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Abstract The Blaschke Santal6 inequality and the L, affine isoperimetric inequal-
ities are major inequalities in convex geometry and they have a wide range of
applications. Functional versions of the Blaschke Santalé inequality have been
established over the years through many contributions. More recently and ongoing,
such functional versions have been established for the L, affine isoperimetric
inequalities as well. These functional versions involve notions from information
theory, like entropy and divergence.

We list stability versions for the geometric inequalities as well as for their
functional counterparts. Both are known for the Blaschke Santalé inequality.
Stability versions for the L, affine isoperimetric inequalities in the case of convex
bodies have only been known in all dimensions for p = 1 and for p > 1 only for
convex bodies in the plane. Here, we prove almost optimal stability results for the L,
affine isoperimetric inequalities, for all p, for all convex bodies, for all dimensions.
Moreover, we give stability versions for the corresponding functional versions of the
L, affine isoperimetric inequalities, namely the reverse log Sobolev inequality, the
L, affine isoperimetric inequalities for log concave functions, and certain divergence
inequalities.

Keywords Entropy ¢ Divergence ¢ Affine isoperimetric inequalities ¢ Log
Sobolev inequalities

1991 Mathematics Subject Classification. 46B, 52A20, 60B, 35J

U. Caglar (<)

Department of Mathematics and Statistics, Florida International University,
Miami, FL 33199, USA

e-mail: ucaglar@fiu.edu

E.M. Werner
Department of Mathematics, Case Western Reserve University, Cleveland, OH 44106, USA

Université de Lille 1, UFR de Mathématique, 59655 Villeneuve d’Ascq, France
e-mail: elisabeth.werner @case.edu

© Springer Science+Business Media LLC 2017 541
E. Carlen et al. (eds.), Convexity and Concentration, The IMA Volumes
in Mathematics and its Applications 161, DOI 10.1007/978-1-4939-7005-6_17


mailto:ucaglar@fiu.edu
mailto:elisabeth.werner@case.edu

542 U. Caglar and E.M. Werner
1 Introduction and Background

We present stability results for several geometric and functional inequalities.
Our main focus will be on geometric inequalities coming from affine convex
geometry, namely the Blaschke Santal0 inequality, e.g., [24, 55], and the L, affine-
isoperimetric and related inequalities [12, 21, 45, 51, 66] and also their functional
counterparts, which includes the functional Blaschke Santal6 inequality [5, 7,22, 35]
and the recently established divergence and entropy inequalities [6, 17, 20]. These
inequalities are fundamental in convex geometry and geometric analysis, e.g.,
[10, 29, 30, 45, 46, 48, 49, 60, 64, 66, 67], and they have applications throughout
mathematics. We only quote: approximation theory of convex bodies by polytopes
[11, 27, 37, 54, 57, 61], affine curvature flows [3, 4, 62, 63], information theory
[6, 17,18, 20, 51, 65], valuation theory [2, 28, 29, 38, 40, 41, 42, 52, 56], and partial
differential equations [43]. Therefore, it is important to know stability results of
those inequalities.

Stability results answer the following question: Is the inequality that we consider
sensitive to small perturbations? In other words, if a function almost attains the
equality in a given inequality, is it possible to say that then this function is close
to the minimizers of the inequality? For the Blaschke Santal6 inequality and the
functional Blaschke Santal6 inequality such stability results have been established in
[8] and [9], respectively. Stability results for the L,-affine isoperimetric inequalities
for convex bodies were proved in [13] for p = 1 and dimension n > 3. In [32, 33],
stability results for the L,-affine isoperimetric inequality were proved in dimension
2 and forp > 1.

We present here stability results for the L,-affine isoperimetric inequalities for all
p and in all dimensions. Stability results for the corresponding functional versions
of these inequalities are also given.

Throughout, we will assume that K is a convex body in R", i.e., a convex compact
subset of R” with non-empty interior int(K). We denote by dK the boundary of
K and by vol(K) or |K]| its n-dimensional volume. B} is the Euclidean unit ball
centered at 0 and S"~! = 9B} its boundary. The standard inner product on R" is (, ).
It induces the Euclidean norm, denoted by || - ||,. We will use the Banach-Mazur
distance dpy (K, L) to measure the distance between the convex bodies K and L,

dpy(K,L) =minfae > 1: K—xCT(L—-y) Ca(K—1x),
for T € GL(n),x,y € R"}.

In the case when K and L are 0-symmetric, x and y can be taken to be 0,

dpy(K,L) =min{fa > 1: K C T(L) Ca K, forT € GL(n)}.
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2 Stability in Inequalities for Convex Bodies

2.1 The Blaschke Santalo Inequality

Let K be a convex body in R” such that 0 € int(K). The polar K° of K is defined as
={yeR": (x,y) <1 forall x € K}

and, more generally, the polar K* with respect to z € int(K) by (K — z)°. The
classical Blaschke Santal6 inequality (see, e.g., [S5]) states that there is a unique
point s € int(K), the Santal6 point of K, such that the volume product |K||K*| is
minimal and that

K| |K*| < |B5?

with equality if and only if K is an ellipsoid.

Ball and Boroczky [8] proved the following stability version of the Blaschke
Santal6 inequality. It will be one of the tools to prove stability versions for the L,,-
affine isoperimetric inequalities.

Theorem 1 ([8]) Let K be a convex body in R", n > 3, with Santalo point at 0. If
IK||K®| > (1 —¢)|B|% for e € (0, %), then for some y > 0, depending only on n,
we have

dpu(K,By) <1+ ys“nﬂ) | log 8|*<”+1>

Remark It was noted in [8] that if K is O- symmetrlc then the exponent 5 @ +1)

occurring in Theorem 1 can be replaced by m. Moreover, it was also noted in
[8] that taking K to be the convex body resulting from B by cutting off two opposite

caps of Volume ¢, shows that the exponent GoFD +1) cannot be replaced by anything

larger than —— +1 , even for 0-symmetric convex bodies with axial rotational symmetry.
Therefore the exponent of ¢ is of the correct order.

2.2 L,-Affine Isoperimetric Inequalities

Now we turn to stability results for the L,-affine isoperimetric inequalities for
convex bodies. These inequalities involve the L,-affine surface areas which are a
central part of the rapidly developing L, and Orlicz Brunn Minkowski theory and
are the focus of intensive investigations (see, e.g., [19, 23, 25, 26, 30, 39, 40, 41, 42,
43, 44,45, 46,47, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66]).

The L,-affine surface area as,(K) of a convex body K in R" was introduced
by Lutwak for all p > 1 in his seminal paper [45] and for all other p by Schiitt
and Werner [60](see also [31]). The case p = 1 is the classical affine surface area
introduced by Blaschke in dimensions 2 and 3 [12] (see also [36, 59]).
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Letp € R, p # —n and assume that K is a convex body with centroid or Santal6
point at the origin. Then

as,(K) = [ T ko, (1)
W {x, N())

where N(x) is the unit outer normal in x € 0K, the boundary of K, «(x) is the
(generalized) Gaussian curvature in x and g is the surface area measure on dK. In
particular, forp = 0

aso(K) = /;K(X»NK(X))dMK(x) = n|K].
Forp =1,

asi (K) = /3 )

is the classical affine surface area which is independent of the position of K in space.
Note also that as,(B}) = vol,—i(0B}) = n|Bj| for all p # —n. If the boundary of
K is sufficiently smooth, (1) can be written as an integral over the boundary S"~! of
the Euclidean unit ball B,

fic(w) ™
n—1 wp=1)
S h]( (u) ntp

asy,(K) = do (u).

Here, o is the usual surface area measure on S"~!, hg(u) = maX,cx(x,u) is the
support function of K in direction u € $"~', and fx(u) is the curvature function, i.e.
the reciprocal of the Gaussian curvature xk(x) at this point x € dK that has u as
outer normal. In particular, for p = £oo0,

as+oo(K) = / do(u) = n|K°|. )

si—1 By (u)”

The L,-affine surface area is invariant under linear transformations 7' with
determinant 1. More precisely (see, e.g., [60]), if T : R" — R” is a linear, invertible
map, then

asy(T(K)) = |detT| " as,(K). 3)

The L,-affine surface area is a valuation [40, 42, 58], i.e., for convex bodies K and
L such that K U L is convex,

asp,(KUL) + as,(KN L) = as,(K) + as,(L).
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Valuations have become a major topic in convex geometry in recent years. We refer
to, e.g., [2, 28, 29, 38, 40, 41, 42, 52, 56].

We now state the L,-affine isoperimetric inequalities for the quantities as,(K).
They were proved by Lutwak for p > 1 [45] and for all other p by Werner and Ye
[66]. The case p = 1 is the classical affine isoperimetric inequality [12, 21].

Theorem 2 (p = 1 [12, 21], p > 1 [45], all other p [66]) Let K be a convex body
with centroid at the origin.

(i) If p > 0, then

as,(K) _ (|K| )1
as,(B5) — \|B}]

with equality if and only if K is an ellipsoid. For p = 0, equality holds trivially
forall K.
(ii) If —n < p < 0, then

n—p

) (1K1Y
as,(B3) ~ \|B}] ’

with equality if and only if K is an ellipsoid.
(iii) If K is in addition in Ci and if p < —n, then

H
citr (ﬂ) " < asp(K)
B3| ~ asp(By)

The constant ¢ in (iii) is the constant from the inverse Blaschke Santal6 inequality
due to Bourgain and Milman [15]. This constant has recently been improved by
Kuperberg [34] (see also [50] for a different proof).

2.3 Stability for the Ly-Affine Isoperimetric Inequality for
Convex Bodies

Stability results for the L,-affine isoperimetric inequalities for convex bodies were
proved by Boroczky [13] for p = 1 and dimension n > 3. Ivaki [32, 33] gave
stability results for the L,-affine isoperimetric inequality in dimension 2 and p > 1.
We present here stability results for the L,-affine isoperimetric inequalities for all p
and in all dimensions. Before we do so, we first quote the results by Boroczky [13]
and Ivaki [33].

Theorem 3 ([13]) If K is a convex body in R", n > 3, and

asl(K) n+1 |K| n—1 1
(asl(B;)) >(1_6)(|B';|) f"”e(o’i)’ @
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then for some y > 0, depending only on n, we have
dpy(K,B3) <1+ yséllogeﬁ.
Later, in [8], the above approximation was improved to
dpy(K,B3) <1+ y8m|log8|ﬁ.
Ivaki [33] gave a stability version for the Blaschke Santald inequality from which

the following stability result for the L,-affine isoperimetric inequality in dimension
2 and p > 1 follows easily.

Theorem 4 ([33]) Let K be an origin symmetric convex body in R?, and p > 1.
There exists an €, > 0, depending on p, such that the following holds. If for an e,
0<e<ep,

(asp(K) )p+2 (1 —ey (area(K))z_”
2w b4

then for some y > 0, we have

=

dpy(K,B3) < 1+ ye2. 6)

The same author also considered the case when K is a not necessarily origin
1

symmetric convex body in R? [33]. Then the order of approximation becomes 1
instead of % Note also that there are results in dimension n = 2 by Béroczky and
Makai [14] on stability of the Blaschke Santal6 inequality, from which a stability
result of the form (5) for the L,-affine isoperimetric inequality in dimension 2
follows easily. But the order of approximation in the origin-symmetric case is 1/3
and in the general case 1/6.

We now present almost optimal stability results for the L,-affine isoperimetric
inequalities, for all p, for all convex bodies, for all dimensions. To do so, we use the
above stability version of the Blaschke Santal6 inequality by Ball and Boroczky [8],

together with inequalities proved in [66].

Theorem 5 Let K be a convex body in R", n > 3, with Santalo point or centroid at
0.

(i) Letp > 0. If(‘””(K) )n+p > (1—¢g) ( K

I
asp(By) [BS]
only on n, we have

n—p
) , then for some y > 0, depending

dpu(K,By) <1+ y53<"]+‘>|log s|3<"il>.
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S n=p
(ii) Let —n < p < 0. If((i"((;)) <(1—-eyp (Illl?gl) , then for some y > 0,
depending only on n, we have

dpy(K,By) <1+ ys*<ﬂ+‘>|logs|’<"+1>

Remarks (i) If K is O-symmetric, then 83(”1*'1) can be replaced by 83("%"1). This
follows from [8]. See also the Remark after Theorem 1.
(ii)) The example in [8] already quoted in the Remark after Theorem 1 shows that
1

1 . 2 .
&3F1 cannot be replaced by anything smaller than ¢»—1, even for 0-symmetric
convex bodies with axial rotational symmetry. Indeed, let K be the convex body
obtained from B’} by removing two opposite caps of volume ¢ each. Then

asp(K))”+1’ 1_kﬂp(ﬂ)n_p= I_SP(|K|)”—17
(asp(B> > (= ke )" ) = igy) -

where we have put § = ket and where k is a constant that depends on n only,
except for 0 < p < n, where it also depends on p. And dgy (K, B}) = 1 +y8n%1.

Proof of Theorem 5. (i) As as,(B3) = n|Bj|, we observe that the inequality

as,(K) \"*" o (1K'
(as,,w)) > (1-¢) (|B;|)

is equivalent to the inequality

as,(K)"™? > (1 — e)Pn"*P|K|" P |B3|*. (6)
It was proved in [66] that for all p > 0,
as,,(K)"+P < n"*P|K|"|K°PP.
Hence we get from the assumption that
WPKIKE > (1 ) n T |K || B

or equivalently, that

KIIK®| > (1 —¢) |BSI%,

and we conclude with the Ball and Boroczky stability result in Theorem 1.
(ii) The proof of (ii) is done similarly. We use the inequality

as,(K)"™" = n""|K|"|K°[P,

which holds for —n < p < 0 and which was also proved in [66]. O
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Another stability result for the L,-affine isoperimetric inequalities for convex
bodies is obtained as a corollary to Proposition 17 below. We list it now, as we want
to compare the two. Let K be a convex body in R” with O in its interior and let the
function ¥ of Proposition 17 be ¥ (x) = ||x||%/2, where | - ||x is the gauge function
of the convex body K,

lxlx = min{o > 0: x € K} = max{x, y).
yeK®
Let
as; (¥) = / eIV WMYD (det (V24 (x))) " dx @)
be the L, -affine surface area of the function . This quantity is discussed in detail

in Section 3.3. Differentiating ¥ (x) = ||x||%/2, we get (x, Vi (x)) = 2y (x). Thus,
for ¥ (x) = ||x[|%/2, the expression (7) simplifies to

as; (¥) = /Rn (det Vzl//(x))A eV Wy, (8)

113

Note that for the Euclidean norm |||, as; (T

[20] that

) = (271)% and it was proved in

€))

where A and p are related by A = n—[i]-p' Together with Proposition 17, this immedi-

ately implies another stability result for the L,-affine isoperimetric inequalities for
convex bodies.

Corollary 6 Let K be a convex body in R"™ with the centroid or the Santalo point at
the origin.
(i) Let 0 < p < 00 and suppose that for some ¢ € (0, &),

h—p
aSP(Kn) > (1— ) ( |Kn| )"+p .
as,(B%) |BS|

(i) Let —n < p < 0 and suppose that for some ¢ € (0, &),

n—p
n+,
W) (1 - ey (ﬂ) .
as,(Bj) |BS|
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Then, in both cases (i) and (ii), there exist ¢ > 0 and a positive definite matrix A

such that
»/R(E)Bg

1
where R(g) = % and gy, 1) depend on n.

1
IAx]1; — llx]5 — ¢| dx < neT?,

Proof 1t is easy to see (e.g., [20]) that

1 llxll%
|K| = ,,—/87 2 dx.
2:T (1+ %)

n

As |Bj| = - (’i%), we get, with ¥ (x) = %, by (9) and the assumptions of the

theorem, that for 0 < p < oo,

1—21
as, () > (1 — &) 2m)™ ( / e—'/'mdx) .

We have also used that A = nj;p. The result for 0 < p < oo then follows

immediately from Proposition 17. The case —n < p < 0 is treated similarly. |

Remarks In general, one cannot deduce Theorem 5 from Corollary 6. However, it
follows from Theorem 5 that there exists T € GL(n) and xy, yo € R” such that

K—xy CT(B,—y) C (1 + ye3<"1+1> | log 8|3(”i1)) (K — xo).

For simplicity, assume that xo = yy = 0, which corresponds to the case that K is
0-symmetric. Then this means that for all x € R”",

1

_ 4
| lllx = IT@) 2 | < 1T (ve#7 | log e 0 ) |1x]

and thus
/ | Il = 1T | dx
R(e)B;

< (1 + v | loge| ¥ ) |B| [TI2R"*2(e) (720 [loge| =+ )

B3|

1 4
=11 g3+ | loo g 3(n+l)> -z
( +v |log ] @y

1 4 n+2
T2 (ye @0 log e o+ 137 )

Hence, allowing general T, the exponent of ¢ can be improved.
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2.4 Stability Result for the Entropy Power g

An affine invariant quantity that is closely related to the L,-affine surface areas is the
entropy power k. It was introduced in [51] as the limit of L,-affine surface areas,

n+p
as,(K) ) . (10)

Qr = 1i
KT (n|1<°|

p—>00

The quantity Qg is related to the relative entropy of the cone measures of K and K°.
We refer to [51] for the details and only mention an affine isoperimetric inequality
for Qg proved in [51].

Theorem 7 ([51]) If K is a convex body of volume 1, then

Qgo <Q, . \o. (11)

L)
<|B’zl\ n )

Equality holds if and only if K is a normalized ellipsoid.

We now use the previous theorems to prove stability results for inequality (11).
Using the invariant property (3) and the fact that as,(B5) = n|Bj|, this inequality
can be written as

Qgo < |BA*.

Theorem 8 Let K be a convex body in R", n > 3, of volume 1 and such that the
Santalé point or the centroid is at 0. Suppose that for some ¢ € (0, %),

Qo > (1 —e)|By|™". (12)
Then for some y > 0, depending only on n, we have

1 4
2\ 5D | 2e|TaFn
dpu(K°,B5) < 1+ y( ) log7

n

Remarks similar to the ones after Theorem 5 hold.

asy(K°)
n|K|

n+p
Proof It was shown in [66] that ( ) is decreasing in p € (0,00). By

o\ \ ntp
definition (7), lim,— o0 (%) = Qko. Therefore we get with assumption (12)

that for allp > 0

(as,, (K°)

n+p
> (1 —¢)|Br*.
nel) s a-enm
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Or, equivalently, as |K| = 1,
asy (K" > (1 — e)d P |K|"*P|B5|*" = (1 — e)n"*7|B;| | B3>

> (1 —e)n"tP|K°|" 7| B3| .

In the last inequality we have used the Blaschke Santal6 inequality |K||K°| < |Bj/?,
which we can apply as long as n — p > 0. Note that for all ¢ € (0, %) andp >0

26\’
l—e>(1——]) .
P
Hence, using the elementary inequality above, we get for all 0 < p < n that
o\n+ 2e ! n+ o |n—, 2
asy(K°)"™ > {1 —— ) n""P|K°|""P|B3|?.
P
Inequality (6) and the arguments used after it imply that for all 0 < p < n,

4
2¢& |30+D

o 2¢e ey
dpm(K°,B)) <1+y (—) log —
P p

Since the right-hand side of above equation is decreasing in p, minimizing over p in
the interval (0, n] gives the result. |

The second stability result and the corresponding comparisons (see the Remark
after Corollary 6) are obtained accordingly. We skip the proof.

Theorem 9 Let K be a convex body in R", n > 3, of volume 1 and with Santalo
point or centroid at 0, such that Qgo > (1 — &)|B3|*". Then there exists ¢ > 0 and a
positive definite matrix A such that

1
/ |||AX||%(—|X|§—c|dx< nenon?
R(¢)B}
loge|?
R(e) = % and &g, n depend on n.

3 Stability Results for Functional Inequalities

3.1 Stability for the Functional Blaschke Santalo Inequality

We will first state a functional version of the Blaschke Santalé inequality. To do so,
we recall that the Legendre transform of a function ¥ : R* — R U {400} at 7 € R”
is defined by
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LY(y) = sup ((x—z,y) —¥(x), foryeR" (13)

xER"

The function L,y : R" — R U {+o0} is always convex and lower semicontinuous.
If ¢ is convex, lower semicontinuous and ¥ < +o0, then L,L,}y = . Whenz = 0,
we write

V) = Loy () = sup ({x.y) =¥ (). (14)

Work by K.M. Ball [7], S. Artstein-Avidan, B. Klartag, V.D.Milman [5], M.
Fradelizi, M. Meyer [22], and J. Lehec [35] led to the functional version of the
Blaschke Santal6 inequality which we now state.

Theorem 10 ([5, 7, 22, 35]) Let p : R — R4 be a log-concave non-increasing
Sfunction and ¥ : R" — R U {+o00} be measurable. Then

. B EEAYRY
;gAyW@Mp@mawmw_(@pQEQW).

If p is decreasing, there is equality if and only if there exist a, b, c in R, a < 0,
z € R" and a positive definite matrix A : R" — R" such that

IA(x 4 2)|2

Y0 = =

+c¢, for xeR"

and moreover either ¢ = 0, or p(t) = e“*?, fort > —|c|.

Remark If p(r) = ¢ and if ¢ = e~V has centroid at 0, i.e., [z, xe”¥dx = 0, then
the inequality of the above theorem simplifies to

_ =¥ (x)) —y*(x)
Aywwmﬁ&mame—(Ag w)(ﬂe ﬁ)
llxl13 2
< (/ e 2 dx) . (15)

Barthe, Boroczky, and Fradelizi [9] established the following stability theorem
for the functional Blaschke Santal6 inequality.

Theorem 11 ([9]) Letp : R — R4 be a log-concave and decreasing function with
fR+ p < oo. Let y : R" — R be a convex, measurable function. Assume that for
some € € (0, &) and all 7 € R" the following inequality holds

) 2
A;mw@muA;mawanw><r—@(éy(¥¥)w).



Stability Results for Some Geometric Inequalities and Their Functional Versions 553

Then there exists some z € R, ¢ € R and a positive definite n X n matrix A such

that
/R(E)Bg

where lim,_,o R(¢) = oo and &g, n, R(¢) depend on n and p.

x5 L
—= 4+ c—Y(Ax + 2)| dx < nera?

3.2 Stability for Divergence Inequalities

A function ¢ : R” — [0, 00) is log concave, if it is of the form ¢(x) = e~ ¥, where
¥ : R" — R is a convex function. Recall that we say that ¢ = ¢~V has centroid at
0, respectively, the Santalé point, at O if,

/ xp(x)dx = / xe VWdx = 0, respectively / xe V" Wdx = 0.

The following entropy inequality for log concave functions was established in [17],
Corollary 13.

Theorem 12 ([17]) Let ¢ : R" — [0,00) be a log-concave function that has
centroid or Santald point at 0. Let f : (0, 00) — R be a convex, decreasing function.
Then

(%.x) —2 d VZ —1 ) ( (27[)" ) ( d) 16
/Suppw)wf<e ¢ (det (V2 (=logg))) ) = f ( pas) /suppw)w ], (16)

Iff is a concave, increasing function, the inequality is reversed.
Equality holds in both cases if and only if p(x) = ce~¥), where c is a positive
constant and A is an n X n positive definite matrix.

Theorem 12 was proved under the assumptions that the convex or concave functions
f and the log concave functions ¢ have enough smoothness and integrability
properties so that the expressions considered in the above statement make sense.
Thus, in this section, we will make the same assumptions on f and ¢, i.e., we will
assume that ¢° € L' (supp(¢), dx), the Lebesgue integrable functions on the support
of ¢, that

¢ € C*(supp(p)) N L' (R", dv), (17)

where C2(supp(¢p)) denotes the twice continuously differentiable functions on their
support, and that

(Vo.x)
(4

of | =i det(V (—log@) | & L' (upp(p). ). (18)
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Recall that ¢(x) = ¢ V™ and put du = e Vdx. Then the left-hand side of
inequality (16) can be written as

[ ! (eZW—W‘/f'x) det (vzw)) du.

It was shown in [17] that the left-hand side of the inequality (16) is the natural
definition of f-divergence Dy (¢p) for a log concave function ¢, so that (16) can be

rewritten as
(27)"
Dy > _— dx|. (19)
() f( : de)z) (/supp@)‘”)

In information theory, probability theory, and statistics, an f-divergence is a function
that measures the difference between two (probability) distributions. We refer to,
e.g., [17] for details and references about f-divergence.

Theorem 13 Let f : (0,00) — R be a concave, strictly increasing function.
Let ¥ : R" — R be a convex function such that eV € C2>(R") and such that
Jon x€™VOdx = 0 0r [, xe V" Wdx = 0. Suppose that for some & € (0, &),

/ £ (V) det (V2y) ) dpe >
(2n)" (2n)" B
f (—2 / du ) —sf’ P / du .
(Jen d12) ! (Jn d12) !
Then there exist c > 0 and a positive definite matrix A such that

»/R(s)Bg

where lim,_,o R(g) = oo and &y, 1, R(¢) depend on n.
The analogue stability result holds, if f is convex and strictly decreasing.

x5

+c—Y(Ax)|dx < nsﬁ,

Proof We treat the case when f is concave and strictly increasing. The case when

. . . . .- e Vax _
f is convex and strictly decreasing is done similarly. We set dv = Tevds = Tan

Then v is a probability measure and by Jensen’s inequality and a change of variable,
( / d,u) / f (e(2W<X>—<V¢~X>) (det (v%/f(x)))) dv <

( / dﬂ) f ( [ vt e vy ) dv)
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(5 7o) (] )

Thus, by the assumption of the theorem, we get

(i L) ([ )
>(/d“)f(diz;)_/3uf<diz;>
- ([an) ()

The last inequality holds as by Taylor’s theorem and the assumptions on f (i.e.,
f"” < 0), for ¢ small enough, there is a real number t such that

@n)'—e)\ _ Qo) ) e [ @r) & "
(i) = (o) (o) s
- Q2m)" & L @) .
_%UMJ mm”ﬂmﬁ)
Therefore we arrive at

(i fvoa) - (222)

Since f is strictly increasing we conclude that

1 / VO gy > (27‘[)"—87
Jdw S (fdw)’

which is equivalent to

(/ e_‘p(")dx) (/ e_‘”*(x)dx) > (2n)" —e.

From that we get

(/ ewx)dx) (/ ew*mdx) > (1—¢)(2m)".
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As p has its centroid at 0, we have by (15) that

in]R}C (/ e_‘/’(x)dx) (/ e LV dy) = (/ e_’/’dx) (/ eV dy)
z€R" n n n n

and the theorem follows from the result by Barthe, Boroczky and Fradelizi [9],
Theorem 11, with p(f) = e™". |

3.3 Stability for the Reverse Log Sobolev Inequality

We now prove a stability result for the reverse log Sobolev inequality. This
inequality was first proved by Artstein-Avidan, Klartag, Schiitt, and Werner [6]
under strong smoothness assumptions. Those were subsequently removed in [20]
and there, also equality characterization was achieved.

We first recall the reverse log Sobolev inequality. Let y, be the standard Gaussian
measure on R". For a log-concave probability measure & on R" with density e™,
ie., ¥ = —log(du/dx), let

S(u) = /nl/fdu

be the Shannon entropy of .

Theorem 14 ([6, 20]) Let u be a log-concave probability measure on R" with
density e=V with respect to the Lebesgue measure. Then

| tog (@et( ) dn <2 (57) = 400 0)

Equality holds if and only if | is Gaussian (with arbitrary mean and positive definite
covariance matrix).

Inequality (20) is a reverse log Sobolev inequality as it can be shown that the log
Sobolev inequality is equivalent to

’

(fRn Anw du)

2 (S = S(w) = nlog

where A is the Laplacian. We refer to, e.g., [6, 20] for the details.

Note that inequality (20) follows from inequality (16) with f(#) = log . However,
because of the assumptions on ¢ in Theorem 13, the result would only hold under
those assumptions and not in the full generality stated in Theorem 14. Similarly,
a stability result for Theorem 14 follows from Theorem 13 with f() = logt. But
again, because of the assumptions of Theorem 13, the result would only hold for
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those v such that e~V is in C?>(R") and has centroid at 0. We can prove a stability
result for Theorem 14 without these assumptions. The proof is similar to the one
of Theorem 13. We include it for completeness. But first we need to recall various
items.

For a convex function ¥ : R" — R U {400}, we define Dy to be the convex
domain of ¥, Dy = {x € R", ¥ (x) < 4+o00}. We always consider convex functions
Y such that int (D,,,) # 0. In the general case, when ¥ is neither smooth nor
strictly convex, the gradient of i, denoted by Vi, exists almost everywhere by
Rademacher’s theorem (e.g., [53]), and a theorem of Alexandrov [1], Busemann
and Feller [16], guarantees the existence of its Hessian V21 almost everywhere in
int (Dy). We let X, be the set of points of int (D) at which its Hessian V¢ in
the sense of Alexandrov, Busemann, and Feller exists and is invertible. Then, by
definition of the Legendre transform, for a convex function ¢ : R* — R U {400}
we have

() +Yr0) = (x.y)

for every x,y € R”, and with equality if and only if x € Dy and y = Vy/(x), i.e.,

V(Y () = & VY () —¥(x), ae.inD_. @n

Theorem 15 Let v : R" — R U {+o00} be a convex function and let u be a
log-concave probability measure on R" with density e™V with respect to Lebesgue
measure. Suppose that for some ¢ € (0, &),

/ log(det(Vzw)) du > 2 (S(yn) - S(u)) —e.
RV!

Then there exist c > 0 and a positive definite matrix A such that

/I;(E)B’zl

where lim,_.o R(¢) = oo and &y, 1, R(¢) depend on n.

1113

1
5 dx < nenw?,

+ ¢ — Y (Ax)

Proof Both terms of the inequality are invariant under translations of the measure
M, so we can assume that p has its centroid at 0.

Put ¢ = logB > 0. Since S(y,) = 5 log(2me), the inequality of the theorem
turns into

/ log(B det(V*y)) du + 2 / Y du > log(2me)",
Dw D(/,
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which in turn is equivalent to

/ log(B det(V*y)) dp + / log (¢*) du —n > log(27)". (22)
Dy, Dy

We now use the divergence theorem and get

/ (x, VY (x)) dp = / div(x) dp — / (x.Np, (x))e " Ddop,,
Dy int(Dy)

BD\/,
where Np,, (x) is an exterior normal to the convex set Dy, at the point x and op,, is

the surface area measure on dDy,. Since Dy, is convex, the centroid O of & is in Dy.
Thus (x, Np, (x)) > 0 for every x € dDy, and div(x) = n hence

—n< _/ (x, Vi (x)) dp = / log (e—(x,vwx))) du
Dy, Dy,
Thus we get from inequality (22),
/ log(ﬂ det(Vzw) eZl//(x)—(x,Vv/(x))) du > log(2m)".
Dy
With Jensen’s inequality, and as du = e Vdx,

B | det(Vy) ! O-EVVOl gy 5 (27)". (23)
Dy

By 21),

/ det(V21//) eV O= VY ) g — / det(Vzl//) eV VYO gy
Dy Dy,

The change of variable y = Vi (x) gives

/ e—W*(VW‘))det(Vzw(x))dx=/ eV gy, (24)
Dy, D‘//*

and inequality (23) becomes

* 1
/ eV Ody > — ).
D'lf* IB
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As [5, eVdx=1and = = ™ > 1 — &, we therefore get that

(o) ()= ([, ) ], )

> (1 —¢)2m)".

As u has its centroid at 0, we have by (15) that

s o) () o)
z€R" n n n n

The theorem now follows from Theorem 11, the stability result for the functional
Blaschke Santal6 inequality, due to Barthe, Boroczky, and Fradelizi [9]. O

3.4 Stability for the L,-Affine Isoperimetric Inequality for Log
Concave Functions

The following divergence inequalities were proved in [17]. In fact, inequali-
ties (25), (26) and consequently (16) are special cases of a more general divergence
inequality proved in [17].

For 0 < A <1, it says

_w* A
Jler o) s (BEEE) (La) e
R" !

and for A ¢ [0, 1],

_1/,* A
flomersoa oz (Bge) (L) oo
R” n

The left-hand sides of the above inequalities are the L -affine surface areas as) ().
For a general log concave function ¢ = ¢~ ¥ (and not just a log concave function in
C?(R")) they were introduced in [20],

asy(y) = fx ¢V O-HVY (det (V2 (x))) d. 27)
v

Since det (V%ﬂ(x)) = 0 outside Xy, the integral may be taken on Dy, for A > 0. In
particular,

aSO(V/):/ e_W(x)dx and aSl(V/):/ e_w*(x)dx_
Xy X

w*
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Assume now that f xe VWdx = 0 or f xe ¥ "@dx = 0. Then we can apply the
functional Blaschke Santalé inequality (15) and get from (25) that for A € [0, 1],

1-24
as,(Y) < (7)™ (/ e_‘[’(x)dx) .

Rn

Similarly, for A < 0, we get from (26)

1-24
as;(y) > (27{)’M (/R e_W(x)dx) ,

provided that ¢ € C2(R"), which is the assumption on ¢ in inequality (16).
However, these inequalities hold without such a strong smoothness assumption.
This, together with characterization of equality, was proved in [20].

Theorem 16 ([20]) Let ¢ : R" — R U {oo} be a convex function. For A € [0, 1],

1-21
as, (¥) < Qo)™ < / e_‘“x)dX) (28)
Xy
and for A <0,
1-21
as,(y) > (7)™ ( / e_‘/’(x)dx) ) (29)
Xy

For A = 0 equality holds trivially in these inequalities. Moreover, for 0 < A < 1,
or A < 0, equality holds in above inequalities if and only if ¥ (x) = %(Ax, x) + ¢
where A is a positive definite n X n matrix and c is a constant.

A stability result for these inequalities is again an immediate consequence of
Theorem 13. But again, we would then get the stability result for log concave
functions ¢ € C*(R") only, so we include the proof for general functions.

Proposition 17 Let v : R" — R U {400} be a convex function such that
[xe " Odx = 0 or [ xe™" Wdx = 0.

(i) Let 0 < A <1 and suppose that for some € € (0, &),

1-22
e_‘p(x)dx) .

(ii) Let A < 0 and suppose that for some ¢ € (0, &),

1-22
e_‘“x)dx) .

v

asy () > (1 — ) )™ ( /
X

v

asy(y) < (1—e)* 2m)" ( /X
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Then, in both cases (i) and (ii), there exists ¢ > 0 and a positive definite matrix

A such that
L(S)B;

where lim,_,o R(e) = oo and &y, n, R(¢) depend on n.

X113 =L
—= 4+ c— Y(Ax)|dx < nea?,

Proof (i) The case A = 1 is the stability case for the functional Blaschke Santalé
inequality of Theorem 11. Therefore we can assume that 0 < A < 1. We put dpu =
e~ Vdx. By Holder’s inequality with p = 1/A and ¢ = 1/(1 — 1),

as)(¥) = /}; ARV O=(Va) (det (VZW(x)))A du
v

A 1-A

< ( / ez‘/’(x)_(v"’”x)det(vzl//(x))du) ( / du)

Xy Xy

A 1-A

— (/ VOV ot (VZW(X)) dx) (/ e—W(x)dx)

Dy, Xy

Y 1-2
< ( [ e—W")dx) / eV Wy
n XW

where, in the last equality, we have used (21) and (24). Therefore, by the assumption
(1) of the proposition

5 1-A 1-21
([ e_‘”*(x)dx) ([ e_‘/’(x)dx) > (1—¢)*2n)™ ([ e_‘/’("‘)dx) ,
n Xy Xy

which is equivalent to

(/ e_‘#*(x)dx) (/ e_‘”x)dx) > (/ e_'/’*(")dx) (/ e_‘”(x)dx)
n n n Xll/

> (1 —¢)@2m)",

and the result is again a consequence of Theorem 11 by Barthe, Bordczky, and
Fradelizi [9].

Similarly, in the case (ii) the proposition follows by applying the reverse Holder
inequality. O

The following Blaschke Santal6 type inequality follows directly from inequal-
ity (28). It was also proved, together with its equality characterization in [20].
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Corollary 18 ([20]) Let A € [0, %] and let ¥ : R" — R U {+o0} be a convex
function such that [ xe™V®dx = 0 or [ xe™""Wdx = 0. Then

as; (¥) asi () = 2m)".

Equality holds if and only if there exist a € R and a positive definite matrix A such
that ¥ (x) = %(Ax, x) + a, for every x € R,

We have the following stability result as a direct consequence of Theorem 11.

Proposition 19 Let v : R" — R U {400} be a convex function such that
[xe ¥ Odx = 0 or [xe™V Wdx = 0. Let 0 < A < 1 and suppose that for some
e € (0, &),

asy(¥) asi (Y™)) = (1 - €)(2m)".

Then, there exist c > 0 and a positive definite matrix A such that

»/R(s)Bg

where lim,_,o R(g) = oo and &y, 11, R(¢) depend on n.

X113 L
— 4+ ¢ — Y (Ax)| dx < neo?,
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