Chapter 4
Dynamical Systems with Convex Lyapunov
Functions

4.1 Minimization of Convex Functionals

In this section, which is based on [128], we consider a metric space of sequences
of continuous mappings acting on a bounded, closed and convex subset of a Ba-
nach space, which share a common convex Lyapunov function. We show that for a
generic sequence taken from that space the values of the Lyapunov function along
all trajectories tend to its infimum.

Assume that (X, || - ||) is a Banach space with norm | - ||, K C X is a bounded,
closed and convex subset of X, and f : K — R! is a convex and uniformly contin-
uous function. Set

inf(f) =inf{ f(x) : x € K}.

Observe that this infimum is finite because K is bounded and f is uniformly con-
tinuous. We consider the topological subspace K C X with the relative topology.
Denote by A the set of all continuous self-mappings A : K — K such that

f(Ax) < f(x) forallx € K. “.1)

Later in this chapter (see Sect. 4.4), we construct many such mappings.
For the set A we define a metric p : A x A— R! by

p(A, B)=sup{l|Ax — Bx||:xe K}, A,BeA 4.2)

Clearly, the metric space A is complete. Denote by M the set of all sequences
{A}2, € A. Members {A;}7°,, {B;}72, and {C,}72, of M will occasionally be
denoted by boldface A, B and C, respectively. For the set M we consider the uni-
formity determined by the following base:

E(N, &) ={({A}2 | {B}2) e Mx M:p(A, B)<e,t=1,...,N},

S. Reich, A.J. Zaslavski, Genericity in Nonlinear Analysis, 181
Developments in Mathematics 34, DOI 10.1007/978-1-4614-9533-8_4,
© Springer Science+Business Media New York 2014


http://dx.doi.org/10.1007/978-1-4614-9533-8_4

182 4 Dynamical Systems with Convex Lyapunov Functions

where N is a natural number and ¢ > 0. Clearly the uniform space M is metrizable
(by a metric p,, : M x M — R') and complete (see [80]).

From the point of view of the theory of dynamical systems, each element of
M describes a nonstationary dynamical system with a Lyapunov function f. Also,
some optimization procedures in Banach spaces can be represented by elements of
M (see the first example in Sect. 4.4 and [97, 98]).

In this section we intend to show that for a generic sequence taken from the space
M the values of the Lyapunov function along all trajectories tend to its infimum.

‘We now present the two main results of this section. They were obtained in [128].
Theorem 4.1 deals with sequences of operators (the space M), while Theorem 4.2
is concerned with the stationary case (the space A).

Theorem 4.1 There exists a set F C M, which is a countable intersection of open
and everywhere dense sets in M, such that for each B ={B;}7° | € F the following
assertion holds:

For each & > 0, there exist a neighborhood U of B in M and a natural number
N such that for each C = {C,;}2, € U and each x € K ,

f(Cn - Cix) <inf(f) +e.

Theorem 4.2 There exists a set G C A, which is a countable intersection of open
and everywhere dense sets in A, such that for each B € G the following assertion
holds:

For each & > 0, there exist a neighborhood U of B in A and a natural number
N such that for each C € U and each x € K,

F(CVx) <inf(f) +e.

The following proposition is the key auxiliary result which will be used in the
proofs of these two theorems.

Proposition 4.3 There exists a mapping A, € A with the following property:
Given ¢ > 0, there is 6(¢) > 0 such that for each x € K satisfying f(x) >
inf(f) + ¢, the inequality

fAx) < f(x) —3(e)
is true.

Remark 4.4 If there is x,,i, € K for which f(x,;,) = inf(f), then we can set
Ay(x) =Xy forall x € K.

Section 4.2 contains the proof of Proposition 4.3. Proofs of Theorems 4.1 and 4.2
are given in Sect. 4.3. Section 4.4 is devoted to two examples.
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4.2 Proof of Proposition 4.3

By Remark 4.4, we may assume that
[xeK: f(x)=inf(f)}=0. 4.3)
For each x € K, define an integer p(x) > 1 by
px) = min{i : 1 is a natural number and f(x) > inf(f) + 27! } 4.4)

By (4.3), the function p(x) is well defined for all x € K. Now we will define an
open covering {V, : x € K} of K. For each x € K, there is an open neighborhood
V, of x in K such that:

1F) = f@)| <8771 forallye V, (4.5)
and

if p(x) > 1 then f(y) <inf(f) +27P®* forall y € V,. (4.6)

For each x € K, choose a, € K such that
f(ay) <inf(f) +27P0=9, 4.7
Clearly, | J{Vy :x € K} =K and {V, : x € K} is an open covering of K.
Lemma 4.5 Let x € K. Then forall y € Vi,
y) > 1n + 27 - .
(y) = inf(f) +27707! (4.8)

and

p(y) — p)| < 1. (4.9)

Proof Let y € V. Then (4.8) follows from (4.5) and (4.4). The definition of p(x)
(see (4.4)) and (4.8) imply that p(y) < p(x) + 1. Now we will show that p(y) >
p(x) — 1. Itis sufficient to consider the case p(x) > 1. Then by the definition of V;
(see (4.6)) and (4.4), f(y) < inf(f) + 2P+ and p(y) > p(x). This completes
the proof of the lemma. O

Since metric spaces are paracompact, there is a continuous locally finite parti-
tion of unity {¢}xecx on K subordinated to {V,}ycx (namely, supp ¢ C V, for all
xeKand )  _x¢c(y)=1forall y € K).

For y € K, define

Ay =) (¥, (4.10)
xekK

Clearly, the mapping A, is well defined, A,(K) C K and A, is continuous.
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Lemma 4.6 Foreachye K,
fAy) = f) =277 (4.11)

Proof Let y € K. There is an open neighborhood U of y in K and xq,...,x, € K
such that

{x e K :suppp NU # P} = {x;}1,. (4.12)
‘We have
n
Ay =) ¢y (y)ay,. (4.13)
i=1
We may assume that there is an integer m € {1, ..., n} such that
¢y, (y) >0 ifandonlyif 1<i<m. (4.14)

By (4.12) and (4.14), /" | ¢, (y) = 1. When combined with (4.13) and (4.14), this
implies that

f(A*y)§max{f(axl.):i=1,...,m}. (4.15)
Leti € {1,...,m}. It follows from (4.14) and Lemma 4.5 that

yesuppey, C Vi, and [p(y) — p(xi)| < 1. (4.16)
By (4.7) and (4.16),
flay) <inf(f) +27P00= <inf(f) +27P0)78,

Thus, by (4.15),

f(Asy) <inf(f) 4277078, 4.17)
On the other hand, by (4.4), f(y) > inf(f) + 2P0, Together with (4.17) this im-
plies (4.11). The lemma is proved. 0

Completion of the proof of Proposition 4.3 Clearly, A, € A. Let ¢ > 0 be given.
Choose an integer j > 1 such that 27/ < e.
Let x € K satisfy f(x) > inf(f)+¢. Then by (4.4), p(x) < j and by Lemma 4.6,
fAX) < fl) =277 < oy —27/7 L
This completes the proof of the proposition (with §(¢) =27/~1). O

Remark 4.7 As a matter of fact, if ¢ € (0, 1), then the proof of Proposition 4.3 shows
that it holds with §(¢) = ¢ /4.
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4.3 Proofs of Theorems 4.1 and 4.2

Set
rg =sup{[lx|:x € K} and do=sup{|f(x)|:x€K}. (4.18)

Let A, € A be one of the mappings the existence of which is guaranteed by Propo-
sition 4.3. For each {A;}7°, € M and each y € (0, 1), we define a sequence of
mappingsAg/ K-> K,t=1,2,...,by

Alx=(1—-p)Ax+yAx, xeK,t=1,2,.... (4.19)
It is easy to see that for each {A;};°, € M and each y € (0, 1),
{AV} 2, eM and p(A], A) <2yrk, t=12,.... (4.20)

We may assume that the function §(¢) of Proposition 4.3 satisfies §(¢) < ¢ for all
e>0.

Lemma 4.8 Assume that e,y € (0, 1), {At}fil € M and let an integer N > 4 sat-
isfy
27INys(e) > 2dy + 1. 4.21)

Then there exists a number A > 0 such that for each sequence {B,}fv= | C A satisfy-
ing
p(B,A])<A, t=1,...,N, (4.22)

it follows that, for each x € K,
f(By -+ B1x) <inf(f) +e. (4.23)

Proof Since the function f is uniformly continuous, there is A € (0, 16718(¢)) such
that

|fO) = fF)| <167 1ys(e) (4.24)

for each yi, y» € K satisfying ||y; — y2|| < A.

Assume that {Bt}iv= | C A satisfies (4.22) and that x € K. We now show that
(4.23) holds.

Assume the contrary. Then

fG)>inf(f)+e and f(By---Bix)>inf(f)+e, n=1,....,N. (4.25)

Set

X0 =X, Xt+1=Biy1x;, t=0,1,...,N—1. (4.26)
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For each ¢ > 0 satisfying ¢t < N — 1, it follows from (4.22), (4.26) and the definition
of A (see (4.24)) that

|Bisixi — A x| < A (4.27)
and
| f @) = F(AL %) | = | f(Brrxe) — f(A] %)
<167 1y5(e). (4.28)

By (4.19), (4.25), (4.26), the definition of §(¢) and the properties of the mapping
Ay, we have foreacht =0,...,N — 1,

F(A] %) = (L= P)Arprxe + v Awxy)
< (=) fAx) +vf(Ax) < 1= y) f ) + v (f () = 8(e))
= f(x) —yd(e).
Together with (4.28) this implies that fort =0,..., N — 1,
fQin) <1671y 8(e) + f(x) = yd(e).
By induction we can show that forallr =1,..., N,
f@) < fo) =27y,
Together with (4.21) and (4.18) this implies that
f(By - Bix) = f(xy) < f(x0) =27 'Nys(e)
<dy—2""Nys(e) < —dy— 1 <inf(f) —1.

This obvious contradiction proves (4.23) and the lemma itself. O

By Lemma 4.8, for each A = {A,};’il € M, each y € (0, 1) and each integer
q > 1, there exist an integer N (A, y, ¢) > 4 and an open neighborhood U (A, y, q)
of {Ay 2, in M such that the following property holds:

(a) For each {B/}°, € U(A,y,q) and each x € K,

f(BN(A,y,q) -+ Bix) <inf(f) + 471,
Proof of Theorem 4.1 1t follows from (4.20) that the set
{{Ag/}?i] HANZ e M,y €0, D)
is everywhere dense in M. Define
o
F=U{vA.y.9):Ae M,y €0, D}.
g=1

Clearly, F is a countable intersection of open and everywhere dense sets in M.
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Assume that {B;};°, € F and that ¢ > 0. Choose an integer ¢ > 1 such that
471 <¢. (4.29)
There exist {A;}7°, € M and y € (0, 1) such that
(B2, e U({AZ) v. 9)- (4.30)

It follows from (4.29) and property (a) that for each {C;}{°, € U(A, y, ¢) and each
xeK,

f(Cn@y,g - Cix) <inf(f) + 471 <inf(f) +«.
This completes the proof of Theorem 4.1. g

Proof of Theorem 4.2 For each A € A, define
A=A, t=1,2,.... 4.31)
Clearly, {A,}%°, € M for A € A, and for each A € A and each y € (0, 1),
Alx=(1—yp)Ax+yAx, xeK,t=12, ... (4.32)

(see (4.19)). By property (a) (which follows from Lemma 4.8), for each A € A,
each y € (0, 1) and each integer g > 1, there exist an integer N (A, y,q) >4 and an
open neighborhood U (A, y, g) of the mapping (1 — y)A + y A, in A such that the
following property holds:

(b) Foreach Be U(A, y,q) andeachx € K,

F(BNAYDx) <inf(f) +479.
Clearly, the set

{H=A+yA,:Ac A ye (D)

is everywhere dense in A. Define

g=mU{U(A,V,q):AeA,ye(O,l)},

g=1

It is clear that G is a countable intersection of open and everywhere dense sets in A.
Assume that B € G and ¢ > 0. Choose an integer ¢ > 1 such that (4.29) is valid.
There exist A € A and y € (0, 1) such that B € U(A, y, ¢). It now follows from
(4.29) and property (b) that for each C € U(A, y,q) and each x € K,

F(CNAYDx) <inf(f) +477 <inf(f) +e.

Theorem 4.2 is established. O
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4.4 Examples

Let (X, | - |I) be a Banach space. In this section we consider examples of contin-
uous mappings A : K — K satisfying f(Ax) < f(x) for all x € K, where K is a
bounded, closed and convex subset of X and f : K — R! is a convex function.

Example 4.9 Let f : X — R be a convex uniformly continuous function satisfying
f(x) > o0 as|x|| — oo.

Evidently, the function f is bounded from below. For each real number c, let K. =
{x € X : f(x) <c}. Fix a real number ¢ such that K. # . Clearly, the set K. is
bounded, closed and convex. We assume that the function f is strictly convex on
K., namely,

flax+ (1 —a)y) <af@)+ (1 —a)f(y)

forall x,y € K., x #y,and all « € (0, 1).
Let V : K. — X be any continuous mapping. For each x € K, there is a unique
solution of the following minimization problem:

f(@)—>min, ze{x+aVx):acl0,1]].

This solution will be denoted by Ax. Since f(Ax) < f(x) for all x € K., we con-
clude that A(K,) C K..

We will show that the mapping A : K. — K, is continuous. To this end, con-
sider a sequence {x, }gozl C K. such that lim,_, 5 X, = x,. We intend to show
that lim, . Ax, = Ax,. For each integer n > 1, there is «;, € [0, 1] such that
Ax, = x, + o, Vx,. There is also ay € [0, 1] such that Ax, = x4 + oV (x4). We
may assume without loss of generality that the limit & = lim,,—, 5 &, exists. By the
definition of A,

f(Ax) < fx+aV(x).

Since the function f is strictly convex, to complete the proof it is sufficient to show
that

F(Ax) = f (5 + @V (@) = f (e +@V (x2). (433)

Assume the contrary. Then
im £ (i + 0V () = f (62 + 2V (x2))
< fla+aV(e)) = lim f(x+ oV ),
and for all large enough n,

F(xn + o V() < fxn 4+ V(xn) = f(Axy).
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This contradicts the definition of A. Hence (4.33) is true and the mapping A is
indeed continuous.

Example 4.10 Let K be a bounded, closed and convex subset of X and f: K — R1
be a convex continuous function which is bounded from below. For each xg, x; € K
satisfying f(xo) > f(x1), we will construct a continuous mapping A : K — K such
that f(Ax) < f(x) for all x € K and Ax = x for all x in a neighborhood of x.
Indeed, let xg, x; € K with f(xg) > f(x1). There are numbers rg, &y such that

f(x)—eo> f(x1) forall x € K satisfying ||x — xp|| <ro. 4.34)

Now we define an open covering {V, :x € K} of K. Letx € K. If ||[x — x|l <19
we set

Vi={yeK:lly—xol <ro} and ay=x.
If ||x — xo|| > ro, then there is ry € (0,4’1r0) and a, € K such that
flay) < f(y) forallye{zeK :|z—x| <r}. (4.35)
In this case we set
Vi ={yeK Ay — x|l <rx}.

Clearly, [ J{Vx : x € K} = K. There is a continuous locally finite partition of unity
{éx}xek on K subordinated to {V,},cx (namely, supp ¢, C V, for all x € K). For
y € K, define

Ay=) ¢e(yax.

xekK

Evidently, the mapping A is well defined, A : K — X and A is continuous. Since
erK ¢x(y)=1forall y € K and K is convex, we see that A(K) C K.

We will now show that f(Ay) < f(y) for all y € K and that Ay = x if ||y —
xoll <47 ro.

Let y € K. There are zy, ..., z, € K and a neighborhood U of y in K such that

{ze K:UNsuppo, 0} ={z1,...,2n}-
We have
n n n
Ay=) b (Maz, Y ¢N=1, AN ¢, (0)f(a,). (4.36)
i=1 i=1 i=1
We may assume without loss of generality that there is p € {1, ..., n} such that
¢,;(y) >0 ifandonlyif 1<i<p. (4.37)
Let1<i < p. Then
y €supp ¢y C V, (4.38)
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and by the definition of V;; and a;, (see (4.34) and (4.35)), f(y) > f(a;). When
combined with (4.36) and (4.37), this implies that f(Ay) < f(y).

Assume in addition that ||y — xo|| <4~ 1ry. Then it follows from the definition of
{V;:z€ K} and (4.38) that ||z; — xo|| <ro and a;;, =x; foreachi=1,..., p. By
(4.36) and (4.37), Ay = x;. Thus we have indeed constructed a continuous mapping
A : K — K such that f(Ay) < f(y) for all y € K, and Ay = x| for all y € K
satisfying ||y — xol| <4~ 'ro.

4.5 Normal Mappings

Assume that (X, || - ||) is a Banach space with norm || - ||, K C X is a nonempty,
bounded, closed and convex subset of X, and f : K — R!is a convex and uniformly
continuous function. Set

inf(f) =inf{f(x) :x € K}.

Observe that this infimum is finite because K is bounded and f is uniformly con-
tinuous. We consider the topological subspace K C X with the relative topology.
Denote by A the set of all self-mappings A : K — K such that

f(Ax) < f(x) forallx e K (4.39)

and by A, the set of all continuous mappings A € A. In Sect. 4.4 we constructed
many mappings which belong to A..
We equip the set A with a metric p : A x A — R! defined by

p(A, B)=sup{l|Ax — Bx||:xe K}, A,BeA (4.40)

Clearly, the metric space A is complete and A, is a closed subset of A. In the sequel
we will consider the metric space (A, p). Denote by M the set of all sequences
{A:}72, C A and by M., the set of all sequences {A;}°, C A.. Members {A;}°,,
{B;}72, and {C;}2, of M will occasionally be denoted by boldface A, B and C,
respectively. For the set M we will consider two uniformities and the topologies
induced by them. The first uniformity is determined by the following base:

Ew(N,&)={({A}2 . {B}2)) e M x M:
p(Ar, B) <et=1,...,N}, (4.41)

where N is a natural number and ¢ > 0. Clearly the uniform space M with this
uniformity is metrizable (by a metric p,, : M x M — R')and complete (see [80]).
We equip the set M with the topology induced by this uniformity. This topology
will be called weak and denoted by 7,,. Clearly M, is a closed subset of M with
the weak topology.
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The second uniformity is determined by the following base:
Eg(e) = {({AN2) (B2) eM X M:ip(A, B) et =1}, (442)

where ¢ > 0. Clearly this uniformity is metrizable (by a metric oy : M x M —
R') and complete (see [80]). Denote by 7, the topology induced by this uniformity
in M. Since t; is clearly stronger than t,,, it will be called strong. We consider the
topological subspace M, C M with the relative weak and strong topologies.

In Sects. 4.1-4.3 we showed that for a generic sequence taken from the space
M, the sequence of values of the Lyapunov function f along any trajectory tends
to the infimum of f.

A mapping A € A is called normal if given ¢ > 0, there is §(¢) > 0 such that for
each x € K satisfying f(x) > inf(f) + ¢, the inequality

f(Ax) < f(x) —é(e)

is true.
A sequence {A,};’il € M is called normal if given € > 0, there is §(¢) > 0 such
that for each x € K satisfying f(x) > inf(f) + ¢ and each integer ¢ > 1, the inequal-

1ty
J(Arx) < f(x) —d(e)

holds.

In this chapter we show that a generic element taken from the spaces A, A., M
and M, is normal. This is important because it turns out that the sequence of values
of the Lyapunov function f along any (unrestricted) trajectory of such an element
tends to the infimum of f on K.

Fora € (0,1), A={A;}72,,B={B;}72, € M define vA + (1 —a)B = {a A, +
(1 —a)B}2, e M.

We can easily prove the following fact.

Proposition 4.11 Let @ € (0, 1), A,B € M and let A be normal. Then aA + (1 —
o)B is also normal.

In this chapter we will prove the following results obtained in [63].

Theorem 4.12 Let A = {A;}°, € M be normal and let ¢ > 0. Then there exists a
neighborhood U of A in M with the strong topology and a natural number N such
that for each C = {Ct}?il eU,eachx € K andeachr:{1,2,...} > {1,2,...},

S(Crny -+ Crayx) < inf(f) +&.

Theorem 4.13 Let A = {A;}{°, € M be normal and let ¢ > 0. Then there exists a
neighborhood U of A in M with the weak topology and a natural number N such
that for each C = {C;};7°, € U and each x € K,

f(Cy---Cix) <inf(f)+e.
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Theorem 4.14 There exists a set F C M which is a countable intersection of open
and everywhere dense sets in M with the strong topology and a set F. C F N M,
which is a countable intersection of open and everywhere dense sets in M with the
strong topology such that each A € F is normal.

Theorem 4.15 There exists a set F C A which is a countable intersection of open
and everywhere dense sets in A and a set F. C F N A¢, which is a countable inter-
section of open and everywhere dense sets in A. such that each A € F is normal.

4.6 Existence of a Normal A € A,

If there is x,,;, € K for which f(x;;i,) = inf(f), then we can set A(x) = x,i,, for
all x € K and this A is normal. Therefore in order to show the existence of a normal
A € A, we may assume that

[xeK: f(x)=inf(f)}=0. (4.43)
The existence of a normal A € A, follows from Michael’s selection theorem.

Proposition 4.16 There exists a normal A, € A..

Proof We may assume that (4.43) is true. Define a set-valued map a : K — 2K as
follows: for each x € K, denote by a(x) the closure (in the norm topology of X) of
the set

[yeK:f(y) <27 (fx)+inf(f))}. (4.44)

It is clear that for each x € K, the set a(x) is nonempty, closed and convex. We will
show that a is lower semicontinuous.

Let xop € K, yp € a(xg) and let ¢ > 0 be given. In order to prove that a is lower
semicontinuous, we need to show that there exists a positive number § such that for
each x € K satisfying ||x — xo|| <6,

a@N{yeK:ly—yl <e}#0.
By the definition of a(xg), there exists a point y; € K such that
Fon <271 (f (o) +inf(f)) and fly1 — yoll < /2.

Since the function f is continuous, there is a number § > 0 such that for each x € K
satisfying ||x — xo| < 6,

FO1) <27 (f () +inf(f)).

Hence y; € a(x) by definition. Therefore a is indeed lower semicontinuous. By
Michael’s selection theorem, there exists a continuous mapping A, : K — K such
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that A,x € a(x) for all x € K. It follows from the definition of a (see (4.44)) that
foreach x € K,

f(Ax) <271 (f () +inf(/)).
This implies that A, is normal. This completes the proof of Proposition 4.16. O

4.7 Auxiliary Results

By Proposition 4.16, there exists a normal mapping A, € A.. For each {A;}, € M
and each y € (0, 1), we define a sequence of mappings AY = {A7 2, €Mby

Ag/x:(l—y)A,x—i—yA*x, xeK,t=1,2,.... (4.45)

Clearly, for each A = {A;}?°, € M, and each y € (0, 1), AV € M,. By (4.45) and
Proposition 4.11, A? is normal for each A € M and each y € (0, 1). It is obvious
that for each A € M,

A” - A asy — 07 in the strong topology. (4.46)

Lemma 4.17 Let A = {A;}°, € M be normal and let ¢ > 0 be given. Then there
exist a neighborhood U of A in M with the strong topology and a number § > 0
such that for each B = {B;}°, € U, each x € K satisfying

f(x)>inf(f) +¢ (4.47)
and each integer t > 1,

f(Bix) = f(x)—34.

Proof Since A is normal, there is §o > 0 such that for each integer r > 1 and each
x € K satisfying (4.47),

F(Ax) < f(x) = b0, (4.48)
Since f is uniformly continuous, there is § € (0, 4~184) such that
|fO) = f@] =478 (4.49)
for each y, z € K satisfying ||y — z|| <28. Set
U={BeM: (A B)ecE©))}. (4.50)

Assume that B = {B,};2, € U, let t > 1 be an integer and let x € K satisfy
(4.47). By (4.47) and the definition of &y, (4.48) is true. The definitions of § and U
(see (4.49) and (4.50)) imply that

|A;x — Bix|| <8 and | f(A;x) — f(Bix)| < 80/4.
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When combined with (4.48), this implies that
FBx) < f(x)+4718—80 < f(x) = 6.

This completes the proof of the lemma. g

4.8 Proof of Theorem 4.12

Assume that A = {A;}7°, € M is normal and let & > 0 be given. By Lemma 4.17,
there exist a neighborhood U of A in M with the strong topology and a number
8 > 0 such that the following property holds:

(Pi) Foreach {B}{°, € U, each integer t > 1 and each x € K satisfying (4.47), the
inequality

f(Bix) < f(x)—6 4.51)
holds.

Choose a natural number N > 4 such that

SN >2(s+ 1) +2sup{|f(2)| :z€ K}. (4.52)
Assume that
C={C};2, €U, xeK and r:{1,2,...}—>{1,2,...}. (4.53)
We claim that
F(Crny - Crayx) < inf(f) +-e. (4.54)

Assume the contrary. Then
f(x) > inf(f) + ¢, f(Crpy---Crayx) >inf(f)+e, n=1,...,N. (4.55)
It follows from (4.55), (4.53) and property (Pi) that

F(Crayx) < f(x) =36,
FCra+)Crmy - Crayx) < f(Crmy---Crayx) =8, n=1,...,N—1.

This implies that

fCry- - Crayx) < f(x) = N§ < —2—sup{‘f(z)| :ZGK},

a contradiction. Therefore (4.54) is valid and Theorem 4.12 is proved.
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Assume that A = {A;}7°, € M is normal and let ¢ > 0 be given. Since A is normal,

there is § € (0, 1) such that for each integer ¢ > 1 and each x € K satisfying

fx) = inf(f) +e,

the following inequality is valid:

Jf(Ax) = f(x) =36.
Choose a natural number N > 4 for which

N >48""+45 " sup{| f ()| : z € K }.

Since f is uniformly continuous, there is A € (0, 4’18) such that

[f@ = f»|<87"s
for each y, z € K satisfying ||z — y|| <4A. Set

U={BeM:(AB)€E,N,A)}.
Assume that
C={C}2,€eU and xeKk.

We claim that

f(Cy---Cix) <inf(f) +e.

Assume the contrary. Then

F(x)>inf(f)+e,  f(Cp---Cix)>inf(f)+e, n=1,...

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

4.61)

(4.62)

(4.63)

Define Cp: K — K by Cox =x forall x € K. Let t € {0, ..., N — 1}. It follows

from (4.63) and the definition of § (see (4.56) and (4.57)) that

J(Ar1Cr--- Cox) = f(Ci -+~ Cox) — 6.

(4.64)

The definition of U (see (4.60)) and (4.61) imply that || A;11C; - -- Cox — Cy+1Cy - - -

Cox|| < A. By this inequality and the definition of A (see (4.59)),

| f(A1Cr -+ Cox) = f(Cri1Cr -+~ Cox)| <8715

When combined with (4.64), this implies that

F(Cr1Cr---Cox) < f(Cy---Cox) — 2716,
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Since this inequality is true for all ¢ € {0, ..., N — 1}, we conclude that
f(Cy -+ Cix) < f(x) —27'N8.

Together with (4.58) this implies that

—sup{|f(@)]:ze K} <sup{|f(2)|:ze K} —271sN
<-2-sup{|f(@)|:ze K},

a contradiction. Therefore (4.62) does hold and Theorem 4.13 is proved.

4.10 Proof of Theorem 4.14

Let Ae M, y €(0,1) and let i > 1 be an integer. Consider the sequence AY € M
defined by (4.45). By Proposition 4.11, A is normal. By Lemma 4.17, there ex-
ists an open neighborhood U (A, y, i) of AY in M with the strong topology and a
number §(A, y, i) > 0 such that the following property holds:

(Pii) For each B = {B,}toi1 € U(A, y,i), each integer r > 1 and each x € K satis-
fying f(x) > inf(f) 4+ 277,

f(Bix) < f(x) —8(A, y,0).
Define

F=U{vAa.y.iy:Ae M,y €© 1)} (4.65)

s

I
—_

1

and

Fe= [ﬂU{U(A, y,i):A €My e, 1)}] nMe.

i=1

Clearly, F. C F, F is a countable intersection of open and everywhere dense sets
in M with the strong topology, and . is a countable intersection of open and
everywhere dense sets in M, with the strong topology.

Assume that B = {B,}7°, € 7. We will show that B is normal.

Let ¢ > 0 be given. Choose an integer i > 1 such that

271 <¢/8. (4.66)
By (4.65), there exist A € M and y € (0, 1) such that

BeUA,vy,i). (4.67)
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Let t > 1 be an integer, x € K, and f(x) > inf(f) + ¢. Then by (4.66), (4.67) and
property (Pii),

f(Bl‘x) S f(x) - S(A’ )/7 l)

Thus B is indeed normal and Theorem 4.14 is proved.
The proof of Theorem 4.15 is analogous to that of Theorem 4.14.

4.11 Normality and Porosity

In this section, which is based on [133], we continue to consider a complete metric
space of sequences of mappings acting on a bounded, closed and convex subset K
of a Banach space which share a common convex Lyapunov function f. In previous
sections, we introduced the concept of normality and showed that a generic element
taken from this space is normal. The sequence of values of the Lyapunov uniformly
continuous function f along any (unrestricted) trajectory of such an element tends
to the infimum of f on K. In the present section, we first present a convergence
result for perturbations of such trajectories. We then show that if f is Lipschitzian,
then the complement of the set of normal sequences is o -porous.

Assume that (X, || - ||) is a Banach space with norm || - ||, K C X is a nonempty,
bounded, closed and convex subset of X, and f : K — R! is a convex and uniformly
continuous function. Observe that the function f is bounded because K is bounded
and f is uniformly continuous. Set

inf(f) =inf{f(x):x € K} and sup(f)=sup{f(x):x€K}.

We consider the topological subspace K C X with the relative topology. Denote
by A the set of all self-mappings A : K — K such that

f(Ax) < f(x) forallxeK

and by A, the set of all continuous mappings A € A.
For the set A we define a metric p : A x A— R! by

p(A,B)=sup{l|Ax — Bx||:xe K}, A,BeA

It is clear that the metric space A is complete and A, is a closed subset of A. We will
study the metric space (A, p). Denote by M the set of all sequences {A;};°, C A
and by M. the set of all sequences {A;}7°, C A.. For the set M we define a metric

om: M x M — R' by
PM ({At}?il’ {Bz}?il) = SUP{P(Atv B):t=1,2,.. -}, {AN21 B2 e M.

Clearly, the metric space M is complete and M, is a closed subset of M. We will
also study the metric space (M, prq).
We recall the following definition of normality.



198 4 Dynamical Systems with Convex Lyapunov Functions

A mapping A € A is called normal if given ¢ > 0, there is §(¢) > 0 such that for
each x € K satisfying f(x) > inf(f) + ¢, the inequality

Jf(Ax) = f(x) = 8(e)

is true.
A sequence {A;}7°, € M is called normal if given & > 0, there is §(&) > 0 such
that for each x € K satisfying f(x) > inf( f) + ¢ and each integer ¢ > 1, the inequal-

1ty
J(Arx) < fx) —d(e)

holds.
We now present two theorems which were obtained in [133]. Their proofs are
given in the next two sections.

Theorem 4.18 Let {A;}7°, € M be normal and let ¢ be positive. Then there exist
a natural number ng and a number y > 0 such that for each integer n > ng, each

mapping r : {1,...,n} — {1, 2, ...} and each sequence {x;}!_, C K which satisfies

Ixi+1 — Arg+pxill <y, i=0,...,n—1,
the inequality f(x;) <inf(f) + ¢ holds for i =ny, ..., n.

Theorem 4.19 Let F be the set of all normal sequences in the space M and let
F={Aec A:{A}2, € Fwhere A;=A,t=1,2,...}.

Assume that the function f is Lipschitzian. Then the complement of the set F is a
o -porous subset of M and the complement of the set F N M, is a o -porous subset
of M. Moreover, the complement of the set F is a o-porous subset of A and the
complement of the set F N A, is a o-porous subset of A..

4.12 Proof of Theorem 4.18

We may assume that ¢ < 1. Since {A;}7°, is normal, there exists a function § :
(0, 00) — (0, 0o) such that for each s > 0, each x € K satisfying f(x) > inf(f) +s
and each integer t > 1,

f(Ax) = f(x)—35(s). (4.68)
We may assume that 6(s) < s, s € (0, 00). Choose a natural number

1

no > 4(1 +sup(f) —inf(f))8(8 'e)” (4.69)
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Since f is uniformly continuous, there exists a number y > 0 such that for each
¥1, 2 € K satisfying ||y; — y2|| < y, the following inequality holds:

|foD) = fO)| <88 e)8 o+ 17" (4.70)

We claim that the following assertion is true:
(A) Suppose that

(i)l CK,r:{l,...,no} —> {1,2,...},

lxit1 — Arg+pxill <y, i=0,...,n0—1. (4.71)
Then there exists an integer n1 € {1, ..., no} such that
) <inf(f) + /8. 4.72)

Assume the contrary. Then
S&) >inf(f)+¢/8, i=1,...,nop. (4.73)

By (4.73) and the definition of § : (0, 00) — (0, 00) (see (4.68)), for each i =
1,...,n0— 1, we have

F(Arganxi) < f i) —8(87e). (4.74)
It follows from (4.71) and the definition of y (see (4.70)) that fori =1,...,n9 — 1,
|f (i) = f(Arenx)] <8(87'e)8 o+ D7
When combined with (4.74), this inequality implies that fori =1, ...,n9 — 1,

F&xig) — fxi) < f i) = F(Ara+nxi) + f(Aranxi) — f(xi)
<8(87'e)8 mo+ D' —8(87e) = (—1/2)8(87'e).
This, in turn, implies that
inf(f) = sup(f) < f(xny) — £ (x1) < (o — D(=1/2)8(8'¢),

a contradiction (see (4.69)). Thus there exists an integer n1 € {1, ..., no} such that
(4.72) is true. Therefore assertion (A) is valid, as claimed.
Assume now that we are given an integer n > ng, a mapping

r-{l,...,n}—>{1,2,...} 4.75)
and a finite sequence

{xi}?zo CK suchthat |lxit1 —Ar+pxill <y, i=0,...,n—1. (4.76)
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It follows from assertion (A) that there exists a finite sequence of natural numbers
{j[,}z7=1 such that

1 < j1 <ny, 1<jpr1—jp=<no ifl<p=<g-—1,n—j, <no,
fxj,) <inf(f)+¢/8, p=1,...,q.

Let i € {ng,...,n}. We will show that f(x;) < inf(f) + /2. There exists p €
{1,...,q} such that

4.77)

Ofi_jpfno'

Ifi = jp, then by (4.77), f(x;) = f(x;,) <inf(f)+ &/8. Thus we may assume that
i > jp.Forallintegers j, <s <, it follows from (4.76) and the definition of y (see
(4.70)) that

FArs11Xg) < f(Xs),

| £ (rs41) = f(Arinxs)| <8(87'e)8 o+ 1)
and

Fern) < f(Arenxs) +8(87e)8 Hmo + 17!

< fx)+887e)8 Lo+ 7.
Thus
flg) — fx) <887 'e)8 o+ D71, jp <5 <i.

This implies that

fi) < fx,)+8(87'e)8 o+ D (mo + 1)

<inf(f) +e/8+87'8(8 ') <inf(f) +¢/2.

Therefore f(x;) < inf(f) + ¢/2 for all integers i € [ng,n] and Theorem 4.18 is
proved.

4.13 Proof of Theorem 4.19

Since f : K — R! is assumed to be Lipschitzian, there exists a constant L(f) > 0
such that

|f) = fFO| <L(Hlx—yll forallx,yeK. (4.78)

By Proposition 4.16, there exist a normal continuous mapping A, : K — K and a
function ¢ : (0, 0c0) — (0, co) such that for each ¢ > 0 and each x € K satisfying
f(x) = inf(f) + ¢, the inequality f(A.x) < f(x) — ¢ (e) holds.
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Let ¢ > 0 be given. We say that a sequence {A;}7°, € M is (¢)-quasinormal if
there exists § > 0 such that if x € K satisfies f(x) > inf(f) + ¢, then f(A;x) <
f(x) — & for all integers ¢ > 1.

Recall that F is defined to be the set of all normal sequences in M. For each in-
teger n > 1, denote by F,, the set of all (n~!)-quasinormal sequences in M. Clearly,

F= ﬂ Fn. (4.79)
n=1
Set
d(K)=sup{lzl :z€ K}. (4.80)

Let n > 1 be an integer. Choose « € (0, 1) such that

2L(fa < (1 —a)p(n~ )8 (d(K)+1) " (4.81)
Assume that 0 <7 < 1 and {A;}7°, € M. Set

1

y=010—-o)r8 ' (d(K)+1)" (4.82)
and define for each integer t > 1, the mapping A;), : K — K by
Apx=(01-p)Ax+yAx, xek. (4.83)

It is clear that {A;,}°, € M and
pMm({AN2 A )2) <2y sup{||z|| 1zZE€ K} <2yd(K). (4.84)

Note that {A;,}7°, € M, if {A;}7°, € M, and that A;, = Ay, t =1,2,..., if
A=A, t=1,2,....
Assume that

{C2 eM and pa({Ay 12 (C2)) <ar (4.85)
Then by (4.85), (4.84) and (4.82),
oM({ANEACHS,) <ar +2yd(K) <ar + (1 —a)r/2
=r(l+a)/2<r. (4.86)
Assume now that x € K satisfies
f@) = inf(f) +n~"! (4.87)
and that 7 > 1 is an integer. By (4.87), the properties of A and ¢, and (4.83),
fAX) < f) =¢(n7"),
f(Apx) < (1= y) f(Ax) + 7f(Aux) (4.88)
<U=Pf@+r(f@—g(n™")=r)—ye(r™").
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By (4.85), [|Cix — Asyx|| < ar. Together with (4.78) this inequality yields

| f(Cix) = f(Apx)| < L(fHar.

By the latter inequality, (4.88), (4.82) and (4.81),

f(Cix) < f(Ayx) + L(far
<L(Har+ fx) —yp(n")
< f0) —p(n )1 —a)r8 (d(K) + 1) + L(far
< f(x) = L(HHar.

Thus for each {C,};’i | € M satisfying (4.85), inequalities (4.86) hold and
{C:}72, € F. Summing up, we have shown that for each integer n > 1, M\ F,
is porous in M, M, \ F, is porous in M., the complement of the set

{A e A:{A};2, € F, with A; = A for all integers 7 > 1}
is porous in .4 and the complement of the set
{A ceA.: {A,}‘t’i1 € F, with A; = A for all integers ¢ > 1}

is porous in A,.

Combining these facts with (4.79), we conclude that M \ F is o-porous in M,
M.\ F is o-porous in M., A\ F is o-porous in A and A, \ F is o-porous in A.
This completes the proof of Theorem 4.19.

4.14 Convex Functions Possessing a Sharp Minimum

In this section, which is based on the paper [7], we are given a convex, Lipschitz
function f, defined on a bounded, closed and convex subset K of a Banach space
X, which possesses a sharp minimum. A minimization algorithm is a self-mapping
A: K — K such that f(Ax) < f(x) for all x € K. We show that for most of these
algorithms A, the sequences {A"x}°° ;| tend to this sharp minimum (at an exponen-
tial rate) for all initial values x € K.

Let K C X be a nonempty, bounded, closed and convex subset of a Banach
space X. Foreach A: K — X, set

Lip(A) = sup{||Ax — Ay|l/llx — |l : x, y € K such that x # y}. (4.89)

Assume that f : K — R! is a convex, Lipschitz function such that Lip(f) > 0.
We have

|f(x) = f| <Lip(Hllx =yl forallx,yeK.
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Assume further that there exists a point x, € K and a number ¢ > 0 such that

inf(f) :==inf{f(x):x € K} = f(xs)
and
f(x) = f(xye) +collx —x4|| forallx e K. (4.90)
In other words, we assume that the function f possesses a sharp minimum (cf.
[26, 109]).
Denote by A the set of all self-mappings A : K — K such that Lip(A) < oo and
f(Ax) < f(x) forallx e K. (4.91)
We equip the set A with the uniformity determined by the base
E@E)={(A,B)e Ax A:||Ax — Bx|| <¢forall x € K and Lip(A — B) <¢},

where ¢ > 0. Clearly, the uniform space A is metrizable and complete.

Theorem 4.20 There exists an open and everywhere dense subset B C A such that
for each B € B, there exist an open neighborhood U of B in A and a number
Ao € (0, 1) such that for each C € U, each x € K, and each natural number n,

[C"x = x| < g "A"(f ) = f(x)-

Proof Lety € (0,1) and A € A be given. Set

Ayx=(1-py)Ax+yx., x€eK. 4.92)
Clearly, for all x € K,
JAyx) = (I —y) f(Ax) + v f(xs) (4.93)
and
A, e A (4.94)

Next, we prove the following lemma.
Lemma 4.21 Let A€ A,y €(0,1) and B € A. Then for each x € K,
f(Bx) = f(x) < [(1 —y) +Lip(f) Lip(B — Ay)cy ' [(f () = £ (x0)).
Proof Let x € K. By (4.93), the relations A, x = Bxy = x4 and (4.90),

f(Bx) = f(xy) = f(Ayx) — f(x) + f(Bx) — f(Ayx)
<1 =y)(f&) — f(x)) +Lip(HlIBx — Ayx|



204 4 Dynamical Systems with Convex Lyapunov Functions

< (1= y)(f(x) = f(x)) + Lip(f)Lip(B — Ay)|lx — x|
< =M(f) = f&x0)

+ Lip(f) Lip(B — Ay)cy ' (f(x) — f(x2))
< [(1 =)+ Lip(/)Lip(B — Ay)cy ' [(F () = f(x)).

The lemma is proved. O

Completion of the proof of Theorem 4.20 Let A € A and y € (0, 1) be given.
Choose r(y) > 0 such that

Ay i=(1—y)+Lip(Hr(y)e;' < 1. (4.95)
Denote by L{(A, y) the open neighborhood of A, in A such that
UA,y)C{BeA:(A,,B)e&(rin)}. (4.96)
Set
B=|J{uA.y):Ae Ay e 1} (4.97)
Clearly, we have for each A € A,
A, —> A asy—07".

Therefore B is an everywhere dense, open subset of A. Let B € A. There are A € A
and y € (0, 1) such that

BelU(A,y). (4.98)
Assume that
Cel(A,y) and xeKk. (4.99)
By Lemma 4.21, (4.99), (4.96) and (4.95),
£(Cx) = f(x) < [(1 = y) + Lip(f) Lip(C — A, )cg ' (£ (x) = £(x))
< Ay (f () = f(x)).

This implies that for each x € K and each natural number #,

F(C"x) = fx) <AL () = fx)).

When combined with (4.90), this last inequality implies, in its turn, that for each
x € K and each integer n > 1,

[€"x x| = e (£(C™0) = () < g 'K (£ ) = f ).
This completes the proof of Theorem 4.20. g
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