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Preface

This volume contains lectures and invited papers from the Focus Program on
“Nonlinear Dispersive Partial Differential Equations and Inverse Scattering” held
at the Fields Institute from July 31 to August 18, 2017.

Our conference coincided with the fiftieth anniversary of the discovery by
Gardner, Greene, Kruskal, and Miura! that the Korteweg-de Vries (KdV) equation
could be integrated by exploiting a remarkable connection between KdV and
the spectral theory of Schrodinger’s equation in one space dimension. This led
to the discovery of a number of completely integrable models of dispersive
wave propagation including the one-dimensional cubic nonlinear Schrédinger
(NLS) equation, the derivative NLS equation and, in two dimensions, the Davey-
Stewartson, Kadomtsev-Petviashvili, and the Novikov-Veselov equations. These
models have been extensively studied and, in some cases, the inverse scattering
theory has been put on rigorous footing and used as a powerful analytical tool to
study global well-posedness and elucidate long-time asymptotic behavior of the
solutions, including dispersion, soliton solutions, and semiclassical limits.

Pioneering works in this literature are the papers of Deift and Zhou which
establish the “nonlinear steepest descent” method for solving the Riemann-Hilbert
problems at the heart of inverse scattering. More recently, rigorous treatments
of inverse scattering have led to advances in the understanding of dispersive
partial differential equations (PDEs), in particular addressing questions concerning
asymptotic stability of solitons and the soliton resolution conjecture. Motivated by
completely integrable models as well as by considerations stemming from the physi-
cal origin of the equations, the existence and stability properties of special solutions
such as traveling waves and solitary waves have been thoroughly investigated by
pure variational and PDE techniques. A common theme in many PDE results is that
equations which are very far from the integrable cases nonetheless exhibit similar
qualitative and asymptotic behavior.

IClifford S. Gardner, John M. Greene, Martin D. Kruskal, and Robert M. Miura, Phys. Rev. Lett.
19, 1095 (1967).
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This conference brought together researchers in completely integrable systems
and PDE with the goal of advancing the understanding of qualitative and long-time
behavior in dispersive nonlinear equations.

Percy Deift’s Coxeter Lectures, “Fifty Years of KdV: An integrable system,”
provided an introduction and overview of the completely integrable method and
its applications in dynamical systems, probability, statistical mechanics, and many
other areas of applied mathematics. The first week of the focus program consisted of
expository lectures by Walter Craig, Patrick Gérard, Peter D. Miller, Peter A. Perry,
and Jean-Claude Saut. Walter Craig presented a series of lectures on Hamiltonian
PDEs. The notion of phase space, flows for PDEs and conserved integrals of
motion were introduced as well as normal forms transformations and the concept
of Nekhoroshev stability. Patrick Gérard’s lectures on “Wave Turbulence and
Complete Integrability” discussed a completely integrable model, the cubic Szegd
equation, for which the growth of Sobolev norms, thought to characterize turbulent
behavior, can be studied explicitly. Jean-Claude Saut provided a comprehensive
survey of results for the Benjamin-Ono and intermediate long-wave equations, both
completely integrable models for one-dimensional wave propagation, by inverse
scattering and PDE methods. Peter A. Perry’s lectures gave a rigorous treatment
of the inverse scattering method for the cubic defocussing nonlinear Schrédinger
equation in one dimension (based on the foundational work of Deift and Zhou) and
for the defocussing Davey-Stewartson equation in two space dimensions (based on
Perry’s work and more recent work of Nachman, Regev, and Tataru). Peter D. Miller
described some theory of Riemann-Hilbert problems, culminating in a description
of the Deift-Zhou steepest descent method. The paper of Dieng, McLaughlin, and
Miller in this volume provides a detailed exposition of a useful generalization,
namely the d-steepest descent method for Riemann-Hilbert problems, pioneered by
Dieng and McLaughlin. This method has become an effective tool for attacking
soliton resolution for completely integrable, dispersive PDEs.

The mini-school was followed by two workshops on various aspects of dispersive
PDEs. The research papers collected here include new results on the focusing
NLS equation, the massive Thirring model, and the BBM equation as dispersive
PDE in one space dimension, as well as the KP-II equation, the Zakharov-
Kuznetsov equation, and the Gross-Pitaevskii equation as dispersive PDE in two
space dimensions.

The editors of this volume would like to thank the Fields Institute for Research in
the Mathematical Sciences and its Director, Dr. lan Hambleton, for their generous
support. We are grateful to Esther Berzunza and Dr. Huaxiong Huang for their
assistance with the organization of the conference as well as to Tyler Wilson and
the Springer team for their assistance with the publication of this special volume.
We are also grateful to the participants of the conference and to the authors for their
contributions to this volume as well as to the referees for their invaluable help during
the review process.

Finally, we dedicate this volume to our friend and colleague Walter Craig, who
sadly passed away on January 18, 2019. Walter was a world renowned scholar for his
work on nonlinear partial differential equations, infinite dimensional Hamiltonian
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systems, and their applications, in particular, to fluid dynamics. A constant source
of inspiration, Walter was a generous mentor and a wonderful collaborator. He will
be greatly missed by all who had the privilege of knowing him as a mathematician,
colleague, and dear friend.

Ann Arbor, MI, USA Peter D. Miller
Lexington, KY, USA Peter A. Perry
Orsay, France Jean-Claude Saut

Toronto, ON, Canada Catherine Sulem
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Three Lectures on “Fifty Years of KdV: m)
An Integrable System” et

Percy A. Deift

The goal in the first two Coxeter lectures was to give an answer to the question
“What is an integrable system?”

and to describe some of the tools that are available to identify and integrate such
systems. The goal of the third lecture was to describe the role of integrable systems
in certain numerical computations, particularly the computation of the eigenvalues
of a random matrix. This paper closely follows these three Coxeter lectures, and is
written in an informal style with an abbreviated list of references. Detailed and more
extensive references are readily available on the web. The list of authors mentioned
is not meant in any way to be a detailed historical account of the development of the
field and I ask the reader for his’r indulgence on this score.

The notion of an integrable system originates in the attempts in the seventeenth
and eighteenth centuries to integrate certain specific dynamical systems in some
explicit way. Implicit in the notion is that the integration reveals the long-time
behavior of the system at hand. The seminal event in these developments was
Newton’s solution of the two-body problem, which verified Kepler’s laws, and by
the end of the nineteenth century many dynamical systems of great interest had
been integrated, including classical spinning tops, geodesic flow on an ellipsoid,
the Neumann problem for constrained harmonic oscillators, and perhaps most
spectacularly, Kowalewski’s spinning top. In the nineteenth century, the general
and very useful notion of Liouville integrability for Hamiltonian systems, was
introduced: If a Hamiltonian system with Hamiltonian H and n degrees of freedom

P. A. Deift (><)
Courant Institute of Mathematical Sciences, New York University, New York, NY, USA
e-mail: deift@cims.nyu.edu

© Springer Science+Business Media, LLC, part of Springer Nature 2019 3
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4 P. A. Deift

has n independent, Poisson commuting integrals, /1, ..., I,, then the flow ¢ > z(¢)
generated by H can be integrated explicitly by quadrature, or symbolically,

ilk (z(t)) =const, 1 <k <n, rank (dIi,...,dI,) =n, {It, I;} =0,

1 <j, k<n = explicit integration.
(L

Around the same time the Hamilton-Jacobi equation was introduced, which proved
to be equally useful in integrating systems.

The modern theory of integrable systems began in 1967 with the discovery by
Gardner et al. [19] of a method to solve the Korteweg de Vries (KdV) equation

q: + 6qQX — Gxxx = 0 (2)

q(x,t) =0 =qo(x) > 0 as |x|]—> o0.

The method was very remarkable and highly original and expressed the solution
of KdV in terms of the spectral and scattering theory of the Schrodinger operator
L(t) = —8)% + g(x,t), acting in L?(—o0 < x < 00) for each ¢. In 1968 Peter
Lax [26] reformulated [19] in the following way. For L(¢) = —3% + g(x,t) and
B(t) = 43} — 69 8, — 3q,.

KdV =9,L =[B,L]= BL — LB 3)

= isospectral deformation of L(z)
= spec (L(t)) = spec (L(0)) = integrals of the motion for KdV.

L, B are called Lax pairs: By the 1970s, Lax pairs for the Nonlinear Schrodinger
Equation (NLS), the Sine-Gordon equation, the Toda lattice, ..., had been found,
and these systems had been integrated as in the case of KdV in terms of the spectral
and scattering theory of their associated “L” operators.

Over the years there have been many ideas and much discussion of what it means
for a system to be integrable, i.e. explicitly solvable. Is a Hamiltonian system with
n degrees of freedom integrable if and only if the system is Liouville integrable, i.e.
the system has n independent, commuting integrals? Certainly as explained above,
Liouville integrability implies explicit solvability. But is the converse true? If we
can solve the system in some explicit fashion, is it necessarily Liouville integrable?
We will say more about this matter further on. Is a system integrable if and only
if it has a Lax pair representation as in (3)? There is, however, a problem with
the Lax-pair approach from the get-go. For example, if we are investigating a flow
on n X n matrices, then a Lax-pair would guarantee at most n integrals, viz., the
eigenvalues, whereas an n x n system has 0(n? degrees of freedom—too little,
a priori, for Liouville integrability. The situation is in fact even more complicated.
Indeed, suppose we are investigating a flow on real skew-symmetric n x n matrices
A—i.e. a flow for a generalized top. Such matrices constitute the dual Lie algebra
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of the orthogonal group O,, and so carry a natural Lie-Poisson structure. The
symplectic leaves of this structure are the co-adjoint orbits of O,

A=A, =loa0":0 ¢ o, @)
Thus any Hamiltonian flow t — A(¢) on A, A(t = 0) = A, must have the form
An=0mAomT (5)

for some O(¢) € A and hence has Lax-pair form

dA . )

E:OAOT+OAOT=[B,A] (6)
where

B=00"=-BT (7

The Lax-pair form guarantees that the eigenvalues {A;} of A are constants of the
motion. But we see from (4) that the co-adjoint orbit through A is simply specified
by the eigenvalues of A. In other words the eigenvalues of A are just parameters for
the symplectic leaves under considerations: They are of no help in integrating the
system: Indeed d;|#, = O for all i. So for a Lax-pair formulation to be useful, we
need

Lax pair + “something” )

So, what is the “something”? A Lax-pair is a proclamation, a marker, as it were,
on a treasure map that says “Look here!” The real challenge in each case is to turn
the Lax-pair, if possible, into an effective tool to solve the equation. In other words,
the real task is to find the “something” to dig up the treasure! Perhaps the best
description of Lax-pairs is a restatement of Yogi Berra’s famous dictum “If you
come to a fork in the road, take it”. So if you come upon a Lax-pair, take it!

Over the years, with ideas going back and forth, Liouville integrability, Lax-
pairs, “algebraic integrability”, “monodromy”, the discussion of what is an inte-
grable system has been at times, shall we say, quite lively. There is, for example, the
story of Henry McKean and Herman Flashka discussing integrability, when one of
them, and I’m not sure which one, said to the other: “So you want to know what is
an integrable system? I’1l tell you! You didn’t think I could solve it. But I can!”

In this “wild west” spirit, many developments were taking place in integrable
systems. What was not at all clear at the time, however, was that these developments
would provide tools to analyze mathematical and physical problems in areas far
removed from their original dynamical origin. These tools constitute what may
now be viewed as an integrable method (IM).
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There is a picture that I like that illustrates, very schematically, the intersection
of IM with different areas of mathematics. Imagine some high dimensional space,
the “space of problems”. The space contains a large number of “parallel” planes,
stacked one on top of the other and separated. The planes are labeled as follows:
dynamical systems, probability theory and statistical mechanics, geometry, combi-
natorics, statistical mechanics, classical analysis, numerical analysis, representation
theory, algebraic geometry, transportation theory, .... In addition, there is another
plane in the space labeled “the integrable method (IM)”: Any problem lying on IM
can be solved/integrated by tools taken from the integrable method. Now the fact of
the matter is that the IM-plane intersects all of the parallel planes described above:
Problems lying on the intersection of any one of these planes with the IM-plane are
thus solvable by the integrable method (Fig. 1).

The integrable
method

RMT
L/
Probability and statistics

Fig. 1 Intersections of the integrable method

Dynamical systems
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For each parallel plane we have, for example, the following intersection points:

e dynamical systems: Korteweg-de Vries (KdV), Nonlinear Schrodinger (NLS),
Toda, Sine-Gordon, ...

e probability theory and statistics: Random matrix theory (RMT), Integrable
probability theory, Principal component analysis (PCA), ...

e geometry: spaces of constant negative curvature R, general relativity in 1 + 1
dimensions, ...

* combinatorics: Ulam’s increasing subsequence problem, tiling problems, (Aztec
diamond, hexagon tiling, ... ), random particle systems (TASEP, ...), ...

* statistical mechanics: Ising model, XXZ spin chain, six vertex model, ...

* classical analysis: Riemann-Hilbert problems, orthogonal polynomials, (modern)
special function theory (Painlevé equations), ...

* numerical analysis: QR, Toda eigenvalue algorithm, Singular value decomposi-
tion, ...

e representation theory: representation theory of large groups (Seo, Uso ..-.),
symmetric function theory, ...

 algebraic geometry: Schottky problem, infinite genus Riemann surfaces, ...

* transportation theory: Bus problem in Cuernavaca, Mexico, airline boarding, . ..

The list of such intersections is long and constantly growing.

The singular significance of KdV is just that the first intersection that was
observed and understood as such, was the junction of IM with dynamical systems,
and that was at the point of KdV.

How do we come to such a picture? First we will give a precise definition of what
we mean by an integrable system. Consider a simple harmonic oscillator:

i=y ., y=-o 9)
x(H)]=0 = x0 , Y®li=0 = Yo

The solution of (9) has the following form:
x(t;x0, yo) =+ Jw?x2+ y2 sin | wr +sin~! [ =20
’ ’ w 0 0 2,242
0Ty
. _ /2.2 2 s 1 xg
y(t; x0, y0) = /@ x5+ ¥y cos (u)t + sin (\/m>)
0 0
Note the following features of (10): Let ¢ : R> — Ry x (R/27Z)
1 wo
@B — A=—Jora?+p2, 0 =sin"! | —=].
a) /w2 o + B2

Then

ol Ry x (R/2rZ) — R?
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has the form
(p_l(A, 0) = (Asinf, w Acos0)

Thus (10) implies

n(t; 1) = ¢~ (p(no) + @1)
where  n(t) = (x(®), y(®)),no = (x0, y0), @ = (0, w)

an

In other words:
There exists a bijective change of variables n+—— ¢(n) such that (12a)

n(t, no) evolves according to (9) = (12b)
¢ (1); o) = ¢(no) +1 @

i.e., in the variables (A, ) = ¢(«a, B), solutions of (9) move linearly.

n(t, no) is recovered from formula (11) via a map
¢ (A, 0) = (Asinb, w Acosh)

in which the behavior of sin@, cos 6 is very well understood. (12¢)
The same is true for ¢. What we learn, in particular, based on this

knowledge of ¢ and ¢!, s that

n(t; no) evolves periodically in time with period 27 /w

We are led to the following:
We say that a dynamical system ¢ > 7(t) is integrable if

There exists a bijective map ¢ : n+— ¢p(n) =¢
such that ¢ linearizes the system
@) =90 =0)+wt (13a)
and so
Nt =0)=¢"" (@0t =0)+wn

AND

{ The behavior of ¢, ¢~! are well enough understood so that (13b)

the behavior of n (¢; n (t = 0)) ast — oo is clearly revealed.
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More generally, we say a system n which depends on some parameters n =
n(a, b, ...) is integrable if

There exists a bijective change of variables n — ¢ = ¢(#n) such
that the dependence of { ona, b, ... . (142)
¢(a,b,...)=¢na,b,...))
is simple/well-understood
and
The behavior of the function theory
N =9 , L= n=9Q) (148)
is well-enough understood so that the behavior of
n@b..)=¢"' ¢ @b....)
is revealed in an explicit form as a, b, ... vary, becoming, in particular, large or
small.
Notice that in this definition of an integrable system, various sufficient conditions
for integrability such as commuting integrals, Lax-pairs, ..., are conspicuously

absent. A system is integrable, if you can solve it, but subject to certain strict
guidelines. This is a return to McKean and Flaschka, an institutionalization, as it
were, of the “Wild West”.
According to this definition, progress in the theory of integrable systems is made
EITHER
by discovering how to linearize a new system

n—><¢=9m

using a known function theory ¢. For example: Newton’s problem of two grav-
itating bodies, is solved in terms of trigonometric functions/ellipses/parabolas—
mathematical objects already well-known to the Greeks. In the nineteenth century,
Jacobi solved geodesic flow on an ellipsoid using newly minted hyperelliptic
function theory, and so on, ...
OR

by discovering/inventing a new function theory which linearizes the given problem
at hand. For example: To facilitate numerical calculations in spherical geometry,
Napier, in the early 1700s, realized that what he needed to do was to linearize
multiplication

nin— emn) =em + @)

which introduced a new function theory—the logarithm. Historically, no integrable
system has had greater impact on mathematics and science, than multiplication!
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There is a similar story for all the classical special functions, Bessel, Airy, ..., each
of which was introduced to address a particular problem.

The following aspect of the above evolving integrability process is crucial and
gets to the heart of the Integrable Method (IM): Once a new function theory has
been discovered and developed, it enters the toolkit of IM, finding application in
problems far removed from the original discovery.

Certain philosophical points are in order here.

(1) There is no difference in spirit, philosophically, between our definition of an
integrable system and what we do in ordinary life. We try to address problems
by rephrasing them (read “change of variables”) so we can recognize them as
something we know. After all, what else is a “precedent” in a law case? We
introduce new words—a new “function theory”—to capture new developments
and so extend and deepen our understanding. Recall that Adam’s first cognitive
act in Genesis was to give the animals names. The only difference between this
progression in ordinary life versus mathematics, is one of degree and precision.

(2) This definition presents “integrability” not as a predetermined property of
a system frozen in time. Rather, in this view the status of a system as
integrable depends on the technology/function theory available at the time. If
an appropriate new function theory is developed, the status of the system may
change to integrable.

How does one determine if a system is integrable and how do you integrate it?
Let me say at the outset, and categorically, that I believe there is no systematic
answer to this question. Showing a system is integrable is always a matter of luck
and intuition.

We do, however, have a toolkit which one can bring to a problem at hand.

At this point in time, the toolkit contains, amongst others, the following
components:

(a) abroad and powerful set of functions/transforms/constructions

n—¢=9mn

that can be used to convert a broad class of problems of interest in mathemat-
ics/physics, into “known” problems: In the simplest cases  — ¢ () linearizes
the problem.

(b) powerful techniques to analyze ¢, ¢~ such that the asymptotic behavior of
the original n-system can be inferred explicitly from the known asymptotic
behavior of the ¢-system, as relevant parameters, e.g. time, become large.

(c) a particular, versatile class of functions, the Painlevé functions, which play
the same role in modern (nonlinear) theoretical physics that classical special
functions played in (linear) nineteenth century physics. Painlevé functions form
the core of modern special function, and their behavior is known with the
same precision as in the case of the classical special functions. We note that the
Painlevé equations are themselves integrable in the sense of Definition (14a).

1
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(d) a class of “integrable” stochastic models—random matrix theory (RMT).
Instead of modeling a stochastic system by the roll of a die, say, we now have
the possibility to model a whole new class of systems by the eigenvalues of
a random matrix. Thus RMT plays the role of a stochastic special function
theory. RMT is “integrable” in the sense that key statistics such as the gap
probability, or edge statistics, for example, are given by functions, e.g. Painlevé
functions, that describe (deterministic) integrable problems as above. We will
say more about this later.

We will now show how all this works in concrete situations. Note, however,
by no means all known integrable systems can be solved using tools from the
IM-toolkit. For example the beautiful system that Patrick Gérard et al. have been
investigating recently (see e.g. [21]), seems to be something completely different.
We will consider various examples. The first example is taken from dynamics, viz.,
the NLS equation.

To show that NLS is integrable, we first extract a particular tool from the
toolkit—the Riemann-Hilbert Problem (RHP): Let ¥ C C be an oriented contour
andletv : ¥ — G¢ (n, C) be a map (the “jump matrix”) from X to the invertible
n x n matrices, v, v ! € L*°(X). By convention, at a point z € X, the (4) side
(respectively (—) side) lies to the left (respectively right) as one traverse ¥ in the
direction of the orientation, as indicated in Fig. 2. Then the (normalized) RHP (%, v)
consists in finding an n x n matrix-valued function m = m(z) such that

em(z) isanalyticinC/X

emy(z)=m_()v(z) , z€X

where my(z) = lim m(z)
>4

em(z) > 1, as z—> o0

Fig. 2 Oriented contour X
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Here “z’ — z4” denotes the limit as 77 € C/ X approaches z € ¥ from the (&)-
side, respectively. The particular contour X and the jump matrix v are tailored to the
problem at hand.

There are many technicalities involved here: Does such an m(z) exist? In what
sense do the limits m4. exist? Andsoon... . Here we leave such issues aside. RHP’s
play an analogous role in modern physics that integral representations play for
classical special functions, such as the Airy function Ai(z), Bessel function J,(z),

etc. For example, Ai(z) = ﬁ f% exp (§ -z t) dt for some appropriate contour
% C C, which makes it possible to analyze the behavior of Ai(z) as z — 00, using

the classical steepest descent method.
Now consider the defocusing NLS equation on R

Pty 4ty —2lulPu=0
¢t lyx — 2u| 15)
u(x,t)‘ =00 >0 as x| > oo
t=

In 1972, Zakharov and Shabat [35] showed that NLS has a Lax-pair formulation,
as follows: Let

L(t) = (o) (3 — Q1)

where

110 (0 u
“‘2(0—1)’ Q(t)_<—u(x,t) 0 )

For each ¢, L(¢) is a self-adjoint operator acting on vector valued function in
(LQ(R))Z. Then for some explicit B(t), constructed from u(x, ¢) and u,(x, t),

dL(t)
u(x,t) solvesNLS <— 7=[B(t),L(t)]. (16)

This the second tool we extract from our toolkit. So the Lax operator L(¢) marks a
point, as it were, on our treasure map. How can one use L(¢) to solve the system?

One proceeds as follows: This crucial step was first taken by Shabat [30] in the
mid-1970s in the case of KdV and developed into a general scheme for ordinary
differential operators by Beals and Coifman [4] in the early 1980s.

The map ¢ in (13a) above for NLS is the scattering map constructed as follows:
Suppose u = u(x) is given, u(x) — 0 sufficiently rapidly as |x| — oo. For fixed
z € C/R, there exists a unique 2 x 2 solution of the scattering problem

Ly =z a7
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where
m=mx,z; u) =yY(x,z)e % (18)
is bounded on R and
m(x,z;u) — 1 asx — —oo.

For fixed x € R, such so-called Beals-Coifman solutions also have the following
properties:

m(x, z; u) is analytic in z for z € C/R
_ _ 19)
and continuous in C and in C_

m(x,z;u) > 1 as z—>oo in C/R. (20)
Now both ¥4 (x, z; u) = limy—,,, ¥(x,z;u), z € Rclearly solve L Y4 = z /4

which implies that there exists v = v(z) = v(z; #) independent of x, such that for
allx e R

Yy (x,2)=v_(x,2)vzx) , zeR 1)
or in terms of
my = Yra(x, 7)€ (22)
we have
my(x,2) =m_(x,2)vx(z) , z€R (23)
where
Uy (z) = 9 u(z) e FE0 24)

Said differently, for each x € R, m(x, z) solves the normalized RHP (X, v, ) where
¥ = R, oriented from —oo to +00, and v is as above. In this way, a RHP enters
naturally into the picture introduced by the Lax operator L.

It turns out that v has a special form

(1 —r@)P r(z))
v(z) = _
—r(z) 1

: (25)
1= res
n@ = —re”* ]
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where r(z), the reflection coefficient, satisfies ||7 || < 1. We define the map ¢ for
NLS as follows:

ur> o) =r (26)
Suppose r is given and x fixed. To construct <p‘1 (r) we must solve the RHP (R, vy)

with vy as in (25). If m = m(x, z) is the solution of the RHP, then expanding at
z = 00, we have

m(x,z)zl—l—(m](x))—i-O(Z) , 7 — 00.

A simple calculation then shows that
u(@) = ¢~ (r) = —i(m1 ()12 27)
Thus
¢ <> scattering map gp_l < RHP.
Now the key fact of the matter is that
¢ linearizes NLS. (28)
Indeed if u(r) = u(x, 1) solves NLS with u(x, 1)|,_,= uo(x), then
r(0) = p(u(®) = r(z; uo) 1% = p(ug) (@) e (29)
or logr(t) =logr(z,up) —it 2

which is linear motion!
This leads to the celebrated solution procedure

u® = o~ (o)) 7107, (30)

Thus condition (13a) for the integrability of NLS is established.

But condition (13b) is also satisfied. Indeed the analysis of the scattering map
u — r = @(u) is classical and well-understood. The inverse scattering map is
also well-understood because of the nonlinear steepest descent method for RHP’s
introduced by Deift and Zhou in 1993 [13].! This is the third tool we extract from
our toolkit. One finds, for example, that as t — oo

IThis paper also contains some history of earlier approaches to analyze the behavior of solutions
of integrable systems asymptotically.
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u(x, l) = L a(ZO) eix2/4t7iv(10) log 2t (31)

Vit

where
1 2
=x/2 . v =5 log(1-Ir@)P) (32)
and

a(z) is an explicit function of r.

We see, in particular, that the long-time behavior of u(x, t) is given with the same
accuracy and detail as the solution of the linear Schrosdinger equation i u® +u?, =
0 which can be obtained by applying the classical steepest descent method to the
Fourier representation of ud(x, 1)

~ ) )
uo(x, 1) = ud(z) 2712 g7

7 .

where 1Y is the Fourier transform of u%(x, r = 0). As t — oo, one finds

0 o _ 100 o (L)
u(x,t) = o e +o0 7)) 33)

We see that NLS is an integrable system in the sense advertised in (13a,b). It is
interesting and important to note that NLS is also integrable in the sense of Liouville.
In 1974, Zakharov and Manakov in a celebrated paper [33], not only showed that
NLS has a complete set of commuting integrals (read “actions”), but also computed
the “angle” variables canonically conjugate to these integrals, thereby displaying
NLS explicitly in so-called “action-angle” form. This effectively integrates the
system by “quadrature” (see page 2). The first construction of action-angle variables
for an integrable PDE is due to Zakharov and Faddeev in their landmark paper [32]
on the Korteweg-de Vries equation in 1971.

We note that the asymptotic formula (31) and (32) for NLS was first obtained by
Zakharov and Manakov in 1976 [34] using inverse scattering techniques, also taken
from the IM toolbox, but without the rigor of the nonlinear steepest descent method.

The next example, taken from Statistical Mechanics, utilizes another tool from
the toolkit, viz. the theory of integrable operators, 10’s.
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10’s were first singled out as a distinguished class of operators by Sakhnovich in
the 1960s, 1970s and the theory of such operators was then fully developed by Its
et al. [23] in the 1990s. Let X be an oriented contour in C. We say an operator K
acting on measurable functions & on X is integrable if it has a kernel of the form

K(x,y):M , n<o00, X,y€X, (34)

X =y
where

fi, & €L®(%), and (35)

Kh(x) = /E K (. ) h(y)dy.

If X is a “good” contour (i.e. X is a Carleson curve), K is bounded in L? (%) for
l <p<oo.

Integral operators have many remarkable properties. In particular the integrable
operators form an algebra and (I + K y~L, if it exists, is also integrable if K is
integrable. But most remarkably, (I + K)~! can be computed in terms of a naturally
associated RHP on X. It works like this. If K(x,y) = Y ' fi(x) &(y)/x — ¥,
then

I+K)y'=I1+R (36)

where R(x,y) = Z Fi(x) Gl-(y)/x -y

i=1
for suitable F;, G;. Now assume for simplicity that Z?:l fi(x) gi(x) =0 and let
V@) =1-27feg)T , zex, (37)

where f=Uin ), g=(gir--. en)?
and suppose m(z) solves the normalized RHP (X, v). Then

F(z) =my(2) f(2) =m_(2) f(z) (38)

and

G(2) = (m;‘)T 2(x) = (m:‘)T 2(2) (39)
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Here is an example how integrable operators arise. Consider the spin—% XY
model in a magnetic field with Hamiltonian

H=— e; (of o1 +07) (40)

where Ulf‘ , o; are the standard Pauli matrices at the £th site of a 1-d lattice.
As shown by McCoy et al. [28] in 1983, the auto-correlation function X (¢)

tr (e—ﬂH (e—th USC ei Ht) 0_66)

X() = (o5 () o) = re—PH

where 8 = % can be expressed as follows:

X(t) = e "2 det (1 — K;)
Here K; is the operator on L?(—1, 1) with kernel

sinit(z —z')

Ki(z,7) = ¢(2) ., —l=<z <1, 41)
w(z—17)
and
p@=tmh(v1-22) . —1<z<l. @2)
Observe that
2 ) Y
K,(z, Z/) _ Zi:l fz(Z)/gz @) (43)
72—z
where
_,lz _ 1z T
=" =( 62 go.(z) —" ?(Z))
T 2 i

- T
g=0(g1.8)" = (7%, =)
so that K; is an integrable operator. We have

1+¢G) —¢(z)e*

v=uv =1 —2mi T _
' T8 (fﬂ(Z) e 1 —g(2)

) , ze(=L1). 44)
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As

d d
o logdet (1 — K;) = o trlog(l — Ky)

1 .
= —Ir Kt
(=% %)

we see that % log det(1 — K;), and ultimately X (¢), can be expressed via (36), (38),
and (39) in terms of the solution m, of the RHP ()" = (=1, 1), v/)

Applying the nonlinear steepest descent method to this RHP as ¢t — oo, one finds
(Deift and Zhou [14]) that

1
X (1) = exp (% / 1 log |tanh Bs|ds + o(t)) 45

This shows that H in (40) is integrable in the sense that key statistics for H such as
the autocorrelation function X (¢) for the spin o(’)‘ is integrable in the sense of (14a,b)

X() > K, € integrable operators
and ¢! is computed with any desired precision using RH-steepest descent methods
to obtain (45). Note that the appearance of the terms ¢(z) e*22 in the jump matrix
v, for K, = ¢(X (¢)), makes explicit the linearizing property of the map ¢.

Another famous integrable operator appears in the bulk scaling limit for the
gap probability for invariant Hermitian ensembles in random matrix theory. More
precisely, consider the ensemble of N x N Hermitian matrix {M} with invariant
distribution

NIV gpp

PN(M)dM: _fethrV(M)dM’

where V (x) — 400 as [x| — oo and dM is Lebesgue measure on the algebraically
independent entries of M.

Set Py ([a, B]) = gap probability = Prob {M has no eigenvalues in [«, S]},
We are interested in the scaling limit of Py ([c, B]) i.e.
. a B
P(,f)= lim Py|{|—, —
N—o0 PN PN

for some appropriate scaling py ~ N. One finds (and here RH techniques play a
key role) that

P(a,B)=det(1 - K;) , s=B—« (46)

o< B.
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where K has a kernel

sin(x — y) . )
Ks(x,y) = ———— actingon  L~(0, 2s).
T(x —y)
eix e—iy _ e—ix eiy
Clearly K;(x,y) = is an integrable operator. The asymp-

2ri(x —
totics of P(«, B) can then be( evah}lgted asymptotically with great precision as
s — 00, by applying the nonlinear steepest descent method for RHP’s to the RHP
associated with the integrable operator Kj, as in the case for K, in (44) et seq.
Thus RMT is integrable in the sense that a key statistic, the gap probability in the
bulk scaling limit, is an integrable system in the sense of (14a,b):

Scaled gap probability Py, g) * K s(x, y) € Integrable operators

(p_l is then evaluated via the formula det (1 — Kj)

which can be controlled precisely as s — oo.

The situation is similar for many other key statistics in RMT. It turns out that Py, g)
solves the Painlevé V equation as a function of s = B — « (this is a famous,
result of Jimbo et al. [25]). But the Painlevé V equation is a classically integrable
Hamiltonian system which is also integrable in the sense of (14a,b). Indeed it is
a consequence of the seminal work of the Japanese School of Sato et al. that all
the Painlevé equations can be solved via associated RHP’s (the RHP for Painlevé
II in particular was also found independently by Flaschka and Newell), and hence
are integrable in the sense of (14a,b) and amenable to nonlinear steepest descent
asymptotic analysis, as described, for example, in the text, Painlevé Transcendents
by Fokas et al. [18].

There is another perspective one can take on RMT as an integrable system. The
above point of view is that RMT is integrable because key statistics are described by
functions which are solutions of classically integrable Hamiltonian systems. But this
point of view is unsatisfactory in that it attributes integrability in one area (RMT)
to integrability in another (Hamiltonian systems). Is there a notion of integrability
for stochastic systems that is intrinsic? In dynamics the simplest integrable system
is free motion

x=y, y=0 - x(@®)=xo+yot , y@)=yp. @7

Perhaps the simplest stochastic system is a collection of coins flipped independently.
Now, we suggest, just as an integrable Hamiltonian system becomes (47) in new
variables, the analogous property for a stochastic system should be that, in the
appropriate variables, it is integrable if it just a product of independent spin flips.
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Consider the scaled gap probability,
P(o,p) = Prob { no eigenvalues in («, )} = det(1 — Kj) (48)

But as the operator Kj is trace-class and 0 < K < 1, it follows that
o
Pup =[]0 =2 (49)
i=1

where 0 < A; < 1 are the eigenvalues of K. Now imagine we have a collection
of boxes, Bj, By, ... . With each box we have a coin: With probability A; a ball is
placed in box B;, or equivalently, with probability 1 — A; there is no ball placed in
B;. The coins are independent. Thus we see that the probability that there are no
eigenvalue in (¢, B), is the same as the probability of no balls being placed in all the
boxes!

This is an intrinsic probabilistic view of RMT integrability. It applies to
many other stochastic systems. For example, consider Ulam’s longest increasing
subsequence problem:

Letm = (1) (2),...7(N) be a permutation in the symmetric group Sy. If

i1 <i) <.+ <lig and (i) < --- < mw(iy) (50)
we say that
w(iy) w(iz) ..., w(ig) (51

is an increasing subsequence for w of length k. Let £y (1) denote the greatest
length of any increasing subsequence for w, e.g. for N = 6, m = 31,5624 € S¢
has Le() = 3 and 356, 254 and 156 are all longest increasing subsequences for
7. Equip Sy with uniform measure. Thus forn < N.

gn.Nn =Prob ({y < n) (52)

#{m Ly(r) <n}
- N!

Question How does g, y behave asn, N — oo?

Theorem 1 (Baik et al. [1]) Lett € R be given. Then

F()= Jim_ Prob (zN < 2«/ﬁ+r1v1/6) (53)
—00

exists and is given by e TGP0 dx e u(x) is the (unique) Hastings-
McLeod solution of the Painlevé Il equation

u' =23 + xu (54)
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normalized such that

u(x) ~ Ai(x) = Airy function, asx — +00

(The original proof of this Theorem used RHP/steepest descent methods. The
proof was later simplified by Borodin, Olshanski and Okounkov using the so-called
Borodin-Okounkov-Case-Geronimo formula.)

Some observations:

@

(i)

(iii)

(iv)

As Painlevé II is classically integrable, we see that the map

d2
N —  ui) = —= log F(x)

transforms Ulam’s longest increasing subsequence problem into an integrable
system whose behavior is known with precision. There are many other classical
integrable systems associated with g, y but that is another story (see Baik et al.
(2D.

00 2
The distribution F(z) = e~/ D@ dx g the famous Tracy-Widom dis-
tribution for the largest eigenvalue Apax of a random Hermitian matrix in
the edge-scaling limit. In other words, the length of the longest increasing
subsequence behaves like the largest eigenvalue of a random Hermitian matrix.
More broadly, what we are seeing here is an example of how RMT plays the
role of a stochastic special function theory describing a stochastic problem
from some other a priori unrelated area. This is no different, in principle,
from the way the trigonometric functions describe the behavior of the simple
harmonic oscillator. RMT is a very versatile tool in our IM toolbox—tiling
problems, random particle systems, random growth models, the Riemann zeta
function, ..., all the way back to Wigner, who introduced RMT as a model
for the scattering resonances of neutrons off a large nucleus, are all problems
whose solution can be expressed in terms of RMT.
F (¢) can also be written as

F(t) =det(l — Ay) (55)

where A; is a particular trace class integrable operator, the Airy operator, with
0<A; <1.Thus F(r) = ]_[?il (1 — ):,'(t)) where {L (t)} are the eigenvalues
of A;. We conclude that F(¢), the (limiting) distribution for the length ¢ of
the longest increasing subsequence, corresponds to an integrable system in the
above intrinsic probabilistic sense.

It is of considerable interest to note that in recent work Gavrylenko and
Lisovyy [20] have shown that the isomonodromic tau function for general
Fuchsian systems can be expressed, up to an explicit elementary function, as
a Fredholm determinant of the form det (1 — K) for some suitable trace class
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operator K . Expanding the determinant as a product of eigenvalues, we see that
the general Fuchsian system, too, is integrable in the above intrinsic stochastic
sense.

Another tool in our toolbox concerns the notion of a scattering system. Consider
the Toda lattice in (Rz”, o=>Y7_,dx; A dy,-) with Hamiltonian

1 n n—1 o
Hre,y) =3 ) 7+ et (56)
i=l i=1

giving rise to Hamilton’s equations
x=(Hr)y , y=—(Hr)x. (57)

The scattering map for a dynamical system maps the behavior of the system in the
distant past onto the behavior of the system in the distant future. In my Phd, I worked
on abstract scattering theory in Hilbert space addressing questions of asymptotic
completeness for quantum systems and classical wave systems. When I came to
Courant, I started to study the Toda system and I was amazed to learn that for
this multi-particle system the scattering map could be computed explicitly. When
I expressed my astonishment to Jiirgen Moser, he said to me, “But every scattering
system is integrable!” It took me some time to understand what he meant. It goes
like this:

Suppose that you have a Hamiltonian system in (Rz", o=y "_,dxiA dy,-) with
Hamiltonian H, and suppose that the solution

zt) = (x (@, y®) , z(0) = (x(0), y(0)) = (xo0, yo)

of the flow generated by H behaves asymptotically like the solutions z(¢) of free
motion with Hamiltonian

Ay =12
X,y) = —
y 3 y
for which
x=y, y=0 with z(0) = ()20, )A)()) ,
yielding
2(1) = (Xo+ Yoz, Jo).
As z(t) ~ z(t) by assumption, we have as t — 00,

x(t) = ty" + x* +o(1) (58a)
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y(t) = y* +o(1) (58b)

# L #
for some x™, y".

Write
2(0) = Ur(z(0) ,  2(0) = Uy (2(0)).
Then, provided o(1) = o ( ) in (58b),

Wi(z0) = U_; o U(z0)

_, <ty#+x#+0(1), y#—i-o(;))
ty#—l-x#—i-o(l)—t(y#%—o(;)), y#—l-o(;))

x4 o(1), y#—i-o(l)).

I
)

Il
/\/\

Thus
Woo(zo) = lim W;(zo)
11— o0
exists. Now

W, o Ug=U_; o Upps
= ﬁs o Wiys,

and letting + — oo, we obtain
Wos 0 U =Us o Weo (59)

so that W, is an intertwining operator between U and ﬁs.

But clearly W; is the composition of symplectic maps, and so is symplectic, and
hence W, is a symplectic map and hence WO’Ol is symplectic. Thus from (59) we
see that

Uy =WZ' o Uy o Wy (60)
is symplectically equivalent to free motion, and hence is integrable. In particular if
{Ak} are the Poisson commuting integrals for H then {A; = kk o Wy} are the
(Poisson commuting) integrals for H.

What this computation is telling us is that if a system is scattering, or more
generally, if the solution of one system looks asymptotically like some other system,
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then it is in fact (equivalent to) that system. Remember the famous story of Roy
Cohn during the McCarthy hearings, when he was trying to convince the panel that
a particular person was a Communist? He said: “If it looks like a duck, walks like a
duck, and quacks like a duck, then it’s a duck!”

Now direct computations, due originally to Moser, show that the Toda lattice is
scattering in the sense of (58a,b). And so what Moser was saying is that the system
is necessarily integrable. The Toda lattice is a rich and wonderful system and I
spent much of the 1980s analyzing the lattice and its various generalizations together
with Carlos Tomei, Luen-Chau Li and Tara Nanda. I will say much more about this
system below. It was a great discovery of Flaschka [17] (and later independently,
Manakov [27]) that the Toda system indeed had a Lax pair formulation (see (74)
below).

The idea of a scattering system can be applied to PDE’s. Some 15-20years
ago Xin Zhou and I [15] began to consider perturbations of the defocussing NLS
equation on the line,

i+ ey —20ul>u —elul*u =0, £>2 (61)
with
ux,t=0)=ug(x) >0 as |x|] - oo.

In the spatially periodic case, u(x, t) = u(x+1, t), solutions of NLS (the integrable
case: € = 0) move linearly on a (generically infinite dimensional) torus. In the
perturbed case (¢ # 0), KAM methods can be (extended and ) applied (with great
technical virtuosity) to show (here Kuksin, Poschel, Kappeler have played the key
role) that, as in the familiar finite dimensional case, some finite dimensional tori
persist for (61) under perturbation. However, on the whole line with ug(x) — 0 as
|x] — oo, the situation, as we now describe, is very different.

In the spirit of it “walks like a duck”, what is the “duck” for solutions of (61)?
The “duck” here is a solution u* (x, ¢) of the NLS equation.

o # #12 #
iu; +ur,. —2u"|"u” =0
t XX (62)
u#(x, 0) = ug(x) -0 as |x] = oo.

Recall the following calculations from classical KAM theory in R?", say:
Suppose that the flow with Hamiltonian Hj is integrable and H. = Hp + €H is
a perturbation of Hp. Hamilton’s equation for H, has the form

z=JVH, = JVHy+eJVH, z(0) =z (63)

with J = (_01” [(')“) If JVHjyislinearin z, say JVHy = Az, then we can solve
(63) by D’ Alembert’s principle to obtain
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t
2(t) = e zg—l—e/ A= JVH(s)ds (64)
0

to which an iteration procedure can be applied. If JV Hj is not linear, however, no
such D’ Alembert formula exist, and this is the reason that the starting point for any
KAM investigation is to first write (63) in action-angle variables z +— ¢ for Hy:
Then JV Hy is linear and (64) applies.

With this in mind, we used the linearizing map for NLS described in (26)

ux,t) =u@)—~ @) =r)=r(t;z2)

as a change of variables for the perturbed equation (61). And although the map ¢ no
longer linearizes the equation, it does transform the equation into the form

ar .2
a (t,2)=—iz°r(t,2) + e F(z,t;r(t)) (65)

to which D’ Alembert’s principle can be applied
t . 2
F(t,2) =r0(z)+e/ F(Z,s;fe_”< > )ds (66)
0

where ro(z) = ¢(z) and 7(t,z) = r(,s) ¢"2 The functional F depends on ¢
and (p‘l, and so, in particular, involves the RHP (X = R, v;). Fortunately this
RHP can be evaluated with sufficient accuracy using steepest descent methods in
order to obtain the asymptotics of 7(¢,z) as + — o0, and hence of u(x,r) =

(,0_1 (},”\(l) e—il< >2>.
Let Uf (o) be the solution of (61) and UNES (uff) be the solution of NLS (62)

with ug, ug in H'! = {f eL’(R): f e L*(R), xfe€ LZ(R)}, respectively.
Then the upshot of this analysis is, in particular, that

WE@wo) = lim  UNES o US(up) (67)
t—+o00
exist strongly which shows that as # — +o0,
U (o) ~ UM (W™ (up))

and much more. In particular, there are commuting integrals for (61), ...,
Three observations:

(a) As opposed to KAM where integrability is preserved on sets of high measure,
here integrability is preserved on open subsets of full measure.

(b) As a tool in our IM toolbox, integrability makes it possible to analyze
perturbations of integrable systems, via a D’ Alembert principle.
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(c) There is a Catch 22 in the whole story. Suppose you say, “my goal is describe the
evolution of solutions of the perturbed equation (61) as t — o0”. To do this one
must have in mind what the solutions should look like as # — co: Do they look
like solutions of NLS, or perhaps like solutions of the free Schrodinger equation
iu; + uyxy, = 0?7 Now suppose you disregard any thoughts on integrability and
utilize any method you can think of, dynamical systems ideas, etc., to analyze
the system and you find in the end that the solution indeed behaves like NLS.
But here’s the catch; if it looks like NLS, then the wave operators W4 in (67)
exist, and hence the system is integrable! It looks like a duck, walks like a duck
and quacks like a duck, and so it’s a duck! In other words, whatever methods
you used, they would not have succeeded unless the system was integrable in
the first place!

Finally, I would like to discuss briefly an extremely useful algebraic tool in the
IM toolbox, viz., Darboux transforms/Backlund transformations. These are explicit
transforms that convert solutions of one (nonlinear) equation into solutions of
another equation, or into different solutions of the same equation. For example, the
famous Miura transform, a particular Darboux/Backlund transform,

v(x, 1) = u(x, 1) = vy (x, 1) + 0> (x, 1)
converts solutions v(x, ) of the modified KdV equation
vy + 6v> Uy + Uyxx =0
into solutions of the KdV equation
U +O6utty = tyyy = 0.

Darboux transforms can be used to turn a solution of KdV without solitons into one
with solitons, etc. Darboux/Backlund transforms also turn certain spectral problems
into other spectral problems with (essentially) the same spectrum, for example,

2 2

~ d B
5 ) — H == )

H =
dx?

d2
where qg=q-— Zd—2 log ¢, and ¢ is any solution of Hy = 0,
x

constructs H with (essentially) the same spectrum as H. Thus a Darboux/Backlund
transform is a basic isospectral action. The literature on Darboux transforms is vast,
and I just want to discuss one application to PDE’s which is perhaps not too well
known.
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Consider the Gross-Pitaevskii equation in one-dimension,

1
iu,+§uxx+V(x)u+|u|2u=O (68)

u(x,0) = ug(x).

For general V this equation is very hard to analyze. A case of particular interest is
where

V(x) =qdx), g € R and § is the delta function. (69)

For such V, (68) has a particular solution

uy(x, 1) = A e**1/2 sech (klxl + tanh™! (%)) (70)

for any A > |g|. This solution is called the Bose-Einstein condensate for the system.
Question Is u; asymptotically stable? In particular, if
ux,t =0 =uy (x,t =0 +ew(x) , € small, 71)
does
ulx,t) —  up(x,t) as t — o00?
In the case where w(x) is even, one easily sees that the initial value problem

(IVP) (68) with initial value given by (71) is equivalent to the initial boundary value
problem (IBVP)

iut+%uxx+|u|2u=0, x>0 >0
ulx,t =0)=(1)for x >0
subject to the Robin boundary condition at x = 0
ux(0,t) +qu(,t) =0.

(72)

Now NLS on R is integrable, but is NLS on {x > 0} with boundary conditions
as in (72) integrable? Remember that the origin of the boundary condition is the
physical potential (read “force!) V(x). So we are looking at a dynamical system,
which is integrable on R, interacting with a new “force” V. It is not at all clear, a
priori, that the combined system is integrable in the sense of (13a,b).

The stability question for u; was first consider by Holmer and Zworski [22], and
using dynamical systems methods, they showed asymptotic stability of u; for times
of order |¢|~%/7. But what about times larger than lg1=2/72 Following on the work
of Holmer and Zworski, Jungwoon Park and I [10] begin in 2009 to consider this
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question. Central to our approach was to try to show that the IBVP for NLS as in
(72) was integrable, and then use RH/steepest-descent methods. In the linear case,
a standard approach is to use the method of images: for Dirichlet and Neumann
boundary conditions, one just reflects, u(x) = —u(—x) or u(x) = +u(—x) for
x < 0, respectively.

For the Robin boundary condition in the linear case, the reflection is a little more
complicated, but still standard. In this way one then gets an IVP on the line that
can be solved by familiar methods. In the non-linear case, similar methods work
for the Dirichlet and Neumann boundary conditions, but for the Robin boundary
condition case, g # 0, how should one reflect across x = 0? It turns out that there
is a beautiful method due to Bikbaev and Tarasov where they construct a particular
Darboux transform version b(x) of the initial data u(x,t = 0), x > 0, and then
define

{v(x) = b(—x) x <0 73

:u(x,[:o) x > 0.

If v(x, t) is the solution of (the integral equation) of NLS on R with initial conditions
(73), then v(x, t)‘ is a solution of the IBVP (72) for + > 0. In other words, the

Darboux transfon1x1>é)an function as a tool in our toolkits to show that a system is
integrable.

Applying RH/steepest descent methods to v(x, ¢), one finds that u, is asymptot-
ically stable if ¢ > 0, but for ¢ < 0, generically, u, is not asymptotically stable: In
particular, for times ¢ >> |q|’2, ast — 0o, a second “soliton” emerges and one
has a “two soliton” condensate.

‘We note that (72) can also be analyzed using Fokas’ unified integration method
instead of the Bikbaev-Tarasov transform, as in Its and Shepelsky [24].

Algorithms
As discussed above, the Toda lattice is generated by the Hamiltonian

1 n n—1 o
Hr(x.y) =5 3 3P+ ) e,
i=l1 i=1

The key step in analyzing the Toda lattice was the discovery by Flaschka [17],
and later independently by Manakov [27], that the Toda equations have a Lax-pair
formulation

dx dy H
dar Ty oo gy T T
= (74)
dam
— =[M, B(M)]

dt
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where
0 —by
ay by by 0 —=bp O
by 0 BM)=| b
M = )
0 _bn—l
0 bp—1 by—1 O
by—1 an - M — MZ
and
ak = —y/2 . l<k=n
(75)
by = %e%("k—x"“) , l<k<n-1

In particular, the eigenvalues {A,} of M are constants of the motion for Toda,
{An(¢) = Ay, t > 0}. Direct calculation shows that they are independent and Poisson
commute, so that Toda is Liouville integrable. Now as t — 00, one can show,
following Moser [29], that the off diagonal entries by (¢) — 0 as t — oo. As noted
by Deift et al. [9], what this means is that Toda gives rise to an eigenvalue algorithm:

Let My be given and let M (t) solve the Toda equations (74) with M (0) = M.
Then

° t— M(t) isisospectral, spec (M(t)) = spec (Mp). 6
(76)
° M(t) - diag (A1, ..., An) as t — o0.

Hence A1, ..., A, must be the eigenvalues of M.

Note that Hr (M) = % tr M?.

Now the default algorithm for eigenvalue computation is the Q R algorithm. The
algorithm without “shifts” works in the following way. Let My = MOT , det Mo # 0,
be given, where My is n x n.

Then My has a unique QR-factorization

Mo=QoRo , Qo orthog, Ry upper triangular :
a7
with (Rg);; >0, i=1,...,n.

Set
M = Ry Qo

= 0 Mo Qo
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from which we see that
spec (M) = spec M.

Now M has its own QR-factorization

M; = 01 Ry
Set
M; = Ry 04
= Q1 M 0

so that again spec M, = spec M| = spec M.
Continuing, we obtain a sequence of isospectral matrices

spec My =spec My , k>0,
and as k — oo, generically,
My — diag (Ay, ..., An)

and again Ap, ..., A, must be the eigenvalues of My. If My is tridiagonal, one
verifies that My is tridiagonal for all k.

There is the following Stroboscope Theorem for the QR algorithm (Deift et al.
[9]), which is motivated by earlier work of Symes [31]:

Theorem (Q R: tridiagonal)
(78)
Let My = MOT be tri-diagonal. Then there exists a Hamiltonian flow t +>
Mor (), Mgr(0) = Mo with Hamiltonian

Hor(M) =tr (MlogM — M) (79)

with the properties

(i) the flow is completely integrable
(ii) (Stroboscope property) Mor(k) = My, k >0, where My arethe QR
iterates starting at My, det My # 0
(iii) Mg (t) commutes with the Toda flow
(v) 9 = [BlogM), M], B(logM) = (logM)_ — (logM)T .
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More generally, forany G : R — R

He(M) =tr G(M)
— Mg =[M,B(gM)] , gM)=G(M)

generates an eigenvalue algorithm, so in a concrete sense, we can say, at least in the
tri-diagonal case, that eigenvalue computation is an integrable process.

Now the Lax equation (74) for Toda clearly generates a global flow ¢t +— M(¢)
for all full symmetric matrices My = MOT .

Question
(i) Is the Toda flow for general symmetric matrices My Hamiltonian?
(ii) Is it integrable?
(iii) Does it constitute an eigenvalue algorithm i.e. spec (M(¢)) = spec (M),

M(t) — diagonal as ¢ — o0?
(iv) Is there a stroboscope theorem for general My?

As shown in [5], the answer to all these questions is in the affirmative. Property
(1) is particularly novel. The Lax-pair for Toda only gives n integrals, viz. the
eigenvalues of M (¢), but the dimension of the symplectic space for the full Toda
is generically of dimension 2 [’2—2], so one needs of order % >> n Poisson
commuting integrals. These are obtained in the following way: consider, for

example, the case n = 4. Then [%] =4

o det(M—2)=0 has 4 roots  Ag1, A2, Ao3, Aoa
o det(M—2)1=0 has 2 roots Ai1, A12

where (M — 7)1 is obtained by chopping off the first row and last column of M — z

X —2X X X

X X —2ZX X

X X X —2Z|X

X X X X —2Z
Now A1+ Aop + Ag3 + Aog = trace M
and A1 + A2 = “trace” of M|

are the co-adjoint invariants that specify the § = 10 —2 = 2 [’3—2] dimensional
symplectic leaf L., ., = {M : tr M = c1, tr M1 = ¢z} on which the Toda flow
is generically defined. The four independent integrals needed for integrability are
then Agq, Ag2, Ao3, A11. For general n, we keep chopping: (M — z); is obtained by
chopping off the first two rows and last two columns, etc. The existence of these
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“chopped” integrals, and their Poisson commutativity follows from the invariance
properties of M under the actions of a tower of groups, G| C G, C .... This
shows that group theory is also a tool in the IM toolbox. This is spectacularly true in
the work of Borodin and Okshanski on “big” groups like S, and Uy, and related
matters.

Thus we conclude that eigenvalue computation in the full symmetric case is again
an integrable process.

Remark The answer to Questions (i) ... (iv) is again in the affirmative for general,

. ) . 2.
not necessarily symmetric matrices M € M (n, R). Here we need ~ 5 integrals

..., but this is a whole other story (Deift et al. [6]).

The question that will occupy us in the remainder of this paper is the following:
We have discussed two notions of integrability naturally associated with matrices:
Eigenvalue algorithms and random matrix theory. What happens if we try to
combine these two notions? In particular,

“What happens if we try to compute the eigenvalues of a random matrix?”
(30)
Let X denote the set of real N x N symmetric matrices. Associated with each
algorithm A, there is, in the discrete case, suchas QR,amap ¢ = @7 : Xy —> Xy
with the properties

* isospectrality: spec (pa(H)) = spec (H)
e convergence: the iterates X¢4+1 = ¢a(Xx), k>0, Xo= H given,
converge to a diagonal matrix Xoo, Xy — Xoo as k — 00

and in the continuum case, such as Toda, there exists a flow # — X () € Xy with
the properties

e isospectrality : spec (X (t)) = spec (X(0))
e  convergence : X (t) converges to a diag. matrix X as t — oo.

In both cases, necessarily, the diagonal entries of X, are the eigenvalues of H.
Given € > 0, it follows, in the discrete case, that for some m the off-diagonal
entries of X,, are O(¢) and hence the diagonal entries of X,, give the eigenvalues
of H to O(¢). The situation is similar for continuous flows ¢ +— X (¢). Rather than
running the algorithm until all the off-diagonal entries are O (¢), it is customary to
run the algorithm with deflations as follows: For an N x N matrix Y in block form

Y — <Y11 le)
Y21 Yoo
with Y of size k xk and Yy; of size (N—k) x (N —k) forsomek € {1,2,..., N—1},

the process of projecting

Y — diag (Y11, Y22)
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is called deflation. For a
given € > 0, algorithm A, and matrix H € Xy 81
define the k-deflation time.
TOH) =T (") . 1<k<N-1, (82)
to be the smallest value of m such that X,,, the mth iterate of A with Xy = H, has

block form
(k) (k)
%= (0 ¥B)
X7 X 2

21
XxWisk x k, X8 is (N — k) x (N — k) with
X1 = 1x51 < e. (83)
The deflation time T (H) is then defined as

T(H)=Tca(H)= min  T%(H) (84)
1<k<N-1

Ifk € {1,2,..., N — 1} is such that
T(H) = T*)(H)

it follows that the eigenvalues of H are given by the eigenvalues of the block

diagonal matrix diag (X ili), X (k)> to O(€). After, running the algorithm to time

T(H), the algorlthm restarts by applying the basic algorithm (in parallel) to the

smaller matrices X' 1) and X (];) until the next deflation time, and so on.

In 2009, Deift et al. [8] considered the deflation time 7 = T, g for N x N
matrices chosen from an ensemble &. For a given algorithm (A and ensemble & the
authors computed 7' (H) for 5000-15,000 samples of matrices H chosen from &
and recorded the normalized deflation time

~ _T(H)-<T >
T(H) = — (85)

where < T > is the sample average and o2 is the sample variance for T (H) for the
5000-15,000 above samples. Surprisingly, the authors found that
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Fig. 3 Universality for 7 when (a) A is the QR eigenvalue algorithm and when (b) A is the
Toda algorithm. Panel (a) displays the overlay of two histograms for 7 in the case of QR, one for
each of the two ensembles & = BE, consisting of iid mean-zero Bernoulli random variables and
& = GOE, consisting of iid mean-zero normal random variables. Here € = 1070 and N = 100.
Panel (b) displays the overlay of two histograms for 7 in the case of the Toda algorithm, and again
& = BE or GOE. And here ¢ = 1078 and N = 100

for a given € and N, in a suitable scaling regime (¢ small, N large),
the histogram of T was universal, (86)

independent of the ensemble &.

In other words the fluctuations in the deflation time 7, suitably scaled, were
universal independent of &.

Here are some typical results of their calculations (displayed in a form slightly
different from [8]) (Fig. 3).

Subsequently in 2014, Deift et al. [7] raised the question of whether the
universality results of [8] were limited to eigenvalue algorithms for real symmetric
matrices or whether they were present more generally in numerical computation.
And indeed, the authors in [7], found similar universality results for a wide variety
of numerical algorithms, including

e other eigenvalue algorithms such as QR with shifts, the Jacobi eigenvalue
algorithm, and also algorithms applied to complex Hermitian ensembles

* conjugate gradient (CG) and GMRES (Generalized minimal residual algorithm)
algorithms to solve linear N x N systems Hx = b where b = (b1, ..., by) is
ii.d., and

H=XXT, X is N x m and random for CG
and

H=1+X, X is N x N is random for GMRES
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* an iterative algorithm to solve the Dirichlet problem Au = 0 on a random star
shaped region Q C R? with random boundary data f on 3. (Here the solution
is constructed via the double layer potential method.)

* a genetic algorithm to compute the equilibrium measure for orthogonal polyno-
mials on the line

* adecision process investigated by Bakhtin and Correll [3] in experiments using
live participants.

All of the above results were numerical/experimental. In order to establish
universality in numerical computation as a bona fide phenomenon, and not just
an artifact suggested, however strongly, by certain computations as above, it was
necessary to prove universality rigorously for an algorithm of interest. In 2016 Deift
and Trogdon [11] considered the 1-deflation time T (1) for the Toda algorithm. Thus
one runs Toda ¢ + X (¢), X(0) = H, until time r = TV for which

N
2
E(T0)=3" (XU (T(1)>‘ <
j=2

Then X1 (T(l)) is an eigenvalue of H to O(e). As Toda is a sorting algorithm,
almost surely

‘Xu (T<‘>) — x| < € 87)

where Anax is the largest eigenvalue of H. Thus the Toda algorithm with stopping
time given by the 1-deflation time is an algorithm to compute the largest eigenvalue
of a real symmetric (or Hermitian) matrix.

Here is the result in [11] for 8 = 1 (real symmetric case) and 8 = 2 (Hermitian
case). Order the eigenvalues of a real symmetric or Hermitian matrix by A1 < Ay <
..., Ay. Then

1
<
Cy 2723 N3 (Ay — An=1) —

Fg®(1) = lim Prob ( t) , >0 (88)
N—o00
exists and is universal for a wide range of invariant and Wigner ensembles. F ﬁgap(t)

is clearly the distribution function of the inverse of the top gap Ay — Ay—_1 in the
eigenvalues. Here Cy is an ensemble dependent constant.

Theorem 2 (Universality for TWY Let o > 0 be fixed and let (¢, N) be in the
scaling region

_ loge™!

L= log N

>5+O'
-3 2
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Then if H is distributed according to any real (8 = 1) or complex (8 = 2) invariant
or Wigner ensemble, we have

7
lim Prob 73
N—o00 Cy” 2723 N2/3 (log e=! —2/3 log N)

< t) = Fga”(t).

Thus TV behaves statistically like the inverse gap (Ay — An—1)"" of a random
matrix.

Now for (e, N) in the scaling region,
2/3 -1 2 2/3
N loge ~3 logN | = N“" log N (@« —2/3),

and it follows that Exp (T(l)) ~ N?/3 log N. This is the first such precise estimate
for the stopping time for an eigenvalue algorithm: Mostly estimates are in the form
of upper bounds, which are often too big because the bounds must take worst case
scenarios into account.

Notes

e The proof of this theorem uses the most recent results on the eigenvalues and
eigenvalues of invariant and Wigner ensembles by Yau, Erdos, Schlein, Bourgade
..., and others (see e.g. [16]).

¢ Similar universality results have now been proved (Deift and Trogdon [12]) for
QR acting on positive definite matrices, the power method and the inverse power
method.

¢ The theorem is relevant in that the theorem describes what is happening for “real
life” values of € and N. For example, for € = 1071 and N < 10°, we have

-1

el > kg 3

* Once again RMT provides a stochastic function theory to describe an integrable
stochastic process, viz., 1-deflation. But the reverse is also true. Numerical

algorithms with random data, raise new problems and challenges within RMT!

Acknowledgements The work of the author was supported in part by NSF Grant DMS-1300965.
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Wave Turbulence and Complete )
Integrability ke

Patrick Gérard

1 Introduction

Since the 1980s, the study of Hamiltonian evolution partial differential equations,
such as nonlinear Schrodinger equations or nonlinear wave equations, has become
a topic of growing importance in mathematical analysis. A fairly general theory of
initial value problems is now available, and the main effort of the experts is therefore
mainly directed towards the long term description of solutions, starting with the case
of small initial data. Though this program is well advanced when the dispersive
effects are maximal and generally lead to scattering for small data solutions, it
is still widely unexplored when the dispersive effects are weaker, for instance if
the physical space is a bounded domain or a closed manifold. In particular, a
specific important question in the latter case is the possibility of appearance of small
scales or strong oscillations of the solution as time becomes large, a crucial feature
of what is called wave turbulence in Physics. Mathematically, this phenomenon
may be detected by the long term growth of Sobolev norms of high regularity.
Unfortunately, though this phenomenon is expected to appear generically, at this
time the corresponding mathematical fact can be established in only very few
cases. Natural candidates for studying this phenomenon are of course completely
integrable models, since they allow very precise calculations of solutions. However,
the most famous completely integrable PDEs, the Korteweg—de Vries equation
and the one dimensional cubic nonlinear Schrédinger equation, do not display any
growth of Sobolev norms, because the rich collection of their conservation laws is
known to control all high Sobolev norms. Another integrable PDE, which has been
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introduced more recently as a normal form of some nonlinear wave equation, turns
out to allow dramatic growth of Sobolev norms. This equation is posed on the Hardy
space of holomorphic function on the unit disc and involves a very simple nonlinear
term which combines a cubic expression with the action of the Szeg6 projector. The
goal of these notes is to provide an elementary introduction to this equation and to
its special integrability structure, which involves operators from classical analysis.

The content of these notes is based on a series of four lectures given at the Fields
Institute during the Summer School on Nonlinear Dispersive PDEs and Inverse
Scattering in August 2017. I wish to thank this institution, the organizers Peter
D. Miller, Peter A. Perry, Jean-Claude Saut and Catherine Sulem, my collaborator
Sandrine Grellier, with whom this theory has been developed, and my student
Joseph Thirouin, who wrote a preliminary version of these notes dedicated to a
mini-school for graduate students in the university of North Carolina in February
2016. The remaining typos are of my own.

2 Lecture 1: Growth of Sobolev Norms, Cubic Half-Wave
and Szeg6 Equations

2.1 SetUp

Throughout these lectures, we shall deal with functions on the one dimensional torus
T=R/27Z

or equivalently 27 -periodic functions on the real line. The space L*(T) is endowed
with the Hilbert inner product

1 2
(flg) = 7 fx)g(x)dx
T Jo

and L? spaces are endowed with L” norms corresponding to the same normalized
Lebesque measure. The family

ea(x) =" ke,

is an orthonormal basis of L2, and, for f € L2(T), the Fourier coefficient of fis
defined as

A

fk) = (flex) ,

so that

f=Y fer, (fley=>_ fhEk).

keZ keZ
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The former expansion can be extended to every distribution f € D’(T), where the
Fourier coefficients f (k) are growing at most polynomially as k tends to infinity.
Given a function a : Z — C with polynomial growth, we define the Fourier
multiplier
a(D) : D'(T) — D'(T)
by
a(D)f =a®)f(k), ke,

Finally, for s € R, the Sobolev space H*(T) is made of distributions f € D’(T)
such that

11 =D A+ kD 1) < +o0.

keZ

2.2 The Majda—Mac Laughlin—-Tabak Model

In order to introduce the question of wave turbulence, let us start with a one-
dimensional model introduced in 1997 by Majda et al. [12], which is a fractional
nonlinear Schrédinger equation with a defocusing cubic nonlinearity,

9
i DU+ uu

ot (1.1)
uli—o = uo € H*(T),

Notice that this model admits two fundamental conservation laws, namely the
energy,

1
E@) = (D[*ulu) + 3 lull7a

and the L2 norm, which clearly control the H /2 norm,
2 2
E@) + ulls = Cllulyays -

As a consequence, it is easy to prove that, if @ > 1, the above initial value problem is
globally well-posed on H*(T) for every s > «/2, and that, for every such solution u,

sup |lu (@) gerz < 00 .
teR
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In fact, this result can be extended to ¢ < 1, see [3] and [10] for « = 1, and
[16] for o > % The question we would like to address—following a similar
question asked by Bourgain in [1] about the nonlinear Schrédinger equation on the
multidimensional torus—is

Question Givens > «/2,1is Sobolev norm H* of u(¢) bounded as ¢ tends to infinity?

Suppose for instance that there exists s > 1 such that we have

limsup |Ju(z, -)||gs = +00.
11— 00

It means that for some sequence of times #, — oo, we have at the same time

Z A 4k i(ty, K)|> > n

kezd

and Y (1+ k)i, bI? < C.
kezd

In other words, at t = t,, |i(ty, k)|2 becomes big for big k’s, so that the first
series is big whereas the second one remains bounded, which reflects the fact that
function u(#,, -) oscillates. This is why such a phenomenon is called transition to
high frequencies, or sometimes wave turbulence—in fact, wave turbulence is a much
richer notion, which we will not pretend to describe here, but it is fair to say that
transition to high frequencies is an important manifestation of it. What Physicists
expect is that this phenomenon occurs quite frequently, as suggested by numerical
simulations of [12] concerning solutions with random data. However, at this time
we know very few mathematical facts establishing that such a phenomenon actually
occurs.

First of all, let us notice that this phenomenon is typically nonlinear. If one
restricts to the linear equation

i 8_u = |D|%u
ot

elementary Fourier analysis provides the following formula for the Fourier coeffi-
cient of the solution at time 7,

ik, 1) = e "M 00 k)  k € Z.

Consequently, all the Sobolev norms are conserved.

Then, in order to study this nonlinear problem, it is natural to first focus on
equations for which one can calculate explicitly the solutions, namely integrable
equations. In the family of fractional cubic NLS above, the case « = 2 has this
property, due to the result of Zakharov and Shabat [20]. The equation

"ot T2 T
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admits plenty of conservation laws, which are of the form

/T [|u(p)(x)|2 + Fpu(x), @(x), ... uP D (x), ﬁ”"”@))] dx, VpeN,

where F), is some polynomial, quadratic in the highest derivative. It is then easy
to show that the trajectories of smooth solutions remain bounded in every Sobolev
space.

What about the other values of «? This is a widely open problem. However, there
seems to be a most favourable value of « for allowing this phenomenon, namely
o = 1. Indeed, this is the only value for which the equation fails to be dispersive.
The next section is devoted to this case.

2.3 The Cubic Half-Wave Equation

In this section, we focus on the half-wave equation,

. 0u 2
i— = |Dlu+ |u|"u
at (1.2)

uli=0 = ug € H*(T),

Equation (1.2) is globally well-posed on H*(T) for every s > % This is of course a
consequence of the already quoted conservation laws, which in this case control the
H'? norm. If s > %, it is then possible to apply a Brezis—Gallouet type estimate

to conclude to global existence through a nonlinear Gronwall argument. If s = %
existence of solutions is obtained by a compactness argument, while uniqueness is
a consequence of Trudinger—Sobolev type inequalities.

There is a simple way to reformulate (1.2) as a coupled system of two transport
equations by introducing the Szegé projectors I1+ defined as

+00 -1
I, (Z Cr eik"> = ch LIy I (Z Ci eikx> = Z cr e (1.3)
keZ k=0 keZ k=—o00
Then, writing u4 := I11u, (1.2) reads
0+ 00uy =My (ulPu)

i@ — dou_ =T_(lulu)

U=uy+u_

The remarkable fact is that this systems decouples for small data on a nonlinear time
interval.
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Theorem 1 (3]) Assume s > 1, ug = Il (ug) and ||uoll gs = € where ¢ > 0 small
enough. Denote by v the solution of the Cauchy problem

i3 + 0,)v = T4 ([v]*v) , v(0,x) = up(x) . (1.4)

Then, for some positive constant cs,

5 o 1
lu(®) —v®llgs = 0%, 1] < g—zlog (g) :
Of course, for || < 8%, the nonlinear coupling is negligible and u(t) is
approximated by ug(x — t). The important feature in the above theorem is that
Eq. (1.4) provides the first nonlinear correction on a bigger time interval. Here
we shall not discuss the proof of Theorem 1, which relies on a Birkhoff normal
form combined with the special structure of the so-called resonant triples associated
to (1.2). See [3].
From Theorem 1, we learn that the first possible mechanism of growth of high
Sobolev norms for solutions of (1.2) is to be sought in Eq. (1.4). After an elementary
change of variable, we are reduced to the equation

idw = M(Jw[*w) ,

where w(t) € H*(T) and T1;w(t) = w(r). This is precisely the cubic Szegd
equation, which is the main topic of these lectures.

2.4 The Cubic Szegé Equation: Setting, Wave Turbulence
Results and Strategy

24.1 Setting

If E C D'(T) is a subspace of distributions on the circle, we shall denote by E . the
subspace

Ei=wueE:u=TNyu}={ueckE: :Vk<0,ik)=0}.

In the special case E = L2, L%r = T1.(L?), and 1 is the orthogonal projector of
L? onto L%r. Furthermore, elements of L%r are those which can be extended, through
the formula

o0

u(z) =y ak,

k=0
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to holomorphic functions u on the disc satisfying

27 )
supf |g(re”‘|2dx < 00.
0

r<l

This space is the so-called Hardy space on the disc, and sometimes denoted by
H?(D), but to avoid any confusion with Sobolev spaces, we keep the notation L%r.
Similarly, if s > 0,

HY = H'NL% =T (H).

From now on, we shall set IT := I1..
The cubic Szegd is the following Hamiltonian evolution equation, introduced
in [2].

. 0u 5
i—— = (Jul"u),
ot (L.5)

u(0) =ug € Hi.

It admits the following conservation laws.
o0
Q) = llul?, . E@) = llull}s . M) = (Dulu) =Y klik)|* .
k=0

Notice that, because of the spectral localization, the momentum M (1) provides a
valuable estimate of H'/2 norm,

Q) + M) = [[ull3, -

Using this observation, it is easy to check that (1.5) is globally well-posed on Hf
for every s > %

2.4.2 Wave Turbulence Results

As a preliminary definition, recall that, if X is a complete metric space, a Gs-subset
of X is a countable intersection G of open subsets of X. If all these open subsets
are dense in X, then Baire’s theorem claims that G is dense: in this case, G is
called a dense G subset of X. Notice that, in a complete metric space, countable
intersections of dense Gy subsets are dense Gg subsets. Our main result is the
following.

Theorem 2 (6]) Lets > % There exists a dense Gs subset G of HY such that, for
every ug € Gy, the solution of (1.5) satisfies

limsup,_, o, lu(@®)|| gs = +00 .
liminf; o lu(f) | gs < +00.
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In other words, generic solutions of (1.5) have not only unbounded H* norms, but
display infinitely many transitions between low frequencies and high frequencies,
sometimes called forward and backward cascades in the vocabulary of wave
turbulence. The above theorem can be strengthened in different directions.

* Endowing the space C{° = NyHY of its natural Fréchet space structure, it is

possible to construct a dense Gs-subset G of C{° such that initial data in G

generate solutions of (1.5) satisfying the above properties for every s > %

¢ Furthermore, the growth of Sobolev norms can be made superpolynomial,

[ (@) s

VN > 0, limsup L

t—0o0

:+OO

* The relative length of the time intervals where Sobolev norms are large is large
enough. For instance, we are going to prove that

1 T
lim sup — (@) || g1 dt = +00 .
T—+400 0

Notice that the above long time behaviour is very different from the one of solutions
of the ODE

10iu = |u|2u ,

from which (1.5) can be obtained by filtering nonnegative Fourier modes. Specifi-
cally, the explicit solution of the above ODE is

. 2
u(t, x) = ug(x) e 0@

so that, for generic initial data, for every s > 0,
lu@llgs = [t

which is a much milder growth, with only one transition from low to high
frequencies. This shows that filtering nonnegative Fourier modes has dramatic
consequences on long time dynamics.

2.4.3 Strategy

The proof of Theorem 2 strongly relies on the complete integrability of Eq. (1.5),
which will be established in the next lecture through a Lax pair structure. Then we
will see how this structure leads to explicit formulas for the solution of (1.5), through
an inverse spectral theorem for a special class of operators on the Hilbert space L%r.
Finally, these explicit formulae will allow us to create growth of H® norms for s > %

for carefully chosen data.
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3 Lecture 2: The Lax Pair for the Cubic Szegé Equation
on the Circle

3.1 Hankel Operators

The principle of Lax pairs, introduced by Peter Lax in his seminal paper on the KdV
equation [11], is to translate a PDE in terms of the evolution of a family of operators.
That is why, before stating the Lax pair theorem for the cubic Szegd equation (1.5),
we must define a class of operators, called the Hankel operators.

3.1.1 Hankel Operators on Sequences

We denote by ¢2(N) the set of square-summable sequences of complex numbers
indexed by N := {0, 1, 2, ... }. On this space, there is a scalar product given by

o0
xly) =) XV
n=0

Definition 2.1.1 Let ¢ = {c,} € ¢2(N). The Hankel operator of symbol ¢ is
Te: N — EN), x =[x} — y = [,

where {y,} is defined by an “anti-convolution” product:

oo

Vp = ch+pxp, vn € N.
p=0

As T'¢ is an operator given by a kernel k(n, p) := c,4p, it is easy to compute its
Hilbert-Schmidt norm: it is simply the L? norm of the kernel in the product space.
More precisely,

o
ITellZrs = 1k, P2y = D lenepl> = Y A +Dlerl.
n,p>0 =0

In the sequel, we make the assumption that ||[I'¢||gs < oo.

Definition 2.1.2 The shift operator on £2(N) is the following (not onto) isometry

S:(xo,)q,xz,...)i—) (O,XQ,xl,xz,...).
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The anti-shift is its adjoint with respect to the scalar product (-|-) :
S* 1 (x0, X1, X2, ... ) —> (X1, X2, X3,...).
The following identities are direct consequences of the definitions:

S*S =1,
SS* =1 — (-leg)eg, whereey = (1,0,0,...),
S*Te =TS = Igee.
The last identity even characterizes the Hankel operators among continuous oper-
ators on £2(N). We call S*T. the shifted Hankel operator associated to I'.. We

immediately infer a link between a Hankel operator and its associated shifted
operator.

Lemma 2.1.3 g« 5. =Tl — (lo)e.

Proof The left hand side equals I'. SS*I"}, and we apply the above formula on S5*.
O

3.1.2 Hankel Operators on the Hardy Space

Using the isometric isomorphism

LY — (M)

u > {i(n)}n=0,

we are going to define corresponding Hankel operators on L2+. For u € HJIF/ 2, we
define H), : L%r — L%r, h +— T1(uh). Observe that

H,(h) = Ty(h).,
and since I'} = I,
H2(h) = T35 (h).
Notice that H, is C-antilinear, and satisfies

(Hy(h)lh2) = (u|hih) = (Hy(h2)|h1)
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whereas H u2 is C-linear and self-adjoint positive. We similarly identify the conjugate
of S, u > e'*u, and the conjugate of its adjoint S*, u + I1(e™"*u) (also denoted
by S and S* respectively). In this framework, the shifted Hankel operator is

K, :=S*H, = H,S = Hg+,.
Lemma 2.1.3 can be restated as
K2 =H?— (-lu)u. 2.1)
We also need another class of operators, called Toeplitz operators.
Definition 2.1.4 Let b € L°°(T). For h € L2, we define Ty (h) := [1(bh).

The C-linear operator T}, : L%r — Li is called the Toeplitz operator of symbol
b.Itis bounded, and 7, = Tj,.

3.2 The Lax Pair Structure

The following theorem is the backbone of our analysis.

Theorem 3 (2]) Ifu is a H® solution to (1.5) with s > %, then

d
—H, =By, H, 2.2
T [ ] 22)

where
. [
By == —iT,p + EH” .

Notice that B, is anti-self-adjoint (i.e. B} = —B,).
Proof We start with a crucial algebraic lemma.

Lemma 2.2.1 Leta,b,c € Hf, s > % We have
Hyy iy = TupHe + HaToe — HyHy He.. (2.3)
Indeed, for i € Li,
Hyy ey (h) = TI(T(abe)h) = T(abch — (I — M) (abe)h) = M(abch),
because (I — IT)(abc)h has only negative frequencies. Hence

Hpy 4oy (W) = Tl(abch) = T1(abT1(ch))+T1(ab(I—-T1)(ch)) = T,; He(h)+Ha(f).
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where f := b(I — IT)(ch). Since (I — I1)(ch) has only negative frequencies, f has
only nonnegative frequencies, hence

f =TI(f) = NI(bch) — TI(bT1(ch)) = Tpz(h) — HyH,(h),

and the proof of the lemma is complete.
Assuming it = IT(|u|?u), and applying Lemma 2.3 witha = b = ¢ = u, we get

j_tHu = Hi = —iHpy(jy2u)
= —i(Ty,p Hy + H, T, — HY)
= —iT\ 2 Hy — Hy(—iT,p2) + $H} H, — Hy(5HY)
= [—iTyp. HJ + [5Hy, Hyl,
where [A, B] stands for the commutator AB — BA. Notice that we used the

antilinearity of the operator Hy. Finally, setting B, := —iT},2 + %Huz, we end
up with (2.2). |

A remarkable fact in this theory is that the latter Lax pair generates another one,
which turns out to give independent conservation laws.

Theorem 4 (5])

d
EKM = [Cuv Kyl (2~4)

where Cy := —iT),2 + %K,f is also anti-self-adjoint.
Proof

d .

EKM = _ZKH(W\ZM)

= —i(T\,2 H,S + H,T),nS — H}S) .

Moreover, notice that
Ty(Sh) = STp(h) + (bSh|1) .
In the case b = |u|?, this gives

T2 Sh = ST 2h + (|u|*Sh1) .
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Moreover,
(ul*Shi1) = uluSh) = |Ku(h)) .
Consequently,
H,T),2Sh = K, T, ph + (Ky(h)lu)u .
We obtain
d . : 2
EKM = —lTMZKu — ’KuT|u|2 +i(H; — (lwu)K, .
Using identity (2.1) and antilinearity, this leads to (2.4). O

Observe that By, C,, are linear and antiselfadjoint. Following a classical argu-
ment due to Lax [11], we obtain the following consequence.

Corollary 2.2.2 Under the conditions of Theorem 2.2, define U = U (¢t), V = V (t)
to be the solutions of the following linear ODEs on L(Lﬁ),

W _pv. Y _cv. vo=voy=1
e~ "7 de Y B o

Then U (t), V (t) are unitary operators and
Huy@y = U Huo) U™, Kury = V(O Kuo)V(0)" .
Proof Just compute the time derivatives of
U@n*u@), Unu@* ve)y*'ve), ViV , U@ H,nU @), V() Ky V(@) .

O

Since we also saw that H?> and K2 are positive trace class operators on
L2+, we know that they have pure point spectrum, consisting of a sequence of
nonnegative eigenvalues tending to 0—in fact with a convergent sum. The above
corollary implies that these eigenvalues are conservation laws of the cubic Szegd
evolution. We shall return to the study of isospectral sets of data in the next chapter,
proving in particular that these two sequences can be chosen almost arbitrarily,
and independently from each other. For the rest of this lecture, we show how this
structure allows to derive an explicit formula for the solution of the Cauchy problem
for (1.5).
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3.3 The General Explicit Formula

1 1
Theorem 5 [5]) Let ug € H{(T), and u € C(R, HZ(T)) be the solution of
Eq. (1.5) such that u(0) = ug. Then, for |z| < 1,
2 dy
u(t,z) = / qr.z(y) 3
0 T

g2 g2 g2
(I —ze llHqullKuO S*)qr,z —e 1tHMO (MO) )

. . —itH?, itK? . .
Notice that, since operator e~ "' “0¢'’ ““0 §* has norm at most 1, function g;_; is

well defined for every z such that |z] < 1.

Proof Our starting point is the following identity, valid for every v € L2,
v(@) = (I —z8H"[), zeD. 2.5)
Indeed, the Taylor coefficient of order k of the right hand side at z = 0 is
(SH D) = @I85 = 9k ,
which coincides with the Taylor coefficient of order k of the left hand side. Let
u € C*(R, H}) be a solution of (1.5), s > % Applying (2.5) to v = u(t) and using
the unitarity of U (t), we get
u(t,2) = (I =z8H 7w = UO*A =28 u@U0* ),

which yields

u(t,2) = (I = UO*S*UO) U u®|U@)*1) . (2.6)

We shall identify successively U(t)*1, U(¢)*u(¢t), and the restriction of
U(t)*S*U (t) on the range of H,,. We begin with U (¢)*1,

d L *
/O =-U0)"Bu(1),

and
i 2 . i 2
B,(1) = EH" (1) — leulz(l) = _EH“ (1) .
Hence
[
2 Huy

iU(z)"‘l N R U)*1
dt ) uttl ’
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where we have used Corollary 2.2.2. This yields
Uy*1 = e 2t (1) . 2.7
Consequently,
U )" u(t) = U 1) Huy (1) = HygU (0" (1) = Hyge' 0 (1) |
and therefore
U@ u() = e 20 (ug) . 2.8)
Finally,
U@)*S*U@)Hyy = U@)*S*Hy i U(t) = U(t)* KuiU (1) ,
and therefore
U)*S*U(t)Hy,y = U@)* V(1)K V() U (1) . 2.9)

On the other hand,
d
EU(I)*V(t) =-U®)*Bu)V(t) + U®)*Cyy V(1) = U)*(Cury—Bur)) V (1)
i * 2 2 i * 2 2 *
= EU(I) (Ku(t) — Hu(t))V(t) = E(U(t) V(t)KM0 — HMOU(t) V)).

We infer

_itp? L2
U@ V() =e " 2ue 2Ku

Plugging this identity into (2.9), we obtain

_itH?2 jLEK2 _itg2 itpg?
U(t)*S*U(t)Huo =¢ '27uwe'2 uOKuoe P2 8ug el 280

S 1opy2 2
i ZH Huo

itk? it
=e uy g u( Ku()e 2

Spg2 o op2 21 g2
isH, itK i5H
=e 2 7Me "0 S*I‘Iuoe 2o

g2 2 i
2t o Rig gre 2 o B,

=e
We conclude that, on the range of H,,,

LY g2 f 2
U@ty S*U (1) = e 2 Mo &/ Kig g1 3 Hug | (2.10)
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It remains to plug identities (2.7), (2.8), (2.10) into (2.6). We finally obtain

-1 2 . 2 .t 2 .t 2 .t 2
u(t, z) = ((I — ze ' 2o e Kio g*e ™ 2Mu0) =T ™ 2 iy () &' 2 i (1))

—itH?

. 2 2
= ((I — ze~ Mg io §%)~Te™ Mo (ug)|1) ,

which is the claimed formula in the case of data ug € H},s > % The case

1

uog € H} follows by a simple approximation argument. Indeed, we know from the

wellposedness theory that, for every ¢ € R, the mapping ug +— u(t¢) is continuous
1 1

on HE. On the other hand, the maps uo — H,,, K, are continuous from HE into
L(L%r). Since H? , K2 are selfadjoint, the operator

up’ up

: 2 2
e*llHqullKuo S*

has norm at most 1. Hence, for z € D, the right hand side of the formula is
1
continuous from H_} into C. |

The remarkable feature of Theorem 5 is of course to reduce the nonlinear
equation (1.5) to linear equations, namely the construction of the unitary groups
: 2 iR
e”H“O, e”K“O, and inversion of the linear equation giving g; .. By expanding in
powers of z, notice that an equivalent formulation is that the Fourier coefficient

of the solution at time ¢ is given by
g2 g2 2
Gt k) = ((e o Kuo gyke ™ Hug | 1)

However, despite the explicit feature of this formula, tracking the growth of the
Sobolev norm

1

00 2
@)l s = (Z(l +k2)f|ﬁ<k,r)|2>

k=0

does not seem to be a simple task. In the next two chapters, we shall see how this
task can be addressed through the study of the spectral mapping associated to the
pair (Hy, K).

4 Lecture 3: The Inverse Spectral Theorem

In the previous lecture, we have seen that the eigenvalues of HZ> and K2 are
conservation laws of the cubic Szegd evolution, and that they play a crucial role
in calculating the solution of the equation from its initial datum, through the general
explicit formula. Notice that the square roots of these quantities are precisely the
singular values of the Hankel matrices I';; and I"g+;. In this lecture, we investigate
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more precisely the possible values that can take these eigenvalues, and we define a
new system of coordinates including these eigenvalues, on which the evolution can
be trivially described.

We begin with establishing a simple lemma about the eigenvalues of Hu2 and K 3

4.1 The Interlacement Property

Lemma 3.1.1 Foru € HJlr/z, let (sjz.)jzl and (s,’(z)kzl be the decreasing sequence

formed by the eigenvalues of HM2 and K,f respectively, written with multiplicities.
Then we have

s1 =8 =8 =5 > =0.

Proof The proof relies on the formula (2.1) and on a use of the min-max formula
for compact self-adjoint operators: if A is a compact positive self-adjoint operator
on some Hilbert space J, and if (p;) jen+ denotes the decreasing sequence of its
eigenvalues, then

pj = min max |[A(h)],
CFCH heF+
dim F<j—1 |n|=1

where F denotes a vector subspace of J{(.

We are going to apply this principle to Hu2 and K,f on H = Li. First of all,
notice that

max |[K2(h)|| = max (K2(h)|h).
cFt cFt
Inli=1 Ini=1

We compute (K2(h)|h) = (H2(h)|h)—|(u|h)|> < (H?(h)|h). Taking the maximum
and then the minimum over subspaces F on both sides finally yields s}z < sjz..

Next, if F is a subspace of Li of dimension at most j — 1, we have

max |KZ2(W)| > max [K2(W)|= max |HZ(W],
heFt he(F+Cu)t he(F+Cu)*
lRlI=1 [Ir]=1 [|]]=1

because of formula (2.1.3). Now, F + Cu is of dimension at most j. Hence, taking
the minimum over F on both sides yields

s> min max [|H;(h)|| = min max |[H;(h| = s7,,.
FCcL%  he(F+Cu)*t FcL% heFt '
dimF<j—1  |lhl=1 gim Fej 1M1=
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4.2 The Inverse Spectral Transform for Generic Finite Rank
Hankel Operators

Now that we know, because of Corollary 2.2.2, that eigenvalues of Hu2 and K 3 are
conserved, there is a natural question to ask: given a set of positive interlaced real

numbers, is it possible to find u € HJlr/ % such that the corresponding eigenvalues
of Hu2 and K 3 are precisely these numbers? In this section, we provide a positive
answer in the finite rank case, when eigenvalues are distinct from one another.

4.2.1 The Kronecker Theorem

First of all, let us characterise the symbols of Hankel operators with finite rank.

Theorem 6 (Kronecker, 1877, See e.g. [13]) The Hankel operator H, has finite
rank if and only if u(z) is a rational function of z with no pole in the closed unit
disk.

Rather than giving a complete proof of this fact, let us focus on the following
facts.

* The rank 1 case. In that case, the proof is particularly easy, since S*H, = H, S,
we obtain $*u = Au, which, on the Fourier coefficients, means u(n+1) = Ai(n),
or

u(n) =al.

Consequently, [A| < 1 and

u(z) = .
u@@)=1_ 2
In this special case, the general explicit formula of Theorem 5—or a direct
calculation—shows that u generates a traveling wave solution,

2 2
y al al
uo(x — ct s = , C = )
o) = e ST T

u(t,x) = et

which is in fact the ground state of the Gagliardo—Nirenberg type inequality
Ew) < Q) +2Q0M@) .

¢ The general case is an adaptation of the above proof, which takes advantage of the
fact that the sequence of Fourier coefficients satisfies a linear recurrent equation.
Therefore a solution u such that H, has finite rank can be interpreted as an exact
multi-soliton.
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» Itis in fact possible to characterise completely the elements u such that
rk(H,) +rk(K,) = N.

This set is a Kdhler complex submanifold V(N) of dimension N, on which
the cubic Szegd evolution defines a Liouville integrable Hamiltonian system.
Furthermore, one can prove [5, 6], that the corresponding trajectories on these
submanifolds are quasiperiodic.

¢ In any V(N), one can prove [2] that the subset of functions u such that the non
zero eigenvalues of Hu2 and K ,f are all simple and distinct is a dense open subset,
which we denote by V(/N)gen. We call these elements generic in V().

4.2.2 The Inverse Spectral Theorem

Let us first define the direct spectral map. Let u be a generic element of, say, V(2N),
which means that tk H, = N and rk K, = N. We write We denote by s := 51 >
- > sy > 0 the singular values of I', and by s := 5] > --- > s}, > 0 the ones
of Fs*,; .
Since K, = H, S, we have Ran K,, C Ran H,,, and in fact, both spaces coincide,
for their dimension is N. We call this space W. Setting

E,(sj) = ker(Hu2 — sjz.]),
Fu(sp) :=ker(K2 — s} 1),

we infer from the hypothesis that forall 1 < j, k < N, dim E,(s;) = dim F, (s,/() =
1, and besides,

N N
W =P Eu(sj) = @ Fulsp). 3.1)
j=1 k=1

where the direct sums are orthonormal sums.

Denote by u; (resp. u}c) the orthogonal projection of u on E, (s;) (resp. Fy (s,’c)).
Observe that we musthave u; # Oforall j € {1, ..., N}.Indeed, in view of (2.1.3),
if u was orthogonal to some E,(s;), we would have

Ky (h) = Hy(h) — (hlu)u = H, (h) = s7h,
for all & € E,(s;). But this cannot happen, since sjz is not an eigenvalue of K 3 For
the same reason, u) # 0.
Consider now the action of H, on the subspaces E,(s;), and note that H, (u;) €

E,(s;). Since it is a one-dimensional space, we know that there exists A; € C such
that H,(u;) = Aju;. Applying H, to the equality, we get Huz(uj) = |Aj|2uj =
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s]zuj, so that we can write A; = sjei‘/’f for some ¥; € T. The same holds for
K, (u;{), hence forall 1 < j, kK < N, we have found angles v, W;i € T, such that

Hu(uj) = sje'Viuy,
K, (u}) = spe'Viu,.
Finally, we can define a map

Doyt € V(N)gen = (51,81, oo SN SN YL WL oo YN, W)

TZN

valued into Q2 X , where €2, denotes the subset

{o1 >--->0,>0} CR”.

Theorem 7 (The Finite Rank Case, No Multiplicity) The map ®,y is bijective,
and its inverse is given as follows. Given (s1, s{, ..., SN. Sy, W1, Yy, ... UN, Yyy)
€ Qon x T2V consider the N x N matrix € (z) given by

R LS £ /34
(g . _ s.,e J Ske kz
@k = )
S

J 5k

for1 < j, k < N. Then €(z) is invertible for any z in D (the closed unit disc of C),
and

u(z) = (€@ An), ey, Vizl <1,

where 1y is the vector of CN each component of which is 1, and where (-, -) denotes
the standard scalar product on CN .

Remark 1 The mapping &,y turns out to be even a diffeomorphism, transforming
the symplectic form on Li into

1 N N
0=3 > d(sH ndyj =Y d((spP) Adyy
k=1

j=1

In other words, Theorem 7 gives an explicit set of coordinates for the 2 N-torus
of functions in H}r/ % whose associated Hankel and shifted Hankel operators have
prescribed singular values, with an additional non-degeneracy condition contained
in the strict inequalities.

Proof of the First Part of Theorem 7 We show how to recover u from its spectral
data. Let us compute, for 1 < j, k < N:
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s3uslup) = (HE @) = @1 H2 ) = (u51K20) + (gl

2
= s (ujlug) + llug 11l 117

Consequently,
(AR
(ujluy) = o
57 Sk

Finally using (3.1), we get

N u
_ 12 k
wj = lujl? Y 5=
k=1"j
N

2
w = upl* > 5.
k k 2 S/

j=1 ]
Fix j € {1,..., N}. Noting that SK,, = SS*H, = H, — (u|-)1, we write

sjeViuj(z) = Hy(uj)(2) = SK, ;) (@) + (uluj) = 2Ky (uj) @) + >

/
/
2 Ky (u k) 2 2 k Ve, 2
= zllujl| E 2 — 7 + llujll = zllujl E +||uj||

k

On the other hand, we know that

N ’

iy 2 Uy
spe'Vuy = lul? y 55,
S] _Sk

k=1

I?

so we simplify by ||lu || and eventually,

N etV H//
sje’rs —sk kz

Z ?uk(z) = l

k=1 J Sk

which holds in fact for any j € {1, ..., N}. This implies1 that Vz € C such that
lz| <1,

1For the sake of brevity, we assume here without further explanation that % (z) is invertible. See
Sect. 4.3.1 for a proof of this non-trivial fact.
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u' (2) 1
D=7 | =@ aw.
uly(2) 1
To conclude, it remains to observe that u = H, (1), so u € W. Thus u(z) =

Z,I{vzl u;.(z), and the formula

u(z) = (€@ 'An)|1y)

is proved. O
The proof of the surjectivity is more delicate, see Sect. 4.3.2 below.

Remark 2 Since H? — K?2 is a rank-one operator, and because the inclusion
Ran K, € Ran H, always holds true, we see that <k K, € {rk H,,tk H, — 1}
whenever H, has finite rank. The above results only deal with the case of equality,
ie. Ran K, = Ran H,, but in fact, when Ran K, = Ran H, — 1, namely u €
V(2N — 1), the inverse spectral formula remains valid, simply setting s}, = 0 in the
matrix € (z).

4.3 The Evolution in New Coordinates

In the new coordinates we have just defined, it turns out that solving the Szegd
equation becomes trivial. In the literature, those (s, s’, ¥, ¥')-coordinates are
related to the so-called action-angle variables: the actions s, s’ are constant in
time, and the angles ¥, ¥ evolve linearly with frequencies functions of s, s’. Here
these functions are particularly simple, because the Hamiltonian function can be
expressed in a simple way,

luell s = Tr(H) — Tr(K) = Y 57— ()"
j k

Proposition 3.3.1 Suppose ug € HJlr/ 2 satisfies the hypothesis of Theorem 7 and
corresponds to a set (so, s, Yo, V() € RN 5 T2V If ug is assumed to be the initial
data for the evolution problem (1.5), then for all t € R, u = u(t) corresponds to a

set (s(1), s’ (1), ¥ (1), ¥ (1)) satisfying

dsj ds,’c_
de — 7 dt
av o

=57, .
dt Y dt k
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Proof We already know that the s;’s and s;’s are conserved. Let us turn to ;, for
some j € {l,..., N}. Using the notations of the previous proof, we have for all
treR

Hyyuj(0)) = s;eViDu;(2). (3.2)

But recall the Lax pair (2.2): it even implies that for any Borel function f : Ry — R,
L F(H) = (Ba, f(HD)] = [—iT H?
Ef( ) = [Bu, fF(H)] = [—iT,2, f(H)],

because B, = —iT},;2 + %HL%, and Hu2 commutes to f(HMQ). We are going to apply
this identity to u with f = 1y.y. This will give us the evolution of u ;, since u; =

{sj} i J
l{sj}(HL%)u. We thus have

d d
S = o fHDu = [=iTyp, fH)W A+ fHD (i) = —iTj,pu;.

We are ready to differentiate (3.2). The left hand side gives
L1h.s. = [By, H ;) + Hy(—iT,pu;)
= —iTyp Hu(uj) + 5 H; (uj) — Ho(5Hi ;)
= —iT,pHy(u)) +is7Hy(uj),
whereas for the right hand side:
:f—tr.h.s. = il'ﬁijei‘/’fuj +sjei'/’f(—iT|u|zuj) = il'ﬁjHu(uj) — iTluleu(uj).

Since H, (u;) # 0, we have 1/}j = sjz.
Starting from (2.4) similarly leads to the law of the evolution of the r;’s. O

4.3.1 Complement 1: %' (z) Is Invertible
We prove the following proposition, which was included in the statement of
Theorem 7:

Proposition 3.3.2 Under the hypothesis of Theorem 7, the matrix € (z) is invertible
forany z € D.

Proof Set Q(z) := det € (z). The polynomial Q is of degree N exactly. Indeed, its
dominant coefficient is

L , 1
(—DNsp .. sy e VT TN det (m> #0,
J k
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because of the formula for the Cauchy determinant:

det< 1 ) _ [Ticjtaj —ai) [Tice(be — bk). 3.3)
aj+ by

Hj,k(aj + bi)

Therefore Q has N zeroes in C, counted with multiplicities. Assume one of these
zeroes, say zo, belongs to ID. Since, by the Cramer formulae for %(z)~! whenever

0(z) #0,

P(2)

u(z) = (€@ AN n)ey = 26"

where P is a polynomial of degree at most N — 1, and since u € Li, it is necessary
that P(z9) = 0. Therefore, after a finite number simplifications,

u(z) = &,
0(2)

where O is a polynomial of degree at most N — 1 with no zeroes in the closed unit
disc, and P is a polynomial of degree at most N — 2. We can therefore decompose

— oj

with 0 < [p;j] < l'and };m; < N — 1. Now we use the following elementary
lemma.

Lemma 3.3.3 If

1

=T

withm > 1and 0 < |p| < 1, then

Ran(H,) = —k=1,..., .
an(H,) sPan{(l—pz)k m}

Let us prove the lemma. Given & € L2, we can expand
m—1
@) =) ak-P + @ -P) "),

k=0

with g € Li and |z| < 1. Taking the L? trace on S', conjugating and multiplying
by v, we infer
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h(elx) 3 z(m 1—k)x » i
(- elx)m. Z —(1 — peixym % +e lxg (elx) .

Consequently,

—k—1

M(vh) = j{jc& o

and it is clear that one can fit the value of each coefficient ¢; by an appropriate
choice of h.
Using the lemma, we conclude that

dimRanH, =Y “m; <N —1,
j

which contradicts the assumption that H,, has rank N. O

4.3.2 Complement 2: Surjectivity of the Spectral Transform

We conclude this section by giving a proof of the fact that the mapping u +>
(s,s’, vy, ¥’) is onto (under the hypothesis of Theorem 7). The proof of the
surjectivity of the mapping

u> (s, 9, ¥

in the most general case is given in [4, 6], by showing that this map is open and
closed for appropriate topologies. Here we give a different, purely algebraic proof,
based on a recent work in collaboration with A. Pushnitski.

First of all, the above calculations imply that, if u exists, its orthogonal
projections u ; and ), onto the eigenspaces of Hu2 and K 3 satisfy

N 2 N 2
Z ||14]|| -1 Z ||u;(|| _

O = R OO
j=1 k k=1"j k

In view of the above formula (3.3) for the Cauchy determinants, this imply that

llu ||2 and ||u;< ||2 can be expressed in terms of the numbers s;, sé as
"2 2
= (5;) — (sp)
] Sy T W)
lujl* = 7= HH] ][5 g Il = <w)ﬂ

2 _ 2
i) j Si O£k (5¢)* = (53)
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Now, we fix once and for all 51 > s > 52 > 5) > --- > sy > sy > 0, and we
set similarly

57— (s))? (s})>
=07 -] ] 5 2’“"_“"_("))HW’
i) j 0k St Sk
so that we also have
N 2 N 2
J k
Z—:l Z—:l (3.4)
2 ’ 2
=15 = (5)? PRl GOk
and moreover
N 1:21613
Z =S, 1<k, L<N. (3.5)

— (57— (sPA(sT = (52

J

Then we consider the following two N-dimensional Hermitian spaces. We denote
by E and by E’ the space CV equipped respectively with the inner products

N N
= . 2% = (= . o
ZlDEg = E 172j2j, (@l)E = E KiZkZk-
j=1 k=1

Consider the linear operator

kK
Q:E' - E, (Q);:= szkz
(Sk)

We claim that €2 is a unitary operator. Indeed, forw € E, z € E’,

N zkwjrjzlc,f i
(Qz|lw)g = Z 5 = @R w)E
s =)

with

and (3.5) precisely means that Q*Q = I. Also notice that

Q1y) = 1y. (3.6)
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Indeed, this is equivalent to

N 2
Yot
2 _ ’ 2 9 - 9 9 9

k=1"J (5¢)

the second identity in (3.4).
Then, given (Y1, ¥y, Y2, %5, ..., YN, ¥y) € T2V, we consider the antilinear
operators
H:E—E, K':E — E,

defined by

(Hz)j = Sjeiwfzj, (K2 = S,ieiw/i’fk.

Notice that H, K’ satisfy (HZ|z)g = (Hz|Z)E, and (K'Z|2)p = (K'z|2)g. In
particular they are R-linear operators which are symmetric with respect to the real
scalar products defined by

(Z,2)E =Re(Z|2)E, (Z,2)p =Re(Z|2)p.

Moreover, H?, (K')? are positive selfadjoint C-linear operators on E, E’ respec-
tively. We set

K:=QK'Q":E—E.
The following lemma establishes a crucial identity between the operators K2 and
H?on E.
Lemma3.34 K> = H?— (-|1y)ely.

Proof We compute

N

20./\2
(Q(K)*2); = Z S

2 (N2
P Y

N st
S
k=15j k k=1

= (H*Qz); — |1y)ply
Because of formula (3.6), this can be written as

QK = (H* — (. [1y)g1N)R,
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or
K? = H?> — (.[1y)E 1y,

by setting K := QK'Q* : E — E as above. ]

We now set

Y:=KH ':E—>E.

Since

1Kzl = (K*zl)E = (Hz1)E — |Gl < (HPzl2)Ee = | Hzlg,
we have

Vze E, |2zl < lzlle.

In fact, this contraction map X enjoys the following asymptotic stability property.

Lemma 3.3.5

VzeE, |zl — O.
n——+o00

Proof Since E is finite dimensional and since X is a contraction, the theory of the
Jordan decomposition of matrices shows that it is enough to prove that ¥ has no
eigenvalue on the unit circle. Let w € S!, and consider F := ker(X — wl). We
claim that

F =ker(Z* — wl).

Indeed, since X is a contraction, the Hermitian form B(z, 7) := ((I — X*X)z|7) is
non negative, hence

I1Zzlle =zl = X*'Xz=g,
as a consequence of the Cauchy—Schwarz inequality for B. This implies F C
ker(X* — wl). The reverse inclusion follows from a similar argument applied to
the contraction X*.

In order to study the space F, we recall that by definition K = ¥ H. Hence, by
symmetry of H and K for the real scalar product on E,

K =HYX*
Therefore Lemma 3.3.4 can be reformulated as

TH?Y* = H?> - (.|Dgl. (3.7)
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Given z € F, we infer
IHzl% = IHzE — 1GIDEP,
hence F is orthogonal to 1. Coming back to (3.7), we conclude that, if z € F,
@LH’z = H,

hence H?z € F. Therefore F is a stable subspace for H?, which is the diagonal
matrix of 5]2., j =1,..., N. Hence F has to be the direct sum of one dimensional

eigenspaces of H2. On the other hand, none of these lines is orthogonal to 1y. The
only possibility is therefore F = {0}. O

1
At this stage we are in position to construct u € H and a linear isometry U :
E — L? such that

UHU* = H,, UQK'Q*U* = K,. (3.8)

Notice that property (3.8) implies that (s, s’, ¥, ") corresponds to u via Theorem 7.
First we give another reformulation of Lemma 3.3.4. Define g € E by

so that Hg = 1y. Plugging K = HX* = H in K> = H?> — (- |1y)gly, we
obtain

HY*SH = H?> - (-|Hq)Hq,
hence, recalling that H is invertible,
Y'E=1-(19)q - (3.9
Identity (3.9) combined with Lemma 3.3.5 has an important consequence. Indeed,

iterating (3.9) yields, forevery z € E,

n—1
(T =z-Y GI(EH(E") q.
k=0

Taking the scalar product with z in E, we obtain

n—1

1=zl = llzliz — D 1GIEH el
k=0
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Passing to the limit as n — oo, and using Lemma 3.3.5, we finally conclude
oo
Vze E. llzlz = ) 1GIEH el (3.10)
k=0
It allows us to define U : E — L3 by
o
Uz =) @(EH g e
k=0
In view of (3.10), the operator U is an isometry, and, for every h € L?,
o
U*h =Y hk)(Z*)q .
k=0
Consider
(0.¢]
u:=U(y) =Y (An|[(Z*)q)pe™.
k=0

Since X* has eigenvalues only in the open unit disc—see the proof of Lemma 3.3.4,
the Jordan decomposition implies that

Izl ) el < gt

for some 8 < 1. Hence u € Hl/z, so we may study H, and K, = S*H, = H,S.
Given z € E, consider

UHz(k) = (Hz|(Z**q)r = (S*Hzlq)k
= (H(EH219) e = (Hql(EY*2)E
= (Ix[(ZH*2) k.

Consequently, for every h € L2,
o o o
UHU*h(k) = (1N( > h(@)(z*)k“q) =Y itk +0)h() .
{=0 E {=0
We conclude

UHU* = H, .

2In fact u is even an analytic function on T.
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Furthermore, since
Uzt = (Z21('q) | = @EH o) = SUz).
we also have
UKU*=UXHU*=S*UHU* = S*H, = K,,
or equivalently

UQK'Q*U* = K,,.

4.4 Various Extensions

The above inverse spectral theorem admits several extensions. First of all, it is
possible to extend to generic elements of H V/ 2, defined as having simple singular
values for both Hankel matrices. This set turns to be a dense G subset of H. Y 2, and
the spectral map & is then a homeomorphism on Q x T, where €2 is the subset of
£? formed by strictly decreasing sequences of positive numbers. Furthermore, the
inverse formula extends, by making the size of the matrix €’(z) tend to infinity.

A more delicate extension takes into account the multiplicity of the singular val-
ues. A complete description can be found in the monograph [6]. As an application,

it is proved that every trajectory in HJF/ % is almost periodic.

5 Lecture 4: Long Time Transition to High Frequencies

In our search of wave turbulence for the Szegd equation, the formula given
by Theorem 7 does not help directly. On the contrary, it shows, together with
Proposition 3.3.1, that initial data belonging to the finite-dimensional manifold
V(N) give rise to a motion which is quasi-periodic in time: there exists D > 1,
a smooth function F : T? — €°(T),* and a w = (wi, ..., wp) € RP such that

u(t) = F(wit, wat, ..., wpt), VtelR.
Such an orbit # — u(¢) remains bounded in every H*.

However, this formula will allow us to infer the existence of transition to high
frequencies for most solutions of the cubic Szegd equation, as we will now explain.

3Where €°(T) := €>°(T) N L.
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5.1 A Crucial Example: The Daisy Effect

Given ¢ € R, we define
ug(x) =e"* +¢.

It is easy to check that ug € V(3), hence the corresponding solution u® of (1.5) is
valued in V(3), and consequently reads

aé(t)e'* + be (1)

&€
t, = -
= e

with a®(r) € C*,b%(t) € C, pt(t) € D,a®(t) + b*(t)p®(t) # 0. We are going
to calculate these functions explicitly. We start with the special case ¢ = 0. In this
case, |u8| =1, hence

—it 0

uo(t, x) =¢e "uy(x)

SO
A=, 1) =0, p°t)=0.

K2

We come to ¢ > 0. The operators H, 2 o

o S* act on the range of Hu(s), which is the

two dimensional vector space spanned by 1, e/*. In this basis, the matrices of these
three operators are respectively

2. [1+6%e 2. (10 o (01
gy = (57 6) gy = (19) s = (21

The eigenvalues of HuzO are

2—1+82:I:8 148
Pe=1T5 4"

hence the matrix of the exponential is given by

o efitp_%_ _ efit,o% pge—izpi _ pz e—izp%
M (M) = S MUH )
Py — pP= P — P¥
efin
=5 (—2i sin () M(H2,) + o cos(@r) + 2 sin(a)t))I)
w

g2 &2
h = 1 —_— Q:=1 -
where w 3 + n + >
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We obtain
—iQt

2w

a2
e ttHu0 (MO) —

( — 2ieQsin(wt) + 2ew cos(wt) + 2w cos(wt).
.2 ix
—ieg” sin(wt))e ) ,

2
it . .
M (e—itHLfOeitho S*) _ ¢ 43 (O 2w cos(wt) — ig? sm(wt))

2w 0 —2ie sin(wt)
and finally
at(t) = e_”(1+82) bi(t) = e_it(1+32/2) (s cos(wt) — i+—(92 Siﬂ(ﬂ)l))
’ V4 + g2

pi) = - sin(wn) e | w = %x/4+ €2 .

2i
Va4 + g2
The important feature of such dynamics concerns the regime ¢ — 0. Though
PPty = 0, pt(1) may visit small neighborhoods of the unit circle at large times
(Fig. 1). Specifically, at time t* = 7/(2w) ~ /(2¢), we have 1 — |p®(t)|> ~ £2/4.
A consequence is that the momentum density,

(1) = nla® (1*,m) P = nla® (1°) + b° (%) p* (1*) | p* (1*) P
g4 ) g2 \"!
= n — ,
4+ £2)2 4 4 g2

Fig. 1 The trajectory of p®
for small ¢
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which satisfies
o0
D (%) = Tr(Kqe) = Tr(Kg) =1,
n=1
becomes concentrated at high frequencies

1
n>~-—,.

g2
This induces the following instability of H® norms

1 1

e () | g5 =~ ~
(A —|pea)y—2 &>

S >

N =

This proves in particular that conservation laws do not control H* regularity for
s > % Notice that the family (u() approaches u8, which is a non generic element
of V(3), since HMZO admits 1 as a double eigenvalue. Furthermore, on can also show
that averages of the H' norm are growing,

.1 T I do 1
lim — lu” @Ol g1 dt = — — ~log| - ) .
T—>+oo T Jo 2 Jo  (e2 4 cos?0)2 3

Now let us try to explain this mechanism through the inverse spectral transform we
have studied in the previous lecture. Fix a small ¢ > 0, and consider the following
set of parameters,

si=1+¢ sj=1, 5=1—¢,5,=0,

1,01 ZO, wl/ ZO, 1#22:7.
Through the formula of Lecture 3, this corresponds to a matrix

14+e—z2 1

Ce(2) = g(i'__g);)__lz 1+18

(1—-6)2—-1 1-—c¢

and by Theorem 7, the function

27(1 — &2
1e(2) == (€)' D)2 = w
— &Z
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is such thattk H,, = 2,1k K,,, = 1. Besides, Huzg has s%, s% as positive eigenvalues,
and K 3@ has s{z only. We notice that the only pole of u.(z) is z = %, far away from

the unit circle S'.
Now modify the parameters in the following way:

s1=1+e, Si:l, sz:l—g,sé:O7
Y1 =0, ¥ =0, ¥p=0.

Only v, has changed, but now the matrix

l4+e—2 1
5o d+e)2—-11+¢
o= G2 e

(1—¢e)2—-11-¢
and the corresponding function is

2462 —2z(1—62)

1P -] _
Ve(2) :=(€:(2)7 D)2 = 2 (2—¢2)z

)

with a pole for z = ﬁ, this time dramatically close to S'. A simple computation
shows that because of this pole,

1 2s—1
lvell s =~ (E) > 1

In other words, if the singular values are close to each other, the Sobolev norms of
u are very sensitive to the angles.

So if one considers the solution ¢ + u(¢) of the cubic Szegb equation (1.5) with
ug as an initial data, then by Proposition 3.3.1, we have ¥ (t) = (1 + €)% and
Va(t) = 7w +t(1 — €)%, There is a time 7, such that ¥ (;) = ¥ (f,):

T

4’

te =

Then the previous computation shows that |lu(t:)ll gy = (é)zs*1 ~ (1)

whenever s > % Thus we found a solution with growing Sobolev norms, but
the growth is polynomial in time, and the trajectories are bounded (even by great
bounds) in any Sobolev space.

In the next section, we briefly explain how we can deduce for those growing but
bounded solutions a weak turbulence theorem. In other words, we explain how to
pass from families of solutions to the behaviour of one generic solution.



74 P. Gérard

5.2 The General Instability Principle

The main step to transition to high frequencies is the following result.

Theorem 8 For any ug € H., and M > 1, there exists a sequence {ug} converging
to uy in H!, and sequences of times T, — 00 and t, — oo such that u", the
solution to the cubic Szegd equation with u" (0) = ug, satisfies

1 Ty
—/ [u" @) g1 dt —> +o0,
T, 0

and
u'(t,) — ug in H}r,

asn — +o0.

Let us give a detailed proof of Theorem 8. The main idea is “to stick a small
daisy to the dynamics . First of all, notice that it is enough to approximate initial
data ug belonging to a dense subset of H!, so we only consider ug such that for
some g € N, rk H,, = rk K,,, = ¢, with simple singular values which we denote by

S1 >8] > 82> 85 > >85> 8,

The idea is to approximate uo by adding new singular values, in the spirit of the
examples of the previous section. Assume

. -1 / /. / ’
up == CDZq (S], sl’ ...,Sq, Sq, I/fh wlv ceey 1//(17 wq)

We introduce the following class of rational functions.
We consider the family u®¢ for 8, ¢ — 0 with

u‘s’g:CDz_ql%(sl,si,...,sq,s;,é(l +8),8.8(1—8): Y1, V| ... Yg. Y1), 0,0, 71).

From the previous lecture, we can compute the corresponding solution to the cubic

Szegd equation,
8,¢ -1 lq lq
u®t(z,t) =(%s: (2, 1) , 4.1)
1> 1,

where
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Here, we let

T = 8%t 4.2)
and
Ez, 1) ez, 1)
%,€(Z5 t) =
Bse(2,1) +6.(2, T)
with

(sa of Watisy) _ S}/)Zei(w;ﬂ(%)z)
g(zv t) - 2 _ ( /)2 ’
Sa b 1<a,b<q

%,S(Zv t) = (

sq€' Vattsd) _ §7eiT ei(x/famf))
2 _ 2 9 9
sz — 86 Sq 1<a<q

S(HS)eir(m)Z_Sézeiw,;ﬁ(s,’,)z)

_ 32(1+e)2—(s))2
%5,8 (z,t) = —8(1—8)61.7‘(178)2 _S;Zei(v/;]+t(s};)2)

2(1—e)2—(s})?

I<b=q
(I4e)e 1H02T _ o7 oi(140)2T
_ (I+e)2—1 T+e
(2. T) = —(1—g)el =T T _i(1-0)2T
(1—e)2—1 1—¢

The crucial point is the following elementary behavior of the inverse of €, (z, T).

Lemma 4.2.1 Uniformly for z in every compact disc of C, we have

(1 — pe(T)2)Ce(z, T) ™!

—iT (14262 cw_(T) ewe(T) 2
=i <“’8<T>+Z—s(ws(r>—z)/z —we(T)+z—e(we(T)+2)2 | T O,
2 2
where

2
pe(T) := e_iazT [—i (1 - % + 0(84)> sin(2eT) + (% + (9(83)) cos(2eT)
4.3)
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and
we(T) = ol Te+e?)

Furthermore, the following equalities hold uniformly for z in D independently of
teR

Ce(z, T) ' (12) = O(1)
G, ) (1) = O (é) .

Proof Let us write

eiT (l42)elTCe+eD _;  oiTCe+e?)
= — 2+e I+e
Ce(z, T) = g | (oo TC2td,  eiT2end)
2—¢ 1—¢

so that
det [ee*i%(z, T)] = —e2T (1 + 0D (1 — pe(T)2)

with

2
pe(T) = e_iazT |:—i (1 — % + 0(84)) sin(2eT) + (% + 0(83)> COS(ZST):|

Consequently, for |z] < R,

(1 — pe(T2)Ce(z, T)!

_—iT(142e2 sw_g(T) ewg(T) 2
e (“’-6<T>+z—e(w_g(r)—z>/2 —we(T)+z—e(we(T)+2)2 | T O,
2 2

where
we(T) = eiT(25+52) ]
An important fact is the following estimate
1 — |pe(T)* = & + cos®(2eT) (1 + O(2)) + O(e™).

In particular, on D, |1 — p,(T)z| > EFoe@D > &

42 . Hence, the coefficients of
%, (z, T)~! grow at most as O(;—z) in D uniformly in 7 € R.
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For the other estimates, we compute
(1= pe(D2)Ce(z. T) ' (12)

)
_ o iTQe+eD) 25@"T82C05(28T) . +0@E)
—ie'T*" sin(2eT) + z — §e'7¢ cos(2eT)

. iTe?
_ e—lT(28+82) 2ee cos(2eT) n O(sz) .
z— pe(T)

le cos(2eT)| - le cos(2eT)|

11— pe(T)z] — €2 +cos’(2eT) O

we obtain €, (z, T)~1(12) = O(1).
Eventually, we compute
(1 = pe(T)2)' %e(z. T) " (12)

_ —iTQete?) (8w—a(T) +1 Sw_o(T) +z —8%(60—3(T) - Z)]) + 02
ewe(T) + 5[—we(T) + 2 — 5(we(T) + 2)]

i 2 —_—
_ e iT (2e+¢°) (Z _ Pg(T)
2 z— pe(T)

> 4+ O(e + | cos(ReT)|)
and this leads to

"Gz, T) ' (1)) =0 (é) .

Observing that

ol (Vatts?)

s (2, 1) = (—

Sa

+ 0(5)> ®1,1,

l<a=q

1 el Wt ()7
Bs e (2) = ® (z————+00) ,
! % 1<b=q

we can exploit estimates on 6, (z, 7)~! in the following lemma.

Lemma 4.2.2 The following matrix expansions hold in L*° (D) as &, § tend to 0
uniformly int € R.
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ol Wattsy)

Ay e(2, )6 (2, T) ' = ( + O(6>> ® €z, T) (1) =0 (é)

a I<a=q

1 1 ol (Vp+(s)?)
Ce(z, TV Bs,e(z,1) =62, T) (1) ® | z————+ 0() = 0(1)
b 1<b=q
In particular, the vectors
.6 (2, (2. T) " (1),
"B (2. 1) Celz. T) (1)
and the matrix

s e (2, )G (2, T) ' By e (2, 1)

have uniformly bounded coefficients for (z,t) € D x R, €, § small.

Let us introduce the following notation,

1 X%z, 1)
%,S(Zv T)_ <1q> =
2 Y8e(z, 1)
and
| X9tz
"G e(z, T) ! (;f) =
: Poe(z, 1)
We have
E@, DX (2, 1) + (2, DY (2, 1) =1,
Bs (2. DXy (2. 1) + $€.(2. TV (2, 1) = 1

1@, DXRE @)+ B ez, DV (2,1) =14
oty (2, DRGE (2 1) + VG, DI (2,0) = 12

Hence, setting
Ise(z, 1) 1= E(z,1) — 895 (2, )G (2, T) ' B o (2, 1),

we obtain
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Is.e@ X0 (2. 1) =1y — 85 0(2. (2. T) ' 1 (4.4)

' Ise(@ DX @) =1y — 8 Bs (2. ) G2, T) ' 1 (4.5)
Y28 (2) = 86(z, T) " (1o — Bs.c (2, X (2, 1)) (4.6)
Y8 (2, 1) = 8'6(z, )" (1o = o e (2, X (2, 1), (4.7)

In view of Lemma 4.2.2, and of formulae (4.4), (4.5), (4.6), (4.7), we observe
that

Fse(@t) = E@ 1) = 85 (2. NCe(2. T) ™ Bs (2. 1) = £z, 1) + 0(8)
is invertible for z € D and § and ¢ small enough, and we get the formulae

X0% @) = Fse(z, )7 (g — 855 ()% (2, T) ' 1)

X0 ) =" TG ) (1g =8 Bs.e(2.)' Gz, T) 1)

YO (2, 1) = 86e(2, T) (12 = B (2, DX (2, 1))

Yoz, 1) = 8"z, T) 7 (1 = #.e(2, DX (2, 1)),
Summarizing, we have the following result.

Proposition 4.2.3 For the norm L*° (D), we have, uniformly in 8, € such that ¢ <

s« 1,
X0z, ) =E@ D, +00)
X0 ) ="6@ 10" g +06)
Y3z, 1) = alz, )8 Co(z, T) " 1(12) + O (52)
. 52
Y28 (z,1) = Bz, )8 (2, T) ' (1) + O <;> .
where

b

' ol (V15
a(z,t):=1-— <£’(Z, H~ 1y, ZS—, >,
1<b=q

i(Vattsy)
pan:=1-(s@n"a,. (es—> ).
l<a<q

a



80 P. Gérard

As a first consequence of these computations, we obtain the smoothness of z —
uS,(S (Z ’ O) .

Corollary 4.2.4 For ¢, § small, the following equality holds on some fixed neigh-
borhood of the closed unit disc,

ug5(-, 0) = ug + o(1).

In particular, the functions 7 — u¢ 5(z, 0) are uniformly analytic on D.

Proof This estimate is a direct consequence of the previous Proposition and of
the fact that €,(z,0)"! is bounded uniformly in z for |z] < 1 + 5 for some
n > 0. Indeed, p:(0) = % + O(e3) hence the only pole of €, (z, 0)~!is % From
Proposition 4.2.3 and Formula (4.1), we get

Xy 1
&€ ,O = 4 9 4
43e (0,0 << Y5 ) (12>>

_<< &z, 071, +0(5) ) (1q>>
T\ ez, 00862, 00711 + 0 (82) ) "\ 12
=ug+o0(l).

O

The second point is the existence of t; , — oo such that u, 5(t5 ) — up in H'.
This fact is elementary, because  — u;s () € V(2¢ +3) C H }r is quasi-periodic,
hence we can find ¢ , as big as we wish such that

llue,s(ts o) —uesO)g <&

The claim then follows from the previous corollary.
We now turn to the main point, which is the behavior in mean time. We first
establish the following lemma.

Lemma 4.2.5 There exists a constant ¢ > 0 such that, for any z € S' and any
teRR

la(z, )B(z, )| = c.

Proof Using the compactness of the torus, it is enough to prove that the functions

iy,
@y ¥ i = 1= (EG v )y (Zeyb) )
1<b=q

b

va

iVa
pa vy =1- (8 v) 'y, <° ) )
I<a=zq
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where

sqelVe — 5] zelVh
E@@ Y,y = (%) )
Sa Sp 1<a,b<q
do not take the 0 value for (z, ¥, ') € S' x T24. Indeed, write (Z(z, ¥, V') 1<b<q
= &(z, ¥, )", so that
Xq: sgeiVa — Sézeivf{,

53_(32)2 Zy(z, ¥,y =1,a=1,...,q. (4.8)

b=1

Assume a(z, ¥, ¥') = 0 for some (z, ¥, ¥') € S! x T?4, namely

q
> ZuG vy

b=1

eV
S (4.9)
b

s
Then subtracting (4.8) from (4.9) leads to

. _ i et
I\ sqe™Va —Zs;e™ Vo V2 7, (2, ¥, ¥)
Sa Z 2 — (s/)z s/
a b b

=0,a=1,...,q.
b=1

This is a contradiction since, from our inverse spectral Theorem 7, the matrix

(sae_“/’“ — sé{e_i‘l’b)
2 _ ()2
Sa = (5) I<a.b<q

is known to be invertible for any ¢ of modulus one. A similar argument leads to

B # 0. O

Finally, we are going to focus our analysis near the unit circle, where the
singularity of u®¢ takes place. First observe that

2 o 0y |2
luliy ~ / ' &)1do.
0
Deriving with respect to z the formula (4.1) giving u®¢, we get

@) (z,1) = <<€a,;(r>%,g<z, ! (}Z) S Gre(zt)! <1q >> (4.10)

1y
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where
. E) (1)
(gé,s(l) = . 3
By o (t) +C.(T)
with
» (s;eiu/f,;ﬂs;)z)t)
H=|"5—5
2 _ (/)2 ’
Sa = (5p) 1<a,b<q
. seiT
s%,0)=<————io
‘ 55 — 82 l<a<q
s,’,ei(‘//il7+(“i/ﬂ)2)[
. _ | ®a+e7=))?
ﬂﬁ,s(t) - S[,)e,'(q/,[/).;.(sé) )
820—e)2—(sp)? / 1<j=n
1<b=q
and
. eiT (1 + g)—l 0
Ce(T) = — 2
(1) 2¢ <—(1 -5t 0)
Hence, we get
8.6 04,6
ser . X% (2) X, (2)
: =(G.t) "9 N e
) (2) < 5,6(1) (Ya,g(z)> (Ys,s(z) >>
= {G.t) (@@(z,t)—llq +00) ) "6 07 g +00)
T\ @Gz, T (1) + 0 (82) )\ B8 Gz, T (1) + O
Observing that

: _(0) 0) _ {9 0
60 (g %%@(T)) B (

o 0 ()

P. Gérard

.11

(4.12)

(4.13)

(4.14)

(4.15)

)
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we infer, if ¢ < 8,

@>*)(2) =

_ (O(l)+O(82) ) o) i

o) +eB (N T + 0 () \prde T + 0 (£)
2

=a@¢ﬁ@xm%aT%uLTr%uw%xaTr%u»+O(%).

Notice that the first term (€ (T)%.(z, T) "' (12),! € (z, T)~'(12)) is Ul(z, T),
where

Ue(z, T) = (:(z, T) ' (12), 12)

is precisely the daisy solution to the cubic Szegd equation. In view of the
computations of the beginning of this chapter, we have

Lemma 4.2.6 Let ¢ > 0 and consider U, the function corresponding to spectral
data (1 +¢&,1,1 —¢), (1,1, —1)) and evolving under the cubic Szegd flow

Ue(z, T) = (6.(z, T) "' (12), 12) (4.16)

then,

1 T 2 1/2

- ! (all 2
/ (/ Uz (e, T)| d@)) dT — 0.
T Jo 0

as ¢ tends to 0 and et tends to infinity.

Eventually, we use the decomposition

2
uy o (z,1) = 8a(z, )Pz, HUL(z, T) + O <i—2>

and Lemma 4.2.6 to obtain

172

1 T 1 T 27 . 5
§A|MAmez§A<A Mﬂ%nwﬁ 1
12

1 82T 2 » )
28— U, T)|°do dT .
Ngwﬂ <A|g@ )| Q

Here we assumed § < &2 small enough to absorb the remaining term appearing in
the expression of uj .. Then we get the result for 827 tending to infinity.
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5.3 The Transition to High Frequencies

It is now easy to conclude the proof of Theorem 2, which we formulate here in terms
of averages of the H! norm.

Theorem 9 (Transition to High Frequencies for the Cubic Szegé Equation)
There exists a dense Gg-subset of H Jlr denoted by G, such that for all u solution
to the Szegd equation (1.5) with u(0) € G, for all we have
T
limsup — lu () || g1 dt = oo,
T Jo

T—o00

and on the other hand
liminf u(0) 11 < 1)l 1.

Proof of Theorem 9 We adapt a strategy by Hani [8]. Let p > 1 be an integer. We
define O, to be the set of ug € H 41_ such that there exists T > p, t > p such that
the solution u of the Szegd equation with u(0) = ug satisfies

1 (T
Tfo lu@ll g1 > p,
lu(®) — uoll g1 < l.
P

It is clear that O, is an open set, and by the Proposition 8, O, is dense in H_}_. By
the Baire category theorem,

00
G .= ﬂ 0p
p=1

is a dense G set, and elements of G satisfy the conclusions of Theorem 9. O

An Improvement In order to obtain superpolynomial growth, one introduces a
larger daisy as follows. For N € N, pick real numbers §; > 1 > & >np > -+ >
En—_1 > ny—1 > &n > 0. If we take as singular values

1+e&1>14+enm>14+esr>14em>...,
and 0O as angles, we find a matrix

(I +e&) — (1 +em)z ]
(+e8)2 = +em)? | ey

%2 (2) =[



Wave Turbulence and Complete Integrability 85

One can prove that corresponding i, € V(2N — 1) given by the inverse spectral
Theorem 7 then satisfies, for a generic choice of (&, ),

~ N-1)(2s—1
||M5||Hs ~ m ~ (té‘)( )(2s )

As before, it is also possible to find, changing the angles along the Szeg6 trajectory,
amatrix %, (z) such that the associated function u, is a rational fraction with no pole
close to the unit disc. We refer to [6] for the complete proof.

5.4 Related Equations

We conclude this lecture by mentioning some related results for equations connected
to the cubic Szegb equation.

5.4.1 The Cubic Szegé Equation on the Line

The cubic Szegd equation can be stated similarly on the real line, where IT denotes
the orthogonal projector of L*(R) onto the subspace of functions with Fourier
transform supported into R . In this case, Hankel operators H,, can still be defined
and they satisfy a similar Lax pair evolution. However, the shift operator S does not
exist anymore, nor does the shifted operator K,,. There is nevertheless a second Lax
pair identity for

L, = Hu2 — (luwu .

We mention here only some results of this theory which is entirely due to Pocovnicu
[14, 15].

Theorem 10 (Pocovnicu [14, 15]) The cubic Szegd equation on the real line
10 = T(Jul*u),
satisfies the following properties.

1
* The traveling wave solutions, namely the solutions Q € H] (R) of
cDQ + w0 = T(jul*u)

for some (c, w) € R?, are exactly given by

a
X+ A

o) =

3

witha € Cand A € C,ImA > 0.
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N

0
uo(x) =y —I—
j:1x+Aj

then u(t, x) conserves the same N -soliton form, where unknowns the coefficients
aj, Aj satisfy a completely integrable ODE. If N > 2, some of these solutions
satisfy, as t — +00,

1 o
Vs > o et )l ~ B

Notice that the transition to high frequencies is much moire explicit here than on
the circle. It is also of quite a different nature.

5.4.2 Back to the Half-Wave Equation

It is tempting to combine Theorems 1.4 and 2 to obtain some wave turbulence result
for the half-wave equation. Unfortunately, this strategy only leads to the following
relatively weak result.

Theorem 11 Given0 <n < 1, K > lands > %, there T > 0 and a solution of
idu = |Dlu+ |ul*u
satisfying
luOllas <n, lu(Mlas = K .

In the case of the line, however, it is possible to guarantee moreover the saturated
estimate [7]

Vi=T, [lu(®llps ~ K.

The proof is based on a careful construction of a two-soliton solution whose profiles
are perturbations of the traveling waves of the cubic Szeg6 equation.

5.4.3 A System in Two Space Dimensions

Itis in fact possible to take a greater advantage of Theorems 1.4 and 2 by introducing
an additional variable on the line, as did Hani et al. [9] in their remarkable study
of the cubic nonlinear Schrodinger equation on the cylinder R x T2. Following
the modified scattering method developed by these authors, Haiyan Xu proved the
following theorem.
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Theorem 12 (Xu [19]) Consider the equation
idu = —32u + |Dylu + [ul®u, (x,y) eRx T (4.17)

with u(t,x,y + m) = —u(t,x,y). For initial data which are sufficiently smooth,
decaying and small, the long time behavior of the solutions is given by

el CHRHDD (1) — G log(r)) — 0, 1 — +00, (4.18)
where G is a solution of the following decoupled system,
i0,G+ =TN+(1G+Gy) (4.19)

where G1(t, x,y) := [1LG(¢, x, y) denote the Szegd projections in the y variable,
and F (t, &, y) denotes the Fourier transform of F(t, x, y) with the respect to the x
variable.

Conversely, given any solution G of (4.19), with initial data sufficiently smooth,
decaying and small, there exists a solution u of Eq. (4.17) such that (4.18) holds.

Notice that the Fourier variable & € R is just a parameter in the above
decoupled system of cubic Szegd equations. Applying the superpolynomial version
of Theorem 2, one can prove

Theorem 13 (Xu [19]) There exist solutions u of Eq. (4.17) such that

_ @l 2w, 1) (1))
VN > 1, limsup —————"— dt = +o00,
t—+00 (log?)

and on the other hand

5.4.4 An Integrable Perturbation of the Cubic Szegé Equation

Another remarkable property of the cubic Szegd equation is that it admits a one
parameter family of perturbations which is still integrable. Consider the following
Hamiltonian equation on H3 (T)

id,u = T1(|lu|*u) —i—a/ udx . (4.20)
T

Because the action of the antishift operator $* kills the second term in the right hand
side, it is not difficult to check that the Szegé Lax pair for K, is still valid for this
equation. On the other hand, the Lax pair for H, does not hold. It turns out that
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this equation is still integrable, as proved by Xu in [18]. Moreover, let us mention
interesting qualitative differences of the dynamics compared to with the cubic Szegd
equation.

Theorem 14 (Xu [17,18]) Ifa > 0, there exists rational solutions u of (4.20) such
that

1
Vs > 3 lu@®llgs ~ ", t = +oo

with ¢ > 0. Furthermore, such a phenomenon does not happen for rational
solutions if « < 0.

Notice that, in view of Corollary A.2 in the appendix, the exponential growth is
optimal.

Appendix A: The L*° Estimate and Its Consequences

In this section, we show how the lax pair structure leads to the following a priori
estimate for solutions of the cubic Szeg6 equation.*

Theorem A.15 (2]) Assume ug € HY for some s > 1. Then the corresponding

solution u of the cubic Szegd equation satisfies

sup |[u(t)||pe < 400 .
teR

The proof of this theorem relies on the following proposition.

1
Proposition A.1 Givenu € H;, we denote by {s;(u)} > the sequence of singular

values of H,, repeated according to multiplicity. The following double inequality
holds:

1 oo o o o %
PIIOIEDIIOEDS (Z li(n +z>|2>
n=0 j=1 n=0 \{=0
Furthermore, the right hand side is controlled by
Csllull s

forevery s > 1.

4In view of the Lax pair for K, this estimate is also valid for Eq. (4.20).
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Remark A.3 This proposition can be interpreted as a double inequality for the trace
norm of the Hankel operator H,. A more complete characterization of functions u
such that the trace norm of H, is finite is given in Peller [13]. Here we provide an
elementary proof.

Assuming the proposition, let us show the theorem. From the second equality in
the proposition, we have

o0
Z sj(ug) < +o0.
j=1

Since each s (u) is a conservation law, we have, for every 1 € R,

D siw@) =) sjwo).
j=1 j=1

Finally, by the first inequality in the proposition,

sup Y _lii(t, n)| <2 suﬂgZSj(u(t)) =2 s;(uo).
j=1

1€R >0 te j=1

The proof is completed by the elementary observation that

lulloo <) la(m)].

n>0

We now pass to the proof of the proposition.

Proof of Proposition A.I We denote by {e;} ;> an orthonormal basis of Ran(H,) =

Ran(H2) such that H?e; = slz.u. Such a basis exists because H? is a compact
selfadjoint operator. Notice that

I Hu(epI> = (HE(eple)) = s2.

We set, for every n > 0, &, (x) = /™.
Let us prove the first inequality. Observe that

u(2n) = (Hy(en)len), u(2n + 1) = K, (enlen).
On the other hand,

(Hu(en)len) = D (Hu(en)le;)(ejlen),

J
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and (H,(gy)le;) = (Hy(ej)len), so that

D la@n)l < Y [(Hulej)len)(ejlen)
n=0 n,j
. } /oo )
<> (Z |(Hu(e,~)|en)|2> (Z |<e,»|en>|2)
Jj n=0 n=0

= DI Hueplliel =) s
j J

Arguing similarly with K,,, we obtain
o
D la@n+ D<) s
k

n=0

Summing up, we have proved
o
GED SRS L)
n=0 i k J
We now pass to the second inequality. Notice that

(Hu(ej), Hy(ej)) = (H(ej), e) = 78

In other words, the sequence {H,(e;)/s;} is orthonormal. We then define the
following antilinear operator on Li,

Hu(ej)
Sj ’

Qu(h) = (e, h)

J

Notice that, due to the orthonormality of both systems {e;} and {H,(e;)/s;},
12, (R)|| < ||A]l. Similarly, we define

tQu(h) — Z (HLl(e{)v h)ej’

- N
j J

so that

Vhoh e L3, (Qu(h)Ih') = (Qu(i)h).
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We next observe that

sj = (Hu(e))|Qu(ej)) =Y (Hule;)len) (el Qule)))

n=0

Z > i + O ecle) eal le)
n=0 ¢{=0

But using the transpose of €2,,, we get

Z(Sl|€j)(8n|9u(ej)) = Z(Sf|ej)(ej|t9u(8n)) = (eel"Qu(en)) = (] (er)).
J J

Consequently,

Y osp= Y i+ 0l Qulze)).
J

n >0

Applying the Cauchy—Schwarz inequality to the sum on £, we infer

1
o0 o0 2
D s =D el (Z|ﬁ(k+z)|2> :
j n=0 £=0

and the claim follows from the fact that |2, (g¢) || < lleell = 1.
We finally need to control the right hand side of this last inequality. By the
Cauchy—Schwarz inequality in the n sum, we have, for every s > 1,

1
o0 2
Z<Z|u(n+€)|> (Z(Hn)‘—zf) > a+n= Nam + o))
n=0

n=0 n,£>0

1
1 2

5( a )2 D A+n+0" Nam + o)

s—1
n, >0

< Csllullas,

and Proposition A.1 is proved. O
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Corollary A.2 Fors > 1 and uy € H, the corresponding solution t + u(t) of
the Szeg6 equation® satisfies

lu() | gs < CseSsll, vt R,
where Cs, C ; are positive constants which only depend on s and ||ug|| gs.

Proof We compute g—t I DSu(t)]| %2 and use the boundedness of the L norm to write

d
'd—tnDSu(r)niz < Cllullgs.

for an appropriate constant C depending on the norm of up in H}. A Gronwall
inequality then completes the proof of the corollary. O
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Benjamin-Ono and Intermediate Long )
Wave Equations: Modeling, IST and PDE s

Jean-Claude Saut

1 Introduction

In order to illustrate the links and interactions between PDE and Inverse Scattering
methods, we have chosen to focus on two one-dimensional examples that have a
physical relevance (in the context of internal waves) and that lead to yet unsolved
interesting issues.

The Benjamin-Ono (BO) and Intermediate Long Wave (ILW) equations are
two classical examples of completely integrable one-dimensional equations, maybe
not so well-known as the Korteweg de Vries or the cubic nonlinear Schrédinger
equations though. A striking fact is that a complete rigorous resolution of the
Cauchy problem by IST techniques is still incomplete for the BO equations for
arbitrary large initial data while it is widely open in the ILW case, even for small
data. On the other hand, both those problems can be solved by “PDE” techniques,
for arbitrary initial data in relatively big spaces but no general result on the long
time behavior of “large” solutions is known with the notable exception of stability
issues of solitons and multisolitons. In particular the so-called solifon resolution
conjecture although expected has not been proven yet.

Those two scalar equations are one-dimensional, one-way propagation asymp-
totic models for internal waves in an appropriate regime. We have thus three
different viewpoints on BO and ILW equations and this article aims to review them
and emphasize their possible links. Since we do not want to ignore the modeling
aspects, we first recall the derivation of the equations in the context of internal
waves in a two-layer system. The modeling of internal waves displays a variety
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of fascinating scientific problems. We refer for instance to the survey article [98] for
the physical modeling aspects and to [38, 61, 219, 241] for the rigorous derivation
of asymptotic models.

The Benjamin-Ono equation was first formally derived by Benjamin, [30]
(and independently in [62] where one can find also numerical simulations and
experimental comparisons), and later by Ono [221], to describe the propagation
of long weakly nonlinear internal waves in a stratified fluid such that two layers of
different densities are joined by a thin region where the density varies continuously
(pycnocline), the lower layer being infinite.! Benjamin also wrote down the explicit
algebraically decaying solitary wave solution and also the periodic traveling wave.

The Intermediate Long Wave equation was introduced by Kubota et al. [137] to
describe the propagation of a long weakly nonlinear internal wave in a stratified
medium of finite total depth. A formal derivation is also given in Joseph [111] who
used the dispersion relation derived in [230] in the context of the Whitham non local
equation [266]. Joseph derived furthermore the solitary wave solution.

We also refer to [29, 58, 136, 155, 162, 222, 233, 246] for the relevance of the
ILW equation in various oceanic or atmospheric contexts.

The ILW equation reduces formally to the BO equation when the depth of the
lower layer tends to infinity.

A rigorous derivation (in the sense of consistency) is given in [38, 61] using
a two-layer system, that is a system of two layers of fluids of different densities,
the density of the total fluid being discontinuous though (see below). Interesting
comparisons with experiments can be found e.g. in [136].> Bidirectional versions
are derived in [38, 56, 57, 61], see below for a quick description of a rigorous
derivation in the sense of consistency.

Both equations belong to the general class of equations of the type (see [149])

U +uuy — Luy, =0, (1.1)
where L is defined after Fourier transform by E}‘ &)= pé&) f (&) where p is areal
symbol, with p(§) = ps(§) = & coth(6&) — %, 6 > 0 for the ILW equation and
p(&) = |&] for the BO equation.

They can alternatively be written respectively,

U +uuy — Huyy =0, (1.2)

where H is the Hilbert transform, that is the convolution with PV(%) and

1
Uy + Uy +Eux+T(uxx) =0, (1.3)

'One can find interesting comparisons with experiments in [183].

2Recall however that BO and ILW equations are weakly nonlinear models and they do not fit well
with the modeling of higher amplitude waves, see e.g. the experiments in [250].
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where

T = PVf coth (x gy) u(y)dy.

—00

The BO equation has the following scaling and translation invariance: if u is a
solution de BO, so is v defined by

v(x,t) = cu(c(x — xp), czt)), Ve > 0, x9 € R.
As aforementioned, the ILW equation reduces formally to the BO equation when
8 — oo and it was actually proven in [1] that the solution us of (1.3) with initial
data uq converges as § — 400 to the solution of the Benjamin-Ono equation (1.2)

with the same initial data in suitable Sobolev spaces.
Furthermore, if us is a solution of (1.3) and setting

(x,1) > ( o )
vs(x, 1) = —us(x, <1),
’ 5078

vs tends as § — 0 to the solution u of the KdV equation

U + Uty + Uyyxr = 0. (1.4)

Both the BO and ILW equations conserve formally the L norm of the initial
data. Moreover they have an Hamiltonian structure

ur + 9y Hu =0,
where

1 u? 172,12
Hu = 3 R(? — (D7 u)")dx
for the BO equation and
1 u3 1 1/2
Hu = E/R(? - §|T8/ ul?ydx,
where

— A 1
Ts f () = ps(&) f(§), where ps(§) = & coth(8§) — 3

for the ILW equation.
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‘We now recall now the long process leading to ILW and BO equations following
[38] that will lead to a rigorous justification of the equations in the sense of
consistency.

The physical context is that of the two-layer system of two inviscid incompress-
ible fluids of different densities p; < p3, see picture below.

d, | Al

9

Fluid 2 |

'
I
'

We refer to [38] for the derivation of the complete two-layer system (extending
the classical water wave system, see [140]) describing the evolution of the interface
¢ and of a suitable velocity variable and to [141] for a deep analysis of this system.

The asymptotic models are derived from the two-layer system® [38] (see also
[241]) after introducing scaling parameters, namely

e a = typical amplitude of the deformation of the interface, A = typical
wavelength.
* Dimensionless independent variables

~ X o z ~ t
X==, 2=, 7=

A Cod T M edy,
are introduced. Likewise, we define the dimensionless unknowns

~_¢& =~ Y
C-—a, Y1 = —aAJy_dl’

3Both the BO and ILW equations were first derived in the context of a continuously stratified fluid
to model long internal waves on a pycnocline (boundary separating two liquid layers of different
densities), see [30, 62, 137]. The rigorous justification in this context is studied in [70].
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as well as the dimensionless parameters”

d a d?
= ﬂ d .= —1, €= —, ui=-—L;
02 da e

Though they are redundant, it is also notationally convenient to introduce two other
parameters > and o defined as

a d%_y,

& =—=2¢d, =< =—.
2 d2 Hn2 )\,2 d2

The range of validity of the various regimes is summarized in the following table.

e=0(1) ek 1

w=0(q) Full equations d ~ 1: FD/FD eq’ns

n <1 d ~ 1: SW/SW eq’ns u~ € and d® ~ e: B/FD eq’ns
d> ~u~ e%: SW/FD eq’ns n~eandd ~ 1: B/B eq’ns

d? ~ u ~ €2 ILW eq’ns
d =0and u ~ €2: BO eq’ns

The ILW regime is thus obtained when y ~ ¢ <« 1 and uy ~ 1 (and thus d° ~
W ~ ¢€7); in this case, one gets the following expansion of the nonlocal interface
operator (see [38] for details), where |D| = /—A:

H ety = —/uID| coth(/pa| DN VY1 + O (). (1.5)

In the BO regime one has u <« 1 and d = 0 (and thus uy = oo, &2 = 0), and one
gets the approximation

H“[ec 1y ~ —/RIDIVY. (1.6)

The BO regime is thus the limit of the ILW one when the depth of the lower layer
is infinite, d — 0, or yuy — oo.

Using those scalings one derives (see [38]) from the full two-layers system the
ILW system, written below in horizontal spatial dimension N = 1, 2.

1
1+ ﬁ%IDI coth(/u2|DN19:¢ + ;V (1 —€5)v)
(-« *:—’27|D|coth(m|D|)v-v=o, (1.7)

8V + (1 — y)V¢ — — Vv =0.
2y

“4Note that d ~ % where § is as in the previous notation.
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Remark 1 The coefficient « > 0 in (1.7) is a free modeling parameter stemming
from the use of the Benjamin-Bona-Mahony (BBM) trick. In dimension N = 1 and
with « = 0, (1.7) corresponds to (5.47) of [61] which is obtained by expanding
the Hamiltonian of the full system with respect to € and . However this system is
not linearly well-posed. It is straightforward to ascertain that the condition o > 1
insures that (1.7) is linearly well-posed for either N = 1 or N = 2.

Remark 2 The ILW equation derived formally in [111, 137] is obtained as the
unidirectional limit of the one dimensional (d = 1) version of (1.7) when o = 0,
see for instance §5.5 in [61].

Using the above approximation of the interface operator, leads to the BO system:

[+ VESIDIAE + 5V (1= e0m) = (1 =)DV ¥y =0, o
v+ —y)Ve — %V|v|2=0 ’
where « has the same significance as in the previous remark and which again reduces
to the BO equation for one-dimensional, unidirectional waves.

The well-posedness of the Cauchy problem for (1.7), (1.8) (in space dimension
one and two) on long time scales O(1/€) has been established in [271] together
with the limit of solutions of the ILW system to those of the BO system when py —
0o. We also refer to [25] for a study of solitary wave solutions to both the one-
dimensional ILW and BO systems and to [37] for numerical simulations.

Remark 3 The above derivation was performed for purely gravity waves. Surface
tension effects result in adding a third order dispersive term in the asymptotic
models. One gets for instance the so-called Benjamin equation (see [31, 32]):

U +uty — Huyy — Sttyyy =0, (1.9)

where § > 0 measures the capillary effects.

This equation, which is in some sense close to the KdV equation, is not known
to be integrable. Its solitary waves, the existence of which was proven in [31, 32]
by the degree-theoretic approach, present oscillatory tails. We refer to [146] for
the Cauchy problem in L? and to [12, 21] for further results on the existence and
stability of solitary wave solutions and to [47] for numerical simulations.

In presence of surface tension, the ILW equation has to be modified in the same
way. We are not aware of mathematical results on the resulting equation.

Remark 4 The BO equation was fully justified in [219] as a model of long
internal waves in a two-fluid system by taking into account the influence of the
surface tension at the interface. The existence time of the full two-fluid system
is proportional to the surface tension coefficient (which is very small in real
oceanographic systems), making the approximation valid only for very short time.

Remark 5 Natural generalizations of the ILW and BO equations arise when looking
for weak transverse effects, aiming for instance to understand the transverse
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instability of the BO or ILW solitons and the oblique interactions of such solitary
waves, see Sect.6.8. In a weakly transverse regime this leads to Kadomtsev-
Petviashvili (KP) versions of the BO and ILW equations (see [7, 91, 175] for the
derivation, [93, 150, 152] for a mathematical study). We will go back in more details
to this issue in Sect. 6.8.

Remark 6 In [179] Matsuno considers the two-fluid system when the upper layer is
large with respect to the lower one and in presence of a non trivial topography of
the fixed bottom. In this context he derives formally a forced ILW and a forced BO
(fBO) equation and describes the effect on the soliton dynamics in the case of the
fBO equation.

The paper will be organized as follows. The next section will recall the formal
framework of Inverse Scattering for both the BO and ILW equations. Section 3 will
be devoted on results obtained by pure PDE techniques while Sect. 4 will describe
the rigorous results on the Cauchy problem obtained by IST methods for the BO
equation.

Finally in the last section we will briefly comment on the periodic case and
on related (non integrable) equations and systems, making conjectures, based on
numerical simulations on the long time behavior of solutions to ILW, BO and related
equations. We will also discuss various issues related to BO and ILW equations: zero
dispersion limit, controllability, transverse stability of solitary waves, modified and
higher order equations, interaction of solitary waves.

We provide an extensive bibliography since we aim to cover the relevant papers
dealing, under various aspects, with the BO and ILW equations.

Notations We will denote | - |, the norm in the Lebesgue space L” (R?), 1 <
p < oo and || - ||s the norm in the Sobolev space H*(R), s € R. We will use
the weighted Sobolev space H**(R) = {f € S'(R), |(x)X(id,)* f|» < oo}, where
x)y=00+ xH) Y2, We will denote f or F(f) the Fourier transform of a tempered
distribution f. For any s € R, we define D* f by its Fourier transform

DS f(&) = [EI° F(&).

2 An Overview of the Inverse Scattering Framework
for the ILW and BO Equations

It turns out that the ILW and BO equations are among the relatively few physically
relevant equations possessing an inverse scattering formalism. We give in this
Section a brief historical overview and refer to Sect.4 for technical details and
rigorous and more recent results.

The IST formalism for the BO equation has been given in [4, 6], see also [118,
270] for extensions to a larger class of potentials. However, before those pioneering
works, some facts have been discovered showing the (unexpected) rich structure of
the BO equation.
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R.I. Joseph, K.M. Case, A. Nakamura and Y. Matsuno seem to have been the first
authors in the late seventies to notice the specific properties of the BO equation that
lead to conjecture its complete integrability. Joseph [112] derived the expression
of the 2-soliton. Case [49] derived also the 2-soliton and in [48, 50] suggested the
existence of an infinite number of conserved quantities 7, and computed the first
non trivial ones, namely

Iy = /{u4/4 + %qu(ux) + 2(uy)*}dx, (2.1)

s = 5 i 3 2 2 2
s= [{u /5+[3u H(uy) +u”H@uuy)] + [2u(H (uyx))” + 6u(uy)’]

—Auy H((uy)}dx, 2.2)

Is :/{u6/6 + [§u4H(ux) + gbﬁH(Wx)]

+ g[sﬁ(ux)z P (H () + 2uH () H ()] 2.3)

— 10[(ux)* H (1) + 2ty H (1)1 + 8(urx)}dx.

This lead Case to conjecture the complete integrability of BO, in particular the
existence of a Lax pair.

We refer to [193] for a nice review of the various methods used to derive the BO
conservation laws.

Remark 7 The “standard” invariants I, and I3 are respectively given by the L2 norm
and the hamiltonian, namely
1
L =- / u2dx,
2

1 1
I = / <E|D1/2u|2 — 8”3) dx.

Nakamura [211] proved the existence of a Backlund transform (see also [35]) and
the existence of an infinite number of conserved quantities. Furthermore he gave an
inverse scattering transform of the BO equation.

In [77] the Benjamin-Ono equation is shown to possess two non-local linear
operators, which generate its infinitely many commuting symmetries and constants
of the motion in involution. These symmetries define the hierarchy of the BO
equation, each member of which is a hamiltonian system. The above operators are
the nonlocal analogues of the Lenard operator and its adjoint for the Korteweg-de
Vries equation, see the discussion in [234].
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Further progress were made by Y. Matsuno. In [163] he followed Hirota’s method
[100] to transform the BO equation into a bilinear form and deduced the explicit
expression of the N-soliton. Investigating the asymptotic behavior of the N-soliton
as t — oo he noticed that, contrary to the case of the KdV equation, no phase-shift
appears as the result of collisions of solitons. Still using the bilinear transformation
method he gave in [171] the exact formula for the N-soliton solution to the higher
order BO equation

ur = dx(grad Is(u)).

In [174] Matsuno proved, using a recurrence formula derived from the Backlund
transformation of the BO equation that the functional derivative of a conserved
quantity of the BO equation is a conserved quantity. The interaction of N-solitons
is studied in more details in [164]. More specifically, the nature of the interaction of
2-solitons is characterized by the amplitudes of the two solitons. This paper contains
also a precise analysis of the asymptotics as ¢ — oo of solutions to the linearized
equation (analogous of the Airy equation for the KdV equation). In [181] Kaup and
Matsuno consider the linearization of the BO equation about the N-soliton solution,
proving the linear stability of the N-soliton against infinitesimal perturbations. They
also obtain a formal large time asymptotics of solutions to dissipative perturbations
of the BO equation. Finally in [172, 173] one finds the asymptotic behavior of the
number density function of solitons in the small dispersion limit.

In the survey article [168] a detailed description is given to the interaction process
of two algebraic solitons using the pole expansion of the solution, in particular to
the effects of small perturbations on the overtaking collision of two BO solitons by
employing a direct multisoliton perturbation theory. It is shown that the dynamics of
interacting algebraic solitons reveal new aspects which have never been observed in
the interaction process of usual solitons expressed in terms of exponential functions.

In addition to [168] we refer to the book [165] for a good description of
many “algebraic” aspects of the BO and ILW equations: use of the Hirota bilinear
transform method [100], Backlund transforms, multi-solitons, BO and ILW hierar-
chies. ..

The Lax pair of the BO equation was derived in [212], and [35] while the action-
angle variables for the BO equation and their Poisson brackets are determined
in [119]. The direct and inverse transforms for BO was formulated by Fokas,
Anderson and Ablowitz [4, 6]. The direct problem is a differential Riemann-Hilbert
problem while the inverse problem consists in solving linear Fredholm equations.
Pure soliton solutions are obtained by solving a linear algebraic system whose
coefficients depend linearly on x, ¢.

More precisely, the Lax pair for the BO equation writes, following [4, 6]

iOF + (DT — D7) = —ud™,

2.4
iOF — 2iADT + OF — i[u]fdF = —vd*, @9
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where

u 1
—+4+ —<Hu

+
4
[u] 2 "

and where A is a constant interpreted as a spectral parameter, v is an arbitrary
constant and [u]* and [u]~ are the boundary values of functions analytic in the
upper and lower half complex z-planes respectively.

The core of the analysis of the IST for BO is the linear spectral problem
associated to the first equation in (2.4) which can be interpreted as a differential
Riemann-Hilbert problem. This equation yields unique solutions for ®* and ®~
provided one imposes some boundary conditions as z — oo say in the upper half
plane. The choice made in [4] is that either ®*(z,¢,A) — Oor 1 as z — oo, Iz >
0.

One can only consider the (+) functions and thus drop the superscript . Let (Jost
functions) M, M denote the “left” eigenfunctions while N, N denote the “right”
ones. They are specified by the boundary conditions:

A

M—>1,M—>e*™asx > —00; N—>1,N— e asx—> oo

One then can establish the “scattering equation”:

o0

M =N+ B, O(MN, 5@,;):;'/ u(y, DM (y, 1, \)e"*dy, (2.5

where (y) = 1,1 > 0and 0, > < 0.
The evolution of the scattering data is given by

pk; 1) = ik* exp(ik®t),
fk, 1) = f(k,0)exp(—ik*t).

The solution of the “inverse” problem consists essentially in solving (2.5). The
evolution of the scattering data is simple and the solution of the inverse problem is
characterized by a linear Fredholm equation.

The soliton solutions are obtained by taking

n

plk; 1) =0, N(x,t;k):l—iz
j=l

¢
k—k;

The IST formalism for ILW has been given in [133, 134] (see also [235-237])
but, as in the case of the BO equation, facts suggesting the (formal) complete
integrability of the equation have been discovered before, for instance the existence
of multi-solitons (see [113, 215]).
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The ILW equation possesses an infinite sequence of conserved quantities (see
e.g. [145, 165]) which leads to a ILW hierarchy. The first non trivial one is

Ja(u) /Oo Lt 4 20T ) + 5k 4 T )P
u) = —u —u~T (u —u =T (u
4 L\t T2 e T
(2.6)
I[3 5 9 3

The direct scattering problem is associated with a Riemann-Hilbert problem in a
strip of the complex plane.

More precisely, the Lax pair for the ILW equation is given (see [133, 134] and
Chapter 4 in [3]):

ivi 4+ w— vt =pv,

2.7
i+ i@2h + 8 HoE +vE 4 (Fiuy, — Tuy) +v)vE =0, 2.7)

where A, i are parametrize as

1 1
rk) = _Ek coth(kd) and (k) = Ek cosech(kd).

k is a constant which is interpreted as a spectral parameter and v is an arbitrary
constant. Given u, the first equation in (2.7) defines a Riemann-Hilbert problem in
the horizontal strip, more precisely, v¥ (x) represent the boundary values of analytic
functions in the strip between J(z) = 0 and J(z) = 2§, z = x + iy and periodically
extended in the vertical direction.

Using the operator 7', v may be written as

v (x) = limy_v(x) = %(1 —iTy(x),

v (x) = limy o v(x) = 5 +iTHY (), 29

where ¥ € LY(R), is Holder of exponent « and for Iz # 0 (mod 24), v(z) is given
by

1 [ b4
Vo) = o /_ _coth(S5 (v = DIy,

Defining

WE(x; k) = vE(x; k) exp{%ik(x Fid)),
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(2.8) can be rewritten as

iWE+ 184 +1/QOHIWT — W) = —uWT,

2.9
iWE =200, WE + WE 4+ [Hiu, — T(uy) + p]WE =0, 29)
where
1 1
Ce(k) = Ek + Ek coth(k8) F 1/(28),
and
15
p:—k§'++zk +v.
The solution of (2.9) is given by the integral equation
o
W (x: k) = Wo(x; k) +f G(x,y; u()W*(y; kdy (2.10)
—00

where Wy(x; k) is the solution of (2.9) corresponding to u = 0 and
G is the Green function satisfying

i%{GJr(x, Y} + 6 + 1/CHIGT (x, y; k) — G (x, y; k)] = =8(x — ),
(2.11)

where G*(x, y;: k) = G(x Fi8, y; k).

We refer to [3] for an integral representation of Gi. As in the case of the BO
equation one needs also the eigenfunction W+ (x; k). We also denote M, M the
“left” eigenfunctions and N, N the “right” eigenfunctions, that have the following
asymptotic behavior:

M@ k) ~1, Mx:k)~e* R asx > —c0
N(x; k) ~ R Hk - N(x k) ~1, asx — oo.
The eigenfunctions M, N, N are related through the completeness relation
M (x; k) = a(k)N(x; k) + b(k)N (x; k), (2.12)
where a (k) and b(k) have the integral representation:

alk) =14 gz [ o u M (y; b)dy,

00 iky— 2.13
b(k) = =50 (64 + 1/28)) [, u(IM (y; ke ~*ay. @19
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One can prove that the evolution of the scattering data is simple, namely
a(k,t) =a(k,0), b(k,t)=Db(k,0)explik[k coth(ks) — 1/5]t},
so that
pk,t) = p(k, 0) exp{ik[k coth(ks) — 1/5]}.
Similarly,
kj(t) = k;(0),
C;(t) = Cj(0)explikjlk; coth(k;6) — 1/8]t},

forj=1,2,...,n.

The inverse scattering problem is based on Eq.(2.12) and consist in recon-
structing M, N, N from the knowledge of a(k), b(k) together with appropriate
information about the ground states. The formal solution of this Riemann-Hilbert
problem is given in [3].

Remark 8 The pure soliton solutions are recovered by taking p(k; ¢t) = 0.

All the results in this subsection are formal. In particular Fokas and Ablowitz [4]
have to make some key spectral assumptions in their definition of the scattering data
of the IST for the BO equation. Also, their IST framework does not behave well
enough to be solved by iteration.

We refer to Sect. 4 for a review on rigorous results for the Cauchy problem and
related issues using IST techniques.

3 Rigorous Results by PDE Methods

3.1 The Linear Group

We will recall here the various dispersive estimates satisfied by the linear BO and
ILW equations. The linear part of both the BO and the ILW equation defines a
unitary group Spo (), resp. Sy w (f) in all Sobolev spaces H*(R), s > 0 which is
by Plancherel unitarily equivalent in L? to the multiplication by, respectively, ¢/*¢1¢!
and it (% coth(8€)—§/8)
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The fundamental solutions:
Gpo(r.1)=F (") (x) and Gyrw(x,1) = F (/"€ CMCOE/0) (1),
play an important role in the dispersive properties of the BO and ILW equations.

Gpo(x, 1) is easily seen to be a bounded C* function. Its asymptotic behavior is
obtained in [247] (particular case of Theorem 3.1):

2
Gpo(x, 1) ~ /7 cos <<m> —i—z) as x — —o00,

2 4
and
o
5 L R2Ck+ D!
Gpo(x,1) Z(—l) Ok + DZEDT as x — +o0.
k=0

On the other hand one proves that:

3 (t_1/3x>_1/4 forx <t

IGrow(x, DI S (3.1
t~2 forx >t.
In both cases one obtains the dispersive estimate
1
IS0 (D) Ploc, |S1Lw ()Ploc S ml(ﬁll (3.2)

yielding for instance the same Strichartz estimates as the linear one-dimensional
Schrodinger group.

The BO and ILW groups display a Kato type local smoothing property [60, 124].
The optimal results for the group Spo(¢) are gathered in the next theorem from
[125]:

Theorem 1 There exist constants co, ci such that

00 1/2
( / |D”2$Bo(r>uo(x>dz> = colugla- (3.3)

—0o0

forany x € R.

o 00 00 1/2
|Dl/2/ sBoo)g(.,odnzscl/ (/ |g<x,r>|2dt) dx, 3.4)
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and

) ' 1/2
sup <f ER (/ Sgo(t — 1) f(., r)dr) |2dt>
X —00 0
0o 00 1/2
< 61/ (/ |f(x,z)|2dt> dx. (3.5

As aforementioned the Strichartz estimates are consequences of the dispersive
estimate (3.2). We state here the version in [125]

Theorem 2 Let p € [2, 00) and q be such that2/q = 1/2 — 1/p. Then

00 1/q
(/ |SBO(I)MO|?7dt) < cluglz (3.6)

—00

and

0o | pt q\ V4 00 , A\
( / ‘ | w0t =017 e ) §C< / |f<.,r>|f,,dr> (3.7)
—0 » -0

where 1/p+1/p =1/qg+1/q' = 1.

The last group of dispersive estimates are those on the maximal function
sup, Spo(t). Then, see [125]:

Theorem 3

00 1/4
(f sup |SBo<t>uo(x)|4dx> < ¢|DY*ugly, (3.8)

—00 —OO<I <00

and

0 ¢ 1/4
(f sup |f Sgo(t — 1) f(., r)dt|4dx)
—00 —OO<I <0 0

o s poo a3\
§c</ (/ |D‘/2f(x,z)|dr> dx) . 39

1 3
Moreover fors > 5 and p > 7

-~ 1/2
(/ sup ISBo(t)Mo(X)|2> < c(L+ 1) luolls. (3.10)

—o00 0<t<T
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Remark 9 As will be discussed below, and contrary to the case of the KdV equation,
the above estimates cannot be used to define a functional space on which one could
implement an iterative scheme based on the Duhamel formulation

t
u(®) = Sgo(Hug —i—/ Spo(t — T)uu,(r)dr.
0

This is due to the quasilinear nature of the BO equation.

3.2 An Easy Result

Being skew-adjoint perturbations of the inviscid Burgers equation, the ILW and BO
equations are easily seen to be locally well-posed in H*(R), s > %, [104, 240]. It
turns out that they are actually globally well posed in the same range of Sobolev
spaces.

The argument goes back to [240] and was applied in this context in [1]. We
describe it briefly for the BO equation. The following computations are formal but
can be easily justified by smoothing the equation and/or the initial data. We start
from the identity

1d
EEIDM% + (D*(uuy), D°u) = 0. (3.11)

For s > % one deduces after some manipulations using commutator estimates
and the Sobolev imbedding

C
[ttx]oo < —n||u||3/2+n, vn > 0,

that

. . c
|(D* (uitx), D u)| < —||ul|3/2491ull3,
X «/ﬁ /247 s

holding for any > 0 such that % + n < s. For such an n we have the interpolation
inequality

2yn 1-2yn
||u||3/2+n < cllulls ||M||3/2

where 1 — 6 = 2&3 =: 2yn and c is a constant independent of 7.
On the other hand, using the conservation law /5 one can establish the uniform
bound

utll oo (; 32 (R)) = ca(lluoll3/2)- (3.12)
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Combining those estimates yields

1d 1 242y1

——||u||25c(—||u|| , (3.13)
K ﬁ s

where the constant C is defined by C = [ca(||ug| |3/2)]1_2V’7.
Integrating this last inequality in time leads to the estimate

G, DI < (@), (3.14)

where y is the solution of the differential equation
YD) = =y, 30) = ol
Vi ’

on its maximal interval of existence [0, T ()]. Here y = 1/(2s — 3). This equation
is easily integrated, finding that

Y@ = (luolly ™" = yyaen =1,

whence

-2
T(n) = lluolly 7" — 0o asn — 0.

1
yCyn

For any fixed T > 0 we can choose n > 0 so small that 7 < %T(n). Then it
follows that for0 <¢ < T,

y(t) < o(T; |luoll3/2)luol|2.

This implies an a priori bound that is crucial to prove the existence of a unique
global solution u € LﬁfC(R, H*(R)) emerging from an initial data ug € H*(R), s >
3/2.

The strong continuity in time and the continuity of the flow map is established
by using the Bona-Smith method [41].

Remark 10

1. A similar global result holds true for the ILW equation, see [1].

2. As aforementioned, it is proved in [1] that the H*, s > 3/2 solutions of the ILW
equation converge to that of the BO (resp. KdV) equation when § — o0 (resp.
8 — 0). Recall that in the KdV case, (and this is often missed in the literature. . .)
one has to rescale the ILW solution ug as

3 3
vs(x, 1) = gua(x, 3t),

and then let § — 0, to obtain a KdV solution.
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3.3 Global Weak Solutions

By deriving local smoothing properties a la Kato for the nonlinear equation and
various delicate commutator estimates, Ginibre and Velo [86—89] proved various
global existence results of weak solutions for a class of generalized BO equations.
For the BO equation itself (and also for the ILW equation’), this implies the
existence of a global weak solution in L(R; LX(R)) N L2 _((R; H,/*(R)) for
any initial data in L?(R) and similar results for data with higher regularity, e.g.
H'(R).Those results hold also true for the ILW equation (see [89, Section 6)).

For initial data in the energy space H!/2(R) the existence of global weak
solutions in the space L®°(R; H 1/2(R)) has been established in [240] for both the
BO and ILW equations.

3.4 Semilinear Versus Quasilinear

Deciding whether a nonlinear dispersive equation is semilinearly well-posed is
somewhat subtle. The distinction plays a fundamental role in the choice of the
method for solving the Cauchy problem.

To start with we consider the case of the Benjamin-Ono equation following [206].
Since they are relatively simple we will give complete proofs.

We thus consider the Cauchy problem

Uy — Huyy +uuy =0, (1, x) € R2, (3.15)
u(0, x) = ¢(x). '
Setting S(t) = e Ha? , we write (3.15) as an integral equation:
t
u) = St)p — / St — 1) (u(Hu))dt . (3.16)
0

The main result is the following

Theorem 4 Let s € R and T be a positive real number. Then there does not exist
a space Xt continuously embedded in C([—T, T], H*(R)) such that there exists
C > O with

ISO¢llx; < Cliplas®, ¢ € H R), (3.17)

and

<Clullk,. ueXr. (3.18)
Xr

t
H/ St — 1) [utyu ()] dt’
0

SThe results hold also for a rather general class of nonlocal dispersive equations, see [89].
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Note that (3.17) and (3.18) would be needed to implement a Picard iterative
scheme (actually the second iteration) on (3.16), in the space X 7. As a consequence
of Theorem 4 we can obtain the following result.

Theorem 5 Fix s € R. Then there does not exist a T > 0 such that (3.15) admits
a unique local solution defined on the interval [—T, T] and such that the flow-map
data-solution

¢+— u(), tel-T,T],

for (3.15) is c? differentiable at zero from H* (R) to H®(R).

Remark 11 This result implies that the Benjamin-Ono equation is “quasilinear”.
It has been precised in [131] where it is shown that the flow map cannot even be
locally Lipschitz in H® for s > 0. This is of course in strong contrast with the KdV
equation.

3.4.1 Proof of Theorem 4

Suppose that there exists a space X7 such that (3.17) and (3.18) hold. Take u =
S(t)¢ in (3.18). Then

< CIISOPI%, -
Xr

t
H /0 S — 1) [(SC)) (W] di’

Now using (3.17) and that X7 is continuously embedded in C([—T, T], H*(R)) we
obtain for any t € [—T, T] that

t
H/o S —1) [(SEHe)(STx)] dr’

S 1911 @)- (3.19)
HS (R)

We show that (3.19) fails by choosing an appropriate ¢.
Take ¢ defined by its Fourier transform as®

-~ 1 1 .
¢pE)=a 21, +a 2N1L(¢), N>1, 0<ak,
where I1, I, are the intervals
I =a/2,a], h=[N,N +a].

Note that ||¢|| gs ~ 1. We will use the next lemma, similar to Lemma 4 in [205]:

The analysis below works as well for Re ¢ instead of ¢ (some new harmless terms appear).
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Lemma 1 The following identity holds:

t
[ se=nfs@misasn]ar =
0

tpGED+pE=ED—p®) _ 1

ixg+itp(§) £ 3 h(E — dgdg, 3.20
/I;ze EDENDE — ) m——dedE, (320)

where p(§) = §|€|.

According to the above lemma,

t
/0 St — 1) [(SEB) STy di’ = c(filt. x) + folt, x) + f3(t, x).

where, from the definition of ¢, we have the following representations for fi, f2, f3:

it(g11511+E-EDIE-E11-815D _

_c ixe+itlg| _€ d&d
St x) a/f‘;;ulge El61+ G —EnIE —El & "

it(1l51+(E-EDIE-E11 815D _

ixg+irglg) _€ e
/fl;;z,;e E11&11 + (& —&DIE — &1 —&I&] §dé,

falt,x) =

Olst

it(11511+E—-EDIE-E11-615D) _

__¢ ixg+irgs| _€ ded
T /gggfe GG+ & EDE Gl EEl

it(§11511+E-EDIE-E11-615D _ 1

c ixe+itglg] € dedg;.
/slefz se EE + E —EnE — & — g

Set

x (&, 81) = &1l51] + (§ —§DIE — &1 —§IE].

Then clearly

Céeitﬂél etxE.8) _q
Faos (S, §) = / — Gy
x—£& N & o 551;211 Y (5 &) &

Froe (21, 8) = déi,

cEeltélsl eitx .81 1
aN2s /516’2 x (&, &)

E-&1elp



BO-ILW 115

Free (3, 8)

cEltElE] i EED _ | i EED _ |
_ e / e e f £ am).
aN f1eh x(&,81) hieh  x(&,81)

§-§1€ly §-&1€ly

Since the supports of Fy¢(fj)(t, &), j = 1,2, 3, are disjoint, we have

t
H/o St — 1) [(ST$) (S )px)] dt’

> 15 ) as®)-
H3 (R)

We now give a lower bound for || f3(¢, ) || gs(r). Note that for (§1,&§ — &) e ) x I
or (61,6 — &1) € I x Iy one has [x(§,§1)| = 2|5§1(§ — &) ~ «N. Hence it is
natural to choose « and N so that N = N~ ¢,0 < € <« 1. Then

GIXEED

= O(N—¢
xE ey |- oW

for§p e 1, E —& elyoré € I, —& € I. Hence for t # 0,

1
NN aaz
I3 as® 2 s ¢

D=

N.

Therefore we arrive at
2 1 1—¢
L ~lolgsw = 13 Ias@w = 2N ~ N7,

which is a contradiction for N > 1 and € « 1. This completes the proof of
Theorem 4.

3.5 Proof of Theorem 5

Consider the Cauchy problem

{u,—Huxx—f—uux:O, 3.21)

u@,x)=y¢, y<1, ¢ecHR).

Suppose that u(y, t, x) is a local solution of (3.21) and that the flow map is C? at
the origin from H*(R) to H*(R). We have successively

t
uly,t,x)=ySt)p + [ St — t/)u(y, t, X)uy(y, t', x)dt
0
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2—u(0, t,x)=St)p(x) =:ui(t, x)
14

2

8 t

20,40 = —2/ St — ) [(SE) (S )¢y ] dr'.
dy? 0

The assumption of C? regularity yields

SN0 @)-
H‘T(R)

t
H/o St =11 [(SEH) (S pn)] dr’

But the above estimate is (3.19), which has been shown to fail in Sect. 3.4.1.

Remark 12 The previous results are in fact valid in a more general context. We
consider now the class of equations

ur +uuy — Luy =0, u,x) =¢x), (¢ x)eR? (3.22)
where L is defined via the Fourier transform

L7 ) = w®&) f&).

Here w (&) is a continuous real-valued function. Set p(§) = & w(&). We assume that
p(&) is differentiable and such that, for some y € R,

P &SI, EeR. (3.23)

The next theorem shows that (3.22) shares the bad behavior of the Benjamin—Ono
equation with respect to iterative methods.

Theorem 6 Assume that (3.23) holds with y € [0, 2[. Then the conclusions of
Theorems 4, 5 are valid for the Cauchy problem (3.22).

The proof follows the considerations of the previous section. The main point in
the analysis is that for & € I1, & — & € 1> one has

Ip(€1) + p(§ — &) — p(§)| SaN?, aLl, N>I1.

We choose o and N such that a NV = N7¢, 0 < € <« 1. We take the same ¢ as in
the proof of Theorem 4 and arrive at the lower bound

1 _Yte
1~ gl = 2N =N'""7,

which fails for0 < € < 1, y € [0, 2[.
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Here we give several examples where Theorem 6 applies.

* Pure power dispersion:
w@ =", 0<y<2

This dispersion corresponds to a class of models for vorticity waves in the coastal
zone (see [248]). It is interesting to notice that the case y = 2 corresponds to the
KdV equation which can be solved by iterative methods, see e.g. [126]. Therefore
Theorem 6 is sharp for a pure power dispersion. However, the Cauchy problem
corresponding to 1 < y < 2 has been proven in [99] to be locally well-posed
by a compactness method combined with sharp estimates on the linear group for
initial data in H*(R), s > (9 — 3y)/4.
* Perturbations of the Benjamin-Ono equation:

w&) = (&2 + 1)% . This case corresponds to an equation introduced by Smith
[248] for continental shelf waves.

w (&) = & coth(&). This corresponds to the Intermediate long wave equation.

Remark 13 As it is clear from the above proof, the “ill-posedness” of the Benjamin-
Ono equation is due to the “bad” interactions of very small and very large
frequencies. This phenomena does not occur in the periodic case, for initial data
say of zero mean, see Sect. 5.2 below.

This is in contrast with similar “ill-posedness” results for the KP-I equation (see
[205]) which are due to the large zero set of a resonant function and which persist
in the periodic case.

Remark 14 The generalized BO equation
u +ufuy — Huyy =0, p > 2, (3.24)

is in fact semilinear since the Cauchy problem for small data in suitable Sobolev
spaces was proven in [125] to be locally-well posed by a contraction method.

3.6 Global Well-Posedness in L*

The global well-posedness result in H®,s > 3/2 does not use any dispersive
estimate (but it uses the existence of a non trivial invariant). The results of Ginibre
and Velo use a Kato type (dispersive) local smoothing but they concern only weak
solutions. The next step was to use in a more crucial way the dispersion properties
to obtain the local well-posedness (LWP) of the Cauchy problem in larger Sobolev
spaces, aiming to reach at least the energy space H'/?(R).
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The first significant result in that direction was from Koch and Tzvetkov [132]
who proved the LWP in H*(R), s > 5/4.” The main idea of the proof is to improve
the dispersive estimates (Strichartz estimates) by localizing them in space frequency
dependent time intervals together with classical energy estimates. This method was
improved by Kenig and Koenig [121] who obtained LWP in the space H*(R),
s>9/8.

A breakthrough was made by Tao [255] who obtained the LWP (and thus the
global well-posedness using the first non trivial invariant) in H'(R). The new
ingredient is to apply a gauge transformation (a variant of the classical Cole-Hopf
transform for the Burgers equation) in order to eliminate the terms involving the
interaction of very low and very high frequencies, where the derivative falls on the
very high frequencies. Note that those interactions are responsible of the lack of
regularity of the flow map, see last paragraph and [131].

More precisely, to obtain the estimates at a H ' level, Tao introduces the new
unknown

w = 3y Pyni(e™ /%5,

where F is some spacial primitive of u and P.yy; is the projection on high positive
frequencies. Then w satisfies the equation

ow — iafw = —0y P+hi(8x_le_8xu) + negligible terms,

where P_ is the projection on negative frequencies.

Thanks to the frequency projections, the nonlinear term appearing in the right
hand side does not involve any low-high frequency interaction terms. Finally, to
invert this gauge transform, one gets an equation of the form

u = 2ie?Fw + negligible terms. (3.25)

The gauge transformation is not related to the complete integrability of the BO
equation since a variant of the gauge transform is used in [99] in order to establish
the global well-posedness in L? of the (non integrable) fractional KdV equation

u; +uuy — D%y =0 (3.26)

fora € (1, 2).

Further improvements were brought by Burq and Planchon [45] who proved
LWP in H*(R),s > 1/4 and thus global-wellposedness in the energy space
H'2(R).

Finally Kenig and Ionescu [103] proved the local (and thus global) well-
posedness in the space H*(R),s > 0. Uniqueness however is obtained in the

"Ponce [232] used dispersive properties but only reached H3/%(R).
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class of limits of smooth functions. Both [103] and [45] use Tao’s ideas in the
context of Bourgain spaces. The main difficulty is that Bourgain’s spaces do not
enjoy an algebra property so that one looses regularity when estimating u in terms
of w in (3.25). To overcome this difficulty Burq and Planchon first paralinearize
the equation and then use a localized version of the gauge transform on the worst
nonlinear term. On the other hand, Ionescu and Kenig decompose the solution in two
parts: the first one is the smooth solution of BO evolving from the low frequency
part of the initial data while the second one solves a dispersive system renormalized
by a gauge transformation involving the first part. This system is solved via a fixed
point argument in a dyadic version of Bourgain’s space with a special structure in
low frequencies.

In [200] Molinet and Pilod simplified the proof of Ionescu and Kenig and
furthermore proved stronger uniqueness properties, in particular they obtain the
unconditional uniqueness in the space L*°(0, T; H*(R)) for s > 1/4.

Methods using gauge transformations are very good to obtain low regularity
results but behave badly with respect to perturbations of the BO equation. In
particular it is not clear if they apply to the ILW equation.

Molinet and Vento [209] proposed a method which is less powerful to get low
regularity results (say in LZ(R)) but allows to deal with perturbations of the BO
equation, in particular to the ILW equation. Their approach combines classical
energy estimates with Bourgain type estimates on a time interval that does not
depend on the space frequency. It yields local well-posedness in H*(R), s > 1/2,
the unconditional uniqueness holding only when s > 1/2. The method works as
well in the periodic case and also for more general dispersion symbols, in particular
similar results apply to the ILW equation. Since it does not rely on the gauge
transform the method allows to prove strong convergence results in the energy space
for solutions of viscous perturbations of the BO equation (see e.g. [223] for physical
examples and [176] for a formal multi-soliton dissipative perturbation of BO).

Combining this technique with refined Strichartz estimates and modified ener-
gies, Molinet et al. [203] extended this result to the regularity H*(R),s > }‘.
Moreover their method also applies to fractional KdV equation with low dispersion,
that is to

u; +uuy — D%uy =0,
with 0 < @ < 1 yielding a local well-posedness result in H*(R), s > % - %"‘, and
thus the global well-posedness in the energy space H*/?(R) for o > %. We refer to
[127, 129] for numerical simulations.

Recently Ifrim and Tataru [101] revisited the global well-posedness of BO in
L%(R) by a normal form approach. More precisely they split the quadratic part into
two parts, a milder one and a paradifferential one. The normal form correction is
then constructed in two steps, a direct quadratic correction for the milder part and a
renormalization type correction for the paradifferential part. The second step use a
paradifferential version of Tao’s renormalization.
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3.7 Long Time Dynamics

We have seen that the Cauchy problem is well understood in Sobolev spaces
H*(R), s > 0. The long time dynamics is much less understood (see Sect. 5.4 below
for conjectures on solutions emerging from initial data of arbitrary size). The case
of small initial data is considered in [101] where the following result is proved

Theorem 7 Assume that the initial data u for the BO equation satisfies
luolz + |xuol2 <€ < 1.
Then the global associated solution u satisfies the dispersive decay bounds
lu(t, x)| + |Hu(x, 1)] < €lt] ™2 (x_t7Y2) "2 where x_ = — min(x, 0)
up to time
It < T i=ec, c< 1.
Remark 15 We recall that the linear BO flow satisfies the decay property
—tHd?

< t71/2.

lle Hisre S

The better decay rate in the region x < 0 is due to the positivity of the phase
velocity || which send the propagating waves to the right and the dispersive waves
to the left.

We refer to [102] for similar results on ILW.

3.8 Solitary Waves

Both the BO and ILW equations possess explicit solitary wave solutions. As
aforementioned, Benjamin [30] found the profile of the BO one, namely

4
= —, 3.27
P =1 (3.27)
leading to the family of solitary waves ¢.(x — ct) where c is a positive constant and
be(y) = o

Note that since the symbol of the dispersion operator is not smooth, Paley-Wiener
type arguments imply that the solitary wave cannot be exponentially decreasing, see
[39].
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Note also that |¢.|1 = 4w, Vc > 0 while |¢¢|2, |¢clcc — 0 as ¢ — 0, thus BO
possesses arbitrary small solitary waves.

On the other hand the symbol in the ILW equation is smooth and the explicit
solitary wave found in [111] decays exponentially, namely for arbitrary C > 0 and
§>0

2a sin(aé)

$cal) = cosh(ax) + cos(as)’

(3.28)

where a is the unique solution of the transcendental equation
adcot(ad) = (1 —Cé8), ae(0,7m/5).

Before considering the stability properties of those solitary waves, we review
important uniqueness results. Amick and Toland ([19], see also [8, 18]), using the
maximum principle for linear elliptic equations, estimates on a Green function and
the Cauchy-Riemann equation, proved the uniqueness of the BO solitary wave in
the sense that the only solutions to the pseudo-differential equation

u(x)® —u@x) =Gu)(x), xeR,
which satisfies the boundary condition
u(x) — 0as x| — oo,

where

1 %} . e’} .
G = 7 / e ( f f(n)e’f"dn) dg

are the functions

4
u(x) =0 and wu,(x) = m, a R,

A similar result holds true for the ILW equation. Let
N5 +1)¢ = ¢ (3.29)
where?
FWNsu)(€) = (§ coth§8) F ()&

be the equation of a solitary wave u(x, t) = ¢ (x — Ct) to the ILW equation, where
y=C—1/8.

8Note that F(Neott) (§) = |E]i ().
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Then Albert and Toland ([16] and also [8]) proved that for § > 0 and C > 0 be
given, if ¢ € L%(R) is a non trivial solution of (3.29), then there exists b € R such
that ¢ (x) = g5 (x +b).

The proof in [8] relies on two special properties of the operator A that
degenerate into classical ones (linked to the Hilbert transform) when 6 = oo,
providing another proof of the Amick-Toland uniqueness result for the BO equation.

We turn now to stability issues. The orbital stability of the BO and ILW
solitary waves can be obtained by the classical Cazenave-Lions method in [51]
(minimization of the Hamiltonian with fixed L? norm) providing orbital stability in
the energy space H'/?(R) but the first known proofs were by using the Souganidis-
Strauss method, see [11, 33, 42, 43] for BO and [9-11] for ILW.

The H' orbital stability of the Benjamin-Ono 2-soliton is proven in [217]. The
2-soliton of velocities ¢; > 0, c2 > 0 with ¢; < ¢ is explicitly given in [164] as

0207 + €103 + (1 + c2)cin
(0102 — c12)? + (01 + 62)2

¢C|,Cz(tﬂ X) = 4

where 6, = ¢,(x —cpt),n =1,2and cjp = (%)2

The proof in [217] relies on the integrability of BO, and is reminiscent of the
similar one for the stability of the KdV 2-soliton (see [158]), namely it uses the fact
that the 2-soliton locally minimize the invariant I4 subject to given values of /3 and
I.

An alternative characterization of the 2-soliton uses the self-adjoint operator M
that appears in the Lax pair associated to the integrable equation (KdV or BO).
Recall that the Lax pair for BO was constructed in [4]. The 2-solitons are the
potentials for which the self-adjoint operator M has two eigenvalues.

The proof involves the spectral analysis of the one-parameter family of self-
adjoint operators L(¢) which are the linearization of

L)+ aly(u) + B, (u) =0

at the double soliton. Contrary to the KdV case where L(z) is a fourth order self-
adjoint linear ordinary differential operator, for BO one obtains a nonlocal operator
since the Hilbert transform appears in it. This makes the spectral analysis more
complicated. The new approach in [217] consists in making a simplification in the
spectral problem to reduce the spectral analysis of the one-parameter family L(#) to
the analysis of the spectra of two stationary operators L1 and L;. The proof is then
reduced to proving the two facts:

1. L has one negative eigenvalue and L, has no negative eigenvalue;
2. zero is a simple eigenvalue of L and L.

The asymptotic stability of the BO solitons in the energy space H!/?(R) is proven
in [92, 122].
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We describe briefly the statement of [122], denoting by

=Y

the profile of the BO soliton and Q.(x) = cQ(cx).

Theorem 8 There exist C, ay > 0, such that ifug € H% (R) satisfies |luop— Q| |% =

o < ag, then there exist ct > 0 with |ct — 1| < Ca and a C! function p(t) such
that the solution of BO with u(0) = ug satisfies

1
u(t,.+p' @) = Qp+ in H2 weak, |u(t) — Q.+(. — p(t))|L2(x>|L0) — 0,

o) — ¢t oast — +oo.

Remark 16 The convergence of u(t) to Q.+ as t — oo holds in fact strongly in L?
in the region x > et, for any € > 0 provided a9 = op(€) is small enough. This
result is optimal in L? since u(t) could contain other small (and then slow) solitons
and since in general u(¢) does not go to 0 in L? for x < 0.

For instance, if ||u(t) — Q.+ (. — p(t))||% — Qast — oo, then E(u) = E(Q.+)

and moreover fR u’dx = fR Q?dx so that by the variational characterization of
Ox), u(t) = Q.+ (x — x9 — c*t) is a solution.
It is expected but not proved yet that the convergence in the same local sense
. 1
x > €t holds in H2 (R).

The proof of Theorem 5 is based on the corresponding one ([159] and the
references therein) for the generalized KdV equation where the stability is deduced
from a Liouville type theorem. There are however two new difficulties.

1. The proof of the L? monotonicity property is more subtle because of the nonlocal
character of the BO equation.

2. The proof of the linear Liouville theorem which requires the analysis of some
linear operators related to Q.

Similar arguments and the strategy used for the asymptotic stability in the energy
space of the sum of N solitons for the subcritical generalized KdV equation yield a
similar result for N-solitons of the BO equation [159]:

Theorem 9 Let N > 1and 0 < c(l) <...< c?v. There exist Lo > 0, Ay > 0 and
oo > 0so that if ug € H'/? satisfies for some 0 < o < ag, L > Lo,

N
lluo — Z Qu (-~ Dl <o where Vje(@2,...N), Y) =) | > L,
j=1
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and if u(t) is the solution of BO corresponding to u(0) = ug, then there exist
p1(t), ..., pn(t) such that the following hold

(a) Stability of the sum of N decoupled solitons,

N
1
Vi >0, [lu(t) — Zl Q0(x — p;i (O < Ag (a + Z) :
j:

(b) Asymptotic stability of the sum of N solitons. There exist CT, cees c;, with |c;' -

c9| < Ap(a + %) such that

Vi, ult,.+pj(1) —~ ch in H'? weak as t — +o0,

N
llu(r) — E QC;f(~ - ,Oj(f)||L2(x>+) — 0, p;-(t) — C}" ast — +oo.
; =109
]=l 1

Recall that the BO equation possesses explicit multi-soliton solutions. Let
Un(x;cj, y;) denotes the explicit family of N-soliton profiles. Using the previous
theorem and the continuous dependence of the solution in H'/2 one obtains the
following corollary [159].

Let N > 1,0<c(1) < ... <cjo\, and set

dy (u) = inf{]|lu — Un (Y, yllij2, yj € R}

Then

Corollary 1 (Stability in H'/? of Multi-Solitons) For all § > 0, there exists a >
0 such that if dy (uo) < o then forallt € R, dy(u(t)) <.

As aforementioned, the proof of Theorem 8 is based on a rigidity theorem:

Theorem 10 There exist C, ag > 0, such that ifug € H? satisfies ||ug— Q.| |H% =
o < g, and if the solution u(t) of BO with u(0) = uq satisfies for some function
p (1)

Ve > 0,3Ac > 0, such that / uz(t, x+ p(t))dx < e,

[x|>Ae
then there exist c; > 0, x1 € R such that

u(t,x) = Qc—1(x —xy —ci1t), |leg =1+ x| < Coa.
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The proof of the rigidity theorem (Liouville theorem) requires in particular the
analysis of some linear operators related to Q that uses the fact that Q (x) is explicit
and some known results on the linearization of the BO equation around Q [33, 264].

Remark 17 Similar asymptotic stability results—though expected- do not seem to
be known for the ILW equation.

3.9 A Result on Long Time Asymptotic

As already noticed, the complete description asymptotic behavior of the BO or ILW
solutions with arbitrary large initial data is unknown (see Sect. 5.4 for the so-called
soliton resolution conjecture).

A significant progress was made in [210] which is concerned with the long time
behavior of solutions. It concerns global solutions u of the Benjamin-Ono equation
satisfying

ue CR; H' (R) N LX(R; L' (R)), (3.30)

loc

and moreover:

da € [0, 1/2), dcp > 0 such that

o0
VT >0, sup f lu(x, )|dx < co(l + T?)Y2, (3.31)
t€l0,T] J—o0

The main result in [210] is then

Theorem 11 Under the above assumption,

o (2o () o) sas)arc a
10 —o0

Hence,

fimint [ o (= (u2 T (Dl/zu)z) (x, )dx =0 (3.33)
=+ J_ A1) ' ' ’
with
() ct? Yb=1, andd (x) (3.34)
=——, a =1, an x) = , .
logt 1+ x2

for any fixed ¢ > 0.
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Remark 18

1. This result discards the existence of non trivial time periodic solutions (in
particular breathers) and of solutions moving with a speed slower that a soliton.

2. The theorem implies that there exists a sequence of times {#,; n € N} with 7, —
~+o00 as n — oo such that

lim , @+ (D)) (x, 1,)dx = 0. (3.35)
%0 J x| = gt

3. The solitons

4c
1+ c2x?’

ux, 1) =Qc(x —cr), Qclx)=

belongs to the class (3.30) and they also satisfy (3.33).

Remark 19 The above result does not use the integrability of the BO equation. It is
likely to hold for the ILW equation.

The proof of Theorem 11 relies in particular on the estimates obtained in [122]
and uses the fact that ¢’ is a multiple of the soliton.

4 Rigorous Results by IST Methods

4.1 The BO Equation

An attempt to solve the Cauchy problem of the BO equation by IST methods is
due to Anderson and Taflin [20]. They obtained a formal series linearization of the
BO equation that can be interpreted as a distorted Fourier transform associated to a
singular perturbation of }v%, from which they deduce a Lax pair for BO and under
suitable assumptions on the scattering data, a power series for the inverse transform.
Unfortunately, as proved in [59], both the direct and inverse problems considered in
[20] are not analytic for generic potential, leading to divergent series in general.

The first rigorous results on the Cauchy problem by IST methods were obtained
by Coifman and Wickerhauser in [59], (see also [27, 28]). They used a more
complicated regularized IST formalism and solved it by iteration, yielding the global
well-posedness of the Cauchy problem for small initial data. More precisely they
use constructive methods to investigate the spectral theory of the Benjamin-Ono
equation. Since the linearization series used previously is singular (see above), they
replace it with an improved series obtained by finite-rank renormalization. This
introduces additional scattering data, which are shown to be dependent upon a single
function, though not the usual one. They then prove the continuity of the direct
and inverse scattering transforms defined by the improved series for small complex
potentials.
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Let w(x) = (1 4 |x|). The global well-posedness in [59] writes:

Theorem 12 Let g be a real function such that w"t'q is a small function in L' (R)
for some n > 0. Suppose also that w"q' and w"q” are also small in L' (R). Then
there exists a unique solution of the Benjamin-Ono equation with initial data q.

Some interesting issues arise also in [59] linked to the generation of soliton
solutions. We comment them briefly in connection with [172, 188] and specially
[226, 227] that we will follow closely. Let the initial data for the BO equation
renormalized as ug = UgU (x /L), where Uy is a characteristic amplitude and L is
a characteristic length. Then, the number of solitons depends on the sole parameter
o = UyLg (Ursell number). In the limit o >> 1 the initial potential generates a
large number N of solitons. An approximation for N was found in [172] and later
confirmed by Miloh et al. [188] (see [194] for the ILW equation),

1

= — ug(x)dx.

27 Jug@)=0
An important question is that of the existence of a threshold for the generation of
solitons, that is whether a small initial perturbation of an algebraic profile u(x) =
lf7 ie in the limit 0 < 1, (a < 1) can support propagation of at least one soliton.

Note that the mass M[u.] = fR uc-(x)dx of the BO soliton u.(x — ct) =
chz‘ﬁ is constant, M[u.] = 4.

For the modified KdV equation, such a property is related to the existence of a
threshold on the soliton generation, in this case perturbations with M[u] < %Msol
do not support solitons.

For the BO equation, this issue depends on the possible non genericity of the
potentials and on the very special structure of the Jost function. By definition generic
potentials u are those for which ng # 0 where

ny = %/Ru(x)n(x)dx.

Here n(x) is the limiting Jost function that we describe now. For generic
potentials, the Jost functions vanish as k — 0T according to the approximation

n(x) ( k )
N(x, k) — —+ 00—,
1 4+ no(y + In(ik)) Ink

where y is the Euler constant and n(x) satisfies

ing =—PV(uny)

where Pt (v) = %(v —iHv).
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The problem at the center of the analysis is the spectral problem
i + k@t —¢7) = —u)e™. 4.1

Coifman and Wickerhauser [59] proved that the scattering problem (4.1) has no
bound states in a neighborhood of the origin, if u(x) — 0(|x|_1_"), u > 0. In fact
this result is valid for generic potentials in the previous sense.

For non generic potentials, ie satisfying ng = 0, the limiting Jost function is
bounded in the limit k — 0 and properties of the scattering problem are modified.
The zero potential #(x) = 0 is non generic as well as the soliton solutions.

The main results in [226] concern the study of the perturbation of non generic
potentials where the number of bound states may change depending on the type of
the perturbation. More precisely the authors consider a potential in the form u¢ =
u(x)+en(x) where € < 1 and u(x) satisfies the constraint no = 0. In the particular
case u(x) = 0, this reduces to the problem of soliton generation by a small initial
data. They derive a criterion for a new eigenvalue to emerge from the edge of the
continuum spectrum at k = 0. In particular, new eigenvalues may always appear
due to perturbations of the zero background and the soliton solutions. They derive
the leading order term for the new eigenvalue and for the associated bound state at
short and long distances, as well as for the variation of the continuous spectrum.
Similar issues seem unknown for the ILW equation.

Further progress of the IST theory for BO is due to Miller and Wetzel [191] who
studied the direct scattering problem of the Fokas-Ablowitz IST theory when the
potential is a rational function with simple poles and obtained the explicit formula
for the scattering data.

A breakthrough on the IST for the BO equation appeared recently in the works
by Wu [268, 269] who in particular solved completely the direct scattering problem
for data of arbitrary size. Let us first introduce a few notations.

In what follows, H” *is the L? Hardy space of the upper plane. more precisely
f e H»*,1 < p < oo ifitis the L? (and a.e.) boundary value of an analytic
function F(x + iy) in the upper plane y > 0 such that sup,_ [F(. +iy)|, < oo.
H>7 is also denoted H+.

In [268] Wu studies the operator L, arising in the Lax pair for the BO equation
and proved that its spectrum is discrete and simple. More precisely, we first rewrite
the Fokas-Ablowitz formalism in a slightly different way, denoting first

_¢EiH¢

Cio >

the Cauchy projections. In other words, a\f = XR4 f .

When they act on L2(R) the ranges are H*, the Hardy spaces of L? functions
whose Fourier transform are supported on the positive and negative half lines. The
Lax pair writes in those notations, on H

1
L,¢ = lT‘Px —CiuCi9) =210
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By =20¢x + ipxx + 2(Cruy)(C1 ),

andin H™ :
1
Lup = -6 — C-(uC_) = 19

By =20¢x +i¢xx +2(C_uy)(C-9).

Since when u is real the equations on H ™~ are just the complex conjugate of the
equations on H™ one will assume that u is real and focus on the H™ part of the
Lax pair. The scattering data of the IST are closely related to the spectrum of the
operator L.

The next two theorems in [268] provide useful informations on the spectral
properties of L,,.

Theorem 13 Suppose that u € L*(R) N L°(R). Then L, is a relatively compact
perturbation of %E)x and is self-adjoint on H with domain H* N H'(R).

Theorem 14 Suppose that u € L'(R) N L®(R) and xu € L*(R). Then the
operator Ly, has only finitely many negative eigenvalues and the dimension of each
eigenspace is 1.

Remark 20 By Weyl’s theorem and standard spectral theory, the essential spectrum
of L, is the same as that of %ax, that is R U {0}. However it is not clear that the
eigenvalues are simple and even if there are finitely many of them. On the other
hand those spectral properties are crucial for the construction of scattering data in
the Fokas-Ablowitz IST method in [4].

A crucial step in the proof of simplicity is the discovery of a new identity
connecting the L? norm of the eigenvector to its inner product with the scattering
potential.

More precisely, assuming that . € L>(R) N L*®°(R), and xu € L*(R), then if
A < 01is an eigenvalue of L, and ¢ is an eigenvector, then

/ dudx
R

The proof for finiteness is an extension of ideas involved in the Bergman-
Schwinger bound for Schrédinger operators.

2
=2m/ |p|>ds.
R

As aforementioned, the direct scattering problem is completely justified in
[269] where Yulin Wu examined the full spectrum of L, establishing existence,
uniqueness and asymptotic properties of the Jost solutions to the scattering problem,
providing possible directions for the correct setup for the inverse problem.

Recalling that w(x) = (1 + |x|), we will use the notations

L{(R) = {f,w'f € LP(R)} and

H!R) = {f; f € L2(R)and f € L2(R)},
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Two Jost functions m| and m, are considered in [269]. They are solutions of the
following equations with suitable boundary conditions stated in the next lemma:

Shumy = Cam)) = kmy — 1),
and
?mee — Cy(um,) = Am,.
Here A + 0i € Rt + 0/, and

kepL,)U®RY+£0i) = (C\{r....An}\[0,00) U R’ £0i),

which is the resolvent set glued with two copies of the positive real axis. Following
again [269] we provide here the translation of notation:

M(xak) = ml(x’)" +Ol)’ M(xa A‘) = me(xv)" +Ol)a
N(x,)) = me(x, A —0i), N(x, 1) = mi(x, A — 0i).

The following lemma may be considered as the definition of m and m,. In what
follows, one uses the integral operators

1 00 eix§
Gi(x) = Efo et

fork € C\ [0, 00), and

G = o [
KO=00 | -k

fork € C\ (—o0,0].
For € > 0 one has

1 o0 eixé ~ i ~
Ghroi(x) = E/—oo E—()»—:tié)dé_GAiie(X) = dieT¥ e xpt () —Gitie (%),
4.2)
with
G0 (x) = lim G)sic (x) = Hie'™ g (x) = GA(), (4.3)
€—>

for A > 0.
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The limit in (4.3) holds in the following sense: the first term in (4.2) converges
pointwise and the second term in (4.2) converges in L” for every P € [2,00).
The latter is checked when observing that G ;¢ is the inverse Fourier transform of

g—X(R,\—Ee)v which converges to )%R__f in every L? for p € (1,2] assuming A > 0.

Lemma2 Letp > lands > s1 > 1 — % be given and let u € LP(R). Assume

thatmy(x, k), mq(x, A £0i) € L‘f(S_XI)(R)forﬁxedk € (C\ [0, 00)) U (RT 4 0i)

and ). € R, then the following are equivalent:

(a) mi(x, k), m,(x, A = 0i) solve

1
78xm1 — Cy(umy) =k(mp — 1),

—0xme — Cy(ume) = Ame,
i
together with the asymptotic conditions

k if k 0
k) —1— 0 |4kl =00 ifke CAD, 00) (4.4)
asx — Foo ifk=1+0i e Rt +0i,

me(x, A £0i) — ™ > 0 asx > Foo.
The above asymptotic conditions should be read with either the upper or the
lower sign.
(b) my(x, k), me(x, x £ 0i) solve the following integral equations:
mi(x, k) =14 Gg * (um1(., k))(x), 4.5)
me(x, A £ 0i) = ™ + Gizon * (ume(., A £ 0i))(x). (4.6)
Moreover, if either (a) or (b) holds, one has the stronger bounds
mi(x, k) —1 € L¥®R) NHF

for fixed k € C\ [0, 00) and

mi(x, A £+ 0i), me(x, £0i) € L= (R)

for fixed A € RT.

Here is the theorem establishing the existence and uniqueness of Jost solutions,
as stated in [269].
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Theorem 15 Let s > s1 > % and u € L?(R). Let p(Ly) be the resolvent
set of L, = %Bx — CyuCy, regarded as an operator on H'. Then for every
k € p(L,) U@ £ 0i), and every . > 0, there exist unique m(x, k) and
me(x, A£0i) € L‘io(xﬂl)(R) solving (4.5), (4.6) respectively, with improved bounds
mi(x, k), me(x, A £ 0i) € L®°(R). Furthermore, the mapping k — m (k) is ana-
Iytic from p(Ly) to L™ and my (k) € Cppl (p(Ly) URY £00)), LS, (R)

—(s—s1)° —(s—s1
while m, (. £ 0i) € Cp.Y (R).

Here y is some number between 0 and 1.

When one studies the asymptotic behavior of the Jost solutions and scattering
coefficients as k approaches to 0 within the set p(L,) U (R™ & 0i) one notices that
the convolution kernel G has a logarithmic singularity at k = 0 and so does the
operator Tj. By subtracting a rank one operator from T} the modified operator has
a limit at k = 0. The asymptotic behavior of the Jost functions can be recovered
from modified Jost functions, we refer to [269] for details. One recovers rigorously
the asymptotics in [4, 118]. Those asymptotic formulas are useful to clarify the
global behavior of the scattering coefficients. One also finds in [269] asymptotic
formulas in the limit k — oo and a formal derivation of the time evolution of
the Jost functions and scattering coefficients provided u is a smooth and decaying
solution of the BO equation.

Remark 21 A large class of quasi-periodic solutions of the BO equation has been
found in [238] by the Hirota method and in [73] by the method of the theory of finite-
zone integration. More precisely the quasi-periodic solution of the BO equation
found in [73] writes

N
0
1) = i—b;)—2Im — Indet M (x, ¢ 4.7
u(x, 1) c+_Z(a, j) = 21m ——Indet M(x, 1), (4.7)
j=1
where the N x N matrix M (x, t) has the elements

1

Mjm = cmd e’ On=bm =i =bit _ . (4.8)
bj —ap
The constants a;, bj, c¢ satisfy the inequalities c < a; < by <ap <by < ... <
an < by, and the constants c; are defined by
r (a; —a;)(bi = b))
leil* = =i —cn [ | T : (4.9)

ji @ = O T (i = aj)ai — b))

This multiply periodic N-phase solution has been used in [110] to construct the
modulation solution of BO corresponding to a step like function:

A A
u(x,0) = ¥<0,4>0 (4.10)
0 x>0,
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or a smoothly decreasing function (leading to a shock formation for the Burgers
equation):

2
ulx,0) =« (1 - — arctanﬂx) , o pB>0, “4.11)
T

or a modulated wavetrain which has a compressive wavenumber modulation in the
wavenumber g(x):

4.12)

1 — V2 cos(sg(x))
[0) =2
u(x,0) §(x) (3 _ zﬁcos(xg(x))>

with

2
gx) =« (1 - — arctanﬁx) + bo.
T

4.2 The ILW Equation

As recalled in the previous section, the formal framework of inverse scattering for
the ILW equation was given in [133, 134]. We are not aware of rigorous results using
IST to solve the Cauchy problem even for small initial data.

5 Related Results and Conjectures
5.1 The Modified Cubic BO and ILW Equations
The modified cubic BO and ILW equations write respectively’
up + Pty — Huyy =0 (5.1)
and
2 1
Uy + Uiy +guX+T(uxx) =0. 5.2)

Contrary to the modified KdV equation they do not seem to be completely
integrable. We will not describe in details the local well-posedness results since most

9Note that equations (5.1) and (5.2) are different from the modified BO and ILW equations which
are linked to the usual BO and ILW equations via a Miura transform, see Sect. 6.6.
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of the used methods are close to that of the original one. We refer for instance to
[128, 204] and the references therein for the local Cauchy problem in H*(R), s > %
and to [202] for the local Cauchy problem in H'(T). Scattering results of small
solutions can be found in [95, 96].

Using the factorization technique of Hayashi and Naumkin, Naumkin and
Sanchez-Suarez [216] study the large time asymptotics of small solutions of the
modified ILW equation in suitable weighted Sobolev spaces. Difficulties arise from
the non-homogeneity of the symbol.

More precisely, the main result in [216] states that for any initial data

uo € H3R)NHZ(R) with [luoll g3ng21 < €, and fR uop(s)dx = 0, there exists
a global solution u € C([0, c0); H 3(R)) of the modified ILW satisfying

u(t)]oo < Cet ™12,

There exist moreover unique modified final states describing the asymptotics of u(¢)
for large times.

Equations (5.1) and (5.2) are specially interesting from a mathematical point of
view since they are L critical, as is the quintic generalized KdV equation and one
thus expects a finite type blow-up phenomena. This has been established for the
modified BO equation in [161] as follows.

Let O € H'/2(R), Q0 > 0 be the unique ground state solution of the “elliptic”
equation

D'o+0=0% D'=14|

constructed by variational arguments (see [14, 264]) and whose uniqueness was
established in [82]. Then it is proven in [161] that there exists a solution u of (5.1)
satisfying |u(t)|> = |Q|> and

u(t) — ﬁQ ( ;();)(t)> -0 inH?®)ast— 0

where

A(t) ~t, x(t) ~ —|Int| and ||u(t)||H1/2~f%||Q||H ast — 0.

1
2

This result obviously implies the orbital instability of the ground state. Also
this blow-up behavior is unstable since any solution merging from an initial data
with |uglz < |Q|> is global and bounded in L2. The proof is inspired by a
corresponding one for the L? critical generalized KdV (see [160]). There are
however new difficulties to overcome. First, the slow spatial decay of the solitary
wave Q creates serious difficulties to construct a blow-up profile. Next difficulties
arise when considering localized versions of basic quantities such as mass or energy.
Contrary to the case of the L2 critical KAV equation, standard commutator estimates
are not enough and one has to use suitable localization arguments as in [122, 123].
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Remark 22 A similar result is not known but expected to be true for the modified
ILW equation (5.2).

5.2 The Periodic Case

In order to maintain a reasonable size, we focussed in the present paper on the
Cauchy problem in the real line. For the sake of completeness, we however briefly
review here the state of the art for the Cauchy problem posed in the circle T which
leads to many interesting issues, both on the IST and PDE sides.

The periodic BO equation writes

U +uiy — Huyy =0, (5.3)

where

L2 _
Hf(x) = %PV / cot (Q) FO)dy,

—L)2

while the periodic ILW equation writes
up + 2utty + 8 uy — (Tsu)xy =0, 8 > 0, (5.4)

where

L2

1
Tsu(x) = ZPV/ ) s, (x — y)u(y)dy

7L/

with

2mné ;
r - h 21n71$/L.
s..(&) i E cot <_L )e
n#0

We are not aware of rigorous results via inverse scattering methods for the
periodic ILW equation. On the other hand a spectacular progress was recently
achieved in [85] for the BO equation.

We recall that the formalism of IST for the periodic ILW can be found in [5].

On the other hand many results have been obtained by PDE methods.

The results in [1] still remain true since they do not rely on dispersive properties
of the linear group, yielding global well-posedness of the Cauchy problem for the
periodic BO or ILW equations in H*(T), s > %

Concerning lower regularity results, Molinet [197] proved the global well-
posedness in the energy space H'!/?>(T) by combining Tao’s normal form and
estimates in Bourgain spaces. He also proved that the flow map ug — u(.,?) is
not uniformly continuous in H*(T),s > 0. The proof of this fact is inspired by a
corresponding result in [132] for the Cauchy problem in H*(R),s > 0 but with
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a simpler proof, using the property that if u is a solution of the BO equation with
initial data ug, so is u(. + wt, t) + w, Vo € R with initial data ug + w. Actually
this lack of uniform continuity has nothing to do with dispersion and is linked to the
Burgers equation (nonlinear transport equation)

u; +uuy = 0.

Actually the locally Lipschitz property of the flow map is recovered in the space
Hi(T) of H*(T) functions with zero mean or more generally on hyperplanes of
functions with fixed mean value.

This result is improved in [198] where the global well-posedness in L(T) is
proven, the flow map being Lipschitz (in fact real analytic) on every bounded
set of Hg (T),s = 0. Note that uniqueness then holds in a space smaller than
C ([0, T]; L%(T)) but containing the limit in C ([0, T']; L3(T)) of smooth solutions
of BO.

Note that one also finds in [201] a simplified proof of the global well-posedness
in L2(T) with unconditional uniqueness in H 12(T).

As aforementioned, the results in [209] apply to the ILW equation, yielding
global well-posedness in the energy space H'/>(T). We are not aware of well-
posedness results in L2(T) for the ILW equation.

Both the BO and ILW equations possess periodic solitary waves. Explicit
formulas can be found in [54, 113, 215] but, as noticed in [5] they appear to be
incorrect. An explicit formulation is given in [187]. The L-periodic traveling wave
of the BO equation is in the formulation of [24]:

4 sinh(y)

Pe(x) = 'L cosh(y) — cos(nx/L)’

(5.5)

where y > 0 satisfies tanh(y) = E—Z, implying that ¢ > 2T” The profile of an even,
zero mean, periodic traveling wave of the ILW equation is given by (see [23] and
also [215]):

px) — 2K (k)i (Z(ZK(k)i ZKL(k)i

. S = i) k) — Z( (x +i6); k)) . (56)

where K (k) denotes the complete elliptic integral of first kind, Z is the Jacobi zeta
function and k € (0, 1). Note that for fixed L and §, the wave speed ¢ and the elliptic
modulus k must satisfy specific constraints.
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We also refer to [225] for another derivation and a clear and complete discussion
of the periodic solutions of the ILW equation.

The orbital stability of the periodic traveling waves is proven in [24] for the BO
equation and in [23] for the ILW equation.

A program (see [68, 69, 258-261]) has been devoted to the construction of
an infinite sequence of invariant measures of Gaussian type associated to the
conservation laws of the Benjamin-Ono equation.

Those invariant measures {x,} on (L2, ¢;) where ¢, is the BO flow on L%(T)
satisfy

! 1
Wn is concentrated on H*(T) fors < n — >

pa(H"~V2(T)) = 0.
WUn is formally defined as a renormalization of
Aty ) = e En gy = R llullz gy,
where we have denoted
Ey () = [Ju|l* + Rn ()

the sequence of conservation laws of the BO equation, ||.||, denoting the homoge-
neous Sobolev norm of order n and R, a lower order term.

These results do not apply to infinitely smooth solutions since w,, (C*°(T)) = 0
for all n. Sy [252] has constructed a measurable dynamical system for BO on the

space C*°(T), namely a probabilistic measure p invariant by the BO flow, defined
on H3(T)) and satisfying in particular 1 (C*(T)) = 1.

Remark 23 No similar results seem to be available for the ILW equation.

5.3 Zero Dispersion Limit

Interesting issues arise when looking at the zero dispersion limit of the BO equation,
that is the behavior of solutions to

u; +uuy —€Huy =0, € >0 5.7

when € — 0.
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The corresponding problem for the KdV equation has been first extensively
studied by Lax and Levermore in the eighties [144], see also [63—67, 262] and the
survey article [189]. For the BO equation, as for the KdV equation, at the advent of
a shock in the dispersionless Burgers equation, the solution of (5.7) is regularized
by a dispersive shock wave (DSW). In the DSW region, the solution of (5.7) may
be formally approximated using Whitham modulation theory, see [265]. Unlike
the case of the KdV equation the modulation equations for the BO equation are
fully uncoupled (see [73]), consisting of several independent copies of the inviscid
Burgers equation.

A formalism for matching the Whitham modulation approximation for the DSW
onto inviscid Burgers equation in the domain exterior to the DSW was developed
by Matsuno [177, 178] and Jorge et al. in [110].

Recent rigorous results have been obtained by P. D. Miller and co-authors. Miller
and Xu [192] partially confirmed the above formal results by computing rigorously
the weak limit (modulo an approximation of the scattering data) of the solution
of the Cauchy problem for (5.7) for a class of positive initial data, using IST
techniques, and by developing an analogue for the BO equation of the method of
Lax-Levermore for the KdV equation.

Using the exact formulas for the scattering data of the BO equation valid for
general rational potential with simple poles that they obtained in [191], Miller and
Wetzel [190] analyzed rigorously the scattering data in the small dispersion limit,
deducing in particular precise asymptotic formulas for the reflection coefficient, the
location of the eigenvalues and their density, and the asymptotic dependence of the
phase constant associated with each eigenvalue on the eigenvalue itself. Such an
analysis seems to be unknown for more general potentials.

We refer to [193] for a study of the BO hierarchy with positive initial data in a
suitable class in the zero-dispersion limit. We also mention [75] for a description of
dispersive shock waves for a class of nonlinear wave equations with a nonlocal BO
type dispersion which does not use the integrability of the equation.

We are not aware of similar small dispersion limit results for the ILW equation.

5.4 The Soliton Resolution Conjecture

Since IST methods provide so far rigorous results on the Cauchy problem only
for small enough initial data, one cannot use them to prove the soliton resolution
conjecture (see [254]) as in the KdV case (see e.g. [242] and the references therein).
However we strongly believe that it holds true for the BO and ILW equations, as
suggested for instance by the following numerical simulations in [130] (see also
[188, 228] for other illuminating simulations and [229] for a theoretical analysis of
the spectral method in [228]).1°

10Note that the soliton resolution conjecture might also be valid for the Benjamin equation (1.9)
which is not integrable.
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Fig. 2 Solution to the ILW equation with § = 1 for the initial data uo = 10sech®x

We first show the formation of solitons from localized initial data for the BO
equation in Fig. 1. Note a tail of dispersive oscillations propagating to the left.

A similar decomposition of localized initial data into solitons and radiation is
shown for the ILW equation in Fig.2. Note that this case is numerically easier to
treat with Fourier methods since the soliton solutions are more rapidly decreasing
(exponentially instead of algebraically) than for the fKdV, fBBM and BO equations.
The different shape of the solitons is also noticeable in comparison to Fig. 1.
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20

Fig. 3 Solution to the fKdV equation with & = 0.6 for the initial data ug = 5sech®x

More generally, we conjecture that some form of soliton resolution holds for the
class of fractional KdV equations

ur +uuy — |D|%uy =0, (5.8)

when o > %, the Cauchy problem being then globally well-posed in the energy
space H*/2(R).'! A first step towards this conjecture is achieved in [203] where
global well-posedness is established in the energy space when o > g.

The simulation in Fig. 3 for the fKdV with ¢ = 0.6 suggests the decomposition
into solitons plus radiation.

6 Varia

We describe here a few more qualitative results on the Benjamin-Ono and the
Intermediate Long Wave equations and some of their natural extensions (higher
order equations, two-dimensional versions. .. ).

6.1 Damping of Solitary Waves

In the real physical world, various dissipative mechanisms affect the propagation of
dispersive waves. The dissipative term can be local e.g. —d,, or non local, see for

I Recall that the ground state solution (that exists and is unique when o > %) is orbitally stable if
and only if o > % and spectrally unstable when % <a< %, see [22, 151].
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instance [74, 90, 115, 223, 224] for physical examples. The Cauchy problem for the
dissipative BO or ILW equations is studied in [240] and more recently in [199, 209].
Of course the dissipative term destroys the Hamiltonian structure and the complete
integrability. The solutions of the Cauchy problem then tends to zero as t — oo (see
[40, 71, 72] and the references therein for a description of the large time asymptotics
of solutions of the Benjamin-Ono-Burgers and related equations).

However we are not aware of rigorous results on the quantitative influence of
dissipation in the solitonic structure of the BO, or ILW equation.'?

In [182] the Whitham method is applied to the Benjamin-Ono-Burgers equation

U +uny — Huyy = €uyy,e K 1 (6.1)

to give a formal description of the solution of the Cauchy problem corresponding to
a steplike initial data as ¢ — 0.

6.2 Weighted Spaces

The Cauchy problem for the BO equation in weighted spaces is studied in
[76-81, 97, 105] yielding smoothing and unique continuation properties [106].
A result on the propagation of regularity for solutions to the Cauchy problem
associated to the Benjamin-Ono equation is proved in [107]. Essentially, if ug €
H3/2(R) is such that its restriction belongs to H™ (b, co) for some m € Z,m > 2
and some b € R, then the restriction of the corresponding solution u(., t) belongs
to H"(B, oo) for any 8 € R and any ¢ > 0. This shows that the regularity of the
datum travels to the left with infinite speed.

Another interesting result is in [108] where the Cauchy problem for BO is solved
with bore-like initial data.

6.3 Control

Control and stabilization issues were investigated by Linares and Rosier [153], in
H5(T),s > % and in [143] in L2(T) for the periodic BO equation.

A typical exact controllability (via a forcing term) result from [143] is as follows.
In order to keep the mass conserved, the control input is chosen in the form

(Gh)(x, 1) = a(x) (h(x, 1) — /Ta(y)h(x, t)dy) ,

where a is a given smooth nonnegative function such that {x € T; a(x) > 0} = w
and with mass one.

12 Actually this question seems to be open also for the KdV equation.
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Theorem 16

(i) (Small data) For any T > O there exists some 6 > O such that for any ug, uy €
L%(T) with

luol2 < 8, |u1|2§5and/u0=/ul’
T T

one can find a control input h € L*(0, T; L*(T) such that the solution u of the
system

{ut—Huxx—i—uux =Gh 6.2)

u(x,0) =upx),

satisfies u(x, T) = uy(x) on T.
(ii) (Large data) For any R > O there exists a positive T = T(R) such that the
above property holds for any ug, u; € L*(T) with

luol2 < R, |M1|2§Rand/uo=fu1
T T

This result relies strongly on the bilinear estimates proved in [201].
We do not know of corresponding results for the ILW equation.

Remark 24

1. We refer to [143] for stabilizations results.
2. Related results for the linear problem were obtained in [147].

6.4 Initial-Boundary Value Problems

The global well-posedness of the initial- boundary value problem the BO and the
ILW equation on the half-line with zero boundary condition at x = 0 is proven
respectively in [94] and in [26], for small initial data in suitable weighted Sobolev
space. Moreover the long time asymptotic is given, for instance, one gets for the
ILW equation [17]

_ 1 X : X : x ~1-a/2
WD) = o A ((&)1/3) + min (1, ﬁ) 0 (r )

where a > 0 and Ai is the Airy function.
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6.5 Transverse Stability Issues

The Kadomtsev-Petviashvili (KP) equation was introduced heuristically in [114]
to study the transverse stability of the KdV soliton with respect to long, weakly
transverse perturbations. Since their formal analysis does not depend on the
dispersive term in the KdV equation, it applies as well as to the BO and ILW
equations, yielding the KP-II version of those one dimensional equations, that is,
respectively

ut—f—ux—i—uux—Huxx—i—B;luyy:O, (6.3)

and
! -1
uy +uuy, + gux + T (Uyxy) + 0 ttyy =0 (6.4)

Those equations (that are not known to be integrable) were in fact derived
formally in the context of internal waves in [7, 56, 91, 175].

Note however that they suffer from two shortcomings of the usual KP-II equation.
First, as was, noticed in [139], the (artificial) singularity at §; = 0 of the symbol
& 1522 of 9 1ayy induces a poor error estimate when comparing the KP-II equation
with the full water wave system in the appropriate regime. Roughly speaking, one
get (see [139] and [142]) an error estimate of the form, in suitable Sobolev norms:

lugp —uwwll = o(1),

the “correct” error should be, as in the KdV case, 0(62t) where € is the small
parameter measuring the weak nonlinear and long wave effects. It is very likely that
such a poor precision also holds for the KP-BO and KP-ILW equations.

The second shortcoming concerns the zero mass in x constraint also arising from
the singularity of the symbol (see [208]). This of course do not exclude that those
KP type equations predict at least qualitatively the behavior of real waves, see e.g.
[2, 245].

Coming back to rigorous results, the local Cauchy problem (for a larger class
of equations including KP-BO and KP-ILW) is studied in [150] and the global
existence and scattering of small solutions is proven in [93].

It was proven in [151] that (6.3) does not possess any non trivial (lump type)
localized solitary wave. The proof extends as well to (6.4).

Recall that the KdV soliton is transversally L2 stable with respect to weak
transverse perturbations described by the KP II equation [195, 196]. This result is
unconditional since it was established in [207] that the Cauchy problem for KP II
is globally well-posed in H*(R x T),s > 0, or for all initial data of the form
uo + Ve where ug € H*(R?),s > 0 and ¥.(x — ct, y) is a solution of the KP-II
equation such that for every o > 0, (1 — 83 - 33)"/ 24 is bounded and belongs
to L)%L;’O(R2). Note that such a condition is satisfied by the value at r = 0 of any
soliton or N-soliton of the KdV equation.
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A priori this condition is not satisfied by a function ¥ that is not decaying along
a line {(x, y); x — vy = xo} such as for instance a KP-II line soliton that writes
¥ (x — vy — ct). However, one checks that the change of variable

X=x+vy—v2t,Y=y—vt,T=t (6.5)
leaves the KP-II equation invariant and thus the global well-posedness results hold
for an initial data that is localized perturbation of the KP-II line soliton. Observe that
the same transformation leaves also invariant the KP-BO and KP-ILW equations.

It is natural to conjecture that a similar stability result holds true for the BO and
ILW soliton with respect to (6.3) and (6.4). We refer to [7] for formal arguments in
favor of this conjecture.

Such a result would be however a conditional one since no global existence result
is available for both (6.3) and (6.4),

It is worth noticing however that it was observed in [249], following the method

of [138] that the periodic BO solitary waves could be spectrally transversally
unstable for some ranges of frequencies. This deserves further investigations.

6.6 Modified BO and ILW Equations

It is well known that a real solution of the focusing modified KdV equation

v + 6v2vx + Uyxx =0
is sent by the Miura transform

u = v? + vy

to a complex solution of the KdV equation

U + 6uny + uxyx = 0.

It turns out that a similar fact holds for the BO and ILW equations, see

[165, 213, 214, 239] and specially [243] to which we refer for an explanation of

the mathematical origin of the MILW equation.
The modified ILW and BO equations write respectively

1
vy + IBUx(eU -1+ gvx + 0, T (vx) + T (vex) =0, (6.6)

qr +oqx (eq — 1) +qcH(gx) + H(gxx) =0, (6.7)

where «, B are real constants.
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Remark 25 We are not aware of results on the Cauchy problem for (6.7) or (6.6) by
PDE methods.

Both Egs. (6.7) and (6.6) are integrable soliton equations. In particular the MILW
possesses an infinite number of conserved quantities, [239], a linear scattering
theory [239], a Bicklund transform [213, 239] and multi-soliton solutions, [213].
The formal IST for the MBO and MILW is studied in [243, 244] respectively.

One can check, see [243] that the Miura type transformation

u= %{T(Ux) + B’ — 1) +ivy}

maps real-valued solutions of (6.6) with « = —f into complex-valued solution of
the ILW equation.
A similar transformation holds in the BO case, see [244].

6.7 Higher Order BO and ILW

Higher order BO and ILW equations (as higher order KdV) appear in two different
contexts.

1. First when going to next orders in the expansion of the two-layer system in the
ILW /BO regime, see Introduction. For instance, one gets in the notations of [61]
(see also [175] for a similar equation) the next equation in the BO regime

h? 3v2
U, = p—;AzH(um) + —— Auuy,
2,01 4101
\/_ ,0 2h2 h2
1A[awa(ux) + Ho, (uuy)] + 7 -3 | A,
l 1
(6.8)
(r—p1) 1/2
where A = (W , and where p > p; are the densities of the two fluid

layers, A1 is the height of the upper layer, g the constant of gravity and € > 0 is
a small parameter.

This process could actually be continued to obtain an infinite sequence of
higher order BO equations. It applies as well to the ILW equation, yielding the
following equation, in the above notations of [61], where here 7}, is the Fourier
multiplier with symbol —i coth(ek|£|), h being the depth of the lower layer:
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ph] 2 3v2
Uy = 2 zA 771(“xx)+m/4uux_
h2
f oh 1A[a WTh(ux) + Tady (uu)] — < (2 1(T>2 Ay
)01 2 :01
(6.9)

An equation like (6.8) was also derived in [167] where a solitary-wave
solution of the equation is obtained by means of a singular perturbation method.
The characteristics of the solution are discussed in comparison with those for a
higher-order BO equation of the Lax type, see next section.

2. Second, one gets a hierarchy of (integrable) higher order BO or ILW equations
by considering the Hamiltonian flows of the successive conservation laws, see
e.g. [165].

For instance, the next equations in the hierarchy are for the ILW and BO equation
given respectively by

u; = oygrad I4(u)
and
u; = oygrad Ja(u),

where 14 and J4 were defined in chapter “Wave Turbulence and Complete Integra-
bility”, that is

u; — 3u2ux + 4uyrx +3WwHuy)y +3H (uuy)y =0 (6.10)
and

Ur — 3M2Mx = 3WTux)x — 3T (Uyx) + Uxrx — 3T2(Mxxx)

1 3
58t +9Tux] = Sux =0 6.11)

We are not aware of rigorous results on (6.10), (6.11) by IST methods.

On the other hand, it was shown in [231] that (6.8) is quasilinear in the sense that,
as for the BO equation, the flow map cannot be C? in any Sobolev space H* (R), s €
R (the proof applies as well to (6.10)). In [148] the Cauchy problem for (6.8) is
proven to be locally well-posed in H*(R),s > 2 and in some weighted Sobolev
spaces.

This result was significantly improved in [200] where the global well-posedness
of (6.8) was established in H*(R), s > 1, and thus in particular in the energy space
H'(R). The main difficulty is of course to obtain the local well-posedness in H'!(R).
This is achieved by introducing, as in [254], a gauge transformation that weakens
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the high-low frequency interactions in the nonlinear terms. Such a transformation
was already used in [148] to obtain the H> well-posedness but it is combined here
with a Besov version of Bourgain spaces, together with the full Kato smoothing
effect for functions that are localized in space frequencies.

Another result in [200] concerns the limiting behavior of solutions #, when
€ — 0. A direct standard compactness method (as used for instance in the BO-
Burgers equation in the zero dissipation limit) does not seems to work since the two
leading terms (of order one) in the Hamiltonian /4 have opposite signs. However it
is shown that the solution of (6.8) converges in L>*°(0, T; H I(R)), VT > 0 to the
corresponding solution of BO as € — 0 provided the ratio of density % equals %

This shortcoming of (1.2) might not occur when using the method of [38] to
derive asymptotic models of internal waves since it is more flexible and leads to
(equivalent in the sense of consistency) families of models. In particular at least one
member of the family of higher order BO equations might contain one for which the
limit to BO holds, for any ratio of densities.

As mentioned in [200], it is likely that the previous results hold true for the higher
order ILW equation (6.9).

We are not aware of similar results for the next equations in the BO or ILW
hierarchy (6.10) and (6.11) but it is likely that the method in [200] could be applied.

For any of those higher order equations ((6.10), (6.11), (6.8), (6.9)) questions
about existence and stability of solitary wave solutions seem to be widely open
except for the Lax hierarchy of the BO equation for which Matsuno [170] has
established the Lyapunov stability of the N-soliton in the hierarchy, using in
particular results from the IST. One should also mention [167] where by using a
multisoliton perturbation theory it is proven analytically that the overtaking collision
between two-solitary waves exhibits a phase shift, the amplitudes being not altered
after interaction.

Remark 26 Concerning the periodic problem, Tanaka [253] has recently proven that
the Cauchy problem for third order type Benjamin-Ono equations is locally well
posed in H*(T), s > %

6.8 Interaction of Solitary Waves

As noticed in [263] where one can find a nice overview of the subject and a fascinat-
ing analysis of observed (via imaging technique) oblique wave-wave interactions on
internal waves in the strait of Georgia, “although nonlinear interactions that occur
when two large internal waves collide at oblique angles are often observed in the
natural world, quantitative and theoretical aspects of these interactions are only
poorly understood”.

This important topic has been first extensively studied for shallow water gravity
waves, mainly in the context of the KP-II equation. Although KP-II has no fully
localized solitary wave solutions [44], it has a large variety of two-dimensional exact
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solutions, those wave patterns being generated by nonlinear interactions among
several obliquely propagating solitary waves. In particular the resonant interactions
among those solitary waves play a fundamental role in multidimensional wave
phenomenon, leading to very complicated patterns. We refer for instance to
[34, 52, 245] and to the book [135] and the references therein for an extensive
description of those waves. We also refer to [267] for a study of the direct scattering
theory for KP II on the background of a line soliton.

It is worth noticing that some of those patterns look very much like real observed
waves [2] and the classical picture below of interaction of line solitons on the
Oregon coast.

According to [184, 185] the oblique interaction of solitary waves propagating at
different directions n; and nj can be classified into two types. The first one occurs
when the two solitary waves propagate in almost the same direction (1 —nj.ny > €
where € is the ratio between a typical amplitude of the waves and a typical depth
of the fluid) ) and interact for a relatively long time (strong interaction). The second
type corresponds to the interaction of solitary waves propagating in almost opposite
directions (I — n;.ny ~ O(€)) and hence the interaction is relatively short (weak
interaction).

Typically the two waves evolves according to their own one-dimensional equa-
tion (KdV for surface waves ILW or BO for internal waves) in the case of weak
interactions and according to a KP-II like equation in the case of strong interactions.
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Such exact multiline solitons are not known to exist for the BO and ILW versions
of the KP equation since they are not integrable. Nevertheless it makes prefect sense
to look for oblique interactions of internal line solitons. Most of the existing work
consists in numerical simulations.

For internal waves the question of oblique interaction of solitary waves has been
addressed in particular by Oikawa and Tsuji, in the context of BO (infinite depth)
[220, 256] and ILW (finite depth [257]). One finds in [256] numerical simulations
of the strong interaction of nonlinear long waves whose propagation directions are
very close to each other. Two initial settings are considered, first a superposition
of two BO solitons with the same amplitude and with different directions, and the
second one is an oblique reflection of a BO soliton at a vertical wall. It is observed
that the Mach reflection does occur for small incident angles and for some incident
angles very large stem waves (see below) are observed.

The case of finite depth is considered in [257] under the assumption of a small
but finite amplitude. When the angle 6 between the wave normals of two solitons
is not small, it is shown by a perturbation method that in the lowest order of
approximation the solution is a superposition of two ILW solitons and in the next
order of approximation the effect of the interaction appears as position phase shifts
and as an increase in amplitude at the interaction center of two solitons. When 6 is
small, it is shown that the interaction is described approximately by (6.4). By solving
it numerically for a V-shaped initial wave that is an appropriate initial value for the
oblique reflection of a soliton due to a rigid wall, it is shown that for a relatively
large angle of incidence 6 the reflection is regular, but for a relatively small 6 the
reflection is not regular and a new wave called stem is generated. The results are
also compared with those of the Kadomtsev-Petviashvili (KP) equation and of the
two-dimensional Benjamin-Ono equation (6.3).

Remark 27 Recall that BO or ILW equations have the limitation of weak nonlinear-
ity. Other internal waves models without the assumption of weak non-linearity have
been derived in [57, 175]. The system derived in [57] has solitary wave solutions
which are in good agreement with the experimental results in [136].

On the other hand, we recall that Matsuno in particular, [166, 175], has extended
the (formal) analysis leading to the BO equation to next order in amplitude and
derived a higher order equation similar to a higher order BO equation, namely, say
for the wave elevation:

3 1 3 5.,
§t+ 8+ 5088 + S8 H e — ca™07 8y
2 2 8
+1 s|2cm +9H( ) S (g2 )52 0 (6.12)
= - = —=|o"—= =0, .
2005 4§ Cxx 4 $8x)x 3 9 Cxxx
where here o0 = % is the ratio of densities, @ = 7 the ratio of a typical amplitude of

the wave over the depth of the upper layer and § = % is the ratio of & over a typical
wavelength.
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The same issues of transverse stability of 1D- solitary waves or of interaction of
line solitons arise for those higher order models but have not be addressed yet as far
as we know.

The situation is different when considering the interaction of long internal gravity
waves propagating on say two neighborhood pycnoclines in a stratified fluid, see
[156, 157] where a system of coupled ILW equations is derived. We refer to [83, 84]
for the shallow-water regime, leading to a system of coupled KdV or KP-II type
equations.

For deep water systems, Grimshaw and Zhu [91] have shown that in the strong
interaction case, each wave is governed by its own ILW equation (BO equation
in the infinite depth case), the main effect being a phase shift of order O (¢), €
measuring the wave amplitude. In the case of weak interactions, and when A1, Aj
are of order O (¢), the interaction is governed by a coupled two-dimensional KP-II
type ILW or BO equations. Here A1 = |¢; /¢y — cosé|, Ay = |cp/cm — co8 6|,
where § is the angle between the two directions of propagation and ¢, ¢, are the
linear, long wave speeds for wave with mode numbers m, n. We refer to [151] for a
mathematical study of those systems.

In any case the rigorous mathematical analysis of oblique interactions of internal
waves deserves further investigations.
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Inverse Scattering and Global m)
Well-Posedness in One and Two Space ik
Dimensions

Peter A. Perry

1 Introduction

These notes are a considerably revised and expanded version of lectures given at the
Fields Institute workshop on “Nonlinear Dispersive Partial Differential Equations
and Inverse Scattering” in August 2017. These lectures, together with lectures of
Walter Craig, Patrick Gerard, Peter D. Miller, and Jean-Claude Saut, constituted a
week-long introduction to recent developments in inverse scattering and dispersive
PDE intended for students and postdoctoral researchers working in these two areas.

The goal of my lectures was to give a complete and mathematically rigorous
exposition of the inverse scattering method for two dispersive equations: the
defocussing cubic nonlinear Schrédinger equation (NLS) in one space dimension,
and the defocussing Davey-Stewartson II (DS II) equation in two space dimensions.
Each is arguably the simplest example in its class since neither admits solitons;
moreover, the long-time behavior of solutions to each equation has been rigorously
deduced from inverse scattering [17, 36, 38]. Inverse scattering for the defocussing
NLS provides an introduction to the Riemann-Hilbert method further discussed in
the contribution of Dieng, McLaughlin and Miller in this volume [19]. Inverse scat-
tering for the defocussing Davey-Stewartson II equation provides an introduction
to the 3-methods used extensively in two-dimensional inverse scattering (see, for
example, the surveys [10, 23, 27], the monograph [1], and references therein).

In Lecture 1 (Sect. 2), I give an overview of the inverse scattering method for
these two equations, focusing on the formal (i.e., algebraic) aspects of the theory. I
motivate the solution formulas given by inverse scattering, seen as a composition of
nonlinear maps and a linear time-evolution of scattering data.
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In Lecture 2 (Sect. 3), I analyze inverse scattering for the defocussing cubic NLS
in one dimension in depth, based on the seminal paper of Deift and Zhou [17]. We
study the direct map via Volterra integral equations for the Jost solutions for the
operator (2.6), and the inverse map via the Riemann-Hilbert Problem 2.3 using the
approach of Beals and Coifman [7].

In Lecture 3 (Sect. 4), I discuss the inverse scattering method for the Davey-
Stewartson II equation in depth. This lecture has been completely rewritten in light
of the recent work of Nachman et al. [36] which introduced a number of new
ideas and techniques from harmonic analysis and pseudodifferential operators to
the study of scattering maps. Using these techniques, the authors proved that the
defocussing DS II equation is globally well-posed in L*(R) and that all solutions
scatter to solutions of the associated linear problem. Their results significantly
improve earlier work of mine [38], which proved global well-posedness of the
defocussing DS II equation in the weighted Sobolev space H!'!(R) and obtained
large-time (dispersive) asymptotics of solutions in L°°-norm. In the revised Sect. 4,
I give a pedagogical proof of the results in [38] using some of the ideas of [36] to
streamline proofs significantly.

At the end of each lecture, I've added exercises which supplement the text and
develop key ideas.

I hope that these lectures will appeal to a wide audience interested in recent
progress in this rapidly developing field.

2 Introduction to Inverse Scattering

Among dispersive PDE’s that describe wave propagation are the completely inte-
grable PDE’s. These equations—which include the Korteweg-de Vries and cubic
NLS equations in one space dimension, and the Davey-Stewartson and Kadomtsev-
Petviashvilli equation in two space dimensions—are equivalent to simple linear
flows by conjugation with an invertible, nonlinear map adapted to the PDE and
very strongly dependent on its special structure. This nonlinear map is called a
scattering transform and serves the same function for these equations that the
Fourier transform does for the linear Schrédinger equation.

To understand what this means, let’s consider the Cauchy problem for linear
Schrodinger equation in one dimension.

9 92
9979 _

l
ar | 9x2 2.1)
q(x,0) = qo(x).
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assuming for simplicity that go € ./(R). The Fourier transform

(Fq) (&) =) = f e 8 f(x) dx

reduces the Cauchy problem (2.1) to the trivial flow

95 1) = |EI*GE, ¢t
156](5, ) =1&17q(&, 1)

leading to the solution formula

1 .
g(x,1) = Z—f Oq0(€)dE, ok x,1) = Ex/t — E2. (2.2)
T Jr

We can also write the solution as g (1) = ¢!®go where ¢/’? is the solution operator

(2 F) 0 =F 1 (O ED) @ (23)

Since the phase function 6y in (2.2) has a single, nondegenerate critical point at
&y = x/2t, the solution has large-time asymptotics

1 .2 X
J 1) ~ ——e'F /(4[)A(—)+O<t_3/4).
q(x,1) 4m_t€ 207,

The map F is linear, has a well-behaved and explicit inverse, and yields
a well-behaved solution formula that extends to initial data in Sobolev spaces.
The representation formula, combined with stationary phase methods, leads to a
complete description of long-time asymptotic behavior.

Similar results may be obtained for integrable systems provided that the scat-
tering transforms are well-controlled and have well-behaved inverses. In these
lectures we will discuss two examples in depth: the defocussing, cubic nonlinear
Schrddinger equation in one space dimension, and the defocussing Davey-Stewart-
son II equation in two space dimensions. Neither of these equations admits solitons,
so that the dynamics are purely dispersive.

In each case, the scattering transform is the “next best thing to linear”: it is a
diffeomorphism when restricted to appropriate function spaces (and, in each case,
its Fréchét derivative at zero is a Fourier-like transform—see Remarks 3.4 and 3.14
for the NLS scattering maps, and see (4.44) and the accompanying discussion for
the DS II scattering map). It also has global Fourier-like properties which facilitate
the analysis of large-time asymptotics of the solution.



164 P. A. Perry
2.1 The Defocussing Cubic Nonlinear Schrodinger Equation

Zakharov and Shabat [46] showed that the Cauchy problem for the cubic nonlinear
Schrodinger equation

aq 82q 2
29 79 g2g =0
Cor T w2~ Halta 2.4)

q(x,0) = qo(x)

is integrable by inverse scattering. To describe the direct and inverse scattering
maps, we will follow the conventions of [19]. These conventions differ slightly but
inessentially from those of Deift [16] and Deift-Zhou [17]1.!

Equation (2.4) is the consistency condition for the overdetermined system

U, = —iro3V¥ + QV,
(2.5)
W, = (—2;')%3 +20Q + Qz) w

0g —ilg|* iq
Q1=(_ ) Q2=< ._.xz
q0 —igy ilq|

and W is an unknown 2 x 2 matrix-valued function of (x, t). Note that the first of
equations (2.4) is an eigenvalue problem for the self-adjoint operator

. 4da _ (10 (0 —igx)
L:=io3 P +Q(x), o3:= (O _1> , Q) = <lm 0 ) (2.6)

where

acting on L2(R, M>(C)), the square-integrable, 2 x 2-matrix valued functions (see
Exercise 2.7). This equation is sometimes called the ZS-AKNS equation after the
fundamental papers of Ablowitz et al. [2] and Zakharaov-Shabat [46]. Note that,
if ¢ = 0, the operator £ has continuous spectrum on the real line and bounded,
matrix-valued eigenfunctions Wy (x, 1) = e ~#¥%3,

The scattering transform of ¢ € L!(R) is defined as follows. There exist unique
2 x 2 matrix-valued solutions W*(x, A) of £y = Ay with

lim WE(x, A)e3 =1, (2.7)

x—£00

IDeift and Zhou write the ZS-AKNS equation as ¥, = iAoy + Q¢ where ¢ = (1/2)03. This
results in various sign changes and changes in factors of 2 throughout. The conventions of [19]
also make the scattering maps linearize to antilinear Fourier-type transforms, whereas those of
[17] linearize to the usual Fourier transform.
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where I denotes the identity matrix. Matrix-valued solutions of £y = Ay have
the properties that (1) dety (x) is independent of x and (2) any two nonsingular
solutions v and Y are related by ¥ = YA for a constant matrix A (see
Exercises 3.10 and 3.11). For this reason, there is a matrix 7 (1) with

U, ) = (x, )VTQ). (2.8)

Clearly det T (A) = 1 and, by a symmetry argument (see Exercises 3.13 and 3.14),

_ (a() b(r) 2 2 _
T = (b(?») W)»))’ la)]* = 1bM)|" =1 (2.9)

The direct scattering map is the map R : ¢ — r where
r(x) = =bA)/a(d). (2.10)

The direct scattering map linearizes the flow (2.4) in the sense that, if g (x, t) solves
the initial value problem (2.4) with initial data gg and ro = R(qop), then

R(G(-. 1) ) = "™ ro(h).

We give a heuristic proof of this law of evolution, based on the Lax representa-
tion (2.5), at the beginning of Sect. 3.4.

The inverse of R is determined as follows. Denote by v (x, z) a solution to Ly =
zyr, written as

d

a . _ 0 gx)
dxlﬁ— izosy + Qi1 ()Y, Ql(x)—<m 0 ),

where z € C, and factor ¥ (x, z) = M(x, z)e **23_ Then M obeys the differential
equation

%M(x, z) = —izad oy M(x, z)) + Q1 (x)M(x, 2) (2.11)

where, for a 2 x 2 matrix A,

ado3(A) = [o3, A].
One can show that (2.11) admits special solutions, the Beals-Coifiman solutions,
which are piecewise analytic in C \ R, have distinct boundary values M4 (x, 1) on

R, and for each z obey the asymptotic conditions

M(x,z) > 1 asx — 400, M(x, z) is bounded as x — —o0.
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The Beals-Coifman solutions are unique and, moreover, g (x) can be recovered from
their asymptotic behavior:

q(x) = lim 2izMj>(x, 2). (2.12)
7—> 00

The boundary values satisfy a jump relation
My (x,A) =M_(x, M)V(2; x),

1 — |r(k)|2 _me—mx> (2.13)

V(i x) = .
r(n)e* 1

The asymptotics of M(x, z) together with the jump relation (2.13) define a Riemann-

Hilbert problem for M(x, z), which we write as M(z; x) to emphasize that x plays

the role of a parameter in the RHP.

Riemann-Hilbert Problem 2.1 For given r, and x € R, find M(z; x) so that

(i) M(z; x) is analytic in C \ R for each x,

(1) lim,— oo M(z; x) =1,
(i) M(z; x) has continuous boundary values M4 (A; x) on R
(iv) The jump relation

L= [rM)? —r()e 2
M x) =M_-(3; x)V(A;x), V(@ix) = .
r(n)eit 1

holds.
Remark 2.2 In condition (ii) above, the limit is meant to be uniform in proper

subsectors of the upper and lower half planes. That is, for any ¢ > 0,

lim sup (M(z;x)—I)=0
R—o0 |Z‘2R
arg(z)e(a,p)

if («, B) is a proper subinterval of (0, ) or (7, 27).

The inverse scattering map 7 : r — q determined by Riemann-Hilbert
Problem 2.1 and the reconstruction formula (2.12).
Thus, to implement the solution formula

g, =T (" Rigo) () (1), (2.14)

we compute the scattering transform ry = R(go) and solve the following Riemann-
Hilbert problem (RHP).
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Riemann-Hilbert Problem 2.3 For given r¢ and parameters x, ¢, find M(z; x, t)
so that

(i) M(z; x, t) is analytic in C \ R for each x, ¢,

(i) lim,_ oo M(z; x,2) =1,
(iii) M(z; x, t) has continuous boundary values M (}; x, ) on R
(iv) The jump relation

My(Ax,0) =M_(A; x,)V(A; x, 1),

1 —[ro(n)? —ro(x>e2”9)

ro(h)e*"? 1

VO x, 1) = (

holds, where
O(h; x, 1) = 20% + xA /1. (2.15)
Given the solution of RHP 2.3, we can then compute
qx,1) = Zl_i)nc}o2izM12(z; X, 1)

where the limit is meant in the sense of Remark 2.2.
Denote by . (R) the Schwartz class functions on R and let

AR ={re SR :Irle < 1}.

Beals and Coifman [7] proved:

Theorem 2.4 Suppose that go € - (R). Then rg € #1(R), RHP 2.3 has a unique
solution for each x,t € R, and (2.14) defines a classical solution of the Cauchy
problem (2.4).

We will give a complete proof of Theorem 2.4 in Sect. 3.4.

The solution formula (2.14) defines a continuous solution map provided that its
component maps are continuous. To describe the mapping properties of R and Z,
we define

HY'(R) = {f cL’R): f, xf € LZ(]R)} (2.16)
and

HM®) = f e B ®) 1l < 1}

Note that Hll’l(]R) is an open subset of H'!(R) since I flloe < cllfllgrr (see
Exercise 3.2). The following result is proved by Deift and Zhou in [17, §3] and also
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follows from Zhou’s analysis [47] of Sobolev mapping properties of the scattering
transform.

Theorem 2.5 ([17]) The maps R : H''(R) — Hll’l(R) and T : Hll’l(R) —
H"!(R) are Lipschitz continuous maps with R oL =T oR = 1I.

A consequence of Theorems 2.4, 2.5, and local well-posedness theory for the
NLS is:

Theorem 2.6 The Cauchy problem 2.4 is globally well-posed in HV'(R) with
solution (2.14).

Theorem 2.6 is of interest not because of the global well-posedness result: far
superior results are available through PDE methods—see, for example, [34] and
[42] and references therein—and most recently through a very different approach to
complete integrability pioneered by Koch-Tataru [32], Killip-Visan-Zhang [30], and
Killip-Visan [31] which give conserved quantities and well-posedness results in the
presence of very rough initial data. Rather, Theorem 2.6 is of interest because the
solution map so constructed can be used to study large-time asymptotics of solutions
with initial data in H'!1(R). Deift and Zhou [17] gave a rigorous proof of long-time
dispersive behavior for the solution of (2.4), motivated by formal results of Zakharov
and Manakov [45]. Their proof is an application of the Deift-Zhou steepest descent
method [15]. Dieng and McLaughlin [18] gave a different proof using the ‘0-
steepest descent method’ and obtained a sharp remainder estimates. This result
is discussed in a companion paper by Dieng, McLaughlin and Miller in this
volume [19].

Theorem 2.7 ([19]) The unique solution to (2.4) with initial data qo € H"'(R)
has the asymptotic behavior

g(x, 1) ~ t—l/Za(Zo)eixz/(4t)—iv(z())10g(2t) L0 (t—3/4>
1
where o = —x/(4t), v(z) = - log (1 = r(2)[?), le(2)]* = v(2)/2, and

1 Z
aga(2) =+ / tog(z — 5)d (1og (1 = r©)F) ) + 7 + arg(iv(@) + angr(a).

The remainder term is uniform in x € R.

2.2 The Defocussing Davey-Stewartson II Equation

The Cauchy problem for the defocussing Davey-Stewartson II (DSII) equation is
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igr +2(0 +32)g + (g +8)g =0,
0zg = —40. (191?) @.17)
q(z,0) = qo(2).

Here z = x; +ix and

1/ 0 0 1/ 9 0
Gr=-\—+i— ). 0=z ——-i—].
‘T2 <8x1 +18x2> ‘T2 <8x1 lax2>

Here and in what follows, the notation f(z) for a function of z = x| + ixy does not
imply that f is an analytic function of z.

Ablowitz and Segur [3, Chapter 2, §2.1.d] showed that the Davey-Stewartson
IT equation is completely integrable. The solution of DS II by inverse scattering
was developed by Beals-Coifman [6, 8, 9] and Fokas-Ablowitz [21-23]. A rigorous
analysis of the scattering maps, including the case go € . (R?) was carried out by
Sung in a series of three papers [39-41].

The DSII flow is linearized by a zero-energy spectral problem for the operator

_ (00 _ (0 4@
£_<0 8) Q(2), Q(Z)_<q(z) o)' (2.18)

To define the scattering transform for g € . (R?), we look for solutions

¥1(z, k) m'(z, k)e'*?

Wk \mik, ek
of Ly = 0, where kz denotes complex multiplication of k = k| + ikp by z = x| +
ixy. We assume that m!(z, k) — 1 and m%(z, k) — O for each k € C as |z] = oc.
Such unbounded solutions 1, ¥, are sometimes called complex geometric optics

(CGO) solutions and were introduced in scattering theory by Faddeev [20]. An easy
computation shows that

d=m' (2, k) = q(Im*(z, k),
(0. + ikym*(z, k) = q(2)m" (2, k). (2.19)
‘ }im (m'(z, k), m*(z, k)) = (1, 0).
Z|—=> o0

The system (2.19) is formally equivalent? to a system of integral equations:

2Convolution with (7z)~! (resp. (wz)~!) is a formal inverse to d (resp. d,). See Sect.4.1,
Eqs. (4.7) and (4.8) and the accompanying discussion and references.
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ml(z,k)=1+i/ ;q(w)m2(w,k)dw
TJciI—w
X - (2.20)
m (k) = / k&= W TR . k) dw
T Jc
where

er(z) = el ketkD), 2.21)

For g € .#(R?), m' and m? admit large-z expansions of the form

ai(k
ml(z,k)~1+z#,
>t

m ) ~ e ) 0 L,
4

izl

The scattering transform Sq of ¢ € .#(R?) is —ibj(k). From the integral
equations (2.20) we can see that

(Sq) ) =~ = [C e (q@m' . k) dz. (2.22)

This map is a perturbation of the antilinear ‘Fourier transform’

(Faq) = —L/ ex(2)q(z) dz
7 Je

which satisfies F, o F, = I. We will see that, remarkably, the same holds for S. The
scattering transform S linearizes the DSII equation (2.17) in the following sense: if
q(z, 1) solves (2.17) and g ( -, ) € S(R?) for each 7, then

. -2
S, 0k = FEFISGo)) (k).
Thus, a putative solution by inverse scattering is given by
a0 =8 (HOHO (Sq0) 0) (2. (2.23)

To implement the solution formula (2.23), we compute the scattering transform
s(k) = S(qo) (k) and, for each ¢, solve the system
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. =2
den! (2, k, 1) = s EHO 2 (2 k1)

(2.24)
O +i2)n2(2, k, 1) = s(Oe 2 EH 1 (2 & ).
The solution ¢ (z, t) is given by
q(z,t) = —if ¢"skyn' (z, k, 1) dk. (2.25)
T Jc

where

kz +kz

okiz,1) =2 <k2 +E2) -

The results of Beals-Coifman, Fokas-Ablowitz, and Sung imply the following
analogue of Theorem 2.4.

Theorem 2.8 Suppose that qo € S(R?). Then Sqo € S(R?). Moreover, the
system (2.24) has a unique solution for each (z,t), and (2.25) defines a classical
solution of the Cauchy problem 2.17.

Nachman et al. [36] proved the following remarkable result on the scattering
transform S. Recall that the Hardy-Littlewood maximal function of f € L?(R"),
1 < p < o0, is given by

1
M dy,
M) = fgng( i B(x’r)lf(y)l y

where B(x,r) denotes the ball of radius » about x € R”" and |A| denotes the
Lebesgue measure of the measurable set A C R". For g € L2(R?), set

1
qk) = / ex(2)q(z) dz.

Theorem 2.9 ([36]) The scattering transform S extends to a diffeomorphism from
L2(R?) onto itself with S o S = I. Moreover, the following estimates hold:

() ||S‘I||L2(]R2) = ||61||L2(R2)
(i) 1(S@) B < C(llgl2) IMGK)|

Theorem 2.9 considerably extends earlier work of Brown [11] and Perry [38],
who considered the scattering map respectively for small data in L*(R?) and data
in a weighted space H''!(R?) analogous to the space H'!(R) for the NLS. It also
illuminates other work of Astala et al. [4] and Brown et al. [12] on the Fourier-like
mapping properties of S. The maximal function estimate is particularly important
for the analysis of scattering since it implies that the solution of DSII by inverse
scattering is bounded pointwise by a maximal function for the solution of the linear
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problem. This means, for example, that Strichartz-type estimates for the linear
problem imply Strichartz-type estimates for the nonlinear problem.

As a consequence of Theorems 2.8 and 2.9, Nachman, Regev, and Tataru obtain a
complete characterization of the dynamics for DSII. Denote by U (¢) the (nonlinear)
solution operator for (2.17), and by V () the solution operator for the linearization
of 2.17)atg =0, i.e.,

v[+2(8§+8§)v:01 (2.26)
v(z,0) = vo(2).

Theorem 2.10 ([36]) The Cauchy problem for (2.17) is globally well-posed in
L?(R?) with

gDl 2wy = g Ol L2(r2)

for all t. Moreover, all solutions scatter in the sense that, for any qo € L*(R?), there
is a function vo € L*(R?) so that

lim [|U(t)go — V(t)v =0.
im U (1)g0 — VOvoll 2
The function vy is given by
vo = FaSqo-
Note that the scattering is frivial because the t — —oo (past) and t — 400
(future) asymptotes are the same.
Perry [38] obtained pointwise asymptotics under somewhat more restrictive

conditions on the initial data. Let

HY @Y =g € LP®) : Va,| - la() € LA®RY)]. 2.27)
Theorem 2.11 Suppose that gy € L' (R>)NH1(R?) and that (Sqo) (0) # 0. Then

qx,1) ~v(z, 1) +o (t—l)

where v(z, t) solves the linearized equation (2.26) with initial data vo = F;,5qo.

Exercises for Sect. 2 In the following exercises, the Fourier transforms F and F~!
are defined by

(Ff)E) = / e f(x) dx (2.28)
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1 .
(F o) =5 [ eewras. 229
2
Exercise 2.1 Show that, with the conventions (2.28) and (2.29),

F(f*8)E) = (Ff)E)(Fg) ().

Exercise 2.2 Suppose that f(x) = ¢=*" for some z with Re z > 0. Show that

(Ff)¢E) = \/gefz/“z.
/00 e dx = \/E
o0 z

and made a contour shift in the integration.

Use the formula

. . . . . . Iy
Exercise 2.3 The distribution inverse Fourier transform of 6" may be computed
as

F! (eiitsz) = lim F! (eiit€267652> .

e—0t
Using the result of Exercise 2.2, show that

. 1 L5
F-1 <eins2) _ o Tix?/(40)
N Famit

where we take the principal branch of the square root function.

Exercise 2.4 Use the result of Exercise 2.3 and the convolution theorem from
Exercise 2.1 to show from the solution formula (2.2) that

1
(x,1) =
1 Jamit

0 2
[ AP0 g () iy
—0oQ

for gg € L (R).

Exercise 2.5 Suppose that ¢ is a twice continuously differentiable, N x N matrix-
valued solution to the system

x =AM, DY
wl = B(.X, t)l/f
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where A(x,t) and B(x,t) are continuously differentiable N x N matrix-valued
functions of x, t. Suppose further that det ¢ (x, #) # O for all (x, 7). Show that

A, — B, +[A,B]=0.
Hint: cross-differentiate the equations and use the equality v, = v, (Clairaut’s

Theorem).

Exercise 2.6 A fundamental solution of (2.5) is a twice-differentiable 2 x 2 matrix-
valued solution ¥ (x, t) with dety(x,t) # O for all (x, 7). Using the result of
Exercise 2.5, show that if (2.5) admits a fundamental solution for a given smooth
function g (x, t), then g(x, t) solves (2.4).

Exercise 2.7 Let £ be the operator (2.6). Show that, for any smooth, compactly
supported, 2 x 2 matrix-valued functions ¥ (x) and ¢(x), the identity (¥, Lo) =
(LY, ¢) holds, where the inner product is defined by

W ¢) = /R Tr (§* ()6 () dx.

Exercise 2.8 Consider the alternative Lax representation (from the original paper
of Zakharov and Shabat [46])

()
g —idy

B:<2i8§—i|q|2 dx + 240, )
Gx + 290, —2id2 +i|q|?

Show that (2.4) is equivalent to the operator identity
L=[B, L]
Remark The operator L is formally self-adjoint and B is formally skew-adjoint.

This structure corresponds to the Lax representation for KdV.

Exercise 2.9 Suppose given a family of smooth solutions v¥1(z, k, 1), ¥2(z, k, t)
of (4.3)—(4.4), indexed by k € C, so that’

(@) limygoo e R Yy (2,0, k) = 1,
(i) limg— oo e~ K+K o (2. 1, k) = 0,
(>iii) for each (7, z), ¥2(z, k, t) # O for at least one k.

3These conditions are motivated by what one can actually prove about the solutions m!(z, k, t) =
) . 2
e*lk«ﬂ’lk t‘/’l (z, k, 1) and mZ(Z, kt)=e ikz+ik rmZ(Z, k,1)!
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Cross-differentiate the first equations of (4.3) and (4.4) and equate mixed partials to
show that

—2ie(q0:9) Y1 + (G —igq) Y2 =

1 1
2i (286—1an +ieqd.q + Ez%zg) Y1 4 2i (afq +d2q + zgq;) Yo (2.30)
Conclude that the compatibility condition (2.17) holds. To be really thorough (!),
you should check that cross-differentiating the second equations of (4.3)—(4.4) gives
the same relation.

Hint: Use both equations (4.3) to eliminate z-derivatives of | and z-derivatives of
Y. Expressions involving ‘irreducible’ derivatives such as 9,1y and dzy should
cancel, leading to (2.30). Then use the asymptotic conditions to argue that the
coefficients of y; and v, must both be zero.

3 The Defocussing Cubic Nonlinear Schriodinger Equation

This lecture largely follows the analysis of Deift-Zhou [17, esp. §3] with a few
inessential changes. We will analyze the direct and inverse scattering maps for
NLS and, for completeness, give a proof of Beals-Coifman’s result that the solution
formula via inverse scattering generates a classical solution of the defocussing NLS
equation (2.4) if g9 € S (R).

We will solve the NLS equation in the sense that we find a solution of the integral
equation

t
q(1) = "%q0 — i /0 % (2g()Pq(s)) ds (3.1)

on H'(R), where /2 is the solution operator (2.3) for the linear Schrodinger
equation. Here

H'(R) = {u cL*R):u e L2(R)} . (3.2)

Although (3.1) can be solved in much weaker spaces (see, for example [34] or [42,
Chapter 3]), the space H'(R) will serve our purpose of showing that the inverse
scattering method produces a continuous solution map on H'!(R). The following
lemma shows that, to show that (2.14) solves (3.1), it suffices to show that (2.14)
produces a classical solution of (2.4) for initial data in .7 (R).

Lemma 3.1 Let gy € H'(R) and suppose that {q,} is a sequence from ./ (R) with
lgn — qoll g1 — 0 asn — oo. Suppose that g, (z, t) solves (3.1) with initial data g,
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and that q,(z, 1) — q(z, t) in the sense that sup,c 1y llgn (-, 1) —q (-, D)llg1r = 0
asn — 00. Then q(z, t) solves (3.1) with initial data qo.

We leave the proof as Exercise 3.6.

3.1 The Direct Scattering Map

In this subsection we’ll construct the direct scattering map by studying solutions
W of the problem £y = Ayr. Here £ is the ZS-AKNS operator (2.6), ¥ is 2 x 2
matrix-valued, A € R, and W satisfy the asymptotic conditions

lim WE(x, M) =1
x—Fo0

It is well-known that the Jost solutions exist and are unique for ¢ € L!(R), and that
det W*(x, ) = 1.

We begin with some reductions. A straightforward computation shows that for
any z € C, the solution space of Ly = zy is invariant under the mapping

Y(x,2) = Ulw(x,Z)af‘, = (? (1)) (3.3)

(Exercise 3.13). From this symmetry and the uniqueness of Jost solutions, it follows
that the matrix-valued Jost solutions take the form

(3.4)

W(x,2) = (q’ll(x» A) o (x, K))

Wor(x, A) Wip(x, A)

and that the matrix 7 (A) defined in (2.8) takes the form (2.9). From the relation
la()|? — |b(A)|? = 1 it follows that |a(1)| > 1, and that

r(x) = —b(M)/a(r)

is a well-defined function with |r(1)| < 1. We will prove:

Theorem 3.2 The map q + r is locally Lipschitz continuous from H“'(R) to
1,1
H; [R).

The approach we’ll take here is inspired by the analysis of the scattering
transform by Muscalu et al. in [35], which also contains an interesting discussion of
the Fourier-like mapping properties of the scattering transform. In order to obtain
effective formulas for the scattering data a(A) and b()), we make the change of
variables

Ut (x, 1) = e MBN(x, A). (3.5)
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It follows from the equation L% = AW that

d _ 0 eZiqu(x)
EN(X, )L) = (e_ZiAxm 0 ) N(.X, )L)

(3.6)
im NG =1
while, by (2.8),
lim N(x.2) = T(). (3.7)

By the symmetry (3.4), we have

(Nu (x, A) Nai(x, A))
N, A) =

Ny (x, A) Nip(x, A)

so it suffices to construct Ni; and N;1. Equation (3.6) is equivalent to the integral
equation

_ > 0 Mgy
N(x,/\)_ﬂ—/x <e—2'*ym X )N(y,)\)dy

which has a convergent Volterra series solution for ¢ € L!'(R). Indeed, setting

Nii(x,A) =a(x,r), Noi(x,A) =b(x,A),

we have
o0
a(, ) =1+ Aon(x, 1), (3.8)
n=1
oo
b(x,h) == Az (x, 2). (3.9)
n=0
Here

Ap(x,)) = / 0,01, ...,yn)ez““ﬁ”(y) dy, ...dy;
X<YI<Y2<...<Yn

where
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1= a(2j-1g (32)), n=12m,
Qn()’l, B yn) =
qOD 1721 ¢(2Dg(2j+1), n=2m+1

and (with the convention that ¢y = 0)

m
Do (Y1s - -5 Yom) = Z V2j— 1-)’2,

GO2m+1 (V15 -+ o5 Yomt+1) = =1 + G2 (¥2, - .., Y2ms1)
== (Y1, -, Yom) — Yom+1

The bound

gl
n!

/ QD dyndyn—1 ... dy1 <
Y1<Y2...<¥n

shows that the Volterra series converge uniformly in x € R and ¢ in bounded
subsets of L1 (R). By (3.7) and dominated convergence, we obtain the following
representations of the maps g + a and g + b:

o
a() =1+ Au(h) (3.10)

n=1

o0
b)) ==Y Apmi1(R) (3.11)
where
A0 =/ On(¥1s ooy )X dy, dyy. (3.12)
V1<y2<...<¥n

From this representation we obtain an L' — L% mapping property of the
scattering transform.

Proposition 3.3 The map q +> r is locally Lipschitz continuous from L'(R) to
L*®(R).

Proof 1Tt suffices to show that ¢ — a and g +— b are locally Lipschitz continuous. If
s0, this continuity and the lower bound |a(A)| > 1 imply local Lipschitz continuity
of g — r.If M, : (L'(R))* — L*(R) is a multilinear map and

F.(q)=M,(q,...q.9,...9)
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with m entries of ¢ and n — m entries of g, then

m
Fn(‘]l)_Fn(q2)=ZMn(92,~'-7q2,q1 _q275q17"'q17q_1""q_])
j=1 )

jthentry
n
+ Z Mn(q27"‘9q27ﬁ""7ﬁ’ql_qzva""ya)
j=m+1
J=m+ Jjth entry

so that, setting
y =max (llgillp1, g2l 1),
we have
1Fa(q1) = Fa(@)ll oo < IMull 1y oo ny" g — g2l

Thus, referring to (3.12), we have

L
140 (i 1) = Anhi @)l < gy Mg — g2l

We conclude that

la(-:q1) —a(-, gL~ < e llg1 — g2l 11

16C-5q1) —b(-, g2l

NN

e’ g1 — g2l -

O

Remark 3.4 From the above analysis, it is easy to see that the Fréchét derivative of
R at g = 0 is the “antilinear Fourier transform”

(Faq) V) = — / e g (x) dx.

With a bit more work, we can prove:

Proposition 3.5 The map q + r is locally Lipschitz continuous from L'(R) N
L2(R) into L*(R).

Proof In what follows we use the fact that

||f||L2(R) = sup
peCi®(R)

ffﬂ(?»)f(?»)d?»’-
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It follows from (3.12) and the trivial inequalities
[ 86216000201 vz <l il

/ 8@ ())a )] dyan < lolla 112

that

||An||L2(]R) < ||CI||L2 .

(n—1)!

Thus the power series representations for a — 1 and b converge for X = L'(R) N
L*(R), Y = L2(R), showing that ¢ +— a and ¢ — b are locally Lipschitz
continuous as maps from L' (R) N L?(R) into L?(R). It now follows that g > r has
the same continuity. O

As in the theory of the Fourier transform, additional smoothness of g implies
additional decay of r.

Proposition 3.6 The map g —> r is locally Lipschitz continuous from H'(R) to
HOL(R).

Proof Tt suffices to exhibit an L2-convergent power series for Ab(1). We will
assume for the moment that ¢ € . (R) and begin with the formula

M) =Y hAy1 ().

n=1
Using the integration by parts identity
o0
/ q (@) Qir)eXH w2+ g7 —
y

2n—2

o0

—_— o0
[‘1 (Z)ezﬁ(*¢2n72(y)+z)] _ / q/(z)62i1(7¢2n,2(y)+z) dz
Y2n—-2

Y2n—2
we conclude that
x
=/
[ r00a0rdn= [ 0007 Gydi+ Y (Bans + 1),
n=2

where, forn > 2,
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[1120—1] <
2n—2
/ [T a0 ) 18@2—30D a0z dyzas ... dy:
V1<-..<Y2n-2 k=1
and
|Lon—1| <
2n—2
/ [T1a)!) 18@2n-1G0)11g G20l dyza-i ... 1.
Y1 <...<Y2n—1 k=1
It follows that
|112n-1] < _ g 11257 gl oo llgll 2 Nl 2
’ 2n — 3)! L
1 =2 | s
| Bn-t] < =57 141757 2 Nl
Taking suprema over ¢ with [|¢];2 = 1 and recalling that ||gll;ec S gl gt

(Exercise 3.2), we recover the estimate

o0

1 _

ICBCH 2 < Dgligro + Y —=———llgh®7> (llgl .t + lgliz2) gl o
—@en-3)

which is finite because |lg|l ;1 < |lgll 511 and the series

X 23
Z m = sinh(x)
— n .

converges for all x. The local Lipschitz continuity is proven by continuity of

multilinear functionals as in Proposition 3.3. O
Finally:

Proposition 3.7 The map q — r’ is locally Lipschitz continuous from H%'(R) to

L*(R).

Proof By the quotient rule and the lower bound on |a|, it suffices to show that the
map g — (a’, b') is locally Lipschitz continuous from H%!(R) to L>(R) x L*(R)
From (3.10)—(3.11) we have



182 P. A. Perry

e¢]

.da .
_la()\) = Z/ 2Q2n(y)¢2n(y)32“\¢2n(w dy
n=1 Y1<..<Y2n
ab o0
o = 2.)‘¢ n— ()
18/\()”) B Z/ 2Q0m—1(y)P2n—1(y)e iAon—1(y dy

n=1YY1<-<Vm-1

so integrating against ¢ € C;°(R) we obtain

3 > _
' / w—ad/\‘ <> / 1Q2n N 1622 ()] 1§20 ()] dy (3.13)
i<

A n=1 < <Y2n
00 2n
<Y [ w10 B dy
ne1 V1 <<y T
' [o3 dxl <y / 10201 19201 1§21 )] dy
I i1 Y V1< <ym-1
(3.14)
o0 2n—1
</ > 155110201 [8(@2a1 ()] dy
n=1 YIS <Y1 o

As before, we will bound the left-hand integrals in (3.13) and (3.14) by norms of ¢
times ||¢|[l ;2 and take the supremum over ¢ with [|@|/;2 = 1.

To bound the right-hand side of (3.13), first note that the integrand is symmetric
under interchange of (n — 1) pairs of indices (the pair containing y; is excluded), so
we may write

/a“d,\<
RS

00 1 2n j—1 2n
i / TTiaoo! | (viaopn | TT 19001 | @@amomiay
o = DEE e\ k=j+1

Using Young’s inequality || f * gll» < || fll; lgll, repeatedly beginning with the y,,
integration, we have

2n
_ 2n—j
”fz 1@ ON | [T la0ol ]| dyaa - dyjs < gl lell2
Ren—J .
k=it L2(dy))
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which is uniformly bounded for ¢ in bounded subsets of H%! since

so that

o0
2n—1
<> (n 1), gl o llg 17

=1

.

2n 21
(n— 1)'

WK

1

~.
I

converges for all x.

To bound the right hand side of (3.14), we first note that the n = 1 term is trivially
bounded by ||g || o1 l@ll 2. For n > 2, the integrand is symmetric under (n — 2)!
interchanges of pairs so we may estimate the remaining terms on the right-hand side
of (3.14) by

00 2n—1

112; (n —2)' Z / 1911 Q201 [@(d2n—1(¥)) | dy
Writing

/ 19i11Q20—1W [@(d2n—1(¥)|dy =
R2n—1

j—1 2n—1
f [TlaGol ] (xillgop) | TT a0l | @@ dy
R2n—1 .
k=1 k=j+1
we may use the estimate
2n—1
~ 2 1
fRz | IT laoo1n | @@2n-1G0)1dy <l gl
n—j— .
k=i L2(dy)

(which again follows by repeated applications of Young’s inequality) to conclude
that

H H ||q||Hlo+Z 2),||q||2"2||q||Ho».

The right-hand side is again bounded uniformly for g in a bounded subset of
HOY!(R) since the series
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i 2n—1 22
(n —2)!

n=2

converges for all x.

We have shown that da/dA and db/0A have convergent series representations.
We can use multilinearity of the terms as in the proof of Proposition 3.3 to obtain
local Lipschitz continuity. O

3.2 Beals-Coifman Solutions

Beals and Coifman [7] identified solutions of (2.11) which have piecewise analytic
continuations to C\ R and solve a Riemann-Hilbert problem determined completely
by the scattering data. It follows from the definition of M that two nonsingular
solutions M and M; of (2.11) are related by

M; (x, 1) = Ma(x, A)e i ¥h2dos 4 (3.15)

where A is a constant matrix and

o240 ab\_( a e*'b
cd e Zc d )

(see Exercises 3.7 and 3.12). We will use this fact repeatedly in what follows.

We now construct the Beals-Coifman solutions from solutions M* of (2.11) cor-
responding to the Jost solutions W*. By the factorization ¥ (x, 1) = M(x, A)e 143
and the symmetry (3.4), solutions of (2.11) normalized by either of the two
conditions lim,_, 1o, M(x, z) = I take the form

miy(x, &) may(x, A)
M(x, 1) = -
ma1(x, A) myp(x, A)
so we need only study m| := m11 and my = m»;. Moreover, it is clear from (2.11)
and (3.5) that
M(x, 1) = e P3N (x, 1)e! 3. (3.16)

Let Ut(x, 1) = M (x, A)e~ i3t follows from (3.16) that

mT(x, L) = mTl (x,A) =a(x, )

my(x,2) = md (x, 1) = ¥ b(x, 1)
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It follows from (3.8)—(3.9) that

o0
mten=1+Y [ 02 ()M gy (3.17)
1YX<V1<..<Yam
o0
miGe, ) =-Y f Qa1 (M E ) gy (3.18)
n=1 VX<V <..<Yau-1

Since the phase functions

G20 (¥) = P20 (Y1, - .., Y2u)

and

@2 (x,y) =2 (X, 1, ..., Y2u—1)

are nonpositive over their respective domains of integration, m;“ and m; continue
to analytic functions mT (x,z) and m;'( v, z) for Im z < 0 obeying the bounds

Im (x,2) — 1+ Im3 (x, 2)] < y4(x)e?*®

where
Y+(x) = / lg(¥)dy.

It follows that a (1) also has a bounded analytic continuation to the lower half-plane
which we denote by a(z). Using (3.17) and (3.18) with A replaced by z we can
deduce the large-x asymptotics

_ (mix D) a(z) [ m](x,2) 1
lim = , lim =
xX— —00 m;-(x’ Z) 0 xX— 00 m;(x, Z) 0
for each fixed z with Imz < O.

We can also use the Volterra series to analyze the large-z behavior of the
extensions m;“(x, z) and m;(x, z) for fixed x. Observe that

‘ 2izbm (y)‘ < e 2Im@¢2 ()

and

‘ eziz@zn(x,y)‘ < e 2Im@¢n ()
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An argument using the dominated convergence theorem together with the absolute
and uniform convergence of the Volterra series for m| and m; shows that

. <m;f(x, z)) ( 1 )
lim = 3.19)
oo \m3 (x, 2) 0

Iim a(z) =1
7—>00

and

where the limit is taken as |z] — oo in any proper subsector of the lower half-plane.
In a similar way, if ¥~ (x, 1) = M (x, A)e**%3_ we can use the Volterra series

oo
my@a) =1+ / Q20 (y)e* ) dy

] Y Yo <e.<yr<x

oo
Z/ Q21 (p)e™ P25 dy
—1 Y Y1 <o <yr<x

n=

my (x, A) =

and the fact that ¢»,(y) and ¢y, (x, y) are nonnegative on their respective domains
of integration to show that m | (x, A) and m, (x, 1) continue to analytic functions
my (x,z) and m; (x, z) for Imz > 0 with

Imy (x,2) — 1]+ |m5 (x, 2)| < y—(x)e?~™

where

y—(x) = [ g dy.

—00

We can deduce the asymptotics

~(x, Z ~(x, 1
lim (m‘ x Z)> = a(Z)>, Jim (m‘ (x Z’)> _ ( ) (3.20)
x=>+00 \ 13 (x, 2) 0 == \m>(x,2))  \0

It will be important to know that a(z) has no zeros in Imz < 0. It follows
from (2.8) that
WG, ) Wio(x, A)

a@) =| -
W (x, ) W, (x, A)
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so the same holds true for A replaced by z with Imz < 0 by analytic continuation.
Thus a(z) = 0 if and only if the columns are linearly dependent. Since (\If1+1, \Il;rl)
decay exponentially as x — +o00 and (¥ ,, ¥,,) decay exponentially as x — —o0,
it is easy to show that this condition leads to a square-integrable solution of Ly =
zy with imaginary eigenvalue z, which is forbidden by the self-adjointness of the
operator L in (2.6) (see Exercise 2.7). Hence a(z) has no zeros in Imz < 0.

‘We can now construct piecewise analytic solutions of (2.11), normalized so that
M’ (x, z) = [asx — 400 (the “r” is for “right-normalized”), by the formulas

my (x,z) mi(x,72) 1/a@) 0
M(x,2)=[ ' 2 ( . Imz>0 (3.21)
my (x,z) m{ (x,2) 0 1
(recall the first asymptotic relation of (3.20)) and
M (x,z) = oM’ (x,2)01, Imz <0 (3.22)

(recall (3.3)). The piecewise analytic function M" (x, z) admits boundary values
M/, (x,2)as£Imz — Oand Rez — A.

Since M. (x, 1) solve (3.6), it follows from (3.15) that there is a jump matrix
V., (1) with

M/, (x, 1) = M”(x, A)e 24V, (3).

To compute the jump matrix, first note that, from (2.8) and the definition of M*,

. A) b(h
M*(x, 1) = M~ (x, A)e¥*ados <a( ) )> (3.23)
b(L) a(h)
Write
fx) et g(x)
if

lim_|f(0) - g(x)| =0.

Since M*(x, A) — I as x — =00, it follows from (3.23) that

m(x, 1) a() m(x, 1) 1
mi(x, 0] ==\ b)) \mf@,n) =2 \o)
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my (x, 1) 1 my (x, 1) a(h)
mz_(x,)») x—>—00 \ () ’ mz_(x,)») x——+00 _eZix)»b()L) ’

From these asymptotic relations, (3.21) (for M”_), and (3.22) (for M, ), we conclude
that

; 1 —=b)/a(x
M (x.) ~ e—mxad@( m/a( ))

. 1 0
M:_(x,)n) ~ e—leadJ3 ( . ) ,
¥—=>=—00 —b)/a(r) 1
so that
L—r))? —r(d)
v =( ()2 —r( ))
r(A) 1
where
r() = —bM)/a(¥).

The Beals-Coifman solutions M’ (x, z) play a fundamental role in the inverse
problem. To describe their large-z asymptotic behavior, recall (cf. Remark 2.2) that
lim;_, o F(z) = A uniformly in proper subsectors of C \ R if

lim sup |F(z) —A|=0
R—o0 ‘Zl?R
arg(z)€(a, B)

for any proper subinterval («, 8) of (0, ) or (=, 27).

Theorem 3.8 (Right-Normalized Beals-Coifman Solutions) Suppose that q €
L'(R). For each z € C \ R, there exists a unique solution to the problem

d
EM = —izados(M) + Q1 (x)M,
lim M(x,z) =1, (3.24)
X—>+00

M(x, z) is bounded as x — —o0.



Inverse Scattering and Global Well-Posedness 189
The unique solution M" (x, z) has the asymptotic behavior

lim M"(x,2) =1

77— 00
as 7 — 00 in any proper subsector of the upper or lower half-planes. Moreover,

M’ (x, z) has continuous boundary values M/, as £Imz | 0 and Rez — 1 € R
that satisfy the jump relation

M/, (x, 1) = M”(x, M)e 8oy (y) (3.25)
where
1—rM? —r(x
v =( ()12 —r( )) 326
r(L) 1

andr(A\) = —b(A)/a(X). If ¢ € L' (R) N L2(R), then, for each x,
L(x, ) —Te L*(R). (3.27)
Finally, ifg € L'(R) N C(R),

q(x) = lim 2iz (M"),, (x,2) (3.28)

where the limit is taken as |z| — 00 in any proper subsector of the upper or lower
half-plane.

Proof We have already computed the jump relation; the claimed large-z asymptotic
behavior follows from (3.19) and the analogous statement for m; and m,. It
remains to show that the Beals-Coifman solutions are unique, to show that (3.27)
holds, and to prove the reconstruction formula (3.28).

To prove uniqueness, suppose that, for given z, M and M? solve (3.24). We’ll
assume that Im z < 0 since the proof for Imz > 0 is similar.

Since M and M? both solve (2.11), there is a constant matrix

apy a2
A=
azy a2z

" ain e *¥ap
M(x, z) = M*(x, 2) )

eH ¥y am

so that
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Since |e_2ixz| — 00 as x — +o0o while both M, M? — Tas x — +00, it follows
that a;p = 0. Since |e2ixz| — 00 as x — —oo while both M and M? are bounded,
we conclude that a1 = 0. Using the normalization at 400 again we conclude that
aj] = ax = land M = Mj.

The property (3.27) follows from the series representations for mf and mit and
an argument similar to the proof of Proposition 3.7.

Finally, we consider the reconstruction formula (3.32). We give the proof for
Im z > 0 since the proof for Imz < 0 is similar. First, note that

(M"), (x, 2) = m3 (x,2),
it suffices to show that
q(x) = lim 2izm (x,7).
7—>00

To see this we use the absolutely and uniformly convergent Volterra series represen-
tation (3.18), the fact that

0 —
lim 2iz / gNEFTE gy = g(x),
77— 00 x

and the fact that, for any n > 2,

>0

lim 2iz / Qan_1 ()X T =010 gy = 0
X<V1<...<Y2n-1

by dominated convergence. O

We can also construct “left” Beals-Coifman solutions normalized at —oo as
follows:

¢ mi(x,2) my (x,2)\ (1/a(z) 0
M ()C, Z) = - i Imz - 0
m3 (x,z) my (x,2) 0 1
and
M!(x, z) = o1M{(x, D)o, Imz > 0.

Theorem 3.9 (Left-Normalized Beals-Coifman Solutions) Suppose that q €
L'(R). For each z € C\ R, there exists a unique solution to the problem
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d
EM = —izados(M) + Q1 (x)M,

lim M(x,z) =1,
xX——00

M(x, z) is bounded as x — +o0.

The unique solution M*(x, z) has the asymptotic behavior
lim Mf(x,z) =1
7—>00
as 7 — o0 in any proper subsector of the upper or lower half-plane. Moreover,

M (x, 7) has continuous boundary values Mft onRas+Imz | OandRez — A €
R that satisfy the jump relation

M (x, 2) = M (x, e M adosyl(y) (3.29)
where
1 —F(N)
Vi) =< T ) (3.30)
FOO) 1 —[F)?

and ¥ (L) = —b(A) /a(}). If ¢ € L'(R) N L2(R), then, for each x,
M4 (x, 1) —T e L2 (R). (3.31)

Finally, ifg € L'(R) N C(R),
— lim 2i ¢
q(x) = zlggo 2iz (M )12 (x,2) (3.32)

where the limit is taken as |z| — 00 in any proper subsector of the upper or lower
half-plane.

We omit the proof.

The large-z asymptotics of M’ (x, z) (resp. M‘(x, 7)) together with the jump
relation (3.25) (resp. the jump relation (3.29)) define a Riemann-Hilbert problem.
We will see that, properly formulated, these Riemann-Hilbert problems have unique
solutions given the data r and F, offering a means of recovering ¢ from r and 7.

In fact, » uniquely determines 7, a, and b, so that the Riemann-Hilbert problem
for M’ can be conjugated to the Riemann-Hilbert problem for M. To see this,
consider the analytic function F on C \ R defined by
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1/a(z) Im(z) > 0,
F(z) = (3.33)
a(z) Im(z) < O.
From what has already been proved, F(z) is piecewise analytic in C\ R, F(z) — 1
as |z| — oo in any proper subsector of the upper or lower half-plane, and F(z) has
continuous boundary values F on the real axis with

Fr(l) = F-()A = [rW)»)

as follows from the definitions of F and r together with the relation (2.9). Taking
logarithms we see that

log Fy (1) — log F_ (%) = log (1 _ |r(,\)|2) .

Recall that, if f € H!(R), the function

W) = L ()

el B d¢ (3.34)

is the unique function on C \ R with W(z) — Oasz — ocoand Wy — W_ = f,
where Wy are the boundary Motivated by this fact, we set

o1
G(2) = exp (z—m/ — log (1 - |r(s)|2> ds).

Note that, for r € L® N L? with |7« < 1, we have

G(z) =1 +(’)(l)

Z

as z — o00. The function G satisfies the jump and boundary conditions and is
analytic in C \ R. Moreover, the function H(z) = F(z)/G(z) is analytic in the
same region, continuous across the real axis, and lim,_, . H(z) = 1. It follows from
Liouville’s theorem that F(z) = G(z), which shows that a is uniquely determined
by r. Since #() = r(A)a(r)/a(r) we see that r determines 7.

In what follows, it will be important to note that the boundary values Fi(A)
satisfy the identity

Fr(Q)F-() = a(n)/a(h)

as follows easily from the definition.
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One can also conjugate the Riemann-Hilbert problem for M” to that for M as
follows. Given a function M’ (x, z) solving the “right” Riemann-Hilbert problem
(i.e., the jump condition (3.25) and the normalization condition (3.27)), the function

Fi™" 0 )
M(x, z) = M'(x, z
(x,2) (x,2) ( 0 FQ)

is easily seen to solve the Riemann-Hilbert problem for M’ (ie., the jump
condition (3.29) and the normalization condition (3.31)) since the additional factor
doesn’t change the large-z asymptotic behavior of the solution, while the jump
matrices V" and V* are related by the identity V' = F_ V! F{.

3.3 The Inverse Scattering Map

To reconstruct ¢ we will solve the following Riemann-Hilbert problem (compare
RHP 2.1).

Riemann-Hilbert Problem 3.10 Given r € Hll’l(R) and x € R, find a function
M(x,z) : C\R — SL(2, C) so that:

(i) M(x, z) is analytic in C \ R for each x,

(i) M(x, z) has continuous boundary values My (x, 1) on R,
(iii) M*(x, A) —Lin L%(R), and
(iv) The jump relation

M, (x, &) = M_(x, M)e ¥ adoy(y)

(1 —r()? —r(x))
VA = .
r(\) 1

We will recover g (x) from

holds, where

q(x) = Zl_l)rgo 2iz (M) (x, 2).

Riemann-Hilbert problem 3.10 may usefully be thought of as an elliptic boundary
value problem (the analyticity condition means that 9M = 0 on C \ R). For
this reason one should be able to reformulate RHP 3.10 as a boundary integral
equation, much as the Dirichlet problem on bounded domain may be reduced to
a boundary integral equation. We now describe such a formulation, due to Beals and
Coifman [7].
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First, observe that the jump matrix V(1) admits a factorization of the form

Vo) = (I—w~ W)™ (I +wt )

where
(00 (0=
wm—CmJ,wm—Q 0)
so that
e—i)\xadmv()L) = (] — w;(k))_l ([ + w;_(k))
where

n B 0 0 _ B O_e—ZiAxm
wi = (o) wm =077, ).

Note that, if € H"'(R), then wy € L®(®R) N L>(R) with [|w*] _ < 1.
Next, introduce the unknown matrix-valued function

) =My (6, 2) (T+win) ™ =M@, 0 (T—wyo) ™
and observe that
M4 (x, A) = M_(x, &) = pu(x, A) (wi ) +wy ().
Recalling (3.34) and the asymptotic condition on M(x, z), we conclude that

+ -
M(x, z) L p(x,s) (wi () +wy ) "
2mi s —z

(3.35)

Using this representation, we can derive a boundary integral equation for the
unknown function w(x, 1) which, if solvable, uniquely determines M(x, z) from
the Cauchy integral formula. For f € H'(R), define the Cauchy projectors C4. by

T f(s)
CH) = 181&.1 il s oxio ds. (3.36)

The projectors C+ extend to isometries of L>(R) with C;, — C_ = I, the identity
operator on L2(IR). Moreover, C act in Fourier representation as multiplication by
the respective functions x(0,00) and —x(—0,0), Where x4 denotes the characteristic
function of the set A. Taking limits in (3.35) we recover

My (x,2) =1+ Cy (pwi + pwy).
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Since
M. = p (1 +wy)
and
Co(uwy) = pwf + C— (pwy)
we conclude that

w=1+4+Cy) (3.37)

where for a matrix-valued function # and w = (w4, w_)
Cw(h) = Cy(hw;) + C_(hwy). (3.38)

The integral operator C, is called the Beals-Coifinan integral operator, and
Eq. (3.37) is called the Beals-Coifinan integral equation. For r € L*(R) N L*(R),
the operator C,, is a bounded operator on matrix-valued L?%(R) functions; moreover,
since the Beals-Coifman solutions are expected to have boundary values M with
M. (x, -) — [ belonging to L?(R) (see Theorem 3.9), it is reasonable to impose the
condition u(x, -) — I € L*(R).

Proposition 3.11 Suppose that x € R and r € Hl1 ’I(R). There exists a unique
solution [ of the Beals-Coifman integral equation (3.37) with u(x, -) —1 € L>(R).
Moreover, u(x, -) —1 € HY(R) with

< l7 1l 1o
2 1= |rllpe

() e =12 (3.39)

where the implied constant depends only on x.

Proof Norm the matrix-valued functions on L?(RR) by
IFI7. = / (1P P + P2 + PG + [FnGoP) di

ie., ||F||i2 = f |F()L)|2d)L where |A| is the Frobenius norm on 2 x 2 matrices.

Since [|C ;2 ;2 = 1and |wE| . = 7]l 1. it follows that
”Cw”LZ_)LZ = ”r”Loo < 1.

Hence (I —C,,) ! exists as a bounded operator on L2(R). Setting ¥ = u—1I, (3.37)
becomes

1 = Cy (D) + Cop (%) (3.40)
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where C,,(I) € L? since r € L2. Hence
wh = —Cy) ' Cul (3.41)

and = I + uf. Any two solutions 1 and po with iy — I, pup — I € L? satisfy
(u1 — p2) = Cy (1 — p2) so that uy = po.

Next, we show that, for each x, u(x, -) — 1 € H 1 (R), following closely the
argument in [17, §3]. First suppose that r € C;°(R). In (3.40), the first right-hand
term is actually a smooth function since C+ preserve Sobolev spaces. An argument
with difference quotients shows that the derivative of u* with respect to A exists as
a vector in L? and

aut Iut
R _ i s o 342
o = Cawsail+ Cawjan” +Co ( o (3:42)

where

dwT dw
C h=Ci|h—= c_h—=).
dw/d) +< o >+ ( o )

To obtain an effective bound on 9%/ we first note that

< clrllgro

dwT
HiPy

L2

where ¢ depends linearly on x. Next, we recall that for any ¢ > 0,

Ifllpee Sef/ 2+ 1 N2

It now follows from (3.42) that

aut
8)» L2

e [ | o Irllgro +ce™ 1| 2 1Pl go + D17l oo

[ | 2 < e i oo N7 llgno + N7l

aut
oA

L2

For & with ce 4 ||r|| L < 1 we conclude that (3.39) holds if r € C§°(R).

To complete the argument, suppose » € H'*(R) and {r,} is a sequence from
C(C)’O(R) with r, — r in H'O(R). Let ,uE, correspond to r,. Using the second
resolvent formula, it is easy to see that (/ — Cwn)’1 — (I —Cy) 'as operators on

L? so that ug, — u?asn — oo. It is now easy to see that u* has a bounded weak
L? derivative obeying (3.39). O
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For subsequent use, we note a simple but very important consequence of the
proof of Proposition 3.11.

Proposition 3.12 (Vanishing Theorem for RHP 3.10) Suppose that r € H'"O(R)
with ||[r|lp«~ < 1 and x € R. Suppose that n(x,z) : C\R — SL(2, C) so that

(i) n(x, z) is analytic in C\ R,

(i1) n(x, z) has continuous boundary values ny (x, 1) on R,
(iii) ne(x, -) € L2(R),
(iv) The jump relation

ny(x,A) = n_(x, A)e Moy
holds, with V() as in RHP 3.10.
Thenn(x,z) = 0.
Proof Given such a function n(x, z), let
v, ) =006 ) (T+wfo)) ™ =m0 (T—wyo)) ™

Mimicking the arguments that lead to the Beals-Coifman integral equation we
conclude that

v =Cyv

which shows that v = 0 since ||Cy |2, ;2 < 1. It now follows from (3.35) with u
replaced by v that n(x, z) = 0. O

A piecewise analytic function n(x, z) satisfying (i)—(iv) above is called a null
vector for RHP 3.10. Proposition 3.12 asserts that RHP 3.10 has no nontrivial null
vectors.

Since the solution of RHP 3.10 is unique, any transformation of M that leaves
the solution space invariant is a symmetry of the solution. Since

a1 V(or = V)™,
it follows that the map
M(x, 2) = o1M(x, Z)oy
preserves the solution space. This symmetry implies that

w(x, ) =oyu(x, A)oy. (3.43)
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‘We now define
My(x,2) =p(x,2) (IT+wf(), Mo(x, ) =px, ) (I —w ().

The next proposition shows that M(x, z) are Beals-Coifman solutions for a potential
q determined by the asymptotics of M(x, z).

Proposition 3.13 Suppose thatr € H 11’ ! (R), denote by M(x, z) the unique solution
of RHP 3.10, and by M1 (x, A) the boundary values of M(x, 7). Then

%M(x, z) = —izados M) + Q1 (x)M(x, 2)

where

T

1 _
Qix) = o ad o3 </ w(x,s) (w;'(s) +w; (s))) ds (3.44)

takes the form

_( 0 g
Ql(x)—(m 0 )

Proof First, by differentiating the solution formula i — I = (I — C) ' and using
the fact that » € H®!(R), it is easy to see that (du/dx)(x, ) € L%(R). It follows
from the representation

Mi(x, ) — 1= Cx (u(x, ) (wi()+w; ()R

the same is true for M™ (x, A) — I. We will differentiate the jump relation for M and
use Proposition 3.12. From the jump relation for M1, we have

dM dM_ T
( y * 4 i?»ad03(M+)> = (d— + ixadog(M)> emrday Gy (3.45)
X X

where we used V = M~ 'M™ and the Leibniz rule for the derivation A — ad o3(A).
Using the identity

1
IMCLHR) = —7— / f$)ds +C((-)f(-)) Q) (3.46)

and the fact that » € H"1(R), we see that

irados(My) + Qi (x) € L*(R)
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where Q; is the bounded continuous function of x given by (3.44). We conclude
that

n(x,z) = %M(x, z) +irados(M(x, z2)) — Q1 (x)M(x, z)

is a null vector for RHP (3.10) for each x, hence identically zero by Proposition 3.12.
Finally, the diagonal components of Q; are zero since Qi lies in the range of
ado3(-), and (Qq)y; = (Q1);, owing to the symmetry (3.43). O

Tracing through the definitions we obtain the reconstruction formula

q(x) = —% f r()e 2 iy (x, s)ds (3.47)

which together with RHP 3.10 defines the inverse scattering map Z : r — q.

Remark 3.14 The Fréchét derivative of the map Z at r = 0 is clearly the map

q(x) = —l/e_zi“mdk.
T

This map is the inverse map for the Fréchét derivative of R (see Remark 3.4).

In the sequel, it will be important to know that

d
= ado3(n) + Qr(x)u. (3.48)

This is a simple consequence of Proposition 3.13 and the Leibniz rule for ad 03 (see
Exercise 3.14).

We’ll first show that ¢ € H'!'(R), and then show that the map r + ¢ is a
locally Lipschitz continuous map from H 1] )1 (R) to H-1(R). To aid the analysis,
note that (3.37) has 11 and 12 components

(e 2) = 1+ C (piatx, 9e¥Or () (1) (3.49)
pi2x, 2) = =Co (e, e () (3.50)

sothat 11 —1 € Ran C_. The following lemma [17, Lemma 3.4] will play a critical
role.

Lemma 3.15 Suppose that r € H"O(R). For any x > 0, the estimates

[Ce ORIl (145712,

L (3.51)

H C_ ¥y -)‘ < el gro (1+xH)~12

L2
hold.
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Proof By Plancherel’s theorem and the fact that C, acts in Fourier transform
representation as multiplication by x4 (§) == x(0,00)(§), We may estimate

w07

= HX+/7\(’ +X)HL2

S A+ X727 oo

where in the last step we used (1 + |x|*)'/>(1 + |& + x|[>)~1/2 < 1 for x > 0 and
& > 0. The other proof is similar. O

Using Lemma 3.15, we can obtain “one-sided” control over the inverse scattering
map.

Proposition 3.16 Suppose that r € Hll’l(R). Then q as defined by (3.47) belongs
to HYV(RY), and the map r — q is locally Lipschitz continuous from Hll’1 R) to
H(R).

Proof We write (3.47) as g(x) = go(x) + q1(x) where

1 - .
qo(x) = —— / r(s)e 2" ds
/4
and

1 .
q1(x) = —;/r(S)e_z’“ (u11(x,s) — 1) ds.

Clearly, g0 € H LI(R) with the correct continuity so it suffices to study gi(x).
From (3.49) we may write

1 - .
a1 == [ €4 (FE3eO) ) Gunn(as) ~ 1) ds
T

for x < 0, where we used the facts that u;; — 1 € Ran C_, that

[c-peie-senas=o
and that C; — C_ = I. From the solution formula (3.41) we have the estimate

Cyl .
lmii(x, ) — 1,2 < Culllz2 <1 4xH)12 171l 1.0
= lrlloo T= Il

where in the last step we used (3.51). By this estimate, Lemma 3.15, and the
Schwartz inequality, we conclude that for x > 0,
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1 l7 1l 1.0
1 +x2) I —7lleo

lg1 ()] < (

so that in particular ¢; € H>!(R™).
To show that q{ € L2, we differentiate and use (3.48) to conclude that

1 [ ..
g1(x) = —q(x) (;/r(S)e_z”"uzl(x,S)dS>. (3.52)

Since r € L2, po1(x, A) = wia(x, A), and pi2(x, -) € L? with bounds uniform in
x, we can bound the integral uniformly in x by the Schwartz inequality and conclude
that ¢ € L*(R™) as required.

To obtain the local Lipschitz continuity, first note that » > gq has the required
mapping properties, so it suffices to consider the map r +— ¢gj. To show that
r +— g is locally Lipschitz continuous into H%!(RT), it suffices, by estimates
already given, to show that r — (1 + XDV (ui(x, ) — 1) is locally Lipschitz
continuous. It follows from (3.49)—(3.50) that

nir =1—A,u1n
where

(Arh) () = € (Cy (@) (e (1)) (b)

Sincer e H 11’ ! (R), A,1 € L? and the operator A, is bounded from L? to itself with
norm ||r||gO < 1 so that w1 is given by the L? -convergent Neumann series

o0
pin—1=) AN

n=1

The map r +— A(1) takes the form F,(r,...,r,7,...,7) where F,

2n
(H II’I(R)> — L2(R) is a multilinear function obeying the bound

2n—1
IFaGry, . ra) 2y < (1 + [x[H 712 (1‘[ ||r,-||Loo> 172l 1.0 -

i=1

The required local Lipschitz continuity for ;11 — 1 now follows as in the proof of
Proposition 3.3.

To show that r + ¢ is locally Lipschitz from Hll’l(R) to H*1(R1), it suffices
by (3.52) to show that r — u21(x, -) is locally Lipschitz from H 11'1 (R) to L%(R)
with bounds uniform in x € R*. Since uy| = 112, we can use the continuity result
for @11 and (3.50) to obtain the necessary result. O
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The results obtained so far show that the map r + ¢ is locally Lipschitz from
Hll’l(]R) to H"!'(R*) and so gives “half” of the desired result. To obtain the full
local Lipschitz continuity result, first note that, by trivial modifications of the proofs,
we can show that r — ¢ is locally Lipschitz continuity from H 11 1 R) to H"1(c, 00)
for any ¢ € R. To finish the analysis, we consider the Riemann-Hilbert problem
satisfied by the “left” Beals-Coifman solutions from Theorem 3.9.

Riemann-Hilbert Problem 3.17 Given r € H"'(R) and x € R, find a function
M(x,z) : C\R — SL(2, C) so that:

(i) M(x, z) is analytic in C \ R for each x,

(i) M(x, z) has continuous boundary values M (x, 1) on R,
(iii) M*(x, ) — Lin L%(R), and
(iv) The jump relation

M, (x, 1) = M_(x, A)e *¥3doy(y)

1 —F)
(L)
) 1 —[F)|

The associated reconstruction formula is:

holds, where

G(x) = lim 2iz (M) (. 2). (3.53)

We can analyze RHP 3.17 in much the same way as RHP 3.10 and prove:

Proposition 3.18 Suppose that r € Hll ’I(R). Then the map 7 +— ¢ is locally
Lipschitz continuous from Hll’l(R) to HM1L(R).

Indeed, the same result holds true of H1(R™) is replaced by HU1((=00, ¢)).
Since the map r +— F is locally Lipschitz continuous, it remains only to prove that
g = ¢. To do so we recall that the respective solutions M (x, z) and M¢(x, z) of
RHP’s 3.10 and 3.17 are related by

F(z) O
M (x,2) = M’ (x,
(x,2) (x z)( 0 F(z)‘1>

where F(z) was defined in (3.33) and show to satisfy F(z) = 1+0O (1/z) as z — oo.
It follows that

. . ¢ T .
lim 2iz (M) (x,2) = lim 2iz (M), (x. 2)

—>0Q0
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so that

q(x) =q(x).

Propositions 3.16, and 3.18, and these observations prove:

Proposition 3.19 The map r +— q defined by RHP 3.17 and the reconstruction
formula (3.47) defines a locally Lipschitz continuous map from H 11 /1 [R) to HVL(R).

To finish the proof of Theorem 2.5, it remains to show that the maps R and Z are
one-to-one and mutual inverses.

Let » € H"!(R). By solving RHP 3.10 we construct the unique Beals-Coifman
solutions for the potential ¢ = Z(r). From the Riemann-Hilbert problem satisfied
by the solutions, we read off that ¢ has scattering transform R(g) = r, showing that
R o T is the identity map on Hll’1 (R).

Next, we claim that R is one-to-one. Suppose that gy, g» € H LI(R) and R(q1) =
R(g) =r. If MD (x, z) and M@ (x, z) are the respective Beals-Coifman solutions
for g1 and ¢», each satisfies RHP 3.10 and so the difference satisfies a homogeneous
RHP as in Proposition 3.12. It now follows from Proposition 3.12 that MD(x, z) =
M® (x, z). Since ¢ can be recovered from large-z asymptotics of M(x, z), it now
follows that g1 = ¢.

3.4 Solving NLS for Schwartz Class Initial Data

In this subsection we prove Theorem 2.4. We will use the complete integrability of
NLS in the following form: a smooth function g (x, ) solves NLS if and only the
overdetermined system (2.5) admits a 2 x 2 matrix-valued fundamental solution
W(x,t,2). Recall that a joint solution W(x,?,X) is a fundamental solution if
det W (x,t,X) > 0 for all (x, #). Given such a fundamental solution, one can cross-
differentiate the system (2.5) and equate coefficients of Wy; and Wy, to obtain (2.4).

We can also give a heuristic derivation of the evolution equations for the
scattering data a and b from (2.5), assuming that g(x, ) € .#(R) as a function
of x. Let ¥+ (x, t, 1) denote the Jost solution for g (x, ). For each ¢,

Ut(x,t,) ~ e Mo
X—>00

and ¥, (x, t, ) — 0 as x — +o00. On the other hand,

U, r,0) ~ e BT, 1),
X o

—

where 7'()) is given by (2.9) with a = a(Xx,t) and b = b(A,t). A joint solution
of (2.5) must take the form W(x,t,A) = W' (x,t, A)C(¢t) for a matrix-valued
function C(¢). From the second equation of (2.5) we obtain

(UH),C(t) +VTC' (1) = —2ir%030 7 C + 0(1) (3.54)
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where o(1) denotes terms that vanish as x — =00 for each fixed ¢t owing to the
decay of ¢ and its derivatives. Taking x — o0 in (3.54), we obtain C'(r) =

—2i2%03C(1) so that, normalizing to C(0) = I, we have C (1) = g2 o3t Taking
x — —o0 in (3.54), we obtain

T' (Ve M 3C (1) + T(W)e %3 (=2ir%03)C (1) = —2ir 203 T (L) C (1)
or
T'(h) = —2i2*ad 03T (1)
which implies that
ar, ) =0, b, t) =4ir>b().

We consider the solution M(z; x, t) of RHP 2.3 and the recovered potential

1 o, 2ith
q(x,t)=—; ro(s)e” """ i (s; x, 1) ds (3.55)

where rq is the scattering transform of the initial data gy and 6 is the phase
function (2.15). We denote by M (z; x, t) the boundary values of the solution to
RHP 2.3. Note that, by construction, det M4 (A; x, t) = 1 for all (A, x, ¢). To prove
that (3.55) solves the NLS equation, we will show that the functions

Wi(hix, 1) = Mi(A; x, 1) Gxt24ines

which again have determinant one, solve the overdetermined system (2.5).
To do this, it suffices to show that M4 solve

M, = (—irado3 + Q)M

(3.56)
M, = (—21')\2 ados + 21Q; + Qz) M

We will prove:

Theorem 3.20 Suppose that g9 € S (R), let r = R(q), let ML (A; x,t) be the
boundary values of the solution to RHP 2.3, and let q be given by (3.55). Then q is
a classical solution of the defocussing NLS equation (2.4) with q(x, 0) = qo(x).

Proof We have already shown that M solves the first of equations (3.56) in
Proposition 3.13 by differentiating RHP 3.17 with respect to the parameter x and
using Proposition 3.12, the vanishing theorem for RHP 3.17. We will show that the
second equation in (3.56) holds by differentiating the time-dependent RHP 2.3 with
respect to ¢ and using an analogous vanishing theorem.
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The jump matrix in RHP 2.3 may be written

; 1 — [ro(W)|? —ro(h)
V(A x, 1) = e—zt@admv(k)’ Vo) = ( [ro(A)] ro( ))

ro(A) 1

Differentiating the jump relation for M+ and using the Leibniz rule for ad o3( - ), we
obtain

3 3
(5 +2iA? ada3) M, (A x, 1) = <5 +2i2%ad 03) M_(x; x, H)V(A; x, 1)

We will show that dM /9t and 2iA?ado3(M+) — 2AQ M+ — QoM. are L2
boundary values of functions analytic in C \ R, so that

3
ne(h; x, 1) = <E +2ir%adoy — 20Q; — Q2> M.

satisfy the hypothesis of Proposition 3.12 for each ¢. It will then follow that the
functions Mt (4; x, t) satisfy the second of equations (3.56), showing that g (x, ¢) is
a classical solution of NLS. It follows from Theorem 2.5 that g(x, 0) = go(x), so
that g (x, t) satisfies the initial value problem.
It remains to show that 0M_./d¢ and 2i2%ad o3(My) — 20Q My — QaM.. have
the required properties. This is accomplished in Lemmas 3.21 and 3.22 below.
O

In what follows we will write hy € BC(LZ) for a pair of L? functions (h—, hy)
if i1 are the boundary values of a function / analytic in C \ R. In this language,
conditions (i)—(iii) of Proposition 3.12 state that ny € dC (LZ).

Lemma 3.21 Suppose that r € A1 (R) and let My (x, t, 1) be boundary values of
the unique solution of the RHP 2.3. Then dM../dt € C(L?).

Proof First we study o /0t where p solves the Beals-Coifman integral equation
u=T+Cy, 1 (3.57)
where
wff’t()n) — emitfadosy 5y
and
Cuy,h = C_ (hw!,) + C4 (hwy,).

Differentiating (3.57) we see that
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o o

e Cowy /00 (1) + (wa,,¥> ,

Since (I — Cy,,) is invertible, this equation can be solved to show that du/dt €
L*(R) provided the inhomogeneous term

c _c dwy iC Bw;,
/ot = Co | L0 o Gy

belongs to L? as a function of A. Since u.—I € L? it suffices to show that 8wil/8t €
LN L2 Since dwj, /3t = i0re'® and dwy ,/dt = —iOFe ™! and 0 is a quadratic
polynomial in X, this follows from the fact that r € . (R).

Since My — I = Cx (u(w), + wy ;) we have

M. o, _ ow,, dw],
| = + J J
ot = [ at (wes i) +u ( ot + at

It follows from the facts that /3¢t € L? and r € .7 (R) that the expression in
square brackets is an L? function. This shows that 9M.. /3¢ € dC (L?).

O

In the proof of the next lemma, we will make use of the following large-z
asymptotic expansion for the right-normalized Beals-Coifman solution for r €
1 (R). Since the Beals-Coifman solution solves the Riemann-Hilbert problem, we
have (compare (3.35))

M(z; x) =1+ L ! f(s;x)ds (3.58)
2mi s —z
where
flsix) = pis; x) (wy () + wl(s). (3.59)

Ifr € #(R) then, since u(-;x)—1 € L?(R) for each x, the asymptotic expansion

mj(x)
2l

M(z; x, 1) ~ T+ Z (3.60)

j=0
holds. Substituting (3.60) into the differential equation (3.24) we obtain the relations

i ado3(mo(x)) = Qq(x)
m';(x) = —iado3(mj41) + Qm(x), Jj=0
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One can compute the coefficients m; (x) by deriving using these relations together
with the boundary condition

lim m;(x) =0.
xX—>400

Given all coefficients up to m;_1, one first computes ad o3(m;) and then uses
ad o3(m ) to find the diagonal of m ;. We will only need the following identities:

i [* i
| lgds —~q(x)
2/00 2
mo(x) = * l. e , (3.61)
TN - 2
TSRS BTOIE
0 §q<x> 1q(s)* ds
—iadoz(mi(x)) = i 00 (3.62)
—54) g () ds 0
+00
0 —iq (x)
+ 2™
qu(x) 0

We can identify

mj(x) = —%/sjilf(s;x)ds,

where f is given by (3.59), using Eq. (3.58). In the application, u, w+, f, m; and
fj also depend parametrically on ¢.

Lemma 3.22 Fixr € /1 (R), and let My (x, t, 1) be boundary values of the unique
solution to RHP 2.3. Then

2ix*ado3(My) — 20Q: My — QoMy € dC(L?).

Proof In what follows we write fi = g+ if f+ — g+ € dC(L?). In this notation,
we seek to prove that

2i2% ado3(My) = 2AQ M4 + QoM.



208 P. A. Perry

We compute
2ir%ado3(My) = 2i2%ad oz (My — D)
— ad o (mzci f)

where f is given by (3.59) (but now u and wxi also depend on ¢). Using the identity

A2 (Cih) (M) = Cy (( 2h( )) () — % / h(s)ds — 21; / sh(s)ds  (3.63)
and identifying m j (x) with the moments of f, we conclude that
A2Cof = amo(x, 1) +mi(x, 1)
so that

2i2%ad o3(My) = 2101 + 2i ad o3 (m'D) (3.64)
=2001M1 +2001(I1— M) +2iado3(m)My

where we used the facts that I — My = 0 and that Q; is a bounded function of x.
We compute the second right-hand term in (3.64):

2,01 T —-Myz) =-20,AC+f (3.65)
= -201my

* 2
ilgP iq/ ql

= .X OO
—zﬁ/ g ilgl?
o0

X
—ilq? iqf lq]?
= X 0 M:I:
—iaf lgl*  ilgl?
[o/0]

Combining (3.62), (3.64), and (3.65), we conclude that
2i2% ado3(My) = 24Q My + QoM.

as claimed. |
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Exercises for Sect. 3

Exercise 3.1 Show that if f € H>!(R), then f € L”(R) for 1 < p < 2 with

(2—p)/2p
£, < ( / (14 x2)~P/C=p) dx) 1L 1l 0. -

Exercise 3.2 Recall the space H'(R) defined in (3.2). Show that, if f € H!(R),
then f is bounded and Holder continuous with || flloo < ¢l fllg and | f(x) —
FO| < IIfllyt |x—y|'/?. Show also that H' (R) is an algebra, i.e.,if f, g € H'(R),
then fg € H'(R).

Exercise 3.3 Prove the identities (3.46) and (3.63). You can either use the definition
of C4 as a limit of Cauchy integrals or use their definition as Fourier multipliers.

Exercises 3.4-3.5 outline a proof of local well-posedness for NLS viewed as the
integral equation (3.1).

Exercise 3.4 Let X = C((0, T); H'(R)), the space of continuous H'(R)-valued
functions on (0, T). Fix g9 € H'(R) and define a mapping ® : X — X by

t
0@ ="qo =i [ 9 (21g0)Pg ) ds.
0
Using the result of Exercise 3.2, show that the estimates

2@y < lgollgt +2¢T lgl

2
I®(q1) — P(@)llx < 2¢*T (Ig1llx + lg2llx)” g1 — q2llx

hold, where c is the constant in the inequality of Exercise 3.2.

Exercise 3.5 The solution of (3.1) is a fixed point for the map ®(gq). For ¢ > 0,
denote by By the ball of radius « in X.

(i) Show that for [lgolly1 < /2 and 2¢*T < 1/(8a?) (i.e., T sufficiently small
depending on ||qoll 1), © maps By into itself.
(ii)) Show that, under the same conditions, ® is a contraction on By,.

Conclude that, for T sufficiently small, ® is a contraction on the ball of radius o
and so has a unique fixed point.

Exercise 3.6 Prove Lemma 3.1. Hints: Note that ¢/’2 is an isometry of H'(R). Use
the fact that H!(R) is an algebra (see Exercise 3.2) to conclude that |¢, (s)|*¢, (s) —
lg(s)?q(s) in H" uniformly in s € [0, T'], and take limits in (3.1).
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adon (@ b\ (0 2b
Ned) " \=2¢ 0
and conclude that A — ad 03(A) is a linear map on 2 x 2 matrices with eigenvalues
2,0, and —2. Find the eigenvectors and show that

b 2p
exp(t ad 03) (j d) = (e_%tc ed ) .

Exercise 3.7 Show that

Check that
exp(tado3)(A) = €' Ae %3, (3.66)
Exercise 3.8 Show that ad o3(-) obeys the Leibniz rule
ado3(AB) = ado3(A)B + Aado3(B)

and use this to verify (3.45).

Exercise 3.9 Prove Jacobi’s formula for differentiation of determinants:
@p,1(x) Pr2ax) ... Pppulx)

D 1(x) Po(x) ... Do u(x)

d n
. det ®(x) = Zdet : : :
X
i=1 D (x) DL,H(x) ... D, (x)

Dy 1(x) Pp2(x) ... Dy p(x)
Show that if we define the adjugate matrix of a nonsingular matrix A by
A(adj A) = det(A)]

(where I is the n x n identity matrix), then Jacobi’s formula may be written
d . do
—det®(x) =tr [ adj(P(x))—(x) ) .
dx dx

Exercise 3.10 Using Jacobi’s formula, show that if W(¢) is a differentiable, N x N
matrix-valued function and /() = B(¢)W(¢) for a traceless matrix B(¢), then
det W (¢) is independent of . Hint: recall that Tr(AB) = Tr(BA) for any n X n
matrices A, B.



Inverse Scattering and Global Well-Posedness 211

Exercise 3.11 Show that, if W and W, are 2 x 2 nonsingular matrix-valued
solutions of Ly = z1, then W, "w s independent of x.

Exercise 3.12 Using the result of Exercise 3.11, show that (3.15) holds for any two
nonsingular solutions M and M of (2.11) (see (3.66)).

Exercise 3.13 Show that the map ¥ — oW (x, )0, ! preserves the solution space
of Ly = zv.

Exercise 3.14 Using the fact that My satisfy (2.11) for z = A, show that the same
is true of w. You will need to use the Leibniz rule from Exercise 3.8 together with
the fact that (d/dx)w} = —iradoz(w)).

4 The Defocussing DS II Equation

In this lecture we will solve the defocussing Davey-Stewartson equation by inverse
scattering method. The original lecture in August 2017 was based on Perry’s
[38] earlier work, which solved the DS II equation for initial data in H LI(R2).
Subsequently, Nachman et al. [36] used the inverse scattering method to prove
global well-posedness in L2(R). In this lecture we will “compromise” by solving DS
IT in the space H ' (R?) but use some of the tools introduced in [36] to simplify the
proof. In particular, we will avoid entirely the resolvent expansions and multilinear
estimates which make the proof in [38] somewhat complicated.
The DS II equation is the nonlinear dispersive equation®

idg +2 (02 +02) g + (¢ +Bq =0,
bz + 420, (19I7) =0, “.D

q(z,0) = gqo(z)

where ¢ = +1 for the defocussing equation, and ¢ = —1 for the focusing equation,
and

1 . 1 .
0 =3 (05, +i0y,) 0, = 3 (0%, — i0x,) . 4.2)
We will describe the formal inverse scattering theory for either sign of ¢, but only
solve the defocussing case (¢ = +1) for initial data in H L1(R?). The DSII equation

is the compatibility condition for the following system of equations:

“We have rescaled ¢ to agree with the conventions of [36].
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{ Y1 = qyn
4.3)
0.9 = £q¥n
{&¢w= 200241 + 2i (3zq) — 2iqdzv + igyn w
B = —2i02y — 2ie (3.9) Y1 + 2ieqd. 1 — ig¥n '

Motivated by the Lax representation (4.3)—(4.4) for the defocussing (¢ = 1) DS
II equation and the formal inverse scattering theory of Sect. 4.3, we will establish
the existence of a scattering transform S : H11(R?) — H!1(R?) associated to the
linear system (4.3) which linearizes the defocussing DS II equation. Using (4.4), we
will see that if s(r) = Sq(¢) for a solution ¢(¢) of the defocussing DS II equation,
then s(¢) obeys the linear evolution equation

sk, 1) = 2i (K2 + KD)s(k, 1).

We will show that the scattering transform S satisfies S~! = S so that a putative
solution to the defocussing DS II equation is given by

qm@n=8&@ﬂy“f»@mcﬁ@) (4.5)

The mapping properties of S established in Sect.4.4 imply that giny(z,0) = qo
and that (¢, go) — qinv( -, t; go) is a continuous map from (=7, T) X H'1(R?) to
H"!(R?) for any T > 0, Lipschitz continuous in gg. We will then show that giny
solves the DS II equation for initial data gy € .%(R?) by constructing solutions of
the system (4.3)—(4.4), where g = giny, With prescribed asymptotic behavior. It will
follow from Exercise 2.9 that g,y solves the DS II equation for gy € . (]R2). The
Lipschitz continuity of S and local well-posedness theory for the DS II equation
then imply that g,y solves the integral equation form (4.24) of DS II for initial data
qo € H'L(R?).

To keep the exposition of reasonable length, we will take as given the results
of Beals-Coifman [8-10] and Sung [39-41] that the scattering transform S maps
(R?) into itself. Our emphasis is on the estimates that extend the map S to
H'"1(R?) which enable us to apply the formula (4.5) to initial data in this space. One
can use the techniques developed in these lectures to give a simpler proof Sung’s
results, but we will not carry this out here.

4.1 Preliminaries

As already outlined in the first lecture, both the direct and inverse scattering
transforms are defined via a system of 9 equations. In this subsection we collect
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some useful estimates on the solid Cauchy transform (see (4.7)), the Beurling
transform (see (4.19)), and other useful integral operators.

The Hardy-Littlewood-Sobolev inequality plays a fundamental role in the anal-
ysis of @ problems and also in the proof of dispersive estimates in the local
well-posedness theory for the DS II equation. For a proof, see for example [34,
Section 2.2]. A sharp constant for the Hardy-Littlewood-Sobolev inequality together
with an explicit maximizer is given in [33]; see [24] for a simplified proof of the
optimal inequality.

Theorem 4.1 (Hardy-Littlewood-Sobolev Inequality) Suppose that 0 < a < n,
1< p<gqg<oo and

Q| =
S| =

If f € LP(R"), the integral

(Lo f) (x) = / 7O)
|x yl”“

converges absolutely for a.e. x, and the estimate

e (s Snope 1 lLe (4.6)

holds.

The solid Cauchy transform is the integral operator
1 1 1
(aZ f) @=— [ — fw)dw 4.7)
) z—w

initially defined on C{°(R?) and extended by density to L”(R?) for p € (1,2)
by (4.9). Proofs of the following fundamental estimates may be found, for instance,
in [44, Chapter 1.6] or [5, section 4.3]. Some are exercises at the end of this section.
We leave the formulation of similar results for the conjugate solid Cauchy transform

()03
S @ = [ = fwdu (4.8)

to the reader.

1. Fractional integration and L™ estimates. Let p € (1, 2) and let p* be the Sobolev
conjugate exponent (p*)~! = p~! — 1/2 for n = 2. Then, as a consequence of
the Hardy-Littlewood-Sobolev inequality (4.6),

L So Il (4.9)
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On the other hand, an easy argument with Holder’s inequality (Exercise 4.3)
shows thatfor 1 < p <2 <r < o0,

af_lfHLoc Sar 1 lr@ynrr @) - (4.10)

2. Holder continuity and asymptotic behavior. If p € (2, 00), if p’ is the Holder
conjugate of p and if f € LP N L7, then 9_ ! f is continuous and

(=" 1) @ = (8" 1) @

Again assuming f € LP N LY,

1-2
Sp Iflpe e =2 727 @.11)

lim (agl f) (2) = 0.

|z]—>00

Next, we consider the model operator

S:f— " @qf) (4.12)

which occurs in the analysis of the scattering transform. An important consequence
of (4.9) is that for any ¢ € L? and any p > 2, the operator S is a bounded operator
from L7 to itself with operator bound

ISILe—rr Sp llglz2 (4.13)

so that kery » (I — ) is trivial for ||g|| ;2 sufficiently small.

The operator S is also a compact operator. Recall that a subset V of a metric space
is called precompact if the closure of V' is compact, and that a bounded operator A
on a Banach space X is compact if A maps bounded subsets of X into precompact
subsets of X. To prove that S is compact, we first discuss the Kolmogorov-Riesz
theorem that characterizes compact subsets of L”(R"). Our discussion draws on
[28, 29] which provides a very readable exposition of the history and proof of this
theorem.

Recall that a metric space (X, d) is said to be totally bounded if, for any ¢ > 0,
X admits a finite cover by ¢-balls. A metric space is compact if and only if it is
complete and totally bounded, and a subset of a metric space is precompact if and
only if it is totally bounded.

Theorem 4.2 (Kolmogorov-Riesz) A subset F of LP(R") is totally bounded if,
and only if:

(i) F is bounded,
(i) (uniform decay) For every & > 0 there is an R > 0 so that
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/ |fx)|Pdx < &P forall f € F,
|x|=R

and
(iii) (LP-equicontinuity) For every ¢ > 0 there is a § > 0 so that for every f € F
and every h € R" with |h| < §,

/ |f(x+h)— f()|? dx < €P.
R’l

Lemma 4.3 The operator S : LP(R?) — LP(R?) is compact for any g € L*(R?)
and any p > 2.

Proof We need to show that, for any p > 2 and any bounded subset B of L?(R?),
the set

{Sf:feB}
is totally bounded. Since S is a bounded operator by (4.13), (i) of Theorem 4.2 is

obvious. To prove (ii), let g denote the characteristic function of the set {x : |x| <
R}. Then

(I = xar) ) (Sf)(x) =

1 1
(1= xar)— / Ty RO + A =xrOMN g fdy  (4.14)

The first right-hand term of (4.14) is bounded by a constant times R%/p—1 Ifll e
where we used Holder’s inequality and the estimate

(1= xar)lx — I 'xr(») S RN

The second right-hand term is bounded by a constant times ||(1 — xz)qll;2 | fllzp-
This shows that (ii) holds.

Finally, to show (iii), let ¢ > 0 be given. By Exercise 4.12 we may write ¢ =
gn + g5 where g, is a smooth function of compact support and ||gs||;2 < . We may
write

1 1
(S = — / Ty (@n(¥) +qs() f(y)dy = (Sa f)(x) + (S5 ) (x)

and estimate || S5 fll;» Sp €l fllz» by (4.13). On the other hand, we may compute

1 1
(Suf) &+ 1) — (S ) () = / L L orma.
x+h—yx—y
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It follows from Young’s inequality that

IS +B) = SOl < |+ gl 11y
SR Ngnll e 1 e

Hence
ISHC +1) = SOOI Sp (26 + 10177 gl ) 1 F e

which implies the required bound. O

Next, we will discuss an estimate on fractional integrals due to Nachman, Regev,
and Tataru. Our Theorem 4.4 is a special case of [36, Theorem 2.3]; as we will
see, this estimate plays a critical role in the analysis of the scattering transform. We
will give a simple direct proof of Theorem 4.4 suggested by Adrian Nachman; in
Exercise 4.4, we outline a complete proof of [36, Theorem 2.3] by the same method.

To state the estimate and introduce some key ingredients of Nachman’s proof,
we first recall that the Hardy-Littlewood maximal function for a locally integrable
function f on R” is given by

1
M f(x) =sup (— [f I dy)

r>0 \IB(x,7)| B(x,r)

where B(x,r) is the ball of radius r about x € R", and |-| denotes Lebesgue
measure. The maximal function is a bounded sublinear operator from L? (R") to
itself for p € (1, oo] so that

IMSfllr Sp IflliLe . p e (1,00l (4.15)

In particular, if f € L? for p € (1, oo], then (M f)(x) is finite for almost every x.
Next, recall that an approximate identity is a family of nonnegative functions
K; € L'(R"), indexed by ¢ € (0, 00), with
O [Kidr=1

(i) |K;(x)| <7, and
(iii) |K,(x)| < At|x|~¢+D,

It is not difficult to see that the estimate

I(K¢* f) (0] S MF(x)

holds, where the implied constant is independent of . One example of an approxi-
mate identity is the Poisson kernel
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t

P =

where ¢, is chosen to normalize the integral of K; to 1.
The action of the Poisson kernel by convolution may be viewed as the action of
a Fourier multiplier with symbol ¢~/§!. That is, denoting by F the transform

(Ff)©) = / e £ (x) dx,
we have

FI(Px 1) =e Bl F(&). (4.16)

Denote by |D|~! the Fourier multiplier with symbol |£|~!. By the identity

o0
g =f 1€l gt
0

it follows that
o0
DIy = /0 (P % f) () dr.

We can now state and prove:

Theorem 4.4 ([36]) Suppose that p € (1,2] and f € L? (Rz). The estimate

1/2

(5" 1) ] £ Mren'? (MFO) *.17)

holds, where fdenotes the Fourier transform of f.

Proof (Suggested by Adrian Nachman) The Poisson kernel is an approximate
identity so by standard theory

[(P = ) ()] S Mf(x)

with the implied constant independent of ¢ > 0. We now write

R o0
|D|—1f<x)=/ (Pt*f><x)dt+if o518 e de
0 @2r) Jr
=I11(x)+ hL(x)

where in the second term we used (4.16). We may estimate
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()] S RMf(x)

1 ~
L) < f |E—|e*R'5' |F&)] dg

o0 . ) R
<Y 2fe—R2’2—21/_ |7 ®] d&
j=—00 21*1<|S|<21

S| X 2™ | Mo

j=—00

< RT'MF(0).

where we introduced a dyadic decomposition in the & variable. Thus
D17 (0| S RM @) + R M),

Optimizing in R, we obtain the desired bound (4.17). O

We will usually use this estimate in the form

(o5 et ) 0] S MFDY2 (MFh)' (4.18)

where
Y 1
Far = / () £ () dz

is the natural Fourier transform in this setting.

This estimate is of particular importance because it captures, in a quantitatively
precise way, the effect of the oscillatory factor e¢; on the behavior of the fractional
integral (In this context, see in particular Lemma 4.13 and the subsequent analysis
of the scattering transform in Sect. 4.4; in [36], see particularly section 4). It replaces
less precise estimates, based on integration by parts, that were used in [38] to capture
the behavior of solutions as a function of k.

The Beurling operator is defined on C§° (R?) as the principal value integral

SHHR) = 1 lim/ S, (4.19)

7T el0 Jz—wi>e (2 — w)?

and extends to bounded operator on L? (R?) for all p € (1, c0). It is an isometry on
L?. We define

Sf=S7. (4.20)
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The Beurling operator has the property that
S@:f) =0.f (4.21)

for functions f € Cg° (R?). By density this extends property to functions f €
wlp (R2) for p € (1, 00). For a full discussion, see for example, [5, Chapter 4].

4.2 Local Well-Posedness

Next, we review the local well-posedness theory for the DS II equation due to
Ghidaglia and Saut [26]. The results in this subsection hold for either sign of ¢.
We first recast (4.1) as an integral equation using the solution operator V (¢) for the
linear problem

9042 (af + 322) v=0 (4.22)
which is a linear dispersive equation. To formulate the integral equation, observe

that (4.1) may be reformulated as a nonlinear Schrédinger-type equation with
nonlocal nonlinearity:

idrq +2(8z2+822)q + 4e (S (|q|2> +§<|q|2)>q =0,

q(z,0) = qo(z)

(4.23)

where S is the Beurling operator (4.19) and S is the conjugate Beurling opera-
tor (4.20).

We will say that a function ¢ € C([0, T1, L2(R?)) N L*(R2 x [0, T1) solves the
Cauchy problem (4.1) if g solves the integral equation

! —_
q(1) = V(D)o + 4is fo Ve -9 [a6) (U +8UgP®) ] ds  @24)

as an integral equation in the space
X = C(0,T), L>*(R*) N L*R? x (0, T)). (4.25)

This integral equation is motivated by Duhamel’s formula (see Exercise 4.5) and
makes sense in this space because of the Strichartz estimates discussed below.
Ghidaglia and Saut [26, Theorem 2.1] prove:

Theorem 4.5 For any gy € L>(R?), there is a T* > 0 and a unique solution q(t)
10 (4.24) belonging to C((0, T*), LZ(R®*))NL*(R? x (0, T*)) with q(t) = ¢(0) and
lg@®llz2 = llgoll 2.
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Note that the proof of Theorem 4.5 is insensitive to the sign of &, but does not
guarantee global existence. This is to be expected since there are solutions of the
focussing (¢ = —1) DS II equation whose L?-mass concentrates to a point in finite
time [37].

The idea of the proof is to show that the mapping

t
() = V(1)qo +4is fo V(-9 [a6) (SUaP)6) +SUaP)®) | ds  @26)

is a contraction on the space X for some 7 > 0 depending on the initial data go.
One can reconstruct a complete proof by tracing through standard arguments used
to show that the L2-critical nonlinear Schrodinger equation

iuy + Au — |u|2u =0

in two space dimensions is locally well-posed (see for example the text of Ponce
and Linares [34, Section 5.1] or the original paper of Cazenave and Weissler [14]);
dispersive estimates for V (¢) are essentially the same as those for the unitary group
exp(itA), while the nonlinear term in (4.23) is “morally cubic” owing to the fact
that S preserves L? (R?) for any p € (1, 00). We will give an outline based on [34,
Section 5.1].

To carry out the proof of Theorem 4.5, we will need the following Strichartz
estimates on V (7).

Proposition 4.6 Let V (t) be the solution operator for the linear equation (4.22).
The following estimates hold.

VO£, S 1FI2 (“27)

H | ve-seds)  Siel (4.28)
—00 LZ’I Z,t

H | vosoar <iel (429)
—00 L2 .t

These estimates are consequences of the basic dispersive estimate

VO fligo St (4.30)

which follows from the representation of V (¢) f as a Fourier integral (Exercise 4.6).
One can prove (4.27)—(4.29) for V(¢) by mimicking the proof of the analogous
estimates for V (¢) replaced by e/’?, the solution semigroup for the Schrodinger
equation in two space dimensions, given in [34, Section 4.2]. The proofs are
essentially identical since exp(itA) and V(¢) both obey the basic dispersive
estimate (4.30). The reader is asked to prove (4.28) in Exercise 4.7.



Inverse Scattering and Global Well-Posedness 221

The first step in the proof of Theorem 4.5 is to show that the mapping (4.26)
preserves a ball in X. Suppose that ||g||x < «. Using the Strichartz estimate (4.29)
on the second right-hand term of (4.26) and the fact that V (¢) is unitary on L? on
the first right-hand term, we may estimate

Sl.lp ||¢(Q(f))||L2 S ”q()”LZ + T1/4 ”q”i4(R2X(0 T))
te(0,7) ’

< llgoll 2 + T
where in the first step we used (4.29) and then used Holder’s inequality in the
integration over f. Similarly, using (4.27) and (4.28) respectively on the first and

second right-hand terms of (4.26), we obtain an estimate of the same form for
1P (@)l 14 ®2x (0, 7)- Hence, for any g with [lgllx <,

1D(@llx S lgollp2 + T4,

Choosing a > [lqoll;2 and T'/* < «~2, we obtain that |®(g) [y < «/2. Note that
the ‘guaranteed’ time of existence decreases with the L norm of the initial data.
The next step is to show that ® is a contraction in the sense that

1
[P(g1) — P(g2)llx < 3 lg1 — g2l

for T sufficiently small. Using the Strichartz estimates and the multilinearity of the
map

(1,92, 43) = q1S (9293)

we have

I®(q1) — @)y S Te? llg1 — a2l

for any q1, g2 with ||g1]lx , lg2]lx < «. By shrinking T if necessary we can assure
that @ is a contraction, and hence (4.24) has a unique solution.

4.3 Complete Integrability

In this subsection we will sketch the formal inverse scattering theory for the DS II
equations, tacitly assuming that ¢( -, 1) € .#(R?) and that the scattering transform
s € .Z(R?), so that various asymptotic expansions make sense. Sung [39—41]
proved rigorously that the scattering transform ¢ +— s maps .7 (R?) to itself. It
follows from these mapping properties that the putative solution g,y defined by (4.5)
belongsto C((-T7,T); . (R?)) for any T > 0. These facts imply that the functions
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m'(z, t,k) and m%(z, t, k) which we will construct below are bounded smooth
functions with asymptotic expansions separately in z for fixed k or in k for fixed z.

Equation (4.1) is the compatibility condition for the following system of
equations for unknowns ¥ (z, ¢, k) and ¥ (z, ¢, k):

0=y = qyn (4.31a)
3. Y2 = eqyn (4.31Db)
Oy = 200291 + 2i(3zq) Y, — 2iqdz + ig (4.32a)
dn = =282y, — 2ie(3,q)Y + 2ieq0. Y — igyn (4.32b)

Cross-differentiating (4.31a) and (4.32a), assuming ({1, ¥7) is a joint solution and
that 11 and v, are linearly independent, one finds that the DSII equation

igi+2(02+02) g + (g +B)g =0
(4.33)
zg +4e0; (lal*) =0

emerges as a compatibility condition (see Exercise 2.9).

To define and implement the scattering transform, we’ll consider solutions
of (4.31a)—(4.31b) with asymptotics specified by a complex parameter k: we seek
solutions of the form?>

U1 = Crk, 1) m', Y = Co(k, 1)e'*om?
where for each fixed ¢ and &,
(m‘(z,k, t),mz(z,k,t)) ~ (1,0) as |z] — oo (4.34)
A calculation similar to the one carried out in Sect. 3.4 shows that
Cik, 1) = Ca(k, 1) = e 2K,

We outline the computation in Exercise 4.8. In the new variables, we find

dm' = gm? (4.35a)
(0, + ikym? = egm! (4.35b)

SWe follow the conventions of Nachman et al. [36] and denote the renormalized forms of Y and
V) respectively by m! and m?; the superscripts are not exponents!



Inverse Scattering and Global Well-Posedness 223

oym! = 2i (33 + 2ikaz) m' + 2i (d=q) m® — 2igozm® + igm! (4.35¢)
dym* = —2i02m* + 2ik*m* — 2ie (3,q) m' + 2ieq(d, + ikym' (4.35d)
—igm?

As we will show (see Lemma 4.19), for each fixed time ¢ and position z, the
solutions of (4.35a)—(4.35b) obeying the asymptotic condition (4.34) also obey the
dual equations

dem? = e_ysm! (4.36)
(m‘(z,k, 1), m*(z, k, r)) 5 (1,0) as [k| — oo.
where
ek(Z) — ei(kZ*FEZ)

and the scattering transform s(k, t) of g(z, t) is defined by
i
(@ k1) = e sk 1) + O (12172). (4.37)

Assuming that s(-,7) € & (R2) and that m! and m? are bounded, it follows
from (4.36) that m' and m? have large-k asymptotic expansions of the form (see
Exercise 4.2)

aj(z,1)
J

ml@ k) ~ 1+ =

jz1

mi ko~ Y BED

kJ
izl
for each fixed z, r. Substituting these expansions into (4.35a)—(4.35b) shows that
q(z,t) = —iefi(z, 1) (4.38)
(see Exercise 4.9).
Thus, to recover g(z,t), we need (i) an equation of motion for the scattering

transform s(k, ) and (ii) a way of reconstructing ml(z, k, 1) and m2(z, k, 1) from
the scattering transform s(k, 7).
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We can derive an equation of motion for s formally as follows. If we assume that
q(-,1) € S(R?), we expect m' and m? to have large-z (differentiable) asymptotic
expansions of the form

k,t _
mie ko~ 1+ 2 10 (12)
(4.39)

m*(z, k, 1) ~ e_k(z)b(k_’ 2 +0 (|z|—2)
Z

Note that, comparing the second equation of (4.39) with (4.37), we have b(k, t) =
is(k, t). Substituting these expansions into (4.35¢)—(4.35d) and taking |z| — oo, we
see that

atk, 1) =0, bk, 1) =2i (k2 +E2) bk, 1).

Thus, formally, the map g — (a, b) gives action-angle variables for the flow (4.33).
In particular, if g(z, t) solves the DSII equation, then the scattering data obeys the
linear evolution

. -2
sk, 1) = (k4 )s(k, 0).

It remains to show how ¢(z, t), the solution of the DSII equation, may be

recovered from s(k, ). Here we use the fact that m! and m?, now regarded also
as functions of time, obey the equations

dem! = ¢"Psm?
dom? = ¢"¥sm! (4.40)
m'(z, k) — 1,m*(z, k) — O as [k| > 00
where s(k) is the scattering transform of the initial data g (z, 0), and

B kz +kz

oz, k1) =2 (k2 + EZ) (4.41)
is a phase function formed from e_j and the evolution for s. We can then reconstruct
q(z, t) from the asymptotics of m2(z, k, 1) using (4.38).

The proof that g(z, t) so defined in fact solves (4.1) uses the Lax representa-
tion (4.35a)—(4.35d). In the case ¢ = 1, we will show that m!(z, k, t) and m2(z, k, 1)
defined by (4.40) generate a solution of the Lax equations (4.31a)—(4.32b) where
q (-, 1) is the scattering transform of s( -, ¢). It will then follow that ¢(z, t), defined
as S (s(-, 1)), solving the DSII equation.
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In what follows, we will study the scattering transform S in depth to obtain the
Lipschitz mapping property (Sect. 4.4). In order to prove the solution formula (2.23),
it suffices to check initial data gy € % (Rz). In Sect. 4.5, we use the Lax represen-
tation (4.3)—(4.4) to show that (2.23) does indeed generate a solution to (2.17).

4.4 The Scattering Map

We now define the scattering transform & : ¢ — s more precisely. Given ¢ €
H'1(R?) and k € C, one first solves the linear system

d=m'(z, k) = g()m*(z, k)
0, + ikym?(z, k) = q@ym" (z, k) (4.42)
m'(-, k) —1, m>(-, k) € L*(R?).

One then computes the scattering transform from the integral representation
i —
stk) = (Sq) (k) = - /2 er(z)q(@m' (z, k) dz. (4.43)
R

This definition accords with the definition (4.37) given by asymptotic expansion
of my(z,k,t) if g € & (R2) because one can compute the first term in the
large-z asymptotic expansion for m?(z, k, t) explicitly (Exercise 4.10; in keeping
with the emphasis of this section, t-dependence is suppressed). Note that, in this
normalization, S is an antilinear map. Its linearization at ¢ = 0 is an “antilinear
Fourier transform”

T = (Faf) () = -~ / (T @ de. (4.44)
T JR2

Itis easy to check, using standard Fourier theory, that 7, = F I defines an isometry
from L?(RR?) onto itself and a Lipschitz continuous map from H ! (R?) onto itself
(Exercise 4.11). Thus,

S0 0 = Fa) ) - = [ @ @@ (w' b~ 1) ¢z (445)

Equation (4.45) provides a useful way to understand the scattering transform:
it is a perturbation of the linear Fourier transform in which the integral transform
also depends on ¢. In [36], the authors exploit the fact that the second term may be
viewed as a pseudodifferential operator whose mapping properties can be controlled
by estimates on the ‘symbol’ a(x, &) = ml(é, x) — 1 (the reversal of arguments
(x, &) inm! is deliberate!).
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We will prove:

Theorem 4.7 The scattering transform S is a locally Lipschitz continuous map
from HVY(R?) onto itself. Moreover, S = S~

Proof We begin with a reduction. Suppose we can prove that ||Sq; — Sq2ll g1 <
llg1 — q2ll g1t for q1,q2 € Z(R?) with constants uniform in ¢, ¢ € .Z(R?)
having H"!(R?) norm bounded by a fixed constant, We can then extend the map S
by density to a nonlinear mapping on H ! (R?) with the same continuity properties.
Similarly, if S = S~! on .7 (R?), this identity extends by density to H'!(R?).
The claimed mapping properties of S for g1, q» € .Z(R?) are proved in
Propositions 4.14, 4.17, and 4.18 of what follows. The property S = S~! on . (R?)

is proved in Proposition 4.20. O

The proofs of Propositions 4.14, 4.17, 4.18, and 4.20 rest on a careful analysis of
the solutions to (4.42). Some of the results along the way are proved for ¢ € L>(R?)
or g € H!(R?). Although we follow the outline of [38], we use ideas of [36] at a
number of points to simplify the proofs.

4.4.1 Existence and Uniqueness of Solutions

First, we will show that (4.42) has a unique solution for each ¢ € H L1(R2) and
k € C. The following “vanishing theorem” for 3-problems is originally due to Vekua
[44], was used by Beals-Coifman [8], and was improved to the form stated here by
Brown and Uhlmann [13]. The short and elegant proof we give here is taken from
the paper of Nachman et al. [36, proof of Lemma 3.2].

Theorem 4.8 Suppose that a € L*>(R?), u € L?(R?) for some p > 2, and d-u =
au in distribution sense. Then u = 0.

Proof ([36]) Define

a(x), |x| <nand|a(x)| <n
an(x) =
0, otherwise

and a; = a — a,. We then have a = a,, + a; where a, € LP' N LP? for some
1 < p1 <2 < ppand ||ag|| ;2 is small for n large. Let

exp <—3zlanz> (@), u@#0
u

v(z) =
1, u(z) =0
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The function uv obeys
Oz(uv) = as(uv)

so that, choosing n large enough, we may conclude that uv = 0, by the remarks
following (4.12). On the other hand, v and v~! belong to L™ by (4.10). Hence,
u=0. m|

A short computation using the operator identity
(0; +ik) = e_rd e (4.46)
shows that the functions
mi(z, k) = m' (2, k) £ e_gm>(z, k) (4.47)
solve the system

d=mE (2, k) = te_rq(ImE(z, k),
(4.48)
me —1 e L*R?)

Proposition 4.9 There exists a unique solution of (4.42) for any k € C and q €
L?(R").

Proof We prove uniqueness first. Suppose that (m', m?) and (n!, n?) solve (4.42)
for g € L. We claim that m! = n! and m? = n?. Setting

wlzml—nl, w2=m2—n2,

we obtain a solution (w!, w?) of (4.42) with w'(-, k) and w?(-, k) in L*(R?), so
that the same is true of w4 under the change of variable (4.47). By Theorem 4.8,
w4+ =0, so (wl, wz) =0.

In order to prove existence of solutions to (4.42), it suffices to solve (4.48). To
this end, consider the equation

OFW + e_pUuwWw = —e_iu 4.49)

where one should think of w as m® — 1 and u as F¢. This equation is equivalent to
the integral equation

w—Tw = 8{1 (e—ru)
where

Tf=03"(exuf).
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The operator T is the composition of the operator S with complex conjugation (the
factor e_j can be absorbed into the definition of ¢ in (4.12)). Hence, by Lemma 4.3,
T is a compact operator. Since T is compact, (I — T') is a Fredholm operator.

We claim that, by Theorem 4.8, ker;4 (I — T) is trivial. If so, it follows from the
Fredholm alternative that (I — T)~! is a bounded operator on L* and that

w=( =17 (8 exw) (4.50)

solves (4.49). Suppose then that f € ker;+(I —T), i.e., Tf = f.Then f is a weak
solution of the equation 9z f = e_xq f and hence, by Theorem 4.8, f = 0. This
finishes the proof. O

We end this subsection with a resolvent estimate on (I — 7). This is one of the
key points where we use the smoothness of ¢ € H'-!(R?). Very different techniques
are used in [36, §3] to control the resolvent assuming only that g € Lz(Rz).

We will exploit the integration by parts formula

1/ 1e%fwww=—3£¥£LhL/—L%%MM%DWMw
b4 Z—w ik ik) z—w
4.51)

(see Exercise 4.13).
From this identity it follows that

1 — 1 —
(THz) = _iefk(Z)Q(Z)f(Z) + E/ e (w)dz(q fl(w)dw.  (4.52)

I—w

Using the estimate (4.9) and (4.52), we see that

1 _ —
Wﬂmiﬁﬂhﬂﬁ+wﬂﬁwwﬁ

so that

1
2
HTfUSWWMmHH@mUmm)
1
smowﬁwmm+mwywmﬁﬂmﬁwmo
! 2
S [ <||6]||L8 gl es + 10zq 2 gl 2 + ||q||L4) £

Since H'(R?) is continuously embedded in L? (R?) for all p > 2 (see Exer-
cise 4.15), it follows that
|~

1
< — ql? 4.53
piare ~ g Ml (4.53)
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From (4.53) and the identity (/ — T) = (I — T2~Y1 4+ T), we immediately
obtain the following large-k resolvent estimate.

Lemma 4.10 Fix R > 0. Thereisan N = N(R) so that for all k € C with |k| > N
and all g € HY(R?) with llgll g1 < R, the estimate || (I-17)"" HL4_>L4 < 2 holds.

To obtain uniform resolvent estimates (i.e., estimates valid for all k € C and ¢ in
a bounded subset of H':1(R?)), we now follow the ideas of [38]. Using a different
approach, Nachman, Regev, and Tataru obtain similarly uniform estimates for g in
a bounded subset of L2 (see [36, Section 3]).

In our case, Lemma 4.10 gives uniform control for ¢ in a bounded subset of
H'1(R?) and sufficiently large |k|. It remains to control the resolvent for (k, q)
with k in a bounded subset of C and ¢ in a bounded subset of 1 (R?).

Lemma 4.11 Let B be a bounded subset of H"'(R?) x C. Then

sup ”(1 — T)_1
(q.k)eB

L4—L*

Proof Write T as T (g, k) to show the dependence of the operator on ¢ € L*(R?)
and k € C. We prove the required estimate in two steps. First, we show that the

mapping
L*R*) x C>(q.k)— (I —T(q, k)" e BLY (4.54)

is continuous. Second, we show that if B is a bounded subset of H 1’1(]1%2) x C, then
B is a pre-compact subset in L%(R?) x C. Thus the resolvents {(I —T)~ " : (¢, k) €
B}, as the image of a pre-compact set under a continuous map, form a bounded
subset of B(L*).

First we consider continuity of the map (4.54). By the second resolvent formula,
it suffices to show that the map (q, k) — T (k, g) is continuous from L*R?>) x C
to B(L*). But

ITk,q) =T &K q")| a4 <|Thk.q) —TK ., q)| 4,4 (4.55)
+ HT(k/’ CI) - T(k/v CI/) ||L4—>L4
S ek —exdqlizz + g — 4| 2

where in the second step we used (4.13) (where g now includes the factor ¢;) and
the linearity of S in g. The continuity is immediate.

Pre-compactness of B as a subset of L%(R?) x C follows from the Kolmogorov-
Riesz Theorem and is left as Exercise 4.16. O

We can also prove Lipschitz continuity of the resolvent as a function of q.
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Lemma4.12 Fix R > 0 and q1,q> € H"'(R?) with ||| ;10 < R, i =1,2. Then

Liga SR gt —allz.

sup (1 = T(q1, k)™ = (1 = T(g2. k)"
keC

Proof This is a consequence of Lemma 4.11, the estimate (4.55), and the second
resolvent formula. O

4.4.2 Estimates on the Scattering Transform

In order to analyze the scattering transform, we need estimates on the regularity
in k and large-k behavior of the scattering solutions m'(z, k) and m2(z, k). In
essence, this entails understanding the joint (z, k) behavior of solutions to the model
equation (4.49).

In order to do this, we need (1) estimates on the resolvent (/ — 7))~} uniform in k
and (2) estimates on the joint (z, k) behavior of the function 9 ! (e—xq). In [38] both
of these steps were accomplished using the smoothness and decay of ¢ (i.e., using
g € H"1(R?)). In [36], the authors need only assume that g € L% they use ideas of
concentration compactness [25] to obtain the required control of the resolvent, and
use the fractional integral estimates from Theorem 4.4 to control 9_ ! (e—kq).

In these notes, we will take an intermediate route and borrow insights from
[36] to provide a cleaner and more concise proof of the main results in [38]. In
particular, by exploiting Theorem 4.4, we will avoid the multilinear estimates and
resolvent expansions used in [38]. A number of calculations below also exploit the
ideas behind [36, Theorem 2.3], a sharp L? boundedness theorem for non-smooth
pseudodifferential operators.

We begin with a mixed-L? estimate which actually holds for ¢ € L? (see [36,
Lemma 4.1]). The technique of proof is borrowed from [36, Lemma 4.1], with
our weaker resolvent estimate from Lemma 4.11 used instead of their stronger L?
estimate [36, Theorem 1.1].

Lemma 4.13 Suppose that g € H"'(R?) and that (M) (k) is finite. Let m" and
m? be the unique solutions of (4.42). Then

Hm1(~,k) —1

¥ Hmz(-,k)

L4 < C(llglyn) M) (4.56)

Moreover; the maps g — m' and g — m? are locally Lipschitz continuous as maps
from HVY(R?) to L4(R§ X Rlz).

Proof By the definition (4.47) of m4 and Eq. (4.48) obeyed by m4, it suffices to
prove the estimate

lwlle < C (lglg) (M) (k)'?

for solutions w of the model equation (4.49).
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From the solution formula (4.50), we estimate

lwis S | =)

A

1/2
< C (gl ) el 52 (M) ()
where we used Lemma 4.11 and the fractional integral estimate (4.18). This estimate

now implies (4.56).
An immediate consequence of (4.56) is the estimate

1/2
' =1 <C(lglg) gl @57

2
+ Hm
L4(RZxRY) L4(RZxR?)

The Lipschitz continuity follows from Lemma 4.12, the solution formula (4.50),
and (4.15). |
We can now prove:

Proposition 4.14 The scattering transform S is bounded and Lipschitz continuous
from HVY(R?) to L>(R?).

Proof As already discussed, it suffices to prove the Lipschitz continuity estimates
for ¢ € .Z(R?). We use the fact that ¢ € .(R?) in the computations leading
to (4.59).

By Eq. (4.45), it suffices to show that the integral

I(k) = —;;/ek(Z)M (ml(z, k) — 1) dz (4.58)

defines an L? function of k, locally Lipschitz as a function of g. From (4.42), we
may write m'(z, k) — 1 = iy ! (q(-)m*(-,k)) and change orders of integration to
obtain

10 =L [[o @ @ amc. b d: (4.59)
and conclude from the estimate (4.17) and Lemma 4.13 that
1)1 S C (lIglg) MG k))? / MG ()2 1q(2)| Im*(z, k)| dz

< C (llgl ) MGE) 1191137

(K|

L4

where in the second line we used (4.15). Using (4.57) and Holder’s inequality, we
conclude that I € L? with

112 < C (llghg) gl -
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To show Lipschitz continuity, we note that, by (4.59),
I(k; q1) — I(k; q2) = (4.60)

- / (01007 @@ - 0220 @@ @) | (e, ks q1) dz
o [ (@ @@ o) (ne kg = mt ki ) dz

The map ¢ +— qo- l(ekc_j) is Lipschitz continuous from L2Z(R2) into
L*(RE; L*3(R?))) by multilinearity, (4.15), and (4.18) (see Exercise 4.17). The
map g — m2(z, k; q) is Lipschitz continuous from H1(R?) into L4(]R§ X ]R,%) by
Lemma 4.13. O

Remark 4.15 The “integration by parts” that transforms (4.58)—(4.59) is also one of
the key ideas behind the proof of the L2 boundedness theorem for pseudodifferential
operators with non-smooth symbols, Theorem 2.3, in [36]. Tracing through the
argument used to estimate /(k), it is easy to see that the same argument proves
that

1(f, k) = —;T—/ek(z)f(z) (ml(z, k) — 1) dz

satisfies the estimate

1/2

11k, HISC (Igllgn) (MFE) N F 2

m2 (0|

L4

so that

11 Pl S C (llghg) gl 1£1l2 - (4.61)

To prove Theorem 4.7, it remains to show that, for ¢ € H l'I(RZ), Sq €
H'(R?) and Sq € L>'(R?), and that the corresponding maps are locally Lipschitz
continuous. As a first step, we show that, if g € H"“(R?), then Sq € LP(R?) for
all p € [2, 00).

Proposition 4.16 For any p € [2,00), the scattering transform S is locally
Lipschitz continuous from H1(R?) to L? (R?).

Proof The Fourier transform has this mapping property by the Hausdorff-Young
inequality and the fact that H Ll L9 for g € (1,2] (see Exercise 4.14). Hence,
owing to (4.45), it suffices to prove that the map ¢ — (k) defined by (4.58) has
the required continuity.

Using (4.59), the fractional integral estimate (4.18), and the a priori esti-
mate (4.56) on m?2, we may estimate
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11 (k)] Sf

~ 2
< C(lgllg) [(MDK 2 Mg 2] ()1 dz

< C (gl gl (M &)

121 @D @) la @1 |G | dz

which shows that I € LP(R?) for any p > 2 by the Hausdorff-Young inequality
again. The proof of Lipschitz continuity uses (4.60) and analogous estimates. O

Proposition 4.16 allows us to prove:

Proposition 4.17 The map S is locally Lipschitz continuous from HV'(R?) to
H'(R?).

Proof It suffices to prove the Lipschitz estimate for ¢ € .#(R?). In view of
Proposition 4.14, property (4.21) of the Beurling transform, and the boundedness of
the Beurling transform on L7, it suffices to show that the map g +— 971 (where the
differentiation is with respect to k) is locally Lipschitz continuous from H'!(R?)
into L2(R?). In Lemma 4.19, we will show that, for ¢ € .#(R?), m' and m? also
solve the 9 -problem (4.62). Thus, for ¢ € .7 (R?) we may compute

Ies(k) = %/ek(z)ZMml(x,k) dz — ;;s(k)/mm%z,k) dz
=h+Dh

Tracing through the proof of Proposition 4.14 with g replaced by zg, we conclude
that 7; defines an L? function of k, Lipschitz continuous in g. It remains to
estimate /1.

By Proposition 4.16, s € L*(R?), so it suffices to show that the integral defines
a Lipschitz map from g € H“(Rz) to L4(R%). Since m? € L4(R% X ]R,%) and
g € HY'(R?) c LY 3(R§), this is a consequence of Holder’s inequality and
Lemma 4.13. m|

To complete the proof of Theorem 4.7, we show that Sq¢ € L>!'(R?) with
appropriate Lipschitz continuity.

Proposition 4.18 The map S is locally Lipschitz continuous from HV'(R?) to
L>(R?).

Proof We need only show that ¢ +— I(k) has the above property, where I (k) is
defined by (4.58). We begin with a computation for g € % (R?), using the trivial
identity dzex = ikey and integration by parts:

Rl (k) = —%/ek@b%(m ('@ k) —1)) az

=h+DN
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where

I = —% / ec(2) (3:3) (2) m" (2. k) dz.
__l 2.2
L= - er(D)Nq(2)|'m~(z, k) dz,

and we used the first equation in (4.42) to simplify /5.

The integral /; defines an L? function of k since 8:g € L?(R?) by an argument
similar to the proof of Proposition 4.14. To analyze I>, we use the second equation
in (4.42) to write

b= [la@Pa (aCacom'.0) @rdz
=D +1»n

where
by = f lg(2) 797" (exq) (2) dz,
122=/|q(z)|2a;1 (ekq(-)(ml(-,k)— 1)) (2) dz.

By “integration by parts” we have

b=~ [ a@a@a (0f) @z

which exhibits /> as the Fourier transform of an L? function since |¢|* in L*/3(R?).
On the other hand

=~ [ @@a@ [0 (19 OF)] @ (w' G~ 1) dz

which exhibits />, in the form 7 (k, f) (see Remark 4.15) where f is the L? function
g3~ '|g|*. The needed L? bound is a direct consequence of (4.61).

As usual, the proof of Lipschitz continuity rests on the multilinearity of explicit
expressions involving ¢ and the Lipschitz continuity of m! and m? viewed as
functions of g. To prove that I; is locally Lipschitz continuous, one mimics the proof
that I is Lipschitz beginning with (4.60) in the proof of Proposition 4.14. To show
that I, is Lipschitz continuous, one notes that I»; is an explicit multilinear function
of g, while I5» can be controlled by the same method used to prove Lipschitz
continuity of I on the proof of Proposition 4.14. O
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It now follows that S, initially defined on .7 (R?), extends to a locally Lipschitz
continuous map from H'-!1(R?) to itself. It remains to prove that S~' = S.

By the Lipschitz continuity of S on H!-!(R?), it suffices to prove that S = S~!
on the dense subset .7 (R?). The idea of the proof is to use uniqueness of solutions to
the system (4.42) together with the fact that, for g € .% (R?), the functions (m', m?)
satisfy both the system (4.42) and the following system of 9-equations.

Lemma 4.19 Suppose that ¢ € /(R?) and let (m', m?) be the unique solutions
to (4.42). Then, for each z € C,

' (z, k) = e_gs(kym?(z, k)
drm*(z, k) = e_ys(kym'(z, k) (4.62)
m' (@ k) =1, m2z. k) = O (|k|—1)

where s(k) is given by (4.43)

Proof For g € .7 (R?), the solutions (m', m?) of (4.42) have the large-z asymptotic
(differentiable) expansions

m' @k =1+0(127")
w2 = e 4 0(1272)
Z

where s is given by (4.43) (see Exercise 4.10 and the comments aftfr 4.43)). If
v! = Bzml and v = E)Emz then, differentiating (4.42) with respect to k we recover

831)1 :qv2
0, + ik)v> = gv!

It follows from the asymptotic expansions for m' and m? above that v! = O (|Z|71)
but v2 = e_gs(k) + O (|z|_1). Hence, in order to use the uniqueness theorem for
solutions of (4.42), we need to make a subtraction to remove the constant term in
v2. Setting

wl(z, k) = 8Em] — e_ksm, w? = 8;m2 — e_ksﬁ,
and using (4.42), we conclude that

&Zwl — qu

0, + ik) w? = gw'
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where wi and w, are O (Izl_l) as |z| — oo. Hence by Proposition 4.9, w! = w? =
0. Since w! and w? are smooth functions of z and k, it follows that the first two of
equations (4.62) hold for each z.

It remains to show that, for each fixed z, m(z, k) — 1 and m2(z, k) are O (|k|_l)
as |k| - oco.Forg € . (RZ), the functions m! and m? are smooth functions of z and
k with bounded derivatives (see Sung [39, section 2]). From the integral formulas

m'(z, k) =1+lqu(;)m2(g,k)d; (4.63)
T z—¢C

1 -
a@m k) =~ / ()3 @m' (¢, k) de (4.64)

-¢
we first note that it is enough to prove that m? (z,k) =0 (|k| - 1) uniformly in z since

it will then follow from (4.63) that m'(z, k) — 1 = O (Jk|™"). We can integrate by
parts in (4.64) to see that

ex(©)2; (4@m' . k) dg

5 T 1
e (m”(z,k) = —ex(2)g(D)m (2, k) — —/
ik ik

7-¢
which shows that m?(z, k) = O (|k|™'). =

Given s(k) € .7 (R?), the inverse scattering transform Ss is computed by solving
the system

dn' (k, z) = s(k)n?(k, 2)
O +iz)n’(k, 2) = s(oon' (k, 2) (4.65)

k) =102k, 2) =0 (|k|—1)

and extracting Ss from the asymptotic expansion
2 _ i -2
n-(k,z) = efz(k)i (Ss) (2) + O (Ik]77).

The system (4.65) is uniquely solvable by Proposition 4.9. On the other hand, if
m! and m? solve (4.42) for given ¢ € .(R?) and s = Sq, these functions also
solve (4.36). A short computation shows that n'(k,z) = m'(z, k), n*(k,z) =
e_,(kym?(z, k) solve the system (4.65). Since this solution is unique, we may
compute Ss using the large-k expansion of m?(z, k) (see Exercise 4.9):

n?(k, z) = e_,(kym2(z, k)

— e (k) (iqz(Z) o (|k|2>>
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_ g,z(k)iq;) +O (|k|—2)

to conclude that Ss = ¢g. We have proved:
Proposition 4.20 Suppose that g € .7 (R?). Then S(S(q)) = q.

4.5 Solving the DSII Equation

In this subsection we use the scattering transform to solve (4.33) with initial data
qgo € H L1 (RZ). The putative solution gjpy is given by (4.5); note that giny (z, 0; o) =
qo by Proposition 4.20. We will prove:

Theorem 4.21 The function (4.5) is the unique global solution of (4.1) for any
q0 € H"'(R).

We begin with an important reduction.

Proposition 4.22 Suppose that, for each qo € /(R?), gy (2, t; qo) solves the
integral equation (4.24). Then giny(z, t; qo) solves (4.24) for any go € H"'(R?).

Proof Observe that the map go +— ¢inv(-, -;qo) is a continuous map from
H"(R?) to C((0, T); H(R?)) for any T > 0, and recall from Exercise 4.15 that
HUY(R?) is continuously embedded in L*(R?). It follows that r > Ginv(-, t; 1) 18
a continuous map from H!!(R?) into the space X (see (4.25)) for any T > 0.
Letgo € H L1(R2) and let {go.n} be a sequence from . (R2) with qo.n —> qo €
HU“(R?). Then giny(-, -:gn) = Giny(-, -;q) in X as n — oo. The result now
follows from the fact that (4.24) takes the form ¢ = ®(q) where ® is continuous
on X. |

Given this reduction, it suffices to prove that giny(z, t; go) solves (4.24) for
any go € .7(R?). Recall that, by Sung’s work [39—41], the map S restricts to a
continuous map from . (R?) to itself, s = Sqo is also a Schwartz class function,
and the function ¢t > ¢giny(2, t; go) is continuously differentiable as a map from R
to .7 (R2). Tt then suffices to show that qinv (2, t; qo) s a classical solution to (4.33).
In the remainder of this section, we will use the complete integrability of (4.33)
to prove this fact by showing that the solution (ml(z, 1, q0), m2(z, 1, qo) of the k-
problem (4.40) generates a joint classical solution of Eqs. (4.35a)—(4.35d). We will
then show that, as a consequence, g is a classical solution of (4.33).

Consider the 3-problem

(3;m1> (2. k, 1) = e_x(2)s(k, Ym2(z, k, 1),

(8;m2) (z,k,t) = e_p(2)slk, )ml(z, k, 1), (4.66)

m' =1, mie 0 =0 (k™)
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where
. -2
sk, 1) = X KHIg() (4.67)

Note that the L* condition on (m', m?) is replaced by an asymptotic condition since,
for s € .7(R?), the solutions are bounded smooth functions and have complete
asymptotic expansions in k (see Exercise 4.1).

We will show that (m', m?) is a joint solution of Eqs. (4.35a)—(4.35d) where
q(z,t) = qinv(z, t; qo) and that, moreover,

lim m'(z,k, 1) =1
|k|— 00

for all (z, 1) and m2(z, k, t) # 0 for all (z, ¢) and some k € C. These facts, together
with the identity (2.30) from Exercise 2.9 can then be used to show that g(z, t) so
defined solves the DS II equation.

In analogy to the Riemann-Hilbert problem for defocussing NLS, we will base
our proof that the solutions of (4.66) furnish solutions of the Lax equations (4.35a)—
(4.35d) on a vanishing lemma, this time for the 9-system. We state it in greater
generality than is needed here.

Lemma 4.23 Suppose that wy, wy are solutions of the system

{ (drw1) (z, k) = e_gs(kywa(z, k),
(Ogw2) (z, k) = e_xs()w (z, k)

fors € L? and wy, wy € LQ(R2). Then wi = wy = 0.

This lemma is an easy consequence of Theorem 4.8 if one considers the functions
w4+ = Wi + wa.
First, we’ll show that a solution of (4.66) also solves (4.35a)—(4.35b) with

m' (- k) — 1, m*(-, k) € LYR?)

for each k. For notational convenience we suppress dependence on ¢.

Proposition 4.24 Suppose that ml(z, k), m%(z, k) solve (4.36) for each z € C.
Thenm!(-,k)—1, m>(-, k) € L*(R?) for each k € C, and (my, m) solve (4.35a)—
(4.35b) for each z, where q(z) is defined by

q(z) = —;T; / ex(z)sym' (z, k) dk. (4.68)

Proof Differentiating (4.36) we compute (see Exercise 4.18)
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o (%ml> — e_y5(0, + ikym?
(4.69)
o ((aZ +ik) m2> — e_ysdml

(the pointwise differentiation makes sense because, for s € . (R?), the functions
m! and m? are smooth functions of both variables). From the large-k asymptotics of
m!, we see that 9,;m' = O (|k|™"), so that 3;m" € L*(R?). On the other hand,

(3, + ikym? — c(z) € L}(R?)

where
cz) = lim ikm?(z. k) = = / e_r(2)s(kym' (z, k) dk
|k|— 00 T

Making a subtraction in (4.69) we have

! orwi = e_s(k)wy
4.70)

ofw2 = e_s(k)wy
where
w = d=m' —c(@m?,  wr = (0, + ik)m?* — c(z)m'
(see Exercise 4.18). We can now apply Lemma 4.23 to conclude that m' and m?

satisfy (4.35a)—(4.35b) with ¢ as defined in (4.68). |

Remark 4.25 Since g € .7 (R?), it follows that m' and m? have complete large-z
asymptotic expansions for each fixed k.

Next, we show that m! and m? satisfy (4.35¢)—(4.35d) by a similar technique,
now tracking the dependence of m' and m? on time.

Proposition 4.26 Suppose that m'(z, k, t) and m*(z, k, t) solve (4.66). Then m'
and m? solve (4.35¢)—(4.35d) where q is defined by (4.68) and g is given by g =

—43=" (3;1q1%).

Proof At top order the Lax equations (4.35¢)—(4.35d) (taking ¢ = +1 here and in
what follows) imply that

or = (0 = 2002+ 4kd, ) my ~ 0, vy i= (8 + 2002 = 20k m? ~ 0

where the corrections vanish as |z| — oo. Motivated by this observation, we
differentiate (4.66) and compute
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drvy = €''Ysvy 4.71)

dpva = €''?svy 4.72)

(see Exercise 4.19) where ¢ is given by (4.41). If v; and v, were decreasing at
infinity as functions of k, Lemma 4.23 would allow us to conclude that vi = v, = 0.
This is not the case since k?m? is of order k as k — 00 and 4kd,m is of order
1 as k — oo. For this reason we must make a subtraction using the asymptotic
expansions of m! and m? which will lead to the remaining, lower-order terms
in (4.35¢)—(4.35d). From Exercise 4.9, we have

ml(z,k)=1— w + 0Ok (4.73)

m?(z, k) = _Tlﬁ + 7% (|qu|2) + 94 + O3 (4.74)
so that

vi = —4id.0- ' (Jg*) + O™, 4.75)

vy = =24k = 2i (=g (g ) + 0.3) + OG"). (4.76)
Thus if

wi = vi — 2i(dq)m* +2iqdzm* —igm', (4.77)

wr = vy 4 2i(0,g)m' — 2ig (3, + ik)ym' + igmo, (4.78)

it follows from the asymptotic expansions (4.73)—(4.74) and (4.75)—(4.76) that
wy = O(k7!) and wy = O (k7") (see Exercise 4.20), while a straightforward
computation (Exercise 4.21) shows that

drwy = e'"swy
) 4.79)
8;w2 = ¢'"swy

We can now use Lemma 4.23 to conclude that w; = w, = 0 and (4.35¢)—(4.35d)
hold. O

Proof of Theorem 4.21 1t follows from Proposition 4.20 that giyy (z, 0; o) = q0(2),
so it suffices to show that gjyy is a classical solution of (4.1). By Proposition 4.22 it
suffices to prove that this is the case for go € . (R?). By Propositions 4.24-4.26,

the functions m! and m? solve (4.352)—(4.35d). If we now set ] = e"(kz’kzt)m1 and
Yy = el k02 it will follow from the computations in Exercise 2.9 that (2.30)
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holds with ¢ = gjny provided we can show that v and v, satisfy conditions (i)—(iii)
given there.

Conditions (i) and (ii) are proved in Proposition 4.24. Condition (iii) is equivalent
to the statement that, for each (¢, z), m2(z, k, t) # 0 for at least one k. If not, it
follows from Lemma 4.19 that Bgm] (z,k) =0som'(z, k,t) = 1 and m%(z, k, 1) =
0 for this fixed (z,t) and all k. It then follows from the d; equation for m? that
s(k,t) = 0 for this fixed 7. But then, since s evolves linearly, we get s(k, t) = 0,
hence ¢(z, t) = 0 by the invertibility of S. Hence, mz(z, k,t) # 0 for some k, and
conditions (i)—(iii) hold. |

4.6 L? Global Well-Posedness and Scattering: The Work
of Nachman, Regev, and Tataru

In this section we discuss briefly the results of Nachman et al. [36]. Their first result
is a remarkable strengthening of Theorem 4.7.

Theorem 4.27 ([36, Theorem 1.2]) The scattering transform S is a diffeomor-
phism from L*(R?) onto itself with S~ = S. Moreover, ISqll2 = ligll;2, and
the pointwise bound

1(Sq) (k)| < C (ligll2) MG k) (4.80)

holds.

Theorem 4.27 rests on the following resolvent estimate which is proven using
concentration compactness methods. Denote by H'!/2(R?) the homogeneous
Sobolev space of order 1/2, which embeds continuously into L4(R2), and denote
by H~/2(R?) its topological dual. The authors consider the model equation

Lyu=f, Lyu=0dmu+qu

(compare (4.49)) for u € H'/?(R?), where f € H™1/2(R?).
Theorem 4.28 ([36, Theorem 1.1]) The estimate

-1
<
HL‘I HFI*I/Z(RZ)—>H1/2(R2) < € (lgllz2)

where t — C(t) is an increasing, locally bounded function on [0, 00).
As an immediate consequence of Theorem 4.27, we have:

Theorem 4.29 ([36, Theorem 1.4]) For any Cauchy data ay € L2(R?), the
defocussing DS II equation has a unique global solution in C(R, L>(R?) N L*
(R? x R).



242 P. A. Perry

The authors’ Theorem 2.4 also includes stability estimates, pointwise bounds,
and a global bound on the L* norm of the solution in space and time.

The pointwise bound (4.80) plays a crucial role in the authors’ analysis of
scattering for the DS II equation. Applied to the solution giny (2, #) given by (2.23)
it implies that

|ginv(z, DI S C (1Sq0ll12) M4iin(z, 1)
where
. 2,7\
qin(z. 1) = Fo (1) (Sq0)) (),
which is exactly the solution to the linear problem (4.22) with initial data
vo = (Fa 0 S) (qo)-
Since the maximal function is bounded between L?-spaces for p € (1, 00), this
implies immediately that L? estimates in space or mixed L” — L? estimates in space
and time which hold for the linear problem, automatically hold for the nonlinear
problem for go on bounded subsets of L*(R?). In particular, it follows that ¢
L*(R? x R).
Using these estimates, Nachman, Regev and Tataru show that all solutions scatter

in L?(R?) and that, indeed the scattering is trivial in the sense that past and future
asymptotics are equal. Denote by U (#) the nonlinear evolution

U f@) =S (MO (s 1) @)

and by V (¢) the linear evolution
— 71 (pit(CP+()?)

Vi f)=F, (e (Faf)) (2).

In scattering theory we seek initial data v+ for the linear equation so that
lim |[U (g0 =V ()vell2 =0
as vectors in L2(R?). Formally we have
ve() = lim V(=0)U(t)qo
t—+00

if the limit exists. The limiting maps, if they exist, are the nonlinear wave operators
W,
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To show the convergence, it suffices to show that

d
EV(—I)U(t)qo = V(=)N(q(®))

is integrable as an L2-valued function of 7, where N (¢) = q(g + g) is the nonlinear
term in the DS II equation. Since ¢g(z, t) € L*(R? x R?), it follows that N(g(t)) €

L*3(R? x R?), since the Beurling operator 3 '8 is bounded from L to itself for
any p € (1, 0o). From the Strichartz estimate (4.29), it follows that V(—¢)N (¢ (t))
is integrable as an L?-valued function of 7, so that the asymptotes v exist. Hence:

Theorem 4.30 ([36, Lemma 5.5]) The nonlinear wave operators W= exist and are
Lipschitz continuous maps on L*(R?).

It can be shown that v, = v_ so that the scattering is trivial.
Exercises for Sect. 4

Exercise 4.1 Using integration by parts, show that for any f € Cg° R?),

1 1
—/—(i%wf) (w)dw = f(2).
T) z—w

Hint: Develop a Green’s formula for the 8 operator analogous to the corresponding
formula for the Laplacian, and use the fact that

/Z_;wf(w)dwzlim ! f(w)dw.

el0 JR2\B(z,e) T — W
Exercise 4.2 Suppose that f is a measurable function with f |x|N |f(x)|dx < o0
for all nonnegative integers N. Show that u(z) = (8; ! f) (z) has a large-z
asymptotic expansion of the form

a;:
u(z) ~y =+
zJ
j=1
. .. . . N _i
and give an explicit remainder estimate for u — ) j=14j2 J.

Remark The equation d-u = f € .#(R?) implies that u is ‘almost> analytic near
infinity; the expansion above shows that f ‘almost’ has a Taylor series near the point
at infinity.
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Exercise 4.3 Prove (4.10) by writing

/;f(z)dzz</ +/ ) ! f(w)dw
I-w lz—w|<1 lz—w|>1/ 2 — W

and using Holder’s inequality.

Exercise 4.4 (Proof Suggested by Adrian Nachman) The purpose of this exer-
cise is to prove Theorem 2.3 of [36], which asserts the following. For 0 < o < n
and f € LP(R"), 1 < p < 2, the estimate

[IDI™ f(x0)] S (A”""Mf(O) + 2 M[(0)). (4.81)

holds for any A > 0, where | D| ¢ is the Fourier multiplier with symbol |§]|7%.

(a) Prove that

(IDI7* f) (x) = Cot/o = (Px ) () dx.

o0 A o0
(b) Prove estimate (4.81) by splitting / = ( / + / ) and mimicking the
0 0 A

proof of Theorem 4.4.
(c) Optimize in A to show that

[(IDI7 ) ()| S (MFO)*" (M fx))'=e/m.

Exercise 4.5 (Duhamel’s Formula) Suppose that f e .“(R?) and F e
C(R; .7 (R?)). Show that the initial value problem

v +202+ 3 w=F, v0)=f
is solved by v € C(R; .#(R?)) given by
t
v)=V@)f — i/ Vit —s)F(s)ds.
0

Exercise 4.6 The purpose of this exercise is to prove the basic dispersive esti-
mate (4.30). In this exercise we define

f&,8)= / F(x1, xp)e HETRN) gy gy

so that the inverse Fourier transform is
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g(x1,x2) =

e f g(E1, £2)e! EITRY) gt dgy.

(a) Leth(¢) = 1 (62 — £2), and let
Fler &) = f ¢7%E £(x) dx
RZ

be the usual (unitary) Fourier transform on L?(R?). Show that, if f € .7(R?),
then the unique solution to (4.22) with v(x, 0) = f(x) is given by

vix,t) =

(b) Compute the distribution Fourier transform of ¢/"®) using the result of
Exercise 2.3 and separation of variables.
(¢) Conclude that

v(x,t)=/K(t,x—y)f(y)dy
where
K@, x)| St
Exercise 4.7 The purpose of this exercise is to prove the Strichartz esti-

mate (4.28).

(a) Using the dispersive estimate ||V (7) f ;00 S | fllz1, the trivial estimate

~

IV (#)(f) 2, and real interpolation, prove that for any p > 2,

IV Fllr Sp P77V FIl -

o
(b) Regarding / V(t —s)g(s)ds as a joint convolution in s, z, use part (a) with

—00
p = 4 and the Hardy-Littlewood-Sobolev inequality (4.6) with n = 1 and
o = 1/2 to prove (4.28).

Exercise 4.8 The purpose of this exercise is to find the correct normalization for
time-dependent joint solutions of (4.31a)—(4.32b). Suppose that

Wi (z, k, 1) = mi(z, k, )e*e,  Wa(z, k, 1) = ma(z, k, 1)e'**

solves (4.31a)—(4.31b) with
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(ml(z,k, 1), m*(z, k, t)) — (1,0) as |z] — oo.
Let
Yi(z, k. t) = Crk, ) W1(z, k, 1), Yo(z, k,t) = Calk, 1)W2(z, k, t)
be a joint solution of (4.31a)—(4.32b). Assuming that
omy(z,k,t)/0t, oma(z,k,t)/0t — O as |z] > o0

and that ¢ (z, t), g(z,t) — 0 as |z| — oo, show that C; (k, 1) = Ca(k,t) = o2k

Exercise 4.9 Suppose that the solutions m! and m? of (4.352)—(4.35b) admit
(differentiable) asymptotic expansions of the form

1 a;(z,1)
j=1

w2k~ Yy B

kJ
jz1
for each (z, t). Use (4.35a)—(4.35b) to show that

iB1(z,t) =¢eq(z, 1),
(Ozaj) (z.1) = q(z,1)Bj(z, 1),
(3:8;) (2. ) + iBj+1(z, 1) = eq(z, Datj(z, 1)

and compute S, oy, and Bs.

Exercise 4.10 The conjugate Solid Cauchy transform is the integral operator
1 1 1
(' f) @ == [ —=r@dc
T 7 — {

and is a solution operator for the equation du = f. Suppose that ¢ € .7 (R?)
and that Eq.(4.42) admit bounded solutions m!, m2. Show that, in the large-z
asymptotic expansion (4.37), the function s(k) is given by (4.43). Hint: Remember
the identity (4.46).

Exercise 4.11 The unitary normalization for the Fourier transform on R? is given
by

1 .
(Fo)®) = 7 f e f(x)dx
T R2
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so that
1 .
(Fo'e) =5 [ e eatras,

With this normalization, F is a unitary map from L?(R?) to itself. Show that if
k =k +iky,

(Faf) (k) =2 (Fof) ki, —2k2)

so that F, is also an isometry of L2(R?). Show also that 7, ! = F,,.

Exercise 4.12 Show that, given ¢ € L?(R?) and any ¢ > 0, we may write

q =qnt4s
where g, is a smooth function of compact support, and || gs||;2 < e. Hint: mollify g
and truncate to a large ball using a smooth cutoff function.

Exercise 4.13 Prove (4.51) for f € C§° (R?) using the result of Exercise 4.1 and
the identity

(ik) 3z (ex) (2) = ex(2).
By a density argument and (4.9), show that the same identity holds true as functions
in LP(R?) provided f € LP(R?) N L2P/(P+2(R?) and 3 f e L?P/P+2(R?).

Exercise 4.14 Denote by L>!(R?) the space of measurable complex-valued func-
tions with

1/2
£l 20 = <f(1 + |x|2)|f(x)|2dx> < 00.

Show that for any f € L*1(R?) and any p € (1,21, | fllze SISl 2 -

Exercise 4.15 Show that for any f € H'(R?) and any p € [2,00), I fllzr Sp
|| £l 1. Hint: By the Hausdorff-Young inequality, it suffices to show that || f 7, <,
I fll 21 for p € (1, 2] (why?). Then, use the result of Exercise 4.14.

Exercise 4.16 Using Theorem 4.2, show that H!-!(R?) is compactly embedded in
L2(IR?). That is, show that bounded subsets of H -1 (R?) are identified with subsets
of L?(R?) having compact closure.

Exercise 4.17 Show that the map ¢ — ¢ d- ! (exq) is Lipschitz continuous from
L*(R?) into L4(]R%, L4/3(R§)). Hint: Use (4.18), bilinearity in ¢, and Holder’s
inequality.
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Exercise 4.18 Using the commutation relation
dre_i = e (0 — ik)

show that (4.69) and (4.70) hold.
Exercise 4.19 Recall that

oz, k1) =2 <k2 +E2> r+ @
Using the commutation relations
6" = e (3, —ik), Bz =" (3 —ik),
ettt = e (B +2i02 + 1))

derive (4.71)—(4.72) from the 97 equations (4.66) and the time evolution (4.67).

Exercise 4.20 Use the asymptotic expansions (4.73)—(4.74) to show that w; and
wy as defined in (4.77)—(4.78) are of order k~! as k — oo.

Exercise 4.21 Show that (4.79) holds using (4.71)—(4.72) and the fact that (4.66)
holds. Note that e_;s(k, t) = e''¥s.
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Notation Index

ad o3 Operator A — [03, A] on 2 x 2 matrices

ex(2) Unimodular phase function (see (2.21), p. 170) where k, z € C

elth Solution operator for linear Schrddinger equation (2.1)

m', m? Solutions to (4.35a)—(4.35b) obeying the asymptotic condi-
tion (4.34)

n(x, z) Null vector for a Riemann-Hilbert problem (see Proposition 3.12)

p* Sobolev conjugate exponent (2 — p)/2p

Giny Solution of DS II by inverse scattering (see (4.5), p. 212)

Qlin Solution of linearized DS II equation (see (4.22), p. 219)

r “Right” reflection coefficient for NLS r(A) = —b(})/a(i)
(see (3.29), p. 191)

F “Left” reflection coefficient for NLS F(A) = —b()/a(r)
(see (3.25), p- 189)

S Scattering transform s = Sq for DSII equation (see (4.43), p. 225)

B(Y) The Banach algebra of bounded operators on a Banach space Y

Cy Cauchy projectors for L?(R) (see (3.36), p- 194)

Cw Beals-Coifman integral operator (see (3.38), p. 195) with weights
w=(wh,w)

F Fourier transform (2.28) (lectures 1 and 2)

Fa Antilinear Fourier transform (see (4.44), p. 225)

H'(R) Sobolev space (see (3.2), p. 175)

HLY(R) Weighted Sobolev space (see (2.16), p. 167)

LIR) Open subset of H''!(R) consisting of those r € H'!(R) with

Irllo < 1.

HLYR?) Weighted Sobolev space (see (2.27), p. 172)

I The 2 x 2 identity matrix

T Inverse scattering map for NLS (see RHP 2.1 and (2.12))

L Linear operator for NLS spectral problem (see (2.6), p. 164) or

DS II spectral problem (see (2.18), p. 169)
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Normalized solution M(x,z) = v (x,z)e *2% (see (2.11),
p. 165)

Normalized Jost solution defined by W* = M*e=i*403

Left and right Beals-Coifman solutions (see Theorems 3.9
and 3.8)

Boundary values of a Beals-Coifman solution

Hardy-Littlewood maximal function of f € LP(R")

Normalized Jost solution (see (3.5), p. 176)

Potential matrix in £ (see (2.6), p. 164) (NLS) or ((2.18), p. 169)
(DS 1II)

Matrices in Lax representation for NLS (see (2.5), p. 164)

Direct scattering map for NLS (see (2.10), p. 165)

Schwartz class of C*° functions of rapid decrease on R, R2
Functions r € (R) with ||r| s < 1

Model compact operator (see (4.12), p. 214)

Scattering map for DS II equation (see (2.22), p. 170)

Beurling transform (see (4.19), p. 218)

Conjugate Beurling transform (see (4.20), p. 218)

Transition matrix (see (2.9), p. 165)

Solution operator for linearized DS II equation (4.22)

Jump matrices for Riemann-Hilbert problems satisfied by left and
right Beals-Coifman solutions (see respectively (3.30) and (3.26))
Phase function for the RHP that solves NLS (see (2.15), p. 167)
Phase function for the d-problem that solves DS II (see (4.41),
p. 224)

Jost solutions to Ly = Ay (see (2.7), p. 164)

Generic solution to Ly = zr

Solution to Beals-Coifman integral equation (see (3.37), p. 195)

n—1

Pauli matrices (O 1), (0 _i), (1 0 )
10 i 0 0-1
Solid Cauchy transform (see (4.7), p. 213)
Conjugate solid Cauchy transform (see (4.8), p. 213)
The linear space of pairs (hy, h_) with hy = Cxh for some
h € L*(R)
Wirtinger (z and z) derivatives (see (4.2), p. 211)
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1 Introduction

The long time behavior of solutions g (x, t) of the Cauchy initial-value problem for
the defocusing nonlinear Schrodinger (NLS) equation

g d%q 2
%9 L 7 510Pq =0, |
ot lg1°q (1)

with initial data decaying for large x:
q(x,0) =qo(x) > 0, [|x| = oo, 2
has been studied extensively, under various assumptions on the smoothness and

decay properties of the initial data gq [3, 5, 6, 8, 10, 19, 20]. The asymptotic behavior
takes the following form: as ¢t — +o00, one has

q(x, 1) = 1712 (zg)e® /NGO IME) 4 oy 4, 3)
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where £(x, t) is an error term and for z € IR, v(z) and «(z) are defined by

1 1
V(@) == In(l — [r@%, la@) = zv(), )
T 2

and

Z

1
arg(a(z)) = ;/

—00

In(z — s)dIn(1 — |r(s)|2) + % + arg(I"(iv(z))) — arg(r(z)).
&)

Here zo = —x/(4t), T is the gamma function, and r(z) is the so-called reflection
coefficient associated to the initial data go. The connection between the initial data
qo(x) and the reflection coefficient r(z) is achieved through the spectral theory of
the associated self-adjoint Zakharov-Shabat differential operator

o (10 . 0 —igo(x)
ro— 103dx +Qx), o3:= (0 _1>, Q) = (iqo(x) 0 )

acting in LZ(IR; Cz) as described, for example, in [6]. See also the contribution of
Perry in this volume: [17, Section 2].

The modulus |a(zg)| of the complex amplitude a(zp) as written in (4) was first
obtained by Segur and Ablowitz [19] from trace formula under the assumption that
q(x,t) has the form (3) where £(x, t) is small for large 7. Zakharov and Manakov
[20] took the form (3) as an ansatz to motivate a kind of WKB analysis of the
reflection coefficient (z) and as a consequence were able to also calculate the
phase of «(zp), obtaining for the first time the phase as written in (5). Its [10]
was the first to observe the key role played in the large-time behavior of ¢ (x, 1)
by an “isomonodromy” problem for parabolic cylinder functions; this problem has
been an essential ingredient in all subsequent studies of the large-¢ limit and as we
shall see it is a non-commutative analogue of the Gaussian integral that produces
the familiar factors of +/27 in the stationary phase approximation of integrals. The
first time that the form (3) itself was rigorously deduced from first principles (rather
than assumed) and proven to be accurate for large ¢ (incidentally reproducing the
formule (4)—(5) in an ansatz-free fashion) was in the work of Deift and Zhou [3]
(see [6] for a pedagogic description) who brought the recently introduced nonlinear
steepest descent method [4] to bear on this problem. Indeed, under the assumption
of high orders of smoothness and decay on the initial data g, the authors of [3]
proved that £(x, t) satisfies

sup [E(x, )| = O (ln(t)) , t— +o0o. (6)
xeR t

It is reasonable to expect that any estimate of the error term £ (x, ) would depend
on the smoothness and decay assumptions made on go, and so it is natural to ask
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what happens to the estimate (6) if the assumptions on go are weakened. Early
in this millennium, Deift and Zhou developed some new tools for the analysis of
Riemann-Hilbert problems, originally aimed at studying the long time behavior of
perturbations of the NLS equation [7]. Their methods allowed them to establish
long time asymptotics for the Cauchy problem (1)—(2) with essentially minimal
assumptions on the initial data [8]. Indeed, they assumed the initial data g¢ to lie
in the weighted Sobolev space

H'(R) = {f cL’(R): xf, f' € Lz(]R)} . %

It is well known that if g9 € H 1’1(]R), then the associated reflection coefficient!
satisfies r € Hll’l(]R), where

H'(R) = {f e H''(R) : sup|f(2)] < 1} : (8)

zeR

and more generally the spectral transform R associated with the Zakharov-Shabat
operator £ (6) is amap R : HLI(R) — HI]’](IR), qo — r = Rqo that is a bi-
Lipschitz bijection [21]. The result of [8] is then that the Cauchy problem (1)—(2)
forgo € H LI(R) has a unique weak solution for which (3) holds with an error term
& (x, t) that satisfies, for any fixed « in the indicated range,

1
sup [E(x, )| = O (;(2“)) , t—> 400, O0<k< 1 ()
xeR 4

Subsequently, McLaughlin and Miller [13, 14] developed a method for the
asymptotic analysis of Riemann-Hilbert problems in which jumps across contours
are “smeared out” over a two-dimensional region in the complex plane, resulting in
an equivalent @ problem that is more easily analyzed. In this paper we adapt and
extend this method to the Riemann-Hilbert problem of inverse-scattering associated
to the Cauchy problem (1)—(2). The main point of our work is this: by using the
3 approach, we avoid all delicate estimates involving Cauchy projection operators
in L? spaces (which are central to the work in [8]). Instead it is only necessary to
estimate certain double integrals, an exercise involving nothing more than calculus.
Remarkably, this elementary approach also sharpens the result obtained in [8]. Our
result is as follows.

ISince q0 € H LI(R) implies that (1 + |x|)go(x) is square-integrable, it follows by Cauchy-
Schwarz that H"1(R) < L'(R), which in turn implies that the reflection coefficient r(z) is
well-defined for each z € R.
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Theorem 1.1 The Cauchy problem (1)—(2) with initial data qo in the weighted
Sobolev space H“'(R) defined by (7) has a unique weak solution having the
form (3)—(5) in which r(z) is the reflection coefficient associated with qo and where
the error term satisfies

3
sup |E(x, )| = O (1‘1> .t — +oo. (10)
xeR

The main features of this result are as follows.

¢ The error estimate is an improvement over the one reported in [8], i.e., we prove
that the endpoint case k = % holds in (9). Our methods also suggest that the
improved estimate (10) on the error is sharp.

e As with the result (9) obtained in [8], the improved estimate (10) only requires
the condition r € Hll’o(]R), i.e., it is not necessary that zr(z) € L2(RR), but only
that r lies in the classical Sobolev space H!(IR) and satisfies |r(z)| < p for
some p < 1. Dropping the weighted L? condition on r corresponds to admitting
rougher initial data gg. For such data, the solution of the Cauchy problem is of a
weaker nature, as discussed at the end of [8].

o The new 9 method which is used to derive the estimate (10) affords a consider-
ably less technical proof than previous results.

* The method used to establish the estimate (10) is readily extended to derive a
more detailed asymptotic expansion, beyond the leading term (see the remark at
the end of the paper).

Given the reflection coefficient r € H 11’1 (R) associated with initial data gy €
H"I(R) via the spectral transform R for the Zakharov-Shabat operator £, the
solution of the Cauchy problem for the nonlinear Schrédinger equation (1) may
be described as follows. For full details, we again refer the reader to [17, Section 2].
Consider the following Riemann-Hilbert problem:

Riemann-Hilbert Problem 1 Given parameters (x,t) € R?, findM = M(z) =
M(z; x, t), a 2 x 2 matrix, satisfying the following conditions:

Analyticity M is an analytic function of z in the domain C \ R. Moreover, M has
a continuous extension to the real axis from the upper (lower) half-plane denoted
M, (z) (M_(2)) forz € R.

Jump Condition The boundary values satisfy the jump condition
My(z) =M_(9)Vm(2). z€R, (11)

where the jump matrix Vv (z) is defined by
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1 —|r(z 2 _ﬁe—Zité(z;zo)
Ym(@) = (V(Z)elizg(z);to) © 1 » 2eR6(zz0) = ZZZ ~ 4202,
= (12)
0=

Normalization There is a matrix My (x, t) such that
M(z) =T+z'Mi(x, 1) +o(z™), z— oo (13)

From the solution of this Riemann-Hilbert problem, one defines a function ¢ (x, ),
(x,1) € R?, by

q(x,t) :=2iM; 12(x, t). (14)

The fact of the matter is then that g(x,t) is the solution of the Cauchy
problem (1)—(2).

Recent studies of the long-time behavior of the solution of the NLS initial-value
problem (1)—(2) have involved the detailed analysis of the solution M to Riemann-
Hilbert Problem 1. As regularity assumptions on the initial data g¢ are relaxed, this
analysis becomes more involved, technically. The purpose of this manuscript is to
carry out a complete analysis of the long-time asymptotic behavior of M under
the assumption that r € Hll’1 (R) (or really, r € Hll’o(]R)), as in [6], but via a 3
approach which replaces technical harmonic analysis estimates involving Cauchy
projection operators with very straightforward estimates involving some explicit
double integrals.

The proof of Theorem 1.1 using the methodology of [13, 14] was originally
obtained by the first two authors in 2008 [9]. Since then the technique has been
used successfully to study many other related problems of large-time behavior for
various integrable equations. In [2], the authors used the methods of [9] to analyze
the stability of multi-dark-soliton solutions of (1). In [1], the method of [9] was
used to confirm the soliton resolution conjecture for the focusing version of the
NLS equation under generic conditions on the discrete spectrum. In [12], the large-
time behavior of solutions of the derivative NLS equation was studied using 9
methods, and in [11] the same techniques were used to establish a form of the
soliton resolution conjecture for this equation. Similar d methods more based on
the original approach of [13, 14] have also been useful in studying some problems
of nonlinear wave theory not necessarily in the realm of large time asymptotics, for
instance [15], which deals with boundary-value problems for (1) in the semiclassical
limit. Based on this continued interest in @ methods, we decided to write this review
paper containing all of the results and arguments of [9], some in a new form, as
well as some additional expository material which we hope the reader might find
helpful.
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2 An Unorthodox Approach to the Corresponding Linear
Problem

In order to motivate the 3 steepest descent method, we first consider the Cauchy
problem for the linear equation corresponding to (1), namely

.0g qu
—_— —:0’ 15
Yor Ton (15

with initial condition (2) for which gg € H"!(R). By Fourier transform theory, if
Q@) = [ @@= dr zeR (16)
R

is the Fourier transform of the initial data, then gg as a function of z € IR also lies
in the weighted Sobolev space H ! (IR), and the solution of the Cauchy problem is
given in terms of gg by the integral

1 R i
g0, 0 = — /m Go(z)e A0 gz (17)

where 6(z; zo) and zg are as defined in (12). It is worth noticing that this formula
is exactly what arises from Riemann-Hilbert Problem 1 via the formula (14) if only
the jump matrix Vyi(z) in (12) is replaced with the triangular form

1 =4 —2it60(z;20)
V(o) = (O ‘IO(Z)el ) LeR (18)

in which case the solution of Riemann-Hilbert Problem 1 is explicitly given by

oy L[ de@)e e 0]

This shows that the reflection coefficient r(z) is a nonlinear analogue of (the
complex conjugate of) the Fourier transform go(z).

Assuming that zg € R is fixed, the method of stationary phase applies to deduce
an asymptotic expansion of the integral in (17). The only point of stationary phase
is 7 = z0, and the classical formula of Stokes and Kelvin yields

! 2 - —2it0(z0;20)—ir /4
xX,1) = — Z0)e 02T/ 4 £(x, 1
q(x,1) 2\ 7] —29”(zo;zo)|q0( 0) (x,1)

~ —in/4
o —1290(0)e T 52 4y
=t — ¢ + E(x, 1), (20)
27
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where the error term £(x, t) is of order t73/2 as t — +o00 under the best assump-
tions on gg, assumptions that guarantee that the error has a complete asymptotic
expansion in terms proportional via explicit oscillatory factors to descending half-
integer powers of 7. To derive this expansion from first principles consists of several
steps as follows.

¢ One introduces a smooth partition of unity to separate contributions to the
integral from points z close to zg and far from zg.

e One uses integration by parts to estimate the contributions from points z far
from zg. This requires having sufficiently many derivatives of go(z), which
corresponds to having sufficient decay of go(x).

* One approximates §o(z) locally near zo by an analytic function with an accuracy
related to the size of # and the number of terms of the expansion that are desired.

¢ One uses Cauchy’s theorem to deform the path of integration for the approximat-
ing integrand to a diagonal path over the stationary phase point. The slope of the
diagonal path produces the phase factor of e™"/4, and the path integral of the
leading term §o(zo)e21?(@20) in the local approximation of §o(z)e 21?20 is a
Gaussian integral that produces the factor of /7.

It is possible to implement all steps of this method assuming, say, that go (and hence
also qo) is a Schwartz-class function. However, as one reduces the regularity of
qo it becomes impossible to obtain an expansion to all orders. More to the point,
even in the presence of Schwartz-class regularity, the proof of the stationary phase
expansion by the traditional methods outlined above is complicated, perhaps more
so than necessary as we hope to convince the reader.

To explain an alternative approach that bears fruit in the case go € H'!(R) that
is of interest here, let Q2 denote a simply-connected region in the complex plane
with counter-clockwise oriented piecewise-smooth boundary dQ2. If f : @ — Cis
differentiable (as a function of two real variables u = Re(z) and v = Im(z)) and
extends continuously to 92, then it follows from Stokes’ theorem that

%f@M&:[/MﬂWMme (1)
R Q

where dA(u, v) denotes area measure in the plane and where d is the Cauchy-
Riemann operator:

5~—1 a+ia =u+i (22)
To\gu T ) FTHTIY

which annihilates all analytic functions of z = u + iv. Now consider the diagram

shown in Fig. 1. We define a function E(u, v) on 24 U Q_ as follows:

E(u,v) := cos(2arg(u + iv — 20))go(u) + (1 — cos(2arg(u + iv — 20))) o(z0),
u+ive QL UQ_. (23)
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|
|

ZQ"\

Fig. 1 The integration contour R in (17) and the unbounded domains €2 and Q_ in the z = u+iv
plane

Observe that:

¢ On the boundary v = 0 (i.e., z € R), we have cos(2arg(u + iv — z9)) = 1, so
E(u,0) = Go(u).

¢ On the boundary v = zg — u, we have cos(2 arg(u +iv — z9)) = 0, so E(u, z9 —
u) = §o(zo) which is independent of u.

The first point shows that E(u, v) is an extension of the function go(z) from the
real z-axis into the domain 24 U Q_. The second point shows that the extension
evaluates to a constant on the diagonal part of the boundary of 24 U Q_. In
the interior of Q4+ U Q_, E(u, v) inherits smoothness properties from go(u). In
particular, under the assumption go € H"!(IR), we may apply Stokes’ theorem in
the form (21) to the functions +E (u, v)e 210 @+iviz0) op the domains 24+ and add
up the results to obtain the formula

—im /4

1 zp+o00e 2i16(o:
g0, 1) = — f Gozo)e 240G g
Z

0+ooe3ﬂi/4

1 _ o
1 / / 213 (E(u, v)e—zlff’(”*w’m)) dA@.v).  (24)
wJJa—a_

The first term on the right-hand side originates from the diagonal boundary of €24 U
2_ and because E is constant there it is an exact Gaussian integral evaluating to the
explicit leading term on the right-hand side of (20). Therefore, the remaining term
on the right-hand side of (24) is an exact double-integral representation of the error
term & (x, 1) in the formula (20). Since go € H'!(R) implies go € H'!(R) which
in turn implies that §o(z) is defined for all z € IR, the leading term in (20) certainly
makes sense.

To estimate the error term we will only use the fact that g € L’ (R), i.e., that
o lies in the (classical, unweighted) Sobolev space H!(R). First note that since
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e~2118(z320) ig an entire function of z, de~2#@20) = (), so by the product rule it
suffices to have suitable estimates of d E (u, v) for u + iv € Q4. Indeed,

‘ / / 2i0 (E(u, v)e—21’9<“+iv¢20>) dA(u, v)
Qy

<2 / / [0 E (u, v)|e mO@Hiviz0) g Ay, v) (25)
Q4

=2 / / |0 E (1, v)|ed “20V dA(u, v).
Qi

A direct computation using (22) gives
0E(u, v) = 9 [go(z0) + cos(2arg(u + iv — 20)) (Go(u) — Go(z0))]
= cos(2arg(u + iv — 20))dqo (u)
+ (do(u) — Go(z0)) 8 cos(2 arg(u + iv — 20)) (26)
= %cos(z arg(u + iv — 20))44(u)
+ (o) — Go(z0)) d cos(2 arg(u + iv — z0)).

In polar coordinates (p, ¢) centered at the point zg € IR and defined by u = zg9 +
p cos(¢) and v = p sin(¢), the Cauchy-Riemann operator (22) takes the equivalent

form
— e/ id
I=—|—+-—]. @7

so as arg(u + iv — zg) = ¢ we have
- . el d iel?
dcos(2arg(u +iv — zp)) = — — cos(2¢) = ——— sin(2¢). (28)
2p d¢ P

Therefore we easily obtain the inequality

1go(u) — Go(z0)|

V=202 + 12

Note that by the fundamental theorem of calculus and the Cauchy-Schwarz
inequality,

- 1
10E(u,v)| < 5|&6(u>|+ u+ive QL UQ_. (29)
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G0 () — Go(zo)| 5/ |G0(w)] |dw| < \/f Idwl\// |G (w)|? |dw]
20 20 <0

R R 1/4
< gl 2y = 20l < 1362y [0 = 200% + 07|
(30)
so (29) implies that also
19E (u, v)| < 1|”(u)| + 4ol 2w, u+iveQ,UQ (31)
W= 5 Mo [(u — z0)2 + v2]1/4° * o

Therefore, using (31) in (25) gives

' / / 2i9 (E(u, v)e_2it9(“+i”’z")) dA(u, v)
Qi

where

<IF(x, 1)+ 2||‘?(/)||L2(]R)Ji(% 1),
(32)

IT(x, 1) ;:// G0 (u)[e¥ “~V dA(u, v) and
Qi

N eSt(u—zg)v
J(x,t) = //Qi (G — 202 7 V2173 dA(u, v). (33)

The key point is that for + > 0, the exponential factors are bounded by 1 and
decaying at infinity in 4. So, by iterated integration, Cauchy-Schwarz, and the
change of variable w = /% (u — zp),

20 zo—u
I+(x, z‘) = / du/ dv |é6(u)|e8t(u—z())v
— 00 0
<0

1 — efSI(ufzo)2

= du|go ()| —————
/;OO do 8t(z0 — u)
) 20 | 1 — e—8t(u—z0)? ?
< ldoll 2, / ECEDE B
—o0

> 72
N —3/4 0 1-— e—gw
= K||¢]o||L2(]R)f , K:= — | dw < 0.

(34)

—oo 8w

In exactly the same way, we also get I~ (x,7) < K ||c}(’)|| Lz(]R)t’3/4. Note that
K is an absolute constant. The integrals J¥(x, ) are independent of gy and by
translation of zg to the origin and reflection through the origin, the integrals are also
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independent of x and are obviously equal. To calculate them we introduce rescaled
polar coordinates by u = zo + t=12p cos(¢p) and v = t =12 p sin(¢) to get

0 T .
JE, ) = L34 L= /0 pdp /3 ) dgp p /280" sin(®) cos(9) 35)
7/

It is a calculus exercise to show that the above double integral is convergent and
hence defines L as a second absolute constant.

It follows from these elementary calculations that if only g/, € L?*(R), then the
error term £(x, t) in (20) obeys the estimate

2 R _
sup [E(x, D] < =(K +2D) 1G4l 2wyt~ (36)
xeR V4

which decays as + — 400 at exactly the same rate as in the claimed result for the
nonlinear problem as formulated in Theorem 1.1. The same method can be used
to obtain higher-order corrections under additional hypotheses of smoothness for
the Fourier transform gg. One simply needs to integrate by parts with respect to
u = Re(z) in the double integral on the right-hand side of (24).

In the rest of the paper we will show that almost exactly the same elementary
estimates suffice to prove the nonlinear analogue of this result, namely Theorem 1.1.

3 Proof of Theorem 1.1

We will prove Theorem 1.1 in several systematic steps. After some preliminary
observations involving the jump matrix Vy(z) in Riemann-Hilbert Problem 1 in
Sects. 3.1 and 3.2, we shall see that the subsequent analysis of Riemann-Hilbert
Problem 1 parallels our study of the associated linear problem detailed in Sect. 2. In
particular we find natural analogues of the nonanalytic extension method (Sect. 3.3),
of the Gaussian integral giving the leading term in the stationary phase formula
(Sect. 3.4), and of the simple double integral estimates leading to the proof of its
accuracy (Sect. 3.5). Finally, in Sect. 3.6 we assemble the ingredients to arrive at the
formula (3) with the improved error estimate, completing the proof of Theorem 1.1.

3.1 Jump Matrix Factorization

The jump matrix Vp(z) of Riemann-Hilbert Problem 1 defined in (12) can be
factored in two different ways that are useful in different intervals of the jump
contour R as indicated:

(e —2it0(2:20)
V() = (1 rxe ! ) ( ! O), 2> 20, (37)

0 1 r(Z)eZit«?(z;zo) 1
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and
1 0 me—ﬁt@(z;zo)
VM@ = | r@e2@0 1A -r@P)> | T 1@ |z <z.
1 —1|r(2)? 0 1

(38)
The importance of these factorizations is that they provide an algebraic separation
of the oscillatory exponential factors e*2#¢(20) Indeed, if the reflection coefficient
r(z) is an analytic function of z € IR, then in each case the left-most (right-
most) factor has an analytic continuation into the lower (upper) half-plane near the
indicated half-line that is exponentially decaying to the identity matrix as t — +00
due to zg being a simple critical point of 8(z; zg). This observation is the basis for
the steepest descent method for Riemann-Hilbert problems as first formulated in [4].
In the more realistic case that r(z) is nowhere analytic, this analytic continuation
method must be supplemented with careful approximation arguments that are quite
detailed [8]. We will proceed differently in Sect. 3.3 below. But first we need to deal
with the central diagonal factor in the factorization (38) to be used for z < zp.

3.2 Modification of the Diagonal Jump

We now show how the diagonal factor (1 — |r(z)|2)"3 in the jump matrix factor-
ization (38) can be replaced with a constant diagonal matrix. Consider the complex
scalar function defined by the formula

1 /ZO In(1 = |r(s)?) ds

8(z; z0) == exp <2—m s
—00

) , z€C\ (—o0,z0l (39)

This function is important because according to the Plemelj formula, it satisfies
the scalar jump conditions 64+ (z; z9) = 6-(z; z0)(1 — Ir(z)|?) for z < zo and
3+(z; z0) = 8—(z; z0) for z > zo. Hence the diagonal matrix §(z; zo)?? is typically
used in steepest descent theory to deal with the diagonal factor in (38). However,
8(z; zo) has a mild singularity at z = zo:

8(z:20) = K (z—20)" @ (1+0(1)), z— 20, K = K(z0) = constant, (40)
where v(zp) is defined in (4) and the power function is interpreted as the principal

branch. The use of &(z; zp) introduces this singularity unnecessarily into the
Riemann-Hilbert analysis. In our approach we will therefore use a related function:

£z 20) = c(20)8(z; 20)(z — 20) V0, (41)

where the constant c(zg) is defined by
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z0—1 _ 2
ety menp (o [ [ O

271 [ J oo s — 20

Z —_ 2 - - 2
+'/ 0 ]n(l |r(s)| ) ln(l |r(ZO)| )ds:|> (42)

0—1 §—=20

1 20
=exp <2_m / C>O1n(z() —s)dIn(l — |r(s)|2)> .

The function f(z; zo) has numerous useful properties that we summarize here.

Lemma 3.1 (Properties of f(z;zo)) Suppose that r € H'(R) and there exists
p < Lsuchthat |r(z)| < p holds for all z € R (as is implied by r € Hll’1 (R) which

follows from qo € H"'(R)). Then
e The functions f(z; z0)*!
(—m, ).

are well-defined and analytic in z for arg(z — z9) €

e The functions f(z; z0)™! are uniformly bounded independently of zo € R:
sup [f(zzo)*! < . 43)
z0€R 1— 1Y
arg(z—zo)€(—m,7)
e The function f(z; zo) satisfies the following asymptotic condition:
lim  f(z20& = 20" = c(z0). (44)

7—00
—m<arg(z—zp)<m

o The functions f(z; 20)*> are Hilder continuous with exponent 1/2. In particular,
f(z 200 — 1 as z — 7o and there is a constant K = K (p) > 0 such that
| f(z; 2002 — 1] < K|z — z0|"? holds whenever arg(z — zo) € (—m, o).

e The continuous boundary values fi(z; zo) taken by f(z;z0) on R for z < zg
from £Im(z) > O satisfy the jump condition

1—1r(2)?
1—|r(z0)*’

S+(z; z0) = f-(z; z0) Z < 20. (45)

Proof The assumptions imply in particular that In(1 — |7 (-) 1?) € LY(R), soforzina
small neighborhood of each point disjoint from the integration contour, the integral
in (39) is absolutely convergent and so 8(z; zo) and 8(z; zo) ~! are analytic functions
of z on that neighborhood. The same argument shows that the first integral in the
exponent of the expression (42) for c(z¢) is convergent. Since » € H'(IR) implies
that »(-) is Holder continuous with exponent 1/2, the condition |r(:)] < p < 1
further implies that In(1—|r(s) 12) is also Holder continuous with exponent 1/2, from
which it follows that the second integral in the exponent of the expression (42) is
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also convergent. Therefore c(zg) exists, and clearly |c(zp)| = 1. Since the principal
branch of (z — 7o) 7”@ is analytic for arg(z — z9) € (=, ), the analyticity of
f(z; z0)*! in the same domain follows. This proves the first statement.

In [8, Proposition 2.12] it is asserted that under the hypothesis |r(z)| < p < 1,
the function 8(z; zo) defined by (39) satisfies the uniform estimates (1 — p?)!/? <
18(z; zo)|F! < (1—p?)~1/2 whenever arg(z—z¢) € (=, 7). If arg(z—z0) = 0, then
obviously |8(z; zo)| = 1, so it remains to prove the estimates hold for Im(z) # 0.
Following [12], since In(1 — p?) < In(1 — |r(s)|?) < 0, if u = Re(z) and v = Im(z)
we have Im((s — 2)™1) = v/((s — u)*> + v?), so assuming v > 0,

vin(l - o) /ZO ds < 18 + v 20)| (46)
X 1V, .
P 2 oo (8 —u)?+v2) ~ ! <0

Bounding the left-hand side below by extending the integration to IR (using
vin(l — p?) < 0) gives the lower bound (1 — p?)!/? < |8(z; z0)|, and by taking
reciprocals, the upper bound [8(z; z0)| ™' < (1 — p?)~!/2 for Im(z) > 0. The
corresponding result for Im(z) < 0 follows by the exact symmetry 8(z; zo) ™! =
8(z; zo). Combining these bounds with |c(zp)| = 1 and the elementary inequalities
(L= pH2 < (1= lrzo))!? = 7™ < |z — V@) < &™) =
(1 =1rzo) V2 <1 = pH 12 holding for arg(z — z¢9) € (—m, ) then proves
the second statement.

Since In(1 — |r()|*) € L'(R), from (39) a dominated convergence argument
shows that 8(z; z9) — 1 as z — oo provided only that the limit is taken in such a
way that for some given € > 0, dist(z, [—00, z9)) > €. Combining this fact with (41)
proves the third statement.

Analyticity implies Holder continuity, so provided z is bounded away from
the half-line (—oo, z¢], Holder-1/2 continuity of f(z; zO)iz is obvious. But, since
In(1—|r(-)|?) is Holder continuous on R with exponent 1/2, by the Plemelj-Privalov
theorem [16, §19] and a related classical result [16, §22], the functions §(z; zg)il
are uniformly Holder continuous with exponent 1/2 in any neighborhood of the
integration contour except for the endpoint z = zg, and hence the same is true
for the functions f(z; zO)ﬂ. However, the latter functions are better-behaved near
z = z¢. To see this, note that since

Fiv(z0)
(2 = 20) 6 = (z = (2o — )T [&} 0
z—(@zo—1)
i 1 20 In(1 — 2
= (@~ (0 — )T @ exp (?7 / In = Irzo)l) ds) ,
1 Jzp—1 s —Z

7€ C\ (—o9, 20],
47)



Dispersive Asymptotics for Linear and Integrable Equations by the 8 Steepest. . . 267

we have from (39) and (41) that

z0—1 _ 2
F(z: 2002 = c(z0) (2 — (z0 — 1)) TV exp (il'/ 0 Mds)

i J_o s =z

+00
exp (j:i / h(s)ds) 48)

wiJym1 S —2

where A (s) := In(1 — |r(s)|%) — In(1 — r(z0)|*) for s < zg and h(s) := 0 for s > z.
As the first three factors are analytic at z = zo while A(s) is Holder continuous with
exponent 1/2 in a neighborhood of s = zg, the same arguments cited above apply
and yield the desired Holder continuity of f(z; zo)*> near z = zg. It only remains
to show that f(zo; zo)™> = 1, but this follows immediately from (42) and (48). This
proves the fourth statement.

Finally, the fifth statement follows from the definition (41) of f(z; zo) and the
jump condition 8, (z; zo) = 8—(z; z0) (1 — |r(2)|?) for z < zo. O

Using the diagonal matrix f(z; z0)?® to conjugate the unknown M(z) of
Riemann-Hilbert Problem 1 by introducing

N(z) = N(z; x, 1) 1= el®C003/2l16(0:20093 . ¢ (70\B3M(z; x, 1) £ (25 20) ™%

. e—it9(zo;zo)<73e—iw(zo)da/Z’ z€C\R, (49)
where

w(20) := arg(r(zo)), (50)

it is easy to check that N(z) satisfies several conditions explicitly related to those of
M(z) according to Riemann-Hilbert Problem 1. Indeed, N(z) must be a solution of
the following equivalent problem.

Riemann-Hilbert Problem 2 Given parameters (x,t) € R?, find N = N(z) =
N(z; x, t), a 2 x 2 matrix, satisfying the following conditions:

Analyticity N is an analytic function of 7 in the domain C \ R. Moreover, N has
a continuous extension to the real axis from the upper (lower) half-plane denoted
N, (z) (N_(2)) forz € R.

Jump Condition The boundary values satisfy the jump condition
N+(2) =N_(2)Vn(@), z€R, (51

where the jump matrix VN(z) may be written in the alternate forms
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VNG = (O |

1 —f(z z())zmei“’(m)e_mw(Z;ZO)_G(Z‘);ZO)]>

1 0 5
) f(z;ZO)—Zr(Z)e—iw(zo)eZitW(z;zo)—e(zo;zo)]1 ;2> 20, (52)

Vn@) = f-(z; ZO)_Zr(Z)e—iwgm)eﬁt[0(z;z0)—9(zo;zo)] (])
1—|r(2)?
fi(z ZO)Zmeiw(zo)e—2it[9(z;zo)—0(20220)]
(1= r(zo) )7 = 1—|r@)? . Z< 20,
0 1

(33)

where f1(z; z0) (f-(z; z0)) is the boundary value taken by f(z; zo) from the upper
(lower) half-plane.

Normalization There is a matrix N{(x, t) such that
N(2)(z — 20) " C0% = T4+ 27Ny (x, 1) +0(z™"), z— o0. (54)

Note that the matrix coefficient Nj(x, ) is necessarily related to the coefficient
M; (x, t) in Riemann-Hilbert Problem 1 by a diagonal conjugation:

M (x, 1) = e—iw(zo)os/ze—ite(zo;zo)mC(ZO)—03 N; (x, l‘)C(Zo)U3 6119(20;20)03 eiw(z‘))@/z.
(55)
Therefore, the reconstruction formula (14) can be written in terms of Ny (x, ¢) as

q(x, 1) = 2ie 7100 e 2000 ¢ (70) "IN 15 (x, 1). (56)

The net effect of this step is therefore to replace the non-constant diagonal central
factor in (38) with its constant value at z = zo and to introduce power-law asymp-
totics at z = oo at the cost of slight modifications of the left-most and right-most fac-
tors in (37)—(38). In the formula (49) we have also taken the opportunity to conjugate
off the constant value of 6(z; zo) and the phase of r(z) at the critical point z = zg.

3.3 Nonanalaytic Extensions and F) Steepest Descent

The key to the steepest descent method, both in its classical analytic framework and
in the 3 setting, is to get the oscillatory factors e*2¢(z:20) off the real axis and into
appropriate sectors of the complex z-plane where they decay as t — +oo. We will
accomplish this by exactly the same means as in the linear case, namely by defining
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03 . '." Ql
\‘ IR
Sz
Oy Qs
Qs
Fig. 2 The jump contour R in Riemann-Hilbert Problem 2 and the sectors ;, j = 1,..., 6 in

the z = u + iv plane

non-analytic extensions of the non-oscillatory coefficients of e21/0(%:20) in the left-
most and right-most jump matrix factors in (37)—(38) by a slight generalization of
the formula (23). In reference to the diagram in Fig. 2, we define sectors

1
Qr: O<arg(z—1z0) < Zn

1 3
Q) er < arg(z —z0) < er

3
Q3 Zn <arg(z —z0) <7

3 (57)
Qp: —m<arg(z—20) < —Zn
3 1
QLs: — Zn < arg(z —z0) < —er
1
Qs: — Zn < arg(z — z9) < 0.

Note that 23 = Q4 and Q¢ = Q_ in reference to Fig. 1. Now we define extensions
on the domains shaded in Fig. 2 by following a very similar approach as in Sect. 2:

E1(u, v) := cos2arg(u + iv — z0)) f (u + iv; 20) " 2r(u)e @)
+ (1 —cos(Qarg(u + iv — zo))|r(z0)|, z=u-+1iv € Q

L e

Ez(u,v) := — |:cos(2 arg(u + iv — zo)) f (u + iv; 20) W

+ (1 — cos(2arg(u +iv — ZO)))I |r(zo)l

W}, z=u—+1iv € Q3
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) ) r(u e~ iw(z0)
E4(u, v) := cos(2arg(u +iv — zo)) f (u + iv; z0) 27 (e

1 —|r@u)|?
+ (1 — cos(2arg(u + iv — zO)))&)'z, z=u—+1iv € Q4
1 — |r(zo)l
Ee¢(u,v) := — [005(2 arg(u + iv — z0)) f (u + iv; 20)%r (u)el® @0

+ (1 — cos(2arg(u + iv — zo)))lr(zo)l] , Z=u-+iv € Q.
(58)
It is easy to check that:

e Ei(u,v) evaluates to f(z; z0) " 2r(z)e (0 for z € R on the boundary of 2.

e E3(u,v) evaluates to — f1(z; z0)?r (2)ei?@) /(1 — |r(z)|?) for z € R on the
boundary of Q3.

o E4(u,v) evaluates to f_(z; z0) 2r(z)e ?@0) /(1 — |r(z)|?) for z € R on the
boundary of Q4.

e Eg(u, v) evaluates to — £ (z; z0)*r ()€ for z € R on the boundary of 2.

Thus exactly as in Sect. 2 these formul@ represent extensions of their values on the
real sector boundaries into the complex plane that become constant on the diagonal
sector boundaries (see (60) below), with the constant chosen in each case to ensure
continuity of the extension along the interior boundary of each sector. The only
essential difference between the extension formula (58) and the formula (23) from
Sect. 2 is the way that the factors f (z; z0)*?2 are treated differently from the factors
involving r(z); the reason for using f(u + iv; 20)*2 in (58) rather than f (u; zo) >
will become clearer in Sect. 3.5 when we compute 5Ej(u, v), j = 1,3,4,6, and
take advantage of the fact (see Lemma 3.1) that 3 f (u+1v; zo)* = 0 in the interior
of each sector.

We use the extensions to “open lenses” about the intervals z < zg and z > zgp by
making another substitution:

-1
NG x 1) ; 0 tiveQ
X, , ' C —wi
o E; (u, v)e2il0u+ivizo) =0 zo:z0)] L= UTIVE N
NG %, 1), Z=u+ive
1 E3(u, v)e 20 @+ivizo)—0(z0:20)] B .
N(Z;x,t)( 3. v) . z=u-+iv e Q3
O(u,v;x,1) 1= 0 1
1 0
N(z; x,t = i Q
@20 <E4(u, v) 210 (u-+iviz0) =0 (20:20)] 1) ’ Z=u+1w ey

N(z; x, 1), z=u-+iv € Q5

N(z; x,1) (

1 E¢(u, U)e*2i1[9(u+iv;zo)79 (20:20)]

0 1

>, z=u+iv € Q.

(59
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Our notation O(u, v; x, t) reflects the viewpoint that unlike N(z; x, t), z = u + iv,
O(u, v; x, t) is not a piecewise-analytic function in the complex plane due to the
non-analytic extensions E;(u, v), j =1, 3, 4, 6. The exponential factors in (59) all
have modulus less than 1 and decay exponentially to zero as t — +00 pointwise in
the interior of each of the indicated sectors, a fact that suggests that (59) is a near-
identity transformation in the limit # — +o00. We also have the following property.

Lemma 3.2 (Relation Between N and O for Large z € C) Let zg € R be fixed,
and suppose that r € H'(R) and that there exists a constant p < 1 such that
|r(2)| < p holds for all z € R (conditions that are true for r € Hll’l(]R) as follows
from qo € H"'(R)). Then O(u, v; x, 1) = N(u + iv; x, )L + o(1)) holds as z =
u + iv — oo where the decay of the error term is uniform with respect to direction
in each sector Qj, j =1,...,6.

Proof The exponential factors in (59) also decay as z = u 4+ iv — oo provided that
v — oo. Since r, 7’ € L*>(R) means that (1 4+ | - [)7(-) is square-integrable where 7
denotes the Fourier transform of r, the Cauchy-Schwarz inequality implies that also
Fell (IR). Hence by the Riemann-Lebesgue Lemma, r () is bounded, continuous,
and tends to zero as u — 00. As 1 — |[r(u)|? > 1 — p% > 0, the same properties
hold for r(u)/(1 — |r(u)|?). Since the hypotheses of Lemma 3.1 hold, f(u +
iv; zO)jE2 are bounded functions, so the desired result follows from using extension
formulea (58) in (59). |

Despite the non-analyticity of the extensions, the above proof shows also that each
of the extensions E;(u, v), j = 1,3, 4, 6, is continuous on the relevant sector and
therefore O(u, v; x, t) is a piecewise-continuous function of (u, v) € R? with jump
discontinuities across the sector boundaries. We address these jump discontinuities
next.

3.4 The Isomonodromy Problem of Its

Although O(u, v; x, t) is not analytic in the sectors shaded in Fig. 2 for essentially
the same reason that the double integral error term in (24) does not vanish
identically, the fact that the extensions E; (u, v), j = 1, 3, 4, 6, evaluate to constants
on the diagonals:

E1(u —zo,u) = |r(zo)l and Ee(u —z0, —u) = —[r(zo)|, u > 2o,
|7 (zo)l |7 (zo)|
E3(u—zo, —u) = ————— and Ej(u—2z0,u) = —F————>, U <20,
1—r(zo)? 1—Ir(zo)?
(60)
implies that if we introduce the recentered and rescaled independent variable
¢ = 2t1/2(z — zp), the jump conditions satisfied by O(u, v; x, t) across the

sector boundaries are exactly the same as those satisfied by the matrix function
P(¢; |r(zo)]) solving the following Riemann-Hilbert problem.
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1 0
mel®® 1
(1—m?)®

1 0
meigz 1 fme’iéz
1— m2 1 0 1

Fig. 3 The jump contour Xp and jump matrix Vp(¢; m) for Riemann-Hilbert Problem 3

Yy

Riemann-Hilbert Problem 3 Let m € [0, 1) be a parameter, and seek a 2 x 2
matrix function P = P(¢) = P(¢; m) with the following properties:

Analyticity P(¢) is an analytic function of ¢ in the sectors | arg(¢)| < }1”’ ‘1—‘71 <
+arg(¢) < %n, and %71 < xarg(¢) < m. It admits a continuous extension from
each of these five sectors to its boundary.

Jump Conditions Denoting by P (¢) (resp., P_(¢)) the boundary value taken on
any one of the rays of the jump contour Xp from the left (resp., right) according
to the orientation shown in Fig. 3, the boundary values are related by P ({; m) =
P_(¢; m)Vp(¢; m), where the jump matrix Vp(¢; m) is defined on the five rays of

Yp by
1 0 .
(meié-2 1) ’ arg({) = ZJT
1 —me ¢’ |
me™\¢
Ve = |1 T2 | o) =3 (61)
0 1
1 0
met® | arg(¢) = —3m
1 —m?
(1 —m?)%, arg(—¢) = 0.

Normalization P(¢; m)¢~(1=m%)03/Q) g5 ¢ — oo

This Riemann-Hilbert problem is essentially the isomonodromy problem identified
by Its [10], and it is the analogue in the nonlinear setting of the Gaussian
integral that is the leading term of the stationary phase expansion (24) in the
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linear case. Although the jump conditions for O(u, v; x, t) correspond exactly to
those of P(¢; |r(zo)]), the scaling z = ¢ = 2t12(z — zp) introduces an extra
factor into the asymptotics as z — o0; the fact of the matter is that the matrix
(2t1/2)v@)o3Q(y, v; x, 1) satisfies the normalization condition of P(¢; |r(z0)|), and
the constant pre-factor has no effect on the jump conditions. Hence in Sect. 3.5
below we shall use the latter as a parametrix for the former.

However, we first develop the explicit solution of Riemann-Hilbert Problem 3.
The first step is to consider the related unknown U(¢; m) := P(¢; m)e_if 203/2 and
observe that from the conditions of Riemann-Hilbert Problem 3 that U(¢; m) is ana-
lytic exactly in the same five sectors where P(¢; m) is, and that it satisfies jump con-
ditions of exactly the form (61) except that the factors e*i¢? are everywhere replaced
by 1; in other words, the jump matrix for U(¢; m) on each jump ray is constant
along the ray. It follows that the ¢-derivative U’(¢; m) satisfies the same “raywise
constant” jump conditions as does U(¢; m) itself. Then, since it is easy to prove
by Liouville’s theorem that any solution P(¢; m) of Riemann-Hilbert Problem 3
has unit determinant, it follows that U(¢; m) is invertible and a calculation shows
that the function U’ (¢; m)U(¢; m)’1 is continuous and hence by Morera’s theorem
analytic in the whole ¢-plane possibly excepting ¢ = 0. We will assume analyticity
at the origin as well and show later that this is consistent. As an entire function of ¢,
the product U’(¢; m)U(¢; m)~! is potentially determined by its asymptotic behavior
as { — oo. Assuming further that the normalization condition in Riemann-Hilbert
Problem 3 means both that for some matrix coefficient P (m) to be determined,

P(;, m) — (]I + é.—lPl(m) +O(§_2)> Cln(l—mz)(73/(27'[i) and

In(1 — m?) - (62)

P(¢;m) = o3+ O g1:1(1—,112)03/(2711)
’ 2mi
hold as { — oo, such as would arise from term-by-term differentiation, it follows

also that

U@ m) = (1[ +¢7'Pim) + 0(4*2)) gin(1=mos/@re=i?os/2 gpg
(63)
U'(cim) = (—icos = iP1(m)o3 + OE ™) ) I =mo/@rdemicies/2

as { — oo. Therefore the entire function is determined by Liouville’s theorem to
be a linear polynomial:

U'(¢;mUE; m)~" = —igos +ilos, Pi(m)], (64)

where [A, B] := AB — BA is the matrix commutator. In other words, U(¢; m)
satisfies the first-order system of linear differential equations:

dU
—(&ym) =

( —i¢ 2iPy,12(m)
d¢

ISP )U@nm. (65)
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Now, another easy consequence of Liouville’s theorem is that there is at most one
solution of Riemann-Hilbert Problem 3. Using the fact that m € [0, 1), it is not dif-
ficult to show that if P(¢; m) is a solution of Riemann-Hilbert Problem 3, then so is

O’]P(E; m)oy, where o] := ((1) (1)), (66)

so by uniqueness it follows that P(¢; m) = o1 P(E; m)o1. Combining this symmetry
with the first expansion in (62) shows that P; 21 (m) = P; 12(m), so the differential
equations can be written in the form

%(c; m) = (‘Efg l’z) UGim), = B(m) = 2Py 12(m). 67)

The constant § € C is unknown, but if it is considered as a parameter, then
eliminating the second row shows that the elements U, j = 1, 2, of the first row
satisfy Weber’s equation for parabolic cylinder functions in the form:

?uy; (1
dy? 4

1 .
v+ a) Upjj=0, a:= 5(1+i|ﬁ|2), y =2 j=1,2.

(68)
The solutions of this equation are well-documented in the Digital Library of
Mathematical Functions [18, §12]. Equation (68) has particular solutions denoted
U(a,+ty) and U(—a, %iy), where U (-, -) is a special function? with well-known
integral representations, asymptotic expansions, and connection formulz.

The second step is to represent the elements Uy as linear combinations of a
fundamental pair of so-called numerically satisfactory solutions specially adapted
to each of the five sectors of analyticity for Riemann-Hilbert Problem 3. Thus, we
write

Uij(g;m)
pAPU(a, y) + BB U (—a. iy). larg(9)] < 7,
paAVU @ ) + BBV (-a,—iy),  dx <ang©) < im,
=184 U@ ) + BB U(-aiy).  —im <arg@) < ~im,
BAT U@, —y) + PBPU(—a,—iy).  Fr <arg) <.
BASI U@ —y) + BB PU(—a. —iy).  —m <argt) < —i.

(69)

2In many works on long-time asymptotics for the Cauchy problem (1)—(2) written before the
Digital Library of Mathematical Functions was freely available (e.g., [8, 9]), the solution of
Riemann-Hilbert Problem 3 was developed in terms of the related function D, (y) := U (—% -
v, y). Since most formulz in [18, §12] are phrased in terms of U (-, -), we favor the latter.



Dispersive Asymptotics for Linear and Integrable Equations by the 8 Steepest. . . 275

and then using the first row of (67) along with identities allowing the elimination of
derivatives of U [18, Egs. 12.8.2-12.8.3] we get the following representation of the
elements of the second row of U(¢; m):

Usj(¢;m)
~APU @1, y)+ia-$HBPU(1-a.iy), larg($)| <5,
—A;”U(a—l, y)—i(a—%)Bj”U(l—a, —iy),  im<arg@@)<in,
=V2e ATV U @1, —y)+ia—DH B MU (—a.iy),  —3r<arg@)< - 7,
APU@-1,-y)—i(a-H)BPU(-a, —iy),  Fr<arg)<m,
ATPU@—1, —y)—ila— BV U1—a, —iy), —m<argt)< - 3.

(70)

Finally, we determine the coefficients AY and BY for j = 1L2andi =
0, £1, £2, as well as the value of 8 = B(m) so that all of the conditions of Riemann-
Hilbert Problem 3 are satisfied by P(¢; m) = U(¢; m)elt?3/2 The advantage of
using numerically satisfactory fundamental pairs is that the asymptotic expansion

[18, Eq. 12.9.1]
| o (1 +a)2k

12 1 2 3
~ oGy R A 3 ; 2
Ula,y)~e 47y 2;:0( 1) T R larg(y)| < 77

(71)
can be used to determine from (69)—(70) the asymptotic behavior of U(¢; m) in
each sector for the purposes of comparison with the first formula in (63). This
immediately shows that for consistency it is necessary to take A(l') = 0and Bé’) =0
fori = 0, &1, £2. Next, it is useful to consider the trivial jump conditions for the
first column of U(¢; m) (across arg($) = _}1” and arg(¢) = %n) and for the

second column of U(¢; m) (across arg(¢) = 4—1‘71 and arg(¢) = —%n). These imply

the identities BI(O) = Bl(_l), Bl(l) = Bl(z) (from matching the first column) and
A;O) = A;l), Aé_z) = A(2_1) (from matching the second column). The diagonal
jump condition satisfied by U(¢; m) across the negative real axis then yields the
additional identities B> = (1 —m%)~1B® and A® = (1 — m»)~140"?. With
this information, we have found that U(¢; m) necessarily has the form

b= PG 49V,
5 ﬁem/4(a _ %)Bl(())U(l —a,iy) ﬁe3ﬂ1/4A(20)U(a “1,y) s
1
larg(¢)] < 2 (72)
UG m) = BB U(=a, —iy) AT U(a, )
s \/5673771/4(61 _ %)BI(I)U(I —a, _]y) ﬁe3ﬂl/4A§0)U(a _ ]’ y) P

1 3
Zn < arg(¢) < Zn, (73)
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U m) = BB} U(=a.iy) pA; VU, —y)
; ﬁein/4(a _ %)Bl(())U(l —a,iy) ﬁe—in/élAg*])U(a 1, —y) s
3 1
- Zn <arg(¢) < —Zn, (74)
U(:m)
_ BB{ U (~a, —iy) B-m)~' AT VU (a, —y)
Va2e 4 (a— ) B U (1—a, —iy) v2e /4 (1-m?) "1 AT DU @—1,—y) )
%n <arg(¢) < m, (75)
and
U(¢:m)
_ B(1—m) "' BV U(~a, —iy) pAT VU@, —y)
Vae @=L (1-m?) T BV U (1—a, —iy) V2674 AT VU (a1, —y) )

- <arg(l) < —%n. (76)

Appealing again to (71) now shows that U(¢; m) agrees with the first formula in (63)
up to the leading term only if the parameter a in Weber’s equation (68) satisfies

1 1 2 2 1 2
a——-=—1In(l-m?) = |BI*=——In(1—-m?) >0, (77)
2 2mi T

and the remaining constants Aéo), Aé_l), Bl(o), and Bfl), are given in terms of 8 by

1
BY =711 —m®)Bexp <i4— In(2) In(1 — m2)>
JT

1 . 1
AD = E(l — m?)~/8e3m/4 oxp (—iE In(2) In(1 — m2)>

1
B = 711 — m?) 8 exp (14— In(2) In(1 — m2)>
T

_ 1 : 1
ATD = ﬁ(l — m?)33e™/* exp (—ig In(2) In(1 — m2)> . (78)

Only arg(p) remains to be determined, and for this we recall the nontrivial jump
conditions for the first (second) column of U(¢; m) across the rays arg(¢) =
41‘1777 —%n (the rays arg(¢) = —A—INI, %71). Actually all four of these jump conditions
contain equivalent information due to the fact that the cyclic product of the jump

matrices in Riemann-Hilbert Problem 3 about the origin is the identity, so we just
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examine the transition of the first column across the ray arg(¢{) = ;ltn implied by
the jump conditions in Riemann-Hilbert Problem 3. Using all available information,
the jump condition matches the connection formula [18, Eq. 12.2.18] if and only if

T 1 2 o1 5
arg(B) = 1 + o In(2) In(1 — m~) — arg (F (15 In(1 —m )>> . (79)

Combining this with (77) determines S=f(m) and then using (78) in (72)—(76) fully
determines U(¢; m) and hence also P(¢; m) = U(¢; m)eifz‘”/z. This completes
the construction of the necessarily unique solution of Riemann-Hilbert Problem 3.
One can easily check directly that U'(¢; m)U(¢; m)~! is analytic at ¢ = 0, and
using (71) (which is known to be a formally differentiable expansion) one confirms
the asymptotic expansions (62)—(63), justifying after the fact all assumptions made
to arrive at the explicit solution.

We note that for each m € [0, 1), P(¢; m) is uniformly bounded with respect to
¢ € C, since it is locally bounded and the normalization factor in the asymptotics
as { — oo satisfies

(1= m)V2 < = mA=mD/QrD| (1 _ =12 arg(¢) € (—m. ). (80)

Since det(P(z; m)) = 1, the same holds for P(¢; m)~!. Moreover, it is not difficult
to see that if || - || is a matrix norm, then sup,cc\x, [IP(¢;m)]| is a continuous
function of m € [0, 1). Therefore the estimates on P(¢; m) and P(¢; m)~! hold
uniformly with respect to m € [0, p] forany p < 1.

3.5 The Equivalent 9 Problem and Its Solution Jor Large t

The next part of the proof of Theorem 1.1 is the nonlinear analogue of the
estimation of the error £(x,t) in the stationary phase formula (20) by double
integrals in the z-plane. Here instead of a double integral we will have a double-
integral equation arising from a d-problem. To arrive at this problem, we simply
define a matrix function E(u, v; x,t) by comparing the “open lenses” matrix
Q1723 Q(y, v; x, 1) with its parametrix P(21'/2(z — z0); |r (zo)]):

E(u, v; x, 1) := Q') VEOBO @, v; x, Pt (u+iv—2z0); [r(zo)) ™" (81)

We claim that E(u, v; x, t) satisfies the following problem.

3 Problem 1 Let (x,1) € R? be parameters. Find a 2 x 2 matrix function E =
E(u,v) =E(u,v; x,t), (u,v) € R? with the following properties:

Continuity E is a continuous function of (u, v) € R>.
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Nonanalyticity E is a (weak) solution of the partial differential equation
0E(u, v) = E(u, v)W(u, v), where W(u, v) = W(u, v; x, t) is defined by

W(u, v; x, 1) == Pt (u +iv — 20); |7 (z0) ) Au, v; x, 1)

POt iv =20 r@D T, 82)
and
0 0 ‘
<_§E1(u, v)e2if (0 (u+ivizo) =0 (20:20)) 0) ’ u+iv e Q
0, u+ iv € Qz

0 —9 E3(u, v)e 2t (Ou+ivizo)—0(z0:20))
3( ) s u—+iv € Q3

A(u,v;x,t) := EO 0

0 0 .
TE4 (. v)e2it OG+ivi20)—0(0:20)) 0) ’ utiv e S

0, u+iveQs
09E u, v e—2it (0 (u+iv;z0)—0(20:20))
6(u, v) , u+iv € Q.
0 0
(83)
Note that W(u, v; x, t) has jump discontinuities across the sector boundaries in

general.
Normalization E(u, v) — I as (u, v) — oc.

To show the continuity, first note that in each of the six sectors Q;, j = 1,...,6,
E(u, v; x, t) is continuous as a function of (u, v) up to the sector boundary. Indeed,
the first factor in (81) is independent of (u, v), and the second factor in (81) has
the claimed continuity because this is a property of the solution N(u + iv; x, ¢) of
Riemann-Hilbert Problem 2 and of the change-of-variables formula (59). Finally,
P(¢; m) has unit determinant and its explicit formula in terms of parabolic cylinder
functions shows that its restriction to each sector is an entire function of ¢, which
guarantees the asserted continuity of the third factor in (81). Moreover, the matrices
Q172 Q(y, v; x, r) and P2 (u+iv—z0); |r(z0)|) satisfy exactly the same
jump conditions across the six rays that form the common boundaries of neighboring
sectors, from which it follows that E; (u, v; x, t) = E_(u, v; x, t) holds across each
of these rays and therefore E(u, v; x, ) may be regarded as a continuous function
of (u,v) € R2.

To show that 9E = EW holds, one simply differentiates E(u, v; x, t) in each
of the six sectors, using the fact that O(u, v; x, t) is related to N(u + iv; x,t)
explicitly by (59) and that both N(u + iv; x, ) and the unit-determinant matrix
function P(2t'/% (u+iv —z0); |r(zo)|) are analytic functions of u +iv in each sector,
and hence are annihilated by 9. The region of non-analyticity of E is therefore the
union of shaded sectors shown in Fig. 2.
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Finally to show the normalization condition, we recall Lemma 3.2.
Therefore, comparing the normalization conditions of Riemann-Hilbert Problem 2
for N(z;x,7) and of Riemann-Hilbert Problem 3 for P(¢;m) shows that
E(u,v;x,t) — I as (u,v) > ooin R?.

The rest of this section is devoted to the proof of the following result.

Proposition 3.3 Suppose that r € H'(R) with |r(z)| < p for some p < 1. Ift > 0
is sufficiently large, then for all x € R there exists a unique solution E(-, -; x, 1) €
L®(IR?) of 8-Problem 1 with the property that
Ei(x,t):= lim (u+iv)[E(,v;x,t)—1] (84)
(u,v)—>o0

u=0

exists and satisfies

sup |[Ej(x, )| = O¢3*), t - +oo. (85)
xeR

Proof To show that 9-Problem 1 has a unique solution for 7 > 0 sufficiently large,
and simultaneously obtain estimates for the solution E(u, v X, t), we formulate a
weakly-singular integral equation whose solution is that of d-Problem 1:

Ew,v;x,t) =1+ JE(u,v; x, 1),

__1 F(U, V)W(U, V; x,1)
JF(u,v) = - //]RZ U1V —v dA(U, V), (86)

in which the identity matrix I is viewed as a constant function on IR?. Indeed, this is
a consequence of the distributional identity 3z~' = —78 where § denotes the Dirac
mass at the origin. We will solve the integral equation (86) in the space L®(R?),
by computing the corresponding operator norm® of 7 : L°(R?) — L*°(R?) and
showing that for large ¢+ > O it is less than 1. Thus, we begin with the elementary
estimate

1 WU, V;x,t)|dAU, V)
TR0l = Pl [ e

Using the uniform boundedness of P(¢; m) and its inverse with respect to ¢ i.e.,
there exists C > 0 such that |P(¢;m)|| < C and |P(¢;m)” ! < C forall ¢ €
C\ XZp and all m € [0, p] with p < 1, the assumption |r(z)| < p < 1 gives that

3All L? norms of matrix-valued functions in this section depend on the choice of matrix norm,
which we always take to be induced by a norm on 2.
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e80T E (u, v)|, z=u+iv e Q
8t(u—z0)v|y = i
e OE3(u, v)|, =u+iveq
W, v x, ) < € et TSR e
e =20V T Ey (u, v)|, Z=u+iv € Q4
38’(“*ZO)U|§E6(M, v)|, z=u-+iv € Qg,

and of course W(u, v; x,1) = 0 on 2 U Q5. By direct computation using (58)
along with the analyticity of f(z; zo)™> provided by Lemma 3.1 and straightforward
estimates of cos(2 arg(u + iv — zp)) and its 9-derivative as in Sect. 2, we have the
following analogues of (29):

| f(u + iv; 20) ~2r (u) — r(z0)|
V(W —z0)? + v?

z=u+ive Q, (89

- 1 o
9E1(u, v)] < 5|/ (u+iv; 20) 2[17 )| +

IE;( )|<l| (u + iv; 20)? 4w
OB vl = Al v 207 g T e
[+ iv; 20)%r (u) r(z0) 1 :
- . T=u+iveQs,
' —r@E TGP | Ju i e
(90)
- 1 . 51 d r(u)
BEau, v)| < 1/ +ivizo) 1| o e
[+ iv; 20)72r (u) r(20) 1 L
—r@P TGP Ja—arge - iTres

oD

and

| f(u +iv; 20)%r (W) — 7 (20)]

Vi —z0)2+ 02

z=u+1iv € Qg. (92)

_ 1 _
|0 E6(u, v)| < Elf(u + iv: 20)? (1 ()| +

Note that

1+

d r() -
=G

du 1 —|r(u)?

i r(u)
du 1 —|r(u)|?

2
/f A (93)
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holds under the condition |r(u)| < p < 1. Also, under the same condition,
|f (e +iv; 20) 2r () = r(z0)| = |(f (u +iv; 20) > = Dr(u) 4 r(u) = r(zo)|
< plf(+iv; 20) 7> = 1] + |r(u) — r(z0)]
< (Kp + 1"l 2wy) [ — z0)* + 0?14, (94)

where we used Lemma 3.1 and (30), and K > 0 depends on p but not on zg. Exactly
the same estimate holds for | f (u + iv; 20)%r (u) — r(zo)|. In the same way, but also
using (93),

flu+ivizo)r@  r(zo) Kp 1+p2 2, 241/4

‘ =P I=IrGoP 5(1—pz+(1—pz)2”’ ”“““) =z

£ +iv; 20) 72r (u) (20 Kp 1+p% N2, 29174
= lrwP 1= IrGoP 5(1—p2+(1—p2)2”’ ”“(]R)) [ =20y + v

95)

Therefore again using Lemma 3.1, we see that there are constants L and M
depending only on the upper bound p < 1 for ||r|LeR), on [I7]l 2Ry, and on
I7"ll 2Ry such that

T z=u+iveQ;, j=13,4,6.
(96)

|8E](M, U)| = L|r (l/l)| + [(u —Z0)2+U2]1/

Note that (96) is the nonlinear analogue of the estimate (31).
Combining (96) with (87)—(88) shows that for some constant D independent of
(x,1) € R?,
ITF @, v; x, Ol < DTN, vix, 1) + T3, vsx, 0) + 138w, v; x, 1)
TP, v, O] 1] oo oy ©7)

where the four terms are analogues in the nonlinear case of the double integrals
defined in (33) for the linear case:

"y —8t(U—z09)V dA U,v
T e xo ) = /f Ir'(U)le ( )’
Uy VU —u)?+ (V—v)?

"y 8t(U—z09)V dA(U,V
1361y v x. 1) = // Ir'(U)le ( )’
2002 (U —u)2 + (V —v)?
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_SI(U_Z())V A
JUHG v x, 1) = // e dAU, V) o
QU2 [(U = 20)2 4+ V2IV4/(U — )2+ (V — v)?

3.6] 8t(U—z0)V dA(U V)
J (u,v;x,t)::// . )
Q3096 [(U — 20)2 + V214 (U —u)? + (V —v)?

(98)

Estimation of the integrals 4 (u,v; x,t) and Ji4 (u, v; x, t) requires nearly
identical steps as estimation of 71361 (u,v; x,t) and J1B3:.6l (u, v; x, t) (just note that
the sign of the exponent always corresponds to decay in the sectors of integration).
So for brevity we just deal with 7361 (u,v; x,t) and J13:6] (u, v; x,t).

To estimate 113:6 (u, v; x, t), by iterated integration we have

1[3’6](u, v; X, 1)

+o00 70—V 0 +o00 |r/(U)|eSt(U*Z())V
=[/ dV/ dU—i—/ dV/ dU]
0 —x —c0 20—V VWU —u)? + (V —v)?

+o0 20—V 0 +o0 ’ —8tv2
< U dV/ dU + / dV/ dU] Ir(@le .
0 —x —c0 20—V VWU —u)? 4+ (V —v)?

99)

The inner integrals can be estimated by Cauchy-Schwarz, using the fact that
r' e L2(R):

n =V ¥’ (U)|dU </ ¥’ (U)|dU
v

Foo U —w?+(V—v)? " —u)?+(V —v)?
dUu g2 T
< Irll2m) / 3 5 = il (]R)\/_. (100)
R (U —u)?>+(V—v) VIV =]
Thus,
.61 eS8V qy
u,v;x,t) < |r 101
i) = Wl [ S (101)
Without loss of generality, suppose that v > 0. Then
—StV dV —8tV dV v e—8tV2 dv 400 e—StV2 dv
/ —_— —.  (102)
|V — | «/v— 0o Jv—V v VJV —wv
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Using monotonicity of +/v — V on V < 0 and the rescaling V = t~1/2w, we get
for the first term:

/0 81V qy B 0 ¢=81VZ4qy o 0 o=8w? gy _oa- 14
—00 \/U—V - —00 \/_V —00 A/ —w '
(103)

For the second term, we use the inequality e < Cbh~!/* for b > 0 and the rescaling
V =vw to get

ve 8V gy voodv U dw
R S —1/4/ _ Y _ —1/4/ I Y VC O
/o Ju=V =C6n 0 v/V@w=V) (1) 0 VYw(l—w) @ )
(104)

—81v2

Using monotonicity of e on V > v and the change of variable V —v =~ /2w

we get for the third term:

+ —8rv2 + —81(V—v)? + —8w?
/ o0 c dV S o0 c v dV _ t_1/4/ o0 c w dw _ O([_1/4)
v JV —v v JV —v 0 Jw
(105)

The upper bounds in (103)-(104) are all independent of v (and u), so combining
them with (101)—(102) gives

sup 138w, v x, 1) < Cllr |l 2yt~ 4, (106)
(u,v)e]R2

where C denotes an absolute constant.
To estimate J3-%(u, v; x, 1) we again introduce iterated integrals in the same
way as in (99) to obtain the inequality

400 20—V 0 400
JBO v x 1) < [/ dV/ dU+/ dV/ dU}
0 —00 —00 70—V

2
e—81V

LU =202 + VAU — a2 + (V=02

(107)

Now, to estimate the inner U-integrals we will use Holder’s inequality with
conjugate exponents p > 2 and g < 2. Thus,

/ZOV U
w00 [(U =202+ VAVA/(U = u)?> + (V — v)?
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Z(]—V dU l/p Zo—V dU l/q
<i ./;Foo [(U~z0)> + VZ]P/4> <i ~/:|:oo [(U—u)? + (V—v)z]qﬂ)

dU 1/p dU 1/q
(/IR (U —z0)* + V2]”/4) (/IR (U —u)?+ (V- U)z]q/2> '

Now, by the change of variable U — z9 = |V |w,

dU 1/p . dw 1/p
_ /p—1/2

where the integral on the right-hand side is convergent as long as p > 2. Similarly,
by the change of variable U — u = |V — v|w,

dUu /g _w Vg1 dw /g
(/m (U —u)?+ (V- v)2]ff/2) =V (fm [w? + 1]'1/2) ’
(110)

where the integral on the right-hand side is convergent as long as ¢ > 1. Hence for
any conjugate exponents 1 < g < 2 < p < oo with p~! 4+ ¢~! = 1, we have for
some constant C = C(p, q),

IA

IA

(108)

TS v x, 1) < C/ e SV P12y et gy (111
R

As before, assume without loss of generality that v > 0. Then
8tV2 v, 1/p—1/2 1/g—1 0 81v? 1/p—1/2 1/g—1
/e_’ |V VP12 )y —y| Ve dV:/ e ¥V (—/P=12(y—yylla—l gy
R —00
v 5 +0o0 2
+/ o8tV Vl/p—l/Z(U_V)l/q—ldv+/ e SVIy =120y _y)l/a-lqy.
0 v
(112)

Using ¢ > 1 and monotonicity of (v— V)9~ on V < 0 along with 1 /p+1/g = 1
and the rescaling V = t~1/2w gives for the first integral

0 0
f e—8tV2(_V)l/p—l/2(v _ V)l/q—l av < / e—SIVZ(_V)l/p—l/Z—H/q—l dv
—0o0

—00

0 2
:/ e8IV )12y
—00

0
_ t_1/4/ e—Swz(_w)—l/Z dw = (’)(t‘”“).
—00
(113)
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For the second integral, we again recall e™® < Cb~!/4 for b > 0 and rescale by
V =vw to get

/ve—s’vzvl/f’—”z(v —wla=lay < c@n~1/* /v ylr=l — yylia=tqy
0 0

1
= C(8t)_1/4/ w/P=H 1 — w4 qu
0
=0, (114)

. . . . .. 2
using also ¢, p < oo. Finally, for the third integral, we use monotonicity of e %"

and V1/P=1/2 (for p > 2)on V > v and make the substitution V — v = ~12w to
get

+o0 5 +0o0 )
/ e—StV Vl/p—1/2(V _ v)l/q—l dv < / e—St(V—v) (V _ v)l/p—l/Z

v v

(Vv —p)l/algy

+00 5
— / e—Sl(V—v) (V _ v)—1/2 dV
v

+00 )
— t—l/4f e—Sw w—1/2 dw = O(t_1/4).
0

(115)
Since the upper bounds in (113)—(115) are all independent of (u,v) € ]Rz,
combining them with (111)—(112) gives

sup J[3’6J(u,v;x,t) < Ct71/4, (116)
(u,v)e]R2

where C denotes an absolute constant.
Returning to (97) and taking a supremum over (u, v) € R?, we see that

”jF”Loc(]RZ) =< Dt_l/4||F”Loo(1R2), ie., ||‘7||L°°(]R2)O =< Dt_l/4 (117)

holds where D is a constant depending only on the upper bound p < 1 for ||7|| Lo (R),
on ||"||L2(]R)’ and on ”’"/”LZ(IR)’ and where HJHLOO(IRZ)Q denotes the norm of the
weakly-singular integral operator [ acting in L (R?).Itis a consequence of (117)
that the integral equation (86) is uniquely solvable in L*®(R?) by convergent
Neumann series for sufficiently large ¢ > O:

Ew,vix,t)=Z—-J) "M=1+J0I+TJ°0+T0+---, t>D"* (118)
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where 7 denotes the identity operator and I the constant function on R?, and that
the solution satisfies

Dl‘_l/4

— —1/4

”E - ]I”LOC(]RZ

an estimate that is uniform with respect to x € IR. This proves the first assertion in
Proposition 3.3.

To prove the existence of the limit E(x, r) in (84), note that from the integral
equation (86) we have

(u~+iv) [E(u, v; x, 1) — 1]

1
= — // EWU,V;x,t)WU, V;x,t)dA(U, V)
e R2

1/:/ — i‘l E(Ls[»x’t)“(Uv‘;x,t)dA(ll,V)'
IRZ (U M)+1( —'U)

The second term satisfies

H// UﬂV EU,V:x, )W, V;x,1)dA(U, V)”
R2 (U —u) +i(V —v)

U2 +Vv?
= ||E||Loo(]R2) //]Rz \/(U — 2+ (V=) WU, V;x,0)|[dA(U, V).
(121)

Now, following [12], let us examine the resulting double integral for u = 0, i.e., for
z = u + iv restricted to the imaginary axis. Some simple trigonometry shows that

U2+ v?
sup = 1+V2——— >zl (122)
W, V)esupp(W(x,0) | U2+ (V —v)? lv | - | ol

Therefore, if u = 0, the double integral on the right-hand side of (121) will tend to

zero as |[v] — oo by the Lebesgue dominated convergence theorem provided that
W(, - x, ) € L'(IR%). Using (88) and (96), we have

/‘/JRZ W, V;x,t)||dAU, V)

<D [ﬂ1’4](x, 1)+ T4 (x, 1) 4 T30 1) 4 T1361 (., t)] . (123)
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where (compare with (98), or better yet, (33))

;{1,4](x’ 1) = // |r/(U)|e—81(U—zo)V dAU, V),
QU

ﬁ3’6](x, 1) = // Ir/(U)legt(U_ZO)V dAU, V),
Q3UQe

—8t(U—z09)V dAU,V
ﬁ1’4](x,t) = // ¢ 5 (2 ; 4), and
oua, [(U —z0)>+ V211

8t(U—z0)V
e ) :// S U-0V AU, V)
Q3UQeq

(124)

(U = 202 + V2"

Noting the resemblance with the double integrals (33) analyzed in Sect. 2, we can
immediately obtain the estimate

//2 WU, V;x,0)||dAU, V) < Ct/* < > (125)
R

for some constant C independent of x. Therefore, the second term on the right-hand
side of (120) tends to zero as v — oo if u = 0 (the limit is not uniform with
respect to x since v is compared with zg in (122)). Comparing with (84), we obtain
from (120) the formula

Ei(x,?) = %//1;2 EWU,V;x,t WU, V;x,t)dAU, V), (126)

and exactly the same argument shows that E; (x, ¢) is finite and uniformly decaying
ast — +oo:

A

1
Ei(x,t —|IE|l; oo \%%
IELCE D1 < — Bl ety W ey

1
< — (M oty + 1 = Tl ey ) W1 ey
C Dt~1/4 ;
c P T a4 —3/4
<= (1 +— Dt_1/4>t 0a, (127)

where we have used (119) and (125) and noted that the constants C and D are
independent of x. This proves the second assertion in Proposition 3.3. O
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3.6 The Solution of the Cauchy Problem (1)-(2) for t > 0
Large

Now we complete the proof of Theorem 1.1 by combining our previous results.
The matrix function N(u# + iv; x, t) agrees with O(u, v; x, ) for u = 0 and |v|
sufficiently large given zg = —x/(4t). Since according to (81),

O, v; x, 1) = 2"/ TV COBEu, v; x, NP (u+iv—20); Ir(zo)),  (128)
we compute the matrix coefficient Nj(x,?) appearing in (56) by taking

a limit_along the imagina_ry axis in (54). Thus, we obtain Ni(x,?) =
Q17270 Q(x, 1) (2¢1/2)1V 0093 where (using z = u + iv)

Qe 1) = @' @n lim 2 [Nz v, 1)z = 20) 7 T} 2n) G0

(u,v)—00
u=0
= lim z
(u,v)—>00
u=0

B, v 2, 0P@I @ = 200 r oD@ = 20) TN~

(129)
Using (62) and Proposition 3.3 yields

Q(x, 1) =Ei(x,1) + %I_l/ZPI(V(ZO)U (130)

Therefore, using (56) gives the following formula for the solution of the Cauchy
problem (1)—(2):

qx, 1) = 2ie T e (79) 72241/ TV 9y (x, 1)

. o ) 1
= e 1m0 ¢ (70) 72 (2 1/2) 20 [21E1,12(x, 0+ Ez—“zziPl,nur(zO)D]

L . . . . 1 B
= 710 (0) e =210 (0:20) ¢ (70) 72 (2¢1/2) 720 G0) [21E1,12(x,r)+5z 28(1r o)) |,

(131)
where we recall w(z9) = arg(r(zo)), 0(z0; z0) = —2z(2), the definition (4) of v(zp),
the definition (42) of ¢(zo), and the definitions (77) and (79) of |B(m = |r(z0)|)|?
and arg(B(m = |r(zo)|)) respectively. Since the factors to the left of the square
brackets have unit modulus, from Proposition 3.3 it follows that g (x, #) has exactly
the representation (3) in which |E(x, 1)| = |E1 12(x, 1)| = Ot 3* ast — +o0,
uniformly with respect to x. This completes the proof of Theorem 1.1.
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Remark The use of truncations of the Neumann series (118) for E(u«, v; x, t) yields
a corresponding asymptotic expansion of g (x, ) as t — 4o00. In other words, it is
straightforward (but tedious) to compute explicit corrections to the leading term in
the asymptotic formula (3) by expanding £(x, t). For instance, the formula (126)
gives

Ei(x,1) = %//}Rz WU, V;x,1)dAU, V)
+% //RZ(E(U, Vix,t) —DWU, Vi x,t)dAU, V), (132)

i.e., an explicit double integral plus a remainder. Using the estimates (119) and (125)
we find that the remainder term satisfies

sup
xeR

l // EWU,V;x,t) —-IHWU, V; x, 1) dAH
g R2

1 133
< = Sup IEC, 5 Dl ooty IWC 5Dl 1y (133)
xeR

=00 Y43 =00, - +oo.
Using this result in (131) gives in place of (3) the corrected asymptotic formula
g, ) =q P, 0+ gV, )+ V1) (134)
where
GO (x, 1) 1= 17 12q(z0)el¥/4D=ivG0) In@1) (135)
is the leading term in (3),

gD (1) = 2 0G0 AOGOiZ0) o012 (241/2)=2i0(e0)
b/

//2 Wi (U, V;x,t)dA(U, V) (136)
R

is an explicit correction (see (82)—(83)), and where £ M (x, 1) is error term satisfying
EW(x, 1) = Ot~ ") as t — +oo uniformly with respect to x € IR. Theorem 1.1
implies that the correction satisfies [lgV (-, Hllremw = Ot 3" ast — oo,
but the explicit formula (136) allows for a complete analysis of the correction. For
instance, we are in a position to seek reflection coefficients r(z) in the Sobolev
space H L(R) with |r(z)| < p < 1 for which the correction saturates the upper
bound of O(t_3/ 4), or to determine under which conditions on r(z) the correction
term can be smaller. Under additional hypotheses the expansion (134) can be carried
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out to higher order, with subsequent corrections involving iterated double integrals
of W, which in turn involve d-derivatives of the extensions E j»Jj =1,3,4,6,and
the parabolic cylinder functions contained in the matrix P(¢; m) solving Riemann-
Hilbert Problem 3.
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1 Introduction

In this paper we consider the generalized Zakharov-Kuznetsov equation:

(8ZK) up+ 3y, (Au+u?) =0,  x=(x1,...,xn) eRY, 1 eR,
(L.1)

in two dimensions (N = 2) and with a specific power of nonlinearity p = 3. This
equation is the higher-dimensional extension of the well-studied model describing,
for example, the weakly nonlinear waves in shallow water, the Korteweg-de Vries
(KdV) equation:
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(KdV) Ur + Uxxx + (Mp)x =0, p=2, x €R, teR.
(1.2)

When other integer powers p # 2 are considered, it is referred to as the generalized
KdV (gKdV) equation, possibly with one exception of p = 3, which is also referred
to as the modified KAV (mKdV) equation. Despite its apparent universality, the
gKdV equation is limited as a spatially one-dimensional model. While there are
several higher dimensional generalizations of it, in this paper we are interested
in the gZK equation (1.1). In the three dimensional setting and quadratic power
(N =3 and p = 2), Eq.(1.1) was originally derived by Zakharov and Kuznetsov
to describe weakly magnetized ion-acoustic waves in a strongly magnetized plasma
[33], thus, the name of the equation. In two dimensions, it is also physically relevant;
for example, with p = 2, it governs the behavior of weakly nonlinear ion-acoustic
waves in a plasma comprising cold ions and hot isothermal electrons in the presence
of a uniform magnetic field [28, 29]. Melkonian and Maslowe [25] showed that
Eq.(1.1) is the amplitude equation for two-dimensional long waves on the free
surface of a thin film flowing down a vertical plane with moderate values of the
surface fluid tension and large viscosity. Lannes et al. in [19] made the first rigorous
derivation of Eq.(1.1) from the Euler-Poisson system with magnetic field in the
long wave limit. Yet another derivation was carried by Han-Kwan in [16] from the
Vlasov-Poisson system in a combined cold ions and long wave limit.

In this paper we consider the Cauchy problem of the 2d cubic ZK equation
(sometimes it is referred as the modified ZK, mZK, or the generalized ZK, gZK)
with initial data ug:

s + B, (Am,xz)u + u3) =0, (x1.x2) €R% 1 >0,

(1.3)
u(0, x1,x2) = uo(x1, x2) € H'(R?).
During their lifespan, the solutions u(t, x1, x2) to (1.3) conserve the mass and
energy:

Mlu()] = /Rz [u(t, x1,x2))* dxidxy = M[u(0)] (1.4)

and

1 1
E[u(t)] = 5 /}Rz IVu(t, xi, x2)|2dx1dx2—z /}Rz [u(t, x1, x2)]* dx1dxs = E[u(0)].

(1.5)
There is one more conserved quantity of L!-type, which we omit as it is not needed
in this paper. We also mention that unlike the KdV and mKdV, which are completely
integrable, the gZK equations do not exhibit complete integrability for any p.
One of the useful symmetries in the evolution equations is the scaling invariance,
which states that an appropriately rescaled version of the original solution is also a
solution of the equation. For Eq. (1.1) the rescaled solution is
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2
u) (t, x1,x2) = )Ll’ju()ﬁt, AX1, Ax2).

This scaling makes a specific Sobolev H*®-norm invariant, i.e.,

2 Lo N
10, -, M ggs ey = 2717 ol s vy

and the index s gives rise to the critical-type classification of equations. For the
gKdV equation (1.2) the critical index is s = % — %, and for the two dimensional

%. When s = 0 (this corresponds to
p = 3), Eq.(1.3) is referred to as the L2-critical equation. The gZK equation has
other invariances such as translation and dilation.

The generalized Zakharov-Kuznetsov equation has a family of travelling waves
(or solitary waves, which sometimes are referred to as solitons), and observe that

they travel only in x| direction

ZK equation (1.1) the index is s = 1 —

u(t, x1,x2) = Qc(x1 — ct, x2) (1.6)
with Q.(x1, x2) — 0 as |x| = 4o00. Here, Q. is the dilation of the ground state Q:
Q) =cP710(?%), ¥ = (x,x),

with Q being a radial positive solution in H'!(R?) of the well-known nonlinear
elliptic equation —AQ + Q — QP = 0. Note that 0 € C®(R?), 3,0 (r) < 0 for
any r = |x| > 0, and for any multi-index o

10 Q(X)| < c(@)e ¥ forany X e RZ. (1.7)

In this work, we are interested in stability properties of traveling waves in the
critical gZK equation (1.3), i.e., in the behavior of solutions close to the ground
state O (perhaps, up to translations). We begin with the precise concept of stability
and instability used in this paper. For o > 0, the neighborhood (or “tube”) of radius
o around Q (modulo translations) is defined by

Uy = {u e H' (R : dnf u() = Q¢+ Pl = a} : (1.8)
ye

Definition 1.1 (Stability of Q) We say that Q is stable if for all « > 0, there exists
6 > 0 such that if ug € Us, then the corresponding solution u(?) is defined for all
t >0and u(t) € Uy forallt > 0.

Definition 1.2 (Instability of Q) We say that Q is unstable if Q is not stable, in
other words, there exists @ > 0 such that for all § > 0 the following holds: if
ug € Us, then there exists ty = #o(up) such that u(zp) ¢ U,.



298 L. G. Farah et al.

The main goal of this paper is to show that in the two dimensional case p = 3,
the traveling waves are unstable. This result is also a necessary first step towards
understanding whether the generalized ZK equation exhibits any blow-up behavior.
We recall that unlike other dispersive models (such as the nonlinear Schrodinger or
wave equations), the gKdV equation does not have a suitable virial quantity which
would imply existence of blow-up via convexity-type arguments. Hence, proving
the existence of blow-up must be done differently; for example, constructing explicit
blow-up solutions. In the one-dimensional gKdV case the blow up behavior in the
critical case was constructed by Merle [26] and Martel and Merle [24] via first
obtaining the instability of solitary waves in [23]. We will address this question in
the gZK context in a subsequent paper (see [11]).

In her study of dispersive solitary waves in higher dimensions, de Bouard [6]
showed (her result holds in dimensions 2 and 3) that the traveling waves of the
form (1.6) are stable for p < p. and unstable for p > p., where p. = 3 in 2d.
She followed the ideas developed for the gKdV equation by Bona et al. [2] for the
instability, and Grillakis et al. [14] for the stability arguments. Here, we prove the
instability of the traveling wave solutions of the form (1.6) for the p = 3 case
in a spirit of Martel and Merle [23], thus, completing the stability picture for the
two-dimensional ZK equation. We also note that the more delicate questions about
different types of stability have been previously studied; in particular, Céte, Muiloz,
Pilod and Simpson in [5] obtained the asymptotic stability of solitary waves in 2d
for! 2 < p < p* < 3 by methods of Martel and Merle for the gKdV equation.
The upper bound p* in their restriction of nonlinearity comes from having a certain
bilinear form positive-definite, which is needed for the linear Liouville property,
see [5, Theorem 1.3], and numerically they show that the proper sign holds only
for powers p up to p* ~ 2.15. It would be interesting to investigate if asymptotic
stability holds for all p < 3.

In this paper we prove the instability of the soliton u(¢, x1, x2) = Q(x; — ¢, x2).
Our main result reads as follows.

Theorem 1.3 (H !-instability of Q in the 2d Critical ZK Equation) There exists
oo > 0 such that for any 8 > O there exists ug € H'(R?) satisfying

luo — Qllgr <6 and up— Q L {Qx,, Ox,, X0} (1.9)

there exists a time to = to(ug) < oo with u(ty) ¢ Uy, or equivalently,
inf Jlu(to, ) — Q- = X) 1 = ao.
xeR?

Here, xo is the eigenfunction corresponding to the (unique) negative eigenvalue
of the linearized operator £, for details see Theorem 3.1.

IThe nonlinearity in such gZK equation should be understood as dy, (|u|” ).
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Remark 1.4 Tt suffices to prove Theorem 1.3 for the following initial data: define
= _Jx02 fnditets > 0. Fix ng = (1 + llXOHHl) Q| ;1 - 81 For any n > ny

2
ixoll; llxoll;2

define

1
g0 =—(Q+axo).
n

Then ug = Q + ¢ satisfies the hypotheses of the theorem, i.e., the conditions (1.9).

The main strategy follows the approach introduced by Martel and Merle [23] in
their study of the same question in the critical gKdV model. For that they worked
out pointwise decay estimates on the shifted linear equation and applied them to
the nonlinear equation (bootstraping twice in time). In [9] we revisited that proof
and showed that instead of pointwise decay estimates, it is possible to consider
monotonicity properties of the solution, then apply them to the decomposition
around the soliton and conclude the instability in the critical gKdV equation. In our
two dimensional case of the critical ZK equation, we cannot obtain the instability
result just relying on monotonicity (and truncation when needed), because there is
a new term appearing in the virial-type quantity which is truly two-dimensional,
see Lemma 6.1 and the last term in (6.51). We are forced to consider something
else besides the monotonicity (since it would only give the boundedness of the new
term, not the smallness), and thus, we develop new 2d pointwise decay estimates,
see Sects. 8—12. These estimates by themselves are important results for the two-
dimensional Airy-type kernel with the applications to the shifted linear equation as
well as to the nonlinear equation. This part is a completely new development in the
higher dimensional setting, and we believe that it will be useful in other contexts as
well.

We note that we could prove the conditional instability with o being a multiple
of § in Definition 1.2, i.e., there exists a universal constant ¢ > 0 such that for any
8 > 0if ug € Us, then there exists fyp = to(ug) such that u(zy) ¢ U,s, using only
monotonicity. However, we emphasize that in order to show the instability with «
independent of §, we need to use the pointwise decay estimates.

The paper is organized as follows. In Sect.2 we provide the background infor-
mation on the well-posedness of the generalized ZK equation in two dimensions.
In Sect. 3 we discuss the properties of the linearized operator L around the ground
state Q and exhibit the three sets of orthogonality conditions which make it positive-
definite; the last one, which involves g, is the one we use in the sequel to control
various parameters in modulation theory and smallness of ¢. Section 4 contains
the canonical decomposition of a solution u around Q (thus, introducing ¢ and the
equation for it), then the modulation theory and control of parameters coming from
such a decomposition are described in Sect. 5. In Sect. 6 we introduce the key player,
the virial-type functional, and make the first attempt to estimate it. Truncation helps
us to obtain an upper bound, however, to proceed with the time derivative estimates,
we need to develop more machinery, which we do in subsequent sections. In Sect. 7
we discuss the concept of monotonicity, which allows us to control several terms in
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the virial functional, but as mentioned above, not all terms. The next few sections,
starting from Sect. 8 contain the new pointwise decay estimates. We state the main
result in Sect. 8 and also re-examine H ! well-posedness in the same section, then we
develop the pointwise decay estimates on the 2d Airy-type kernel and its derivative
in Sect. 9, after that we proceed with the application of them to the linear equation
in Sect. 10, then for the Duhamel term in Sect. 11, and finally, for the nonlinear
equation in Sect. 12. After all the tools are developed, we return to the virial-type
functional estimates and obtain the lower bound on its time derivative, which allows
us to conclude the instability result in Sect. 13.

2 Background on the Generalized ZK Equation

In this section we review the known results on the local and global well-posedness of
the generalized ZK equation. To follow the notation in the literature, in this section
we denote the power of nonlinearity as u**! (instead of u”) and consider the Cauchy
problem for the generalized ZK equation as follows:

e + Oy At + 9 ) =0, (x1,x2) € R, 1 >0,

(2.10)
u(0, x1,x2) = uo(x1, x2) € H'(R?).

Faminskii [8] showed the local well-posedness of the Cauchy problem (2.10) for the

k = 1 case considering H' data (to be precise, he obtained the local well-posedness

in H™, for any integer m > 1). The current results on the local well-posedness are

gathered in the following statement.

Theorem 2.1 The local well-posedness in (2.10) holds in the following cases:

e k=1:fors > %, see Griinrock and Herr [15] and Molinet and Pilod [27],
e k=2 fors > %, see Ribaud and Vento [30],

e k=3:fors > 15—2, see Ribaud and Vento [30],

e k=4,5,6,7:fors >1— %, see Ribaud and Vento [30],

e k=28 s> 43'1’ see Linares and Pastor [21]
e k>28 s >sr=1—2/k, see Farah et al. [12].

Note that in the last three cases (i.e., for k > 4), the bound on s > sy is optimal
from the scaling conjecture. For previous results on the local well-posedness for
2 <k <8fors > 3/4 see [20] and [21].

Following the approach of Holmer and Roudenko for the L2-supercritical
nonlinear Schrodinger (NLS) equation, see [17] and [7], the first author together
with F. Linares and A. Pastor obtained the global well-posedness result for the
nonlinearities k > 3 and under a certain mass-energy threshold, see [12].

Theorem 2.2 ([12]) Let k > 3 and sy = 1 — 2/k. Assume uy € H'(R?) and
suppose that
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E(u0)™ M (uo)' ™ < E(Q)*M(Q)' ™™, E(ug) = 0. (2.11)
If
IVuolls lluoll 2™ < IVQIS Q15 (2.12)

then for any t from the maximal interval of existence

Va1 luoll 1% = IVu@ 1% eI < 1V 1Q155™,
where Q is the unique positive radial solution of
AQ -0+ Q0! =0.
In particular, this implies that H! solutions, satisfying (2.11) and (2.12) exist

globally in time.

Remark 2.3 In the limit case k = 2 (or p = 3, the modified ZK equation),
conditions (2.11) and (2.12) reduce to one condition, which is

luollz2 < 1Q1l 2.

Such a condition was already used in [20] and [21] to show the existence of global
solutions, respectively, in H I(R?) and H*(R?), s > 53/63, see also [13] for another
approach. Recently in [1] the global well-posedness was extended to s > 3/4.

We conclude this section with a note that while it would be important to obtain
the local well-posedness down to the scaling index in the gZK equation for 1 < k <
3, and the global well-posedness in the subcritical cases for s < 3/4 (ideally, all the
way down to the L? level), for the purpose of this paper, it is sufficient to have the
well-posedness theory in H'(R?).

3 The Linearized Operator L

The operator L, which is obtained by linearizing around the ground state Q, is
defined by

L:=—A+1-—pQor". (3.13)

We first state the properties of this operator L (see Kwong [18] for all dimensions,
Weinstein [32] for dimension 1 and 3, also Maris [22] and Chang et al. [3]).

Theorem 3.1 (Properties of L) The following holds for an operator L defined
in (3.13)
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e L is a self-adjoint operator and Go55(L) = [Aess, +00)  for some hegs > 0

* kerL = span{Qy,, Ox,)

* L has a unique single negative eigenvalue —\gy (with Ay > 0) associated to a
positive radially symmetric eigenfunction xo. Moreover, there exists § > 0 such
that

Ixo)| < el for all x € R%. (3.14)

We also define the generator A of the scaling symmetry as
2 = 2
Af=—1f+x~Vf, (x1, x2) € R~. (3.15)
p—

The following identities are useful to have

Lemma 3.2 The following identities hold

(1) L(AQ) =20 .
2) [QAQ=0ifp=3and [QAQ =K [ Q> forp #3.

The proof is a direct simple computation and can be found in [10].

In general, the operator L is not positive-definite, however, on certain subspaces
one can expect some positivity properties. We now consider only the L>-critical case
and power p = 3. First, we summarize known positivity estimates for the operator
L (see Chang et al. [3] and Weinstein [32]):

Lemma 3.3 The following conditions hold for L:

(i) (L. 0 =-2[0%<0,
) Loy 20
(i) Ly, =0,
) Ligonpar >
The last property provides us with the orthogonality conditions that keep the
quadratic form, generated by L, positive-definite (see Weinstein [32, Prop. 2.9]):

Lemma 3.4 Forany f € H'(R?) such that

(L0 =(fx; Q) = (£, xPQ) =0, j=1.2, (3.16)

there exists a positive constant C > 0 such that

(Lf, H=Cf .

While it shows that eliminating directions from (3.16) would make the bilinear
form (Lf, f) positive, these directions are not quite suitable for our case. An
alternative for the orthogonality conditions (3.16) would be to consider the kernel
of L from Theorem 3.1 and Lemma 3.3(ii), which we do next.
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Lemma 3.5 Forany f € H'(R?) such that

(L 0)=(f, Q) =0, j=1.2, (3.17)

there exists a positive constant C > 0 such that

(L, H=C .

Proof From Chang et al. [3] (Lemma 2.2 (2.7)) we have

inf (Lf, f) > 0. (3.18)
(f,09)=0

Let C; = {(Le,e) : |lell;2 = 1, (f. Q%) = (f. Ox) =0, j =12} then
C1 > 0 by (3.18). Assume, by contradiction, that C; = 0. In this case, as in [32,
Proposition 2.9], we can find a function e* € H'! satisfying

(i) (Le*,e*)=0
(i) (L —a)e* = BQ> +yQy +80x,
(iii) ||e*||Lz = 1 and (&*, Q3) = (&*, ij) =0, j=12

Taking the scalar product of (ii) with &*, we deduce from (iii) that (Le*, ¢*) =
a, and thus, o = 0 by (7). Now, taking the scalar product with Q,, integrating by
parts and recalling Theorem 3.1, we have

0=(e*, LQyx,) = (Le*, Qx)) = yf 03, +6f Oy, Ox,.

Since Qx, L Q,,, we deduce y = 0. In a similar way (taking the scalar product
with Qy,), we also have § = 0. Therefore, Le* = ,3Q3 , which implies

8*=_§Q+91Qx1 + 620, (3.19)

where we have used Theorem 3.1 and Lemma 3.2. Taking the scalar product
of (3.19) with Q3, from (iii) and integration by parts, we get

0=(c* Q) = —§/ 04,

which implies g = 0.
Finally, using ij, j = 1,2, we obtain 0; = 6, = 0. Thus, ¢* = 0, which is a
contradiction with (iii). |

We deduce yet another set of orthogonality conditions, see (3.20), to keep the
quadratic form, generated by L, positive-definite. This is the set, which we will use
in this paper.
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Lemma 3.6 Let xqo be the positive radially symmetric eigenfunction associated to
the unique single negative eigenvalue — o (with Lo > 0). Then, there exists oy > 0
such that for any f € H'(R?) satisfying

(fix0)=(f,0x) =0, j=12 (3.20)

one has

(Lf’ f)EUO (f?f)

Proof The result follows directly from Schechter [31, Chapter 8, Lemma 7.10] (see
also [31, Chapter 1, Lemma 7.17]) O

In a sense, the last lemma shows that if we exclude the zero eigenvalue and
negative eigenvalue directions, then only the “positive” directions are left, and thus,
the positivity property of L must hold.

4 The Linearized Equation Around Q

In this section we decompose our solutions u(z, X) around the soliton Q. Since we
consider the L?-critical problem, we must also incorporate the scaling parameter
(besides the translation as we did in the supercritical case in [10]). We use the
following canonical decomposition of u around Q:

v(t, y1, y2) = A u(t, A1) yr + x1(2), A1) y2 + x2(7)). (4.21)

Our next task is to examine the difference ¢ = v — Q, more precisely,

et,y) =v(t,y)— 00G), ¥ =1 ). (4.22)

4.1 Equation for e

After we rescale time ¢ — s by Z—i = ;—g we obtain the equation for €.

Lemma 4.1 Forall s > 0, we have

As s ;
& = (Le)y + A0 + (ﬂ _ 1) 0, + @Qm

A A
As (x1)s (x2)s
+ TAe + (T —1)ey + Teyz

—3(Qe?)y, — (%), (4.23)
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where Af = f +y -V f and L is the linearized operator around Q:
Le = —A¢ + & — 3Q%.
Proof Using (4.21), we obtain
U = At A Aug A Ay, Ay 4+ (X1)e) + Auyy, Ay + (x2)1)
andfori =1,2
vy, = kzuxl., Vyy; = )»3Mx,-x,--

Substituting the above into u; + 9y, (Au + u3) = 0, we obtain

v =AM+ AT G Vo) + 47! (vy1 (x1); + vy2(x2),) — )»738},1 (Av + v3) .

Recalling that % = x%’ we change the time variable ¢ — s

A3 v = AT (5 Vo) A (vyl (x1)s + 1)y2()cz)s)—)ﬁ38yl (Av + v3) ,
Simplifying, we get

((x1)s, (2)y)
A

A 5
vs:f(v+y~Vv)+ Vv—ayl(Av+v3>.

Next, we use (4.22) and the fact that AQ = Q — Q3 to obtain the equation for &:

((xp)s, (x2)s)
A

(Q 4 Ae+30% +306% + 83) .

85:%(AQ+A8)+ (VO 4 Ve) — 0y,

Simplifying, we get Eq. (4.23). O

4.2 Mass and Energy Relations

Our next task is to derive the basic mass and energy conservations for ¢. First, denote
mo=2 [ 0@e0.di+ [ 0545 @24
R R

For any s > 0 by the L? scaling invariance and mass conservation, we have
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/ v2(s,§)d§:/ A2 () u? (1, x§+5£(z))d§:/ u*(t) di = Mu(t)] = M[u(0)].
RZ RZ RZ
On the other hand,
f (s, 5)d5 = / (QG) +£(5.5)* d5
R2 R2
=/ Qz(ﬁ)d?+2/ Q(i)e(s,i)d§+f e*(s, y) dy
R2 R2 R2
= [ d@ai= [ e@ai+2[ 0G)e0.5a5
R2 R2 R2
- / £%(0, y) dy,
R2
and thus,
Mle(s)] =2 /R 0 T dT + /R 0, )d5 = Mo (4.25)

Next, we examine the energy conservation for v, where a straightforward calculation
gives

E[v(s)] = 2%(s) E[u(t)] = A*(s) E[uo]. (4.26)

Since v = Q + ¢, we also obtain

1 ) 1 4
E[Q+8]=§/|V(Q+8)| _Z/(Q+E)
:%</|V8|2+82—3Q282)+/(VQV8—Q38)
1 2 3_1/4
2/8 st ) £
—lL ( 1 2) 14 3 4
_2(8,8)— /Q8+2/8 —4[/Qe+/e:|,

4.27)
where in the second line the integration by parts is used as well as 2||VQ||?~2 =

o ||‘£4 (since Q is a solution of AQ+Q3 = Q). By Gagliardo-Nirenberg inequality,
we can bound the last term as

4/ Qe +/e4 <cilVel2llell?, + eall Vell3a llell3 2. (4.28)
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and if |le]| g1 < 1, we get

1 1
‘E[Q+8]+</Q8+§fez>—E(Le,e)

Putting together (4.25), (4.26) and (4.28), we have the following

2
= collVel2llellye-

Lemma 4.2 For any s > 0 we have mass and energy conservations for &
Mle(s)] = Mo, and E[Q + £(s)] = 22(s) E[uo). (4.29)

Moreover, the energy linearization is

1 ’ 1 1 3 4
E[Q+8]+(fQS+§/8>=§(L8,8)—Z(4/Q8 +/s), 4.30)

and if ||e|| g1 < 1, then there exists a co > 0 such that
1 5 1
E[Q +¢]l+ Q8+§ € —E(Ls, €)

5 Modulation Theory and Parameter Estimates

<collVelzllel;..  (431)

In this section, recalling the definition (1.8), we show that it is possible to choose
parameters A(s) € R and X(s) = (x1(s), x2(5)) € R2 such that e(s) L xo and
e(s) L Qx;, j = 1, 2. Moreover, assuming an additional symmetry, we can assume
x2(s) = 0.

Proposition 5.1 (Modulation Theory I) There exists @, . > 0 and a unique C'
map

(A1, %) : Uz —> (1 —x, 142 x R?
such that ifu € Uz and ¢, 3, is given by
e, 5 1, y2) = Aru (yr + (D1, Ay + (x)2) — Qs y2), (5.32)
then
eng Lxo and &, 3 L 0Oy, j=12 (5.33)
Moreover, there exists a constant C1 > 0, such that ifu € Uy, with0 < o < @, then

lea, 5 llgr < Cra and A — 1] < Cia. (5.34)
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Proof Let ¢, 3, be defined as in (5.32). Differentiating and recalling the defini-
tion (3.15), we have

88)»1,)?1

—uy. j=1.2 5.35
B(xn); =t~ 63
and
8 -
LA2R Y = Au. (5.36)
a)\.] )\|:1,.¥|:0

Next, consider the following functionals
’011,)?1 (I/t) = /Ekl,f] Qij ] =12, and pilxil (”) = /SM,)_ﬁ X0,

and define the function S : R3 x H! — R3 such that

SO, X u) = (pf, 5 ), P33 (W), 03, 5 ().

From (5.35) and (5.36), we deduce

9! -
1,X1

N — [ AQO,:
8)\.1 rM=1,X=0,u=0 f QQy'/

0p; 5, )
1,X1 )
Mt _ o N
A(x1)1  m=1,51=0u=0 fQMQ)l /Qy] >
905z )
a('xl)l Al:1,£|:0,u=Q

= / 0y,0y, =0;

dp;, 7, )
8()Cl)Z A=1,%=0,u=0

= / 0,0, =0;

95 5 ()
1,X1 2

= y = . > 0.
a(xl)z A=1,%1=0,u=0 /QyzQy2 /Q}Z >

Moreover, since L(xo) = —Xloxo (With A9 > 0), L(AQ) = —2Q, xo and Q are
positive functions and xo L span{Qy,, Q,,}, we also have

003, 7 () /AQ 1 /AQL( 2 /Q 0
- = = —— = — > U
oA r=1X%1=0,u=Q X0 ro X0 Ao X0
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903, 7, )
1,X1
_— = ) :O;
0(x1)1  a=1%5=0,u=Q /QMXO
903, 7, ()

1,X1

d(x1)2  m=1,5=0u=0 /Q)ZXO

Noting that S(1, 0, 0, Q) = (0, 0, 0), we can apply the Implicit Function Theorem
to obtain the existence of 8 > 0, a neighborhood V of (1, 0, 0) in R? and a unique
C! map

G0 {ue H' @ u = Ol < B} — v

such that S((A1, X1)(u), u) = 0, in other words, the orthogonality conditions (5.33)
are satisfied.

Also note that there exists C > 0 such that if |[u — Q|lg1 < « < B then
|A1 — 1| +]X1| < Ca. Moreover, by (4.22) we also have ||&;, 3, | g1 < Ce, for some
C > 0.

It is straightforward to extend the map (A1, X1) to the region U,. Indeed, applying
again the Implicit Function Theorem, there exists @ < f and a unique C! map
r:Ug— R2, such that

lu) = Q¢ —=nlig = inf [u¢) — Q¢ —=rllgy <@ < B,
reR?

forall u € Ug.
Finally, defining Ay = A1 (u(- +7(u))) and X1 = X1 (u(- +r(u))) +r(u), we have
that (5.33) and (5.34) are satisfied. O

Note that solitary waves (1.6) are traveling only in the x;-direction, so it should
be reasonable to consider a path X(t) = (x{(t), x2(¢)) so that x;(t) ~ ct and
x2(¢) =~ 0. Inspired by the work of de Bouard [6], if we assume an additional
symmetry, we can consider exactly that, and thus, simplify the choice of parameters:

Proposition 5.2 (Modulation Theory II) Ifwe assume that u from Proposition 5.1
is cylindrically symmetric (i.e., u(xy, x2) = u(xy, |x2|)), then, reducing « > 0 if
necessary, we have (x1)2 = 0.

Proof We first define ¢, x, by
Ehx V1, ¥2) = Aru(iyr + x1, A1y2) — Q1 y2), (5.37)

and then the functionals

pil,xl(u)zf%,xl Qy,, j=12 and p; . W =/8A1,x1X0,
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and the function S : R? x H! — R? such that

SO, x1,1) = (pf 5, W), p3, 5, (W)

Arguing as in the proof of Proposition 5.1, we have

op}, , )
1,1 :/AQQ},j;
oAl r=Lx1=0,u=0
003, , () | 5
é)’: r=1,x1=0,u Q:/AQXOZ_)L_O/AQL(XO)Z)L—O'/QX()>O;
1=Lx1=0,u=
a’o)lnl X1 (U) ’
. _ o N
0x] ri=1x1=0,u=Q /le Oy /QY1 >
3
%1 ) - / Qy x0=0
ax1  Iu=15=0u=0 i :

Since S(1,0, Q) = (0,0), we again apply the Implicit Function Theorem to
obtain the existence of o > 0, a neighborhood V of (1, 0) in R2 and a unique C!
map

o) {ue H' @)t Ju— Qllm < e} - v

such that ¢y, », L xoand ¢;, 3, L Oy,.
Now, using the expression for €y, , in (5.37), we also deduce

fsm,x. 0Oy, = /M u(Aryr +x1, A1y2) Oy, (y1, ¥2) dyrdy> =0,

if u(xy, x2) = u(xy, |x2)), since Qy, = 9,Q - 2.

Finally, the uniqueness, which follows from the Implicit Function Theorem,
yields (taking a smaller o if necessary) Xx; = (x1,0) in Proposition 5.1, hence,
completing the proof. O

Now, assume that u(z) € Uy for all t > 0. We define the functions A(¢) and x(¢)
as follows.

Definition 5.3 For all + > 0, let A(¢) and x(¢) be such that &) (), defined
according to Eq. (5.37), satisfy

axnxn L xo and & xe L Oy, J =12 (5.38)

In this case we also define
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e(t) = exnyx(ry = 2@ ult, A1) y1 + x(0), A(D)y2) — Q(y1, y2). (5.39)

We rescale time ¢ + s by % = % to better understand these parameters, which
are now A(s) and x(s). Indeed, the next proposition provides us with the equations

As X
and estimates for — and (— — 1)
A A

Lemma 5.4 (Modulation Parameters) There exists 0 < a1 < o such that if for
allt > 0, u(t) € Uy, then X and x are C! functions of s and they satisfy the
following equations:

——/(y Vo, e+ (2 - (/IQy1|2 me. )
:6/QQ§15—3/leyle2Q—/Qy,yls3, (5.40)

A 2 5. v X !
T(TO/XOQ—/(y~ m)e) (2 -1) foone

= / L((x0)y,)e — 3 / (X0)y, Q&% — / (X0)y, & (5.41)

and

Moreover, there exists a universal constant Co > 0 such that if ||e(s)|2 < «, for all
s > 0, where a < «ay, then

)\x_l_&_

1\ < Colle(®) - (5.42)

Proof Let x be a smooth function with an exponential decay. We want to calculate

d
— / x€(s). Indeed, we have
ds

i/Xu(s) =x3i/;<u(t) = —,\3/X(a Au+ 3 @)
ds dt * *

=3 [/8xAxu+/xxu3].

Therefore, recalling the definition of v in (4.21), we get
— / xv(s) = / X (D) hu(s, Ay + X(s))dy

_4 (xl / x (A NE = X(9)uls, )?)dfé)
ds
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=— A2 / x O7NE = X(9)uls, ¥)dx
_1/<d 1= = ) e
+ A —x(A7 (x = Xx(s))) )u(s, x)dx
ds

113 f X A TVE = () (0 Au + 0y (u?))d%
=(A) + (B) + (0),

where
Ay N
(A)=—7/xvdy,
-1 d 1. - R
(B) =\ /VX . a(k (x —x(s)u(s, x)dx
= 5 [y -dy <v s ) dy
——7/( Xy y—/ X fvdy,
(© =371 [0 8067 G = F60ud 1 [ 071G~ Fo)ud

=/(8yle)vd§+/xylv3d§.

Next, using v = Q + ¢ and the definition of A in (3.15), we obtain

d As s s
afxvm:— 7‘/(Ax>(Q+e>— ((x;) = 1)/xy1(Q+e>— (xi) /Xyz(Q-FS)

—/xyl<Q+e)+/(ayle)<Q+e>+fxyl<Q+e>3.

Recalling Ly, = =0y, Ax + xy, — 3Q2Xy1 and —AQ + O — 03 = 0, we deduce

d Ag A A

%/XU(S)—_T(/( X)Q+/( X)5>

xl)s B >< Xy1Q+/Xy]8)

T ([ [ )
y2Q+ Xy28

_/(LX)’1)8+3/X)’1 Q82+/XYI83
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Recall that we can assume x; = 0 in view of Proposition 5.2. Now, setting x; = x

and taking x = Q,, and using that [(AQ,)0 =0, [ 0y,,,0 = [ 0y, 0y, =0,
L(Qy,y) =6Q02 and [ Qy e = 0, we obtain (5.40).
Finally, fix x = xo and observe that

/(AXO)Q =/XOQ+/y1(xo)y.Q+f)’2(Xo)y2Q
1
—/XO(AQ) = A_/(LXO)(AQ)
0
= _A_Q/XOQ # 0.

Since [ xo¢ = 0and [(x0)y, @ = — [ x0Qy, =0, we have (5.41).
Observe that there exists «; > 0 such that

(%fxog_/@.vxon) <f|Qy]|2—/Qy1yls>
(/(y VQVI)e) (/(xo)m )
=55 ([0) (f104).

if [|e(s)]| < @ < a1, for all s > 0. Also, without loss of generality, we can assume
o) < 1.

Hence, we can solve the system of equations given by (5.40) and (5.41)
and obtain a universal constant (depending only on powers of Q and its partial

derivatives) Cy > 0 such that (5.42) holds. In particular, if ¢ < CLz, we have
As Xs
i B L 1‘ <1. 5.43
. + . < (5.43)

6 Virial-Type Estimates

Our next step is to produce a virial-type functional which will help us to study the
stability properties of the solutions close to Q. We first define a quantity depending
on the ¢ variable, which incorporates the scaling generator A. This can be compared
with the functional we created for the supercritical case, see [10, Section 5], where
the eigenfunction xo of L for the negative eigenvalue was also used (with the
coefficient 8), and it was possible to find 8 # 0. However, such a functional does
not work in the critical case, since 8 becomes zero (due to f OAQ =0).
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We first start with defining a truncation function: let ¢ € C§°(IR) be a function
with

1, if yi<l1

o) =
oL !O, if y>2.

For A > 1 we also define

pa(y1) =9 (&) .

A
Note that
I, if y1<A
= 6.44
0a(1) {O’ £ o4 (6.44)
Moreover

won =10 (%)
‘PA)’I—A‘P A

We next define the function (note that we are integrating only in the first variable)

v
F(y1,y2) =f AQ(z, y2) dz. (6.45)
—0oQ0
From the properties of Q, see (1.7), there exists a constant ¢ > 0 such that

1 Y1 1
[F(y1, y2)| < ce’i‘yﬂ/ e~2Vgz,

—00

which implies boundedness in y; and exponential decay in y;:

sup [F(y1, y2)| < ce™2D21 forall y, e R (6.46)
yi€R

as well as
IF(y1, y2)| < ce 220 forall y; < 0. (6.47)

Hence, F is a bounded function on R?, ie,F e L® (]RZ). We also note that y; Fy, €
L% (R?).
We next define the virial-type functional

Jals) = /Rze(s,yl,yz)F(y1,yz)¢A(y1)dy1dyz. (6.48)
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It is clear that J, (s) is well-defined if £(s) € L?(R?). Indeed, since ||¢alloo = 1,
we can use the relation (6.44) and the properties of F' to deduce

2A
|JA<s)|s// |e<s>F<y1,yz>|dy1dyz+// () F (1. y)| dy1dy:
R Jy <0 R JO

12
<clle)l2 ( / / e'>’2'ey1dy1dyz)
R Jy; <0
1/2

2A
+cA”2/sup|F(y1,yz>|</ |s(s>|2dy1) dys
R 0

Y1

1/2 1/2
<c (/ e—yzldy2> </ ey'dyl)
R y1<0
1/2
le(s)llo + cA'/? (/Re_'”dy2> le(s) 2.

Therefore, we obtain the boundedness of J4 from above
[Ta@®)] < c(1+ A e 2. (6.49)

Next, we compute the derivative of J4(s).

Lemma 6.1 Suppose that £(s) € H'(R?) for all s > 0. Then the function s
Ja(s) is Ct and

4, = My a1ty R(e. A
i == Ua =0+ (—5(—— ))/eQ+ (e, A),

where

1 2
K= Efyzz </ Qyz()’lsy2)d)’1> dy, (6.50)

and, there exists a universal constant C3 > 0 such that, for A > 1, we have
2 2 —-1/2
IRGe, A)] = C3 (llel + llelllell i + A2 lell2

+

Xg 1
= 1] A7 + el

+

(A—l + llella + A2 ell 202 4) + VR y2Fy 604 )) :

(6.51)

=
A
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Remark 6.2 Note that by the decay properties of Q, see (1.7), the value of k, defined
in (6.50), is a finite number.

Proof First, arguing as in the proof of Lemma 4.1, we have that the function &(s),
defined in (5.39), satisfy the following equation

As Xs 2 3
&y = (Ls)y, +7(AQ+A8)+(7 — 1) (Qy] +8y1)—3(Q8 )y] —(8‘)y1. (6.52)

Then, setting R(e) = 3062 + &3, we have

dJ F
E A—/es DA

/((Le)ler As+(7s
+/< AQ+< ) )FW
—fR(e)yleA

=)+ UD+UID).

1) 8v1) Foa

Now, since [[@4lloo < 1 and @y, € L, we have

(I11) =/R(8)AQ<,0A+/R(8)F P (yAf)

Flloollg lloo
SIIAQlloo/IR(a)IjL%/IR(S)I

I lloolg|
<co(||AQ||m+¥ (el + NelBlel ) (6.53)

by Gagliardo-Nirenberg inequality with
co = [3Qlloo + Con-

here, Cgy is the best constant for the cubic Gagliardo-Nirenberg inequality.

Furthermore,
- / Qy1 F (D

Ay
un = N /AQF‘PA+ 7
(II. 1)+( )(11.2),
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where, since Fy, = AQ
1 2
(I1.1) = 3 (F)y 94
1 2 1 2
=3 (F)y, +3 (F9)y (@a— 1)

1 2
5/</AQ(y1,yz)dy1> dys + R1(A),

where in the last line we used (6.45).
Now, integration by parts yields

/AQdyl =/ Qdy; +/Y1 Oy, dy) +/y2Qy2dY1

= / YZQyzd)’L

and thus,

2 2
/(/AQ(yl,yz)dm) dy> =/y§ (/ Qyz()’l:.V2)d)’1> dy, < +o0.

Moreover, the error term can be estimated as follows

|R1(A)|='fRZAQF(¢A—1)' (6.54)
S/RsuplF(yl,yz)l </RIAQ(¢A - l)ldyl) dy> (6.55)
1
A
<2 / sup |F (31, y2)| ( / Mdyl) dys (6.56)
R w=a Il
< 2||F||oo||:1AQ|I1. 6.57)

On the other hand, since AQ 1 Q

_ Ly
I

= [erowi-v- [ or;d (%)

=Ry (A),
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where, using again the definition of ¢4, we have

Fllooll® lloo
|R2(A)|<2// |QAQ|Iy1| I Flloolle looll Q1
yi=A [y1l A
1 !
=2 (2IIAQII2||y1Q||2 + | Fllolle ||oo||Q||1>~ (6.58)

Next we estimate the term (/). Applying integration by parts, we get

(== [@onoes - [worse (3)
—}—TS/ASF(/)A
(=) ([enoen+ [erge ()
=)+ %(1.2) — ();—S — 1) (1.3).

Let us first consider the term (/.3). Using the definition (3.15), we have

1 ’
(13) =/8Q+/8Q<¢A—1)+/ey1le<ﬂA+/8yzQ.vz<"A+2/8F"’ (%)
E/8Q+R3(8, A).

Next, it is easy to see that

feQ(goA—nsz// eol2 < 21ci01,
RJy=A [yl A

and, for j = 1, 2, we get

fsy,-Qy,wA < llel2lly; Oy, ll2-

Moreover,

2A

(Y1 ’
[ere () <ot | (sup|F<y1,yz>|
A R \»n A

) 1/2
<AY2)g 0o (/R sup | F (y1, yz)|2dyz> el
Y1

|8|dy1> dy>
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Collecting the last three inequalities and using (6.46), we deduce

1 1
|R3(e, A)| < ¢ (1 tt Al_/z) llell2, (6.59)

where the constant ¢ > 0 is independent of ¢ and A.
Next, we turn to the term (/.2). Integration by parts yields

(1.2) :/8F§0A+/y18ylF(PA+/)’28y2F§0A
——/ eAQ —/ eF L /(ﬂ>
Y1 DA Y1 A(p A
—/8F¢A—/y28Fyz¢A

=—Ja+ Ra(e, A),

where in the last line we used definition (6.48). Let us first estimate the terms in
R4(g, A). Indeed, it is clear that

/Y18AQ</>A < InAQl:2lella.

Furthermore,

2A

/ eF o (X) < <l [ (sup 170152
Vi A‘P A) =2 @ lloo e U Y1, Y2 A

2A
52”(/7/”00/ (SHPIF(yl,yz)I/ |8|dy1>dyz
R\ » A

) 1/2
<2A4"%)¢ oo ( /R sup | F(y1, )’2)|2dY2> lell 2y )
Y1

Iyleldy1> dy>

12y ./
<cA116 oo el 20y, =)0

where in the last line we used the inequality (6.46).
Collecting the last two estimates, we obtain

|Ra(e, A < c(llellz + AV el 2,2 a) + ‘ f y26Fy,04] . (6.60)

where ¢ > 0 is again independent of ¢ and A.
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To estimate (/.1), we recall the definition of the operator L to get

L(fg)=—(Af)g— f(Ag) —2fy 8y

1 =2 08yt 8~ 3Q2fg
=(Lfg—2fy 8y

1~ 208y, — f(Ag).
Hence,

1 1
L(AQga) = (LAQ)ps —2(A Q) 5¢ () —

= L(AQ)pa + Ga,
and

Using the fact that L is a self-adjoint operator and L(A Q) = —2Q, we get

(].1):—/8L(AQ¢A)—/8L (Fi(p (ﬁ))
=2/sQwA—fs(GA+%HA>
:2/8Q+2/8Q(¢A—1)—/8<GA+%HA)
52/8Q+R5(8, A).

Again, we estimate the terms in Rs(e, A) separately. First, we observe that

[y
/SQ(‘/’A -D= / / e Ql—dyldyz < —I|y1Q||zI|8||2
Moreover,

2 ] "
/8GA =< Z”‘P/HOOH(AQ)yl l2llell2 + 7 lle ol AQl2lE]l2

Now, note that || H4||co < ¢ (independent of A > 1) and
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supp(Ha) C {A < y1 <2A}.

Then, it is easy to see that (using that F),, also satisfies similar estimates as the
ones in (6.46) and (6.47))

1 c
a1 eHy < m”g”z

Finally, for A > 1, we obtain
c
[Rs(e, A)| < mllellz, (6.61)

where, once again, ¢ > 0 is independent of ¢ and A.
Collecting all the above estimates, we finally obtain

iJA =2f£Q + Rs(e, A) + %(—JA + Ry4(g, A))

ds
- (% — 1) (/SQ + R, A))

e+ Ry + (2 = 1) Raca
+ 220+ RiA) + (3 - 1) Ra(a)

— (I

:—)E(JA—K)+2(1—l(xi—1))fsQ+R(s A)
A 2% A

where « is given by (6.50) and
Xs As
R(e, A) = (I1I)+Rs(s, A)+(7 — 1) (R2(A) — Ra(e, A))+7 (R1(A) + Ru4(e, A)) .

Furthermore, there exists a universal constant C3 > 0 (independent of ¢ and A) such
that, in view of (6.53), (6.54), and (6.58)—(6.61), for A > 1 the inequality (6.51)
holds. O

6.1 Control of Parameters

Before we proceed with examining further properties of J4, we need to understand
how various parameters are interconnected and controlled by the initial time values,
especially £(s). We proceed with the following two lemmas.

Lemma 6.3 (Comparison Between M, ¢y and f e0Q) There exists a universal
constant C4 > 0 such that, if ||eoll g1 < 1, then
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2

1
‘M0—2/80Q‘+‘E0+/80Q‘+‘E0+§M0 HI-

< Cqlleoll
Proof First, observe that from the definition (4.24), we have

Mo—2/£oQ=/s(%,

and thus, [My — 2 [ e0Q| = |lell3. Next, from (4.27), we obtain

1 1 1 3 4
E0=E[Q+So]=E(LSO,SO)—EMO—Z 4fQ50+f80 ’

which implies, for some universal constant ¢ > 0, that

1
‘Eo-i- Mol < clleolly,

by the definition of L, the Gagliardo-Nirenberg inequality (4.28) and the fact that
lleoll 71 < 1. Finally,

1 1 1
E0+/80Q =< EO+§MO +§‘MO_2/50Q §<C+§> ||50||§.11,
and setting C4 = ¢ + %, we conclude the proof. m]

Lemma 6.4 (Control of ||e(s)||g1) There exists ap > 0 such that, if |e(s)| g1 < «,
[A(s) — 1| < aand e(s) L {Qy,, Qy,, xo} forall s > 0, where a < a, then there
exists a universal constant C5 > O such that
2
/80Q‘ + ||80||H1> .

(Le(s), &(5)) < le(s)]I3,, < Cs <a
Proof From (4.27) we have
(Le(s),e(s)) =2E[Q + ¢e(s)] + My + % [4[ Qe3(s) + / 84(S):| . (6.62)

Therefore, from the Gagliardo-Nirenberg inequality (4.28), there exists a universal
constant ¢ > 0 such that if |le(s)|| 71 <1

(Le(s), &(s)) <2E[Q + e(s)] + Mo + clle(s) | 1 lle(s) 113

<2E[Q +&(s)] + Mo + aiolla(S)IIHl (Le(s), €(5)) (6.63)
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where in the last line we used the coercivity of the quadratic form (L-, -), provided
e(s) L {Qy,, Oy,, xo0}, which was obtained in Lemma 3.6.

Now, there exists az > 0 such that if ||e(s)| g1 < o forall s > 0, where o < a3,
then

el <1
—le —.
00 SHI_Z

Therefore, the last term in the RHS of (6.63) may be absorbed by the left-hand term,
and we get

(Le(s), e(s)) <4E[Q + e(s)] +2Mp
<42%(s)Eo + 2Mo,
where in the last line we have used relation (4.26).

Next, we use the last estimate to control the H!-norm of &(s) as well. Indeed,
from the definition of L we have

le(s) 117, = f 2 (s) + f [Ve(s)* = (Le(s), £(s)) + 3 / Q%% (s)
< (Le(s), £(5)) + 130 o lle(9) 13

2
< (1 + M) (Le(s), £(5))
a0

2
< (1 + M) (422 (s)Eg + 2Mp)
00

. B 1
<41+ ) [ G6) = DA + DIEo| + | Eo + 5 Mo

)

Finally, since |A(s) — 1| < «, choosing o < 1, we get |A(s) + 1| < 3, and applying

Lemma 6.3, we deduce
<3a ( Eo +/80Q’ + ‘/SOQD + Calleoll?,

<3a (c4||eo||§,l + ‘/%Q

/SOQ

1
(A(s) = D(A(s) + DIEol + |Eo + EMO

) + Callsoll 3

<4C4lleol3,1 + 3e

)
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which implies the existence of a universal constant Cs5 > 0 such that
2
/EOQ‘ " ||80||H1>-

Our next task is to bound the time derivative of J4 that we obtained in
Lemma 6.1 from below. The main concern is to estimate the remainder R(e, A)
from Lemma 6.1, and in particular, the last line (6.51). Via truncation we can always
choose A to be large, so that the terms, which involve negative powers of A, would
be controlled, however, the third term in (6.51) involves a positive power of A and
the tail of the L2 norm of ¢, and hence, needs a delicate estimate. This can be done
via monotonicity property, which we discuss in the next section. This is similar to
our analysis of the supercritical gZK, see [10]. However, together with truncation
and monotonicity the last term in (6.51) is still troublesome, and it is possible to
bound it, but more is needed, namely, the smallness of that term. Thus, we need to
develop another tool, the pointwise decay estimates, which we do in Sects. 8—12.

(Le(s). £(s)) < lle()lI3, < Cs <a

O

7 Monotonicity
For M > 4, define
2 kil
Y(x1) = — arctan (e ™).
T

The following properties hold for :

1

Ly =5
2. lim ¥ (x;) =0and lilﬂ Yx) =1,

X]—>—00 x1—>+00
-y =Y,
Y () = (n[\;[cosh (%))1 :
YD) = 5Ev ) < v ().

Let (x1(1), x2(t)) € CY(R, R?) and for xq, to > 0 and ¢ € [0, 1] define

~

9,1

1
Lyg1p () = /MZ(I, X1, X))y (e = x1(to) + 2 (o — 1) — Xo)dx1dx2, (7.64)

where u € C(R, H'(R?)) is a solution of the gZK equation (1.1), satisfying

lu(t, x1+x1(2), x24+2x2(t)) — Q(x1, x2)|jn <, for some o >0. (7.65)
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While the functional Iy, 4, (), which localizes the mass of the solution respectively
to the moving soliton, is a concept similar to the one originated in works of Martel
and Merle, and is used to study the decay of the mass of the solution to the right of
the soliton, and can be applied to a variety of questions for the gKdV equations (see
also our review of the instability of the critical gKdV case via monotonicity [9]),
we note that the integration in the definition (7.64) is two dimensional. Note that the
function ¥ is defined only in one variable x1, this is similar to [5]. We next study
the behavior of I, , in time and we have the following monotonicity-type result.

Lemma 7.1 (Almost Monotonicity) Let M > 4 fixed and assume that x1(t) is an
increasing function satisfying x1(ty) — x1(¢) > %(to —t) foreveryty,t > Owitht €
[0, 19]. Then there exist g > 0 and 8 = 0(M) > 0 such that, ifu € C(R, H'(R?))
verify (7.65) with o < g, then for all xo > 0, 1y, t > Qwitht € [0, ty], we have

_%0
Ixo,t() (to) - Ixo,t()(t) =< fe M.

Proof Using the equation and the fact that ‘1//’”(x)| < #df’(x) < %w’(x), we
deduce

Elxo,to([) =2 lmtl// - E u 1//

~

Il
|
\
7N
(98]
<
=19
_|_
<
kY
|
—_ N W
<
S
N—"
<
_|_
w \a
)
S
| —
—
<
o
<

(7.66)

IA
|
—
oY
(O8]
<
=
+
<
R
+
|
<
)
N———"
<
+
[\
o~
<

We start with the estimate of the last term in (7.66), by using its closeness to Q,
4.7 b 3.7 2 3./
/u " =/Q(~—x(t))u v +f(u— (- — FO)uy, (7.67)

where X(t) = (x1(¢), x2(t)). To estimate the second term, we use the Sobolev
embedding H'!(R?) < L4(R?), forall 2 < g < 400, to obtain

/ — Q= XN Y <Il(u— Q¢ — X)) ullasllu’y’|la
<cllu— Q¢ —Xm)allullalluy/y' |13
<callQl g /(|Vu|2 + ulPHy. (7.68)

For the first term on the right hand side of (7.67), we divide the integration into two
regions |X — X(t)| > Ro and [X — X(t)| < Ro, where Ry is a positive number to be
chosen later. Since |Q(X)| < ¢ eI, we obtain
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/ﬂ ] Q( =)y <ce ™ ulslluy/y’I3
[x=x(t)|>Ro

<ce Ryl /(|Vu|2 + ulPHy. (7.69)

Next, when |X — X(t)| < Rp, we have

1 1
x1 — x1(fo) + E(to — 1) —xo| = (x1(to) — x1(t) + x0) — E(to — 1) —|x1 —x1(0)|

1
EZ(IO —1)+x0 — Ro,

where in the first inequality we used that x(¢) is increasing, fp > ¢ and xo > O to
compute the modulus of the first term, and in the second line we used the assumption
x1(10) — x1(6) = 3 (10 — 1).

Since ¥'(z) < %e’%, we can use again the Sobolev embedding H'(R?) —
L7(R?), forall 2 < g < +00, to deduce that

(%([O—t)+x0)

2 3.7 2 Ro a0 7T0) 3
OC—x)uw’y’ <——|Qllce™ e M el
|F—%(1)| <Ry M

(% (t()ft)ero)

2 3 Ry _ ]
< M_T[”QHOOHQ”HIEM e A (7.70)

Therefore, choosing o > 0 such that ca|| Q| g1 < % . % and Ry such that

ce Ko Qllg < % . %, collecting (7.68)—(7.70) together, we have

3 1 3 Ry _(%(xofr)ﬂo)
5/ 4w’s§/<|W|2+|u|2>w’+annannipeMe T

Inserting the previous estimate in (7.66), we get that there exists a universal constant
¢ > 0 such that

d 3, 1, 1, c 5 Roo_xo 1
Tl () = —f(guxl + S, + g )V 1Ol Ol e e e aw (0=1)

c 3 Ro—xo o
< 27101l QI e - a0,

Finally, integrating in time on [z, #p], we obtain the desired inequality for

0 =6(M) =4c|Qlxll QI3 e > 0.
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The next lemma will be used to control several terms in the virial-type functional
from Sect. 6 (see also Combet [4] for a similar result for the gKdV equation).

Lemma 7.2 Let x1(t) satisfying the assumptions of Lemma 7.1. Also assume that
x1(t) > %l and x»(t) = 0 for all t > 0. Moreover, let u € C(R, H'(R?)) be a
solution of the gZK equation (1.3) satisfying (7.65) with o < o (Where o is given
in Lemma 7.1) and with the initial data uq verifying f luo(xy, xz)|2 dxy < ce 0l
for some ¢ > 0 and § > 0. Fix M > max{4, %}, then there exists C = C(M,$8) > 0
such that for allt > 0 and xo > 0

// W2 (1, x1 + x1 (1), x2) dxydxy < Ce™ . 71.71)
R Jx1>xg

Proof From Lemma 7.1 with + = 0 and replacing ¢y by ¢, we deduce that for all
t>0

X0

Lyt (t) — I 1(0) < Oe™ M.

This is equivalent to
/ u?(t, x1, x2) ¥ (x1 — x1(t) — x0) dx1dx2
2 1 _x
< | ugCxr, x2)¥ (x1 —x1(2) + S xo)dxidx,; +60e M.
On the other hand,
/ u?(t, x1, ) (x1 — x1(t) — x0) dxydxs = / u?(t, x1 + x1 (1), x2)¥ (x1 —x0) dx1dx
1 2
> - u”(t, x1 + x1(t), x2) dx1dxa,
2 R Jx1>x9

where in the last inequality we used the fact that  is increasing and ¥ (0) = 1/2.
Now, since —x (t) + %t < 0 and ¢ is increasing, we get

1
f ud(x1, X)W (x1 — x1 (1) + 5! — X0 dxidxs < / ud (x1, x2) ¥ (x1 — x0) dx1dxz.

Moreover, the assumption f luo(x1, x2) |2 dxa < c e~®F1! and the fact that ¥ (x;) <
c elﬁl for all x; € R, yield
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X17X0

/”%(Xl,xz)l/f(xl — x0) dx1dx2 SC/E_‘WI'@ M dx

< ce M / e_<8_%)|m dx

X0

W | o3l
<ce M | e 2Mdxy,

where in the last inequality we have used the fact that

8 : > i =M > 2
M =2 -6
Therefore, the desired inequality (7.71) holds by taking

3lxol

C=4dcs e .

8 Pointwise Decay for ¢ and Review of the H!
Well-Posedness Theory

We start this section with the main statement on the pointwise decay of ¢(x, y) for
x> 0.

Lemma 8.1 (Pointwise Decay) There exists oy > 0 (large), 5o > 0 (small) and
K > 0 (large) such that the following holds for any 0 < § < §y and o > 0y.
Recall (s, x, y) solving Eq. (4.23) (with y = 0), i.e.,

e = (L&) + %(AQ +Ag)+ <§ —1)(Qx+&x) —3(0e%), — (Y, (8.72)

and suppose there exists § > 0 such that

As(s) x5 (s)
AGs) — 1 — —1| <3 8.73
||e<s>||Hg>,+‘k(s) ) = 1+ 35 'N (8.73)
for all times s > 0.
Moreover, assume that for x > K and y € R,
(0, x, )| < 8(x)™°. (8.74)

Then for x > K and y € R, we have
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0+ f0<s <1
leGs, xS 81° Fo=s=
(x ifs > 1.
Remark 8.2 Note that we can fix K in Lemma 8.1 so that
(K)™! < 8o,

which also implies that e =X/2 < §.

d
Remark 8.3 Rescale the time s back to ¢ via ) =273 , and define

n(t, x,y) =2"le(s@), A M x + K), A7y,
where x; = %x(r) with x (¢) being the spatial shift. Then 7 solves
9 — x[(=A+x)nl = F, F = fi + 0 fa,
where

fi=—-0"Y8,10,
fr=+0 10 —30% 300" —n’.

Here, O(x,y) = A7'Q0.7'(x + K),A7'y). Note that since [Q(y1,y2)| <

329

(8.75)

(8.76)

8.77)

(8.78)

~

(3)~ 12191 we have |Q(x, y)| < 8 for x > 0 by (8.76). Also for x > 0 and

y € R, we have
70, x, )| < 8(x)~7.
To show (8.75), it suffices to prove, for x > Oand y € R,

20070 T i<t <1

<
|n(l’xs y)' ~ § {<x>—§0'+

EN[™)

ift > 1.

Let S(z, #9)¢ be the solution p (¢, x, y) to the homogeneous problem

Ia,p — 0 (—A+x)p=0
p(to, x,y) = ¢(x,y).

Then

t
n(t,x,y) =[S 0¢l(x, y,t) + /0 S(t,t')F(e, 0,1t (x,y)dt.

(8.79)
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Moreover,
S, t0)p(x,y) = /A(x/, Yot —t0)¢(x+x@) —x',y—y)dx'dy',  (8.80)
where

Ax, y, 1) = // Pl H1EN FxE+yn) dedn.
R2

We use the notation L’; as shorthand for L[% -

Theorem 8.4 (Following Faminskii [8], Linares-Pastor [20]) For given functions
x(1), A(t), initial data no(x, y) € Hxly and T > 0, there exists a unique solution n

to0 (8.77), (8.78) such that n € C([0, T1; H},)) and n(x + x(t), y, 1) € LﬁL;OT.

This type of uniqueness is called conditional, since it is only known to hold with
the auxiliary condition n(x + x(¢), y,t) € LiL;‘}.
Letu(t, x,y) =n(,x +x(),y) + Q(x, y). Then u solves

Ou + 0, (Au+u’) = 0. (8.81)

For existence of 7, it suffices to prove the existence of u solving (8.81) such that
u e C(0,Ty; Hxly) N LiL‘joT. Moreover, given two solutions 11 and 77, we can
define corresponding u#; and u> as above. Provided we have proved the uniqueness
of solutions u to (8.81), we have u1 = uy, which implies n; = n;. The existence and
uniqueness of solutions # to (8.81) in the function class C ([0, T]; Hxly) n LiL;OT
was established by Linares-Pastor [20]. It is proved by a contraction argument using
the following estimates. Let U(¢)¢ denote the solution to the linear homogenous
problem

[atp +9,A0 =0
p(to, x,y) = ¢(x,y).

Then

t

ut) =U(t)¢ +/ Ut — 1) [u@)1dr’.
0

Lemma 8.5 (Linear Homogeneous Estimates) We have

D) NUOPl e py, S 1915y,
@) 18Ul p2, S 19112,

ForO<T <1,
3 IUOSlLsry S 191y,
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Proof The first estimate is a standard consequence of Plancherel and Fourier
representation of the solution. The second estimate (local smoothing) is Faminskii
[8, Theorem 2.2 on p. 1004]. The third estimate (maximal function estimate) is a
special case (s = 1) of Faminskii [8, Theorem 2.4 on p. 1007]. All of these estimates
are used by Linares-Pastor [20], and quoted as Lemma 2.7 on p. 1326 of that paper.

0

Lemma 8.6 (Linear Inhomogeneous Estimates) For0 < T <1,

t
W ”/o U= f@)dr SU0efllpypz, + 000 fllpy sz,

LFHLLALS

t
(@) H/o U1 f@har SNz ay -

Ly Bl OLAL

Proof These follow from Lemma 8.5 by duality, 7*T, and the Christ-Kiselev
lemma. =

Let us now summarize the proof of H;y local well-posedness following from
these estimates. We note that Linares-Pastor [20], in fact, achieved local well-
posedness in H;y for s > %, although we only need the s = 1 case. Let X be

the R-ball in the Banach space C([0, T]; H;y) N LiLSOT, for T and R yet to be
chosen. Consider the mapping A defined for u € X by

t
Au:Um¢+/Lm—ﬂmwwfwﬂ
0

Then we claim that for suitably chosen R > Oand 7 > 0, we have A : X — X and
A is a contraction. Indeed, by the estimates in Lemmas 8.5 and 8.6, we have

3 3
[Aullx S Nllgy + 119« (u )”LlLf-r + 1oy @)z -
We estimate
2 < 2 <7l 2
btz S Meelpgr IlGy e < T2 0eelpgers Nl
and similarly, for the x derivative replaced by the y-derivative. Consequently,
/20,113
| Aullx < Cliglly +CTuly
for some constant C > 0. By similar estimates,
Auz — A < CT"?|uy - 2
[Auz — Autllx < lluz —wrllx max(llurllx, lluzllx)”.

We can thus take R = 2C||¢||H)gy and T > 0 such that CR?T'/2 = % to obtain that
A : X — X and is a contraction. The fixed point is the desired solution.
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For the uniqueness statement, we can take R > 2C||¢| 1 large enough so that
Xy

the two given solutions u1, u; lie in X, and then take T so that C RITV? = % Then
u1 and uy are both fixed points of A in X, and since fixed points of a contraction are
unique, | = uy.

This gives the local well-posedness in H xly. Global well-posedness follows from
the energy conservation.

9 Fundamental Solution Estimates

Recall the solution (8.80) and its kernel A. The first basic step is to get the estimates
on this kernel, which is given in the following statement.

Proposition 9.1 (Fundamental Solution Estimate) Let t > 0 and consider
Alx,y, 1) = f/ ei(l§3+t§772+)r$+y?7) dédn.
R2

Let . = |x>2t712 > 0 and z = y|x|~". Then for x > 0

(M)« if|z| <4, foranya >0

|AG, y, D] Sapt 23
“p MP2)F if |zl = 4, forany B = 0.

If x <O, then

—1/6 .
1AGr, .01 <p (23 (Y iflz] <4
Mz P if|z) = 4, forany B = 0.

We give a proof of Proposition 9.1 based on factoring of A into the product of
two Airy functions, which is possible in two dimensions. It is a short proof and
gives estimates actually sharper than those claimed in the proposition statement.
We remark that it is possible to obtain Proposition 9.1 by direct oscillatory
integral methods (non-stationary and stationary phase), although it involves tedious
calculations. The advantage of the oscillatory integral approach would be that such
a proof could be generalized to higher dimensions.

Proof of Proposition 9.1 Making the change of variable & +— "t‘,'—;fg and n —

12 .
|Jt‘l‘ 71, We obtain

A,y 1) = |xl™! /[ FHEHEP s E L) gg g
&1
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where A = |x|>2t=1/2 > 0 and z = y|x|™' € R, as given in the proposition
statement. Rewriting |x|t~! = A2/3t=2/3 this becomes

Ax, y,1) = 7232 Bygnr (1, 2),

where
Bi(k,z)=// GMETEPEER g g
&

To obtain symmetric conditions in the estimates, it is convenient to change variable
&> %, and make the inconsequential replacements 2= — A and +/3z +> z. This

NG

gives
Ban) = [[ M0 dean,
&n

where

GE, 7)) =183 +En* L&+ .

Now the goal is to prove the estimates

(M) if |z] <4, forany o > 0

(9.82)
(MzP%)=F if|z] > 4, forany B >0

1By (A, 2)| Sap A7 {

and

—1 6 .
B o) <p a2 |0 il < -
(Mz??y=F if |z| = 4, forany B > 0.

Next, make the change of variable & %(5 +n),n — %(é — 1), and replace

% > A, which factors the exponential to obtain the splitting

PN 13
BL(\,2) = /e”»(gé?ﬂz:tl)é) défe‘“?’”(—zi“'ﬁ .
§ n

In terms of the Airy function A(x) = [ ¢’ (GE+x8) dg, this is

Bi(h, 2) = ABAG Rz £ D))ARY3(—z £ 1)). (9.84)
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We note that in either + or — case, if |z| > 2, then either (z =+ 1) > %|z| or
(—z£1) > %|z|. Hence, by the strong decay of the Airy function on the right, we
obtain

IB+(A, 2)| S A3y ~*

for any k > 0. This gives the second half of the estimates (9.82) and (9.83).

For |z| < 4, first consider the + case. If 0 < z < 4, thenz 4+ 1 > 1, so we can
use A3z + 1)) < (A¥3)7K for any k > 0, together with the simple estimate
A3 (—z + 1))| < 1, to achieve the first part of (9.82). If —4 < z < 0, then
—z+4 1> 1,50 we can use [AXY3(—z + 1))| < (A*3)~* for any k > 0, together
with the simple estimate |A(A%/3(z + 1)) < 1, to achieve the first part of (9.82).

For |z] < 4, now consider the — case. When —1 < z < l,bothz -1 <0
and —z — 1 < 0, so the amount of decay we can obtain from the Airy functions
is limited. The worst situation is when z = =£1. For example, when z = 1, we
have A(A*3(z — 1)) = A(0) and |AA?*3(—z — 1))| < (A*/3)~1/% When applied
in (9.84), this gives the bound |B_ (X, z)| < A™/¢ for A > 1. O

Because of the form of the equation, we also need the x-derivative estimate.

Proposition 9.2 (x-Derivative Fundamental Solution Estimate) Let r > 0 and
consider

Ax(x,y, 1) = // isei(t§3+t§'72+xé+y77) dédn.
R2
Let . = |x|32t712 > 0 and z = y|x|~'. Then for x > 0

(A iflzl =4, foranya = 0

1A, . 0)| Sapt™!
! “B5 el F iflzl = 4. forany B = 0.

If x <0, then

(e iflzl <4

|Ax(x, y, 0] Sp !
! P75 iz P i1zl = 4. forany B > 0.

|x|1/2 ‘x|1/2 .
Proof Rescale & +— (3{)1/25, N Sarnto obtain

Ay(x,y,1) = A7 'Bi(h, 2),

where A = |x|>/2(37)"1/2 and z = V3y|x|"}, and

Bi(h ) = [ / iEMPEEND dndn | puE o) = L6 L e £ E 4 an.
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It suffices to prove

ByGu )l <ap i AN el =4, forany e 2 0 (9.85)
+(, D] Jap (A\z]3/%)~F if|z] > 4, forany B > 0
and
jogve if [z <4
B-Gv 2] Sp 27" .
p (AMz?*)F if|z] > 4, forany g > 0.

Changing variables again as
§ 3E+m. ne 3E -

and replacing %A by XA (thus, redefining A = %|x|3/2(3t)_1/2), we obtain the
factorization

8B+ (X, 2) // P (& 4 )i GEHEIHDD iGN +E =DM ge g

/iéeik(%$3+(il+1)§) dS/ewén%(iH)n)dn
+/eik(%g3+(il+z)é) dS/inei)‘(%'73+(il_z)")dn.

1/3

Change variables & — A~13¢&, n > A~1/33 to obtain

8BL(h,2) = ATTA/ B (1 4+ 2)AG (£ - 2)
+ AT AR (1 + )AL - 2)),

where A(x) = f el’(%g-ﬂ-xé) dé& is the Airy function.

If z > 2, then (1 +2) > |zl andif z < —2, then (&1 —2) > 3|z[, so in either
case, the strong rightward decay of A and A’ gives | B+ (X, z)| < A~ 1(A2/3|z]) = for
all k£ > 0. Thus, the second parts of the claimed estimates in (9.85) and (9.86) hold.

In the + case, if 0 < z < 2, then (1 4+z) > 1, so we use that |A'(A*3(1 +2))| <
AHEJARBA =) S LIARYAA +2)] S (W3)7F, and AP0 -
2))| < 1to achieve | B4 (%, z)| < A~1(1%3)~k for any k > 0. On the other hand, if
—2 <z <0,then1—z > 1,s0weuse that |[A’(A*3(1 +z2))| < 1, AR —
DS AW)TEAGABA+2)] < 1,and |A (231 —2))| S (A3) 7 to achieve
|BL (A, 2)| < A~1(A%/3)=k for any k > 0. Thus, the first part of the estimate (9.85)
holds.

In the — case, if —1 < z < 1, thenboth —1+z <0and —1 —z < 0, and we only
have access to the weaker leftward decay estimates for the Airy function. The worst
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case arises when z = 1. For example, if z = 1,then —14+z =0and —1 —z = -2,
so JA'(A3 (—=142)| S LIARY 3 (—1=2)| S (W34 AR B (—142)| S 1,
and |A'(A23 (=1 = 2))| < (A?3)1/4 which gives |B_ (A, 2)| < (A23)1V/4 ~ ()16,
The case of z = —1 is similar. O

10 Linear Solution Decay Estimates

For this section, we will need the following estimates. Let

n ifu>0
[ul =104+ ifu=0
0 if u < 0.

We shall employ the two basic integral estimates (10.87), (10.88) below. Note
that (10.87) requires x > 0 and restricts the integration to x” < 0, but then yields a
stronger bound than (10.88) when o > u. In fact, (10.87) even allows & < O.

Foranyo e R,y e R, 1 -0 <pandx >0

0
/ (x —x)7O (Y Hdx’ < (x)ToFm (10.87)
x'=—00
Foranyo > 1,4 > 0,and x € R,
+o00 .
/ (x —x) 7Oy H dx’ < ()T minte—l=ul), (10.88)
x'=—00

Let

Oy = [ AW 000 +1 =3y =)' dY = (SOR. ).
(10.89)
i.e., the unique solution to 9;® + 0x(1 — Ayy)® = 0 with initial condition
D (x, y,0) = ¢(x, y). For simplicity we have taken x(z) = z.
The proposition below gives rightward x-decay estimates for this linear solution.

Proposition 10.1 (Linear Solution Estimates) Ler o > %, and suppose that
forx >0, lp(x, y)| < Ci{x)™° (10.90)
and

1) oG M2, = Cr (1091)

<0
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Then fort > 0,

—7/12, \—0+1 -

t 7 t<1

forx >0, |®k.y.0lSC SR A
t—13/12(x>—o lft > 1,

where 6 = min(%o — %, o — %).

Note that for o > %,we haveo—?1 > %a—%,andthus, foro = %o—%.We also

remark that the time decay factor r~'3/12 for r > 1 can be replaced by any negative
power of ¢, provided the definition of & is suitably altered. We chose ~13/12  since
it is < —1, thus, integrable (over t > 1), and this integrability is needed in the
Duhamel estimates.

Proof By linearity, it suffices to assume that C; < 1. Recall that we are assuming
x > 0 and r > 0. From Proposition 9.1, we have

AG Y DI S 2P QP = 3B 3oy 73 (10.92)
with different constraints on the allowed values (and optimal values) of « and 8

depending upon whether

e |zl <4dor|z] >4,
e A<lori>1,
e x'<Qorx' >0

This is summarized in the following two tables:

x>0 A< A>1 X <0 |[xA<1 A>1
<4 @a=0,=0 a>0,=0 |z<4 a=0,=0 a=5p=0
Izl >4 l«a=0,8>0 |a>0,=>0 Izl >4 «a=0,8>0 |a>0,>0

From (10.89), we see that we need to further subdivide according to —oo < x” <
x+tandx’ > x +¢t. When —oo < x’ < x+1¢t,wehave x +¢ — x’ > 0, and we
can use (10.90), and when x” > x + ¢, we have x + ¢ — x” < 0, and we can only use
that ¢ € L},

Below our decomposition of the (x’, y’) integration space is given as 9 different
regions. Each of the regions can be further divided according to whether |x’| and
|y'| are < 1 or > 1. We label the corresponding subregions as ——, —+, +—, and
++, as follows:

e —— corresponds to |x'| < L and |y'| < 1
e —+ corresponds to |x’| < 1and |y'| > 1
e +— corresponds to |x'| > L and |y'| < 1
* +-+ corresponds to |x'| > 1 and |y’| > 1.
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Thus,
D =P+ -+ Do,

where @ ; denotes the convolution integral in (10.89) restricted to the region under
consideration. We further use the decompositions

q)j = (I)j__ +<I)j_+—|—(Dj+_ +q)j++

as needed.
In Regions 1-5, we begin as follows: From (10.89), (10.90), and (10.92)

2,1 1 3 3
1@ (x, y, 0] S175TaHp //( |72 %+ = X))y 2F ax’ dy
x’,y")ER

(10.93)

where R denotes the subregion of (x’, y’) space under consideration.
In Regions 6-9, the decay hypothesis (10.90) is not available, so we start
from (10.89) with Cauchy-Schwarz in (x’, y’)

1/2
"l’ﬂx’yvf)lS(// lA(nyCr>|2<x+t—x/>2dx/dy/) o™ el
x',y")eR yeR,x <0

Since || (x)"'¢ 2 o < 1, this term can be dropped above and (10.92) yields
yeRx<

172
|®j<x,y,z>|sr—%+%a+%ﬂ<ff | |x’|—3“|y’|-3ﬂ<x+r—x’>2dx’dy’) .
(x’,y")eR

(10.94)
An argument used repeatedly below is

X <t'? = (x4+1-x)~ (x+1). (10.95)

Indeed, if # < 8, then |x/| < 1/3 < 2,50 (x +1 —x’) ~ (x +¢). On the other hand,
ifr > 8, then |x'| <t'3 «t <x+1, s0again (x +1 —x') ~ (x +1).

Finally, we remark that it is Region 2 below that seems to limit r~7/12
singular power of 7 for 0 < < 1.

as the least

1. Region x’ < x+1, |x'| < t'/3,]y'| < 4|x'|.Here, » < 1, |z] < 4. Wetake @ = 0,
B = 0. From (10.95), we have (x + 1 — x") ~ (x + t). Starting with (10.93), we
get

@1 (x, y. 1) 5r—2/3<x+r>—"/

x’,lx’|<t'/3

/ dy' dx’ <{x+1)7°.
Y1y <4l

2. Region x’ < 0, |x’| > t!/3,|y/| < 4]x’|. Here, x’ < 0, A > 1, |z] < 4. We take
B =0, and are limited to « = %. Starting with (10.93),
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|Da(x, ¥, )] < t—””/ (x +1 —x/>—"|x/|—”4f dy' dx'
¥y I<4lx|

x',—oo<x’<0
5 t_7/12/ <x +t _xl>—0’|x/|3/4dx/'
x’,—oo<x’<0

By (10.87) with u = —%, provided o > %, we have
< =712 _H)—a+§‘

Fort > 1, we note that ¢ ~7/12(x 4 t)"’Jr% < t’13/12(x)’“+%.

3. Region 0 < x’ < x +1, |x'| > 1173, |y/| < 4|x'|. Here, x’ > 0,1 > 1, |z| < 4.
We take B = 0. For |x’| < 1 (the —x subregion), we take a = 0, but for |x/| > 1
(the 4+ subregion), we take o > 1.

For |x'| < 1, we take o = % and use that (x +¢ — x’) ~ (x + ) to obtain,
starting with (10.93),

|3 (x, 3. 0] < t‘%<x+r>‘f’/ |1/ f dy'dx' ~ 17" (x 41)7°.
x/x <1 y

"1y [<4lx|

In the case t > 1, we note that ¢~ //12(x + )% < t_13/12(x)_"+%.
For |x'| > 1, we take a > 1, starting with (10.93),

2,1
|34 (x, ¥, 1) SITJF?“/

X/, |x'|>1

|73 ot — ) / dy' dx’'

Y 1y |<4lx’|

2,1 3
— 545 nl1—2 I\ — !
<173 2“/ X" 2% (x +t —x") 7% dx’.
X/, |x|>1

For o > 1, taking o = %(0 + 1) gives by (10.88)
ST x4 1)

For t+ > 1, we decompose the exponent as (x + )% = (x + t)%_%"_% (x +
t)%_%", and use r > 1 and x > 0 to obtain the bound by t‘l3/12(x)%_%°.

4. Region —0o < x' < x +1, |x'| < t!/3, and |y'| > 4|x'|. Here, |z| > 4 and
A < 1. By (10.95), we have (x +t — x’) ~ (x + ). We take « = 0 and any
% <B< % (so that =2 < —%ﬂ < —1) and starting from (10.93), we have

2 1 3
D4, y. 1) < T3P +t>“’/ / b7 dy'
X x| <3y |y > x|
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2,1 3
ST i f 7P xS e )7
X/, |x|<t1/3

where, in the last step, we used that —% B+1>—1.
5. Region —0o < x' < x +1, |x’| > ¢'/3, and |y/| > 4|x'|. Here, |z| > 4 and
A > 1. Any choice of o, B > 0 is permitted in (10.92).
For |x'| < 1 and |y’| < 1 (the —— subregion), we take @ = é and 8 = 0.
Since [x'| < 1, we have (x + — x’) ~ (x + t). Starting from (10.93), we get

_ 1

|Ds_—(x, y, 1) St 2 (x +z>‘“/ \x/r”“f dy'dx' St x 1)
X/, x| <1 YLy l<l

For |x’| < 1 and |y’| > 1 (the —+ subregion), we take « = 0 and B = %—i—.
Since [x'| < 1, we have (x + 1 — x) ~ (x + t). Starting from (10.93),

b5 (x, v, 0] < r*%+%ﬁ<x+r>"’/

dx’/ |y’|7%ﬁdy/§f%+(x+t)7".
x'x <1 ¥y =1

For |x’| > 1 and |y’'| < 1 (the +— subregion), we take & >> 1 and B = 0.
Starting from (10.93),

2 1
| D51 (x, y, )] < ff*f‘*/

x'|x">1

3
73— )0 / dy'
YLy l<l

Foro > 1,take o = %O’ and apply (10.88) to obtain

2,1
ST b0

For ¢t > 1, we decompose as {(x +t)7° = (x + t)%_i"_%(x + t)%_%", and
3 2
using x > 0, we obtain the bound t_13/12<x)1i2_§".
For |x’| > 1 and |y’| > 1 (the ++ subregion), we take o > 1 and any

2 <p<%(othat—2 < —38 < —land —1 < =38 + 1 < 0). Starting
from (10.93), we obtain

2 1 1 3
| P54 4 (x, y, 1) §I_§+7“+7ﬂ/ x| 72 %x + 1t —x)7°

X/, |x'|>1

3
f 1738 dy’ dx’
¥, |y |>max(1,]x’])
1

2 1 3 3
t—§+§d+7ﬂ/ |x/|1_7a_7ﬂ(x—i—l‘—x’)_gdx/.
X/, x| >1

A
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Take o so thata+8 = %(J—H) (and hence l—%a—%ﬁ = —o) and apply (10.88)
to obtain

1 1
St (x 1) 7O,

For ¢t > 1, decompose {(x +¢)7° = (x + t)%’%”’%(x + t)% 39 {0 obtain the
bound t’13/12(x)%’%".

Recall that for Regions 6-9 below, we must use (10.94). Thus, we need to
recover the (x + 1)~ decay factor from the constraint x’ > x + ¢ and the decay
on A(x', y', t).

6. Region x’ > x +1, |x’| < t'/°, and |y'| < 4|x'|. Here, |z] < 4and A < 1,
soa = 0 and B = 0. Note that the constraints imply that x 4 ¢ < 71/3. Since
x +1t < t1/3, it follows that ¢ < ¢!/3, from which we conclude that ¢ < 1. Also
from x + ¢t < t1/3, we conclude that x < r!/3, and since ¢t < 1, this implies
x < 1. Consequently, {(x +¢ — x’) ~ 1.
Starting from (10.94), we obtain

1/2
|6 (x, y, 1) S 1723 </ / dy’ dx’> <t
X x| <13y |y | <4lx|

1/3

1/3

7. Region x’ > x +1, |x'| > t'/°,and |y’| < 4|x'|. Here, |z] < 4and A > 1, so we
take B = 0, and we are allowed any o > 0.
If x'| <1, wetake o = %.Since |x’| < 1,wehave x+t < 1,50 (x+t—x') ~
I,x < 1,ands < 1. By (10.94),

1/2

;

|D7—s(x, y, D ST T2 (f |x’|‘1/2/ dy’dx’> <
X, x| <1 V1Y I<4lx|

If |x'| > 1, we take & > 1. Starting from (10.94), we get

‘x/|73a(x +I_X/>2/

Yy I<4lx|

1/2
|¢7+*(X,y,l)|§f%+%a (/ dy/dx/)

x/, x">max(1,x+t)

By changing variable X = x + ¢ — x/,

172
< it (/ (x 41— f)‘““(i)zdaz)
x<0
By (10.87),
1

< Iy 4 gy TRe2,

With o = %o + %, this becomes
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St3%(x 4177,

which is suitable for ¢+ < 1. For ¢t > 1, first decompose (x + t)_%"”r2 = (x +

t)3 -1 (x+t)2+fi2_0‘, which gives a bound by t_13/12(x)2+%_“. We can then
take o =cr+2~|—15—2.

8. Region x’ > x +1,|x'| <t'/3,and |y/| > 4|x'|. Here, |z| > 4and A < 1, so we
take @ = 0. Note that the constraints imply that x+7 < r1/3. Since x +1 < ¢1/3 it
follows that r < ¢!/3, from which we conclude that ¢ < 1. Also from x+¢ < ¢!/3,
we conclude that x < /3 and since < 1, this implies x < 1. Consequently,
(x+1t—x')~1.

For |y'| < 1 we take B = 0. From (10.94), we have

1/2
2
[Dgs—(x, y, )| S 173 </ / dy’dx/) <12
X, x| <t13 Jy |y <1

For |y’| > 1, we take any % < B < % (sothat =38 < —l and —1 < =38 + 1).
From (10.94), we have

172
2,1
| gy (x, y, )] S 173727 (/ / Iy'I 3P ay’ dx/)
X, <13 Jy! |y | >max(1,x'])

172
< itk (/ |x/| 3+ dx’) <t7s.
X', |x’|<t1/3

9. Region x' > x + 1, |x'| > t'/3,and |y’| > 4|x/|. Here, |z| > 4and A > 1.
For |x’| < 1 and |y'| < 1 (the —— subregion), we take @ = % and 8 = 0.
Since |x'| < 1, it follows that x +¢ < 1, and thus, (x +¢ —x’) ~ 1. From (10.94),
we have

1/2
| Doy (x, y, 1) S #7712 (/ |x/|—1/2dx’/ dy’) S
X', |x'|<1 yiy'l<1

For |x’| < 1 and |y’| > 1 (the —+ subregion), we take « = 0 and 8 = %—i—.
Since |x’| < 1, it follows that x+¢ < 1 and hence {(x +7—x’) ~ 1. From (10.94),
we have

=

1/2
2,1 21 1
| oy (x, y, O S 173427 (/ d"'/ |y/|*3ﬁdY’) Semitaf =y
X <1 ¥ 1y>1

For |x'| > 1 and |y’| < 1 (the +— subregion) , we take & > 1 and 8 = 0.
From (10.94), we have
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12
By (x,y,0)] S 17 it3e (f )7 (x4 1 —x’)zdx’/ dy’)
X YLy <1

/, x'>max(x+t,1)

By the change of variable ¥ = x + ¢ — x/,

1 1/2
+ao (/ (x+1—5%)"¢ (i)zdi>
x<0

wIr

St

By (10.87),

Fort > 1, we decompose the exponent—%a—}—% ? (—%a+%—%)+(—a+%)
and use x > 0 to obtain the bound ¢~13/12(x)~*+ %2 Then set « = o + % to
obtain the bound 7~ 13/12(x)=7.

For |x’| > 1 and |y’| > 1 (the 4+ subregion) , we take & > 1 and 8 = %—i—.
From (10.94), we have

2,1 1
| Doy (x, y, )| St75H2%%2P (/ X/ 73 (x + 1 — x')?
X

/. x'>max(x+t,1)

172
/ 17 ayax')
¥’ 1y 1>max (1, |x'])

1/2
2,1 1
< pmitaetaf <f |x/| 733 4 — x’)zdx’>
x/, x’>max(x+t,1)

By changing variable ¥ = x + 1 — x/,

Wl

1/2
<1 +latlp (/ (x + 1 — 5) 03+ (52 di)
x<0

By (10.87),

< ;—%+%“+%ﬂ<x + ¢>—%a—%ﬂ+2.

For t < 1, take « such that %a + %,B — 2 = o, which gives

1
St3%(x+1)7°.
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1 1

20— 3P~

29

%) +(—a—B8+ %), and use x > 0 to obtain the bound ¢~ 13/12(x)~@=A+1z
Then select « so that o + 8 — % = o to obtain the bound by r~13/12(x)=.

Fort > 1, we first decompose the exponent as —%a - % B+2= (% —

O

Now we consider

Oy (x,y,1) = /Ax(x/, YiDg(x +1—x'sy—yhdx'dy = (3:S(9)(x, y),

(10.96)
i.e., the x-derivative of the unique solution to 9, ® + 9, (1 — Ayy)® = 0 with initial
condition ®(x, y, 0) = ¢ (x, y).

Proposition 10.2 (Derivative Linear Solution Estimates) Letr o > %, and sup-
pose that

forx >0, lp(x, y)| < Ci{x)~° (10.97)

and

I e 2, =Cr.

<0

Then fort > 0,

ot
forx >0, 1Dy (x, y, 1) < Cre13/12 (x) Bk ift <1
(x)™ ift > 1

od : 9 2 5 . 11 9 ~
Here, 6 = min(o — 3, 50 — 73). Note that if 0 > =, theno — 7 > G.

Proof By linearity, it suffices to assume that C; < 1 and ||¢|| 2, = 1. Recall that
we are assuming x > 0 and ¢ > 0. From Proposition 9.2, we have

Ay 01 S T QPP = e a7 (10.98)
with different constraints on the allowed values (and optimal values) of « and g

depending upon whether

e |z| <4orlz| >4,
e A<lori>1,
e x'<0orx’ > 0.

This is summarized in the following two tables:
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x>0 A<l A>1 X <0 A<l A>1
zZ]l <4 a=0,=0 |a>0,=0 lzZ] <4 la=0,8=0 (x—fg B=0
lzZ] >4 l«a=0,>0 |«a>0,>0 zZ] >4 l«a=0,8>0 |« >0,8>0

From (10.89), we see that we need to further subdivide according to —oo < x” <
x+tandx’ > x +t. When —oco < x’ < x +1t, wehave x +¢ — x’ > 0 and we can
use (10.90), and when x” > x + 1, we have x +7 — x’ < 0 and we can only use that
¢l

Below our decomposition of the (x’,y’) integration space is given as nine
different regions. Each of the regions can be further divided according to whether
|x’| and |y’| are < 1 or > 1. We label the corresponding subregions as ——, —+,
+—, and ++, as follows:

« —— corresponds to |x’| < 1 and |y'| < 1
* —+ corresponds to |x’| < 1 and |y'| > 1
e +— corresponds to |x’'| > 1 and |y’] < 1
* ++ corresponds to |x’| > 1 and |y'| > 1.

Thus,
=P+ -+ Do,

where ®; denotes the convolution integral in (10.89) restricted to the region under
consideration. We further use the decompositions

P;i=d; +P; +P;j +Djy

as needed.
In Regions 1-5, we begin as follows: From (10.89), (10.90), and (10.92)

1 1 3 3
) (x.y, 0] S 171 FaFF f/ T2 e = ) Ty d Y
(x',y")eR

(10.99)
where R denotes the subregion of (x’, y’) space under consideration.
In Regions 6-9, the decay hypothesis (10.90) is not available, so we start
from (10.89) with Cauchy-Schwarz in (x’, y’)

12
1@ (x. v 1)] < (f/ |A(x’,y’,r>|2<x+t—x’>2dx’dy’> SRt
(x',y")eR *

Since || (x) "ol L2, < 1, this term can be dropped above and (10.92) yields

1/2
|(D (x y,l)| <t —1+4 Ol+zﬂ <// ’30(|y| 3ﬂ(x+t ) dx/dy/
(x/,y )ER

(10.100)
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An argument used repeatedly below is
IX'| <t = (x4+1—x)~ (x +1). (10.101)
Indeed, if t < 8, then |x/| < 1'/3 < 2,50 (x +1 —x) ~ (x +¢). On the other hand,

ift > 8, then |x'| <13 «t <x+1t,s0again (x +1 —x') ~ (x +1).
Another frequently employed inequality is for w, w1, wa > 0 with w1 4+ 2 = @,

(x +6)7H S )y, (10.102)

which is straightforward, since we are assuming x > 0 and ¢ > 0.

1. Region x’ < x+t, |x'| < t1/3,]y/| < 4|x’|.Here, . < 1, |z] < 4. Wetake @ = 0,
B = 0. From (10.101), we have (x +t — x") ~ {x +t). Starting with (10.99), we
get

@1 (x. y. 1) 5t—1<x+t>—f’/

x| <t1/3

3
f dy' dx' St7'P(x + )77 S P x)To s
Y1y <4l’]

2. Region x’ < 0, |x’| > t!/3,|y/| < 4]x’|. Here, x’ < 0, A > 1, |z] < 4. We take

B =0, and we are limited to o = —%. Starting with (10.99),
|D2(x, y, 1) St’”/‘z/ <x+t—x’>*"|x/|‘/4/ dy' dx'
x,—oo<x’<0 VLY <4lx|

5 1‘713/12/ (x +1 —x/)7‘7|x/|5/4dx/.
x',—oo<x’'<0

By (10.87) with u = —%, provided o > %, we have
< 1312, +t)—a+%.

3. Region 0 < x’ < x +1, |x'| > t1/3,|y/| < 4|x'|. Here, x’ > 0,1 > 1, |z| < 4.
We take 8 = 0. For |x’| < 1 (the —x subregion), we take & = 0, but for |x'| > 1
(the + subregion), we take o > 1.

For |x'| < 1, we take « = 0 and use that (x + ¢ — x’) ~ (x + ) to obtain,
starting with (10.99),

[ P3_s(x, y, 1) 5t‘1<x+t>“’/

x/,|x|<1

1

13
f dy' dx' ~t " x+1)7° <t n(x)otn.
¥y <4lx|
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For |x’| > 1, we take @ >> 1, and starting with (10.99), we get

1
1344 (x, v, 1) < t‘”f"‘f

X', x"|>1

3
x| 72%x + ¢ —x)7° f dy' dx’
Y, 1y [<4lx’|

1 3
/S t—l+§a/ |x/|1—§(x<x 4t _x/>—(r dx'.
X/, |x'|>1

For o > 1, taking @ = 2(o + 1) gives by (10.88)

2,1
<t (x 41)70.

3

For t > 1, we apply (10.102) with u = o, u1 = %a — % and wo = %0 + 73

we obtain
< t713/12<x>7%0+1572'

4. Region —00 < x' < x +1, |x’| < '3, and |y'| > 4|x'|. Here, |z| > 4 and
A < 1. By (10.101), we have (x + ¢ — x’) ~ (x + ). We take @ = 0 and any
% <B< %‘ (sothat —2 < —%,3 < —1) and starting from (10.99), we have

1 3
®4r, v, )] < B +r>—"/ f V138 dy !
X x| <13 Sy |y > x|

< z—1+%ﬂ<x+r>—“/ W ax < P )

X!, x| <t1/3

where, in the last step, we used that —%/3 + 1> —1. By (10.102) with u© = o,
H1 =0 — %, o= %, we obtain

< [—13/12(x)—0+%.

5. Region —0o < x' < x +1, |x’| > '3, and |y'| > 4|x'|. Here, |z| > 4 and
A > 1. Any choice of o, 8 > 0 is permitted in (10.98).
For |x'| < 1 and |y’| < 1 (the —— subregion), we take « = 0 and 8 = 0.

Since |x/| < 1, we have (x + 7 — x’) ~ (x + t). Starting from (10.99), we obtain

(®s__(x, 3, 0)] < r—1<x+r>—"/

X/, x<1

1
/ dy/dx/ S t_l(x +17°< t_13/12(x)_0+ﬁ_
¥ lyl<1

For |x’| < 1 and |y’| > 1 (the —+ subregion), we take « = 0 and B = %—i—.
Since [x/| < 1, we have (x +t — x) ~ {x + t). Starting from (10.99), we have
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b5 (x, y, )] S 171 F3P(x +t>“’/ d““,/ 1" dy S5 0.
Ll <1 YLy =1

By (10.102) with u = 0, jt1 = 0 — 55—, 12 = 5+, We obtain
< t—13/12<x>—a—%—_

For |x'| > 1 and |y’| < 1 (the +— subregion), we take & > 1 and B = 0.
Starting from (10.99), we get

1
|q>5+*(x’ Y, t)| 5 I_H_ja/

x'L x| >1

3
x| 72%x + ¢t —x)7° dx// dy'.
Y, <1

Foro > 1, take @ = %o and apply (10.88) to obtain

1
<TI0 4 1) 7O,

[\S]

Fort > 1, we apply (10.102) with u = o, u; = 50 — Lo =

1
! 30 ~ 12 o+ zto
obtain

W=

< t—13/12<x>—%a+%.

For |x’| > 1 and |y’| > 1 (the ++ subregion), we take o« > 1 and any
2 <pB<3F(othat—2 < —38 < —land—1 < =38+ 1 < 0). Starting
from (10.99), we get

1 1 3
Osertryonl St [ e
X/, |x|>1
/—iﬂ / /
ly'172" dy dx
Y, 1y |>max(1, |x"])
< —14+tatip m—-3a—38 nN—o 3./
St 252 x| T2 2P e + 1t —x") "% dx'.
X', |x">1

Take a so that e+ = (o +1) (and hence 1—3a—3 8 = —o) and apply (10.88)
to obtain

2,1
St (x 41)7O.

For ¢t > 1, apply (10.102) with u = o, 1 = %a — 15—2, Uy = %a + % to obtain
the bound of

2 5
5 t713/12<x>7§o—+ﬁ-
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Recall that for Regions 6-9 below, we must use (10.94). Thus, we need to
recover the (x + 1)~ decay factor from the constraint x’ > x + ¢ and the decay
on A(x', y', t).

6. Region x’ > x +1, |x’| < t'/°, and |y'| < 4|x'|. Here, |z] < 4and A < 1,
soa = 0 and 8 = 0. Note that the constraints imply that x 4+ ¢ < r!/3. Since
x +1 < t1/3, it follows that ¢ < ¢!/3, from which we conclude that ¢ < 1. Also
from x + ¢t < 1173, we conclude that x < r!/3, and since ¢t < 1, this implies
x < 1. Consequently, {(x +¢ —x’) ~ 1.
Starting from (10.100), we obtain

12
|P6(x, y, ) St (/ / dy’dx/) St
X <t V3 Ty |y | <4lx|

1/3

1/3

7. Region x’ > x +1, |x'| > t'/°,and |y’| < 4|x'|. Here, |z] < 4and A > 1, so we
take 8 = 0, and we are allowed any o > 0.
If |x'| < 1, wetake o = 0. Since |x’| < 1, wehave x+f < 1,50 (x +¢—x') ~
1. By (10.100),

12
D7, yo D] S 17! (f / dy dx’) <,
X x| <1y |y <4l

If |x'| > 1, we take @ > 1. Starting from (10.100), we get

1/2
1
| D74 (x, y, )] S 712 (f /|7 x4 — x/>2/ dy’ dx/>
x/, x'>max(1,x+1) ¥y <4lx'|

By the change of variable ¥ = x +¢ — x/,

1/2
5 t—l+%oz (/ (x _r— x>—30[+1<i)2 dx/)
x<0

By (10.87),

1 3
<M 4y T2,

By (10.102) with & = 3o — 2, 41 = 0 and s = 3a — 2 — o, we obtain

SJ tO’—Ol-‘rl (.X)_U.

We thus take « = o + %

8. Regionx’ > x +1¢, [x'| <t'/°,and |y’| > 4|x'|. Here, |z| > 4and A < 1, so we
take @ = 0. Note that the constraints imply that x+7 < r'/3. Since x +1 < ¢1/3 it
follows that r < ¢!/3, from which we conclude that ¢ < 1. Also from x+¢ < ¢!/3,
we conclude that x < ¢!/3, and since r < 1, this implies x < 1. Consequently,
(x+1t—x')~ 1.

1/3
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For |y'| < 1 we take B = 0. From (10.100), we have

1/2
|Dge(x, y, ) S 17! (/ f dy’ dx’> <8,
X! |x <t 3 Jy 1y <1

For |y’| > 1, we take any % < B < % (sothat =38 < —l and —1 < =38 + 1).
From (10.100), we have

1/2
1
| Dgur (x, y, 1) S 17 1H2P (f / I3 ay’ dx’)
X, x| <t Sy |y | >max(1,|x'])

1/2
< l43p (/ Mlas dx’) <pmih,
X', x| <t1/3

9. Region x' > x + 1, |x'| > t'/3,and |y’| > 4|x/|. Here, |z| > 4and A > 1.
For |x’| < 1 and |y’| < 1 (the —— subregion), we take « = 0 and 8 = 0.
Since |x’| < 1, it follows that x+¢ < 1, and thus, (x+7—x’) ~ 1. From (10.100),

we have

1/2
|Pos i (x, y, D) S 17! (/ dx// dy/) <
X/, x| <1 Yo y'l<1

For |x’| < 1 and |y’| > 1 (the —+ subregion) , we take « = 0 and 8 = %—i—.
Since |x’| < 1, itfollows that x+¢ < 1, and thus, (x+7—x') ~ 1. From (10.100),
we have

12
Do (x,y.1)| < 1-1F3B dx’' "738 ay’ <l =it
9—+ y ~ y y ~
X Y y'>1

" x <1

For |x'| > 1 and |y’| < 1 (the +— subregion) , we take & > 1 and 8 = 0.
From (10.100), we have

12
(@0 (x. y.0)] 11+ (/ W [ dy’)
MRS

x', x'>max(x+tz,1)

By the change of variable ¥ = x +¢ — x/,

<0

Apply (10.102) with & = 3o — 4, 1 = 0, and > = 3a — 3 — o to obtain
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Doy (x, v, 1)] < 127 ()7

Taking o = o + %, we obtain the desired bound.
For |x’| > 1 and |y’| > 1 (the ++ subregion), we take & > 1 and 8 = %+.
From (10.100), we have

|@oyy (x,y, )] <171 F2et2h (/ 73 41— x)2
X

’, x’>max(x+t,1)

1/2
/ |y/|73/3 dy/ dx/)
¥ 1y 1>max (L x'])

12
< (~lHgatsp </ /| 730384 (o p — x)2 dx’)
x/, x’>max(x+1,1)
By the change of variable ¥ = x 4+t — x’, we obtain

1/2
< (~lHgatsp </ (x+1 _i>3a3ﬁ+1(i)2dx/>
x<0

By (10.87),
I PV | _34-3
St 1+20!+2ﬂ(x+t) o 2ﬂ+2.
By (10.102) with u = %ot—i—%ﬁ—Z,ul =o,and up = %a—i—%ﬂ—Z—a,we
obtain

5 tl—a—ﬂ-‘ra (x)—a'

Takingw = -8 + 0o + % gives 1~ 13/12(x)=7 .

11 Duhamel Estimate

We will now use Proposition 10.2 to prove a Duhamel estimate in Proposition 11.2
below. First, we need

Lemma 11.1 Suppose u > 1l andv > 1, 0 < 0y < oy, and thus, 62 < 61 (where
Gj is given in terms of o as in Proposition 10.2) , t > 0 and that f(t,t") > 0
satisfies for0 < t’ < t,
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)V it <1, t—t' <1

) Y 1 g
fe, )y S@e—th) ™+ {x) o =gt <I
(™)™ <1t =t > 5
—0 ) 1 ’ 1
(x)™°2 ft'>5,t—1t > 5.

(Note that the regions are overlapping for convenience in application. The meaning
is that f(t,t") is bounded by the minimum of the bounds across all applicable
regions.) Then for any 0 < a,b < % withO < a + b <t, we have

/t_a f(t,thdt' < (a4 ()7 fr<l
b ’ N e )0 4 )8 a0 i > 1.
(11.103)

If, instead, 0 < v < 1, then

t—a —v,,—u+l —01 : 1
/ fa,tydr' < {t a trx) it < (11.104)
0

(x)7%2 4 g Htl(x)=2 ifr > 1.

Proof First consider the case v > 1. If r < 1,
t—a t—a
/ f@.hdt' < (x)™" / =1~V ar,
b b

and changing variable to s = ¢’ /¢, we continue

1—a/t
= H v ()T / (A —s) s ™Vds <@ Va4 eV (x) O
b/t
If t > 1, then we split into three pieces
1/2 ~ 1/2 -
fadl S (x)™ f (=) dr S hT )T,

b b

t_l ~ t_l N
/ e ydl < (x>*"2/ =) dr < (),
1 1

/2 /2

_1
2

t—a t—a
/] f(t,t/)dﬂ§<x)—<’2/ (t — )y *dr' <a P x) T,
t—j t

Now we turntothecase 0 < v < 1. If r < 1,
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t—a —a
[ ranar s [ -
a 0
and changing variable to s = '/, we obtain
1—a/t
= HvH )y / A=) s Vds <t Va M ()71
0

If + > 1, then we split into three pieces

1/2 B 1/2 -
f@, tydt' <(x)™ " f (t =) *@)dt < (x)7°,
0 0

1

-1 =3 ;
f ’ fa,thdr < (x>“’2f (-t dr' < (x)7%2,
1/2 1/2

t—a t—a
/1 f(r,ﬂ)d/5<x)—“2/ 1 (t — ) Hdi' <a P (x)To2,
t—5 t—>

2
O

Proposition 11.2 (Duhamel Estimate) Suppose that F(x, y, t) satisfies, for some
o> landv >0,

tTV(x)T gfr < 1
( ><Uz) ;t 1,wherel<02§01,
X ift > 5

2

1) Py Dl ez, S Co

—1
[{x)" 0x F(x,y, t)”L;)OL;’E]R,X<O S Cy,

<
|ox F(x,y, t)llL?OL;eR..x>0 ~ Cy.

e forx >0, |F(x,y,1)] SCZ{

Then, if v > 1, we have for x > 0,

t
/ [0xS(t —t')F(e, o, t)](x,y)dt
0

13 if0 < v+ < (x)_(al_%)
<c t*%”(x)*%(‘”*%) if(x)*("l*%) < "+ < 1andv < 45'1
~ 2 t*%*%(x)*%(“lf%) if(x)*(‘”*%) < D < landv > 45'1

(x)—miﬂ(%lﬁz»%(az—%)) ift>1,

where

- . 2
&1 = min(oy — 3, 301 — %),
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07 = min(oy — %, %0‘2 — 15—2)
Proof By linearity, we can take C» = 1. Let
f(x7 Yy, t’ t/) = [a)CS(t - t/)F(’ y t/)](xv )’)

By the assumed pointwise decay on F(x,y,t) for x > 0, and the assumption
1E L®L2 < 1, Proposition 10.2 gives, for x > 0, the pointwise estimate
xy

ifr—¢ <1,¢ <1

(t/)—V<x)—ol+%

g 1
O =t > <1

2

Lf ey, 1, 8)] S (0 — )~ 13/12 9

(x)~o2t3 ifr—t <1, ¢ > 5
- - ) .1
(x)7 ifr—t' >, t'>-.
2 2

By Lemma 11.1, with oy replaced by o1 — %, oy replaced by op — 2 and 01, 07 as
given above, we obtain, for x > 0,
_ (t—ua—l/lz+t—13/12b—u+1)(x>—m+%
~ b—v—i—l(x)—&] 4 <x>—52 +a‘1/12(x)_”2+% ift > 1.

ift <1

t—a
‘/ fx,y,t,t)dt
b

‘We have
(SO (x, y) = / / AG+i—xy—y Db y)dx' dy’

By (10.92) with 8 = 0
S(H)p1Cx, y)| S 173+2° // X416 — x| p, y) dx' dy

with the corresponding restrictions on «. Splitting the integration into x’ > —1,
where we use @ = 0, and x’ < —1, where we use @ = 1, we obtain

ISOPICr, I < 173 // o) dy
4176 // (x+1—=x)3p(', y) dx' dy
x'<—1
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In the second integral, since x’ < —1, we have that (x +1 — x")73/% < (t)_% (x/y~1

and thus

IOl <Al Il )

R (I I S [ T I AN

yeR,x<0

Hence,

b b
V f,y,tdydt 5/ ISt =) F (-, - ) (x, y)llLge dt’
0 0 .

< -1
S (10 F Gy Dllgepr, + 10T 0P Gy Dl e )
b
/ -2 ar
0
<=2,

where, in the last step, we assumed that b < %t. Similarly,

t t
/ fx,y,t,t)dt’ 5/ (t — 7 3dr’ <a'l.
t—a t—a

Now, if we take

t
G(x,y, 1) = / fx,y, t,t)dt,
0
then the above estimates give, for x > 0,
(7012 2y ety iy <

b ()0 4 (x) " b a V200" iy > 1,
(11.105)

IG(x, y,1)| < t2/3b+a1/3+{

provideda +b <t and b < %t.
Case 1.t < 1 and (x)_"1+% < o+ (corresponding to a <K t and b K t,

where a and b are defined below) In this case, we obtain from the first component
of (11.105), for x > 0,

2 13 9 1 9 1
IG(x, y,0)| < t73b+ 1 2b T (x) ™1+ T 4 17V T2 (x) 71T 4453,
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The optimal values of @ and b are a = [t_”(x)_"'+%]12/5 and b =
[t_l% (x)_"‘+%]1/”. This furnishes the bound

1Gr,y, D] S 17 GFBD (1) 751D 4 =% )73 @-D),

We consider two further subcases

.. —(o1=2 3 .o
Case 1A. v < % Then % - %‘ > 0, so by raising (x) "1 ~%) < "+ 12 to the positive

1 4 .
power 5 — 3, we obtain

x)~@=DG-D 0+G-H -1,
Hence,
1~ GHBY) (1) 3@ =D < 45V () m5@—D),

Consequently, in this case, we have the bound

4 4 9
IG(x,y, 0] St75"(x) 750173,

.. (1 —2 3 .
Case IB. v > % Then ‘5—1 - % > 0, so by raising (x)~17%) < "+ 12 to the positive
power % - %, we obtain

(x)~@=DG=) L 0+DE=D = ~3-+

Hence,

Consequently, in this case, we have the bound

2_5 1 9
|G(x,y,0)| < T3 (x) Ty (@D,

We also remark that in this case (v > % case), it follows that % + % < 1,s0

) D e,

s 9 . .
Case 2.t < 1 and t""12 < (x)7°1F1 In this case, we just use

1G(x,y, 0] S '3
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Case 3.t > 1 In this case, we apply the second component of (11.105) to obtain
GG, v, Dl S b+b7" ()™ 4 ()77 a1 )2 4 g,

In this case, the optimal choices of a and b are b = (x)’aTI anda = (x)’%("fg).

In the nonlinear argument in the next section, we will need the following
consequence of Proposition 11.2, which we state as a corollary.

Corollary 11.3 (Duhamel Estimate) Suppose that F(x, y,t) satisfies, for some
o> landv >0,

V)T dfr < 1
(x)7°2 ift > 1
1) PGy Dl epe, S Co

1) o F Gy Dll e, S Ca

10xFCey, Do, S €

e forx >0, |F(x,y,t)|§C2{ , where 1 < o < o1,

Then, ifv > %andr > 0, we have for x > 0

t
/ [0:S(t —t')F(e,0,t)](x,y)dt
0

{t—v/3(x>—<’l/3 ifo<t<1
Cy -

(x)~302~T ift > 1,
(11.106)
provided oj > for j=12and
= (27+15 5+3>) (11.107)
max(— + —r, - .
oy > 7 =" g r
and
27 5 3
o1 > —(v + 1) and o1 > 202 + - 3 + Evr. (11.108)
Proof By Proposition 11.2, the first line of (11.106) will hold provided
Y +5 < (x)” -9 — t1/3§t7V/3<x)7<71/3 (11.109)

(X)"OD TR <] = I () @D < By,
(11.110)
For 0 < t < 1, we will show that (11.109) and (11.110) hold provided the left
inequality of (11.108) holds.
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Regarding (11.109), the right side of the implication can be reexpressed as
follows:

9
ol—7
RHS < "' < (x)™ «— ") o < ()@=,

Thus, the implication in (11.109) will be true if

9

91— 5
(tv—ﬁ—l)igl 5 lv+ﬁ.

. 9 5 ) .
We can reexpress this as (VD@1=2) < (0+32)91 Since 0 < ¢+ < 1, this is

equivalent to
( l) 9 - 5
v+ o1 v+ 1 a].

With some algebra, this reduces to the left inequality of (11.108).
Regarding (11.110), the right side of the implication can be reexpressed as
follows:

2
3

wl—
<

o
+

Sl

v—

(x)"lA=5Hoi-31 <4
and also equivalently, by exponentiating

22 5 9
_ 5+ F 40—

(1- %o —

)

WD

where we have assumed that (1 — %)01 — % > 0. Thus, the implication in (11.110)
is true provided that

which we reexpress as

5 . 9\ . v 25 9
v\ gz ts st )
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Some algebra reduces this to the condition on the left in (11.108). Thus, we have

established that the left inequality in (11.108) suffices to imply (11.109), (11.110),

from which it follows from Proposition 11.2 that the first line of (11.106) holds.
By Proposition 11.2, we have the second line of (11.106) holds provided

. 5’1 - 4 9 o)
min —,02,5 oy — — > = +4r (11.111)
v

holds, where

- . 9 2 5
0j = min O‘j—Z,gdj—E .

Since we assume that o; > % for j = 1,2 wehave 5; = %0.,- — % We observe
that (11.111) holds provided (11.107) and the second inequality of (11.108) holds.

O
12 Nonlinear Estimate
Now we return to the problem of estimating 1. Recall that 7 solves
On — k[(=A+x)n]=F, F = fi+0f2, (12.112)
where
fi==0"10,-10
(12.113)

fr=+0 10 —30% 300" —n’.

Here, O(x,y) = A~ "0 (x + K), A7'y). Note that since |Q(y1,y2)| <

~

()~ V2e™ Y1, we have IQ(x V)| < e X/2 for x > 0 (see Remark 8.2). We know
that for all t > 0,

Il S8
and
MO -1S8 IS8 =158 or (1-8) Sx@®) S A+
Furthermore, we know that ¢ (x, y) = n(0, x, y) satisfies, forx > 0,y € R,

lp(x, I < 8(x)~°
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Finally, we know that for any 7 > 0, n is the unique solution of (12.112) in
c(o, Ty, Hx‘y) such that n(¢, x + x(¢), y) € LiL;‘}. Our goal is to show that for
x >0andy € R,

Int, x, y)I <8 -3 (12.114)

Proposition 12.1 There exists 5o > 0 (small), K > 0 (large), and oo > 0 (large)
such that the following holds true. Suppose that o > o0, 0 < 8 < 8o, ¢ € H' with
¢l g1 <6, and

Jorx >0, ¢ (x, I < 8(x)~°.

Then the unique solution n(t, x, y) solving (12.112) for all t satisfies

t’7/12(x)*"+% ifo<rt <1

12.115
(x)~30+3 ifr > 1. ( )

forx >0, In(t,x,y)I,S(S{

The proof consists of the following steps. The following lemma provides a key
short-time step result.

Lemma 12.2 There exists o9 > 0 (large), K > 0 (large), and 5y > 0 (small) such
that if o > 09, 0 < & < o, then the unique solution n(t, x, y) solving (12.112)
satisfies, forall 0 <t <1,

7

forx >0, In(t, x, y)| < 8¢7 712 (x)y7o+1, (12.116)
Proof This is done using a contraction argument and the available decay estimates,

and the Duhamel estimate Corollary 11.3, as follows. Take 7' = 1 and define the Y
norm as follows

7/12 -1
Inlly = lInG, x, y)IILc;oH'gy + lIn(, x +x(@), y)llLiL;oT + lIn@, x, "/ 12(x)° 4IIL;<}‘X>0-

Let A be defined on Y by

t t
An =S, 0)¢ +/ S, t) fi(e, e, t)dt +/ 3:S(t, 1) fr(e, 0, 1) dl.
0 0

By Proposition 10.1 with C; = §, we obtain that forx > 0andy e R,0 <t < 1,

7

IS(t, 01 (x, y)| < $C38:7 /12 (x)~7 T2 (12.117)

for some absolute constant C3 (which for convenience in writing below, we will take
>1).
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Since fi = A 34 (Q+ (x +K) Oy +yQy), where O, Oy, and Q are evaluated
at A ~!(x + K), A7'y), we have that | fi (x, y, )| < 880(x)~° forall  and x > O.
Thus, by Proposition 10.1, for x > 0,

7

t
V St 1) fi(e, e, 1) dr'| < 880(x) 0T < 103807112 (x) o Fa
0

Suppose that |||y < C38. Then, requiring K large enough so that (K)~! < &y
(which also implies that e K2 < 8¢, see our Remark 8.2), we have for x > 0,
yeR,

~ ~ ~ 7
|2t x, )| < |x = 110 + 301 Q% + 311> 0 + [’ < C3808 17 *(x) 0,
Moreover, by Sobolev

-1 -1 < 3
ey "0 foll gept o F10xf2llpgept o+ ) fallpger2 S €508

Thus, in the hypothesis of Corollary 11.3, we can take C; = C33808 and o7 =
3(0 — ZT), and conclude that for x > Oand y € R,

t
‘ / [0:S(t.1') falo, 0, )] 0x, V) df'| < C4C3808177/2(x)™7+E  (12.118)
0

for some absolute constant C4 > 0. Taking §o > O sufficiently small so that
C4C328o < %, we obtain from (12.117) and (12.118) that for x > 0 and y € R,
0<r<1,

1
(Am (. x. ] < 5 Ca6t /12 (x) 0+ i, (12.119)

Moreover, by the estimates in Lemmas 8.5 and 8.6, if ||n]| L H), < %C35 and
It x +x(0), lizars, < 7 C3, then
1
1AMy, + IADGE % + (1) Dllgsr < 5 C30 (12.120)
as in the discussion following Theorem 8.4 reviewing the local well-posedness
(with a possible adjust to C3 and §, as required by the absolute constants in those
estimates). Combining (12.119) and (12.120), we obtain

Anlly < C3d. (12.121)

Moreover, it also follows similarly from these estimates that
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1
An2 — Anilly < zllnz—mlly (12.122)

for two n1,n2 € Y such that 1(0,x,y) = n2(0,x,y) = ¢. Hence, A is a

contraction and the fixed point solves (12.112). By the uniqueness in Theorem 8.4,

this fixed point is the unique solution in the function class stated in that Theorem.
0

Now the proof proceeds as follows:

e Let T, > 0 be the sup of all times for which (12.115) holds.
e ByLemma 12.2, T, > 1.

e If T, < oo, then we will obtain a contradiction in the following series of steps.

. def
First, we know that at T = T, — %,

forx >0,  |n(Ti.x,y)| <8(x) 37+,

* Apply Lemma 12.2 with + = O replaced by ¢+ = T to obtain that n satisfies, for
all T, — % <t <Ty+ %, the estimate
forx >0,  |n(t,x, y)| <8¢ — T2 (x)=39+3.

Restrictingto T, <t < Ty, + %, this is simplifies to

forx >0, x| S 8(x) 757
* Now we know that for0 <t < T, + %

7
t77/12<x)70+z

forx >0,  |n(t,x,y)| <8 i (12.123)

(x)~5+3
holds, which is slightly weaker than (12.115).
e Weknow that,on0 <t < T, + %, n satisfies

t t
n=23S@0¢ +/ S, 1) fi(e, 0, t')dt’ +/ 9 S(t,1) f(e, 0, 1)) dt’.
0 0

Apply the estimates in Proposition 10.1 and Corollary 11.3 to show that (12.123)
suffices to conclude (12.115) holdson 0 <t < T,+ %, which is a contradiction to

the definition of 7. Indeed, we apply Corollary 11.3 with v = %, o1 =3(0 — %),

oy = 3(%0 — %), and r = %. Then %02 +r = %a — %, so that (12.115) is

obtained.
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13 H!-Instability of Q for the Critical gZK

We are now ready to prove our main result, Theorem 1.3.

Proof of Theorem 1.3 For n € N to be chosen later, let
=0+,
where
|
gy = ;(Q—Fa)(o), (13.124)
and a € Ris such that e L xo, that s,

_ [ xQ

>
I xoll3

From Theorem 3.1, we have that for every n € N

88 J— {le» Qyzv XO}

Denote by u" (¢) the solution of (1.1) associated to ug.

Assume by contradiction that Q is stable. Then, for «g < o, where @ > 0 is given
by Proposition 5.1, if n is sufficiently large, we have u”" (t) € Uy, (recall (1.8)).
Thus, from Definition 5.3, there exist functions A" (¢) and x"(¢) such that £"(¢),
defined in (5.39), satisfies

e"(1) L{Qy,, Qy;. xo},

and also A" (0) = 1 and x"(0) = 0.

To simplify the notation we drop the index n in what follows. Rescaling the time
t — s by % = )\1—3 and taking og < o1, where o) > 0 is given by Lemma 5.4, we
have that A(s) and x (s) are C! functions, and that &(s) satisfies Eq. (6.52). Moreover,
from Proposition 5.1, since u(t) € Uy,, we have

ey < Ciag and  |A(s) — 1] < Crap, (13.125)
thus, taking og < 2C))~!, we obtain

1

3
le@)lzr <1 and 3 < A(s) < > forall s>0. (13.126)
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Furthermore, in view of (5.42), if &p > 0 is small enough, we deduce

As

A

X
+|2- 1] < Colle(s) ]2 < C1Cacp.

Since x; = xs/)ﬁ, we conclude that

1 - CiCra - 1-C1Cg - < 14 C1Cag - 14 C1Crap
1+ Crap)? ~ e - A2 = (- Ci)?

Hence, we can choose g > 0, small enough, such that

<x =

Slw
TN

The last inequality implies that x (¢) is increasing and by the Mean Value Theorem

3
x(t0) —x(t) > Z(to —1)

for every t9, t > 0 with ¢ € [0, #9]. Also, recalling x(0) = 0, another application of
the Mean Value Theorem yields

1
x(t) > Et
for all # > 0. Finally, by assumption (13.124) and properties of Q, we have
Juo(¥)] < ce 1,
for some ¢ > 0 and § > 0.

From the monotonicity properties in Sect. 7, we obtain the L? exponential decay
on the right for e(s). |

Corollary 13.1 Let M > 4. If ag > 0 is sufficiently small, then there exists C =
C(M, §) > 0 such that for every s > 0 and yy > 0

_Jo
// %(s, y1, y2)dyidys < Ce™ 2.
R Jy;>yo

Proof Applying Lemma 7.2, for a fixed M > 4, there exists C = C(M) > 0 such
that for all # > 0 and x¢ > 0 we have

/ / uz(t,xl + x(t), x2)dx1dxy < Ce_xﬁo.
R Jxi>xg

From the definition of £(s), we have that
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1 Yo» yi o»
W’?( s) A(s)) us A ), ”)_WQ<A® x(s>>

Moreover, if @y < (2C1)’1, we have 1/2 < A(s) < 3/2, and using (13.127), we get

kil

N<cem, (13.127)

Q<y1 yz>§Le—-"’_ -3
A(s) A(s)” A(s) A(s)

since M > 3/2.
Therefore, we deduce that

1 2 o ff 2
dyid 2 ,y2)dyid
/Rfymn /\2(s)€ < ) A(s)) yidy, < . (s, y1 +x(s), y2)dyidy>
Y1
dyid
[/MOA 2) (A(s) A()) e

¥ 3l
§2ce_‘ﬁo +20/f e Mdy
R Jyi>yo

_%
<Ce M

for some C = C(M) > 0.
Finally, by the scaling invariance of the L?-norm, we get

&2 &2 V1 y2
(s, )dyd // ( _— —) dyd
//y)yo Y1, y2)dyidy, = o 12 (s) 20 My ) P

A(8)y0
<Ce M <Ce 2M

since A(s) > 1/2. |

Next, we define a rescaled and shifted quantity of the virial-type. Recall the
definition of J4 in (6.48) and let

K(s) = A(s)(Jals) — k).
(We remark that this quantity is similar to the corresponding one in Martel and

Merle [23].)
From (6.49) and (13.126), it is clear that

1Ka(s)| < ¢ ((1 + AV ()l +;c) < 400, (13.128)

forall s > 0.
Moreover, using Lemma 6.1, we also have



366 L. G. Farah et al.

4 g A (J )+xd1
— — —x —
ds A s (VA dSA

ds

1 /xg
:)\(2 (1 —5(7— 1))/8Q+R(8,A)>. (13.129)

In the next result we obtain a strictly positive lower bound for %K A(s) for a
certain choice of g > 0,n € Nand A > 1.

d Ag
=A <—JA + m (Ja —K)>

Theorem 13.2 There exist oy > O sufficiently small, ng € N and A > 1 sufficiently
large such that

d b
—Ka(s) > — >0, forall s=>1, (13.130)
ds 2ngo

where

2
b= [©@+ame =10~ U 2x)”
e

Remark 13.3 Note that b > 0, since Q ¢ span {xo}.

Proof In view of (13.125), let ag < min{a1(C1)~', an(C1)~L, 2C1)71, 172} so
that we can apply Lemmas 5.4 and 6.4. From (13.129) and the definition of M
(see (4.24)), we have

dK —1211 1)) My + Re, A 13.131
7 Als) = ((_E(T_ )) o+ R(e, )>, (13.131)

where R(e, 4) = Rz, A) = (1= 4 (% = 1)) [ ¢%
Since ap < (2C1)~!, we have 1/2 < A(s) < 3/2, and using (5.43), we obtain

(-2 n)= 24t

Moreover, from the definition of My, we also get

) 2b
Mo=2 ] eQ+ | =2 | 00 =—.
n

2 (1—1(ﬁ—1)> Mo > 2. (13.132)
n

Therefore,
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On the other hand, by Lemma 5.4, we have

As

A

Xs
+ |2 - 1] = Callela.

Therefore, using the inequalities (6.51) and (13.126), there exists a universal
constant Cg > 0, such that for A > 1 we have

AR(z, A) < Cglie(s)ll2 (||8(S)||2 + A2 A2 Ye )l 120y 2 a) + M{z Y2Fy, €04
(13.133)

Moreover, by Lemma 6.4, we deduce

le)|1%, < Cs (clao

feoQ‘ + ||eo||§,1>,
and thus, the assumption (13.124) yields

z by, 4
le)I2,, <Cs (clao (n> + n2>
d 1 b
<Cs <C1 + Z) <a0 + ;) <;) , (13.134)

whered = ||Q +axollg1-
Set C7 = Cs (Cl + %). Collecting (13.133) and (13.134), we obtain

~ 1 b
AR(e, A) = C7Cs (Oto + —) (—) +
n n
N2 /7 p\ 12
+ vV C7C6 (A_1/2 ~|— A1/2||8(s)”L2(y12A)> (ao + ;) (_)

n
INV2 7 p\ 12
y2Fy2<9§0A oo + — - .
R2 n n

Let K > 1 satisfy (8.76) and split the integral on the right hand side of the last
inequality into two parts

/yanS(PA:f/ yZFy25¢Ady1dYZ+f/ 2 Fy,e0adyidys.
R2 R Jy;<K RJy1>K

From (6.46) and (6.47) we have, for every A > K > 1, that

++/C1Cs




368 L. G. Farah et al.

12
f / yszzwAdyldyzsc(/ / |y2Fy2|2dy1dyz) le@)ll2
R Jy;<K RJy<K

<cKY||e(s)ll2

INV2 /p\ 12
<cyCq (ao—l- > (—) , (13.135)
n

n
where in the last line we used (13.134).
To bound the second part we use Lemma 8.1 with n large such that

N2 /12
6§ =+C7 <Ol() + —) (—) < do.
n

n

Indeed, since gy given by (13.124) has an exponential decay, the relation (8.74) is

satisfied for any o > 2371 Therefore, o* = —%a + % < —1 and for every s > 1 and

A > K > 1, that

// 2 Fy,epadyidys 5/ sup | y2 F)y, | (/ |8|dy1> dy>
R y1>K R V1 y1>K

1 INV2 /p\ 12
fc(/a+1)<;+<ao+;> (;) )

where we also used (6.46) in the last line. Now, there exists a constant Cg > 0 such
that

| N2 /12
/ / 2 Fy,epadyidy, < Cg | — + (060 + —) (—) . (13.136)
RJy >k n n n

Collecting (13.135) and (13.136), for every s > 1 and A > 1, we have

| INV2\ 7 pN 12
'A;Z nFy,epa| < Cy AV + (010 + ;) (;)

for some constant Cg > 0.
Now, we choose «¢ > 0 sufficiently small and n¢ € N sufficiently large such that

1/2 1/2 1/2

1 1 1 1

VC7Ce | g + — max {+/C7 | o + — ,1,Cy ﬁ_'_ ayg+ — < 1/6.
no no b1/2n0/ no

For fixed «g and no, satisfying the previous inequality, we choose A > 1 such that

12, 4102 b\
A + AN 2y >a) = o )
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which is possible due to Corollary 13.1.
Therefore, we finally deduce that

~ b
)“R(ev A) =—,
2ng

which implies from (13.131) and (13.132) that

d b
—Ka(s) > — >0, forall s=>1.
ds 2ng

Now we have all the ingredients to finish the proof of our main result.

Last Step in the Proof of Theorem 1.3. Integrating in s variable both sides of
inequality (13.130), we get

b
Ks(s) > s (—) + K4(0), forall s >1.
2n0

Therefore,
Iim K(s) = oo,
§—> 00

which is a contradiction to (13.128). Hence, our original assumption that Q is stable
is not valid and we conclude the proof of the theorem. O
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On the Nonexistence of Local, )
Gauge-Invariant Birkhoff Coordinates A
for the Focusing NLS Equation

Thomas Kappeler and Peter Topalov

1 Introduction

It is well known that the non-linear Schrodinger (NLS) equation

¢1 = i@y — 2iQ70),
i . T, (1)
@2 = —igaxx + 20197,

on the torus T = R/Z is a Hamiltonian PDE on the scale of Sobolev spaces H} =
Hé X Hg, s > 0, with Poisson bracket

1
{F,G}(p) = —i/O (g, F) (8, G) — (3, G) (3, F)) dx, ()
and Hamiltonian X : HC1 — C, given by

1
H(p) = /0 (o1rp2c +0193) dx, ¢ = (g1, 92) € H). 3)

Here, for any s > 0, H(é = H*(T, C) denotes the Sobolev space of complex valued
functions on T and the Poisson bracket (2) is defined for functionals F and G on
H, provided that the pairing given by the integral in (2) is well-defined (cf. Sect. 2
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for more details on these matters). The NLS phase space H? is a direct sum of two
real subspaces Hy, = H,;' ©r i H; where

H ={p e H | =01} and iH'={peH |p=-7}.
The Hamiltonian vector field, corresponding to (2) and (3),
X . _ .2 . . 2
30(9) = i((— 8, 3, 8 H) = (ip1xx — 207902, —ig2rx +2i0107)

is tangent to the real subspaces HS and i H® (cf. Sect.2) and for any s > O the
restrictions

Xac| 2 ¢ H?> - H° and Xsc|, 2 iH* - iH°

are real analytic maps (cf. Sect.2). The vector field X }(| 2 corresponds to the
defocusing NLS (dNLS) equation

Uy = —Uyy + 2|u|2u

whereas X ¢ iH2 corresponds to the focusing NLS (fNLS) equation

iU = —Uyy — 2|u|2u.

Both equations are known to be well-posed on the Sobolev space H and respec-
tively i H' for any s > 0. Moreover, they are integrable PDEs: the dNLS equation
can be brought into Birkhoff normal form on the entire phase space HrO (cf.
[2]) whereas for the fNLS equation, an Arnold-Liouville type theorem has been
established in [3]. In broad terms, the latter can be described as follows: By [8], the
fNLS equation admits a Lax pair representation d; L (¢) = P(¢p)L(¢) — L(p)P(¢)
where for any ¢ = (¢1, —9;) € iHrO, L(p) : iHr1 — iHrO is the first order

differential operator
(10 0 ¢
L(p) := a
@) z<0_1) x+(_¢1 0)

and P(¢) is a certain second order differential operator. As a consequence, the
spectrum spec L(¢) of the operator L(p), considered on the interval [0, 2] with
periodic boundary conditions, is invariant with respect to the fNLS flow. Since
the resolvent of L(g) is compact, spec L(¢) is discrete and hence spec L(p)
being invariant means that the periodic eigenvalues of L(¢) are first integrals of
the fNLS equation. In particular, for any potential ¢ € iHr0 , the isospectral set
Iso(p) = {w € iHrO | spec L(yy) = spec L((p)} and its connected component
Isop(¢), containing ¢, are invariant under the fNLS flow. The Arnold-Liouville type
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theorem for the fNLS equation, established in [3] (cf. also [4]), says that for any
potential ¢ € iH,O with the property that all periodic eigenvalues of L(¢) are simple,
there exists a fNLS invariant neighborhood of Isog(¢) in iH,O, on which the fNLS
equation can be brought into Birkhoff normal form. In fact, any Hamiltonian in the
(local) Poisson algebra, defined by the action variables, can be brought into such a
form. We note that Isog(¢) is homeomorphic to an infinite product of circles, but
that in any invariant neighborhood of it there is a dense set of invariant tori of finite
dimension. Unlike in the classical, finite dimensional Arnold-Liouville theorem,
such a neighborhood can be described in terms of Birkhoff coordinates rather than
action angle coordinates.

The aim of this paper is to study the local properties of the vector field X4 in
small neighborhoods of the constant potentials

9c(x) = (¢, —¢) € iH?, ¢ e C\ {0}

It is straightforward to see that all, but finitely many, periodic eigenvalues of L(¢.)
have algebraic (and geometric) multiplicity two. Hence the Arnold-Liouville type
theorem in [3] does not apply. More specifically, for a given ¢ € C, ¢ # 0, consider
the re-normalized NLS Hamiltonian

HE = H — 2|c|*H;

where

1
Hi(p) = —/0 o1(xX)@a(x) dx.

Note that the flow, corresponding to the Hamiltonian —2|c|?J{(;, is the gauge
transformation, given by the phase shift (¢1, ¢2) +— ((ple’Zi‘c'Z’, gredilel’t ) and
that ¢, is a stationary solution of the Hamiltonian vector field X 4¢c. One of our main
results is the following instance of an infinite dimensional version of Williamson’s
classification theorem in finite dimension [7].

Theorem 1.1 Assume that ¢ € C and |c| ¢ nwZ. Then there exists a Darboux basis
{Otk, 'Bk}keZ in iLf such that the Hessian d(%c H¢€, when viewed as a quadratic form
represented in this basis, takes the form

dl He = 4AlcPdpy — Y Amky]lcl> — 72k (dpidqy + dp—rdq_i)

O<mk<|c|
-y 4n|k|{/M(dpi+dqu) @)

wlk|>|c|

where {(dpk, dc]k)}kEZ are the coordinates dual to the Darboux basis {Olk, ﬂk}keZ'
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We conjecture that Theorem 1.1 can be generalized to a small neighborhood of
the constant potential ¢.. We refer to the end of Sect. 3 where the precise statement
of such a generalization is given. An analog of Theorem 1.1, formulated in terms of
the linearization of the Hamiltonian vector field Xg(c at the constant potential ¢,
is formulated in Sect. 3 (see Theorem 3.2). As a consequence of these results, we
obtain

Theorem 1.2 For any given ¢ € C with |c| ¢ nZ and |c| > w, the focusing
NLS equation does not admit gauge invariant local Birkhoff coordinates in any
neighborhood of the constant potential ..

Remark 1.1 The exceptional case ¢ € wZ can be treated in a similar way. Since it
requires some additional work, the treatment of this case is beyond the scope of this
paper, which aims at describing in precise terms, but as briefly as possible a generic
situation in which no local gauge-invariant Birkhoff coordinates exist.

We refer to Sect.4 for the precise definition of gauge invariant local Birkhoff
coordinates. In more general terms, Theorem 1.2 means that there is no neighbor-
hood of the constant potential ¢, with |c| ¢ wZ and |c| > m where one can introduce
action-angle coordinates for the fNLS equation so that the action variables commute
with the Hamiltonian 3{;. Note that a similar result could be obtained using the
Bicklund transform and the existence of a homoclinic orbit in a neighborhood of the
constant potential ¢, (cf. [6]). However, such a neighborhood of ¢ is not arbitrarily
small since it contains the homoclinic solution of the fNLS equation.

Finally, note that the same results hold for the potentials

Qe = (CeZm'kx , _Ee—2nikx)
where k € Z and ¢ € Cwith |c| ¢ 7wZ and |c| > 7. The only difference is that the re-
normalized Hamiltonian for these potentials is of the form H, y = H +aJ{; +BH>
where o, B € C are specifically chosen constants depending on the choice of ¢ and
k and Ho(p) =i fol ©1(x)@ax (x) dx. This easily follows from the fact that for any
given k € Z and for any s > 0 the transformation

w:iH — iH, (¢1,¢2) ((pleZnikx, (pze—Znikx)’

preserves the symplectic structure induced by (2) and transforms the Hamiltonian
H into a linear sum of the Hamiltonians H, H;, and H>.

Organization of the Paper The paper is organized as follows: In Sect.2 we
introduce the basic notions related to the symplectic phase space geometry of the
NLS equation that are needed in this paper. Theorem 1.1 and related results are
proven in Sect. 3. In Sect. 4 we prove Theorem 1.2.
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2 Set-Up

1. The NLS phase space. It is well-known that the non-linear Schrodinger equation
is a Hamiltonian system on the phase space L? := L% x L% where L% =
L*(T, C) is the space of square integrable complex-valued functions on the torus
T. For any two elements f, g € L%, the Hilbert scalar product on L% is defined
as (f.8)12 = [y (181 + f282) dx where f = (f1, f2). g = (81.82) and &
and g7 denote the complex conjugates of g; and g, respectively. In addition to
the scalar product we will also need the non-degenerate pairing

1
(f, 82 1=f0 (f1g1 + f2g2)dx. )

The symplectic structure on Lg is

1
w(f,g) = —i/ det (fl gl) dx 6)
0 g

(Note that w( f, g) is not the Kéhler form of the Hermitian scalar product (-, -);2
in L2.) Consider also the scale of Sobolev spaces HY := H¢ x Hp where Hp, =
H* (T, C) is the Sobolev space of complex-valued distributions on T and s € R.
For any given s € R the pairing (5) induces an isomorphism 1, : (H? )/ — HS
where (H})" denotes the space of continuous linear functionals on H}. In this
way, for any given s € R the symplectic structure extends to a bounded bilinear
map  : H® x H™® — C. The L*-gradient 3,F = (9, F.,d,,F) of a C'-
function F : H* — Catg € L% is defined by 9, F := 1,(d,F) € H_.*® where
d,F e (H} ) is the differential of F at ¢ € Lz. In particular, the Hamiltonian
vector field X r corresponding to a C'-smooth function F : H S >Catpe H}
defined by the relation (-, X r(¢)) = d, F () is then given by

XF(<p):i(—8¢2F,8(p1F). @)
The vector field X r is a continuous map Xr : H! — H_°.

Remark 2.1 Since Xr : H — H_° we see that strictly speaking X r is a weak
vector field on H.*. However, for the sake of convenience in this paper we will call
such maps vector fields on H; .

Remark 2.2 The Poisson bracket of two C!-smooth functions F, G : H) — Cis
then given by

1
{F,G}(p) :==dyF(Xg) = —i/o ((B(p1 F) (09, G) — (0, G) (0, F)) dx ®)

provided that the pairing given by the integral in (8) is well-defined.
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The Hamiltonian 3 : H! — C of the NLS equation is

1
I(g) = /O (01x02x + 9762) dx. ©)

By (7) the corresponding Hamiltonian vector field is
Xgc(9) = i( — 9y, I, By, H)
= i(¢12x — 20702, —¢200 + 201903). (10)
Clearly, Xq¢ : H Cz — Lg is an analytic map. The NLS equation is then written as

¢1 = iQiex — 2ipien,
. ) R a1
Y2 = —1¢2x + 21(P1(ﬂ2'

The phase space Lg has two real subspaces
L}:={peL|p =91} and iL}:={peL’|p=—01}

so that L2 = L2 @R iL2. For any s € R one also defines in a similar way the real
subspaces H and i H' in H} so that H = H} @®r i H;. It follows from (9) that
the Hamiltonian J{ is real valued when restricted to H! and i H!. Moreover, one
easily sees from (11) that the Hamiltonian vector field X4¢ is “tangent” to the real
subspaces H! and i H so that the restrictions

Xog¢|yo s HE > L} and  Xgc|, o 1 iHF — iL}
are well-defined, and hence real analytic maps. The vector field X ¢ | 2 corresponds

to the defocusing NLS equation and the vector field X }(’i 2 corresponds to the
focusing NLS equation. This is consistent with the fact that the restriction of the
symplectic structure @ to L2 and i L? is real valued. For the sake of convenience in
what follows we drop the restriction symbols in Xs¢|, gz and X | y2 and simply
write X g¢ instead.

2. Constant potentials. For any given complex number ¢ € C, ¢ # 0, consider the
constant potential

@c(x) == (¢, —¢) € iL?NiC>.
It follows from (10) that

X3c(pe) = 2ilel*(c, ). (12)

Since this vector does not vanish we see that ¢, is not a critical point of the NLS
Hamiltonian (9) and hence d, H # 0 in (HCI)/ .



On the Nonexistence of Local, Gauge-Invariant Birkhoff Coordinates for the. . . 379

3. The re-normalized Hamiltonian. In addition to the NLS Hamiltonian (9)

consider the Hamiltonian

1
Hilp) = —/0 P1(x)a(x)dx . 13)

Note that this is the first Hamiltonian appearing in the NLS hierarchy—see e.g.
[2]. The corresponding Hamiltonian vector field is

Xa¢, (@) = i(p1, —92). (14)
For any s € R we have that Xg4¢, : H{ — H and hence Xg, is a (regular)
vector field on H;. This vector field is tangent to the real submanifolds H;}
and i H® and induces the following one-parameter group of diffeomorphisms of
iHS!
t . .
S":iH' — iH, (go?, <p(2)) o (go(l)e”, <pge_”). (15)

The transformations (15) preserves the vector field X4, i.e. for any r € R and
for any ¢ € i H?

S'(X3¢(9)) = X3¢(S' (9)) . (16)
It follows from (12) and (14) that
Xa¢(9e) = 2lel* X ¢, (@c). (17)

We have the following

Lemma 2.1 Let ¢ € C\ {0}. Then one has:

(i) The re-normalized Hamiltonian H¢ : i H' — R,
H () = H(p) = 2Icl’Ha(p), ¢ €iH,. (18)

has a critical point at ..

(ii) The curve y. : R — iHrl,

Ve il > (cezi‘clzt, —Ee_Zilc‘Z’), t eR, (19)

is a solution of the NLS equation (11) with initial data at ¢.. This is a time
periodic solution with period 7 /|c|*.

!In what follows we will restrict our attention to the real space i Hf s eR.
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(iii) The range of the curve y, consists of critical points of the Hamiltonian 3¢.

Proof of Lemma 2.1 Ttem (i) follows directly from (17). Since the symmetry (15)
preserves both Xg¢ and Xg¢, we conclude from (17) that for any ¢ € R,

X3c(S"(9e)) = 2lel* Xa¢, (8" (o). (20)

This together with the fact that S’ (¢.) is the integral curve of Xq¢, with initial data
at ¢, we conclude that y(¢) := S2|C|zt(goc) is an integral curve of X4¢ with initial
data at ¢.. This proves item (i7). Item (iii) follows from (20). O

3 The Linearization of X4 at ¢, and Its Normal Form

In this section we determine the spectrum and the normal form of the linearized
Hamiltonian vector field Xg¢c : i H> — iL? at ¢, € i H?. In view of Lemma 2.1 the
constant potential ¢, is a singular point of the vector field X g¢c, i.e. Xg¢e(¢@.) = O.
Moreover, by Lemma 2.1 (iii), the range of the periodic trajectory y,. consists of
singular points of X g¢c. It follows from (10) and (14) that for any ¢ € i H,z,

_ 2 _ 2
X}C(((P) — l ( Plxx 2(p] €022 2|C| ;Pl ) .
—@2xx + 201905 + 2|c|7¢2

Hence, the linearized vector field (dX 5¢) (iH? — iL? is given by

P=¢c

o BpD)xx +2lcP(8p1) — 22 (8¢2)

, d¢1 .
(@X3¢)l g, <3§02) - (—(&pz)xx +26%(8¢1) — 2|C|2(5§02)>

21

where (8(,01, (Sgoz) €i Hrz. Since the symmetry (15) preserves X g and since for any
t eR,

ST((PC) — (Ceit, _Eefil)7

the map S’ conjugates the operator (21) computed at ¢, with the one computed at
@c, with ¢; := ce'’. More specifically, one has the following commutative diagram

£
iH? — il?

T

. ’C(,' .
lH,2 —_— lL%
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where for simplicity of notation we denote

LC = (de—(r)

P=¢c
By choosing t = — arg(c) in the diagram above we obtain
Lemma 3.1 The operators L. and L\¢| are conjugate.

With this in mind, in what follows we will assume without loss of generality that
¢ is real. In this case

(10 o (1-1
LC=1<0_1)3§+2zc2(1_1>, ceR. (23)

For any k € 7Z consider the vectors

& = (é) Pk and g = <?> ks (24)

The system of vectors {(Ek, nk)} ez give an orthonormal basis in the complex
Hilbert space Lg so that for any ¢ = (¢1, ¢2) € L%,

= Z (zk&r + wimk).

keZ

where z; = (Tp\l)k and wy = @k. Denote E% = E%C X E%C where Eé = (2(Z,C)
is the space of square summable sequences of complex numbers. In this way,
{(zk, wk)} wez € E% are coordinates in Lg. In these coordinates, the real subspace

i L% is characterized by the condition that Yk € Z, wy = —(z—), and the real
subspace Lf is characterized by the condition that Vk € Z, wy = (z—¢). We denote
the corresponding spaces of sequences respectively by i Zf and E%. It follows from (6)
that for any k, [ € Z one has

(&, &) =l m) =0 and (&, 1) = —idu

where §y; is the Kronecker delta. In addition to the vectors in (24) consider fork € Z
the vectors

) 1 1 eanix , i i eanix
& = E(gk_n—k) = ﬁ (_e27rkix> o Mk = E(€k+n_k) - E <621-[kix) '
(25)
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Note that the system of vectors {E,i M } ez form an orthonormal basis in the

real subspace iL%. In addition, this is a Darboux basis in iL% with respect to the

restriction of the symplectic structure (6) to iL%, i.e. for any k, [ € Z one has

CU(Eli’ EI/) = a)(n,/{, 772) =0 and U)(E/é, 772) = k.

2
Moreover, for any ¢ € L7,

Y= Z (xk&r + yemy),

keZ

where {(xk, Vi) }kez are coordinates in L% so that the real subspace iL% is
characterized by the condition that {(xk, ylez € L2(Z,R) x €2(Z,R). For any

keZ,

1

1
xe=—(zx —w=x) and yp = —=(zk + wr).

V2

Finally, consider the 2-(complex)dimensional subspaces in L%,

i2

V& = spanc(&. ), k € Z,
together with the 4-(real)dimensional symplectic subspaces in i Lf,
Wi = spang (&, . € 4o n')s k€ Tz
and
W(])R := spang (£(, ;)
It follows from (25) that for any k € Z>1,
WEeC=VvlacVvh and WEeoC=VY .

Since {£;, 1 }kez is an orthonormal basis of iL?,

iL; = @ w

kEZZ()

(26)

@7

(28)

(29)

is a decomposition of iL% into L2-orthogonal real subspaces. We have the

following
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Theorem 3.1 For any c € R, ¢ ¢ nZ, the operator

Lo = (dX ) LiH? — L2,

P=¢c

has a compact resolvent. In particular, the spectrum of L. is discrete and has the
following properties:

(i) The spectrum of L. consists of Ag = 0 and

- {47rk P =7%2, 0 < 7lk| < el, 30)

Awik /m2k? —|c|?, mlk| > Icl,

for any integer k € Z \ {0}. The eigenvalue Lo has algebraic multiplicity two
and geometric multiplicity one; for any k € Z \ {0} the eigenvalue Ay has
algebraic multiplicity two and geometric multiplicity two.
(ii) For any k € Z the complex linear space ch (see (26)) is an invariant space of
L in L? and
2 212 2
LC|VC =i <2|C| 4271 ¢ 2 22|C| 2) €1V
& 2|c| 4k — 2|c|

in the basis of Vk(c given by & and ni. If 0 < m|k| < |c| the matrix (31) has
two real eigenvalues +4m |k| V/|c|? — n2k? and if |c| < |k|m it has two purely
imaginary complex eigenvalues +4milk| ¥/m2k? — |c|%.

(iii) For any k € Zs) the real symplectic space W,]{R (see (27)) is an invariant
space of L. in iL%. When written in the basis {ék, ks E—k, n_k} of
the complexification of W,ER the matrix representation of the operator
Lc’WE consists of two diagonal square blocks of the form (31). The real

symplectic space W(])R is an invariant space of the operator L. in iL%

and
1 -1
L2
LC|W§:21|c| (1 _1>

when written in the basis {Eo, 770} of the complexification of W(]g.
Zero is a double eigenvalue of this matrix with geometric multiplicity
one.

Proof of Theorem 3.1 The proof of this Theorem follows directly from the matrix
representation of £, when computed in the basis of Vk(C given by the vectors & and
Nk O

Theorem 3.1 implies that the linearized vector field (dXg¢c)
following normal form.

_ has the
P=¢c
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Theorem 3.2 Assume that ¢ € R and ¢ ¢ wZ. We have:

(i) The vectors ag := &) and By = ny, form a Darboux basis of W(I)R C iL% such
that
_ (00
£c|ng =4|c| <1 0) . (32)

(ii) Forany k € Z> there exists a Darboux basis {ozk, Br, a_g, ﬁ,k} in W,]{R - iLf
such that® for 0 < wk < |c|,

1000
0-10 0
LC|WF=4nk,+/|c|2—n2k2 0010l (33)
00 0-1
and for tk > |c|,
0100
-10 00
LC|W5=4nk,+/n2k2—|c|2 0001 (34)
0 0-10

In addition, one has the following uniform in k € 7 with wk > |c| estimates

{ak =&+ O0(/k%), Pe=n,+ O01/k?), 35)

ay =&, +01/k», Box=n",+O01/k?,

where {é,é, N Ykez is the orthonormal Darboux basis (25) in iL?

Recall that h*(Z, R) with s € R denotes the Hilbert space of sequences of real

numbers (ay)kez SO that ZkeZ k) |ag|? < oo where (k) := /1 + |k|?. We will
also need the Banach space ¢! s (Z, R) of sequences of real numbers (ax)rez so that

ZkeZ *lak| < oo.

Remark 3.1 Note that the asymptotics (35) imply (see e.g. [5, Section 22.5]) that
for any s € R the system {ozk, ﬂk}keZ is a basis in i H; in the sense that for any
¢ € i H} there exists a unique sequence {(px. gx) }, ., in b*(Z, R) x b*(Z, R) such
thatp =) .z (pkak + qi ,Bk) where the series converges in i H} and the mapping

iH = B (Z.R) x B (Z.R), ¢+ {(pr a0} ,eg

is an isomorphism. Note that {ak, ﬂk}k <z is a Darboux basis that is not an
orthonormal basis in i L2.

2Here w (o, Br) = w(a—k, B—k) = 1 while all other skew-symmetric products between these
vectors vanish.
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Proof of Theorem 3.2 Ttem (i) follows by a direct computation in the basis of W(I)R
provided by the vectors g := &) and By := 1, (see (25)). Towards proving item
(i1), we first consider the case when wk > |c|. Denote for simplicity

Lig=Lec|yc. ax=4n%k>=2[c[*, b:=2|c|%,
+k
and note that a} — b? = 1672k (2k? — |c[*) > 0. Then, in view of (31),

Ly=i (_“" _b> and L_; =L,
b ai

in the basis of V, given by {&,, 1, } form = k. Denote, by  the positive square

root of the quantity
}f]% = ,+/a]% — b2<ak + Wa,% — b2>.

It follows from Theorem 3.1 (ii) and (31) that

Fk — _i _b e—Znikx (36)
' w \ag + f/a,% — b2

and
—b

l 2 .
F j=—— o2ikx 37
k oy (ak + a,% — b2> (37)

are linearly independent eigenfunctions of the restriction of £ to the invariant space
Vk(C @c Vick = W,ER ® C with eigenvalue

Mo=iyai — b =dmikn2k? —|c|2.

The eigenfunctions have been normalized in a way convenient for our purposes.
Denote by o the complex conjugation in L% corresponding to the real subspace i L%,

o L2 LY (o1, 9) = (=92, —01). (38)

Remark 3.2 One easily sees from (38) that o ’iLz = id;;2 and 0 ‘L2 = —idj;. This

implies that for any «, 8 € iL%,

o(@+if) =a—ip. (39)
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Since the operator L. is real (i.e., L, : i Hr2 — iLE) and complex-linear, we
conclude from (39) that if f € ch is an eigenfunction of £, with eigenvalue A € C
then o (f) is an eigenfunction of £, with eigenvalue . Moreover, one easily checks
that for any f, g € HCZ,

o(Lef. 8) = —w(f. Leg), (40)

which is consistent with the fact that Xq¢c is a Hamiltonian vector field. Equa-
tion (40) implies thatif f, g € Hc2 are eigenfunctions of £, with the same eigenvalue
A € C\ {0} then they are isotropic, i.e. w(f, g) = 0.

Since L2 = iL? @g L? we have that

Fr=or+ifr and F_p=oa_;+if_i 41
where by (39)
 Fip+o(Fxp) _ Fir —o(Fxx)

are elements in iLf. Moreover, in view of Remark 3.2,

1 + 2 12 )
G :=0(F) = — <ak + \/ak—b> eZJTth (42)
X —b
1 + .2 _ 32 .
G_p=0(F_p)=— (ak + \/ak—b> e—2mkx (43)
X b

are linearly independent eigenfunctions of the restriction of £ to the invariant space
VE@c VE = W2 ® C with eigenvalue

—M = —iya} — b? = —dmik 7 2k2 — |c|2.

It follows from (6), (36), (37), (42), and (43) that

and

a)(Fk, Gk) = a)(F_k, G_k) = —2i and a)(Fk, G_k) = a)(F_k, Gk) =0
(44)
while (Fk, F—x) = &(Gy, G_¢) = 0 in view of Remark 3.2. Hence,

1
w(ax, fr) = n w(Fx + 0 (Fp), Fr —o(Fo) =1
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and similarly w(o—x, f—x) = 1 whereas all other values of w evaluated at pairs
of vectors from the set {ak, Bi, ﬁ_k} vanish. This shows that the vectors
{oek, B, ok, ﬂ_k} form a Darboux basis. The matrix representation (34) of £, in
this basis then follows from (41) and the fact that F and F_j are eigenfunctions of

L. with eigenvalue i ;// a,% — b2,
Le(ow +ipx) =iyJa? — b2 (ax +ifx) and
Lc((x,k + i,B,k) =i ,Jr/ a,% — b2 (Ol,k + i,B,k).

The asymptotic relations in (35) follow from the explicit formulas for Fi; and G4
above together with o, = (Fu + G1)/2, Bn = (Fu — Gi)/2i with m = %k, and
ay = 42k = 2|c|>.

The case when 0 < m|k| < |c| is treated in a similar way. In fact, take k € Z
with 0 < mk < |c| and denote by »; the branch of the square root of

x} = /b2 — a,%(ak — i\ /b — a,%)

that lies in the fourth quadrant of the complex plane C. It follows from Theorem 3.1
(i7) and (31) that

1 —b i
= — 5 | ¥ 45
k oy (ak_i+b2_a]%)e ( )

and

R ) .
Fp= O’(Fk) _ _é (ak +ifb Clk> 672mkx (46)

oy -b

are linearly independent eigenfunctions of the restriction of £ to the invariant space
VE@c VG = WE ® C with eigenvalue

M= b —al = 4mk [|c|? — 72K2.

By arguing in the same way as above, one sees that

1 —b )
G [P — 2mikx 47
k }f_k(ak‘i_iJrlbz_a]%)e ( )
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and

Xk —b

.4/ 2 )
G—k = O—(Gk) = i (ak —1 + b2 — ak) efzﬂlkx (48)

are linearly independent eigenfunctions of the restriction of £, to the invariant space
VE@c VG = W2 ® C with eigenvalue

hi = — 0 — g = —amk le? — 2.

Since L2 = iL? @g L? we have that

Fr=ap+ia_; and Gp= By +iB_i, 49)
where
oy = Flip +;(Fj:k) and  Bay = Fip _2(:(F:I:k)
are elements in i L%. By (39) this implies that
Fy=oar—ia_y and G_i = By —ifk. (50)

It follows from (6), (45)—(48) that
a)(Fk, Gk) = a)(F_k, G_k) =0 and a)(Fk, G_k) = a)(F_k, Gk) =2 (&28)

while o(Fi, F_) = ®(Gk, G_x) = 0 in view of Remark 3.2. This together
with (49) and (50) implies that the vectors {o, Bk, a—k, B—x} form a Darboux
basis in W,ER. The matrix representation (33) of L. in this basis then follows
from (49), (50), and the fact that Fy and G given by (45) and (47) are eigenfunctions

of £ with (real) eigenvalues + /b2 — a?,

Le(ag +ia_y) = {/b* — a,% (k +ia—g) and
Le(Be +iB-k) = — /0% — ai (Bk + iB—r)-

This completes the proof of Theorem 3.2. O

Remark 3.3 In fact, the canonical form (32)—(34), of the restriction of the operator
L. to the invariant symplectic space W,](R with k& > 0 can be deduced from the
description of the spectrum of L. obtained in Theorem 3.1 (i), (ii), and the
Williamson classification of linear Hamiltonian systems in R2" (see [1, 7]). Instead
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of doing this, we choose to construct the normalizing Darboux basis directly. The
reason is twofold: first, in this way we obtain explicit formulas for the normalizing
basis, and second, we need the asymptotic relations (35) to conclude that the system

of vectors {ao, fo} together with {ax, Bi. a—r. Bt }, <z, form a Darboux basis in

i L? in the sense described in Remark 3.1.

In this way, as a consequence of Theorem 3.2 we obtain the following instance
of an infinite dimensional version of the Williamson classification of linear Hamil-
tonian systems in R2" described in [7].

Theorem 3.3 Assume that ¢ € R and ¢ ¢ wZ. Then the Hessian d%cf}(c, when

viewed as a quadratic form represented in the Darboux basis {ozk, ,Bk} ez NI L%
given by Theorem 3.2, takes the form

d} H =4|clPdpy — > 4mky]|cl> — w2k (dprdgr + dp-rdq )

O<mk<|c|
— Y 4ulkl 722 — |c2(dp} + dag) (52)

mlk|>|c|
where { (dpy, qu)} rey, are the dual coordinates in this basis.
For any 0 < mk < |c| denote
Iy == prgk + p—kq—k and  I_g = prq—x — P—kqk, (53)
and for w |k| > |c|,
I = (i +4{) /2
whereas for k = 0
Iy = p%/Z.

Note that the functions in (53) are the commuting integrals characterizing the focus-
focus singularity in the symplectic space R*—see e.g. [9]. We conjecture that the
following holds: There exists an open neighborhood U of ¢, in iL%, an open
neighborhood V of zero in £*(Z,R) x £*(Z,R), and a canonical real analytic
diffeomorphism ® : U — V such that for any s > 0,

®:UNiH — VN (H'(2ZR) x b (Z,R), ¢ {(Pe a0 }iey
and for any (p,q) € VN (h'(Z,R) x h'(Z, R)),
Hod (p,q) = H ({Ii}kez),

where HC : Eé(Z, R) — R is a real analytic map. We will discuss this conjecture in
future work.
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4 Nonexistence of Local Birkhoff Coordinates

First, we will discuss the notion of local Birkhoff coordinates. Let h* = h*(Z, R)
and ¢2 = (2(Z, R).

Definition 4.1 We say that the focusing NLS equation has local Birkhoff coordi-
nates in a neighborhood of ¢* € iH,2 if there exist an open connected neighborhood
U of ¢* in i L2, an open neighborhood V of (p*, ¢®) € h? x h? in £? x ¢2, and a
canonical Cz—diffeomorphism ®:U — Vsuchthatforany 0 <s <2,

Q:UNIH > V(b xb), ¢ {(Pe a0}y

is a C2-diffeomorphism and for any k € Z the Poisson bracket {I;, H}, where
H:=%Ho® land Iy := (pf + q7)/2, vanishes on V N (h! x p!).

The map & : U — V being canonical means that

(@ Yo=Y dprdg (54)
keZ

where ®~! : V — U is the inverse of ® : U — V and w is the symplectic form (6)
on iLf. Assume that the focusing NLS equation has local Birkhoff coordinates in a
neighborhood of ¢® € i H,z. Then, for any k € Z and 0 < s < 2 consider the action
variable

Tk :UNiH - R, J;:=1Io®.
Recall that {S ! } (R denotes the Hamiltonian flow,
S'CiHS = iHY,  (p1,02) > (pre, gae™"),

generated by the Hamiltonian H(p) = — fol 01 (xX)p2(x) dx (see (13)) from the
standard NLS hierarchy (see e.g. [2]).

Definition 4.2 The local Birkhoff coordinates are called gauge invariant if for any
keZ,0<s <2 andforanyp €¢ UNiH! andt € R such that §*(p) € UNiH!
one has Jk(S’(ga)) = J1(p).

Remark 4.1 The gauge invariance of local Birkhoff coordinates means that the
Hamiltonian J{; belongs to the Poisson algebra Ag := {F e cl(U,C) | {F,J} =
0Vk e Z} generated by the local action variables {Jk } reyz, - Note that, for example,
3 belongs to the Poisson algebra generated by the functionals {A ;L} »ec Where
Ay 1 iL? — Cis the discriminant A;(¢) = A, @) := tr M(x, A, ¢)|x=1 and
M (x, A, @) is the fundamental 2 x 2-matrix solution of the Zakharov-Shabat system
(see e.g. [2]).
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The main result of this section is Theorem 1.2 stated in Sect. 1 which we recall
for the convenience of the reader.

Theorem 4.1 For any given ¢ € C with |c| ¢ nZ and |c| > w, the focusing
NLS equation does not admit gauge invariant local Birkhoff coordinates in a
neighborhood of the constant potential ..

Consider the commutative diagram

X C
UnNiH? —2— iL?

‘I’l l‘l’* (55)

V(52 x 52) 2 2 x g2

where Xg(c is the Hamiltonian vector field of the re-normalized Hamiltonian He,
&, = (dP)|y=¢., and Xy is defined by the diagram. By linearizing the maps in
this diagram at ¢, we obtain

c

. L. .
iH? —=— iL?

% l“’* (56)

B2 x b2 Le 02 % 2

where L. is the linearization of Xg¢c at the critical point ¢, and ZC is the
linearization of X g¢e at the critical point (p*®, ¢®) = P(¢.). In particular, we see
that the (unbounded) linear operator £, on iL% with domain iH,2 is conjugated to
the operator £, on £2 x ¢> with domain h? x h2. We have

Lemma 4.1 Assume that for a given ¢ € C the focusing NLS equation has gauge
invariant local Birkhoff coordinates in a neighborhood of the constant potential ¢c.
Then the spectrum of the operator L. is discrete and lies on the imaginary axis.
Proof of Lemma 4.1 Let {(pk. i)}, ., be the local Birkhoff coordinates on V N
(62 x €%) and let H := H o ®~! : VN (! x h') — R be the Hamiltonian
¢ in these coordinates. One easily concludes from (54) and (55) that in the open
neighborhood V N (h2 X bz) of the critical point z° := (p*®, ¢*) one has

~ oH¢ oH¢
o= X = 30 (0, - 20, ),
nez Pn

Since by Lemma 2.1 and (55), z°® is a critical point of X I¢e,

AHC
Opn

_9HC

ze 8qn

=0 (57)

z®
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for any n € Z. In addition, we obtain that the operator Le: h2 x h% — €2 x £2 takes
the form

(58)

92H¢ 92H¢
=39 ( dp + d )
20 ® opnopr T apeag “
2ryc

d2HC 2H
2 0 ®) (aq Jdpt Y000 dqz)

Note that for any / € Z,

z®

Z

X1, = p1dg — qidp,.

Since the local Birkhoff coordinates are assumed gauge invariant and since
dH(Xy,) = {H, Iy} = 0 for any k € Z, we obtain that for any / € Z,

H¢ oH®
—dqi
api

a
0=(H)Xp)=pi (59)

aqi

in the open neighborhood V N (b2 X f)z) of z°. By taking the partial derivatives 9,
and 9, of the equality above at z* for n € Z we obtain, in view of (57), that for any
n,l eZ,

92H¢ 9ZH®
( @)

92H¢ 92H¢
- )
0pndq 0pndpi

pL— qi
0gn0qi 0gn0py

=0 and (

z® z*

We split the set of indices Z in the sum above into two subsets
A={leZ|(p}.q)# 0,00} and B:={le€Z|(p.q") = (00}

Note that for/ € B the relations (60) are trivial. More generally, by taking the partial
derivatives 0, and 9, of (59)in V N (f)2 X hz) for n # [ we see that forany / € Z
and for any n # [ we have

92HC 92H® 92HC 92H®
Pl — q =0 and Dl — qi
0pnaq; 0pnop; 09, 0q; 0gn0py

=0 ©61)

for any (p,q) € V N (h* x h?). This and Lemma 4.2 below, applied to I equal to
(p} + q7)/2 and F equal to %Tlf and % respectively, implies that for any [ € B
and for any n # [,

92H®
0pn gy

d%HC
o Opnopi

32HC®
= g, 0py

92H®
=0 and
Fad 0g,0q;

=0. (62)

z®
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By combining (62) with (58) we obtain

c

~ 92H¢ 82H
L= 0,0 (- dn+ )
=2 ®) Apndpi Apndq

neA I€A @
92H® 9ZH®
L)) ( dp + dqz)
T = \agndpi dgndqr /12

32HC 32HC
T 99n0pn  04ndqn dpn
+ 3p,» 9g,) ® . (63)
Z ( Pn ‘1") 2HC 2HC dqn
neB pndpn 0pndqn ‘.o

Since the local Birkhoff coordinates are assumed gauge invariant and since
dH(Xyp) = {H, I} = 0 for any k € Z, we conclude that the flow S,’( of the vector
field X, preserves X ye, that is for any # € R and for any (p, ¢) € V N (h* x h?)
such that S (p, ¢) € V N (h* x h?) we have the following commutative diagram

V(52 x h2) HS 2 x g2

st lsi . (64)

V(5 x h2) ES 2 x g2

Remark 4.2 Note that for any s € R and for any k € Z we have that X = pi 0y, —
qkdp, is a vector field in the proper sense (i.e. non-weak) on h* x h* and that S :
h* xbh* — h¥xh’ is a bounded linear map. In fact, if we introduce complex variables
Zk = Pk +iqk, k € Z, then

=% 12

e iz, | =k.

In particular, we see from (64) that for any k € Z and for any ¢ € R near zero we
have that (dsi,(z-)XH") 08, = S 0(deXpec). Fork € B we have S} (z*) = z* and
hence, for any ¢ € R near zero,

Zcosli =S,§ch.

By taking the ¢-derivative at ¢+ = O we obtain that for any k € B,

[Cc,deX] =0 where dpeXj, = 3y ® dpx — 3y, ® dgs. (65)
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Formula (63) together with (65) and (60) then implies that

zc = Z Ank (Xln z') ® (dz'lk) + Z By (aqn ® dpn — ap" ® dq”) (66)
n,keA neB

for some matrices (Ank)n,ke A and (Bn)n B with constant elements. Note that in
view of the commutative diagram (56) and Theorem 3.1, the unbounded operator
L. on £2 x £ with domain h? x h2 has a compact resolvent. In particular, it has
discrete spectrum. Moreover, by Theorem 3.1 (i), zero belongs to the spectrum of

L. and has geometric multiplicity one. Since, in view of (66), the vectors X,

IS, Z. b
k € A, are eigenvectors of £, with eigenvalue zero, we conclude that A consists of

one element A = {no} and that B, # 0 forany n € Z\ {no}. Hence, the spectrum of
L. consists of { +iB, }n €7\ (o} and zero, which has algebraic multiplicity two and
geometric multiplicity one. This completes the proof of Lemma 4.1. O

Let {(x, y)} be the coordinates in R? equipped with the canonical symplectic
form dx A dy and let I = (x> + y?)/2. The proof of the following Lemma is not
complicated and thus omitted.

Lemmad.2 If F : R> — R is a C'-map such that {F,I} = 0 in some open
neighborhood of zero then d 0y F = 0.

Now, we are ready to prove Theorem 4.1.

Proof of Theorem 4.1 Take ¢ € C such that |c| ¢ 7Z and |c| > 7, and assume
that there exist gauge invariant local Birkhoff coordinates of the focusing NLS
equation in a neighborhood of the constant potential ¢.. In view of Lemma 3.1
and Theorem 3.1 (i) the spectrum of £, on iLf is discrete and contgins non-zero
real eigenvalues. On the other side, by Lemma 4.1, the spectrum of £, lies on the
imaginary axis. This shows that the two operators are not conjugated and hence,
contradicts the existence of local Birkhoff coordinates. m|
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1 Introduction and Main Results

1.1 Setting of the Problem

In this note we shall consider nonlinear scattering and decay properties for the one-
dimensional generalized Benjamin, Bona and Mahony (gBBM) equation [5] (or
regularized long wave equation) in the energy space:

(1 —Dus+w+ul) =0, (.x)eRxR, p=234,... (1.1)

Here u = u(t, x) is areal-valued scalar function. The original BBM equation, which
is the case p = 2 above, was originally derived by Benjamin et al. [5] and Peregrine
[33] as a model for the uni-directional propagation of long-crested, surface water
waves. It also arises mathematically as a regularized version of the KdV equation,
obtained by performing the standard “Boussinesq trick”. This leads to simpler
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well-posedness and better dynamical properties compared with the original KdV
equation. Moreover, BBM is not integrable, unlike KdV [11, 27].

It is well-known (see [12]) that (1.1) for p = 2 is globally well-posed in H*,
s > 0, and weakly ill-posed for s < 0. As for the remaining cases p = 3,4, ...,
gBBM is globally well-posed in H'! [5], thanks to the preservation of the mass and
energy

Mul(t) = %/(uz—i-u%) (t, x)dx, (1.2)
1 5 up—H
Elu](t) :=/(§u +p+1)(t,x)dx. (1.3)

Since now, we will identify H'! as the standard energy space for (1.1).

1.2 Main Result

In this note we consider the problem of decay for small solutions to gBBM (1.1).
Letb > 0Oanda > % be any positive numbers, and I () be given by

I1(t) == (—o0, —at) U ((1 + b)t,00), t>0. (1.4)
Theorem 1.1 Let ug € H' be such that, for some ¢ = ¢(b) > 0 small, one has
lluoll g1 < e. (1.5)

Letu € C(R, HY) be the corresponding global (small) solution of (1.1) with initial
data u(t = 0) = ug. Then, for I(t) as in (1.4), there is strong decay to zero:

[1_1)120 Nl g1y = O- (1.6)

Additionally, one has the mild rate of decay
o0
/ / e~colxtorl <u2 + ui) (t,x)dx dt <g, €2, (1.7)
2

where o is fixed and such that o > é oro =—(14+D>).

Remark 1.1 The case of decay inside the interval ((1 + b)¢, +00) is probably well-
known in the literature, coming from arguments similar to those exposed by El
Dika and Martel in [16]. However, decay for the left portion (—oo, —%th) seems
completely new as far as we understand, and it is in strong contrast with the similar
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decay problem for the KdV equation on the left, which has not been rigorously
proved yet.

Remark 1.2 Note that our results also consider the cases p = 2 and p = 3, which
are difficult to attain using standard scattering techniques because of very weak
linear decay estimates, and the presence of long range nonlinearities. Recall that the
standard linear decay estimates for BMM are O (t~'/3) [1].

Remark 1.3 Theorem 1.1 is in concordance with the existence of solitary waves
for (1.1) [16]. Indeed, for any ¢ > 1,

1 i 1/(p=1)
u(t, x) = =DV (/=@ —en), 0w = [ — ,
¢ 2 cosh?(Z5-s)

is a solitary wave solution of (1.1), moving to the right with speed ¢ > 1. Small
solitary waves in the energy space have ¢ ~ 1 (p < 5), which explains the
emergence of the coefficient b in (1.4). Also, (1.1) has solitary waves with negative
speed: for ¢ > 0 and p even,

ut,x):=—(c+H/®Do (,/#(X + ct)) ,

is solitary wave for (1.1), but it is never small in the energy space. The stability
problem for these solitary waves it is well-known: it was studied in [4, 7, 10, 34, 35].
Indeed, solitary waves are stable for p = 2, 3, 4, 5, and stable/unstable for p > 5,
depending on the speed c. See also [27] for the study of the collision problem for
p=2.

Remark 1.4 The extension of this result to the case of perturbations of solitary
waves is an interesting open problem, which will be treated elsewhere.

1.3 About the Literature

Albert [1] showed scattering in the L° norm for solutions of (1.1) provided p > 4,
with resulting global decay O(¢~!/3). Here the power 4 is important to close the
nonlinear estimates, based in weighted Sobolev and Lebesgue spaces. Biler et al.
[6] showed decay in several space dimensions, using similar techniques. Hayashi
and Naumkin [18] considered BBM with a diffusion term, proving asymptotics for
small solutions. Our result improves [1, 18] in the sense that it also considers the
cases p = 2 and 3, which are not part of the standard scattering theory, and it does
not requires a damping term to be valid.

Concerning asymptotic regimes around solitary waves, the fundamental work of
Miller and Weinstein [29] showed asymptotic stability of the BBM solitary wave in
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exponentially weighted Sobolev spaces. El Dika [14, 15] proved asymptotic stability
properties of the BBM solitary wave in the energy space. El Dika and Martel [16]
showed stability and asymptotic stability for the sum of N solitary waves. See also
Mizumachi [32] for similar results. All these results are proved on the right of the
main part of the solution itself, and no information is given on the remaining left
part. Theorem 1.1 is new in the sense that it also gives information on the left portion
of the space.

1.4 About the Proof

In order to prove Theorem 1.1, we follow the ideas of the proof described in
[23], where decay for an abcd-Boussinesq system [8, 9, 13] was considered. The
main tool in [23] was the construction of a suitable virial functional for which
the dynamics is converging to zero when integrated in time. See also [22] for
further improvements. In this paper, this construction is somehow simpler but
still interesting enough, because it allows to consider two different regions of the
physical space, on the left (dispersive) and on the right (soliton region), unlike KdV
for which virial estimates only reach the soliton region [24-26]. The virial that we
use here is also partly inspired in the ones introduced in [19-21], and previously in
[24, 28]. See also [2, 17, 30] for similar results.

2 Proof of Theorem 1.1

Let L > 0 be large, and ¢ = ¢(x) be a smooth, bounded weight function, to be
chosen later. For each 7, 0 € R, we consider the following functionals (see [16] for

similar choices):
. 1 x+ot 2 2
I(1) = §/<p( . ) (u —i—ux) (t, x)dx, @2.1)

+1
I(t) = f p <x ’2‘”) (%uz + ;‘: 1) (1, x)dx. 22)

Clearly each functional above is well-defined for H' functions. Using (1.1) and
integration by parts, we have the following standard result (see also [16, 23] for
similar computations).

and
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Lemma 2.1 Foranyt € R, we have

Loy = 2 1 u(1 -2
E(t)_i/ (o—)/q)u—l— /wu(—x)

1
_ /. p+1 _ / 1—82_1 p
—L(p+1)f<pu +L/<pu( D7 (u?),

and if v = (1 —32)~L(u + uP),

d, 0 [ (3 2 ot 1f .2
le(t)_sz¢<u +p+1u >+2L (p(v vy). 2.4)

Proof of (2.3) We compute:

2.3)

—J(I) = i/sﬁ’(u2+u§) +/<p(uuz + Uy llsy)

1
2L % (u + ’/‘2) +/‘Pu(ut — Upxx) — Z/‘P/uutx-

Replacing (1.1), and integrating by parts, we get

d

0 = i/w’(uz +u?) — /wu(u +uf), + % f(w’w“(l -3 u +uP)

=01+ I+ 1.

11 is already done. On the other hand,

1 1 p
h= [ o+ purey =7 [ v <2 + m) '

Finally,
I _ 1 / P 1 / 1 82 —1 P
3=-7 wu(u+u)+z Pu(l —0y)" (u+u”)
1 1
=— Z/(p’(u2+u”+l)+2/<p’u(1 — 3D u +uP).

We conclude that

d
Ej")Z%/ +—<o—1)/<ou+ /go’u(l—afrlu

_ 7, p+1 _ / _a2\—1l (. p
—L(p+1)/gou —G—L/gou(l 9;) (u)
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This last equality proves (2.3). O
Proof of (2.4) We compute:

d o a 2 | /
—J(t) = — 4+ — p+ +4 p
dtg( ) 2L /(p (u p+ lu ) o+ ulur

o

2
=57/ (»ﬂ + mu!’“) —/(ﬂ(u +ul)a (1= )~ (u +uP).

Recall that v = (1 — 82)~!(u + uP). Then

—/(p(u—f-up)ax(l ) ' w+uP) = /(p(l — %)y, = i o' W? — ).

Therefore,

d o Y 2 1
—9(t) = — _ = p+l _/ / 2_2.
Al 2L/‘0 (“ o >+2L ¢ 7=y

This proves (2.4). O

For o real number, define the modified virial
Ht) :=Hy @) :==T(t) + ad(t). (2.5)

From Lemma 2.1, we get (recall that v = (1 — 8)%)’1 (u + u®))

d , i
E%(r)—i/- +—(U(1+a)—1)/§0u+ /wu(l—ag) Y

1
12 2 7 p+l
— | — - (o= 1) | ¢u?
2L W =) L(p+ 1)( )/

+ %/w’u(l — )7 (uP).

Let also, foru € H!,

(2.6)

fi=0-0)"lueH. (2.7)

X

We have
1
/go/uz = /go/ (f2+2fx2+fxzx> -2 <p”’f2,

1
[oui=[o(re2rvri)-7 o
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and

[owa-aytu=[o(r2+72)- 55 [0

Additionally, we easily have
vl = 22 (=07 wh) + (-3 uh),
and similarly,
ve = f7 +2f(1= 8D 7 @)y + @1 = 8D ul)?, (2.8)
Replacing these values in (2.6) and rearranging terms, we get
d
Ej{(t) = Q@) + 8(r) + N(1), (2.9)

where

1 1
Q(t) 1= ﬁ(] +0)(1 +a)/go/f2 + i(a(3 + 2a) —a)/go/fxz

| " (2.10)
+ 57 (G +a)o —1) / o' f+ ﬁfqo’ffxx,
8(t) := _L( +a)—1) sz—i ///fZ_L ///f2
= gzt Te ¢ YN ALY A
(2.11)
and
N() = ZLfgo/ (2ra =7 @ + @ - od)7'ur)?)
— 57 [ ¢ ra—ad 7w, + @1 - o) 7hn)?) 2.12)
-1 [7+1 / 1— 2 -1 Py .
o =0 [t [oua = )
Now we consider two different cases.
Case x > 0 This is the simpler case. We choose ¢ := tanh, ¢ = 0, and 0 =

—(1 4 b) < 0, for b any fixed positive number. Note that ¢’ = sech’? > 0. Then
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Q(t) = ——b/ fz——(1+b)/<pf2——(4+3b)

[osi-spaen [

Now we recall the following result.

(2.13)

Lemma 2.2 (Equivalence of Local H I Norms, [23]) Let f be as in (2.7). Let ¢
be a smooth, bounded positive weight satisfying |¢”"| < A for some small but fixed
0 < A K 1. Then, for any a1, az, a3, as > 0, there exist c1, C1 > 0, depending on
aj and A > 0, such that

o [owsid < [o(ar+arvarivarl) < [ouvid.
(2.14)

Thanks to this lemma, we get for this case
9 ot = [ Rk o~ - [ i)
Case x < 0 Here we need different estimates. In (2.10), we will impose
1 - -
a=§(1+a), >0, and o =1.
We choose now ¢ := — tanh. Note that ¢’ = — sech> < 0. Then we have
~16L90) =20+5) [ 19172+ (-3+55) [ 10112

+a-1+0) [+ a+0) [10172.

Define g := |¢/|'/2 f = sech(%) f. Then we have the following easy identities

x 4ot 1 , (x4 ot
gx:sech( )fx Z(sech)( I )f

x+ot 1 x+ot
=sech< 7 )fx——tanh( 2 )g,

L

gr = sech( s ‘”) e (sech) ( s “) ity Gech)” (’“ +L‘”) f.
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and
X+ ot 3 X+ ot
&xxx = sech < L ) Srxx + z(seCh)/ ( L ) Sx
3 x+ot 1 x+ot
+ ﬁ(sech)”( I )fx + F(sech)”’( I )f.
Therefore,
1 2 x+ot x+ot
gxx:_ﬁg_ztanh( L )gx-l-sech( i3 >fxx
and
1 x+ot 3 3 x+ot x+ot
8xxx = _F tanh < I ) g_ﬁgx_z tanh (T) gxxt+sech <T> Srxx

Consequently, for L large enough,
—16LQ(1) =2<9+&)/g2+(—3+5&>/g§
~ 2 ~ 2 1 2., 2., .2
vaciea [@orara [daro(g [@raran).
Now we have for g € H3,

/(gxxx - ‘/zgxx + 38y — 3\/§g)2 > 0.

Expanding terms and integrating by parts,

/g)%xx_4/g)%x_3/g)%+18/gzZO-

We conclude that for 6 > 0 fixed and L large enough,

- - - 1.
—16L9(t) > U/gz —‘,—40/&% +3Gfg)%x + EG/-g)%xx'
Coming back to the variable f, we obtain for L even larger if necessary,

1. - ~ 1.
~16L90) = 56 [ 10172 +35 [11£2 425 [ 10172+ 35 [ 10112
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Then we have
A1) Ss.L —[ 012+ 2+ fa+ fRo) ~ —f 9|2 +u?).  (2.16)

From (2.15) and (2.16) we conclude that
Q1) < - f |91 + u?), (2.17)

providedo = —(1+b),b > 0,0or o > %. The terms in (2.11) can be absorbed by
this last term using L > 0 large and the fact that |¢"”’| < |¢'|. Finally, (2.12) can be
absorbed by (2.17) using (1.5) (provided ¢ is small enough compared with b), just
asin [15, 23]. See Appendix for more details. We get

%%(r) < - / 10| + u?). (2.18)

Therefore, we conclude that

o t
/ /sech2 (%) <u2 + ui) (t,x)dxdt <p &2, (2.19)
2

This proves (1.7). As an immediate consequence, there exists an increasing sequence
of time ¢, — o0 as n — oo such that

1,
/‘sech2 <x—i—%) <u2 + ui) (ty, x) dx — Qasn — oo. (2.20)

2.1 End of Proof of the Theorem 1.1

Consider J(¢) in (2.1). Choose now ¢ := %(1 + tanh) (for the right side) and ¢ :=
%(1 — tanh) (for the left hand side) in (2.1). The conclusion (1.6) follows directly
from the ideas in [26]. Indeed, for the right side (i.e. ((1 4 b)t, c0), b > 0 fixed), we
choose b = % and fix fp > 2. For 2 < t <t and large L >> 1 (to make all estimates
above hold), we consider the functional J;, (¢) by

1 +otg—o(to—t
Ji (1) 1=§/<p<x il LG(O )>(u2+u§) (t, x)dx,
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where 0 = —(1 4+ b) and & = —(1 + b). From Lemma 2.1, (2.13) with 5 > 0 and
the smallness condition (1.5), we have

d to—o(th—t
0™ S5 —/sech2 (’“LGO LG(O )>(u2+u§) <0,

which shows that the new functional J; () is decreasing on [2, fp]. On the other
hand, since lim,_, _ @(x) = 0, we have

lim sup/ © (m) (u2 + ui)(& x)dx =0,

t—>00 L

for any fixed B, y, § > 0. Together with all above, for any 2 < f(, we have

0< /(p (x_(lL—er)to) <u2 + ui) (to, x)dx

3 /w (x —(b=br-20+ b)) (MZ + “i) (2, x)dx,

L

which implies

t—>00 L

lim sup/go (ﬂ) <u2 + uf) (t, x)dx = 0.

A analogous argument can be applied to the left side ((—oo, —at), fixed a > %),
thus we conclude (1.6).

Remark 2.1 The understanding of the decay procedure inside the interval (—¢/8, ¢)
is an interesting open problem that we hope to consider in a forthcoming publication
(see [3]), at least in the case p = 2. See also [31] for similar recent results in the
KdV case.
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Appendix: About the Proof of (2.18)
In this section we estimate the nonlinear term

N0 =5 [ (0= )+ - o)

- / @ (2600 =) 7 W+ 01 = 0Dl ?)
1

p+1

(o — 1)/90’u”+1 +/(p’u(l -9~ (u?).

Clearly,

‘ 1

p+1 (@0 - 1)/(/”17“

Ser! / ¢/ u?,

which is enough. Now, recall the following results.

Lemma A.1 ([15]) The operator (1 — 83)_1 satisfies the following comparison
principle: for any u, v € H',

v<w = (1-)v<a-0)"w. (A1)

Also,
Lemma A.2 ([15, 23]) Suppose that ¢ = ¢(x) is such that

1-3)7"p) So), xeR, (A2)
for ¢ (x) > 0 satisfying |¢(") )| < ¢p(x), n > 0. Then, for v, w € H', we have
f Mol =)~ w?) < vllg wl?y? / pw’ (A.3)
and
/ $ve(1 =) WP < vl wl?y? / o (w? + w)). (A4)

Using (A.3) withn = 0,

V @u(l — a3~ (uf)

—1 2
55/|¢>’||u"| < b /|<p’|u .
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Using (A.3) with n = 0 and (A.4), we also have from || f || oo, || fxllLoe < llull g1

that
Vw’f(l — ) w?) se/w’nuﬂ 581"1/|¢’|u2

and

'/w/fxa — 3 (uP)y

58/|¢’||(u1’>x| 581"1f|¢’|<u2+u§).
For the rest terms, using (A.3) with n = 0 and (A.4),
[ =ad a2 < ia - whimer [ 1o
and
/ 10/ 1((1 = 97 0P S I = 0D W)l e~ / o1 (u? + u?).

Finally, ||(1 — 8%)_1(up)||H1 S luPllg-1 S eP. Gathering these estimates, we get
for some & small enough,

IN()| < 8/ || (? + u?).

References

1. J. Albert, On the Decay of Solutions of the Generalized Benjamin-Bona-Mahony Equation, J.
Math. Anal. Appl. 141, 527-537 (1989).

2. M.A. Alejo, and C. Muiloz, Almost sharp nonlinear scattering in one-dimensional Born-Infeld
equations arising in nonlinear electrodynamics, Proceedings of the AMS 146 (2018), no. 5,
2225-2237.

3. M. A. Alejo, M. E. Cortez, C. Kwak, and C. Mufioz, On the dynamics of zero-speed solutions
for Camassa-Holm type equations, to appear in International Math. Research Notices, https://
doi.org/10.1093/imrn/rnz038.

4. T. B. Benjamin, The stability of solitary waves. Proc. Roy. Soc. London Ser. A 328 (1972),
153-183.

5. Benjamin, T. B.; Bona, J. L.; Mahony, J. J. (1972), Model Equations for Long Waves in
Nonlinear Dispersive Systems, Philosophical Transactions of the Royal Society of London.
Series A, Mathematical and Physical Sciences, 272 (1220): 47-78.

6. P. Biler, J. Dziubanski, and W. Hebisch, Scattering of small solutions to generalized Benjamin-
Bona-Mahony equation in several space dimensions, Comm. PDE Vol. 17 (1992) - Issue 9-10,
pp. 1737-1758.

7. J. L. Bona, On the stability theory of solitary waves. Proc. Roy. Soc. London A 349, (1975),
363-374.


https://doi.org/10.1093/imrn/rnz038
https://doi.org/10.1093/imrn/rnz038

410 C. Kwak and C. Muioz

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

J. L. Bona, M. Chen, and J.-C. Saut, Boussinesq equations and other systems for small-
amplitude long waves in nonlinear dispersive media. I: Derivation and linear theory, J.
Nonlinear. Sci. Vol. 12: pp. 283-318 (2002).

.J. L. Bona, M. Chen, and J.-C. Saut, Boussinesq equations and other systems for small-

amplitude long waves in nonlinear dispersive media. 1I: The nonlinear theory, Nonlinearity
17 (2004) 925-952.

J. L. Bona, W.R. McKinney, J. M. Restrepo, Stable and unstable solitary-wave solutions of the
generalized regularized long wave equation. J. Nonlinear Sci. 10 (2000), 603—-638.

J. L. Bona, W. G. Pritchard, and L. R. Scott, Solitary-wave interaction, Physics of Fluids 23,
438 (1980).

J. L. Bona, and N. Tzvetkov, Sharp well-posedness results for the BBM equation, Discrete
Contin. Dyn. Syst. 23 (2009), no. 4, 1241-1252.

J. Boussinesq, Théorie des ondes et des remous qui se propagent le long d’un canal
rectangulaire horizontal, en communiquant au liquide contenu dans ce canal des vitesses
sensiblement pareilles de la surface au fond, J. Math. Pure Appl. (2) 17 (1872), 55-108.

K. El Dika, Asymptotic stability of solitary waves for the Benjamin-Bona-Mahony equation,
Discrete and Contin. Dyn. Syst. 2005, 13(3): pp. 583-622. https://doi.org/10.3934/dcds.2005.
13.583.

K. El Dika, Smoothing effect of the generalized BBM equation for localized solutions moving
to the right, Discrete and Contin. Dyn. Syst. 12 (2005), no 5, 973-982.

K. El Dika, and Y. Martel, Stability of N solitary waves for the generalized BBM equations,
Dyn. Partial Differ. Equ. 1 (2004), no. 4, 401-437.

P. Germain, F. Pusateri, and F. Rousset, Asymptotic stability of solitons for mKdV, Adv. in
Math. Vol. 299, 20 August 2016, pp. 272-330.

T. Hayashi, and P. Naumkin, Large Time Asymptotics for the BBM-Burgers Equation, Annales
Henri Poincaré June 2007, Vol. 8, Issue 3, pp. 485-511.

. M. Kowalczyk, Y. Martel, and C. Mufioz, Kink dynamics in the ¢* model: asymptotic stability
for odd perturbations in the energy space, J. Amer. Math. Soc. 30 (2017), 769-798.

M. Kowalczyk, Y. Martel, and C. Mufioz, Nonexistence of small, odd breathers for a class of
nonlinear wave equations, Letters in Mathematical Physics, May 2017, Volume 107, Issue 5,
pp 921-931.

M. Kowalczyk, Y. Martel, and C. Mufioz, On asymptotic stability of nonlinear waves,
Laurent Schwartz seminar notes (2017), see url at http://slsedp.cedram.org/slsedp-bin/fitem?
id=SLSEDP_2016-2017 A18_0.

C. Kwak, and C. Mufioz, Asymptotic dynamics for the small data weakly dispersive
one-dimensional hamiltonian ABCD system, to appear in Trans. of the AMS. Preprint
arXiv:1902.00454.

C. Kwak, C. Muifioz, F. Poblete and J.-C. Pozo, The scattering problem for the hamiltonian
abcd Boussinesq system in the energy space, J. Math. Pures Appl. (9) 127 (2019), 121-159.
Y. Martel and F. Merle, A Liouville theorem for the critical generalized Korteweg-de Vries
equation, J. Math. Pures Appl. (9) 79 (2000), no. 4, 339-425.

Y. Martel and F. Merle, Asymptotic stability of solitons for subcritical generalized KdV
equations, Arch. Ration. Mech. Anal. 157 (2001), no. 3, 219-254.

Y. Martel and F. Merle, Asymptotic stability of solitons for subcritical gKdV equations revisited.
Nonlinearity, 18 (2005), no. 1, 55-80.

Y. Martel, F. Merle, and T. Mizumachi, Description of the inelastic collision of two solitary
waves for the BBM equation, Arch. Rat. Mech. Anal. May 2010, Volume 196, Issue 2, pp
517-574.

F. Merle and P. Raphaél, The blow-up dynamic and upper bound on the blow-up rate for critical
nonlinear Schridinger equation, Ann. of Math. (2) 161 (2005), no. 1, 157-222.

J. R. Miller, M. 1. Weinstein, Asymptotic stability of solitary waves for the regularized long-
wave equation. Comm. Pure Appl. Math. 49 (1996), no. 4, 399-441.

C. Muiloz, F. Poblete, and J. C. Pozo, Scattering in the energy space for Boussinesq equations,
Comm. Math. Phys. 361 (2018), no. 1, 127-141.



https://doi.org/10.3934/dcds.2005.13.583
https://doi.org/10.3934/dcds.2005.13.583
http://slsedp.cedram.org/slsedp-bin/fitem?id=SLSEDP_2016-2017____A18_0
http://slsedp.cedram.org/slsedp-bin/fitem?id=SLSEDP_2016-2017____A18_0

Decay for gBBM 411

31. C. Muiioz, and G. Ponce, Breathers and the dynamics of solutions to the KdV type equations,
Comm. Math. Phys. 367 (2019), no. 2, 581-598.

32. T. Mizumachi, Asymptotic stability of solitary wave solutions to the regularized long-wave
equation, J. Differential Equations, 200 (2004), no. 2, 312-341.

33. D. H. Peregrine, Long waves on a beach. J. Fluid Mechanics 27 (1967), 815-827.

34. P. E. Souganidis, W. A. Strauss, Instability of a class of dispersive solitary waves. Proc. Roy.
Soc. Edinburgh Sect. A 114 (1990), no. 3—4, 195-212.

35. M. 1. Weinstein, Existence and dynamic stability of solitary wave solutions of equations arising
in long wave propagation. Comm. Partial Differential Equations 12 (1987), no. 10, 1133-1173.



Ground State Solutions of the Complex m)
Gross Pitaevskii Equation et

Slim Ibrahim

1 Introduction of the Model and Main Result

The possibility of condensation of bosons was predicted by Bose [4] and Einstein
[9, 10]. It was obtained experimentally for the first time in Anderson et al. [2],
Bradley et al. [5], and Davis et al. [8] in a system consisting of about half a million
alkali atoms cooled down to nanokelvin-level temperatures.

Gross Pitaevskii equation (GP) was introduced by Gross [12], Pitaevskii [22],
Pitaevskii and Stringari [23] and its variants are widely used to understand Bose
Einstein Condensate (BEC) in various systems.

The principal interest in BEC lies in its nature as a macroscopic quantum system,
and some of the dynamics of atomic BEC have been successfully described by the
GP equation, a nonlinear Schrodinger equation:

2
iﬁ%: (—ﬁ—A+V(X)+5II/f|2> 2 (GP)

2m

derived from the mean field theory of weakly interacting bosons. Here, ¢ = v (x, t)
is the wave function of the condensate, § is a constant characterizing the strength of
the boson-boson interactions, m is the mass of the particles, and V (x) is the trapping
potential.

A serious obstacle in the study of BEC in atomic systems is the extremely low
temperatures required to create the condensate. Because of this difficulty, other,
non-atomic systems are being explored that can undergo condensation at higher
temperatures. One possible candidate is a system of exciton-polaritons, which are
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quasi-particles that can be created in semiconductor cavities as a result of interaction
between excitons and a laser field in the cavity (see Kasprzak et al. [16], Coldren and
Corzine [6]). A two-dimensional quantum structure consisting of coupled quantum
wells embedded in an optical microcavity is used, and Excitons are produced in the
coupled quantum wells, that interact with the photons trapped inside the optical
cavity by means of two highly reflective mirrors. Due to this confinement, the
effective mass of the polaritons is very small: 10~ times the free-electron mass (see
[16]). Since the temperature of condensation is inversely proportional to the mass
of the particles, the exciton-polariton systems afford relatively high temperatures of
condensation.

Two drawbacks in this new condensate: The polaritons are highly unstable and
exhibit strong interactions. The excitons disappear with the recombination of the
electron-hole pairs through emission of photons. One way to deal with this problem
is to introduce a polariton reservoir: Polaritons are “cooled” and “pumped” from
this reservoir into the condensate to compensate for the decay.

Various mathematical models have been proposed for this new condensate (see
Keeling and Berloff [18], Sanvitto et al. [25], Wouters and Carusotto [27]). One
of them, called complex GP equation (see Keeling and Berloff [19]), is explored
in this work. This CGP equation reflects the non-equilibrium dynamics described
above by adding pumping and decaying terms to the GP equation. The Complex
Gross-Pitaevskii Equation reads

3
ia_lf = (A + V@) + YDV +ilo @) —aly )y, (GPPD)

where ¥ = v (x,t) is a complex-valued function defined on R2 x R, A is the
Laplace operator on R2, V(x) = |x|? is the harmonic potential, o(x) > 0 and
a > 0. The complex GP equation can be thought of as a complex Ginzburg-Landau
equation without viscous dissipation.

Iy

e = (A + V@) + [VPY +ilox) —alyHY +iAy, (CGL)

i
The absence of this dissipation makes it difficult even to get time-uniform estimates
of the solutions of this equation in an appropriate energy space.

Instabilities are most likely to occur: It has been observed in various experiments
on polariton condensates (see, e.g., Manni et al. [20], Ohadi et al. [21], Amo et al.
[1]) that as the pumping intensity increases, polariton-polariton interactions become
stronger, resulting in higher polariton dispersion and instabilities. Furthermore,
Ballarini et al. [3] have observed long-lived polariton states across a parametric
threshold of the pumping intensity.

A numerical approach has been introduced by Sierra et al. [26] who have
developed a numerical collocation method to (numerically) construct radially
symmetric “ground state”, and showed its linear stability. They used a “smooth”
Heaviside function. The original complex GP equation proposed by Keeling and
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Berloff [19] includes a Heaviside function for the pumping part. With the latter,
it is seen that the radially symmetric solutions have a discontinuity in the second
derivative. This discontinuity reduces the accuracy of the collocation method and
produces the Gibbs phenomenon in the splitting method due to the spectral part.

They observed the emergence of complicated vortex lattices after symmetry
breaking (as in Keeling and Berloff [19]). These lattices remain rotating with a
constant angular velocity, becoming the stable solution of the system.

Recall that the mass M, the Hamiltonian X, the action §,, (u > 0) and the
functional X associated to Eq. (GPPD) are given by:

M) = [ul7, . (1.1)
1 2 2 1 4 1 4

Hw) = S UVulla + lxulgo) + 5 lulizs = Fo) + 7 el (1.2)

8, (1) = —%M(u) + Hw), (1.3)

K(u) = /sz(x) — alu(x)[*)|u(x)* dx, (1.4)

respectively. Observe that

d
7MW @) =X @) (1.5)

and

d -
SHE @) = /Rz(" =y PYWI* + VIV P + VY = 2e(RY V) dx.

(1.6)
Identity (1.5) shows that, at least formally, the mass and the energy are pumped into
the system through the term io y involving the parameter o and they are nonlinearly
damped by the term —i|/|?y involving the parameter .. Contrarily to the complex
Ginzburg-Landau equation (when a dissipation term of the form i Ay is added to
the right hand side of (GPDP)), one cannot obtain time-uniform estimates of the
solution in the energy space. The complex Gross-Pitaevskii equation reflects the
non-equilibrium dynamics described above by adding pumping and decaying terms
to the GP equation.
Before going any further, we recall a few results about the linear equation without
dissipation and pumping. The equation then reads

2 cat v
ins = ().
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We define the energy space ¥ := H YR N {u : xu e L?*}, endowed with the
L2-scalar product (u, v); = f]R2 u(x)v(x) dx, by

12
(u, v)5 = (Vat, Vo)a -+ Cett, x0)2 4+ e, )2 5 ully = IVul3+ 1+ (- 2]

Also, define the dual space X* of T as follows. For any v € X*, there exists a
unique # € X such that Hyu = v with the norm on X* given by

| Houllsx = [lvlls= := [lullx.

Recall that |-|| , is the norm in L” (R?%). It is well known that the unbounded operator
Hp := —A + V defined on

D(Hp) :={ueX: Hyu) e L*R>)}

is self-adjoint. Moreover, the lowest eigenvalue of Hy denoted by w = 2 is simple
- . 2 .

with eigenfunction e(x) = \/Lj?e"" /2 Notice that (e, w;) can be constructed

variationally as

o1 .
®w] = min —/ |Vu|2 + |)c|2|u|2 dx := min Hy.
lull2=12 Jg2 llull, 2=1

In particular, for any u € D(Hp), we have
20ull3, < llxuli, + [ Vull3,.
For more details, we refer for example to [17].
Now, suppose ¥ (x, 1) = Q(x)eM is a solitary wave with a complex chemical
potential u = w, + iu;, then
Yx, 1) = Qx)etie

and the wave would grow exponentially fast as |1| — oo if u; # 0. To avoid this, we
assume that @ = u,. Equation (GPPD) then yields the following stationary problem
for Q:

RO =(=A+VW)+I0P)Q+i(c(x)—alQ)Q,  QeT\{0}. (u-SP)
Multiplying (14-SP) by Q and integrating gives the following identity.

HM(Q) = 23(Q) + 1/2[1 Q1174 +iK(Q).
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The condition for the chemical potential u of being real is then equivalent to the
fact that Q is a zero of X.

It is important to emphasize that due to the presence of the dissipation and
pumping mechanisms, we find it hard to apply the standard variational or PDE
methods to construct soliton-type solutions of (GPPD) (i.e. a solution Q of (u-SP)).
In this paper, our idea to construct a solution of (-SP) with real chemical potential
u goes along a perturbative way by introducing a small parameter factor in the
dissipation and pumping term. More precisely, for all ¢ > 0, consider

oy

5, = AV + [ ) +ie(o(x) — aly|?)y, (GPPD,)

i
and its corresponding stationary equation
RO = (—A+V@+IQP)0+icl@@ —al0HQ Qe T\{0}. (u-SPy)
The object is to construct a solution (Q,, i) in the form
Qe = Q0 + Ve, and e = g + We,

where the approximate solution (Q%, u) will be given explicitly, and (Y, g) is
an error term. The main result of this paper reads as follows.

Theorem 1.1 Assume that o(x) > 0 is the Heaviside function. There exist a
positive gy small enough and ag > 0 such that, for any 0 < ¢ < &y, and
o < o, the complex Gross-Pitaevskii equation (GPPD;) has a solitary wave
solution W& (x, 1) = e QF (x) with (Q, jtg) € X X (2, 00) solving j1-SPs.

Remark 1.1 It would be very desirable to extend the branch of standing wave
solutions we constructed for ¢ small to all values of e. Unfortunately, so far we
were not able to do so given the non-equilibrium structure of the model.

2 Idea of the Proof

The main idea of the proof goes as follows. Plugging the Ansatz
Qs = Q0 +&(Q1y +iQ1) + (2 +i021) + (03, +i03) + -
and
[e = o + ety +e2pa + ez + - -

into (GPPD) and taking into consideration the constraint X(Q,;) = 0 gives the
following relations
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Qok41,r = Q242,i =0, and 41 =0
forallk =0, 1,2, - - -. In addition, Q¢ has to solve
nQ =(—A+V@+10H0. Qexz\{0} (1-SPo)

with the constraint X(Qg) = 0. The first step then is to construct such a Qg. Next,
in order to define Qo41,; and Qo ,, we proceed as follows. Denote by

L_:=—A+V+ 0% — o,
and
Ly := —A+V+3Q(2)—,u().

A fundamental property satisfied by L _is given by the following proposition.

Proposition 2.1 Let < Qg > be the subspace of ¥ consisting of all functions
L?-orthogonal to Q. Then we have

ker(L_) ={Qo}, and L_:< Qo>"—< Qo> s bijective.
and
L, :X — X* s bijective, for large a.
We refer to [14] for complete details. Now, since K(Qqg) = (Qop,(c —
a|Q0|2)Q0)2 = 0, then thanks to Proposition 2.1, one can uniquely define Qy;
by
L_Qy; == (| Qol* — 0) Qo.
Now, define 0>, and Q3; by
L1 Qo = 1200+ (0 — @l Qo) Q1 — Q0 01, 2.1

and

L-Q3 = (202 Q0— 071) Qi+ 1201i +(2+a) 05 —0) 02 + 0}, Q0. (2.2)
The bijectivity of L, enables us to determine Q,,, and again the regularity of Qg

shows that Q», € Dom(L). Thus it only remains to determine the coefficient us,
and Q3;. They are uniquely calculated by the orthogonality condition

(L-Q3i, Q)2 =0.
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Indeed, substituting Q», (given by inverting (2.1)) into (2.2) gives

L_Q3 = 201 + (2 + @) 03 — 0 +20001) L7 Qo] + 03, 00— 03, (2.3)
QR+ a0} — 0 +20001)LT (0 — 0} Q1i — 0003;). (24

Now since (Qo, Q1i)2 = 0, then clearly

(L@ +@) Q5 — 0 +200011), Qo) = | Qoll7, # 0.

which ensures that u is uniquely determined in terms of Qg, Q1,; which were
already defined. Then Qs3; follows by inverting L_ using the orthogonality
(Q3i, Qo)2 = 0. To this end, a fixed point argument enables us to construct
(Qe, 1Le) as a perturbation of the approximate solution

0% := Qo +ieQy; +e* Qo +ie’ 03, and pl = po+e’pua. (2.5

3 Sketch of the Proofs

3.1 The Case Without Energy Pumping and Dissipation

Here we focus on the problem without pumping and decay of the energy, that is
when ¢ = 0. We start by recalling a few know fact about the space X, for which the
proof can for example be found in Kavian and Weissler [17].

Lemma 3.1 The Hilbert space ¥ is compactly embedded in LP (R?) for any p €
[2, 00).

Throughout this paper, we suppose that ¢ > 0 in L™ (R?).

Lemma 3.2 For any M > 0, there exists a unique vy € X solving the following
constrained variational problem:

Var) s punr = inf(H(w) : / W2 = M);

In addition, vy is non-negative, radial and radially decreasing.

Proof 1t is sufficient to show the existence of a minimizer of (V7). The uniqueness
of the minimizer follows directly from the strict convexity of the functional J{(.

Now let us fix M > 0, let (v,) be a minimizing sequence of (Vjy), i.e.,
limy,— 00 H(vy) = paar and [ v2 = M. Then

1 2, ] 2
Hvn) = SVl + S lxvnlla-
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Therefore, we can find Kj; > 0 such that
IVvall3 + llxvall3 < K.

This implies that

lvall3 < M + K. 3.1)
Consequently, there exists # € X such that

v, ~u in X.

This implies, thanks to Lemma 3.1, that v, — u in L?(R?) and L*(R?). Thus,
we certainly have that [ u? = M implying that u is non-trivial, and by the lower

semi-continuity, we can write:

Hu) <liminfH(v,) = wpy.
n

Therefore, H(u) = wp. On the other hand, let u be the unique minimizer of (Vyy),
then u is a non-negative function in X since

H(lul) < H(u), and M(|lul) = M(u).
Furthermore, by standard rearrangement inequalities [13], we have:
H(ul*) < FH(|u)).

O

The next Lemma, addresses the regularity of the Hamiltonian 3, as well as the map
M — uy.

Lemma 3.3
HeC(Z,R). ()
19 @)1 < Cllulls + lulz} forall € X. (ii)
the function M — upy = H(vy), is continuous on (0, 00). (iii)

Proof The proofs of (i) and (ii) follow from standard arguments. For example, we
refer to reference [15], and we just prove (iii). Fix M > 0. Let M,, C (0, 00) be a
sequence of positive real numbers such that M;, — M. We will first prove that

lim sup uar, < fur- (32)
n
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Let (v,) be a sequence such that f v,zl = M and H(v,) — wup. By (3.1), we can
find L > 0 such that

2
llvnlly = L.

Now let w,, = %vn, then [ w? = M, and

n Mn
lvp —wyllg = 11— ﬁ'”v””E <|1- ﬁ'L

forany n € N.
Therefore, we can find n¢ such that

lvn —wnlls =L +1
for any n > ng.
It follows from (ii) that we can find a constant K (L) such that ||H'(u)|y-1 <

K (L) forallu € X such that |Ju||ly <2L + 1.
Thus, for all n > ng,

1
|H(wp) — H(vp)| = ‘/ ig{(l‘wn + (1 —tvy)dt
o dt

< sup (FH@lg-illve = walls
s <2L+1
M,
< K(L)L|l — —*|.
M

Consequently, up, < H(w,) < H(v,) + K(L)L|1 — %l.
Then lim sup ny, < limH(v,) = pup and then

limsup ey, < par- (33)
Now let us prove that if M,, — M, then
uy < liminf “m, - (3.4

For all n € N, there exists (v,) a sequence of functions in X such that f v,% =M,
and

1
wm, < H,) < um, + .

Combining the proof of (3.1) and (3.4), we can find K > 0 such that ||v,|s < K
for all n € N. Setting w,, = Mﬂnvn, we have that [ w? = M and
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I = < 1
v w K .
n nll = M

Thus, following the proof of (3.4), we certainly get:

H(w,) — H(vy)| < L(K)K |1 ﬂ
|FH(w,) — vp)| < L( _M.

n

Consequently, we have:

1 M 1
um, = H(y) — = = H(w,) — LIK)K[T — —[ — —,
n M, n

yielding liminf ppg, > s as desired. |
Proposition 3.4 Let (M,)) C (0, 00) be a sequence of positive real numbers such
that M, — M. Denote by vy, the unique minimizer of (Vy,), and vy the unique
minimizer of (V). Then

Kwm,) — K(vm),
and

Hwm,) = H(vy).

Proof We will first prove that there exists # € X such that vy, converges weakly in
Ytou (vy, — u in X). First obviously ||vy, ||% < A. Now noticing that

L1 0ag, 13+~ ovvms, 13+ ~ o, 12
= — v —|([XV — ||V N
MM, ) My i3 7 S IXUM, 112 7 7 1VM, 4
one has
1 2 1 2
um, = = IIVor, I3 + = llxvm, 115-
2 2
Therefore, using (3.4), there exists a constant B > ( such that
lom, s < B.
Thus, (up to a subsequence), there exists u € ¥ such that
vy, — U in X.

Now using Lemma 3.1, we have that
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vy, — i in L2(R*) N L*R?).
In particular, | 2 = M. Thus,
uy < H@w) <liminf H(vy,) = liminf uyy,

and then JH(u) = pp. This shows that u is the unique minimizer of (V). To end
the proof, we need to show that

/U(x)v%,,n(x) — /U(x)v%,,(x) (3.5)

and

/vﬁ/,n(x) — /vﬁ,,(x). 3.6)

To prove (3.5), it is sufficient to notice that o € LOO(RZ) and v, — v in Lz(Rz),
while (3.6) follows from the fact that v, — u in L*(R2). O

Always in the case ¢ = 0, and within the class of minimizers we have just
constructed, we would like to intersect it with the co-dimension one manifold
characterized by the zeros of the functional K. Before doing so, let us first fix our
assumptions on the decay and pumping parameters. Throughout this section, we
suppose that:

(Hp) There exists R > O such thato(x) > 0,V |x| < R.
(Hy) o € L®(R?).
(Hp) a>0.

The first preliminary result is the first iteration. We can choose a ground state with
the following property.

Proposition 3.5 There exists a non-negative radial function Qo € X and puy > 2
solving (u-SPg). Moreover, Qg satisfies

X(Qo) = 0.

Remark 3.1 As explained in the section Idea of the proof, (Qg, (o) will be the first
approximate solution in the iteration process to construct the full solution (Q,, ()
of (.-SPy).

To construct a nonlinear solution to («-SPp), one can use several techniques.
Variationally, for any given amount of mass M > 0, we have shown that a radial
positive solution (uys, (tar) to (u-SPg) can be constructed through the following
minimizing problem



424 S. Ibrahim

upy = H@y) ;= min  H(u).
lul? , =M

Moreover, this family of solutions coincides also with the one constructed using
bifurcation arguments pioneered by Crandall and Rabinowitz [7]. Indeed, (u, )
is a solution to (u-SPy) if and only if (I — uK)u = N(u), where K = A~!B,
N = A~'G’(u), and the operators A, B and G are defined by

A:¥ —> T forany u,ve€X; < Au,v >:= (Vu, Vv)s + (xu, xv)7,
B:¥Y — ¥% forany u,ve€X; < Bu,v>:=(u,v),

and
| E—
G:X—>R, forany ueX; Glu) = —Z||u||L4.

The following proposition shows that a local branch of solutions of (-SPp)
emerging from the linear solution (e1, 1) can be constructed. This is in particular
helpful to show that the spectral assumption on L is satisfied when the value of «
is sufficiently large. We refer to [14] for its proof.

Proposition 3.6 There exists no > 0 such that for all 0 < n < no, a solution
u(m) € X, u(n) > 2 of (u-SPy) exists such that

u(n) = ney +nz(n),

with z € 3, z(0) = 0 and (z(n), e1)2 = 0.
Now, we are ready to prove Proposition 3.5.

Proof of Proposition 3.5 1t is sufficient to prove that the functional X changes sign
when the mass varies. Then the conclusion will follow using Lemma 3.3. On the
one hand, by the Gagliardo-Nirenberg inequality, there is a constant Cy > 0 such
that forany u € H 1 we have

Il s < Cll Vaull 2 ull3 .

On the other hand, multiplying (£-SPg) by # and integrating shows that any solution
u of (u-SPy) satisfies

2 2 2 4
wllullys = I1Vullyo + llxully, + llull; 4
Thus, if [|u||?, = M we have

4 2
lullzs S M7 pp-
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this shows that if M < 1 then up < 1 and thus K(up) > 0as M — 0. Now, we
just need to show that K (u,s) becomes negative for large masses. In fact, first we
will show that
H(up) < M2, as M — oo. (3.7)
If we let Hing(u) := S (llxull?, + Lull?,). then clearly
Hint(up) < Hup).

Now, we will explicitly calculate

vy = iznf Hint(), u € Zing,
lull? =M

where Ziy = {u € L2(R?), u € L*(R?) : f Ix|2u? < oo} with the norm
lullgs = Nuell2 + lleella + fllcloell2.

Let (1), be a minimizing sequence of vy, that is
lenlZs = M, and 2 (lxunl + 2 lunlt) — (3.8)
unll; =M, an > xunlly 2 > unllys VM. .

From the above bounds, let us just denote by u (instead of ), an L2-weak limit of
(un). Denote by f,, := u,zl First we show that || /|| .12y = M. Up to an extraction,
we may assume that a subsequence of ( f;;) (also denoted by ( f;,)) converges weakly
to f in the sense of distributions; that is for any ¢ € Cg° (R?) (smooth and compactly
supported function), we have

/(pfndx—>/ of dx.
R2 R2

To show strong convergence in L', we observe that (see for example [11])

limsup [[f — fllpr = Cfns = 1,2, ),

where, for any subset A = {f,,, n = 1,2,3,-} C L1(R?), the function C(A)
introduced by Rosenthal [24] is given by

C(A) = inf sup sup/ fndx.
A

€ |Al<e n
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In our case, we take A = {f,;, n = 1, 2 - -}. Using Holder inequality and the above
bounds (3.8), we have for any R > 0

/ 1
/f,, dx < A /f,% dx+—2/ x|? f dx
A A R* Jan{ix|>R)

1
5«/5+F,

which clearly shows that C({f,,, n = 1,2, --}) = 0, and thus ||u, — u|;2 — 0 and

IfllLrm2y = ||u||i2 ®) = M, as desired. Moreover, by the lower semi-continuity
of the norms, we have

1 1 1 1
3 (nxuniz - Euun‘;) = SUP Sl + S 12172

S| > 1 4
< 111r}11nf§ lxunll7, + illun”Ut <vum.

If the estimate was strict, that would contradict the minimality of vy. The
convergence is therefore strong in u, — u, and at the minimum we have

|x|2u +ud=vu, W=@w- |x|2)Jr

yielding
2 2 T2
M=||uM||Lz=f(v—V>+dx=/ 0 — Py dx = Zo2,
R? {Ix2<v) 2
and
4 _ 2 2 gy = _ 22d<n3~M%
lumll; s = 2(\) x4 [ul” dx = 2(V [x]9)3 dx < 3V .
R R

Now we mollify u s in order to get an upper bound for vy,. Set

1

i = (0= DI +1) =1 wy = VM

Nl

Calculating ||i ps ||i2 shows that

H 2
il = [ (4 0h=1) ds b as Moo ()

Moreover, similar calculation enables us to see that
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~ 2 3 ~ 2
IV, S v and lxlipl?, S v

In summary, in virtue of (3.9) and (3.10), we have

S M3,

2 2
lwpl? =M and  [lxlwy 3,

which implies, thanks to the fact H(upr) < H(wyy),

3
luml?, =M, and  |xuml?, S M2, as M — oo.

L2 ~

The above estimates automatically imply

3
2 4
M2 S lluwllds.

427

(3.10)

(3.11)

(3.12)

Indeed, if (3.12) does not hold, then there would exists a sequence M;, — oo, and

uy satisfying

3
< M?

2 2
lunll;. =My and |l|xfunll;> S
L L

and

[S1I9)

M,

n

4
ity <

But the following estimate, true forall R > O andn € N

3
2

2 n 2
lnllye S i + Rllualls

3 3

M;? M}
S —5 +R—
R ns

1
Now choosing R = M,fné, gives the bound

L

1
n4

leading to a contradiction by taking n — oo. Clearly, (3.12) shows that K(u )

becomes negative as M — oo which finishes the proof.

O
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3.2 The Ground State

The main result of this section is the following.

Theorem 3.1 There exists eg > 0 such that for all 0 < ¢ < &g, Eq. (GPPDy) has a
solution (Qg, (tg) € X X (2, 00) that can be decomposed as

(Q¢, 1) = (Q:;Z + Ve, M? + Ke), (3.13)

with '(ﬂg = wa,r + i'(pg,[ Satl.Sfyl.I’lg
licel + e, lls < & (3.14)
IWeills < €. (3.15)

Here, (Q%, ul) is the approximate solution that we constructed.

Proof of Theorem 3.1 First, we write an equation for (Q,, u.) being a solution of
(n — SP¢). We start by further decomposing Qg = Qf . + i Qg ; and observe that

101> = 108,17 + 108 ;1> + 208 We.r + 208 Ve + |[Wer [P + [Wei .

Substituting this in equation (1«-SP,) and splitting the real and imaginary parts, we
obtain

(e + k) (0%, + Vo) = (—A+V +10:/(0%, + Ve.r)
—e(0 — | Qe|)(QL, + Vi), (3.16)

and

(e + 1) Q% + Vei) = (A +V +1Q:1) (0% + Vi)

+e(o — a|QelH(QL, + Ver) (3.17)

respectively. The identity coming from the real part can be rewritten in the following
way.

Live, = 0%, — (A +V +10%) e, + 60 —al 0402,
+ ke Q8 + e Ve, —20%,0% Ve +£(0 — a| Q4PYE,
= 200 1P + KkeWer + Ver RO% Ve +208 Ve + WL, + U2
— Ve (208 Ver +20% Ve + UL, + VL)
=k Q0 + 8101 + Fe (Ve Vi ke)
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where ¢ is given by

@1 := 1202 — 073 Q2r— (03,4203 01:) Qo+(0—a 0}) 03— (2Q0 02+ 07) Qi

and F; can be easily be explicitly computed. In particular it satisfies

6
”Fﬁ(wﬁ,ra ws,i’ Ke)lls 5 &

The identity coming from the imaginary part can be rewritten in the following way.

L yei = plQl; — (~A+V +10¢H0¢, —e(o —a| Q4P 0L,

ke Q8 + 2 paVe i — 20% (0% Wer + Q% Wei) — £(0 — | Qo)) e,
260¢ (0% Ver + Q% i Wrei)

— 20 i (8 Wer + O Vei) + 26V 1 (O Wy + O Vi)

+ 808, (W2, + V2 ) = Ve i (W2, + V2D + e (W2, + V2 + e
= (ke Q1i + (2 + @) Qf — 0 — 200011 Ve.r)

+ 8502 + Ge(Qerr Qeni Ke)

+
+

where ¢, is given by
@2 :=— (20002 + Qi-)Qsi - (Q%r +201i03)01i
+ (20002 + 07) 02 + (03, +201: 03) Qo

and G, can be explicitly computed. In particular it satisfies

7
”Gs(ws,r, Iﬂs,ia ke)lls S & .

Now we define amap &, : ¥ x ¥ x (0,00) - X x ¥ x (0, 00) by

q’a(‘pa,rv 1Ze,is Ke) = (Wa,ra %,i, Ke)

where, (Ve r, Ye.i, ke) solves

Live, =k:Q0+ 84‘P1 + Fe(&s,r, I/Nfzz,is Ke)

Lo = e(k: Q1 + (2 + @) QF — 0 —20001) Ve r)
+ 85(p2 + Gs(lzfs,r, st,iv Ke),

(L_e,i, Qo)2 =0.

(3.18)
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Now the purpose is to show that there are positive constants Cy, C, and C3 such that
the above map is a contraction on the ball

. . 4 4 5
Be :={(Yer, Yeirke) i kel < C167, Werlls < Cag™, |[Yeills < C3e7},

for ¢ > 0 sufficiently small. The ball B, is endowed with the norm

kel Nerlls  Veills
9 - 9 - . 3.19
ax { Cye* Cre* Csed ( )
Thanks to the equation for ¥, , and the invertibility of L., we can write
Ver = ke Q' (o) + e LT (00) + LT (Fe (e, Ve n ko). (3.20)

Plugging the above identity in the equation for v, ; we obtain
L i =eke(Qri + (2+0)0F +20001; —0)0Q (o)
+62 (2 + @) 05 +20001,; — o)LL (91) + LI (Fe (e, Ve i, o))

Since,

(01 + (24 @) QF — 20001 — ) Q' (o). Qo), = 1 Qol13,

then the choice of
Ke = — ||Q “ / Qogi dx——/ QoL (Fe(Wrer, Ve iv Re)) dx
0

makes

(L_Vei, Q0)2=0
which enables us to invert L _ and thus calculate v/, ;:
Yei = e L2 (Q1i + (2 + ) QF — 20001, — 0) Q' (110))
+ LT LY (Fe (e Ve Re))
+& L7 ((2+ )05 — 20001 — ) LT (@) (3.21)
Let

_ 2l
1Qoll,2"
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C2 =2(C1lQ"(o)lls + IL5 (@D)lx),

and

C3:=2C1ILZN(Q1; + (@ + @) Q% — 20001, — 0)0'(10))lIx
+ 2L (@ + @) 0] — 20001, — )L (o) lIs

To show that @, is a contraction, consider (¥, ~é‘i, &%) and (Y2, &fl i) in the

ball B, and denote by (7 9., k%) and (yl . yb Kf) their respective images

er> Ve &1’ Ve’

through the map ®.. We have
1 _ b b~ 0 ta o~
Ke =kl — kb = g /R QoL [Fe(l, Wl &Y — Fe(B2, 0, k)] dx,

Ver =V, — vl =k Q' (o) — LY (Fe (WL, 0L, kD) — F(02 . 02, D)),
and

Vei =Yg, — lﬂf,r =ei: L2 (01, + (2 + @) 0F — 20001, — ) Q' (10))
— LT L (P, 0l kD) — Fe(E 0E . kD).
Estimating «¢, ¥¢ » and ¢ ; using the above bounds on F; and G, yields

5 5 6
kel S € Werlls S, Weills S
showing the contraction of the map ®.. O
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1 Introduction

The KP-II equation
3y (yu + u + 30, (u?) +300;u =0 forr>0and (x,y) €R>, (L)
where o = 1, is a generalization to two spatial dimensions of the KdV equation
du+ 33u +30,(u?) =0, (1.2)

and has been derived as a model to explain the transverse stability of solitary wave
solutions to the KdV equation with respect to 2 dimensional perturbation when the
surface tension is weak or absent. See [15] for the derivation of (1.1).

The global well-posedness of (1.1) in H* (R%) (s > 0) on the background of line
solitons has been studied by Molinet et al. [28] whose proof is based on the work
of Bourgain [3]. For the other contributions on the Cauchy problem of the KP-II
equation, see e.g. [8—10, 13, 35-38] and the references therein.
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Let

@c(x) = csech? (\/gx) c>0.

Then ¢.(x — 2ct) is a solitary wave solution of the KdV equation (1.2) and a line
soliton solution of (1.1) as well. Transverse linear stability of line solitons for the
KP-II equation was studied by Burtsev [4]. See also [1] for the spectral stability of
KP line solitons. Recently, transverse spectral and linear stability of periodic waves
for the KP-II equation has been studied in [11, 12, 14].

If o = —1, then (1.1) is called KP-I which is a model for long waves in a
media with positive dispersion, e.g. water waves with large surface tension. The
KP-I equation has a stable ground state [7] and line solitons are unstable for the
KP-I equation except for thin domains in R? where the 2 dimensional nature of the
equation is negligible (see [31-33, 40]).

Nonlinear stability of line solitons for the KP-II equation has been proved for
localized perturbations as well as for perturbations which have 0-mean along all the
lines parallel to the x-axis [22, 23].

Theorem 1.1 ([23, Theorem 1.1]) Let co > 0 and u(t, x, y) be a solution of (1.1)
satisfying u(0, x, y) = @¢(x) + vo(x, y). There exist positive constants &y and C
satisfying the following: if vo € 9, L*(R?) and |lvoll 22y + Il Dx|"?voll 22y +
|||Dx|*1/2|Dy|1/2v0||L2(R2) < &g then there exist C'-functions c(t, y) and x(t, y)
such that for everyt > 0and k > 0,

lu(t, x, ¥) — @ee.y)(x —x(&, Y) 22y < Cllvoll 2, (1.3)
let. ) — coll gy + |8y ) ey + 132, ) = 2e(t, gy < Cllvollz
(1.4)
. 2 —
lim (||ayc(t, Mo + Hayx(t, .)) deR)) -0, (1.5)
and for any R > 0,
tl_lfgo ||I/l(t, x + -x(tv )’), y) - wc(l,y)(x)||L2((X>_R)XRy) =0. (16)

Theorem 1.2 ([23, Theorem 1.2]) Let c9 > 0 and s > 1. Suppose that u is a
solutions of (1.1) satisfying u(0, x, y) = @¢,(x)+vo(x, y). Then there exist positive
constants gy and C such that if || <x)SUO||H1(R2) < &0, there exist c(t, y) and x(t, y)
satisfying (1.5), (1.6) and

lu(t, x, y) — @er.y)(x — x(2, y))lle(Rz) < C||(X)SU0||H1(R2) ) (1.7
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lle(, ) = coll gy + |3yt ) | ey + e (1, ) = 2¢(t, )l ey
< Cllx) voll g1 w2y (1.8)

foreveryt > 0andk > 0.

Remark 1.1 The parameters c(fy, yo) and x(tp, yo) represent the local amplitude
and the local phase shift of the modulating line soliton @, y)(x —x (¢, y)) at time fy
along the line y = yo and that x (¢, y) represents the local orientation of the crest
of the line soliton.

Remark 1.2 In view of Theorem 1.1,

lim sup(le(t, y) — ol + |, (. 1)) = 0,

yeR

and as t — 00, the modulating line soliton ., y)(x — x(¢, y)) converges to a y-
independent modulating line soliton ¢, (x —x(z, 0)) in L*((x > —R) x (ly| < R))
for any R > 0.

For the KdV equation as well as for the KP-II equation posed on L?(R, x Ty),
the dynamics of a modulating soliton ¢.)(x — x(#)) is described by a system of
ODEs

c>~0, x2~2c.

See [30] for the KdV equation and [26] for the KP-II equation with the y-periodic
boundary condition. However, to analyze transverse stability of line solitons for
localized perturbation in R?, we need to study a system of PDEs for c(z, y) and
x(t,y)in[22,23] as is the case with the planar traveling waves for the heat equations
(e.g. [16, 20, 39]) and planar kinks for the ¢4-m0del [5].

By analyzing modulation PDEs, it turns out the set of exact 1-line solitons

ﬂ(:{(pc(x+ky—(2c+3k2)t+y)|c>0, k,y e R}

is not stable in L2(R?).

Theorem 1.3 ([22, Theorem 1.4]) Let ¢co > 0. Then for any ¢ > 0, there
exists a solution of (1.1) such that |u(0,x,y) — Yol 2wy < € and

liminf, o0 1~ /*infyeq lu(r, ) — vl ;2@®2) > 0.

Remark 1.3 Theorem 1.3 is a consequence of finite speed propagation of local
phase shifts and the fact that the line solitons have infinite length in the R? case.
Indeed, the phase x (¢, y) has jumps around the points y = £+/8cot.

Such phenomena are observed for Boussinesq equations in the physics literature.
See e.g. [29] and the reference therein.

The following result is an improvement of [22, Theorem 1.5].
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Theorem 1.4 Let co = 2 and u(t) be as in Theorem 1.2. There exist positive

constants €y and C such that if ¢ := [[(x)({(x) + (y)voll g1 w2y < €o, then there
exist C! -functions c(t, y) and x(t, y) satisfying (1.3)—(1.6) and

H (c(t ) B (2 2 ) (@(r, y +4t))
xy(2,-) I =1/ \ug(t,y —41)

ast — 0o, where u§ are self similar solutions of the Burgers equation

= o(st~ %) (1.9)
L2(R)

diu = 207u & 49, (u”)

such that
+my Hy (y)
2(1+mx [§ Hu(y)dyr)

and that my are constants satisfying

H(y) = (4rrt)~ =14

uz(t,y) =

+ 1 2
/uB(t,y)dy=Z/ (c(0,y)—2)dy+ 0().
R R

Remark 1.4 Since (1.1) is invariant under the scaling u +— Azu(k3t, Ax, )uzy), we
may assume that cp = 2 without loss of generality.

Remark 1.5 The linearized operator around the line soliton solution has resonant
continuous eigenvalues near A = 0 whose corresponding eigenmodes grow
exponentially as x — —oo. See (2.1)—(2.3). The diffraction of the line soliton
around y = 34t can be thought as a mechanism to emit energy from those resonant
continuous eigenmodes.

If we disregard diffractions of waves propagating along the crest of line solitons,
then time evolution of the phase shift is approximately described by the 1-
dimensional wave equation

X = 8coxyy .

It is natural to expect that sup, yeR |x(t, y) — 2cot| remains small for localized

perturbations although the LZ(Ry) norm of x (¢, y) — 2cot grows as t — 00.
Our main result in the present paper is the following.

Theorem 1.5 Let u(t, x, y) and x(t, y) be as in Theorem 1.2. There exist positive
constants &y and C such that if ¢ = [(x)({(x) + (YDvollg1rey < €0, then
SUP; >0, yeR |x(t,y) — 2cot| < Ce.

Moreover, there exists an h € R such that for any § > 0,

lim;_, oo [|X(2, ) — 2cot — h||L°°(|y|<(M—5)t =0, (1.10)

limtﬁoo ||.x(t, ) - 2COI||LOC(|y|>(«/%+5)t) =0.
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In the case where & # 0 in (1.10), the L?(IR?)-distance between the solution « and
the set of exact 1-line solitons grows like ¢!/2 or faster.

Corollary 1.6 Let ¢co > 0. Then for any ¢ > 0, there exists a solution
of (1.1) such that H(x)((x)—i—(y)){u(o,x,y)—(pco(x)}“Hl(Rz) < ¢ and
liminf, oo 712 infyeq ut, ) — vl 22y > 0.

To investigate the large time behavior of x(¢, y), we derive estimates of funda-
mental solutions to the linearized equation of modulation equations for parameters
c(t, y) and x(¢, y) which is a system of 1-dimensional damped wave equations
(see Sect.2.2). As is the same with the 1-dimensional wave equation, we need
integrability of the initial data of the modulation equation to prove the boundedness
of the phase shift.

In our construction of modulation parameters, we impose a secular term con-
dition on c(¢, y) and x(z, y) only for y-frequencies in a small interval [—ng, no].
This facilitates the estimates of modulation parameters because the truncation of
Fourier modes turns the modulation equations into semilinear equations. On the
other hand, it was not clear in [22] whether the initial data of modulation equations
are integrable even if perturbations to line solitons are exponentially localized.
We find that ¢(0, y) can be decomposed into a sum of an integrable function and
a derivative of a function that belongs to 'L (R) for polynomially localized
perturbations in R

The decomposition of initial data also enables us to prove Theorem 1.4 which
shows the large time asymptotic of the local amplitude and the local orientation of
line solitons in L?(R) whereas the result in [22] shows large time asymptotics in a
region y = £4/8cot + O (V/1).

In [25], we study the 2-dimensional linearized Benney-Luke equation around
line solitary waves in the weak surface tension case and find that the time evolution
of resonant continuous eigenmodes is similar to (1.10). We except our argument
presented in this paper is useful to investigate phase shifts of modulating line solitary
waves for the 2-dimensional Benney-Luke equation and the other long wave models
for 3D water.

Finally, let us introduce several notations. Let 14 be the characteristic function
of the set A. For Banach spaces V and W, let B(V, W) be the space of all the
linear continuous operators from V to W and || || p(v,w) = supy, =1 ITullw for
T € B(V, W). We abbreviate B(V, V) as B(V).For f € 8(R") andm € 8 (R"), let

THE = [&) = @n)™? /R e s,
T HE) = fx) = f(-x),

and (m(D) f)(x) = 2m)~"2(m * f)(x).

The symbol {(x) denotes ~/1 + xZ forx € R. Weusea < banda = O(b) to
mean that there exists a positive constant such that a < Cb. Various constants will
be simply denoted by C and C; (i € N) in the course of the calculations.
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2 Preliminaries

2.1 Semigroup Estimates for the Linearized KP-1I Equation

First, we recall decay estimates of the semigroup generated by the linearized
operator around a 1-line soliton in exponentially weighted spaces.
Let

o=@, L=-0]+49, —30,'9) — 60,(p).

We remark that £ generates a C’-semigroup on X := L%(R?; ¢>***dxdy) for any
o> 0.

Let £(n) = —d] + 43 + 31?3, ! — 63, (¢-) be an operator on L%(R; e***dx)
with its domain D(L(n)) = e **H3(R). Obviously, we have £(u(x)e) =
eV L(nu(x) for any n € R. If n ~ 0, then £(n) has two isolated eigenvalues
near 0 and the rest of the spectrum is bounded away from the imaginary axis and
lies in the stable half plane (see [22, Chapter 2]). We remark that that £(0) is the
linearized KdV operator around ¢ which has an isolated 0 eigenvalue of multiplicity
2 in L2(R; e2**dx) with @ € (0, 2) (see [30]).

Let

B =/1+in, ) =4inp(), @.1)

g(x,n) = zn;n)af(e—f“’?)x sechx), g*(x,n) = 0,(ePTM¥sechx). (2.2)
Then

LOmgx, £n) = A(Egx, £n), L) g" (x, £n) = AFn)g*(x, £n).
(2.3)
The continuous eigenvalues A (1) belongs to the stable half plane {A € C | ®A < 0}
forn € R\ {0} and A(n) - A(0) =0asn — O.

Let v(n) := RB() — 1 and no be a small positive number. Since g(x, n) =
O(e"™My as x — —o0 and v(n) = O(n?) for small 5, we choose o and so
that @ > v(n) and g(x, +n) € L*(R; e2**dx) for n € [—no, no]. The continuous
eigenmodes g(x, n)e”" grow exponentially as x — —oo. Nevertheless, they have
to do with modulation of line solitons. See [4] and the references therein.

The spectral projection to the continuous eigenmodes {g(x, £n)e™}_, <n<no
is given by

1 o 4
Potmo) f (v y) = 7= > / ax (mgi(x, e dy,
k=1,27 M0

ai(n) sz(S"yf)(x,n)gZ(x,n)dx,
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where

g1(x,m) =2MNgx,n), g, n)=-2n3gx,n),
g, =NRg* . m). g =—n"'3g"(x,n).

We remark that for an o € (0, 2),

1 X 1 1 .
g1Ge.m = 20"+ 70"+ Sp + o, g, = —5¢ + 0% in L2(R; e**dx),

1 X R _
g m = 30+ 0P, ga‘(x,n)=/ depdx + OGP in LA(R; e~ 2% dx),

—00

where 0.9 = 0.¢c|c=2. See [22, Chapter 3].
For ng and M satisfying 0 < ng < M < oo, let

1 : !
Pi(no, Mu(x, y) = — f f u(x, y)e= dydn
27 Jyo<ini<m JR

P>(no, M) := P1(0, M) — Py(no) .

The semigroup e'* is exponentially stable on (I — Py(19))X.

Proposition 2.1 ([22, proposition 3.2 and Corollary 3.3]) Let o« € (0,2) and m
be a positive number satisfying v(n;) < o. Then there exist positive constants K
and b such that for any ng € (0,m1, M > no, f € X andt > 0,

lle' Pa(no, M) fllx < Ke || fllx -

Moreover; there exist positive constants K' and b’ such that for t > 0,

lle"* Py(no, M), fllx < K'e P17V 21 fllx

e Pa(no, M)d, fllx < K'e™""t 741 fll 1112

2.2 Decay Estimates for Linearized Modulation Equations

Time evolution of parameters c(¢, y) and x(¢,y) of a modulating line soliton
@e(r,y)(x — x(t,y)) is described by a system of Burgers type equations. In this
subsection, we introduce linear estimates which will be used to prove boundedness
of the phase shift x (¢, y) — 2cot. The estimates are a substitute of d’Alembert’s
formula for the 1-dimensional wave equation.
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Letw(n) = /16 + Bus — Dn2, u3 > 1/8, 2 (n) = —2n> £ inw(n) and

—3n? —8772) 1 ( 8n 8n )
A* = k) CP . . .
. (2 + uszn® —n? ) = dn \=n —iw) —n +io)

Then P, (7) LA« ()P () = diag(A] (), A7 (7)) and

A _ =2 costnczo(n) 26y sintne () w(n) sintnw(n) |
"gﬁffﬁf sintnw (1) cos tnw () + i sintne ()

2.4)

Let 5o be a positive number and let x;(n) be a nonnegative smooth function such

that 0 < x1 () < 1forn € R, x1() = 1if || < 30 and x1(n) = 0if || > F1n0.
Let x2(n) =1 — x1(n). Then

Ix2(Dy)e" P | g 2@y S M2 fort > 0. (2.5)

Next, we will estimate the low frequency part of e/ Let

1 2
Kit.9) = ——=5"" (ame ™" costno () .

V2
L (o nxa(m)
Ky(t,y) = —=F 1( 2 sinfnw ()
N2 w()
1
Ks3(t,y) = —5! <e_2[;72—X1(77)w(77) sintna)(n)) .
2 n
Then
(D) AP = (1 Ki(t,y) = Ka(t,y)  —8Ka(t,y) ) 2.6)
We have the following estimates for K1, K, and K3.
Lemma 2.2 Let j € Zxo. Then
sup [ K1 (¢, )l iy < 00, 1K1, )2y S (00714, 2.7)

t>0

- . - »
103 Ku (e, )y + 105 Kot )l gy + 189 Ka e, )iy S (607002,
(2.8)

» _ s >
135 K1ty I 2wy + 185 Kot M2y + 1852 K3t )l 2y S (674,
(2.9)
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sup |3y K3(t, Il 1wy < 00, N9yK3t, 2@y S ()74, (2.10)
>0
sup [1K3(1, ) * fllzee@ S 11wy - (2.11)
t>0

Proof Let w(n) = w(n) — 4 and

1 2~
Kis(t,y) = —&"—1( (e~ i”?‘“("))’) . 2.12)
L) = =5 (i

Since Ki(t,y) = >, K1 +(t, y F 4t), it suffices to show that sup,_q [ K1, +(t, )
Iy < oo and [[K1+(t, )l 2wy S (t)~1/* to prove (2.7). Using the Plancherel
identity, we have

< (74,

) < -2
1K1l 2 S | me \LQ(R) S

—(2n%+i&
1K ) 2y S [0 (0 (e e

L2(R)
_ 2 _ 2
SHxi e 2y + tnxime ™" |l 2
~ _ 2
+ 1" () x1 (e 20 ||L2(R))

< (t>1/4 )

~

Note that
@ < min{1, n?}, &' ()| < min{1, [n]}. (2.13)
Combining the above, we have
1K@ )y SR ) 2 y< gy
F 1y K@D 25 vn 1 2y svn = O0).

Thus we have (2.7). We can prove (2.8)—(2.10) in the same way.
Now we will prove (2.11). Let

1
2421

_ b
K3o(t,y) = 2\/%3" <w(n)X1(n)e

K31(t,y) = F-! (w(n)X1 ()e~ 27’ costnd)(n)) ,

o2 Sin1na(n) )
n
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Then
K3(t,y) = K31(t, ) * L—ar,40) + K32(t, y +41) + K3o(t, y — 41) . (2.14)
We can prove that

sup [|K3,1(, )l p1ry < 00, (2.15)
t>0

in the same way as (2.7). It follows from (2.13) that

sup ||K3’2(l, Cdm)”L”nfty(]R) < 0. (216)
t>0

Combining (2.14)—(2.16), we have (2.11). This completes the proof of Lemma 2.2.
O

Let Y and Z be closed subspaces of L2(R) defined by
Y=9,'2 and Z={feL*®R) |suppf C[-no,nol},

and let X; = L'(Ry; L2(R; e**dx)), Y1 = F,)' Ziand Z) = {f € Z | || fllz, :=

Il fllLee < oo}
Let £ = diag(1, 0) and E, = diag(0, 1) and let x (1) be a smooth function such

that x(n) = 1ifn € [, B and x(n) = 0if n & [—%, B]. We will use the
following estimates to investigate large time behavior of modulation parameters.

Lemma 2.3 Fort > 0andk > 1,

131 (DY Ell gy = 01, 1T = x(Dy)e™ Eqll ;o) = O™

(2.17)
le" Eallpr.coey S ()74, e Exllparsr) S (6)71/2 (2.18)
5™ 1 pr.coey S (6) "D ake! | gy ey S (1) 7H2, (2.19)

where c1 is a positive constant. Moreover,

SO Ay Ay, (2.20)
LOO

. s (FUY Z 1 (220 (Ho +40)
diag(1, dy)e <f2) 4 (1 —1) <H2t(' - 4t)> *i

SO Ay + 1A,

1
e (2) - EHZI * Wy * frez

L 2.21)



The Phase Shift of Line Solitons for the KP-II Equation 443

bl
2

SO AAIn + 10,

1
e\ diag(dy, 1) ( ) ~2 Xi: Hy (- £40)(2f2 £ fi)ez

Lo (2.22)

where Hy(y) = (4m1)~ /2 exp(—y?/4t) and Wi (y) = $1—1.0(y).

Proof Equations (2.17)—(2.19) follow immediately from Lemma 2.2, (2.5)
and (2.6).
In view of (2.12) and (2.13),

215 f =@ r | e @ e — 1)

Ll
< min {r e 7l Iy
SO MLy, -

Since Ki(t,-) =) , K1+, F41),

SO MLl - (2.23)
LOO

1
Ki(t, )% f =5 ) Ho(- 40 % f
+

We can prove

|8y K3(t, ) % f —2Ho (- +40) % [+ 2Hy (- =40 % [ o) S O NSl
(2.24)

IK3(t, ) % f — 4Ho % War % fllreew < 6721 flly, (2.25)

in the same way. Combining (2.23)—(2.25) with Lemma 2.2 and (2.5), we
obtain (2.20)—(2.22). Thus we complete the proof. O

To investigate the large time behavior of x (¢, y), we need the following.

Lemma 2.4 Suppose that f € L' (R, x R). Then for any § > 0,

) t 1 o0
lim  sup / Hy—g) * Waq—g) * f(s,)(y)ds — ff / f(s,y)dyds| =0,
=0 yi<@-or 1Jo 2Jo Jr
(2.26)
'
lim  sup / Hy—gy % Wag—gy * f(s,)(y)ds| =0. (2.27)
=01z @+ 1J0
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Proof Let K;(y, y1) ={(s.y2) |0<s <1,
Then

y2—y 420 — )V <4 - s)).

t
/ Ho—s) * Waq—sy * f(5,)(y) ds
0

— 1 /t dS (t _ s)—l/Z/ dyl e—(y—}ﬂ)z/S(t—s) /yl+4(t_S) dy2 f(s, yz)
42w Jo R y1—4(t—s)

1
227 JR

Since e‘ylz/zf(s, y7) is integrable on Ry x R2,

/ dy; e 12 / dsdy; f (s, y2)
ly11=84/1/4 K (y,y1)

dy; e~ V1/2 dsd
yie sdy> f(s, y2).
Ki(y,y1)

<||f||L1<R+XR>f dyie 1 50 ast — co.
[y11>8/71/4
Moreover,
. 1 7,2/2
lim  sup |—= e i f(s,y2)dyads | dy
=00y 1< @—8) | V27 Jiyi1<8//4 K(y.y1)

:O’

- / f(s,y)dyds
R+XR

lim  sup / e/ (/ f(s,y) dyzds> dy1|=0
100 |y 1> @+o) |/ 1y11<ovi/4 Ki(y,y1)
because
Jim () KOop=RexR, dimo ) Koo =0.
[YIS@E=8)t, |y1|<8/1/4 [yIZ@+8), |y11<8+/1/4

O

3 Decomposition of Solutions Around 1-Line Solitons

Following [22, 23], we decompose a solution around a line soliton ¢(x — 4¢) into
a sum of a modulating line soliton and a dispersive part plus a small wave which is
caused by amplitude changes of the line soliton:

u(t, x,y) = @et,y)(2) = Ve, +30) +o(t, 2, y), z=x—x(ty), Gl
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where Y. 1 (x) = 2(\/2_ — 2)¥(x + L), ¥(x) is a nonnegative function such that
Y(x) = 0if |x| > 1 and that fR Y (x)dx = 1 and L > 0 is a large constant to be
fixed later. The modulation parameters c(fg, yo) and x(fg, yo) denote the maximum
height and the phase shift of the modulating line soliton ¢.(,y)(x — x(z, y)) along
the line y = yy at the time ¢t = #(, and V. 1, is an auxiliary smooth function such that

/%,L(X)dx =/(¢C(X)—<p(x))dx- (3.2)
R R

Now we further decompose v into a small solution of (1.1) and an exponentially
localized part as in [21, 23, 27]. If vo(x, y) is polynomially localized, then as in
[23], we can decompose the initial data as a sum of an amplified line soliton and a
remainder part v, (x, y) that satisfies fR v« (x, y)dx = 0 forevery y € R. Let

1 2
ci(y) = {x/5+ o /R vo(x, y) dx} , (3.3)
Vs (X, ¥) = v0(x, ¥) + @y (X) = @ () (X)) - (3.4)

Then we have the following.

Lemma 3.1 Let cp > 0 and s > 1. There exists a positive constant &y such that if
&= [ (x)*2((x) + (¥ w0l g1 g2y < €0, then

s/2¢. H s/2y <H 5/2, 15/2 H 35

[orP e —en| o + |01 P00, S @00 ), (35)
s K 5/2 7 \8/2 5/27,\8/2

[0 v gy S 100 w0l paggay - [ 0072000 20 LZ(RZ),SHW CORET]

(3.6)

195 wall 2 4+ 185 "By vall 2 + Tvell g2y S 1) voll g ey - 3.7

Moreover, the mapping
() + N TPHN R 3 vg > (v 01 —co) € HI R x H ®)N ()L ®)

is continuous.

Proof By [23, (10.4)],

S 2voll 2 4 1(x)* 28y voll 2 -

sup |V/er () — Veo
X
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Hence it follows from (3.3) and (3.4) that for sufficiently small ¢,

|20 e = eo)|

<[ or729; (ver - va)|

LXR) ™

LX(R)

S (y)s/Z/ Avo(x, y)dx
R

L2(Ry)

< | @2 () 2850

’

L2(R2)

@2y,

o [ RATORE

+ | 0P — 0y

L2(R2) L2(R2) L2(R2)

S [ @217

~

LA(R2)

Using [23, (10.2)], we can prove [|(x)* vell;2g2) < [1{x)*voll 12 g2y in the same way.
We have (3.7) from [23, Lemma 10.1] and its proof. Since the continuity of the
mapping vo — (v«, c1 — ¢g) can be proved in the similar way, we omit the proof.
Thus we complete the proof. O

Let v; be a solution of

3,01 + 0301 + 30, (87) + 30, 19301 =0,

5 (3.8)
0100, x,y) = ve(x, ).

Since v, € H'(R?) and 8;18yv* € L*(R?), we have 9 (t) € C(R; H'(R?)) from
[28]. Applying the Strichartz estimate in [34, Proposition 2.3] to

t
3719y 01(r) = ™S9 yvs — 6/ IS @1a, D) (s)ds, S =—d; —30; 0},
0

we have 9 layf) € C(R; L*(R)). Suppose that vy satisfies the assumption of
Lemma 3.1 and that u(¢) is a solution to (1.1) with (0, x, y) = ¢(x) + vo(x, y),
where ¢ = @,. Then as [23, Lemmas 3.1 and 3.3], we can prove that w(z, x, y) :=
u(t,x+4t,y) —p(x) — 01 (¢, x +4t, y) belongs to an exponentially weighted space
X = L2(R?; ¢**dxdy) for an o € (0, 1), that

w e C([0,00); X), dyw, d; 'dyw e L*(0, T; X),
and that the mapping

)~ () + ONTTH R 3 w9 = w € €0, TT; X)

is continuous for any 7' > 0 by using by Lemma 3.1.
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Now let

vi(t, z,y) =01(t, z+x(t,y),y), wvl(t,z,y)=vlt, z,y)—vit,z,y). (3.9

To fix the decomposition (3.1), we impose the constraint that for k = 1, 2,
/2 va(t, 2, )8k (2. 1. e(t, y))e " dzdy = 0 in L*(—no, no), (3.10)
R

where g7 (z, 7, ¢) = cg](V/c/2z, 1) and g5(z, 1, ¢) = 585(/c/2z, ).
Let

Fk[M, Es Y, L](U) = 1[—7]0,7]0](’7) \/]RZ {M(X, )’) + QD(X) - Wc(y)(x - V()’))

+ Yeon.L(x — yOD e — y (1), 0. c(»))e " dxdy

for k = 1, 2, where c¢(y) = 2 + ¢(y). Since w(0) = ¢, — ¢ and
lpe, —@llx; ST er = Dll2w,) S Hx)(yvoll 2w

by Lemma 3.1, it follows from [22, Lemmas 5.2 and 5.4] that there exists (Cy, xx) €
Y1 x Y satisfying

Fl [w(o)’ 5*9 .X*, L] = F2[w(0)s E*a x*a L] = 01

elly + llxclly < lwO)lx < Hx)voll 2wy Bl
ey, + lIxcllyy S TwO)llx, S 1) (V)voll L2 w2y »

provided [|{x)(y)voll ;2 (r2) is sufficiently small. By the definitions,

1200, x,y) = v 4 (X, y) = (Pcl(y)(x) - (pc*(y)(x —x(y)) + &c*(y),L(x —x:(¥)),

c0,y) =c(y), x(0,y) =x:(y),
(3.12)
where ¢, = 2 + ¢, and it follows from Lemma 3.1 and (3.11) that

lvasllx S llet =202y + 1ENly S 1) voll 2@ - (3.13)

Lemma 5.2 in [22] implies that there exista T > 0, ¢(¢t,-) = c(t,-) — 2 €
C(0,T;Y)and x(¢,-) := x(t,-) — 4t € C([0, T]; Y) satisfying

Filw(t),c(t),x(t), L] = F2[w(t), ¢(t), x(t), L] =0 forr € [0, T]
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because w € C([0, 00); X). If (v2(¢), ¢(¢)) remains small in X x Y for ¢t € [0, T],
then the decomposition (3.1) and (3.9) satisfying (3.10) exists beyond ¢t = T thanks
to the continuation argument.

Proposition 3.2 ([23, Proposition 3.9]) There exists a 81 > 0 such that if (3.1),
(3.9) and (3.10) hold for t € [0, T) and

(E,%)eCq0,T):Y xY)NCH(O,T);Y xY),

sup (oo llx + llc®lly) <81,  sup [[X(@)]ly < o0,
tel0,T] tel0,7)

then either T = oo or T is not the maximal time of the decomposition (3.1) and (3.9)
satisfying (3.10).

4 Modulation Equations

By [23, Lemma 3.6 and Remark 3.7],
n() e C([0,T); X), (%) eCU0,T);Y xY)NC((0,T);Y xY),

where T is the maximal time of the decomposition (3.1) and (3.9) satisfying (3.10).
Substituting (3.1) and (3.9) into (1.1) with ¢ = 1 and (3.8), we have

dv1 — 2cd;v1 + 83w + 3071 97v = 9:(N11 + Nio) + N3, (4.1)

where N1 = —3v%, Nip={x; —2c— 3(xy)2}v1 and N1 3 = 60y (xyv1) — 3xyy01,
and

{ v =Levy + €+ 0;(N2jt + Nop + Noa) + Nojs, “42)

12(0) = v2 4,

where £ov = —0.(02—2c+6¢)v—30102, € = Y 0_y b b = Y0 by (k= 1,
2), ¥e(z) = Ve 1 (z + 3t) and

L1 =(x; —2¢c — 3(xy)2)g02 — (¢t — 6cyxy)0c@e,  £12 = 3xyy0c,

o0 o0
613=3cyy/ ac¢c<m>dz1+3<cy>2/ 020e(z1)dz1 |
Z

a1 = (c; — 6¢yxy) e — (xp — 4 — 3(x,) VL,
o = (32 — 3)We — 30 (VD) + 69 (pce) — 3xyy e,
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o0 o0
3 = —3cyy / Ve (z1) dz1 — 3(cy)? / 9 Ve(z1) dzr
Z Z
Noi= —3Quiva+1v3), Nop={x —2¢—3(xy)*}va + 6Ycv2,
N2j3 = 63y (xyv2) — 3xyyv2,  Naa = 6(Vc — @c)vi -

Differentiating (3.10) with respect to ¢ and substituting (4.2) into the resulting
equation, we have in Lz(—no, 10)

4 t * t —iY1 dzd
7 v2(t, 2, ¥)g; (2, m, c(t, y))e zdy
t RZ
6 4.3)

=/ 083 (2. n. c(t, y)e M dzdy + 11 (t.n) =0,
R? e

where
1) = fR 0200, 1) (&1 o, €t e dzdy
17 =— /R Naidigi e, et e dzdy
5 :/Rz N23gi(z, m. c(t, y))e ™" dzdy
6 /R 20,2 306y (0, 9%y et G e, Y dady,
1t =A;{2 va(t, 2, y) (cr — 6cyxy) (&, )degj (2, m. c(t, y))e M dzy,
I} =- /Rz N220.8 (2 n, c(t, y))e " dzdy,
118 =— /Rz N2,49.85 (2, n, c(t, y))e ™" dzdy .

Using the fact that g{(z,7,¢) >~ ¢.(z) and g5(z,1,¢) = (c/2)3/? ffoo 0. for
n =~ 0, we derive the modulation equations for c(¢, y) and x(¢,y) (see [23,
Section 4]).

To write dowg the modulatign equation, let us introduce several notations. Let
RJ, Ej, §, S'j, A1(t), Bj and C; be the same as those in [23, pp. 165-168] except
for the definitions of R* and R>. We move a part of R* into R>. See (B.1) and (B.2)
in Appendix B.

Note that

b(t,) = éﬁ] {ﬁc(t, )32 - 4} =&, )+ 0, (4.4)
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where Py f = 3",7_11[_,70,,70]3”yf and 1{_y, 5, is a characteristic function of
[—7n0, n0]. We make use of (4.4) to translate the nonlinear term cyxy into a
divergence form.

Now let us introduce localized norms of v(7). Let py(z) = 1 + tanhaz and
lvlwae = llpalz + 3t + L)1/2v||L2(R2). Assuming the smallness of the following
quantities, we can derive modulation equations of b(¢, y) and x(¢, y) fort € [0, T].
Let0 < T < ocoand

Mex(T) = Y sup {48y + 1195 x@)lly)
k=0, 11€[0.7]

+OUAZED Ny + 183xD)lly)} -

My(T) = sup [lv(@®)ll;2,
te[0,T]

M (T) = sup O IO lwa + O+ z20vOllwa} + 1EQ@DY I 20.7:wa) -
t€l0,T]

M (00) = sup |€@1(0)" 2]l 2 g2y »

>0

Mx(T) = sup (1)**va®lx + 1€@D "l 200.7:x) »
0<<T

where E(v) = (3,v)% + (a;layv)z + v2. We remark that by an anisotropic Sobolev
inequality (see e.g. [2]),

Il 22y + Ivll sy S 1€Y1 2e) - (4.5)

We can prove the following result exactly in the same way as [23, Proposition 3.9].

Proposition 4.1 There exists a 6y > 0 such that if M, . (T)+Ma(T)+no +e oL <
SrforaT > 0, then

b A

t) _ i

(&) = A(t) (x) + ;:N , (4.6)
b0,) =by, x(0,)=xs, (4.7)

where by = 4/3P{(c+/2)%? — 1}, A(t) = A, + B\ A1 (1) + A1) + 07 A2 (1),

A1) =B SB[ "By +50) . Axt)=B;'S*B "B,

N =5, 6(bxy)y N2 — N2 4 \2b
26— b)+3GEy)?) ’

i/ o L1y 1 0
N2“=B31<P1RZe1+R1+R3), N = By 1P R]es, elz(), e2=<>,
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PO S _ _ ~ b
N3 =B; 13y(R2+R4)’ Nt = (B 1 ~ B; 1)(32—33S0)ay (g) ,

N =By - By HA (1) ap N® =B IR,
= X

We remark that N® equals to N> in [23] and that A(¢) + N equals to A(f) in
[23]. The other terms are exactly the same.

To apply (2.17) and (2.20) to (4.6) in Sect. 9, we need to decompose b, into a sum
of an integrable function and a function that belongs to agy 1. Note that Py L'R) c

Yy CYandY C NsoHM(R).

Lemma 4.2 There existl; elL! (R) andlc; € Y| such that b, = 1311.7 + 83107 and

6] 1y + 18]y, < 1) )voll 2qe, -

Proof Since by—¢, = ‘3-‘1’51 {(6*/2)3/2 e %5*} and H (/2 =1 = Feu LIR)

SHEN3 S x)voll? it suffices to show that there exist ¢ € L!(R) and ¢ € Y,

L2(R2)’
- o 20
such thatc, = ¢ + 8yc and

el i + lelly, S 1) Ivollzzee -

Let

Fiolu, ¢, y, L1(n) = %llfno,ﬂol(ﬂ) /}Rz{u(x, )+ PLE, y10x, 1)} @ein (x — y(3)e” ¥ dxdy,
Fuilu, &, y, L1(n) := 1,01 () /]Rz {u(x, y) + ®IE, y10x, )} g1 (x — ¥ (), m, c(»)e™ " dxdy
where c(y) = 24 ¢(y) and @[c, y1(x, y) = ¢(x) = @c(y)(x =y (V) + Ve, L (x —
Y (). Then

Filu, &y, LYn) = Fuolu, & v, L1 + n* Fuilu, &, v, L1(n) ,
and we can prove
I Filu, ¢, v, L1l z, S lullx, + Iclly, + 1y lly, + lulix i€y + lyly)

in exactly the same way as the proof of [22, Lemma 5.1].
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Let wo(x, y) = @c(y)(x) —@(x). Since Fi[wo, Cx, Xx, L] = 0 and (wo, Cx, Xx) €
X1 X Y1 X Yl,

Fiolwo, &, Xx, L1() = —n* Fi1[wo, &, X, L1(7) , (4.8)
Fr1lwo, ¢x, x4, L1 € Z; . (4.9)

Let
Do(x, y) = = ({0:0(x) — ¥ (x + L)} + x: ()¢’ (x) ,

{Pean(x = x:() — 9(0)}

N =

‘Ill(-xv )’) =

Then 5, ! Fio[wo, &, x4 L1(y) = 27)'/2P1(Jo + J1 + Jo + J3), where

1 1
Jo =—/ Po(x, V)p(x) dx = <—1 + —/ Y (x + L)dx) Cis
2 Jr 2 Jr

1 -
Ji =§/ wo(x, Y@e,(n(x — x:(y))dx, Jo =/ D[cx, x4](x, Y)W (x, y)dx,
R R

1
5= /R {@Lex, xil(x, y) — Po(x, )} p(x) dx,

and
Il S llwollpi@ey S 1M er =Dl 2w
||12||L1(R) 5 ||¢||L2(R2)||‘1’1 ||L2(]R2) ,S (Nexly + ||x*||Y)2,
130 L1y S 1P — Dol g2y < (Islly + lxlly).
Combining the above with Lemma 3.1 and (3.11), we obtain Lemma 4.2. |

5 A Priori Estimates for Modulation Parameters

In this section, we will estimate M, ,(7T) assuming smallness of M (T"), Ma(T),
M, (T), no and e~ L.

Lemma 5.1 There exist positive constants 83 and C such that if M, x(T)+M (T )+
Ma(T) + no + e %L < 83, then

M o (T) < Cll(x)((x) + (yDvoll 2 + COMI(T) + Ma(T)?) . (S.D

To prove Lemma 5.1, we need the following.
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Claim 5.1 Let 8, be as in Proposition 4.1. Suppose M, (T) + M;(T) + Mo(T) +
no +e *L <8 foraT > 0. Then fort € [0, T,

leelly + llxe — 2¢ = 3(x)* ly S Mex (T) + My (T) 4+ Mo (T)?) (1) /4.

Proof In view of (4.6),

lerlly + lxe —2¢ = 3Gy ST+ Y NIy,
2<i<6

I= b = cilly + 1A (OB, D)y +lbyyly + ||xyy||Y+||(bfy)y||Y+|I(1—ﬁ1)X§|IY ,
and it follows from Claim A.5, [22, Claim D.6] and the definition of M, ,(T') that
I <M, (T)(1)™3/* forr [0, T).

See the proof of Lemma 5.2 in [23]. Following the line of [22, Chapter 7] and
using (5.18), we can prove that for ¢ € [0, T,

5

S INlly S Me (T) + My (T) +Ma(0))2(1) "
i=2

Combining the above with (5.21), we have Claim 5.1. m]

To deal with E;N®, we decompose )((Dy)B;l and X(Dy)B;1 into a sum of
operators that belong to B(L'(R)) and operators that belong to ByZ.B(Yl). Since

33=Bl+El+3y2(§1+52)—§3—§4—§5,

By =B + 33&1 — 5= B3lé=0, v,=0>

we have
B;'=By - a§§14, B;'— B;' =By — a§§34, (5.2)
1.94 = (B — S, 1%14 = B4_1(§1 + §32)1.34, (5.3)
By, = —1.94(61 + 831 — 831 — Sa1 — S51)B5 (5.4)

B34 = B14(B4 — 33)193_l + By (31 — 51484832 — S+ S + 352)
(5.5)

where §j and S'j are the same as those in [23, p. 167] and §j1, §j2, S’j1 anc’le’jg
are defined by (A.1)—(A.8) and (A.16)—(A.18) in Appendix A. We remark that §; =
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§j1 — 85’5/‘2, that S‘j = S'jl — Byzs‘jz and that §j1 is a time-dependent constant
multiple of Py.

Claim 5.2 Let 0 < T < oo. There exist positive constants 1, Lo and C such that
if [n| < no and L > Lo, then for every ¢ € [0, T'],

“ B4HB(Y)mB(Y1) + ”314 ”B(Y)OB(YI) <C, (5.6)
Ix(Dy)Ballgrr, < C, 57
[Ba = B oy, + [ XD B = B gy < Cem@F . (58)

Moreover, if M., (T) +Ma(T) < § is sufficiently small, then there exists a positive
constant Cy such that for r > 0,

|| l.;34 HB(Y,Y]) + || 334 ||B(Y,Y1) < Cl (MC,X(T) + MZ(T))<I>_1/4 ’ (59)

|x(Dy)Bas | sz < CLMex(T) + Ma(T) (1) ~1/4, (5.10)

|18y, B34l ||B(Y,y1) + | x(Dy)[3y, B3] ”B(Y,L‘)

< C1(Me o (T) + Ma(T)) (1) /4.

.11

Proof By [22, Claim 6.3] and [22, Claim B.1],

sup ||B;] lBynB(r) = O(1), ||§1||B(Y)OB(Y1) =0().
120

Combining the above with (A.20) and (A.22), we have (5.6). ~
Next, we will prove (5.7). Since x (1) x1(n) = x (1) and [x1(Dy), $311 =0,

X(DY)Bs = 3" 1 (DB} x1(D)Ss)" B (5.12)
n=>0

Hence it follows from (A.20) that

L] ~
X (DY Ball gty S NElz D 1B X1 (D)3 g1 gy = O -
n=0

We can prove (5.8) in the same way.
By [22, Claims 6.1 and 6.2], we have

sup 1B5 gy <00 and € llpw,y S Mex(T)(t)"V* fort € [0, T1.
tel0,T]
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It follows from Claims 6.1, B.1-B.3 in [22] that
B3 — Ballpcy.vy) + 1151 = Sill vy < Mo (T)+Ma(T)) (1) "V*  fort € [0, T].

Combining the above with (5.6) and Claim A.4, we have (5.9).
Since

X(Dy)Bss = —x(Dy)Bax1(Dy) [ €1 + 53 — > §1 | B,
3<JSS

we have (5.10) from Claim A.4. Using the fact that
103y, E1lll B,y + 11 (PY[8y, Cilly.12) S Mex (T) (1) ~/4

(see [22, Claim B.7]), we can prove (5.11) in the same way as (5.9) and (5.10). This
completes the proof of Claim 5.2. O

Now we are in position to prove Lemma 5.1.

Proof of Lemma 5.1 Let A(t) = diag(l, dy).A(z) diag(1, 8;1) and U(t, s) be the
semigroup generated by A(¢). Lemma 4.2 in [22] implies that there exists a C =
C(no, k) > 0 such that

15U @, ) flly < Cle =)l flly fort =5 >0, (5.13)

15U @) flly < Ct = 5) VR £y, fore > 5 >0, (5.14)

provided 7 is sufficiently small.
Multiplying (4.6) by diag(1, 0y) from the left, we have

b b 6
) =A(t)( >+ diag(1, 9,)N*
l(Xy) Xy ; et (5.15)
b(0,) =by, 0,x(0,) = dyx..

Since [|N| y, does not necessarily decay as t — 0o, we make use of the change of
variable

1~ 1
k(l,y)=§P1</ vl(t,Z,y)%(z,y)(Z)dZ), Sfl[lﬁ](t)zif Y(z4+3t+L)p(z) dz,
R R2
(5.16)

b(t,y) = b(t,y) +kt,y), k(t,y)=Q2— 83, "k, ).
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Then

- ~ 6
3 (f) = A®t) (:) + ) diag(1, 9N + d,k(t)er + ADk(t)er ,
Y Y i=1
b(0,-) = by +k(0,-), 8yx(0, ) = dyxs.
(5.17)
By (3.11) and (5.14),

RU(t,0) (b(o’ ) )

(0, ) < ()DL, My, + 13yl

~
Y

and

15O 1y, +18yxelly, S 1By, +H il 2 4m0 ] vy +l e, () (8 = X ()0l 11 w2y
S ) () + (Dol 2 -

Except for N®, the term which includes vy in (5.15) and needs to be treated
differently from [22, (6.16)] is N?“ because R! includes R* and R* includes the
inverse Fourier transform of 1j_p, »,1(m 1 Ikz(t, n). But thanks to the smallness of
My(T),

||111{2|\L°°[7n0,n01= sup [Nz.lazg;g(&'I,C(t,y))e_iy"dzdy
nel—no.nol I/ R?
SUpa@uili2llvalix + lv211%) sup le™*%gf(z.n. )L

c€[2-8,2+81,n€l—n0,n0l

S (T) + Mo (T) () /2,
(5.18)

and || R* |ly, decays at the rate as in [22, Claim D.5]. Using (5.13), (5.14) and (5.18),
we can prove that forr € [0, T]and k =0, 1, 2,

5 t
> / 195U (2, 5) diag(1, 9,)N (5) |y ds S(Me (T) + My (T)
i—170

+ MZ(T))2<I>_ min{l,(2k+1)/4} i

in the same way as [22, Chapter 7].
Since diag(1, E)y)J\I6 = E /N + 8yE2N6, it follows from (5.13)

t
ok — Hf ||a§U(r,s)ayEsz6(s)||yds
0

t
< f (t — )" *FD2 NS (5) Iy dis .
0

;7
(5.19)
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Using the fact that

sup (Iwc(z,y) (2)0:87 (z,m, c(t, ¥)) — 9(2)0.85 (z, n)
nel—no,nol

et @:8 e (1. 1))
< e 2, y)l,
we see that

IR* @)l

<2

k=1,2

/ P(@v1(t, 2, ¥)d.85(z, me " dzdy
R? L2(—10,10)

+ lIENy e o1 ()l 22

S lle™ ()l 2y S () 7PMI(T) £ €0, T],
and that

INC()lly < (1) 2M(T) fort € [0, T,

457

(5.20)

(5.21)

follows from the boundedness of B ! (see [23, Claim 4.5]). Combining (5.19)

and (5.21), we have 9 < M(T) (1)~ *+D/2 fort € [0, T]1and k = 0, 1, 2.

Now we investigate

E\N° = E1B;'R" = E1{B4 + B3 — 9(Bia + B34)}R"

(5.22)

more precisely. We remark that 1N y, cannot be expected to decay like INO||y as

t — oo because

H/ e(2)v1(t, z, y)dz
R

LY(R,)

does not necessarily decay as t — o0. By (5.20) and Claim 5.2,

|BaR" [, + | (Bra + B3 R™ |y, S Mi(T)(1) 2,

(5.23)

|x(Dy)B3aR™ | + | B3aR" |, < My(T)(Mex (T) + Ma(T)) )4,

(5.24)



458 T. Mizumachi

In view of (5.13), (5.14) and (5.22)—(5.24), we see that for k = 0, 1, 2 and
1€[0,T],

t L] o o
” f 0yU (t,$)E1{B3s — 95 (B1a + B34)}R" ds
0

Y
t ° t o o
S / (1 = )" DA ByyRY | ds + / (1 = )" 2] (Bry + B3)}R™ | ds
0 0
SM(T) ()~ D/,
and that £y B4R"! is the hazardous part of EN°.

The worst part of E1B4R"!' can be expressed as a time derivative of a decaying

~ L]
function as in [23]. The operator B1 — S31 and its inverse By are lower triangular on
Y x Y and

E\B4R" = 2— S}, [¥ D7 'R)"ey . (5.25)
In view of [23, pp. 175-176],
R = S[8c0c1(cr) — STT@l1 (v — 2¢ — 3(xy)?) — ke + Ry, + 3Ry, ,  (5.26)

where

1~
ST ge(f)(t, y) = EPI (/R vi(t, 2, y)f(y)QC(t,y)(Z)dZ) ,

L[] o ] [e]
and R,, and R,, are chosen such that R, + 9, R,, = R'{i + BYR'I}E and that
X(Dy)Ry, € L'(0,00; L'(R)).

We give the precise definitions of R,, and R, later.

The term 8,I€e1 in (5.17) cancels out with a bad part of E; B4R"! which comes
from —k; in (5.26). In fact,

dk(t, y) — 2 — S [W1)) ' k(t, y) = 2 — 83, [W1(0) 728, S5, [ 1)k (2, )
and by the definition,

NGRS atsflw]m\ Se 20D fort > 0. (5.27)
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Combining Claim C.2 and (5.27) with (5.14), we have for r € [0, T] and k > O,

t
H /0 DU @) {rk(s,) = @ = SHIWIs) ok (s, ) | exds

Y

t
S Ml(T)/ (t — 5)~CHED/A () e=26s+D) gg < ML (T) (1) KD/
0

L[] o
Next, we will investigate R,, and R,,. We write 11163 in [23, p. 175] as 11163 =
Iy + 1?11y,

Iy =3 fR VL 2 )V D (e dzdy,

115, =6 /ﬂéz 1ty 2, Vet (2)8:87 (2, c(t, y)e ¥ dzdy

8 (z,n,¢) — g (z,0,0)
n* ’

g;{k](zv n, C) =

because 9,87 (z, 0, c(t, y)) = %(pc(t,y)(z) and let

. 1 no .
Ry, = 2_/ {111611(;, ) — 115, n)] e dy
T J—no

V1 8)2’ o 6 iyn
=R} — — 1175, (¢, e dn
11 13235 ’
27 J
1 [

{111612@, ) — inI I8t n) + inl IS, (¢, n)} M dy .

ki =3P, /R 01t 290 () dz — 3P /R 010 2 et (el () dz
3 . z
+ 3P [ / m(r,z,y){cyy(r,y) / Beetr.y) (21) dz1
R —00
Z
+oy(t, y)? / 33¢c(t,y)(21)d21} dz}
—00

3~
-5 /R V1t 20 9) Ly (1 V)00 (2) + 200y ) (0 1) ety (D)) .
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]

Ry, = Ry, ;1 + 0y Ry, 2 and

o 3~ Z
Ry 1= —EPlflel(f,ny)Cy(t’y) (/ 3c<,0c(z,y)(Z1)dZ1) dz

—00

+3P / v1(t, 2, V) Xy (E, Y)@ce,y)(2) dz,
R

o 3~ 4
Ry 2= EPI/ vi(t,z,y) (/ %(x,y)(m)dm) dz
R —00

1o N
-5 [ e - 11} e an,
—no

118yt ) = 6fRz VIt 2 Y)Pe(r.y) (2)9:871 (2. 1, c(t, y))e ™" dzdy
and we have
| Ronly, + [P R 11y S MDD Mo (T) + My (TN 2, (5.28)
|Rotlly, € Mer™MITHO T, |Roa]y SMIT@O™ . (529)

Combining the above with (5.13) and (5.14), we have

Y

1 ° o
H/O kU (1,5)(2 — S} [¥1()) ' (Ro, + 3y Ry, ) ds

~

1 o
S N R L P
0

t ° t o
L e L Ry N e L 2
0 0
<M (T) ()~ minlbCA+D/A - for k = 0,1,2and ¢ € [0, T].
Next, we will estimate S][dc¢c1(c;) and S][g)]1(x; —2c —3(xy)?). By Claim 5.1,

157 [8cwel(colly, + 11X (Dy)S][Bewel () 1
+ 1187 @1 (e — 2¢ — 3(xy)2)||Y1 + % (Dy) S [9l1(x; — 2¢ — 3(Xy)2)IIL|
SM(T)YM, . (T) + M (T) + Mz(T)z)(t)_“/“ '
(5.30)

Finally, we will estimate A(t)key. Since A1 (t)E; = O and [A; (1), dy] = O for
i=12,
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A(t) = A, + diag(3;, 9)).A1 (1) diag(dy, 1)+ diag(dy, 8;)A2(1) diag(dy, 1)+A3 (1)

39; 8, : 1y
A=\ oz, 92 | > A0 =diag,0)B A OE,
y/uy Py

sup ||3y_1(A(t) — Az ) <00, AsOllByy S e~ @B1+L)

t>0

Combining the above with (5.13), (5.14) and Claims C.1 and C.2, we have for k = 0,
1,2,

t
H/ KU, 5)A()k(s) ds
0

Y

t
< [ 1@ ln o @aw - axon|, 1k ds
0 B(Y)
t
+ [ 1050500 1436 o VeI s

t t

< M(T) {/ (t —s)~ D206y =2 g +/ (t — 5) " kDA ()= Gs+L) ds}
0 0

S M (T)(r) DA,

This completes the proof of Lemma 5.1. O

6 The L2(R2) Estimate

In this section, we will estimate M, (7') assuming smallness of M, ,(T), M;(T)
and Ml (T).

Lemma 6.1 Let 83 be the same as in Lemma 5.1. Suppose that M , (T)+M(T)+
My(T) + no + =L < 83. Then there exists a positive constant C such that
My(T) < C(llvoll 22y + Me,x (T) + Mi(T) + Ma(T)) .
To prove Lemma 6.1, we use a variant of the L? conservation law on v as in
[22, 23].

Lemma 6.2 ([23, Lemma 6.2]) Let 0 < T < oo. Let vy be a solution of (3.8)
and vy be a solution of (4.2). Suppose that (v2(t), c(t), y(t)) satisfy (3.1), (3.9)
and (3.10). Then

Q(lv v) = AZ {v(tv 2, y)2 - ZWC(I,}’),L(Z + 3[)U(Z, Z, }’)} dZdy
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satisfies fort € [0, T],
t ~
o, v) =0(0,v) + 2/0 /]RZ (211 +L412+ 6‘Pé(‘;’y)(z)1//c(s,y)(z)> v(s, z, y) dzdyds

! 13
_ 3 , )
2]0 /ﬂ;zwcv(z,y),L(er%) dzdyds 6/0 /R2 Pe(s,y) @, 2, y)" dzdyds

t
—6/0 ﬁéz(aglayv)(s,z,y)cy(s,y)3c<pc(;,y)(z) dzdy .
(6.1)

Proof of Lemma 6.1 We can estimate the right hand side of (6.1) in exactly the same

way as in the proof of [22, Lemma 8.1] except for the last term. By the definition,
we have for ¢ € [0, T],

‘/Rz(az_layv)(s, 2, Y)Cy (S, ¥)0c@e(r,y) (2) dzdy

S ”e_amaz_layU”Lz(O,T;Lz(Rz))”Cy||L2(0,T;Y)
S M (TY(M(T) + Mp(T)) .

and
01, v) + 8l1Y 521V e®) = Veoll g
t
S voll7 ey + M(T) + Mo(T) + M (7)) fo (s) =% dt
< lvollgagge, + (T + Ma(T) + Me < (T))*.

Combining the above with the fact that Q(z, v) = ||v(t)||i2 + O(lc@®lyllvD)lz2),
we have Lemma 6.1. Thus we complete the proof. O

7 Estimates for Small Solutions for the KP-II Equation

In this section, we will give upper bounds of M (7") and M (co). First, we will
prove decay estimates for v; assuming that vg(x, y) is polynomially localized as
X — 00.

Lemma 7.1 Let v be a solution of (3.8). There exist positive constants C and
84 such that if ||(x)2vo||Lz + M (T) + M (T) + Mo(T) < 84, then M (T) <
Cll(x)*voll ;2 fort € [0, T].
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To prove Lemma 7.1, we make use of the virial identity for the KP-II equation that
was shown in [6]. Let u be a solution of (1.1) with «(0) € L?>(R?) and

I1(t) = / Pa(x —x(@®))u(t, x, y)2 dxdy .
]RZ

Suppose that inf, > x'(f) > 0. There exist positive constants g and § such that if
a € (0, ap) and |Jvg|[;2 < &, then

t
1(t) +/ /2 Po(x —x(s)E) (s, x, y)dxdyds < 1(0). (7.1)
0 JR

See e.g. [26, Lemma 5.3] for the proof.
If u(0) is small in L2(R?) and polynomially localized, we can prove time decay
estimates by using (7.1).

Lemma 7.2 Let u(t) be a solution of (1.1). Let 0 < T < oo and let x(t) be a C!
Sunction satisfying x(0) = 0 and inf;c0,71x(t) > ¢1 for a ¢c; > 0. Suppose that
(1 + x)Pu(0) € L>(R?) for a p > 0. Then there exist positive constants o and 8
such that if o € (0, ag) and ||u(0) || 2r2) < 6, then

/ Palx —xO)u(t, x, y)?dxdy S () N0 +x) uO 2oy, (72)
R2

T
fo fR L Pa(x = x(E)E@), x, y) dxdydt S (0 +x)' pa(0) Zu(0) 72 g,

(7.3)
/ (1+ x40 po(u(t, x + x(1). y)? dxdy
RZ
SO + 202U O) 12 g, (74)

where p1 and py are positive constants satisfying p» > p1 > O.

Proof We can prove (7.2) in the same way as in [24, Section 14.1]. Since
min(1, e2%¥) < py(x) < 2min(l, €2**) and pl,(x) = asech’ax = O(e2*Nl),
it follows that for x < 0,

Y palx =)< ’

{Zj}O e~ 2 < py (x) for x
j=0

<0
Dalx—i
Zo<j<1x11+zj>[x]+1e abh=il <14 x forx >0

Similarly, we have py(x) < > >0 ph(x — j). Hence it follows from (7.1) that for
1€0,T],
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t
//pa(x—x(S))E(u)(s,x,y)dxdyds
0 JR2

0 t
SE // Po(x = x(s) — J)E(u)(s, x, y) dxdyds
0”0 Jr?

o
<Y / Pax — (0, x, y)? dxdy < f (1 + x4) pa()u(0, x, y)* dxdy .
0 /R R2

Finally, we will prove (7.2). Let ¢ and ¢, be constants satisfying 0 < ¢; < ¢3 <
infoc, <7 X(¢) and let g¢ (x) = (1 + x4+)%? py (x) for £ = 1, 2. Since

qe) = Y (L4 D> pa(x — ),
j=z0

it follows from (7.1) that for ¢ € [0, T],

fR @2 — einut, x, y)* dxdy S fR L @2(0)u0.x,y)%, (7.5)
provided ||u(0)|| ;> is sufficiently small. Combining (7.5) with the fact that
q1(x = x(1) < q1(x = 21) S P PPgp(x = ert),
we have (7.2). Thus we complete the proof. O

Now we are in position to prove Lemma 7.1.

Proof of Lemma 7.1 By Claim 5.1, there exists a ¢; > 0 such that x,(f, y) > ¢
for every r € [0,T] and y € R. Hence it follows from Lemmas 3.1 and 7.2 that
M(T) < |11 +x+)2v*||Lz(Rz) < (x)2v0||Lz<Rz). Thus we complete the proof. O

The scattering result by Hadac et al. [10] which uses U?” and V? spaces
introduced by [18, 19] implies that higher order Sobolev norms of solutions to (3.8)
remain small for all the time.

Lemma 7.3 Let v1(t) be a solution of (3.8). There exists positive constants s and
C such that if || (x)2vg ||H1(R2) < 85, then M (00) < C ” (x)2vg ||H1(R2) for every
t e

Proof 1t follows from [10, Proposition 3.1 and Theorem 3.2] that

1851022, + |10 2(D ) 000

L2(R2)

S 1030l 2y + | |17 2(Dy) 20

I L2®2)

SHE@WD) 2l 2 ey -



The Phase Shift of Line Solitons for the KP-II Equation 465

See e.g. [23, Section 7.2] for an explanation. Combining the above with the L?-
conservation law [[v1(1)[|.2r2) = llv«ll2(r2) and the Sobolev inequality (4.5), we
have

1310l ey S 1021201 0)

L2(R?)

+ 1D 2, 510

L2(R?) SIE@D) s

Let
_1 22—l 2 53
H@u) = (0x 1) 3(0, Oyu) 2u”t dxdy .
2 R2

Since H (u) is the Hamiltonian of the KP-II equation and v; is a solution of (3.8)
satisfying 91 € C(R; H!'(R?)) and 3, '9,9; € C(R; L*(R?)),
319510y 51 (D 122y < = 2H@10) + 1031 (D117 22, + 2151017352,
= —2H ) + 39107 o)

+ 205101552 S M€ 12 g0, -

Combining the above with Lemma 3.1, we have Lemma 7.3. O

8 Decay Estimates for the Exponentially Localized Part
of Perturbations

In this section, we will estimate v, (¢) following the line of [22].

Lemma 8.1 Let ng be a small positive number and o € (v(no), 2). Suppose that
M| (00) is sufficiently small. Then there exist positive constants 8¢ and C such that
if Mo (T) + My (T) < 6,

M (T) < C (I{x)voll 2 ey + Me, o (T) +Mi(T)) (8.1)

First, we estimate the low frequency part of vp(#) assuming the smallness of
M x(T), M2 (2) and M, (T).

Lemma 8.2 Let no, @« and M be positive constants satisfying v(ng) < o < 2
and v(M) > «a. Suppose that va(t) is a solution of (4.2). Then there exist positive
constants by, 8¢ and C such that if M »(T) + My(T) + M (T) + Ma(T) < e,
then fort € [0, T],



466 T. Mizumachi

| P1(0, M)va(t, )l x < Ce P vpsllx .
+ C {Mex(T) + M (T) + Ma(T)(Ma(T) + My (T) } () ~/*. )

Proof Let Up(t) = Pa(no, M)va(t) and Ny, = {2¢(t,y) + 6(p(z) —
@e(r,y) (@) }v2(2, z, y). Applying Proposition 2.1 to (4.2), we have

t
1520 1x S e llvasllx + / e (@ —5) e PaN 1 () 115 ds
| !
t
+ / e VU@ — ) TV2(IN22(9) x4 INS 2 () 1 x + [ N2l x) ds
0

t
+ /0 eI (1es) I x + 1P2N23 ()1l x) ds

(8.3)
where we abbreviate P>(19, M) as P;. It follows from [22, Claim 9.1] that for ¢ €
[0, T],

le** PaN2 1 llpiz2 SVM(lotllz2 + llu2llz2) vz llx

(8.4)
<VMM(T) + M, (T))Ma(T) (r) =34 .
By the definitions and Claim 5.1,
€11 x S (M (T) + M (T) + Mo(T)*) (1) /4, 53
162l x S e S (M, ((T) + My (T) +Ma(T)?), '
and
IN22llx S (e — 2¢ = 3(xy) 2z + 1€l o) [v2llx
(8.6)

< (M (T) + M (T) + Mp(T)HMa(T) () /4.

in the same way as (8.6) and (8.7) in [23]. Since

GO Lo + Y 135 x(O)lleo S M (T)(1)™/2 fort €10, T,
k=1,2

/ ~
N5 llx + 1P2N230lx S (lEllizoe + [lxyllzoe

+ oyl v2llx S Mex (T)Ma(T) (1) =4 (8.7)
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Here we use the fact that |3y P> || px) S M. Since |e**{¢.(z) — V@Y < palz +
3t + L), we have

IN2.4llx S M (T) ()™ fort €0, T]. (8.8)
Combining (8.3)—(8.8), we have for ¢ € [0, T],
120 lx < e b flvawllx + (M (T) + My (T) 4 (M, (T) +Ma (T) Mo (T)} (1) 73/

As long as vy (¢) satisfies the orthogonality condition (3.10) and ¢(¢, y) remains
small, we have

o2 lx S I1P1O, M)va@)llx S 10201l x
in exactly the same way as the proof of lemma 9.2 in [22]. Thus we have (8.2). This

completes the proof of Lemma 8.2. O

Using a virial identity, we can estimate the exponentially weighted norm of v,(¢)
for high frequencies in y in the same way as [23, Lemma 8.3].

Lemma 8.3 Let a € (0,2) and vy(t) be a solution of (4.2). Suppose M/ (00)
is sufficiently small. Then there exist positive constants §¢ and My such that if
M x(T) + M (T) + Mo(T) + My(T) < 8¢ and M > My, then fort € [0, T,

2 -M 2
21y S e oy

1
+ [ (1)1 + 1210 M) + N2 ) d

1@ 2120739
S llvzsdlix + 1l 20.7:x) + PO, M)vall 20,7y x) + IN2.4ll 20,7 %) -

Now we are in position to prove Lemma 8.1.

Proof of Lemma 8.1 Combining Lemmas 8.2 and 8.3, (8.5) and (8.8) with (3.13),
we have

Mo (T) Sllvasllix + Mex (T) + Mi(T) 4+ Mo (T)(Ma(T) + My (T))
S voll 2wy + Mi(T) + Mo (T)(M2(T) + My (T))

Thus we obtain (8.1) provided M (7) and M, (T) are sufficiently small. This
completes the proof of Lemma 8.1. O
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9 Large Time Behavior of the Phase Shift of Line Solitons

In this section, we will prove Theorem 1.5. To begin with, we remark that M. , (T),
M (T), M(T) and M, (T) remain small for every T € [0, oco] provided the initial
perturbation vy is sufficiently small. Combining Proposition 3.2, Lemmas 5.1, 6.1,
7.1,7.3 and 8.1, we have the following.

Proposition 9.1 There exist positive constants ¢y and C such that if ¢ :=
1¢x) ((x) + (YD voll grwey < €o, then M x(00) + M (00) + Mz (00) + M (c0) +
M (00) < Ce.

When we estimate the L°° norm of X by applying Lemma 2.3 to (4.6), two terms
N® and B, lfl] (t)" (b, X) are hazardous because they do not necessarily belong to
L'(R).

Wg introduce a change of variable to eliminate E{Basks;e; and a bad part of
B, A1 (). Let

n? ’

(a;(t D,) 0

a4(t Dy) 0) - B_I'A] (t) &3] (t) = &3(1, O) , &32([’ ;7) =

and y(1) = e~ Jo@1()ds Note that a3 (t,n) is even in n because g{(z, n) thus the

symbols of B4 and ./Tl (t) are even in 5. By [23, Claim 6.3], the operator B4_1 is
uniformly bounded in B(Y) and we can prove that for ¢ > 0,

laz1 ()] + 15 (01 + lasa (e, Dy) | peyy + 183 (1, Dy)ll peyy + lda(e, Dy)ligeyy S e *GHD
©.1)

in exactly the same way as [22, Claim D.3]. We need to replace e " **+L) in [22,
Claim D.3] by e~ @B*L) pecause %(Z) = Ve .(z £ 3t) in our paper whereas
%(Z) = Y.,1(z + 4¢t) in [22]. By the definitions of So, Sl and S3 (see [22, pp.
40-41]) and [23, (A1), (A6)],

AL By = O), A2l Brynsery) = O *PHH). 92)
By (9.1),

O<infy@) <supy(t) <oo, lim y(t) > 0.
>0 >0 t—>00

Letk(r, y) = y (1)k(z, y)er, b(t, y) = b(t,y) + k(z, y) and

b(t,y) = (b1 (1, ), ba(t, y) = y)'(b(t, y), X(1, ¥)) . 9.3)
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By Claim C.1 and (5.27),

135p1 Ny SISOy + k@)l

(9.4)
S ()T ARFDAML L (00) + M (00) (1) ™2 fork >0,

19552y S N5 EO Ny S (1)~ D4 M (00)  fork > 1, 9.5)
Iz S 1b2() e + Ik @Olly S I1b2(t) e + M (00) (1) 2. (9.6)

Note that ||8§k(t)||y < 77]6||k(t)||y forany k > 1.

Substituting (9.3) into (4.6) and using (5.22), (5.25) and (5.26), we have
) . ° o . o
a,bzA*b+y{ZNI+N6+ayN6+N7+a§N7} : ©.7)
i=1

where Ng = Zlgng N6j’ Ne = Ng1 + ayNﬁz,

N -1 3 —1 N S vl 00
Ne1 =y~ 9:{y@2— 87, [¥D” }key, Nez = E2B4R" —2Exk, Ep = E

Nez =2 — 3, [y ]! {feul + ST13cgel(cr) — STI9l1 (e — 2 — 3<xy)2)} + B3R,

Ne1 = B4Ry, .1€1, Nex = {B4Rv1,2el —(Bis+ 334)va} ,

N7 = {@a(t. Dyb(t, ) — an(DE(L, les.
Ny = (0241 +42) (b2, Jer + 3, Jea) — dn(t, Db, Jer
— 0,2 (Ax — 2E2DK(, 1) .

Now we start to prove Theorem 1.5.
Proof of Theorem 1.5 Using the variation of constants formula, we can trans-

late (9.7) into

b(t) = ¢*b(0)

t 5 L] o L] o
+ /0 e(t—s)fl*y(s) (Z N (s) + Neg(s) + 8),N6(S) + N7(s) + 8§N7(S)> ds .
i=1

(9.8)
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Now we will estimate the L°-norm of the right hand side of (9.8). By (4.7)
and (9.3),

1 -1 ~
b10.y) =) + 5 (2= SHIO) P ( [ RN dx) :
R
b2(0,y) = x:(y),

and it follows from Lemmas 2.3 and 4.2 that

S 1Bl + By, + xlivy + vl ey S e

¢"*b(0) H L®(R)

< ()72, (9.9)

t A _ l
ey - ¢ "*b(0) 2H2t * Wyr x b1(0)
LOC

where & = | (x) (y)vo HL2<]R2)'

Next, we will estimate N1. Let N; = P1{2(c —b) + 3(xy) Jes and N1 =
6?1 (biy)el. Then E;N;| = ayN, ENy| = N], N = dlag(a} s 1)(N1 + N]) and

IT1(0) == [Nilly, + N1y, S M (00) () ™12,

By (1.9) and the fact that

. 4 3/2 3.1 s ~3
b— c—§P1{<2> —I—Zc}—gPlc + 0(c”) (9.10)
(see [22, Claim D.6]),

I11(1) = bey _ 2{,[;(1‘7 . +4l)2 _ ME(t’ . —4[)2}”Ll S 825(1‘)0)71/2 s

() = Hz(a — )+ 3002 = 2ub ¢, + 402+ uj(t, - — 4:)2}HL1 < &25()(1)" /2,

where §(t) is a function that tends to 0 as t — oo. Note that ||u'g(t, +A4Dug(t, - —
4t)||;1 = O(e*t~1/2¢73"). By Lemma 2.3 and [22, Claim 4.1],

t t
H/o e(’_sm*y(s)Nl(s)dsHLoo,S/ (t —s) V2111 (s)ds

<M, (00)? / )12 ()7 1/2

<M, (00)?,
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t
H/o e(t_‘Y)A*y(s){Nl(s)ds
— 7 o 4 — ) % {Buk (s, - £ 45)2 — 2uF (s, - F 49)°) dses HLOO
+
t t
< / (t —s) I (s)ds +/ (t —s) V2 U1 L(s) + 1115(s)) ds
0 0
t
< &2y V2 log(r +2) + 82/ (t —s) V25 128(s)ds —> 0 ast — oo.
0
For y satisfying min{|y — 4¢|, |y + 4t} > 28(¢)~'/2 /1,

t
[ [ o= v {007 4 a1 7890 s
0

t
< / (t— s)_l/zs_le_‘s(t)fl/8 </ e_y'z/gs dyl) ds
0 Iy <8012

t
+ / (t —s)"V/2s71 </ eVi/Bs dy1> ds
0 [y11=80) =2t

< exp(—S(t)_l/S) — 0 ast— oo.

Combining the above with the fact that |u§(s, )| < Ha(y), we obtain

f
lim H/ =9 ()N (5) ds =0.
0

t—00

LOo(|y+4t|>81)
The other terms can be decomposed as

5
Y NO+Ne+3,No+N7+9;N7 = Na+ Ny 3y Na+Np) +05Ne, (911
i=2

such that N = E;Nj, and

IXDPYENll ey + 185U = x (DY) ENally, S (e7Fe +22) (0732,
9.12)

[E2Xally, + [Nl 207" ©.13)

[Ny + [Ny S e, [ Nelly S ety 9.14)
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Hence it follows from Proposition 9.1 and Lemma 2.3 that

Se e 462, (9.15)
LOO

sup

t .
/ =9y (5) x (Dy) EYNg(s) ds
t>0

0

SJ (e—olL8 + 82)<t>_1/2 ,

t °
‘ /O U=y (5)(I = x(Dy)) ExN(s) ds

L(X)
(9.16)
t L] L] o o
| [ ey o[ Efu+366) + 8, 6) + N o)
0 9.17)
+ 02N ()] ds HLOC < er)"V4,
By Lemma 2.4, (2.20) and (9.12), that for any § > 0,
t °
lim  sup / U=y () x (Dy) EXN4(s) ds — haez| =0, (9.18)
=90 )y1<@-o)1 10
1 * N —alL 2
ha =3 y(s)er-Na(s, y)dyds, |hal See”™" +&7, ©.19)
0 R

lim  sup =0.

1700 |y > @+o)t

' L]
‘/(; e(l‘—S)-A*y(s)X(Dy)ElNa (S) dS

Now, we will prove (9.11)-(9.14). First, we will estimate N2. As in [22,
Claim D.7],

IP1R] lly, 4 X (Dy)R] I 11 S M x (00)%(1)73/2, (9.20)

IPAR Ny, S Mex(00)2(t)™",  IPIR]ly < M i(00)?(r)~/4, (9.21)
where
R] = {4\/§c3/2 —16 — 12b} Xyy — 6(2by — 20)2cy)xy — 3¢ ey)?,
; c\3/2 e\ 12 2,
R=61(5)" —1fxn+3(5) ey —30x), + = (ey)
32 4 — P 2
+§(C — U — P)(xy)”.
Let
R = R34 RM 1 RS 4 5, <205> . R2—RR LRV L R2 L5, (205) ’

§31 — R9l _I_Rll,l §32 — R92+ Rll,2.
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Then R' = R — 8§§12 and R® = R3' — 8)2, R?2. See Appendix B for the definitions
of R/! and R/2 and see (A.1)~(A.4) and (A.17) for the definitions of Sy (¢ = 1, 2).
By Claims A.1, A.2, B.2-B.4 and B.6,

Ix(DYR"MI 1wy + IR Iy, + IR Iy,
< (M ¢ (00)% + Mh(00)? + M (00)Mh (00)) (1) /2, (9.22)
Ix(DYRM 1wy + IR Ny, + IR Iy,
< Me,x (00) (Me x (00) + M (00)) (1) /2. (9.23)
Let Ny = Naj + Nao + Noz and
Noj = Ba4(Py R]e; + R+ R¥) 4+ By(PIR" + R' + RY),
Ny = Bl_lﬁlRZEZ , Ny = (B4 — Bl_l)ﬁlRZez ,
Ny = B4(R'? + R**) + (Bia + B3a)(PIR" + R' + R%).
Since B;' = By + Bas — 97(B14 + Bs4) and [B4,dy] = O, we have N? =
Nz — 0FN2. By (9.20)-(9.23) and Claim 5.2,
N2ty =+ 1 (DNl 1y S M (00) 4+ Mp(00)) (1) /2,
IN2lly, S (M ¢ (00) + Ma(00)) (1) 7! .
By (5.8), (9.21) and the fact that Bl_lez = %ez,
IN2lly, S Mex(00)?()™", Ny = ExNp,
IN23lly, + X (Dy)Nasll 1 gy S e (1) 7 ML 1 (00)?.
Next we will estimate N3. Let
N3 = [B34, ,)(R* + R*), N3 = (B;' + Bas — 0yB349,)(R* + R?).
Then N3 = N3 + 9yN3. By Claims B.1 and B.3,

IR?|ly, < My (00)(M , (00) + Ma(00)){r) !,
IR?|ly < M (00)(M . (00) + M (00)){r) /4. (9.24)
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By Claims B.4 and B.5,
IR Ny, < M (00)2(1)™1, IR ly S My (00)(r) /4. (9.25)

~

Combining (9) and (9.25) with Claim 5.2, we have
IN3lly, + 1 (DNl 11 S Me x (00) (M x (00) + Ma(00))* () 72,
IN3lly, S Me.x(00) (M (00) + Ma(c0)) (1) .

Next, we will estimate N*. Let nq) = (By — 8§§0)bye1, ng = (By— 8§§0)xyye2
and

[} Y [ ] [ ] L] L]
Na1 = [B3s, dylngr, Nap = EzB3angy, Nyz3 = EBzsng,
Na1 = Baang1, Nao = B34(dyn41 + nao)

By the definitions, E2N4» = Nyp and
N* = (B3 — 35334)(%”41 +n42) = Nap + N + Nyz + 9y Nygp — 3§N42.

Since [|Sollpyy = O(1) by [22, Claim B.1], we have [nailly + |naally <
M, (00) (t)3/* 1t follows from Claim 5.2 that

10 (DNl + 1 Natllyy S M (00) (M (00) + My (00)) (1) /2,
INazlly, + INatlly, + INazlly, S M1 (00) (M 1 (00) + Ma(00)) (1)
Since ElBl_lél =0,
3:f43 =E; (1.934 + Bl_lélBgl) n4 .
By Claim A.4 and (5.4),

IB34 + BaC1 B3 Mpy,v1) =l1Ba(S31 — S31 — St — S51)B3 ipv.v)
<M, (00) 4+ Ma(00)) (1) ™34
By (5.8) and the above,

| B34 + BflelB;1||B(Y,Y1)

< B3+ 346133_1||B(Y,Y1) +1B; ! - B4||B(Y|)||6133_1||B(Y,Y1) (9.26)

< ()M 1 (00) 4+ Ma(00)) .
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Using Claim 5.2 and (5.12), we can prove

1X (Dy) Baa+x(Dy) By "€1BS Mgy 1y S ()74 (M (00)+Ma(00))  (9.27)

in the same way. By (9.26) and (9.27),
INaslly, + [|x (DN || 1 S ()72 M (00) M, (00) + Ma(00)) . (9.28)
Secondly, we will estimate NS, By (5.2),
5 ° ) e} L [ ~ b o ° ~ b
N> =Ns —9;yNs, Ns = B3sAi(1) i) N5 = B3s A (1) NE
Since A1 (1) (b, )|ly < M, (c0)e *C+L) it follows from Claim 5.2 that

INslly, + 1x DN o+ [Ns]ly,

< e ¥ CFD () TIAML | (00) (Me x (00) + M (00)) . (9.29)
Next, we will estimate Ng and Ng. By Claim C.2, (5.27) and (9.1),
[ N6t |1y, + [x(D)Ne1 ]| 1 Se 1) .

We see that Ngo = E>Ngp and that

[Nez|ly SR Iy + llklly S Mi(oo) () >
follows from Claim C.1 and (5.20). By (5.24), (5.28) and (5.30),

| x(Dy)Nes|| 1 + [ Nes |y, SM (00) (M, (00) + My (00) + Ma(00)) (1) =2,
By Claims 5.2, (5.23) and (5.29),
IN61lly SIRw,1lly S M x (00)M (00) ()~ "/4,
INe2lly SIRv2lly + 11(B1a + B3a) RV Iy < M (o0)(r) L.

Finally, we will estimate N7 and N7. By the definition and (9.1), we have N7 =
E>N7 and

1N Oy S (M (00) + My (00) + Mo (00)?) e G101y 14
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In view of Claim 5.1,
IOy S M (00) + M (00) + My (c0)?) (1) /4.

Combining the above with Claim C.1, (9.1) and (9.2),

IN Ol < {010 + €)M, (00) + M (00) + Ma(00)? | ()

This completes the proof of Theorem 1.5. O
Next, we will prove Corollary 1.6.
Proof of Corollary 1.6 Let ¢ € C§°(—no, no) such that £(0) = 1 and let
10, 3) = 924e,(0 (¥) = V2L (). &) = (T D).
Then it follows from [22, Lemma 5.2] that
c0,y) =c(y), X0,y)=0, b1(0,y) =bs(y), vei=12,=0.
Since [|byx — Eill;1 S 1E<(0)]|%, we see that b, € L'(R) and that

£
21

If ¢ and =L are sufficiently small, then it follows from (9.8), (9.9), (9.11), (9.15)-
(9.17) and the above that

ébl(o, V) dy >/RE*<y)dy—||b*—5*||Ll - jo@.

h 2 liminfx(z, 0) 2 liminfb,(¢,0) 2 ¢, (9.30)
1—00 11— 00
where /4 is a constant in (1.10). Corollary 1.6 follows immediately from (9.30) and

Theorem 1.5. Thus we complete the proof. O

10 Behavior of the Local Amplitude and the Local
Inclination of Line Solitons

In this section, we will prove Theorem 1.4 following a compactness argument in
[17].
Letb(z, ) = y ()P (Dy)e*3%d(t, ) and

L[ s 8i 10
=g (n +iom) n— iw(n)> N <0 in) P
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Then (9.7) is translated to

drd = (2021 + dy@d(Dy)os}d + Ny + 9y (N + N') + 92N, (10.1)

where 03 = diag(1, —1), N, = e~ 4% 1, (Dy) "' E; x (D,)N, and

~ 6bx,
N — —41038},1—1 D -1 y
€ 2 PYF R +3(x,)2)

f]N\f/ — e—4ta38y H*(Dy)—l
{ay‘(l — x(Dy)E1Ng + EoNg + Ny, + diag(1, 9y) <Na + Nb)} .
N = e~ 4o 1, (Dy) ! diag(1, 3y)N, .

Note that x (n) = 1 for n € [—no/4, no/4] and that diag(1, 9,)Np = 9, Nj.
By (2.13), we have for n € [—no, nol,

22 112
‘H*(n)—<l_l>‘+‘n*(n) —Z<1_2)‘§Inl- (10.2)

If no is sufficiently small, then IT.(Dy), H*_I(Dy) € B(Y) and it follows from
Claim C.1 and the definitions of b and d that
S k@, )y + l0,d@, Hlly < ey

b(t,-) 2 2\ o3, )
‘(xy(r, -)) - (1 —1>e e o

To investigate the asymptotic behavior of solutions, we consider the rescaled
solution d; (r, y) = Ad(A%t, Ly). We will show that for any #; and t, satisfying
O0<t <t <00,

lim = sup |dr(z, y) — doo(t, V)l 2®) =0, (10.4)

A=0 refr, 1]

where doo (2, ¥) = "(doo,+(t, ¥), doo.— (¢, ¥)) and doo,+ (¢, y) are self-similar solu-
tions of Burgers equations

didy =207d; +49,(d?) . 105)
id— =207d —49,(d-)*.
satisfying
Adoo(A21, Ay) = duo (2, y) forevery A > 0. (10.6)

First, we will show uniform boundedness of d; with respectto A > 1.
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Lemma 10.1 Let ¢ be as in Theorem 1.4. Then there exists a positive constants C
such that for any . > 1 and t € (0, 00),

D 0kdn(r. )2 < Cet™ DA 2d, 1, )ll2 < Cede (107
k=0,1

18,5 (2, ) -2 < Ce™ V4 +173%)e. (10.8)

Proof The proof follows the line of the proof of [22, Lemma 12.1]. By Proposi-
tion 9.1 and (10.3),

>V akdm |y + ()107d@)ly Se  forevery t >0, (10.9)
k=0,1

and (10.7) follows immediately from (10.9).
Next, we will prove (10.8). By (10.1),

dd;, =202d;, + 1039, (A" Dy + Nos + 3y Ny + N} + 02N
where tha,;h(t, y) = A3ﬂa(kzt, Ay) and
Not,y) = MNQ21, ay) . Ni(e, y) = 22N (320 ay) . NG, y) = AND (W21, Ay) .
In view of (2.13) and (10.7),
192d.(t, Il -2 + 128y, Dy)da(t, M -2 S (e, )l 2 Ser ™4

Using (9.12)—(9.14), (10.2) and the fact that Y1 C Y, we have

1Nl S (ke +62) (072, (10.10)
INlIy Se2)=4, Ny S, NIy Se@)™!,
and
1Nt = 21N G2y S (eFe+2) a7 72, 0
INL(2, Y2 = A2 INGR2, Hlly S 2734, (10.12)

INL(t, 2 = 232INT 2, )y S en2(Q 42207 S en V478,
(10.13)

INY(t, 2 = A2IN G2 )y S er 210+ 2207 S ea V212,
(10.14)

Combining the above, we have (10.8). Thus we complete the proof. O
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Using a standard compactness argument along with the Aubin-Lions lemma, we
have the following.

Corollary 10.2 There exist a sequence {Ap},>1 satisfying lim, o0 Ay, = 00 and
doo(t, y) such that

dy, (1, ) = deo(t, )  weakly star in L{2.((0, 00); H'(R)),

9rdy, (1, ) = 0 doo(t, ) weakly star in L7;.((0, 00); H_Z(R)),

sup t'/4||dso (1)]| ;2 < Ce, (10.15)

t>0

where C is a constant given in Lemma 10.1. Moreover, for any R > 0 and t1, t, with
0<t)] < <o

lim  sup [ldy, (t,) — doo(t, )l 2y 1<) = O (10.16)

>0 elr,n]
Next, we will show that do (7, ¥) tends to a constant multiple of the delta function

as ¢t | 0. To find initial data of d (7, ¥), we transform (10.1) into a conservative
system. Let

&(r,y)=<§+g’£) = d(r,y) —d(t, ) . &a,y):—f Nu(s, ) ds .
_ (¢, t

Then
ord = 202d + 9, (N + N') + 92(N" + N) , (10.17)

where N = 2d + 9! &(Dy)o3d.
Lemma 10.3

lim/ doo (2, y)R(y)dy :h(O)f d(o, y)dy foranyh € H%(R). (10.18)
110 Jr R

Proof Letd; (, y) = Ad(x*t, Ay) and d; (¢, y) = Ad(2, Ay). By (10.10), (10.11)
and the fact that ||d(z, )|y < (A, )1,

[d®], + ], < (ke +2) )2, (10.19)

15,2, )12 = AV21d031 )y < (e_“Le + 52) A2 (10.20)

Hence the limiting profile of d, (¢) and (ﬂl,\(t) as A — oo are the same for every
t > 0.



480 T. Mizumachi
By (10.17),
drdy, = 202d; + 8y (Ny + N3) + 92(NY +Np)
where N} = 2d; + 3 '@(A~' D,)d;.. By Lemma 10.1 and (2.13),

HZ&A + if;f/

L Sldile S et (10.21)
Combining the above with (10.12)—(10.14), we have

sup ”8;&1([’ ')||H_2 S 8(t_1/4 + t_7/8) )
r>1

Thus fort > s > 0 and h € H2(R),

'/R&A(r,y>h<y)dy—A&A(s,y>h(y)dy’ <cle-9 -9,

where C is a constant independent of A. Passing to the limit as s | 0O in the above,
we obtain for r > 0,

‘ f dy (t, Y)h(y)dy — f d;. (0, y)h(y)dy‘ <CE/* 1178y, (10.22)
R R

Since &(O, ) e LYR) + dy Y1, it follows from Lebesgue’s dominated convergence
theorem that as A — o0,

/ d;. (0, y)h(y)dy =f F,d(0, A~ ') F h(n) dn — V27T ,d(0, 0)h(0) .
R R :

On the other hand, Corollary 10.2 and (10.20) imply that for any ¢+ > O and h €
L2 (R),

,,i“;o/RaM(”y)h(y)dy:/Rd""(t’y)h(y)dy'

This completes the proof of Lemma 10.3. |
Now we will improve (10.16) to show (10.4).

Lemma 10.4 Suppose that ¢ is sufficiently small. Then for every t and t) satisfying
0 <11 < 1 < 00, there exist a positive constant C and a function §(R) satisfying
limg_ o 6(R) = O such that

sup [1d5. (2, )l 2y k) < CER) + 27V fora > 1.

telty,n]
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Proof Let ¢ be a smooth function such that ¢(y) = 0if |y] < 1/2and ¢(y) = 1 if
|y] = 1 and ¢g(y) = ¢(y/R). Multiplying (10.17) by ¢r, we have

(@ — 20D (¢rdy) = 9 {Er Ny + N} + 02{er N + N0} = Ng. (10.23)

where Ng = ﬂR,l + ﬂR,z, 5\}1{,1 = [0y, cRION, + j\\‘f’k) and ﬂR,2 = [82, ¢r1(2d; +
N 4+ N7”). Using the variation of constants formula, we have

6
trds (1) = 2 rpd(0) + Y 1V,
j=1
! 2(1—1)02 i~ ! 2(t—1)02 ~
1m=/ XI5 9, (LrRNA (7)) dT 1v2:/ e TN 9, (crN, (7)) dT
0 0
t t
vi= [ SRR wondr, 1vi= [ TR @) dr.
0 0
" 925 "y 925
IVs = —f AN NR () dT, Ve = —f ATOENR 2 (1) dT .
0 0

By Lemma 4.2, (3.11), (4.7) and (10.19), we can decompose &(0) as

d0) = do+ dydy. o] 1z, + o], e (10.24)

Letdo,;(y) = Ado(Ay) and do 1 (y) = do(ry). Then d; (0, y) = do ;. (y) +3ydo,.(»)
and

% s )] 2 S~ erdos] o+ 17 dos] o + 18y, 2r1dos ]
§t71/4”&0”L'(|}’|>AR) +{R"+ (tk)71/2}|’30||L2 :

By Lemma 10.1 and (10.20),
t
ITVill2 S / t — O Herdi (Ol 2 1 (D)1l 2 dT
0
t t
58/ (t — )4 V3 pdy (o) || 2 dT + 82)\*‘/2/ (t =) 343 e
0 0

t
ga/ (t — )V rdy (D) 2 dT 4 22712712
0



482 T. Mizumachi

By (10.13),
! 12y &
11V2ll 2 5/ t — ) 2IerN, (D) 2 dT
0
'
< ak_1/4/ (t — 1) 27 gr < ep VA8
0

Since SryJN\fX(t, n) = 0 for n & [—Ano, Anol, it follows from (10.14) that

INY (2, Mg S AVAHINT (2, e S er™ V4712

t
AATE 5er‘/4/ (t—7) 812 s < en VA8
0

Using Lemma 10.1, (2.13) and (10.20), we have

DN W gie SNl g1se + 2185 @07 Dy s

S 2 + AT e S eam VA2,

and
t g ~
Vil < /0 (t = 07 | e @) e d
t
58)51/4/ (t— 1)77/8r*]/2dr < ex V438
0
By (10.12) and (10.13),
t
~ ~ &
1Vslz2 S fo IRl (1N (@] 2 + NG 2) de S 2@ 475,
By (10.7), (10.14), (10.20) and (10.21),
t
1 Vellz2 < /O W07 lle + (¢ — )~ 213y ¢rllL>)
(||J?f;’(r)||Lz + Hz&k(r) + J?f;”(r)HLz) dr

t
< %/ (14 =07 O™ 4 o Par s S0
0
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Combining the above, we have for ¢ € (0, 1),

_ ° & _ _
Ierdi 2 < 074 dofl 11 gz am) + r e Ve

t
+8/ t — )V grdi (0 dr
0

and if ¢ is sufficiently small,
(] £ _
sup 12| ¢rd; (D)2 < Clty, 1) (||d0 ||L1(M>m) +o+ e 1/4) ,
1€(0.12) -
where C(f2) is a constant depending only on #,. Thus we complete the proof. O
Now we are in position to prove Theorem 1.4

Proof of Theorem 1.4 Corollary 10.2 and Lemma 10.4 imply

lim sup [y, (t, y) — doo(?, Y)ll;2®) =0,

=0 reln,n]

and that d (¢, y) is a solutions of (10.5) satisfying ||deo(, )|l;2 < Cet~ /4 for
every t > 0.
Let ma € (—2+/2, 2+/2) be constants satisfying

11 <2\/§:I:mi)

—log | ==—= )= [ d.(0,y)dy.
2g2«/§¢mi /R:l:yy

Then for every h € H'(R),

lim/ uch(t, yh(y)dy = h(O)f d(0,y)dy.
t}0 Jr R

If ¢ is sufficiently small, then solutions of (10.5) satisfying (10.15) and (10.18)
are unique (see e.g. [22, pp. 74—75]). Hence it follows that

+
_ (ug@, y+4r)
doo(t, y) = (u;(t, y _40) : (10.25)

and that doo (¢, y) satisfies (10.6). Thanks to the uniqueness of the limiting profile
doo (2, ¥), we have (10.4).
By (10.4) and (10.6),

t4d(, ) — doo(t, )l 2y = 1A j7(1, ) = doo(1, )l f2g) = O ast — oo,
(10.26)

and Theorem 1.4 follows immediately from (10.3), (10.25) and (10.26). This
completes the proof of Theorem 1.4. O
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Appendix A: Operator Norms of Sli

First, we recall the definitions of operators Si and S/ used in [22, 23]. For ¢, = ¢,

@, dcp and a;lag"wc(z) —f Moc(z1)dzy (m = 1), let Sk [g.] and Sk [qc] be
operators defined by

S ()t y) = / / FONREE @0, 2¢O dy dzdn |

SPLql() (s y) = / / FODET Y8 G 1, et y))E O™ dyidzdn,

2w
where

540(2) = qc(z) - 62]2(Z) ’

g;:] (Z7 n, C) - g;:] (Z7 n, 2)
c—2

- _qlp—1 1 - _g/ Ire!
—8,[9;"0cgc] Sy [ec] —85[0c@c] S5 [ ]

8ir(z.m,0) = g1 (2,1, 2)8q.(z) + qc(2),

Let S,? [p] and S,f[ p] be operators defined by
3 L * i(y=yn
Silpl(H)e, y) = I - FOp+3t+ L)gg(z, e " dyidzdn ,
—1no

SUPI. y) = / / FODEC )G+ 3+ L)
x gi5(z, m, c(t, y1)e' Y dyydzdn

where g/5(z,1,¢) = (¢ — 2)_1(g,’f(z, n,¢) — g;(z,n) and p(z) € C°(R). Let S,f
and S,? be operators defined by

l no e
$NE =5 f f s,z 90 SOV @ ety O dzdyid,
—no

St y) = — / f va(ts 20 1) FO)BegE o e et y))E O™ dzdyydn



The Phase Shift of Line Solitons for the KP-II Equation 485
Let S3 = S{[V1E: + S3[Y]Eai,

Si= (S?[w]wz/c — 1)) + SHVI/27e) =2(S5p 1+ SHTY D ((V2e — 2)-))
SIWVIW2/e = 1)) + SHVIW2e) 2S5 + SV (V2 = 2)))

(58
5 = Sg 526 ,

and S’j = §j(1 —i—@z)_] for 1 < j <5, where

°eN

€ =P {2 -1| B, &=ckEr

Now we decompose the operator S,{ 1<j<6,k=1,2)into a sumof a

time-dependent constant multiple of Py and an operator which belongs to 3}2,B(Y ).
Let

SLIPIO f(y) = / / FONP@+ 3t + L)gi(z, 00! Y™ dy dzdn

27

= (A;{z p(z 43t + L)gi(z, O)dz) Pif,
(A1)
f / FODPGE+3t+ L)gf (2. me' YV dy dzdy
(A2)
Salpl(f)(t, y) = Py {a(r, )f fR p(z+ 3t + L)gj5(z. 0, c<r,~>)dz} . (A3

Skz[p](f)(t y) = 2

SHIPIF(E y) = / / FODEE. Y P+ 3+ L)

x gl (z, m, ct, y1)e' I dydzdn
(A.4)

where g}, (z, 1, ¢) = n72{g73(z. n, ¢) — 8}5(z.0,¢)} and
5 1 m i(y—y1)
SaHE y) = 7/ / va(t, z, y1) f (1) 085 (2, 0, (2, y1))e' V™"V dzdyidn,
T J—no JR?
(A.5)

1 no oy
SHUNE ) = 5 f / va(t 2, 91) FODBegly o s et )OI dzdyydn |
T J—no JR?
(A.6)

1 [ o

S,f‘l(f)(t,y)z—zf/ / v(t, 2, y1) £ (y1)3.85 (2, 0, c(t, y1))e' I dzdydn,
T J—ny JR?

(A7)
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1 no . i
SHUNE ) = 5 / f va(t, 20 ¥1) FON) gl 2o s ety y1)e O™ dzdyydn
T J—no JR?
(A.8)

Then §] = S{, — 828}, for j = 3,4,5,6.

Claim A.1 Let o € (0, 2). There exist positive constants C and 7, such that for
ne©nl,k=1,2andzr >0,

X (DY S LPIE) @ i < Ce D e pll | fll 1y » (A.9)

IS IPICOE Iy + IS IPIOE My < Ce D 1% pll a1l fll 2wy »
(A.10)

IS2 PRI iy + ISHIPI) @, Iy, < Ce @G p) 5| Py fly, -
(A.11)

Claim A.2 There exist positive constants 11, § and C such that if no € (0, n1] and
M (T) < 8, thenfork =1,2,¢ € [0, T]and f € L2,

X (D) SHIPIE i my < Ce ST pll 2 lIEly L £ 1l 2 s (A.12)
R)

ISHIPICE)E, Iy, + ISHIPICAE, Iy, < Ce ST plla|1Ely I £l 2 -
(A.13)

Claim A.3 There exist positive constants 1, § and C such that if no € (0, n1] and
M, (T) < 8, thenfork =1,2,¢ € [0, T]and f € L?,

X (DS (O L1y + I (D)SEOE I i@y < Cloz@lx 2w -
(A.14)

> (ISL O + 1L E I ) < Cle®lxl e (A19)

j=5,6
Proof of Claims A.1-A.3 Since x (Dy) Py = x (Dy),

I (D) SR I m)

21
<Xl f gy lle® p(z + 3t + L)l 2wy lle™* 85 (2, Ol 2wy

Se Dl m, -

/ p(z+3t+ L)gi(z,0)dz
R

X * fllLiw)
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Using Young’s inequality, we have

X (DS (O E L1

= H/l;)?(y -y SO {/sz(t,z,yl)ach(Z,O, C(t,yl)dz} dy,

LI(R)

/ valt. 2. )08l (2. 0, (1, ) dz
R

S IXN 2w
L2®)

SIfle@lve®lx  sup lle”*%0:8¢(2, 0, O)ll 2wy
ce[2—6,246]

S Il llva@lix -
Similarly, we have (A.12) and || (Dy)S{, (/). )iy S ILF 2y llv2 (@)l x-

We can prove (A.10), (A.11), (A.13) and (A.15) in exactly the same way as the
proof of Claims B.3-B.5 in [22]. Thus we complete the proof. O

For¢ =1, 2, let

3., — Skl 0)

S30 =L ) A.16
3¢ (ng[w] 0 (A.16)

3, — (ngwf]«ﬂ/c = 1) + S{YI2/e) =289+ Si v D(V2e — 2)~>>

— \SLIVI(2/e = 1)) + S3,1¥1(2]c) =2(83, 1]+ S3,[¥' D (v 2¢ = 2)-)
(A.17)

_ 5 o6
S, = (Sw S%z) , (A.18)

and S'jg = §jg(1 +§2)_1.Then §j = §j1 —8}2,§j2 and Sj = Sjl —3}2,.5:]2 for j =3,
4,5.

Claim A.4 There exist positive constants 7, § and C such that if no € (0, n] and
M, x(T) < é,thenfork =1,2andt € [0, T],

X (Dy)Cll ger2. p1y < CMex(T)(r) "1 /4, (A.19)

X (D311l g1y + 1531 1By < Ce@OHHD), (A.20)
1X(Dy)(S31=S30l gr2ry. L1 Ry + 1531 = S31llB(r.v) < CMe 1 (T) () ™/ 4em*GIHD),
(A.21)

> (IS5l Bnar + 1S3kl Brinry)) < Ce *CGHL (A.22)

k=1,2

||X(Dy)§41 ”B(Lz(]R),Ll(]R)) + ||X(Dy)§41 ||B(L2(R),L1(R)) < C<t)_1/4€_a(3t+L)Mc,x (1),
(A.23)
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Z (”§4k”B(L2(]R),Y1) + ||§4k”B(L2(R),Y1)) < C(t>_l/4e_a(3t+L)Mc,x(T) s

k=1,2
(A.24)
||X(Dy)§51 ||B(L2(R),L1(R)) + ||X(Dy)~§51||B(L2(R)),LI(R)) < C(I)_3/4M2(T) s
(A.25)
> (W5l gz, vy + 1S5l grageym ) < €O~ 4Ma(T). (A.26)

k=1,2

Proof By the definition, we have for f € L?(R),

SO TYAMLe (D f g2 -

1
1Dl == e S

24/ 21
We can prove || x(Dy)Ca fllp1 S (t>_1/4Mc,x(T)||f||Lz in the same way.
Equation (A.20) follows from Claim A.1. Let f € L%(R) and f1 = Gy f. Since

x(m = xmx1(n),

RIGEY

X(Dy)SHIPI(f1) = X(n) fi(me™" dn (/R p(z+3t + L)g(z,0) dz)

7 .

=x(Dy)S, P10 (Dy) f1)

and it follow from Claim A.1 that

Ix (DS IPI DI L@y S € 1% pll 2y llx1 (Dy) fill L1 gy -

Combining the above and (A.19) with x replaced by xi, we have for k = 1, 2 and
t [0, T],

X (DYSHIPICLAN 1y S )M (T fll 2, - (A.27)
Since §31 — 83 = §31§2(1 + 62)’1 and I + ég has a bounded inverse on LZ(R),
(A.21) follows immediately from Claim A.1 and (A.27). We can prove (A.23)

and (A.25) in the same way.
Equations (A.22)—(A.26) follow from Claims A.1-A.3. |

Let €2 ;i be the linear part of £22 + €23 in ¢ (see [23, p. 166]),

- B 1 10 o
ax(t, Dy)é == —f / Coiin(t, 2, y1) g1 (2, Me' O™ dydzdn fork = 1,2,
27 —n0 R2

and le (t) =ai(t, Dy)E| + ax(t, Dy)E>|. More precisely,



The Phase Shift of Line Solitons for the KP-II Equation 489

a(t, ) =[f {az (33—1+6¢(z))1/f(z+3t+L)}g,;"(z, n) dz
R
5 o0
+ 37 A(/ V(z1 +3t+L)dz1> g (2, n)dz]l[—no,no](n),
V4
Let .Z]j(t) =aj(t)E; —i—chszgl for j =1, 2, where

(1) = /R {az (af 1+ 6<p(z)> Wiz 43t + L)} gl (2, 0)dz,

diate,m) = [ o (32 =1+ 60@) i+t + ) g G s
+3/]R </ Y(z1+3t+ L) dz1> gr(z.m) dz]l[_,m,,,o](n).

Then f~l1 (1) = le 1) — af,f’lv]z(t) and we have the following.

Claim A.5 There exist positive constants C and Lq such that if L > Ly, then for
every t > 0,

I (DA O gt @y + 11Ol Ber) < Ce @D (A.28)

1A By + 1A 120 || Biyy) < Ce™@GHD) (A.29)

Since X(Dy)ﬁl = x(Dy), x € C(‘)>o and y is integrable, we have (A.28).
Equation (A.29) can be shown in exactly the same way as [22, Claims D.3].

Appendix B: Estimates of R/

Let R} be as in [22, p. 39], R = R}' — 92R}* and

R, y) =P /R (€2 + £3)g] (2,0, (¢, y1)) dz — B /R Cating (2. 0) dz,

2, y) = 7 / /(ﬁzz-i-ﬁzz)gkl(z 1, c(t, y1))e' Y dzdy dn

f Co1ingly (2, MO dzdydy .
27{

Then we have the following.
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Claim B.1 ([22, Claim D.1]) There exist positive constants § and C such that if
M, x(T) < §, thenforr € [0, T],

IR, Yy, < CMo(T)2()™", 13y RE(t, )y, < CMe o (T) (1) /4.

Claim B.2 There exist positive constants § and C such that if M. (T) < §, then
forr € [0, T],

IR, )y, + IR (1, )y, < Ce™*CFTDM, (T)?,

IR (8, )y, + I (Dy) R (8, ) | iy < Ce™ T TIM (o (T)?.

We can prove Claim B.2 in exactly the same way as Claim D.2 in [22]. Note that
X(Dy)Pi = x(Dy) and x(D,) € B(L'(R)).

In this paper, we slightly modify the definitions of R,f and R,f from [22, 23]. We
move [ Ik]] into R,f from R,‘(‘. Let

1
R, y) = - f {Ilkz(t )+ II5( ) + TRt n) + TI (1, ,7)} e dy
(B.1)
1
Ryt ) =5— f {r1em + 1%y ) e an. (B.2)

See [23, p. 166] for the deﬁnitions of 11} 3- For the definitions of [ Ikl., replace
v(t,z,y) by va(t,z,y) in I, deﬁned in the proof of [22, Claim D.5]. We
decompose R,‘C1 further. For j, k, Z =1,2,

hjkl(ts)’)Z/RW(tsty) (/ 8l gi (1.0, e, y))dm) dz,

—00

Z .
hi(t, y, n)szvz(t,z,y) </ 3a-’g2‘1(z1,7776(t,y))dm> dz,

—00

it =3 [ et et e dy,

1T}, (t, ) = 3] cy(t, y)2hoe(t, y)e ™ dy
R

Then 11+ 11 = 1Tk + 0T, I1v = 11N, + 115 I1 = 11, + 115,
and

IF =M1kt ) gy + Tkt )z, S ()7 Mo (T)M(T)  fort € [0, T
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Let
11} = —/Rz N2.10:8} (2, 0, c(t, y))e " dzdy ,
11} = - /RZ Na21d.851(z, 1, c(t, y)e ™ dzdy
I, =-3 ./RZ va(t, 2, Y)Xyy (1, ¥)gf (2, 0, c(t, y))e ™ dzdy,
1, = -3 /RZ va(t, z, Y)xyy(t, V)8 (2., c(t, y))e ¥ dzdy .
Let

1 (70 (el '
Rt y) = E/ {Ilk(l, m+ T4t n) + T, n)}e’y"dn,
—no

1 1o ol .
RZ(t,y) = Ef {Ilkl(t, n) + L5, ) + 11, n)} eMdn.
—no

Then R} = R{' — 82R}%. Let RY = R} — 02R{? and
RY' = —6P, ( [ Vet L (@ +3002(t, 7, y1)8.85 (2, 0, ¢(t, y1)) dz) ,
R

3 no i(v—v
RE =2 / /R et 2 G300, 5 03h G, el ) dydady.
—1no

We can prove the following in the same way as [22, Claim D.5].

Claim B.3 Suppose o € (0, 1) and M ,(T) < §. If § is sufficiently small, then
there exists a positive constant C such that for ¢ € [0, T],

Ix (DR O + IR Oy, + IRE®) Iy,
< C{t) 3P (Mo (T) + M (T) + Mp(T)Ma(T),
IR, () lly, < C{t) "Moo (T)MA(T), IRZ()]ly < C{t)™>*M, o (T)M(T),

Ix (DYRE 1wy + IR Iy, + IRy, < C() e DM, (T)M(T) .

Let R® = RO — 8§R92 and
R =—6 Y Sji{U + Co)(cyxy) — (bxy)yler
3)<S

R”? =—6 > SplI +Co)lcyxy) — (bxy),ler .
35
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Using Claims A.1-A.3 and boundedness of operators dy, 51, 8, and €, ([22, pp.
83-84], [22, Claims 6.1, B.6]), we have the following.

Claim B.4 There exist positive constants C and § such that if M. ,(T) < 4§, then
fort € [0, T],

IRBOly, < C{t) "M (1), IR @)y < C(t)™/* M, ((T)?,

Ix (DY R O 1 +IR Oy, HIRT2 (1) ly, < Cle™ M (T)M,  (T) (1) 2.

For R0 = (a§'§0 — By)(by — cy)eq, we have the following from [22, Claim D.6]
and the fact that §0 e B(Y)N B(Yy).

Claim B.5 There exist positive constants C and § such that if M. ,(T) < &, then
forr € [0, T],

IR M) lly, < Ct) "M (T)*, IR (0)Ily < C{r)™>* M, ((T)*.
Let R'"' = R'1 —92R'!% and
1,1 _ 7 ~ 112 _ ¥ ~
RV =A@ —ber, R " =An@)(c—Dbe;.

Claim B.6 There exist positive constants C and é such that if M. ,(T), then for
1€[0,T],

Ix (DR + IRy, + Ry, < Ce G ()1 2M, ((T)?.
Proof By the definition,
X(DYR™L(1) = x(D){Et, ) = b(t, )} @ (er + axn(t)ez) .
Claim A.5 and (9.10) imply
Ix (DRI O S an @]+ lan@DIEOIT S e )M (T)*.

We can prove the rest in the similar manner by using Claim A.5. Thus we complete
the proof. O

Appendix C: Estimates for k(z, y)

By Lemmas 3.1 and 7.2, the L%-norm of k(t,y) decays like 72 ast — oo.

Claim C.I Suppose that inf;>0 yer X/(t, y) = c1 for a ¢; > 0. Then there exist
positive constants § and C such that if || ()2l HI®2) <6, then
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ke, WLz < CEY 72 1x) vl L2 ge) -

Next, we will give an upper bound of the growth rate of ||k(z, y)||;1 when

v4(x, y) is polynomially localized in R

Claim C.2 Let v be a solution of (3.8). There exist positive constant C and &( such
that if [|(x) ({(x) + (y)voll g1 w2y < €0, then for every 7 > 0,

[k, Il 2@y < C@) [1x) ((x) + (YD voll g1 rey -

Proof Multiplying (3.8) by 2(1 + y?)#; and integrating the resulting equation over
R2, we have after some integration by parts,

d
—/ (14 y)01(t, x, y)? dxdy =12f YOL(t, x, ) (@5 '3y D1)(t, x, y) dxdy .
dt R2 R2

By Lemmas 3.1 and 7.3 and the definition of M'l (00),

t
(o112 < I{Y)vsll g2 +6/0 199,01 ()l .2 ds
S ) () voll 22y + M (c0)t

S 100 (9ol 2 ey + (H W o+ ||<x><y>vo||Lz<Rz)> '

H(R2)
Thus we complete the proof. O
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Inverse Scattering for the Massive )
Thirring Model cre

Dmitry E. Pelinovsky and Aaron Saalmann

1 Introduction

The massive Thirring model (MTM) was derived by Thirring in 1958 [33] in
the context of general relativity. It represents a relativistically invariant nonlinear
Dirac equation in the space of one dimension. Another relativistically invariant one-
dimensional Dirac equation is given by the Gross—Neveu model [12] also known as
the massive Soler model [32] when it is written in the space of three dimensions.

It was discovered in 1970s by Mikhailov [24], Kuznetsov and Mikhailov [21],
Orfanidis [25], Kaup and Newell [18] that the MTM is integrable with the inverse
scattering transform method in the sense that it admits a Lax pair, countably many
conserved quantities, the Bicklund transformation, and other common features of
integrable models. We write the MTM system in the laboratory coordinates by using
the normalized form:

{i(u,+ux)+v+|v|2u=0, (1.1
i(v; — ) +u+ |ul*v=0. ’

The MTM system (1.1) appears as the compatibility condition in the Lax represen-
tation

Li —Ax+[L, Al =0, 1.2)
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where the 2 x 2-matrices L and A are given by

i oo A f0T\ P fom\ Q[ |1
L="(u?- U L Ll = 1.3
g (" = 1vDes = 5 <u0)+2,\ <u0)+4( w)os 43

and

i iv 0w\ i [0m) i 1
A=—l(uP+1Pyos - 2 L L2 =)oy (14
3 (" +1vlDos = <v0) 2% (u o)+4< + x2>(’3 14

Other forms of L and A with nonzero trace have also been introduced by
Barashenkov and Getmanov [1]. The traceless representation of L and A in (1.3)
and (1.4) is more useful for inverse scattering.

Formal inverse scattering results for the linear operators (1.3) and (1.4) can be
found in [21]. The first steps towards rigorous developments of the inverse scattering
transform for the MTM system (1.1) were made in 1990s by Villarroel [34] and
Zhou [38]. In the former work, the treatment of the Riemann—Hilbert problems
is sketchy, whereas in the latter work, an abstract method to solve Riemann—
Hilbert problems with rational spectral dependence is developed with applications
to the sine-Gordon equation in the laboratory coordinates. Although the MTM
system (1.1) does not appear in the list of examples in [38], one can show that
the abstract method of Zhou is also applicable to the MTM system.

The present paper relies on recent progress in the inverse scattering transform
method for the derivative NLS equation [27, 29]. The key element of our technique
is a transformation of the spectral plane A for the operator L in (1.3) to the spectral
plane z = A2 for a different spectral problem. This transformation can be performed
uniformly in the A plane for the Kaup—Newell spectral problem related to the
derivative NLS equation [19]. In the contrast, one needs to consider separately the
subsets of the A plane near the origin and near infinity for the operator L in (1.3)
due to its rational dependence on . Therefore, two Riemann—Hilbert problems are
derived for the MTM system (1.1) with the components (u, v): the one near A = 0
recovers u# and the other one near A = oo recovers v.

Let L2 (R) denote the space of square integrable functions with the weight |x|”
for m € Z so that L>™(R) = L>™(R) N L2(R). Let H™™ (R) denote the Sobolev
space of functions, the n-th derivative of which is square integrable with the weight
|x|™ forn € Nand m € Z so that H""(R) = H"™(R) N L>™(R) N H"(R) with
H"(R) = H"(R) N L2(R). Norms on any of these spaces are introduced according
to the standard convention.

The inverse scattering transform for the linear operators (1.3) and (1.4) can be
controlled when the potential (u, v) belongs to the function space

X = H*® N HR). (1.5)

Transformations of the spectral plane employed here allow us to give a sharp
requirement on the L2?-based Hilbert spaces, for which the Riemann—Hilbert
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problem can be solved by using the technique from Deift and Zhou [11, 37]. Note
that both the direct and inverse scattering transforms for the NLS equation are solved
in function space H L(R) N L% (R), which is denoted by the same symbol H LI(R)
in the previous works [11, 37]. Compared to this space, the reflection coefficients
(r4+, r—) introduced in our paper for the linear operators (1.3) and (1.4) belong to
the function space

Xy = H'@®\[-1, 1D N H" (=1, 1) N L>'(R) N L*72(R). (1.6)

In the application of the inverse scattering transform to the derivative NLS
equation, alternative methods were recently developed [16, 22] based on a differ-
ent (gauge) transformation of the Kaup—Newell spectral problem to the spectral
problem for the Gerdjikov—Ivanov equation. Both the potentials and the reflection
coefficients were controlled in the same function space H2(R) N L>2(R) [16, 22].
These function spaces are more restrictive compared to the function spaces for the
potential and the reflection coefficients used in [27, 29].

Unlike the recent literature on the derivative NLS equation, our interest to the
inverse scattering for the MTM system (1.1) is not related to the well-posedness
problems. Indeed, the local and global existence of solutions to the Cauchy problem
for the MTM system (1.1) in the L?-based Sobolev spaces H™(R), m € N can be
proven with the standard contraction and energy methods, see review of literature in
[26]. Low regularity solutions in L%(R) were already obtained for the MTM system
by Selberg and Tesfahun [31], Candy [5], Huh [13-15], and Zhang [35, 36]. The
well-posedness results can be formulated as follows.

Theorem 1 ([5, 15]) For every (ug, vg) € H™(R), m € N, there exists a unique
global solution (u,v) € CR, H™(R)) such that (u, v)|;=0 = (ug, vo) and the
solution (u,v) depends continuously on the initial data (ug, vo). Moreover, for
every (up, vg) € L2(R), there exists a global solution (u,v) € C(R, L%(R)) such
that (u, v)|;=0 = (uo, vo). The solution (u, v) is unique in a certain subspace of
C(R, L2(R)) and it depends continuously on the initial data (ug, vo).

The inverse scattering transform and the reconstruction formulas for the global
solutions (u, v) to the MTM system (1.1) can be used to solve other interesting
analytical problems such as long-range scattering to zero [6], orbital and asymptotic
stability of the Dirac solitons [9, 28], and an analytical proof of the soliton resolution
conjecture. Similar questions have been recently addressed in the context of the
cubic NLS equation [8, 10, 30] and the derivative NLS equation [17, 23].

The goal of our paper is to explain how the inverse scattering transform for the
linear operators (1.3) and (1.4) can be developed by using the Riemann-Hilbert
problem. For simplicity of presentation, we assume that the initial data to the MTM
system (1.1) admit no eigenvalues and resonances in the sense of Definition 1
given in Sect.3. Note that eigenvalues can be easily added by using Bicklund
transformation for the MTM system [9], whereas resonances can be removed by
perturbations of initial data [3] (see relevant results in [27]). The following theorem
represents the main result of this paper.
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Theorem 2 For every (1o, vo) € X(u,v) admitting no eigenvalues or resonances in
the sense of Definition 1, there is a direct scattering transform with the spectral data
(ry, r—) defined in X, ,_y. The unique solution (u, v) € C(R, X(y,v)) to the MTM
system (1.1) can be uniquely recovered by means of the inverse scattering transform
foreveryt € R.

The paper is organized as follows. Section 2 describes Jost functions obtained
after two transformations of the differential operator L given by (1.3). Section 3
is used to set up scattering coefficients (ry,r_) and to introduce the scattering
relations between the Jost functions. Section 4 explains how the Riemann—Hilbert
problems can be solved and how the potentials (u, v) can be recovered in the time
evolution of the MTM system (1.1). Section 5 concludes the paper with a review of
open questions.

2 Jost Functions

The linear operator L in (1.3) can be rewritten in the form:
L=Q(k )+ i 22 :
= U,V - — 5 ] 03,
4 a) %

where

i s ir (0T i (0w
A; = —(|ul* - 5 2% '
Qs u, v) = Z(lul” = v[Fo3 — = (v 0>+2A (u 0>

Here we freeze the time variable ¢ and drop it from the list of arguments. Assuming
fast decay of (u, v) to (0, 0) as |[x| — oo, solutions to the spectral problem

Yy =LY 2.1

can be defined by the following asymptotic behavior:
Vi ) ~ (é) X021/ Y s ) ~ ((1)) P e e VL PRI

and

v ) ~ (é) XO2=AD /4, v () ~ (?) YR/

The normalized Jost functions

pax;2) = ¥ (s e HEFIM ¢ () = Y (g ne A 2
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satisfy the constant boundary conditions at infinity:
lim ¢i(x;A) =e; and lim ¢i(x; L) =ep, (2.3)
x— o0 x— =00

where e; = (1,0)7 and e = (0, 1)T. The normalized Jost functions are solutions
to the following Volterra integral equations:

p+(x; 1) = e (2.42)

* 1 0
+f (0 e—é(}»z—lz)()f—)’)) Q()“v M()’), v()’)) (pi(y; )»)dy,

+oo
P+(x; 1) = €2 (2.4b)
¥ e3P =hHE-y)
+/i 0 | ) Q0 u(3), v(3)) b= (y; 1)dy.

A standard assumption in analyzing Volterra integral equations is Q(X; u(-),
v(-)) € L'(R) for fixed A # 0 which is equivalent to (u,v) € L'(R) N L>(R)
by the definition of Q. In this case, for every A € (RUi R) \ {0}, Volterra integral
equations (2.4) admit unique solutions ¢+ (-; A) and ¢+ (-; A) in the space L>*°(R).
However, even if (u, v) € L'(R) N L2(R) the L'-norm of Q(X; u(-), v(-)) is not
controlled uniformly in A as A — 0 and |A] — oo. This causes difficulties in
studying the behaviour of ¢4 (-; A) and ¢+ (-; A) as A — 0 and |A| — oo and thus
we need to transform the spectral problem (2.1) to two equivalent forms. These two
transformations generalize the exact transformation of the Kaup—Newell spectral
problem to the Zakharov—Shabat spectral problem, see [19, 29].

2.1 Transformation of the Jost Functions for Small A

Assume u € L*°(R), A # 0, and define the transformation matrix by

1 0
T(u;A) = . 2.5
(u; ) <u /\_1> (2.5)
Let ¥ be a solution of the spectral problem (2.1) and define ¥ := T.

Straightforward computations show that W satisfies the equivalent linear equation
v, =LY, (2.6)

with new linear operator

L= 01, v)+220:u,v) + % ()P - é) o3 (2.7)
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where

—LuP P iE )
w— §uloP =S G(ul +uP)

Ql(u,v)=<

and

i uv -7
02u,0) = 3 <u+u2§ _uv>.
Let us define z := A2 and introduce the partition C = By U S' U By, with
By:={zeC:lz|] <1},S':={ze€C:zl =1}, B :={z € C:|z| > 1}. (2.8)

The second term in (2.7) is bounded if z € By. The normalized Jost functions
associated to the spectral problem (2.6) denoted by {m+, n1} can be obtained from
the original Jost functions {¢.1, ¥4} by the transformation formulas:

my(x;z) = Tx); Mex(x;A), ni(x;z) =AT(ux); A)oL(x; A), (2.9)
subject to the constant boundary conditions at infinity:

lim my(x;A) =e; and Iim ni(x;A) =es. (2.10)
x—+o0 x—>+o0

The transformed Jost functions are solutions to the following Volterra integral
equations:

m4(x; z) = ej (2.11a)

x (1 0
+/ < A )[Ql(u(y),v(y))+zQz(u(y),v(y))]mi(y;z)dy,

oo \0 e 3@z h—y)

n+(x;z) = e (2.11b)

X f5e=THa-y
+f [Q1(u(y), v(y) + 2Q2u(y), v(yN]n+(y; 2)dy.

+o0 0 1

Compared to [29], we have an additional term %z(x — ) in the argument of the
oscillatory kernel and the additional term zQ»>(u, v) under the integration sign.
However, both additional terms are bounded in By where |z] < 1. Therefore, the
same analysis as in the proof of Lemmas 1 and 2 in [29] yields the following.

Lemma 1 Let (u,v) € L'(R) N L®°(R) and u, € L' (R). For every z € (—1, 1),
there exist unique solutions m+(-;z) € L°(R) and n+(-; z) € L*R) satisfying
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the integral equations (2.11). For every x € R, m4(x, -) and nx(x, -) are continued
analytically in CT NBy. There exist a positive constant C such that

lms(5 2l + llng (5 2> < C, z € CTNBy. (2.12)

Lemma 2 Under the conditions of Lemma 1, for every x € R the normalized Jost
functions my and ny satisfy the following limits as Im(z) — 0 along a contour in
the domains of their analyticity:

M _ L him
Yo, . — €1,
=0 n(x)

ne(x;z)

lim = e, (2.13)

=0 mP(x)
where
irx 2 2 irx 2 2
Mm% (x) = e~ 3 FanouPHWY o0y o f [l HoIdy
If in addition u € C'(R), then

1 [mi(x; ) el} _ (—fioo [ ux — sulvl? = §v) - 5uT] dy) . (2.14a)

=0z m(x) iy 4+ ulv|* +v

.1 [nx(x;2) } < u >
lim-|———e | = _ ; ; ;o . 2.14b
=0 Z [ n (x) 2 S [Cux — ’Eu|v|2 — Lv) — Suv]dy ( )

Remark 1 By Sobolev’s embedding of H!(R) into the space of continuous,
bounded, and decaying at infinity functions, if u € H I(R), then u € C(R)NL*®(R)
and u(x) — 0 as |x|] — oo. By the embedding of L>!(R) into L'(R), if
ue HY'(R), thenu € L'(R) and u, € L'(R). Thus, requirements of Lemma 1 are
satisfied if (u, v) € H"!(R). The additional requirement u € C'(R) of Lemma 2 is
satisfied if u € H*(R). Hence, X (u,v) 1n (1.5) is an optimal L?-based Sobolev space
for direct scattering of the MTM system (1.1).

Remark 2 Notations (m4, ny) for the Jost functions used here are different from
notations (m4, n4) used in [29], where an additional transformation was used to
generate n4 (denoted by p in [29]). This additional transformation is not necessary
for our further work.

2.2 Transformation of the Jost Functions for Large A

Assume v € L*°(R) and define the transformation matrix by

T(v;A) = (l g) . (2.15)
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Let ¥ be a solution of the spectral problem (2.1) and define U o= fw.
Straightforward computations show that W satisfies the equivalent linear equation
U, =17, (2.16)
with new linear operator
~ o~ 1 ~ i, 1
£=01v)+ 7500 v) + (A — 5 o3 (2.17)
where
~ L(u)® + vf? —iy
Ql(u,v)=< 4(|i| zl |)i Lo 2
vx + 5lul*v+ su —z(lul” + [v]%)
and

Qz(u,v)=—£( v _ﬁ>.

2 \v+uv? —uv
We introduce the same variable z := A2 and note that the second term in (2.17)
is now bounded for z € By. The normalized Jost functions associated to the
spectral problem (2.16) denoted by {7+, 771} can be obtained from the original Jost
functions {¢+, ¥+} by the transformation formulas:
Me(x;2) = TWE); Nx(; A), Axlx;2) =27 TE); MNge(x: 1), (2.18)

subject to the constant boundary conditions at infinity:

lim m+(x;)) =e; and lim 74(x; 1) = ep. (2.19)
x—+o00 x—=+00

The transformed Jost functions are solutions to the following Volterra integral
equations:

~ 1 0
my(x;z) =e + /:;:oo <0 eé(zzU(Xy)) (2.20a)
(01w, v + 271 02wy, v | i (v: 2y,
x Lz—z Hx—y
s (x;2) = e +/ <ez( e 0) (2.20b)
+o0 0 1

[ 01w, v + 27 D2y, v | s (v; Dy
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Again, we have an additional term %z’l (x — y) in the argument of the oscillatory
kernel and the additional term z ! Qz(u, v) under the integration sign. However,
both additional terms are bounded in B, where |z| > 1. The following two lemmas
contain results analogous to Lemmas 1 and 2.

Lemma 3 Let (u, v) € L'(R)NL®(R) and vy € L' (R). Foreveryz € R\[—1, 1],
there exist unique solutions m+(-;z) € L®(R) and n+(-;z) € L®(R) satisfying
the integral equations (2.20). For every x € R, m+(x, ) and n+(x, -) are continued
analytically in CT NBeo. There exist a positive constant C such that

iz (5 D)l + 755 Dllze < €,z € CFNBx. (2.21)

Lemma 4 Under the conditions of Lemma 3, for every x € R the normalized Jost
functions m+ and nx satisfy the following limits as Im(z) — oo along a contour in
the domains of their analyticity:

miy(x;z)

n+(x;2)
=el, = =

lim = e, (2.22)

|z| =00 I’I/’Iio(x) |z]—00 ﬁio(x)

where
X () = el FaoolulPH1vPy - ooy ok Lo (ul i)y,
If in addition v € C'(R), then

o _ . . .
l}im |:mi(x,z) _81:| _ (—fioo [V(vx + §lul?v + Su) + Suv] dy)y
Z|—> 00

m (x) —2ivy + [ul*v+u
(2.23a)
lim z An—i(x; %) —e| = ( v >
oo L AR ) )T \ Sl [Box + lulo + fu) + Lmv]dy )
(2.23b)

2.3 Continuation of the Transformed Jost Functions Across S!

In Lemmas 1 and 3 we showed the existence of the transformed Jost functions
{m+(;2),n+(;2)}, z € Bo, and {mi(;2),n+£(:2)}, 2z € Boo,

respectively, where the partition (2.8) is used. Because both sets of the transformed
Jost functions are connected to the set {¢+, ¢+} of the original Jost functions by
the transformation formulas (2.9) and (2.18), respectively, we find the following
connection formulas for every z € S':



506 D. E. Pelinovsky and A. Saalmann

1 0\~ .
my(x;z) = <u(x) Ty 2! ) mi(x; 2), (2.24a)
LN z 0y~ , .
ni(x;z) = <u(x)z o) l)ni(x, 2), (2.24b)
or in the opposite direction,

~ 1 0
my(x;z) = ( )mi(x; 2), (2.25a)

v(x) —zu(x) z

-1

v(x)zfl ) ?) ns(x: 2). (2.25b)

n(x;z) = (

By Lemmas 3 and 4, the right-hand sides of (2.24a) and (2.24b) yield analytic

continuations of m+ (x; -) and n(x; -) in C*NBs respectively with the following
limits as Im(z) — oo along a contour in the domains of their analyticity:

MmEOGD) e, lim M = 5(0)e; + (1 4+ u(x)i(x))es.
oo M (x) =00 Y (x)

(2.26)

Analogously, by Lemmas 1 and 2, the right-hand sides of (2.25a) and (2.25b) yield
analytic continuations of 7 (x; -) and 71 (x; -) in C* NBy respectively with the
following limits as Im(z) — 0 along a contour in the domains of their analyticity:

mi( 2 =e1 +v(x)ey, lim W =ux)e; + (1 +ulx)v(x))en.
z—0 mi( ) z—0 ni (.X)

(2.27)

By Lemmas 1-4, and the continuation formulas (2.24), (2.25), we obtain the
following result.

Lemma 5 Let (u,v) € LY(R) N L®°(R) and (uy, vy) € LY(R). For every x € R
the Jost functions defined by the integral equations (2.11) and (2.20) can be
continued such that m+ (x; -), n(x; -), my(x; ), and 'n}(x; -) are analytic in Cc*
and continuous in C* UR with bounded limits as z — 0 and |z| — oo given
by (2.13), (2.22), (2.26), (2.27).

3 Scattering Coefficients

In order to define the scattering coefficients between the transformed Jost functions
{my,ny} and {my, 74}, we go back to the original Jost functions {p+, ¢+}. For
every A € (RUi R) \ {0}, we define the standard form of the scattering relation by
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p-(e eI a) B (el e IR
o_(x; )\)e—ix()\z_)ﬁZ)M - y(A) 8(1) b (x; )L)e_""()‘z_)ﬁz)/“ . .

Since the operator L in (1.3) admits the symmetry

P (x;2) = i(? _01>(0:I: (x:2),

we obtain
y() =—BG). 80)=a®), reRUIR)\ {0}. (32)

Since the matrix operator L in (1.3) has zero trace, the Wronskian determinant W
of any two solutions to the spectral problem (2.1) for any A € C is independent of x.
By computing the Wronskian determinants of the solutions {¢_, ¢4} and {p4, ¢_}
as x — 400 and using the scattering relation (3.1) and the asymptotic behavior of
the Jost functions {¢4, ¥+ }, we obtain

a() =W (fﬂ— (s WXOPADA (1 )X A4

= . ix(\2=a"2)/4 . ix(A2—1"2)/4 (3.3)
B =W (@i (x; Ve Lo (x; Me .

It follows from the asymptotic behavior of {¢_, ¢_} asx — —oothat W(p_, ¢_) =
1. Substituting (3.1) and using the asymptotic behavior of {¢4, ¢+} as x — 400
yield the following constraint on the scattering data:
a(MsA) — By =1, xe RUIR)\{0}. (3.4)
In view of the constraints (3.2), the constraint (3.4) can be written as
aMa@) +BMBA) =1, re RUIR)\{0}. (3.5
By using the transformation formulas (2.9) we can rewrite the scattering
relation (3.1) in terms of the transformed Jost functions {m,ni}. In particular,

we apply T (u; 1) to the first equation in (3.1) and AT (u; A) to the second equation
in (3.1), so that we obtain for z € R\{0},

m_(x; 2)ex @ /A —< a(z) b+(z)> my (x; )el ¥ D/ (3.6)
n_(x; e @A ] T —bo@) a@) )\ g ggemix@a A )

where we have recalled z = A2 and defined the scattering coefficients:

az) :=a), by@):=r1""B), b_(z) =180, zeR\{0}. 3.7)
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Since m 4 (x; z) and ny (x; z) depend on z = 12, we deduce that « is even in A and B

is odd in A for A € (R Ui R) \ {0}. The latter condition yields A8 (1) = AB(1), which

has been used already in the expression (3.7) for b_(z). Thanks to the relation (3.5),
we have the following constraints

{ @GP + BRI =1, % e R\(0), 58)

la()> = [BGII* =1, & €iR\{0}. '

Since the matrix operator £ in (2.7) has zero trace, the Wronskian determinant
W of any two solutions to the spectral problem (2.6) is also independent of x. As
a result, by computing the Wronskian determinant as x — 400 and using the
asymptotic behavior of the Jost functions {m 4, ny}, we obtain from the scattering
relation (3.6) for z € R\{0}:

ax)=w (mf(X; 2)e @D (x Z)e*"“z*zil)ﬂ‘) ’
b (@) = W (e (x5 e x )elx G4, (3.9)

b)) =W <n+(x; e =T DAy (x; z)e_”(z_z_lw) :

in accordance with the representation (3.3).

Analogously, by using the transformation formulas (2.18) we can rewrite the
scattering relation (3. 1) in terms of the transformed Jost functions {mi, 7n+}). In
particular, we apply T(u A) to the first equation in (3.1) and A~ 1T(u ) to the
second equation in (3.1), so that we obtain for z € R\ {0},

Ao 0e ™ A (4@ B@)) (Aol
Ao e e A ) T\ bl () @@ ) \ Ty geixe A )

where we have recalled z = A2 and defined the scattering coefficients

A@) =a), by() =180, b_(z2):=r"'B(), zeR\{0}. (.11)

Since the matrix operator Zin (2.17) has zero trace, we obtain from the scattering
relation (3.10) for z € R\{0}:

aiz) =W (n?_ (x; 2)e*CT DA T (xs z)efix<zfz*1>/4) ,
Z+(Z) =W (n’h(x; Z)e"x(z_fl)/“, m_(x; Z)eix(z—z’l)/4) ’ (3.12)

b_(z) =W (ﬁ+(x: 2)e *EDA R (x; z)e_”‘(z_zfl)/é‘) :

in accordance with the representation (3.3).
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It follows from (3.7) and (3.11) that the two sets of scattering data are actually
related by

A@) =a(), bi@)=b_(z), b_(z) =by(z), zeR\{O}. (3.13)

These relations are in agreement with the continuation formulas (2.24) and (2.25).
By using the representations (3.9) and (3.12), as well as Lemma 2, 4, and 5, we
obtain the following.

Lemma 6 Let (u,v) € L'(R) N L®(R) and (uy, vy) € L'(R). Then, a = @ is
continued analytically into C™ with the following limits in C™ :

lim a(z) = e~ 1 fauP+vDdy . 0 (3.14)
and
im_a(@) = eF RO g (3.15)

On the other hand, by = 5; are not continued analytically beyond the real line and
satisfy the following limits on R:

limbi(z) = lim bi(z) =0. (3.16)
z—0 |

z|—00

To simplify the inverse scattering transform, we consider the case of no eigenval-
ues or resonances in the spectral problem (2.1), where eigenvalues and resonances
are defined as follows.

Definition 1 We say that the potential (u, v) admits an eigenvalue at zop € C~ if
a(zp) = 0 and a resonance at zg € R if a(zg) = 0.

By taking the limit x — 400 in the Volterra integral equations (2.11a)
and (2.20a) for m_ and m_ respectively and comparing it with the first equations
in the scattering relations (3.6) and (3.10), we obtain the following equivalent
representations for a = a:

az)=1- % /R [(|u|2 +10P)m® —2am® — 2z5um® — m‘f))] dx.

€ ByNC, (3.17a)
a(z) =1+ % / [(|u|2 + Pm® —2em® — 2z Vam® — m@)] dx,

R

7€ B NC™, (3.17b)
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where the superscripts denote components of the Jost functions. If (u, v) € H!(R)
are defined in the ball of radius § for some § € (0, 1), then constants C in (2.12)
and (2.21) are independent of §. Then, it follows from (3.17) that if § is sufficiently
small, then the integrals can be made as small as needed for every z € C~ UR. This
implies the following.

Lemma 7 Let (u,v) € L'(R)NL®(R) and (uy, vy) € L' (R) be sufficiently small.
Then (u, v) does not admit eigenvalues or resonances in the sense of Definition 1.

Remark 3 The result of Lemma 7 was first obtained in Theorem 6.1 in [26]. No
transformation of the spectral problem (2.1) was employed in [26]. Transformations
similar to those we are using here were employed later in [29] in the context of the
derivative NLS equation.

Remark 4 The result of Lemma 7 is useful for the study of long-range scattering
from small initial data. Eigenvalues can always be included by using Bécklund
transformation for the MTM system [9, 27]. Resonances are structurally unstable
and can be removed by perturbations of initial data [3, 27].

4 Riemann-Hilbert Problems

We will derive two Riemann-Hilbert problems. The first problem is formulated
for the transformed Jost functions {mi,ny}, whereas the second problem is
formulated for the transformed Jost functions {7+, 7n+}. Thanks to the asymptotic
representations (2.14) and (2.23), the first problem is useful for reconstruction of
the component u as z — 0, whereas the second problem is useful for reconstruction
of the component v as |z| — o0, both components satisfy the MTM system (1.1).
This pioneering idea has first appeared on a formal level in [34]. The following
assumption is used to simplify solutions to the Riemann—Hilbert problems.

Assumption 1 Assume that the scattering coefficient a admits no zeros in
CTUR.

Assumption 1 corresponds to the initial data (uq, vg) which admit no eigenvalues
or resonances in the sense of Definition 1. By Lemma 7, the assumption is satisfied
if the H'(R) norm on the initial data is sufficiently small. Since a is continued
analytically into C~ by Lemma 6 with nonzero limits (3.14) and (3.15), zeros of a
lie in a compact set. Therefore, if a admits no zeros in C~ U R by Assumption 1,
then there is A > 0 such that a(z)| > A for every z € R.
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4.1 Riemann-Hilbert Problem for the Potential u

The asymptotic limit (2.26) presents a challenge to use {m ., n1} for reconstruction
of (u,v) as |z] — o00. On the other hand, the reconstruction formula for (u, v)
in terms of {my, n4} is available from the asymptotic limit (2.14) as z — 0. In
order to avoid this complication, we use the inversion transformation v = 1/z,
which maps 0 to oo and vice versa. The analyticity regions swap under the inversion
transformation so that {m_, n_ } become analytic in C* for w and {m, n_} become
analytic in C™ for w.
Let us define matrices Py (x; w) € C2*? for every x € Rand w € R by

sl L1
Py(x; w) := La;),n_k(x;w_l) , P_(x;w):= m.ﬁx;af%,% ,
a(@™) a1
.1
and two reflection coefficients
-1
ri(w):bi(—ai), weR, 4.2)
a(w™1)

The scattering relation (3.6) can be rewritten as the following jump condition for the
Riemann-Hilbert problem:

Tl e— s w—o"x
Pixio) = P_(x; o) | | TIH@r-(@) ro(@)e
ry(w)er @@ )% 1

If the scattering coefficient a satisfies Assumption 1, then P4 (x;-) for every
x € R are continued analytically in C* by Lemmas 5 and 6. We denote these
continuations by the same letters. Asymptotic limits (2.13) and (3.14) yield the
following behavior of P (x; w) for large || in the domains of their analyticity:

mPx) 0

Pi(x;a))—>|: 0 nﬁ_o(x)

] =: P®(x) as|w| — oo.

Since we prefer to work with x-independent boundary conditions, we normalize the
boundary conditions by defining

Mi(x; o) = [PP)] " Pelx;0), weC*h. (4.3)

The following Riemann-Hilbert problem is formulated for the function M (x; -).
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Riemann-Hilbert Problem 1 For each x € R, find a 2 x 2-matrix valued
function M (x; -) such that

(1) M(x; ) is piecewise analytic in C\ R with continuous boundary values

My(x; w) = liirgM(x; w=xie), zeR
&€

2) M(x; w) = I as |w| - oc.
(3) The boundary values M1 (x; -) on R satisfy the jump relation

Mi(x;w) — M_(x;0) = M_(x; o) R(x; w), o €R,

where

| @@ r@)e e
Rx; w) = |:r+(a))e£(w—w_l)x 0 :

It follows from the asymptotic limits (2.14) and the normalization (4.3) that
the components (u, v) of the MTM system (1.1) are related to the solution of the
Riemann-Hilbert problem 1 by using the following reconstruction formulas:

[2iu’<x)+u<x)|v(x)|2+v(x>]e%f?”““‘”‘v'z)@‘= lim o[M(x; ) (44)

|w|— o0
and

T(x)e™ 2 WD - i o[ M (x; )], 4.5)

|w|— o0
where the subscript denotes the element of the 2 x 2 matrix M.

Remark 5 The gauge factors in (4.4)—(4.5) appear because of the normaliza-
tion (4.3) and the asymptotic limits (2.14). A different approach was utilized
in [16, 22] to avoid these gauge factors. The inverse scattering transform was
developed to a different spectral problem, which was obtained from the Kaup-—
Newell spectral problem after a gauge transformation.

4.2 Riemann-Hilbert Problem for the Potential v

Let us define matrices Py (x; z) € C2*2 for every x € Rand z € R by

F+(x; 7) = |:n'7+(x; 2), @} L P_(x;7) =

[n’i—(X; 7)
a(z)

720 ,n+(X;Z)] (4.6)
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and two reflection coefficients by

bi() _ bx(2)
akz)  a’

7i(2) = e R, 4.7)

where the relations (3.13) have been used. The scattering relation (3.10) can be
rewritten as the following jump condition for the Riemann—Hilbert problem:

—~ —~ 1 T (Des@—zHx
Poio) = P—(x;z)[ r-(@)e }

@ T IR @)

If the scattering coefficient a satisfies Assumption 1, then Py (x; -) for every
x € R are continued analytically in C* by Lemmas 5 and 6. We denote these
continuations by the same letters. Asymptotic limits (2.22) and (3.15) yield the
following behavior of P (x; z) for large |z| in the domains of their analyticity:
mPx) 0

Pi(X;z)—>[ 0 M)

i| = P®(x), asl|z| > oo.

In order to normalize the boundary conditions, we define
Ma(x;2) = [P®0)] " Patx;2), zeC*. (4.8)

The following Riemann-Hilbert problem is formulated for the function M (x; ).

Riemann;Hilbert Problem 2 For each x € R, find a 2 x 2-matrix valued
function M (x; -) such that

@)) M (x; +) is piecewise analytic in C\ R with continuous boundary values
Mi(x;z) = 1%1\2@; z+ie), zeR.
&€
2) A’i(x; z) = I as |z| — 0.
(3) The boundary values M1 (x; -) on R satisfy the jump relation
My (x;2) — M_(x; 2) = M_(x; DR(x; 2),

where

_ = Lz—z DHx
Rvz) = [ 0 r_(z)ez ] .

o~ i1 o~ =
—Fr(@e 2T P (- (2)
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It follows from the asymptotic limit (2.23) and the normalization (4.8) that the
components (u, v) of the MTM system (1.1) can be recovered from the solution of
the Riemann—Hilbert problem 2 by using the following reconstruction formulas:

[—2iv’(x)+|u(x)|2v(x)+u(x)] et LT = i 2 [M(x;0)],,  (49)

|z|>00

and

i oo i ) ~
v(x)es [T UPHORY = i 2 [M(x; 2)]
|z]—o00

. (4.10)

where the subscript denotes the element of the 2 x 2 matrix M.

Let us now outline the reconstruction procedure for (u#, v) as a solution of the
MTM system (1.1) in the inverse scattering transform. If the right-hand sides of (4.5)
and (4.10) are controlled in the space H'(R) N L>!(R), then (it,7) € H'(R) N
L% (R), where

i) = u(x)es STy 5oy e s ST QP Py

Since |u(x)] = |u(x)] and |v(x)| = |v(x)|, the gauge factors can be immediately
inverted, and since H'!(R) is continuously embedded into L? (R) for any p > 2, we
then have (1, v) € H'(R) N L% (R). If the right-hand sides of (4.4) and (4.9) are
also controlled in H'(R) N L%!(R), then similar arguments give (u’, v') € H'(R)N
L%1(R), that is, (u, v) € HX(R) N H"1(R), in agreement with the function space
used for direct scattering transform.

Remark 6 1t follows from thi limit (3.16) ihat R(x;0) = R (x;0) = 0 implying
M4 (x;0) = M_(x;0) and My (x;0) = M_(x;0). More precisely, using (2.26),
(2.27), (3.14), (3.15), and w = z~! we can derive

~1
P €9 ) 1 v(x) mP(x) 0
M 0r= |: 0 ”S-o(x):| [u(x) 1+ u(x)i(x)j| [ 0 ﬁ(f(x)j|

and

oo —1 _ N
M(x;O):[m+(x) 0 ] |:1 u(x) i||:m+(x) 0 :|

0 n¥x) v(x) 1 +ux)vx) 0 n¥)
In particular, the following holds:

2500 .
MECO =g [ ul+oPrdy

[M(x; 0)]11 e ()

0o .
[M(x: 0)]1) = =+ ) LS oPydy
’ me (x)
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In these formulas, we regain the same exponential factors as those in the reconstruc-
tion formulas (4.5) and (4.10). Hence, by substitution we obtain the following two
decoupled reconstruction formulas:

u(x) =[Mx; 0)]11|w1‘i11)1oo w[M (x; )12,
@.11)

v(x) = [M(x; 0)]11”@105[1\7@; Do

Whereas Eqgs. (4.4), (4.5), (4.9) and (4.10) are suitable for studying the inverse
map of the scattering transformation in the sense of Theorem 2, the equivalent
formulas (4.11) are useful in the analysis of the asymptotic behavior of #(x) and
v(x) as |x| — oo.

4.3 Estimates on the Reflection Coefficients

In order to be able to solve the Riemann—Hilbert problems 1 and 2, we need to
derive estimates on the reflection coefficients r+ and 71 defined by (4.2) and (4.7).
We start with the Jost functions. In order to exclude ambiguity in notations, we write
my(x;z) € HZ1 (R) for the same purpose as m4(x; -) € H(R).

Thanks to the Fourier theory reviewed in Proposition 1 in [29], the Volterra
integral equations (2.11) and (2.20) with the oscillation factors e3@ =) and
¢2@=2D% are estimated respectively in the limits |w| — oo and |z| — o0, where
w =z~ !, similarly to what was done in the proof of Lemma 3 in [29]. As a result,
we obtain the following.

Lemma 8 Let (u,v) € HUI(R). Then for every x € R*, we have

my(x; 0~ —mP(x)e; € HLAR\[-1, 1]),
(4.12)
ne(x; 0 = nP(x)er € HAR\[-1, 1]).

and
My (x;2) —mY (e € HN(R\[-1, 1]),

(4.13)
fe(x; z) — AP (x)er € HY R\[-1, 1]).

If in addition (u, v) € H*(R), then

[mi(x;w‘l) ]
| ———— — e

mZ (x)

— [0 [y = Sulol? = Sv) — Sum]dy) _ >
- e L2Z(R\[-1,1]), (4.14
( 2iux+u|v|2+v o(RAL D, ( a)
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[ni(x; o) }
w|————— — e

ng (x)

u

2
_ <fioo T — G — b0y — ] dy) € LZ(R\[-1,1]).  (4.14b)

and

; [n?i(X; ) . ]
GRS

([ [Pr + SlulPv + u) + Suv]dy
—2ivy + |M|2U +u

. |:ﬁi(x; ) . }
T
v

- <./Ioo [E(Ux + %|M|2U + %M) + %ﬁv] dy

) € LZ(R\[-1,1]),  (4.152)

) e L2R\[1, 1]). (4.15b)

The following lemma transfers the estimates of Lemma 8 to the scattering
coefficients a and b4 by using the same analysis as in the proof of Lemma 4 in [29].

Lemma9 Let (u,v) € HY'(R). Then,
a(w™ ) —ag, by(@™), b_(0 " e HIR\[-1,1]), (4.16)
and
a(z) — aso, bi(2), b_(z) € H} R\[-1, 1]). 4.17)
If in addition (u, v) € H*(R), then
b, b(@") e LZ'R\[-1,1]), (4.18)
and
bi(z), b_(z) € L' (R\[-1, 1]). (4.19)
The following lemma transfers the estimates of Lemma 9 to the reflection

coefficients r4 and 7. We give an elementary proof of this result since it is based
on new computations compared to [29].

Lemma 10 Assume (u,v) € X, v), where X, vy is given by (1.5), and a satisfies
Assumption 1. Then (ry,r_) € X, r_), where X ,_y is given by (1.6).
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Proof Under the conditions of the lemma, it follows from Lemma 9 and from the
definitions (4.2) and (4.7) that

re(w) € HY@R\[—=1, 1) N L2 R \[-1, 1])
and
Fi(w) € HIR\[-1, 1) N L2NR\[-1, 1]).

It also follows t_"rom (4.2) and (4;7) that r4 (w) = 'F;F ((u_l~ ). )
If f(x) € L¥'(1,00) and f(y) := f(y~"), then f(y) € Ly (0, 1), which
follows by the chain rule:

[e’s) 1 B
/1 X2\ f(0)Pdx = fo v F )Py,

Since L%1(1, 00) is continuously embedded into L%72(1,00) and L%72(0, 1) is
continuously embedded into L2210, 1), we verify that r4 (z) € L%’l ®)N L?"Z(R)
and 7+ (w) € L% (R) N L2 72(R).

Finally, if f(x) € H!(1,00) and f(y) := f(y™ 1), then f(y) € Hy'(0, 1),
which follows by the chain rule f/(x) = —x~2f’(x~!) and

00 1 5
f] If'(0)Pdx = /O Y2 n)12dy.

Combing all requirements together, we obtain the space X, ,_) both for (ry,r_)
in z and for (74, 7_) in @, where X(,, , ) is given by (1.6). O

Remark 7 Tt follows from the relations (3.7) and (3.11) that r4 (w) = wr—(w) and
74 (z) = 27— (2). Then, it follows from Lemma 10 and the chain rule that
if ry, 7 € H'(@R\[-1,1DNL> (R), then r_,7— € HV'(R\[—1, IDNL>?(R)
and

if r_,7_ e HY'([=1,1) N L>2(R) then ry, 7y € H' ([=1, 1) N L>73(R).
Therefore, we have r, 7y € H'(R)NLZ'(R)NLZ3(R)andr_, 7~ € HY'(R)N
L?>2(R) N L>2(R).

Remark 8§ Tt may appear strange for the first glance that the direct and inverse
scattering transforms for the MTM system (1.1) connect potentials (i, v) € X, y)
and reflection coefficients (ry,7_) € X, ,_) in different spaces, whereas the
Fourier transform provides an isomorphism in the space H LR)NLEL(R). However,
the appearance of X, ,) spaces for the potential (1, v) is not surprising due to the
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transformation of the linear operator L to the equivalent forms (2.7) and (2.17). The
condition (u,v) € X, ) ensures that (Q1 2, Ql,z) € Hl(R) N Lz*‘(R), hence,
the direct and inverse scattering transform for the MTM system (1.1) provides a
transformation between (Q1 2, Ql,z) € HI(R) N LZ’I(R) and (ry,r-) € Xy iy,
which is a natural transformation under the Fourier transform with oscillatory phase
¢*@=o™) Thig allows us to avoid reproducing the Fourier analysis anew and
to apply all the technical results from [29] without any changes, as these results
generalize the classical results of Deift and Zhou [11, 37] obtained for the cubic
NLS equation.

4.4 Solvability of the Riemann—Hilbert Problems

Let us define the reflection coefficient

_ )

r(d): a0’

A € RUG R)\{0}. (4.20)

Recall the relations (3.7), (3.11), (4.2), and (4.7) which yield

AT ) =ri(e) = or_(w), o € R\{0}. 4.21)
and
Ar(\) =71(z) = z7r_(z), z € R\{0}. (4.22)

Also recall that z = A% and @ = A~2. By extending the proof of Propositions 2
and 3 in [29], we obtain the following.

Lemma 11 If (ry,r-) € X ,_), then
r) € LEYR)NLEMR), r() e L2 R) N LE(R), (4.23)
and
A (@) € LP(R), Mi(2) € LP(R). (4.24)

Proof Let us prove the embeddings in L%(R) space. The proof of the embeddings
in Li(R) space is analogous. Relation (4.22) implies |r(1)|> = |4 (z)||7_(z)| and

A @), >,

= {Auz), 2l < 1.
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Since 7,7 € L*!(R), Cauchy-Schwarz inequality implies r(1) € L%’I(R).
Since 7, € H'(R) by Remark 7, r(A) € L°(R\[~1, 1]). In order to prove that
r(x) € L¥([—1, 1]), we will show that A7_(z) € L°([—1, 1]). This follows from
the representation

Z
F_(2)? = / [fz (2) +2zF— ()7 (z)] dz
0
and the Cauchy—Schwarz inequality, since 7~ € H“!(R) N L%(R). Similarly,
AM4(z) € L¥(R) since 71 € HY(R) N L>!(R). O

Remark 9 By using the relations (3.8), we obtain another constraint on r(A):

1—r)? =

2 .
QGIEZ =0 ek, (4.25)

where cal = sup,; ¢; g l@(A)| < oo, which exists thanks to Lemma 6.

Under Assumption 1 as well as the constraints (4.23) and (4.25), the jump
matrices in the Riemann—Hilbert problems 1 and 2 satisfy the same estimates as
in Proposition 5 in [29]. Hence these Riemann—Hilbert problems can be solved and
estimated with the same technique as in the proofs of Lemmas 7, 8, and 9 in [29].
The following summarizes this result.

Lemma 12 Under Assumption 1, for every r(A) € Lz,(R) N L(R) satisfy-
ing (4.25), there exists a unique solution of the Riemann—Hilbert problem 1
satisfying for every x € R:

M5 @) = Tz < Clr()lz, (4.26)

where the positive constant C only depends on ||r (1| Loe. Similarly, under Assump-
tion 1, for every r(\) € L%(R) N L°(R) satisfying (4.25), there exists a unique
solution of the Riemann—Hilbert problem 2 satisfying for every x € R:

1M (x5 2) = 2 < Cllr 2 (4.27)

where the positive constant C only depends on ||r ()| L.

The potentials u and v are recovered respectively from M and M by means of the
reconstruction formulas (4.5) and (4.10), whereas the derivatives of the potentials
u’ and v’ are recovered from the reconstruction formulas (4.4) and (4.9). At the first
order in terms of the scattering coefficient (see, e.g., [3]), we have to analyze the
integrals like

lim o[M(x; w)]i2 ~ 21— r_ (a))e_%(‘“_wfl)xda) (4.28)

|w|— o0 T JR
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in the space H): (R) N L%’I(R). In order to control the remainder term of the

representation (4.28) in H; ®R)N L%’l (R), we need to generalize Proposition 7 in
[29] for the case of the oscillatory factor

1 1

The following lemma presents this generalization in the function space
Xo := H'(R\[-1, 1)) n H"' (=1, 1)) n L2~ ([—1, 1]).

The proof of this lemma is a non-trivial generalization of analysis of the Fourier
integrals.

Lemma 13 There is a positive constant C such that for all xg € Ry and all f € Xy,
we have

sup  [(X)PELF ()T OO 2wy < Cl flIx, (4.29)

x€(x,00)

where (x) := (14+x%)'/2 and the Cauchy projection operators are explicitly given by

1 )
PpE =lim-— | ————— R.
M@ = o ks —exion™ *€
In addition, if f € Xo N L>~1(R), then
sup [P £ ()™ O ooy = € (Ifllx + 1/l 21m)) - (4.30)

xeR

Furthermore, if f € L>'(R) N L~V (R), then

sup [ PE[(0=0 ") f(@)eF O oy = € (I 2y i) - 43D

xeR

Proof Consider the decomposition
F©)eTHO0 = f(5)eTOO yn () + f(5)eTOC yr, (s),

where xs is a characteristic function on the set S C R. Thanks to the linearity of
P+, it is sufficient to consider separately the functions f that vanish either on R
or on R_. In the following we give an estimate for P*[f(0)e *®© yp (0)]. The
other case is handled analogously.

Fix x > 0 and consider the following decomposition:

F($)e O yp (s) = hy(x,s) +hrr(x,s), (4.32)
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with
. 1 . _
hi(x,s) :e*’x@’“)—/ KO Dal £1kydk
2 x/4
and
P X —1 1 x/4 : X —1
hirGs) = e [0 a pioar.
21 J_ o
where

00 2
al f1(k) ::/0 eiik(“fl)l#f(s)ds.

N

The following change of coordinates

/ 2

1 y y

= —_ s = — 1 —_,
y(is)=s5—s s(y) 2+ + )

-1

2 2
142 s(y)

s = | TTrso2

+

| =
<

shows that a[ f](k) = §[ f 1(k), where the function f is given by

fO) = fs(»), yeR

and § denotes the Fourier transform
~ S . ~
51710 = [ e fay.
—0o0

We obtain

) _ 2. 1452 2 2
172y = le(s(y))l dy = A 2 lf)N7ds < |1 fllx,

and

1452

521

(4.33)

1712 = ﬂ2|f’(()>2d _ [T "&)Pds < | FI12
re = | s()*dy = A |f/)Pds < |1 f1I%,-

14 s(y)?
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It follows that f € H'(R) and thus by Fourier theory a[ f](k) € Li’l (R). Using the
inverse Fourier transform

1 .
5 'e10) = — /R eV g (k)dk,

2

we find for s > O:
~ 1 . —1
f) = Fs) =F HalfNyGs)) = > fR M= al £1(k)dk. (4.34)

Addressing the decomposition (4.32), we obtain for the functions /; thanks to
s'(y) < 1t

I o, < H— R al f1(k)dk

Lz, (R)

= //4 lalf1(k) [*dk 1o lal 1117, R)" (4.35)

On the other hand, the function A (x, -) is analytic in the domain {Im(s) < 0} and
additionally for s = —i& with £ € R4 we have

11, 9)] < Cllalf1ll 2 gye” €.
Therefore, ||h7;(x, )|l 2 g_) is decaying exponentially as x — oo. Now we have
IPFLf @)™ xr, ()] 12g)
< 1P (x, o) xm, (T 2@y + 1P T (x, 0) 3, (O]l 2wy
Since P is a bounded operator LZ(R+) — L%(R) it follows by (4.35) that
1PF 1O, ) xRy O 2@) < 1h10 ) 2w, < COV T I,
Using a suitable path of integration and the analyticity of &;; we find that
PElhrr(x, 0)(2) = =Pir_[h11(x, 0)](2),

where

Pin [h(2) = —/ hGs) 45 2 eR

OOlS—Z

for a function & : iR_ — C. Since P;r_ is a bounded operator L*GR.) —
L2(R) (see, e.g., estimate (23.11) in [4]) and because [|hy7(x, )|l 2 r_) is decaying
exponentially as x — 00, the proof of the estimate (4.29) is complete.
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In order to prove the estimate (4.30), we first note that for z < 0

|PHe OO f(o)xr, (0)1(2)]
- /°° FOIPy
0

- s

1 5 o 12 / poo e
S (/ £ )l ds) +</ ids> (f |f(s)|2dS>
0 S2 1 S2 1

=C(Iflxo + 1 fllz21m) - (4.36)

1/2

Thus it remains to estimate [P e~ *®©) £ (o) xr + (©)1(2)] for z > 0. First, we will
derive a bound for the special case x = 0 and by (4.39) below we will see that the
same bound holds for any x € R. Therefore, using (4.34) we decompose

1 +oo B
FO =ha) +ho (), hels) = /O A=l Fl(k)dk

where Ay has an analytic extension within the domain {s € C : Re(s) > 0,
4+ Im(s) > 0} and for & > O we have

. _ -1
Ih(£i€)| < Clle™ D) g lalf 1 2 ey

c |
ZE %%_zna[f]”%(ﬂgiy (4.37)

Using a residue calculation we obtain for z > 0
© hy(s) +h-(s)
————=ds
s—(zxieg)
=Pir [h4]1@) = Pir_[h_1(2) + hi(2).

1
PHLF () xR, (9)](2) = lim —— /O

el0 27

Thanks to the bound (4.37), the summands P;g, [h](z) and P;r_[h_](z) are
estimated in the following way,

X (i
sup [P, [h11(2)] < / G
ZERJr 0 s

d&|lalf] ”L%(Ri)

o0 1
< C e —
a /o VEVI+£2

= C”a[f]”L%(Ri)-
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In addition, for z > 0 we have |hy(z)| < IIa[f]IIL}((RJr) so that the triangle
inequality implies:

sup [PTLf (@) xr, (1@ < C (lalf T2y + Nalf 1l 2wy) - (4.38)

zeRy

Now, let us reinsert‘the factor e~*®©)_ From the definition of a it follows that
multiplication by e*®®) is equivalent of a shift of a[ f](k) in the k-variable,

ale O £(@)10) = alf ()] (k+3).- (4.39)
Thus, the L' (R) N L2(R)-norm with respect to k of a[e *©(®) £(o)](k) does not
depend on x. Therefore, (4.38) yields

sup PO f(0) xr, (D)]@)] < Cllale™ ) f ()l 11 @ynr2 ()
zelR}

= Cllal A1l @z < Clflxg.  (4.40)

which, together with (4.36), completes the proof of (4.30).
Finally, the bound (4.31) follows frorp | PE| 1272 = 1 and the fact that
(s —sHf(s) e L2R)if f e L>'(R) N L2~ (R). O

The first term in (4.28) is estimated with a similar change of coordinates y :=
@ — ™! and further analysis in the proof of Lemma 13. However, it is controlled in
HX1 R)N L%’l (R) if the scattering coefficient r_ is defined in X, ,_) according to
the bound

< Clr_llx,,.,.- (4.41)

/ r_ (a))e_%(“)_“fl " dw
R HI®NLE (R)

By using the estimate (4.41) and the estimates of Lemma 13, we can proceed
similarly to Lemmas 10, 11, and 12 in [29]. The following lemma summarize the
estimates on the potential (u, v) obtained from the reconstruction formulas (4.4)—
(4.5) and (4.9)-(4.10).

Lemma 14 Under Assumption 1, for every (ry,r-) € X,y and (ry,7-) €
X(r,,r_), the components (u, v) € Xy, v) satisfy the bound

||M||H20H1,I + ”U”HzﬁHl*]

= C (W s Wy oy + Wil + Wl ). (442)

where the positive constant C depends on ||r4|| Xy and ||F+ || Xrgr -
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Lemma 10 proves the first assertion of Theorem 2. Lemma 14 proves the second
assertion of Theorem 2 at + = 0. It remains to prove the second assertion of
Theorem 2 for every ¢ € R.

4.5 Time Evolution of the Spectral Data

Thanks to the well-posedness result of Theorem 1 and standard estimates in
weighted L%-based Sobolev spaces, there exists a global solution (u,v) €
C(R, X(4,)) to the MTM system (1.1) for any initial data (u, v)|;=0 = (uo, vo) €
X (u,v)- For this global solution, the normalized Jost functions (2.2) can be extended
forevery ¢t € R:

P, 0) = Y (1, x5 2)eHRI RSO,

¢i(ta x; )\‘) — wz(i) (t, x; )\)eix(sz)\fz)/4+it()\2+)»72)/4. (443)

where (¢4, ¢+) still satisfy the same boundary conditions (2.3). Introducing the
scattering coefficients in the same way as in Sect. 3, we obtain the time evolution of
the scattering coefficients:

a(t, ) = a0, 1), Bt A) = BO, e T2 5 c RUGRIN0).  (4.44)

Transferring the scattering coefficients to the reflection coefficients with the help
of (3.7), (3.11), (4.2), and (4.7) yields the time evolution of the reflection coeffi-
cients:

ra(t, w) = ra(0, w)e 1@OTN2 4 RA\[0) (4.45)
and
Folt,z) = #+(0, e "2 2 e R\(O}. (4.46)

It is now clear that if 4 and 74 are in X, , ) at the initial time ¢ = 0, then they
remain in X, ,_) for every ¢t € R. Thus, the recovery formulas of Lemma 14 for
the global solution (u, v) € C(R, X (4, )) to the MTM system (1.1) hold for every
t € R. This proves the second assertion of Theorem 2 for every t € R. Hence
Theorem 2 is proven.

Remark 10 Adding the time dependence to the Riemann-Hilbert problem 1
we find the time-dependent jump relation My(x,t;w) — M_(x,t;w) =
M_(x,t; w)R(x,t; w), where

Ko O R P R
(x, 1 ) = r+(a))e%(a)—w—')x—%(w—&-w_l)t 0 :
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The same phase function as in R(x, t; w) appears in the inverse scattering theory for
the sine-Gordon equation. A Riemann-Hilbert problem with such a phase function
was studied in [7], where the long-time behavior of the sine-Gordon equation was
analyzed.

Remark 11 In the context of the MTM system (1.1), it is more natural to address
global solutions in weighted H' space such as H'!(R) and drop the requirement
(u,v) e H 2(]R). The scattering coefficients ry and 74 are then defined in the space
Xo. However, there are two obstacles to develop the inverse scattering transform for
such a larger class of initial data. First, the asymptotic limits (2.14a) and (2.23a)
are not justified, therefore, the recovery formulas (4.4) and (4.9) cannot be utilized.
Second, without requirement r, 7y € L1 (R), the time evolution (4.45)—(4.46) is
not closed in X since r_, 7— € L>~2(RR) cannot be verified. In this sense, the space
Xu,v for (u,v) and X, ,_y for (ry,r_) and (71, 7_) are optimal for the inverse
scattering transform of the MTM system (1.1).

5 Conclusion

We gave functional-analytical details on how the direct and inverse scattering
transforms can be applied to solve the initial-value problem for the MTM system
in laboratory coordinates. We showed that initial data (ug, vg) € X () admitting
no eigenvalues or resonances defines uniquely the spectral data (4, 7—) in X, ,_).
With the time evolution added, the spectral data (r4,r_) remain in the space
X(r,,r_) and determine uniquely the solution (u, v) to the MTM system (1.1) in
the space X ().

We conclude the paper with a list of open questions.

The long-range scattering of solutions to the MTM system (1.1) for small initial
data for which the assumption of no eigenvalues or resonances is justified can be
considered based on the inverse scattering transform presented here. This will be
the subject of the forthcoming work, where the long-range scattering results in [6]
obtained by regular functional-analytical methods are to be improved.

The generalization of the inverse scattering transform in the case of eigenvalues
is easy and can be performed similarly to what was done for the derivative NLS
equation in [27]. However, it is not so easy to include resonances and other spectral
singularities in the inverse scattering transform. In particular, the case of algebraic
solitons [20] corresponds to the spectral singularities of the scattering coefficients
due to slow decay of (u, v) and analysis of this singular case is an open question.

Finally, another interesting question is to consider the inverse scattering trans-
form for the initial data decaying to constant (nonzero) boundary conditions. The
MTM system (1.1) admits solitary waves over the nonzero background [2] and
analysis of spectral and orbital stability of such solitary waves is at the infancy
stage.
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