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Poisson Processes and Ruin Theory

We give in this chapter the main results on Poisson processes, which are
basic examples of jump processes. Despite their elementary properties they
are building blocks of jump process theory. We present various generalizations
such as inhomogeneous Poisson processes and compound Poisson processes.
These processes are not used to model financial prices, due to the simple
character of their jumps and are in practice mixed with Brownian motion, as
we shall present in — Chapter 10. However, they represent the main model in
insurance theory. We end this chapter with two sections about point processes
and marked point processes.

The reader can refer to Cinlar [188], Cocozza-Thivent [190], Karlin and
Taylor [515] and the last chapter in Shreve [795] for the study of standard
Poisson processes, to Brémaud [124] for general Poisson processes, and to
Jacod and Shiryaev [471], Kallenberg [504], Kingman [523], Last and Brandt
[565], Neveu [669], Prigent [725] and Protter [727] for point processes, and to
Mikosch [651, 652] for applications.

8.1 Counting Processes and Stochastic Integrals

A counting process is a process which increases in unit steps at isolated
times and is constant between these times. It can be constructed as follows. Let
(T,,,n > 0) be a sequence of random variables defined on the same probability
space ({2, F,P) such that

To=0, T,< Tn+1 for T, < c©.

This sequence models the times when jumps occur. We define the family of
random variables, for ¢ > 0,

N[ n i e [T Tl
t 7\ 400 otherwise,
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or, equivalently,

N =) U<ty = Y i, <e<t, 1} No=0.

n>1 n>0

This counting process (N, t > 0), associated with the sequence (T),,n > 0), is
increasing and right-continuous. We denote by N;- the left-limit of N; when
s —t,s <tand by AN; = Ny — Ng_ the jump process of N. The explosion
time is the r.v. T' = sup,, T5,. In what follows, we reduce our attention to the
case T' = oo.

Let F be a given filtration. A counting process is F-adapted if and only if
the random variables (T,,,n > 1) are F-stopping times. In that case, for any
n, the set {N; < n} = {T,41 > t} belongs to F;.

The natural filtration of N denoted by FV where 7N = o(N,,s < t) is
the smallest filtration FV which satisfies the usual hypotheses and such that
N is FN-adapted.

The stochastic integral fot CsdNy is defined pathwise as a Stieltjes
integral for every bounded measurable process (not necessarily F¥-adapted)

+ o0
(CxN); : = / CydN, = CedNy 1= Cr, (1, <y} -
0 10,t]

n=1

We emphasize that the integral fot CsdNg is here an integral over the time
interval ]0,t], where the upper limit ¢ is included and the lower limit 0
excluded. This integral is finite since there is a finite number of jumps during
the time interval ]0,t]. We shall also write

/t C.dN, = > C,AN,
0

s<t

where the right-hand side contains only a finite number of non-zero terms. The
integral fooo C,dNy is defined as fooo CsdNy =% | Cr,, when the right-hand
side converges.

We shall also use the differential notation d(CxN); : = CydNy.

We can associate a random measure to any counting process as follows.
For any Borel set A C RT, for any w, set

ww, A)=#{n>1:T,(w) € A}.

For any w, the map A — u(w, A) defines a positive measure on R*. One can
note that p(w,dt) =3 07, ) (dl).
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The random variable N; can be written as

Ny(w) = p(w,]0,1]) = / (w, ds)

10,t]

and the Stieltjes (or stochastic) integral as fot CsdNg = fot Csp(ds).

8.2 Standard Poisson Process

8.2.1 Definition and First Properties

The standard Poisson process is a counting process such that the random
variables (T,,+1 — Ty, n > 0) are independent and identically distributed with
exponential law of parameter A with A > 0. Hence, the explosion time is
infinite and

e (A"

n!

The standard Poisson process can be redefined as follows (see e.g., Cinlar
[188]): it is a counting process without explosion (i.e., T = co) such that

o for every s,t > 0 the r.v. Ny, — N; is independent of F}Y,

o for every s,t, the r.v. Nyys — N; has the same law as Nj.

or, in an equivalent way, a counting process without explosion whose
increments are independent and stationary.

P(Nyt=n)=e

5 —
A S . , .
2 .
o e—
T T T3 Ty t Ts
0

Fig. 8.1 Poisson process
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Definition 8.2.1.1 Let F be a given filtration and A a positive constant.
The process N is an F-Poisson process with intensity X\ if N is an F-
adapted process, such that for all positive numbers (t,s), the r.v. Nyps — Ny is
independent of Fy and follows the Poisson law with parameter \s.

The random measure p associated with a Poisson process is such that
u(A) is almost surely finite for any bounded set A (the number of jumps in
any finite interval of time is almost surely finite), and E(u(A)) = A|A| where
|A| is the Lebesgue measure of the set A.

We now recall some properties of Poisson processes.
e The time T}, when the n**-jump of N occurs is the sum of n independent
exponential r.v’s, hence it has a Gamma law with parameters (n, \):

()\t)nfl
(n—1)!

and its Laplace transform, for 4 > —J, is given by

A n
E(e )= .
S (Aﬂt)

e From the properties of the Poisson distribution, it follows that for every
t >0,

P(T;, € dt) = Ae MLz oydt,

E(N,) = M, Var(Ny) = At

and for every x > 0, ¢t > 0,u,a € R
E(fo) — At(—1) ; E(emNt) _ e,\t(eik1) ; E(eaNt) — A1) (8.2.1)

e Conditionally on (N; = n), the law of (T1,T5,...,T,) is a multinomial
distribution on [0, t].

e Let, for t fixed and ¢ > 1, Ti(t) := Tn,4+; —t where Tn,4; is the time of
the i-th jump which occurs after ¢. The sequence of times (Ti(t),i > 1) has
the same law as (T;,7 > 1). This property is called the lack of memory of the
Poisson process.

Exercise 8.2.1.2 Let N be a Poisson process. Prove that N;t~! — X a.s.
when ¢ goes to infinity. <

Exercise 8.2.1.3 Let N be a Poisson process and T;, its n-th jump time.
Prove that

© A(Au)n= 1N

—Au
mﬁ ]]_{uzo} du .

(T, > 5| F:) = Loer, < + Lecr, /

s—t
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8.2.2 Martingale Properties

From the independence of the increments of the Poisson process, we derive
the following martingale properties:

Proposition 8.2.2.1 Let N be an F-Poisson process. For each o € R, for
each bounded Borel function h, the following processes are F-martingales:

(1) Mt 2:Nt—)\t,
(i) M7 — M= (N;— \t)* — \t, (8.2.2)
(i)  exp(aN; — At(e™ — 1)),

(iv)  exp (/Ot h(s)dN, — )\/Ot(eh(s) - 1)ds> ,

0 [ nea

(vi) (/Oth(s)dMs) —/\/Oth2(s)ds.

PROOF: Let s < t. From the independence of the increments of the Poisson
process, we obtain:
(i) E(M; — Ms|Fs) = E(N: — N;) — A(t — s) = 0, hence M is a martingale.
(ii) The martingale property of M and the independence of the increments
of the Poisson process imply

2

E(M; — MF|F.)

E[(M; — M,)?|F] = E[(N; — Ns = A(t — 5))*| ]
E[(N; — No)?] = A(t — s)*
E[NZ ] — \3(t — 5)> = VarN,_,,

hence,
E(M{ — MZ|Fs) = At —s),

and the process (M? — \t,t > 0) is a martingale.

(iii) From the form of the Laplace transform of N; given in (8.2.1) and the
independence of the increments, E[exp[a(N; — Ng) — A(t —s)(e® — 1)] | Fs] = 1,
hence the martingale property of the process in (iii).

Assertions (iv-v-vi) can be proved first for elementary functions h of the
form h =3, a;1y, 4,,,) and by then passing to the limit for general bounded
Borel functions h. U

Exercise 8.2.2.2 Prove that, for any § > —1, any bounded Borel function
h, and any bounded Borel function ¢ valued in | — 1, 0o[, the processes
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exp[ln(1 + B)N; — ABt] = (14 3)Nee ¢,

exp (/Ot h(s)dN, + /\/Ot(l - eh(s))ds>

~ exp (/Ot h(s)dM, + /\/Ot(l +h(s) — eh(s))ds> ,

- "In1 4 ()N, — X / t i)
= oxp ([t + oot 2 [ Gutt + ots) — o(6)as)

are martingales.
Hint: These formulae are “avatars” of those of Proposition 8.2.2.1. <

Exercise 8.2.2.3 Prove (without using the following Proposition!) that the
process (fot Ns_dMg,t > 0) is a martingale, and that the process fot NgdM;
is not a martingale. <

Definition 8.2.2.4 The martingale (M; = Ny — X, ¢t > 0) is called the
compensated process of N, and \ the intensity of the process N.

Remarks 8.2.2.5 (a) Note that the process M is a discontinuous martingale
with bounded variation.
(b) We give an example of a martingale which is not square integrable.

Let X; = fot %dMS. The process X is a martingale, however, it is not square
integrable.

The previous Proposition 8.2.2.1 can be generalized to predictable integrands:

Proposition 8.2.2.6 Let N be an F-Poisson process and let H be an F-
predictable bounded process. Then the following processes are martingales:

t t t
(i) (H*M)t:/ HSdMS:/ Hstsz/ H,ds
0 0 0
t

(ii) (H*M)f—A/ HZds (8.2.4)

t 0 t
(111) exp (/ Hsts+)\/ (]_—eHa)dS) = g(H*M)t
0 0
=1+ [ E(H x M),_ H,dM,

PROOF: One establishes (8.2.4) for predictable processes (Hg,t > 0) of the
form H; = Kgljg7)(t) where S and T are two stopping times and K is
Fs-measurable. In that case,

t
/ HydM, = Ks(Mpps — Msny)
0
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and the martingale property follows. Then, one passes to the limit. The same
procedure can be applied to prove that the two processes (ii) and (iii) of (8.2.4)
are martingales. O

We have used in (iii) the notation E(H %= M); for the Doléans-Dade
exponential of the martingale f HydMs.

Comments 8.2.2.7 (a) If H satisfies E(fot |Hs|ds) < oo, the process in (i) is
still a martingale.

(b) The results of Exercise 8.2.2.3 are now quite clear: in general, the
martingale property (8.2.4) does not extend from predictable to adapted
processes H. Indeed, from the definition of the stochastic integral w.r.t. IV,
and the fact that for every fixed s, Ny — Ns_ = 0,Pa.s.,

t t t
/(NS—NS,)dMSZ/(NS—NS,)dNS—A/ (N, — N,_)ds
0 0 0
t
:Nt_)\/ (NG_NG—)dS:Nt'
0

Hence, the left-hand side, where one integrates the adapted (unpredictable)
process Ny — Ngs_ with respect to the martingale M, is not a martingale.
Equivalently, the process

t t
/ N dM, = / No_dM, + N,
0 0

is not a martingale.

(¢) Property (i) of Proposition 8.2.2.6 enables us to prove that the jump
times (73,7 > 1) are not predictable. Indeed, if 77 were a predictable
stopping time, then the process (L{¢<7,},t > 0) would be predictable, however

fot Lis<rydMs = —A(t ATh) is not a martingale. More generally, assume that
T; is predictable. Then, (f(;E 1i7,)(s)dMs,t > 0) would be a martingale and

E (/Ot ﬂ[Ti](S)st) =E (<t (N1, = Nr,-)) =P(T; < 1)

would be equal to E ( [ 1z, (s)Ads) = 0, which is absurd.

Remark 8.2.2.8 Note that (i) and (ii) of Proposition 8.2.2.1 imply that
the process (M? — Nyt > 0) is a martingale. Hence, there exist (at least)
two increasing processes A such that (M? — A;,t > 0) is a martingale. The
increasing process (At,t > 0) is the predictable quadratic variation of M
(denoted (M)), whereas the increasing process (N¢, ¢ > 0) is the optional
quadratic variation of M (denoted [M]). For any u € [0,1], the process
(uNy + (1 — p)At; ¢ > 0) is increasing and the process
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MP = (uNe + (1 = p)At) = M = At — p(N; = M)

is a martingale. (See — Section 9.2 for the definition of quadratic variation if
needed.)

8.2.3 Infinitesimal Generator

Proposition 8.2.3.1 The Poisson process is a process with independent
and stationary increments, and hence is a Markov process; its infinitesimal
generator L is given by

L) (@) = Alf(z+1) = f(2)],
where [ is a bounded Borel function.
PRrROOF: The Markov property follows from
E(f(N)|FY) = E(f(Ne = Ny + NI FY) = F(t — 5, N,)
where F(u,z) = E(f(x + Ny)) and ¢ > s. We recall the definition of the

infinitesimal generator:

£(F) () = i+ (E(f @ + No) = (2)

t—0

Hence, from E(f(z + N;)) = >~ f(z + n)P(N; = n), we obtain

1 o — At)"
VE( ot N) o)) = ey LOF D SE AT
n=0 :
From Do e
sy
the limit of 1(E(f(z 4+ N;)) — f(x)) when t goes to 0 is equal to the limit of
e M2 (f(z4+1) — f(x)), that is to A(f(z + 1) — f(z)). O
Therefore, for any bounded Borel function f, the process
t
¢l = £N) - 10) - [ £()(V)ds
0
is a martingale (see Proposition 1.1.14.2). Using that
t
) =10 = [ GO+ ) = AN, (25)

the martingale (C/,t > 0) can be written as a stochastic integral with respect
to the compensated martingale (M; = Ny — At,t > 0) as

Cf = [ 1V + 1) = fN.lan,
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Comment 8.2.3.2 Processes with independent and stationary increments
are called Lévy processes, the reader may refer to — Chapter 11 for a more
extended study.

Exercise 8.2.3.3 Extend formula (8.2.5) to functions f defined on Rt x N
that are C'! with respect to the first variable, and prove that if 3 is a constant
with 8 > —1 and L; = exp(log(1 4+ 8)N; — ABt), then dL; = L;— BdM;.

More generally, let Ly = (1 + a)Mte=*? for a € R. Prove that L satisfies
st = Lt_ ath, i.e.,

t t t
Ltzl—&—/LsfadMS:l—i—a/ Lsdes—)\a/ L,-ds.
0 0 0

Note that, for a < —1, L; takes values in R. The process L is the Doléans-Dade
exponential of the martingale aM. <

Exercise 8.2.3.4 Let T' > 0 be fixed and let ¢ : [0,7] — R be a bounded
Borel function and N a Poisson process. Prove that there exist a predictable
process h and a constant ¢ such that

T T
exp </ go(s)dN5> = c+/ hedNg .
0 0

Hint: Set Z; = fot ©(s)dNs. Then,
de?t = (ezt‘+‘/’(t) - eZt‘) dN; .

The reader may be interested to compare this simple result with the
predictable representation theorem in Subsection 8.3.5. <

8.2.4 Change of Probability Measure: An Example

If N is a Poisson process with constant intensity A, then, from Exercises 8.2.2.2
and 8.2.3.3, for § > —1, the process L defined by

Ly = (14 p)Nte 28t

is a strictly positive martingale with expectation equal to 1. Let Q be the
probability defined via Q|x, = L{P|#,. From

Eq(a"") = Ep(Lea™) = e M Ep([(1+ 8)a]™) = exp((1+ B)At(x — 1))

we deduce that the r.v. N; follows the Poisson law with parameter (1 + 3)At
under Q. Let t; < -+ <t; <tjp1 <--- <t, and let (z;,7 < n) be a sequence
of positive real numbers. The equalities
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Eg (H Izj-vfi+1—Nti> = Ep <e/\ﬁt H((l Jrﬂ)xi)NtiJrl_Nfi)
=t i=1

n
= eiAﬁt Heik(ti*’l*ti) eA(ti-%—l*ti)(lJrﬁ)mi

i=1

— H (DA (i1 —ti)(xi—1)
=1

establish that, under Q, N;,,, — Ny, faw Ni,oi—t, is a Poisson r.v. with

parameter (1 + B)A(¢;+1 — t;) and that N has independent increments.
Therefore, the process N is a Q-Poisson process with intensity equal to
(1 + B)A. Let us state this result as a proposition:

Proposition 8.2.4.1 Let IT* be the probability on the canonical space which
makes the coordinate process a Poisson process with intensity A. Then, the
following absolute continuity relationship holds:

IOFOXN £, = (14 B)Nee=?8) ITA| £, .

Comment 8.2.4.2 One should note the analogy between the change of
intensity of Poisson processes and the change of drift of a BM under a change
of probability. However, let us point out a major difference. If Q is equivalent
to P, we know that if B is a P-BM and B is the martingale part of B
under Q, then B? — t is a P-martingale and B? — t is a Q-martingale (in
other words the brackets are the same, i.e., (B) = (B)). If Q is equivalent
to P, and M; = N; — A\t the compensated martingale associated with a
Poisson process, the process M2 — At is a P-martingale and the P-(predictable)
bracket of M is A\t. We have proved above that the Q-(predictable) bracket of
M, = Ni—(14+08)At is (14 6)At. Hence, the predictable bracket is no longer the
same under a change of probability. See — Section 9.4 for a general Girsanov
theorem and ~— Subsection 11.3.1 for the case of Lévy processes.

8.2.5 Hitting Times

Let x > 0 and T, = inf{¢, Ny > x}. Then, for n — 1 < z < n, the hitting time
T, = inf{t, Ny > n} = inf{t, Ny = n} is equal to the time of the n‘"-jump of
N, and hence has a Gamma (n, A) law.

Exercise 8.2.5.1 Let X; = N; + ct. Compute P(inf;<; X < a). One should
distinguish the cases ¢ > 0 and ¢ < 0. <
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8.3 Inhomogeneous Poisson Processes

8.3.1 Definition

Instead of considering a constant intensity A as before, now (A(¢ ) t > 0) is an
R*-valued Borel function satisfying fo w)du < 00,Vt and [ A(u)du =
An inhomogeneous Poisson process N with intensity A is a countlng
process with independent increments which satisfies, for ¢ > s,

P(N; — Ny = n) = e~ A1) M (8.3.1)

where A(s,t) = A(t) — / A(u)du, and A(t / AMu

If (T,,,n > 1) is the sequence of successive jump times associated with N,
the law of T;, is:

t
BT, < 1) = oy | exp(-A(s) (A(9)" 1 dA(s).

(n—1)!Jo
It can easily be shown that an inhomogeneous Poisson process with determin-
istic intensity is an inhomogeneous Markov process. Moreover, since N; has a
Poisson law with parameter A(t), one has E(N;) = A(¢), Var(N;) = A(¢). For
any real numbers u and «, for any ¢ > 0,

E(ei“Nt) = exp((ei“ — 1) A(t)),
E(eo™) = exp((e” — 1)A(2))

An inhomogeneous Poisson process can be constructed as a deterministic
time changed Poisson process, i.e., if IV is a Poisson process with constant
intensity equal to 1, then Ny = Ny is an inhomogeneous Poisson process
with intensity A.

We emphasize that we shall use the term Poisson process only when dealing
with the standard Poisson process, i.e., when A(t) = At.

8.3.2 Martingale Properties

The martingale properties of a standard Poisson process can be extended to
an inhomogeneous Poisson process:

Proposition 8.3.2.1 Let N be an inhomogeneous Poisson process with
deterministic intensity X and FV its natural filtration. The process

t
Mt:Nt_/ /\(s)ds,t20
0
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is an FN-martingale. The increasing function A(t) : = fot A(s)ds is called the
(deterministic) compensator of N.

Let ¢ be an FN -predictable process such that E(fot |ps|A(s)ds) < oo for ev-
ery t. Then, the process (fot bsdMs,t > 0) is an FN-martingale. In particular,

E (/Ot b st> =E (/Ot QSSA(s)ds) . (8.3.2)

As in the constant intensity case, for any bounded F¥-predictable process H,
the following processes are martingales:

(i) H*Mtf/HdM /HdN / s)Hds,

(i) (HxM)? / A(s)H?ds,

(iid) exp ( / H,dN, — / )ds) .

8.3.3 Watanabe’s Characterization of Inhomogeneous
Poisson Processes

The study of inhomogeneous Poisson processes can be generalized to the case
where the intensity is not absolutely continuous with respect to the Lebesgue
measure. In this case, A is an increasing, right-continuous, deterministic
function with value zero at time zero, and it satisfies A(cc) = co. If N is a
counting process with independent increments and if (8.3.1) holds, the process
(N — A(t),t > O) is a martingale and for any bounded predictable process ¢,
the equality E( fo ¢s dNy) fo ¢sdA(s)) is satisfied for any t. This result

admits a converse.

Proposition 8.3.3.1 (Watanabe’s Characterization.) Let N be a count-
ing process and A an increasing, continuous function with value zero at time
zero. Let us assume that the process (My : = Ny — A(t), t > 0) is a martingale.
Then N is an inhomogeneous Poisson process with compensator A. It is a
Poisson process if A(t) = At.

PROOF: Let s <t and 6 > 0.

N INe — § N I
s<u<t
= 3 e (e? —1)AN, = (' — 1)/ ONu- N,
s<u<t Ist]

(e? —1) < / eNe=dM,, + / e(’N“d/l(u)> .
]s,t] ]s,t]
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By relying on the fact that the first integral is a martingale,

E(eQN” _ eQNS‘]_-S) _ (69 . 1)]E (/ e9NudA(u)|fs>
Is

]

= (e — 1)/ E (e/Ne|F,)dA(u) .
Js.t]
Let s be fixed and define ¢(t) = E(e?Nt|F,). Then, for t > s,

o(t) = 6(s) + (¢ — 1) / H(u)dA(u).

Solving this equation leads to

é(t) = "N exp [(ef’ ~1) / t dA(u)] .

This shows that the process IV has independent increments and that, for s < ¢,
the r.v. Ny — N has a Poisson law with parameter A(t) — A(s) . O

8.3.4 Stochastic Calculus

In this section, M is the compensated martingale of an inhomogeneous Poisson
process N with deterministic intensity (A(s), s > 0). From now on, we restrict
our attention to integrals of predictable processes, even if the stochastic
integral is defined in a more general setting.

Integration by Parts Formula

Let z and y be two predictable processes and define two processes X and Y

as
t

t
Xt::z:+/ TsdNy, Yt:y+/ ysdN .
0 0

The jumps of X (resp. of Y) occur at the same times as the jumps of N and
AXs = xsANg, AYs = ys AN, The processes X and Y are of finite variation
and are constant between two jumps. Then, it is easy to check that

XYy=ay+ Y AXY),=ay+ Y X, AY,+ Y Y. AX,+ > AX,AY,

s<t s<t s<t s<t

We shall write this equality as

t t
XYy —ay+ [ YodXot [ X+ [x.Y)
0 0
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where (note that (AN;)? = AN;)

t
(X, Y] =) AX,AY, =) x4, AN, = / 25ysdNs .
0

s<t s<t
More generally (a general discussion is proposed in — Chapter 9 and 10), if

dXt = h,tdt + l'tht, XO =X
dY; = hydt + ydNy, Yo =1y,

one still gets

t t
Xth:nyr/ Ys_dXer/ X, dY, +[X,Y],
0 0

where

t
[X,Y]t:/ ZsYsdNy .
0

In particular, if dX; = 2;dM; and dY; = y;dMy, the process X;Y; — [X,Y]; is
a local martingale.

It6’s Formula

For Poisson processes, 1t6’s formula is obvious as we now explain. We shall
give an extension of this formula for more general processes in the following
Chapter 9.

Let N be a Poisson process and f a bounded Borel function. The trivial
equality

FIND = F(No)+ > f(No) = f(N-) (8.3.3)
0<s<t

is the main step in obtaining It&’s formula for a Poisson process.

We can write the right-hand side of (8.3.3) as a stochastic integral:

> F(N) = f(Ne-) = Y [f(Ne- +1) = f(N,-)] AN,

0<s<t 0<s<t

/0 [f(Ns— + 1) - f(Ns—)] sta

hence, the canonical decomposition of the semi-martingale f(N) as the sum
of a martingale and an absolutely continuous adapted process is

J(N:) = f(No)‘f'/O [f(Ns—+1)—f(Ns—)]dMs+/0 [f(Ns-+1) = f(Ny-)|Ads .

It is straightforward to generalize this result. Let
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t
Xt:x—l—/ rsdNg = x + Z xT, ,
0 T, <t

with z a predictable process. The process (X¢,t > 0) has at time T,,, a jump
of size (AX)r, = xr,, and is constant between two consecutive jumps. The
obvious identity

F(X,) = F(Xo)+ Y F(X,) - F(X,),

s<t

holds for any bounded function F'. The number of jumps before t is a.s. finite,
and the sum is well defined. This formula can be written in an equivalent
form:

F(X;) = F(Xo) = Y (F(X,) — F(X,-)) AN,

= /t (F(Xb) _F(XS—))st = /t (F(Xs— —|—$5) _F(Xs—))st
0 0

where the integral on the right-hand side is a Stieltjes integral. More generally
again, we have the following result

Proposition 8.3.4.1 Let h be an adapted process, x a predictable process and
dXt = htdt + l‘tht = (ht — J}t)\(t))dt + J?tht

where N is an inhomogeneous Poisson process. Let F € CLVY(RT x R). Then
F(t, X;) = /Ot[F(s, Xso +x5) — F(s, Xs_)|dMj (8.3.4)
+ /Ot (0iF (5, Xs) + 0. F (s, Xs)hs) ds
+ /Ot (F(s,Xs— +x5) — F(8,Xs_) — 0xF (8, Xs_)xs) A(8)ds.

PRrOOF: Indeed, between two jumps of the process N, dX; = (hy — A(t)x)dt,
and for T, < s <t < Tpy1,

t t
F(t,X;) = F(s,Xs) + / O F (u, Xy )du + / O F(u, Xy)(hy — xu A(w))du .
At jump times T),, one has F(T,,, X1, ) = F(T,, X1,-) + AF(-, X)T, . Hence,
t t
Pt X,) = F(0, Xo) +/ O, F (s, X,)ds +/ D.F (5, X+)(hs — 2\(s)) ds
0 0

=+ Z (F(s,Xs) — F(s,Xs2)) .

s<t
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This formula can be written as

F(t,X:) — F(0,Xo) = /Ot O F (s, Xs)ds + /Ot 0 F (s, Xs)(hs — xsA(s))ds

+/0 [F(s,Xs) — F(s,Xs-)]dNs

t t
= / O F (s, Xs)ds + / 0 F(s, Xs_)dX
0 0

+ /t[F(s, X,) = F(s, Xs_) — 0uF(s, X, )ws]dN,
0

t t
= / O F(s,Xs)ds + / 0 F(s, Xs_)dX
0 0

t
+ / [F(8,Xs— +a5) — F(8,Xs-) — 0 F(s, Xs—)xs]dNs .
0
One can also write
t t
F(t,X;) = F(0, Xo) —|—/ @F(S,Xs)ds—F/ 0. F (s, Xs_)dX,

+3 1R ( F(s,Xs_) — 0.F (s, Xy )z, AN .

s<t

which is easy to memorize. The first three terms on the right-hand side are
obtained from “ordinary” calculus, the fourth term takes into account the
jumps of the left-hand side and of the stochastic integral on the right-hand
side.

Remarks 8.3.4.2 (a) In the “ds” integrals, we can write X;_ or X, since,
for any bounded Borel function f,

/ P ds = / F(X)ds

Note that since dNg a.s. Ny = Ns_ + 1, one has

/O F(Nu)dN, = /O PV, 1)ay

However, we systematlcally use the form fo s—)dNs, even though the
integral fo — 1)dN; has a meaning. The reason is that

/f L)dM, = /f dN—A/f

is a martingale, whereas fo — 1)dM;, is not.
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(b) We have named It6’s formula a formula allowing us to write the process
F(t, X;) as a sum of stochastic integrals, as in equation (8.3.5). In fact, the aim
of It6’s formula is to give, under some suitable conditions on F', the canonical
decomposition of the semi-martingale F'(¢, X3).

Exercise 8.3.4.3 Let N be a Poisson process with intensity A. Prove that,
if S, = SperttoNt then

dS; = Si- (pdt + (e — 1)dNy)

and that S is a martingale iff 4 = —A(e” — 1). Prove that, for a +1 > 0,
the process (L; = exp(N¢In(1 + a) — Aat),t > 0) is a martingale and that, if
Q|x, = LiP|%,, the process N is a Q-Poisson process with intensity A\(1 + a).
Note the progression made from Exercise 8.2.3.3. <

Exercise 8.3.4.4 The aim of this exercise is to prove that the linear equation
dZy = Z;-ndMy, Zg = 1 with g > —1 has a unique solution. Assume that
Z' and Z? are two solutions. W.Lg., we can assume that Z? is strictly
positive. Prove that Z'/Z? satisfies an ordinary differential equation with
unique solution equal to 1. <

8.3.5 Predictable Representation Property

Proposition 8.3.5.1 Let FY be the natural filtration of the standard Poisson
process N and let H € L>(FY) be a square integrable random variable. Then,
there exists a unique FN -predictable process (hy,t > 0) such that

oo
H =E(H) +/ hsdM,
0

and E(f;~ h2ds) < oo.

PROOF: The family of exponential random variables

Y =exp (/(JOO o(s)dN; — )\/Ooo(e“’(s) - 1)ds> ,

where ¢ is a bounded deterministic function with compact support, is total
in L2(FY). Any Y in this family can be written as a stochastic integral with
respect to dM. Indeed, from Exercise 8.2.2.2 the process

t t
Y, = exp (/ @(s)dN, — X [ (e — 1)ds> =E(Y|FN)
0 0

is a martingale, and is the solution of
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dY, = Y- (e¥® —1)dM,
so that,

Yy=1 +/ Y, (e¥®) —1)dM,.
0

Hence, with the notation of the statement, hy = Y,_(e®(®) — 1). For more
general random variables, the result follows by passing to the limit, owing to
the isometry formula

%) 2 00
E < hdes> =\E (/ hﬁds) .
0 0

Comment 8.3.5.2 This result goes back to Brémaud and Jacod [125], Chou
and Meyer [180], Davis [219].

O

8.3.6 Multidimensional Poisson Processes

Definition 8.3.6.1 A process (N',...,N%) is a d-dimensional F-Poisson
process if each component N J is a right-continuous adapted process such that
N =0 and if there exist positive constants \; such that for every t > s >0
and every integer n;

d N
P (VW = N2 =nj)|7, | = [ e deo QoD
j=1

Jj=1

Note that the processes (N7, j = 1,...,d) are independent; more generally, for
any s, the processes ((Nngt —~NJ,j=1,...,d),t> 0) are independent and

S

also independent of Fj.

Proposition 8.3.6.2 An F-adapted process N is a d-dimensional F-Poisson
process if and only if:

(i) each N7 is an F-Poisson process,

(i) no two N7’s jump simultaneously P a.s..

PRrROOF: We give the proof for d = 2.
(a) We assume (i) and (ii). For any pair (f, g) of bounded Borel functions,

the process
t t
xi=ow ([ reant+ [ asan?)
0 0

Xp=14 > AX.=1+ Y X, [exp(f(s)AN} +g(s)ANZ) —1].

0<s<t 0<s<t

satisfies
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From condition (ii)
X, =1+ Z Xs_[ f(s) )ANI (eg(s )AN2:|
0<s<t

hence, from the martingale property of the compensated process N} — \;t:
t
E(X;)=1+4+E [/ Xs_ ((ef(S) — D)Ap + (e9¢) — 1))\2) ds]
0

-1+ /OtE[XS} ((eﬂs) A+ (e — 1)>\2) ds.

Therefore, solving this equation, we find

E(X;) = exp (/Ot(ef(” — 1)>\1ds) exp (/Ot(efﬂs) — l)Agds)
=E [exp (/Ot f(s)dN;)] E [exp (/otg(s)d]\/f)] .

The result follows.
(b) Conversely, if N is a d-dimensional Poisson process, then (i) and (ii)
hold. U

Comment 8.3.6.3 Another proof follows from the predictable representa-
tion theorem valid for M* and M? individually. Let H® € L?(F.,) fori = 1,2.
From H' = E(H") + [;° hidM! and the integration by parts formula, we
deduce that E(H'H?) = E(H')E(H?) if and only if [M*, M7] = 0.

In order to construct correlated Poisson processes, one can proceed as
follows. Let (N',i = 1,2,3) be independent Poisson processes. Then the
processes N =N!'+ N2 and N = N! + N3 are correlated Poisson processes.

Exercise 8.3.6.4 Let (N%,i = 1,2) be two independent Poisson processes.
Prove that N = N + N2 is a Poisson process. Compute the compensator of
N.Let 7t = inf{t : N} =1} and 7 = inf{t : N; = 1}. Compute P(1 = 71). <

8.4 Stochastic Intensity Processes

8.4.1 Doubly Stochastic Poisson Processes

Let F be a given filtration, where F is not the trivial o-algebra; let N be a
counting process which is F- adapted and let A be a positive process such that
for any t, \; is Fo-measurable and fo Asds < 00, P a.s.. Let A(s,t) f Audu.

If ‘ ‘
E(e NN F,) = exp (€ — 1)A(s, 1))
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for any t > s and any «, then N is called a doubly stochastic Poisson
process. In that case,

(A(s, £)"

n!

P(N; — Ny = k|Fs) = exp(—A(s, 1))

and the process (N; — fg Aydu,t > 0) is an F-martingale.

Comment 8.4.1.1 Doubly stochastic intensity processes are used in finance
to model the intensity of default process (see Schénbucher [765]).

8.4.2 Inhomogeneous Poisson Processes with Stochastic Intensity

Definition 8.4.2.1 Let F be a given filtration, N an F-adapted counting
process, and (A, t > 0) a positive F-progressively measurable process such
that for everyt, A; : = fg Asds < 00, P a.s..

The process N is an inhomogeneous Poisson process with stochastic
intensity A if for every positive F-predictable process (¢¢,t > 0) the following
equality is satisfied:

IE(/OOOQSSdNS> :E</Oooqbs>\sds> .

Therefore (M; = Ny — Ay, t > 0) is an F-local martingale and an F-martingale
it for every ¢, E (4;) < oo.

Proposition 8.4.2.2 Let N be an inhomogeneous Poisson process with
stochastic intensity A. Then, for any F-predictable process ¢ such that Vt,
E(fot |ps|Asds) < oo, the process (fot dsdMs, t > 0) is an F-martingale.

The intensity depends in an important manner of the reference filtration.
For example, the FV-intensity of N is E(As|FN), i.e.,

t
Nt—/ E(\s|FN)ds
0

is an FN-martingale. This is a particular case of the general filtering formula
given in Proposition 5.10.3.1.

An inhomogeneous Poisson process N with stochastic intensity A; can be
viewed as a time change of a standard Poisson process N, i.e., Ny = Ny,.

8.4.3 It6’s Formula

The formula obtained in Subsection 8.3.4 can be generalized to inhomogeneous
Poisson processes with stochastic intensities.



8.4 Stochastic Intensity Processes 477

8.4.4 Exponential Martingales

We now extend Exercise 8.2.3.3 to more general Doléans-Dade exponentials:

Proposition 8.4.4.1 Let N be an inhomogeneous Poisson process with sto-
chastic intensity (A, ¢ > 0), and (pt, t > 0) a predictable process such that,

for any t, f(f |s|As ds < o0o. Let (Th,,n > 1) be the sequence of jump times of
N. Then, the process L, the solution of

st = Lt*Mthta LO = 1, (841)

s a local martingale defined by

t .
exp(— [y psAs ds) it <Ty
Ly = 0 ; 8.4.2

' {HH,T,LQ(len)exp(— Jo msdsds) ift>Ty. (842)

Moreover, if u is such that ps > —1a.s.Vs, then

t t
L; = exp [—/ s Asds —|—/ In(1 + ps) dNS] .
0 0

Later, we shall simply write the equalities (8.4.2) as
t
L, = H (1+ pr,)exp (—/ LhsAs ds)
n, T, <t 0

with the understanding that [, = 1.

PROOF: From general results on SDE, the linear equation (8.4.1) admits a
unique solution (see also Exercise 8.3.4.4). Between two consecutive jumps,
the solution of the equation (8.4.1) satisfies

st = _Lt* /J/t>\tdt

therefore, for ¢t € [T}, T;,+1], we obtain

t
Ly = L, exp <—/ ,us)\sds> .
Tn

The jumps of L occur at the same times as the jumps of NV and the size of
the jumps is ALy = L;— us ANy, therefore Ly, = Lt _(1+ pr, ). By backward
recurrence on n, we get (8.4.2). O

The local martingale L is denoted by E(uxM) and called the Doléans-
Dade exponential of the process uxM. The process L can also be written

Li= [ 1+ pAN,)exp {— /Otﬂs A ds] . (8.4.3)

0<s<t
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Moreover, if for every t, u; > —1, then L is a positive local martingale,
therefore it is a supermartingale and

t
L, = exp —/ MSASds+Zln(1+uS)ANS
0

s<t

Tt ¢
= exp —/ s Asds + / In(1 4 us) dNS]
L Jo 0

-t t
= exp / (1 4 ws) — ps] As ds+/ In(1 —i—,uS)dMS} .
LJo 0

The process L is a martingale if V¢, E(L;) = 1. This is the case if p is bounded.
We shall see a more general criterion in — Subsection 9.4.3.

If 1 is not greater than —1, then the process L defined in (8.4.2) is still a
local martingale which satisfies dL; = L;- u:dM;. However it may be negative.

Example 8.4.4.2 A useful example is the case where ; = —1. In this case,

we obtain that 1,7, exp (fot )\sds) is a local martingale. Note that we have
obtained similar results in Chapter 7 for processes with a single jump.

8.4.5 Change of Probability Measure

We establish now a particular case of the general Girsanov theorem (see —
Section 9.4 for a general case).

Proposition 8.4.5.1 Let pu be a predictable process such that p > —1 and
fot As|ps|lds < oo a.s.. Let L be the positive exponential local martingale
solution of dLy = Ly— pudMy. Assume that L is a martingale and let Q be the
probability measure (locally equivalent to P) defined on Fy by Q|7 = L P|#,.
Then, under Q, the process M* defined as

¢ ¢
M#::Mt—/ ,us)\sds:Nt—/(,us—i—l)ASds,tZO
0 0

is a local martingale.
PROOF: From the integration by parts formula, we get
d(M"L); = M}“dL; + L,-dM{" + d[L, M"],
= Mtu_ de + Lt—th'u + Lt*utht
= M/"dLy + Ly-dM; + Ly— pedMy = (M} piy + 1+ pe) Ly-d M
hence, the process M*L is a P-local martingale and M* is a Q-local

martingale. If y and A are deterministic, the process IV is a Q-inhomogeneous
Poisson process with deterministic intensity (p(t) + 1)A(t). O
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Comment 8.4.5.2 We have seen that a Poisson process with stochastic
intensity can be viewed as a time-changed of a standard Poisson process. Here,
we interpret a Poisson process with stochastic intensity as a Poisson process
with constant intensity under a change of probability. Indeed, a Poisson
process with intensity 1 under P is a Poisson process with stochastic intensity
(A¢,t > 0) under Q*, where Q*| 7, = L} P|#, and where dL} = L (\,—1)dM,.

8.4.6 An Elementary Model of Prices Involving Jumps
Suppose that S is a stochastic process with dynamics given by
dS; = Si- (b(t)dt + ¢(t)dM;), (8.4.4)

where M is the compensated martingale associated with an inhomogeneous
Poisson process N with strictly positive deterministic intensity A and where
b, » are deterministic continuous functions. We assume that ¢ > —1 so that
the process S remains strictly positive. The solution of (8.4.4) is

St:SOeXp[ /(;5 ds+/0tb(s)ds} [+ ¢(s)AN,)

s<t

— Spexp Uot b(s)ds] exp Uot In(1 + ¢(s))dN, /Ot qS(s)A(s)ds] .

Hence S; exp ( fo ds) is a strictly positive local martingale.

We assume now that S is the dynamics of the price of a financial asset
under the historical probablhty measure. We denote by r the deterministic
interest rate and by R; = exp(— fo s)ds) the discount factor. It is important
to give a necessary and sufficient condltlon under which the financial market
with the asset S and the riskless asset is complete and arbitrage free when
¢ does not vanish. Therefore, our aim is to give conditions such that there
exists a probability measure Q, equivalent to P, under which the discounted
process SR is a local martingale.

Any FM_martingale admits a representation as a stochastic integral with
respect to M. Hence, any strictly positive FM-martingale L can be written as
dL; = L, juydM; where 1 is an FM-predictable process such that 4 > —1 and,
if Ly = 1, the martingale L can be used as a Radon-Nikodym density. We are
looking for conditions on p such that the process RS is a Q-local martingale
where dQ|x, = LidP|x,; or equivalently, the process (Y; = R:S;L¢,t > 0) is a
P-local martingale. Integration by parts yields

dY; "EV Y, ((b(t) — r(t))dt + d(t) ped[M];)
TEVY, - (b(E) — () + ¢ peA(t)) dt

b(t) — r(t)
PAE)

Hence, Y is a P-local martingale if and only if pu; = —
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Assume that g > —1 and define Q|z, = L;P|z,. The process N is an
inhomogeneous Q-Poisson process with intensity ((1(s) + 1)A(s),s > 0) and

dS, = S,_(r(t)dt + ¢(t)dM}")

where (MH(t) = Ny — fo JA(s)ds, t > 0) is the compensated Q-
martingale. Hence, the dlscounted price SR is a Q-local martingale. In this
setting, Q is the unique equivalent martingale measure.

The condition g > —1 is needed in order to obtain at least one e.m.m.
and, from the fundamental theorem of asset pricing, to deduce the absence of
arbitrage property.

If p fails to be greater than —1, there does not exist an e.m.m. and there
are arbitrages in the market. We now make explicit an arbitrage opportunity
igl the particular case when the coefficients are constant with ¢ > 0 and

-7

5

—1. The inequality

Se = Soexp[(b — oMt [[(1 + 9AN,) > Soe™ [[(1 + pAN,) > Spe™

s<t s<t

proves that an agent who borrows Sy and invests in a long position in the
underlying has an arbitrage opportunity, since his terminal wealth at time T
St —Soe™T is strictly positive with probability one. Note that, in this example,
the process (S;e™"t t > 0) is increasing.

Comment 8.4.6.1 We have required that ¢ and b are continuous functions
in order to avoid integrability conditions. Obviously, we can generalize, to
some extent, to the case of Borel functions. Note that, since we have assumed
that ¢(t) does not vanish, there is the equality of o-fields

0(Ss,8 <t) =0(Ngys <t)=0(Ms,s<t).

8.5 Poisson Bridges

Let N be a Poisson process with constant intensity A, .7-'tN = 0(Ns, s < t) its
natural filtration and 7" > 0 a fixed time. Let G; = o(Ns,s < t; Nr) be the
natural filtration of N enlarged with the terminal value N7 of the process N.

8.5.1 Definition of the Poisson Bridge

Proposition 8.5.1.1 The process
t
Np — Ny
nt:Nt—/TidS,tST
0 - S

is a G-martingale with predictable bracket

2tJVT*]Vs

ds .
0 T—s s

A =
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PROOF: For 0 < s <t < T,

t—s

]E(Nt - Ns|gs) = ]E(Nt - NS|NT - Ns) = T _ s

(NT - Ns)

where the last equality follows from the fact that, if X and Y are independent
with Poisson laws with parameters p and v respectively, then

n! k

P(X =kl X+Y =n)= mozk(l —a)"

where o = L. Hence,
BtV

t _ t
B( [ gm0 ) = [ F (¥ - N BN, - NJG)

o du u—8
= Ny — Ny — Np — N,
/ST_U( A <>>

Therefore,

N — _
( / - dgs):;_i(NT—Ns)—; (Np—N.) =0

— S

and the result follows.
Therefore, n is a comtpensated G-Poisson process, time-changed by
Ot Nr=Nads, ie., n = M( 0 Ne ds) where (M(t) t > 0) is a compensated
P01sson process. O

Comment 8.5.1.2 Poisson bridges are studied in Jeulin and Yor [496]. This
kind of enlargement of filtration is used for modelling insider trading in
Elliott and Jeanblanc [314], Grorud and Pontier [410] and Kohatsu-Higa and
(Oksendal [534].

8.5.2 Harness Property

The previous result may be extended in terms of the harness property.

Definition 8.5.2.1 A process X fulfills the harness property if
Xt — XS XT - XSO
E sol. [T | = —p g
0

t—s
for so < s <t <T where Fy) ;17 = 0(Xy,u < sg,u>T).




482 8 Poisson Processes and Ruin Theory

A process with the harness property satisfies

T—1t t—s
X = X,
JT&HT) T—s ‘+T—s

E <Xt Xr,

and conversely.

Proposition 8.5.2.2 If X satisfies the harness property, then, for any

fized T,
X+ —
M =X, — /du s t<T

is an Fy) (r-martingale and conversely.

PRrROOF: If X satisfies the harness property, it is easy to check that M7 is an
Fy, r-martingale. Conversely, assume that M T is an Fy, r-martingale. Let
us prove that the harness property holds, i.e.,

X, Xr - X,
E(7|fsl [T) e

From the hypothesis

t
Xr— X,
E(Xt*Xs|fs],[T):/s dulE <T—u| sl [T>

bodu b odu
:(XT—XS)/S T—’U,_/s T_UE(Xu_X5|fs],[T)

Therefore, for fixed s, T, the process ¢(u) = E(X, — Xs|Fy), [r) defined for
u > s, satisfies

bodu bodu
= (Xr — X, - .
o(t) = (Xr )/S T—a /STfu“"(“)
It follows that ¢ is a solution of the ODE

Xr — X; 1

o) = —F— ez

with initial condition ¢(s) = 0. This ODE has a unique solution given by
olt) = (1 = 5) =2, -
Comment 8.5.2.3 See Exercise 6.19 in Chaumont and Yor [161] for other
properties. See also Jacod and Protter [470] and Exercise 12.3 in Yor [868]. We
shall prove in »— Subsection 11.2.7 that any integrable Lévy process enjoys
the harness property (see also Mansuy and Yor [621]). This property is used
in Corcuera et al. [194] for studying insider trading.
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8.6 Compound Poisson Processes

8.6.1 Definition and Properties

Definition 8.6.1.1 Let A > 0 and let F' be a cumulative distribution function
on R. A (A, F)-compound Poisson process is a process X = (X;,t > 0)

of the form
Ny
= ZYk, Xo=0
k=1

where N is a Poisson process with intensity X\ and the (Yi,k > 1) are i.i.d.
random variables with law F(y) = P(Y1 < y), independent of N (we use the

convention that 22:1 Yr =0). We assume that P(Y; = 0) = 0.

The process X differs from a Poisson process since the sizes of the jumps
are random variables. We denote by F'(dy) the measure associated with F" and
by F*™ its n-th convolution, i.e.,

F*(y) = (ZYk<y>

We use the convention F**(y) = P(0 < y) = 1g,00((1)-

Proposition 8.6.1.2 A (A, F')-compound Poisson process has stationary and
independent increments (i.e., it is a Lévy process ~ Chapter 11); the
cumulative distribution function of the r.v. Xy is

P(Xt <z)= —)\t Z F*n

PROOF: Since the (Y}) are i.i.d., one gets

<exp MZYHW > v ) = (Blexp(iAY1)])" (Elexp(ini)))" "

k=n-+1

Then, setting (A, n) = (Elexp(iAY71)])", the independence and stationarity
of the increments (X; — X;) and X, with ¢ > s follows from

E(exp(iAXs +iu(X: — Xs))) = E((X, Ng) ¢(p, Ny — Ng) )
= E(w()‘? NS) ) E( 1/1(/17 Ntfs) ) .
The independence of a finite sequence of increments follows by induction.

From the independence of N and the random variables (Y, k > 1) and
using the Poisson law of Ny, we get
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P(X; < ) = ZIP’(NthYk<x>
= ZP(Nt =n)P (ZYk < x> =e M Z %F*"(z)
n=0 k=1 ’

n=0

Yl _____ ! -—

T1 T2 Tg, T4 IT5

Ys

Yi+Yol oo ...

Y3

Fig. 8.2 Compound Poisson process

8.6.2 Integration Formula

If Z, = Zo+ bt + X; with X a (A, F)-compound Poisson process, and if f is a
C! function, the following obvious formula gives a representation of f(Z;) as
a sum of integrals:

£(2) = $(zo) + [ o' (Z)ds+ X 1(2) - 12

s<t

— f(Zo) + /0 b (Z)ds + S (f(Z,) — f(Z,-) AN,

s<t

— [(Zo) + /0 bf!(Z,)ds + /0 (F(Z.) - f(Z.-))dN, |
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It is possible to write this formula as

fwasz@fA@fwg+uwg—ﬂ44M@+A(ﬂza—fwr»mm

however this equality does not give immediately the canonical decomposition
of the semi-martingale f(Z;). Indeed, the reader can notice that the process
fot (f(Zs) — f(Z,-)) dM; is not a martingale. See — Subsection 8.6.4 for the
decomposition of this semi-martingale.

Exercise 8.6.2.1 Prove that the infinitesimal generator of Z is given, for C'*
functions f such that f and f’ are bounded, by

£f(x) = +A/ f(@+y) — () Fdy).

8.6.3 Martingales

Proposition 8.6.3.1 Let X be a (A, F')-compound Poisson process such that
E(|Y1]) < oo. Then, the process (Z; = X — tA\E(Y1),t > 0) is a martingale
and in particular, E(X;) = ME(Y1) = At [*_yF(dy).
If E(Y?) < oo, the process (Z2 — t)\E(Yl ),t > 0) is a martingale and
Var (X;) = ME(Y?).

PROOF: The martingale property of (X; — E(X;),t > 0) follows from the
independence and stationarity of the increments of the process X. We leave
the details to the reader. It remains to compute the expectation of the r.v. X,
as follows:

ZE <Z Vil(n,— n}> = > nE(Y1)P(N; = n)

=EY)) Z nP(N, = n) = ME(Y}).

n=1

The proof of the second property can be done by the same method; however,
it is more convenient to use the Laplace transform of X (See below,
Proposition 8.6.3.4). O

Proposition 8.6.3.2 Let X; = ZfitlYi be a (N F)-compound Poisson
process, where the random variables Y; are square integrable.
Then Z? — ZNt Y? is a martingale.

7
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Proor: It suffices to write

Ny Ny
Z} =3 VP =77 — ME(Y?) - (Z Y2 - At]E(Yf‘)) .
=1

i=1

We have proved that Z? — ME(Y$) is a martingale. Now, since Zf\[:tl Y2 is a

K2
compound Poisson process, Zf\]:tl Y2 — ME(Y) is a martingale. O

The process A; = Zf\[:tl Y;? is an increasing process such that X? — A, is
a martingale. Hence, as for a Poisson process, we have two (in fact an infinity
of ) increasing processes C; such that X2 — C; is a martingale. The particular
process Cy = tAE(Y}) is predictable, whereas the process A; = Zf\il Y;?

satisfies AA; = (AX;)?. The predictable process tAE(Y;?) is the predictable

quadratic variation and is denoted (X):, the process Ef\’:tl Y;? is the optional
quadratic variation of X and is denoted [X];.

Proposition 8.6.3.3 Let X; = Z}?f;l Yr be a (A F)-compound Poisson
process.

(a) Let dS; = S;- (pdt + dXy) (that is S is the Doléans-Dade exponential
martingale E(U) of the process Uy = ut + X). Then,

N
S = Soet [ (1 + V).
k=1

In particular, if 1 +Y1 > 0,P.a.s., then

Ny

Sy = Sy exp (,ut + Z In(1+ Yk)> = SpeMttXi = Gyelr .
k=1

Here, X* is the (A, F*)-compound Poisson process X = ZkNil Y, where
Y =1In(1+4Yy) (hence F*(y) = F(e¥ — 1)) and

Ny
U =Ur+ Y (In(1+ AX,) = AX,) =Up + > (In(1+ Vi) = Yi).
s<t k=1

The process (Sie™"t,t > 0) is a local martingale if and only if u+ NE(Y7) = r.
(b) The process
Sy = wexp(bt + X;) = xe"* (8.6.1)

is a solution of

dSt = St—th*, SO =X
(i.e., Sy = x E(V*)¢) where
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Vi=Vit ) (e —1— AX) =bt+ Y (e2¥ —1).

s<t s<t
The process S is a martingale if and only if
)\/ (1—eY)F(dy) =b.
PRrROOF: The solution of
dSt = St* (,Ltdt + dXt)7 SO =T
is
Ny

Sy =€) = we [T(1+ Vi) = webteTnts MI+Ye) — out+ 3500 Y
k=1

where YV* = In(1 + Y%). From

Ny Ny
pt+ > Vi = pt+ X+ Y Y - X, = U+ Y (In(1+ AX,) — AX,),
k=1 k=1 s<t

we obtain S; = zeYs . Then,

d(e7"Sy) = e "S- ((—r + p + MNE(Y7))dt + dX; — AE(Y7)d¢t)
= 7S, ((—r + p + AE(YY))dt + dZ,) ,

where Z; = X; — ME(Y})t is a martingale. It follows that e™"'S; is a local
martingale if and only if —r + p 4+ AE(Y;) = 0.

The second assertion is the same as the first one, with a different choice
of parametrization. Let

N, N,
Sy = we?T X = gelexp (Z Yk> = zebt H(l +Y5)
1

k=1
where 1 + Y;* = e¥*. Hence, from part a), dS; = S;-(bdt + dV;*) where
Vi = Z]k\ll Y,r. It remains to note that
BV =V V) = Xy =Vi+ ) (e2% —1- AX,).
s<t
O
We now denote by v the positive measure v(dy) = AF(dy). Using this

notation, a (A, F')-compound Poisson process will be called a v-compound
Poisson process. This notation, which is not standard, will make the various



488 8 Poisson Processes and Ruin Theory

formulae more concise and will be of constant use in ~— Chapter 11 when
dealing with Lévy ’s processes which are a generalization of compound Poisson
processes. Conversely, to any positive finite measure v on R, we can associate
a cumulative distribution function by setting A = v(R) and F(dy) = v(dy)/A
and construct a v-compound Poisson process.

Proposition 8.6.3.4 If X is a v-compound Poisson process, let

TWw) = {a : /_Z e y(dz) < oo} .

The Laplace transform of the r.v. X; is

E(e*Xt) = exp (—t/m (1- ew)yux)) fora € J(v).

— 00
The process

oo
Zt(o‘) = exp (aXt +t/ (1- ea’”)l/(dx)>
— 0o
is a martingale.
The characteristic function of the r.v. Xy is

E(c™X) = exp (—t /_ 2(1 - eiw)y(dx)) .

PROOF: From the independence between the random variables (Yi, &k > 1)
and the process N,

E(e**) =E (eXp (a 2 Yk)) = E(2(Ny))
k=1

where ¢(n) = E (exp (az Yk>> = [Py (a)]™, with ¥y () = E (exp(al?)).
k=1

AT
Now, E(D(Ny)) = Y, [Py ()] e — = exp (=At(1 — ¥y (@)). The martin-
n!
gale property follows from the independence and stationarity of the increments
of X. O

Taking the derivative w.r.t. & of Z(®) and evaluating it at o = 0, we obtain
that the process Z of Proposition 8.6.3.1 is a martingale, and using the second
derivative of Z(®) evaluated at a = 0, one obtains that Z? — ME(Y?) is a
martingale.

Proposition 8.6.3.5 Let X be a v-compound Poisson process, and [ a
bounded Borel function. Then, the process
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Ny
exp (Z f(Yx) +t/

k=1 e

oo

(1-— ef(””))z/(dx)>

is a martingale. In particular

E <exp (i f(Yk)>> = exp (—t/_o;(l - ef(“))u(dx)> .

PROOF: The proof is left as an exercise. O

For any bounded Borel function f, we denote by v(f) = [*_ f(z)v(dx)
the product AE(f(Y1)). Then, one has the following proposition:

Proposition 8.6.3.6 (i) Let X be a v-compound Poisson process and [ a
bounded Borel function. The process

M = Z F(AX)Tiax, 20y — tv(f)

s<t

is a martingale.
(ii) Conversely, suppose that X is a pure jump process and that there exists
a finite positive measure o such that

Z J(AX)Liax, 20y —to(f)

s<t

is a martingale for any bounded Borel function f, then X is a o-compound
Poisson process.

PROOF: (i) From the definition of M/,

E(M]) = S E(f(Y))B(T, < 0) — t(f) = E(fF(Y1) S B(T, < ) — tw(f)

n

= E(f(Y1))E(Ny) —tv(f) =0.

The proof of the proposition is now standard and results from the computation
of conditional expectations which leads to, for s > 0

EMy - MIF)=E| Y fAX)Liax,z0 — sv()IF | =0.
t<u<t+s
Another proof relies on the fact that the process

N Nt
> FAX)ax. 20y = Y TV = Zk
k=1 k=1

s<t
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is a compound Poisson process, hence

S F(Yi) — AB(Z) = 3 (Vi) — EAB(F(V1)
k=1 k=1

is a martingale.
(ii) For the converse, we write

eiuXt =14+ § eiqu,(eiuAXs o 1)
s<t

t t
=1+ / e Xo=dM] + o(f) / e Xeds
0 0
where f(z) = e™* — 1. Hence,

E(eiuXH.s

F) = e 4 o(f) / dr (e Xt | Fy)
0

Setting ¢(s) = E(e™Xt+:|F;), one gets ¢(s) = ¢(0) + o(f) [, ¢(r)dr, hence

Fi) = e Xtexp (s /R o(dx)(e™® — 1)> )

The remainder of the proof is standard and left to the reader. O

E(eiuxt+5

Introducing the random measure p1 =Y, 47, vy, on Rt X R and denoting
by (f * u); the integral®

N

[ [ @t as.an) = 3" 000,

k=1

we obtain that
MY = (f * p) — tv(f / /f p(w; ds, dz) — dsv(dz))
is a martingale. (We shall generalize this fact when studying marked point

processes in — Section 8.8 and Lévy processes in — Chapter 11.)

Example 8.6.3.7 Let U; = as + oW, where W is a standard Brownian
motion and let NV be a Poisson process with intensity 1, independent of W.
Define the process Z as Z; = Uy, (that is a time change of the drifted
Brownian motion U). Conditionally on Ny = n, the r.v. Z; has a N'(an,o?n)
law. The process Z is a compound Poisson process

Ny
(Zy,t > 0) law (Z Y, t > 0) where Y}, law N(a,0?).
k=1

! Later, in Chapter 11, we shall often use N(ds, dz) instead of u(ds, dz)
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Example 8.6.3.8 Let X(9) i = 1,2 be two compound Poisson processes

N
Xt(z) _ Z Yk(z)
k=1

where YU N® j = 1,2 are independent and Yl(i) is a reflected normal r.v.
(i.e., with density f(y)1y,0y where f(y) = ‘/\/ﬁ—e’yg/@"g)). The characteristic

function of the r.v. Xt(l) — Xt(Q) is

W(u) = e~ NP +P(—u))

with @(u) = E(e¥1). From
ﬂw+¢vw=EW“ﬂw%“w=/MJWﬂm@+/ma%w@wy
0 0

:/ e f(y)dy = 2e77 "/

— 00

we obtain 5 5
W(u) = exp(2Xt(e™7 ¥ /2 —1)).

This is the characteristic function of O’W(Nt(l) + Nt@)) where W is a BM,
evaluated at time Nt(l) + Nt(2).

Exercise 8.6.3.9 Let X be a (A, F))-compound Poisson process. Compute
E(e?*Xt) in the following two cases:

(a) Merton’s case [643]: The law F' is a Gaussian law, with mean ¢ and
variance 9,

(b) Kou’s case [540] (double exponential model): The law F of Y7 is

F(dx) = (p@le_elrjl{mw} +(1- p)@gegﬂ]l{m@}) dz ,
where p €]0, 1] and 6;,i = 1,2 are positive numbers. See — Example 10.4.4.5

for a generalization and an answer. <

Exercise 8.6.3.10 (Example of a Compound Poisson Process.) (See
Sato [761], p. 21.) Let X be a v-compound Poisson process with v a probability
measure of the form v(dz) = pdi(dx) + gd_1(dx) where 6,(dz) denotes the
Dirac measure at a and where ¢ =1 — p,p €]0, 1[. Prove that

k/2
MXf—m—et<§) 1(2(pg)/2)

where I}, is the Bessel function (see — A.5.2). <
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Exercise 8.6.3.11 (Extension of Compound Poisson Process.) (See
Sato [761], p. 143) Let X be a v-compound Poisson process and h a bounded
function. The sequence (T}) is the sequence of jumps of the Poisson process
N. Let Z; = S0, h(Tx, Y3). Prove that

E(e"4t) = exp ( / ds / (emhow) — (dy)>

The process Z has independent non-homogeneous increments; it is called an
additive process. <

8.6.4 Ito’s Formula

Let X be a v-compound Poisson process, and Z; = Zy + bt + X;. Then, It0’s
formula

12— 1(Z0) —b/ F(Zyds+ S f(Zn) - f(Zr, )

k, T, <t

—b / F(Z)ds + / / F(Zoe +y) — F(Ze)] u(ds, dy)

(where p =", 7, v, ) can be written as

(20— (o) = /0 ds (Lf)(Z,) + M(f):

where Lf(x) = bf'(z)+ [ (f(x+y)— f(z)) v(dy) is the infinitesimal generator
of Z and

M(f), = / / F(Zee+ 1) — F(Zo)] (u(ds, dy) — ds v(dy)

is a local martingale.

8.6.5 Hitting Times

Let Z; = ctfzg;l Y% be a (A, F)-compound Poisson process with a drift term
¢>0and T'(z) = inf{t :  + Z; < 0} where > 0. The random variables Y’
can be interpreted as losses for insurance companies. The process Z is called
the Cramer-Lundberg risk process.

» If ¢ = 0 and if the support of the cumulative distribution function F' is
included in [0, co[, then the process Z is decreasing and

{T(x)Zt}:{Zt—l—xZO}:{xZZtYk} ,

k=1



8.6 Compound Poisson Processes 493

hence,

P(T(x) > t) <x > Zyk) =Y P(N; = n)F*"(z).
For a cumulative distribution function F' with support in R,

P(T Z]P’ PV, <aVi+Ys<z.. . Yi+-+Y,<z).

» Assume now that ¢ # 0, that the support of F' is included in [0, o[ and
that, for every u, E(e*¥1) < oco. Setting 1(u) = cu + fooo(e“y — 1v(dy), the
process (exp(uZ; — ty(u)),t > 0) is a martingale (Corollary 8.6.3.3). Since
the process Z has no negative jumps, the level cannot be crossed with a
jump and therefore Zp(,y = —x. From Doob’s optional sampling theorem,
E(e4enr@=@AT@)¥(w)) = 1 and when t goes to infinity, one obtains

]E(efume(z)w(U)]l{T(I)<oo}) =1

Hence one gets the Laplace transform of T'(z)
_ #
E(e™ "™ 1 irycoey) = e,

where 9! is the negative inverse of ¢ (i.e., ¥*(6) is the solution y of 1 (y) =
for 6 > 0 which satisfies y < 0).

Example 8.6.5.1 (One-sided Exponential Law. )
If F(dy) = ke™"1{y~0)dy, one obtains ¥(u) =

l<;+ !
E(e @11 <00y) = eVt )

with

A+ 0 — ke — /(A + 0 — kc)? + 40ke
2¢ '

¥H(6) =

N
Exercise 8.6.5.2 Let X; = ZY and X ZYZ* be two compound
i=1
Poisson processes, where N, N are independent Poisson processes with
respective intensities A and A*. We assume that the four random objects
N,N*Y,Y* are independent and that the law of Y7 (resp. the law of Y;*)
has support in [0, oo[. Prove that e P(Xe=X7) ig a martingale for p a root of
AE(e=PYt — 1) + M*E(e”™T — 1) = 0. <
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8.6.6 Change of Probability Measure

Two questions may be asked:

(a) Starting from a v-compound Poisson process X under P, find some
changes of measures Q << P such that, under Q, X is still a compound
Poisson process.

(b) Given two compound Poisson processes, when are their distributions
locally equivalent?

We treat point (a) and leave (b) to the reader (see — Exercise 8.6.6.3).

Let X be a v-compound Poisson process, v a positive finite measure on R
absolutely continuous w.r.t. v, and A = 7(R) > 0. Let

Ly = exp (t()\ N+ I (g) (AXS)) . (8.6.2)

s<t

Proposition 8.6.3.4 proves that, if Z,{Ll Z. is a compound Poisson process,

then
Ny
exp <Z Zi +tAE(1 — eZl)>
k=1

is a martingale. It follows that

Nt o0
exp (Z F(Y%) +t/ (1- ef(x))z/(dx)> (8.6.3)
k=1 -
is a martingale, hence for f = In (g—g), the process L is a martingale. Set
Q|]:t = LtPl-Ft'

Proposition 8.6.6.1 Let X be a v-compound Poisson process under P.
Define dQ|z, = LidP|F, where L is given in (8.6.2). Then, the process X
is a U-compound Poisson process under Q.

PROOF: First we find the law of the random variable X; = ZQL Y. under Q.
Let f=1In (Z—Z). Then

Ny
Eq(e*) = Ep (eiuxf exp (t(A ED f(n)))

o (A)" =N (Ep(ez‘qu-&-f(Y]))) "

M

n!
n=0
> n N -~ n
_ Z e_)\t ()\t') et()\—A) (E]P’ (d—l/(Yl) eiuY1>>
— n! dv

()"
>

e—tA (i / ewyda(y))n = exp <t / (e — 1) da(y)) .
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It remains to check that X has independent and stationary increments under
Q. Using Proposition 8.6.3.5, one gets, for ¢t > s,

1 .
Fo) = - Bp(Lye X F)

exp ((t —5) / (e — 1)5(dm)> .

In that case, the change of measure changes the intensity (equivalently,
the law of N;) and the law of the jumps, but the independence of the Y*
is preserved and N remains a Poisson process. It is possible to change the
measure using more general Radon-Nikodym densities, so that the process X
does not remain a compound Poisson process.

EQ(eiu(thxs)

O

Exercise 8.6.6.2 Prove that the process L defined in (8.6.3) satisfies

dL; = Ly_ ( /R (eFW) — 1) (u(dt, dy) — V(dy)dt)) .

<

Exercise 8.6.6.3 Prove that two compound Poisson processes with measures
v and v are locally absolutely continuous, only if v and v are equivalent.

Hint: Use E ((ngt f(AXS))) = tv(f). <

8.6.7 Price Process
We consider, as in Mordecki [658], the stochastic differential equation

where X is a v-compound Poisson process.

Proposition 8.6.7.1 The solution of (8.6.4) is a Markov process with in-
finitesimal generator

+o0
L)) = (o + ) () + / (@ + ey + 6y) — ()] w(dy)

for suitable f (in particular for f € C' with compact support).
PRrROOF: We use Stieltjes integration to write, path by path,

F(8) = 5@) = [ 1SS+ B1ds+ 3T Af(S.).

0<s<t
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Hence,

E(f(St))—f(x)=E( / f/<ss><ass+mds)+1€ S A((S.))

0<s<t

From

E Z A(f(Ss)) =E Z f(Ss— + ASS) - f(Ss—)

0<s<t 0<s<t
t
—5([ [ a5 + 6540w - 1500,
o Jr
we obtain the infinitesimal generator. O

Proposition 8.6.7.2 The process (e™"tS;,t > 0) where S is a solution of
(8.6.4) is a local martingale if and only if

a+v/yV(dy)=r, ﬂ+6/yV(dy)=0-
R R
PROOF: Left as an exercise. O

Let 7 be a positive finite measure which is absolutely continuous with
respect to v and

~ dv
L, = exp <(>\ ~XN+> In ( d—y) (AXS)> .
s<t
Let Q|#, = LiP|#,. Under Q,
dSt = (OZStf + ﬁ) dt + (’YSt— + (5>dXt

where X is a v-compound Poisson process. The process (S;e™ "t t > 0) is a
Q-martingale if and only if

a+7/Ryl7(dy)=n 6+5/Ry17(dy)=0-

Hence, there is an infinite number of e.m.m’s: one can change the intensity of
the Poisson process, or the law of the jumps, while preserving the compound
process setting. Of course, one can also change the probability so as to break
the independence assumptions.

8.6.8 Martingale Representation Theorem

The martingale representation theorem will be presented in the following
Section 8.8 on marked point processes.
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8.6.9 Option Pricing

The wvaluation of perpetual American options will be presented in —
Subsection 11.9.1 in the chapter on Lévy processes, using tools related to
Lévy processes. The reader can refer to the papers of Gerber and Shiu
[388, 389] and Gerber and Landry [386] for a direct approach. The case
of double-barrier options is presented in Sepp [781] for double exponential
jump diffusions, the case of lookback options is studied in Nahum [664]. Asian
options are studied in Bellamy [69].

8.7 Ruin Process

We present briefly some basic facts about the problem of ruin, where
compound Poisson processes play an essential role.

8.7.1 Ruin Probability

In the Cramer-Lundberg model the surplus process of an insurance
Ny

company is x + Zy, with Z; = ct — X;, where X; = ZYk is a compound
k=1

Poisson process. Here, c is assumed to be positive, the Y, are Rt-valued and

we denote by F' the cumulative distribution function of Y;. Let T'(z) be the

first time when the surplus process falls below 0:

T(z)=inf{t >0 : z+ Z, <0}.
The probability of ruin is ¢(z) = P(T'(z) < o0). Note that &(z) =1 for x < 0.
>

Lemma 8.7.1.1 If co > E(Y7)
probability 1.

> 5, then for every wm, ruin occurs with

PROOF: Denoting by T} the jump times of the process IV, and setting
Sp =Y Vi = e(Ti = Tir)],
1

the probability of ruin is
P(x) = P(inf(-S,) < —z) =P(sup S,, > x) .

The strong law of large numbers implies

o1 R
i S = Jim = gm — o(T}, — Ti1)] = E(Y) —

> o
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8.7.2 Integral Equation

Let ¥(z) =1 — &(x) = P(T(x) = 00) where T'(z) = inf{t >0 : = + Z; <0}.
Obviously ¥(x) = 0 for < 0. From the Markov property, for > 0

U(x) =EW(z+cTh — Y1)

where T} is the first jump time of the Poisson process N. Thus
V() = / dtxe  ME(W (z + ct — V7)) .
0
With the change of variable y = x + ¢t we get

)\ oo
W(z) = em/cZ / dye N/ EW(y — Y1)).

x

Differentiating w.r.t. x, we obtain

W' (z) =\ (x) = AE(W(z — Y7)) = \¥(z) — /\/0OO U(x —y)dF(y)

= \(x) — )\/091 U(x—y)dF(y).
In the case where the Y)’s are exponential with parameter p,
V' (z) = N\ (z) — )\/091 U(z —y)pe "dy.
Differentiating w.r.t. x and using the integration by parts formula leads to
V" (x) = (X —cp)¥'(z).

» For 3 = 1(\ —cu) < 0, the solution of this differential equation is

V(z) = / ePldt + ¢y

where ¢; and ¢y are two constants such that ¥(oo) = 1 and AZ(0) = ¢?’(0).
Therefore c; = 1, ¢; = %% < 0and ¥(z) =1— ﬁeﬁz. It follows that
P(T(z) < x0) = ﬁeﬁm.

» If 5 > 0, then ¥(z) = 0. Note that the condition 8 > 0 is equivalent to
E(Y1) > £.

8.7.3 An Example

Ny
Let Z; = ¢t — X; where X; = ZYk is a compound Poisson process. We

k=1
denote by F' the cumulative distribution function of Y7 and we assume that
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F(0) = 0, i.e., that the random variable Y; is R*-valued. Yuen et al. [871]

assume that the insurer is allowed to invest in a portfolio, with stochastic
N

return R, = rt + oW, + X} where W is a Brownian motion and X; = Z Y
k=1

is a compound Poisson process. We assume that (Y, Y, k> 1, N, N*, W) are

independent. We denote by F* the cumulative distribution function of Y;*.

The risk process S associated with this model is defined as the solution
S¢(z) of the stochastic differential equation

t
St:$+Zt+/ SS—dRS, (871)
0

t
St(x) = Ut <I+/ Us__le3>
0

where U; = e"E(c W), Hfj;l(l +Y;"). Note that the process S jumps at the
time when the processes N or N* jump and that

ie.,

ASt = AZt + Stf ARt .
Let T(x) = inf{t : Si(z) < 0} and ¥(z) = P(T(x) = o0) = IF’(irngt(x) > 0),
the survival probability.

Proposition 8.7.3.1 Forx > 0, the function ¥ is the solution of the implicit
equation

B 00 0o ~y N .
¥ (x) 7/0 /0 Wpu(lvy)(D(yvu) + D*(y, u)) dydu
where

P2 (2,y) = (3)“ Yo (v)/(2u) ] (ﬁ) ’
z u u

D*(y,u) = % /_010 T((1+ 2)y % (x + dcou)) dF*(2),

A y~ 2 (z+4cou) ) )
D = — Uy~ deo™ — F
) = 555 | (™2 + deo™u) — 2) dF (2),
A+ A"
0= 022 — o), y = 8( ; )7 a=(a®+42)V2.

PROOF: Let 7 (resp. 7*) be the first time when the process N (resp. N*)
jumps, T = 7 A7 and m = inf;>(S:. Note that, from the independence
between N and N*, we have P(r = 7*) = 0. On the set {¢ < T}, one has

Sp = e"E(W), (:L‘ + cf(;f e"'s[E(UW)S]_lds). We denote by V' the process
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Vi =e"E(oW)(x + cfot e~ "$[E(cW)s]~tds). The optional stopping theorem
applied to the bounded martingale

M, = E(1,,>0|F:)
and the strong Markov property lead to
U(x) =P(m >0) =My =E(Mr) =EW(ST)).
Hence,

U(r) = EW(S:)lrcrr) + E(W(Sr )1 <r)
E(W(V; — Y1)1yere) +E@(Vee (1 4+ Vi) Lo oy)

- /m dtAe ™ MEW(V; — 1)) P(t < 77)
0
N / T dtnte N E@ V(L4 YD) B(t < 7)
0
_ / e~ ORI DRV, — V1)] + NER(V,(1 + 7)) dt.
0

Employing the change of variable t = 40~ 2s,

4 [ — .
(r) = / =10 NS (AT (s) + AT (s)) ds,
= Jo
where
T(s) = E[W (X, — Y1), T7(s) = E[¥(Z:(1 + Y7))]
and .
Xs = 62(GS+BS) (37 + 4_2/ 6_2(at+Bt)dt> 3 Bs = gVV4U*2$7
ag 0 2
where a = % — 1. Hence, using the symmetry of BM,
_ —2(Bs—as) dc [* 2(Bi—at)
Y(s)=E|¥ (e T+ — e dt)| —Y; .
7= Jo
Therefore
4 > —40’72()\-'1-)\*)8
— e AT (s)ds
o= Jo
A 4¢ [®
— E |w —2(Be—aB) _/ 2(Bt—at)dt —Y
ST (6 SRl !

where @ is an exponential random variable, independent of B, with parameter
4(X + X\*)o~2. The law of the pair
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e
(e—Q(B@—aé)’ / eQ(Bt—at)dt)
0

was presented in Corollary 6.6.2.2. It follows that

4 > —40 "2 (A 2)s > > i «
o7 /. e ( S\Y(s)ds = - Wpu(l,y)D(y,u)dydu.
The study of the second term can be carried out by the same method. O

Comment 8.7.3.2 See the main papers of Kliippelberg [526], Paulsen [700],
Paulsen and Gjessing [701], Yuen et al [871], the books of Asmussen [23],
Embrechts et al. [322], Mikosch [650] and Mel'nikov [639] and the thesis of
Loisel [602]. Many applications to ruin theory can be found in Gerber and his
co-authors, e.g., in [387].

8.8 Marked Point Processes

We now generalize compound Poisson processes, introducing briefly a class of
processes which are no longer Lévy processes: we introduce a spatial dimension
for the size of jumps which are no longer i.i.d. random variables; moreover,
the time intervals between two consecutive jumps are no longer independent.
Let (E, &) be a measurable space and (£2, F,P) a probability space.

8.8.1 Random Measure

Definition 8.8.1.1 A random measure ¥ on the space R* x E is a family
of positive measures (¥(w;dt,dx);w € Q) defined on RT x E such that, for
[0,t] x A e BRE, the map w — ¥ w; [0,t], A) is F-measurable, and satisfying
Hw; {0} x E) =0.

8.8.2 Definition
Let (Z,) be a sequence of random variables taking values in the measurable
space (E,€), and (T},) an increasing sequence of positive random variables,

with - to avoid explosion - lim, T, = 4o00. We define the marked point
process N = {(T},, Z,,)} by: for each Borel set A C E,

N(A) = Ty, <nylz,ca) -

We associate with N a random measure p by

(5 [0,2], A) = Ni(A).
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The natural filtration of N is
FN = g(N,(A),s<t,AcE).
Let H be a map
(t,w,2) € (RT,2,FE) — H(t,w,z) ER.

The map H is predictable if it is P ® £ measurable. The random counting
measure p(w;ds, dz) acts on the set of predictable processes H as

(Hxp)e Z/} ]/ H(s,z)u(ds,dz) :ZH(TH,ZR)]I{THS}
0] JE m

N¢(E)

> H(Tw,Zy),

n=1

where we have dropped w in the notation.

Definition 8.8.2.1 The compensator of y is the (up to a null set) unique
random measure v such that, for every predictable process H,

(i) the process Hxv is predictable,
(ii) if moreover, the process |H|*u is increasing and locally integrable, the
process (Hxp — Hxv) is a local martingale.

The existence of a compensator is established in Brémaud and Jacod [125],
Jacod and Shiryaev [471] and Kallenberg [505].

We now assume that £ = R?. The compensator admits an explicit repre-
sentation: let Gy, (dt,dz) be a regular version of the conditional distribution
of (Ty41, Zny1) with respect to FY = o{((T1, Z1), ... (Tn, Zn)}. Then,

G, (dt,dz
V(dt,dz) = Z]]_{Tn<t<T”+l}m . (881)

A proof can be found in Prigent [725], Chapter 1 Proposition 1.1.30.

Comment 8.8.2.2 See Brémaud and Jacod [125], Brémaud [124], Prigent
[725], Jacod [467] and Jacod and Shiryaev [471] for more details on marked
point processes.

Warning 8.8.2.3 The notation in various papers in the literature can be
very different from the above: authors may use N or N for various quantities.
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8.8.3 An Integration Formula

Let dX; = Bydt + [, (L, z)p(dt, dz), where § and +y are predictable and let F
be a C! function. Then

dF(t, X;) = 0, Fdt + B, 9, Fdt

+ / (F(t, X, +(t,2)) — F(t, X, )) pldt, dz)
E

or, in an integrated form

t t
F(t,X;) = F(0, Xy) +/ 3tF(s,XS)ds+/ Bs 0. F (s, Xs)ds
0 0

Ni(E)
+Z (T, X1,) = F(Tp, Xp-)] -

8.8.4 Marked Point Processes with Intensity and Associated
Martingales

In what follows, we assume that, for every A € £, the process N;(A) admits
the F-predictable intensity A:(A), i.e., there exists a predictable process

(A:(A),t > 0) such that
¢
_ / As(A)ds
0

is a martingale. (The most common form of intensity is A((A) = a;m(A)
where a; is a positive predictable process and m; a deterministic probability
measure on (E,E). In that case, v(dt, dz) = aym¢(A)dt. We shall say that the
marked point process admits («y, m¢(dz)) as P-local characteristics.)

If X; = Ziv;(lE) H(T,,Z,) where H is an F-predictable process that

satisfies
E / /|H(s,z)|)\s(dz)ds < oo
10,4 JE
the process

X, - /0 t /E H(s, 2)As(dz)ds = /M /E H(s, 2) [u(ds, dz) — Ao(d2)ds]

is a martingale and in particular

E < /M /E H(s,z)u(ds,dz)) :]E< /M /E H(s,z)/\s(dz)ds> .
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8.8.5 Girsanov’s Theorem

Let p be the random measure of a marked point process with intensity of
the form A;(A) = aym(A) where my is, as above, a deterministic probability
measure on (E,E). Let (4, h(t,z)) be two predictable positive processes such
that

t
/ Psosds < 00, / h(t,z)mi(dz) = 1.
0 E
Let L be the local martingale solution of
dLy = Ly- / (Vehe(2) — 1) (p(dt, dz) — apmy(dz)dt) .
E
If E(L;) = 1, setting Q| £, = L:P|£,, the marked point process has the Q-local

characteristics (rau, h(t, 2)m:(dz)).

Exercise 8.8.5.1 Prove Proposition 8.6.6.1 using the above result. <

8.8.6 Predictable Representation Theorem

Let (2, F,F,P) be a probability space where F is the filtration generated by
the marked point process N. Then, any (P, F)-square integrable martingale
M admits the representation

M, = My + /O /E H(s,2)(u(ds, dz) — \(dz)ds)

where H is a predictable process such that

E (/Ot/E|H(s,x)2)\s(dx)ds) < 0.

See Brémaud [124] for a proof. More generally

Proposition 8.8.6.1 Let W be a Brownian motion M, N a marked point
process and Fy = o(Ws, FN; s < t) completed.

Let pi(ds,dz) = u(ds,dx) — As(dx)ds. Then, any (P, F)-local martingale
has the representation

t t
M; = My —|—/ s dWy +/ / H(s,2)u(ds,dz) (8.8.2)
0 0o JE

where @ is a predictable process such that fot ©2ds < oo and H is a predictable
process such that fot [ |H(s,2)|As(dz)ds < oo. If M is a square integrable
martingale, each term on the right-hand side of the representation (8.8.2) is
square integrable, and
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([ ) ([ )
E ((/Ot/EH(s,z)ﬁ(ds,dz)>2> :E(/Ot/EHQ(s,z)/\s(dz)ds)

PROOF: We refer to Kunita and Watanabe [550], Kunita [549], and to Chapter
IIT in the book of Jacod and Shiryaev [471]. O

Comment 8.8.6.2 Bjork et al. [103] and Prigent [725, 724] gave the first
applications to finance of Marked point processes, which are now studied by
many authors, especially in a BSDE framework.

Exercise 8.8.6.3 Check that the process

t t
S; = exp </0 (ﬁs - %O’?) ds —|—/0 O'deS) H 1+ ~4(Tn, Zn))

n,Tp<t

is a solution of
dSy = Sy~ (ﬁtdt + o dWy +/ 'y(t7y)/¢(dt,dy)> )
E

where p is the random measure associated with the marked point process
N = {(TnaZn)}' <

8.9 Poisson Point Processes

We end this chapter with a brief section on Poisson point processes, which
are of major importance in the study of Brownian excursions.

8.9.1 Poisson Measures

Let (E, ) be a measurable space. A random measure p on (E, £) is a Poisson
measure with intensity v, where v is a o-finite measure on (E, &), if

(i) for every set B € £ with v(B) < oo, u(B) follows a Poisson distribution
with parameter v(B), and
(ii) for disjoint sets B;,i < n, the variables p(B;), 7 < n are independent.

Example 8.9.1.1 Let 7 be a probability measure, (Y, k € N) i.i.d. random

variables with law m and N a Poisson variable with mean m, independent of
N

the Y.’s. The random measure g dy, is a Poisson measure with intensity

k=1
v = mm. Here, d, is the Dirac measure at point y.
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8.9.2 Point Processes

Let (E,€) be a measurable space and ¢ an additional point. We introduce
Es=EU4,E =0(E,{d}).

Definition 8.9.2.1 Lete be a stochastic process defined on a probability space
(2, F,P), taking values in (Es,Es). The process e is a point process if:

(i) the map (t,w) — e(w) is B(]0, oo[) @ F-measurable,
(ii) the set D, = {t : e;(w) # 0} is a.s. countable.

For every measurable set B of |0, co[x E, we set

NBw) = 3 15(5, ().
s>0
In particular, if B =]0,¢] x I", we write

N/ = NP =Card{s <t : e(s) € I}.

Let the space (§2,[P) be endowed with a filtration F. A point process is
F-adapted if, for any I" € &, the process N is F-adapted. For any I" € &5,
we define a point process el by

el (w) =e/(w) ifew)el

el'(w) =48 otherwise

Definition 8.9.2.2 A point process e is discrete if NP < oo a.s. for every t.
It is said to be o-discrete if there is a sequence E, of sets with E = UE,, such
that each e is discrete.

8.9.3 Poisson Point Processes

Definition 8.9.3.1 An F-Poisson point process e is a o-discrete point
process such that:

(i) the process e is F-adapted,

(i) for any s and t and any I' € €, NL,, — NI is independent from
Fi and distributed as NI .

In particular, for any disjoint family (I;,7 = 1,...,d), the d-dimensional
process (Ntn’,i = 1,---,d) is a Poisson process. Moreover, if NI is finite
almost surely, then E(N}/') < co and the quantity %E(Ntr ) does not depend
on t.

Definition 8.9.3.2 The o-finite measure on € defined by
1
n(r) = ;E(N])

is called the characteristic measure of e.
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If n(I") < oo, the process N/ — tn(I") is an F-martingale.

Proposition 8.9.3.3 (Compensation Formula.) Let H be a predictable
positive process (i.e., measurable with respect to P ® Es) vanishing at 6. Then

E ZH(s,w,es(w)) =E {/ ds/ H(s,w,u)n(du)
=0 0 E
If, for any t, E Ug ds [ H(s,w, u)n(du)} < 00, the compensated process

ZH(s,w,es(w)) /Ot ds/EH(s,w,u)n(du)

s<t

is a martingale.

PROOF: By the Monotone Class Theorem, it is enough to prove this formula
for H(s,w,u) = K(s,w)1r(u). In that case, N}' — tn(I') is an F-martingale.
O

Proposition 8.9.3.4 (Exponential Formula.) If f is a B® £-measurable
function such that fot ds [ |f(s,u)|n(du) < oo for every t, then,

Elexp (i 3 fls,en) || =exp (/Otds/E(eif(s’“)—l)n(du)) .

Moreover, if f >0,

exp | — > f(s,es) —exp( /ds/ e~ (5 (du)>.

0<s<t

8.9.4 The Ito6 Measure of Brownian Excursions

Let (Bt,t > 0) be a Brownian motion and (75) be the inverse of the local
time (L) at level 0. The set Ug>0]7s- (w), 7s(w)[ is (almost surely) equal to
the complement of the zeros set {u : B,(w) = 0}. The excursion process
(es,s > 0) is defined by

@) =14t < 7 (w) = 7o @)} B o + () 120
This is a path-valued process e : RT x 2 — (2., where
2, ={e: Rt - R :3V(e) < 00, with e(V(g) +t) =0,Vt >0

e(u) #0,V0 <u < V(e), e(0) =0, is continuous }.
Hence, V (¢) is the lifetime of .
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The starting point of Itd’s excursion theory is that the excursion process is
a Poisson Point Process; its characteristic measure n, called It6’s measure,
evaluated on the set I', i.e., n(I"), is the intensity of the Poisson process

NtF ::Z]lesef'

s<t

The quantity n(I") is the positive real v such that N/ — ty is an (F,,)-
martingale.
Here, are some very useful descriptions of n:

e It6: Conditionally on V' = v, the process
(leul,u <)
is a BES? bridge of length v. The law of the lifetime V under n is

dv
Vorud

Thanks to the symmetry of Brownian motion, a full description of n is

ny (d’U) =

*° 1
n(de) — /O ny (do) 5 (174 + 117) (de)
where IT7 (resp. IIV) is the law of the standard Bessel Bridge (resp. the
law of its negative) with dimension 3 and length v.

e Williams: Let M(¢) = sup, <, |€u]- Then, conditionally on M = m, the
two processes (€y,u < T,,) and (ey_q,u <V —1T,,) are two independent
BES? processes considered up to their first hitting time of m, and

dm
ny(dm) =n(M(e) € dm) = el
We leave to the reader the task of writing a disintegration formula for n
with respect to nj;.

Comment 8.9.4.1 See Jeanblanc et al. [483] for applications to decomposi-
tion of Brownian paths and Feynman-Kac formula. At the moment, there are
very few applications to finance of excursion theory. One can cite Gauthier
[376] for a study of Parisian options, and Chesney et al. [173] for Asian-
Parisian options.
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