v = min , , 3.71
{’Ym K’Ym(’YM _’Ym)z} ( )

Vi(s,7) =

where
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holds on X. This and the triangle inequality |$3] < 15 4 }37 give

N
nE = @< O

<

(Our choice of V5 was motivated by our desire to have the preceding estimate.)
Hence, the second part of Assumption 3.2 is satisfied as well, so Theorem 3.1
applies with the constant function

pa(s) = o

We now explicitly build the strict Lyapunov-like function from Theorem 3.1.
Since j =2 and as = 1, we get

hence
Us2(3,7) = 11Vi(5,9) + Va(8,9),

where 17 is the constant we defined in (3.11). Also, we can take ¢ from (3.28)
to be ¢2 to get

2 K _ m2
21(s5) = “}M_F (FYMZ Ym) }s and

Hence the formula (3.30) for S becomes

2 K _ 2
S(5,7) = Ua(5,7) +2 [Z}M ¢ Kl = m) }Vl(éﬁ)

(3.72)

U

- 22 -
— Vh(5,9) + [n M Ky — vm>2] Vi(5,9)

which agrees with (3.12).

3.6.2 Continuous Time: Two Auxiliary Functions

We next consider a case where the function (3.23) constructed in Theorem
3.1 is radially unbounded and therefore is a strict Lyapunov function. We

consider the system
{xl - (3.73)

.fg = =1 — x%
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We use the functions

Vi(z) = j(af +23)*, Ni(z) = (aF + 23)a3
Va(z) = 5 (2] +23), Na(z) =23, (3.74)
Vs(z) = §(a% +ad)ziza, and Nj(z) = J[a? + 23] .

Along the trajectories of (3.73), the functions V; satisfy

Vi(z) = —M(2),
Va(z) = —Na(z), and

Vi(z) = 3[23 + 23][23 — 2% — z123] — Na(2)z122.

N

Therefore, the inequality xi2zo < éx% + %x% gives

Va(z) < —Na(x) + d3(Vi(z))/Na(z) v/ Vi (), (3.75)

where
¢3(r) =1+ 3y/r. (3.76)
One can easily check that

3
Z;Nr(:o = (af +a3)as + a3 + }[27 +a3la? (3.77)
> p(Vi(x))Vi(x),
where p(r) = 1. Also, V; and V3 are positive definite, and
[Va(2)| < ps(Vi(x))Vi(z) , (3.78)

where p3(r) = 1. Therefore, Assumptions 3.1 and 3.2 are satisfied with j = 3,
p(s) = /s, ¢p2 = 1, as = 1, and a3 = 1/2. Hence, Theorem 3.1 provides
a strict Lyapunov-like function for (3.73), which turns out to be a strict
Lyapunov function.

Let us construct the strict Lyapunov-like function from the theorem. Since
p2(s) =0, we can satisfy the conditions (3.26) on the k;’s by taking

kl(s) = kQ(S) =S and ]fg(s) = 2s.
The functions U; from Lemma 3.1 are therefore

Ui(z) = Vi(x) , Uz(ﬂfx) = Vi(x) + Va(x) , and (3.79)

Since az = 1 and a3 = 1/2, the function @ from (3.28) is &(s) = 16(1+3+/s)%.
Therefore, we can satisfy the conditions on the §2;’s in (3.29) by taking
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25(s) =5, $25(s) = 325 + 128532 4 14457
21(s) = £25(s) + 322 (49s + 1055 + 80s%) , and (3.80)
S(x) = 21(2U1(z)) + 22(Uz(z)) + Us(x).

With these choices, we obtain
S(z) < —1vi(x). (3.81)

In conjunction with the properness and positive definiteness of .S, this shows
that S is a strict Lyapunov function for (3.73).

Remark 3.5. The parameters in the functions {2; and {2 in (3.80) are large.
However, we can construct a global strict Lyapunov function for (3.73) with
smaller parameters, by the following direct construction.

We have

Us(z) = —(Ni(x) + Na(x)) , and (3.82)
Us(x) < —2Ni(z) — N3(2) + 63 (Vi(2)) /Na(z)/ VA () .
Therefore,

Us(z) + Us(z) < —Ni(z) — Na(z) — Na(z)
+¢3(Vi(2))y/Na(2)\/ Vi ()

~Vi(x) + ¢3(Vi(2))/Na(z)y/ Vi (2) (3.83)
=3 Vi(@) + 303(Vi(2))Na()

< —1Vi(@) + (14 9Va(2)Na(a)

IA

IN

where the second inequality is by (3.77). Let
S(x) = 2Us(x) + 8UZ(z) + Us(x). (3.84)

This function satisfies ] L
S(w) < = Vi(w) . (3.85)

Moreover, S is positive definite and radially unbounded, because the U;’s are
bounded below by V;. Therefore S is a strict Lyapunov function for (3.73).
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3.6.3 Discrete Time Context

We illustrate our discrete time Lyapunov function construction from Theorem
3.2 using the system

Pk+1 = 4k
dk+1 = Tk (3.86)
Tkl = Pk — ili’;i'

Let = (p, ¢, 7). We check the assumptions of the theorem using

vi(z) =3[P+ @ +r2], w(z) =1 v(z) =4

. (3.87)
My(z) = 35 Lhpzr Ma(z) = r?, and Ms(z) =¢* .
Notice that
vi(eh1) = vi(er) = 3PEr + dign + 1] — 3 [PF + @i + 77
2
_ 1 3 pr 2
- Pk — 2 _pk:|
? [( h) (3.88)
_1[ 3 p} 9 H
-2 [_2 lip% + 16 (1fp%)2:|
< =M (xg).
Also,
vo(xks1) — va(zg) = r,%_H —r
2
=~ Moy(zp) + (1 — f;ljpi) v (3.89)
2
< —Ma(m) + 2 (1-9, 1) (14 )M ()
and
v(wry1) — v3(@r) = qpyy — ap = —Ms(ar) + Ma(zy). (3.90)
In summary,
vi(zpy1) — vi(z) < —Mi(zk)
va(pi1) — vo(xr) < —Ma(xk) + ¢2(v1 (z)) My (zg) (3.91)
v3(Tps1) — v3(xr) = —Ms(xr) + d3(vi(zk)) Ma(zk)
where 19
bo(l) = “(1+20) and ¢s(l) =1. (3.92)

15
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It follows that Assumption 3.3 is satisfied. Moreover, for all choices of z,

3 15 p?
— 2 2 2
l§:1le(x) 39142 TCHT 2 Cr(v(@))l2[*

Co(v1(2))]z]? < vi(z) < Cs(vi(x))|zf?, and (3.93)

vi(z)] < Ca(r(x))|af? fori=2,3

where

15

Gi() = 32(1 4 21)

Co(l) = C(l) = ; and Cy(l) = 1

for all [ > 0. Therefore, Assumption 3.4 is satisfied as well, so Theorem 3.2
applies. Hence, we can construct a strict Lyapunov function for the system
(3.86) by arguing as in the proof of Theorem 3.2.

Let us construct a strict Lyapunov function for (3.86) of the type guaran-
teed by the theorem. Since

2o (p41) — 2v2(xy) + v3(Trt1) — va(zr)

o (3.94)
= —Ms(xg) — Ma(xy) + 15 [1 4 2vy (zg) M1 (zk),
the radially unbounded positive definite function
94
S(x) = 15 1+ 2v1(2)] 11 (2) + 2v2() + v3(2). (3.95)
satisfies
S(xrr1) — Slar) < —2[1 4 2v (xr) | My (z1) — Ma(x) — Ms(ak) (3.96)
< —uilzk)

which is the desired decay condition.

3.7 Comments

The recent paper [111] provides an alternative and very general Matrosov
approach for constructing strict Lyapunov-like functions. However the Lya-
punov functions provided by [111] are not in general locally bounded from
below by positive definite quadratic functions, even for globally asymptoti-
cally linear systems, which admit a quadratic strict Lyapunov function. The
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shape of Lyapunov functions, their local properties and their simplicity mat-
ter when they are used to investigate robustness properties and construct
feedbacks and gains.

The differences between Assumptions 3.1 and 3.2 and the assumptions
from [111] are as follows. First, while our Assumption 3.1 ensures that V4
is positive definite but not necessarily proper, [111] assumes that a radially
unbounded non-strict Lyapunov function is known. Second, our Assumption
3.1 is a restrictive version of Assumption 2 from [111]. More precisely, our
Assumption 3.1 specifies the local properties of the functions that correspond
to the x;’s of Assumption 2 in [111]. Finally, our Assumption 3.2 imposes
relations between the functions A; and V;, which are not required in [111].
An important feature is that we do not require the functions Va, ..., V; to be
non-negative.

Our treatment of (3.3) is based on [106]. Since the Matrosov constructions
in [111] assume that the given non-strict Lyapunov function is globally proper
on the whole Euclidean space, and since (3.6) does not satisfy this require-
ment, we cannot construct the required explicit strong Lyapunov function for
(3.3) using the results of [111]. Notice that the strict Lyapunov-like function
(3.72) that we constructed for the anaerobic digester is a simple linear com-
bination of V3 and V4. By contrast, the strong Lyapunov functions provided
by [111, Theorem 3] for the j = 2 time-invariant case have the form

S(@) = Q1(Vi(2))Vi(2) + Q2(Vi(x)) Va(w),

where ()7 is non-negative, and where the positive definite function @2 needs

to globally satisfy
Vi) < —1 ( W(Z‘) ) ,
@O =0 p(lal

where

VVa(z)f(z) < —Nao(z) + o(Ni(2))p(|z])

for some ¢ € K and some everywhere positive non-decreasing function p
and the positive definite function w needs to satisfy Ni(z) + Na(z) > w(x)
everywhere. In particular, we cannot take Q2 to be constant to get a linear
combination of the V;’s, so the construction of [111] is more complicated than
the one we provide here. Similar remarks apply to the other constructions
in [111]. See Chap. 8 for strict Lyapunov function constructions under more
general Matrosov type conditions.





