
Chapter 9
Mathematical Insights into the Role of Feedback
in Quorum-Sensing Architectures

Sara Jabbari and John R. King

9.1 Introduction

Cell-to-cell communication is now known to be a common phenomenon in the
bacterial kingdom. Whether this signalling mechanism serves to unify the response
of a population (from where the term quorum sensing first emerged), to detect
the population density in the bacteria’s immediate environment (diffusion sens-
ing [1]), to combine the two (efficiency sensing [2]) or even to detect (and inhibit
or promote) the presence of competitive or complementary species (cross-species
or cross-kingdom signalling [3]), it is clear that it plays a crucial role in the lives of
these organisms. Understanding these processes, therefore, is a key challenge in the
quest to unravel bacterial behaviour and exploit or modify it for our own benefit. The
applications for such understanding are far-reaching and include the development of
novel compounds that suppress bacterial pathogenicity, forced production of useful
chemicals and mimicry of existing (or creation of new) gene regulation networks in
the emergent field of synthetic biology.

Though the range of known quorum-sensing systems is ever-expanding, they
fall largely into two categories: homologues of the luxIR system in Gram-negative
bacteria and Gram-positive homologues of the agr system.

The luxIR system is well documented, having been the first quorum-sensing
system to be discovered [4]: it was shown to regulate bioluminescence by the
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Fig. 9.1 The luxIR quorum sensing circuit is depicted in (a), with its reduced version in (b): in
the latter, LuxI and AHL together correspond to the signal while LuxR serves as the regulator. We
use (b) to build our generic (minimal) model of Gram-negative quorum sensing in Sect. 9.3.2.1.
Dashed lines illustrate processes which do not necessarily occur in all luxIR-type systems. Note
that auto-repression of the signal synthase LuxI occurs via an intermediary protein (RsaL) that we
neglect from the model. The shaded grey rectangle represents the cell membrane

marine bacterium Vibrio fischeri in accordance with population size—at low cell
density, light emission serves little purpose while at high cell density the bacteria
are capable of producing enough light to be of use to the squid on which they
live symbiotically. It is generally thought that the light, resembling moonlight on
the water’s surface, camouflages the squid, thus hiding it from potential predators.
The process works through the production of a signal molecule from the luxI
gene, see Fig. 9.1. For Gram-negative bacteria these are, more often than not,
N-acyl homoserine lactones (AHLs). The AHL can diffuse in and out of the cell,
through the cell wall, thus facilitating a means by which these signal molecules can
transfer (and therefore communicate) between cells of the same species. Internal
AHL activates the receptor protein, LuxR, through binding (in many cases this
requires oligomerisation of the receptor protein and this will be discussed further in
later sections). In addition to the target genes of the quorum-sensing system which
require activation or inactivation in response to population size, activated LuxR can
increase transcription of the luxI gene (resulting in more signal) and, in some cases,
of its own luxR gene. In short, therefore, the larger the population of bacteria, the
more signal molecule there will be and, in theory at least, the faster this process
will occur. Equivalently, the cells might achieve quorum-sensing upregulation as a
result of entering a particularly confined environment where signal molecules will
accumulate much faster due to the lack of diffusion away from the cells.

In Gram-positive bacteria the general concept is much the same, except the
difference in cell wall requires an alternative mechanism for signal secretion and
detection. In this case, the quorum-sensing signal is most often a cyclic peptide,
produced and secreted from the cell via the combined action of two proteins: AgrB
(the exporter protein) and AgrD (the signal itself, converted into a peptide upon
secretion), see Fig. 9.2. The externalised peptide, termed the autoinducing peptide
(AIP), is detected by a receptor protein, AgrC, on the cell membrane. Binding of AIP
to AgrC triggers a phosphorylation cascade between itself and the internal response
regulator, AgrA. In its thus activated form, AgrA acts on transcription of its target
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Fig. 9.2 A schematic representation of the agr quorum-sensing system. In (a) we illustrate the full
network. Dashed lines illustrate processes which do not necessarily occur in all agr-type systems.
The reduced network used for model building in Sect. 9.3.1.1 is given in (b), wherein the signal
captures AgrB, AgrD and AIP and the regulator AgrA and AgrC. The shaded grey rectangle
represents the cell membrane. We note that the abstract (minimal) version of the network, shown
in (b), is a subcase of that in Fig. 9.1b, the negative feedback loop of which is missing

genes and on the agr genes themselves (in the case of Staphylococcus aureus, in
which this system was first identified [5], this applies to all four of the agr genes; in
other bacteria it can be fewer).

Homologues of these two systems form the majority of quorum-sensing mech-
anisms that have been discovered to this point (this widespread occurrence of the
same network topologies itself being noteworthy), many of these interacting with
additional gene regulation networks, including other quorum-sensing systems (as
we shall note later, some bacteria are known to contain multiple quorum-sensing
circuits). A small number of more complicated systems have also been uncovered,
for instance in V. harveyi and V. cholerae. These will be discussed in more detail
later in the chapter.

The target genes of the above quorum-sensing systems are widely varying in
nature, as are their reasons for being regulated in a density-dependent manner. Com-
mon examples include pathogenicity, sporulation, bioluminescence and swarming
motility [6,7]. What appears to be both common and central to all known systems is
feedback in the governing gene-regulation-network architecture. Perhaps somewhat
surprising, however, is the variety of feedback architectures employed, including a
role for both negative and positive feedback in different systems.

Mathematical modelling is an obvious route by which to study and investigate
these networks at a systems level, their complexity rendering their representation
in a computational manner particularly useful. We next provide an overview of
mathematical models of quorum sensing which have a focus on the role of feedback
in each network, categorising the discussion into the hypothesised roles (rather
than into the usual comparison of Gram-positive and Gram-negative systems). We
complement this with some simple (but in some sense generic) examples of such
models, based on the quorum-sensing architectures outlined in the biology review
of [8] and being of a form suggested in Figs. 9.1b and 9.2b.
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9.2 The Role of Feedback in Quorum Sensing

Since feedback plays such a central role in so many different gene regulation
networks, we seek here to summarise the findings of a range of mathematical investi-
gations into its function in relation to quorum sensing. The ever-expanding literature
on this subject is already vast and we cannot hope to provide a comprehensive
review. Instead, we have chosen a number of mathematical studies ranging across
types of bacteria (both Gram-negative and Gram-positive—though Gram-negative
models are far more prevalent in the literature—and both pathogenic and non-
pathogenic) and quorum-sensing systems (luxIR and agr homologues, including a
hybrid of these systems used by two particular Gram-negative bacteria). We divide
the discussion into hypothesised roles for feedback, a surprising number of which
overlap for both positive and negative loops.

9.2.1 Defining Response Shape

Generic models of feedback in gene regulation networks have often been used to
demonstrate how different feedback architectures can give rise to varying classes of
response. For instance in [9], a model of interacting gene regulation and metabolic
networks, it is demonstrated that rewiring the feedback can alter a system response
(typically in terms of the expression level of a particular gene to the level of a
signal) from monotonically increasing or decreasing, to bi- (or multi-) stable-steady
behaviour through to oscillations, illustrating the potential for the exploitation of
gene regulation networks in synthetic biology. From a similar viewpoint, [10]
provides a review of a number of papers (both theoretical and experimental) showing
that feedback in combination with nonlinearities in the system (for example,
co-operative binding of two proteins in the network or, similarly, dimerisation of
one type of protein) can enforce multistability in a system. The authors argue that
the ability to attain a given number of distinct stable steady states should allow a
population to divide into this number of subpopulations, each with their own niche in
a particular environment. Given that quorum sensing is generally assumed to enforce
unified behaviour amongst one population of cells, this may seem counter-intuitive
in the current context. However, we shall see in Sect. 9.2.2 that the simultaneous
existence of phenotypically different subpopulations could indeed have relevance to
quorum sensing.

In the most common cases, however, the goal of quorum sensing can be classified
more straightforwardly, namely to transition a population of cells between two
states, for example to switch on or off virulence-factor production (S. aureus) or
bioluminescence (V. fischeri). The ability of a quorum-sensing system to exhibit
bistability, therefore, could be extremely important and has been demonstrated in a
large number of cases (at least theoretically) to take place in both Gram-negative
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Fig. 9.3 A schematic illustrating the range of transition types discussed in Sect. 9.2.1. In (a) the
system displays a bistable switch between responses (solid lines are stable, dotted lines unstable)
and hysteresis, in (b) a monostable softer switch and in (c) a gradual transition between inactive
and active (both (b) and (c) lacking hysteresis)

(for example, [11] and [12] concerning Pseudomonas aeruginosa) and Gram-
positive ([13] and [14] on S. aureus) systems, but instances are more numerous
than those listed here.

In general, low population numbers or density yield a quorum-sensing down-
regulated steady state, with high numbers giving up-regulated responses. At inter-
mediate levels three steady states may then exist: one stable and down-regulated, one
stable and up-regulated, separated by one intermediary unstable state, see Fig. 9.3a.
This facilitates a sharp and robust transition between the two states, alongside
hysteresis when going in the opposite direction. Distinct critical population sizes
switch the system from down- to up-regulated and vice versa. We shall see that this
bistability has been shown to be caused directly by the presence of positive feedback
onto the receptor protein (i.e., LuxR or its homologues) in Gram-negative systems,
something that is not certain to occur in all bacteria possessing luxIR homologues.

In [11, 15] and [16], the existence of this particular feedback loop is considered
explicitly. Haseltine and Arnold [16] compares three different versions of the
quorum-sensing system in V. fischeri: one contains positive feedback onto both
LuxR and LuxI, one onto LuxI alone and one with no feedback at all. It is
demonstrated that the transition between the two states becomes sharper and
stronger with the addition of each feedback loop: with both, bistability occurs
(as in Fig. 9.3a), with only LuxI feedback a rapid but monostable switch is seen
(Fig. 9.3b), while with no feedback at all the response is graded (Fig. 9.3c).
Feedback onto LuxR alone is not considered as it is not thought biologically
realistic. Through synthetic generation of each of these operons, the authors were
able to verify these results experimentally and predict that their particular strain of
V. fischeri is likely to contain feedback onto LuxI but little or none onto LuxR.

This lack of bistability is consistent with the model of [17] which, rather than
representing each gene in the network, considers only the signal and subpopulations
of down- and up-regulated P. aeruginosa cells, thus rendering the model more
amenable to parametrisation from their experimental data. Any positive feedback
therefore is included only implicitly and the model predicts a graded though fairly
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sharp response from the system to increasing signal. It is possible that the implicit
nature of the feedback in the model may be responsible for causing an intermediate
response, i.e. most similar to Fig. 9.3b (representative of feedback only onto the
signal in [16]).

Both [11] and [15] consider the lasIR quorum-sensing system of P. aeruginosa
with and without feedback onto LasR. In this bacterium, quorum sensing plays a
large role in the regulation of virulence and has accordingly been identified as a
potential target for novel therapeutics. Due to the uncertainty of the presence of the
LasR feedback loop, in these studies the effect of anti-quorum-sensing drugs on a
circuit both with and without this loop is considered. The fact that LasR positive
feedback induces bistability (as in [16]) has a knock-on effect on drug efficacy: the
graded upregulation arising with no LasR feedback is best treated with a low steady
dose of anti-LasR drug; conversely, the bistable switch implies one much larger dose
of LasR is appropriate for successful downregulation of the quorum-sensing system.

The regulation of quorum-sensing systems by proteins that are not part of the
quorum-sensing network itself is not uncommon: given that the purpose of the
former is to translate a signal through a single cell or a population of cells, it is
not surprising that its gene regulation network would be capable of interacting with
other subcellular signalling networks. In some cases, bacteria even possess multiple
interacting quorum-sensing networks. References [18] and [19] model the combined
action of two quorum-sensing systems in P. aeruginosa and V. fischeri, respectively,
the latter model having up to 21 steady states. Though not all of theses states will be
both stable and biologically attainable, it is a fair assumption that the interaction of
multiple feedback loops can cause a significant rise in the number of possible states
the system can hold, in agreement with [10]. As implied above, we shall consider
this further in Sect. 9.2.2.

In all of the above cases, mathematical bi- or multi-stability is caused by the
presence of positive feedback loops, ensuring the cells’ response is particularly
strong. Interestingly, in [20] it is a negative feedback loop which forces the quorum-
sensing system of Agrobacterium tumefaciens out of always (monotonically)
attaining an up-regulated state and into a bistable system. The negative feedback
occurs indirectly (via the TraM protein) on the receptor (TraR), in addition to the
standard positive feedback on both TraR and the signal molecule. In the presence
of the two positive loops, activation is too strong to prevent upregulation without
self-regulated inhibition of the receptor protein.

The results of [16] and [20], therefore, contrast: in the second, two positive
feedback loops give bistability, while in the first the result is monostability. Of
course, the two theoretical studies consider different bacteria (V. fischeri and
A. tumefaciens), meaning different mechanisms and parameters are used, but
nevertheless it is clear that the role of feedback in defining the type of switch is
not as clear-cut as one might expect. Indeed, bistability has been demonstrated in
the model of the agr system of S. aureus even when feedback in the system is not
considered [13]. Moreover, in a model of a generic Gram-negative system in [21],
it is demonstrated that a nonlinear interaction in the network (here, dimerisation of
LuxR being required for it to bind the signal) is sufficient to achieve bistability in
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the network (though see Sect. 9.2.3 for further detail on this result). Thus, while
feedback need not be the sole factor in determining the shape of the response-
transition curve, it can evidently play a large part. Given the extra roles outlined
below, perhaps it is the multi-tasking ability of feedback that has resulted in it being
so prominent in quorum-sensing systems, with cells not relying on mechanisms like
oligomerisation alone.

9.2.2 Tuning of Signal and Response Levels

We have discussed above how the presence of feedback loops can result in mixed
subpopulations with varying phenotypes [10]. Such differences in phenotype might
typically be explained by a difference in levels of the response regulator of a
gene regulation network (in agr-homologues this is AgrA; in luxIR-homologues
the response regulator is also the receptor protein, LuxR). In a model in [22]
of the involvement of an agr-type quorum-sensing system in sporulation and
solventogenesis by Clostridium acetobutylicum, it was shown that the absence of
positive feedback into the receptor and response regulator enables a cell to tune
its response more finely via response-regulator levels. Through comparisons with
a model of the agr system in S. aureus [14] (where positive feedback occurs onto
all elements of the agr system that controls virulence), it was clear that the reduced
number of feedback loops could lower the quorum-sensing response. This ties in
nicely with the purpose of quorum sensing in each of these organisms: sporulation
is a survival mechanism (required in an acidic environment that is likely to occur
when the population is dense) that is not needed by every cell in the population,
whereas S. aureus gains no benefit by only a portion of the population becoming
virulent. A population of sporulating cells can actually benefit from reserving
a subpopulation in a vegetative state in case environmental conditions suddenly
become more favourable to cell growth—the reversal of sporulation being both time
and energy consuming.

In [22] a number of mechanisms of interaction between a quorum-sensing
system and a sporulation-initiation gene regulation network were considered (either
by direct phosphorylation of the response regulator of the latter, Spo0A, or via
interference of the transcription of various different elements in the network). The
ability of the network to tune response levels in the absence of feedback into
agrA and agrC was seen only in the case of direct phosphorylation. For all other
network topologies, the response was equivalent with or without these particular
feedbacks, hence it was postulated that the feedback might be absent simply to
prevent unnecessary overproduction of relevant elements in the network, thus saving
the cells’ energy.

Similarly, [23] discusses a range of ways of inhibiting quorum sensing (back-
ground inhibition of signal production, negative feedback onto the signal and
the soaking up of signal molecules through competitive binding to some other
constitutively produced molecule) in a generic model of quorum sensing in Gram-
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negative bacteria (this work is an extension of [17], with the addition of repression
producing a better model fit to their experimental data), finding that the second
and third of these can result in a decreased proportion of up-regulated cells in the
overall population. Furthermore, it is shown that this can prevent over-production of
the signal molecule.

The level of signal molecule is a key focus of a number of studies of quorum
sensing and it is often found that when the system does display bistability,
moving between states unsurprisingly depends on the quantity of signal molecule.
In [18], the first model to tackle two quorum-sensing systems in P. aeruginosa
simultaneously, it is shown that the critical signal level required to induce this switch
is dependent on the amount of RsaL protein, the protein responsible for mediating
negative feedback on the LasI signal precursor: the more RsaL present, the more
signal is required to induce the transition to a quorum-sensing up-regulated state.
Thus feedback can be responsible for tuning both the level of response to quorum
sensing within a population of cells and the quantities of signal molecule that are
produced.

9.2.3 Noise Filtering

In modelling gene regulation networks, it is not uncommon to neglect certain aspects
of the network to reduce its complexity and reduce the number of parameters that
require estimating. In a number of quorum-sensing models this has been done by
ignoring the feedback within the system. For example, [24] reduces the somewhat
complicated quorum-sensing network of V. harveyi (which will be discussed further
in Sect. 9.3.3) by omitting the multiple feedback loops involved. Despite the
consequent lack of biological detail, the model fits luminescence data remarkably
well, suggesting that perhaps the feedback is present to filter out noise and constrain
the protein levels to those predicted by the model to give the observed experimental
output.

In [20], the study of quorum sensing in A. tumefaciens mentioned in Sect. 9.2.1,
it is postulated that the role of negative feedback in moving the system from being
monostable (and always achieving upregulation) to bistable is manifested in the
negative feedback dampening molecular noise in the system. Random fluctuations
in receptor/regulator levels would otherwise disguise the system response, trans-
forming the bistability into a smoother transition between states.

Interestingly, both negative and positive feedback loops appear capable of
diluting the effects of noise. While we remarked that dimerisation was sufficient
to induce bistability in a deterministic model of Gram-negative quorum sensing
in [21], the authors also showed that bistability could be replaced with a graded
response through the addition of noise, the same applying to positive feedback on
LuxR without dimerisation. In combination, however, the system was shown to be
able to produce bistability that was resistant to molecular noise.
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The authors of [25] investigated alternative ways of dampening out noise.
They hypothesised that the interaction of the lux and ain systems in V. fischeri
(via the ain signal competitively binding LuxR but not activating it) could be
responsible for controlling single cell variability (they had previously shown
experimentally that the luxIR system alone could only maintain a stable response
when averaged over the population [26]). However, even with ain in the model,
a degree of variability between single cells remains. Hence it was concluded that
the ain system may instead be involved in suppressing LuxR levels for as long
as possible during growth and colonisation and is perhaps more likely to have a
role in timing of the quorum-sensing response. Thus genetic feedback, rather than
interacting systems, could be a simpler and more effective means to reduce noise
within a quorum-sensing system.

9.2.4 Timing

Given that positive or negative feedback can adjust the levels of signal molecule in a
system, it is natural to assume that feedback can have a role in the timing of the onset
of quorum-sensing upregulation. Indeed, incorporating additional feedback into the
receptor and response regulator of the quorum sensing system of C. acetobutylicum
brings forward the onset of solventogenesis in [22]. However, surprisingly few
mathematical models discuss the possible role for feedback in timing. While in
some cases this is likely to be implicit (if feedback can, for instance, adjust the
critical signal level at which a switch occurs, this ought to have a causal effect on
timing of the switch in a given instance), in [23] it is actually found that, of the
three types of repression investigated in the model (background inhibition, negative
feedback and soaking up of signal molecule), negative feedback is the only one
which does not noticeably affect timing of the quorum-sensing response.

9.3 Investigating Feedback with Mathematical Models

In order to illustrate how the role of feedback can be investigated with the aid of
mathematical modelling, we now construct generic models of Gram-positive and
Gram-negative circuits. These are much simplified (indeed, as simple as possible)
and seek to capture, most importantly, the nature of the various feedback loops
postulated; we omit details specific to individual networks as these will require
more extensive work (as well as parameterisation), each being worthy of their own
investigations. In the interests of being as comprehensive as possible within such a
framework, we also consider the atypical quorum-sensing networks that have been
proposed for V. harveyi and V. cholerae: these can be considered to be a hybrid of
the generic Gram-positive and Gram-negative networks—more will be discussed
on this in Sect. 9.3.3. Our approach builds on the quorum-sensing review of [8]
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whereby we aim to mirror the biology-based characterisation of different quorum-
sensing architectures therein with our own modelling results.

In each case we build a nonlinear ordinary differential equation model where
variables represent the key components of the system and the kinetic terms
describe in a simple way the interactions between these components (in reality
these interactions may be indirect and governed in part by variables not considered
here for brevity). We subsequently demonstrate how the role of feedback can be
investigated by knocking out each loop from the models (either by setting a relevant
parameter to zero or by altering a particular term) and comparing the resulting time-
dependent solutions and steady-state curves to the wild-type model. This process is
relatively straightforward and has been used in many of the more detailed studies
discussed in Sect. 9.2; moreover, it illustrates the benefits of adopting a simple
modelling approach.

We restrict our study within this chapter to deterministic models and therefore
do not investigate the role of feedback in a noisy system explicitly. We do consider
the three remaining hypothesised roles for feedback: defining transition type, tuning
of key molecules and timing of the quorum-sensing response (though we shall see
that, even in the absence of noise in the system, we can also gain some insight into
the role of feedback in filtering noise).

9.3.1 Gram-Positive Quorum Sensing: The agr System

We begin with the less well-studied quorum-sensing system: agr homologues.
As mentioned previously, this circuitry was first discovered in the pathogenic
bacterium S. aureus (where it regulates virulence factor production) and has since
been discovered in a variety of other Gram-positive bacteria: in C. difficile [27],
C. botulinum [28, 29], Enterococcus faecalis [30] and S. epidermidis [31], agr-like
systems also have a role to play in pathogenesis, while in non-pathogenic bacteria
an agr system controls sporulation in C. acetobutylicum [32] and adherence in
Lactobacillus plantarum [33].

As alluded to earlier, the majority of these species appear to adopt the feedback
architecture of S. aureus, but some (notably C. acetobutylicum) have reduced levels
of feedback. The reasons for this were investigated in [22] and as such we do not go
into detail here. Instead we consider a simplified model and link the results to the
putative roles for feedback discussed in Sect. 9.2.

9.3.1.1 Model Formulation

The general agr system is depicted in Fig. 9.2a and a simplified version in Fig. 9.2b;
it is from Fig. 9.2b that we derive our model.

We assume the signal, s, and regulator, r , are each produced constitutively, at
rates cs and cr , respectively. Regulator is activated irreversibly in response to the
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Table 9.1 Descriptions of the variables and parameters used in the models for
the agr and luxIR systems

Variable Description

s Signal

r Regulator

r� Active regulator

Parameter Rate of Value

cs Basal signal production 0–1000

cr Basal regulator production 1

ch
s Increased signal production 10

ch
r Increased regulator production 10

˛ Regulator activation 1

ı Degradation 1

ˇ, ˇ1 Ratio of regulator separation to binding on the operon 10

ˇ2 Ratio of regulator separation to binding on the operon 10

presence of signal at rate ˛. Rates of production of signal (ch
s ) and regulator (ch

r )
above the basal levels are induced by activated regulator, r�. The ratio of separation
to binding of the active regulator to the relevant operons is given by ˇ; for simplicity
we assume that this ratio is the same for both the signal and regulator (this is valid
in S. aureus, where all the agr genes are contained within one operon, but may vary
for species where this is not the case). Similarly, all molecules degrade at some rate
ı (in reality this rate will vary between molecules).

The resulting (minimal) equations are

ds

dt
D cs C ch

s r�

r� C ˇ
� ˛sr � ıs; (9.1)

dr

dt
D cr C ch

r r�

r� C ˇ
� ˛sr � ır; (9.2)

dr�

dt
D ˛sr � ır�: (9.3)

Notice that the roles for s and r in this minimal model are symmetric when feedback
is present onto both. To investigate how a cell may move from quorum-sensing
down-regulated to up-regulated we use

s.0/ D r.0/ D r�.0/ D 0 (9.4)

for the initial conditions.
For clarity, variable and parameter descriptions (including the default values for

the latter) are given in Table 9.1. Note that we are using a specific parameter set
merely to illustrate the type of behaviour that the above system can display (so
that we do not even specify units). While biologically realistic parameter values are
of course desirable in more detailed models, they vary between bacteria (and even
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between strains of the same species); we seek here instead to examine qualitative
behaviour of the quorum-sensing networks.

9.3.1.2 Numerical Investigations

The system (9.1)–(9.4) can easily be solved numerically; we do so using the
ode23 Runge–Kutta solver in Matlab R2013a. We also derive steady-state curves
in XPPAUT Version 7.0. The simplified agr system modelled here contains two
positive feedback loops (one onto the signal and one onto the regulator) and no
negative feedback. The loops can be deleted from the model simply by setting
ch

s D 0 and/or ch
r D 0.

We investigate the effect that these deletions have on the quorum-sensing
behaviour by solving the system in response to various levels of signal: we can
consider (9.1)–(9.4) to be representative of the quorum-sensing machinery in a
single cell, hence varying cs can be seen to be equivalent to varying the amount
of signal molecule (produced also by neighbouring cells) in the environment
(or equivalently to increasing population size or density). Steady-state curves in
response to varying cs are displayed in Fig. 9.4 and time-dependent solutions in
Fig. 9.5.

In the wild-type model we see that the system is bistable, though much of the
solution for one of the stable states lies in a biologically infeasible regime (variables
should not be negative and we therefore do not plot these; we do, however, display
cs < 0 for visualisation of at least one of the bifurcation points). The inactive state
arising when cs D 0 is unstable and all positive values of cs inevitably result in
a quorum-sensing response being activated. We see from the results of removing
either or both feedback loops that this is a combined effect of both loops.

Removing feedback into signal production (ch
s D 0) alters the transition shape

from a sharp jump (into a quorum-sensing up-regulated state) to a gradual transition
as cs increases (relating to Sect. 9.2.1). Removing feedback into the regulator (ch

r )
greatly lowers the overall response of the system (but retains the jump in activity) by
lowering the amount of regulator which can be activated (see Sect. 9.2.2). We saw
in [22] that altering the basal rate of regulator production has been found to modify
(fine-tune) the response level appropriately, in agreement with results here.

Finally, if no feedback at all exists in the agr circuitry (ch
s D ch

r D 0), then the
system, with increasing cs , moves gradually to an active state but where the response
is much lower. These results are reflected in the time-dependent solutions of Fig. 9.5
where we notice also that the time it takes for the quorum-sensing system to respond
to signal is not noticeably affected by removal of either of the feedback loops.

9.3.1.3 Analytical Investigations

In addition to numerical solutions, we can also investigate the systems analytically
for more insight into the system in general, though here is not the place to undertake
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extensive such investigations (those very limited ones that we do outline are in
keeping with our goal of exploring models of minimal complexity). Here, we
examine the case where the rate of activation is large. As ˛ ! 1, two cases arise:

Case 1. s ! 0 (signal levels become negligible)
Case 2. r ! 0 (regulator levels become negligible)

Due to the symmetry in (9.1) and (9.2) noted above, we consider only Case 1. In
this limit the equations become

˛sr � cs C ch
s r�

r� C ˇ
; (9.5)

dr

dt
� cr � cs C .ch

r � ch
s /

r�

r� C ˇ
� ır; (9.6)

dr�

dt
� cs C ch

s r�

r� C ˇ
� ır�: (9.7)
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Fig. 9.5 Time-dependent solutions for the agr system (9.1)–(9.4) with (a) wild-type circuitry, (b)
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Note that (9.7) and (9.6) can then be solved sequentially. For Case 1 to apply we
require cr � cs > 0 to ensure the variables remain positive (else Case 2 arises).

In the limit as ˛ ! 1, therefore, r� (activated regulator) increases monotoni-
cally to its equilibrium state.

Case 1a. (ch
r � ch

s > 0), here the production rate of r will increase with r� (as a
natural result of the positive feedback loop).

Case 1b. (�.cr � cs/ < ch
r � ch

s < 0) (the first inequality is needed for Case 1).
This is unlikely since ch

r ; ch
s >> cr ; cs but if ch

r � ch
s we could have the counter

intuitive behaviour that the increase in r� leads to a decreasing production rate
(and steady state value) of r .

9.3.2 Gram-Negative Quorum Sensing: The luxIR System

The luxIR system is the best characterised system and there is an abundance of
literature available on the subject. In Sect. 9.2 we have already drawn attention to a
number of examples of this system in a variety of bacteria and we do not echo this
information here. Instead we move directly to model formulation.

9.3.2.1 Model Formulation

Figure 9.1a,b, respectively, illustrate the luxIR system and the schematic (abstract)
version required for our model building in this study. Notice that when the systems
are simplified, the only difference between the Gram-positive agr architecture and
the luxIR one of Gram-negative species is the presence of negative feedback onto
the signal in the latter. In both systems, positive feedback onto the regulator may
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or may not occur depending upon the species (and strain) of interest. Note that
in the interests of space, we do not consider the negative feedback onto regulator
production as seen in A. tumefaciens since this seems not to be widely prevalent.

The model is built in the same manner as that in Sect. 9.3.1.1, but we now require
the increased signal production to be both activated and inhibited by the presence of
active regulator. The model becomes

ds

dt
D cs C ch

s ˇ2r�

.r� C ˇ1/.r� C ˇ2/
� ˛sr � ıs; (9.8)

dr

dt
D cr C ch

r r�

r� C ˇ1

� ˛sr � ır; (9.9)

dr�

dt
D ˛sr � ır�: (9.10)

To represent inhibition of signal production being weaker than activation (since the
former occurs usually indirectly via homologues of the RsaL protein) we take ˇ2 >

ˇ1 (parameters and variables for this model are also provided in Table 9.1). As
before, we use

s.0/ D r.0/ D r�.0/ D 0: (9.11)

9.3.2.2 Numerical Investigations

Given that when we consider only the minimal versions of the agr and luxIR
networks the only difference between the two is negative feedback onto signal
production, many of the results of Sect. 9.3.1 are also applicable here, see Figs. 9.6
and 9.7. Positive feedback onto signal production changes the shape of the system
response from gradient to switch-like and positive feedback onto the regulator
induces a much greater quorum-sensing response (that is more likely to coordinate
behaviour of a whole population of cells than would a lower level of active
regulator). Thus, the presence of the negative feedback loop does not appear to alter
the roles of the two positive loops and the similarities between this and the agr
architecture suggest that, despite the differences in mechanism between the two,
any overall distinction between the two may be fairly subtle (though, naturally, a
far more extensive parameter analysis than that provided here would be required to
make more definitive statements).

Removal of the negative feedback onto signal production in fact makes little
noticeable difference in our parameter regime. At lower values of cs active regulator
levels are higher in the absence of the loop while at higher values of cs there is little
to distinguish between the response, meaning that this negative feedback could be in
place to prevent the cells from becoming quorum-sensing active prematurely. Thus
the luxIR system may adopt this negative feedback loop to play a role in filtering
noise from the system.
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While we have to bear in mind that these results are parameter-dependent (and
we have not sought a realistic parameter set), we again see no particular position for
feedback in controlling the timing of the onset of a quorum-sensing response.

9.3.2.3 Analytical Investigations

We again consider the analytical effect on the system of taking ˛ ! 1, i.e. a fast
activation rate. Two cases emerge, as follows, that need separate description since
the model is no longer symmetric between s and r .

Case 1. s ! 0 (signal level becomes negligible). The model becomes:

˛sr � cs C ch
s ˇ2r�

.r� C ˇ1/.r� C ˇ2/
; (9.12)

dr

dt
� cr � cs C

�
ch

r � ch
s

ˇ2

r� C ˇ2

�
r�

r� C ˇ1

� ır; (9.13)

dr�

dt
� cs C ch

s ˇ2r�

.r� C ˇ1/.r� C ˇ2/
� ır�: (9.14)

Hence r� again increases monotonically and, since for O.1/ coefficients in (9.14)
it never attains the regime in which the second term on the right-hand side of
(9.14) � ch

s ˇ2=r�, the behaviour is not qualitatively different from the previous
case. If r� does become sufficiently large, the ch

s term becomes negligible (i.e.
feedback onto the signal becomes insignificant) and the response of r becomes
stronger in (9.13) relative to (9.6).

Case 2. r ! 0 (regulator levels becomes negligible). Here

˛sr � cr C ch
r r�

r� C ˇ1

; (9.15)

ds

dt
� cs � cr C

�
ch

s ˇ2

r� C ˇ2

� ch
r

�
r�

r� C ˇ
� ıs; (9.16)

dr�

dt
� cr C ch

r r�

r� C ˇ
� ır�: (9.17)

In this case, the term in brackets in (9.16) becomes negative if r� becomes
sufficiently large, implying that signal production could effectively be switched
off, giving a pulsed response rather than a sustained one.
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9.3.3 The V. harveyi and V. fischeri Quorum-Sensing Systems

Though related to V. fischeri, the quorum-sensing systems of V. harveyi (a pathogen
of marine organisms) and V. cholerae (the etiological agent of cholera) are somewhat
different—[8] includes a review of these networks. These pathogens produce and
secrete a signal molecule in much the same way as the luxIR system, but this signal is
detected via a two-component system (akin to agr), i.e. the network is in some sense
a hybrid of the two described above. Binding of the signal molecule to the receptor
protein triggers a phosphorylation cascade between itself and the intracellular LuxO
protein (note that in these systems, LuxO is considered active when it is in a
dephosphorylated form, hence the bound receptor ultimately removes phosphates
from LuxO). Activation of LuxO releases the production of multiple Qrr sRNAs
that LuxO otherwise inhibits when inactive. Since Qrr sRNAs prevent production of
the response regulator (LuxR) of the systems (via degradation of luxR mRNA), this
releases production of LuxR, which is responsible for inducing a quorum-sensing
response. We depict this process in Fig. 9.8 (including the feedback loops not
addressed in the description above) but note that this is grossly simplified in several
respects: intermediary molecules have been neglected where they do not have a
direct role in feedback, in reality there are multiple types of Qrr sRNAs (which
have different combined effects between V. harveyi and V. cholerae) and multiple
signal–receptor pairs exist; see [8] for the full networks. For the purpose of this
chapter, however, (i.e. to examine the role of feedback) it is satisfactory (and indeed
desirable given the full system complexity) to ignore these components. In addition
we neglect the receptor complex, LuxPQ, and assume LuxO dephosphorylation
occurs in response to increased signal levels.

Fig. 9.8 A schematic representation of the simplified V. harveyi quorum-sensing network (due to
the additional components required in this minimal network compared to the agr or lux systems,
we do not illustrate a version in terms of only the “signal” and “regulator”). In reality, this system
contains multiple signal–receptor pairings, Qrr species and intermediary molecules that we have
neglected from the model. The full system (which we omit here in the interests of space due to
its complexity) can be found in [8]. We depict here the LuxPQ receptor component but we do not
include this in the modelling, assuming instead that phosphorylated LuxO levels relate directly to
signal level (as we did for the agr model). The homologue of LuxR in V. cholerae is HapR
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It is noteworthy that there is no positive feedback present in this network,
meaning that, given the results of Sects. 9.3.1 and 9.3.2, one might expect a more
graded response to increasing quorum-sensing signal (we shall see in Sect. 9.3.3.2
that this is indeed the case). On the other hand, there are four negative feedback
loops (see Fig. 9.8). Possible explanations behind each of these loops are discussed
in [8] and we shall revisit these here with our model.

9.3.3.1 Model Formulation

Very few models relevant to V. harveyi or V. cholerae quorum sensing exist in the
literature and those that do focus mostly on specific aspects of either upstream
elements (for example, [24]) or the action of the Qrr sRNAs (see [34] or [35]),
for the large part neglecting feedback. We instead seek to formulate the simplest
model that can account for all the feedback loops in this network.

Most terms in the equations are derived in the same manner as those for the
agr and luxIR systems. In addition, we require autophosphorylation of LuxO in
the absence of signal (at rate �), dephosphorylation (and therefore activation) of
LuxO�P in the presence of signal (we recall that we omit the intermediary receptor
proteins from the model) at rate ˛ and degradation of LuxO and LuxR by Qrr sRNAs
at rate �1 and �2, respectively (this also results in the degradation of Qrr sRNAs; note
that, since we do not consider mRNA explicitly, we treat Qrr as acting directly on
the relevant proteins). All variables and parameters are provided in Table 9.2. The
model is given by

ds

dt
D cs � ˛r�

1 s � ıs; (9.18)

dr1

dt
D cr1ˇ

r1 C r�
1 C ˇ

� �r1 C ˛r�
1 s � �1qr1 � ır1; (9.19)

dr�
1

dt
D �r1 � ˛r�

1 s � ır�
1 ; (9.20)

dq

dt
D cqr�

1 r2

.r�
1 C ˇ/.r2 C ˇ/

� �1qr1 � �2qr2 � ıq; (9.21)

dr2

dt
D cr2ˇ

r2 C ˇ
� �2qr2 � ır2: (9.22)

Similarly to the previous sections, we take

s.0/ D r1.0/ D r�
1 .0/ D q.0/ D r2.0/ D 0: (9.23)

Note that, in contrast to the previous two models, there will always be regulator
present in the model for t > 0 even when no signal is present.
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Table 9.2 Descriptions of the variables and parameters used in the model for
the quorum-sensing networks of V. harveyi and V. cholerae. As before, we use
the simplest parameter set possible, though we find that ı must be small for
any quorum-sensing response to be induced. Note that we have also made the
simplification that Qrr sRNAs can be treated as acting on LuxO and LuxR
proteins rather than the corresponding mRNAs

Variable Description

s LuxS (signal)

r1 LuxO

r�

1 LuxO�P

q Qrr

r2 LuxR (response regulator)

Parameter Rate of Value

cs Basal signal production 0–100

cr1 LuxO production 1

cr2 LuxR production 1

cq Qrr production 1

˛ Activation (dephosphorylation) of LuxO 1

� Auto-phosphorylation of LuxO 1

�1 Degradation of LuxO by Qrr 1

�2 Degradation of LuxR by Qrr 1

ı Degradation 0.1

ˇ Ratio of regulator separation to binding on the operon 1

9.3.3.2 Numerical Investigations

We divide this section into discussion of the four different negative feedback loops,
comparing our results with the postulated roles given in the microbiology review [8].

LuxO Autorepression

It is suggested in [8] that LuxO autorepresses in order to constrain its own levels
and consequently those of the Qrr sRNAs that are produced in response to active
LuxO levels. Removal of these loops in Fig. 9.9b does incur higher levels of LuxO
and LuxO�P, but does not significantly alter Qrr levels in our parameter regime
(though this may be due to the influence of the remaining negative feedback loops
operating). Removal of this loop has very little effect on final LuxR levels. Thus the
results are in agreement with [8], suggesting that this autorepression loop may be
responsible for avoiding undesirable effects of noise.
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Fig. 9.9 Steady-state curves of the simplified V. harveyi and V. cholerae circuitry (9.18)–(9.22) in
response to changes in signal influx, cs (the x-axis in each case is cs). All steady states depicted
here are stable. Column (a) represents the wild-type system, (b) when there is no negative feedback
into LuxO (the first term of (9.19) is replaced by cr1 ), (c) when there is no negative feedback into
LuxO via Qrr (�1 D 0), (d) when there is no negative feedback into LuxR via Qrr (the first term of
(9.21) is replaced by cqr�

1 =.r�

1 C ˇ/), and finally (e) no auto-repression by LuxR (the first term of
(9.22) is replaced by cr2 ). The rows represent LuxR, signal (LuxS), active LuxO, inactive LuxO�P
and Qrr, respectively

LuxO Negative Feedback via Qrr

This feedback loop can be viewed in two ways: either to constrain the levels of LuxO
or those of Qrr. We see in Fig. 9.9c that Qrr levels are increased slightly at low signal
concentrations on removing this feedback loop, while LuxO concentrations remain
largely the same. In agreement with [36], this does have a slight consequence on
LuxR by lowering its levels (see Figs. 9.9c and 9.10c). Thus this loop may both filter
out noise from Qrr levels and coordinate a greater “whole population” response at
low signal levels.
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LuxR Negative Feedback via Qrr

It is hypothesised that this feedback loop should prolong the production of Qrr
sRNAs and hence delay the cells attaining the levels of LuxR required for quorum-
sensing activation. While it is difficult to see any difference between the wild-type
steady-state curves and those where this loop has been removed (Fig. 9.9a, d) from
the time-dependent solutions in Fig. 9.10d it is evident that in our parameter regime
LuxR levels are actually lowered in the absence of this indirect LuxR negative
feedback. This is likely to be a result of the interplay with the active loops and is
worthy of further investigation to see whether this would be reproducible in reality
or whether it is due to our specific parameter choice.

Timing of any quorum-sensing response again appears unaffected by this loop,
but it is possible that this consequence could be lost from the model as a result of
omission of intermediary species along the pathway, which would slow down the
response.

LuxR Auto Repression

Removing LuxR autorepression has a similar effect to including positive autoinduc-
tion of the regulators in Sects. 9.3.1 and 9.3.2: LuxR levels significantly increase.
This has little or no effect on the other variables in the model but the loop should
prevent unnecessary production of LuxR (see Sect. 9.2.2). This agrees with the
biological explanation in [8], where it is suggested that this loop will prevent
runaway luxR transcription, minimising the chance of ill-timed commitment to
quorum-sensing upregulation. Though it does not change the shape of the response
(Sect. 9.2.1), it does alter the sensitivity of the overall system to signal levels.
Furthermore, higher LuxR levels would make it trickier for the cells to switch off
their quorum sensing response [36, 37].
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Overall, therefore, this model implies that each individual negative feedback loop
may prevent fluctuations in individual components of the network, constraining
them to the desired level, whether this be to prevent unnecessary overproduction or
to prevent inappropriate reactions to noisy inputs. This should ensure a coordinated
response across a population of cells and matches neatly the evidence that both
V. harveyi and V. cholerae are insensitive to small changes in signal level [8]. In
addition, their mutual action maintains a graded response from the cells, preventing
an on-off type switch [36] (though we note that in individual loop knock-outs, the
response shape always remains largely the same (see Fig. 9.9), thus this may be as
a result of their combined effects).

9.3.3.3 Analytical Investigations

For the V. harveyi and V. cholerae systems we consider the possibility that both the
activation rate and the action of Qrr sRNAs are large: ˛; �1; �2 ! 1. This yields
various possibilities and we focus on the case in which the signal and Qrr sRNA
levels become negligible: s; q ! 0. This gives

˛r�

1 s � cs; (9.24)

q � cqr�

1 r2

.r�

1 C ˇ/.r2 C ˇ/.�1r1 C �2r2/
; (9.25)

dr1

dt
� cr1ˇ

r1 C r�

1 C ˇ
� �r1 C cs � cq�1r�

1 r2r1

.r�

1 C ˇ/.r2 C ˇ/.�1r1 C �2r2/
� ır1; (9.26)

dr�

1

dt
� �r1 � cs � ır�

1 ; (9.27)

dr2

dt
� cr2ˇ

r2 C ˇ
� cq�2r�

1 .r2/2

.r�

1 C ˇ/.r2 C ˇ/.�1r1 C �2r2/
� ır2: (9.28)

If, in addition, we take the small limit of the rate of LuxO autophosphorylation
(� ! 0, so the cells are increasingly likely to become activated), then r1 ! 0 and
we have (we note that a number of limits are required in the current case to achieve
the level of simplicity attained earlier in (9.5)–(9.7) and (9.12)–(9.17): the virtue of
such an approach—and the reason for including the analysis—is that the properties
of the resulting system, (9.29)–(9.31), are almost completely transparent)

�r1 � cs C cr1ˇ

r�
1 C ˇ

; (9.29)

dr�
1

dt
� cr1ˇ

r�
1 C ˇ

� ır�
1 ; (9.30)

dr2

dt
� cr2ˇ

r2 C ˇ
� cqr�

1 r2

.r�
1 C ˇ/.r2 C ˇ/

� ır2: (9.31)
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Note that at leading order in this scenario, response regulator levels (r2) are governed
by the negative feedback loops: the source term is monotonically decreasing in r2

and the action of the Qrr sRNAs is present implicitly. Thus the negative feedback
loops remain significant in this limit.

It is hoped that such comments indicate the potential scope and value of analytic
(in particular, asymptotic) investigations.

9.4 Summary

We have provided a general review of mathematical models of quorum sensing that
consider the role of feedback in bacterial cell communication. Drawing on this,
four dominant roles were apparent: defining the shape of the system response (often
controlled by the presence of a positive feedback loop inducing bistability), tuning
of signal or regulator levels (usually either a positive feedback loop ensuring a
coordinated response from a whole population of cells or the absence of a positive—
or inclusion of a negative—loop either simply reducing unnecessary production of
proteins or inducing population heterogeneity), filtering noise out from the system
(largely via negative feedback) or in the timing of the onset of a quorum-sensing
response.

Interestingly, the last of these does not frequently arise from the results of
mathematical models but is often postulated in biological articles. It is possible
therefore that feedback may not be as important in the timing of a quorum-sensing
response as often assumed, but the modelling results could also be a consequence of
the simplifying assumptions required to make a mathematical model tractable. For
instance, considering transcription and translation separately (and therefore mRNA
and proteins) could delay the signal transduction through a pathway in a numerical
solution, providing more scope for feedback to affect timing, but would typically
result in increased numbers of variables, parameters to estimate and complexity in
the analysis.

The models presented of the agr, luxIR and V. harveyi/V. cholerae quorum-
sensing systems were deliberately simplified for ease of analysis but were still able
to identify the first three roles for feedback listed above. In the agr system, positive
feedback influences the shape of the transition between quorum-sensing down- and
up-regulated states and makes a coordinated response from the whole population
more likely. The lux system, additionally, employs a negative feedback loop that is
likely to play a role in filtering noise from the system. Similarly, the V. harveyi and
V. cholerae systems adopt multiple negative feedback loops capable of constraining
protein and signal levels and making the system robust to noise. Regarding this last
network, it is possible to imagine that each loop dominates at the appropriate time
as the signal is transmitted through the cell and this would likely best be studied
using delay differential equations.

There is scope for an abundance of future work related to this review including
more detailed models of specific networks (including such delay effects, as well
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as stochastics) and, in particular, the inclusion of experimental data for better
parameter estimation (genetic manipulation can be performed experimentally to
reproduce the modified network architectures discussed in this study). It will be
fascinating to see if different parameter regimes are capable of displaying different
goals for identical feedback architectures. Moreover, as more quorum-sensing
systems and their targets are identified, it will be enlightening to see how these
targets tie in with the relevant feedback architecture.
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