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Abstract How does immunotherapy affect the evolutionary dynamics of cancer
cells? Can we enhance the anti-cancer efficacy of T cells by using different types
of immune boosters in combination? Bearing these questions in mind, we present
a mathematical model of cancer–immune competition under immunotherapy. The
model consists of a system of structured equations for the dynamics of cancer cells
and activated T cells. Simulations highlight the ability of the model to reproduce
the emergence of cancer immunoediting, that is, the well-documented process by
which the immune system guides the somatic evolution of tumors by eliminating
highly immunogenic cancer cells. Furthermore, numerical results suggest that more
effective immunotherapy protocols can be designed by using therapeutic agents that
boost T cell proliferation in combination with boosters of immune memory.
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1 Introduction

Immunotherapy is a type of treatment that can be used to boost or restore the ability
of the immune system to fight cancer, infections or other form of disease. The
molecular identification of human cancer antigens has allowed the development
of different antigen-specific immunotherapy protocols. These include in vitro
activation of autologous tumor T cells which are re-infused into patients after
expansion, ex vivo expansion of autologous antigen-specific T cells which are then
re-infused into patients, and vaccination with an antigen and an adjuvant to elicit
therapeutic T cells [24, 28].

While T-cell-based therapies have been shown to boost the body’s ability to fight
cancers such as leukemia, lymphoma and breast cancer, they have not improve the
survival rates of patients with melanoma or lung cancer [29, 30]. However, current
immunotherapy protocols have not resulted in durable clinical improvements,
except in single patients [2,13]. A possible reason for the limited ability of cytotoxic
T cells to kill or to contain tumor growth is that they die quickly. In this scenario,
the immune response is not sustained and cancer eventually returns. For this reason,
current research trends include engineering cancer vaccines that induce both tumor-
specific effector T cells, which can reduce the tumor mass, and tumor-specific
memory T cells, which can control tumor relapse by providing the immune system
with “memory” (i.e., they quickly expand becoming activated T cells upon re-
exposure to their cognate antigen).

How does immunotherapy affect the evolutionary dynamics of cancer cells?
Can we enhance the anti-cancer efficacy of T cells by using different types of
immune boosters in combination? Bearing these questions in mind, we propose a
structured population model that describes the dynamics of a well-mixed sample
(i.e., space effects are, prima facie, kept aside) of cancer cells and activated T cells
under immunotherapy. The immunotherapy we consider is based on the delivery
of agents that boost the proliferation of T cells and immune memory. The model
includes proliferation and death processes of both cancer cells and activated T
cells. The mesoscopic formalism of the present model allows us to take into
account microscopic features of cancer–immune competition, which is not possible
in macroscopic models.

In spite of more complex mathematical models of cancer–immune competition
[1–12,14–20,23,25,26], the one we present here relies on just a few parameters. In
fact, as a first step of a long term project, this model is conceived as a tool to test
different hypothetical scenarios, rather than to perform quantitative forecasts.

The reminder of the chapter is organized as follows. In Sect. 2, we describe the
mathematical model and the related underlying assumptions. Section 3 introduces
the general setup for numerical simulations and presents the results obtained under
different parameter settings, which mimic different biological scenarios. We study
the adaptation of the antigenic profile of cancer cells in response to the action exerted
by activated T cells. We also analyze the evolution of the cancer cell density in the
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presence of T cell proliferation boosters and immune memory boosters. Finally,
Sect. 4 contains the conclusions of this chapter and provides also ideas about future
research perspectives.

2 The Model

As a reference system, we consider a population of cancer cells, structured by a
non-negative real variable u 2 U � RC that represents the antigenic expression,
and a population of activated T cells, structured by a non-negative real variable v 2
V � U that represents those antigens that T cells can effectively attack. For brevity,
we refer to the variables u and v as traits of the cancer cells and T cells, respectively.
Both cell populations are exposed to the action of two types of immunotherapies:
one aimed at boosting the proliferation of activated T cells, and the other aimed
at boosting immune memory. The local densities of cancer cells and T cells are
modeled by the functions fC .t; u/ � 0 and fI .t; v/ � 0. The related total densities
are computed as

�C .t/ D
Z

U

fC .t; u/du; �I .t/ D
Z

V

fI .t; v/dv: (1)

We represent the infusion rates of therapeutic agents boosting proliferation and
immune memory at time t 2 Œ0; T � by the functions cP .t/ � 0 and cM .t/ � 0,
respectively.

The biological phenomena of interest are modeled according to the assumptions
and the strategies summarized below. Mathematical details are similar to those
previously introduced in [6], apart from those which concern the modeling of
immunotherapies:

Cancer Cell Proliferation and Competition for Resources In order to mimic cancer
growth, we introduce a parameter �C > 0, which models the average rate of cell
proliferation net of apoptosis. Furthermore, since cellular proliferation is hampered
by the competition for resources, we assume that interactions can lead cancer cells
to die at an average rate �C > 0.

Clonal Expansion of T Cells and Homeostatic Regulation In order to enhance the
efficacy of immune response, T cells undergo a rapid in situ clonal expansion. We
account for this process by including binary interactions between cancer cells with
trait u and activated T cells with trait v, that occur at a rate described by the function

��E .ju � vj/ > 0; �0
�E

.�/ � 0; (2)

and lead to the proliferation of T cells. In order to model the selectivity of clonal
expansion, the interaction rate is defined as a symmetric and decreasing function
of the distance between the traits of the interacting cells. Parameter �E > 0
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measures, on average, the selectivity of the interactions. Moreover, due to the limited
availability of nutrients, and homeostatic regulation mechanisms as well, T cells
cannot proliferate in an unbounded way. As a consequence, we assume that they
can die at an average rate �I > 0 due to interactions with other cells of the same
population.

Action of T Cells Against Cancer Cells T cells are able to target and kill cancer cells
that express their cognate antigen. Therefore, we also include binary interactions
between cancer cells with trait u and activated T cells with trait v, that occur at a
rate described by function

��I .ju � vj/ > 0; �0
�I

.�/ � 0 (3)

and lead to the destruction of cancer cells. Considerations analogous to those drawn
about function ��E hold. It is worth noting that ��I .�/ may be different from ��E .�/,
namely because clonal expansion and immune competition can be characterized by
different levels of selectively.

Boosting of T Cell Proliferation and Immune Memory The effect of therapeutic
agents that enhance the proliferation of T cells are modeled through an increase in
the proliferation rate of T cells by parameter �P > 0. On the other hand, the action
of therapeutic agents that boost immune memory is modeled through a reduction in
the death rate related to homeostatic regulation by parameter �M > 0.

Therefore, we describe the dynamics of the two cell populations through the
following system of structured equations

8̂
ˆ̂<
ˆ̂̂:

@

@t
fC .t; u/ D RC .t; u/fC .t; u/;

@

@t
fI .t; v/ D RI .t; v/fI .t; v/;

(4)

where RC and RI model the net proliferation rates of cancer cells and T cells,
respectively,

RC .t; u/ WD .�C � �C �C .t//„ ƒ‚ …
cancer cell proliferation and competition for resources

�
Z

V

��I .ju � vj/fI .t; v/dv
„ ƒ‚ …
action of T cells against cancer cells

;

(5)

RI .t; v/ WD
�Z

U

��E .ju � vj/fC .t; u/du C �P cP .t/

�
„ ƒ‚ …

clonal expansion and boosting of T cell proliferation

� �I

1 C �M cM .t/
�I .t/

„ ƒ‚ …
homeostatic regulation and

boosting of immune memory

:

Remark 1. Since we assume a well-mixed cell sample, the current model does not
account for any spatial dynamics. However, we note that the formalism at hand
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would allow us to incorporate spatial effects of the two cell populations. This could
be namely done by integrating the modeling strategies presented in [22] with the
considerations made in [8].

3 Numerical Results

In this section, we study the evolution of cancer cells under the effects of
immunotherapy in the framework of the model presented in the previous section.
In particular, our simulations

1. analyze how cancer cells adapt to the immune response exerted by activated T
cells, in the presence of therapeutic agents that boost the proliferation of activated
T cells and immune memory;

2. verify the existence of suitable infusion schemes that enhance the efficacy of
immunotherapy protocols.

We assume U D V WD Œ0; 1�, while as a time domain we select the interval Œ0; T D
120�. Time is in units of the average cell cycle. We choose the initial conditions

fC .t D 0; u/ D CC e� .u�0:5/2

0:001 ; fI .t D 0; v/ D CI �V .v/;

where �V is the characteristic function of the set V and the factors CC;I 2 RC are
such that

�C;I .t D 0/ � 1:

These conditions mimic a biological scenario where, at the beginning of obser-
vations, the cancer cell population is almost monomorphic (i.e., most of the
cancer cells are characterized by the same antigenic expression). Concurrently, the
distribution of activated T cells over the possible antigenic expressions is assumed
to be uniform.

In order to perform numerical simulations, we select a uniform grid with N D
400 points on the segment Œ0; 1�. We denote by fC .tk; un/ � 0 and fI .tk; vn/ � 0

the numerical solutions at grid points un D n	u and vn D n	v (space steps 	u D
	v D 1=N ) and time tk D k	t (time step 	t D 0:1). Therefore,

fC .t; u/ � fC .tk; un/; fI .t; v/ � fI .tk; vn/:

We implement in MATLAB the following implicit–explicit finite difference scheme,
see e.g. [21],

8<
:

fC .tkC1;un/DfC .tk; un/ C 	t
�
RC

C .tk; un/fC .tk; un/ � R�
C .tk; un/fC .tkC1; un/

�
;

fI .tkC1;vn/DfI .tk; vn/ C 	t
�
RC

I .tk; vn/fI .tk; vn/ � R�
I .tk; vn/fI .tkC1; vn/

�
;
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where RC
C;I .tk; un/ and R�

C;I .tk; vn/ denote, respectively, the positive and negative
parts of the numerical approximations for RC .t; u/ and RI .t; v/.

For all simulations, the functions ��E and ��I are defined as

��E .ju � vj/ WD e��E ju�vj2 ; ��I .ju � vj/ WD e��I ju�vj2 ;

and the other parameters of the model are set as

�C;P WD 1; �C;I WD 0:5; �E;I WD 1;000; �M WD 1: (6)

The above functions and the related parameters are chosen to be simple and offering
clear illustrations of the generic properties (2) and (3).

Definitions of functions cP and cM are selected case by case to mimic differ-
ent infusion schedules. At first, we study the dynamics of cancer cells without
immunotherapies, that is, when

cP;M .t/ WD 0; 8t 2 Œ0; T �:

Figure 1 shows the “chase-and-escape” dynamics of activated T cells and cancer
cells, i.e.,

1. clonal expansion leads to a rapid proliferation of those T cells that can effectively
attack the antigens mostly expressed by the cancer cell population;

2. the selective pressure exerted by activated T cells causes the selection of the
cancer cells that are actually able to evade immune predation.

This cause the emergence of oscillations in the total densities of cancer cells and T
cells (see the right panel of Fig. 1).

From the evolutionary perspective, let us note that immune competition pushes
the monomorphic cancer cell population to become, in succession, dimorphic,
trimorphic and then tetramorphic (i.e., most of the cells are characterized by two,
three or four given antigenic expressions, respectively). In turn, the same pattern of
evolution is followed by activated T cells with a certain delay, which is due to the
time required to adapt to the antigenic distribution of cancer cells (see the left and
center panels of Fig. 1). In the framework of our model, these evolutionary patterns
can be seen as the result of cancer immunoediting, that is, the well-documented
process by which the immune system guides the somatic evolution of tumors by
eliminating highly immunogenic cancer cells [4, 9].

Next we analyze the evolution of cancer cells under three different immunother-
apy regimes:

1. T cell proliferation boosters only, i.e.,

cP .t/ WD C sgn.sin.!t//C; cM .t/ WD 0I (7)

2. immune memory boosters only, i.e.,

cP .t/ WD 0; cM .t/ WD C sgn.sin.!t//CI (8)
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3. simultaneous delivery of both boosters, i.e.,

cP .t/ WD C

2
sgn.sin.!t//C; cM .t/ WD C

2
sgn.sin.!t//C: (9)

Fig. 1 Cell dynamics without immune boosters. Evolution of fC .t; u/ (left panel), fI .t; v/ (center
panel), �C .t/ (right panel, solid line) and �I .t/ (right panel, dashed line). Clonal expansion leads
to a rapid proliferation of the T cells that can effectively attack the antigens mostly expressed by
the cancer cell population. The selective pressure exerted by activated T cells causes, in turn, the
selection of those cancer cells that are able to evade immune predation

During simulations, we choose ! D 10
=T and we test three different instances of
infusion, which are characterized by picks of different height (see the center panels
of Figs. 2, 3, 4), i.e., we set alternatively C D 4, C D 6 or C D 8. Provided that
the same value of parameter C is selected, the integral

Z T

0

ŒcP .t/ C cM .t/� dt

does not change under definitions (7)–(9), that is, the total delivered dose is kept the
same in the three cases at hand. This is actually of primary importance to make a
consistent comparison between the protocols under study.

At first, we study the effects of immunotherapy protocols that rely on the
delivery of T cell proliferation boosters only, i.e., we perform simulations under
definitions (7). The results presented in the left panels of Fig. 2 support the idea that
boosters of T cell proliferation may only allow a temporary reduction in the total
density of cancer cells, which is then followed by a relapse.
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Fig. 2 Cell dynamics with boosters of T cell proliferation. Evolution of �C .t/, �I .t/ and cP .t/

for C D 4 (dotted lines), C D 6 (dashed lines) and C D 8 (solid lines). Boosters of T cell
proliferation allow only a temporary reduction of the concentration of cancer cells

Next, we analyze the efficacy of immunotherapy protocols that make use of
immune memory boosters only, i.e., we perform simulations under definitions (8).
After a comparison between the results shown by the left panels of Fig. 3 and those
presented in the right panel of Fig. 1, we are led to conclude that the dynamics of the
cancer cell density is left almost unaltered with respect to the case without therapies.
The addition of oscillations seems to be the only significant effect.

Finally, we consider the case where the two types of immune boosters are used in
combination, i.e., we perform simulations under definitions (9). The results shown
by the lower left panel of Fig. 4 support the idea that if the two types of immune
boosters considered are used in combination, then there exists certain doses that
make it possible to push the cancer cell population toward extinction, and effectively
control tumor relapse. This may be due to the fact that the simultaneous delivery of
T cell proliferation boosters and boosters of immune memory at sufficiently high
doses allows the total density of immune cells to attain higher values (compare the
center panel of Fig. 4 with the center panels of Figs. 2 and 3).

The qualitative properties of the results presented in Figs. 2, 3, 4 are left unaltered
by variations of the parameter values (6), within reasonable ranges. Furthermore, let
us note that we have developed additional simulations (data not shown) under the
following definitions of functions cP and cM

cP .t/ WD C

2
sgn.sin.!t//C; cM .t/ WD C

2
sgn.sin.!t C 
//C; C 2 f4; 6; 8g;

cP .t/ WD C

2
sgn.sin.!t C 
//C; cM .t/ WD C

2
sgn.sin.!t//C; C 2 f4; 6; 8g;
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Fig. 3 Cell dynamics with boosters of immune memory. Evolution of �C .t/, �I .t/ and cM .t/

for C D 4 (dotted lines), C D 6 (dashed lines) and C D 8 (solid lines). Immune memory
boosters leave the qualitative dynamics of the cancer cell density almost unaltered with respect to
the case without therapies (to be compared with the right panel of Fig. 1), apart from the addition
of oscillations in the total density of cancer cells

with ! D 10
=T . The obtained results highlight how protocols that rely on the
alternate delivery of T cell proliferation boosters and boosters of immune memory
do not allow to eradicate the cancer cell population.

These results lead us to conclude that, with the doses used in our tests, more
effective immunotherapy protocols can be designed by using combinations of
therapeutic agents that boost T cell proliferation and immune memory. This is in
agreement with the ideas presented in [11, 27].

4 Conclusions and Perspectives

In this chapter, we have presented a structured population model that describes
the dynamics of a well-mixed sample of cancer cells and activated T cells under
immunotherapy. The immunotherapy we consider is based on the delivery of agents
that boost the proliferation of T cells and immune memory. The model includes
proliferation and death processes of both cancer cells and activated T cells, as well
as clonal expansion of T cells and their action against cancer cells.

In spite of more complex mathematical models of cancer–immune competition,
the one we have presented here relies on just a few parameters and it is conceived as
a tool to test different hypothetical scenarios, rather than to perform quantitative
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Fig. 4 Cell dynamics with boosters of T cell proliferation in combination with boosters of immune
memory. Evolution of �C .t/, �I .t/ and cP .t/ C cM .t/ for C D 4 (dotted lines), C D 6 (dashed
lines) and C D 8 (solid lines). If the two types of immune boosters considered are used in
combination, then there exists certain doses that allow to achieve the complete eradication of cancer
cells

forecasts. In the framework of this model, we have studied, through numerical
simulations, the adaptation of the antigenic profile of cancer cells in response to the
action exerted by activated T cells. We have also analyzed the evolution of cancer
cell density in the presence of T cell proliferation boosters only, immune memory
boosters only, and combination of them.

Despite its simplicity, the model seems able reproduce the emergence of the
“chase-and-escape” dynamics involving activated T cells and cancer cells. Fur-
thermore, the results presented here support the idea that, ceteris paribus, more
effective immunotherapy protocols can be designed by using suitable combinations
of therapeutic agents that boost both T cell proliferation and immune memory.

Future research will be focussing on refining the modeling strategies of the
evolutionary dynamics of cancer cells. For instance, a natural improvement of the
model would be to include an additional structuring variable, let us say w, related
to the proliferative potential of cancer cells, and replace the parameter �C with an
increasing function of this variable. Furthermore, since cell proliferation implies
resource reallocation (i.e., redistribution of energetic resources from competition-
oriented tasks toward development and maintenance of proliferative potential), it
might also be worth replacing parameter �C and function ��I with some functions
�C .w/ and ��I .ju � vj; w/.

From a mathematical standpoint, it could be interesting to provide a detailed
characterization of the oscillations that arise in the total densities of the two cell
populations. Namely the techniques applied in [21] may prove to be useful to show
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that the evolution equations for �C;I .t/ can resemble a kind of Lotka–Volterra
system, under a proper time rescaling together with suitable assumptions on the
functions and parameters of the model.
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