Chapter 7
Weighted Inequalities

Weighted inequalities arise naturally in Fourier analysis, but their use is best justified
by the variety of applications in which they appear. For example, the theory of
weights plays an important role in the study of boundary value problems for
Laplace’s equation on Lipschitz domains. Other applications of weighted inequal-
ities include extrapolation theory, vector-valued inequalities, and estimates for cer-
tain classes of nonlinear partial differential equations.

The theory of weighted inequalities is a natural development of the principles and
methods we have acquainted ourselves with in earlier chapters. Although a variety
of ideas related to weighted inequalities appeared almost simultaneously with the
birth of singular integrals, it was only in the 1970s that a better understanding of
the subject was obtained. This was spurred by Muckenhoupt’s characterization of
positive functions w for which the Hardy-Littlewood maximal operator M maps
LP(R",w(x)dx) to itself. This characterization led to the introduction of the class
A, and the development of weighted inequalities. We pursue exactly this approach
in the next section to motivate the introduction of the A, classes.

7.1 The A, Condition

A weight is a nonnegative locally integrable function on R” that takes values in
(0,00) almost everywhere. Therefore, weights are allowed to be zero or infinite only
on a set of Lebesgue measure zero. Hence, if w is a weight and 1/w is locally inte-
grable, then 1/w is also a weight.

Given a weight w and a measurable set E, we use the notation

w(E) = /E w(x)dx
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to denote the w-measure of the set E. Since weights are locally integrable functions,
w(E) < oo for all sets E contained in some ball. The weighted L spaces are denoted
by L”(R",w) or simply LP(w). Recall the uncentered Hardy-Littlewood maximal
operators on R” over balls

1
M(f)(x) = supAve|f| = sup o [ 1703l dy,
B>x B B>x |Bl /B
and over cubes

M(F)(3) = sup v 1 = sup 7 [ 17l

where the suprema are taken over all balls B and cubes Q (with sides parallel to the
axes) that contain the given point x. A classical result (Theorem 2.1.6) states that for
all 1 < p < oo there is a constant Cy,(n) > 0 such that

M(f)(x)? dx < Cy /|f )P dx (7L1)

Rﬂ

for all functions f € LP(R"). We are concerned with the situation in which the mea-
sure dx in (7.1.1) is replaced by w(x) dx for some weight w(x).

7.1.1 Motivation for the A, Condition

The question we raise is whether there is a characterization of all weights w(x) such
that the strong type (p, p) inequality

[ M W) dx< T [ 1P wods (712)

is valid for all f € LP(w).

Suppose that (7.1.2) is valid for some weight w and all f € LP(w) for some
1 < p < oo. Apply (7.1.2) to the function fyp supported in a ball B and use that
Avgg | f| < M(fxg)(x) for all x € B to obtain

w(B) (Avel )" /M 5) de<Cp/|f\pwdx (7.13)

It follows that

1 p c?
<B|/B|f(t)dt> < W(;)/B|f(x)|pw(x)dx (7.1.4)

for all balls B and all functions f. At this point, it is tempting to choose a function
such that the two integrands are equal. We do so by setting f =w™" /P, which gives
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fPw= w=P'/P_ Under the assumption that infgw > 0 for all balls B, it would follow
from (7.1.4) that

1 1 S\
p—1 P
lel)z[l)ls (|B|/ w(x )dx) <|B / w(x) dx) <Cj. (7.1.5)

If infz w = 0 for some balls B, we take f = (w+€) /7 to obtain

() o4 s [ 52 <

for all £ > 0. Replacing w(x)dx by (w(x) 4+ €)dx in the last integral in (7.1.6) we
obtain a smaller expression, which is also bounded by C5. Since —p'/p = —p' + 1,
(7.1.6) implies that

(I; /B w(x)dx> (IB{I /B (w(x)+e)—7fdx>pl <cr, (7.1.7)

from which we can still deduce (7.1.5) via the Lebesgue monotone convergence the-
orem by letting € — 0. We have now obtained that every weight w that satisfies
(7.1.2) must also satisfy the rather strange-looking condition (7.1.5), which we refer
to in the sequel as the A, condition. It is a remarkable fact, to be proved in this chap-
ter, that the implication obtained can be reversed, that is, (7.1.2) is a consequence
of (7.1.5). This is the first significant achievement of the theory of weights [i.e., a
characterization of all functions w for which (7.1.2) holds]. This characterization is
based on some deep principles discussed in the next section and provides a solid
motivation for the introduction and careful examination of condition (7.1.5).

Before we study the converse statements, we consider the case p = 1. Assume
that for some weight w the weak type (1,1) inequality

w({xeR": M(f)(x) > a}) <7/ (0 [w(x) (7.1.8)

holds for all functions f € L' (R"). Since M(f)(x) > Avgg | f| for all x € B, it follows
from (7.1.8) that for all & < Avgg |f| we have

w(B) <w({xeR": M(f)(x) > a}) < 7/ () [w(x) (7.1.9)
Taking fxp instead of f in (7.1.9), we deduce that

1 C
Avelfl = / 0l < s / £ w(x) dx (7.110)
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for all functions f and balls B. Taking f = ys, we obtain

S| o - w(S)
B =) (7.1.11)

where § is any measurable subset of the ball B.
Recall that the essential infimum of a function w over a set E is defined as

esséinf(w) =inf{b>0: [{xeE: w(x) <b}|>0}.

Then for every a > ess.infg(w) there exists a subset S, of B with positive measure
such that w(x) < a for all x € S,. Applying (7.1.11) to the set S,, we obtain

w(t)dt < Cya, (7.1.12)
W/ Bl&
which implies
1
B / w(t)dr < Ciw(x) for all balls B and almost all x € B. (7.1.13)
B

It remains to understand what condition (7.1.13) really means. For every ball B, there
exists a null set N(B) such that (7.1.13) holds for all x in B\ N(B). Let N be the union
of all the null sets N(B) for all balls B with centers in Q" and rational radii. Then
N is a null set and for every x in B\ N, (7.1.13) holds for all balls B with centers in
Q" and rational radii. By density, (7.1.13) must also hold for all balls B that contain
a fixed x in R"\ N. It follows that for x € R" \ N we have

MO)(x) = sup / 1)di < Cw(x). (7.1.14)

Therefore, assuming (7.1.8), we have arrived at the condition
M(w)(x) < Ciw(x) for almost all x € R", (7.1.15)

where C) is the same constant as in (7.1.13).

We later see that this deduction can be reversed and we can obtain (7.1.8) as a
consequence of (7.1.15). This motivates a careful study of condition (7.1.15), which
we refer to as the A; condition. Since in all the previous arguments we could have
replaced balls with cubes, we give the following definitions in terms of cubes.

Definition 7.1.1. A function w(x) > 0 is called an A weight if
M(w)(x) < Ciw(x) for almost all x € R" (7.1.16)

for some constant C;. If w is an A; weight, then the (finite) quantity

1/ ) 1
wla, =  su — [ w(t)drt |||lw o (7.1.17)
ol chbeﬁnR" <|Q| 0 © | e ©
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is called the A| Muckenhoupt characteristic constant of w, or simply the A charac-
teristic constant of w. Note that A; weights w satisfy

t)dr <| ess.infw 7.1.18
‘Q|/ wla, essinfin(y) (7.118)

for all cubes Q in R”.

Remark 7.1.2. We also define

1 / > B
balls !

w = su — | w(t)dt | ||w P (7.1.19)
Wla Bbausli)an <|B| B (t) H HL (B)

Using (7.1.13), we see that the smallest constant C; that appears in (7.1.16) is equal
to the A characteristic constant of w as defined in (7.1.19). This is also equal to the
smallest constant that appears in (7.1.13). All these constants are bounded above and
below by dimensional multiples of [w],,

We now recall condition (7.1.5), which motivates the following definition of A,
weights for 1 < p < oo,

Definition 7.1.3. Let 1 < p < oo. A weight w is said to be of class A, if

1 o p=1
) (e

The expression in (7.1.20) is called the A, Muckenhoupt characteristic constant of
w (or simply the A, characteristic constant of w) and is denoted by [w]4,

Remark 7.1.4. Note that Definitions 7.1.1 and 7.1.3 could have been given with the

set of all cubes in R” replaced by the set of all balls in R”. Defining [W]R‘;HS as in
(7.1.20) except that cubes are replaced by balls, we see that
w
(va2™)F < o, < (n"Pv2m)P. (7.1.21)

bll
[

7.1.2 Properties of A, Weights

It is straightforward that translations, isotropic dilations, and scalar multiples of A,
weights are also A, weights with the same A, characteristic. We summarize some
basic properties of A, weights in the following proposition.

Proposition 7.1.5. Let w € A, for some 1 < p < . Then
(1) [SA(W)}AP = [W]Ap, where 8* (w)(x) =w(Axy,...,Ax,).
(2) [T*(w)]a, = [W]a,, where T°(w)(x) = w(x—2z), z€ R".
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(3) [Aw]a, = [Wla, for all A > 0.

— 1 . . . . .
(4) When 1 < p < oo, the function w »~1 is in A,y with characteristic constant

1 1

(w7 ]A,,/ = [W]X;l.

Therefore, w € Ay if and only if w™' € Ay and both weights have the same A,
characteristic constant.

(5) [wla, > 1 forall w € A,. Equality holds if and only if w is a constant.

(6) The classes A, are increasing as p increases; precisely, for 1 < p < g < o we
have
[W}Aq S [W]Ap

(7) lim [w]a, = [w]a, if w € A1
q—1+

(8) The following is an equivalent characterization of the A, characteristic constant
of w:

[W]a, = sup  sup
Qcubes f € LP(Q,wdt)
inR" [ | fIPwdr>0

{ (& folf ] dr)” }
o o F@)Pw(rydi |

(9) The measure w(x)dx is doubling: precisely, for all A > 1 and all cubes Q we
have

w(AQ) < A" [wla, w(Q).
(AQ denotes the cube with the same center as Q and side length A times the side
length of Q.)

Proof. The simple proofs of (1), (2), and (3) are left as an exercise. Property (4) is
also easy to check and plays the role of duality in this context. To prove (5) we use
Hoélder’s inequality with exponents p and p’ to obtain

:ﬁ/g |Q‘/ ()P w( dx<[];p7

1
with equality holding only when w(x )1’ = cw( )~ » for some ¢ >0 (i.e., when wis a
constant). To prove (6), observe that 0 < ¢’ — 1 < p’ — 1 < oo and that the statement

Wla, < W,
is equivalent to the fact

< w

[

-1
||Lq’*1(Q o) e

Property (7) is a consequence of part (a) of Exercise 1.1.3.
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To prove (8), apply Holder’s inequality with exponents p and p’ to get

(Ave|f)" = (|(12|/Q|f(x)dx)p

= (i e ar)

< g [y rearuea) /Qw<x>”p'dx>5’
(ag L lrerswar) (g [ weas) (g [ W(X)Pl‘dx)pl

wla, (w(lQ) RIS dx) .

This argument proves the inequality > in (8) when p > 1. In the case p = 1 the
obvious modification yields the same inequality. The reverse inequality follows by
taking f = (w+€) ¥/ as in (7.1.6) and letting € — 0.

Applying (8) to the function f = yo and putting AQ in the place of Q in (8), we
obtain

w(AQ) < A" [wla,w(Q),

which says that w(x) dx is a doubling measure. This proves (9). O
Example 7.1.6. A positive measure d is called doubling if for some C < oo,
1(2B) < Cu(B) (7.1.22)

for all balls B. We show that the measures |x|*dx are doubling when a > —n. We
divide all balls B(xp,R) in R" into two categories: balls of type I that satisfy |xg| >
3R and type II that satisfy |xo| < 3R. For balls of type I we observe that

/ x|%dx < v,(2R)" (Jxo| +2R)* whena >0,
P28 - (|xo| —2R)* whena <0,

_ R4 >
/ x| dx > voR” (|xo] = R)* whena >0,
B(x,R) (Jxo| +R)* whena < 0.

Since [xo| > 3R, we have |xo| + 2R < 4(|xo| —R) and |xo| — 2R > §(|xo| +R), from

which (7.1.22) follows with C = 234l
For balls of type II, we have |xp| < 3R and we note two things: first

/ |x|%dx < / |x|%dx = c,R",
B(x0,2R) |x|<5R
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and second, since |x|* is radially decreasing for a < 0 and radially increasing for
a > 0, we have

/ K“dx  whena >0,
B(O,R)

/ |x|“dx >
B(xq,R)

|x|“dx whena < 0.
B(3R%,R)

Ixol

For x € B(3R§—g‘,R) we must have |x| > 2R, and hence both integrals on the right

are at least a multiple of R"™. This establishes (7.1.22) for balls of type II.

Example 7.1.7. We investigate for which real numbers a the power function |x|* is
an A, weight on R". For 1 < p < e, we examine for which a the following expression

is finite:
1 1 Y
sup —/ x“dx) </ xal’dx> ) (7.1.23)
Bballs(|B| BI | |B| B| |

As in the previous example we split the balls in R” into those of type I and those of
type IL If B = B(xo, R) is of type L, then for x satisfying |x — xo| < R we must have

2 4
Shol < ol = R < o] < Jaol + R < S b,

thus the expression inside the supremum in (7.1.23) is comparable to

A
/

ol (bxol %) 7 = 1.
If B(xo,R) is a ball of type II, then B(0,5R) has size comparable to B(xp,R) and
contains it. Since the measure |x|* dx is doubling, the integrals of the function |x|
over B(xo,R) and over B(0,5R) are comparable. It suffices therefore to estimate the
expression inside the supremum in (7.1.23), in which we have replaced B(xo,R) by
B(0,5R). But this is

L
7

( . IVd>( . ||“5d)”
e ——— X X e — X X
va(5R)" JB(0.5R) va(5R)" JB(0.5R)
ya

= " 5R}’”"'n_ldr o SRr_a%+"_ldV ! ,
(5R)" Jo (5R)" Jo

which is seen easily to be finite and independent of R exactly when —n < a < nﬁ.
We conclude that |x|* is an A, weight, 1 < p < oo, if and only if —n <a <n(p—1).

The previous proof can be suitably modified to include the case p = 1. In this case
we obtain that |x|* is an A; weight if and only if —n < a < 0. As we have seen, the
measure |x|* dx is doubling on the larger range —n < a < eo. Thus for a > n(p — 1),
the function |x|* provides an example of a doubling measure that is notin A,,.
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Example 7.1.8. On R” the function

u(x) = logﬁ when |x| < 1,
1 otherwise,

is an A| weight. Indeed, to check condition (7.1.19) it suffices to consider balls of
type I and type II as defined in Example 7.1.6. In either case the required estimate
follows easily.

We now return to a point alluded to earlier, that the A, condition implies the
boundedness of the Hardy-Littlewood maximal function M on the space L”(w). To
this end we introduce four maximal functions acting on functions f that are locally
integrable with respect to w:

w _ 1
M) =sup s 171wy,

where the supremum is taken over open balls B that contain the point x and

MY(f)(x) = pﬁ / g Iy

s>0W

v = su b w
M) = sup s [ 1wy,

where Q is an open cube containing the point x, and

1
- dy,
P G Jos)

where Q(x,8) = H?zl(xj —8,x;+ 8) is a cube of side length 28 centered at
x=(x1,...,%;). When w = 1, these maximal functions reduce to the standard ones
M(f), M(f), M.(f), and M.(f), the uncentered and centered Hardy-Littlewood
maximal functions with respect to balls and cubes, respectively.

Theorem 7.1.9. (a) Let w € A|. Then we have
HMCHLI(W)%LNM < 3"[w]a, - (7.1.24)

(b) Let w € A, (R") for some 1 < p < oo. Then there is a constant C, j, such that

1
||MC|’LP(W)~>LII(W) < Cn,p[w]z;l . (7.1.25)

Since the operators M., M., M, and M are pointwise comparable, a similar conclu-
sions hold for the other three as well.

Proof. (a) Since du = wdx is a doubling measure and du(3Q) < 3"[w]s, u(Q),
using Proposition 7.1.5 (9) and Exercise 2.1.1 we obtain that M* maps L'(w) to
L' (w) with norm at most 3"[w],, . This proves (7.1.24).
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1
(b) Fix a weight win A, and let 6 =w  »-T be its dual weight. Fix an open cube
0 = Q(xp,r) in R” with center xy and side length 27 and write

é/glfdy:MQ');lppl( ){ l(QQ| ( 5(0) /Ifdy)p]}#l. (7.1.26)

For any x € Q, consider the cube Q(x,2r). Then Q € Q(x,2r) € 30 = Q(x,3r) and

thus
1 1 . »
@/Q'f'dy = m/m) |fldy <MZ(|flo™")(x)

for any x € Q. Inserting this expression in (7.1.26), we obtain

1

T o(3 T
|Q|/|f| y<Z 0(30) { /Jvt" |flo1P ldy} . (7127

| =

Since one may easily verify that

w(Q)o(30)"""

op =3y

it follows that

1

a1 oy < 3T (e (10w )

since xg is the center of Q. Hence, we have

1
T

Me(f) <37l (M [l W) 7

Applying L”(w) norms, we deduce

_np_ 5 W B 1 ,i
M)y < 3717, PO 10) w7 0 w)
i l w )% _ 1 %
< 3PP ) IO U707 5
p L w5
=37 [wuplﬂmcu,,,‘( o IS o)

< 3T M )i oY ooy 1

/\'—‘

and conclusion (7.1.25) follows, provided we show that
HMWHUI VLA (w) > <C(g,n) <oo (7.1.28)

for any 1 < g < o0 and any weight w.
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We obtain this estimate by interpolation. Obviously (7.1.28) is valid when g = o
with C(eo,n) = 1. If we prove that

e

c HLl (w)—=Lb>(w) <C(1,n) < oo, (7.1.29)

then (7.1.28) will follow from Theorem 1.3.2.
To prove (7.1.29) we fix f € L' (R", wdx). We first show that the set

Ep ={Mc(f) > 1}

is open. For any r > 0, let Q(x,r) denote an open cube of side length 2r with center
x € R". If we show that for any » > 0 and x € R” the function

1
_— d 7.1.30
T ) /Q(xr) flwdy (7130

is continuous, then MY (f) is the supremum of continuous functions; hence it is
lower semicontinuous and thus the set £, is open. But this is straightforward. If
X = Xo, then w(Q(xn, 7)) = w(Q(xo, 7)) and also [y, o [flwdy = [ou o [ flwdy
by the Lebesgue dominated convergence theorem. Since w(Q(xo, 7)) # 0, it follows
that the function in (7.1.30) is continuous.

Given K a compact subset of £, for any x € K select an open cube Q, centered

at x such that |
—_ wdy > A .
G0 o 1wy

Applying Lemma 7.1.10 (proved immediately afterward) we find a subfamily
{ij };”:1 of the family of the balls {Q, : x € K} such that (7.1.31) and (7.1.32)
hold. Then

)

m m 1 247‘!
< ) < — <
w(K)_lew<ij>_j;l/ij|f|wdy_ = | Uriway,

where the last inequality follows by multiplying (7.1.32) by |f|w and integrating
over R”. Taking the supremum over all compact subsets K of E; and using the inner
regularity of wdx, which is a consequence of the Lebesgue monotone convergence
theorem, we deduce that M maps L' (w) to L' (w) with constant at most 24”. Thus
(7.1.29) holds with C(1,n) = 24". d

Lemma 7.1.10. Let K be a bounded set in R" and for every x € K, let Q, be an open
cube with center x and sides parallel to the axes. Then there are an m € Z" U {co}
and a sequence of points {xj};-":] in K such that

KS oy (7.1.31)
j=1
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and for almost all y € R" one has

Z ) <24m. (7.1.32)

Proof. Let so = sup{¢(Qy) : x € K}. If 59 = o, then there exists x; € K such that
£(Qy,) > 4L, where [—L,L]" contains K. Then K is contained in Qy, and the state-
ment of the lemma is valid with m = 1.

Suppose now that so < oo. Select x| € K such that £(Qy, ) > so/2. Then define

=K\Qy, sp =sup{l(Q,): x€ K},

and select x, € K such that £(Q,,) > s1/2. Next define

KZZK\(Q)C] UQX2)7 s2zsup{£(Qx) : XEK2}7

and select x3 € K such that £(Qy,) > s/2. Continue until the first integer m is
found such that K, is an empty set. If no such integer exists, continue this process
indefinitely and set m = oo,

We claim that for all i # j we have %Qx,. N %ij = (. Indeed, suppose thati > j.
Thenx; € Ki1 =K\ (Qx, U---UQ,, ) thus x; ¢ Q;. Alsox; € K;_; & K;_1, which
implies that £(Q,,) < sj-1 < 26(Qy,). If x; ¢ Qj and £(Qy;) > 5€(Qy,), it easily
follows that %Qxi N %ij =0.

We now prove (7.1.31). If m < oo, then K, = 0 and therefore K < (JJ_ 1Qx, If
m = oo, then there is an infinite number of selected cubes Ox;. Since the cubes - 30y,
are pairwise disjoint and have centers in a bounded set, 1t must be the case that
some subsequence of the sequence of their lengths converges to zero. If there exists
ay € K\Uj Qx;, this y would belong to all K, j=1,2,..., and then s; > £(Q,)
for all j. Since some subsequence of the s;’s tends to zero, it would follow that

£(Qy) =0, which would force the open cube Q, to be the empty set, a contradiction.
Thus (7.1.31) holds.

Finally, we show that 3", Xo., (¥ (y) < 24" for almost every point y € R". To prove
this we consider the n hyperplanes H; that are parallel to the coordinate hyperplanes
and pass through the point y. Then we write R” as a union of »n hyperplanes H; of
n-dimensional Lebesgue measure zero and 2" higher-dimensional open “octants”
O,, henceforth called orthants. We fix a y € R"” and we show that there are only
12" points x; such that y lies in O, N Qy; for a given open orthant O,. To prove this
assertion, setting |z|~ = sup,;,|z| for points z = (z1,...,2,) in R", we pick an
Xy, € KN O, such that kao contains y and | Xk, — ¥|e= is the largest possible among
all |x; — y|=. If x; is another point in K N O, such that Oy contains y, then we claim
thatx; € kao. Indeed, to show this we notice that for each i € {1,...,n} we have

= |xj,i — i — (Xk.i —yi)|
= ||xj,i —yil — |xk0,i *yi||

i — Xk i
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< max(|xk07i*yi|, |Xj,i*)’i|)
< max (|xg, — yle=, [x; — y]e)
=[xk = ¥le=
< 30(0Qx,),

where the second equality is due to the fact that x;,x;, lie in the same orthant and
the last inequality in the fact that y € kao; it follows that x; lies in kao.

We observed previously that i > j implies x; ¢ Q;. Since x; lies in kao , one must
then have j < ko, which implies that %K(kao) < £(Qy;). Thus all cubes Qy; with
centers in K N O, that contain the fixed point y have side lengths comparable to that
of kao . A simple geometric argument now gives that there are at most finitely many
cubes Q; of side length between o and 2« that contain the given point y such that

%ij are pairwise disjoint. Indeed, let a = %( (kao) and let {Qy, }res be the cubes
with these properties. Then we have

= |U%er < |Uer| S(4a)n,

rel rel

o”|1]

TR M
rel

since all the cubes Q,, contain the point y and have length at most 2¢¢ and they
must therefore be contained in a cube of side length 4¢¢ centered at y. This obser-
vation shows that |7| < 12", and since there are 2" sets O,, we conclude the proof
of (7.1.32). O

Remark 7.1.11. Without use of the covering Lemma 7.1.10, (7.1.29) can be proved
via the doubling property of w (cf. Exercise 2.1.1(a)), but then the resulting constant
C(g,n) would depend on the doubling constant of the measure wdx and thus on
[w]a,; this would yield a worse dependence on [w],, in the constant in (7.1.25).

Exercises

7.1.1. Let k be a nonnegative measurable function such that k, k! are in L*(R").
Prove that if w is an A, weight for some 1 < p < oo, then so is kw.

7.1.2. Let wi, wy be two A| weights and let 1 < p < oo. Prove that wlw;” isan A,
weight by showing that

1— —1
wiwy Pla, < [wila, [wa]},

7.1.3. Suppose that w € A, for some p € [1,0) and 0 < § < 1. Prove that w® € A,,
where ¢ = §p+ 1 — J, by showing that

], < W13,
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7.1.4. Show that if the A, characteristic constants of a weight w are uniformly
bounded for all p > 1, then w € A;.

7.1.5. Letwy € Ap, and wy € A, for some 1 < pg, p1 < oo.Let 0 < 6 < 1 and define

1 1-6 0 1 =6 0

- = + — and we =wy"" w
Po P1
Prove that (1-6)2 »
1-0)2 0L
[W]Ap — [ O]AI’O po[ 1]A:11 ’

thus wisinA,.

7.1.6. ([122]) Fix 1 < p < 0. A pair of weights (u, w) that satisfies

o= oo (i o) Gl )
u,w )= sup | — [ udx — [ w P ldax < o0
(4pAp) Q‘millacs |Q| Qo |Q| o

in R"

is said to be of class (A,,A,). The quantity [u,w]4, 4, is called the (A,,A,) char-
acteristic constant of the pair (u,w).
(a) Suppose that pair of weights (u,w) is of class (A,,A,). Show that for all non-

negative measurable functions f and all cubes Q' we have

1 p ,
(17, 11ax) w@) <co [ iriwas,

where Co = [u,W](a, 4,)-

(b) Suppose that a pair of weights (u, w) satisfies the inequality in part (a) for some
constant Cy. Prove that M maps L?(w) to LP**(u) with norm at most C(n, p)C(;/ P,
where C(n, p) is a fixed constant.

(c) Suppose that for a pair of weights (u,w), M maps L”(w) to L”*(u). Show that
the pair (u,w) is of class (4,,A,).

[Hint: Part (b): Replacing f by fxo in part (a), where Q C (', obtain that

P ‘AP

Jolf1Pwdx
(fQ |f] dx)p .

Then use Exercise 5.3.9 to find disjoint cubes Q; such that the set Eq = {x € R":
M.(f)(x) > a} is contained in the union of 3Q; and £ < IQLijQ/ |f(2)]dr < 5.
Then u(Eq) <Y ;u(3Q;), and bound each u(3Q;) by taking O’ =3Q; and O = Q; in
the preceding estimate. Part (c): First prove the assertion in part (b) and then derive
the inequality in part (a) by adapting the idea in the discussion in the beginning of
Subsection 7.1.1.

u(Q') < ColQ'|
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7.1.7. ([122]) Let 1 < p < oo and let (u,w) be a pair of weights of class (A,,A,).
Show that for any g with p < g < oo there is a constant C}, ; , < o such that for all
f € LY(w) we have

1/q

M) (x) u(x) dx l/qécp,q,n f@)Tw(x)dx
(h ) <em(,

[Hint: Use Exercise 7.1.6 and interpolate between L? and L.

7.1.8. Let k > 0. For an A| weight w show that [min(w, k)]s, < [w]a,. If 1 < p < oo
and w € A, show that

[min(w, k)}Ap < Cp [W]Ap )
where ¢, = 1if 1 <p<2andc,=2"""if2 < p <o,

1 1 1

[Hint: Use the inequality |—é‘ Jomin(w, k) 7=Tdx < ﬁ Jow 7Tdx+k 7T and also
‘]@ Jomin(w,k)dx < min {k, ‘1@ widx}.]
7.1.9. Suppose that w; GA,,J. with 1 < j <m for some 1 < p1,...,p, < oo and let
0<6y,...,6, < 1be such that 6; +-- -+ 6,, = 1. Show that

91 0,
Wi Wi € Amax{py ..opm}

[Hint: First note that each weight w; lies in Apax(p, ... p,,} and then apply Holder’s
inequality.]

7.1.10. Let w; € Ap, and wy € A, for some 1 < py, pa < oo. Prove that
wi+wala, < [wila, +w2la,, ,

where p = max(pi, p2).
7.1.11. Show that the function
log L when |x| < 1,
) = | CEB e <
1 otherwise,

in Example 7.1.8 is an A weight on R".
[Hint: Use [u]'j{}“‘g instead of [u]4, and consider balls of type I and II as in Example

7.1.7]

7.1.12. Let 1 < p < o and w € A;. Show that the uncentered Hardy-Littlewood
maximal function M maps L (w) to itself.
[Hint: Prove first the inequality

3n([w]z¢;lls)2
—— / lglwdx
{M(g)>A}

and then use the characterization of L”* given in Exercise 1.1.12.]

w({M(g) >2}) <
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7.2 Reverse Holder Inequality for A, Weights and Consequences

An essential property of A, weights is that they assign to subsets of balls mass
proportional to the percentage of the Lebesgue measure of the subset within the
ball. The following lemma provides a way to quantify this statement.

Lemma 7.2.1. Let w € A, for some 1 < p < oo and let 0 < a < 1. Then there exists
B < 1 such that whenever S is a measurable subset of a cube Q that satisfies |S| <

o|Q|, we have w(S) < Bw(Q).
Proof. Taking f = x4 in property (8) of Proposition 7.1.5, we obtain
Al )” w(A)
— | <|wla, . (7.2.1)
<Q| o)
We write S = O\ A to get
m>P ( MS)
—— ] <|w 1-——=]. (7.2.2)
(1-1a1) <t (-3
Given 0 < o < 1, set
1—a)P
gy U=’ (72.3)
[Wla,
and use (7.2.2) to obtain the required conclusion. |

7.2.1 The Reverse Holder Property of A, Weights

We are now ready to state and prove one of the main results of the theory of weights,
the reverse Holder inequality for A, weights.

Theorem 7.2.2. Let w € A, for some 1 < p < oo, Then there exist constants C and
Y > 0 that depend only on the dimension n, on p, and on [w|s , such that for every

cube Q we have
(IQIZI/ w(t)1+7dt>
o

Proof. Let us fix a cube Q and set

1
o = @/Qw(x)dx.

We also fix 0 < o0 < 1. We define an increasing sequence of scalars

1
I+y

c
< — dr. 7.2.4
<10 QW(t) t (7.2.4)

Op <0 <0 <--- <Oy <---
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for k > 0 by setting
e =2"o0 'y or o= (2"a oy,

and for each k£ > 1 we apply a Calderén—Zygmund decomposition to w at height ¢.
Precisely, for dyadic subcubes R of Q, we let

1
W/RW(X) dx > oy, (7.2.5)

be the selection criterion. Since Q does not satisfy the selection criterion, it is not
selected. We divide the cube Q into a mesh of 2" subcubes of equal side length, and
among these cubes we select those that satisfy (7.2.5). We subdivide each unselected
subcube into 2" cubes of equal side length and we continue in this way indefinitely.
We denote by {Qy ;}; the collection of all selected subcubes of Q. We observe that
the following properties are satisfied:

1
) o< —— w(t)dr <2"q.
|Qk,j| Ok
(2) For almost all x ¢ Uy we have w(x) < o, where Uy = Oy, j.
J

(3) Each Q1 ; is contained in some QO ;.

Property (1) is satisfied since the unique dyadic parent of Oy ; was not chosen in the
selection procedure. Property (2) follows from the Lebesgue differentiation theorem
using the fact that for almost all x ¢ Uj, there exists a sequence of unselected cubes
of decreasing lengths whose closures’ intersection is the singleton {x}. Property (3)
is satisfied since each Qy ; is the maximal subcube of Q satisfying (7.2.5). And since
the average of w over Qi1 ; is also bigger than o, it follows that Qy,; must be
contained in some maximal cube that possesses this property.

We now compute the portion of Oy ; that is covered by cubes of the form Oy ;
for some j. We have

1

|Qk,l | Ok iNUk+1
1 1
= Z |Qk+1

. Y j———

|Qk’l|j:Qk+l,_/ng.l ! |Qret1. Okt

| Ok MUk |
Ok

Ok NUg1 |
| Ok

2" oy, w(t)dt

w(t)dt

k+1

2"a oy,

It follows that |Qk,1 N Uk+1| < ot|Qx,; thus, applying Lemma 7.2.1, we obtain

w(Qxki NUks1)
w(Qk,1)

(1—a)?

Wwla,

<p=1-

)
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from which, summing over all /, we obtain
w(Ups1) < Bw(Ur) .-

The latter gives w(Uy) < B*w(Up). We also have |Uy 1| < ot|Uy|; hence |Ui| — 0 as
k — oo. Therefore, the intersection of the Uy ’s is a set of Lebesgue measure zero. We
can therefore write

0= (Q\UO)U(QUk\UkJrl)

modulo a set of Lebesgue measure zero. Let us now find a y > 0 such that the reverse
Holder inequality (7.2.4) holds. We have w(x) < oy for almost all x in @\ Uy and
therefore

o ;
/Qw(t) Tar = /Q\Uow(t)yw(t)dt—&—kgz) /U o O

< alw(Q\Uo) + i o w(Us)
k=0

< alw(Q\Up) + i((Z"a”)k*'ao)yﬁkW(Uo)
k=0

<

o (1 +<2"a-1>Yi(z"a—lwﬁk)w@)
k=0

= (ééw(r)d:)%H%) /Qw(t)dt,

provided ¥ > 0 is chosen small enough that (2" ~!)YB < 1. Keeping track of the
constants, we conclude the proof of the theorem with

1 —logp _ log([wl,) —log([wla, — (1-a)”) 12:6)
2log2" —loga 2logZ
and
neqy—1\Y
p g, (ZaT)"
C 1+ ~ e )B
2"y
 Any—1 _ (-o)?
1 (2 a )7(1 [W]Ap )
= 1+ 1 )

(2’1(1_1)_7'* (1 _ (I*U‘)p)

[W]A P
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which yields
Zlog%n
1 2og 2 —1og (1- -
c=|1+ : e a1 ) . (12.7)
(1- (1—06)”)7 -(1- (l—a)")
Wla, Wl
Note that up to this point, o was an arbitrary number in (0, 1). O

Remark 7.2.3. Tt is worth observing that for « such that (1 — a)? = %, the constant
Y in (7.2.6) decreases as [w]4, increases, while the constant C in (7.2.7) increases as
[w]a, increases. This is because 1 — 3 [w];pl > L andfort € (},1) the function /7 —¢
is decreasing. This allows us to obtain the following stronger version of Theorem
7.2.2: For any 1 < p < o0 and B > 1, there exist positive constants C = C(n, p, B)
and ¥ = y(n, p,B) such that for all w € A, satisfying [w]a, < B the reverse Holder
condition (7.2.4) holds for every cube Q. See Exercise 7.2.4(a) for details.

Observe that in the proof of Theorem 7.2.2 it was crucial to know that for some
0 < a,B < 1 we have

IS| < a|Q] = w(S) <Bw(Q) (7.2.8)

whenever S is a subset of the cube Q. No special property of Lebesgue measure was
used in the proof of Theorem 7.2.2 other than its doubling property. Therefore, it is
reasonable to ask whether Lebesgue measure in (7.2.8) can be replaced by a general
measure U satisfying the doubling property

1(3Q) < G p(Q) < oo (72.9)

for all cubes Q in R". A straightforward adjustment of the proof of the previous
theorem indicates that this is indeed the case.

Corollary 7.2.4. Let w be a weight and let L be a measure on R" satisfying (7.2.9).
Suppose that there exist 0 < o, < 1, such that

u(S) < ap(@) — [ windu(n <p /Q w(t) du(r)

whenever S is a i-measurable subset of a cube Q. Then there exist 0 < C,y < oo
[which depend only on the dimension n, the constant C, in (7.2.9), o, and ] such
that for every cube Q in R" we have

1 w() T 5] C .w
(u(Q)/Q © Yd“(’)> = 400) /Q (1) dp(t)- (7.2.10)

Proof. The proof of the corollary can be obtained almost verbatim from that of
Theorem 7.2.2 by replacing Lebesgue measure with the doubling measure du and
the constant 2" by C,.
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Precisely, we define oy, = (C,a~')*at, where ay is the p-average of w over Q;
then properties (1), (2), (3) concerning the selected cubes {Qy ;}; are replaced by

1
(1) o < ”(Qk,j)/Qk:jw(t)du(t) <Cy .

(2u) On Q\ Uy we have w < 0y p-almost everywhere, where Uy = U O ;-
J
(3y) Each Qyy,; is contained in some Oy ;.

To prove the upper inequality in (1) we use that the dyadic parent of each selected
cube Oy ; was not selected and is contained in 3Qy ;. To prove (2;) we need a dif-
ferentiation theorem for doubling measures, analogous to that in Corollary 2.1.16.
This can be found in Exercise 2.1.1. The remaining details of the proof are trivially
adapted to the new setting. The conclusion is that for

—logf

O0<y< ————— 7.2.11

B logC, —loga ( )
and 1
(Cah)r 7T

C=|l4+—F—F""— , 7.2.12
+ = (Coo V7B ( )
(7.2.10) is satisfied. Notice that the choice of the constants (7.2.6) and (7.2.7) is valid
in this case with C, in place of 2". ]

7.2.2 Consequences of the Reverse Holder Property

Having established the crucial reverse Holder inequality for A, weights, we now
pass to some very important applications. Among them, the first result of this section
yields that an A, weight that lies a priori in L _(R") must actually lie in the better
space L{.*°(R") for some ¢ > 0 depending on the weight.

Theorem 7.2.5. If w € A, for some 1 < p < oo, then there exists a number y > 0
(that depends on n, p, and [w] A,) such that witre A P

Proof. Let C be the constant in the proof of Theorem 7.2.2. When p = 1, we apply
the reverse Holder inequality of Theorem 7.2.2 to the weight w to obtain

1+y
é/gw(t)m,dté (;/Qw<t)dt> < CH ] ()

for almost all x in the cube Q. Therefore, wl*? is an A, weight with characteristic
constant at most CHY[W][IXTY. When p > 1, there exist ¥;,7» > 0 and C;,C, > 0 such
that the reverse Holder inequality of Theorem 7.2.2 holds for the weights w € A,

_ 1 .
andw rT € Ay, that is,
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(Q/Qw(t)'”ldtywl < %' Qw(t)dt,

1
1 / —L(1+p) >1+72 G 1
— | w(t) »T dt < — [ w(t) r-Tdt.
Q@Q() =10l S

Taking ¥ = min(71, %»), both inequalities are satisfied with y in the place of y;, 1. It
follows that w!'*7 is in A, and satisfies

Wi, < (€)W, (1.2.13)

P
This concludes the proof of the theorem. U

Corollary 7.2.6. For any 1 < p < oo and for everyw € A, thereisa g=q(n, p, [W]Ap)
with g < p such that w € A,. In other words, we have

A= U A,
q<(1,p)

Proof. Given w € A, let ¥,Cy,C; be as in the proof of Theorem 7.2.5. In view of
the result in Exercise 7.1.3 with § = 1/(1 +y),if w!*7 € A, and

1 1 p+y
=p +1_ = 5
1+7y 1+y 1+vy

q

then w € A, and

L

1
la, = (W) 57]a, < W07 < CICY Wl

where the last estimate comes from (7.2.13). Since 1 < g = %’ < p, the required
conclusion follows. Observe that the constants C;C - q, and )l, increase as [w]a,
increases. O

Another powerful consequence of the reverse Holder property of A, weights is
the following characterization of all A weights.

Theorem 7.2.7. Let w be an A weight. Then there exist 0 < € < 1, a nonnegative
function k such that k,k=' € L, and a nonnegative locally integrable function f
that satisfies M(f) < oo a.e. such that

w(x) =k(x)M(f)(x)%. (7.2.14)

Conversely, given a nonnegative function k such that k,k~' € L* and given a
nonnegative locally integrable function f that satisfies M(f) < o a.e., define w via
(7.2.14). Then w is an Ay weight that satisfies

G _
lay < 7= 1Kl 1k Y=, (7.2.15)

where C,, is a universal dimensional constant.
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Proof. In view of Theorem 7.2.2, there exist 0 < y,C < oo such that the reverse
Holder condition

e
<|;| /Qw(t)lﬂ’dt) o < |—g| Qw(t)dt < Cwla,wix) (7.2.16)

holds for all cubes Q and for all x in O\ Eg, where Ey is a null subset of Q0. We set

1 1
£=—r and x) = wx) " = w(x)E.
o £0) = ()T =w()
Letting N be the union of Eg over all Q with rational radii and centers in Q", it
follows from (7.2.16) that the uncentered Hardy-Littlewood maximal function M, (f)
with respect to cubes satisfies

Mc(f)(x) < CHH ]y 7 () forx € R"\N.

This implies that M(f) < C,C l”[w]}ﬁy f a.e. for some constant C, that depends
only on the dimension. We now set

and we observe that C_IC,TE[W]XII <k<lae.
It remains to prove the converse. Given a weight w = kM ()€ in the form (7.2.14)
and a cube Q, it suffices to show that

1 / M(f)(t)¢dt < G M(f)(x) for almost all x € Q, (7.2.17)
0] Jo 1

since then (7.2.15) follows trivially from (7.2.17) with w = kM(f)¢ using that
k,k~' € L*. To prove (7.2.17), we write

f=rxo+fxz0)x-

Then

1 / c, (1 ¢
T [ M(f230) (1) dt < —* (/ fa30)(t dt) (7.2.18)
in view of Kolmogorov’s inequality (Exercise 2.1.5). But the last expression in
(7.2.18) is at most a dimensional multiple of M(f)(x)€ for almost all x € Q, which
proves (7.2.17) when f is replaced by f 3o on the left-hand side of the inequality.
And for f(30)c we only need to notice that

M(fx30)) (1) < 2"M(fX30)) (1) < 2" M(f)(x)
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for all x,¢ in Q, since any ball B centered at ¢ that gives a nonzero average for
S X;30)c must have radius at least the side length of Q, and thus \/nB must also
contain x. (Here M is the centered Hardy-Littlewood maximal operator introduced
in Definition 2.1.1.) Hence (7.2.17) also holds when f is replaced by f¥(3g)c on the
left-hand side. Combining these two estimates and using the subadditivity property
M(fi+ )8 <M(f1)%+M(f2)E, we obtain (7.2.17). O

We end this section with the following consequence of the reverse Holder prop-
erty of A, weights which can be viewed as a reverse property to (7.2.1).

Proposition 7.2.8. Let 1 < p < coandw € Ap. Then there exist § € (0,1) and C >0
depending only on n, p, and [w]a , such that for any cube Q and any measurable

subset S of Q we have
[
wS) ¢ (ﬂ) ,

S
w(Q) 0
Proof. Let C and Y be as in Theorem 7.2.2. We use Holder’s inequality to write

w(s) 1
w(0) @/QW(X)ZS(X) dx

g (fwerra) sy

1

()
1 (1 iy N7 il
= ol /Q W) ax ) |o| TS| T

i ([ weoax)igr syt

5"

where 6 = Ty This proves the assertion. O

IN

=

Q

Exercises

7.2.1. Let w € A, for some 1 < p < oo and let 1 < g < oo. Prove that the sublinear
operator

S(f) = (Ml f19w)w") e
is bounded on LP'4(w).

7.2.2. Let v be a real-valued locally integrable function on R"” and let 1 < p < oo,
For a cube Q, let vy be the average of v over Q.
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(a) If ¢” is an A, weight, show that

1
sup —/e"m_"th < [€]a,,
Q cubes |Q| o g

L [ ~00—vo) 5k v
sup —/e Vr=Tdr < [€¥]a,.
Q cubes |Q‘ 0 [ ] b

(b) Conversely, if the preceding inequalities hold with some constant C in place of
[V]a, then v lies in A, with [v]4, <C.
[Him‘: Part (a): If e” € A, use that

|1§| /Q e’ ve dr < (Agg e*"%‘)p_l (Agg ev)

and obtain a similar estimate for the second quantity.]

7.2.3. This exercise assumes familiarity with the space BMO.
(a) Show that if ¢ € Ay, then log @ € BMO and || log ¢||zmo < [@]a,-
(b) Prove that every BMO function is equal to a constant multiple of the logarithm
of an A, weight. Precisely, given f € BMO show that
[ecf]Az <1+2e,
where ¢ = 1/(2"| f|lsmo).-
(c) Prove that if ¢ is in A, for some 1 < p < oo, then log @ is in BMO by showing
that
(94, when 1 < p <2,

1 < P
H qu)HBMO* (p—l)[(p]/f;l when2 < p <eo.

[Hint: Part (a): Use Exercise 7.2.2 with p = 2. Part (b): Use Exercise 7.2.2 and
1
Corollary 3.1.7 in [131]. Use Part (c): Use that ¢ »-T € A,y when p > 2.]

7.2.4. Prove the following quantitative versions of Theorem 7.2.2 and
Corollary 7.2.6.

(a) For any 1 < p < o0 and B > 1, there exists a positive constant C3(n, p,B) and
Y= Y(n, p,B) such that for all w € A, satistying [w]a, < B, (7.2.4) holds for every
cube Q with C3(n, p,B) in place of C.

(b) Given any 1 < p < e and B > 1 there exists a constant C4(n, p,B) and 8 =
0(n, p,B) such that for all w € A, we have

Wla, <B = [Wla, s <C4(n,p,B).

P
7.2.5. Given a positive doubling measure it on R”, define the characteristic constant
[Wla, (u) and the class A, (u) for 1 < p < eo.

(a) Show that statement (8) of Proposition 7.1.5 remains valid if Lebesgue measure
is replaced by u.
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(b) Obtain as a consequence that if w € A,(u), then for all cubes Q and all u-
measurable subsets A of Q we have

u(A)\” w(A)
(m) <y ig)

Conclude that if Lebesgue measure is replaced by ¢ in Lemma 7.2.1, then the lemma
is valid forw € A, ().

(c) Use Corollary 7.2.4 to obtain that weights in A,(u) satisfy a reverse Holder
condition.

(d) Prove that given a weight w € A, (), there exists 1 < ¢ < p, which depends on
[Wla, (u)» such that w € Aq ().

7.2.6. Let 1 < g < oo and p a positive measure on R". We say that a positive function
K on R" satisfies a reverse Holder condition of order g with respect to i, symboli-
cally K € RH,(u), if

<=

_L [oK9du
K], ) = sup (MQI)Q—) <eo.
Qcubesin R" 170y JoKdu
For positive functions u#,v on R” and 1 < p < e, show that

[vuil]RHp/(udx) = [uvil}jp@dx)a

that is, vu~! satisfies a reverse Holder condition of order p' with respect to udx if
and only if uv~! is in A, (vdx). Conclude that

w € RHy (dx) <= wl €A, (wdx),
wEA(dx) = w! € RHy(wdx).
7.2.7. ([125]) Suppose that a positive function K on R” lies in RH, (dx) for some
1 < p < eo. Show that there exists a § > 0 such that K lies in RH,,, 5(dx).

[Hint: By Exercise 7.2.6, K € RH,(dx) is equivalent to the fact that K~ € A (K dx),
and the index p’ can be improved by Exercise 7.2.5 (d).]

7.2.8. (a) Show that for any w € A| and any cube Q in R” and a > 1 we have

ess.infw < a"[w]y, ess.infw.
Q aQ

(b) Prove that there is a constant C,, such that for all locally integrable functions f
on R” and all cubes Q in R" we have

AnfM(f) < AnfM
esst (f) <Cy engln N,

and an analogous statement is valid for M,.
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[Hint: Part (a): Use (7.1.18). Part (b): Apply part (a) to M(f) %, which is an A weight
in view of Theorem 7.2.7.]

7.2.9. ([223]) For a weight w € A;(R") define a quantity r = 1 + . Show

that

1
on+l W,

Mo(w)F < 2[w]a, w ae.

[Hint: Fix a cube Q and consider the family .7 of all cubes obtained by subdividing
Q into a mesh of (2")™ subcubes of side length 27"¢(Q) for all m = 1,2,. ... Define
Mg(f) (x)= SUPRe 7. Rox IR~ [z |f|dy. Using Corollary 2.1.21 obtain

n g
/Qﬁ{Mg<w>>/1}w(x) dx <2'Al[{x € Q: Mp(w)(x) > A}|

for A > wg = @ Jpwdt. Multiply by A9~1 and integrate to obtain

2"
Md 4 dx < 5/ d 7/Md 5+1d .
/Q o(w)°wdx < (wo) Qw x+6+1 0 o(w) X

Replace w by wy; = min(k,w) and select § = 51— to deduce
1

1 8+1d < 1 d S dx <2 5+1
@ QWk XS @ QMQ(Wk) Wi dXx < (WQ) s

using [wila, < [wla,. Then let k — o]

7.2.10. Let 1 < p < co. Recall that a pair of weights (u,w) that satisfies

o g ko) )
u,w = SsSu —_— uax —_— w P X < o
(ApAy) chEes |Q| 0 |Q| )

inR"

is said to be of class (Ap,Ap). The quantity [u,w](4, 4,) is called the (A,,A)) char-
acteristic constant of the pair (u,w).

(a) Show that for any g € L\ (R") with 0 < g < = a.e., the pair (g,M(g)) is of class
(A,,A,) with characteristic constant independent of f.

(b) If (u,w) is of class (A,,A,), then the Hardy-Littlewood maximal operator M
may not map L” (w) to L? (u).

(c) Given g € L] .(R") with 0 < g < o a.e., conclude that Hardy-Littlewood max-
imal operator M maps L”(M(g)dx) to LP**(gdx) and also L9(M(g)dx) to L?(gdx)
for any g with p < g < co.

[Hint: Part (a): Use Holder’s inequality and Theorem 7.2.7. Part (b): Try the pair
(M(g)'=7,|g|'~P) for a suitable g. Part (c): Use Exercises 7.1.6 and 7.1.7.]
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7.3 The A.. Condition

In this section we examine more closely the class of all A, weights. It turns out that
A, weights possess properties that are p-independent but delicate enough to char-
acterize them without reference to a specific value of p. The A, classes increase
as p increases, and it is only natural to consider their limit as p — co. Not surpris-
ingly, a condition obtained as a limit of the A, conditions as p — o provides some
unexpected but insightful characterizations of the class of all A, weights.

7.3.1 The Class of A.. Weights

Let us start by recalling a simple consequence of Jensen’s inequality:

(/'h )| du(e ) >exp</10g|h Idu()> (73.)

which holds for all measurable functions & on a probability space (X,u) and all
0 < g < . See Exercise 1.1.3(b). Moreover, part (c) of the same exercise says that
the limit of the expressions on the left in (7.3.1) as ¢ — O is equal to the expression
on the right in (7.3.1).

We apply (7.3.1) to the function 7 = w™! for some weight w in A, with g =
1/(p—1). We obtain

w(Q) (1 o\
|Q<|Q/QW(,) d;) > s |Q| (|Q|/logw dt>, (732)

and the limit of the expressions on the left in (7.3.2) as p — oo is equal to the ex-
pression on the right in (7.3.2). This observation provides the motivation for the
following definition.

Definition 7.3.1. A weight w is called an A weight if

.= o0 Ao ) ew (g fosmto ar) | <

The quantity [w]a., is called the A characteristic constant of w.

It follows from the previous definition and (7.3.2) that for all 1 < p < o we have
Wi < Wla, -

This means that

U 4, CA., (7.3.3)

1<p<eo
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but the remarkable thing is that equality actually holds in (7.3.3), a deep property
that requires some work.

Before we examine this and other characterizations of A., weights, we discuss
some of their elementary properties.

Proposition 7.3.2. Let w € A.. Then

(1) [6*(W)]a., = [W]a.., where 8*(w)(x) = w(Ax1,...,Ax,) and A > 0.
(2) [t*(W)]a., = [W]a.., where T%(w)(x) = w(x—2z), z € R".

(3) [Aw]a,, = [W]a., forall A > 0.

(4) Wa. =1
(5) The following is an equivalent characterization of the A, characteristic constant
of w:
w(Q) 1
[W]a., = sup sup {.exp (/ log|f(t)|dt> } .
chbe§ log\f|EL jQ|f(t)|W([)dt |Q| 0

Jo \f\wdt>0

(6) The measure w(x)dx is doubling; precisely, for all A > 1 and all cubes Q we
have

w(AQ) < 2% Wi, w(Q).

As usual, A Q here denotes the cube with the same center as Q and side length
A times that of Q.

We note that estimate (6) is not as good as A — oo but it can be substantially
improved using the case A = 2. We refer to Exercise 7.3.1 for an improvement.

Proof. Properties (1)—(3) are elementary, while property (4) is a consequence of
Exercise 1.1.3(b). To show (5), first observe that by taking f = w™!, the expression
on the right in (5) is at least as big as [w]s_.. Conversely, (7.3.1) gives

‘”‘p<|Q|/ tog (17 ()w(®) dt) IQI/ F)

which, after a simple algebraic manipulation, can be written as

fQTJ(ﬂQw)dr P (1g1 Joxirier) < g7 e (~ gy [ etwiat ).

whenever f does not vanish almost everywhere on Q. Taking the supremum over all
such f and all cubes Q in R”, we obtain that the expression on the right in (5) is at
most [w]a.,



7.3 The A Condition 527

To prove the doubling property for A. weights, we fix A > 1 and we apply prop-
erty (5) to the cube AQ in place of Q and to the function

_Je on 0,
f= {1 on R\ 0, (7.3.4)

where c is chosen so that ¢!/*" = 2[w],_. We obtain

w(A0Q) ox (logc
w(A0\ Q) +cw(Q) An

which implies (6) if we take into account the chosen value of c. ([

) < Wi,

7.3.2 Characterizations of A.. Weights

Having established some elementary properties of A., weights, we now turn to some
of their deeper properties, one of which is that every A., weight lies in some A,
for p < oo. It also turns out that A, weights are characterized by the reverse Holder
property, which as we saw is a fundamental property of A, weights. The following
is the main theorem of this section.

Theorem 7.3.3. Suppose that w is a weight. Then w is in A if and only if any one
of the following conditions holds:
(a) There exist 0 < v,0 < 1 such that for all cubes Q in R" we have

{xe Q: w(x) <yAvgow}| < 510|.

(b) There exist 0 < o, B < 1 such that for all cubes Q and all measurable subsets A
of O we have
Al < a|Q] = w(A) <Bw(Q).

(c) The reverse Holder condition holds for w, that is, there exist 0 < C1,€ < oo such
that for all cubes Q we have

(Klg / w<t>‘+£dr)”ls <1 fwioar

(d) There exist 0 < Cy, &) < oo such that for all cubes Q and all measurable subsets

A of Q we have
w(A) <|A|)£°
—— <G| — .
(@~ \Igl

(e) There exist 0 < o', B’ < 1 such that for all cubes Q and all measurable subsets
A of Q we have

=

w(A) <a'w(Q) = A|<B'|Q].
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(f) There exist p,C3 < oo such that [W]AP < Gs. In other words, w lies in Ap for some
p € [l,00).

All the constants C1,C,,C3,,B,7,6,a',B', €, &0, and p in (a)~(f) depend only
on the dimension n and on [w|a... Moreover, if any of the statements in (a)—(f) is
valid, then so is any other statement in (a)—(f) with constants that depend only on
the dimension n and the constants that appear in the assumed statement.

Proof. The proof follows from the sequence of implications
WEAw = (@) = (b) = (¢) = (d) = (¢) = (f) = w € Aw.

At each step we keep track of the way the constants depend on the constants of the
previous step. This is needed to validate the last assertion of the theorem.
wEAw = (a)

Fix a cube Q. Since multiplication of an A. weight with a positive scalar does
not alter its Ao, characteristic, we may assume that [,logw()dt = 0. This implies
that Avg, w < [w]a... Then we have

(€ 02wl < yavew)| < [freQ: wl) < viwh)

= |{re 0+ Tog(1 +w(x) ) > log(1 + (viwla) )}

1 14+ w(r)
SMWHﬂ]Wﬁth)m
- log(1+ (¥ /log Fw(D))dr
< foglit <yhﬂAm>—1>/g‘”“>d’

_ Dol

= Tog(1+ (ywla) )
1

= §|Q\7

which proves (a) with y = [w], (2w — 1)~ and § = 5.
(@) = (b)

Let Q be fixed and let A be a subset of Q with w(A) > Bw(Q) for some f to be
chosen later. Setting S = O\ A, we have w(S) < (1 — B)w(Q). We write § = S; US>,
where

Si={xeS: wx)>yAvgow} and S ={xeS: w(x) < yAvgow}.

For S, we have |S,| < 8|Q| by assumption (a ). For §; we use Chebyshev’s inequality
to obtain
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Adding the estimates for |S;

, we obtain

1-B B 1-B
sl <Isi1+I52] < — Flel + 8l = (3+ ) lol.

Choosing numbers o, in (0, 1) such that § + % =1— a, for example o = %

and B = 1— 1227 we obtain |S| < (1 —)|Q|, that is, |A] > |Q)].
(b) = ()
This was proved in Corollary 7.2.4. To keep track of the constants, we note that
the choices
1 —1\¢
—5lo 2"
_ 27‘%[3 and C; =1+ (7)
log2" —log o 1—(2"a~1)eB
as given in (7.2.6) and (7.2.7) serve our purposes.
(¢) = (d)
We apply first Holder’s inequality with exponents 1+ € and (1 + €)/e and then
the reverse Holder estimate to obtain

/Aw(x)dx < (/Aw(x)lJ“‘gdx)llg|A|1is

1

L 1+& e I+£ I+£
g(|Q [ vt dx) /7 1)

< S [ w)dx o] e Ja] e
14
which gives
WA e (A
w(Q) [¢
This proves (d) with & = 1+8 and C; = (.

d) = (e)
Pick an 0 < a” < 1 small enough that 8" = C(a")% < 1. It follows from (d)
that
Al < a"Q] = w(A) < B"w(Q) (13.5)

for all cubes Q and all A measurable subsets of Q. Replacing A by O\ A, the impli-
cation in (7.3.5) can be equivalently written as

Al > (1-a")|0] = w(4) > (1-B")w(Q).
In other words, for measurable subsets A of Q we have

w(A) < (1-B"w(Q) = |A| < (1-a")|0], (7.3.6)
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which is the statement in (e ) if we set o' = (1 — ") and B’ = 1 — &”. Note that
(7.3.5) and (7.3.6) are indeed equivalent.
(¢) = (f)

We begin by examining condition (e ), which can be written as
/Wmmgd/w@m:é/wquﬂmgﬂ/w@AMmm
A 0 A o
or, equivalently, as
pA) <@u(@) = [wl) ) <p [ wi) dut)

after defining the measure du(¢) = w(t)dt. As we have already seen, the assertions
in (7.3.5) and (7.3.6) are equivalent. Therefore, we may use Exercise 7.3.2 to deduce
that the measure u is doubling, i.e., it satisfies property (7.2.9) for some constant
C, =C,(d’,B’), and hence the hypotheses of Corollary 7.2.4 are satisfied. We con-
clude that the weight w™! satisfies a reverse Holder estimate with respect to the
measure U, that is, if y,C are defined as in (7.2.11) and (7.2.12) [in which « is re-
placed by o/, B by B, and C, is the doubling constant of w(x)dx], then we have

L w(t)™ '~ ﬁ L w(t)!
(H(Q)/Q (t) Ydu(t)) SN(Q)/Q (1)~ 'du(r) (7.3.7)

for all cubes Q in R”. Setting p =1+ 71, and raising to the pth power, we can rewrite
(7.3.7) as the A, condition for w. We can therefore take C3 = C” to conclude the
proof of (f).

(f) = wels

This is trivial, since [w]a,, < [w]a,. O

An immediate consequence of the preceding theorem is the following result
relating Ao to Aj.

Corollary 7.3.4. The following equality is valid:

A= A

1<p<oo

Exercises

7.3.1. Let A > 0, Q be a cube in R”, and w € A(R").
(a) Show that property (6) in Proposition 7.3.2 can be improved to

1+e)*" [w])" —1
wu@gmﬁ )" Wi
>0 E

w(Q).
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(b) Prove that
W()LQ) < (2),)2n(1+10g2[w]‘4°°>W(Q) )

[Hint: Part (a): Take c in (7.3.4) such that ¢!/*" = (1 + &)[w]a.. Part (b): Use the
estimate in property (6) of Proposition 7.3.2 with A = 2.}

7.3.2. Suppose that ut is a positive Borel measure on R" with the property that for
all cubes Q and all measurable subsets A of Q we have

Al < |0 = u(A) <Bu(Q)

for some fixed 0 < @, B < 1. Show that i is doubling [i.e., it satisfies (7.2.9)].
[Hint: Use that S| > (1 —a)|Q] = u(S) > (1 —B)u(Q) when S € Q.]

1

7.3.3. Prove that a weight w is in A,, if and only if both w and w »-T are in A..
[Hint: You may want to use the result of Exercise 7.2.2.]

7.3.4. ([33], [343]) Prove that if P(x) is a polynomial of degree k in R”, then
log|P(x)| is in BMO with norm depending only on & and n and not on the coef-
ficients of the polynomial.

[Hint: Use that all norms on the finite-dimensional space of polynomials of degree
at most k are equivalent to show that |P(x)| satisfies a reverse Holder inequality.
Therefore, |P(x)| is an A.. weight and thus Exercise 7.2.3 (c) is applicable. |

7.3.5. Show that the product of two A| weights may not be an A., weight.

7.3.6. Let g be in LP (w) for some 1 < p < oo and w € A,. Prove that g € L], (R").

1 1
[Hint: Let B be a ball. In the case p < o, write [ |g|dx = [z(|g|w ?)w? dx and
apply Holder’s inequality. In the case p = oo, use that w € A, for some pg < oo.]

7.3.7. ([278]) Show that a weight w lies in A, if and only if there exist v,C > 0 such
that for all cubes Q we have

w({xeQ: wx)>21}) <CA[{x€Q: w(x)> y?L}’

forall A > Avg,w.
[Hint: The displayed condition easily implies that

1 w(Q)\&tl  C'6 1 !
@/Qwi%dxé (7\Q| ) +yl+f@ ka+8dx,

where k > 0, wy = min(w, k) and 8 = /(1 + ¢€). Take € > 0 small enough to obtain
the reverse Holder condition (c¢) in Theorem 7.3.3 for wy. Let k — oo to obtain the
same conclusion for w. Conversely, find constants ¥, 8 € (0, 1) as in condition (a) of
Theorem 7.3.3 and for 4 > Avg, w write the set {w > 4} N as a union of maximal
dyadic cubes Q; such that 4 < Avgy w < 2" for all j. Then w(Q;) < 2"A1Q;| <

12’:% |QjN{w > yA}| and the required conclusion follows by summing on ;.|
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7.4 Weighted Norm Inequalities for Singular Integrals

We now address a topic of great interest in the theory of singular integrals, their
boundedness properties on weighted L? spaces. It turns out that a certain amount
of regularity must be imposed on the kernels of these operators to obtain the afore-
mentioned weighted estimates.

7.4.1 Singular Integrals of Non Convolution type

We introduce some definitions.
Definition 7.4.1. Let 0 < §,A < . A function K(x,y) defined for x,y € R"” with
x # y is called a standard kernel (with constants § and A) if

A
e —y["’

K (x,y)] < X7y, (74.1)

and whenever [x —x'| < 1 max (]x—y|,|x’ —y|) we have

Alx—x'|®

K(x,y)—K(X,y)| < 742

| (X y) ()C y)| — (|x7y|+|x,7y|)n+6 ( )
and also when |y —y'| < 1 max (Jx—y|,|x—/|) we have
Aly—y°

Kx) -~ Klo)| < (143

b=yl + =y nte
The class of all kernels that satisfy (7.4.1), (7.4.2), and (7.4.3) is denoted by
SK(8,A).

Definition 7.4.2. Let 0 < §,A < e and K in SK(8,A). A Calderdn—-Zygmund opera-
tor associated with K is a linear operator T defined on .#(R") that admits a bounded
extension on L?(R"),

17Ol < B||£]l,2» (7.4.4)
and that satisfies
TN = [ K@y)70)dy (745)

for all f € 65° and x not in the support of f. The class of all Calderén-Zygmund
operators associated with kernels in SK(8,A) that are bounded on L? with norm at
most B is denoted by CZO(6,A, B). Note that there is no unique 7 associated with
a given K. Given a Calder6n—Zygmund operator 7 in CZO(3§,A,B), we define the
truncated operator 7€) as

T (f)(x) = / K(x,y) f(y)dy

lx—y|>¢
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and the maximal operator associated with T as follows:

T (f)(x) = sup [T (f) (x)].

>0

We note that if T is in CZO(8,A, B), then T®)(f) and T™)(f) are well defined
for all fin U<, L?(R"). It is also well defined whenever f is locally integrable
and satisfies [, . [f(y)|]x—y|™"dy <eoforallx € R" and € > 0.

The class of kernels in SK(8,A) extends the family of convolution kernels that
satisfy conditions (5.3.10), (5.3.11), and (5.3.12). Obviously, the associated operators
in CZO(6,A, B) generalize the associated convolution operators.

A fundamental property of operators in CZO(0,A, B) is that they have bounded
extensions on all the L”(R") spaces and also from L' (R") to weak L' (R"). This is
proved via an adaptation of Theorem 5.3.3; see Theorem 4.2.2 in [131]. There are
analogous results for the maximal counterparts T®) of elements of CZO(8,A,B).
In fact, an analogue of Theorem 5.3.5 yields that T*) is L” bounded for 1 < p < oo
and weak type (1, 1); this result is contained in Theorem 4.2.4 in [131].

We discuss weighted inequalities for singular integrals for general operators in
CZO(6,A,B). In Subsections 7.4.2 and 7.4.3, the reader may wish to replace kernels
in SK(6,A) by the more familiar functions K(x) defined on R"\ {0} that satisfy
(5.3.10), (5.3.11), and (5.3.12).

7.4.2 A Good Lambda Estimate for Singular Integrals

The following theorem is the main result of this section.

Theorem 7.4.3. Let 1 < p < oo, w€ A, and T in CZO(S,A,B). Then there exist
positive constants' Cy = Co(n, p, Wla,), €& = €(n, p,[wla,), and co(n,§), such that
if Yo =co(n,8)/A, then for all 0 <y < ¥ we have

w({TW(f) > 3230 {M(f) < YA}) < CoY*(A+B)ow({T™(f) > 1}), (7.4.6)
for all locally integrable functions f for which

[ 1l dy <o
[x—y|>e

forall x € R" and € > 0. Here M denotes the Hardy-Littlewood maximal operator.

Proof. We write the open set

Q={rY(fH>21y=J0;,
J

I the dependence on p is relevant only when p < oo
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where Q; are the Whitney cubes (see Appendix J). We set

Q; = 10v/nQj,
05" = 100",

where a Q denotes the cube with the same center as Q whose side length is a£(Q),
where £(Q) is the side length of Q. We note that in view of the properties of the
Whitney cubes, the distance from Q; to Q¢ is at most 4,/n¢(Q;). But the distance
from Q; to the boundary of Q7 is (5\/n— %) £(Qj), which is bigger than 4,/n¢(Q;).
Therefore, O must meet £2° and for every cube Q; we fix a point y; in 2°N Qj. See
Figure 7.1.

(50 0= 5v771) 1(Q))

Te T
V-1 1(Q)
|
X
g
__/
Q,-* °y

Fig. 7.1 A picture of the proof.

We also fix f in U<, L”(R"), and for each j we write f = f({ + £4, where
fi= g is the part of f near Q; and fi= fX(g:ye is the part of f away from Q.
We now claim that the following estimate is true:

|0; N {TW(f) > 30 N {M(f) < YA} < C.y(A+B)|Q;]. (7.4.7)

Once the validity of (7.4.7) is established, we apply Theorem 7.3.3 (d) when p =
or Proposition 7.2.8 when p < oo to obtain constants &,C, > 0, which depend on
[W]a,» p, n when p < o and on [w]s,, and n when p = oo, such that

w(Q; N {TW(f) > 341N {M(f) < YA}) < G (C) ¥ (A+B)0w(Q;).
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Then a simple summation in j gives (7.4.6) with Cy = C>(C,,)®, and recall that C,
and & depend on n and [w]4, and on p if p < co.
In proving estimate (7.4.7), we may assume that for each cube Q; there exists a
zj € Q; such that M(f)(zj) < yA; otherwise, the set on the left in (7.4.7) is empty.
We now invoke Theorem 4.2.4 in [131], which states that 7*) maps L' (R") to
L' (R") with norm at most C(n)(A + B). We have the estimate

10, {TY(f) >34y N {M(f) < vA} < I} +12, (7.4.8)
where

I =0 {1 () > A0 {M(f) < yA},
2 = |Q;{T™(f) > 223 n{M(f) < yA}|.

To control Iél we note that fg is in L' (R") and we argue as follows:

AN

1< {TO(f) > 2}

TN e .
g MICIE
07 1
21071 Jor
07|

Cln) (A+B) M (/) (2))
_ o)
C(ﬂ)(A+B)‘/{ M(f)(z;)
il
2
— G.(A+B)710)|-

IN

IN

C(n)(A+B) [f(x)ldx

(7.4.9)

IN

IN

< C(n)(A+B)

Ay

Next we claim that I2 = 0 if we take v sufficiently small. We first show that for all
x € Q; we have

sup |7 (f2)(0) = T )| < CRAMNG). (7410

>0

Indeed, let us fix an € > 0. We have

TOUDE -1 = | [ Kenfiod- [ Kopafiod

[t—x|>¢€ [t—y;j|>€

Li+Lr+Ls,

IN
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where

Li=| [ Kwn-Kopo] ),

[t—yjl>¢

L=| [ Kaosiad
[t—x|>¢€
[t—yjl<e
Ly — / K ) f(0)dr |,

[t—x|<e
[t=yj|>€

7

in view of identity (5.4.7).
We now make a couple of observations. For ¢ ¢ Q}f*, x,z; €Qj,andy; € Qj we
have

3 lmd 5 48 Jr=x 50 (7.4.11)
4 |tfyj| 4 49 |t*Zj| 49
Indeed,
[t —yj| > (50n—5/n)L(Q}) > 44nt(Q;)
and

1 1
=yl < 5Vrl(Q)) +Vn10vnl(Q)) < 11nl(Q)) < F [t =yl

Using this estimate and the inequalities

3 5
vl sl =yl ==yl <l =2l <lr—yjl+ =yl < 7l =yl
we obtain the first estimate in (7.4.11). Likewise, we have

e —z;| < Vnl(Q)) <nl(Q))

and
[t —2j| > (50n—3)6(Q;) > 49n((Q;),

and these give

48 50
@It—zﬂ Sle—zjl =l —zj| <t —x| < |r —zj| + x— 2| < = |r =zl

=49

yielding the second estimate in (7.4.11).
Since |x—y;| < |t —y;| < $max (|t —x|, |t —y;|), we have

Alx—y,[° o 0Q;)°

|K(x’t)_K(y'7t)|§ = B
IS sl gy = ot s
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hence, we obtain

0(0:)8
54 Vfg’ﬁm (1)t < Cy sAM(f)(2))
J

L= / C,
lt—2;1>49n£(Q))
using Theorem 2.1.10. Using (7.4.11) we deduce

A
L [ e 0l < CAMU(E).

5 49
li—zjl<3-35€

Again using (7.4.11), we obtain

A !
L [ T el < CAMGG).

\t—z,lﬁ%s

This proves (7.4.10) with constant Cr(llg =Cs+C,+C.
Having established (7.4.10), we next claim that

sup |T® (£2) ()| < T (F) () +CPAM(f) (2)). (7.4.12)

>0

To prove (7.4.12) we fix a cube Q; and € > 0. We let R; be the smallest number such
that

Q** CB(yj,Rj).

See Figure 7.2. We consider the following two cases.

Fig. 7.2 The ball B(y;,R)).
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Case (1): € > R;. Since Q7" C B(y;,€), we have B(y;,€)° C (Q}")° and therefore

EFD ) =T ;).

s0 (7.4.12) holds easily in this case.
Case (2): 0 <& <R;. Note that if 7 € (Q}")¢, then [t —y;| > 40n{(Q;). On the

other hand, R; < diam(Q}") = 1003 ¢(Qj). This implies that
Ry <™ lr—y;|,  when re(QF).

Notice also that in this case we have B(y;,R;)* C (Q})¢, hence

RFD) () =TED (F)(y;).-

Therefore, we have

ITE ) )] < T ) = TEI (£ ()] + TR (f) ()]

K (v, )] L) de + T (f) ()

e<|y;—t|<R;

[ KGO+ T )

—==R; <‘yj—t‘<R

IN

IN

IN

28

A(=2-)""

(lf F0)]de+TO(f) ()
lzj—t|<3 B R;

COAM(f)(z) +TH (),

where in the penultimate estimate we used (7.4.11). The proof of (7.4.12) follows

with the required bound Cr(,z)A.

Combining (7.4.10) and (7.4.12), we obtain

IN

T <TOF) ) + (C+CP ) AM(£)(z)).
Recalling that y; ¢ © and that M(f)(z;) < YA, we deduce

TO () (x) <A+ (Clh+C7) ara.

(1) 1

Setting Y = (C n3+C( )) A~ =¢o(n,8)A~", for 0 < y < Y, we have that the set

0; T (L) > 22} N {M(f) < ¥A}
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is empty. This shows that the quantity IZ vanishes if y is smaller than ). Returning
to (7.4.8) and using the estimate (7.4.9) proved earlier, we conclude the proof of
(7.4.7), which, as indicated earlier, implies the theorem. O

Remark 7.4.4. We observe that for any 6 > 0, estimate (7.4.6) also holds for the
operator

1 (£)(x) = sup [T (£) (x)| (7.4.13)

£>6

with the same constant (which is independent of J).
To see the validity of (7.4.6) for T(*>, it suffices to prove

1570 < 137 () 0) +CIAM£) ). (7:4.14)

which is a version of (7.4.12) with T(*) replaced by Té*). The following cases arise:
Case (1'): R; < 8 < eor d <R; <e¢.Here, as in Case (1) we have

T ) = 1T ) < Ty (D).
Case (2'): 6 < & <R;. Asin Case (2) we have
TR ) = TR (£) (),
thus
1T )| < [TEOUD ) =TEED) )|+ TR (£))] -

As in the proof of Case (2), we bound the first term on the right of the last displayed
expression by C,SZ)AM(f) (z;) while the second term is at most Té*) (Hj)-

7.4.3 Consequences of the Good Lambda Estimate

Having obtained the important good lambda weighted estimate for singular inte-
grals, we now pass to some of its consequences. We begin with the following lemma:

Lemma 74.5. Let 1 <p<oo,e>0,weA, xR and f € LP(w). Then we have

/ Mdy < COO(anapaxvg) ||f||L1’(w)

—y>e [x ="

Jor some constant Cy depending on the stated parameters. In particular, T N

and T (f) are defined for f € LP(w).

Proof. For each € > 0 and x pick a cube Qp = Qo (x, €) of side length ¢, & (for some
constant ¢,) such that Qy € B(x,€). Set Q; = 2/Q for j > 0. We have
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/)] i
d C, 2/ d
[T Mo R AT

Jj=0

<o (g ores) (g1, 5o
W]i i ( I |f()’)|dey) g (w@ )é
fHU’ i (W(Qj))fé.
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A,,

But Proposition 7.2.8 gives for some § = 6(n, p, [w]a,) that

w(Qo)
w(Q;)

|0o|?
0;1°"

< C(n,p, [W]Ap)

from which it follows that

1

w(Q)) P < C(n,p, wla,)2 P w(Q) P

In view of this estimate, the previous series converges. Note that C’ and thus Coo
depend on [w]a,,n, p,x, €, and w(Qp).
This argument is also valid in the case p = 1 by an obvious modification. U

Theorem 7.4.6. Let A,B,3 >0 and let T be a CZO(B,A,B). Then given 1 < p < s,
there is a constant Cp, = Cp(n, ,[w]a,) such that

IT

i < Cp A+B)||f]] o (7.4.15)
forallw € A, and f € LP(w). There is also a constant Cy = Cy(n, B, [w]a, ) such that

1T U)oy S CLA+B) 1] (7.4.16)
forallw € Ay and f € L'(w).

Proof. This theorem is a consequence of the estimate proved in the previous the-
orem. For technical reasons, it is useful to fix a 6 > 0 and work with the auxil-
iary maximal operator Ta(*) defined in (7.4.13) instead of 7*). We begin by taking
1 <p<ecoand f € LP(w) for some w € A,. We write

1757 ()

/Ompl”’lw({Ts(*)(f) > A})dA
37 /Omplp’lw({Té*)(f) > 34}) dA
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which we control by
3 [ par ({1 () > 3Ap () < 12 }) a2
v 3”/()wp/l”’1w({M(f) > yA})dA..
Using Theorem 7.4.3 (or rather Remark 7.4.4), there are Cy = Co(n,[wla,), & =

&(n,[wla,), and Y = co(n, B)A~!, such that the preceding displayed expression is
bounded by

3Pc0y50(A+B)80/szpflw({Tg”(f) > A})dA
0
e
2 | par () > 2)) 2
which is equal to

* 3r
3Cor (A+BY 157 () [+ 35 1M g

1
Taking ¥ = min (3co(n, B)A~"1, 3(2Co37) % (A+B)~!) < %, we conclude that

P
LP(w
T,

)
T 5+ Coln Bl A+ BY )

737 (f)

<

(7.4.17)
14

LP(w)*

We now prove a similar estimate when p = 1. For f € L' (w) and w € A| we have
3w({T(f) > 31))
< 3w({737 () > 34} N {M(F) < 12Y) +3Aw({M(f) > A}).

and this expression is controlled by

3G (A+B)2w ({17 () > A)) + %HM(f)HL,)m(w) .

1
Recalling that ¥y = co(n, $)A~! and choosing ¥ = min (3%, 3(6Co) % (A+B)~!),

it follows that
1757 ) oo

L) - (74.18)
S 7HT5 (f)HLl‘oo(W)'i'C] (l’l,ﬁ, [W]Al)(A+B)‘|M(f)||L1oo(w)
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Estimate (7.4.15) would follow from (7.4.17) if we knew that || 73" ()| < o
whenever 1 < p < e, w € A, and f € LP(w), while (7.4.16) would follow from

(7.4.18) if we had ||T5(*>(f)||L1‘m(w) < oo whenever w € Ay and f € L' (w). Since we
do not know that these quantities are finite, a certain amount of work is needed.

To deal with this problem we momentarily restrict attention to a special class
of functions on R”, the class of bounded functions with compact support. Such
functions are dense in L”(w) when w € A, and 1 < p < oo; see Exercise 7.4.1. Let

h be a bounded function with compact support on R”. Then Ta(*) (h) < C107"|A|| 1
and TS(*) (h)(x) < Cy(h)|x|™" for x away from the support of A. It follows that

737 () (x) < C3(h, 8)(1 +[x])~"

for all x € R". Furthermore, if & is nonzero, then

Cy(h)

M(h)(x) > W)

and therefore forw € Ay,
1757 1) | 1y < Cs (BB gy < o

while for 1 <p <ocoandw € A,

@ @) i) dx < Cs(p.8) [ M@ w(x)dx < o

in view of Theorem 7.1.9. Using these facts, (7.4.17), (7.4.18), and Theorem 7.1.9
once more, we conclude that for all § > 0 and 1 < p < = we have

(%) P ~ P =~ = p _ j2
1737 ) <2l MO, < I8y W) = By

1757 |1y <2 M) 1y < Coboa 1Al oy = Gl

whenever 4 a bounded function with compact support. The constants 5,,, 6;7, and C,,
depend only on the parameters 7, 3, p, and [w]4,.

We now extend estimates (7.4.16) and (7.4.15) to functions in L? (R",wdx). Given
1<p<oo,weAp and f € LP(w), let

fn(x) = f(x)?(\f\gzv?ﬂx\gzv-

Then fy is a bounded function with compact support that converges to f in LP(w)
(.e., [lfn = fllzr(w) — 0 as N — o) by the Lebesgue dominated convergence theo-
rem. Also |fy| < |f] for all N. Sublinearity and Lemma 7.4.5 give for all x € R",

T () ®) — T (D)) < T (f — ) ()
< ACoo(W,n,p,X,S) ||fN7f|

Lr(w)
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and this converges to zero as N — oo since Coo(w, 1, p,x,8) < co. Therefore
137 (f) = lim 737 ()
8 T N 8 N

pointwise, and Fatou’s lemma for weak type spaces [see Exercise 1.1.12 (d)] gives
forw € Ay and f € L' (w),

17571y = Miminf 757 ()1,

< 1%nj£f||Té*)(fN)|‘Ll~w(w)

< Ciliminf [M(f) [ 1.~ )

< ClHM(f)HLLw(W) )

since |fy| < |f] for all N. An analogous argument gives the estimate

forw e A, and f € LP(w) when 1 < p < oo,
It remains to prove (7.4.15) and (7.4.16) for 7). But this is also an easy conse-
quence of Fatou’s lemma, since the constants C,, and C; are independent of § and

lim 757 () = 7)(/)

for all f € LP(w). O

We end this subsection by making the comment that if a given T in CZO(6,A, B)
is pointwise controlled by T*), then the estimates of Theorem 7.4.6 also hold for it.
This is the case for the Hilbert transform, the Riesz transforms, and other classical
singular integral operators.

7.4.4 Necessity of the A, Condition

We have established the main theorems relating Calder6n—Zygmund operators and
A, weights, namely that such operators are bounded on L”(w) whenever w lies in
A,. It is natural to ask whether the A, condition is necessary for the boundedness of
singular integrals on L”. We end this section by indicating the necessity of the A,
condition for the boundedness of the Riesz transforms on weighted L? spaces.

Theorem 7.4.7. Let w be a weight in R" and let 1 < p < oo. Suppose that each of the
Riesz transforms R; is of weak type (p, p) with respect to w. Then w must be an A,
weight. Similarly, let w be a weight in R. If the Hilbert transform H is of weak type
(p, p) with respect to w, then w must be an A, weight.
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Proof. We prove the n-dimensional case, n > 2. The one-dimensional case is essen-
tially contained in following argument, suitably adjusted.

Let Q be a cube and let f be a nonnegative function on R” supported in Q that
satisfies Avg,, f > 0. Let Q' be the cube that shares a corner with Q, has the same
length as Q, and satisfies x; > y; forall 1 < j <n whenever x € Q' and y € Q. Then
for x € Q' we have

4 (S & 1 xi—yj r(Y) r fo)
R; - T e(y)d
j;] J(f)(x) n% le/Q |x—y|”+1 ( ) y 2> 71'% |x—y\"

But if x € Q' and y € O we must have that [x —y| < 24/n¢(Q), which implies that

=y > (2y/n) Q| " Let G, = T (25L)(2y/n) "a~"T . Tt follows that for all
0 <a <C,Avg, f we have

Q’g{xeR”: |iRj(f)(x)] >a}.

Jj=1

Since the operator Y_; R; is of weak type (p, p) with respect to w (with constant

C), we must have
CP
") < E/Qf(x)pw(x)dx

for all @ < G, Avg,, f, which implies that

(Avg )’ C” cr / F00)Pwlx (7.4.20)

We observe that we can reverse the roles of Q and Q' and obtain

_Gler
— w(Q)

(AQv/gg)p /g(x)”w(x) dx (74.21)

for all g supported in Q'. In particular, taking g = x in (7.4.21) gives that

w(Q) < C,;PCPw(Q).

Using this estimate and (7.4.20), we obtain

4 2
(Agg f)F < (C:v(g) /Q F(x)Pw(x)dx. (74.22)

Using the characterization of the A, characteristic constant in Proposition 7.1.5 (8),
it follows that
o, < (G,7CP)? <

hence w € A,. O
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Exercises

74.1. Let | < p <coandlet w € L. (R") satisfy w > 0 a.e. Show that 65°(R") is
dense in L?(w). In particular this assertion holds for any w € A.

7.4.2. ([74]) Let T be in CZO(6,A,B). Show that for all € >0 and all 1 < p < e
there exists a constant C,, ,, » 5 such that for all f € L”(R") and for all measurable
nonnegative functions u with u! "¢ € Ll (R") and M(u'"¢) < o a.e. we have

ITO(F)Pudx < G, pe (A +B)P/ F1PM () T dx
R” ’ R

[Hint: Obtain this result as a consequence of Theorems 7.4.6 and 7.2.7.]

7.4.3. Use the idea of the proof of Theorem 7.4.6 to prove the following result.
Suppose that for some fixed A,B > 0 the nonnegative p-measurable functions F
and G on a o-finite measure space (X, 1) satisfy the distributional inequality

p({G>oa}n{F <ca}) <Au({G>Ba})
for all & > 0. Given 0 < p < oo, if A < B and ||G|| () < oo, show that

B 1

Gl r(uy < mz Il r ()

744.Let « >0, w € Ay, and f € L'(R",w) NL'(R"). Let f = g+ b be the
Calderén—-Zygmund decomposition of f at height a > 0 given in Theorem 5.3.1,
such that b= ; b;, where each b; is supported in a dyadic cube Q;, fQj bj(x)dx=0,
and Q; and Qy have disjoint interiors when j # k. Prove that

@ [lgllzro) < Wlay 121 o) and llgll=gw) = llgll- < 2"ex,
®) [12jllrwy < (LA I 21(g; ) and 16111 ) < (U Wa ) N1 )

© £;w(2) < " £l

7.4.5. Assume that T is an operator associated with a kernel in SK(8,A). Suppose
that T maps L*(w) to L?(w) for all w € A; with bound B,,. Prove that there is a
constant C, 5 such that

||T||L1 Y=L (w )<Cn5(A+Bw)[ ]

A

forallwe Ay.
[Him‘: Apply the idea of the proof of Theorem 5.3.3 using the Calderén-Zygmund
decomposition f = g + b of Exercise 7.4.4 at height yo for a suitable y. To estimate
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T(g) use an L%(w) estimate and Exercise 7.4.4. To estimate T (b) use the mean value
property, the fact that

y—cil®
/R”\Q* m w(x)dx < Cs ,M(w)(y) < Cg ,[Wla, w(y),
J J

and Exercise 7.4.4 to obtain the required estimate.]

7.4.6. Recall that the transpose T' of a linear operator 7 is defined by

(T(f).8)=(f.T"(2))

for all suitable f and g. Suppose that T is a linear operator that maps L” (R", vdx)
to itself for some 1 < p < o and some v € A,,. Show that the transpose operator T*

maps L (R", wdx) to itself with the same norm, where w = v! 7' € A -

7.4.7. Suppose that T is a linear operator that maps L*(R",vdx) to itself for all v
such that v=! € A;. Show that the transpose operator 7* of T maps L?(R", wdx) to
itself for all w € A;.

7.4.8. Let 1 < p < oo. Suppose that T is a linear operator that maps L”(v) to itself
for all v satisfying v=! € A - Show that the transpose operator 7* of T maps L (w)
to itself for all w satisfying w™! € A o

7.5 Further Properties of A, Weights

In this section we discuss other properties of A, weights. Many of these proper-
ties indicate deep connections with other branches of analysis. We focus attention
on three such properties: factorization, extrapolation, and relations of weighted in-
equalities to vector-valued inequalities.

7.5.1 Factorization of Weights

Recall the simple fact that if wy,w, are A; weights, then w = w w;p isan A,

weight (Exercise 7.1.2). The factorization theorem for weights says that the converse
of this statement is true. This provides a surprising and striking representation of A,
weights.

Theorem 7.5.1. Suppose that w is an A, weight for some 1 < p < oo. Then there
exist A1 weights wi and wy such that

17
w=wiw, .
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Proof. Letus fixa p >2andw € A,. We define an operator T as follows:

T(f) = (w P M(fP'wr)) 7T +wrM(fw 7)),

where M is the Hardy-Littlewood maximal operator. We observe that T is well
1
defined and bounded on L”(R"). This is a consequence of the facts that w™ -1

is an A, weight and that M maps LI’/(wfﬁ) to itself and also LP(w) to itself.
Thus the norm of 7 on L” depends only on the A, characteristic constant of w.
Let B(w) = ||T||Lr—L», the norm of T on LP. Next, we observe that for f,¢ > 0 in
LP(R"™) and A > 0 we have

T(f+8) <T(f)+T(g), TAS)=AT(f). (7.5.1)

To see the first assertion, we need only note that for every ball B, the operator

<B|/f|p 1wpdx) :

is sublinear as a consequence of Minkowski’s integral inequality, since p —1 > 1.
We now fix an L? function fy with ||fo||»r = 1 and we define a function ¢ in
L?(R") as the sum of the L” convergent series

o=y (2Bw)'T/(fy). (15.2)

M8

1

J

We define

1 _ _1
wy =wp P l’ wy=w re,

so that w = w wéfp . It remains to show that wy,w; are A| weights. Applying 7" and
using (7.5.1), we obtain

T(p) < 2B(w) Y (2Bw)) ' T (fo)
=1
= 28w) (9 - fé{%)
< 2B(w)o,

that is, 1
1 1
(W P M(@" W) P T 4w M(gw ) < 2B(w) .

1

Using that ¢ = (w™ P wy )P~

1 .
= wP wy, we obtain

M(wi) < (2B(w))P~'wy and M(wy) <2B(w)wy.
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These show that wy and w; are A; weights whose characteristic constants depend on
[w]a, (and also the dimension 7 and p). This concludes the case p > 2.

‘We now turn to the case p < 2. Given a weight w € A, for 1 < p < 2, we consider
the weight w1/ (P*'), which isin A o Since p’ > 2, using the result we obtained, we

p— / . —
write w1/ (P=1) = vlvé P’ where vy, v, are A| weights. It follows that w = v} Py,
and this completes the asserted factorization of A, weights. O

Combining the result just obtained with Theorem 7.2.7, we obtain the following
description of A, weights.

Corollary 7.5.2. Let w be an A, weight for some 1 < p < oo. Then there exist locally
integrable functions f1 and f, with

M(fi) +M(f2) <o ae.,

constants 0 < €,& < 1, and a nonnegative function k satisfying k,k=' € L such
that
w=kM(f)SM(f>)21-P). (7.5.3)

7.5.2 Extrapolation from Weighted Estimates on a Single L°

Our next topic concerns a striking application of the class of A, weights. It says
that an estimate on L (v) for a single pg and all A, weights v implies a similar L”
estimate for all p in (1,e0). This property is referred to as extrapolation.
Surprisingly the operator T is not needed to be linear or sublinear in the following
extrapolation theorem. The only condition required is that 7' be well defined on
Ur<g<eo Unea, LY (w). If T happens to be a linear operator, this condition can be

relaxed to T being well defined on 45" (R").

Theorem 7.5.3. Suppose that T is defined on \J <y <o Uyea, LY (w) and takes values
in the space of measurable complex-valued functions. Let 1 < pg < o and suppose
that there exists a positive increasing function N on [1,e0) such that for all weights
vin Ap, we have

T[] oy sr0 ) < N (Vay,) - (7.5.4)

Then for any 1 < p < o and for all weights w in A, we have

1]

LP (w)—LP (w) < K(”aPaPO» [W]Ap) ) (7.5.5)
where

po=1
2N (ki(nppo) Wl ") when p < po,
K(”7P7P0a [W]Ap) =

P—pro

2700 N (16(n, p, po) [W]A,,) when p > po,

and x1(n,p, po) and Ky (n, p, po) are constants that depend on n, p, and py.



7.5 Further Properties of A, Weights 549

Proof. Let1 < p <eoand w € A,. We define an operator

M/(f) _ M(fw)’

w

where M is the Hardy-Littlewood maximal operator. We observe that since wl=r' s
. / . .
inA ol the operator M’ maps L (w) to itself; indeed, we have

= HM‘|LPI(W]*1’/)~>LP/(WI*[7/)
1

< Cup [WI_P/]X;] (7.5.6)

]

LY (w)—=L¥ (w)

= Gup [W]Ap

in view of Theorem 7.1.9 and property (4) of Proposition 7.1.5.

We introduce operators M°(f) = |f| and MK = MoMo---o M, where M is the
Hardy-Littlewood maximal function and the composition is taken k times. Likewise,
we introduce powers (M’)* of M’ for k € Z* U{0}. The following lemma provides
the main tool in the proof of Theorem 7.5.3. Its simple proof uses Theorem 7.1.9 and
(7.5.6) and is omitted.

Lemma 7.5.4. Let 1 < p < e and w € A,. Define operators R and R'
S M (f)
=0 (211M || 1o )20 (w))

k

Sor functions f in LP(w) and also
i (M) (/)

k
k=0 (2||M/||Lp/ (W)HLF,(W))

R(f)=

for functions f in LY (w). Then there exist constants C)(n, p) and C»(n, p) that de-
pend on n and p such that

Ifl < R(f), (1.5.7)
IR oy < 20 2oy (75.8)
MR(F)) < Cin.p) WL, R(S). (759
for all functions f in LP(w) and such that
|h| < R'(h), (7.5.10)
HR/(h)HLp’(W) < 2Hh‘l}’l(w)’ (7.5.11)

<
=
=
A

Ca(n,p) [wla, R (h), (7.5.12)

for all functions h in LV (w).
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We now proceed with the proof of the theorem. It is natural to split the proof into

the cases p < pg and p > pyg.
Py
Case (1): p < po. Assume momentarily that R(f) #0/? is an A, weight. Then we

have
70y
= [ ITCHIPRO) T RGP

n

< ([ rornn ®was) ([ agran)
R” R
< N([r(p) ™), ( /. |f|P0R<f>wé’7m'wdx)”°( / "R(f)pwdx><mw

RUPR(Y T wa) ([ R wax) ™"

where we used Holder’s inequality with exponents po/p and (po/p)’, the hypothesis
of the theorem, (7.5.7), and (7.5.8). Thus, we have the estimate

Po

17y <28 (RO 7], Wiy 513

__ro

and it remains to obtain a bound for the A, characteristic constant of R(f) (o/»).

In view of (7.5.9), the function R(f) is an A| weight with characteristic constant at
1

most a constant multiple of [w]j;?. Consequently, there is a constant Cj such that

R() <] <;| /, R(f)dX)_l

for any cube Q in R”. Thus we have

1 _ro
—/R(f) T0/7 wdx
10| Jo

N | (7.5.14)
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Next we have

(|;|/Q (R(f)i(l’(l;ﬁmﬁ 1=rp dx) po—1

1 po(pp—1) , po—1
= <Q|/R(f) (ro/pY Wll’odx> (7.5.15)
o
Po
P

Ry ol (1 )
< <Q|/QR(f>dx> (|Q|~/QW !

where we applied Holder’s inequality with exponents
/I 1 ! !/ 1
(p ; > and P ; ,
Po— 1 Po— 1
and we used that

po(py—1) (P —1\" _
(po/p) <p’o—1> =

—1
and Po _ Po

() le)

Multiplying (7.5.14) by (7.5.15) and taking the supremum over all cubes Q in R"” we
deduce that

1 ) po—1
T

[RUY W] < (W) [l = o) ]

Apy

Combining this estimate with (7.5.13) and using the fact that N is an increasing
function, we obtain the validity of (7.5.5) in the case p < py.

Case (2): p > po. In this case we set r = p/po > 1. Then we have
.
P r
1T 2oy = T Oy = ( /R ) |T<f>|”°hwdx) (7.5.16)

for some nonnegative function z with L (w) norm equal to 1. We define a function

il
Obviously, we have 0 < i < H and thus

|T(f)|Pohwdx < |T(f)|"°Hwdx
er er

N([HW]ApO)pOHf‘ igO(Hw)
N([Hwla,, )| 1170

IN

(7.5.17)

IN

|12

L (w) L (w)

IN

27 N({Hwla, )" 1Al
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noting that
r IRy, , y ,
HHHLr’(W):/RnR(h Py wdx < 2P ./R"h wdx =2,

which is valid in view of (7.5.11). Moreover, this argument is based on the hypothesis
of the theorem and requires that Hw be an A, weight. To see this, we observe that

condition (7.5.12) implies that H /Py is an A, weight with characteristic constant
at most a multiple of [w]4,. Thus, there is a constant C} that depends only on n and
p such that

HP wdx <C Hp
IQ\/ ool

for all cubes Q in R". From this it follows that

7

(Hw)™' < wa(n,p, po) [w (|Q/H” de) Twr

where we set k»(n, p, po) = (Cé)f’,/ "' We raise the preceding displayed expression
to the power p{, — 1, we average over the cube Q, and then we raise to the power
po — 1. We deduce the estimate

<|1Q|/Q(Hw)“”6 dx)Po_l

S’Q(”Jﬁpo) 1)/(|Q|/Hl) de)

where we use the fact that

(7.5.18)

Il
7

7 < 1 lipld po—l
— | w X
[J -/Q ) ’
p/
(}J—l)(pf)—l):l—p/.

Note that ¥/ /p’ > 1, since py > 1. Using Holder’s inequality with exponents '/ p’
and (' /p')~! we obtain that

1 | / % e
—/dexg </HI”wdx> (/wdx) , (7.5.19)
0] Jo 0] Jo 0] Jo

where we used that
1 _ bo— 1
Yy op—1"
(7)) »
Multiplying (7.5.18) by (7.5.19), we deduce the estimate

po—!
p—1

[W]AP - KZ(n7p7p0) [W]Ap

AN

7

[HW]AI’() < K2(napap0) [W]AP
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Inserting this estimate in (7.5.17) we obtain

[ (s <27 N (a0 p.po) o) 122

and combining this with (7.5.16) we conclude that

[Ty <27 N(oalon o) bla, ) £11E0 -
This proves the required estimate (7.5.5) in the case p > po. O

There is a version of Theorem 7.5.3 in which the initial strong type assumption
is replaced by a weak type estimate.

Theorem 7.5.5. Suppose that T is a well defined operator on ) «y<coUyea, L(w)
that takes values in the space of measurable complex-valued functions. Fix 1 <
Do < o0 and suppose that there is an increasing function N on [1,e0) such that for all
weights v in Ap, we have

7] ro moszroew) S N([Vay)- (7.5.20)
Then for any 1 < p < o and for all weights w in A, we have
T 1] oy 1oy < K (122,10, W4, ) (7.5.21)
where K(n,p,po, [W]Ap) is as in Theorem 7.5.3.
Proof. For every fixed A > 0 we define

T.(f) = AXr(f) >4 -

The operator T}, is not linear but is well defined on U ;< Uea, Li(w), since T is

well defined on this union. We show that 7) maps L (v) to LP0(v) for every v € A, .
Indeed, we have

1

1 1
Po Po
(o imnmvas)™ = ([ amgepyavar)

1

(Ao (T ()] > 23))"
< N(Wap) 1] oy

A

using the hypothesis on 7. Applying Theorem 7.5.3, we obtain that 7} maps LP(w)
to itself for all 1 < p <o and all w € A, with a constant independent of A. Precisely,
for any w € A, and any f € L”(w) we have

HTl(f)HLP(w) < K(”’P’p()’ [W]Ap) ||f||L/’(w)'
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Since

HT(f)HLP~°°(w) = ili% ||T}L (f)| LP(w)>

it follows that T maps L” (w) to L”**(w) with the asserted norm. O

Assuming that the operator T in the preceding theorem is sublinear (or quasi-
sublinear), we obtain the following result that contains a stronger conclusion.

Corollary 7.5.6. Suppose that T is a sublinear operator on ) y<cUyea, Li(w)
that takes values in the space of measurable complex-valued functions. Fix 1 <
po < o0 and suppose that there is an increasing function N on [1,0) such that for all
weights v in Ap, we have

1T [ oo o= SN(Vay,) - (7.5.22)

Then for any 1 < p < oo and any weight w in A, there is a constant K' (n, p, po, [wla, )
such that

HT(f)| LP(w) < K’(n,p,pg, [W]Ap)HfHLP(W) .

Proof. The proof follows from Theorem 7.5.5 and the Marcinkiewicz interpolation
theorem. O

‘We end this subsection by observing that the conclusion of the extrapolation The-
orem 7.5.3 can be strengthened to yield vector-valued estimates. This strengthening
may be achieved by a simple adaptation of the proof discussed.

Corollary 7.5.7. Suppose that T is defined on U <y<eUyvea, L?(w) and takes val-
ues in the space of all measurable complex-valued functions. Fix 1 < py < oo and
suppose that there is an increasing function N on [1,00) such that for all weights v
in Ap, we have

||THLPU(V)%LPO(V) < N([V]Am) :
Then for every 1 < p < oo and every weight w € A,, we have

[(xrm)™ (Tipm)"
J J

< K(n,p,po,[wla,)

LP(w) LP(w)

for all sequences of functions f; in LP (w), where K (m D, Po, [W] Ap) is as in Theorem
7.5.3.
Proof. To derive the claimed vector-valued inequality follow the proof of Theorem

1 1
7.5.3 replacing the function f by (¥;|f;[P0) 7 and T(f) by (X;|T(f;)[P0)r0. O

7.5.3 Weighted Inequalities Versus Vector-Valued Inequalities

We now discuss connections between weighted inequalities and vector-valued
inequalities. The next result provides strong evidence that there is a nontrivial
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connection of this sort. The following is a general theorem saying that any vector-
valued inequality is equivalent to some weighted inequality. The proof of the the-
orem is based on a minimax lemma whose precise formulation and proof can be
found in Appendix H.

Theorem 7.5.8. (a) Let 0 < p < q,r < oo. Let {T}}; be a sequence of sublinear
operators that map L1(l) to L"(v), where W and v are arbitrary measures. Then
the vector-valued inequality

[(Timey?

1
< |PYr
. cH(;m . (15.23)
holds for all f; € L1() if and only if for every u > 0 in L7 (V) there exists U > 0
in L7 (1) with

)

W0l o <l

(7.5.24)
su T,()|Pudv < CP [ |fIPUdu.
jp/‘ J)Pu /| ‘

(b) Let 0 < q,r < p < oo. Let {T;}; be as before. Then the vector-valued inequality
(7.5.23) holdsfor all fj € L1(1) if and only if for every u > 0 in L (W) there exists
U>0inLir 7 (V) with

Ul e < Hlull o

- LP—q
g 7.5.25
s [110)Putav < €@ [7uta. (75:29)
j o o

Proof. We begin with part (a). Given f; € LY(R", i), we use (7.5.24) to obtain
1 1

NEAY AR — NEAI R

H(;Txfm )l Hzmmn %

- HuH i <1(/nZ|T (f)] udv)

1
< sup C</ Zf;l”Udu)p
< Rn .
llull r <1 J
L™P
1
S CHZW o7
HuH -
1
< cH(ZmV’)”
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which proves (7.5.23) with the same constant C as in (7.5.24). To prove the converse,
given a nonnegative u € L™7 (V) with ||uHL$ = 1, we define

AZ{aZ(aoaal)iaOZZ\f1|p7 a1=Z|Tj(fj)|”, fieli(u)}
J J

and .
B={beLt7(u): >0, [b] o <1=]ul - }.

LaP p

Notice that A and B are convex sets and B is weakly compact. (The sublinearity of
each T is used here.) We define the function @ on A x B by setting

@(a,b) = [awdv—c? [abdu =Y (/ T(f7) Pudv —C? /Ifjl”bdu) .
J |

Then @ is concave on A and weakly continuous and convex on B. Thus the minimax
lemma in Appendix H is applicable. This gives

minsup @(a,b) = supmin P(a,b). (7.5.26)

beB 4ep acA beB

At this point observe that for a fixed a = (¥, [f;|”,¥; |T;(fj)|?) in A we have

A

®(a.b H Ti(f;)|?
glelg(a)_ZI ()]

HZIT/(f/)I"

fcp / 1P bd
||u|| max ;If,;l n

IN

L%(v) _CpH;fjlp Lﬂ(y) =0

using the hypothesis (7.5.23). It follows that sup,., minyep P (a,b) < 0 and hence
(7.5.26) yields minpegsup,c4 P(a,b) < 0. Thus there exists a U € B such that
@(a,U) <0 for every a € A. This completes the proof of part (a).

The proof of part (b) is similar. Using the result of Exercise 7.5.1 and (7.5.25),
given f; € L(R", i) we have

[ONETGL

1
|Zmr]s,,

= LS </nZ|f|”u 1du>

LP—

1

1 P
Z = inf / T: f pU_ldv>
C||U||Lprr<1< n;| i ()l
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r
LP(

= CHZ\T sl

- CH(Z|T ()l )

I )

To prove the converse direction in part (b), given a fixed u > 0 in L7 (1) with
H HLﬁ =1, we define A as in part (a) and

P
B={beLr7(v): b>0, [b]l o <1=|ull o }.
We also define the function @ on A x B by setting
®(a,b) = /alb—ldv—cp/aou—ldu

=X ([ tav=c finctan).

Then @ is concave on A and weakly continuous and convex on B. Also, using Exer-
cise 7.5.1, for any a = (X; | /|7, X, |T;(f)|P) in A, we have

min ®(a,b) <HZ|T (fi) \p’ 5 *CPHZ‘fJVJ‘ <0.

beB

q
P

Thus sup,4 minpep P(a,b) < 0. Using (7.5.26), yields minpegsup,c4 P(a,b) <0,
and the latter implies the existence of a U in B such that @(a,U) < 0 for all a € A.
This proves (7.5.25). t

Example 7.5.9. We use the previous theorem to obtain another proof of the vector-
valued Hardy—Littlewood maximal inequality in Corollary 5.6.5. We take T; = M for

all j. For given 1 <p<q<ooandu1anI P wesets = andU— ||M||LHLYM(M).
In view of Exercise 7.1.7 we have
Ul < [lulles and RnM(f)"udxﬁC”/Rn fIPU dx.
Using Theorem 7.5.8, we obtain
|7, < ona| R 1) (1:5.27)

whenever 1 < p < g < o, an inequality obtained earlier in (5.6.25).

It turns out that no specific properties of the Hardy-Littlewood maximal function
were used in the preceding inequality, and one could obtain a general result along
these lines.
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Exercises

7.5.1. Let (X, 1) be a measure space, 0 < s < 1, and f € L(X, t). Show that

_ -1 .
=it { [l <1

and that the infimum is attained.
[Hint: Try u = c|f|'™ for a suitable constant c.]

7.5.2. (K. Yabuta) Let w € A,, for some 1 < p < co and let f be in L, (R",wdx).
Show that f lies in L. .(R").

loc
[Hint: Write w = wy /w} " via Theorem 7.5.1.]

17

7.5.3. Use the same idea of the proof of Theorem 7.5.1 to prove the following gen-
eral result: Let i be a positive measure on a measure space X and let T be a bounded
sublinear operator on L? (X, i) for some 1 < p < eo. Suppose that T(f) > 0 for all f
in LP (X, 1t). Prove that for all fy € LP(X, ), there exists an f € L” (X, i) such that

(@) fo(x) < f(x) for p-almost all x € X.

®) [ £llze ey < 21 follzrx)-

© T(f)(x) <2||T||rr—rr f(x) for p-almost all x € X.

[Hint: Try the expression in (7.5.2) starting the sum at j = 0.]

7.5.4. ([100]) Suppose that T is an operator defined on U <<eUyea, L (w) that
satisfies ||T|zr(v)—rr(v) < N([v]a,) for some increasing function N : [1,00) — R¥.
Without using Theorem 7.5.3 prove that for | < g < rand all v € A, T maps L?(v)
to L9(v) with constant depending on ¢,r, n, and [v4, .

[Hint: Holder’s inequality gives that

q
q

HT(f)HLq(V) < ( - |T(f)(x)’M(f)(x)q—rv(x)dx)'< M(f)(x)qv(x)dx>

er
Then use the fact that the weight M (f) 1 isin A; and Exercise 7.1.2.]

7.5.5. Let T be a sublinear operator defined on U, ;<. L?. Suppose that for all
functions f and u we have

IT(f)Pudx < / F2M () dx.
R” R

Prove that 7 maps L?(R") to itself for all 2 < p < o,
[Hint: Use that

1

7l = s ([ r0Puds)

lell 2 <y

and Holder’s inequality.}
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7.5.6. (X. C. Li) Let T be a sublinear operator defined on Uj;<sUyea, L(w).
Suppose that T maps L?(w) to L?(w) for all weights w that satisfy w™! € A;. Prove
that 7 maps LP toitself forall 1 < p < 2.

[Him‘: We have

il = (i (o)

by Holder’s inequality. Apply the hypothesis to the first term of the product.]

HISTORICAL NOTES

Weighted inequalities can probably be traced back to the beginning of integration, but the
A, condition first appeared in a paper of Rosenblum [298] in a somewhat different form. The
characterization of A, when n = 1 in terms of the boundedness of the Hardy-Littlewood maximal
operator was obtained by Muckenhoupt [260]. The estimate on the norm in (7.1.25) can also be
reversed, as shown by Buckley [38]. The simple proof of Theorem 7.1.9 is contained in Lerner’s
article [218] and yields both the Muckenhoupt theorem and Buckley’s optimal growth of the norm
of the Hardy-Littlewood maximal operator in terms of the A, characteristic constant of the weight.
Another proof of this result is given by Christ and Fefferman [61]. Versions of Lemma 7.1.10 for
balls were first obtained by Besicovitch [27] and independently by Morse [258]. The particular
version of Lemma 7.1.10 that appears in the text is adapted from that in de Guzman [93]. Another
version of this lemma is contained in the book of Mattila [246]. The fact that A. is the union
of the A, spaces was independently obtained by Muckenhoupt [261] and Coifman and Fefferman
[66]. The latter paper also contains a proof that A, weights satisfy the crucial reverse Holder
condition. This condition first appeared in the work of Gehring [125] in the following context: If F
is a quasiconformal homeomorphism from R” into itself, then |det(VF)| satisfies a reverse Holder
inequality. The characterization of A; weights is due to Coifman and Rochberg [68]. The fact that
M(f)? is in A, when &8 < 1 was previously obtained by Cérdoba and Fefferman [74]. The different
characterizations of A« (Theorem 7.3.3) are implicit in [260] and [66]. Another characterization of
A in terms of the Gurov-Reshetnyak condition sup,, @ Jolf —Avgg fldx < e Avg, f for f >0
and 0 < € < 2 was obtained by Korenovskyy, Lerner, and Stokolos [201]. The definition of A.,
using the reverse Jensen inequality herein was obtained as an equivalent characterization of that
space by Garcia-Cuerva and Rubio de Francia [122] (p. 405) and independently by Hruscev [161].
The reverse Holder condition was extensively studied by Cruz-Uribe and Neugebauer [82].

Weighted inequalities with weights of the form |x| for the Hilbert transform were first obtained
by Hardy and Littlewood [147] and later by Stein [332] for other singular integrals. The necessity
and sufficiency of the A, condition for the boundedness of the Hilbert transform on weighted L”
spaces was obtained by Hunt, Muckenhoupt, and Wheeden [167]. Historically, the first result re-
lating A, weights and the Hilbert transform is the Helson-Szeg6 theorem [149], which says that
the Hilbert transform is bounded on L?(w) if and only if logw = u+ Hv, where u,v € L(R) and
[[v||= < 5. The Helson-Szeg6 condition easily implies the A; condition, but the only known direct
proof for the converse gives ||v||= < 7; see Coifman, Jones, and Rubio de Francia [67]. A related
result in higher dimensions was obtained by Garnett and Jones [123]. Weighted L” estimates con-
trolling Calderén—Zygmund operators by the Hardy—Littlewood maximal operator were obtained
by Coifman [65]. Coifman and Fefferman [66] extended one-dimensional weighted norm inequal-
ities to higher dimensions and also obtained good lambda inequalities for A.. weights for more
general singular integrals and maximal singular integrals (Theorem 7.4.3). Bagby and Kurtz [19],
and later Alvarez and Pérez [4], gave a sharper version of Theorem 7.4.3, by replacing the good
lambda inequality by a rearrangement inequality. See also the related work of Lerner [217]. The
following relation ||My(f)|r(w) < C(p,n, [W]a..) | M*(f) l| 7 () between the dyadic maximal func-
tion and the sharp maximal function is valid for any w € A., under the condition M(f) € L0 but
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also under the weaker assumption that w({|f| > t}) < e for every ¢ > 0; see Kurtz [208]. Using
that min(M, w) is an A., weight with constant independent of M and Fatou’s lemma, this condition
can be relaxed to |{|f| > t}| < o for every t > 0. A rearrangement inequality relating f and M*(f)
is given in Bagby and Kurtz [18].

The factorization of A, weights was conjectured by Muckenhoupt and proved by Jones [179].
The simple proof given in the text can be found in [67]. Extrapolation of operators (Theorem 7.5.3)
is due to Rubio de Francia [300]. An alternative proof of this theorem was given later by Garcia-
Cuerva [121]. The value of the constant K (n, p, po, [w]a,) first appeared in Dragicevi¢, Grafakos,
Pereyra, and Petermichl [98]. Another proof with sharp bounds (in terms of the characteristic con-
stant of the weights) was given by Duoandikoetxea [101]. The present treatment of Theorem 7.5.3,
based on crucial Lemma 7.5.4, was communicated to the author by J. M. Martell. One may also
consult the related work of Cruz-Uribe, Martell, and Pérez [80]. The simple proof of Theorem 7.5.5
was conceived by J. M. Martell and first appeared in the treatment of extrapolation of operators of
many variables; see Grafakos and Martell [135]. The idea of extrapolation can be carried to general
pairs of functions, see Cruz-Uribe, Martell, and Pérez [78]. Estimates for the distribution function
in extrapolation theory were obtained by Carro, Torres, and Soria [58]. The equivalence between
vector-valued inequalities and weighted norm inequalities of Theorem 7.5.8 is also due to Rubio de
Francia [299]. The difficult direction in this equivalence is obtained using a minimax principle (see
Fan [111]). Alternatively, one can use the factorization theory of Maurey [247], which brings an
interesting connection with Banach space theory. The book of Garcia-Cuerva and Rubio de Francia
[122] provides an excellent reference on this and other topics related to weighted norm inequalities.

A primordial double-weighted norm inequality is the observation of Fefferman and Stein [115]
that the maximal function maps L (M(w)) to L? (w) for nonnegative measurable functions w (Exer-

cise 7.1.7). Sawyer [312] obtained that the condition supy ( f, V=P dx) 7lfQM(v1"’/xQ)"wdx < oo
provides a characterization of all pairs of weights (v,w) for which the Hardy-Littlewood maximal
operator M maps L?(v) to LP(w). Simpler proofs of this result were obtained by Cruz-Uribe [77]
and Verbitsky [367]. The fact that Sawyer’s condition reduces to the usual A, condition whenv =w
was shown by Hunt, Kurtz, and Neugebauer [166]. The two-weight problem for singular integrals
is more delicate, since they are not necessarily bounded from L? (M (w)) to L”(w). Known results
in this direction are that singular integrals map L? (MP1*1(w)) to L (w), where M" denotes the rth
iterate of the maximal operator. See Wilson [377] (for 1 < p < 2) and Pérez [277] for the remaining
p’s. A necessary condition for the boundedness of the Hilbert transform from L?(v) to L? (w) was
obtained by Muckenhoupt and Wheeden [262].

For an approach to two-weighted inequalities using Bellman functions, we refer to the article of
Nazarov, Treil, and Volberg [266]. The notion of Bellman functions originated in control theory;
the article [267] of the previous authors analyzes the connections between optimal control and
harmonic analysis. Bellman functions have been used to derive estimates for the norms of classical
operators on weighted Lebesgue spaces; for instance, Petermichl [279] showed that for w € A (R),
the norm of the Hilbert transform from L?(R,w) to L?(R,w) is bounded by a constant times the
characteristic constant [w]a, .

The theory of A, weights in this chapter carries through to the situation in which Lebesgue
measure is replaced by a general doubling measure. This theory also has a substantial analogue
when the underlying measure is nondoubling but satisfies ((dQ) = 0 for all cubes Q in R" with
sides parallel to the axes; see Orobitg and Pérez [272]. A thorough account of weighted Littlewood—
Paley theory and exponential-square function integrability is contained in the book of Wilson [378].

The conjecture whether |||, (M(w))—Ll=(w) < = holds for a weight w was disproved by
Reguera [287] when T is a Haar multiplier and then by Reguera and Thiele [288] for the Hilbert
transform. However, the slightly weaker version of this inequality, in which M(w) is replaced by
the Orlicz maximal operator Mj (jos)e (W), holds for any & > 0 and any Calderén-Zygmund oper-
ator T, as shown by Pérez [277]. For A! weights w the aforementioned conjecture would imply
17Nl Lt )21y < C [W]a, . However, Nazarov, Reznikov, Vasyunin, and Volberg [265] disproved

the weaker inequality [|T'[| 1) 1) < C W4, (log(e+ [w]a,))” for o < 1. Lerner, Ombrosi,
and Pérez [223] had previously shown that the preceding inequality holds with & = 1 for any
Calderén-Zygmund operator 7.
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Concerning the sharp weighted bound ||T'[|;2(,,)—,12(w) < ¢7 [W]a, for a Calderén-Zygmund op-
erator 7 we have the work of Petermichl and Volberg [281] which answered a question by Astala,
Iwaniecz and Saksman [14] on the regularity of solutions to the Beltrami equation. The proofs of
this inequality for the Hilbert and Riesz transforms via the Bellman function technique were ob-
tained soon afterwards by Petermichl [279], [280]. The use of Bellman functions was first avoided
in the work of Lacey, Petermichl, and Reguera [210], whose proof recovered the already known
cases and used Haar shift operators, the two-weight theory for them of Nazarov, Treil and Volberg
[268], and corona decompositions. The simplest proof for these classical operators was obtained
by Cruz-Uribe, Martell, and Pérez [79], [81] using a very powerful inequality due to Lerner [219].
The complete proof for a general Calderon-Zygmund operator was given by Hytonen [168]. A sim-
plified proof was provided by Lerner [220], [221]. For other improvements and estimates involving
A) and A.. constants see the work of Lerner [222], Hytonen and Pérez [170], and Lacey, Hytonen,
and Pérez [169].
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