Chapter 2
Submanifolds of Real Space Forms

In this chapter, we review the basic theory of submanifolds of real space forms
needed for our in-depth treatment of isoparametric and Dupin hypersurfaces in later
chapters. In Sections 2.1-2.4, we find the formulas for the shape operators of parallel
hypersurfaces and tubes over submanifolds, and we discuss the focal submanifolds
of a given submanifold.

We then define curvature surfaces and Dupin hypersurfaces in Section 2.5, and
prove Pinkall’s [446] result (Theorem 2.25) that given any positive integer g, and

any positive integers my,...,m, with m; + --- + m, = n — 1, there exists a
proper Dupin hypersurface M"~! in R" with g distinct principal curvatures having
respective multiplicities my, . .., m,.

In the next two sections, we define the notions of tight and taut immersions of
manifolds into real space forms and develop the basic properties of these types of
immersions. These concepts are important in themselves, and they are needed in the
theory of isoparametric and Dupin hypersurfaces. In Section 2.8, we study the close
relationship between the concepts of taut and Dupin submanifolds in detail.

Finally, in Section 2.9, we describe the standard embeddings of projective spaces
into Euclidean spaces. These examples have many remarkable properties, and they
are important in the theories of tight, taut, and isoparametric hypersurfaces.

2.1 Real Space Forms

We let R" denote n-dimensional Euclidean space endowed with the standard
Euclidean metric of constant sectional curvature zero. The theory of isoparametric
and Dupin hypersurfaces in the sphere S”(c) of constant sectional curvature ¢ > 0
is essentially the same for all values of ¢ > 0, and so we restrict our attention to the
sphere " of constant sectional curvature 1, that is, the unit sphere in R"*! with the
Riemannian metric induced from the Euclidean metric in R"*!.

© Thomas E. Cecil and Patrick J. Ryan 2015 9
T.E. Cecil, PJ. Ryan, Geometry of Hypersurfaces, Springer Monographs
in Mathematics, DOI 10.1007/978-1-4939-3246-7_2



10 2 Submanifolds of Real Space Forms

Similarly, for ambient spaces of constant negative sectional curvature, we restrict
our attention to the hyperbolic space H" of constant sectional curvature —1. To get a
model for H", we consider the Lorentz space R’1’+1 endowed with the Lorentz metric
of signature (1, n),

<x7y> = X1)1 + - +-xnyn — Xn+1Yn+1, (21)

forx = (x1,...,%41)andy = (y1,...,Yut1) in R’1’+1. Then real hyperbolic space
of constant sectional curvature —1 is the hypersurface in R’f“ given by

H' = {xe R | (x,x) = 1, x,41 > 1}, (2.2)
on which the Lorentz metric { , ) restricts to a Riemannian metric of constant
sectional curvature —1 (see Kobayashi—-Nomizu [283, Vol. I, pp. 268-271] for more
detail).

By a real space form of dimension n, we mean a complete, connected, simply
connected manifold M”" with constant sectional curvature c. If ¢ = 0, then M = R”";
if ¢ = 1, then M = S", and if ¢ = —1, then M" = H" (see, for example, [283,
Vol. I, pp. 204-209]).

Letf : M" — Mk for k > 1 be an immersion with codimension k of an
n-dimensional manifold M into one of the three space forms M”* mentioned above.
For x € M, let T.M denote the tangent space to M at x, and let Tf‘M denote the
normal space to f(M) at the point f(x) € M. Let

NM = {(x,§) | xe M, £ € Tt M}, (2.3)

be the normal bundle of (M) with natural bundle projection = : NM — M defined
by 7 (x, ) = x. Let n be a local cross section of NM. For any vector X in the tangent
space T.M, we have the fundamental equation

Vion = —fe(A,X) + Voo (2.4)

where V is the Levi-Civita connection in M , [+ is the differential of f, A, is the
shape operator determined by the normal vector 7(x), and V= is the connection in
the normal bundle.

The shape operator defines smooth map (x,§) +— A; from the normal bundle
NM into the space of symmetric tensors of type (1, 1) on M. An eigenvalue A of A¢
is called a principal curvature of Ag, and its corresponding eigenvector is called a
principal vector. Since Az = tAg, for t € R, it is sufficient to know the principal
curvatures on the bundle BM of unit normal vectors to M, i.e., the unit normal bundle
of M.
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2.2 Focal Points

Letf : M — M be an embedded submanifold of a real space form. Let TM denote
the tangent bundle of M, and let exp:TM — M be the exponential map of M. The
normal exponential map or end-point map E : NM — M is the restriction of the
exponential map of M to the normal bundle NM of the submanifold M. Thus, if £ is
a nonzero normal vector to f(M) at f(x), then E(x, §) is the point of M reached by
traversing a distance |¢| along the geodesic in M with initial point f(x) and initial
tangent vector £. If £ is the zero vector in the tangent space to M at f(x), then E(x, £)
is the point f(x). It is well known (see, for example, [283, Vol. I, p. 147]) that exp
is smooth in a neighborhood of the 0-section in TA7I, and so E is also smooth in a
neighborhood of the 0-section in NM. It is easy to show that the differential E, is
nonsingular at points on the zero section, so we restrict our attention to points in
NM that are not in the 0-section in trying to locate the critical values of E.

The focal points of M are the critical values of the normal exponential map E.
Specifically, a point p € M is called a focal point of (M,x) of multiplicity m if
p = E(x, §) and the differential E, at the point (x, £) has nullity m > 0. The focal
set of M is the set of all focal points of (M, x) for all x € M. Since NM and M have
the same dimension, it follows from Sard’s Theorem (see, for example, [359, p. 33])
that the focal set of M has measure zero in M.

We now assume that £ is a unit length normal vector to f(M) at a point x € M.
The following theorem gives the location of the focal points of (M, x) along the
geodesic E(x, t§), for t € R, in terms of the eigenvalues of the shape operator Ag
at x. We will give a proof for part (a) of the theorem, the case M"* = R"*_(See
also Milnor [359, pp. 32-35] for a proof in the Euclidean case, and Cecil [70] for a
proof in the hyperbolic case. The proof in the spherical case is similar to that in the
hyperbolic case.)

Theorem 2.1. Letf : M" — M be a submanifold of a real space form M
and let & be a unit normal vector to f(M") at f(x). Then p = E(x, t§) is a focal point
of (M", x) of multiplicity m > 0 if and only if there is an eigenvalue A of the shape
operator Ag of multiplicity m such that

(@ A= 1/[, l-f]f{n—kk — Rn—i—k}
(b) A = cots, if M+ = g+,
(c) A = cotht, if M"T* = H"Fk,

Proof. (a) In the following local calculation, we consider M" C R"** as an
embedded submanifold and do not mention the embedding f explicitly. We also
consider the tangent space T, M to be a subspace of T,R"*. We first recall some
standard terminology and equations of submanifold theory. We will denote the Levi-
Civita connection on R"** by D rather than V. For locally defined smooth vector
fields X and Y defined on M, we have the decomposition of DyY into tangential and
normal components,
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which defines the Levi-Civita connection V of the induced Riemannian metric on M
and the second fundamental form . For a local field of unit normal vectors & on M,
we have the decomposition of Dx£ into tangential and normal components,

DxE = —AeX + V5, (2.6)

which defines the shape operator A¢ and normal connection V+, as in equation (2.4)
above.

Since we know that there are no focal points on the 0-section, we will compute
E, at a point of NM that is not on the 0-section. We can consider this point to have
the form (x, t§), where |§| = 1 and ¢ > 0. Let &, ..., & be an orthonormal frame of
normal vectors to M at x with & = £. Let U be a normal coordinate neighborhood of
xin M as defined in [283, Vol. I, p. 148]. In order to simplify the calculations below,

we extend £, . . ., & to orthonormal normal vector fields on U by parallel translation
with respect to the normal connection V- along geodesics in U through x.
Let {€,..., €} be the standard orthonormal basis of R¥. Let S*! be the unit

sphere in R given by
k
STl =ta= aelai++ap =1} 2.7)
j=1
We parametrize the normal bundle NM locally in a neighborhood of the point (x, 7&)
by defining
¥ (0,00) x S5 x U —> NM (2.8)
by
k
V(p,a,y) = pu Z ai&;(y). 29)
j=1

where the vector ¥ (i, a, y) is normal to M at the pointy € U.
Then (E o ¥)(i.a,y) is the point in R"*¥ reached by traversing a distance p
along the geodesic in R"** beginning at y and having initial direction

k
> ai(y). (2.10)
j=1

That is,

k
(EoW)(i.a.y) =y+pn Y a&). 2.11)

J=1
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In this local parametrization, the point (x, ¢§) is equal to ¥ (¢, €1, x). Evaluating E.
at (x, t£) is equivalent to evaluating (E o ¥), at the point (¢, €, x). We now want to
express (E o ¥), in terms of a basis consisting of d/dpu for (0, 00), {¢;},2 <j <k,
for T, S¥7!, and an orthonormal basis of 7,M consisting of eigenvectors X of Ag
with corresponding eigenvalues denoted by A.

We first evaluate (E o ¥),(d/du) at the point (z, €1, x). We have

(EoW)«(d/0p) = ?(M)lu:, where (1) = x + 1 §1(x), (2.12)

—
where f (1) is the velocity vector (tangent vector) of the curve B(u).
Thus, we get

(Eo¥)x(3/0p) = &1(x) = &. (2.13)

Next, the tangent space T, S*~! has an orthonormal basis {es, ..., €;}. We want to
compute (E o W)y for2 <j<k.In S¥=1 the curve

y(s) = coss €| + sins g (2.14)

has initial point €; and initial velocity vector ;. Thus by equation (2.11), we see that
(E o ¥)x¢; is the initial velocity vector to the curve

B(s) = x4+t (coss & (x) + sins §(x)). (2.15)
Differentiating with respect to s and substituting s = 0, we get
(Eo¥)«e; = t&i(x). (2.16)
Equations (2.13) and (2.16) show that if
P k
V = (a—) + Zijj, 2.17)
22 =
then (Eo¥),.V =0onlyif V=0.
Next we compute (E o ¥),X for X € T;M. If §(s) is a curve in U with initial

point x and initial velocity vector X, then (E o ¥),X is the initial velocity vector to
the curve

§(s) = (Eo¥)8(s) = 8(s) + 1 §:1(8(5)). (2.18)
Differentiating with respect to s and using §(0) = x and _8>(0) = X, we get

—
¢ (0) = X + 1 Dxé1. (2.19)
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We know that Dx§; = —Ag X + V,% &1, and we have constructed &; so that &;(x) = &
and V)J{El = 0. Hence, we have

(EoW).X = X —tA:X = (I — tA)X, (2.20)

where we are identifying X with its Euclidean parallel translate at the point p =
E(x, t§).

From equations (2.13), (2.16), and (2.20), we see that for V as in equation (2.17)
and a nonzero X € T,M, we have (E o ¥),(X + V) = 0 if and only if V = 0 and
AgX = (1/9)X, ie., 1/t is an eigenvalue of Ag with eigenvector X. Furthermore,
if = 1/t is an eigenvalue of Ag, then the nullity of E4 at (x, #§) is equal to the
dimension of the eigenspace T), i.e., the multiplicity m of A. This completes the
proof of the theorem. O

2.3 Tubes and Parallel Hypersurfaces

As above, let f : M" — M"t* be an immersion into a real space form, and let
BM denote the bundle of unit normal vectors to f(M) in M. If the codimension k
is greater than one, then we define the tube of radius t > 0 over M by the map
f,:BM — M,

filx.§) = E(x. 18). (2.21)

If (x,t£) is not a critical point of E, then f; is an immersion in a neighborhood of
(x, &) in BM. It follows from Theorem 2.1 that given any point x € M, there is a
neighborhood U of x in M such that for all # > 0 sufficiently small, the restriction
of f; to the unit normal bundle BU over U is an immersion onto an (n + k — 1)-
dimensional manifold, which is geometrically a tube of radius ¢ over U.

In the case where M is a hypersurface, i.e., the codimension k = 1, then BM is a
double covering of M. In that case, for local calculations, we can assume that M is
orientable with a local field of unit normal vectors &. Then we consider the parallel
hypersurface f; - M — M given by

filx) = E(x, 1§), (2.22)

for t € R, rather than defining f; on the double covering BM. Note that ¢ can take
any real value in this case. For a negative value of ¢, the parallel hypersurface lies
locally on the side of M in the direction of the unit normal field —£, instead of on the
side of M in the direction of £&. For t = 0, we have f, = f, the original hypersurface.

In this section, we will compute the principal curvatures of the tube f; in terms
of the principal curvatures of the original submanifold M. We will treat the case of
codimension k > 1 here. The case of codimension k = 1 is similar and is actually
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easier, and we omit it here. The formulas in Theorem 2.2 below work for the case of
codimension 1 also, except that there are no ¢; in that case. We will handle the case
M = R"** here. The calculations for the other space forms are similar and are left
to the reader.

As in the preceding section, in the following local calculation we consider M" C
R"** as an embedded submanifold and do not mention the embedding f explicitly.
We also consider the tangent space T, M to be a subspace of T,R" ™. Let (x, £) be
a point in BM such that f; is an immersion at (x, §), i.e., (x,t£) is not a critical
point of E. Let &, ..., & be an orthonormal frame of normal vectors to M at x with
& = &. Let U be a normal coordinate neighborhood of x in M. We extend &1, ..., &
to orthonormal normal vector fields on U by parallel translation with respect to the
normal connection V-1 along geodesics in U through x. Thus, we have the same
setup as for the calculations in the proof of Theorem 2.1.

As in the proof of Theorem 2.1, let {¢1, . . ., €} be the standard orthonormal basis
of R¥. Let S~! be the unit sphere in R* given by

k
Sk—lz{azzajej|a%+...+a%=1}. (223)
j=1

We parametrize the unit normal bundle BM locally in a neighborhood of the point
(x, &) by defining

v:S'xU—> BM (2.24)
by
k
W(ay) = Y a0, (2.25)
j=1

where the vector ¥ (a, y) is a unit normal vector to M at the point y € U.

In this local parametrization, the point (x,§) in BM is equal to W(ey,x).
Evaluating (f;)« at (x, ) is equivalent to evaluating (f; o ¥)4 at the point (1, x).
We now want to express (f; o ¥)4 at (€1, x) in terms of a basis consisting of {¢;},
2 <j <k, for TﬂS"_‘, and an orthonormal basis of T,,M consisting of eigenvectors
X of A¢ with corresponding eigenvalues denoted by A.

The calculations of (f; o W), are exactly the same as the calculations of (E o &),
in the proof of Theorem 2.1, except that there is no d/du term. Specifically, as in
equation (2.16), we get

(f; 0 W)we; = 1£(x). (2.26)
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Then for X € T.M, we get as in equation (2.20),
(fioW)X =X —tAeX = (I —1Ag)X, 2.27)

where we are identifying X with its Euclidean parallel translate at the point
p = fi(x.§).

Since f; is an immersion at (x, §), there is a neighborhood W of the point (x, §)
in the unit normal bundle BU such that the restriction of f; to W is an embedded
hypersurface in R**¥. To find the shape operator of f,W, we need to find a local field
of unit normals to f;W, and then compute its covariant derivative.

If (u, n) is an arbitrary point of W, then the Euclidean parallel translate of 1 is a
unit normal to the hypersurface f;W at the point f;(u, ). So we now let 1 denote a
field of unit normals to the hypersurface f; W on the neighborhood W. We denote the
corresponding shape operator of the oriented hypersurface f,W by A;.

We use the same local parametrization of BM given above. We can identify the
tangent space T(x¢)BM with TEIS"_1 x T,M via the parametrization ¥, and we can
consider the shape operator A, to be defined on TEIS"_1 x T,M. In particular, A, is
defined by,

(fi o ¥)«(AZ) = —Dg00),.27, (2.28)

forZ e T Sk=1 x T.M. Note that there is no term involving the normal connection
V-1, since the codimension of f;W is one.

We first compute As€; for 2 < j < k. Asin equation (2.15), we have that (f,o¥).¢;
is the initial velocity vector to the curve

B(s) = x+ 1t (coss & (x) + sins &(x)). (2.29)
Hence, D(fou)..¢; 1 is the initial velocity vector 77 (0) to the curve
n(B(s)) = coss & (x) + sins & (x). (2.30)
Therefore, we have
(fi 0 ¥)u(Ary) = =77 (0) = —§;(x). (2.31)
Since we have (f; o ¥)«€; = t£;(x) by equation (2.26), we get

1
A=~ (2.32)

Thus, €; is a principal vector of A, with corresponding principal curvature —1/%,
where ¢ is the radius of the tube.
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Next we find A,X for a vector X € T,M. Let §(s) be a curve in M with initial

—
point §(0) = x and initial velocity vector § (0) = X. Then (f; o ¥).X is the initial
velocity vector to the curve

§(s) = 8(s) + 1 &1(8(s)). (2.33)
Along this curve ¢ (s), the unit normal field 7 to the tube is given by
n(8(s)) = §1(8(s)). (2.34)
Then D0u),x7 is the initial velocity vector to this curve & (8(s)), which is just
Dx£, where again we are identifying parallel vectors in R"T*. Then using the fact
that V)J(-Sl = 0, we get from equation (2.4)

Dowy,.xn = Dx§1 = —AeX, (2.35)

since £;(x) = &. Thus we have from equation (2.28) that (f; o ¥)«(A;X) = AeX.
Then it follows from equation (2.27) for (f; o ¥).X that

AX = (I —tAg) ' AeX. (2.36)
In the case of a principal vector X such that A;X = AX, this reduces to

A
1 —1tA

AX = X. (2.37)

Therefore, X is a principal vector of A; with corresponding principal curvature
A/(1—1tA).

Principal curvatures of a tube

In summary, we have the following theorem for the shape operators of a tube over
a submanifold of Euclidean space R"*¥. Similar computations to those above yield
the results for submanifolds of $"T* and H"T*, which are also stated in the theorem.
In the case k = 1, the theorem gives the formula for the shape operator of a parallel
hypersurface ;M. In that case, there are no terms A;e;.

Theorem 2.2. Let M" be a submanifold of a real space form M"™* and € a unit
normal vector to M at x such that f; - BM — M"** is an immersion at the point
(x,&) € BM. Let {Xy,...,X,} be a basis of T.M consisting of principal vectors of
Ag with AgX; = AX; for 1 < i < n. In terms of the local parametrization of BM
given in this section, the shape operator A; of the tube f; of radius t over M at the
point (x, §) is given in terms of its principal vectors as follows:
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For submanifolds of RHK

(1) For2 <j<k Ae=-1¢,

() For1 <i<nAX; = {2 X,

For submanifolds of S"**,

(1) For2 <j <k A; = —cott g,
2) Forl1 <i<n AKX, = COt(@i—Z) X, lf)tl =coth, 0 < 0; < .

For submanifolds of H'*¥,

(1) For2 <j <k Aj =—cothteg,
(2) For1 <i<n,

(a) AX; = COth(e,' — l) X, lf|k,| > 1, and A; = coth 6,
(b) AXi = £X;, if A = £1,
() AX; = tanh(@,- — l) X, lf|k,| < 1, and A; = tanh 6,.

As a consequence of Theorems 2.1 and 2.2, we obtain the following useful result.
In the case where M has codimension k > 1, the points of M are focal points
of the tube f;M corresponding to the principal curvature @ = —1/7 of A; in the
case M"tk = R"T% . = —cott in the case M"T* = §"tK and u = —cotht in
the case M"+k = H" Tk,

Theorem 2.3. Let M" be a submanifold of a real space form M"** and t a real
number such that f;M is a hypersurface.

(a) If M is a hypersurface, then the focal set of the parallel hypersurface f;M is the
focal set of M.

(b) If M has codimension greater than one, then the focal set of the tube ;M consists
of the union of the focal set of M with M itself.

2.4 Focal Submanifolds

In this section, we find a natural manifold structure for the sheet of the focal set
of a hypersurface of a real space form corresponding to a principal curvature of
constant multiplicity. By considering tubes and using Theorems 2.2 and 2.3, this also
enables us to give a manifold structure to a sheet of the focal set of a submanifold
of codimension greater than one. These results were originally obtained in the paper
of Cecil and Ryan [88], and they were suggested by the work of Nomizu [403],
who obtained similar results for the sheets of the focal set of an isoparametric
hypersurface. See also the related work of Reckziegel [457—-459].

Letf : M" — M"*! be an immersed hypersurface in a real space form M. For
the following local considerations, we assume that (M) is orientable with a global
field of unit normals & and corresponding shape operator A = Ag. If the principal
curvature functions on M are ordered as
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AL = Ay > > A, (2.38)

then each A; is a continuous function (see Ryan [468, p. 371]). Furthermore, if a
continuous principal curvature function A has constant multiplicity m on M, then
A is a smooth function, and its m-dimensional distribution T of principal vectors
is also smooth on M (see, for example, Nomizu [402], Reckziegel [457, 458], or
Singley [486]). We will show in this section that T is also integrable, and so it is
an m-dimensional foliation on M called the principal foliation corresponding to the
principal curvature A. Using this fact, we will then show that if A is constant along
each leaf of T}, then the sheet of the focal set of M corresponding to A is a smooth
(n — m)-dimensional submanifold of M.

Remark 2.4 (An example of principal curvature functions that are not smooth). 1If a
continuous principal curvature function does not have constant multiplicity, then it
is not necessarily a smooth function. Consider, for example, the behavior of the
principal curvature functions of the monkey saddle in R? given as the graph of
the function

X —3xy?

3 (2.39)

=

This surface has two distinct principal curvatures at each point except at the
umbilic point at the origin. In terms of polar coordinates (r, &) on R?, the principal
curvatures are given by the formula,

X 12
(142 X = —r cos36 + 2r (1 +r + rzcosz 39) i (2.40)

As r approaches zero, the two principal curvature functions are asymptotically equal
to 2r, so these functions are continuous, but not smooth at the origin. (See [96] or
[95, pp. 134-135] for more detail.)

If a principal curvature function A has constant multiplicity m on M, then we can
define a smooth focal map f, from an open subset U C M (defined below) onto the
sheet of the focal set of M determined by A. Using Theorem 2.1 for the location of
the focal points, we define the map f; by the formulas,

1
) = () + 7§00,
fo(x) = cos 6 f(x) + sin 0 £(x), where cotf = A, (2.41)
f1(x) = cosh @ f(x) + sinh 8 £(x), where cothf = A,

for M equal to R"*!, §"*! and H"*!, respectively.
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In the case of R**!, the domain U of f; is the set of points in M where A # 0.
In hyperbolic space, the domain U of f; is the set of points where |A| > 1. In the case
of §"*!, at each point x € M the principal curvature A gives rise to two antipodal
focal points in S"T! determined by substituting # = cot™' A and § = cot™' A + 7
into equation (2.41). Thus, A gives rise to two antipodal focal maps into S"*1.

For a point x in the domain U of f;, the hypersphere K, (x) in M through x and
centered at the focal point fj (x) is called the curvature sphere determined by A at x.
This curvature sphere is tangent to (M) at the point f(x). These curvature spheres
play a crucial role in the study of Dupin hypersurfaces in the context of Lie sphere
geometry.

Remark 2.5 (On the definition of a curvature sphere). Note that the definition of a
curvature sphere does not require that A have constant multiplicity or be a smooth
function. It can be defined pointwise. If x is in the domain U of the map f) defined
in equation (2.41), then the curvature sphere at x corresponding to the principal
curvature A is the hypersphere K; (x) in M through x and centered at the focal point

Sr(x).

Conformal transformations of the ambient space

The condition that a principal curvature function A has constant multiplicity on M
is important in the study of Dupin hypersurfaces. This consideration is preserved
by conformal transformations of the ambient space, as the following considerations
show.

Let (M, g) and (M, ') be two Riemannian manifolds, and suppose that ¥ : M —
M’ is a conformal diffeomorphism such that

& (WX, YY) = Wg(X, V), (2.42)

for all X, Y tangent to M at x, where h is a smooth function on M. Let M be a
submanifold of M, and let & be a local field of unit normals to M in a neighborhood
of x. Then & = v.(e7"£) is a field of unit normals to ¥ (M) near v (x) and the
corresponding shape operators are related by the equation,

By = e (A — g(grad h, £)I). (2.43)

A direct calculation then yields the following relationship between the principal
curvatures of M in M and those of ¥ (M) in M’.

Theorem 2.6. Let v : (M,g) — (M',g') be a conformal diffeomorphism of
Riemannian manifolds with g (WX, ¥+Y) = ezh(")g(X Y) for all X, Y tangent to
M at x. Let M be an oriented hypersurface in M, and let A be a smooth principal
curvature function of constant multiplicity m on M. Then
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Rk

Fig. 2.1 Stereographic projection

p=e"(A—g(grad h,£))

is a smooth principal curvature function of multiplicity m on (M), and the
respective principal distributions of A and |t coincide on M.

Remark 2.7 (Stereographic projection and inversions in spheres). We want to apply
Theorem 2.6 to the case of hypersurfaces in real space forms by considering the
conformal transformation given by stereographic projection from S* or H* into R¥,
for any positive integer k. In the spherical case, let P be an arbitrary point of the unit
sphere S* € R*! and let

R = {x e R“" | (x, P) = 0}, (2.44)

where ( , ) is the Euclidean inner product on R¥*!. Then stereographic projection
with pole P is the map 7 : §¥ — {P} — R defined geometrically as follows. For
x € Sk — {P}, the ray from x through P intersects R¥ in exactly one point which is
7(x) (see Figure 2.1). Analytically, this is given by

In terms of our conformal geometric considerations, this can be written as
T(x) =P+ "Vx—-P), (2.46)
where 7" = 1 — (x, P). It is easily shown that 7 is a conformal diffeomorphism
with (1.X, 7,.Y) = £2h®) (X, Y), for all X, Y tangent to Sk at x.
Recall from equation (2.2) that our model of k-dimensional hyperbolic space is

given by

H* = {x e R | (x,x) = —1, xp41 > 1},
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where (, ) is the Lorentz metric,

(X,y) = x1y1 + -+ 4+ Xk — Xkt 1Vk+ 1

on REH!. Let P be a point in R¥™! such that —P € H*. Let D* be the k-dimensional
disk

D ={xeRM | (x,P) =0, (x,x) < 1}, (2.47)

on which the metric { , ) restricts to a Euclidean metric, which we denote by g.
Then we define stereographic projection T : H* — DK with pole P as follows. For
x € H*, the ray from P through x intersects D* in exactly one point which is 7(x).
Analytically, this is given by

T(x) =P+ m (x—P). (2.48)

In terms of our conformal geometry, this can be written as,
t(x) =P+ "Vx—P), (2.49)

where e = 14 (x, P). One can easily show that 7 is a conformal diffeomorphism
with g(14X, 7. Y) = "™ (X, Y), for all X, Y tangent to H* at the point x.
Another important type of conformal transformation is inversion,

o : R —{p} - R —{p}, (2.50)

in a sphere centered at p € R""! with radius » > 0. The map o takes a
point ¢ € R"™ — {p} to the point 6(g) on the ray from p through ¢ such that

lg—pllo(q) —pl = r.

We now return to the case of a hypersurface f : M" — M"+in areal space form
and consider the question of when the image of a focal map f, is a submanifold of
the ambient space M, where A is a principal curvature of constant multiplicity m
on M. Here we will make the calculations only for M = R"*! The proofs for the
other space forms are similar.

Theorem 2.8. Let f : M" — M"'! be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 in a neighborhood of a point x in the domain of f,. Then the rank
of the focal map f, at x equals n —m + 1 if there exists X € T) (x) such that XA # 0,
and it equals n — m otherwise.

Proof. Here we consider the case f : M" — R"T!. Let £ be the field of unit normals
on M. On a neighborhood W of x on which A is nonzero and has constant multiplicity
m, we have from equation (2.41) that

[0) =)+ p()ED).
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fory € W, where p = 1/A. For X € T.M, we compute the differential of f; applied
to X,

()« (X) = X + (Xp) § + pDx§, 2.51)

where again we are identifying vectors that are Euclidean parallel. If X € T, (x) for
a principal curvature p # A, then since Dx§ = —uX, equation (2.51) yields

(F)w(X) = (1 — %)X + (Xp) &, forX € Ty, (2.52)

and thus (f3)« is injective on T},. This is true for all principal curvatures u not equal
to A, and so (f3)« is injective on Tf‘ (x), which is the direct sum of the principal
spaces corresponding to the other principal curvatures. On the other hand, if X €
T, (x), then equation (2.51) yields

—XA

(i)+(X) = (Xp)§ = =

& forX eTy. (2.53)

Thus, if XA # 0 for some X € T, (x), then the range of (f; )« is the (n — m + 1)-
dimensional space spanned by TAL (x) and &, while if XA = 0 for all X € T} (x), then
the range of (fy )« is the (n — m)-dimensional space (f )« (T)LL (x)). O

This proof shows that at a point x where the focal map fi has rank equal to
n —m + 1, a vector parallel to the normal vector £(x) is tangent to the image of
/i at the point f; (x). Thus, it generalizes the classical result that the normal to a
surface M in R? is tangent to the evolute surface (focal set) when f3 has rank two
(see, for example, Goetz [175]). In the classical case, if a principal curvature A has
constant multiplicity one, and XA # 0 on M for a corresponding nonzero principal
vector field X, then the sheet of the focal submanifold f; (M) is also an immersed
surface. More generally, if A has constant multiplicity one, then f3 (M) is a surface
with singularities at the images under f) of points where XA = 0. For example, the
evolute of an ellipse in a plane has singularities at the images of the four vertices.

Another consequence of the proof of Theorem 2.8 is the following corollary.
Recall that for x in the domain U of f3, the curvature sphere K (x) in M is the
hypersphere through x centered at the focal point f; (x). Thus, the curvature sphere
map K is constant along a leaf of 7}, in U if and only if the focal map f; is constant
along that leaf.

Corollary 2.9. Let f : M" — M"*! be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 on M, and let U be the domain of the focal map f,. Then the
following conditions are equivalent on U:

(1) A is constant along each leaf of its principal foliation T).
(2) The focal map f, is constant along each leaf of Ty in U.
(3) The curvature sphere map K), is constant along each leaf of T) in U.
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Returning to the general situation of a hypersurface f : M" — M"T!, it follows
from the “constant rank theorem” (see, for example, Conlon [120, p. 39]) that the
sheet f3(U) of the focal set will be a submanifold of M locally if f; has constant
rank on U. From Theorem 2.8, we see that this is contingent on the value of XA
for principal vectors X corresponding to the principal curvature A. The following
theorem shows that in the case where A has constant multiplicity m > 1 on M, the
derivative XA is always zero for every principal vector X corresponding to A at every
point of M, and thus f; has constant rank n — m on U. However, this is not the case
if A has constant multiplicity m = 1 on M, and so we will handle the cases m > 1
and m = 1 separately, beginning with the case m > 1.

Integrability of the principal distribution when m > 1

Theorem 2.10. Let f : M" — M"*' be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 on M. Then the principal distribution T, is integrable, and
XA = 0 for every X € T, at every point of M.

Proof. We use the Codazzi equation, which for an oriented hypersurface in a real
space form takes the form (VxA)Y = (VyA)X (see [283, Vol. II, p. 26]), that is,

Vyx(AY) — A(VyY) = Vy(AX) — A(VyX), (2.54)

for vector fields X and Y tangent to M. If take X and Y to be linearly independent
(local) vector fields in the principal distribution T}, then the Codazzi equation (2.54)
becomes

(XA)Y + AVyY — A(VyY) = (YA)X + AVyX — A(VyX). (2.55)

Since the Levi-Civita connection has zero torsion, the Lie bracket [X, Y] = VxY —
VyX, and equation (2.55) reduces to

(XA)Y — (YA)X = (A — Al [X. Y]. (2.56)

Since the left side of this equation is in T, while the right side is T, both sides are
equal to zero. Thus, T} is integrable by the Frobenius Theorem (see, for example,
[283, Vol L, p. 10]), since [X, Y] is in T). Furthermore, XA and YA are both zero on
M, since X and Y are linearly independent. O

Thus, in the case where A has constant multiplicity m > 1 on M, the distribution
T, is a foliation on M, which we call the principal foliation corresponding to A. We
next prove that the leaves of a principal foliation are m-dimensional totally umbilic
submanifolds of M , where a submanifold V of a space form M is said to be totally
umbilic if for each x € V, there is a real-valued linear function w on Tj‘V such that
the shape operator B, of V satisfies B, = w(n)! for every n € Ttv.
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In all three space forms M"T!, a totally umbilic m-dimensional submanifold
always lies in a totally geodesic (m + 1)-dimensional submanifold of M"*!. Thus
it suffices to describe the totally umbilic hypersurfaces in each of the three space
forms. In R”*!, a connected totally umbilic hypersurface is an open subset of an
m-plane or an m-dimensional metric sphere. In S”*!, a connected totally umbilic
hypersurface is an open subset of a great or small hypersphere in §”!. Finally, in
hyperbolic space H"*!, a connected totally umbilic hypersurface is an open subset
of a totally geodesic hyperplane, an equidistant hypersurface from a hyperplane, a
horosphere, or a metric sphere (see, for example, [283, Vol. II, pp. 30-32] or Spivak
[495, Vol. 4, pp. 110-114]).

Theorem 2.11. Let f : M" — M"*! be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 on M. Then the leaves of the principal foliation T, are
m-dimensional totally umbilic submanifolds of M.

Proof. Let V be a leaf of the principal foliation 7. The normal space Tj—V to Vin
M at a point x € V can be decomposed as

TLV = TIM & T (v),

where T)xl (x) is the orthogonal complement to T} (x) in T, M. For a unit vector n €
Tj‘ V, let B, denote the shape operator of V corresponding to 7. If 7 is the normal
vector £ to M at x with associated shape operator A, then B,X = AX = AX, for
X € T)(x), and thus B, = Al

Next let n € TAl (x) be a unit length principal vector of A with corresponding
principal curvature w, so that Ap = un for u # A. Extend 7 to a vector field
Y e TAl on a neighborhood W of x. Then there exists a unique vector field Z € TAJ-
such that (Z, Y) = 0 and

AY = pY + Z, (2.57)

for some smooth function p on W. This is possible since Tj- is invariant under A,
even though the eigenvalues of A need not be smooth.

We now find the shape operator B,. Let X be a vector field in T) on the
neighborhood W. Since the vector field Z = 0 at x, one can easily show that
VxZ € Tf at x. Using equation (2.57), we see that the Codazzi equation (2.54)
becomes

(Xp)Y — (YA)X + VxZ = (A — ul)VxY — (A — A VyX. (2.58)

If we consider the T,-component of both sides of this equation, we see that the
T)-component of VxY at x is

—(YA)X
A—p

) (2.59)
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If V is the Levi-Civita connection on M"*! , we have the basic equation,
VyY = VyY + (AX, Y)E.

Since (AX, Y) = 0, the T)-component of @XY at x is equal to the T -component of
VxY at x, which is given by equation (2.59). Since n = Y at x, the vector —B,X is
by definition equal to the 7 -component of VxY, and so we have

_ (mA)X
ByX = o (2.60)

This completes the proof of the theorem. O

A manifold structure for the focal set

As we saw in Theorem 2.1, the domain U of the focal map fj is the set where A # 0
in the case M = R"*!, and the set where [A| > 1 for M = H"t'. At all such
points, the leaf of the principal foliation 7 through the point is an open subset of an
m-dimensional metric sphere in M.

By Theorems 2.8 and 2.10, we know that in this case of multiplicity m > 1, the
focal map f) is constant along each leaf of T}, and so it factors through a map of the
space U/T) of leaves of T), where U is the domain of f; . This enables us to place a
manifold structure on the sheet of the focal set f3 (U) as follows.

Theorem 2.12. Let f : M" — M"*! be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 on M". Then the focal map f, : U — M"T" factors through an
immersion of the (possibly non-Hausdorff) (n—m)-dimensional manifold U/ T), into
M If M is complete with respect to the induced metric, then the manifold U/ T),
is Hausdorff.

Proof. Since the leaves of T, are totally umbilic submanifolds of M"! the foliation
T, is regular as defined by Palais [425, p. 13], that is, every point has a coordinate
chart distinguished by the foliation such that each leaf intersects the chart in at
most one m-dimensional slice. This implies that the space of leaves U/T) is an
(n—m)-dimensional manifold in the sense of Palais, which may not be Hausdorff. By
Theorems 2.8 and 2.10, the focal map f;, factors through a map g; : U/T — M"t!,
and the map g, is an immersion, since the rank of g, equals the rank fj, which is
n—m at each point. Finally, the regularity of the foliation T, implies that each leaf is
a closed subset of M (see Palais [425, p. 18]). Thus, if M is complete, then each leaf
is also complete (see, for example, [283, Vol. I, p. 179]). Therefore, each leaf of T}
that intersects the domain U of f; is an m-dimensional metric sphere in M”"*! and is
thus compact. This implies that the leaf space U/T), is Hausdorff [425, p. 16]. O
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Remark 2.13 (An example in which f,(M) is not a Hausdorff manifold). The
following example ([88, p. 34] or [95, p. 143]) shows that the leaf space of a regular
foliation is not necessarily Hausdorff and that the image of a focal map with constant
rank is not necessarily a Hausdorff manifold. Let ¢ (7) be the real-valued function
on R defined by ¢(f) = e~"/"if t > 0 and ¢(r) = 0 if 1 < 0. Let K be a tube of
constant radius one in R? over the curve,

Y0 = 0,¢6@1), 1€ (=1,1).

Then the curve y itself is the sheet of the focal set of K corresponding to the principal
curvature A = 1 with appropriate choice of unit normal field.

Let N be the intersection of K with the closed upper half-space given by z > 0,
with the points satisfying z = 0, x > 0 removed. Let M be the union of N with its
mirror image in the plane z = 0. Then A = 1 is still a constant principal curvature
on all of M. However, the leaf space M/T) is not Hausdorff, since the two open
semi-circular leaves L; and L, in the plane x = 0 cannot be separated by disjoint
neighborhoods in the quotient topology. The corresponding sheet of the focal set
f1(M) consists of the union of the curve y with its mirror image in the plane z = 0,
and it is not a Hausdorff 1-dimensional manifold in a neighborhood of the origin.
Nevertheless, the rank of the focal map f; is one on all of M.

In this example, A has constant multiplicity m = 1. One can produce similar
examples where m > 1 by imitating the construction above in R” for n > 3.

The case of a principal curvature of multiplicity m = 1

We now consider the case where a principal curvature A has constant multiplicity
m = 1 on an oriented hypersurface f : M" — M"*! . This case differs greatly
from the case of multiplicity greater than one, since A is not necessarily constant
along the leaves of its principal foliation 7}, i.e., along its lines of curvature. In fact,
by Theorem 2.8, the rank of the focal map f is n at points x where XA # 0 for a
nonzero vector X € T, (x), and itis n—1 at points x where XA = 0 for all X € T (x).
Thus, in general, the sheet of the focal set f (U), where U is the domain of fj, is a
hypersurface with singularities at points where XA = 0 for all X € T) (x).

We are interested in the case where the sheet f3(U) of the focal set is a
submanifold of dimension n — 1 in M"*!. As noted above, this is not always the
case, as it was in the case of higher multiplicity, and so the main result is formulated
in terms of conditions that are equivalent to the condition that f; (U) is a submanifold
of dimension n — 1.

In this case of multiplicity one, it is significant that for hypersurfaces in
hyperbolic space H"t!, the domain U of f; does not include those points x € M
where |A(x)| < 1. In fact, conditions (1-3) of Theorem 2.14 below are equivalent
on U, but not on all of M. Specifically, conditions (1) and (2) are equivalent on M
and they imply (3). However, one can construct a surface M in H> such that focal
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set f1(U) is a curve (and so condition (3) holds), and yet not all of the lines of
curvature corresponding to A are plane curves of constant curvature. This is done
by beginning with a surface N C H? on which all three conditions are satisfied,
and then modifying N on the set where |A| < 1 (which is disjoint from U) so as
to destroy condition (2), but introduce no new focal points and thereby preserve
condition (3).

Theorem 2.14. Let f : M" — M"*! be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m = 1 on M". Then the following conditions are equivalent on M"* if
M = R or " and on the domain U of fa if]l]’”‘1 = H"1

(1) A is constant along each leaf of its principal foliation T).

(2) The leaves of T, are plane curves of constant curvature.

(3) The rank of the focal map f) is identically equal to n—1 on its domain U, and f;
factors through an immersion of the (n — 1)-dimensional space of leaves U/ T,
into M"Y,

We first give the proof in the Euclidean case and then handle the other cases via
stereographic projection.

Proof (Euclidean case). (1) < (3) This follows immediately from Theorem 2.8
concerning the rank of the focal map f) and from the connectedness of the leaves of
the foliation T7.

(2) = (1) This follows easily from the Frenet equations for plane curves.

(1) = (2) Since T is a 1-dimensional foliation on M, in a neighborhood of
any point of M, we can find a local coordinates (¢, v) given by the coordinate chart
¢ : (—&,68) x V— M, where V is an open subset in R"~!, such that the leaves of T},
that intersect the image W C M of ¢ are precisely the images under ¢ of the curves
v = constant in (—e&,&) X V.

We first consider the case where A is nonzero on W. By an appropriate choice
of the unit normal field &£, we may arrange that A > 0 on W. Thus, A is a
positive constant on each leaf of 7 that passes through W. By condition (1) and
Theorem 2.8, the focal map f) on W is constant on each leaf of 7), and so the
functions g, = f o ¢ and p = (1/A) o ¢ are functions of the coordinate v € V
alone, and g, is an immersion on V, since it has rank n — 1.

The point ¢ = f(¢(t, v)) lies on the hypersphere in R"™! determined by v given
by the equation

lz—g1(v)| = p(v), z€ R". (2.61)

Since the normal line to f (M) at ¢ is the same as the normal line to the sphere given
in equation (2.61) at ¢ (i.e., f(M) is the envelope of the (n — 1)-parameter family of
spheres parametrized by v), one can show that for any Y tangent to V at the point v,
the point ¢ also lies on the hyperplane in R**! given by the equation:

(z—g1(v). (g)«(Y)) = —p(v)Y(p), z € R (2.62)
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Thus, for any given value of v, the leaf of 7), in W determined by v lies on the
circle obtained by intersecting the hypersphere in equation (2.61) with the 2-plane
determined by equation (2.62), as Y ranges over the (n — 1)-dimensional tangent
space T, V. Hence, each leaf of T on which A is nonzero lies locally on a circle, and
by connectedness, it is an arc of a circle.

Finally, suppose that y is a leaf of 7, on which A is identically zero.
By Theorem 2.6, there exists an inversion o of R**! in a hypersphere such that
(0 o f)(y) is a leaf of the principal foliation T,, on which the associated principal
principal curvature p, as in Theorem 2.6, is a nonzero constant. By the argument
above, (0 of)(y) lies on a circle, and so f(y) itself lies on a circle or a straight line.
This completes the proof of the theorem in the Euclidean case. O

We now discuss the proof of Theorem 2.14 in the non-Euclidean cases. As in the
Euclidean case, (1) < (3) follows immediately from Theorem 2.8.

To prove (1) < (2), we use stereographic projection t, as defined in Remark 2.7.
Let f : M" — M"*! be an oriented hypersurface with field of unit normals £ in a
real space form M"+t! = §"*! or H"*!  and let 7 be the appropriate stereographic
projection for M"+!. If A is a principal curvature of f(M) of multiplicity one,
then u = e (A — g(grad h, £)) is a principal curvature of multiplicity one of
the hypersurface (z o f)(M) in R"™! (or D"*! C R"*! in the hyperbolic case)
by Theorem 2.6. By a direct calculation, one can show that the leaves of T, are
plane curves of constant curvature in M"*! if and only if the leaves of T,, are plane
curves of constant curvature in R"*! (or D"*!). Thus, the equivalence of conditions
(1) and (2) follows from the equivalence of (1) and (2) in the Euclidean case and
the following important lemma.

Lemma 2.15. Letf : M" — S™F! (respectively, H'') be an oriented hypersurface
with field of unit normals &. Suppose that A is a smooth principal curvature function
of constant multiplicity m = 1 on M", and let X denote a field of unit principal
vectors of A on M. Let

p=e"(A— (grad h,§))

be the corresponding principal curvature of multiplicity m = 1 of the hypersurface
(t of) : M — R (respectively, D"*'), where T is stereographic projection. Then
XA =0atx e M ifand only if Xpu = 0 at x.

Proof. We will do the proof for a hypersurface in §"*!, and the proof in H" ! is
quite similar. This is a local calculation, so we will consider M as an embedded
hypersurface in S"*! and suppress the mention of the embedding f. We use
stereographic projection z : S§"T! — {P} — R"*! with pole P as given in
equation (2.46), that is

t(x) =P+ eh(x)(x —P),
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where ¢ "® = 1 — (x, P). Then, a direct calculation yields,
grad h = (P — (x, P) x).

Using the fact that (x, &) = 0 for x € M and £ the local field of unit normals to M,
we get

p=e"(A—("P.£) =e"A—(P§),
and
X = —e "(Xh)A + e"(XA) — (P, DxE), (2.63)

where D is the Euclidean covariant differentiation on R™2, Since (X,&) = 0, it
follows that Dx§ = Vx§&, where V is the Levi-Civita connection on §"*'. Then, we
know that Vx§ = —AX = —AX, so Dxé = —AX. This and the fact that

Xh = (grad h, X) = ¢"(P,X),
enable us to rewrite the expression for Xy in equation (2.63) as,
X =—(P.X)A + e "(XA) + (P.X)A = e "(XQ).

From this it is clear that X = 0 if and only if XA = 0.
For a hypersurface M in H"*!, we have from equation (2.49) that stereographic
projection  : H"! — D"t with pole P is given by

(x) = P+ "9 (x - P),
where e"@ = [ + (x, P). From this we can compute that
grad h = —¢"(P + (x, P) x),

where (, ) is the Lorentz metric, and the rest of the proof follows in a way similar
to the spherical case. O

Remark 2.16. In the context of Lie sphere geometry (see, for example, Pinkall [446]
or the book [77, p. 67]), it is easy to prove that the property that a curvature sphere
map is constant along each leaf of its principal foliation is invariant under Mobius
(conformal) transformations, and more generally, under Lie sphere transformations.
From this, Lemma 2.15 follows easily.

In the case where the hypersurface M is complete with respect to the metric
induced from M , Theorem 2.14 enables us to give a manifold structure to the sheet
f1(U) of the focal set, where U is the domain of f;, similar to that obtained in
Theorem 2.12 for the case of higher multiplicity.
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Theorem 2.17. Let f : M" — M"*! be an oriented hypersurface of a real space
form which is complete with respect to the induced metric. Suppose that A is a
smooth principal curvature function of constant multiplicity m = 1 on M" such that
the equivalent conditions (1)—(3) of Theorem 2.14 are satisfied on the domain U of
the focal map f;. Then f, factors through an immersion of the (n — 1)-dimensional
manifold U/ T; into M"+".

Proof. The proof is almost identical to the proof of Theorem 2.12 for the case of
higher multiplicity. As in that case, the completeness of M implies that each leaf
of T) is complete with respect to the induced metric. This implies that each leaf of
T) in M is a covering space of the metric circle in M"*! on which it lies (see, for
example, [283, Vol. I, p. 176]). However, since the circle is not simply connected,
this does not guarantee that the leaf itself is compact, as in the multiplicity m > 1
case. Even so, using the fact that each leaf of T} is a covering of the circle on which
it lies, one can produce a direct argument (which we omit here) that the leaf space
U/T, is Hausdorff. |

We close this section with three results that have proven to be valuable in the
study of isoparametric and Dupin hypersurfaces. Theorems 2.11 and 2.14 show that
if a principal curvature A of a hypersurface f : M" — M"*! has constant multiplicity
m > 1 on M and is constant along the leaves of its principal foliation, then the leaves
of T} are totally umbilic submanifolds in M"*'. The next result shows that the case
where A assumes a critical value along a certain leaf of T has even more geometric
significance.

Theorem 2.18. Let f : M" — M"*! be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 on M" which is constant along each leaf of its principal
foliation T). Then A assumes a critical value along a leaf y of Ty, if and only if
y is totally geodesic in M.

Proof. Let x be a point on the leaf y. Then the normal space to y in M at x is TAJ- (x).
We know that TAl (x) is the direct sum of the principal spaces T, (x), where 1 ranges
over the principal curvatures of M at x that are not equal to A. Let n € T, (x), for
W # A. By the same calculation used to obtain equation (2.60), we get that the shape
operator B, of y in M at x has the form

gy = X
A—p

for X € Ty (x). The leaf y is totally geodesic in M if and only if B, = 0 for each

n € T, (x) for each u # A for all x € y. This occurs precisely when nA = 0 for all

ne T/f' (x) for all x € y. Since A is assumed constant along y, this happens precisely

when A assumes a critical value along y. O
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Since the principal curvatures are constant on an isoparametric hypersurface, the
following corollary follows immediately from Theorems 2.11, 2.14, and 2.18, as
was first shown by Nomizu [403].

Corollary 2.19. Let f : M" — M"T! be an isoparametric hypersurface of a real
space form. Then for each principal curvature A, the leaves of the principal foliation
Ty, are totally umbilic in M"*! and totally geodesic in M".

The following result is similar to Theorem 2.18, and it is useful in the study of
Dupin hypersurfaces. Recall from Corollary 2.9 that if a principal curvature A has
constant multiplicity m > 1, then A is constant along each leaf of T in the domain
U of f; if and only if f; itself is constant along each leaf of T, in U. In that case,
the curvature sphere map K is also constant along each leaf of T in U. As in
Theorem 2.18, the case where A has a critical value along a leaf of T has special
geometric significance.

Theorem 2.20. Let f : M" — M"*' be an oriented hypersurface of a real
space form. Suppose that A is a smooth principal curvature function of constant
multiplicity m > 1 on M" which is constant along each leaf of its principal
foliation T). Then A assumes a critical value along a leaf y of Ty in the domain
U of o, if and only if y is totally geodesic in the curvature sphere K, determined

by y.

Proof. A leaf y of T, in U is a submanifold of the curvature sphere K, and its
normal space in K is Tf-, since K is tangent to M along y. The rest of the proof is
then exactly the same as the proof of Theorem 2.18. O

2.5 Curvature Surfaces and Dupin Hypersurfaces

Letf : M" — M"*! be an oriented hypersurface of a real space form. A connected
submanifold S of M" is called a curvature surface if at each x € S, the tangent space
T.,S is equal to some principal space T} (x). In that case, the corresponding principal
curvature A : S — R is a smooth function on S.

For example, if dim T, is constant on an open subset U of M", then each leaf
of the principal foliation T) is a curvature surface on U. Curvature surfaces are
plentiful, since the results of Reckziegel [458] and Singley [486] imply that there is
an open dense (possibly not connected) subset §2 of M" on which the multiplicities
of the principal curvatures are locally constant. On §2, each leaf of each principal
foliation is a curvature surface.

Remark 2.21 (Curvature surfaces of submanifolds of codimension k > 1)
Reckziegel [458] generalized the notion of a curvature surface to the case of an
immersed submanifold f : M" — M"t* of a space form M"** with codimension
k > 1. In that case, Reckziegel defines a curvature surface to be a connected



2.5 Curvature Surfaces and Dupin Hypersurfaces 33

submanifold S C M”" for which there is a parallel (with respect to the normal
connection) section 7 : § — B"T =1 of the unit normal bundle B"**~! such that for
each x € S, the tangent space 7S is equal to some eigenspace of A,(,. In that case,
the corresponding principal curvature A : § — R is a smooth function on S.

It is also possible to have a curvature surface S that is not a leaf of a principal
foliation, because the multiplicity of the corresponding principal curvature is not
constant on a neighborhood of S, as the following example due to Pinkall [447]
shows.

Example 2.22 (A curvature surface that is not a leaf of a principal foliation). Let
T? be a torus of revolution in R?, and embed R? into R* = R?® x R. Let n be a
field of unit normals to 72 in R3. Let M? be a tube of sufficiently small radius ¢ > 0
around 72 in R*, so that M? is a compact smooth embedded hypersurface in R*. The
normal space to T2 in R* at a point x € 72 is spanned by 7(x) and ¢4 = (0,0,0, 1).
The shape operator A, of T? has two distinct principal curvatures at each point of
T2, while the shape operator A,, of T2 is identically zero. Thus the shape operator
Ay for the normal

¢ =cos O n(x) + sinf ey,
at a point x € T2, is given by
Ar = cos 8 Ap).

From the formulas for the principal curvatures of a tube in Theorem 2.2, we see
that at all points of M? where x, # e, there are three distinct principal curvatures
of multiplicity one, which are constant along their corresponding lines of curvature
(curvature surfaces of dimension one). However, on the two tori, T? x {+£e}, the
principal curvature x = 0 has multiplicity two. These two tori are curvature surfaces
for this principal curvature, since the principal space corresponding to « is tangent
to each torus at every point.

Theorem 2.10 has the following generalization to curvature surfaces of subman-
ifolds of arbitrary codimension. The proof is the same as that of Theorem 2.10 with
obvious minor modifications.

Theorem 2.23. Suppose that S is a curvature surface of dimension m > 1 of a
submanifold f : M" — M"* for k > 1. Then the corresponding principal curvature
is constant along S.

An oriented hypersurface f : M" — M"t! is called a Dupin hypersurface if:

(a) along each curvature surface, the corresponding principal curvature is constant.
Furthermore, a Dupin hypersurface M is called proper Dupin if, in addition
to Condition (a), the following condition is satisfied:
(b) the number g of distinct principal curvatures is constant on M.
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By Theorem 2.23, Condition (a) is automatically satisfied along a curvature
surface of dimension m > 1, and thus the key case is when the dimension of the
curvature surface equals one.

Condition (b) is equivalent to requiring that each continuous principal curvature
function has constant multiplicity on M". The torus T2 in Example 2.22 above is
a proper Dupin hypersurface of R?, but the tube M?> over 77 in R* is Dupin, but
not proper Dupin, since the number of distinct principal curvatures is not constant
on M>.

Remark 2.24 (On the terms: Dupin and proper Dupin). In some early papers on
the subject (see, for example, Thorbergsson [533], and Grove—Halperin [184]) and
in the book [95, p. 166], a hypersurface which satisfies Conditions (a) and (b) was
called “Dupin” instead of “proper Dupin.” Pinkall introduced the term “proper
Dupin” in his paper [446], and that has become the standard terminology in the
subject. In the book [95, p. 189], hypersurfaces such as the tube M? over T2 in R*
were called “semi-Dupin.”

Pinkall’s local construction of proper Dupin hypersurfaces

The following local construction due to Pinkall [446] shows that proper Dupin
hypersurfaces are very plentiful.

Theorem 2.25. Given positive integers my, . . ., mg With
my+--+mg=n—1,

there exists a proper Dupin hypersurface in R™ with g distinct principal curvatures
having respective multiplicities my, . . ., m,.

Proof. The proof is by an inductive local construction which will be clear once
the first few steps are done. The proof uses the fact that the proper Dupin property
is preserved by inversion of R” in a hypersphere S C R” (see Remark 2.7). This
follows from Theorems 2.6 and 2.10, and an argument similar to the proof of
Lemma 2.15 for stereographic projection. This construction does not, in general,
result in a compact proper Dupin hypersurface.

Let M; C R™*! be a sphere of radius one centered at the origin. Construct a
cylinder

M] x R™ C Rm1+1 x R™ = Rm|+mz+1

over the submanifold M; C R™*! c R™*m+1 This cylinder has two distinct
principal curvatures at each point, A; = 1 of multiplicity m;, and A, = 0 of
multiplicity m,. The next step is to invert the cylinder M; x R™ in a hypersphere
S; € R™*m+l chosen so that the image of the cylinder under the inversion has
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an open subset M, on which neither of its two principal curvatures equals zero at
any point. Then M, is a proper Dupin hypersurface in R” 271 having two distinct
nonzero principal curvatures with multiplicities m; and m;.

Next construct a cylinder

M, x R™ C Rm1+mz+l x R™ = Rm1+mz+m3+l

over the submanifold M, C R™*™2%1 This cylinder has three distinct principal
curvatures at each point with respective multiplicities m, m,, m3, where mjs is the
multiplicity of the principal curvature that is identically zero. As above, invert the
cylinder M, x R™ in a hypersphere S, C R™Tm+m+1 chosen so that the image
of the cylinder under the inversion has an open subset M3 on which none of its
three principal curvatures equals zero at any point. One continues the process by
constructing the cylinder

M3 x R™ C Rm1+m2+m3+l x R™ —= Rm|+m2+m3+m4+1

and so on, until one finally obtains the desired proper Dupin hypersurface
M, C Rmttmtl gith g distinct principal curvatures having respective
multiplicities my, . .., m,. a

As noted above, the proper Dupin hypersurfaces constructed in Theorem 2.25 are
not compact, in general, and compact proper Dupin hypersurfaces are much more
rare.

An important class of compact proper Dupin hypersurfaces consists of the
isoparametric hypersurfaces in spheres S” and those hypersurfaces in R” obtained
from isoparametric hypersurfaces in S” via stereographic projection. For example,
the well-known cyclides of Dupin in R? are obtained from a standard product torus
St(r) x S'(s) C 83, r> + s> = 1, in this way. These examples will be discussed in
more detail in later chapters.

In fact, Thorbergsson [533] proved that the number g of distinct principal
curvatures of a compact proper Dupin hypersurface M embedded in S” (or R") can
only be 1,2, 3,4, or 6, the same restriction as for an isoparametric hypersurface
in §*. There are also restrictions on the multiplicities of the principal curvatures
due to Stolz [502] and Grove and Halperin [184] (see Sections 3.7 and 5.8 for
more detail).

We will see in Chapter 4 that both the Dupin and proper Dupin conditions are
invariant under Lie sphere transformations. Because of this, Lie sphere geometry
has proven to be a useful setting for the study of Dupin hypersurfaces, and we will
use Lie sphere geometry extensively in Chapter 5 on Dupin hypersurfaces.

Remark 2.26 (Dupin submanifolds of higher codimension). In the case of an
immersed submanifold f : M" — M"+* of a space form M"** with codimension
k > 1, Pinkall defined f(M") to be Dupin if along each curvature surface (in the
sense of Remark 2.21), the corresponding principal curvature is constant. In that
case, f(M") is called proper Dupin if the number of distinct principal curvatures is
constant on the unit normal bundle B"**~!. One can show that Pinkall’s definition
is equivalent to the definition of a Dupin submanifold given in Section 4.4 in the
context of Lie sphere geometry (see Remark 4.10 on page 217).
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2.6 Height Functions and Tight Submanifolds

In this section, we give a brief review of the aspects of the theory of tight
submanifolds that will be needed later in the book. For more complete coverage of
the topic, the reader is referred to Chapter 1 of the book [95] or the survey articles
of Kuiper [302, 303], or Banchoff and Kiihnel [24]. Our treatment here is based on
the book [95, pp. 6-33].

We begin with a review of the critical point theory needed in the theory of tight
and taut submanifolds (see Milnor [359, pp. 4-6] for more detail). Letf : M| — M,
be a smooth function between manifolds M; and M,. A point x € M, is called a
critical point of f if the derivative map

Jx 1 TeMy — TpoM,

at x is not surjective. If y € M, is the image of a critical point x under f, then y
is called a critical value of f. All other points in the image of f are called regular
values of f. Note that if M; and M, have the same dimension, then x is a critical
point of f if and only if fi is singular at x.

Suppose ¢ : M — R is a smooth function on a manifold M; then x € M is a

critical point of ¢ if and only if ¢ = 0 at x. If (x, ..., x,) are local coordinates on
M in a neighborhood of x, then x is a critical point of ¢ if and only if
ad ad
ﬁu=m=¢m=a (2.64)
ox; 0x;,

If x is a critical point of ¢, then the behavior of ¢ near x is determined by the
Hessian H, of ¢ at x, which is given in local coordinates by the symmetric matrix

2
m:[a¢}. (2.65)

axiBXj

A critical point x of ¢ is said to be degenerate if the rank of the Hessian H, is less
than n = dim M. If rank H, = n, then x is called a nondegenerate critical point. The
index of a nondegenerate critical point x is the number of negative eigenvalues of
the symmetric matrix H,. The behavior of ¢ in a neighborhood of a nondegenerate
critical point is determined by the index according to the following lemma (see, for
example, Milnor [359, p. 6]).

Lemma 2.27 (Lemma of Morse). Let p be a nondegenerate critical point of index
k of a function ¢ : M — R. Then there is a local coordinate system (xi,...,x,) ina
neighborhood U with origin at p such that the identity

p=0(p)—x]— - —x] + X X (2.66)

holds throughout U.
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From the lemma we see that a critical point of index # is a local maximum of ¢, and
a critical point of index 0 is a local minimum of ¢. All other nondegenerate critical
points are various types of saddle points.

A real-valued function ¢ is called a Morse function or nondegenerate function
if all of its critical points are nondegenerate. From the lemma, we see that if M is
compact, then a Morse function ¢ on M can only have a finite number of critical
points, since the critical points are isolated.

Let ¢ : M — R be a Morse function such that the sublevel set,

M.(¢) ={xeM|¢(x) <r}, (2.67)

is compact for all » € R. Of course, this is always true if M itself is compact. Let
Ui(@, r) be the number of critical points of ¢ of index k in M, (¢). For compact M,
let i (¢) be the number of critical points of ¢ of index k in M, and let u(¢) be the
total number of critical points of ¢ on M. For a field F, let

Bi(¢, r.F) = dimg Hy(M,(9). F), (2.68)

where Hy(M,(¢), F) is the k-th homology group of M,(¢) over the field F. That is,
Bi(¢, r, F) is the k-th F-Betti number of M, (¢). Further, let

Bi(M,F) = dimg H,(M, F) (2.69)

be the k-th F-Betti number of M. The Morse inequalities (see, for example, Morse—
Cairns [379, p. 270]) state that

/‘Lk((p’r) = ,Bk((p’r’ F)’ (2.70)
for all F, r, k. For a compact M, the Morse number y(M) of M is defined by
y(M) = min{u(¢) | ¢ is a Morse function on M}. (2.71)

The Morse inequalities imply that

y(M) = B(M.F) = ) Bi(M.F), (2.72)

k=0

for any field F. If there exists a field F such that u(¢) = B(M,F), then ¢ is called
a perfect Morse function. In that case, ¢ has the minimum number of critical points
possible in view of the Morse inequalities.

Kuiper [301] noted the following reformulation of the condition that the Morse
inequalities are actually equalities, and he used it very effectively in his papers on
tight and taut immersions.
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Theorem 2.28. Let ¢ be a Morse function on a compact manifold M. For a given
field F, the equality ui(p,r) = Bi(¢p, r,F) holds for all k, r if and only if the map
on homology

H.(M,($).F) — Hi(M.F)

induced by the inclusion M,(¢) C M is injective for all r.

This theorem follows immediately from Theorem 29.2 of Morse—Cairns [379, p.
260], and we will omit it here, although we will make a few comments about some
of the key ideas in the proof.

Suppose that p is a nondegenerate critical point of index k of a Morse function ¢
on M and ¢ (p) = r. For the sake of simplicity, assume that p is the only critical point
at the critical level r. A fundamental result in critical point theory (see, for example,
Milnor [359, pp. 12-24] or Morse—Cairns [379, pp. 184-202]) states that M, (¢) has
the homotopy type of M, (¢) with a k-cell attached, where M, (¢) consists of all
points in M for which ¢ < r. Morse and Cairns [379, pp. 258-261] characterize the
effect of attaching this k-cell as follows. Let

ABi(r) = Bi(M,(9)) — Bi(M, (§)).

Then the ApB;(r) are O for all i, except that ABy(r) = 1 if the critical point is of
“linking type,” and AB;—1(r) = —1 if the critical point p if of “non-linking type.”
From this, it is clear that the two conditions in Theorem 2.28 are equivalent, and
they hold precisely when every critical point of ¢ is of linking type.

Letf : M" — R™ be a smooth immersion, and let S§"=1 denote the unit sphere in
R”. For p € S"!, the linear height function I, : R™ — Ris defined by the formula

L(q) = p.q), (2.73)

where (, ) is the usual Euclidean inner product on R”. This induces a smooth
function /, defined on M by [,(x) = ,(f(x)).

Critical points of height functions

The critical point behavior of linear height functions is related to the shape operator
of f(M") according to the following well-known theorem.

Theorem 2.29. Let f : M — R™ be a smooth immersion of an n-dimensional
manifold M into R", and let p € "~

(a) A point x € M is a critical point of I, if and only if p is orthogonal to T, M.
(b) Suppose l, has a critical point at x. Then for X, Y € T:M, the Hessian H, of I,
at x satisfies Hi(X,Y) = (A, X, Y).
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Proof. (a) Letx € M, and let U be a neighborhood of x on which f is an embedding.
We omit the mention of f in the following local calculation. Let X € T, M, and
let y(¢) be a curve in U with initial point y(0) = x and initial tangent vector
7 (0) = X. By definition we have

d -
Xlp@) = —lp(y (O)li=0 = (. V (1) }i=0 = {p. X). (2.74)

Thus, XI,(x) = 0 if and only if (p, X) = 0, and so x is a critical point of /, if
and only if p is orthogonal to 7, M.

(b) To compute the Hessian, let X and Y be tangent to M at a critical point x of /,,
and extend Y to a vector field tangent to M on the neighborhood U of x. It is
easy to show that the Hessian of /, at the critical point x is given by H,(X,Y) =
X(Yl,) at the point x. Using part (a), we compute

H.(X,Y) = X(Yl,) = X(Y,p) = (DxY,p). (2.75)

Let £ be a field of unit normals on U with £(x) = p. Then (Y, &) = 0 on U, and
thus

0 = Dx(Y.§) = (DxY,§) + (Y, Dx§) (2.76)

From equations (2.75) and (2.76), we get H,(X,Y) = (A,X,Y). |

As an immediate consequence, we get the following corollary, which is an “Index
Theorem” for height functions.

Corollary 2.30. Let f : M — R™ be a smooth immersion of an n-dimensional
manifold M into R™, and suppose that p is a unit vector orthogonal to T,M.

(a) The function l, has a degenerate critical point at x if and only if the shape
operator A, is singular.

(b) Ifl, has a nondegenerate critical point at x, then the index of I, at x is equal to
the number of negative eigenvalues of A,,.

We next consider the Gauss map v : BM — S™!, where BM is the unit normal
bundle of M, defined by v(x, §) = £. The following well-known theorem is obtained
by a direct calculation using coordinates on the unit normal bundle BM similar to
those used in the proof of Theorem 2.1 on page 11, and we omit the proof here.

Theorem 2.31. The nullity of the Gauss map v at a point £ € BM is equal to the
nullity of the shape operator Ag. In particular, § is a critical point of v if and only if
Ag is singular.

From Theorem 2.31 and Corollary 2.30, we immediately obtain the following
theorem.
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Theorem 2.32. For p € S""!, the height function I, is a Morse function on M if
and only if p is a regular value of the Gauss map v.

Since BM and S”~! are manifolds of the same dimension, Sard’s Theorem (see,
for example, Milnor [360, p. 10]) implies the following corollary.

Corollary 2.33. (a) For almost all p € S"~', the function l, is a Morse function.

(b) Suppose 1, has a nondegenerate critical point of index k at x € M. Then there
is a Morse function l, having a critical point y € M of index k (q and y can be
chosen as close to p and x, respectively, as desired).

Proof. (a) This follows from Theorem 2.32 and Sard’s Theorem.

(b) By Theorem 2.29 (a), we know that p = v(§), where £ is a unit normal
vector to M at x. Since /, has a nondegenerate critical point of index k at x, the
derivative map v, is nonsingular at (x, §), and A¢ has k negative eigenvalues and
n—k positive eigenvalues. Thus, there is a neighborhood V of (x, £) in BM such that
V« is nonsingular on V, and the restriction of v to V is a diffeomorphism of V onto
a neighborhood U of p in §"~!. Let ¢ € U be a regular value of v. Then ¢ = v(y, 1)
for some (y,n) in V, and /, is a Morse function having a critical point at y € M.
Furthermore, since v, is nonsingular on V, the number of negative eigenvalues of
A, equals the number of negative eigenvalues of Ag, so the index of /, at y is also k.
By Sard’s Theorem, the points g and y can be chosen to be as close to p and x,
respectively, as desired. O

Tight immersions

Suppose now that M is compact. An immersion f : M — R™ is said to be
a tight immersion if there exists a field F such that every nondegenerate linear
height function [, has B(M, F) critical points on M, i.e., every nondegenerate height
function is a perfect Morse function. By Theorem 2.28 above, we see that f is tight if
and only if for every nondegenerate linear height function /,, the map on homology

Hy(M,(l,),F) — H«(M,F) (2.77)
induced by the inclusion M,(/,) C M is injective for all r. Note that

M () ={xeM | (p.f(x)) < r}. (2.78)

Thus, M,(l,) is the inverse image under f of the half-space in R™ determined by
the inequality /,(g) < r. In this formulation, one requires the map on homology
in equation (2.77) to be injective for all half-spaces determined by nondegenerate
height functions.
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Remark 2.34 (Immersions of minimal total absolute curvature). For smooth immer-
sions of manifolds into Euclidean space, tightness is closely related to the property
that the immersion has minimal total absolute curvature in the sense of Chern and
Lashof [103, 104] (see [95, pp. 9-17] for more detail).

A celebrated result in the theory of tight immersions is the Chern—Lashof
Theorem [103, 104] which states that a tight immersion of a sphere §” is a convex
hypersurface M" C R""! C R™. This was generalized to tight topological
immersions by Kuiper [302], and so we will state the theorem in that generality.
(See also [95, p. 86] for a proof.)

Recall that a map f of a topological space X into R™ is said to be substantial if
the image f(X) is not contained in any hyperplane in R™.

Theorem 2.35. (Chern—Lashof Theorem) Let f : S* — R™ be a substantial
topological immersion such that almost all linear height functions have exactly two
critical points. Then m = n+ 1, and f embeds S" as a convex hypersurface in R,

Remark 2.36. Kuiper [301] first used the term ‘“convex immersions” for tight
immersions, because of the Chern—Lashof Theorem. Banchoff [19] was the first
to use the term “tight” for such immersions, in conjunction with his introduction of
the two-piece property.

An important advance in the theory due to Kuiper [303] was to remove the
restriction mentioned above that the half-space be determined by a nondegenerate
linear height function, so that one can use all half-spaces. Kuiper accomplished this
by using Cech homology and its “continuity property,” as we will now describe.

Kuiper’s formulation of tightness then generalizes to continuous maps on
compact topological spaces, and so we will define it in that context. For the sake
of definiteness, we will use the field F = Z,, which has been satisfactory in almost
all known applications of the theory of tight immersions thus far.

A map f of a compact topological space X into R™ is called a tight map if for
every closed half-space / in R™, the induced homomorphism

Hy(f'h) — Ho(X) (2.79)

in Cech homology with Z; coefficients is injective. A subset of R” is called a right
set if the inclusion map f : X — R” given by f(x) = x is a tight map.

Remark 2.37 (On the use of Cech homology). Kuiper used Cech homology instead
of singular homology because of its continuity property. In particular, this property
is used in Kuiper’s proof (see Theorem 2.41) that for a tight immersion of smooth
manifold, one can use all half-spaces instead of only those that are determined by
nondegenerate height functions. This fact simplifies many arguments in the theory of
tight immersions and maps. Of course, for triangulable spaces (and thus for smooth
manifolds), Cech homology agrees with singular homology.
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Remark 2.38 (Tightness is a projective property). In the definition of a tight map
above, one does not use the Euclidean metric on R™, but only the underlying affine
space A™. We can consider A™ as the complement of a hyperplane in real projective
space RP". If f : X — A™ is a tight map, and ¢ : RP" — RP" is a projective
transformation such that the image o (f(X)) lies in A™, then af : X — A™ is also a
tight map. This follows immediately from the definition, since for every half-space
hin A", the set (6f)"'h = f~' (07 h) = f~'I’, for the appropriate half-space /'.

Remark 2.39 (Orthogonal projections of tight maps). Suppose that f : X — R is
a tight map, and ¢ : R” — R is orthogonal projection onto a Euclidean subspace
of R™. Then ¢ o f : X — RF is also tight. To see this, let & be the closed half-space
in R¥ given by the inequality /, < r, for p € R¥ and r € R. Then the same inequality
in R™ gives a half-space /#’ in R such that ¢~'h = }’. Thus, (¢ o f)~'h = f~'I/,
and the tightness of ¢ o f follows from the tightness of f. Similarly, if f : X — R”
is tight and i : R™ — R/ is inclusion of R into a higher dimensional Euclidean
space, then i o f : X — R™% is also tight. In that case, if & is a half-space in R"*/
and W = hNR"” then (of)"'h=f"'N.

We will show in Theorem 2.41 that if an immersion f : M — R” is a tight
immersion in the sense that every nondegenerate height function is a perfect Morse
function on M, then f is a tight map as defined above. The important point here
is to show that the injectivity condition on homology in equation (2.77) holds for
half-spaces determined by degenerate height functions, as well as those determined
by nondegenerate height functions.

The main ingredients of the proof are the continuity property of Cech homology
and the following lemma due to Kuiper [303] (see also [95, pp. 24-26]).

Lemma 2.40. Letf : M — R™ be an immersion of a compact manifold. Suppose
U is an open subset of M containing M,(l,) for some p € S"~' and real number r.
Then there exists a nondegenerate height function l; and a real number s such that

M,.(,) c M (1,) C M, CU. (2.80)
Proof. Since M,(l,) is compact and U is open, one can easily show that there exists
€ > 0 such that M,.y.(l,) C U.Let K be the maximum absolute value that any linear
height function assumes on M.
We will use the spherical metric d(p,z) = cos™'(p,z) on S" 1. If d(p,2) = «,
then there is a unit vector p’ is orthogonal to p such that
z=cosap+sinap. (2.81)
Then

p=secaz—tanap'. (2.82)
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For any x € M, we have

() = L] = [{p — 2.f(0))| = [{(seca — 1)z — tana p'. f (x))]

<|seca — 1| |I,(x)| + |tana]| |y (x)| < (|seca — 1| + |tan|)K.

(2.83)
Choose the positive number o sufficiently small so that
|seca — 1| < ¢/4K and |tan | < ¢/4K. (2.84)
Then
|l (x) = L(x)| <¢&/2 (2.85)
for any x € M, and therefore
M, (l,) C M, () CMytepa(l:) CM10(l)) C U (2.86)

Let W be the open disk in §”~! centered at p of radius . If ¢ € W, then we can
write

q=cosfp+sinfp, (2.87)

for some unit vector p’ orthogonal to p, where 0 < # < «. We can replace z by ¢
and o by 6 in equation (2.83), and get

|1, (x) —I,(x)| < (|secd — 1| + |tan O])K. (2.88)
Since 0 < 6 < o, we have
|secd — 1| < |seca — 1| < ¢/4K and |tan 0| < |tan«| < £/4K, (2.89)
and we still get |[,(x) — I,(x)| < /2 for all x € M. Thus we have
M, (1)) € M, 5(1)) C Myyepo(ly) C Myse(l,) C UL (2.90)

This holds for any point ¢ in the open neighborhood W of p in §”~!. Since the set
of regular values of the Gauss map is dense in §”"~!, there exists a point ¢ in W such
that /, is nondegenerate, and equation (2.80) holds for that g and s = r + /2 by
equation (2.90). |

With this lemma, we can prove the following important result due to Kuiper
[303]. The proof given here is similar to the proof of Theorem 5.4 of [95, pp. 25-26].
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Theorem 2.41. Let f : M — R™ be an immersion of a compact, connected
manifold. Suppose that every nondegenerate linear height function I, has (M, Z,)
critical points on M. Then for every closed half-space h in R", the induced
homomorphism

Hy(f~'h) — He(M) (2.91)

in Cech homology with Z coefficients is injective.

Proof. For a given half-space h, we have f~'h = M, (l,) for some p € "', r € R.
If ], is nondegenerate, then the map in equation (2.91) is injective by Theorem 2.28,
since [, has B(M, Z,) critical points on M.

Suppose now that f~'h = M,(l,) for a degenerate height function /,, and some
r € R. We need to show that the map in equation (2.91) is injective in that case also.
Here we use the continuity property of Cech homology. We will produce a nested
sequence of half-spaces h;,i = 1,2, 3, ... satisfying

F) S i) DD () () = M), i =123, (2.92)

=1
such that the homomorphism in Z,-homology
H.(f~'(hj)) = H.M is injective, i = 1,2,3, ... (2.93)
If equations (2.92) and (2.93) are satisfied, then the map
Ho(f~'(h)) — Hi(f (b)) is injective for all i > j. (2.94)

The continuity property of Cech homology (see Eilenberg—Steenrod [145, p. 261])
says that

Ho(M,() = Tim Ha(F (1), (2.95)

Equations (2.94) and Theorem 3.4 of Eilenberg—Steenrod [145, p. 216] on inverse
limits imply that the map

Ha (M, (1)) — Ha (™' () (2.96)
is injective for each i. Thus, the map
H(M,(1)) — H.(M) 2.97)

is injective, as needed.
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It remains to construct the sequence {4;}. This is done by an inductive procedure
using Lemma 2.40 to find at each step a nondegenerate height function /, and a real
number s such that

M, (l,) C M (ly) C M(ly) C My 0Up). (2.98)

At each step, the set U in Lemma 2.40 should be taken to be the previous M| (/,),
except for i = 1 when U = M, ,(l,). We take h; to be the half-space [, < s
constructed at the i-th step. Note that equation (2.93) is satisfied since each [, is
nondegenerate, and the half-spaces #; are nested as in equation (2.92). Finally, since

F N hiv1) C Moyqyi(@), (2.99)
we get
o0
(V7' () = M,(1,). (2.100)
j=1
and the theorem is proven. O
The two-piece property

Another important idea in the theory of tight immersions is the two-piece property
due to Banchoff [21]. A continuous map f : X — R™ of a compact, connected
topological space is said to have the two-piece property (TPP) if f~'h is connected
for every closed half-space /2 in R”. A compact, connected space X C R™ embedded
in R™ is said to have the TPP if the inclusion map f : X — R™ has the TPP. In that
case, the TPP means that every hyperplane in R cuts X into at most two pieces,
whence the name “two-piece property.” The following result is immediate.

Theorem 2.42. Letf : X — R™ be continuous map of a compact, connected space
X into R™. Iff is tight, then f has the TPP.

Proof. If the map f : X — R is tight, then f has the TPP, since tightness implies
that Bo(f~'h,Z,) is less than or equal to one, and Bo(f~'h, Z,) is equal to the
number of connected components of f~'A. O

More generally, a map f of a compact connected topological space X into R™
is said to be k-tight if for every closed half-space h in R and for every integer
0 < i < k, the induced homomorphism H;(f~'h) — H;(X) in Cech homology
with Z, coefficients is injective. Thus, O-tightness is just the two-piece property. If
f : M — R™is a smooth immersion of a compact, connected manifold, then f is
k-tight if and only if every nondegenerate height function /, has exactly B;(M, Z,)
critical points of index i for every integer i such that 0 <i < %.
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In the setting of smooth immersions of compact manifolds into R”, we have the
following theorem due to Banchoff.

Theorem 2.43. Letf : M — R™ be an immersion of a smooth compact, connected
manifold. Then f has the TPP if and only if every nondegenerate linear height
function I, has exactly one minimum and one maximum on M.

The basic idea here is that if a hyperplane determined by a height function /, cuts
f(M) into more than two pieces, then /, must have either more than one maximum
or more than one minimum, since /, has a maximum or a minimum on each piece.
Conversely, if I, has more than one maximum or more than one minimum, then
there exists a hyperplane determined by /, that cuts f(M) into more than two pieces
(see [95, pp. 29-31] for a complete proof).

Banchoff [21] also noted the following corollary in the case where M is a 2-
dimensional surface.

Corollary 2.44. A TPP immersion f : M?> — R™ of a smooth compact, connected
manifold 2-dimensional surface M? is tight.

Proof. Let I, be a nondegenerate linear height function on M?. Let w(l,) be the
number of critical points of /, of index k. Since f has the TPP, we know that (o(l,) =
Bo(M?,Z>) = 1 and pa(l,) = B2(M?,Z,) = 1, i.e., 1, has one minimum and one
maximum on M?2. Then the Morse relation involving the Euler characteristic y(M?)
(see, for example, Milnor [359, p. 29]),

2 2
D D ly) =Y (D) B(MP L) = y(M?). (2.101)
k=0 k=0

implies that w;(l,) = B1(M?,Z,) as well, and thus f is a tight immersion. O

Bound on the codimension of a substantial TPP immersion

Another important result in the theory of tight immersions concerns the upper bound
on the codimension of a substantial smooth TPP immersion. Kuiper [300] proved
part (a) of Theorem 2.46 below, and we will give the proof as in [95, pp. 33-34].
The proof of part (b) of Theorem 2.46 is much more difficult. It is due to Kuiper
[301] for n = 2, and to Little and Pohl [333] for higher dimensions, and we refer
the reader to [95, p. 105] for a complete proof.

The standard embeddings of projective spaces mentioned in part (b) are described
in detail in Section 2.9 (see also Tai [505] or [95, pp. 87-98]). The standard
embedding of RP? into S* C R’ is the well-known Veronese surface, which we
will now describe.
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Remark 2.45 (Veronese surface). Let S? be the unit sphere in R? given by the
equation

C+y+2=1 (2.102)
Define a map from S? into R® by
(,y,2) = (202 22V 2yz, V228, V2xy). (2.103)

One can easily check that this map takes the same value on antipodal points of S2,
and so it induces a map ¢ : RP?> — R®. An elementary calculation then proves
that ¢ is a smooth embedding of RP?. Furthermore, if (uy, ..., ue) are the standard
coordinates on R®, then the image of ¢ lies in the Euclidean hyperplane R®> C R®
given by the equation:

Uy + ur + uz = 1, (2104)

since x2 +y*+27> = 1. One can easily show further that ¢ is a substantial embedding
into R>, and that the image of ¢ is contained in the unit sphere S° C R® given by
the equation,

Wt tul=1. (2.105)

Thus, ¢ is a substantial embedding of RP? into the 4-sphere §* = S° N R (see
Section 2.9 for more detail).
To see that ¢ has the TPP, note that a hyperplane in R> given by an equation

ajuy + -+ + agug = c, (2.106)

for ¢ € R, cuts RP? in a conic. Such a conic does not separate RP? into more than
two pieces, and so ¢ has the TPP. Since RP? has dimension two, ¢ is also tight by
Corollary 2.44. Finally, since ¢ is tight and spherical, it is a taut embedding of RP?
into $* C R’ by Theorem 2.69, which will be proven in the next section.

From the Veronese embedding ¢, we can obtain a tight substantial embedding
of RP? into a 4-dimensional Euclidean space R* in two different ways. First let
7 : §* — {P} — R* be stereographic projection with pole P not in the image of ¢
(see Remark 2.7). Then by Theorem 2.70 (see page 61), T o ¢ is a taut (and hence
tight by Theorem 2.55 on page 55) embedding of RP? into R*. Secondly, we can
compose ¢ with orthogonal projection of R® onto the 4-space R* spanned by the
vectors {(e; — ez)/«/i, e4,es,e6), where {e|, ..., e} is the standard basis of RE.
This gives a parametrization

2.2
(x,.2) — (% V2yz, v 2zx, ﬁxy), (2.107)

which induces an embedding f : RP*> — R*. Since tightness is preserved by
orthogonal projections (see Remark 2.39), f is a tight embedding of RP? into R*.
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TPP immersions with maximal codimension

In the following theorem, the term “up to a projective transformation of R””” means
in the sense defined in Remark 2.38 on page 42.

Theorem 2.46. Letf : M" — R be a substantial smooth immersion of a compact,
connected n-dimensional manifold.

(a) Iff has the TPP, then m < n(n + 3)/2.
(b) Iff has the TPP and m = n(n+3)/2 for n > 2, then f is a standard embedding
f : RP" — R" of a projective space, up to a projective transformation of R™.

Proof. (a) Let I, be a nondegenerate linear height function on M with an absolute
maximum at a point x € M. After a translation, we can assume that f(x) is the
origin of our coordinate system on R™, so that /,(x) = 0. Since /, has a maximum
at f(x), we know by Theorem 2.29 that the vector p is normal to f(M) at f(x), and
the Hessian H(X, Y) = (A,X,Y) of I, at x is negative-definite. Let TM denote the
normal space to f(M) at f(x), and let V be the vector space of symmetric bilinear
forms on 7M. Define a linear map ¢ : Tj—M — Vby ¢(q) =4, ie.,

(@) (X.Y) = (AX.Y), X.YeTM. (2.108)

The dimension of TXM is m — n, and the dimension of V is n(n + 1)/2. Thus, if
m—n>n(n+1)/2,ie.,m > n(n + 3)/2, then the kernel of ¢ contains a nonzero
vector.

We now complete the proof by showing that if f has the TPP, then the kernel of
¢ contains only the zero vector, and thus m < n(n + 3)/2. Suppose there exists a
vector ¢ # 0 in T-M with A, = 0. Let z(t) = p + tq. Then z(¢) € T+M for all 1,
and

Ay = Ap T 144 = A,

for all ¢. Thus, ;) has a nondegenerate maximum at x for all z. Note that /,;)(x) = 0
for all ¢, since f(x) is at the origin of the coordinate system.

On the other hand, since f is substantial, there exists a point y € M such that
I4(y) # 0. Then we have

lz(z) = lp()’) + ﬂq()’)’

and thus /,;(y) > O for a suitable choice of ¢. For that value of 7, the function /¢
does not assume its absolute maximum at x. Thus, f does not have the TPP, since if
h is the half-space determined by the inequality L) (u) > 0, for u € R™, then f~'h
has at least two components, the single point {x} and a component containing y.

(b) For a proof of part (b), see Kuiper [301] for n = 2, and Little and Pohl [333] for
higher dimensions (see also [95, pp. 98—105] for a complete proof). O
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Remark 2.47 (The case of dimension n = 1). For n = 1, part (a) of Theorem 2.46
states that if f : S > R"isa substantially immersed closed curve with the TPP,
then m < 2, and hence the curve is a plane curve. In fact, much more can be said. For
n = 1, the TPP is equivalent to requiring that the closed curve have total absolute
curvature equal to 27, the minimum value possible. Fenchel [155] proved that a
closed curve f : S' — R? with total absolute curvature equal to 27 is an embedded
convex plane curve, and Borsuk [48] obtained the same conclusion for curves in R”
with m > 3. (See also Chern [102] for a proof of Fenchel’s Theorem.) If the curve
f is knotted, then the total absolute curvature is greater than 47 (see Fary [153] and
Milnor [357, 358]). For a related result regarding the total curvature of a knotted
torus, see the paper of Kuiper and Meeks [306].

Kuiper [300] also proved the following generalization of part (a) of Theorem 2.46
which is useful in determining the possible codimensions of tight immersions of
projective planes (see Theorem 2.95 on page 81). For this theorem, we need the
following notation. Let (Bo, ..., B,) be an (n + 1)-tuple of nonnegative integers.
Let ¢(Bo, . . . , B») be the maximal dimension of a linear family of symmetric bilinear
forms in n variables which contains a positive definite form and such that no form
in the family has index k if B; = 0. Note that ¢(Bo,...,8,) < n(n + 1)/2, the
dimension of the space of all symmetric bilinear forms in » variables.

In our applications, of course, the (n 4+ 1)-tuple (By,...,B,) will be the
Z,-Betti numbers of a compact manifold M. In the case where M is FP* for
F = R, C, H, or O (Cayley numbers), the number c¢(By, ..., B,) can be computed,
and so the following theorem can be used to give bounds on the codimension of a
tight immersion of these projective planes into Euclidean spaces (see Theorem 2.95
on page 81).

Theorem 2.48. Let f : M"* — R”™ be a substantial tight immersion of a compact,
connected n-dimensional manifold, and let B denote the k-th Z,-Betti number of M.
Then

m—n<c(Bo,...,B,) <nn+1)/2.
Proof. We will use the notation of the proof of Theorem 2.46. Let V be the
vector space of all symmetric bilinear forms on 7, M. Consider the linear map
¢ : TEM — V defined by ¢(q) = A,, that i,

o)X, Y)=(AX.Y), X YeTM. (2.109)

Since f is tight, it has the TPP, and so the proof of Theorem 2.46 shows that ¢ is
injective on TjM , which has dimension m — n. Thus, we have

m —n = dim (Image ¢). (2.110)

The image of ¢ is a vector space that contains a positive definite bilinear form.
Furthermore, if 8; = 0, then no bilinear form in Image ¢ can have index k, for if
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¢(q) has index k, then [, has a nondegenerate critical point of index k at x. Then
by Corollary 2.33, there exists a nondegenerate linear height function /, having a
critical point y of index k, contradicting tightness, since 8y = 0.

Thus, the space Image ¢ contains a positive definite form and no form of index
k if B = 0. Then by definition, the dimension of Image ¢ is less than or equal to
¢(Bo, ..., Bn), which is less than or equal to n(n + 1)/2, the dimension of the space
V of all symmetric bilinear forms in n variables. So we have

m —n = dim (Image ¢) < c(Bo,...,Bn) <nn+1)/2,

as needed. ad

The product of two tight immersions is tight

We close this section with a proof of the fact that a product of two tight immersions
is tight. This was first noted by Kuiper [300], and we follow the presentation given
in [95, pp. 43-46].

Let f : M - R"and g : M — R” be immersions of compact,
connected manifolds, each having dimension greater than or equal to 1. The product
immersion,

fxg:MxM —R"xR" =R"" (2.111)
is defined by

(f x @) (x,y) = (f(x), g(y)- (2.112)
Let p be a unit vector in R We can decompose p in a unique way as,
p=-cosf q-+sinb g, (2.113)

forg e R”, ¢ e R, and 0 < 0 < 7/2.
Lemma 2.49. Letp =cosf g+ sinf ¢’ for0 <6 < n/2.

(a) I, is nondegenerate on M x M’ if and only if 0 < 6 < n/2, and l,, 1y are
nondegenerate on M, M, respectively.
(b) If I, is nondegenerate, then the number [1(1,) of critical points of I, on M x M’

is given by u(lp) = pn(ly) u(ly)

Proof. Let (x,y) € M x M, and let X € T:M, Y € T,M’. Then a straightforward
calculation yields

(p)«(X,Y) =cos 0 (I))«X +sin @ (Iy)+Y. (2.114)
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If & = 0, the set of critical points of [, is the set of all points of the form (x,y),
where x is a critical point of /,, and y is any point in M’. Similarly, if 6 = 7/2, the
set of critical points of [, is the set of all points of the form (x, y), where x any point
in M, and y is a critical point of /. In either case, the critical points of /, are not
isolated, so they are degenerate critical points, and /, is not a Morse function.

If 0 < 6 < m/2, then we see from equation (2.114) that /, has a critical point
at (x,y) if and only if /, has a critical point at x and [, has a critical point at y.

We now compute the Hessian of /, at such a critical point (x,y). Let (u1,...,u,)
and (vi,...,v,) be local coordinates in neighborhoods of x in M, and y in M’,
respectively. Clearly, with respect to the local coordinates (uy, ..., u,, V1,...,Vy)

in a neighborhood of (x,y) in M x M’, the Hessian of /, at the critical point (x, y)
has the form

cosf Hy(ly) 0 } . 2.115)

Huy () = :
e (Ip) [ 0 sin @ Hy(ly)

Thus, H. ) (l,) is nonsingular if and only if H,(l,) and H,(l;) are nonsingular.
Hence, I, is a nondegenerate function if and only if /, and I/, are nondegenerate
functions. Furthermore, from equation (2.115), we see that the index of [, at a
nondegenerate critical point (x, y) is equal to the sum of the indices of /, at x and [/
at y. Thus, for 0 < k < n + n/, we have

pely) = D willguyly). (2.116)

i+j=k
From this, we compute

n+n’

() = Y pul,)

k=0

n+n’

=3 ) willwlly)

k=0 i+j=k
= M(lq) M(lq’)-
O

Theorem 2.50. Supposef : M — R"and g : M — R" are tight immersions of
compact manifolds. Then f x g is a tight immersion of M x M’ into R"+™

Proof. In the notation of Lemma 2.49, we have for any nondegenerate height
function [, on M x M’,

wuly) = p(ly)ply),
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for appropriate nondegenerate functions /, and ;. Since f and g are tight, we
know that

1(ly) = BM.Zy) and pu(ly) = B(M'. Z>),

for every such pair of nondegenerate functions /, and /,/. Thus,
/'L(lp) = ﬁ(M’ Z,) ﬂ(M/, 7,) = :B(M x M, Z2)v

where the last equality is due to the Kiinneth formula (see, for example, Greenberg
[183, p. 198]). Hence, f x g is tight. ad

2.7 Distance Functions and Taut Submanifolds

In this section, we give a brief review of the theory of distance functions and taut
submanifolds in Euclidean space. Various aspects of this theory will be treated in
more detail later in this book. For more complete coverage of the topic, the reader is
referred to Chapter 2 of the book [95] or the survey article [76]. Our treatment here
is based on [95, pp. 113-127].

Letf : M — R™ be a smooth immersion of an n-dimensional manifold M into
Euclidean space R™. For p € R", the Euclidean distance function L, is defined on
R” by

Ly(q) = lp—ql*. 2.117)

The restriction of L, to M gives a real-valued function L, : M — R defined by
L,(x) = |p — f(x)|*>. As with linear height functions, Sard’s Theorem implies that
for almost all p € R™, the function L, is a Morse function on M.

We recall the normal exponential map E : NM — R™ defined in Section 2.2 by

E(x,§) =f(x) + ¢, (2.118)

where ¢ is a normal vector to f(M) at f(x). As in Section 2.2, the focal set of M is
the set of critical values of the map E. Hence, by Sard’s Theorem, the focal set of M
has measure zero in R”. As noted in Theorem 2.1, if p = E(x, t§), where |§| = 1,
then p is a focal point of (M, x) of multiplicity v > 0 if and only if 1/7 is a principal
curvature of multiplicity v of the shape operator Ag.

Index Theorem for distance functions

The critical point behavior of the L, functions is described by the following well-
known Index Theorem (see Milnor [359, pp. 32-38] for a proof).
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Theorem 2.51. Let f : M — R™ be a smooth immersion of an n-dimensional
manifold M into Euclidean space R™, and let p € R™.

(@) A point x € M is a critical point of L, if and only if p = E(x,{) for some
eTim.

(b) L, has a degenerate critical point at x if and only if p is a focal point of (M, x).

(¢) If L, has a nondegenerate critical point at x, then the index of L, at x is equal
to the number of focal points of (M, x) (counting multiplicities) on the segment
Sfrom f(x) to p.

The following corollary, due to Nomizu and Rodriguez [405, p. 199], follows
from Theorem 2.51 in the same way that Corollary 2.33 follows from Theorem 2.29
for height functions. In the proof of Corollary 2.52, one uses the normal exponential
map FE instead of the Gauss map v. In particular, part (a) of the corollary follows
from part (b) of Theorem 2.51, since the focal set of M has measure zero in R™.

Corollary 2.52. Let f : M — R™ be a smooth immersion of an n-dimensional
manifold M into Euclidean space R™.

(a) For almost all p € R™, L, is a Morse function on M.

(b) Suppose L, has a nondegenerate critical point of index k at x € M. Then there
is a Morse function L, having a critical point'y € M of index k (q and y may be
chosen as close to p and x, respectively, as desired).

Taut immersions

We can now define taut immersions in a similar way to how we defined tight
immersions in the previous section. Suppose first that M is a compact n-dimensional
manifold. An immersion f : M — R™ is said to be a taut immersion if there exists
a field F such that every nondegenerate Euclidean distance function L, has 8(M, F)
critical points on M, i.e., every nondegenerate distance function is a perfect Morse
function. By Theorem 2.28 in the previous section, we see that f is taut if and only
if for every nondegenerate Euclidean distance function L, the map on homology

H.(M,(L,),F) - H.(M,F) (2.119)

induced by the inclusion M,(L,) C M is injective for all r. Note that
ML) ={xeM||p—f@F <r}. (2.120)
Thus, M,(L,) is the inverse image under f of the closed ball in R” with center p
and radius /7. In this formulation of tautness, one requires the map on homology

in equation (2.119) to be injective for all closed balls determined by nondegenerate
distance functions, that is, the map
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H.( 'B,F) - H.(M,F) (2.121)

is injective for every closed ball B centered at a point p € R™ such that L, is a
nondegenerate function.

Remark 2.53 (F-taut implies Z,-taut). Grove and Halperin [185]), and indepen-
dently Terng and Thorbergsson [531], extended the notion of tautness to submani-
folds of complete Riemannian manifolds. Their definition agrees with the definition
of tautness above for submanifolds of Euclidean space. Recently Wiesendorf [554]
showed that if a compact submanifold of a complete Riemannian manifold is taut
with respect to some field F, then it is also Z,-taut. Thus, we will use Z,-tautness at
all times.

As with tight immersions, if we use Z,—Cech homology and its continuity
property, we can prove results similar to Lemma 2.40 and Theorem 2.41 which
imply that we can use all closed balls B in R” in equation (2.121) and not just those
determined by nondegenerate distance functions.

Next one shows that if the injectivity condition in equation (2.121) holds for all
closed balls B, then it also holds for all closed half-spaces 4 and for all complements
of open balls in R™. For half-spaces, this comes from approximating f~'/ by
f7'B, for an appropriate large closed ball B, in a manner similar to the proof of
Lemma 2.40. For complements of open balls, one uses the fact that L, (x) > r if and
only if —L,(x) < —r, and L, is a perfect Morse function on M if and only if —L, is
a perfect Morse function on M. Using these ideas and techniques similar to those in
the proofs of Lemma 2.40 and Theorem 2.41, one can prove the following theorem,
and we omit the proof here.

Theorem 2.54. Let f : M — R™ be an immersion of a compact, connected
manifold. Suppose that every nondegenerate Euclidean distance function L, has
B(M,Z,) critical points on M. Then for every closed ball, complement of an open
ball, and closed half-space S2 in R"™, the induced homomorphism,

H.(f"'2) - H (M) (2.122)

in Cech homology with Z, coefficients is injective.

If §”~! is the metric hypersphere in R” with center p and radius r, then §"~!
is a taut subset of R”. To see this, note that if ¢ is any point in R” other than p,
then L, is a nondegenerate function having exactly two critical points on S"=1 at the
two points where the line determined by p and g intersects the sphere §”~!. We will
show later (see Theorems 2.73 and 2.74 on page 63) that every taut immersion of an
(m — 1)-sphere into R” is a metric hypersphere. This result was proven for m = 2
and m = 3 by Banchoff [20], and for higher dimensions by Carter and West [61],
and independently by Nomizu and Rodriguez [405] using a different proof.

As in the case of tightness, one can generalize the notion of tautness to continuous
maps of compact spaces as follows. A map f of a compact topological space X into
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R™ is called a raut map if for every closed ball, complement of an open ball, and
closed half-space §2 in R™, the induced homomorphism

H.(f"'2) = Hi(X) (2.123)

in Cech homology with Z, coefficients is injective. A subset of R™ is called a faut
set if the inclusion map f : X — R™ is a taut map.

An obvious consequence of this definition and the definition of a tight map is
the following theorem, since tightness only requires that the map on homology in
equation (2.123) be injective when §2 is a closed half-space.

Theorem 2.55. Letf : X — R™ be continuous map of a compact, connected space
X into R™. If f is taut, then f is tight.

Of course, Theorem 2.54 shows that if an immersion f : M — R™ of a compact,
connected manifold M is taut in the sense that every nondegenerate L,-function is a
perfect Morse function, then f is a taut map as defined above.

The spherical two-piece property

As is the case with tightness, there is a two-piece property associated to tautness
due to Banchoff [20]. A continuous map f : X — R™ of a compact, connected
topological space is said to have the spherical two-piece property (STPP) if 7182 is
connected for every closed ball, complement of an open ball, and closed half-space
£2 in R™. A compact, connected space X C R” embedded in R™ is said to have the
STPP if the inclusion map f : X — R™ has the STPP. In that case, the STPP means
that every hypersphere and hyperplane in R™ cuts X into at most two pieces, whence
the name ““spherical two-piece property.”

The following results can be proven in a way to very similar Theorem 2.42,
Theorem 2.43, and Corollary 2.44 for the two-piece property in the last section, and
we omit the proofs here. These are due to Banchoff [20].

Theorem 2.56. Letf : X — R™ be continuous map of a compact, connected space
X into R™. If f is taut, then f has the STPP.

Theorem 2.57. Letf : M — R™ be an immersion of a smooth compact, connected
manifold. Then f has the STPP if and only if every nondegenerate distance function
L, has exactly one minimum and one maximum on M.

Corollary 2.58. An STPP immersion f : M> — R™ of a smooth compact,
connected manifold 2-dimensional surface M? is taut.

Carter and West [61] introduced the term “taut immersion” in a paper published
in 1972. They also noted that tautness can be defined for proper immersions of non-
compact manifolds as follows. Recall that a map f : X — R™ of a topological space
X is called proper if f 'K is compact for every compact subset K of R™.
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If f : M — R™is a proper immersion of a smooth manifold, then f~'B is
compact for every closed ball B in R™, and so the Morse inequalities (2.68) for
a nondegenerate distance function L, can be applied.

We say that such a proper immersion of a non-compact manifold is faut if for
every closed ball B in R”, the map Hy(f"'B) — H.M (in Z,—Cech homology) is
injective. This definition agrees with the definition of a taut immersion of a compact
manifold by Theorem 2.54, since in that case if the map Hy(f~'B) — H.M is
injective for all closed balls B, then the map H, (f ' £2) — H,M is also injective for
all closed half-spaces and all complements of open balls 2.

From Theorem 2.28 on page 38, we see that a proper immersion of a non-
compact manifold is taut if and only if for every nondegenerate L,, the equation

Ly r) = Bi(Lp. 1. Zo) (2.124)

holds forallr e R, k € Z.

More generally, a proper immersion f : M — R™ of a smooth connected
manifold is said to be k-taut if for every closed ball B in R™ and for every integer
i < k, the induced homomorphism H;(f~'B) — H;(M) in Cech homology with Z,
coefficients is injective. If M is compact and connected, then O-tautness is equivalent
to the STPP, since in that case if the map Hy (f _IB) — H.M is injective for all closed
balls B, then the map Hy(f~'$2) — H.M is also injective for all closed half-spaces
and all complements of open balls §2, and so f has the STPP.

Next we have the following important consequence of the O-tautness for smooth
immersions due to Banchoff [20], and Carter and West [61].

Theorem 2.59. Let f : M — R™ be a proper immersion of a smooth connected
manifold. If f is O-taut, then f is an embedding.

Proof. Suppose f(x1) = f(x;) = p for two distinct points x1, x, in M. Since f is an
immersion, there exist neighborhoods U, and U, of x; and x,, respectively, on which
f is an embedding. Let B be the closed ball of radius 0 centered at p. Then f~'B has
at least two connected components, {x;} C U; and {x,} C U,, contradicting the
assumption that f is O-taut. O

Constructions preserving tautness

In the following three remarks, we discuss three important constructions which
preserve tautness: cylinders over taut submanifolds, tubes over taut submanifolds,
and hypersurfaces of revolution with a taut submanifold as the profile submanifold.

Remark 2.60 (Cylinders over taut submanifolds). An example of a taut embedding
of a non-compact manifold is a circular cylinder in R, or more generally a spherical
cylinder defined by the product embedding,

fxg:SExR™F 5 R R = R (2.125)
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where f embeds S* as a metric sphere, and g is the identity map on R"*. Every
nondegenerate L, function has two critical points on S* x R"*, one of index 0 and
one of index k. More generally, suppose that f : M — RF is a taut immersion of a
compact, connected manifold M, and g is the identity map on R"* then

fxg:MxR" 5 RE xR = R™, (2.126)

is taut. To see this, note that if p = (py, p2) and x = (x1, x,) are points in R x R"7*,
then

Ly(x) = Ly, (x1) + Ly, (x2). (2.127)

Thus, L, has a critical point at x if and only if L, has a critical point at x; and
P> = x». Such a critical point is nondegenerate if and only if the critical point of
L,, at x is nondegenerate, and in that case, these two critical points have the same
index. Since M x R and M have the same Betti numbers, f is taut if and only if
f X gis taut.

Remark 2.61 (Parallel hypersurfaces and tubes over taut submanifolds). Carter
and West [61] and Pinkall [447, p. 83] pointed out that constructing parallel
hypersurfaces or tubes over taut submanifolds preserves tautness.

First suppose that f : M — R"*! is an embedded compact, connected oriented
hypersurface with global field of unit normals &. Suppose that ¢ is a real number
such that the parallel map f; : M — R"*! given by

fix) = f(x) + 15 (x) (2.128)

is an embedding. Then f; is a parallel hypersurface of the original embedding fy = f.
By Theorem 2.3 on page 18, the parallel hypersurfaces f; and f have the same focal
set. Suppose that p € R"*! is not a focal point of these hypersurfaces. Let L, denote
the restriction of the distance function determined by p to the original embedding
f, and let Z,p denote its restriction to the parallel hypersurface f;. By Theorem 2.51,
L, has a critical point at x € M if and only if Z,p has a critical point at x, since the
normal line to f(M) at f(x) is the same as the normal line to f;(M) at f;(x). So the
functions L, and Z,p have the same number of critical points on M. Thus, f; is taut if
and only if f is taut.

Next consider the case where f : M — R"™* is a tautly embedded compact,
connected submanifold of codimension k > 1 in R"**. Again consider t > 0
sufficiently small so that the tube f, : BM — R"** is an embedded hypersurface,
where BM is the unit normal bundle of f(M) in R"**.

By Theorem 2.3, the focal set of the tube f; is the union of the focal set of f (M)
with f(M) itself. Let p € R"** be a point that is not a focal point of the tube f;.
Let L, denote the restriction of the distance function determined by p to the original
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embedding f, and let ip denote its restriction to the tube f;. Each critical point x € M
of L, corresponds to two critical points of L, on the tube f; at points where the line
from p to f(x) intersects the tube. These critical points are

721 = f(x) + 1€, and 2o = f(x) — 1€, (2.129)

where £ = (p —f(x))/|p —f(x)|. Thus, the number of critical points of ip is equal
to twice the number of critical points of L,. (Note that if p € f(M), then I:p is a
degenerate function, whereas L, may be nondegenerate. This will not affect tautness
since f(M) has measure zero in R 7))

Therefore, f is taut if and only if f; is taut, since the sum of the Z,-Betti numbers
of the unit normal bundle BM (the domain of the tube f;) is equal to twice the sum
of the Z,-Betti numbers of M. This last fact follows from the Gysin sequence of the
unit normal bundle BM of M (see, for example, [418, Lemma 4.7, p. 264]), as was
pointed out by Pinkall [447, p. 83]). Thus we have the following theorem due to
Pinkall.

Theorem 2.62. Let f : M — R" be a compact, connected embedded submanifold
of R" of codimension greater than one, and let t > 0 be sufficiently small so that the
tube f; : BM — R" is a compact, connected embedded hypersurface in R". Then
f(M) is taut with respect to Z, coefficients if and only if the tube f;(M) is taut with
respect to L coefficients.

Remark 2.63 (Taut hypersurfaces of revolution). Suppose M is a taut compact,
connected hypersurface embedded in R¥*! which is disjoint from a hyperplane
RY C R**! through the origin. Let e,y be a unit normal to the hyperplane R
in R“*!1. Embed R*T! in R"*!, and let R"“**! be the orthogonal complement of
R* in R"*!. Let SO(n — k + 1) denote the group of isometries in SO(n + 1) that
keep R* pointwise fixed. If we consider R"*! as R¥ x R"7**1  then each point of
M C R¥*1 has the form (x, y), where y = cey; for some ¢ > 0. Let

W ={(x,Ay) | (x,y) e M, A e SO(n—k+ 1)} (2.130)

be the hypersurface in R"*! obtained by rotating M about the axis R¥. Then W is
diffeomorphic to M x S"7% and the sum of the Z,-Betti numbers of W satisfies
BW) =28(M).

We now show that W is taut in R"*!. First, if p € R* C R"*!, then L, has an
absolute minimum on M at some point z € M. Hence, L, has critical points at all the
points of W in the orbit of z under the action of SO(n — k + 1). Since these critical
points are not isolated, they are degenerate critical points. Thus, every point p € R¥
is a focal point of W. Next consider any (k 4 1)-plane of the form

V =RF® Span {4e;1 1}, (2.131)
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for a fixedA € SO(n—k+ 1). Then WN V consists of two disjoint congruent copies
of M. If z € W N V, then the normal line to W through z lies in V. Now suppose
that L, for p € R, is a nondegenerate function on W. Then p does not lie in the
axis R¥, so p lies in the space V spanned by R¥ and p itself. All of the critical points
of L, on W lie in W N V. Since M is taut, L, has exactly S(M) critical points on
each of the two copies of M in W N V. Thus, L, has (W) = 28(M) critical points
on W. This is true for all Morse functions of the form L, on W, and so W is tautly
embedded in R

Basic results on taut embeddings

We now follow the development of the theory in Carter and West [61]. The first
theorem is essentially Banchoff’s [20] observation that for an STPP embedding,
every local support sphere is a global support sphere.

Theorem 2.64. (a) Let f : M — R™ be a 0O-taut embedding of a connected
manifold M. Suppose p is the first focal point of (M,x) on a normal ray to
f(M) at f(x). If q is any point except p on the closed segment from f(x) to p,
then Ly has a strict absolute minimum on M at x. Further, the function L, itself
has an absolute minimum at x.

(b) Letf : M — R" be an STPP embedding of a compact, connected n-dimensional
manifold. Suppose that p is a focal point of (M,x) such that the sum of the
multiplicities of the focal points of (M, x) on the closed segment from f(x) to
p is n. If q is any point beyond p on the normal ray from f(x) through p, then
Ly has a strict absolute maximum at p. Further, the function L, itself has an
absolute maximum at x.

Proof. (a) For any point ¢ # p on the closed segment from f(x) to p, the function
L, has a strict local minimum at x by the Index Theorem (Theorem 2.51). Since
the intersection of f(M) with the closed ball centered at g through f(x) is connected
by O-tautness, this intersection consists of the point f(x) alone. Therefore, f(M) lies
outside the corresponding open ball centered at g with radius equal to the length of
the segment from ¢ to f(x). Thus f(M) lies outside the union of these open balls as
q varies from f(x) to p, and so f (M) lies outside the open ball centered at p through
f(x). Therefore, L, has an absolute minimum at x.

(b) This is proven in a way similar to (a) using maxima rather than minima. O

This theorem has the following three useful corollaries. Here /¢ denotes the linear
height function in the direction &.

Corollary 2.65. Letf : M — R™ be a 0-taut embedding of a connected manifold
M. Suppose there are no focal points of (M, x) on the normal ray to f(M) in the
direction & at f(x). Then f(M) lies in the closed half-space determined by the
inequality I < ¢ (x).
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Proof. For all g on the normal ray in question, part (a) of Theorem 2.64 above
implies that the set f(M) is disjoint from the open sphere centered at ¢ of radius
lg — f(x)|. Hence, f(M) is disjoint from the union of such open balls, which is the
open half-space determined by the inequality /¢ (1) > l¢(x), for u € R". |

From Theorem 2.64 and Corollary 2.65, we see that the existence of a normal
vector £ such that A = Al has strong implications for an STPP embedding, as the
next two corollaries show.

Corollary 2.66. Letf : M — R™ be a 0-taut embedding of a connected manifold
M. If Ag = O for some unit normal § to f(M) at a point f(x), then f(M) lies in the
hyperplane in R" determined by the condition Iy = I¢(x).

Proof. Since Ay = 0, there do not exist any focal points on the normal line
determined by &. If we apply Corollary 2.65 to each of the normal rays determined
by &, we get that f(M) lies in the intersection of the two closed half spaces
determined by the hyperplane with equation /¢ = 1:(x), and so f(M) lies in that
hyperplane. O

Corollary 2.67. Letf : M — R"™ be an STPP embedding of a compact, connected
manifold M. If Ag = A, A # 0, for some unit normal & to f(M) at a point f(x), then
f(M) lies in the hypersphere in R™ centered at the focal point p = f(x) + (1/1)€
with radius 1/|A|.

Proof. Let g be a point on the open segment from f(x) to p. By Theorem 2.64 (a),
the set f(M) does not intersect the open ball centered at ¢ of radius |¢ —f (x)|. Hence
f(M) is disjoint from the union of such open balls, i.e., the open ball centered at p
of radius 1/|A|. Similarly, by part (b) of Theorem 2.64, the set f (M) is disjoint from
the complement of the closed ball centered at p with radius 1/|A|. Thus f(M) lies in
the hypersphere centered at p with radius 1/|A|. |

This has the following immediate corollary in the case where M is a hypersurface.
This was first proven by Banchoff [20] in the case of where M is a 2-dimensional
surface.

Corollary 2.68. Letf : M" — R"t! be a codimension one STPP embedding of a
compact, connected manifold M . If f (M) has one umbilic point, then f embeds M
as a metric sphere in R,

Proof. By Corollaries 2.66 and 2.67, if f(M) has one umbilic point, then f(M) is
contained in a hyperplane in R**! or in a metric hypersphere S” C R**!. The image
of the compact n-dimensional manifold M cannot be contained in a hyperplane, and
so f(M) is a compact, connected n-dimensional submanifold of $". Thus, f(M) is §”
itself. O
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The relationship between tight and taut maps

We now wish to explore the relationship between tightness and tautness further. The
first result is that a tight, spherical map is taut. Here f : X — R™ is spherical if the
image of f lies in a metric hypersphere in R™.

Theorem 2.69. Letf : M — S" C R™*! be a tight spherical map of a compact
topological space X. Then f is a taut map into R"!,

Proof. Let 2 be a closed ball or the complement of an open ball in R"*!, Then
2 NS = hN S for some closed half-space in R"*!. Since f(X) is contained in
S™ we have

= @nsm='nns) =f"h

Since f is tight, the map Hi(f~'h) — H«(X) is injective, and so the map
H.(f~'22) — H.(X) is injective, and f is taut. O

Let t : " — {P} — R” be stereographic projection with pole P € S as in
equation (2.45). Via the map t, the space S” — {P} is conformally equivalent to
R, or we may consider §” as R” U {oc}, the one-point compactification of R™.
A conformal transformation of R™ U {oo} takes the collection of all hyperspheres
and hyperplanes onto itself. Hence, tautness and the STPP are preserved by such a
conformal transformation. We formulate this conformal invariance of tautness and
the STPP specifically in the following theorem. In this way, we see that tautness is
equivalent to the combination of tight and spherical via stereographic projection.

Theorem 2.70. Let X be a compact topological space.

@ Iff : X — R™ is a taut (respectively STPP) map, and ¢ is a conformal
transformation of R™ U {oo} such that o(f(X)) C R, then ¢ o f is a taut
(respectively STPP) map of X into R™.

(b) Iff : X — 8™ C R™"! is taut (respectively STPP), and t : S™ — {P} — R™ is
stereographic projection with pole P not in f (X), then Tof is a taut (respectively
STPP) map of X into R™.

(©) Iff : X — R™ is taut (respectively STPP) and t=' : R" — §" C R"t! js
inverse stereographic projection with respect to any pole P, then t=' o f is a
taut (respectively STPP) map of X into §™.

By similar considerations, we see another method to obtain taut embeddings of
non-compact manifolds, as in Carter and West [61] (see also [95, pp. 120-121]).

Theorem 2.71. Suppose that f : M — R™ is a taut embedding of a compact,
connected manifold M, and ¢ is a conformal transformation of R™ U {oo} such that
@(f(x)) = oo for some x € M. Then ¢ o f is a taut embedding of M — {x} into R™.

Proof. If Bis any closed ball in R™, then ¢ ~! B is a closed ball, the complement of an
open ball, or a closed half-space in R™. Since f is taut, the map H«(f "' (¢~'B)) —
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H.(M) is injective. Since this map factors through the homomorphism H.(M —
{x}) = H.(M), the map

H.(f~'(¢7'B)) = Ho(M — {x})

is injective also, as needed. a

Recall that a map f of a topological space X into R™ is said to be substantial if
the image f(X) is not contained in any hyperplane in R”. From the theorem above,
we immediately get a way to obtain more examples of taut submanifolds in R” by
taking the image under stereographic projection of taut submanifolds in S”.

Corollary 2.72. Let M be a compact manifold. Then there exists a substantial, non-
spherical taut (respectively STPP) embedding f : M — R™ if and only if there exists
a substantial taut (respectively STPP) spherical embedding

fiM—R"™

Proof. Letf : M — R be a substantial, non-spherical taut embedding. Let !
be the inverse of stereographic projection with respect to any pole P € §™. Then
f = 7! of is a taut embedding of M into S" C R™*t!. Furthermore, t~! o f is
substantial in R™*!, since if the image of ™! o f lies in a hyperplane 7 in R"*!,
then it lies in the hypersphere X™~! = 7 N §™. This implies that the image of f lies
in the hyperplane or hypersphere 7(X™~!) in R™, contradicting the assumption that
f is substantial and non-spherical in R™.

Conversely, suppose that f : M — §™ C R"! is a substantial taut spherical
embedding. Since f is substantial in R”*!, the image of f does not lie in a
hypersphere in §” C R”*!. Let P be any point in S that is not in the image of f,
and let T : §" —{P} — R" be stereographic projection with pole P. Then f = tof is
a taut embedding of M into R™, and it is substantial and non-spherical in R™, since
the image off does not lie in a hypersphere in S™. O

This corollary is useful, because many important examples of taut submanifolds
lie in a sphere S” in R”*!. In particular, all isoparametric (constant principal
curvatures) hypersurfaces and their focal submanifolds in S$” are taut [93], as we
will see in Section 3.6 (see Corollary 3.56 on page 139).

Using Theorem 2.70, we can thus obtain many new taut submanifolds in R™ via
stereographic projection. In particular, the cyclides of Dupin in R™ are obtained
from a standard product of two spheres (which is an isoparametric hypersurface in
S$™, see Section 3.8.2 on page 148),

SP(ryx S"P)y st P 4st =1, (2.132)

via stereographic projection, and thus they are taut in R”.
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Taut embeddings of spheres

Banchoff [20], and Carter and West [61] pointed out that Theorem 2.70, when
combined with known results for tight immersions, yields theorems for taut immer-
sions. In particular, in conjunction with the Chern—Lashof Theorem (Theorem 2.35),
which states that if f : §” — R™ is a tight immersion, then f embeds S" as a convex
hypersurface in a Euclidean space R"™! C R”, one gets the following theorem.

Theorem 2.73. Letf : S* — R be a substantial taut immersion. Thenm = n+ 1,
and f embeds S" as a metric hypersphere.

Proof. Since a taut immersion is tight, the Chern—Lashof Theorem implies that m =
n + 1 and f embeds S" as a convex hypersurface in R"!. If f(5") were not a metric
hypersphere, then by part (c) of Theorem 2.70, the map ™! o f would be a taut
substantial embedding of S" into R"*2, contradicting the Chern-Lashof Theorem.
O

We next give a different proof of Theorem 2.73 due to Nomizu and Rodriguez
[405]. This is an important type of proof using the properties of distance functions
and the Index Theorem (Theorem 2.51), as opposed to the proof above which is
based on the theory of tight immersions. Another key element in this proof is the
characterization of spheres as compact, totally umbilical submanifolds in Euclidean
space. A similar approach can be used to characterize totally umbilic submanifolds
of hyperbolic space (see Cecil-Ryan [90]) and to characterize totally geodesic
embeddings of CP" and complex quadrics Q" in complex projective space CP™
in terms of the critical point behavior of distance functions (see Cecil [71]).

Since the proof of the following theorem relies on the characterization of metric
spheres as totally umbilic submanifolds, it only works for S"* with n > 2. For
n = 1, one can use the approach of Theorem 2.73 above, or else use Banchoff’s
[20] elementary direct proof using the spherical two-piece property. The following
theorem is due to Nomizu and Rodriguez [405]. Here we are following the proof in
[95, p. 126].

Theorem 2.74. Let M",n > 2, be a connected, complete Riemannian manifold
isometrically immersed in R™. If every nondegenerate distance function L, has index
0 orn at each of its critical points, then M" is embedded as a totally geodesic n-plane
or a metric n-sphere S" C R"*1 C R”™.

Proof. As noted above, the proof is accomplished by showing that the immersion
f : M" — R™ is totally umbilic, that is, for every normal vector £ to f(M") at
every point f(x), the shape operator A is a multiple of the identity endomorphism
on T,.M".

Let £ be a unit normal to f(M") at a point f(x). If A = 0, then A¢ is
a multiple of the identity as needed. If not, then we may assume that A¢ has
a positive eigenvalue by considering A_; = —Ag, if necessary. Let A be the
largest positive eigenvalue of A¢. Let ¢ be a real number such that 1/A <t < 1/pu,
where w is the next largest positive eigenvalue of Ag (if A is the only positive
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eigenvalue, just consider 1/A < ¢). Then for p = f(x) + t£, the Index Theorem
(Theorem 2.51) implies that the distance function L, has a nondegenerate critical
point of index k at x, where k is the multiplicity of the eigenvalue A. While L,
may not be a nondegenerate function, Corollary 2.52 implies that there exists a
nondegenerate distance function L, having a critical point y of index k, where ¢
and y can be chosen to be as close to p and x, respectively, as desired. By the
hypothesis of the theorem, since k is greater than 0, we get kK = n, and so A = Al
Since this is true for any unit normal £ at any point x € M", we have that f is
totally umbilical. The result then follows from a theorem of E. Cartan [57] which
states that a complete Riemannian n-manifold isometrically and totally umbilically
immersed in R™ is embedded as a totally geodesic n-plane or a metric n-sphere
S§" C R"™"!' c R™. (See also B.Y. Chen [98] or M. Spivak [495, Vol. 4, p. 110] for a
proof of Cartan’s theorem.) O

Remark 2.75 (Another proof of Theorem 2.73). As a consequence of Theorem 2.74,
we get another proof of Theorem 2.73 that a taut immersion f : §" — R”
is an embedding of S" as a metric hypersphere in R"*! C R™. Specifically, if
f 8" — R™ is taut, then every nondegenerate distance function L, has exactly one
maximum and one minimum. Thus all of the critical points of L, have index O or n,
and so f embeds S” as a metric hypersphere in R"*! C R by Theorem 2.74.

Taut embeddings of maximal codimension

Finally, as with Theorem 2.46 for TPP immersions, there is a bound on the codi-
mension of a substantial STPP embedding of a compact, connected n-dimensional
manifold into R™. This follows fairly directly from Theorem 2.46, Corollary 2.72,
and the fact that the STPP implies the TPP. This result is due to Banchoff [20]
for n = 2 and to Carter and West [61] for n > 3 (see also [95, pp. 124-125]).
The standard embeddings of RP" into R™, m = n(n + 3)/2, are described in
detail in Section 2.9. The term “projectively equivalent” means up to a projective
transformation in the sense defined in Remark 2.38.

Theorem 2.76. Letf : M* — R™, n > 2, be a substantial smooth immersion of a
compact, connected n-dimensional manifold.

(a) Iff has the STPP, then m < n(n + 3)/2.

(b) Iff has the STPP and m = n(n + 3)/2, then f is projectively equivalent to a
standard embedding of RP" into R™, and the image f (M) lies in a metric sphere
Sm—l c R™.

Proof. Since the STPP implies the TPP, part (a) follows immediately from part (a)
of Theorem 2.46.

To prove part (b), suppose that m = n(n+3)/2 forn > 2. If the image (M) does
not lie in a metric sphere in R™, then by Corollary 2.72 (for the STPP), there exists



2.8 The Relationship between Taut and Dupin 65

a substantial spherical STPP embedding f : M — R™*t!. This contradicts part (a)
of the theorem. Furthermore, f is a TPP embedding of an n-dimensional manifold
into R” with m = n(n + 3)/2 for n > 2. Thus, by part (b) of Theorem 2.46, f
is a standard embedding f : RP" — R” of a projective space, up to a projective
transformation of R™. O

We also have the following similar result for taut embeddings of non-compact
manifolds into R”~! due to Carter and West [61] (see also [95, pp- 124-125]).

Theorem 2.77. Let ¢ : M" — R"™, n > 2, be a substantial smooth proper
immersion of a non-compact, connected n-dimensional manifold.

(a) If g is taut, then m < @ — 1.

(b) If g is taut and m = @ — 1, then g = t of, where f : RP" — R"*! s
projectively equivalent to a standard embedding and the image of f lies in a
metric sphere S C R™! and © : S™ — {P} — R is stereographic projection
with pole P € f(M).

Remark 2.78 (Tight and taut immersions into hyperbolic space). In hyperbolic
space H™ there are three types of totally umbilic hypersurfaces: spheres, horo-
spheres, and equidistant hypersurfaces (those at a fixed oriented distance from
a totally geodesic hyperplane, including hyperplanes themselves). These have
constant sectional curvature which is positive, zero, or negative, for spheres,
horospheres, and equidistant hypersurfaces, respectively. Thus, there are three
natural types of distance functions Ly, L, and L., which measure the distance from a
given point p, horosphere 4, or hyperplane 7, respectively. Just as in Euclidean space
(see Theorem 2.74), the totally umbilic hypersurfaces of H" can be characterized
in terms of the critical point behavior of these distance functions as follows (see
Cecil-Ryan [90]).

Theorem 2.79. Let M",n > 2, be a connected, complete Riemannian manifold
isometrically immersed in H™. Every Morse function of the form L, or Ly has index
0 ornat all of its critical points if and only if M is embedded as a sphere, horosphere,
or equidistant hypersurface in a totally geodesic H"*' C H™.

An immersion f : M — H™ is called taut, horo-tight, or tight, respectively, if every
nondegenerate function L,, Ly, or L, has the minimum number of critical points
required by the Morse inequalities. See Cecil and Ryan [90, 91], [95, pp. 233-236],
and Izumiya et al. [227, 228], for more on these conditions.

2.8 The Relationship between Taut and Dupin

In this section, we examine the relationship between taut and Dupin submanifolds.
We begin with a theorem of Thorbergsson [533] which states that the proper
Dupin condition implies tautness for complete embedded hypersurfaces in real
space forms. After stating the theorem, we will make some comments regarding
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Thorbergsson’s approach to proving this result, and we refer the reader to [533] for
a complete proof.

Theorem 2.80. Let M" C M"+! be a complete, connected proper Dupin hypersur-
face embedded in a real space form M. Then M is taut.

We now discuss Thorbergsson’s method of proof. Let p € M1 and let L, be
the distance function L,(x) = d(p,x)?, where d(p, x) is the distance from p to x in
M By Sard’s Theorem, the restriction of L, to M is a Morse function for almost
all p e M"t1,

To prove that M is tautly embedded, one must show that every nondegenerate
(Morse) function of the form L, has the minimum number of critical points required
by the Morse inequalities on M. Equivalently, one can show that every critical point
of every nondegenerate distance function is of linking type (see, Morse—Cairns [379,
p. 258] and the comments after Theorem 2.28 on page 38). That is the method used
by Thorbergsson, as we now discuss.

Specifically, since M is a complete embedded hypersurface in a (simply con-
nected) real space form, M is orientable, and we take & to be a field of unit normal
vectors on M. Since M is proper Dupin, it has g distinct principal curvatures at each
point, and thus we have g smooth principal curvature functions:

A > Ay > > A, (2.133)

with respective constant multiplicities my, ..., m, on M.

Let E : NM — M"*! be the normal exponential map of M as defined in
Section 2.2. By Theorem 2.1, a point p = E(x, t£(x)) is a focal point of (M, x) of
multiplicity m > 0 if and only if there is a principal curvature A of A of multiplicity
m such that:

A =1/t if M = R,

A = cote, if M"T! = "1, (2.134)

A = cotht, if M"t! = H"!,
Thus, as noted earlier, if a principal curvature function A has constant multiplicity
m on M, then we can define a smooth focal map f, from an open subset U C M
(defined below) onto the sheet of the focal set of M determined by A. Using

equation (2.134) for the location of the focal points, we define the map f; by the
formulas:

1
A0 =100 + 5 €,
fi(x) = cos 8 f(x) + sin 6 £(x), where cotf = A, (2.135)
f1(x) = cosh 8 f(x) + sinh 6 &£(x), where cothf = A,

for M equal to R"+!, §"*! and H"+!, respectively.
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In the case of R"*!, the domain U of the focal map f; is the set of points in M
where A # 0. In hyperbolic space, the domain U of f; is the set of points where
|A| > 1.1In the case of S"*!, at each point x € M the principal curvature A gives rise
to two antipodal focal points in §"*! determined by substituting # = cot™! A and
6 = cot™!' A 4+ = into equation (2.135). Thus, A gives rise to two antipodal focal
maps into S" 1.

Define p;(x) = 1/A;(x) if M"t' = R**! and A;(x) # 0; pi(x) = cot™! A;(x)
if Mt = §"*t1 and pi(x) = coth™! A;(x) if M"T! = H"t! and |A(x)| >
1. Then the focal point f;(x) corresponding to the principal curvature A;(x) is
fi(x) = E(x, pi(x)§ (x)).

For x € M, let S;(x) denote the leaf of the principal foliation 7; determined by A;
through the point x. If x is in the domain U of the focal map f;, then by Theorems 2.11
and 2.14, the Dupin condition implies that the leaf S;(x) is a compact m;-dimensional
metric sphere contained in a totally geodesic (m; + 1)-dimensional submanifold of
M"+! (which does not necessarily contain the focal point f;(x)). The m;-sphere S;(x)
is also contained in the metric hypersphere (the curvature sphere) in M"+! with
center f;(x) and radius |p;(x)|, and S;(x) is either a great or small sphere in this
curvature sphere.

Using these facts about the principal foliations 7; by m;-spheres on the domain
U of f;, Thorbergsson gave an inductive procedure using iterated sphere bundles
to construct concrete Z,-cycles in M to show that every critical point of every
nondegenerate distance function L, is of linking type, and thus M is taut. (See
Thorbergsson’s paper [533] for the detailed construction.)

As noted earlier in Theorem 2.62, using the Gysin sequence of the unit normal
bundle of the submanifold M, Pinkall [447] proved the following result concerning
submanifolds of codimension greater than one. We restate the theorem here for the
sake of completeness.

Theorem 2.81. Letf : M — R" be a compact, connected embedded submanifold
of R" of codimension greater than one, and let t > 0 be sufficiently small so that the
tube f; : BM — R" is a compact, connected embedded hypersurface in R". Then
f(M) is taut with respect to Z, coefficients if and only if the tube f;(M) is taut with
respect to L coefficients.

We can use this to generalize Theorem 2.80 to submanifolds of higher codi-
mension as follows. Recall from Remark 2.21 that if f : M — R" is an
immersed submanifold of R” with codimension greater than one, then a connected
submanifold S C M is called a curvature surface of f(M) if there exists a parallel
(with respect to the normal connection) section of the unit normal bundle n : S —
B"! such that for each x € S, the tangent space TS is equal to some eigenspace
of Ap@). As in Remark 2.26, the submanifold f(M) is called Dupin if along each
curvature surface, the corresponding principal curvature is constant. In that case,
f(M) is called proper Dupin if the number of distinct principal curvatures is constant
on the unit normal bundle B"~!. We can now prove the following result due to
Pinkall [447].
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Theorem 2.82. Let M be a compact, connected proper Dupin submanifold of
codimension greater than one embedded in R". Then M is taut with respect to Z;
coefficients.

Proof. Let f : M — R" be the embedding of M as a compact, connected proper
Dupin submanifold, and let # > 0 be sufficiently small so that the tube f; : BM — R”"
is a compact, connected embedded hypersurface in R”. Since f(M) is proper Dupin,
the multiplicities of its principal curvatures are constant on its unit normal bundle
B""!. Then by using Theorem 2.2 (page 17) regarding the shape operators of a
tube, one easily shows that f;(M) is a proper Dupin hypersurface embedded in R”.
By Theorem 2.80, f;(M) is a taut hypersurface, and thus by Theorem 2.81, f(M) is
also taut. O

More generally, tautness has been established for Dupin submanifolds with
constant multiplicities of higher codimension by Terng [527] and [529, p. 467].
These are Dupin submanifolds M C R”" of codimension greater than one such that
the multiplicities of the principal curvatures of any parallel normal field & (¢) along
any piecewise smooth curve on M are constant.

Taut implies Dupin

In the opposite direction of Theorem 2.80, Pinkall [447] and Miyaoka [364] (for
hypersurfaces) independently proved the following theorem, which is also valid for
submanifolds of S”. We give Pinkall’s proof below, following the presentation given
in [95, pp. 194-196].

Theorem 2.83. Every taut submanifold M C R" is Dupin (but not necessarily
proper Dupin).

Remark 2.84. Although a taut submanifold is always Dupin, it need not be proper
Dupin, as we see from Example 2.22 (page 33). In that example, the tube M> of
sufficiently small radius € over a torus of revolution 72> C R?® C R* is taut (see
Remark 2.61), but it is not proper Dupin, since there are only two distinct principal
curvatures on the set 72 x {#¢}, but three distinct principal curvatures elsewhere
on M.

To begin the proof of Theorem 2.83, let M C R” be a connected taut submanifold
of arbitrary codimension. To prove that M is Dupin, we must show that along any
curvature surface the corresponding principal curvature is constant. As shown in
Theorem 2.23, this is always true if the dimension of the curvature surface is greater
than one. Thus, the proof consists in showing that along any 1-dimensional curvature
surface (line of curvature), the corresponding principal curvature is constant.
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Let y be a line of curvature in M. By definition y is a connected 1-dimensional
submanifold of M for which there is a parallel (with respect to the normal connection
VL) unit normal field £ defined along y such that for each x € y, the tangent space
Ty is a principal space of the shape operator A¢. Assuming that A(x) # 0 for some
X € y, the curvature sphere determined by A at x is the hypersphere in R" with center
at the focal point

Fil) =x+ ﬁs(x), 2.136)

and radius 1/|A(x)].

The following lemma is a generalization of the classical result that if the
curvature of a plane curve has nonvanishing derivative on a parameter interval, then
the corresponding one-parameter family of osculating circles is nested one within
another (see, for example, Stoker [501, p. 31]).

Lemma 2.85. Let y(s) be a unit speed parametrization of a line of curvature of a
submanifold M C R" with corresponding principal curvature function A. Suppose
that )\ and its derivative A" are both nonzero along y. Then along vy, the family of
curvature spheres determined by A is nested.

Proof. By appropriate choice of sign of the parallel unit normal field £ and the
direction of the unit speed parametrization, we can assume that A < 0 and A’ > 0
on y, where the prime denotes differentiation with respect to s. Let £(s) denote
the normal vector field £(y(s)). Let s; and s, be any two parameter values with
s1 < 83, and let p; and p; be the A-focal points of x; = y(s1) and x, = y(s2), as in
equation (2.136). Let «(s) be the evolute curve (focal curve)

a(s) = p(s) + ﬁw). (2.137)

—
Using the fact that V& = 0, we can compute that the velocity vector £ (s) to the
curve £(s) is given by

T = -AT ) = 2O T ). (2.138)

Using this, we calculate that the velocity vector to the curve «(s) is

A (s) = (%) £(s). (2.139)

Thus, the arc-length of the evolute curve from p; to p; is

1 1

LR R 2.140
S R (2140
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where p is the Euclidean distance d(x;,p;) and 0 = d(x;,p;). The left side of
equation (2.140) equals o — p, since A(s;) and A(s;) are both negative. We know that
« is not a straight line segment, since £ is not constant along y. Thus, d(p1, p2) <
o — p, and by the triangle inequality, the closed ball B, (p;) with center p; and radius
p is contained in the interior of the closed ball B, (p2). |

Proof (of Theorem 2.83). As noted earlier, to prove that M is Dupin we must show
that if y is any line of curvature on M, then the corresponding principal curvature A
is constant along y. If A is identically zero on y, then A is constant along y as needed.
Otherwise, there exists a unit speed parametrization y (s) on a real parameter interval
(a, b) with A(s) < 0and A'(s) > O for all s € (a, b), as in Lemma 2.85. For each s in
the interval (a, b), let By be the closed ball of radius 1/|A(s)| centered at the A-focal
point «(s) given in equation (2.137). Let

B(s) = dim H,(M N B, Z). (2.141)

By the tautness of M, the number B(s) is a finite integer for each s in (a, b). We will
obtain a contradiction by proving that the function S(s) is strictly increasing on the
parameter interval (a, b), which is clearly impossible for an integer-valued function.

To see this, let s; and s, be any two parameter values in (a, b) with s; < s, and
let By and B, be the corresponding closed balls centered at the A-focal points «(s;)
and a(s,), respectively. We will prove that the homomorphism,

j:He(M O By) — Hy(M N By), (2.142)

induced by the inclusion B; C B, is injective, but not surjective, and thus 8(s;) <
B(s2).

The injectivity of the map j follows immediately from the tautness of M, since
the injective map

H.(M N By) = H,(M), (2.143)

factors through the sequence

H.(M N By) > Ho(M N By) — Ha(M). (2.144)

To show that j is not surjective, consider any parameter value sy with s; < 59 <
s2. Let pg = a(sg) denote the A-focal point of y(sy), and let By be the closed ball
centered at p, of radius 1/|A(so)|. Let g be a point on the normal ray from y (sg) to pg
such that g is beyond p( and before the next focal point (if any exist) of (M, y(so)) on
the normal ray. The point ¢ can be chosen arbitrarily close to py. By Corollary 2.52,
there exists a point p € R" arbitrarily near to g (and hence to pg also) such that L, is
a Morse function having a nondegenerate critical point x arbitrarily near to y(so) and
no other critical points at the same level. Let r = d(p, x). By Lemma 2.85, we have

B; C int(By), By C int(B»), (2.145)
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where int(Bj) denotes the interior of By. Since p and x can be chosen arbitrarily
close to pg and y(sp), respectively, there exists a § > 0 such that

Bi C int(B—s(p)). Brys(p) C int(By). (2.146)

Let k be the index of L, at the critical point x. Since M is taut, the k-th Betti number
increases by one as the critical point x is passed, and thus the homomorphism

H (M N B,—5(p)) — H(M 0 By 5(p)) (2.147)

is injective but not surjective. The map j factors through the sequence of homomor-
phisms induced by inclusions

Hi (M N By) — Hi(M 0 B,—5(p)) = Hi(M N By1.5(p)) — Hi(M N By).

By tautness, all of the maps in this sequence are injective, but the middle one is not
surjective, as shown in equation (2.147). Thus, the map j is not surjective, and so
B(s1) < B(s2). This is true for all s; < s, in the interval (a, b), which is impossible
for the integer-valued function 8. This completes the proof of Theorem 2.83. O

Ozawa’s Theorem

In the case where M is compact, we can use a theorem of Ozawa [421] to obtain
a result which is slightly stronger than Theorem 2.83, as was noted in [76]. Note
that the definition of a Dupin hypersurface in Section 2.5 does not require that
given a principal space T) at a point x € M, there exists a curvature surface S
through x whose tangent space at x is 7). However, using the following result of
Ozawa [421], we can show that tautness does imply that this property holds on M
(see Corollary 2.88 below). We first state Ozawa’s result and then use it to derive
this corollary. Ozawa proved his result using Morse—Bott critical point theory (see
[49]) and a careful analysis of the critical submanifolds, and we refer the reader to
Ozawa’s paper for a complete proof.

Theorem 2.86. Let M be a taut compact, connected submanifold of R", and let L,
be a Euclidean distance function on M. Let x € M be a critical point of L, and let S
be the connected component of the critical set of L, which contains x. Then S is

(a) a smooth compact manifold of dimension equal to the nullity of the Hessian of
L, at the critical point x,

(b) nondegenerate as a critical manifold,

(c) tautin R".

Part (a) of the theorem implies that for each p € R”", the critical set of L, is a
union of smooth, compact submanifolds of R". Note that the critical set of L, is the
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pre-image of p under the normal exponential map of the submanifold M. Thus, part
(a) of the theorem implies that for each p € R”, the pre-image of p under the normal
exponential map is a union of submanifolds.

Remark 2.87 (Taut embeddings into complete Riemannian manifolds). Using dif-
ferent approaches, Grove and Halperin [185]), and independently, Terng and
Thorbergsson [531], extended the notion of tautness to properly embedded sub-
manifolds of complete Riemannian manifolds. Specifically, a submanifold M of a
complete Riemannian manifold N is said to be taut if there exists a field F such that
each energy functional:

1
E,(y) = /O Iy (0)|dt, (2.148)

on the space P(N, M x p) of H'-paths y : [0, 1] — N from M to a fixed point p € N
is a perfect Morse function with respect to F, if p is not a focal point of M. (Here
a path is H' if it is absolutely continuous and the length of its derivative is square
integrable.)

This definition can be shown to agree with the usual definition of tautness for
submanifolds of Euclidean space. Terng and Thorbergsson [531] showed that many
of the important properties of taut embeddings into Euclidean space have natural
analogues in this more general setting.

In a recent paper, Wiesendorf [554] proved that a compact, connected subman-
ifold M embedded in a complete Riemannian manifold N is taut if and only if for
each point p in N, the pre-image of p under the normal exponential map of M is a
union of submanifolds, as in Ozawa’s Theorem above.

Wiesendorf also proved that if M is taut with respect to any field F, then M is also
taut with respect to Z,. In addition, Wiesendorf proved several results concerning
singular Riemannian foliations, all of whose leaves are taut (see also Lytchak [338,
339], Lytchak and Thorbergsson [340, 341]).

In the context of taut submanifolds of complete Riemannian manifolds, Taylor
[524] gave a classification of immersions of $"~! into a complete Riemannian
manifold N" which have odd order in homotopy and are taut. (See also Hebda
[191, 192], Kahn [232], and Ruberman [467] for related results.)

Using Ozawa’s theorem, we can prove the following corollary (as in [76, p. 154]).
Corollary 2.88. Let M be a taut compact, connected submanifold of R". Then

(a) M is a Dupin submanifold.

(b) Given a principal space Ty, of a shape operator Ag at a point x € M, there exists
a curvature surface S through x whose tangent space at x is equal to T,, and A
is constant along S.

Proof. Note that part (b) implies part (a), so we will prove part (b). Letf : M — R”"
be a taut embedding. Let £ be a unit normal vector at an arbitrary point x € M,
and let A be a principal curvature of A¢. We first consider the case where A # 0. Let
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p = f(x)+ (1/1)& be the focal point of (M, x) determined by the principal curvature
A of Ag. Then the distance function L, has a degenerate critical point at x and the
nullity of the Hessian of L, at x is equal to the multiplicity m of A as an eigenvalue
of Ag (see [359, p. 36]). By Ozawa’s theorem, the connected component S of the
critical set of L, containing x is a smooth submanifold (a critical submanifold) of
dimension m. We will now show that S is the desired curvature surface and that the
corresponding principal curvature is constant along S.

The function L, has a constant value, which is 1/ A2, on the critical submanifold
S. Thus, for every point y € S, the vector p — f(y) is normal to f(M) at f(y), and it
has length 1/|A|. So we can extend the normal vector & to a unit normal vector field
to f(M) along S, which we also denote by &, by setting £(y) = A(p — f(y)). Note
that p is a focal point of (M, y) for every point y € S, and Ozawa’s theorem implies
that the number A is an eigenvalue of Ag(y) of multiplicity m = dim S for every point
y € S. Thus, the principal curvature A is constant along S. We next show that 7S
equals the principal space T} (y) at each point y € S, and that the normal field £ is
parallel along S with respect to the normal connection. Consider the focal map,

£0) =F0) + 1£0)

fory € S. Then f, (y) = p forall y € S. Let X be any tangent vector to S at any point
y € S. Then (f))«X = 0, since f is constant on S. On the other hand,

(fk)*X :f*X + %S*X»

and £, X = Dx& = fu(—A:X) + Vi£. Therefore,
()X = fu(X — IAEX) + xvx €.

Since (f3)+X = 0, we see that AcX = AX and Vié = 0. Thus, £ is parallel along
S and 7,S C Ty (y). Since 7,S and T} (y) have the same dimension, they are equal.
So S is the curvature surface through y corresponding to the principal curvature A,
which is constant along S.

Now suppose that A = 0is an eigenvalue of A¢ atx. Leto : R""!'—{g} — R"*!1—
{gq} be an inversion, as in equation (2.50), centered at a point ¢ € R" chosen so that
q ¢ f(M), and so that the principal curvature p of the embedding of : M — R”
corresponding to A by Theorem 2.6 is not zero. Since of is taut by Theorem 2.70
and u # 0, the argument above shows that there exists a curvature surface V of
of through x whose tangent space at x is equal to 7}, and u is constant along V.
Applying the inversion o again, we get a curvature surface S = o (V) corresponding
to the principal curvature A of f = o2f, and A is constant along S, as needed in part
(b) of the theorem. This completes the proof. O
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Remark 2.89 (On the relationship between taut and “semi-Dupin”). In the book
[95, p. 189], a Dupin (but not necessarily proper Dupin) hypersurface which satisfies
Condition (b) in Corollary 2.88 was called “semi-Dupin.” Corollary 2.88 gives
an affirmative answer to one direction of Conjecture 6.19 in [95, p. 189], that is,
taut implies semi-Dupin for a compact, connected submanifold of R". Perhaps the
converse can be proved using the approach of Wiesendorf [554] .

2.9 Standard Embeddings of Projective Spaces

In this section, we consider the standard embeddings of projective spaces into
Euclidean space. These are important in the theory of tight and taut submanifolds,
as well as in the theory of isoparametric hypersurfaces (see Subsection 3.8.3,
page 151), and we will present some of the associated results here also. This
section is based on the paper of Tai [505] (see also Section 9 of Chapter 1 of
[95, pp. 87-98]).

As noted in Theorem 2.46 on page 48, Kuiper [300] showed that if f : M" — R”
is a substantial TPP immersion, then m < n(n + 3)/2. In a much deeper result,
he also showed that a substantial TPP immersion f : M?> — R® (so having
maximal codimension) is a Veronese surface (see Remark 2.45), which is a standard
embedding f : RP> — R’ up to a projective transformation (as defined in
Remark 2.38). Kuiper’s result was then generalized by Little and Pohl [333], who
showed that a TPP immersion f : M" — R", m = n(n + 3)/2, is a standard
embedding of RP", up to projective transformation. (See also [95, pp. 98-108] for
a proof of the result of Little and Pohl).

Kuiper and Pohl [307] also generalized some of these results to the topological
category by proving that if f : RP> — R, m > 5, is a substantial TPP topological
embedding, then m = 5, and f is either a smooth standard embedding (up to
projective transformation) or the TPP polyhedral embedding of Banchoff [22] (see
also Example 5.21 of [95, p. 37]).

We now begin our presentation of the standard embeddings, following the
approach and using the notation of Tai [505]. Let F be one of the division algebras,
R, C or H (quaternions). For ¢ € H, we can write,

q =ro+ ri+rj+rk, (2.149)
where rg, r1, 12, r3 are real numbers, and the conjugate of q is defined by

q =1y —rii — ryj — rik. (2.150)
The norm of ¢ is given by |¢| = (¢q)"/>. If ¢ € C, then g is the usual complex

conjugate, and if ¢ € R, then g = ¢g. We let d = 1,2,4, respectively, for the
algebras R, C, H. If A is a matrix with coefficients in F, we define A* = AT,
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where AT denotes the transpose of A. Then it is easy to check that the following two
equations hold, whenever the indicated operations make sense,

(AB)* = B*A*, (2.151)
9N (trace (AB)) = N (trace (BA)). (2.152)

Here 9 denotes the real part.
Let M(n + 1, F) denote the space of all (n + 1) x (n + 1) matrices over F. Let

Hn+1,F)={AeM@n+ 1,F) |A* = A} (2.153)
be the space of Hermitian matrices over F. If A is Hermitian, then the off-diagonal

entries in A are in F, while the diagonal entries are in R. Thus, H(n + 1, F) is a real
vector space with dimension given by

1)d
dimH(n + 1,F) = w—}—n—}—l. (2.154)

Let
Un+1,F) = {A € M(n + 1,F) | AA* = I). (2.155)

Then for F = R, C, H, respectively, U(n + 1, F) is equal to O(n + 1), U(n + 1),
Sp(n + 1), respectively.

The space F'*! is a Euclidean space of real dimension (n + 1)d. The usual
Euclidean inner product on F*+! = R4 i5 given by

(x,y) = R ("), (2.156)

where x and y in F"t! are considered as column vectors, such as,

X0
x|
x=| |, (2.157)
and thus x* = (X, ...,X,), arow vector. Then
(x,Ay) = (A%x,y), (2.158)

forallA e M(n + 1,F).
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The space M(n + 1, F) can be considered as a Euclidean space of real dimension
(n + 1)2d, and the usual Euclidean inner product is given by

(A, B) = M (trace (AB™)), (2.159)
forA,B € M(n + 1,F). On the subspace H(n + 1, F), this simplifies to
(A, B) = 0 (trace (AB)). (2.160)

Let S®*+D4=1 be the unit sphere in F'*!, and let FP” be the quotient space of
S +Dd=1 ynder the equivalence relation,

(x5 ..oy Xn) = (XoA, ..., x,A), A €eF, |A|=1 (2.161)

Consider the map from S”+D4=1into H(n + 1, F) given by

x0l* x0X1 -+ X0%,
- ’ -
xXi1xo |xi|” - xx,
xis ot = | F%0 il e (2.162)
s = 2
XnXo XpX1 +- |X
for x a column vector as in equation (2.157) with |x| = 1. Note that if y = xA for

A € Fwith |A| = 1, then xx* = yy*. Furthermore, if xx* = yy*, then multiplication
of this equation by x on the right gives

x=y'x=yA, (2.163)

where A = y*xis in F and |A| = 1. Thus, the map in equation (2.162) induces a
well-defined, injective map ¢ : FP" — H(n + 1, F).

The image of ¢ consists precisely of those matrices in M(n + 1, F) satisfying the
equation,

A=A* =A% rankA=1. (2.164)

In fact, ¢ (x) is just the matrix representation of orthogonal projection of F**! onto
the F-line spanned by the vector x. One can verify that ¢ is a smooth immersion
on FP" by a direct calculation, or else deduce this fact as a consequence of the
equivariance given in Theorem 2.91 below. Thus, ¢ is a smooth embedding of FP"
into H(n 4+ 1, F). We can, and often will, consider (xo, ..., x,) to be homogeneous
coordinates on FP".

This embedding ¢ : FP" — H(n + 1, F) is often called the standard embedding
of FP" into the Euclidean space H(n + 1,F). In the case F = R, the formula in
equation (2.162) agrees with the formula x — xx” for the Veronese embedding, but
this is not true for F = C or H, since x* does not equal xT in those cases.
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The condition |x| = 1 is equivalent to the condition trace ¢(x) = 1. Hence, the
image of ¢ lies in the hyperplane in H(n + 1, F) given by the linear equation trace
A = 1. We now show that the image of ¢ does not lie in any lower dimensional
plane, and hence ¢ is a substantial map into the space

RY={AecHn+ 1,F) |trace A = 1}, (2.165)
where
1)d
N= @ fn (2.166)

For the remainder of this section, N will always have the value given in equa-
tion (2.166).

Theorem 2.90. The standard embedding ¢ : FP" — RY is substantial in RV, and
its image lies in a metric sphere in RV,

Proof. Let p be an arbitrary point in the unit sphere S”*D4=! and let X be a unit
tangent vector to S+ at p. Consider the curve,

a(t) = costp + sint X. (2.167)
Then
d * * *
(X)) = = [a(t) & (D)]|;=0 = pX™ + Xp™. (2.168)
Let {eg, . .., e,} be the standard basis of F"*! as a vector space over the field F. If we

take p = e; and X = e;u, for j # i and u a unit length element of F, equation (2.168)
implies that ¢ (X) is a matrix which is zero except for u in the (j, i) position and u
in the (i, j) position. This shows that all off-diagonal elements of H(n + 1, F) occur
as tangent vectors to ¢.

If we take p = e, X = e; and evaluate at 1 = /4, we get

¢+ (X) = eje] — epep, (2.169)

showing that all real diagonal matrices with trace zero also occur. Thus, ¢ embeds
FP” substantially into the Euclidean space R" given in equation (2.165).
Finally, note that

(xx*, xx*) = trace [(xx*)?] = trace [xx*] = 1, (2.170)

so that the image of ¢ lies in the intersection of RY with the unit sphere in M (n +
1, F), which is a metric sphere in RV. m|



78 2 Submanifolds of Real Space Forms

We next show that the embedding ¢ : FP" — H(n + 1,F) is equivariant with
respect to the linear action of U(n + 1, F) on M(n + 1, F) defined by

U(A) = UAU*, 2.171)

forU € Un+ 1,F) and A € M(n + 1,F). An elementary calculation shows that
this group action preserves the inner product on M(n + 1, F). Further, we have

¢ (Ux) = (Ux)(Ux)* = Uxx*U* = U(¢(x)), (2.172)

forx € FP" and U € U(n + 1, F). Thus we have the following theorem.

Theorem 2.91. The embedding ¢ : FP" — H(n + 1, F) is equivariant with respect
to and invariant under the action of U(n + 1,F), i.e.,

¢ (Ux) = U(¢(x)) € ¢(FP"), (2.173)

forallx € FP", and U € U(n + 1,F).

The standard embeddings are taut

As noted in Sections 2.6 and 2.7, the standard embeddings of projective spaces
play a special role in the theory of tight and taut immersions of manifolds into
Euclidean spaces. We now prove that these standard embeddings are taut, substantial
embeddings of FP” into RV,

Theorem 2.92. The embedding ¢ : FP" — H(n + 1,F) is taut. Hence, the
embedding ¢ : FP" — R is taut and substantial.

Proof. We will prove that the embedding ¢ : FP* — RY C H(n+1,F) is tight, and
since ¢ is spherical by Theorem 2.90, ¢ is also taut by Theorem 2.69. We already
know that the embedding ¢ : FP" — RY is substantial by Theorem 2.90.

To establish the tightness if ¢, we will prove that every nondegenerate linear
height function I, for A € H(n + 1, F), has the minimum number of critical points
required by the Morse inequalities. Thus ¢ : FP" — H(n + 1, F) is tight. Since RV
is a Euclidean subspace of H(n + 1, F), every height function in R corresponds to
a height function in H(n + 1, F), and so ¢ is also tight as an embedding into R".

Let A € H(n + 1,F), and let x be a point in the sphere S”TD4=! Then x is also
a homogeneous coordinate vector of the point in FP" corresponding to the F-line in
F"*! determined by x. We compute the value of the linear height function , at x as,

Ii(x) = (A, ¢ (x)) = (A, xx™) = R trace (Axx™) = R trace (x"Ax) = (x, Ax).

Thus, if X is a tangent vector to the sphere at x, we have
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Xy = (X, Ax) + (x, AX) = 2(X, Ax). 2.174)

Therefore, I4 has a critical point at x if and only if (X, Ax) = 0 for all X tangent
to the sphere at x. This means that the vector Ax is normal to the sphere S'+D4=1
at x, and so Ax is a real multiple of the vector x. Thus, the critical points of the
height function /4 on the sphere correspond to real eigenvectors of the matrix A.
The usual inductive process (maximizing (x, Ax)) can be used to produce n + 1 real
eigenvalues (not necessarily distinct) of A, each with a d-dimensional eigenspace. In
fact, if x and A € R are such that Ax = Ax, and u is a unit length element in F, then
A(xu) = A(xu), and thus xu is also an eigenvector of A corresponding to the real
eigenvalue A. However, for any given x € S#+14=1 all the points xu in S"TD4~1
determine the same point of the projective space FP". Thus, I, has precisely n + 1
critical points on FP" provided that the n + 1 real eigenvalues of A are distinct.

We now compute the Hessian of 4 at a point x such that Ax = Axfor A € R.LetX
and Y be tangent to the sphere at x. To get H(X, Y), we differentiate equation (2.174)
in the direction Y. We use the decomposition of the Euclidean covariant derivative:

DyX = VyX — (X, Y)x, (2.175)

where VyX is the component tangent to the sphere S®+D4=1 and the normal
component is —(X, Y)x. We extend X to a vector field tangent to the sphere in a
neighborhood of x and then differentiate the expression 2(X, Ax) in the direction Y
to get

H(X.Y) = Y(2(X, Ax)) = 2((DyX, Ax) + (X, AY))
=2 ((VyX,Ax) — (X, Y)(x,Ax) + (X,AY)) (2.176)
=2 (—(X.Y)A + (AX.Y)) = 2 (A — ADX.Y),

since the term (VyX, Ax) equals zero, because VyX is tangent to the sphere, while
Ax = Ax is normal to the sphere at x. Equation (2.176) shows that the Hessian is
nondegenerate if and only if all of the eigenvalues of A with eigenspaces orthogonal
to the F-line determined by x are distinct from A. In particular, /4 is a Morse function
on FP" if and only if all n+ 1 eigenvalues are distinct. In that case, a consideration of
the Hessian shows that /4 has one critical point of index k for each of the following
values,

k=0,d,2d,... nd (2.177)

Thus, every Morse function of the form 4 has n + 1 critical points with indices
given in equation (2.177). This shows that the embedding ¢ : FP" — H(n+1,F) is
tight. In the case of F = R, this follows from the well-known fact that the Z,-Betti
numbers of RP" are as follows:

Bi(RP",Zy) =1, for0 <i <n. (2.178)
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In the cases of F = C or F = H, the construction of a Morse function on FP"
having exactly one critical point of index k for each k in equation (2.177) and no
other critical points determines the Betti numbers of these spaces as follows,

Bi(FP" . Z,) =1, fori = 0,d,2d,...,nd, and O otherwise. 2.179)

This follows from the lacunary principle in Morse theory (see, for example, Morse—
Cairns [379, p. 272] or Milnor [359, p. 31]), which states if a Morse function f :
M — R on a compact manifold has no critical points of index i — 1 and no critical
points of index i + 1, then for any field K, the K-Betti numbers of M satisfy 8,1 =
Bix1 = 0, and B; = p,;, where u; is the number of critical points of f of index i
on M. a

Tight embeddings of projective spaces

Kuiper [300] presented a variation of the standard embeddings of projective spaces
due to H. Hopf [201] which gives tight substantial embeddings of FP" into
lower dimensional Euclidean spaces produced by composing ¢ with orthogonal
projections onto certain subspaces of H(n + 1, F).

Theorem 2.93. There exists a tight substantial embedding of FP" into R™ for

1)d
2n—1)d+1<m <N, where N = w—i—n
Proof. The embeddings are obtained by projecting the standard embedding onto an
appropriate subspace R” of H(n + 1, F). Define the following quadratic functions

in the homogeneous coordinates (xo, . . ., x,) of FP",
a= Y xi%. k=0....2n-1. (2.180)
i+j=k
i<j

The values of z; are real for k = 0 and are in F for £k > 0. These functions are
easily shown to be linearly independent, and so the mapping v : FP" — RX, where
K = (2n— 1)d + 1, given by

V(x) = (20> 220—1) (2.181)

is a substantial map of FP” into RX. Furthermore, the values of all the homogeneous
coordinates (xo, ..., X,) can be recovered by knowing (zo, ..., Zon—1), SO the map-
ping ¥ is injective on FP". Finally, one can compute that v is an immersion, and
thus v is a substantial embedding of FP” into RX.
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The embedding v is related to the standard embedding ¢ as follows. For each &,
0 < k < 2n — 1, let M} be the matrix having a 1 in the (i, /) position for i 4+ j = k,
i <j, and zero elsewhere. The M; are mutually orthogonal, and so we can write,

2n—1

Y@ =Y aMi/|Mil. (2.182)

k=0

Note that v = o o ¢, where ¢ is the standard embedding and o is the orthogonal
projection of H(n + 1,F) onto the Euclidean subspace RX determined by real
multiples of M, and F-multiples of the other M. By Remark 2.39 on page 42, the
map ¥ = o o ¢ is tight, since it is an orthogonal projection of a tight map.

To obtain a tight substantial embedding of FP" into R™ for K < m < N, one
needs to adjoin appropriate coordinates of the embedding ¢ which are linearly
independent from the coordinates of the embedding v, i.e., project ¢ (FP") into
a subspace R” of H(n + 1, F) that contains RX. Such an embedding is tight and
substantial for the same reasons as those given for . O

Remark 2.94 (Taut embeddings of Grassmann manifolds). The standard embed-
dings of projective spaces can be generalized to produce taut embeddings of
Grassmann manifolds over F = R, C, or H into R" (see, for example, Kuiper
[303, p. 113]).

For projective planes, one can get even sharper results. From Theorem 2.93 with
n = 2, we get the existence of substantial tight embeddings of FP? into R” for

3d+1<m=<3d+2. (2.183)

In fact, we can also obtain taut embeddings of FP* into R™ for these values of
m as follows. First of all, the standard embedding ¢ of FP? into R¥**2 is taut
and spherical, as was shown in Theorems 2.90 and 2.92. By composing ¢ with
stereographic projection with respect to a pole not in the image of ¢, we obtain a
taut, non-spherical embedding of FP? into R**! by Corollary 2.72.

Using methods similar to those employed in the proof of Theorem 2.92, Tai
[505] showed that the analogous embedding of OP? (Cayley projective plane)
into R?® is tight and spherical, and thus taut. Again by Corollary 2.72, we can
obtain a substantial non-spherical taut embedding of OP? into R? via stereographic
projection.

Kuiper [302, pp. 215-217] proved that these are the only dimensions possible for
tight substantial embeddings of these projective planes as follows.

Theorem 2.95. There exist tight substantial embeddings of the projective planes
FP? into R"™ for precisely the following dimensions.

(a) RP? into R* or R®,
(b) CP? into R” or RS,
(c) HP? into R or RY,
(d) OP? into R* or R*.
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Proof. The existence of tight embeddings into the spaces listed in the theorem has
been noted above. There do not exist embeddings of FP? into lower dimensional
Euclidean spaces because the normal Stiefel-Whitney class wy(FP*) # 0, where
d = 1,2,4,8 for F = R,C,H, O, respectively. (See, for example, Husemoller
[212, p. 263] and Borel-Hirzebruch [47, p. 533] for the case F = O.)

The upper bound in the case F = R is given in Theorem 2.46 (due to Kuiper) on
page 48 regarding tight immersions of maximal codimension. For the other division
algebras C, H, O, we need to use Theorem 2.48 (also due to Kuiper) on page 49 to
obtain the upper bound as follows.

The Z,-Betti numbers of FP? are known to be as follows,

Bi(FP?,Z,) = 1fori=0,d,2d, PB:(FP*,Z,) =0fori+#0,d,2d. (2.184)

By Theorem 2.48, we know that the substantial codimension of a tight smooth
immersion is less than or equal to ¢(By, . . . , B24), which is the maximal dimension of
a linear family of symmetric bilinear forms in 2d variables which contains a positive
definite form and such that no form of the family has index k if §; = 0. Thus, we
will complete the proof if we show that for the ; given in equation (2.184), we have
c(Bo, ..., P2a) =4,6,10, for d = 2,4, 8, respectively.

The result that we need is contained in Hurwitz [211] (see also Kuiper [302, pp.
232-234]). There it is shown that the desired linear family of symmetric bilinear
forms with maximal dimension can be represented by the set of symmetric matrices
of the form

Al B
[BT MI] : (2.185)

where B is the 2 x 2, 4 x 4, or 8 x 8 matrix in the upper left corner of the matrix
in equation (2.186) below, depending on whether F = C, H, O, respectively. From
this, we see that c(By, . . . , B24) has the desired values.

X1 —X2 —X3 —X4 —X5 —Xg —X7 —X§
X2 X1 —X4 X3 —X¢ X5 —Xg§ X7
X3 X4 X1 —Xp —X7 Xg X5 —Xg
X4 —X3 X2 X1 Xg X7 —Xg —Xs5

(2.186)
X5 X X7 —Xg X1 —X2 —X3 X4
X6 —X5 —Xg —X7 X2 X1 X4 X3
X7 Xg§ —X5 Xg X3 —Xg4 X1 —X2
L Xg —X7 X¢ X5 —X4 —X3 X2 X1 |
O

Remark 2.96 (Manifolds which are like projective planes). Recall that the Morse
number of a compact manifold M is the minimum number of critical points that any
Morse function has on M. A compact, connected manifold with Morse number 3
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was called a manifold which is like a projective plane by Eells and Kuiper [144],
who gave many examples of such manifolds M, all necessarily of dimensions
2k = 2,4,8, or 16. They are obtained from R?* under compactification by a
k-sphere. Of course, the projective planes FP* for F = R, C, H, O are examples.
Kuiper [303, p. 132] showed that if f : M?* — R™ is a tight substantial topological
embedding of a manifold which is like a projective plane, then m < 3k + 2.
Moreover, if f : M?* — R3**2 is a tight smooth substantial embedding of a manifold
like a projective plane, then M?* is embedded as an algebraic submanifold. For
k = 1,2, respectively, Kuiper showed that M%* is RP?, CP?, respectively, and f is a
standard embedding up to a real projective transformation of R**2. The hypothesis
of smoothness is necessary in these results, as the piecewise linear embeddings of
RP? into R’ due to Banchoff [19], and of CP? into R® due to Kiihnel and Banchoff
[299] show.

In Theorem 2.46 on page 48, we showed that the substantial codimension of a
tight immersion of an n-manifold always satisfies the inequality 1 < k < n(n+1)/2.
In the following theorem, we show that every value k in this interval can be realized.

Theorem 2.97. For every integer k satisfying 1 < k < n(n + 1)/2, there exists a
tight substantial embedding of an n-dimensional manifold M into R"**,

Proof. For k = 1, we have the embedding of S" as a metric hypersphere in R"T!,
For k = 2, take the standard product embedding of $"~! x S' into R"*2, which is
tight by Theorem 2.50 on page 51 concerning a product of tight immersions. More
generally, for 2 < k < n, we can take the standard product of §"~**! with k — 1
copies of S',

Sn7k+1 x Sl N Sl C Rn*k+2 x R2 X eee X I{2 = R"+k, (2.187)

Finally, for codimensions n+ 1 < k < n(n+ 1)/2, we can use the tight embeddings
of RP” given in Theorem 2.93. O
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