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Abstract We explore monoids generated by operators on certain infinite partial
orders. Our starting point is the work of Fomin and Greene on monoids satisfying the
relations (u, + W, +1)W, 410, = W, 410, (0, +u,41) and w, v, = wu, if [r —¢| > 1.
Given such a monoid, the non-commutative functions in the variables u are shown to
commute. Symmetric functions in these operators often encode interesting structure
constants. Our aim is to introduce similar results for more general monoids not
satisfying the relations of Fomin and Greene. This paper is an extension of a talk
by the second author at the workshop on algebraic monoids, group embeddings and
algebraic combinatorics at The Fields Institute in 2012.
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1 Introduction

In their work on the plactic monoid, Lascoux and Schiitzenberger [22] con-
structed the Schur functions in terms of noncommutative variables satisfying only
Knuth relations. It was subsequently discovered that symmetric functions can be
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constructed using different monoid algebras, for example the nil-plactic monoid,
the nil-coxeter monoid or the H,(0) algebra. A uniform understanding of these
constructions can be found in the seminal work of Fomin and Greene [15].

One of the main advantages of the work of Fomin and Green is that it shows the
Schur positivity of certain generating functions defined on those monoid algebras.
This is a central problem in algebraic combinatorics and we still have several open
problems of this kind. The theory in [15] works very well for the problems it is set
to solve, but it also has its limitations.

Here we want to show that this quest of understanding symmetric functions
inside a monoid algebra is very alive and new results are still underway and needed.
In this presentation, very close to the approach of Fomin and Greene, we look at
monoids generated by operators acting on an infinite poset. We show that a certain
space of functions on the monoid algebra of operators is isomorphic to symmetric
functions (or a subspace of symmetric functions). These subspaces are obtained via
Pieri operators as defined in [10]. The posets we consider are very often produced
from a combinatorial Hopf algebra as defined in [1, 11]. Unlike the theory in [15],
we are not guaranteed to have Schur positivity. Even when the object in question is
Schur positive the rule of Fomin and Greene is not applicable. One has to develop
new techniques to deal with this. It has been done in some cases, but it is still open
in others.

We keep this paper as a talk, like a story. We introduce the results as they come
from the examples. In the first part, Sect. 2, we look at a classical example. Next,
in Sect. 3, we look at less known examples and constructions which are unrelated
to [15]. We then look at what can be done in the future in Sect. 4.

2 A Classical Example

2.1 Operators on the Young Lattice

We start by a classical construction of Schur functions inspired by [14]. A partition
of an integer n is a sequence of integers A = (A1,A,,...,A¢) such thatn = Ay +
Ay+---+Agand Ay > A, > --- > A, > 0. When A is a partition of n we denote
it by A F n, the number of parts of A will be denoted by £(A) = £ and its size by
|A| = n. The diagram of a partition A, denoted A as well, is the subset of Z x Z given
byA={G,j):1<j <{ 1=<i<A;}. Wedraw this by putting a unit box with
coordinates (i, j) in the bottom left corner. For example the partition A = (4,2, 1)
is depicted by
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The Young lattice % consists of all partitions A = n > 0, ordered by inclusion of
diagrams. The empty partition is the unique partition for n = 0. An inclusion u C A
is a cover if and only if u U {(7, j)} = A for a unique cell (i, j). We will label such
a cover by an edge labeled by ¢; ; = j —i:

Cij

w— A

We can draw the lower part of this poset as

SNYAY

NS
lo

Consider the free Z-module Z¢ spanned by all partitions of n > 0. We define
linear operators u, for each r € Z as follows

u 2% — 1Y,

Aifu — Ain® M

—
’ { 0 otherwise.

For example
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We are interested in the monoid .# (u,) generated by the operators u, for r € Z and
the zero operator 0. By the nature of these operators, it is not very hard to see that
they satisfy the following relations:

(1) u=0
(2) WUy = 0 Wy = 0 (2)
3) wu =uwu, if|lr—i¢|>1.

These relations can be understood graphically. The first relation states that once we
add a cell in a given diagonal, if we try to add a second cell in the same diagonal we
will not get a partition:

1 [

The second relation states that if we add two consecutive cells in a row (or column)
and if we try to add a third cell in the same diagonal as the first added cell we will
not get a partition:

ED

The third relation states that we can add two cells independently in diagonals that
are far from each other:

]

A

Proposition 1. .# (u,) is the monoid freely generated by the u, for r € 7 and 0
modulo the relations (2).

This is a consequence of a more general theorem and it can be shown using
some very well known facts about the symmetric group and the combinatorics of
partitions. However to our knowledge this statement is not mentioned as such in
the literature. To see that the relations (2) generate all the relations of the monoid
A (u,) requires a deeper understanding of the relations. We will sketch a proof here.
Recall that the symmetric group is generated by simple reflections s, satisfying the
braid relations:

(1) s?=1d
(2) SrSr+18r = Sr+15rSr+1 (3)
3) SpS; = S5y if [r —t] > 1.

For a permutation w, the length £(w) is the minimal number of generators s,
necessary to express w as a product of generators. If w = s;,5, - -+ S¢(w), then we
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say that the word s;,s;, - - - S¢() 1s a reduced word for w. There is a small abuse of
notation here: a reduced word is an element of the free monoid generated by the s, ’s.
Here, we are studying the equivalence classes of words modulo the relations (3).
It is a well known fact that any two reduced words for a given permutation w are
connected together using only (2) and (3) of the relations (3). Moreover, if a word
Si,Si, -+ Sk 1s not reduced, then at least one instance of the relation (1) of (3) will
be used to reduce it (see [16]). The set of equivalence classes of words that do not
have any occurrence of s,5,415, are in bijection with 321-avoiding permutation(s).
These are permutations w with no i < j < k such that w(i) > w(j) > w(k)
(see [29)).

Consider now the infinite group Sz of permutations of Z with only finitely many
non-fixed points. This is the group generated by the simple reflections s, for r € Z
subject to the relations in (3). For w € Sz we define the operator

uW = uilui2 e uif(w)

where s;,5;, - - - S¢(w) 18 any reduced word for w. Comparing the relations (3) with the
relations (2) we see that this is a well defined operator. Moreover, if w is not 321-
avoiding, then relation (2) of (2) gives w,, = 0 and if s;,s;, -+ - s¢ is not a reduced
word, then u; u;, ---u;, = 0. In order to show that the relations (2) generate all the
relations of . (u,) it is enough to prove that

Lemma 1. (a) Foreachw € Sz 321-avoiding, we have u,, # 0,
(b) Forw,w' € Sz 321-avoiding, we have that w # w' implies u,, # u,,.

This will indeed show that the map from the free monoid generated by the u,’s
modulo the relations (2) to .# (u,) has no kernel and is surjective. These results are
known in some different form (see [12,30]) and are not trivial. We will provide a
proof here in this context for completeness.

Let us start with the lattice % and its labelled covers. It is possible to encode this
lattice and its covers with a subset of the 321-avoiding permutation(s) in Sz. Given a
partition A, add the two positive x-y axis. We put the numbers . .., —3, -2, —1, 0 for
every vertical step from infinity on the y-axis following the border of the partition.
We put the numbers 1,2, 3, ... one on each horizontal step from left to right. The
example below describes this procedure better for A = (3, 1),
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When we read the entries on the y-axis, then the outer boundary of A followed by
the x-axis, we obtain a 321-avoiding permutation v(1) € Sy (the entries on the axis
are fixed points). In the example above we get

v(Ad) =(---,-3,-2,1,-1,2,3,0,4,5,---).

If we have a cover —" 2, then the entry v(u)(r) < 0 < v(u)(r + 1). Adding a
box on the diagonal of content r has the effect of interchanging these two entries in
v(u). We have shown the following:

Lemma 2.
L—> A = v(A) = v(p)s, and  L((L)) = L(v(p)) + 1.

This lemma allows us to show Lemma 1 (b) if we know that u,, # 0. Indeed, if
u,, (1) = A, then the above lemma gives us that v(1) = v(u)w. Hence if w # w/,
then v(u)w # v(u)w' and u,, # u,.

Now, in order to prove Lemma 1 (a) we need to construct a partition p such that
u,, (1) = A # 0 for each 321-avoiding w € Sz. When u C A, we say that the
diagram A/p obtained by removing the cells of p from A is a skew diagram. For
w € Sz that is 321-avoiding, we construct recursively on the length £(w) a skew
diagram A /p such that u,, () = A. Moreover, if we read the content of the cells of
A/, row by row, from left to right, starting at the bottom, then we get a sequence
of integers (ji, j2,..., jx) such that s; s, ---s;, is a reduced word for w. Finally,
if(i,j)epand (i +1,j) ¢ pand (i,j + 1) & u, then either (i + 1, j) € A or
(i, j + 1) € A (see Example 1 below).

If £(w) = 0, then the result is immediate as A/u = @/0 does the trick.
We assume that for all 321-avoiding permutations such that £(w) < £ we can
construct A/u as above. Let w = s;,5;, ---5;, be a reduced expression for a 321-
avoiding permutation of length £(w) = £. By induction hypothesis we assume
we have constructed A/u for w' = s;/s;, -+ 5;,_,. We can moreover assume that
(i1,102,...,ig—1) is the sequence of contents we read from A/u. We consider a cell
on the diagonal of content d = i, sliding from infinity downward and stop at
(i,j) = (i,i + d) the first contact of either u, A/u or one of the x-y-axes. We
claim that

if(i—1,j—1)€A/u,thenboth (i —1,j) € A/pwand (i,j —1) € A/pu.
In the sequence (i1, i3, ...,i—1), let k be such that (i, ix+1, ..., I¢) are the contents
of the cells in rows i 4+ 1 and up in A/u. Since no cell of A/ is in column j and
up inrow i and up, we have that iy < j —i — 1 =d — 1 forallk <k’ <{—1.

This means that s;,, and 5, commute for all k <k’ < —1.We have that

SiySiy **+Sig = SiySiy S Siy v Sipy - )
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Now suppose (i, j — 1) & A/p. This means that s, commutes with all s. where ¢
is the content of cells in row i of A/u and all cells of content ¢ in row i — 1 and
column j' > j + 1. We depict this as follows

BE

[l [ [e]

where the dark cell corresponds to the added cell in position (i, j) of content d.
Since the cell (7, j —1) & A/ all cells in row i have content ¢ < d — 1. The cells in
row i —1 and column j’ > j have contente > d+1.1f (i, j—1) & A/, then we get
5484 in the reduced expression of w, a contradiction. If in addition (i — 1, j) € A/ u,
then we get 54544154 which contradicts the fact that w is 321-avoiding. Hence we
must have that (i, j — 1) € A/u. Now if we assume that (i — 1, ) € A/u and
(i, j — 1) € A/u the picture is now

’ c

The cell in position (i — 1, j — 1) has content d. All cells in row i and column
j' < j — 1 have content ¢ < d — 1. This time we can move the reflection sy
corresponding to the cell in position (i —1, j —1) to pass the s, in row i up to s7—54.
Again we get a contradiction as s4.57—154 cannot occur in the reduced word of a 321-
avoiding permutation w. This concludes the case when (i — 1, j — 1) € A/p. In this
case we simply add the cell (i, j) to A and not to p. The diagram (A U (i, j))/u
is a skew shape with all the desired properties and the right hand side of (4) is the
reduced word of w that we read from this diagram.

We now consider the case where (i — 1, j — 1) € p or falls outside the first
quadrant. If both (i — 1, j) € A/p and (i, j — 1) € A/u, then again the diagram
(AU (@, j))/u is a skew shape with all the desired properties and the right hand
side of (4) is the reduced word of w that we read from this diagram. By induction
hypothesis, it is not the case that both ({ — 1,j) € A/ and (i,j — 1) € A/p.
If(i—1,j)eA/pand (i, j —1) € A/, then we move all the boxes of 1/ in row
r > i up each diagonal by 1 unit. This increases the size of A and pu proportionally
but keeps the relative shape of A/ invariant along the diagonal lines. We then add
the box (i, j) to lambda and add all the boxes (i’, j) for i’ < i to both A and p.
Graphically we have

— []
DD M
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The case where (i — 1,j) ¢ A/p and (i,j — 1) € A/u is exactly transposed,
interchanging the roles of row and column. In any case we obtain the desired skew
shape A’/ i’ such that u,, (') = A’ # 0.

Example 1. Let us illustrate the induction procedure involved in the proof of
Lemma 1 (a). Start with w = s35_3545, and its skew shape as illustrated on the
left hand side of the figure below. The induction step tells us that the operator u,,
is not zero since u,,;, () = A where = (6,4,4,3,1)and A = (6,6,5,4,2):

. 5]

2.2 Pieri Operators on Young Lattice and Symmetric Functions

In the previous section, we obtained a very good understanding of the noncom-
mutative monoid .# (u,). We now introduce a commutative algebra B(Hy) that is
isomorphic to the (Hopf) algebra of symmetric functions Sym. The algebra B(H})
is generated by certain homogeneous series Hy in the elements of .# (u, ). This is
using the Pieri operators theory as developed in [10] related to the multiplication of
symmetric functions (see [25]).

There are several combinatorial Hopf algebras of interest for our study. As it
turns out, % is intimately related to Sy m. The space of symmetric functions is well
known to have different bases indexed by partitions. We refer the reader to [25,27]
for more details about our presentation of Sym. We use the standard notation for
the common bases of Sym: h, for complete homogeneous; e, for elementary; m;
for monomial; and s, for Schur functions. For simplicity, we let #; and e; denote
the corresponding generators indexed by the partition ().

There is a correspondence between the representation theory of all symmetric
groups and symmetric functions. The multiplication and comultiplication in Sym
corresponds to some induction and restriction of representations. In this identifica-
tion, Schur functions encode irreducible representations. In particular we must have
that the coefficients C;’ u in

SASy = ZC)]C.MS" )

are non-negative integers. They count the multiplicity of an irreducible in certain
induced representations. This shows the nonnegativity of the constants Cy u but
does not give us a combinatorial formula for them. One is interested in a positive
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combinatorial rule to describe these numbers. This combinatorial rule is classically
known as the Littlewood-Richardson rule. A particular case of this rule is Pieri rule
that describes the multiplication by /y:

S)Lhk = Z Sy

v/x a k-row strip

where a k-row strip is a diagram with k cells in distinct columns. In terms of the
lattice % we have the following characterization of k-row strip.

Lemma 3. v/A is a k-row strip if and only if there is a strictly increasing path of
length k in % from A to v. Moreover, if such a path exists from A to v, then it is
unique.

Proof. If v/ is a k-row strip, then we can add the cells of v/A to A one by one from
left to right. Since the cells are in distinct columns, they are in distinct diagonals as
well. Adding them from left to right will give us the desired strictly increasing path
from A to v. Conversely, if we have a strictly increasing path from A to v, then
the cells of v/A are in distinct diagonals. Assume two cells of v/A are in the same
column as pictured bellow

The cell A has content strictly smaller than the content of the cell B. In the path
from A to v the cell A would be added before the cell B. But this is a contradiction
since when the cell A is added without cell B this would not be a partition. Hence,
v/A is a k-row strip. |

This allows us to reconstruct the multiplication by A using operators on % Let

Hk = E LLVARRRR | D | P

1 <ip <<y

This is an infinite series of operators of degree k in .# (u,). In view of Lemma 1, no
term in the series Hj vanishes. If one fixes A, there are only finitely many paths of
length k from A in ¢/. This means that Hy: Z% — 7% is a well defined operator.

Proposition 2.

Hk= Z Uz,

U=k

where ¢ runs over all permutations such that its disjoint cycle decomposition { =
CiCy -+ Cy has only cycles of the form C; = (a+b,...,a+1,a) for somea,b € Z
and b > 0.
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Proof. Tt suffices to show that
Wi - W, 05, = Ug

with i} < ip < ... < i} if and only if ¢ decomposes into disjoint cycles of the form
(@+b,....,a+ 1,a). The disjoint cycles of { = s;, -+ 83,8, foriy <i, <...<i
correspond to the consecutive segments S,4p -+ Sg4+15 = (@ + b,...,a + 1,a).

Using Lemma 3

Hi (L) = > v = syhe = > Sy .

v/x a k-row strip v/x a k-row strip

This implies that

H,H,(A) = de.(a.h)v = sxhahy = de,(a,h)sw
v v

In particular, for all A we have H, H,(1) = H,Hy () since h,hy = hyh,. Again
the result below is derived from very classical results.

Theorem 1. The algebra B{H}) spanned by {H,, H,, H3, ...} is isomorphic to
Sym.

Proof. We have seen above that H, H,(1) = H, Hy(1), but to see that the product
of series Hy, H, = H, H}, requires a little bit more argument. As we multiply H, Hy
and Hj, H,, some terms will go to zero and others will survive. The terms that survive
in H, H} are of the form

Uy = WU WU W

where w is 321-avoiding, i1 < ip < -+ < igand j; < jo < =+ < Jp.
Showing that H,H, = HpH, requires the construction of a bijection between
the possible reduced expressions of w = s; ---s;,5; ---5;, and the ones of the
form w = s/ -c-sys 05y where i < i) < -+ < g and j{ < J; <

- < Jjp. This is done in [29] and in [9] using jeu-de-taquin. We then have that
{Hu =H,Hy, --H, partition} spans B{H). To see that the H,, are linearly
independent, it suffices to remark that

Hy(9) =p

hence they have distinct values on @. O

Remark 1. Theorem 1 follows easily from the more general Theorem 1.1 of [15].
The approach of Fomin and Greene has the advantage that one does not need to have
all the relations of the u,. It is enough to show that they satisfy the relations:
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(1) uu = uu, if [r —t| > 1, ©)

2 (W + w0 = upu (U +u4)
It is clear that our operators u, satisfy the relations (6). In later sections we will give
examples where Fomin and Greene theory is not applicable.

2.3 NSym and QSym

For the theory of Pieri operators as developed in [10] we need to introduce
two graded dual Hopf algebras. First, the algebra of non-commutative symmetric
functions Nsym is a non-commutative analogue of Sym that arises by considering
an algebra with one non-commutative generator at each positive degree. We define
Nsym as the algebra with generators {hy, h,, ...} and no relations. Each generator
h; is defined to be of degree 7, giving Nsym the structure of a graded algebra. We
let Nsym,, denote the graded component of Nsym of degree n. A basis for Nsym,
is given by the set of complete homogeneous functions {hy := hy hg, ---hy, Yok,
indexed by compositions o of n.

We have the projection morphism y: Nsym — Sym defined by sending the
basis element h, to the complete homogeneous symmetric function

X(ha) = hOtl haz Tt hw(a)

and extended linearly to all of Nsym. A second basis of NSym is given by the R,,
usually called the ribbon basis. For this, given a composition « = (a1, ,a;;) E n
we denote its length m by £(«). The ribbon basis R, are defined by

R, = Z(—l)f(‘”_e(ﬂ)hﬁ, or equivalently h, = Z Rg @)

Bza B>«

where @ < B if « is finer than .
The product expansion follows easily from the non-commutative product on the
generators

hﬂthﬂ = hal....alé(a)vﬂlvmﬂ/é(ﬂ) :
N sym has a coalgebra structure, which is defined on the generators by
J
Ah) =) "h ®h;;.
i=0

This determines the action of the coproduct on the basis h, since the coproduct is
an algebra morphism with respect to the product.
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Second, the Hopf algebra of quasi-symmetric functions, Qsym is dual to Nsym
and contains Sym as a subalgebra. The graded component Qsym, is indexed by
compositions of 7. This algebra is most readily realized within the ring of power
series of bounded degree Q[x1, X3, ...]. The monomial quasi-symmetric function
indexed by a composition « is defined as

My= ) xIxexim ®)

i’ll
1 <ip<+=<ip
The algebra of quasi-symmetric functions, QO sy m, can then be defined as the algebra
with the monomial quasi-symmetric functions as a basis, whose multiplication is
inherited as a subalgebra of Q[xy, x, .. . ]. We define the coproduct on this basis as:

AMy) = Y Myg ® My,
SC{1.2.....0(ct)}
where if § = {i} <i» <.+ <i|g|}, then ag = (04, 0y, . .. ’O‘im)-

We view Sym as a subalgebra of Qsym. In fact, the usual monomial symmetric
functions m, € Sym expand positively in the quasi-symmetric monomial func-

tions:
ml = Z Mou

sort(a)=A

where sort(«) is the partition obtained by organizing the parts of « from the largest
to the smallest.

The fundamental quasi-symmetric functions, denoted by F, form another basis
of Qsym, and are defined by their expansion in the monomial quasi-symmetric

basis:
Fy=) M;.

B=a

The algebras Qsym and Nsym form graded dual Hopf algebras. The monomial
basis of Qsym is dual in this context to the complete homogeneous basis of Nsym,
and the fundamental basis of Qsym is dual to the ribbon basis of Nsym. Nsym
and Qsym have a pairing (-,-) : Nsym x Qsym — Q, defined under this duality
as either (hy, Mg) = 84, or (R, Fg) = 8up.

2.4 Skew Function Kp) .

Associated to any A € v in %, we construct a quasisymmetric function K
following the notion of Pieri operators as developed in [10]. Let (A, u) = &5 4
define a scalar product on Z% . Using the operators Hy on Z% we can define
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K[)L,v] = Z(HO((A)» V>Moz~

o

In view of the commutation relation H,H, = HjyH,, the function K3 , is not
only quasisymmetric but symmetric as well. Indeed since H, = H,,/(q) and since
My = ()= Mes We have that

Kpy = Z(HM()L),v)mM

m

is symmetric. We are interested in knowing the coefficients of K|; ,; when expanded
in different bases. We remark that we have an action of NSym on Z%  given by
h,.A = H,(1). In this case the action factors through the projection y: NSym —
Sym. As observed earlier, the basis h, of NSym is dual to the basis M, of QSym.
A straightforward computation shows that

Kpop =Y (had )My =Y (XA, v) Yo,

o o

for any dual bases x, and Y, of NSym and Q Sym respectively. We thus have that

Theorem 2.

Kpop =Y (RyAv)Fy =) C} sy
n

o

where C,\Vp is given in (5). Moreover for « = (uy,...,a) a composition of n,
we have that (Ry.A,v) counts the number of paths in % from A to v with labels
i1,1i2,...,0y suchthati, > i,4 ifand only ifr € D(a) = {1, 1+ 03, ...,n—a}.

Proof. The first equality follows from duality between the R, and the F,. For the
second equality, from the definition of H} we remark that for

Koy =Y _(Hu(V),v)m,
"

the coefficient (H,(1),v) = d} ., 1s the coefficient of s, in the product sahy.
In Sym, the bases h, and m, are dual and the basis s, is self dual. Hence the
coefficient of s, in K3 ,) is the same as the coefficient of s, in s35,.

The fact that (R,.A,v) counts the paths as described follows from a simple
inclusion-exclusion argument and the fact that by definition (h,.A,v) counts the
paths in % from A to v with labels iy, is,...,i, such that i, > i,4; only if
re D) ={a, a1 +az,...,n— o} O

Remark 2. The function K3 ,) in Theorem 2 is the well known skew-Schur function
sy/x. It is denoted F,/, by Fomin and Greene in [15]. Theorem 1.2 of [15] shows
that the coefficients C;’ ., are positive and count paths in % satisfying a precise rule.
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This is a very powerful method that works for any monoid of operators u, satisfying
the relations (6). Several classical examples are solved by this theory which gives a
method to understand the coefficients we are interested in. This includes the weak
order of the symmetric group and the Stanley symmetric function F,, originally
defined in [29]. There are many new situations where Fomin and Greene theory
cannot be applied and we will give some examples of this in the next sections.

3 Schubert vs Schur

We present an example of a monoid that does not satisfy Fomin and Greene’s
conditions, yet it is interesting and still yields some symmetry and positivity.
In this example, which is taken from the theory of Schubert polynomials (see
[7, 23, 24]), positivity results are highly non-trivial. We consider operators on
the infinite symmetric group defined from Monk’s rule. From these operators one
defines Pieri operators that mimic the multiplication of Schubert polynomials by
symmetric functions. Symmetry follows from the commutativity of multiplication
and positivity follows from geometry. A combinatorial proof of positivity is much
harder to obtain and was only recently achieved in [4] using the techniques of [2].
Let u € Y% = U,>07 be an infinite permutation where all but a finite
number of positive integers are fixed. Schubert polynomials &, are indexed by
such permutations [23,24]. These polynomials form a homogeneous basis of the
polynomial ring Z[x, X2, .. .] in countably many variables. The coefficients ¢/, in

6.8, =) c\,6,. ©)

are known to be positive from geometry.

3.1 Operators on the r-Bruhat Order

We now define operators on the r-Bruhat order on .%. Let £(w) be the length
of a permutation w € .%,. We define the r-Bruhat order <, by its covers. Given
permutations u, w € .%o, we say that u <, wif £(u) + 1 = £(w) and u™'w = (i, j),
where (i, j) is a reflection withi <r < j.

For 0 < a < b, let u,, denote the operator on ZS, defined by

W ZSeo —> ZLSoo,
(10)

(a,b)u ifu<, (a,b)u,
0 otherwise.
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We have shown in [8] that these operators satisfy the following relations:

(1) wpeu Uy = WpgUgpUpe, ifa<b<c<d,
(2) iU Uy = p U Uy, ifa<b<c<d,
3) UgpUeg = UpgUyy, ifb<cora<c<d<b, (11)
(4) U, Upg = UpgU,, = 0, ifa<b<c<d,

B) wpeugpup = ugypwpuy, = 0, ifa<b <ec.

The 0 in relations (4) and (5) mean(s) that no chain in any r-Bruhat order can contain
such a sequence of transpositions. On the other hand, relations (1), (2) and (3) are
complete and transitively connect any two chains in a given interval [u, w],. It is
interesting to notice that the relations are independent of r. This is a fact noticed
in [7]: a nonempty interval [u, w], in the r-Bruhat order is isomorphic to a nonempty
interval [x, y],» in an r’-Bruhat order as long as wu~! = yx~!. It is important to
remark that if one fixes r, there are in fact more relations than (11). We will clarify
this after Proposition 3. For the moment we assume that the operator u,; acts on
the disjoint union of all r-Bruhat orders for » > 0. Let .# (u,;) be the monoid
generated by the 0 operator and all operators u,, for a < b. A consequence of [8]
is the following proposition.

Proposition 3. .7 (w,,) is the monoid freely generated by the u,, for0 <a < b €
7 and 0 modulo the relations (11).

Remark 3. When we specify a chain u,,;, -+ - Ugyp,Uq,5, in the interval [u, w],, it is

understood that this is the actual sequence (Wg,p, , - - - , Ugyhy» Ug b, ) Of Operators we
are referring to. This is a slight abuse of notation but it simplifies notation and the
context will make it clear. O

In fact we can say much more about the monoid .# (u,). Given any ¢ € Soc wWe
produce a chain in a nonempty interval [u, w], for some r as follows. Let up({) =
{a : t7'(a) < a}. This is a finite set and we can set r = |up({)|. To construct w,
we sort the elements in up({) = {i; < i, <--- < i,} and its complement up°({) =
Zoo\up(l) = {j1 < j» <...}.Next,we putw = [i1,i2,...,0r, j1, j2,---] € Soo
and then we let u = ¢~'w. Notice that u, w and r constructed this way depend on (.
From [7,8], we have that [u, w], is non-empty and now we want to construct a chain
in [u, w],. This is done recursively as follows: let

a; = u(iy) where iy = max{i <r:u(i) <w()} and

by = u(j1) where j; = min{j > r :u(j) > u(i;) = w(j)}

then wyg,p, - Ugp, U p, is a chain in [u,w], for any chain w,,p, -+ Ugp, in
[(a1, by)u, w],. Here we have that all the other possible chains in the interval [u, w],
are obtained from the chain ug,p, - - U4,p,U4,5, by sequences of transformations
given in Eq. (11). This means that the operator u; = wy,p, - - Uy, Wqp, is well
defined, non zero for any ' > r and if { # ¢’ then u; # u. Fora fix r,
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tu ifu <, Cu,

u () = 0 otherwise.

Example 2. Consider { = [3,6,2,5,4,1,...] where all other values are fixed. We
have that up(¢) = {3,5,6} and up(¢) = {1,2,4,...}. In this case, r = 3,
w=1[3,5,6,1,2,4,...]andu = [1,4,2,6,3,5,...]. The recursive procedure above
produces the chain uy3ujuysuy6 in [u, v]3. We get all other chains by using the
relations (11):

U3 2U45U26, U23U 2U26U45, Up3UysU U6, UysU23 U 2U)6, (12)

Uys5U13U36U23, U13U45U36U23, U3U36U45U23, U13U36U3UY45.
The interval obtained in this case is

356124
uj3 uys us3
156324 346125 256134
A Nﬁ A st /45\12
153624 146325 246135 156234
u 36
23 5 \u3g uys
up
152634 143625 146235
UN uy3 u
142635

Since u <, u in this case, we have u; (1) = {u # 0 for this r. Now for any r’ > r,
wecanbuildw' = [3,5,6,7,8,...,7+r" —r,1,2,4,.. ], =[1,4,2,7,8,...,7+
1’ —r,6,3,5,...] by adding fixed points of { = wu~! before the position r’. In this
way we construct a permutation u’ such that u’ <, {u’ and w;(«') = {u’ # 0 for
any ' > r.

The above discussion shows the following corollary:

Corollary 1. The monoid 4 (u,p) is precisely
M (ugp) = {ug 1 ¢ € S} U {0},

Moreover, if we let M, (u,p) be the monoid generated by the operator u,y, acting on
r-Bruhat order for a fixed r, we have

My (ugp) = {llg 18 € Soo, lup(§)] < r} U {0}

Here the multiplication in ./ (u,y,) is given by uzu, = ug, if nu <, {nu for some
u and r, and is 0 otherwise.
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3.2 Pieri Operators on r-Bruhat Order

We now introduce some Pieri operators related to the operators u,,. These Pieri
operators are defined in such a way that they mimic the multiplication of a Schubert
polynomial by the homogeneous symmetric polynomial A (x1, ..., x;).

A permutation v € %5 such that v(1) < v(2) < --- < v(r) and v(r + 1) <
v(r+2) < --- iscalled r-grassmannian. Any partition A = A; > A, > ---> 1, >0
with at most r non-zero parts defines a unique r-grassmannian permutation

viA,r)=[A + LA, +2,..., A +rv(r+1),...],

where v(r + 1) < v(r + 2) < --- are the positive integers notin {A, + 1,4,y +
2,...,A1 + r}. As seen in [23,24], for any such partition A we have that the Schur
polynomial Sy (xy, x2, ..., x,) is equal to the Schubert polynomial

S = Si(x1, X2, ..., xp).

In particular, the homogeneous polynomial /hg(xy,...,x,) is the Schubert
polynomial &,x),. The multiplication of an arbitrary Schubert polynomial by
hi(xy,...,x,) is known as the Pieri formula for Schubert polynomials. It was
originally stated as a theorem by Lascoux and Schiitzenberger [23] with a very brief
outline of a proof. Sottile later proved this formula geometrically and clarified the
history for us [28]. Using the operators u,; on the r-Bruhat order, this can be stated
as follows.

Suhi(x1..... %) = GGty = Y _ Gy, (13)

where the sum is over all w >, u such that ug,p, - Ug,p, 04,5, () = w for some
by < by < --- < bi. Itis known (see [7, 8]) that in such interval [u, w],, there must
be a chain from u to w that is increasing in the sense that u,, p, -« - Uy, p, g p, () = W
with by < by < --- < bg. Such a chain, when it exists, is unique among all saturated
chains in [u, w],.

We now introduce series Hj similar to Sect.2.2 that will commute with each
other and encode the Pieri formula for Schubert polynomials. Let

Hy= ) Uapy - UapbyUayp. (14)

by <by<-<by
aj <b;

Many of the terms in this sum are zero, the non-zero terms have a very special
form. In [23], we see that it is important to look at the disjoint decomposition
of ¢ into disjoint cycles. In the next proposition we describe the u; appearing in
Hj, and the structure of the disjoint cycles. For { € Y%, let { = CCy---C;
be the decomposition of ¢ in disjoint non-trivial cycles. There are only finitely
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many non-fixed points, so only finitely many non-trivial cycles. Given a cycle
C = (c1,¢2,...,Cm), we say that C is increasing if ¢,, < ¢p—1 < -+ < c1. Given
two disjoint increasing cycles C = (c1,¢2,...,¢y,) and C' = (c],¢5. ..., c)) we
say that they are totally disjoint if any of the following happens

L. [em.ci] N e),ci] =9, or
2. [em, el N{cl ey, .o cpy =0, or
3. [ep.cflnfer e, em) = 0.

In case (1), the two cycles have support in disjoint intervals. In cases (2) and (3), If
the intervals intersect, their intersection must fall between two successive elements
in the support of the other cycles. For C = (c1,¢2,...,¢p) let |C| = m — 1.
For { = C,C;---C; a product of totally disjoint increasing cycles such that k =
> i1 ICi|l, we say that ¢ is k-increasing.

Proposition 4.
H, k= Z U,
¢

where ¢ runs over k-increasing permutations.

Proof. We proceed by induction on k. The result is clear for k = 1. Assume the

result is true for any non-zero product Wy = Ug,_ p,_, ** - Uayp,Ug,p, Such that by <
by < ... < br—1. We assume that uy = uc,uc, ---uc, where { = C;C;---C; are
totally disjoint increasing cycles. For C = (cy, ¢z, . . ., ¢;y), an increasing cycle, we

have uc = gy, Uese, *** Ue, e, - A careful analysis of the relation (11) shows that
for totally disjoint increasing cycles C;C; - - - Cy, the operators uc, and uc; commute
fori # j. We will assume that a;—; and bx_; belong to the cycle C;.

We investigate what happens when we perform a non-zero product uy, s, Uy
where by > by_y. If ap > by_1, then (b, ay) is a new increasing cycle totally
disjoint from any cycle of {’. If ay = by—1, then ay, by increases the cycle C; of ¢’
and is still totally disjoint from the other cycles of ¢’.

If ap < by—y, then from (11)—(4) we must have a; < ax—; and the operators
Uy p Ugy_ b, 7 0 commute. Let C; = (cy,¢2,...,¢p) and recall that we have
br—1 = c¢1 and ax—; = ¢. We have uc, = Ueye,Uese, ***Ueype,—, and by > by =
¢y > ¢; forall i. Since ax < ax—; = ¢y, then U, 4, Uy, # 0 implies a; < c3 and
U, 5, Uy, commutes. Continuing this process, we find that u, 5, 0c, = Uc, Uy 5, 7
0and a; < ¢, < ¢1 < bg. This means C; and (by, ay ) are totally disjoint increasing
cycles. We have

Ug p Uy = Uc Uy p Uc, «* - UC -

From the induction hypothesis, the result holds for u,, 5, uc, - - - uc, and decomposes
into totally disjoint increasing cycles. Moreover C; will be totally disjoint from the
cycles of (brax)C, - - - Cy.
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As in Corollary 1, the expression in Proposition 4 is valid as long as we consider
all possible r-Bruhat orders for r > 1. If we fix r, then most of the u; in Hy will
act as zero on the r-Bruhat order. For a fixed r, we see that Hy: Z.Yo — Z.Y 1S a
well defined operator on the r-Bruhat order. From Corollary 1, for a fixed r,

Hk = Z .

¢ is k-increasing

lup®l=r

By definition of Hy and Eq. (13), we have

Hw= Y u <=  Gulx,...x)= ) 6,

w1 keincreasing wu™ ! koincreasing

This implies that

HyH,(w) =", dv’:,(a!b)u
= Guwha(x1, .. x)hp(xr, . ox) =30, dy G
(15)
In particular, for all w we have H, H,(w) = H,H,(w) since h,h, = hph,. The
result below is not as well known as Theorem 1.

Theorem 3. The algebra B(H}) spanned by {H,, H,, H3, ...} as operators on the
r-Bruhat order for r > 0 is isomorphic to Sym.

Proof. As we multiply H, Hy, and Hy, H,, some terms will go to zero and others will
survive. The terms that survive in H, Hj are of the form

u, = ucu,

where ¢ is a-increasing and 7 is b-increasing. Let d{;,b) be the coefficient of u,, in
H,Hy. From Corollary 1, for any w € .5, we can find u# and an r > 0 such that
u,(u) =v # 0. So d(vgyb) is the coefficient of v in H, Hy(u). From (15), for all w,
we have

(a5 = Coeff of vin Hy Hy(u) = Coeff of vin Hy H,(u) = dg .

Hence H,H, = Hy,H,.

The algebra B{H}) is clearly spanned by Hy = H), --- H,, where A runs over
all partitions. To show the isomorphism with Sym, we only need to show that the
H, are linearly independent. Let r > £(1). Using (15), we have that Hy(Id) =
» u d f v, where v, is the unique grassmannian permutation defined by v(v,,r) =

w and the d satisfy

ha(xr,.x) =Y dlsu(xi....x).
w
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If we have a finite linear combination @ = ), ¢ Hy, then for r > max{{(1) :
¢y # 0} we have that @(Id) corresponds to the symmetric function ), ¢ /. This
is zero if and only if all ¢} = 0. O

As in Sect.2.4, let (v,w) = §,,, define a scalar product on Z.%. For a fixed
r > 0 and u <, w, we define the quasisymmetric function

Ky, = D (Ha(u), w) M. (16)

o

As before, since H,H, = HpH,, the function Kj,,), is in fact a symmetric
function. As shown in [9, 10], we have the following theorem:

Theorem 4.

K, = Z(Ra (), w) Fy = Z cl:t:v(lt,r)slt )
w

o

where c;Vv( ) are defined in (9). Moreover for a a composition of n we have that
(Ry (1), w) counts the number of paths in the r-Bruhat order %, from u to w of the

formug,p, -+ Ug,p,U4,p, Where bj > b,y if and only ifi € D(x).

n

Example 3. Using the chains in (12) and Theorem 4 we can compute the quasisym-
metric function associated to this interval and we get

Ki142635,356124; = Fi3 + Fio1 + Foo + Fiio + Fio1 + F31 + Forp + Fa
= 831 + S» + Saui.

Remark 4. The monoid generated by the operators u,;, does not satisfy relations that
resemble (6), hence we cannot use the work of Fomin and Greene to conclude that
Kju,w), 1s symmetric nor deduce a combinatorial rule for constructing the coefficient
CI‘ZV( ) in K|, ),. In fact all known attempts to give such a rule so far have failed.
In the next section we outline how it is shown combinatorially in [1] that the
coefficients are positive (without giving an explicit rule in all cases) using techniques
developed by [2].

3.3 Combinatorial Proof of Positivity of ¢} | (or)

Let Comp, denote the set of compositions of 7. Given a finite family of objects €
and a function «: ¢ — Comp,, we can define a quasisymmetric function as follows

Kg =Y Faw-
X€€
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The function K|, of Theorem 4 is clearly of this form. In that case ¥ is the set of
saturated chains u,,p, - - - Wg,p,Uq,p, in the interval [u, w], and @ = a(ug,p, « - Ugyh,
u,,5,) is the unique composition where b; > b,y if and only if i € D(«x).

Assaf [2] develops new combinatorial techniques to show that quasisymmetric
functions of the form K are symmetric with a positive expansion in terms of Schur
functions. To this end one must construct partially commuting involutions ¢;: € —
% for 1 <i < n satisfying a set of axioms. When %’ consists of words (or saturated
chains), the involutions ¢; can be viewed as an analogue of the dual Knuth relations.
In [1] we have defined such involution ¢; on the set of chains of [u, w],. Given a
chain x = wg,p, - Uap,Ua,p,, the involution ¢; will only affect the three entries
Wy, by Wb Uy by - We set ¢ (x) = x if and only if |D(a(x)) Nn{i—1, i}| # 1.
When |D(a(x)) Nn{i—1, i}| = 1, the entries Wy, 5, U5, Uq;_ 5, OF X can be one
of twelve cases. To define ¢;, we match the twelves cases as follows:

(A) Uy UgaUgp <> UgqUy Ugp,

UgpUgUye <> Ugplly, Uy, if{a,a} N{c,y} =W@anda < b <c,
B) upeu,uy < UL,

Uy UgpUpe <> UpeUpgUye, ifa<b<c<d,
© UgpUgqUge <> UgqUacUgh,

Uy UgUgp <> UgpUgeUgq, if{a,a,c}N{b,B} =0@anda < b < c.

This matching is completely determined by the relations in (11). We see them as
the analogue of the dual Knuth relations for this problem. Instead of using the
relation (11) one can investigate the free monoid spanned by the u,;, modulo the
dual Knuth relations above. Under certain axioms described in [1,2], the component
of the equivalent classes of these relations will be combinatorially symmetric and
Schur positive. To our knowledge this is the best we can do so far, and is the best
generalization of the work of Fomin and Greene.

4 k-Schur Functions

In this section we present a monoid of operators for which much less is known
but that is expected to behave as in Sect. 3. This monoid is related to the so-called
k-Schur functions [18,21]. This time we will define operators on the Bruhat order
of the k-affine symmetric group. The operators we define will be related to the
multiplication of dual k-Schur functions. There are still many open questions in this
case, but we will present our program and we believe that it can be solved in the
same spirit as in Sect. 3. There is another order one may consider on the k-affine
symmetric group, namely the weak order. The operators corresponding to the weak
order are related to the multiplication of k-Schur functions, but we will discuss only
briefly the difficulties which arise in this situation.

The k-Schur functions were originally defined combinatorially in terms of
k-atoms, and conjecturally provide a positive decomposition of the Macdonald
polynomials [21]. These functions have several definitions and it is conjectural
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that they are equivalent (see [18]). In this paper we will adopt the definition given
by the k-Pieri rule and k-tableaux (see [18,20]) since this gives us a relation with
the homology and cohomology of the affine grassmannians and we therefore get
positivity in their structure constants.

Different objects index k-Schur functions: 0-grassmannian in k-affine permuta-
tions, k + 1-cores, k-bounded partitions. Originally (as in [21]), k-Schur functions
were indexed by k-bounded partitions A = (A1, A4,,...,A¢) where A; < k. These
partitions are in bijection with k + 1-cores (see [19]). By definition, k 4 1-cores
are integer partitions ;£ = (¢1, U2, - - . , i) With no hook of length k 4 1. To close
the loop, in [13] it is shown that k + 1-cores are in bijection with 0—grassmannian
permutations in the k-affine symmetric group (see [6, 18]).

4.1 Affine Symmetric Group

The k-affine symmetric group W = A; is generated by reflections s; for i €
{0,1,...,k}, subject to the relations:
Si = 1; SiSi4+18i = Si4+15iSi+1, $i8; = 8;8; if i —j 75 ﬂ:l,

where i — j and i + 1 are understood to be taken modulo k + 1. Let w € W and
denote its length by £(w), given by the minimal number of generators needed to
write a reduced expression for w. We let W, denote the parabolic subgroup obtained
from W by removing the generator sq. This is naturally isomorphic to the symmetric
group Sk 4. For more details on the affine symmetric group see [13].

Let u € W be an affine permutation. This permutation can be represented using
window notation. That is, u can be seen as a bijection from Z to Z, so that if u; is
the image of the integer i under u, then it can be seen as a sequence:

W=-eelu_g -+ u_yuo|uy s+ Upgr| Uk Ukg3 oo Unkgo| e
—

main window

Moreover, u satisfies the property that u; 441 = u; +k + 1 for all i, and the sum of
the entries in the main window u; + uy + -+ + U1 = (k“sz). Notice that in view
of the first property, u is completely determined by the entries in the main window.
In this notation, the generator u = s; is the permutation such that u; y,k+1) =
i+1+m(k+1)and u;y14m@E+1) =i +m(k+1) forallm,and u; = j for all other
values. The multiplication uw of permutations u, w in W is the usual composition
given by (uw); = u,, . In view of this, the parabolic subgroup W, corresponds to the
u € W such that the numbers {1, 2, ...,k + 1} appear in the main window.

Now, let W denote the set of minimal length coset representatives of W/ W,.
In this paper we take right coset representatives, although left coset representatives
could be taken as well. The set of permutations in W are the affine grassmannian
permutations of W, or 0-grassmannians for short.
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Definition 1. The affine 0-grassmannians W are the permutations u € W such
that the numbers 1,2, ...,k + 1 appear from left to right in the sequence u.

Example 4. Letk = 4 and

u=---13215123604/781159|-~
N ——
main window

where i stands for —i . By convention we say that 0 is negative. This permutation u is
0-grassmannian and it corresponds to the 5-core u = (4, 1, 1). The correspondence
is easy to see from the window notation. We just need to read the sequence of entries
of u, drawing a vertical step down for each negative entry, and an horizontal step
right for each positive entry. The result is the diagram of w:

(o]

—

(=1}

4.2 k-Schur Functions and Weak Order

As previously mentioned, O-grassmannian permutations index k-Schur functions,
which we denote by S,Ek) for some u € W°.

Given u € W, we say that u <,, us; is a cover for the weak order if £(us;) =
£(u) + 1. The weak order on W is the transitive closure of these covers. We can
define operators

s;i ZWO —  ZW9,
17
us; if u <, us; an

Ur— .
0 otherwise

on the weak order of W restricted to W°. The definition and multiplication of
k-Schur functions is based on the operators s; so it is worthwhile to study the
monoid they generate. As we will see in Example 5 there are difficulties with the
behavior of this case which make it very difficult at this point to understand its
combinatorics. For this reason, we will quickly turn our attention to the dual k-Schur
after Example 5.
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The Pieri rule for k-Schur functions is described by certain chains in the weak
order of W restricted to W°. This result is given in [17,18,20]. A saturated chain
w =s; ---S;8; (1) in an interval [u, w],, of the weak order restricted to W gives
us a sequence of labels (i, i,...,i,). We say that the sequence (i1, iz,...,0;) is
cyclically increasing if i1, i3, . . ., i, lies clockwise on a clock with hours 0, 1, ...,k
and if the min{j : 0 < j < k; j ¢ {i1.io.....in}} lies between i, and ij.
In particular we must have 1 < m < k. Now, to express the Pieri rule, we first
remark that for 1 < m < k, the homogeneous symmetric function %,, corresponds
to the k-Schur function Sv(ﬁ;) where v(m) is a 0-grassmannian whose main window
is givenby |2 --- m O m + 1 --- k k + 2|. Then, the multiplication of a k-Schur
function S,Sk) by a homogeneous symmetric function #,, is given by

() - Z (k)
S, hy, = SS[m-~-S[ZS[1 W (18)
(i1.i2,....im) cyclically increasing

Sipy "'Sin Si| ()70

Iterating Eq. (18) one can easily see that

hy= Y Kp.SP (19)

is a triangular relation [20]. One way to define k-Schur functions is to start with
Eq. (18) as a rule, and define them as follows.

Definition 2. The k-Schur functions are the unique symmetric functions S ®
obtained by inverting the matrix [K, ,] obtained from (19) above.

It is clear that we can define a Pieri operator
Hm = § Sim ”'sizsil )
(i1.i2,...,im) cyclically increasing

for 1 < m < k. Again we can show that H, H; = Hj, H, and define K|, ,;, using
the original definition. The example below shows the main problems we have with
this function.

Example 5. Letk = 2andu = |0 2 4. We consider the interval [u, w],, in the
weak order restricted to W°, where w = |3 4 5|. This interval is a single chain
w = §¢8,8; (). In this case, we remark that

(HiH H(u),w) = (Hi Hy(u),w) = (HyH(u),w) = 1

are the only nonzero entries in Kj,,,), and we get

K, = Mi1 + My + My
=Fp+ F—Fig
= 821 — S
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This small example shows some of the behavior of the (quasi)symmetric function
Ky, for the weak order of W. In general, it is neither F-positive nor Schur
positive. Although, these functions contain some information about the structure
constants, it is not enough to fully understand them combinatorially. In particular,
these functions lack some of the properties needed to use the theory developed
in [2]. The functions K[, were first defined in [10,26] but the combinatorial
expansion in terms of Schur functions is still open.

4.3 Dual k-Schur Functions

Recall that Sym = Z[hy, hy, . ..] is the Hopf algebra of symmetric functions. The
space of k-Schur functions S’y m ) can be seen as a subalgebra of Sym spanned by
Zhy, hy, ..., hi]. In fact, it is a Hopf subalgebra whose comultiplication defined in
the homogeneous basis is given by

Al = 3y ®

i=0

and extended algebraically. The degree map is given by deg(h,,) = m. The space
Sym is a self dual Hopf algebra where the Schur functions S, form a self dual basis
under the pairing (hy,m,) = & 4.

The map dual to the inclusion Symg) < Sym, is a projection Sym —>
Sym®, where Sym®) = Sym, is the graded dual of Sym. It can be checked
that the kernel of this projection is the linear span of {m, : A, > k}, hence

Sym® =~ Sym/(my: A1 > k).

The graded dual basis to SL(,k) will be denoted here by 6,(41{) = S;k)* which are also
known as the affine Stanley symmetric functions. The multiplication of the dual k-

Schur 6,(4]{) is described in terms of operator on the affine Bruhat order, as we will
see in the next section.

4.4 Affine Bruhat Order

For b—a < k, lett,; be the transposition in W such that for all m € Z, it transposes
a+ m(k + 1) and b + m(k + 1). The affine Bruhat order is given by its covering
relation. Namely, for u € W, we have u < ut, ; is a cover in the affine Bruhat order
if L(ut,p) = L(u) + 1.
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Proposition 5 (see [13]). Foru € W and b —a < k, we have that u < ut,, is a
cover in the Bruhat order if and only if u(a) < u(b) and for alla < i < b we have
u(i) < u(a) oru(@) > u(b).

Notice thatifa’ = a +m(k + 1) and b’ = b+m(k + 1) then t,r jy = t,,, therefore,
many different choices of a and b give the same covering as long as they satisfy the
conditions of the proposition. The affine 0-Bruhat order arises as a suborder of the
Bruhat order. We define it by its covers. For u € W, we get a covering u <q ut,p, if
there exists a transposition #, 5, satisfying Proposition 5 and also u(a) < 0 < u(b).
As previously noted, a transposition 7,/ 5 satisfying the same conditions as 7, ; gives
the same affine Bruhat covering relation as long as ¢’ = a, b’ = b modulo k + 1.
In view of this, we introduce operators on the affine 0-Bruhat order restricted to WP,
To keep track of the distinct a, b such that u < ut, 5 is an affine 0-Bruhat covering
for a given u. For any b —a < k, let

ty: ZWO —  ZWO,

20
ut,p ifu <ut,p and u(a) <0 < u(b) (20)
0 otherwise.

We write these operators as acting on the right: ut,,. Remark now that if ut,;, # 0,
then ut,, = ut, p» # 0 for only finitely many values of m witha’ = a + m(k + 1)
and b’ = b + m(k + 1). To see this, it is enough to notice that there exists m such
that u(a + m(k + 1)) > 0 and m’ such that u(b + m’(k + 1)) < 0.

Example 6. In Fig. 1 below, we have the interval [[6831413|,|8629131]] in the
affine 0-Bruhat graph: In this example we see that there are three operators from
u=16831413|tow = |[8631134|. We have utz; = ut, = ut;z = w labeled by
4,2, 8, respectively. All other operators evaluate to 0. For example utig = 0.

When restricted to O-grassmannian permutations, the affine 0-Bruhat order
behaves well, as shown in the next lemma whose proof (for left coset) can be
consulted in [18, Prop. 2.6]. Therefore, our operators t,;, are well defined.

Lemmad4. Ifut,, = wandu € W°, then we have that w € WP,

At this point, there are a few questions we would like to answer regarding the
monoid . (t,,) generated by the operators t,,. The main questions are:

(I) Can we describe all the relations satisfied by the operators t,, (as in
Proposition 3)?
(D) Is there a combinatorial object that characterizes all the elements of .Z (t,)
(as in Corollary 1)?
(IIT) Can we define Pieri operators H related to the multiplication &,4,,?
(IV) Can we find a good expression for Hy as in Proposition 4?
(V) Is the algebra spanned by the Hj isomorphic Sym ) (as in Theorem 1)?
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8629131

SN

8621139| [6829131| 862911 |8634131]

/m

|8631134| [6821139| [6829113| [8621913| [8634113| [6834131|

[8631413| [6831134| [6821913| 6834113

tsz*w;tk 76

.81T223737(6831

main

Fig. 1 The interval [[6831413],[8629131]]

(VI) What is the analogue of Theorem 47
(VII) Can we show combinatorially the positivity of the structure constants in the
product &, 4, as done in Sect. 3.3?

We have some partial answers to question (I) that we will discuss next. Questions
(I) and (IV) seem very difficult at this point and are still open. Questions (III), (V)
and (VI) are done in the literature (see [5, 17]), although (V) is not stated as it is
here. We are in the process of solving question (VII); this involves analyzing 3, 4, 5,
and 6-tuples of the operators t,;,. The number of possibilities are much greater than
the situation in Sect. 3.3 and will be available in subsequent work.

4.5 Relations of the Operators t,,

The purpose of this section is to understand some of the relations satisfied by the
t., operators restricted to W°. Our main goal at this point is not to understand
all the defining relations, but to find enough that will allow us to answer question
(VII). Answering question (II) is a very worthwhile project for future work. Most
of the relations we present here were given and proven in [5]. The relations depend
on the following data: for t,;, we need to consider a, b, a, b where @ and b are the
residue modulo k +1 of @ and b respectively. Remark that@ # b since b—a < k+1.
Let u € W° Lemma 4 implies that, if non-zero, ut,; and ut,pt.; are both in wo.
The different relations satisfied by the operators t,;, and t.; depend on the relation
among a, E, c, d. For this reason it is useful to visualize these operators as follows.
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utabted } t
| H1+ H1+111
Mtuh + +
0 - —H —Haaa I
u t t
¢ d - a b
main

Above the permutation u, the operator t,; is represented by drawing a bold line
connecting positions a, b and repeating this pattern to the left and to the right in
all positions congruent to a, b modulo k 4+ 1. Next we apply t.; to the resulting
permutation, drawing a bold line connecting positions ¢, d and repeating that pattern
modulo k& + 1. The importance of visualizing not only the bold line but the dotted
ones as well, relies on the fact that even if in the diagram, the line representing t,;
does not intersect the line representing t.,, their “virtual” copies (or dotted copies)
might intersect and this will determine the commutation relation satisfied by these
operators. Therefore, it will be important to consider the pattern produced by these
two operators in the main window.

With these definitions in mind we present some of the relations satisfied by the t
operators restricted to W (there are less relations if we consider all of W).

A)  tupted = teata ifa,b,¢,d are distinct.

B1) tyt.y =t t,y, =0 ifa<c<b<d)or(b=candd—a >k+1).
B2) typty =0 if@=candb <d)or(b =d and c < a).

B3) typty =0 ifb=cora=d)and(d —c+b—a>k+1).

There are more possible zeros than what we present in (B). If the numbers a, b, ¢, d

are not distinct, then we musthave b = cord = a.If b =c¢,thend —a <k + 1
in view of (B). Similarly if d = athenb —c <k + 1.

©)  tuptpy = tuptp——14 ifd —a=k+1,

if d —a < k + 1 then there is no relation between t,t,; and t,,t,,. Now we look at
the cases t,pt.s where a, b, ¢, d are distinct but some equalities exists between @, b
and ¢, d. By symmetry of the relation we will assume that b < d, which (excluding
(B)) implies thata < b <c < d.

D) toptea =tis—1cthk—1a iftb=¢,d =aand (b—a)+(d—c) = k+1.
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All the relations above are local. This means that if t,,t.; = t. t,p, then
la’ —al, |b" —b|, |c’ —c| and |d’ — d| are strictly less than k + 1. For example, in
(D) we have |b —k —1—al, |a —b|,|d —k — 1 —c| and |c — d| which are strictly
less than k& + 1.

Remark 5. The relations we care about in this paper and its sequel are all local.
There are some relations that are not local:

tapted = ta—k—1p—k—1tcd = tatkt1b+k+1tea,
if c < a < b < d. The full description of the relations of the operators t is rather
complicated. It would take too much space here and are not all understood.
We now consider some more relations of length three:

(E1)  tytogtee = tpatapty, ifa<b<c<d,
(E2)  ty tegtye = tpetaptpa ifa<b<c<d.

additionally we have
F)  tpetaptpe = toptpetyy = 0 ifa<b<candc—a<k+1.

Remark 6. If we fix a permutation u we can derive more relations of length 2. Let
r=\b—al+|d—c|:

(X1) utypteq = uty cqrtp—rg ifr <k+1, E =a, u(c) <0andu(d) <0,
(X2) utypteq = ut gtp—rp ifr<k+1, g =a and u(d) > 0,
(X3) utypteq = uty—, gtqp ifr <k+ 1,_b =candu(a+r) <0,

X4) utptoq = uty—r oty atr ifr <k+1,b=c¢c, u(bp)>0andu(a+r) >0,
(X5) utypteg = uteagtypre—q  ifb=d, b—a>d—candu(d —b+a) >0,
(X6) utypteq = uteg_pyatey ifb=d, b—a<d—candu(a)<O0.

In the (X) relations, the conditions we impose on u are minimal to assure that both
sides of the equality are non-zero. These conditions are not given by the definition
of the operators t,;. For example in (X1), the left hand side is non-zero regardless
of the value of u(d) but to guarantee that the right hand side is non-zero, we must
have u(d) < 0. This shows that as operators t,pt.y 7 tyctrth—rq.

4.6 Multiplication of Dual k-Schur

For dual k-Schur functions 65,"), the analogue of the Pieri formula (18) is given by

k — (k)
SWhyi= Y Sl et 1

m”] b1 "tambm #0
by <by<-<bpm
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where the sum is over all increasing paths b; < b, < --- < b, starting at u [18].
Since the Pieri formula is encoded by increasing composition of operators in the
affine 0-Bruhat order restricted to W%, we can define Pieri operators similar to
Eq. (14) using increasing composition of operators t,,. We can then define a Pieri
operator

Hm = Z ta]bl tazbz e tamhm . (22)

by <by<-<by
a; <b;

Many terms in this sum may be zero. At this point we do not have a good description
of the terms that survive or how to express the non-zero terms as in Proposition 4.
The definition of the operator H,, in this case allows us to see that

By definition of Hy and Eq. (21), we have

wHyH, =3, dv’j’(a’b)u

23
= Suhahy = ¥, d" G- =

In particular, for all w we have H, H,(w) = H, Hy(w) since h,hy = hph,.

Theorem 5. The algebra B(H}) spanned by {H1, H, ..., Hy} as operators on the
k-affine Bruhat order restricted to W° is isomorphic to S Ym).

Proof. As we multiply H,, H, and H, H,,, some terms go to zero and others survive.
The terms that survive in H,, H,, are of the form

® = taptarh, tab, teiditere, o ta,h, -

where by < b, < ... <brandd; <d, < ... <d,. Let d((fz,b) be the coefficient of

w in H,, H,. Since w # 0, there is a u € W9 such that uw = v # 0. As before, for
all w, we have

d(‘Z_,b) = Coeff of vin H, Hy(u) = Coeff of vin Hy H,(u) = d(‘z_a).

Hence H,H, = HyH,,.

The algebra B(H) is clearly spanned by H, = H,, --- H,, where A runs over
all partitions. Again, we only need to show that the H,’s are linearly independent.
Using the definition of the H,,, we have that [dH), = > M a’f v, where v, is the

unique 0-grassmannian permutation with shape p and the d AM satisfy

h(xy,...,x,) = des,t(xl,...,x,).
m

As we have seen in the proof of Theorem 3 this implies the linear independence of
the H,. O
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As in Sect. 2.4, let {v,w) = §,,,, define a scalar product on ZW°. Forau < w in
the 0-Bruhat order, we define the quasisymmetric function

Kiwy = Y _(uHy w)M,. (24)

o

Again, since H, H, = Hy, H,, the function K|, is in fact a symmetric function. As
shown in [5,10]

Theorem 6.

Kuw = Z(uRa,w)Fa = Zc;fﬂsu,

o n

where ¢,/ are defined by
W5, =Y cn, 6%
w

Moreover for o« a composition of n, we have that (uR,,w) count the number of
compositions @ = tg,p,tarb, ** * ta,p,, Such that uw = w and b; > b; 1, if and only if
i € D().

Example 7. Considering the interval [u,w] = [|6831413|,|8629131]] from
Example 6. The total number of composition of operators is 240. In this case

Kpw) = 9F 1111 + 30Fi12 + 51 F121 + 30F13 + 30F1 + 51F% 4+ 30F3; + 9F,
is symmetric and the expansion in term of Schur functions is positive

Kiuw) = 984 + 30831 + 2182 + 308211 + 981111 -

4.7 Comments on the Combinatorial Proof
of the Positivity of ¢, ,

If one considers an interval [u, w] of rank 3 and computes K|, then by Theorem 24
the coefficient of F>; and F, must be the same in K|, ,,j. This means that every time
we have a descent followed by an ascent in a chain, we must have another chain
with an ascent followed by a descent. This should be reflected in relations like (X)
and could depend on u. To achieve a result similar to [1] for K[, one needs first
to build a full set of relations of length 3 that pairs every ascent-descent type to a
descent-ascent. This cannot be done independently from u. The purpose of this will
be to define Dual-Knuth operations on the maximal chains in intervals [u, w] in order
to construct dual graphs as in [2].
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We give here a partial list of the relations of length 3 that would be the analogue
for dual k-Schur of (A)—(B)—(C) in Sect.3.3. The complete full list of 3-relations
needed is too long for this survey. In future work, we will need to show that the
corresponding ¢; defined by those relations satisfy the axioms of [2]. This is a long
analysis that will appear in subsequent work. This will show that the monoid defined
by the t,; behaves like the monoid of Sect. 3, even if it does not satisfy the Fomin and
Greene’s hypothesis. This shows that these monoids are worthwhile to investigate.

We have already listed some of the relations satisfied by triplets of operators t;.
Relations (A),(E1),(E2),(F) resemble the relations listed in (11). However, as noted
before in the case of the operators t,;,, more relations can be derived making the
analysis of relations much more complex than the u,; operators.

(1a) tapteatee = toctup—je—eltea, ifa <b<e<c<danda=d <é<b=¢
(1D) tepteatee =t 45, tec, ifa<b<e<c<danda = cz = é b=c¢
(Ie) tapteateyr = tostapteq, ifa<b<c<e< f<danda= d, b

(1d) toptpetyy = taptaatae, ifa<d<b<canda=c¢

(le) toptpetay = taptp—mc—mtap, ifa=d <b<canda=c¢,m=k+1

In analogy with relations (X1)—(X6), let us list more relations that depend on the
permutation u we apply them to. Letr = |d —c| 4+ |b —a| <k + 1

utyctstp—sater, ifa<b<e< f=<c<d,a= d, u(c) <0,
u(d) <0

(2b) utapteater = uteatp—rptes, ifa<b<e<f<c<d,a=d,uld)>0

(Ba) utgpteater = utg— tpoi,rter, ifa<b<e< f<c<d, b=2¢,e>d,
u(a +r)>ub) >0

(3b) utgpteater = uty—ratopter, ifa<b<e< f<c<d, b= c,e> cf,
ua+r)<0

(4a) utgpteater = utoptoet.—jp—ej g, ifa<e<b<c<d, b=¢,e>a,
u(a+r)>ul) >0

(4D) utoptoete—jp—eja = Utepta—ratep, ifa <e <b <c <d, b= c,e >a,

u@+r) <0

(2a) utyptoater

If the reader represents these relations as a system of bars, they can be interpreted
as exchanging an ascent-descent by a descent-ascent. As an example, putting b’ =
— |¢ — e] in relation (1a) we can represent it graphically as

Next we list more ascent-descent relations equivalent to descent-ascent. This is
not an exhaustive list but it gives a good sense of the behaviour of these operators.
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(6a) utegtipteq = utepte g—ja—eltea, ifc <d <e<a<b,c<e, a= d,
ub—-r)<0

(6b) utoatpteq = utopte o, tyy, ifc<d<e<a<bé<e a=d,
ub—-r)>0

(6¢) uteatupteq = uteptycirtyra, ifc <d<e<a<bé>é a=d,
ub—r) <0

(6d) uteatapteq = utopty—rotp oy, ifc<d <e<a<b,c#e< 1, b=0¢,
u(c) >0

(6) uteatupteq = uteptegtoasr, ifc<d<e<a<b,é#é<d, b=2¢,
u(c) <0

We encourage the reader to draw the corresponding diagrams of the given
relations together with their virtual copies in order to realize what these relations
look like and understand better the interaction of these triplets. A full understanding
of the relations satisfied by tuples of the operators t,; will lead us to describe
connected components of these relations. This is work in progress that we aim to
use, for instance, to solve question (VII) as stated before.

Remark 7. In a recent paper, Assaf and Billey [3] have constructed involutions ¢;
on the so called star-tableaux. Such involutions preserve the spin statistic. Star-
tableaux are equivalent to non-zero sequences of operators t,; acting on the identity
0-grassmannian permutation /d. These transformations ¢; are strongly related to
the relations we study satisfied by triplets t,;. Showing that these triplets satisfy the
spin statistic as well will in fact give us a much stronger positive result. We expect
to include this as well in future work.
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