On a Weak Version of Hyers—Ulam Stability
Theorem in Restricted Domains
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Abstract In this chapter we consider a weak version of the Hyers—Ulam stability
problem for the Pexider equation, Cauchy equation satisfied in restricted domains in
a group when the target space of the functions is a 2-divisible commutative group.
As the main result we find an approximate sequence for the unknown function
satisfying the Pexider functional inequality, the limit of which is the approximate
function in the Hyers—Ulam stability theorem.
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1 Introduction

The Hyers—Ulam stability problems of functional equations were originated by S.
M. Ulam in 1940 when he proposed the following question [36]:

Let f be a mapping from a group G to a metric group G, with metric d(-, -) such
that

d(f(xy), f)f(y) <e.
Then does there exist a group homomorphism h and §, > 0 such that
d(f(x), h(x)) < é

forallx € G,?
One of the first assertions to be obtained is the following result, essentially due
to D. H. Hyers [20], that gives an answer for the question of Ulam.
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Theorem 1 Suppose that S is a commutative semigroup, B is a Banach space,
€ >0, and f : S — B satisfies the inequality

[fx+y)—f)—fDIl =€ )]

forall x, y € S. Then there exists a unique function A : S — B satisfying
Alx +y) = Ax) + A(y) 2)

and

[f(x)— A <€ 3)

forall x € S.

In 1950, this result was generalized by T. Aoki [4] and D.G. Bourgin [9, 8]. In 1978
T.M. Rassias generalized the Hyers’ result to new approximately linear mappings [?].
Since then the stability problems have been investigated in various directions
for many other functional equations. Among the results, the stability problem
in a restricted domain was investigated by F. Skof, who proved the stability
problem of the inequality (1) in a restricted domain [35]. Several papers have
been published on the Hyers—Ulam stability in restricted domains for a large
variety of functional equations including the Jensen functional equation [24],
quadratic type functional equations [23], mixed type functional equations [30], and
Jensen type functional equations [31]. The results can be summarized as follows:
Let X and B be a real normed space and a real Banach space, respectively. For fixed
d > 0,if f : X — B satisfies the functional inequalities (such as that of Cauchy,
quadratic, Jensen, and Jensen type, etc.) for all x,y € X with ||x|| + ||y]l > d, then
the inequalities hold for all x,y € X.

In[14, 15], generalizing the restricted domains such as ||x ||+ || y|| > d in anormed
space to some abstract domains in a group, we consider the stability problem of
Pexider equation and Jensen-type equations in the restricted domains. In the present
paper, we consider a weak version of Hyers—Ulam stability of the Pexider equation
when the target space of the functions in given functional inequalities are not a
normed space but a 2-divisible commutative group. Note that the existence of the
approximate additive function A in Theorem 1 is due to the completeness of the
target space B. For example, if Y is a noncomplete normed space and f : S — Y
satisfies (1), then we can only find a Cauchy sequence @, : S — Y such that

la,(x + y) — an(x) — a,(y)] < 27" 4)
forallx,y e S,n=1,2,3,...,and
[f(x) —a.,(x)| <€ )

forallx € Sandn = 1,2,3,.... Throughout this paper, we denote a commutative
group by G and a 2-divisible commutative group by H respectively, 0 € V C H
and W C G x G. Also, we denote a Banach space and a real normed space by B
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and Y, respectively, and f,g,h : G — H(or Y, B). In Sect. 2 of this chapter, we
consider the behavior of f : G — H satisfying

fa+y) = fx)=feV (6)

for all x,y € G. As a result we prove that there exists a Cauchy-type sequence
a, : G — H (which is a Cauchy sequence when H = Y) such that

Fx) —an(x) € 27(V +2V 4+ ...+ 2" 1) (7)
for all x € G. In Sect. 3, we consider

fx+y)—gx)—h(y)eV (8

forall (x,y) € W C G x G. As the main result we prove that under some assumptions
on W, if f, g, h satisfy (8) then there exist approximate Cauchy-type sequences
ay, by, and ¢, for f, g, and h respectively. From our result we obtain the Hyers—Ulam
stability theorem for Pexider equation when f, g,k : G — B.

2 A Weak Stability of Pexider Equation

For subsets V, Vi, Vo, of H,v € V,and n € N, we define

nw=v+---4+v, nV={n:veV}, 27"V={heH:2"heV},
———

n—times

and
Vi+Vo={vi4+wn:ivi eV, eVl

We call a, : G — H a V-Cauchy sequence if
Apan(X) — Ap(x) € 27"V 42V + ... +2"71V)

forallm,n =1,2,3,... ,and x € G.
First we consider the weak version of the Hyers—Ulam stability theorem for the
Cauchy equation.

Theorem 2 Suppose that f : G — H satisfies
fa+y—fx)—fneVv ©)
forall x,y € G. Then there exists a V-Cauchy sequence a, : G — H satisfying
an(x +y) — an(x) — ay(y) € 27"V, (10)
and

ay(x) — f(x) €27 (V 42V +...+2"y) (11)
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forallx,y € Gandn € N.

Proof Note that since H is 2-divisible, for each n € N and x € G we can choose
an a,(x) such that

2"a,(x) = f(2"x). (12)
Replacing y by x in (9) and using induction argument we have

2" rRx) = 2" f(x) e 2"V
2"2 f(4x) — 2" f(2x) € 2" 2V

22" x) —4f2" 2 x) €2V
f@'x)=2f2" 'x)eV

for all x € G. Thus it follows that
fQ'x)=2"f(x) eV 42V +... 42"V (13)
for all x € G. Now it follows from (12) and (13) that
ap(x) — f(x) €27V 42V +...+2"71V) (14)
for all x € G. Replacing x by 2" x in (13) and using (12) we have
Apan(X) — ap(x) € 27"V 42V 4+ ... +2""1V) (15)

for all x € G, which implies that a, is V-Cauchy. Replacing x by 2"x and y by 2"y
in (9) and using (12) we have

an(x+y)_an(-x)_an(y) € 2_nV (16)

for all n € N and x € G. This completes the proof.
Let (Y, | - ||) be anormed space and V = {x € Y : ||x|| < €}. Then we have

2NV A2V 4. 427y Cx e Y x| <€)
forall n € N, and
27NV 42V 4 42y c{x e Y s x| <27M€)

for all m,n € N. Thus in this case, every V-Cauchy sequence is a Cauchy sequence.
Now as a direct consequence of Theorem 2 we have the following.

Corollary 1 Let € > 0. Suppose that f : G — Y satisfies

[f(x+y) = f) = fll <€ A7)
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forall x,y € G. Then there exists a Cauchy sequence a, : G — Y satisfying
lan(x + y) — an(x) —an (V) = 27"€ (18)
foralln € Nand x,y € G, and
llan(x) — fOIl < € (19)

forall x € G.

In particular, if f : G — B, then there exists A : G — B such that
nli)r{.lo a,(x) = A(x).
Letting n — oo in (18) we have
Ax +y) = Ax) — A(y) =0 (20)

for all x,y € G. We call a function A : G — B satisfying (20) an additive function.
Thus as a direct consequence of Corollary 1 we have the well known Hyers—Ulam
stability theorem.

Corollary 2 Let € > 0. Suppose that f : G — B satisfies
[fx+y)—fx)—fOIl <€ 21
forall x,y € G. Then there exists an additive function A : G — B such that
[f(x)— A <€ (22)

forall x € G.
Throughout this chapter we denote

Vi={vi+vw—w—w:iv;eV,j=12734}

Theorem 3 Suppose that f,g,h : G — H satisfy
fx+y)—gx)—h(y)eV (23)

for all x,y € G. Then there exist V*-Cauchy sequences a,,b,,c, : G — H
satisfying

an(x +y) — an(x) — an(y) € 27"V* (24)
bu(x + y) = bu(x) — by(y) €27"V* (25)
en(x +y) — cu(x) —cu(y) € 27"V" (26)

foralln € Nand x,y € G, and
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a,(x) — f(x)+ f(0) e V), (27)
by(x) — g(x)+ g(0) € V), (28)
cn(x) — h(x) + h(0) € V', 29)
and
an(x +y) — by(x) — c,(y) € V,* (30)

foralln e Nand x,y € G, where
VE=2T"(VF 2V 4. 42"V,
V=V -V4+V —-Vi-Vr.
Proof Let D(x,y) = f(x +y) — g(x) — h(y). Then we have

fx+y) = f(x) = f)+ f(0)=D(x,y) + D(0,0) — D(x,0) — D(y,0) € V*

(€29)
gx+y)—g(x)—g(»)+g0)=D(x,y)+ D(y,0) — D(x + y,0) — D(0,y) € V*
(32)
h(x +y) — h(x) — h(y) + h(0)=D(x, y) + D(0,x) — D(0,x + y) — D(x,0) € V*
(33)

for all x, y € G. Thus, in view of (31), (32), and (33), using Theorem 2 for f(x) —
f(Q0), g(x) — g(0), h(x) — h(0), we obtain (24)—(29). Now, putting x = y = 0 in
(23), we have

f(0) —g(0)—hO) e V. (34)

Then, by (23), (27), (28), (29), and (34) we get (30).
This completes the proof.
In particular, let V = {x € Y : ||x|| < €}. Then we have

Vic{xeY: x|l <4e}, V*C{xeY:|x| < lde}

for all n € N. Thus as a direct consequence of Theorem 3 we have the following.

Corollary 3 Let € > 0. Suppose that f,g,h : G — Y satisfy
If(x+y)—gx)—h(y)l <€ (35)
forall x,y € G. Then there exist Cauchy sequences a,, b,,c, : G — Y satisfying

llan(x +y) — an(x) — a,(y)|| <272 (36)
b (x + ¥) — bu(x) — by(y)|| <272 (37)
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lleaCr + ¥) = en(x) — ca(y)l < 27" %€ (38)

foralln € Nand x,y € G, and

I f(x) — a,(x) — fO) <4de, (39
llg(x) — ba(x) — g(O)| < 4e, (40)
1 (x) — cu(x) — R(O)|| < 4e 41
and
la,(x +y) — bu(x) — c,(W)| < 14e (42)

foralln e Nand x,y € G.
Corollary 4 Let e > 0. Suppose that f,g,h : G — B satisfy

[f(x+y)—gx) —h(MI <€ (43)
forall x,y € G. Then there exists an additive function A : G — B such that

If(x) = Ax) = fO)| = 4e,

g(x) — Alx) — g(0)]| =< 4e,
[A(x) — A(x) — h(0)|| < 4e
forall x € G.
Proof Let Aj(x) = Ilim,_a,(x), A2(x) = lim,_ o b,(x), Asz(x) =

lim,,_, c ¢,(x). Then it follows from (36)—(38) that for each j = 1,2,3, A; is an
additive function. Letting n — o0 in (39)—(41) we have

I f(x) = Ai(x) — fO) < 4e,
lg(x) — Az(x) — g(0)]| < 4e,
h(x) — A3z(x) — h(0)|| < 4e

for all x € G. Finally, letting n — oo in (42) we have
[A1(x +y) — A2(x) — As(p)l < 14e (44)
forall x,y € G. Putting y = 0 and x = 0 in (44) separately, we have

[A1(x) — Az (x)]| < 14e
[A1(y) — As(V)| = 14e

for all x,y € G, which implies that A} = A, and A; = Aj. This completes the
proof.
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3 Weak Stability of Pexider Equation in Restricted Domains

It is a frequent situation to consider a functional equation satisfied in a restricted
domain or satisfied under a restricted condition [3, 5-7, 10-12, 15, 18, 28, 32-35].
In this section we consider the weak version of the Hyers—Ulam stability theorem in
some restricted domains in G. We use the following usual notations. Let G x G =
{(ai,a2) : a1,a; € G} be the product group. For asubset K of G x Ganda € G x G,
we definea+ K = {a+k : k € K}. For given x, y € G we denote the sets of points
of the forms (not necessarily distinct) in G x G by Py ,, Oy ,, andR, ,, respectively
as,

Px,y = {(05 0)5 (x7 0)’ (09 y), (x7 y)}’

Qry ={(3,0),(0,y),(x, ), (x +,0)},

R,y ={(x,0),(0,x),(x,y),(0,x + y)},
where 0 is the identity element of G. The set Py , can be viewed as the vertices of a

rectangle in G x G, and O, and R, , can be viewed as the vertices of parallelograms
inG x G.

Definition 1 Let W C G x G. We introduce the following conditions (C1), (C2),
and (C3) on W: For any x, y € G, there exist z;, z2,z3 € G such that

(CH (—zi,z)+ Py C W,

(C2) (0,22) + Qx,y cw,

(C3) (Z3’ O) + Rx,y C W’
respectively.
Example 1 Let G be areal normed space. For «, 8,d € R, let

U={(x,y)€GxG : alxll+Blyl =d}, (45)
V={x,y)eGxG: |ax+By| >d}. (46)

Then U satisfies (C1) ifa + 8 > 0, (C2)if 8 > Oand (C3)if o > 0, and V
satisfies (C1) if ¢ # B, (C2)if B # 0 and (C3) ifa # 0.

Example 2 Let G be a real inner product space. Ford > 0, x9,yo € G
U={(x,y)€GxG : (x0,x) + (yo,y) = d}. (47)

Then U satisfies (C1), if xo # yo, (C2) if yo # 0 and (C3) if xo # 0.

Example 3 Let G be the group of nonsingular square matrices with the operation
of matrix multiplication. For o, 8 € R, 48,d > 0, let
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U={(P,P,) € GxG :|det P,|"|det P,|} <35}, (48)
U={(P,P)eGxG :|det Pi|*|det P|f > d}. (49)

Then U satisfies (C1) if e # B, (C2)if B # 0, and (C3) if o # O.

In the following one can see that if Py, Oy, and R, , are replaced by arbi-
trary subsets of four points (not necessarily distinct) in G x G, respectively, the
conditions become stronger, that is, there are subsets U;, j = 1,2,3, which sat-
isfy the conditions (C1), (C2), and (C3), respectively, but U;, j = 1,2,3, fail to
fulfill the following conditions (2.6), (2.7), and (2.8), respectively: For any subset
{p1, P2, P3, pa} of points (not necessarily distinct) in G x G, there existsaz € G
such that

(e,2){p1, P2, p3, P2tz e) C Uy, (50)
{P1, P2, P3> pat(e,2) C Ua, (S51)
(z,e){p1, p2, P3, pa} C Us, (52)

respectively.
Now we give examples of U, U,, U3 which satisfy (C1),(C2), and (C3),
respectively, but not (50), (51), and (52), respectively.

Example 4 Let G = Z be the group of integers. Enumerating
Z X Z = {(a19b1)? (az’b2)5 AR (an5 bn)’ A }

such that
lai| + 1b1] < laz| + b2 < -+ < lan| +1by| <---,

and let P, = {(0,0),(a,,0),(0,b,),(an,b,)}, n = 1,2,.... Then it is easy to
see that U, = Uff:, (P, + (— 2",2")) satisfies the condition (C1). Now let
P = {(x1,y1), (x2, y2)} C Z x Z with x > x1, y2 > y1, (x1 + y)(x2 + y2) > 0.
Then P + (— z,z) is not contained in U; for all z € Z. Indeed, let (a,b) €
P, +(—=2",2"),(c,d) € P,y + (— 2", 2"+1) Then we have a > ¢, b < d for all
n=1,2,.... Thus it follows from x, > x1, y, > y; thatif P + (— z,z) C U, then
P+(—z,2) C P,+(—2",2") for some n € N, which implies that the line segment
joining the points of P 4(—z, z) intersects the line y = —x in R?, contradicting to the
condition (x; 4+ y;)(x2 + y2) > 0. Similarly, let Q,, = {(b,,,0), (0, b,), (a,, by), (a, +
b,,0)} and R, = {(a,,0),(0,a,), (a,, b,),(0,a, +b,)}, n =1,2,.... Thenitis easy
to see that U, = ;- (Q, + (0,2")) satisfies the condition (C2) but not (2.7) and
U; = U:O:1 (R, + (2",0)) satisfies the condition (C3) but not (52).
As in Sect. 2, we denote

V*={V1+V2—V3—V41Vj eV, j=12734}.

Theorem 4 Let W satisfy the condition (C1). Suppose that f,g,h : G — H satisfy

Jx+y)—gx)—h(y)eV (53)
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forall (x,y) € W. Then there exists a V*-Cauchy sequence a, : G — H satisfying
ap(x + ) — ap(x) —a,(y) € 27"V* (54)

foralln e Nand x,y € G and
a,(x) — f(xX)+ fO) € 27 (V* +2V* ... +2"71yH (55)

forall x € G.

Proof For given x,y € G, choose z € G such that (— z,z) + P, C W. Then we
have

fax+y)—glx—2)—h(z+y) eV,
—f)+gx—2)+h(z)e -V,
—fM+g(—2)+hz+y)e -V,
+ f(0)—g(—2) —h(z) e V.

Thus it follows that
e+ —fO—-—FfOM+fOeV+(=V)+(-V)+V =V" (56)

forall x,y € G.

Now by Theorem 2, there exists a V*-Cauchy sequence a, : G — H satisfying
(54) and (55). This completes the proof.

In particular, let V = {x € Y : ||x|| < €}. Then we have

VEC{xeY:|x| <4e}, 27"(V*42V 4. . 42"V C{x €Y : x| < 4e)
foralln € N, and
2TMTRVE L 2VE 4 427V Cx e Y x| <27 2€)

for all m,n € N. Thus in this case, every V*-Cauchy sequence is a Cauchy sequence.
Now as a direct consequence of Theorem 4 we have the following.

Corollary 5 Let W satisfy the condition (C1) and € > 0. Suppose that f,g,h :
G — Y satisfy

[f(x+y)—gl) —h(yl <€ (57
forall (x,y) € W. Then there exists a Cauchy sequence a, : G — Y satisfying
llan(x + y) = an(x) = an ()l < 27" (58)
foralln € Nand x,y € G, and

llan(x) = f(x) + fO)| < 4e (59)
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forallx € G.
As a direct consequence of Corollary 5 we have the following.

Corollary 6 Let W satisfy the condition (C1) and € > 0. Suppose that f,g,h :
G — B satisfy

[f(x+y)—gx) —h(MI <€ (60)
forall (x,y) € W. Then there exists an additive function A, : G — B and
100 = A1) — FO)I < 4e 61)
forallx € G.
Theorem 5 Let W satisfy the condition (C2). Suppose that f,g,h : G — H satisfy
fx+y)—gx)—h(y)eV (62)
forall (x,y) € W. Then there exists a V*-Cauchy sequence b, : G — H satisfying
bu(x +y) = bu(x) — by(y) €27"V* (63)
foralln € Nand x,y € G, and
bp(x) — g(x) + g(0) € 27" (V¥ 42V* 4 ... 42" 1y¥) (64)

forall x € G.

Proof For given x,y € G, choose z € G such that (0,z) + O, C W. Then we
have

—fx+y+a+gx+y)+hiz)e-V,
fx+y+2—gx)—h(y+2 €V,
FO+2—g()—h@) eV,

—fy+2+g0)+h(y+2)e-V.

Thus it follows that
gx+y)—g)—g+g0)e~-V+V+V-V=V" (65)

for all x, y € G. Now by Theorem 2, there exists a sequence b, : G — H satisfying
(63) and (64). This completes the proof.
In particular, if f, g,k : G — Y we have the following.

Corollary 7 Let W satisfy the condition (C2) and € > 0. Suppose that f,g,h :
G — Y satisfy

[f(x4y) —g) =h(Vl <€ (66)



124 J. Chung and J. Chang
forall (x,y) € W. Then there exists a Cauchy sequence b, : G — Y satisfying
15a(x + ) = bu(x) = bu(y)]| < 27" 67)
foralln € Nand x,y € G, and
bn(x) — g(x) + g(O)]| < 4e (68)

forall x € G.
In particular, if f, g,k : G — B we have the following.

Corollary 8 Let W satisfy the condition (C2) and € > 0. Suppose that f,g,h :
G — B satisfy

[f(x+y)—gl) —h(yl <€ (69)

for all (x,y) € W. Then there exists a unique additive function A, : G — B such
that

l8(x) — Ax(x) — g(O)]] < 4e (70)
forallx € G.

Theorem 6 Letr W satisfy the condition (C3). Suppose that f,g,h : G — H satisfy
fx+y)—gx)—h(y)eV (71)
forall (x,y) € W. Then there exists a V*-Cauchy sequence ¢, : G — H satisfying
en(x +y) — ca(x) —cu(y) € 27"VF (72)

foralln e Nand x,y € G and
ea(x) — h(x) + h(0) € 27" (V¥ +2V* + ... 42" V¥ (73)

forall x € G.

Proof For given x,y € G, choose z € G such that (0,z) + Q,, C W. Then we
have

—fe+x+y)+g@+hx+ye-V,
f@+x+y)—gz+x)—h(y)eV,
f@z+x)—g@)—hx) eV,

—fz4+x)+gz+x)+h(0) e —V.

Thus it follows that

h(x +y) —h(x) —h(y)+h(0) e =V +V +V -V =V* (74)
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for all x,y € G. Now by Theorem 2, there exists a sequence ¢, : G — H satisfying
(72) and (73). This completes the proof.
In particular, if f, g,k : G — Y we have the following.

Corollary 9 Let W satisfy the condition (C3) and € > 0. Suppose that f,g,h :
G — Y satisfy

[f(x+y)—gl) —h(yl <e (75)
forall (x,y) € W. Then there exists a Cauchy sequence c, : G — Y satisfying
llea(e + ) = @) = ca(y)] < 27" (76)
foralln e Nand x,y € G, and
llea(x) — h(x) + h(O)]| < 4e (77)

forallx € G.
In particular, if f, g,h : G — B we have the following.

Corollary 10 Let W satisfy the condition (C3) and € > 0. Suppose that f,g,h :
G — B satisfy

[f(x+y)—gl) —h(yl <e (78)

forall (x,y) € W. Then there exists a unique additive function Az : G — B such
that

[h(x) — A3(x) — h(O)]| < 4e (79)

forall x € G.

Theorem 7 Let W satisfy all the conditions (C1), (C2), and (C3). Suppose that
f.g,h: G — H satisfy

fx+y)—gx)—h(y)eV (80)

for all (x,y) € W. Then there exist V*-Cauchy sequences a,,b,,c, : G — H
satisfying

an(x +y) — an(x) — an(y) € 27"V* 1)
bu(x +y) = bu(x) — by(y) €27"V* (82)
en(x +y) —cu(x) —cu(y) € 27"V" (83)

foralln € Nand x,y € G, and
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an(x) = f(x) + f(0) € V], (84)
bn(x) — g(x) + ¢(0) € V', (85)
ca(x) — h(x) + h(0) € V! (86)

foralln € Nand x € G, and
an(x +y) = by(x) — ca(y) € V™. 87)
foralln € Nand x,y € G, where
VE=2T(VE 42V 4 427,
VF*=V4+V4+VH+VH+V-V-V-V-_V-_VH+V -V -V~

Proof From Theorems 4, 5, and 6, it remains to show (87). By the condition (C1),
for given x,y € G, choose z € G such that (— z,2), (x — z,z+ ¥) € W. Then from
(80) we have

fe+y)—gx—2)—hz+y) eV, (88)
—f0)+g(—2)+h(z) e —V. (89)

Also, by (65) and (74) we have

gx—2)—gx)—g(=2)+g0)eV+V -V -V, (90)
hz+y)—h(—h(y)+h0)eV+V -V -V. (C2))
for all x, y,z € G. From (88)—(91), we have

fa+y)—gx)—h(y)—f(0)+g(0)+h(0)eV+V+VH+VH+V -V -V -V-V-V
(92)

for all x,y € G. Using (84), (85), (86), and (92) we have

an(x+y)—by(X)—cy(MEVHVHVHVHV V-V -V -V-VHV -V -V
(93)

This completes the proof.
In particular, let V = {x € Y : ||x|| < €}. Then we have

VEC{xeY:|x| <4e}, V*C{xreY:|x| <22

for all n € N. Thus as a direct consequence of Theorem 7 we have the following.

Corollary 11 Let W satisfy the conditions (C1), (C2), and (C3) and € > 0.
Suppose that f,g,h : G — Y satisfy

If(x+y)—glx) —h(MI <€ (94)
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forall (x,y) € W. Then there exist Cauchy sequences a,,b,,c, : G — Y satisfying

llan(x 4+ ¥) — an(x) — a,(y)|| <272 (95)
by (x 4+ ¥) — bu(x) — by(y)|| <272 (96)
llen(x + ¥) — cn(x) — eI < 27" € (97)

foralln e Nand x,y € G,

If(x) = an(x) = fO)| < 4e, (98)
lg(x) = bp(x) — g(O)I| < 4e, 99)
[1h(x) = ca(x) — R(O)|| < 4e (100)

foralln € Nand x € G, and
la,(x +y) — bu(x) — c,(W| < 22¢ (101)

foralln e Nand x,y € G.

Corollary 12 Let W satisfy the conditions (C1), (C2), and (C3) and € > 0.
Suppose that f,g,h : G — B satisfy

[f(x+y)—glx) —h(yI <€ (102)
forall (x,y) € W. Then there exists an additive function A : G — B such that
I1f(x) —Ax) — f(O)|| < 4e,

g(x) — A(x) — g(O)]| < 4e,
[h(x) — A(x) — h(O)]| < 4e

forall x € G.

PVOOf Let Aj(x) = lim,La,(x), A2(x) = lim, 0 by(x), A3(x) =
lim,,_, o ¢,(x). Then it follows from (95)—(97) thatforeach j = 1,2, 3, A; isadditive.
Letting n — oo in (98)—(100) we have

I1f(x) = Ai1(x) = fO)| < 4e,
llg(x) — Az(x) — g(O)]| < 4e,
1A (x) — A3(x) — h(0)|| < 4e

for all x € G. Finally letting n — oo in (101) we have
[A1(x + y) — A2(x) — As(y)|| < 22¢ (103)
forall x,y € G. Putting y = 0 and x = 0 in (103) separately, we have

[A1(x) — A2 ()] < 22¢
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[A1(y) — As(V)]| = 22¢

for all x,y € G, which implies that A; = A, and A; = Aj. This completes the
proof.
In particular, if G is a normed vector space we have the following.

Corollary 13 Letd > 0. Suppose that f,g,h : G — B satisfy

If(x+y)—glx)—h(yl <€ (104)
forall \|x|| + |||l = d. Then there exists an additive function A : G — B such that
I f(x) — Alx) = fO) < 4e,
lg(x) — Alx) — g(0)]| =< 4e,

[A(x) — A(x) — h(0)| < 4e

forallx € G.
Finally we give another interesting example of the set W C R" x R" with finite
Lebesgue measure satisfying all the conditions (C1).

Lemma 1 Let D := {(x1,y1), (X2, ¥2), (x3, ¥3), . . . } be a countable dense subset of
R2. For each j=12,3,...,wedenote by

R] ={(X,y)€R2 . |x—_Xj| < 1, |y—y]| <2_'i6}

the rectangle in R? with center (xj,yj)andlet W = U;’il R;. It is easy to see that
the Lebesgue measure m(W) of U satisfies m(W) < €. Now for d > 0, let

Wy =WnN{x,y) eR: x|+ |y > d}.
Then W satisfies (C1).
Proof For given x,y € R we choose a p € R such that
lpl=d+ x|+ Iyl +1. (105)

We first choose (x;,, y;,) € K such that

1
I—p—xi1|+|p—ym|<z, (1006)

and then we choose (x;,,y:,) € K, (xi;, ;) € K and (x;,,y;,) € K with 1 < i} <
ip < i3 < ig, step by step, satisfying

|)C - yn - )C,'2| + |yi1 - yi2| < 2_il_l’ (107)
¥ —yi, = X |+ 1y + v, — Yl <2727, (108)
Iy — yiy — Xy |+ |y — i) <2757 (109)
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Let
a =Yy, —D
22 = Yip = Yir»
3=DVis = Vip =),
24 = Yiy — Yiz»
and

z=z21t+22+23+ 2.

Then from (106)-(109) we have

1 ; ; , 1
il < o lal <2707 sl < 2707 faal < 2707 el < 5 (110)
Thus from (105), (106), and (110) we have
1
|—p—z|+|p+zl22(|p|—|zl)22(|p|—§) (111)
>2d >d,
l=-p—z—xy| =|—p—xi|+ 1zl (112)
1 N 1 |
<-4+=<1,
4 2
and
p+z—yil=lat+z+zal <2707 42727 42707 <27 (113)
The inequalities (111), (112), and (113) imply
(-p—zp+2) €W, (114)

Also from the inequalities

1
lx —p—zl+Ip+z|l = 2(pl = Ix| —z]) >2(|P|—|X|—§) >d,
lx — p —z—xi,| < |x — yiy — Xip| + |22] + |z3] + |z4]
1 1 1 1

b —— <1
“sTstTw "

and
p4+2—yi,| = |za +24] <2727 4275871 <2702,
we have

(x—p—z,p+2) €W, (115)
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Similarly, using the inequalities
|x —p—z— x| < |x — yi, — xi5] + |zal + |z4] < 1,
v+ p+z—yil = lzal <275,
= p—z—xi| <1y —yiy — x| +lzal < 1,
ly+p+z—yul =0,
we have
x—p—zy+p+2,(—p—z,y+p+2e W, (116)

Let {(x1, y1), (x2, ¥2), (x3, ¥3), . . . } be defined as above. Foreach j = 1,2,3,...,
let

Si={x,»:x,yeR: x+y—x;—yjl <1, |x—y—x; +yl <2_je}
andlet V = Uj’;l S;. Then V satisfies m(V) < €. For fixed d > 0, let
Va=VN{xy) eR: x|+ |y > d}.

Using the similar method as in the proof of Lemma 1 we can show that V, satisfies
the conditions (C1), (C2), and (C3).
As a direct consequence of Lemma 1 we have the following.

Theorem 8 Letd > 0. Suppose that f : R — R satisfies

lfx+y)—fx)—fOl =€ 117)

for all (x,y) € W,. Then there exists a unique additive function A : R — R such
that

[f(x) — A(x)| < 3e (118)

forall x e R.
Proof 1t follows from (115) and (116) that for given x, y € R there exist p,z € R
satisfying
Ifx+—f)—fMI=l-fO+fx—p—2+ f(p+2)I
+Ifx+-fx—p—-2—fy+p+2)
=S+ f=p—2+ f(y+p+2)
< 3e.

Using Theorem A we get the result.
As a consequence of Theorem 8 we obtain an asymptotic behavior of

Ca(f) :=( SI)JPW [fx+y)— fx) = fDMI—0 (119)
x,y)eWa
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asd — oo.

Theorem 9 Suppose that f : R — R satisfies the condition
Ci(f)—0 (120)
as d — oo. Then f is an additive function.

Proof By the condition (120), for each j € N, there exists d; > 0 such that

1
[f(x+y)— f&X)— f)] < H

for all (x,y) € de. By Theorem 8, there exists a unique additive function
A; : R — R such that

w

[f(x) = Aj(x)] < 7 (121

for all x € R. From (121), using the triangle inequality we have

| W

|4 () — Ar(x)] =< -

+%§6 (122)

~

forallx € Randall positive integers j, k. Now, the inequality (122) implies A; = Ay.
Indeed, for all x € R and all rational numbers r > 0 we have

1
|4 (x) — Ar(x)| = ;IA,‘(FX) — Ap(rx)| = (123)

N Ne)

Letting r — oo in (123) we have A; = A. Thus, letting j — oo in (121) we get
the result.
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