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A Distributed Algorithm for Reconfigurable
Process Control

6.1 Introduction

We now develop a strategy to effectively coordinate the operation of the DRPC
system. Predictably, this is in the form of a distributed algorithm for guid-
ing and managing the distributed interactions of process elements to achieve
suitable control settings. We focus in particular on the interactions between
unit elements during synthesis phase of the reconfiguration process (Fig. 5.1)
where the settings of each element are established. The proposed algorithm is
used by unit elements to find control settings for their local and other network
parameters once the physical layout of the specific process scheme to be used
for production has been established.

6.1.1 Overview

Before beginning with the strategy development, we position the proposed
approach in the context of existing distributed approaches.

As reviewed in Section 2.4, previous research on distributed approaches in
control, both in manufacturing and other domains, has used distribution to
solve large control problems by breaking them into multiple smaller problems
referring to individual subsystems and then solving them either independently
(Siljak 1991) or via iterative coordination based on hierarchical (Mesarovic
et al. 1970) or distributed (Bertsekas & Tsitsiklis 1989) techniques. Alterna-
tively, when problems are already distributed, the question of problem solving
is to coordinate the local solutions so as to ensure a global objective or con-
straint is satisfied. Problems of these nature arise in numerous large-scale
domains as explored in Section 2.5 which just looks at few.

Previous research in distributed manufacturing paradigms of holonic and
agent-based manufacturing control have taken a view of separating the con-
trol architecture from control algorithms to enhance reconfigurability of the
architecture, i.e., the desire for reconfigurability of the architecture and soft-
ware drives distribution rather than computational simplification. Bongaerts
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(Bongaerts et al. 2000, Bongaerts 1998) in this sense used a mix of hierarchi-
cal hierarchical (fully distributed) control to switch between proactive (when
conditions are planned) and reactive behaviour (when disturbances arise) of
distributed holons in so-called PROSA architecture (van Brussel et al. 1998).
More advanced work on distributed scheduling has used lagrangian decom-
position (Liu & Sycara 1997, Gou et al. 1998) and market programming
approaches (Vancza & Markus 1998, Tharumarajah 2001, Shen, Wang &
Hao 2006) to define the methods for resource allocation, i.e., assignment of
tasks to machines and scheduling of their start and end times.

In this chapter we use a distributed coordination technique of nested de-
composition, studied previously for multi-stage optimisation problems (Ho &
Manne 1974, O’Neill 1976, Wittrock 1985), to define the coordination strategy
for process elements. Our rationale for using this approach is two-fold:

a. The process units in a continuous process remain tightly interconnected,
therefore the coordination of their distributed settings should occur via
direct interactions between them instead of achieved by separate product
elements as in previous holonic and agent research. It is likely that if the
latter approach is used the amount of coordination effort required could
become excessive;

b. The approach of nested decomposition provides an economic interpreta-
tion that can be linked to the price and demand guided interactions be-
tween companies in a virtual enterprise, and so, to the use of this analogy
in defining the protocol for material exchange in the interaction model.

The previous techniques in nested decomposition are not immediately ap-
plicable to process control problems though because they can only be linked
to multi-stage process networks of series-connected form. Instead, we seek an
extension which can be applied to process networks of arbitrary form.

6.1.2 Requirements for a Distributed Coordination Strategy

The coordination approach is expected to support the distributed nature of
control architecture and interaction model in previous two chapters. This dis-
tribution was considered essential to promote a maximum level of reconfig-
urability in the design and interactions of process elements. Any numerical
technique used as part of coordination must not disturb the reconfigurability,
i.e., the use of a centralised entity or constraint must be avoided. We also
aim that the elemental sub-problems (as obtained after distribution) adhere
to a common production objective which in this chapter is considered as the
sum of all local costs. This is to ensure the distributed solution meets the
optimality and global coherence of hierarchical control where possible. With
regards to the four requirements in Fig. 2.7, the strategy is also expected to
provide a level of responsiveness to variations in local problem formulations
and other disturbances.
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Fig. 6.1. Schematic of a large-Scale or complex system

This chapter is structured as follows. The next section introduces the for-
mulation of distributed control problem to be used in this chapter as the
basis of analysis. Section 6.3 characterises the technique behind overall solu-
tion strategy. Sections 6.4 to 6.6 then develop the distributed algorithm in a
constructive manner. Illustrative examples and the potential future extensions
of the approach are discussed in Sections 6.7 and 6.8.

6.2 Distributed Control Problem

We start by mathematically formalising the distributed control problem to be
used in this chapter.

A chemical process can be seen as a large-scale system comprised of multi-
ple subsystems or process units as shown in Fig. 6.1(a). In this network form,
the outputs of each unit become the inputs to its downstream units and so
on. By imposing an orderly input-output matrix H, this network form can be
converted into a generic form shown in Fig. 6.1(b) where H now represents
the network structure of the process, with each row in H referring to an input
and each column to an output of associated process unit.

Assuming there are N units in the process, we then use the following model
structure to define the dynamics of the whole process.
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F4(t) = hy(@:(t), wi(t),vi(t),t) i=1,...,N
yit) = gi(wi(t), ui(t), vi(t), 1)
vi(t) = Y Hiy;(t)
&
r(z(t),u(t),v(t),t) € R

where x; € X; is the vector of states, u; € U; is the vector of manipulated
variables, y; € Y; is the output vector and v; € V; is the interaction vector
associated with unit 4. The vectors x,u and v are the aggregate vectors of
zi,u; and v, ¢ = 1,..., N respectively. The constraints h; and g; represent
the state and output equations, (G; are the local constraints, and r is the
shared constraint coupling one or more process units. The matrix H;; then
aggregates the effects of all units j # 4 on unit ¢. O

Assuming process units are connected via piping streams only, we can
derive a specific formulation of matrix H. To do so, we adopt the so-called
P-Graph model proposed by Friedler, Tarjdn, Huang & Fan (1992).

Omitting services (e.g., steam, cooling water), in a P-Graph form the pro-
cess is represented as a finite set of materials M being transformed by a finite
set of process units O available in the process. Each process unit ¢ in this sense
is written as a material tuple (mat!”, mat?*') where mat{" and mat?** € M
are the sets of incoming and outgoing materials. If p(M) is the set of all
possible subsets of A/, then we get the following two relationships:

(6.1)

OCpM)xp(M) O#0),
and

M= { U mat::"} U { U matf“t}
€0 i€0

We can then use the P-Graph (M, O) to represent the network structure

of the process as a directed, bipartite graph comprising material nodes (as

elements of M) and unit nodes (as elements of O). Fig. 6.2 shows an example

P-Graph comprising three unit nodes, where M and O can be written as
M ={A,B,C,D,E,F} and O = {U1,U2,U3}.

£ D Unit Node
|} Unit2 [] Material Node
B ool B Unit 1 i
./'-, e —
H' \¢D—H u1 »—-ﬂ
—
7 ,// v
b {3y B

B o |:|/
H" Unit 3

Fig. 6.2. An example of P-Graph model
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In what follows, we consider a specific interpretation of vectors v;, u;, x;

and y; in Eq. 6.1 to relate the model equations with demand-pull type inter-
actions between unit elements in the interaction model.

Interactions v;: The interactions v; are taken as the flow rate demands for
outgoing materials mat?“ of unit i, i.e., the flow-rate demands act as a
form of disturbances that the unit cannot control on its own but are set
by the units in its downstream. Other types of interactions, e.g., due to
pressure and temperature variables, are omitted here.

Manipulated Inputs u;: The manipulated inputs u; are divided into three
types: Ui ip, Uiyta and u;qo.. The u; 4, are set as the input flow-rates
for materials mati®, u; 4 as the input flow-rates of utilities, and u; o as
other local variables (e.g., agitator speed of a reactor) associated with unit
i. Uijin as the jth element of w; 4, then refers to unit #’s input demand to
unit j in its upstream.

States x;: The state variables x; refer to various local properties of unit i,
such as level, volume or material concentrations.

Outputs y;: The outputs y; are taken as input demands u; ;,, i.e., y; for
materials mat{® of unit .

Using the above assignment of variables and P-graph model (M, 0), we

get at the following equivalent form of Eq. 6.1 where P-graph (M, Q) is now
used to replace matrix H.

@i (t) = hy(zi(t), ui(t),vs(t), 1) i=1,...,N
yi(t) = {uijin(t)} for all j € S, q € mat™

vi(t) =< > u],m(t)} for all d € mat?*t (6.2)
jeMy

Gi(xi(t),ui(t),vi(t), 1) € S;

r(z(t), u(t),v(t),t) € B

where, in reference to P-Graph (M, 0), M{ and S! are:
Mf : indices of units j € [1,..., N] connected to unit i
through a material stream d € mat?¥
S? : indices of units j € [1,..., N] connected to unit ¢

through a material stream ¢ € mat{”. O
In this chapter, to simplify the discussion and limit the amount of math-

ematical rigor involved, we restrict ourselves to a linear, steady-state form of
Eq. 6.2 as follows.

0 = Asx; + Byu; — Eyv;
Y; = {uijin} forall je Sg,q c matg”

=4 3 u]n} for all d € mato¥t (6.3)
jEMY

x; € X,

u; € U
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where x;, u;, v; and y; now all refer to their steady-state values. Matrices A;
and B; in Eq. 6.3 are assumed to be of appropriate dimensions, while C;, D;,
FE; and Hy; are assumed to possess a special form as discussed later in this
section. Note that we have omitted the shared constraint r(z,u,v) € R in
Eq. 6.2.

Fig. 6.3 depicts the example from Fig. 6.2 with the dynamics of individual
units and their interactions. Note that process units are connected through

relationship v; = {Zjqu[ u],m} for all d € mat?“!. For units 2 and 3 the

set MY refers to unit 1 as the only customer unit for material C.

F

B U in,F : -
L Unit 2 w6 Uy in,C Unit 1 A
B “ V1 [ w4
" 0,in,A

5 Ty = Apxy + Bouy — Eyuy 44:|~—> n =Ad17 + Biuyy — E\ny />|:|—~> ik
[

Uy in, B : /B
D . Unit 3 vy / H U1 in,B
’7—-} T3 = Azz; + Byuz — Eyvg .r"; =

Uy in,D

Fig. 6.3. Local unit dynamics for P-Graph in Fig. 6.2

In what follows we make a further assumption that the interaction vector
v; for all units ¢ = 1,..., N is of the dimension equal to number of materials
in mat?“, i.e., each element in v; refers to a demand for a material in mat?“*.
If unit ¢ supplies the same material to multiple customer units, then the total
sum of all demands is used as the value for respective element in v;.

With this assumption, the formulation of matrices C;, D; and E; in Eq. 6.3
can be simplified. In particular, all entries in E; are set to 0 except where a 1
appears when an element in v; is connected to an element in state vector x;
via the state equation. The matrix C; similarly becomes a zero matrix with
all entries 0, while D; becomes a matrix with all entries 0 except where a 1
appears when any element of u; ;, is connected to an element of y;. Note that
each element in wu; ;, in this form is connected to only one element in y;.

Using the revised form of F; we can also simplify Eq. 6.3 by separating
the rows in 4; and B; which do not contain any element of v; into separate
local matrices A; ;o and B; ;.. The constraints involving A4; ;o and By jo. then
become the local constraints of unit i. For the sake of simplicity, we separate
these constraints from remaining constraints and assume that A; and B; now
only refer to those rows that correspond to an element of v;. For simplicity, we
also assume that each row in A; and B; is associated with only one element
in v;, i.e., the number of rows in A; and B; equal the length of v;, which,
in turn, equals the number of outgoing material streams d € mat?“. We can
then eliminate E; from Eq. 6.3 altogether.
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We now define the distributed control problem used in this chapter. For-
mally, the problem assigned to each unit ¢ = 1,..., N is to find an optimal,
steady-state deviation in its variables x; and u; from a nominal operating
point Z; and u; for a given demand deviation of v; from the nominal demand
0;. The nominal point for all three vectors may refer to a target set point
supplied by the higher-level optimiser.

Problem 6.1 (Distributed Control Problem).

N
minimise Y fi(z;,u) i=1,...,N
it =1

S.t. Az + Biu; = v;,
Ai,locxi + Bi,locui =0,

yi = {uwijin}, forall j € S{ g€ mati" (6.4)
vi=1< > Ujiin ¢, forall d € mat?¥,
jemy

x; € X;,u; € U; O

The objective function f;(-) is assumed to be strictly convex jointly on
its constituent variables z; and w;. For simplicity, we assume that f; is
linear-quadratic, i.e., =] Q;z; + ul Ru; + cf [z7,ul |7 where []7 represents
the transpose operator. This together with the affine nature of the constraint
equations guarantees that the dual problem of Prob. 6.1 is differentiable
(Rockafellar 1970).

In summary, the distributed control problem to be solved for the overall
process is to minimise the joint total cost (as the sum of individual costs)
of all units in the P-Graph subject to a constraint that all material flow
interactions are satisfied between units. The solution of this problem then
defines the material flow-rates w; i, in the network.

Note that although the local costs fi(x;,u;) of all units 4 = 1,..., N
are separable, the individual sub-problems are not, because the constraints
v; = {ZJ.GM? Wjiin}, Vd € mat?¥ link them. As a result the overall problem
cannot, simply be decomposed into sub-problems and solved independently. A
distributed approach to solving Prob. 6.1 must be able to coordinate these
linking constraints via distributed interactions.

Prob. 6.1 is general enough to be applied to a process network of any arbi-
trary nature. However, in this work, we limit, ourselves to processes of acyclic
nature only (i.e., processes that do not contain material or energy recycles)
and having no by-products. Recycles or by-products play an important role
in modern process plants, however the developments made in this chapter
cannot support such process forms at present.

We observe that this and other assumptions made in this section regarding
problem formulation and network structure help us to simplify the solution
strategy described next. These can be relaxed as appropriate by generalising
the approach discussed here.
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Fig. 6.4. Supplier-customer relationships between unit elements

6.3 Distributed Coordination Approach

Having defined the problem formulation, we now develop the distributed co-
ordination approach used in this chapter for solving Prob. 6.1. We use the
concept of so-called nested decomposition from optimisation and operations
research literature (Ho & Manne 1974, O’Neill 1976, Wittrock 1985) to develop
the approach. In simple terms, it refers to solving a multi-stage optimisation
problem (e.g., in a staircase type linear program) by solving multiple, smaller
coordination problems, each associated with a linking constraint connecting
two successive stages.

We split the development of the proposed approach into three main steps:

i. Problem decomposition: Develop a method for decomposing the overall
process network into multiple two-stage problems;
ii. Solution of two-stage problems: Develop a general method for solving
customer-supplier coordination (the two-stage problems);
iii. Solution of multi-stage problems: Develop an algorithm for solving the
two-stage problems in a nested sequence.

Before describing each of these in detail (Sections 6.4-6.6), below we pro-
vide in this section an outline of the overall approach.

Fig. 6.4 repeated here from Chapter 5 depicts the form of supplier-
customer type relationships between unit elements in the interaction model
— the unit elements act as the suppliers for their outgoing products and cus-
tomers for their incoming feedstocks. In order to formalise this relationship
mathematically, we consider a further analogy of price-demand type interac-
tions between companies in a supply chain, or specifically a virtual enterprise,
when operating under a make-to-order environment.
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Fig. 6.5. Price-demand oriented interactions between companies in a supply chain

In a supply chain, as shown in Fig. 6.5, companies share price quotes
and demand quantities to make decisions on which suppliers to select and
how much demand is allocated to each supplier. The customer companies
along each tier request potential supplier companies upstream for price quotes
for expected demand quantities. The price quotes then flow forwards. The
customer companies use these price quotes to select suppliers and allocate
demands. The interactions thus remain bidirectional and may repeat until all
companies settle on a price-demand contract, at which point the operations
can commence.

When viewed in an analogous manner, we can formalise the interactions
between unit elements by attaching a price quote to a supply proposal as the
variation in local cost of the supplier unit element for a unit change in the
product flow rate. The interactions would then proceed as follows.

Starting from the terminal stage in the process, each unit element in its role
as a customer together with all unit elements acting as its suppliers attempt
to form a two-stage control problem of the form of Prob. 6.1 involving only
these unit elements. The objective is to distribute the customer’s feedstock
demands among suppliers in a manner that the total cost of suppliers and of
the customer is minimised. The same principle is then applied to these supplier
elements who attempt to distribute their demands by forming appropriate
two-stage control problems involving unit elements further upstream. The
process is repeated until unit elements in the first stage of the process are
reached.
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At this stage, we obtain multiple two-stage problems involving unit ele-
ments from successive stages of the process. The overall solution approach
then operates by solving these two-stage problems sequentially in a nested,
iterative fashion.

Each individual two-stage problem is itself associated with a two-level
coordination algorithm based on the so-called primal decomposition concept
(Geoffrion 1970). A detailed explanation of primal decomposition approach is
given in Appendix A. Within the two-stage problem, each unit element has
two roles. In its role as a customer, it becomes the coordinator of its demand
distribution, and as a supplier a sub-problem where its role is supplying the
price quotes. We next exploit an economic interpretation of the primal de-
composition algorithm to link the solution of two-stage problems with the
price-demand type interactions in Fig. 6.5.

At first, each unit element in its role as a customer (called the customer
unit) selects a distribution of its feedstock demands and passes that as coor-
dination variables to all unit elements acting as its suppliers (called supplier
units). For a given demand, the supplier units attempt to solve their local
problems to find the optimum supply costs and a solution to other local vari-
ables. The supplier units return back to customer units their supply proposals
comprising: (a) the supply cost for the specified demand, and (b) the marginal
cost as an indication of the variation in supply cost for a unit change in the
demand flow rate. In the language of primal decomposition, this supply pro-
posal refers to so-called optimality cut that is included in customer unit’s local
problem at the next iteration. Subsequently, at each iteration, the customer
unit adjusts its demand, taking into account the previous supply proposals,
such that the total cost of all suppliers plus its own is minimised.

The overall interactions across the process then operate in a chain whereby
all these two-stage problems are solved iteratively in a nested, iterative se-
quence. Starting from terminal stage, each individual customer unit allocates
its feedstock demands to its supplier units. These supplier units then further
propagate the demands upstream until the first stage is reached. Next, start-
ing from the first stage, the supplier units return their supply proposals (as
optimality cuts) back to customer units downstream. The customer units in
each stage then include the new supply proposals to solve their local problems
and alter the demands allocated. This multi-level chain of interactions thus
repeat, first backwards and then forwards, until all interim demand flow rates
converge to an optimum value.

The solution strategy described above supports the reconfigurability of
the interaction model in following ways. Firstly, the above solution approach
operates in a completely distributed form, i.e., the overall problem is solved
by direct interactions between unit elements themselves without referral to
a centralised coordinator. Secondly, because all unit element problems are
made independent via distributed interactions, the approach allows adding or
removing unit elements from problem formulation without having to refor-
mulate the dynamics model in Prob. 6.1 which otherwise would be necessary
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in a centralised implementation. Thirdly, under certain conditions it can be
shown that the solution obtained for interim flow rates converges to the same
optimal solution as that obtained by solving a centralised problem. Finally, if
there are bounds on supply capacities of the supplier units that can be mod-
elled in the formulation of customer problems, then it is possible to restrict
the interim demands of customer units to be within these bounds to ensure
feasibility. The above solution process, hence, can be interrupted at any stage
in the sequence to use a suboptimal but immediately usable solution. This
might be desirable, for example, in a constantly changing environment. The
proposed approach thus retains distributed character of the interaction model
whilst also maintaining optimality of the solution.

In the next three sections we now address the three steps of the proposed
distributed coordination approach in detail.

6.4 Problem Decomposition

In the first step to solving Prob. 6.1, the overall problem is decomposed into
a set of two-stage problems, each referring to a network junction between two
or more process streams. We refer to such a junction as a Junction Block.
Each junction block is thus a two-stage process consisting all unit elements
and process streams associated with that junction.

Fig. 6.6 shows the four different types of junction blocks that can be found
in any acyclic process network. The MIXER and SPLITTER blocks represent
the junctions associated with process units such as mixer, splitter or a pip-
ing header where multiple material streams of identical properties are mixed
together or a single stream split into multiple such streams. The MULTIFEED
and MULTIPROD represent the junctions associated with process units such as
feed preparation, reactor, distillation column etc., where material streams of
non-identical properties are merged together or are produced as outcomes of
the processing task. Note that a more complex junction with multiple incom-
ing and outgoing streams can be always represented by superimposing MIXER
or MULTIFEED blocks on top of SPLITTER or MULTIPROD blocks.

Fig. 6.7 shows an example of problem decomposition in which an arbi-
trary process network is decomposed into its constituent junction blocks. The
junction blocks are interconnected via process units common between them.

6.5 Solution of Two-Stage Problems

In the next step to solving Prob. 6.1, each junction block, being a two-stage
process, is associated with a two-level coordination algorithm based on primal
decomposition concept of the type introduced in Section 6.3. This algorithm is
used to solve the associated mini control problem of junction block involving
local problems of unit elements in both stages in a distributed manner. The
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Fig. 6.7. Decomposition of a process network into junction blocks

unit elements in the second stage become the coordinators or so-called master
problems and those in the first stage as so-called sub-problems. In economic
terms, the first and second stage elements also act as suppliers and customers
of materials through which they are connected in the P-Graph.

Since all four junction blocks in Fig. 6.6 have different network structures,
i.e., joins in MIXER and MULTIFEED blocks and forks in SPLITTER and MUL-
TIPROD blocks, they need different coordination techniques. The problems for
MiIxER and MULTIFEED blocks involve a single coordinator and can be solved
based on primal decomposition technique as described in Appendix A. How-
ever, for SPLITTER and MULTIPROD blocks, this is not directly possible as
they involve multiple customers and hence multiple coordinators. Therefore,
we develop a variant of primal decomposition using the techniques from para-
metric programming field (Fiacco 1983) to accommodate this variation.
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In what follows, we develop a single algorithm that can be applied to
all four types of junction blocks with a facility to tailor the algorithm for
individual type of block. To develop the necessary algorithm, we consider
solving three problems of increasing complexity:

i. Two-Units problem involving two, series-connected units (Section 6.5.1)
ii. Two-Units problem with an uncontrolled parameter (Section 6.5.2)
iii. Multi-unit problem, so-called superset block problem, which enables the
solution to all four junction blocks (Section 6.5.3).

6.5.1 Solution of Two-Units Problem

We consider first a process network comprising two unit elements connected
in series, the so-called STAIRCASE block. Based on Prob. 6.1, the associated
control problem for this block can be written as:

Problem 6.2 (Two-Units Problem).

mi%lligllise f (:L‘l,U1) + fo (wg, UQ)
T2,Uu2
8.t. Aixy + Byt =n
Agl‘g + BQUQ = V2
x1 € Xq,u1 €U
To € XQ,UQ e U,

where v1 = y2 = ua1 4 represents the demand from unit 2 to unit 1.00

In the proposed use of primal decomposition, unit 2 becomes the coordi-
nator or master problem (denoted by SP,), unit 1 as the only sub-problem
(denoted by SP;), and v; is the interaction variable linking them. The solu-
tion process then operates iteratively. For an initial value of 01, the problem
S Py is solved first to find the optimal values of the value function a;y and
the Lagrange multiplier A\ for linking constraint Ajzy + Byu; = ©¢;. This
information is passed as an optimality cut to the master problem SP,. With
including this new cut, the master problem SP» is solved to find a revised
value of ¢; that minimises the total cost of both problems. The process thus
repeats between solving SP; and S P, until a form of convergence is achieved.
Algorithm 6.1, based on the description in Section A.2, Appendix A, formally
defines this solution procedure.

Fig. 6.8 outlines the information exchange between SP; and S P> problems.
Note that v» in S P, represents the supremum of piecewise-linear approxima-
tions of SP;’s optimal value function «q(01). This together with fo(z2,us)
equals the approximate total cost of both unit elements at any one iteration.
Given that the optimality cuts do not overestimate 1 (%1), the optimal cost
obtained from solving SP» provides a lower-bound on the total cost of both
units. Since each new optimality cut should improve upon the linear approxi-
mation of a (1), the lower-bound obtained should improve at each iteration
until SP, converges to an optimal solution.
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Algorithm 6.1 (Two-Units Problem)

Step 0: Initialise: Set K := 1. Assume an initial value ofa:go) € X2 and ugo) e Us.
Set © A(O) = (0) =Ch a:(o) + Dy u(o) = u(ﬁ)m
Step 1: Sub problem SP(K) At any iteration K, firing U(K D= yéK_l), solve
unit 1’s problem SPI(K)
minimise a1 = fi(z1, u)
spO oo (K-1) (6.6)
1 s.t. A1 + Biu = :
1€ X1, u1 €l

Set Z§K) = Alw(lK) + Blu . Pass a(K) )\(K) and ng) to unit 2.
Step 2: Master Problem SPQK). Use oz(lK), )\EK) and ng) to construct a new
optimality cut in unit 2’s problem SPéK). Solve the resulting problem as:

minimise az = va + fo(x2, u2)
T2,U2,V2

(K s.t. Ve > Oé(lk) —+ )\(k)( (k) U21,in), ke K
Sk Asxs + Bouz = UEK b (6.7)

?
x2 € Xo,uz € Uy,
where K £ set of iterations

Step 3: Terminate/Iterate: Terminate if the convergence criteria is satisfied,
which is considered to be as

K K K K-1 K-1 K-1 K-1
{0,029, 08}~ {20, u 0, a0 Y < (69

Else, set K := K + 1 and return to step 1. [0

Unit 1 Unit 2

A|.T.] + Hl. U = ) Ac--‘l"-f.'_ + b’g?l";‘, = Vg — U‘g

/.' ___________ ,': -J :
! \ J

Fig. 6.8. Information exchange between units 1 and 2 sub-problems in Two-Units
problem

6.5.2 Solution of Two-Units Parametric Problem

We consider next an extension of the Two-Units problem (Prob. 6.2) where
we now assume that SP; contains an uncontrolled parameter vector 8 which
it cannot alter.

Problem 6.3 (Parametric Two-Units Problem).
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mi%lligllise f (:L‘l,U1) + fo (wg, UQ)
T2,Uu2
8.t. Aizi + Biup = v
Atrpz1 + Brour =6 (6.9)
Agl‘g + BQUQ = V2
xr1 € Xl,ul el
xo € Xo,us € Us

where 6§ € @ is a vector of additional parameters local to unit 1. Assume that
© is a convex, compact sub-set of RP? where py denotes the dimension of 4.
O

If Algorithm 6.1 for Two-Units problem is applied to the above problem,
then sub-problem SP; 4 would have the following formulation at an iteration
K.

minimise aq g = fi(zy,u1)
T1,u1

p®1 ] st A+ B = oK A0
7 A g1 + Bigur = 8K /\%)

xr1 € Xl,ul el

(6.10)

where §(5) denotes the value of § at iteration K.
Considering that the second constraint in SPl(fg) is a function of z1,u; and

6, any change in # from %) would change the feasible region of (1, u;) and

hence their optimal values for a given ﬁEK_l). Any such variation therefore

)

would lead to a non-unique response from SP; 4 to master problem SPQ(K for

a given @%K_l). A significant variation in # may also invalidate the optimality

cuts passed to master problem in the previous iterations.

The situation can be recovered if the Algorithm 6.1 is restarted at every
instance when # changes. However, this is undesirable if 8 is likely to change
frequently (as in the case considered in the next sub-section). Instead, we
propose a simple alteration to Algorithm 6.1 which interprets the change in
# and updates the previous optimality cuts passed to the master problem.
The proposed technique is based on so-called basic sensitivity theorem from
sensitivity analysis studies (Fiacco 1983) and is referred to as the approzimate
optimality cut update technique. See Section A.1 in Appendix A for a brief
discussion of the relevant concepts from sensitivity analysis.

We first consider the following first-order approximation result based on
basic sensitivity theorem (Theorem 3.2.2 in Fiacco 1983).

(

Lemma 6.4. Consider the optimal solution allg) of the value function a9
By

in Eq. 6.10. Assume the constraint matriz !
A1 Big

} has a full row rank,

i.e., the rows are linearly independent, then
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K
3@579)
o0
where A1 g € A1,p C R is the vector of Lagrange multipliers for the second
constraint Ay gz1 + Bigur = 8, and /\yg) denotes its value for a given 8 =
). O

=) (6.11)

The lemma suggests that for a change of A# in § from #(%), the optimal

value of the value function ay can be expected to change at least by Aa; g =
—)\gf?. Note that this is still a first-order approximation, and cannot be used
to find the exact change in ag?
is true.

. However, even when A# is large, the following

Lemma 6.5. Consider the value function a9 in Eq. 6.10. If the function f;
is convex in (x1,u1) and the sets X1 and Uy in Prob. 6.3 are convez, then the
optimal value function oy g is conver on O. Furthermore, for a change in 6
from any 9 to 08 | > 4 00 k) c @,

T

aglf) > a% _ )\% (0" — gy, (6.12)

where ag;;; and ocglf; are the optimal values of oy g obtained by solving Fq. 6.10

for value of 8 being 8 and 8. In other words, the change in optimal value
of an.¢ as obtained from solving Fq. 6.11 for a change in 8 from 09 to ) s
always an underestimation of the optimal value of a% that results by solving
the sub-problem in Eq. 6.10 again at 6% .

Proof. The first part of the statement follows from standard convexity results
in parametric nonlinear programming (see e.g., Proposition 2.1 in Fiacco &
Kyparisis 1986) while considering in addition that both constraints in Eq. 6.10
are linear in (z1,u1). The second part follows due to convexity of ag(), in 4

. AT . .
and noting that ag(), - )\% (0 — 01) is a linear support to optimal a%

at

Fig. 6.9 illustrates the intention behind considering above lemma. The bold
curve therein shows the variation in optimal value function af 4 as a function

of 8 with ﬁ%K_l) being constant, while the straight line shows the gradient to
ajgat b= 6. By using this gradient, we can obtain an approximate value
of aj 4 for 6 = 6*%) to update the optimality cuts in the master problem from
previous iterations.

The modified procedure then operates exactly the same as Algorithm 6.1
except the following. At Step 1, the values of parameter § and the Lagrange
multiplier A, g for constraint 4y g1 + By gu1 = ¢ from the previous iterations

and the current iteration (respectively as #*) and /\%, k € K) are used to
(k)

1.upar 1S calculated as:

construct an update vector a§’2pdt, k € K, where a
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5
Actual Value of "/
g 1.0
x | _H'“

(K
Approximate Value of a, fi

(k)

o =0
1.0
i) R - 1

o -
1.8 r\

gnl 9”’ ] ?}

Fig. 6.9. Linear approximation of o] 4 as a function of variation in 6

ol 2 -2 (89 —0M) . keK. (6.13)

At Step 2, agl?w 4+ € K is then used to update the optimality cuts in the

master problem S P, before solving the revised SP; as:

.. . A
minimise as = vy + fo(za, us)
x2,U2,V2

st w>al) +all A (Y —un), keK
Agﬂ?g + BQUQ = 172,
xo € Xo,us € Us,

A . . . .
where K = set of iteration indices

SpK) (6.14)

Compared to Algorithm 6.1, the above modification thus requires calcu-
lating a§’2pdt, k € K as a reflection of the change in optimal value function
aq,9 for a change in #. The modified Algorithm 6.1 is not described here for
brevity.

Note that in the above modification we still retain the same multipliers
)\gk), k € K in the master problem as before. In fact, the use of sensitivity

analysis suggests that /\gk) also vary with a change in #. Arguments similar to

Lemma 6.4 can be used to obtain a first-order approximation of multipliers

(Fiacco 1983). However, our numerical experience (see Section 6.7) indicates

(k

that using the same \; ) do not lead to a significant problem considering

that —)\gk) denote the sub-gradient of value function agk; for a unit change

in @5’“‘1) As a result, unless /\g ) (k) +

(l”zpdt + )\(k) (44 x(k) + Blug ) U21,in,) still underestimates the value functlon
a% as required by the approximate cut update technique.

changes widely, the hyperplane 15 > a;

6.5.3 Solution of Superset Block Problem

The approximate cut update technique can be used to develop a solution
algorithm for SPLITTER and MULTIPROD blocks. In particular, for each cus-
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Sub- Problems/ mat;"

in
mat j Master Problems/
Supplier Units

] ; Customer Units

=
i\,
” *%\;\
=

Fig. 6.10. Superset junction block

tomer element ;7 in the second stage of either of these junction blocks, the
demands wy; ;n from all other customer elements m # j can be treated as an
uncontrollable parameter vector € in the sub-problem of the supplier unit. The
procedure in the modified Algorithm 6.1 can hence be repeated for all cus-
tomer elements separately to coordinate the parametric effect of their demand
changes onto the supplier element’s problem.

Below we build upon this logic by developing a generic algorithm which
can be applied to all four junction blocks, in particular the SPLITTER and
MurLTiPROD blocks. To do so, we consider a superset junction block as shown
in Fig. 6.10 which captures within it all four types of blocks in Fig. 6.6,
i.e., the configuration of any block Fig. 6.6 can be obtained by selecting the
appropriate edges and nodes in Fig. 6.10 while deleting the rest. Table 6.1
shows the notation we use to describe the superset block.

Based on the framework of Prob. 6.1, the control problem for superset
block can be written as follows:

Problem 6.6 (Superset Junction Block). For ¢ = 1,...,5 and j =

1,..., M,
mlmmlse Z filzs,ug) + Z filxi,uy)
w],u] i=
s.t. Ad,’ZL‘,’ + Bgu; = Z Ujiin, de matf“t
jeM?
Aj.%’j + BjUj =v; (615)
Ai,locxi + Bi,locui =0
Ajtoci + Bjiocu; =0
x; € X, u; € U;
T; € Xj,u]' € Uj
where ¢t = 1,...,5 and j = 1,..., M respectively are the indices of supplier

and customer elements. The first constraint represents the links between sup-
plier and customer elements through material streams d € mat?“!, where A4
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Table 6.1. Notation for superset junction block

M : Number of customer units in the second stage (units indexed by j €
[1,...,M))

S : Number of supplier units in the first stage (units indexed by i €
[1,...,58])

mat?® : Set of outgoing material streams of supplier unit 7 (streams indexed by
d € mat¢®t)

matj” : Set of incoming material streams of customer unit j (streams indexed
by g € mat}")

M; : Indices of customer units associated with supplier unit ¢

S; : Indices of supplier units associated with customer unit j

m? : Indices of customer units connected with material stream d in supplier
unit ¢ (M¢ C M)

S : Indices of supplier units connected with material stream ¢ in customer

unit j (S? C Sj)
K : Current iteration index in the algorithm
K : Set of iterations {1,..., K}
k : Iteration index, k € {1,..., K}

and By; represent the d** row of A; and B;. As discussed previously, the vari-
able u;; 4, Tepresents the input demand from customer unit j to supplier unit
i, while ¢; is the demand that customer unit j receives from its customer units
in the further downstream.O

In what follows, we assume for simplicity that the local constraints
A,’Jocl‘,’ + Buocui =0 and Aoncafj + Bonch = 0 together with z; € X;,u; €
Ui ={1,...,58} and z; € X;, u; € Uj,j € {1,...,M} in Prob. 6.6 are
sufficiently relaxed to absorb any demand imposed on respective unit ele-
ment, i.e., the sub- or master problems for supplier or customer units do not
become infeasible for any v; and v;. The assumption, in turn, eliminates the
need for generating feasibility cuts in the primal decomposition algorithm (see
Section A.2, Appendix A). Consequently, to reduce the complexity of the de-
scription, we also omit these local constraints and implicitly assume that they
always exist.

Algorithm 6.2 describes the generic procedure used for solving the superset
block problem. The important step in the algorithm is the calculation of the
update terms ;. ypdi (k) for individual junction blocks as listed in Table 6.2.
For MixEr and MULTIFEED the algorithm operates exactly as per primal
decomposition, with a single customer element, therefore the updates are set
to 0. For SPLITTER block, the sum of demands v,,5 for all customer elements

j€l,...,M],m # j are treated as the parametric vector § when referring
to a customer element m € [1,..., M]. For MULTIPROD block, the vector of
demands ¥15, -+ ,0;-15,0j415, - ,Ums for all customer elements except m

is treated as the parameter vector for element m. Thus, for both SPLITTER
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Algorithm 6.2 (Superset Block Problem)

Step 0: Initialise Set K := 1. Given v; = 0;,j = 1,..., M, the demands for all
second stage units. Assume an initial value of wjsin = “;?)m Set © A(O) = E?Ln for
allzGSq,qematm,j—l , M.

Step 1: Sub-problem SP(K) =1,...,8: At any iteration K, solve unit i’s prob-
lem

minimise o = fi(xq,u;)

(K)
SP; st Agizi + Baius = Y, ﬁ;f{_l)7 d € mat?*! (6.16)
jenm
. . (K (K) o (K) _y
to obtain the optimal values of x; , u; i, Lagrange multipliers X;”’ for linking
equality constraints, and the objective function ozEK).
Set Z(K) = ﬁq{_l), j e M, d € mat?t, ie., assume the demands from all

3t
master problems for all material streams d € mat?® is satisfied.
Step 2: Master Problem SP].(K)J' =1,...,M: Use oz(K) )\(K) and z 5 to form a

new optimality cut in unit j’s problem SP].(K). Solve the resultmg problem

L . A
minimise a; = vj + fi(zy,u5)
LU Vg

K
SPj( ) s.t. v; > Es (k) + aif)updt + )\(k)( () _ sz',m)}7 ke K
i€S;
Ajz; + Bjuj = 05
(6.17)
to obtain the solution ugfi)n and a:] . The O‘EJ )updt are the approzrimate optimality

cut updates used for updating the master problem j for perturbations in the demands
from remaining other master problems m € [1,...,M]|,m # j. The updates are
calculated by the first stage units i = 1,...,5 and passed to the second-stage units
j=1,...,M. Table 6.2 describes the specific formulation of these updates for all
four junction blocks.

Step 3: Iterate/Terminate: Terminate if the convergence criteria is satisfied,
which is considered here as, for a givene >0 andi=1,...,5,7=1,..., M,

H{ngk)%(m () (K)} { (KoD) (K= (K= (= 1>}H <e (6.18)

i.e., the solutions of sub-problems SPV(K) i =1,...,5 and master problems SP].(K),
j =1,...,M converge to a fized point with tolerance €. Else, set ’U(K) = uj(.fi)n,

K=K +1 and return to Step 1. O

and MULTIPROD blocks, a parametric update vector ag?updt is calculated at

each iteration for each of the customer elements m = 1,..., M. In summary,
Algorithm 6.2 provides a solution strategy for solving the two-stage control
problems for each of the junction blocks in a distributed manner.
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Table 6.2. Approximate optimality cut updates for junction blocks

(k) —
MIXER Qs upds = 0

(k) _
MULTIFEED QT updt = 0

(k) A (k) 2 : ~(k—1) E : A(K 1)
A5 updt = )‘S Ums = — Ums ) keK
SPLITTER mell,...,M] me[l,...,M]
i mj
(6.19)

where S is the single supplier unit, j is the customer unit for which
the update is being calculated, and M is the last customer unit.

(k) (k) (k) (k) (k)
X wpdt — [)‘517 S AS — 1 At 7)‘SM]'
A (k—1) =) s(k=1) L=\ T
Uis V155 Y418, s Vs
MULTIPROD (K=1) GK=1) p(K=1) (k=T
Uis V518 5 Y5408 50 s Vs )

ke K (6.20)

where S is the single supplier unit, j is the customer unit for which
the update is being calculated, and M is the last customer unit.

6.6 Solution of the Multi-Stage Problem

As the final step to solving Prob. 6.1, we need to ensure that all of the in-
terconnected two-level junction block problems are solved iteratively in an
appropriate sequence.

In what follows, we consider solving a sequence of three problems to de-
velop the strategy in a constructive manner.

i. N-Units problem involving N series-connected units (Section 6.6.1)
ii. N-Units problem with an uncontrolled parameter in one or more of unit
problems (Section 6.6.2)
iii. Main distributed control problem — Prob. 6.1 (Section 6.6.3)
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6.6.1 Solution of N-Units Problem

We consider first an extension of the Two-Units problem to an N-Units prob-
lem as comprising N series-connected unit elements.

Problem 6.7 (N-Units Problem). Fori=1,...,N

N
mlmmlse Z filug, ;)
e 117 zN i—1 (621)

S.t. Az +Bu;=v; i=1,...,N
x;, € X;,u;€U; 1=1,... N.

where v; = y; 11 = u;414,in Tepresents the demand to uniti =1,..., N —-1.0

A nested decomposition algorithm based on primal decomposition simply
extends Algorithm 6.1 to repeatedly solve a sequence of N — 1 two-units prob-
lems, one corresponding to each link between two successive unit elements.
The sub-problem for each unit ¢ = 2, ..., N is considered as a master problem
for a composite problem comprising all predecessor units 1 to ¢ — 1. The com-
bined problem of units 1 to ¢ — 1 and unit 4 then becomes the sub-problem
for unit ¢ + 1, and so on, until unit N is reached. The sub-problems of units
i = 1,..., N are thus solved sequentially to construct a new optimality cut
in the immediate next master problem. Once a complete iteration is finished,
the procedure repeats starting from unit 1. In reference to Algorithm 6.1, the
formulation of sub-problem SP; at iteration K for ¢ = 2,..., N along the
sequence becomes as follows. We do not describe the complete algorithm for
brevity.

Step i: Sub-problem SP;, i =2,...,N: Use aEKl)J\(K) and zl(fl) to construct a
new optimality cut in unit ¢’s problem SPZ»( ). Solve the resulting problem as:

minimise a; = v; + fi (i, us)
T, Ui,V;
st v > o™ AM EP ), keK
Aizi 4 B — ﬁ(K—l)’ (6.22)

K3

x; € Xu“z el
where K £ set of iterations

SPZ»(K)

Set z(K) = AmEK) + BiugK). Pass aEK)7 )\EK) and sz) to unit 7 + 1.

6.6.2 Solution of N-Units Parametric Problem

We next consider an extension of the N-Units problem where the sub-problem
of unit element 1 now contains an additional parameter vector § € @ while the
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remaining sub-problems SF;,i = 2,..., N are same as in Prob. 6.7. Formally,
the modified problem is:

Problem 6.8 (N-Units Problem with Parametric SP; y).

N
migl}ii}}}iise Z filzi,ug)
i=1,..N =1

s.t. Az + Biu; =v; i=1,...,N (623)
A179$1 + BLgul =0 i=1
x, € X;u, €lU; i=1,...,N.

where v; = y;+1 = Ciy125401 + Djp1u41 represents the interaction variable to
unit 4,2 =1,...,N — 1.

The solution of the above problem is faced with the same challenge because
the parametric Two-Units problem (Prob. 6.3) as the changes in § in SP; re-
sults in a non-unique response to SP», and therefore, the non-unique response
of all subsequent sub-problems to their immediate next master problem. For-
tunately, an extension of the approximate cut update technique provides a
method to resolve this. In this extension, we simply pass the update vector
agi)pdt (of dimension K) from unit 1 to all units i = 2,..., N to modify the
optimality cuts in their problems SP; in a similar manner to sub-problem S P
in solving the parametric Two-Units problem. In the modified form of N-units
algorithm, the sub-problem SP; at iteration K is solved as follows.

Step i: Sub-problem SP;, i =2,...,N: For each k£ € K, use Of(ll,il)dt to calculate

(K) A (K) (K)

01 mod = ®i—1 t Q1 g, and solve the modified SF; in Eq. 6.22,i=2,..., N as:

minimise o; £ v; + filug, )

Wi Tq,V5
K k) (o (k
K 8.t. Vi Z az(’—)l,mod + )‘z(’—)l (Zz(—)l - yi)a ke K
spf (K=1) |\ (K) (6.24)
L Az + Biug = 9; ~ A ‘

z; € X5, u; € U;
where y; = ui—1,in

Note that we use the same update vector agf}pdt to all update all unit

sub-problems SP;, i = 2,...,N. This communication of update vector can

be made symmetric by assigning aglz)p gt = aglz)p 4 and repeating aglzzdt =
K ) . K A (K K
O‘E—l),updt forall t = 3,..., N, and using 0%('—1),mod = ag_l) + Oéz('—l),updt'

We consider next a further extension where instead of just sub-problem
S Py, one or more of other sub-problems are also parameterized with param-
eter vectors 6; € @;. The approximate cut update technique can as well be
extended to solve this problem in an analogous manner.



116 6 A Distributed Algorithm for Reconfigurable Process Control

For SP; g, we still continue to propagate the approximate cut update
aﬁ‘f}pdt to all units ¢ = 2,...,N. In addition, for any sub-problem SP;g,,
i=2,...,N —1, we also generate a separate approximate cut update that

reflects the effects of parametrlc variations in its parameter vector 6;. This

can be written as: a%)c updt = )\(k) (9§K) - ng)), k € K where X; 4, is the

Lagrange multiplier associated Wlth the constraint Aj o, + Bigug = 6.
We then simply add this update to the update received from previous sub-

problem SP;_;¢,_, and pass the composite update to the next sub-problem

SPii1,0,4,, i€, az(-if])jdt £ aglfl)’updt + agfo)qupdt. With this modification the
sub-problem SP.(Z), i=2,...,N at iteration K is now solved as follows.
Calculate aEKE mod = (K) + aEKl) updi- Use ag 1) mod N solving

7 . . . A
minimise a; = v; + fi(ug, 3;)
Ui, X5,V

st oy > ocgk)l mod T )\Ek)l( ,(5)1 -yi). k€K
P Ay + Buuy = 071 s A (6.25)

Aig.mi + Bipu; = 91( ) ~ A(K)
where y; = uy-1.4n

K)

Using )\l(- g, » calculate the approximate cut update to be passed to the next

(K) a (K

(K)
tupdt — Ti—1,updt + ai,loc,updt where

unit ¢ + 1 as «;

alk) A NET () gty ke K

i,loc,updt 4,0;

6.6.3 Solution of Distributed Control Problem (Prob. 6.1)

We can now develop the distributed coordination algorithm for solving main
distributed problem (Prob. 6.1) for an arbitrary, acyclic process network. To
define the interactions between unit elements more systematically, we first
develop an indexing of unit elements in the P-Graph.

Assume the process contains S different stages with each stage containing
possibly one or more unit elements. The word stage refers to a typical pro-
cessing task, such as the primary reaction, separation, etc. Each such stage
may contain a number of unit elements of similar processing capabilities. We
then use the following procedure to assign an index (n, s) to all unit elements.

We first assign the stage index 1 to all unit elements that use the main raw-
materials as their feedstocks, i.e., the input-set mat®” for these unit elements
comprise only the main raw-materials. All unit elements connected to these
first stage unit elements are then assigned the stage index 2. The assignment
is thus repeated until the unit elements in the terminal stage reached whose
output-set mat®* comprise only the end-products. These elements receive the
stage index S. In this process of assigning stage indices, if an element receives
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two or more different indices, because of it being connected to unit elements
from two or more stages, then the highest stage index among all is used. Next,
within each stage, the units are numbered from 1 to a maximum value (called
N,) that depends on the unit elements contained in that stage. We use a
simple rule of progressing from top to bottom in the P-Graph to define this
unit number. At the end of this indexing, each unit element thus receives an
index (n, s) where s refers to the stage index and n as the number of the unit
element within that stage.

We next use the notation described in Table 6.3 to define the solution
procedure for Prob. 6.1. Note that for any stage s, S; and S} denote the
stages preceding and succeeding to stage s and comprise unit elements linked
to any unit element in stage s. Note also that as per above indexing rules at
least one unit in any stage s must be linked to stage s—1 as well as stage s+1.
Unit elements in stage s may also be linked to other stages in Sy and S;. The
set M, 5) hence encompasses the indices of unit elements in stages S} which
are connected to unit element (n,s) in stage s. The set Mflms) then denotes
the subset of unit elements within M, ;) that are connected to element (n, s)
through the material stream d € mat?ﬁfs). Similar interpretation can be given
for 8,5 and S((Jn,s)'

The nested solution procedure for Prob. 6.1 extends the algorithm for su-
perset block (Algorithm 6.2) by using the results from parametric N-unit
problems from the previous subsection. Algorithm 6.3 describes this dis-
tributed algorithm. As expected, the important step in the algorithm is to
compute the approximate cut update terms agnK’)s)jvup 4 10 be passed between
stages while taking into account the specific type of junction block by which
the associated unit element is connected to other unit elements.

Table 6.3. Notation for distributed coordination algorithm

S : Number of process stages (stages indexed by s € [1,...,5])
Sy : Indices of stages preceding to stage s

st : Indices of stages succeeding to stage s

N : Number of units in stage n (units indexed by n € [1,..., N;])

(n,s) :Index of unit n in stage s, n € [1,...,N,], s €[1,...,9]

: Set of outgoing material streams of unit (n, s) (indexed by d € mat?ﬁffs))
maty, . : Set of incoming material streams of unit (n, s) (indexed by q € mat{, ,,)
M(,s) :Indices of units in S} connected with unit (n, s)

M‘(lnﬁs) : Indices of units in S} connected with outgoing stream d of unit (n, s)
d
(M(n,s) g M(n,s))
S(n,s) : Indices of units in 87 connected with unit (n, s)
S‘(’n oyt Indices of units in S5 connected with incoming stream g of unit (n, s)

(St

(n,s)

g S(n,s))
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Algorithm 6.3 (Distributed Coordination Algorithm)

Step 0: Set K := 1. Given v(,,sy = D(n,s), the demands for unit elements (n,S) ,
n =1,...,Ns in the terminal stage S. For all s =[1,...,5] and n = [1,..., N.],

assume an initial value of uen )i = U’E?z)s)i in> ond for all 1 € S(, ) set ﬁ((g)s)i =
(0)

(n,8)t,in"

Step s, s = 1,...,5: Sub-problem SP, (n s)7n = ,Ns: Use o () (K)

1 1(n s)’ zz(n s)?
1 € S, to form a new optimality cut in unit (n,s)’s problem SP( . Solve the
resulting problem

w(n”rf?wwe) A(n,s) = V(n s) + f(n s)(m(n s)) U(n, s))
Y(n,s)
(k) otk
I 5.1 V(n,s) > E {az(n s) 1(n,s),updt+
SP( ) 1€S(n s)
(s) NOBRO ke K
i(n, s)( i(n,s) u(n,s)i,in) ’ €
(K —
Adin B(n0) + Banoyting = % 055, d € matdil,
JEML,
(6 26)
to obtain the optimal values of ng)s)vuzf)s)z ins 0Ptimal Lagrange multipliers )\(n s)
associated with the linking equality constraints and the optimal objective value agz)s).
Note that Ayn.sy and Bye,,sy denote the d" row in constraint matrices Ay ond
B,y associated with unit (n,s). The solution uzfs)l i defines the demands sent by
unit (n, s) to all linked supplier elements 8¢, o) at the next ztemtzon

(K- ¢
Take z(n S)J =05, S) , J € Wn sy d € matly’ . Set )\(n 0 =

where )\(n,s) denotes the di* element in )\Ef’)s). Calculate the aggregate cut update

)‘(n s)? V.] € MTZ

n,8)

X(n,s)j,updt OGS,

(
%(n, S)J updt Z { Z(n 8), updt} + a(n s)j,loc,updt (627)
1€S(n 5
where agi)s)j,loc,updt denotes the approzimate cut updates that unit element (n,s)

generates locally for parametric demand variations from customer elements j €
M, sy while az(’(IfL),s),updt are the approrimate cut updates that it receives from supplier
elements i € 8, o).

Step N+1: Iterate/Terminate: Terminate if the specific convergence criteria is
satisfied, which is considered as, for a given € > 0 and for all s = [1,...,5] and
n=[1...,N],

(K) (K) (K-1) _(K-1)
H{ (” s)7u(n s) m(n s) ’u(n s) }H <e (628)

Else, set oH) =) K= K+ 1 and return to Step 1. O

(n,s)t — (n,8)i,in’
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Note the bidirectional nature of information flow between unit elements in
Algorithm 6.3 — the flowrate demands for feedstocks (in the form of “Efs)i in)
flow backwards and the resulting supply proposals (in the form of optimality

cuts) flow forwards.

6.7 Implementation and Numerical Examples

The distributed coordination algorithm (Algorithm 6.3) developed in the pre-
vious section was implemented using MATLAB® software, the details of the
implementation are provided in Appendix C. In what follows, we simply de-
scribe a few numerical examples to illustrate the different features of the al-
gorithms discussed in the previous sections. An application of Algorithm 6.3
to an industrial-scale, multipurpose process problem is discussed in the next
chapter.

Ezample 6.9. The first example illustrates the approximate optimality cut up-
date technique described in Section 6.5.2. Consider the following problem.

minimise .1’2 +ZL‘2 +$2 +J,‘.2 + 211+ 2120+ 21 3
1,1 1,2 1,3 2 s > s
£1,1,%1,2,%1,3,%2 ? ’ ?

i1+ T2+ T13+22 =3 (6.29)

Sh 9, 4 0.7r0 + 1625+ 0 =5

where z; . and x5 refer to the local variables of unit elements 1 and 2, while
# is the parameter vector local to unit element 1. The formulation of the
associated sub-problems at iteration K in the form of Algorithm 6.1 can be
written as follows:

. . A P
minimise a1 =23, 42l 4T3+ T10+ T2+ Ti3
r1,1,21,2,21,3 ? ’ ?

(K) i}
SPL& s.t. 1'171 =+ .7,’172 + 1‘173 = 3 _ jng 1) ~ )\%K) (630)
2.521 1 4+ 0.7x1 5+ 1.6z, 3+60 =5
and

oy [ minimise oy L v 413
Sp T v (6.31)
(k) (k) (k) (k) _
st v >ap + A (w) o, a2 —3),keK
where Ay is the Lagrange multiplier. Assume § = 1 when the algorithm is
started and that it changes to 8 = 5 at iteration 5 and remains the same
thereafter. If the approximate cut updates are not used when 6 changes, then
the master problem will retain the optimality cuts from previous iterations
and result in an incorrect solution. Fig. 6.11 illustrates this effect by comparing
the value function «s as a function of x» for three different scenarios: Case



120 6 A Distributed Algorithm for Reconfigurable Process Control

A — when no updates are used; Case B — when the algorithm is restarted
at iteration 6 after € is changed; and, Case C — when the approximate cut
updates are applied. Note that the parametric effect results in an incorrect
solution in case A, while the use of approximate cut updates in case C' gives
the same result as case B where the algorithm is restarted after the change
in 8.

(A) Without Using oy pqt (B) Target: Withe =5 (C) With Using oypqt
for All Iterations
12 / 12 12
Optimal / f ; .
Solytion | | Optimal Optimal
10\ 1 / 10\ Solution 10\ Solution
'y % \
\\ i // & \
g o : / 8 N VN N
e % g | \N—t—
o J o} e Y \ A
g g / \M g 2 Y A
3 4 3 3 Y B
s i [ ( oo | \ N /
S /{ 5 ,// \'\ 3 . N, i /
o 4 g, - o A \ s 4 A /
= > %, = N \.:
\ : /f 5y
2 2 2
LY f \<
.
J /
0 ! 0 L\
1 2 3 1 2 3

Value Function
Curves at
Different Iterations

Fig. 6.11. Example 6.9: Effect of using approximate cut updates cypqr — (A):
Without qypq: results in an incorrect solution, (B): Target solution — restarting the
algorithm with 8 = 5, (C): With a4t — results in a correct Solution

The next four examples refer to application of the Superset block algorithm
(Algorithm 6.2) to four different process networks shown in Fig. 6.12. The
data for matrices Q;, A;, A; 0. and vectors ¢;, By, Bj; 0. for these examples
are given in Appendix C.

Ezxample 6.10. (MIXER) The first example refers to a MIXER block with three
unit elements. Table C.2 in Appendix C shows the progress of iterations during
an execution of Algorithm 6.2. The variables u(, , .y and z(, , ., therein refer
to the 2" element of the input and state vectors of sub-problem SP.s)
while the last column shows the solution obtained for overall problem using a
centralised algorithm. As can be verified, the solution obtained via distributed
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Example 6,10 Example 6.12

SPLITTER 412 —>I]—>@—>|]
\ Ay

[F>G0->] STAIRCASE
Do Sl

Example 6.11 Example 6.13

1,2
SPLITTE

MULTIPROD
2,2

3,2

Fig. 6.12. Process configuration for Examples 6.10 to 6.13

algorithm matches with that from centralised algorithm within a predefined
tolerance.

FEzample 6.11. (SPLITTER) The next problem refers to a SPLITTER block with
three unit elements as shown in Fig. 6.12. Note that for unit (1, 1), the demand
from unit (2,2) becomes the uncontrollable parameter # when referred to
(1,2). Similarly, the demand from unit (1,2) becomes the parameter § when
referred to unit (2,2). The approximate cut update technique resolves these
parametric effects by updating the optimality cuts in the sub-problems of units
(1,2) and (2,2). Table C.4 in Appendix C shows the progress of iterations
for Algorithm 6.2, where again the last column confirms that the resulting
solution matches with that from centralised algorithm within a predefined
tolerance.

To demonstrate an additional feature of approximate cut updates, we
change the terminal demands from 10 to 20 deviation units for units (1,2)
and (2,2) while the execution of the algorithm is in progress. Fig. 6.13 shows
that the algorithm is able to pick up the change and converge to a new opti-
mum.

FEzample 6.12. (SPLITTER-STAIRCASE) The next example illustrates the nest-
ing of junction blocks in a SPLITTER -STAIRCASE process, where the STAIR-
CASE block refers to a Two-Units process as a special case of the MIXER or
MULTIFEED blocks.

As per the information flow described in Section 6.3, the demand (1 3)(1,2)
from unit (1,3) to (1,2) propagates backwards to demand ©1,9)(1,1) that unit
(1,2) sends to unit (1,1). The same applies to units (2, 3) and (2,2). The de-
mands from terminal units (1, 3) and (2, 3) thus parameterize the sub-problem
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Fig. 6.13. Example 6.11: Effects of change in terminal demands for units (1,2) and
(2,2)

of unit (1,1). The use of propagation of approximate cut updates along the
network resolves these parametric effects by updating the optimality cuts in
all four units (1,2), (1,3), (2,2) and (2, 3) as described in Algorithm 6.3. Ta-
ble C.6 in Appendix C summarises the progress of iterations and a comparison
with the equivalent centralised solution.

Fig. 6.14, similar to Fig. 6.13, shows the ability of the algorithm to pick up
a change in demands for units (1,3) and (2, 3) from 10 to 20 deviation units.
The plots refer to the input demands w1 21y, w2 2,1), %(1,3,1), Y(2,3,1) that the
second and third stage units (1,2),(2,2), (1,3) and (2,3) request from their
supplier units. As can be seen, the algorithm converges to a new optimum.

Ezample 6.13. (MULTIPROD-SPLITTER) The final example illustrates the nest-
ing of a MULTIPROD block with a SPLITTER block. The example shows the
combined parametric effects from MULTIPROD and SPLITTER blocks within
a single problem. The demand from unit (3,2) becomes the parameter 6 for
unit (1,1) when referring to a combined problem of units (1,2) and (2, 2).
Units (1,2) and (2,2) thus both receive the same approximate cut update
of the MULTIPROD type (Eq. 6.20) for demand variations from unit (1, 3).
Unit (3, 2) similarly also receives a cut update of MULTIPROD type (Eq. 6.20)
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Fig. 6.14. Example 6.12: Effects of change in terminal demands for units (1, 3) and
(2,3)

for a combined demand from units (1,2) and (2, 2). In addition, the demands
from units (1, 2) and (2, 2) also parameterize unit (1, 1)’s sub-problem for each
other’s demand. Hence, these two units also receive an additional SPLITTER
type cut update of the form Eq. 6.19.

Tables C.8 in Appendix C summarises the progress of iterations and the
convergence to the optimal solution obtained by a centralised algorithm.

6.8 Future Extensions

In the course of developing the distributed algorithm, we made various as-
sumptions that helped us simplify the discussions. The algorithm can be ex-
tended and generalised to a wider class of problems if one or more of these
assumptions are relaxed. For example:

e Infeasible Sub-problems: The assumption that constraints zz € X;, u; € U;
or A; jocti + Bijoct; = 0 are sufliciently relaxed to allow unit ¢ to accept
any product demand ©¢; from downstream units can be relaxed by using
so-called feasibility restoration technique for primal decomposition concept
(Grothey, Leyffer & McKinnon 1999).
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o Incorporating Linking Inequality Constraints: Apart from equality con-
straints A;x; + B;u; = 0;, one can also include inequalities such as sharing
of a limited quota of services (e.g., energy flow) linking multiple units.

o Multiple Demand Variables: The case of singleton demand in ¥; can be ex-
tended to a vector-valued demand, e.g., a trajectory of demand variations
in time domain in the context of an optimal control problem.

o Recycle and By-products: The case of recycle or by-products can be con-
sidered. This requires further analysis as the unit elements acting as the
customers along recycle are now situated upstream in the process. An
approach based on classical research in process flowsheeting (Westerberg
et al. 1979) can be considered in which the interactions along recycles are
coordinated separately by breaking the recycle loop and treating the unit
elements on one side as the final customers and the other side as the main
suppliers.

6.9 Summary

This chapter proposed a distributed coordination strategy for reconfigurable
process control. The key to the approach is a modular, bottom-up type prob-
lem solving mechanism that solves the overall control problem by interac-
tions between (distributed) unit elements. The decoupling between unit sub-
problems in the solution technique enables the introduction of new unit ele-
ments. The unit elements are also able to respond to local disturbances dy-
namically and adjust their settings (as shown via demand changes in Exam-
ples 6.11 to 6.13). We also note that — in line with typical supply chain be-
haviour — each unit element, acting as the customer of its feedstock demands,
attempts to coordinate these demands among potential supplier elements. A
propagation of this demand distributed across the process scheme ensures the
process responds to changes in the demands in a dynamic and incremental
manner.





