
Chapter 8
A Guide to Sample Average Approximation

Sujin Kim, Raghu Pasupathy, and Shane G. Henderson

Abstract This chapter reviews the principles of sample average approximation
(SAA) for solving simulation optimization problems. We provide an accessible
overview of the area and survey interesting recent developments. We explain when
one might want to use SAA and when one might expect it to provide good-
quality solutions. We also review some of the key theoretical properties of the
solutions obtained through SAA. We contrast SAA with stochastic approximation
(SA) methods in terms of the computational effort required to obtain solutions of
a given quality, explaining why SA “wins” asymptotically. However, an extension
of SAA known as retrospective optimization can match the asymptotic convergence
rate of SA, at least up to a multiplicative constant.

8.1 Introduction

How does one solve an optimization problem of the form

min
x∈Θ

f (x), (8.1)

where Θ ⊆ R
d (d < ∞) and the real-valued function f (·) cannot be computed

exactly, but can be estimated through a (stochastic) simulation? The principle of
Sample Average Approximation (SAA) allows one to tackle such problems through
the use of sampling and optimization methods for deterministic problems. We
introduce SAA, describe its properties through both examples and theory, and relate
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SAA to established concepts in stochastic simulation. Our goal is to communicate
the essence of the idea and the key results in the area, rather than to provide an
exhaustive discussion of what is known about SAA. As such, this chapter is best
viewed as a guide rather than a survey. Similar guides for the strongly related area
of stochastic programming at a more introductory level can be found in [58].

Throughout, we assume that the function f cannot be observed or computed
directly, but we know that f (x) = E[Y (x,ξ )], where ξ is a random element with a
distribution that does not depend on x, and Y (·, ·) is a (deterministic) real-valued
function. Implicit in this statement is that for each fixed x ∈ Θ, E|Y (x,ξ )| < ∞. We
suppress measure-theoretic considerations unless they come into play at a practical
level. Nevertheless, we attempt to state results precisely.

In SAA, we select and fix ξ1,ξ2, . . . ,ξn, all having the same distribution as ξ ,
and set

fn(x) =
1
n

n

∑
i=1

Y (x,ξi).

Given the (fixed) sample ξ1,ξ2, . . . ,ξn, the function fn(·) is deterministic, and so we
can apply deterministic optimization algorithms to solve the problem

min
x∈Θ

fn(x). (8.2)

We then take an optimizer, X∗
n say, of (8.2) as an estimator of an optimal solution of

(8.1). Unless otherwise stated, we assume that (ξ1,ξ2, . . . ,ξn) form an independent
and identically distributed (i.i.d.) sample. The independence assumption is some-
times relaxed, mostly in variance reduction schemes or randomized quasi-Monte
Carlo schemes where dependence is deliberately introduced.

A popular example to illustrate SAA is the continuous newsvendor problem
where we buy x units of some commodity at a cost c > 0 per unit, observe demand
ξ , and sell as many units as we can at price s > c; see, e.g., [57, p. 330]. The goal
is to choose x so as to maximize profit. (Of course, one can convert this problem to
a minimization problem as in (8.1) simply by multiplying by −1.) The profit for a
given realization ξ is Y (x,ξ ) = smin{x,ξ}− cx. This function is concave in x, has
slope s− c > 0 for sufficiently small x and slope −c < 0 for sufficiently large x. It
follows that the same is true for the approximating function fn(·), which therefore
achieves its maximum. In fact, it is straightforward to show that an optimizer X∗

n
of fn(·) occurs at the 1− c/s quantile of the empirical distribution associated with
the observed demands ξ1,ξ2, . . . ,ξn, i.e., the �n(1−c/s)�th smallest of the observed
demands. If we assume that the distribution of ξ is continuous at its 1−c/s quantile,
which is optimal for the true problem (e.g., [41, p. 353]), then X∗

n converges to this
value as n → ∞ almost surely (a.s.). So in this case, SAA is successful, in that the
sequence of optimizers {X∗

n } converges to a true optimizer.
In general, is SAA a reasonable approach? What kinds of problems are such that

SAA works, in the sense that X∗
n can be expected to converge to the set of optimizers
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of (8.1) as n → ∞ in some sense? What kinds of problems are such that (8.2) is
amenable to deterministic optimization algorithms? Is this procedure competitive
with alternative algorithms, in the sense that the solutions returned after a given
computational effort are comparable in quality?

Most of these questions have been addressed in previous surveys of SAA, so what
is different here? We emphasize the intuition behind SAA, developing concepts
through a range of examples as well as through theory. Mostly we do not prove
results here, but instead give references to complete proofs, and provide proof
sketches where that helps build understanding. Many of those proofs can be found
in the excellent surveys [55–57].

It is hard to pin down the origin of the SAA concept. Certainly there are
strong ties to maximum likelihood estimation and M-estimation in statistics, but
perhaps the strongest roots of the idea from an Operations Research perspective
lie in variants called the stochastic counterpart method [47, 48] and sample-path
optimization [20, 37, 43].

We focus on the unconstrained optimization problem (8.1), but SAA can also
encompass constrained optimization problems, even when the constraints must also
be evaluated using simulation; see [60,61] and the next chapter. The SAA principle
is very general, having been applied to settings including chance constraints [1],
stochastic-dominance constraints [24] and complementarity constraints [18].

The rest of this chapter is organized as follows. Section 8.2 provides a set of
examples that showcase when SAA is appropriate in the sense that the optimization
problem (8.2) has reasonable structure that allows for numerical solution. Sec-
tion 8.3 provides verifiable conditions under which one can expect the problems
(8.1) and (8.2) to share important structural properties such as continuity and
differentiability. This section also showcases the close connection between problems
that are “SAA appropriate” and those that are amenable to infinitesimal perturbation
analysis (IPA) [13, 17] for gradient estimation. This section can also be viewed as a
review of IPA with particular emphasis on multidimensional problems. In Sect. 8.4,
we review some key properties of SAA, particularly with regard to large-sample
performance. Sects 8.5 and 8.6 delve into the selection of the sample size n in
some detail. These sections relate the computational effort required to achieve a
given solution quality in SAA to that of a competing method known as stochastic
approximation. It turns out that SAA is not as efficient as stochastic approximation,
at least in the asymptotic sense. (In the non-asymptotic world of small sample
sizes, it is harder to make clear conclusions, although some results are known for
idealized versions of both approaches; see, e.g., [54].) This leads one to the class of
methods collectively known as retrospective optimization, which is an extension of
SAA. We review some recent results on retrospective optimization that show that
this class of methods can match stochastic approximation in terms of asymptotic
efficiency.
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8.2 When Is SAA Appropriate?

One hopes the X∗
n obtained by solving the SAA problem converges to a solution of

the true problem x∗. The critical condition for convergence is a uniform version of
the strong law of large numbers (ULLN), which takes the form

sup
x∈Θ

| fn(x)− f (x)|= sup
x∈Θ

∣
∣
∣
∣
∣

1
n

n

∑
i=1

Y (x,ξi)−E[Y(x,ξ )]

∣
∣
∣
∣
∣
→ 0

as n → ∞ a.s. The ULLN ensures that the optimal objective value of the SAA
problem converges to that of the true problem. With additional conditions, the
optimal SAA solution converges to the true optimal solution. When the sample
function is convex (concave for a maximization problem), the pointwise law of large
numbers ensures that the ULLN holds on a compact set. We will further discuss
conditions under which the ULLN holds in Sect. 8.4.

In many problems, sample functions are not smooth and may have disconti-
nuities. However, the true problem may still exhibit nice structure, being smooth
and even convex. In such a case, if the ULLN holds, we may still be able to use
a deterministic optimization technique to effectively solve the nonsmooth sample
average problem and thereby obtain a good approximate solution.

In this section, we provide examples that illustrate how SAA works, what issues
may arise when SAA is applied, and how we may deal with them in various settings.
Henceforth, all vectors are assumed to be column vectors, and xT denotes the
transpose of x.

Example 8.1 (Multi-Dimensional Newsvendor Problem). Consider a firm that man-
ufactures p products from q resources. For given resource type i = 1, . . . ,q and
product type j = 1, . . . , p, let ai j be the amount of resource i required to produce
one unit of product j, and v j be the unit margin for product j, i.e., revenue minus
processing cost. Suppose that a manager must decide on a resource vector x =
(x1, . . . ,xq) before the product demand vector ξ = (ξ1, . . . ,ξp) is observed. After the
demand becomes known, the manager chooses a production vector y = (y1, . . . ,yp)
so as to maximize the operating profit in the linear program

P(x,ξ ) : maxy∈Rp
+

vTy

s.t. Ay ≤ x (capacity constraints)

y ≤ ξ (demand constraints).

Here, A is a (q× p) matrix and ai j is the (i, j) element of A. Let Π(x,ξ ) denote
the maximal operating profit function for a given resource level vector x and
a given demand vector ξ . This is precisely the optimal objective value of the
problem P(x,ξ ). Then Π(x,ξ ) = vTy∗(x,ξ ), where y∗(x,ξ ) is an associated optimal
production vector.
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Suppose that the demand ξ can be viewed as a random vector and the probability
distribution of ξ is known. Let π(x) denote the expected maximal operating profit,
where

π(x) = E [Π(x,ξ )] ,

for all x ∈ R
q
+. Let ci, i = 1, . . . ,q, be the unit investment cost for resource i. By

incorporating the investment cost into the operating profit, the value of the firm
is defined as Π(x,ξ )− cTx, for a fixed (x,ξ ). The manager’s objective is now to
choose the resource level x so as to maximize the expected firm value. This leads to
the following stochastic optimization problem:

max
x∈Rq

+

f (x) = π(x)− cTx. (8.3)

This problem is known as the multi-dimensional newsvendor problem [59]. For
simplicity, we focus our attention on the single-period newsvendor model, but the
structure of the optimal policy in the single-period model can be extended to a
dynamic setting under reasonable conditions [19]. In general, a closed-form solution
for the multi-dimensional newsvendor problem is unattainable, unlike the single-
dimensional problem. We illustrate how the SAA approach can be applied to this
example and present some technical details.

From linear programming theory, we can show that both the sample path function
Π(·,ξ ) and the expected objective function π exhibit nice structural properties. First,
Π(·,ξ ) is concave for any fixed ξ , and so is π(·) = E[Π(·,ξ )]. If ξ has a discrete
probability distribution, then both Π(·,ξ ) and π(·) are piecewise linear and concave.
However, we focus on random demand with a continuous probability distribution,
and we would like to determine conditions under which π(·) is differentiable
everywhere. Assume that ξ is finite a.s. Consider the dual problem of the linear
program P(x,ξ ):

D(x,ξ ) : min
(μ,λ )∈Rp+q

+
xTλ + ξTμ

s.t. ATλ + μ ≥ v.

Since ξ is finite, the primal problem has a finite optimal solution and the optimal
value of the primal problem is equal to that of the dual problem. Let λ (x,ξ ) denote
the optimal shadow value of the capacity constraint in the primal problem P(x,ξ ).
Using duality theory, it can be shown that

Π(x,ξ )≤ Π(x0,ξ )+λ (x0,ξ )T(x− x0), (8.4)

and hence λ (·,ξ ) is a subgradient of Π(·,ξ ). Since Π(·,ξ ) is concave for a fixed
ξ , it is differentiable except on a set A with Lebesgue measure zero. Since ξ is
a continuous random variable, A is also negligible with respect to the probability
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measure. Thus, λ (x,ξ ) is unique and ∇xΠ(x,ξ ) = λ (x,ξ ) at a fixed x a.s. Taking
the expectation in Eq. (8.4) yields that E [λ (·,ξ )] is a subgradient of π(·). Therefore,
E [λ (x,ξ )] is unique for all x ∈ R

q
+ so that π(·) is differentiable and

∇π(·) = E [λ (·,ξ )] = E [∇xΠ(·,ξ )] . (8.5)

Note that Π(·,ξ ) does not have to be differentiable everywhere, but expectation
with respect to a continuous random variable ξ yields a smooth function π(·).
Equation (8.5) establishes that one can interchange the expectation and differentia-
tion operators. In Sect. 8.3 we will discuss how this interchange property basically
ensures that SAA is appropriate for tackling an optimization problem.

The analysis above shows that the true function π(·) and the sample function
Π(·,ξ ) share the same nice structural properties; smoothness and concavity. This
allows the multi-dimensional newsvendor problem to be effectively solved by the
SAA method. The sample average approximation function

fn(x) =
1
n

n

∑
k=1

Π(x,ξk)− cTx

is piecewise linear and concave, but not smooth everywhere. However, the sample
average approximation function can be quickly smoothed out as the sample size
n grows, so in practice, one can choose sufficiently large n, and then apply an
algorithm for optimization of smooth concave functions to solve the sample average
approximation problem using the gradient estimator 1

n ∑n
k=1 λ (x,ξk)− c. If the

sample average function is not smooth enough and any gradient-based algorithm is
not appropriate to use, a subgradient method for convex optimization can be applied
to − fn(·). One can also apply two-stage stochastic linear programming algorithms
to solve the sampled problem [8].

Example 8.2 (Multi-Mix Blending Problem). Consider a simple blending problem
in which q products are made with p raw materials. The blend products have
to satisfy certain pre-specified quality requirements. The total processing costs
incurred depend on the product blending options used. Additionally, the production
output has to meet minimum requirements. A complication arises when some
materials are available in different quantities at different prices.

For the sake of illustration, we consider a problem with only one quality measure.
For given raw material type i = 1, . . . , p, and product type j = 1, . . . ,q, let

• Qi be the value of the quality parameter for raw material i,
• b j be the threshold acceptable level of quality per unit of product j,
• ci j be the cost of processing one unit of raw material i for product j,
• xi j be the amount of raw material i blended into product j,
• d j be the minimum output level required of product j, and
• ai be the available amount of raw material i.
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The classical multi-mix blending problem is to determine the amount of raw
material xi j that minimizes the total processing cost subject to quality requirements.
This problem can be formulated as a linear program. We modify this problem
with the assumption that the raw material quality parameters Qi are random with
known probability distributions. In this case, the quality requirement constraints
can only be satisfied with a certain probability. Thus, instead of minimizing the total
processing cost, the manager chooses the amounts x of raw material to be blended in
order to maximize the probability of achieving the target quality while keeping the
total processing cost within a certain level. This leads to the following constrained
stochastic optimization problem:

minx∈Rp×q
+

f (x) = P

(
p

∑
i=1

(b j −Qi)xi j > 0, j = 1, . . . ,q

)

(8.6)

s.t.
p

∑
i=1

q

∑
j=1

ci jxi j ≤ τ (total processing cost constraints),

p

∑
i=1

xi j ≥ d j, j = 1, . . . ,q (demand constraints),

q

∑
j=1

xi j ≤ ai, i = 1, . . . , p (resource constraints).

In general, analytic evaluation of the probability objective function is intractable,
particularly when the quality parameters Qi are correlated. In applying SAA, the
random element ξ is taken to be all the quality parameters Qi. The corresponding
sample function Y (x,ξ ) is

Y (x,ξ ) = 1

{
p

∑
i=1

(b j −Qi)xi j > 0, j = 1, . . . ,q

}

,

where 1{·} denotes the indicator function.
Suppose that ξ is a nonnegative random vector with a continuous density

function. Note that for any feasible solution x, f (x) is an integral of a density
function over a polyhedral set parameterized by x. By using a classical result in
mathematical analysis, it can be shown that the true function f is differentiable and
the gradient can be expressed as a surface integral [25]. By applying Propositions 8.2
and 8.5 in Sect. 8.3, we can show that the ULLN for fn holds. Therefore, as long as
we can obtain a solution to the sample problem, we can guarantee the convergence of
the SAA optimal values. However, the sample function has a discontinuity whenever
∑p

i=1(b j −Qi)xi j = 0 for some j = 1, . . . ,q, and ∇xY (x,ξ ) = 0 for any x except
discontinuity points, i.e., the sample average function fn(x) is differentiable except
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on a set A of probability zero, and ∇ fn(x) = 0 on Ac. This problem is ill-posed and
any point x ∈ Ac is a stationary point. Thus, any locally convergent algorithm that
searches for a stationary point is not applicable.

One approach to this problem is to approximate the sample function by using
a smooth (or piecewise linear) function. The indicator sample function has a very
simple structure, only taking on values of zero or one. At any discontinuous point
x ∈ A, we can obtain a smooth approximate function by smoothly connecting the
sample function on an open neighborhood of x. The resulting approximate function
can have a non-zero gradient that is selected to point in an uphill direction in this
neighborhood. Then, we can develop an algorithm that employs the gradient to
search for an approximate optimal solution. In the example above, we can use the
smooth approximation φ(h(x,ξ ),ε) of the sample function Y (x,ξ ), where h(x,ξ ) =
min{∑p

i=1(b j − Qi)xi j, j = 1, . . . ,q} and φ : R×R\{0} → R is a continuously
differentiable real-valued function such that for any z ∈ R and a given ε > 0,

(a) φ(z,0) = 1{z ∈ (0,∞)}, and
(b) 1{z ∈ (0,∞)} ≤ φ(z,ε) ≤ 1{z ∈ (−ε,∞)}.
If the smoothing parameter ε goes to zero as n increases, then under a set of
regularity conditions, the optimal solution of the smooth approximate problem
converges to a stationary point of the true problem. This smoothing technique
has been widely used, particularly for minimizing risk measures such as Value-at-
Risk (VaR) and conditional Value-at-Risk (CVaR) [2, 16], as well as for handling
chance constraints [23]. Xu and Zhang [63] provide simple examples of smoothing
techniques and discuss the local convergence of the SAA method with a smoothed
sample function.

The smoothing approach above changes the true objective function to be
optimized, and while the magnitude of the change can be controlled through
the parameter ε , one might wonder whether this approximation can be avoided.
Sometimes a conditional expectation can be used to smooth jumps in the sample
function Y (·,ξ ). This is called smoothed perturbation analysis (SPA) [15]. SPA was
developed to overcome difficulties in applying infinitesimal perturbation analysis
(see Sect. 8.3) in nonsmooth settings, and has been applied to a large class of
stochastic discrete event systems. To illustrate the SPA technique, we consider a
company that produces only one type of product using two types of raw material.
Then, for any x = (x1,x2)> 0, the corresponding objective function is

f (x) = E[Y (x,ξ )] = E

[

1

{

b
2

∑
i=1

xi −Q1x1 −Q2x2 > 0

}]

= E

[

E

[

1

{

b
2

∑
i=1

xi −Q1x1 −Q2x2 > 0

}∣
∣
∣
∣
∣
Q2

]]

= E

[

FQ1

(
b∑2

i=1 xi −Q2x2

x1

)]

, (8.7)
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where FQ1 is the cumulative distribution function of Q1 (under the assumption that
Q1 has a density). If the density of Q1 is continuous, then at any fixed Q2, the
function inside the expectation in (8.7) is differentiable at x. Thus, if FQ1 is known,
f (·) can be approximated instead by taking the sample average of this smooth
sample function, the expectation of which is the exact function we truly wish to
minimize.

Smoothing techniques may not always be applicable, particularly when the
sample function has a complex structure. However, even when not applicable, the
gap between the sample function fn(·) and the true function f (·) may still converge
to 0 uniformly on the domain Θ as the sample size n grows, so provided that one
can solve the SAA problem (8.2), the sequence of optimal objective function values
will converge.

Example 8.3 (Bus Scheduling Problem). Passengers arrive at a bus stop according
to a Poisson process with rate λ over the interval [0,1]. We wish to schedule the
arrival times of d infinite-capacity buses over this time interval so as to minimize
the expected sum of passenger wait times. We assume that an additional bus arrives
at time 1 so that all waiting times are well defined and can be calculated.

Let x̃ j denote the scheduled time of arrival of the jth bus, j = 1,2, . . . ,d+1 where
x̃d+1 = 1, and let x j = x̃ j − x̃ j−1 denote the length of the time interval between the
arrivals of buses j−1 and j, j = 1,2, . . . ,d+1, where x̃0 = 0. The random element ξ
here may be taken to be N, the number of passengers to arrive over the time interval
[0,1], along with the times T1,T2, . . . ,TN of their arrival.

The sample function Y (x,ξ ) may be written

Y (x,ξ ) =
N

∑
i=1

d+1

∑
j=1

(x̃ j −Ti)1{Ti ∈ (x̃ j−1, x̃ j]}.

The order-statistic property of Poisson processes may be used to show directly (e.g.,
[44, p. 68]) that

f (x) = E[Y (x,ξ )] =
λ
2

d+1

∑
j=1

x2
j ,

so that f (x) is convex and quadratic, and hence smooth. However, the sample
function has a discontinuity whenever the arrival time of a bus coincides with the
time of a passenger arrival.

Like the multi-mix blending problem, for any fixed ξ , Y (·,ξ ) is differentiable
except on a set A of probability zero. Unlike the multi-mix blending problem, the
gradient of the sample function ∇xY (x,ξ ) at x ∈ Ac can take a non-zero value. For
example, when d = 1, the derivative of Y (x,ξ ) for a fixed ξ is zero on (0,T1)
and positive at any differentiable point x ∈ (T1,1). Note that the gradient of the
sample function does not provide any useful information about the (quadratic) true
function, and hence any gradient-based algorithm is highly unlikely to work well in
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this setting. Approximating the sample function with smoothing techniques is not a
trivial problem in this case due to the complexity of the sample function. One could
try to minimize the sample average approximation problem in this example using
techniques such as metamodeling. If the difference between the sample average and
the true function is small enough for sufficiently large sample size n, then the true
function can be well approximated with a quadratic metamodel. Indeed, by applying
Propositions 8.2 and 8.5, we can show that the gap between the sample and the true
function does not persist and eventually converges to 0 uniformly on [0,1]d . Thus,
although SAA can in principle be applied to this example, it may not be the best
approach, due to the lack of useful structure in the sample functions.

In some examples, sample functions can have appealing structural properties in
some variables but not in others. For example, in [14], an (s,S) inventory system is
considered. When the problem is reparameterized with decision variables Δ = S− s
and S, then for each fixed Δ , the sample functions are piecewise linear and convex
in S. It is then natural to solve the problem by searching only over Δ , using the value
of S that minimizes the sample function at each fixed Δ . More precisely, for each
fixed Δ , let S∗n(Δ) minimize fn(Δ , ·). Then one can reduce the two-dimensional
optimization problem of minimizing fn(·, ·) to a one-dimensional optimization
problem where one minimizes fn(Δ ,S∗n(Δ)) over Δ . As discussed in [14], this latter
problem is not unimodal in Δ , so it is difficult to solve numerically.

8.3 Detecting When SAA Is Appropriate

The key principles exemplified in Sect. 8.2 are that

1. SAA is appropriate only when the approximating functions fn have some
structure that enables the application of an efficient deterministic optimization
algorithm, and

2. the limiting function f that we actually want to minimize shares that structure, so
that the properties of the limiting function such as the location of local minima
are similar to those of the approximating function.

The term “some structure” is intentionally vague because it can mean different
things in different problems. For example, by “some structure” we might mean that
all sample functions are convex, in which case convex optimization techniques can
be applied to the sample functions, and we can ensure convergence to a global
minimum of both the sample functions and the limiting function. Alternatively, the
sample functions might not be convex, but might be differentiable, in which case
gradient-based methods could be applied. A weaker property that can be exploited
by numerical optimization algorithms is Lipschitz continuity.

The approximating functions fn are observable, because we can generate them
in finite time, while the limiting function f is not directly observable. Nevertheless,
one can often infer structural properties of f through the corresponding properties
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of the approximating functions fn and regularity conditions that ensure that these
properties persist in the limit as n → ∞.

In this section, we give sufficient conditions involving only the sample functions
Y (·, ·) (from which the approximating functions fn(·) are built) for the true function
f (·) to be continuous or differentiable at a fixed point x. If these conditions apply
at each point x in the domain, then one can conclude that f (·) is continuous or
differentiable over that domain. Perhaps surprisingly, one can often arrive at this
conclusion even when the sample functions do not possess these same properties
over the entire domain. Therefore, Principle 2 does not follow automatically from
Principle 1.

These observations will not be surprising to those who are familiar with
infinitesimal perturbation analysis (IPA), and indeed, the results presented here can
be viewed as a recasting of those ideas in the SAA setting. If we take as given that
SAA-appropriate problems are those for which both the approximating functions
fn(·) and f (·) are differentiable, and the derivatives of fn(·) converge to those for
f (·), then we arrive at an underlying theme of this section, which is the following
meta-principle:

SAA-appropriate problems are almost exactly those in which IPA applies.

In contrast to much of the IPA literature, we explicitly treat the case where d, the
dimension of the domain Θ, can be greater than one. The ideas involved are similar
to the one-dimensional case, but some additional care is required. See [17, Chap. 1]
for an excellent treatment of the one-dimensional case.

Our first result [27] gives sufficient conditions for f (·) to be continuous at a fixed
point x∈Θ. The result is disarmingly straightforward to state and prove. Throughout
this chapter, ‖ · ‖ will denote the Euclidean norm. Let B(x,δ ) = {y : ‖y− x‖ ≤ δ}
denote the closed ball of radius δ around x.

Proposition 8.1. Fix x ∈ Θ. Suppose that Y (·,ξ ) is continuous at x a.s., i.e., for all
ξ in a set of probability 1, Y (x+h,ξ )→ Y (x,ξ ) as h → 0. Suppose further that the
family of random variables

{Y (x+ h,ξ ) : x+ h ∈ B(x,δ )}

is uniformly integrable, for some δ > 0. Then f (·) is continuous at x.

Proof. Continuity of Y (·,ξ ) on a set A of probability 1 ensures that

f (x) = E[Y (x,ξ )1{ξ ∈ A}]

= E

[

lim
h→0

Y (x+ h,ξ )1{ξ ∈ A}
]

= lim
h→0

E[Y (x+ h,ξ )1{ξ ∈ A}] (8.8)

= lim
h→0

f (x+ h),

where the interchange (8.8) is justified by the uniform integrability assumption.
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As an immediate corollary we have the following result on the global continuity
of f (·).
Corollary 8.1. Suppose that the conditions of Proposition 8.1 hold at each x ∈ Θ.
Then f (·) is continuous on Θ.

What is perhaps surprising about this corollary is that we may be able to
establish that f (·) is continuous on Θ even when the sample functions Y (·,ξ )
are discontinuous on Θ almost surely! The apparent contradiction dissolves when
one realizes that the assumption of Proposition 8.1 requires continuity of Y (·,ξ )
only locally at x. There may be discontinuities of this function at points outside a
neighbourhood of x, and this neighbourhood can depend on ξ .

As an example, let us revisit the bus-scheduling problem from Sect. 8.2. The
sample functions Y (·,ξ ) have discontinuities at all points x such that a bus arrival
time coincides with a passenger arrival time in the interval (0,1). Consequently, the
sample functions Y (·,ξ ) are discontinuous on Θ almost surely. However, for a fixed
x ∈ Θ, Y (·,ξ ) is continuous at x unless a passenger arrival coincides with one of
the bus arrival times encoded in x, which occurs with probability 0. Furthermore,
the sum of the waiting times of the N arriving passengers is bounded by N,
which has finite expectation, and so {Y (y,ξ ) : y ∈ B(x,δ )} is uniformly integrable.
Proposition 8.1 then ensures that f is continuous at x, and Corollary 8.1 allows us
to conclude that f is continuous on Θ. We already knew that f is continuous on Θ,
because it is a convex quadratic. However, this same argument can be used to show
continuity in other examples where the form of f (·) is unknown. See [27] for an
example involving locating multiple ambulances. This result for the bus-scheduling
example is a special case of the following general result.

Proposition 8.2. Suppose that

(i) for any fixed ξ , Y (·,ξ ) is a piecewise Lipschitz continuous function, i.e., there
exists a countable partition of Θ such that the restriction of Y (·,ξ ) to the
interior of each component is Lipschitz continuous,

(ii) the Lipschitz constants in all components are bounded by an integrable random
variable L(ξ ),

(iii) the jump size at any discontinuous point x∈Θ is bounded by a random variable
J(ξ ) with E[J2(ξ )]< ∞, and

(iv) for any x ∈ Θ, m(x,x+ h,ξ )→ 0 a.s. as ‖h‖ → 0, where m(x,x+ h,ξ ) is the
number of discontinuity points of the sample function Y (·,ξ ) restricted to the
line segment joining x and x+ h and satisfies

sup
x+h∈B(x,δ )

m(x,x+ h,ξ )≤ M(ξ ),

for some δ > 0 and a random variable M(ξ ) with E[M2(ξ )]< ∞.

Then the assumptions in Proposition 8.1 hold, and hence f (·) is continuous on Θ.
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Proof. Fix x ∈ Θ. We have

|Y (x+ h,ξ )−Y(x,ξ )| ≤ ‖h‖L(ξ )+ J(ξ )m(x,x+ h,ξ ). (8.9)

By Assumption (iv), the right hand side of (8.9) converges to zero a.s. as h → 0.
Thus, Y (·,ξ ) is continuous at x a.s. Since m(x + h,x,ξ ) ≤ M(ξ ) (over x + h ∈
B(x,δ )), the right hand side of (8.9) is dominated by an integrable random variable
‖h‖L(ξ )+ J(ξ )M(ξ ). Thus, {|Y (x+h,ξ )−Y(x,ξ )| : x+h ∈ B(x,δ )} is uniformly
integrable, and so is {Y (x+ h,ξ ) : x+ h ∈ B(x,δ )}.

As with continuity, one can obtain differentiability results for f (·) based on local
properties of the sample functions Y (·, ·).
Proposition 8.3. Fix x in the interior of Θ. Suppose that Y (·,ξ ) is differentiable at
x w.p.1, and let ∇Y (x,ξ ) be its gradient. Suppose further that the family of random
variables

{
Y (x+ h,ξ )−Y(x,ξ )

‖h‖ : 0 < ‖h‖ ≤ δ
}

(8.10)

is uniformly integrable, for some δ > 0. Then f (·) is differentiable at x, and ∇ f (x) =
E[∇Y (x,ξ )].

Proof. We have that for all ξ in a set A of probability 1,

Y (x+ h,ξ ) = Y (x,ξ )+ hT∇Y (x,ξ )+ ‖h‖R(x,ξ ,h), (8.11)

where the remainder term R(x,ξ ,h)→ 0 as h → 0. For ξ �∈ A, define ∇Y (x,ξ ) = 0
and R(x,ξ ,h) = 0. Taking h = rei, i.e., the ith unit vector scaled by r, for each
i = 1,2, . . . ,d, and letting r → 0, the uniform integrability assumption implies that
E[|∂Y (x,ξ )/∂xi|]< ∞. Hence, all d components of E[∇Y (x,ξ )] exist and are finite.
Taking expectations in (8.11), we obtain

f (x+ h) = f (x)+ hTE[∇Y (x,ξ )]+ ‖h‖E[R(x,ξ ,h)],
so the result will follow if we show that E[R(x,ξ ,h)]→ 0 as h → 0. From (8.11), we
have that for ξ ∈ A,

Y (x+ h,ξ )−Y(x,ξ )
‖h‖ =

hT

‖h‖∇Y (x,ξ )+R(x,ξ ,h),

and the left-hand side is uniformly integrable (over ‖h‖ ∈ (0,δ ]) by assumption.
But each component of ∇Y (x,ξ ) is integrable, and therefore, hT∇Y (x,ξ )/‖h‖
is uniformly integrable for ‖h‖ ∈ (0,δ ]. It follows that R(x,ξ ,h) is uniformly
integrable for h ∈ (0,δ ], and therefore, E[R(x,ξ ,h)]→ 0 as h → 0 as required.

Corollary 8.2. Suppose that the conditions of Proposition 8.3 hold at each x in
the interior of Θ. Then f (·) is differentiable on the interior of Θ with ∇ f (x) =
E[∇Y (x,ξ )].
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It is again striking that under certain verifiable conditions, one can show that f (·)
is differentiable throughout the interior of Θ, even if the sample functions Y (·,ξ )
are not. In fact, this is the norm in applications arising in discrete-event simulation,
in that the functions Y (·,ξ ) typically fail to be differentiable on “seams” in Θ that
have measure 0.

The uniform integrability assumption is almost always verified (either locally or
on the interior of Θ) by showing that Y (·,ξ ) is Lipschitz continuous with Lipschitz
constant L(ξ ) on the appropriate set, where E[L(ξ )]< ∞. Indeed, the Lipschitz con-
dition ensures that |Y (x+ h,ξ )−Y(x,ξ )| ≤ L(ξ )‖h‖, and the uniform integrability
requirement follows immediately. But how can this property be verified? In one
dimension, one can appeal to the following result, known as the generalized mean
value theorem, in which the Lipschitz constant for a sample function Y (·,ξ ) arises
from a bound on the (sample) derivative. For a proof, see [12, Sect. 8.5].

Theorem 8.1. Let g be a continuous real-valued function on the closed interval
[a,b] that is differentiable everywhere except possibly on a set C of at most countably
many points. Then for all x and x+ h in [a,b] with h �= 0,

∣
∣
∣
∣

g(x+ h)− g(x)
h

∣
∣
∣
∣
≤ sup

y∈[a,b]\C
|g′(y)|.

In higher dimensions, we can again apply this result. One difficulty is that
real-valued (sample) functions arising in discrete-event simulation often fail to
be differentiable along “seams,” so the set of non-differentiable points can be
uncountable. Fortunately, it is sufficient for our purposes to apply the generalized
mean-value theorem along certain line segments only. So long as these line segments
intersect the non-differentiable set in at most countably many places, we can apply
the generalized mean-value theorem. The following proposition gives sufficient
conditions for the uniform integrability condition (8.10) in Proposition 8.3.

Proposition 8.4. For some δ > 0 suppose that for all ξ in a set of probability 1,

(i) Y (·,ξ ) is continuous in B(x,δ );
(ii) C(ξ )∩ [x,y] is countable for all y ∈ B(x,δ ), where C(ξ ) denotes the points

of non-differentiability of Y (·,ξ ) in B(x,δ ) and [x,y] denotes the line segment
joining x and y; and

(iii) sup
y∈B(x,δ )\C(ξ )

‖∇Y (y,ξ )‖ ≤ L(ξ )< ∞.

If E[L(ξ )]< ∞, then the uniform integrability condition (8.10) holds.

Proof. For ‖h‖ ≤ δ and ξ in the set of probability 1,

|Y (x+ h,ξ )−Y(x,ξ )| ≤ sup
y∈[x,x+h]\C(ξ )

|hT∇Y (y,ξ )| (8.12)

≤ ‖h‖ sup
y∈[x,x+h]\C(ξ )

‖∇Y (y,ξ )‖ (8.13)

≤ ‖h‖L(ξ ),
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where (8.12) and (8.13) follow from the generalized mean-value theorem and
the Cauchy–Schwarz inequality, respectively. The result follows since L(ξ ) is
integrable.

Sometimes one can verify the Lipschitz property directly, as in the following
example.

Example 8.4. A depot is to be located in the unit square [0,1]2. Each night a set
of N requests for pickups the following day is made, where N has finite mean.
Conditional on N ≥ 1, the N pickup locations are independent and identically
distributed with density p(·) on the unit square. The pickups are completed in a
single tour by a van that travels in a straight line from pickup to pickup (Euclidean
distance), visiting all pickups before returning to the base. The sequence of pickups
is chosen so as to minimize the total travel distance of the van, i.e., the sequence of
pickups is the solution to a traveling salesperson problem, starting and finishing at
the depot. In this case, the random element ξ consists of the number and locations
of pickups, and x gives the Cartesian coordinates of the depot. The goal is to select
the depot location to minimize the expected distance traveled by the van.

Here, Y (x,ξ ) gives a realization of the distance traveled by the van. We can write

Y (x,ξ ) = min
π

Y (x,ξ ,π), (8.14)

where π is a permutation specifying the order in which pickups are visited and
Y (x,ξ ,π) is the resulting distance traveled. (We exclude duplicate permutations that
are the reverse of each other in this pointwise minimum.) Each function Y (·,ξ ,π)
is differentiable and in fact has partial derivatives bounded by 2. (To see why,
notice that Y (x,ξ ,π) gives the sum of the distance from x to the first pickup, the
distance from the last pickup to x, and the sum of the “internal” distances between
the pickups of the permutation. The internal distances do not change as x varies.)
Hence, Y (·,ξ ,π) is Lipschitz with Lipschitz constant 2 for all ξ and π . It then
follows from (8.14) that Y (·,ξ ) is Lipschitz with Lipschitz constant 2. Furthermore,
for fixed x, the set of ξ for which Y (·,ξ ) fails to be differentiable at x are such that
multiple permutations attain the minimum in (8.14). This set has probability 0 since
pickup locations have a density. It follows from our previous discussion that f (·) is
differentiable at x and ∇ f (x) = E[∇Y (x,ξ )].

8.4 Known Properties

In this section, we discuss some known properties for well-structured unconstrained
optimization problems. Here, “well-structured” means that the sample function
enjoys some structural property such as continuity or differentiability. We first
investigate under which conditions the optimal solution and value of the SAA
problem approach those of the true problem as the sample size n grows. Then,
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we discuss how quickly this convergence occurs via the Central Limit Theorem
(CLT). We also briefly present the convergence of local solutions for both smooth
and nonsmooth problems.

8.4.1 Almost Sure Convergence

As we briefly discussed in Sect. 8.2, uniform convergence of the sample average
functions is the key condition for establishing convergence of optimal objective
values and solutions in SAA. Indeed, one immediate consequence is the consistency
of the SAA optimal values, i.e., v∗n → v∗ a.s. as n → ∞, where v∗n and v∗ are the
optimal objective values of the SAA problem (8.2) and the true problem (8.1),
respectively. To see why, note that for a fixed sequence {ξn : n ≥ 1}, { fn : n ≥ 1}
can be viewed as a sequence of deterministic functions. Suppose that fn converges to
the true function f uniformly on Θ. Then, for any sequence {xn} ⊂ Θ converging to
x∈Θ, fn(xn) converges to f (x). Many problems, including those with discontinuous
sample functions in Sect. 8.2, satisfy this uniform convergence. When the sample
function Y (·,ξ ) is convex a.s., the pathwise LLN is equivalent to the ULLN on
a compact set [55, Corollary 3]. In a problem with non-convex functions, the
following result shows that the conditions for the continuity of the true function
f (·) discussed in Sect. 8.3 are, in fact, sufficient to ensure the uniform convergence
of the approximating functions on a compact set.

Proposition 8.5. Let Θ be a nonempty compact set. For any fixed x ∈ Θ, suppose
that Y (·,ξ ) is continuous at x a.s., and there exists δ > 0 such that the family
of random variables {Y (y,ξ ) : y ∈ B(x,δ )} is uniformly integrable. Then { fn(x)}
converges to f (x) uniformly on Θ a.s. as n → ∞.

Proof. The proof can be carried out by adapting the proof of Proposition 7 in [55].
Choose x̃ ∈ Θ. Let {δk ≤ δ (x̃) : k = 1,2, . . .} be a sequence of positive numbers
decreasing to 0, and define

αk(ξ ) = sup
x∈B(x̃,δk)

|Y (x,ξ )−Y(x̃,ξ )|.

By the continuity of Y (·,ξ ) at x̃, αk(ξ ) goes to zero a.s. as k increases. The uniform
integrability assumption ensures that {αk(ξ ) : k = 1,2 . . .} is uniformly integrable,
and hence

lim
k→∞

E[αk(ξ )] = E

[

lim
k→∞

αk(ξ )
]

= 0.
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Note that

sup
x∈B(x̃,δk)

| fn(x)− fn(x̃)| ≤ 1
n

n

∑
i=1

αk(ξi). (8.15)

By the LLN, the right-hand side of (8.15) converges to E[αk(ξi)] a.s. as n→∞. Thus,
for given ε > 0, there exists a neighborhood V of x̃ such that a.s. for sufficiently
large n,

sup
x∈V∩Θ

| fn(x)− fn(x̃)|< ε.

Since Θ is compact, there exists a finite number of points x1, . . . ,xm ∈ Θ and
corresponding neighborhoods V1, . . . ,Vm covering Θ such that a.s. for sufficiently
large n,

sup
x∈Vj∩Θ

| fn(x)− fn(x j)|< ε, j = 1, . . . ,m. (8.16)

By Proposition 8.1, f (·) is continuous. Thus, we can choose the neighborhoods
V1, . . . ,Vm in such a way that

sup
x∈Vj∩Θ

| f (x)− f (x j)|< ε, j = 1, . . . ,m. (8.17)

By the LLN, with probability 1 (w.p.1) for sufficiently large n,

| fn(x j)− f (x j)|< ε, j = 1, . . . ,m. (8.18)

Combining (8.16)–(8.18), w.p.1 for sufficiently large n, we have

supx∈Θ | fn(x)− f (x)|< 3ε.

When the sample function is continuous, the ULLN implies the continuity of
the true function f . However, in general, the continuity of the true function is not a
necessary condition for uniform convergence of the approximating function fn. For
example, consider a cumulative distribution function (cdf) f (x) = P(ξ ≤ x) and the
empirical cdf fn(x). By the Glivenko–Cantelli Theorem [7, p. 269], fn converges to
f uniformly on R even if f is discontinuous. Optimizing a discontinuous function
is in general a difficult problem, and many practical problems naturally exhibit
continuity properties. In this chapter, we therefore focus on problems where f is
continuous, unless the domain Θ is a discrete set.

We introduce some notation to proceed to the convergence results below. Let
Π∗

n and π∗ denote the set of optimal solutions of the SAA and the true problems,
respectively. We define the Euclidean distance from a point x to a set B to be
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d(x,B) = infy∈B ‖x − y‖, and the distance between two sets A,B ⊂ R
q to be

D(A,B) = sup{d(x,B) : x ∈ A}. In the next theorem, we give convergence results
based on the continuity of the true function and uniform convergence.

Theorem 8.2 (Theorem 5.3, [57]). Suppose there exists a compact subset C ⊂ R
d

such that

(i) π∗ is non-empty and contained in C,
(ii) { fn(x)} converges to f (x) uniformly on C a.s. as n → ∞, and

(iii) for sufficiently large n, Π∗
n is non-empty and contained in C a.s.

Then v∗n → v∗. Furthermore, if the true function f (·) is continuous on C, then
D(Π∗

n,π∗)→ 0 a.s. as n → ∞.

Proof. Fix ε > 0. Uniform convergence of fn to f on C ensures that

fn(x)≥ f (x)− ε

for all x ∈ C, for sufficiently large n a.s. The assumption that Π∗
n ⊆ C ensures that

v∗n is attained on C for sufficiently large n a.s., so v∗n ≥ v∗ − ε for sufficiently large n
a.s. Since ε was arbitrary, liminfn v∗n ≥ v∗ a.s. Also, since there exists x∗ ∈ π∗ ⊆C,
v∗n ≤ fn(x∗)→ v∗ as n → ∞ a.s. Thus, v∗n → v∗ as n → ∞ a.s. Turning to convergence
of the solution set, suppose that D(Π∗

n,π∗)� 0. Then there exists Xn ∈ Π∗
n such that

for some ε > 0, d(Xn,π∗) ≥ ε for all n ≥ 1. Since C is compact, by passing to a
subsequence if necessary, Xn converges to a point x∗ ∈ C, and f (x∗) > v∗. On the
other hand,

fn(X
∗
n )− f (x∗) = [ fn(X

∗
n )− f (X∗

n )]+ [ f (X∗
n )− f (x∗)] (8.19)

Both the first term and the second term in the right hand side of (8.19) converge
to zero by the uniform convergence assumption and continuity of f , respectively.
Thus, v∗n → f (x∗)> v∗, which contradicts the fact that v∗n → v∗.

Theorem 8.2 ensures that, if X∗
n solves the SAA problem exactly, then

d(X∗
n ,π∗) → 0 a.s. as n → ∞. Moreover, if the true problem has a unique optimal

solution x∗, then X∗
n → x∗. When the sample functions are convex, the set of

regularity conditions in Theorem 8.2 can be relaxed by using the theory of epi-
convergence [57, Theorem 5.4].

Now we consider the case where Θ is a finite set and discuss the convergence
of ε-optimal solutions in the SAA method. We first introduce some notation. For
ε ≥ 0, let

π∗(ε) := {x ∈ Θ : f (x) ≤ v∗+ ε}, Π∗
n(ε) := {x ∈ Θ : fn(x)≤ v∗n + ε} (8.20)

denote the ε-optimal solutions for the true and the SAA problems, respectively.
Since Θ is finite, the pathwise LLN implies the ULLN. Thus, the a.s. convergence
of v∗n to v∗ is guaranteed. Furthermore, asymptotic normality of v∗n follows under
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moment conditions if the optimal solution is unique. Also, it can be shown that
for any ε ≥ 0, Π∗

n(ε) ⊂ π∗(ε) w.p.1 for n sufficiently large [28]. This means that
any ε-optimal solution of the SAA problem is an ε-optimal solution of the true
problem for large enough n. In particular, if the true problem has a unique solution
x∗, then Π∗

n = {x∗} w.p.1 for n large enough. But, how quickly does the probability
of {Π∗

n(ε)⊂ π∗(ε)} approach 1 as n increases? Large deviation analysis shows that
under a mild regularity condition (essentially finiteness of the moment generating
function of Y (x,ξ ) at each fixed x), the probabilityP{Π∗

n(δ )� π∗(ε)} for 0≤ δ < ε,
converges to zero at an exponential rate. We discuss this further in Sect. 8.5.

8.4.2 Convergence Rates for the SAA Method

There exists a well-developed statistical inference for estimators obtained from
the SAA approach. From this inference, we can obtain error bounds for obtained
solutions and select the sample size n to obtain a desired level of accuracy. The first
result below by [32] states that the estimator v∗n for v∗ is negatively biased and the
expected value of v∗n monotonically increases. This monotonicity property of E[v∗n]
is desirable in the sense that we can expect a tighter lower bound as n increases.

Proposition 8.6. For all n ≥ 1, E[v∗n]≤ E[v∗n+1], and E[v∗n]≤ v∗.

Proof. Since ξ1,ξ2, . . . are i.i.d.,

E[v∗n+1] = E

[

min
x∈Θ

1
n+ 1

n+1

∑
i=1

Y (x,ξi)

]

= E

[

min
x∈Θ

1
n+ 1

n+1

∑
i=1

(

1
n ∑

j �=i

Y (x,ξ j)

)]

≥ 1
n+ 1

n+1

∑
i=1

E

[

min
x∈Θ

(

1
n ∑

j �=i

Y (x,ξ j)

)]

= E[v∗n].

For any x̃ ∈ Θ, fn(x̃)≥ minx∈Θ fn(x). By taking expectation on both sides, we have

v∗ = minx∈Θ f (x) = minx∈ΘE [ fn(x)]≥ E [minx∈Θ fn(x)] = E[v∗n].

Next, we discuss the asymptotic behavior of the SAA optimal objective value v∗n.
For a sequence of random variables {Xn} and deterministic constants βn, we say that
Xn = op(βn), if Xn/βn → 0 in probability. We also say that Xn = Op(βn), if {Xn/βn}
is bounded in probability (tight), i.e., for any ε > 0, there exists M > 0 such that
P(|Xn/βn|> M)< ε, for all n.

First, assuming that E[Y 2(x,ξ )]< ∞, we have the CLT for any fixed x ∈ Θ,

√
n( fn(x)− f (x))

d→ Z(x)
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as n → ∞, where
d→ signifies convergence in distribution, and Z(x)∼N (0,σ2(x)),

σ2(x) ≡ Var[Y (x,ξ )]. The CLT implies that the error fn(x)− f (x) is of order
Op(n−1/2). Under a set of mild regularity conditions, the same canonical conver-
gence rate of v∗n can be obtained by applying a multidimensional version of the CLT
to f .

Theorem 8.3 (Theorem 5.7, [57]). We suppose that

(i) Θ is compact,
(ii) E[Y 2(x,ξ )]< ∞, for some x ∈ Θ,

(iii) Y (·,ξ ) is Lipschitz on Θ with Lipschitz constant L(ξ ) a.s., and E
[

L2(ξ )
]

< ∞.

Then,

v∗n = inf
x∈π∗ fn(x)+ op(n

−1/2)

and

√
n(v∗n − v∗) ⇒ inf

x∈π∗ Z(x) (8.21)

as n → ∞, where Z is a Gaussian process on Θ with E[Z(x)] = 0 and
Cov(Z(x),Z(y)) = Cov(Y (x,ξ ),Y (y,ξ )), for all x,y ∈ Θ.

Proof. The essential idea of the proof is to employ a functional CLT for fn and the
Delta method [7] to V ( f ), where V is the real-valued functional given by V (g) =
minx∈Θ g(x), for any continuous function g on Θ.

When the true problem has a unique optimal solution x∗, (8.21) implies that
v∗n is asymptotically normally distributed. It again follows from (8.21) that under
some uniform integrability conditions, the bias E[v∗n]− v∗ is O(n−1/2). If the true
problem has a unique solution, E[v∗n]− v∗ is o(n−1/2), and with additional moments
and second order conditions on f , E[v∗n]− v∗ is, in fact, O(n−1).

The SAA optimal solution X∗
n requires a stronger set of conditions to achieve

the same asymptotic properties as v∗n. When f is smooth and has a unique solution,
under some regularity conditions, the solution X∗

n of the SAA problem converges to
the unique solution x∗ of the true problem at the canonical rate n−1/2. One of the
essential regularity conditions is that the true function f increases quadratically near
the unique solution x∗. (It may converge at a faster rate if the function f increases
linearly near x∗, as may happen if x∗ lies on the boundary of Θ.) We say that the
quadratic growth condition is satisfied at x̃ if there exists α > 0 and a neighborhood
V of x̃ such that for all x ∈ Θ∩V,

f (x) ≥ f (x̃)+α‖x− x̃‖2.

If Θ is a convex, full dimensional set and x̃ lies in the interior of Θ, then the quadratic
growth condition is equivalent to the second order sufficient optimality condition,
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i.e., the Hessian matrix ∇2 f (x̃) is positive definite. In the convergence result below,
we provide conditions that are relatively easy to understand and a sketch of the
proof. The readers are referred to [53,57] for the proof under more general regularity
conditions.

We say g : Rd → R is Fréchet differentiable at x if there exists a bounded linear
operator Dxg : Rd →R

d such that

lim
‖u‖↓0

|g(x+ u)− g(x)−Dxg(u)|
‖u‖ = 0.

Theorem 8.4. Assume that the following hold:

(i) The true function f has a unique minimizer x∗ ∈ Θ.
(ii) Y (·,ξ ) is Lipschitz with Lipschitz constant L(ξ ) on Θ a.s., and E [L(ξ )]< ∞.

(iii) Y (·,ξ ) is continuously differentiable at any x in a neighborhood of x∗ a.s.
(iv) E[‖∇xY (x,ξ )‖2]< ∞, for some x ∈ Θ.
(v) ∇xY (·,ξ ) is Lipschitz with Lipschitz constant K(ξ ) in a neighborhood of x∗

a.s., and E
[

K2(ξ )
]

< ∞.
(vi) f satisfies the quadratic growth condition at x∗.

Then, ‖X∗
n − x∗‖= Op(n−1/2). Furthermore, assume that

(vii) There exists a neighborhood U of x∗ and α > 0 such that for every u in a
neighborhood of zero, the following problem

min
x∈Θ

f (x)+ u · x (8.22)

has an optimal solution x∗(u) ∈ U and the quadratic growth condition holds
at x∗(u).

If x∗(u) is Fréchet differentiable at u = 0 and D0x∗(·) is continuous,

√
n(X∗

n − x∗) ⇒ D0x∗(Z) (8.23)

as n → ∞, where Z is a multivariate normal vector with mean 0 and covariance
matrix

Σ = E
[

(∇ f (x∗,ξ )−∇ f (x∗))T(∇ f (x∗,ξ )−∇ f (x∗))
]

.

Moreover, if D0x∗(·) is linear, then
√

n(X∗
n − x∗) is asymptotically normally dis-

tributed.

Proof. By Assumptions (i)–(iii), X∗
n → x∗ a.s. as n → ∞, and f (·) is Lipschitz

continuous and continuously differentiable at x∗. Let δn(x) = fn(x)− f (x).
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By the quadratic growth condition (vi) and the generalized mean-value theorem,
we have

‖X∗
n − x∗‖ ≤ supx∈B(x∗,‖X∗

n −x∗‖) ‖∇δn(x)‖
α

.

With Assumptions (iv)–(v), by applying the functional CLT and the continuous
mapping theorem [7] to ∇δn(·), we have supx∈B(x∗,‖X∗

n −x∗‖) ‖∇δn(x)‖= Op(n−1/2),

and hence ‖X∗
n − x∗‖= Op(n−1/2) follows.

By applying the quadratic growth condition (vii) to x∗(∇δn(x∗)) and using the
Lipschitz continuity of ∇ f (·), it can be shown that

X∗
n = x∗(∇δn(x

∗))+ op(n
−1/2).

Since x∗(u) is Fréchet differentiable at u = 0,

x∗(∇δn(x
∗))− x∗ = D0x∗(∇δn(x

∗))+ op(n
−1/2).

Thus, it follows from the CLT on ∇δn(x∗) and the continuous mapping theorem that√
n(X∗

n − x∗) = D0x∗(
√

n∇δn(x∗))+ op(1) ⇒ D0x∗(Z).

A second-order condition can ensure the quadratic growth condition (vii) for
the parameterized objective function f (x) + u · x. For example, if Θ is convex, f
is twice continuously differentiable, and ∇2 f (x∗) is positive definite, Assumption
(vii) holds by setting α as the lower bound of the smallest eigenvalue of ∇2 f (x) in a
neighborhood of x∗. If x∗(·) is Lipschitz, the Fréchet derivative D0x∗(·) is continuous
and linear, and thus the asymptotic normality of X∗

n can be ensured.

8.4.3 The SAA Method in the Nonconvex Case

Thus far, the convergence theory for SAA methods that we have presented has been
derived under the assumption that we can produce a global minimum of the SAA
problem in Θ, and hence the theory can be applied primarily to convex problems.
In the nonconvex case, the best that we can hope for from a computational point
of view is that we can generate local minimizers of the SAA problems. When the
sample function is differentiable almost surely on Θ, the validity of IPA ensures
the convergence of the first order points of the SAA problem to those of the true
problem. This reaffirms the key principle observed in Sect. 8.3: when IPA is valid,
the SAA method is appropriate.

For x ∈ Θ, N (x) denotes the normal cone to Θ at x. For x in the interior of Θ,
N (x) = {0}. For x on the boundary of Θ, N (x) is the convex cone generated by
the outward normals of the faces on which x lies. When Θ is convex,

N (x) = {y ∈ R
d : yT(x′ − x)≤ 0, for all x′ ∈ Θ}.
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A first-order critical point x of a smooth function f satisfies

−∇ f (x) = z for some z ∈N (x),

i.e., the direction of most rapid descent lies in the normal cone (of directions we
cannot move in without leaving Θ). Let S∗n and S∗ be the set of first-order critical
points of the approximating function fn and the true function f in Θ, respectively.
The following theorem states first-order convergence results of the SAA method,
and is an immediate result of [55, Proposition 19].

Theorem 8.5. Suppose there exists a compact subset C ⊂ R
d such that

(i) S∗ is non-empty and contained in C,
(ii) the true function f (·) is continuously differentiable on an open set containing

C,
(iii) {∇ fn(x)} converges to ∇ f (x) uniformly on C, a.s. as n → ∞, and
(iv) for sufficiently large n, S∗n is non-empty and contained in C w.p.1.

Then D(S∗n,S∗)→ 0 a.s. as n → ∞.

Proof. The proof can be derived from stochastic generalized equations. We do not
introduce them here; rather, we present a relatively easier version of the proof with
the added assumption that the domain Θ is compact and convex. Suppose that
D(S∗n,S∗) � 0. Since Θ is compact, by passing to a subsequence if necessary, we
can assume that there exists a convergent sequence of solutions {X∗

n ∈ S∗n} such that
for some ε > 0, d(X∗

n ,S
∗)≥ ε for all n ≥ 1. Let x∗ be a limit point of {X∗

n }, and then
x∗ /∈ S∗. On the other hand, since Θ is convex and each X∗

n satisfies the first order
criticality condition, for any u ∈ Θ

∇ fn(X
∗
n )

T(u−X∗
n )≥ 0 w.p.1.

By (ii) and (iii),

∇ fn(X
∗
n )

T(u−X∗
n )→ ∇ f (x∗)T(u− x∗)

a.s. as n → ∞. Thus, ∇ f (x∗)T(u− x∗)≥ 0 for all x ∈ Θ. But x∗ /∈ S∗ implies that for
some u ∈ X ∇ f (x∗)T(u− x∗)< 0, which is a contradiction.

The assumptions (ii) and (iii) above are satisfied under the sufficient conditions
for a valid IPA gradient estimator presented in Sect. 8.3. When the sample path
function is continuously differentiable a.s. at any x ∈ Θ, ∇Y (·,ξ ) is uniformly
integrable under the assumptions in Proposition 8.4. By applying Proposition 8.5 to
each component of ∇Y (·,ξ ), we can show the continuity of ∇ f (·) and the uniform
convergence of {∇ fn(·)}.

Theorem 8.5 implies that the limit point of any solution sequence {X∗
n ∈ S∗n} must

lie in S∗. This does not guarantee that {X∗
n } converges almost surely. When there are

multiple critical points, the particular critical point chosen from S∗n depends, among
other things, on the optimization algorithm that is used. The existence of a unique
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first-order critical point can ensure convergence. However, this condition tends to
be difficult to verify in practice.

The second order convergence of the SAA method can be obtained by further
strengthening the assumptions in Theorem 8.5. Now, we select X∗

n from a set of
local minimizers of the SAA problem. By passing to a subsequence if necessary,
we assume that {X∗

n } converges to some random point x∗ ∈ Θ a.s. as n → ∞. The
additional condition required is there must exist a neighborhood of X∗

n in which
X∗

n is a local minimizer and this neighborhood does not shrink to a singleton when
n → ∞.

Theorem 8.6 (Theorem 4.1, [5]). Suppose that the assumptions in Theorem 8.5
hold. Furthermore, assume that for any fixed sample path ξ̄ = {ξ1,ξ2, . . .}, there
exist n0 > 0 and δ > 0 such that for all n≥ n0 and x∈ B(X∗

n ,δ )∩Θ, fn(X∗
n )≤ fn(x).

Then x∗ is a local minimum of f (·) w.p.1.

Nonsmooth objective functions arise in a number of interesting stochastic
optimization problems such as stochastic programs with recourse and stochastic
min-max problems [50]. To close this section, we briefly discuss the local conver-
gence of the SAA method in the nonsmooth setting. When the true and sample
functions are continuous and nonsmooth, we can derive convergence results based
on the Clarke generalized gradient [10]. For a locally Lipschitz function f , the
generalized gradient ∂ f can be defined as the convex hull of all the limit points of
∇ f (xk), where {xk} is any sequence which converges to x while avoiding the points
where ∇ f (xk) does not exist. With some technical definitions, the expectation of the
generalized gradient of the sample function can be well-defined [21, 62].

Essentially, the same principle from the smooth case can hold for the nonsmooth
problem. When IPA is valid, i.e., ∂E[Y (x,ξ )] = E[∂xY (x,ξ )], SAA can be appro-
priate and the first order convergence can be achieved. A sufficient condition for
the validity of IPA is that the sample function is locally Lipschitz continuous with
integrable Lipschitz constant. This condition is a fairly general condition in the
Lipschitz continuous setting, just as it is in the smooth case.

8.5 SAA Implementation

Implementing the SAA method is conceptually straightforward since only two
choices need to be made: the sample size with which to generate the sample-path
problem, and the numerical procedure with which to solve the generated sample-
path problem. Assuming a numerical procedure is (somehow) chosen using cues
laid out in Sects. 8.2 and 8.3, the only remaining task then is choosing an appropriate
sample size. Towards making this decision, a reasonable question might be to ask
what minimum sample size ensures that the solution resulting from the generated
sample-path problem is of a stipulated quality, with a specified probability. In what
follows, we present a “minimum sample size” result that answers this question.
This is followed by a discussion of certain refined versions of SAA that are aimed
at enhancing the implementability of the SAA method.
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8.5.1 Sample Size Choice

Recall that for ε ≥ 0, π∗(ε) and Π∗
n(ε) denote the ε-optimal solutions for the true

and the sample-path problems, respectively. Theorem 8.7 presents an expression
for the sample size n that guarantees that P{Π∗

n(δ ) � π∗(ε)} ≤ α , for given
α > 0,ε > 0, and a chosen constant δ < ε . The implication is that when an SAA
problem is generated with a sample size exceeding the expression provided, the
resulting solution is guaranteed to be ε-optimal with probability exceeding 1−α .
To guide intuition, we present the result only for the setting where Θ is finite. The
corresponding expression for the general case follows in a straightforward fashion
after making additional assumptions that help to approximate { f (x) : x ∈ Θ} with
{ f (x) : x ∈ Θ̃}, where Θ̃ is an appropriately chosen finite set that in a certain precise
sense “approximates” Θ.

Theorem 8.7 (Theorem 5.18, [51]). Suppose there exists a constant σ > 0 such
that for any x ∈ Θ \ π∗(ε), the moment generating function Mx(t) of the random
variable Y (x,ξ )− f (x) satisfies Mx(t)≤ exp(σ2t2/2),∀t ∈ R. Then, for ε > 0,0 ≤
δ < ε, and α ∈ (0,1), any n satisfying

n ≥ 2σ2 ln( |Θ|
α )

(ε − δ )2 (8.24)

guarantees that P{Π∗
n(δ )� π∗(ε)} ≤ α .

The proof of Theorem 8.7 proceeds by using the crude bound

P{Π∗
n(δ )� π∗(ε)} ≤ ∑

x∈Θ\π∗(ε)
P{ fn(x)≤ v∗+ ε}

≤ |Θ|exp{−nη(δ ,ε)}
≤ |Θ|exp{−n(ε − δ )2/2σ2}, (8.25)

where η(δ ,ε) = minx∈Θ\π∗(ε) Ix(−δ ), and Ix(·) is the large deviations rate function
of Y (x,ξ )− f (x). The expression in (8.24) then follows upon replacing the left-hand
side of (8.25) with α and then solving for the sample size. Note that in choosing a
sample size through (8.24), the tolerance δ to which the SAA problem is solved still
needs to be chosen by the user. It can also be seen from the expression in (8.24)
that the dependence of the minimum sample size on the error probability α is
logarithmic, and hence weak.

The sample size directive given by Theorem 8.7, while useful in some SAA set-
tings, can be overly conservative [31, 51], often resulting in a loss in computational
efficiency. This is unsurprising considering the crude bound leading to (8.25), and
the existence of unknown constants, e.g., σ2 in the case of finite Θ and several others
in the case of continuous Θ, that nevertheless need to be chosen by the user. Such
loss in efficiency resulting from the sometimes impractical sample size directives
has been one of the primary impediments to SAA’s implementability.
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8.5.2 Refined SAA Methods

With a view towards easier implementation, various refined versions [11, 22, 35, 36,
45] of the SAA method have recently been proposed. In what follows, we discuss
one of these paradigms, Retrospective Approximation (RA), in further detail. (The
similarly named “Retrospective Optimization” technique was introduced by [20],
but to describe the SAA method.)

Recall the efficiency issue associated with the SAA method. SAA dictates that
a single sample-path problem be generated with a large enough sample size and
solved to adequate tolerance. However, the minimum sample size required to ensure
that the resulting solution is of stipulated quality may be so large as to render the
procedure not viable. To thwart this difficulty, RA proposes a slight refinement
of the SAA paradigm. Instead of solving a single sample-path problem generated
with a large enough sample size, RA proposes to generate and solve a sequence of
sample-path problems. The sequence of sample-path problems are generated using
a nondecreasing sequence of sample sizes {mk}, that are then solved to increasing
stringency using a sequence of error-tolerances {εk} that converge to zero. When
the paradigm works as intended, the resulting sequence of solutions approaches
the true solution asymptotically. More importantly, the paradigm is constructed to
preserve efficiency. The early iterations are efficient because they involve sample-
path problems generated with small sample sizes. The later iterations are efficient,
at least in principle, due to the use of “warm starts,” where solutions from previous
iterations are used as initial guesses to the subsequent problems.

Towards further clarification, we now list RA as a nonterminating algorithm.

RA Components:

(i) A procedure for solving a generated sample-path problem to specified toler-
ance vector εk.

(ii) A sequence {mk} of sample sizes tending to infinity.
(iii) A sequence {εk} of error-tolerances tending to zero.
(iv) A sequence of weights {wk j : j = 1,2, . . . ,k} for each iteration.

RA Logic:

0. Initialize the retrospective iteration number k = 1.
1. Generate a sample-path problem with sample size mk. Use RA component (i)

with a “warm start,” i.e., with Xk−1 as the initial guess, to solve the generated
problem to within error-tolerance εk. Obtain a retrospective solution Xk.

2. Use component (iv) to calculate the solution Xk as the weighted sum of
retrospective solutions {Xi}k

i=1:

Xk =
k

∑
j=1

wk jXj.

3. Set k ← k+ 1 and go to 1.
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Step 1 of the RA listing is deliberately left ambiguous, and is to be made precise
depending on the problem context. For example, in the context of using RA within
global SO problems, “solving a sample-path problem to within tolerance εk” can
mean identifying a point Xk whose optimality gap as measured with respect to the
objective function fmk (x) is at most εk.

The iterates resulting from the RA paradigm, for the context of global SO,
are strongly consistent under conditions similar to those imposed within the
SAA method. The proof follows in a rather straightforward fashion from the
corresponding theorem [51, Theorem 5.3] in the SAA context in combination with
some standard results on M-estimators [52].

Theorem 8.8. Assume

A1. The feasible region Θ is compact, and the set of global minima π∗ ⊂ Θ of the
function f is nonempty.

A2. The sequence of sample functions { fn(x)} is such that the set of global minima
Π∗

n of the function fn is nonempty for large enough n w.p.1.
A3. The functional sequence { fn(x)}→ f (x) uniformly as n → ∞ w.p.1.
A4. The function f is continuous on Θ.
A5. The sequence of sample sizes {mk} and the sequence of error-tolerances {εk}

in the RA paradigm are chosen to satisfy {mk}→ ∞ and εk → 0 as k → ∞.
A6. Given s > 0, define the ith sum of the first s weights wi(s) = ∑s

j=1 wi j for each
i ≥ s. The weights {wi j} are chosen so that wi(s)→ 0 as i → ∞.

A7. The sample-path problems are solved to obtain a retrospective solution Xk

satisfying ‖ fmk (Xk)−v∗mk
‖ ≤ εk when Π∗

mk
�= φ , with vmk = inf{ fmk (x) : x ∈ Θ}.

Then the sequences { f (Xk)− v∗}, {d(Xk,π∗)}→ 0 w.p.1. (Assume d(Xk,π∗) = ∞ if
Π∗

mk
= /0.)

The RA method above was presented as a nonterminating algorithm where a
sequence of sample sizes {mk} for problem generation and a sequence of error-
tolerances {εk} relevant during problem solution need to be chosen by the user.
This raises the natural question of how these sequences should be chosen to ensure
efficiency. Pasupathy [35] partially addresses this question and presents guidelines
on choosing these sequences as a function of the convergence rate of the numerical
procedure in use. For example, it is shown that for efficiency, it may be best to
choose εk = O(1/

√
mk) when the numerical procedure in use converges at a linear

rate. (Convergence rates are defined rigorously in Sect. 8.6.2.) Furthermore, when
using linearly convergent numerical procedures, efficiency dictates that it is best to
choose sample sizes {mk} such that limsupmk/mp

k−1 = 0 for all p > 1. Likewise,
when using numerical procedures that have superlinear convergence rates, efficiency
dictates that it is best to choose {mk} such that limsupmk/mp

k−1 < ∞ for all p > 1.
We discuss these results in more detail in Sect. 8.6.

More recently, [45] addresses the obvious drawback that the directives provided
in [35] are at best asymptotic. In other words, while the results in [35] recommend
the rates at which the sample size sequence {mk} and the error-tolerance sequence
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{εk} should converge to zero, these recommendations still leave a large family of
sequences from which to choose. Royset [45] remedies this in the specific context of
solving smooth stochastic programs (e.g., when derivatives of the function Y (x,ξ )
are observable and Y (x,ξ ) is Lipschitz with the Lipschitz constant having finite
expectation) with a numerical solver that is linearly convergent (e.g., projected
gradient method using Armijo step sizes as detailed in [38]). Using a model that
approximates the progress made by the linearly convergent numerical procedure in
use, [45] formulates a dynamic program to identify generation-effort/solution-effort
trade-off at the beginning of each iteration within RA. The output of the dynamic
program includes the sample size that should be used for each generated problem
and the computational effort that should be expended toward solving each generated
problem.

8.6 Asymptotic Efficiency Calculation

As noted earlier, refined SAA methods like RA, are constructed with a view towards
implementation. Does this construction result in any real computational savings?
In other words, does RA enjoy provable efficiency gains over the SAA paradigm?
In this section, we answer this question in some detail. Towards first providing a
benchmark for an asymptotic rate calculation, we present a very concise overview
and analysis of stochastic approximation (SA) which, alongside the SAA method,
is a standard technique for solving SO problems. This is followed by Sect. 8.6.2
where we discuss the maximum achievable convergence rate by the SAA method.
Section 8.6.3 presents the analogous calculation for the RA method.

Towards setting up the problem of identifying asymptotic efficiency, suppose
that the optimal solution to the true problem, x∗, is unique, and suppose that we
want to obtain a solution that is within a prescribed distance ε from x∗. (All
distances are Euclidean unless otherwise noted.) Suppose also that we measure
computational effort in terms of the number of simulation replications required,
i.e., the number of times Y (x,ξ ) is computed, for various x and ξ . Here we take the
function Y (·, ·) as fixed, rather than allowing it to come from a class of functions
as in many varieties of complexity theory; see, e.g., [33]. Moreover, this measure
ignores the effort required to compute, e.g., gradients. However, our results will be
restricted to rates of convergence that ignore proportionality constants, so as long as
gradients are obtained through schemes that only proportionally increase the work,
e.g., finite differences and infinitesimal perturbation analysis, then our results will
be unaffected. Finally, we also ignore the internal computations of an optimization
algorithm beyond the simulation effort. Such computations often heavily depend on
the dimension of the problem, but since we are fixing f , the dimension is also fixed.
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8.6.1 Asymptotic Rates for Stochastic Approximation

A well-understood, general-purpose method for solving stochastic optimization
problems, alternative to using the SAA principle, is stochastic approximation [26,
30, 42]. For unconstrained problems in R

d , the classical stochastic approximation
algorithm is a simple recursion that produces a sequence of points {X̃n : n ≥ 0},
each of which lies in R

d . The recursion requires an initial point X̃0, a positive gain
sequence {an : n ≥ 0}, and a sequence of vectors {∇̂ f (X̃n) : n ≥ 0} in R

d , where
∇̂ f (X̃n) is an estimate of ∇ f (X̃n). A simple version of a stochastic-approximation
recursion for a minimization problem is then

X̃n+1 = X̃n − an∇̂ f (X̃n). (8.26)

For the problems we consider here, the gradient estimator can usually be taken
to be ∇Y (X̃n,ξn), i.e., the gradient of Y (·,ξn) evaluated at X̃n, where (ξn : n ≥ 0)
are i.i.d., since under fairly general conditions (Sect. 8.3), this gradient estimator is
unbiased and has other desirable qualities like bounded variance. In that case, if f (·)
is smooth, has a unique global minimizer x∗, and an = a/n with a > 0 sufficiently
large, then under additional nonrestrictive conditions,

√
n(X̃n − x∗) ⇒ N(0,Λ), (8.27)

as n → ∞, for a certain d × d matrix Λ. See [4, Chap. VIII] for an overview of this
result and a sketch of how it can be established using the “Ordinary Differential
Equation” approach.

The CLT in (8.27) is striking in that the recursion (8.26) is trivial to implement,
involves almost no computation beyond the calculation of a sample gradient at each
iteration, and is very generally applicable. If the number of iterations of (8.26) is
completed in c units of computer time, n(c) grows roughly linearly in c (as would
be the case if, e.g., sample gradients are computed in constant time), then a time-
changed version of the CLT (8.27) establishes that the resulting SA estimator has
an error X̃n(c)− x∗ = Op(c−1/2). Equivalently, the computational effort required to
obtain an error of order ε with SA is Op(ε−2).

It is generally known that the performance of the recursion in (8.26) is highly
dependent on the gain sequence {an}. (In fact, even when the gradient estimator
∇Y (X̃n,ξn) is directly observable and an = a/n (a > 0), convergence to the
root fails if the constant a falls below a certain threshold, akin to the parallel-
chord method for nonlinear root-finding [34, p. 181].) Accordingly, the last three
decades have seen enormous attention given to the question of choosing the gain
sequence {an}; see [3, 9, 30, 40] and Chap. 6. While we do not go into any further
detail on this question, two key facts stand out. First, within the context of the
iteration (8.26), the fastest achievable convergence rate is Op(c−1/2) [40]. Second,
a remarkably simple scheme independently developed by [39, 49], and surveyed
under the moniker “Polyak–Ruppert averaging” in [4, Chap. VIII], achieves this
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maximum rate. The scheme involves using the step-size sequence an = a/nγ for
some γ ∈ (0,1), and then estimating the root x∗ via the direct average

Xn =
1
n

n

∑
i=1

X̃i.

Under mild conditions, the Polyak–Ruppert averaging scheme enjoys a CLT of the
same form as (8.27), although with a different covariance matrix Λ. Furthermore,
this happens irrespective of the value of the constant a > 0. (The small-sample
performance is, however, seriously affected by the choice of the constant a.) The
Polyak–Ruppert averaging scheme also has other optimality properties related to
the matrix Λ that appears in the limit; see [4, Chap. VIII].

8.6.2 Asymptotic Rates for the SAA Method

As noted in Sect. 8.6.1, the Polyak–Ruppert averaging scheme achieves the max-
imum possible convergence rate of Op(c−1/2) within the context of stochastic
approximation. Loosely speaking, this amounts to requiring Op(ε−2) computational
effort if one wants to obtain ε accuracy. How does the SAA method perform in
comparison? Towards setting up this question rigorously, recall the SAA method
again—a single sample-path problem is generated with sample size n and solved
using a chosen numerical solver. Furthermore, since solving the generated problem
to infinite precision is usually impossible in practice, suppose we execute k iterations
of the numerical procedure on the generated problem to obtain a solution Xn(k). The
total budget expended in the process is then simply c = n× k. It seems clear that,
under certain conditions (e.g., numerical procedure cannot solve to infinite precision
in a finite number of steps), as the available budget c → ∞, the sample size n and the
number of steps k should satisfy n,k → ∞ to ensure that the optimality gap of Xn(k)
converges to zero in any reasonable sense. However, what relationship between n
and k (for given c) ensures that such convergence happens at the fastest possible
rate? Moreover, what is the corresponding maximal rate?

In a recent paper, [46] provide an answer to these questions. Before we
summarize their results, let us introduce definitions relating to the convergence rates
of the numerical solver in use. These definitions appear in more restrictive form
in [46].

Denote the numerical procedure acting on the sample function fn(x) by the map
A(x) : Θ → Θ. Let Ak(x) denote the iterate obtained after k successive applications
of the map A(·) on the initial iterate x. In all three definitions that follow, we
assume that the function fn(x) attains its infimum v∗n := inf{ fn(x) : x ∈ Θ} and
that fn(Ak(x)) → v∗n as k → ∞ for all x ∈ Θ. Also, to avoid trivialities, assume that
fn(Ak+1(x)) is different from v∗n for all k. Denote Qt = limsupk→∞ | fn(Ak+1(x))−
v∗n|/| fn(Ak(x))− v∗n|t .
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Definition 8.1. The numerical procedure A(x) : Θ → Θ is said to exhibit pth-order
sublinear convergence if Q1 ≥ 1, and there exist constants p,s > 0 such that p =
sup{r : fn(Ak(x))− v∗n ≤ s/kr for all x ∈ Θ}.

When fn(x) is convex and Θ is a closed convex set, the subgradient method [33,
Sect. 3.2] for nonsmooth convex optimization exhibits sublinear convergence with
p = 1/2. Similarly, when fn(x) is strongly convex with Θ := R

d , the optimal
gradient method [33, Sect. 2.2] is sublinear with p = 2.

Definition 8.2. The numerical procedure A(x) : Θ → Θ is said to exhibit linear
convergence if Q1 ∈ (0,1) for all x ∈ Θ.

The definition of linear convergence implies that there exists a constant θ
satisfying fn(A(x))−v∗n ≤ θ ( fn(x)−v∗n) for all x∈Θ. The projected gradient method
with Armijo steps [38] when executed on certain smooth problems exhibits a linear
convergence rate.

Definition 8.3. The numerical procedure A(x) : Θ→Θ is said to exhibit superlinear
convergence if Q1 = 0 for all x ∈ Θ. The convergence is said to be pth-order
superlinear if Q1 = 0 and sup{t : Qt = 0}= p < ∞ for all x ∈ Θ.

When fn(x) is strongly convex and twice Lipschitz continuously differentiable
with observable derivatives, Newton’s method is second-order superlinear. For
settings where the derivative is unobservable, there is a slight degradation in the
convergence rate, but Newton’s method remains superlinear [6, p. 338].

We are now ready to summarize the main results of [46] through Theorem 8.9,
which is in essence a characterization of the maximum achievable convergence rate
when using a sublinearly convergent algorithm within the SAA method, and should
be juxtaposed with the Op(c−1/2) rate achievable using stochastic approximation as
discussed in Sect. 8.6.1.

Theorem 8.9 (Convergence Rate for the SAA Method). Let the following
assumptions hold.

A1. The expectation E[Y 2(x,ξ )]< ∞ for all x ∈ Θ.
A2. The function Y (x,ξ ) is Lipschitz w.p.1, and has Lipschitz constant K(ξ ) having

finite expectation.
A3. The function fn(x) attains its infimum on Θ for each n w.p.1.

Also, let c = n× k and n/c1/(2p+1) → a as c → ∞, with a ∈ (0,∞). Then, if the
numerical procedure exhibits pth-order sublinear convergence,

cp/(2p+1)( fn(A
k(x))− v∗) = Op(1) as c → ∞.

The crucial message given by Theorem 8.9 is that in the context of the SAA method,
the maximum achievable convergence rate is Op(c−p/(2p+1)) when the numerical
procedure in use exhibits p-th order sublinear convergence. (While Theorem 8.9
does not directly assert that Op(c−p/(2p+1)) is the maximum achievable rate, [46]
show this rigorously.) [46] also demonstrate that the corresponding rates when
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using linearly convergent and pth-order superlinearly convergent procedures are
Op((c/ logc)−1/2) and Op((c/ loglogc)−1/2), respectively.

Two observations relating to the assertions in [46] are noteworthy. First, the
fastest achievable convergence rate within the SAA method depends on the numer-
ical procedure in use, with faster numerical procedures affording a faster rate.
This is not so surprising when one sees that the SAA method splits the available
budget (c= n×k) between sampling and solving. Since faster numerical procedures
incur a smaller cost to solving, they facilitate attainment of a faster convergence
rate. Second, none of the families of numerical procedures considered are capable
of attaining the canonical convergence rate Op(c−1/2) that is seen in stochastic
approximation. Such degradation from the canonical convergence rate can be
explained as the “price” of using a numerical procedure. In other words, unless the
numerical procedure used within SAA is capable of infinite precision with only a
finite amount of computing effort, there is always a degradation in the convergence
rate due to the fact that a non-negligible portion of the budget is expended towards
solving the generated problem.

8.6.3 Asymptotic Rates for the RA Method

In this section, we present an analogous analysis for the maximum achievable
convergence rates within the RA method. Recall that in the RA method, instead
of generating and solving a single sample-path problem as in the SAA method, a
sequence of sample-path problems are generated with sample sizes {mk} and solved
to corresponding error-tolerances {εk}. In analyzing the achievable convergence
rates within the RA method, we then seek an asymptotic relationship between the
error ‖Xk − x∗‖ incurred at the end of k iterations, and the corresponding total work
done Ck. The following result, adapted from [35], captures this relationship as a
function of the convergence rate of the numerical procedure in use, but with strict
stipulations on the sample-path structure and the ability to observe their derivatives.

Theorem 8.10. Assume that Assumptions (i)–(vi) of Theorem 8.4 hold. In addition,
let the following assumptions hold:

A1. The sample function fn(x) has a unique minimum X∗
n w.p.1.

A2. When fn(x) attains a unique minimum X∗
n , fn(x) is twice differentiable at X∗

n .
Furthermore, the matrix of second-order partial derivatives (Hessian) of fn(x)
at X∗

n is positive definite with smallest eigenvalue uniformly bounded away from
0 w.p.1.

A3. The solution Xk obtained from the kth iteration of RA satisfies ‖∇ fmk (Xk)‖≤ εk.
A4. The numerical procedure used to solve the sample-path problems in RA exhibits

p-th order sublinear convergence or pth-order linear convergence with respect
to the observed derivatives.

A5. The sample sizes are increased linearly, i.e., mk/mk−1 = c > 1 for all k.
A6. The error-tolerances are chosen so that εk = O(1/

√
mk).
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Then the sequence of solutions obtained using the RA procedure satisfies Ck‖Xk −
x∗‖2 = Op(1) as k → ∞, where Ck is the total amount of computational work done
until the kth iteration and is given by Ck = ∑k

i=1 Nimi. Here Ni is the number of
points visited by the numerical procedure during the ith iteration.

Proof. The proof proceeds along lines very similar to the proof of Theorem 5
in [35]. In what follows, we provide only a proof sketch, and only for the case where
the numerical procedure in use exhibits linear convergence. The corresponding
proof for the sublinear convergence case follows almost directly after appropriately
changing the expression in (8.28).

We first see, since the numerical procedure is assumed to exhibit linear conver-
gence, that

Ni = Op

(

1+
1

logr

(

log
εi

‖∇ fmi(Xi−1)‖
))

, (8.28)

for some r ∈ (0,1). Using the Delta method [7] and Assumptions A1, A2, A3, we
write

‖∇ fmi(Xi−1)‖ = Op(‖X∗
i −X∗

i−1‖)+ εi−1. (8.29)

Since Assumptions (i)-(vi) of Theorem 8.4 hold, ‖X∗
i −x∗‖=Op(1/

√
mi) and hence

‖X∗
i − X∗

i−1‖ = Op(1/
√

mi + 1/
√

mi−1). Combining this with (8.28) and (8.29)
yields

Ni = Op

(

1+
1

logr

(

log
εi

1/
√

mi + 1/
√

mi−1 + εi−1

))

. (8.30)

Now use Assumption A6 to obtain

Ck‖Xk − x∗‖2 = Op

(

(
k

∑
i=1

mi)(1/
√

mk + εk)
2

)

. (8.31)

Finally, use (8.31) and Assumption A5 to conclude that the assertion holds.

Theorem 8.10 asserts that, as long as the sample size and error-tolerance
sequences are chosen strategically, the error in the obtained solution converges to
zero at the canonical rate. This assertion is interesting, since we will recall from
Sect. 8.6.2 that the canonical convergence rate is unachievable in the context of the
SAA method, barring unlikely contexts where the numerical procedure exhibited
exceptionally fast convergence rates. It is also noteworthy that Theorem 8.10
assumes that the derivatives of the sample path are observable. This is to help with
terminating the individual iterations of the RA algorithm, and could probably be
relaxed further by assuming instead that the derivative is estimated using a consistent
estimator appropriately constructed from function observations. The assumption
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about the numerical procedure exhibiting at least linear convergence is easily
satisfied, e.g., projected gradient method [38] for certain smooth problems; and
Newton’s method [34, Chap. 9] when used on smooth convex programs with
observable derivatives.

8.7 Conclusions

We have provided a guide to the principle of SAA for simulation optimization,
with a discussion on when SAA might be an appropriate solution method, how
the potential for such applicability can be detected, and an appraisal of SAA’s
implementation and efficiency characteristics. An interesting observation on SAA’s
applicability is that it can be applied whenever infinitesimal perturbation analy-
sis [17] for gradient estimation can be applied. Loosely speaking, both of these
methods become applicable when the sample problems and true problem share
characteristics that are important for numerical optimization software, chief among
which are continuity, differentiability, and the approximate location of optimal
solutions. SAA has a well-developed large-sample theory, both within the global
and the local optimality contexts. The latter context seems especially useful within
application settings.

On the question of asymptotic efficiency, recent results have established that
a straightforward implementation of SAA is inferior to stochastic approximation.
This difference in efficiency stems entirely from the fact that SAA, by construction,
stipulates that the optimization software being employed uses a fixed sample size
irrespective of how close the current solution is to an optimal solution. Towards
remedying this, a refinement of SAA called retrospective approximation has been
developed. The refinement increases sample sizes at a carefully controlled rate as
the numerical optimization proceeds, and in the process recovers the same rate of
convergence (up to a multiplicative constant) as stochastic approximation.

Throughout this chapter, we have made the assumption that samples are i.i.d., but
that is not essential to the established theory. Indeed, one can apply any of several
variance reduction methodologies that induce dependence, and for the most part the
theory remains relatively unchanged; see [57]. One can also generate the samples
using techniques such as quasi-Monte Carlo and randomized versions thereof [29].
Some of these topics, along with stochastic constraints, are treated in detail in the
following chapter.
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