Chapter 3
Contractive Mappings

In this chapter we consider the class of contractive mappings and show that a typical
nonexpansive mapping (in the sense of Baire’s categories) is contractive. We also
study nonexpansive mappings which are contractive with respect to a given subset
of their domain.

3.1 Many Nonexpansive Mappings Are Contractive

Assume that (X, || - ||) is a Banach space and let K be a bounded, closed and convex
subset of X. Denote by A the set of all operators A : K — K such that

|Ax — Ay|| <|lx —y|| forallx,yeK. 3.1
In other words, the set A consists of all the nonexpansive self-mappings of K. Set
d(K):sup{||x—y||:x,yeK}. (3.2)
We equip the set A with the metric (-, -) defined by
h(A, B) =sup{||Ax — Bx| :x €K}, A,BeA.

Clearly, the metric space (A, k) is complete.
We say that a mapping A € A is contractive if there exists a decreasing function
¢ :10,d(K)] — [0, 1] such that

¢*(H) <1 forallt e (0,d(K)] (3.3)
and
lAx — Ayll < ¢ (Ix — yll)llx — | forallx,y e K. (3.4)

The notion of a contractive mapping, as well as its modifications and applications,
were studied by many authors. See, for example, [85]. We now quote a convergence
result which is valid in all complete metric spaces [114].

S. Reich, A.J. Zaslavski, Genericity in Nonlinear Analysis, 119
Developments in Mathematics 34, DOI 10.1007/978-1-4614-9533-8_3,
© Springer Science+Business Media New York 2014


http://dx.doi.org/10.1007/978-1-4614-9533-8_3

120 3 Contractive Mappings

Theorem 3.1 Assume that A € A is contractive. Then there exists x4 € K such
that A"x — x4 as n — 0o, uniformly on K.

In [131] we prove that a generic element in the space of all nonexpansive map-
pings is contractive. In [137] we show that the set of all noncontractive mappings is
not only of the first category, but also o -porous. Namely, the following result was
obtained there.

Theorem 3.2 There exists a set F C A such that A\ F is o-porous in (A, h) and
each A € F is contractive.

Proof For each natural number n, denote by 4, the set of all A € A which have the
following property:

(P1) There exists « € (0, 1) such that ||Ax — Ay|| < «|lx — y| for all x,y € K
satisfying ||x — y|| = d(K)(2n)~ 1.

Let n > 1 be an integer. We will show that the set A\ A, is porous in (A, k). Set

1

a=8""min{d(K), 1}2n) " (d(K) +1)"". (3.5)
Fix0 e K.Let Ac Aand r € (0, 1]. Set
y =2""r(d(K)+1)"" (3.6)
and define
Ayx=(1-y)Ax+y6, xeKk. 3.7)
Clearly, A}, € A,
h(A,, A) <yd(K), (3.8)
and forall x,y e K,
[Ayx —Ayyll <A =p)lAx — Ayl = (A = y)llx = yll. (3.9)
Assume that B € A and
h(B,Ay)) <ar. (3.10)
We will show that B € A,,.
Let
x,yeK and |x—yl>@2n) 'dK). (3.11)

It follows from (3.9) and (3.11) that

Ix =yl = Ayx = Ay yll = yllx =yl = yd(K)(2n) ™. (3.12)
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By (3.10),
[ Bx =Byl <l|Bx—Ayx||+Ayx—Ayyll+11Ayy — Byl < |Ayx — Ayl +2ar.
When combined with (3.12), (3.6), and (3.5), this implies that
¥ = yll = 1Bx = Byl = x = yll = 1 Ayx — 4,y = 2ar
> yd(K)2n)™' = 2ar
=27 [@n) ' d(K) (d(K) +1) " — 4a]
> 27 rd(K)(n) " (d(K) +1) .
Thus
IBx — By|| < llx — y|| —rd(K)(d(K) + 1)_1(8n)71
< =yl (1 =@~ (@& +1) 7).

Since this holds for all x, y € K satisfying (3.11), we conclude that B € A,. Thus
each B € A satisfying (3.10) belongs to A,,. In other words,

{Be A:h(B,A)) <ar}C A,. (3.13)
If B € A satisfies (3.10), then by (3.8), (3.5) and (3.6), we have
h(A,B) <h(B,Ay)+h(A,,A) <ar+yd(K) <8 'r+271r<r.

Thus
{BeA:h(B,Ay)) <ar}C{BeA:h(B,A)<r}.

When combined with (3.13), this inclusion implies that A \ A, is porous in (A, h).
Set F =, Ap. Clearly, A\ F is o-porous in (A, h). By property (P1), each
A € F is contractive. O

3.2 Attractive Sets

In this section, we study nonexpansive mappings which are contractive with respect
to a given subset of their domain.

Assume that (X, || - ||) is a Banach space and that K is a closed, bounded and
convex subset of X. Once again, denote by .4 the set of all mappings A : K — K
such that

|Ax — Ay|| < |lx —y|| forallx,y e K. (3.14)
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For each x € K and each subset £ C K, let
p(x, E)=inf{|lx —y|l: y € E}. (3.15)

Let F be a nonempty, closed and convex subset of K. Denote by A the set of
all A € A such that Ax = x for all x € F. Clearly, AW is a closed subset of (A, h).
In what follows we consider the complete metric space (A, k).

An operator A € AP is said to be contractive with respect to F if there exists a
decreasing function ¢A :[0,d(K)] — [0, 1] such that

¢ (1) <1 forallte (0,d(K)] (3.16)
and
p(Ax,F)§¢A(p(x,F))p(x,F) forall x € K. 3.17)

We now show that if A contains a retraction, then the complement of the set
of contractive mappings (with respect to F) in A is o-porous. This result was
also obtained in [137].

Theorem 3.3 Assume that there exists Q € AF) such that
O(K)="F. (3.18)

Then there exists a set F C AF) such that AY) \ F is o-porous in (AP h) and
each B € F is contractive with respect to F.

Proof For each natural number n, denote by A4, the set of all A € AT which have
the following property:

(P2) There exists k € (0, 1) such that p(Ax, F) <«p(x, F) for all x € K such that
p(x, F)>min{d(K), 1}/n. Define

F=[) A (3.19)

n=1

Clearly, each element of F is contractive with respect to F'. We need to show that
AP\ A, is porous in (AP, h) for all integers n > 1. To this end, let n > 1 be an
integer and set

a=(dK)+ 1)_1min{d(K), 1}16n)~". (3.20)
Let A e A% and r € (0, 1]. Set
y=2""r(d(K)+1)"" (3.21)

and define

Ayx=(1—-y)Ax+y0Qx, xeKk. (3.22)
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It is obvious that A, € A, By (3.22),
h(A, Ay) <sup{[|Ayx — Ax| :x € K}

<ysup{llAx — Qx| :x € K} < yd(K). (3.23)

Let B € A be such that
h(A,,B) <ar. (3.24)
Then by (3.24), (3.23), (3.21), and (3.20),
h(A,B) <h(A,A,)+h(A,,B) <yd(K)+ar
<1/2r+r/2<r.

Thus (3.24) implies that h(A, B) <r and
[Ce AP :h(A,,C) <ar]
c{ceA® :nA,C) <r}. (3.25)
Let x € K with
p(x, F) > min{d(K), 1}/n. (3.26)

For each ¢ > 0, there exists z € F such that p(x, F) +¢& > ||x — z||, and by (3.22)
and (3.18),

p(Ayx, F)=p((1 —y)Ax +y Qx, F)
<(1=p)Ax+0x)— (1 —=py)z+y0x) <1 —y)|Ax —z|
<U=-plx—zl <A =p)px, F)+e( —yp).

Since ¢ is an arbitrary positive number, we conclude that

p(Ayx, F) < (1 =y)p(x, F).

Since |p(y1, F) — p(y2, F)| < |ly1 — y2|| for all y1, y» € K, it follows from (3.24)
that

p(Bx, F) <||Ayx — Bx|| + p(Ayx, F) <ar + p(Ayx, F)
<ar+ {1 -y)px, F),
and

10(va F) < (1 - V)P(xa F) +ar.
It now follows from this inequality, (3.26), (3.20) and (3.21) that
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p(Bx, F) < p(x, F)(1 =y +ar(p(x, F)) ")
< p, P[1 =27 (d(K) +1) " +ar(min{d(K), 1}/n) ']
< px, F)[1=r271(d(K) + 1)~ +r(16(d(K) +1)) ']
§p(x,F)(1—r4 'ak + 7.

Thus
p(Bx, F) < p(x, F)(1—rd~ ' (d(K)+1)7")

for each x € K satisfying (3.26). This fact implies that B € A,,. Since this inclusion
holds for any B satisfying (3.24), combining it with (3.25) we obtain that

{Ce AP :n(A,, C)<arfc{Ce AT h(A,C) <r}NA,.

This shows that A% \ A, is indeed porous in (A, h). O

3.3 Attractive Subsets of Unbounded Spaces

In this section we continue to study nonexpansive mappings which are contractive
with respect to a given subset of their domain.

Assume that (X, p) is a hyperbolic complete metric space and that K is a closed
(not necessarily bounded) and p-convex subset of X. Denote by A the set of all
mappings A : K — K such that

o(Ax, Ay) <p(x,y) forallx,yeK. 3.27)

For each x € K and each subset E C K, let p(x, E) = inf{p(x,y) : y € E}. For
each x € K and each r > 0, set

B(x,r):{yel(:,o(x,y)fr}. (3.28)

Fix 6 € K. For the set A we consider the uniformity determined by the following
base:

E(n,e)={(A, B) e Ax A: p(Ax, Bx) <&,x € B, n)}, (3.29)

where ¢ > 0 and n is a natural number. Clearly the space A with this uniformity is
metrizable and complete. We equip the space .4 with the topology induced by this
uniformity.

Let F be a nonempty, closed and p-convex subset of K. Denote by A the set
of all A € A such that Ax = x for all x € F. Clearly, A is a closed subset of A.
We consider the topological subspace A c A with the relative topology.
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An operator A € A% is said to be contractive with respect to F if for any natural
number n there exists a decreasing function ¢fl‘ 1[0, c0) — [0, 1] such that

(1) <1 forallz >0 (3.30)
and

p(Ax, F) < ¢ (p(x, F))p(x, F) forallx € B(O,n). (3.31)

Clearly, this definition does not depend on our choice of 6.
We begin our discussion of such mappings by proving that the set F attracts all
the iterates of A. This result was obtained in [131].

Theorem 3.4 Let A € AP be contractive with respect to F. Then there exists
B € A such that B(K) = F and A"x — Bx as n — oo, uniformly on B(6,m)
for any natural number m.

Proof We may assume without loss of generality that & € F. Then for each real
r>0,

C(B@®,r)) C B@,r) forall C e AP, (3.32)

Let r be a natural number. To prove the theorem, it is sufficient to show that there
exists B : B(8,r) — F such that

A"x — Bx asn — oo, uniformly on B9, r). (3.33)
There exists a decreasing function ¢,A 1[0, o0) — [0, 1] such that
¢2(1) <1 forallz >0 (3.34)

and
p(Ax, F) < ¢;4(,0(x, F))p(x, F) forallx e B@O,r). (3.35)

Let € € (0, 1). Choose a natural number m > 4 such that

o (er)" <87 e, (3.36)
Let x € B(0, r). We will show that

,o(Amx, F) <er. (3.37)

Assume the contrary. Then for each i =0, ..., m, p(A'x, F) > er, and by (3.35)
and (3.32),

A'x e BO,r), p(At'x,F) <¢?(p(A'x, F))p(A'x, F)

< ¢t (er)p(A'x, F).



126 3 Contractive Mappings
When combined with (3.36), these inequalities imply that
p(A™x, F) < ¢ (er)"p(x, F) <8 'ep(x,0) <8 'er,

a contradiction. Therefore (3.27) is valid and for each x € B(6,r), there exists
Cq(x) € F such that p(A™x, Czx) < er. This implies that for each x € B(6, r),

,o(A"x, Cex) <er for all integers i > m. (3.38)

Since ¢ is an arbitrary number in (0, 1), we conclude that for each x € B(0,r),
{A’x}j’il is a Cauchy sequence and there exists Bx = lim;_, o, A’ x. Clearly,

p(Bx, Cg(x)) <er forallx e B@,r). (3.39)

Since (3.39) is true for any ¢ in (0, 1), we conclude that B(B(@,r)) C F.
By (3.39) and (3.38), for each x € B(0,r),

p(Aix, Bx) <2er for all integers i > m.

Finally, since ¢ € (0, 1) is arbitrary, we conclude that (3.33) is valid. This completes
the proof of Theorem 3.4. O

Proposition 3.5 Assume that A, B € A" and that A is contractive with respect
to F. Then AB and B A are also contractive with respect to F .

Proof We may assume that 6 € F. Then for each real r > 0,
C(B®,r)) C B(®,r) forall C e AP (3.40)
Fix r > 0. There exists a decreasing function ¢;4 1[0, c0) — [0, 1] such that
dA (1) <1 forallz>0 (3.41)

and
p(Ax, F) < ¢ (p(x, F))p(x, F) forallx e B(O,r). (3.42)
By (3.42), for each x € B(9, r),
p(BAx, F) =inf{p(BAx,y):y € F} <inf{p(Ax,y):y € F}
= p(Ax, F) < (p(x. F)) p(x, F).

Therefore B A is contractive with respect to F.
Let now x belong to B(6,r). By (3.42) and (3.40), Bx € B(6,r) and

p(ABx, F) < ¢/ (p(Bx, F))p(Bx, F). (3.43)
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There are two cases: (1) p(Bx, F) > 2_1,0(x, F); 2) p(Bx, F) < Z_Ip(x, F). In
the first case, we have by (3.43),

p(ABx, F) <627 p(x, F))p(Bx, F) < ¢/ (27" p(x, F))p(x, F),
and in the second case, (3.43) implies that
p(ABx, F) < p(Bx,F) <27 p(x, F).
Thus in both cases we obtain that

p(ABx, F) <max{¢/ (27 p(x, F)). 27} o(x, F)
=y (p(x, F))p(x, F),

where () = max{¢rA(2’1t), 2711, 1 € [0, 00). Therefore AB is also contractive
with respect to F'. Proposition 3.5 is proved. g

We now show that if A contains a retraction, then almost all the mappings in
A are contractive with respect to F.

Theorem 3.6 Assume that there exists
Qe A" suchthatr Q(K)=F. (3.44)

Then there exists a set F C AY) which is a countable intersection of open and
everywhere dense sets in AT such that each B € F is contractive with respect
to F.

Proof We may assume that 8 € F. Then for each real r > 0,
C(B©,r)) C B©®,r) forallCe A, (3.45)

For each A € AU and each y € (0, 1), define Ay, € A by

Ay x=(1-y)Ax®yQx, xek. (3.46)
Clearly, for each A € AF) Ay, —> Aasy — 0% in AY). Therefore the set {A, :
Ae APy € (0, 1)} is everywhere dense in A,

Let A€ A and y € (0, 1). Evidently,
p(Ayx, F) = inf{p((1l —y)Ax &y 0x,y)}
= inf{p((1 =y)Ax &y Qx, (1 —y)y Dy 0x)}

ye

< )}g{(l —Y)p(Ax, )} < (1 —y)px, F)
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for all x € K. Thus
p(Ayx, F)<(1 —y)p(x,F) forallx € K. (3.47)

For each integer i > 1, denote by U (A, y, i) an open neighborhood of A, in A
for which

UA,y,iyc{Be AP :(B,A,) e E(2",87'y)} (3.48)

(see (3.29)).
We will show that for each A € A, each y € (0, 1) and each integer i > 1, the
following property holds:

P(2) For each B € U(A, y,i) and each x € B(6,2!) satisfying p(x, F) > 47/, the
inequality p(Bx, F) < (1 — 2_1y)p(x, F) is true.

Indeed, let A € A, y €(0,1) and let i > 1 be an integer. Assume that
BeU(A,y,i), xeB(0,2") and p(x,F)=>4"". (3.49)
Using (3.47), (3.48) and (3.49), we see that
p(Bx.F) < p(Ayx, F) + 87y < (1= y)p(x. F) +87'y
<=y, F)+27ypx, F) < (1-27"y)p(x, F).

Thus property P(2) holds for each A € A%), each y € (0, 1) and each integer i > 1.
Define

F=NUlu.y.n: 4 AP,y € ©,1),i=q).
g=1

Clearly, F is a countable intersection of open and everywhere dense sets in A%,
Let B € F. To show that B is contractive with respect to F, it is sufficient to
show that for each r > 0 and each ¢ € (0, 1), there is « € (0, 1) such that

p(Bx, F)<kp(x,F) foreachx e B(0,r) satisfying p(x, F) > ¢.
Letr > 0and ¢ € (0, 1). Choose a natural number g such that
29>8r and 277 <8 le.
There exist A € A, y € (0,1) and an integer i > g such that B € U(A, y,i). By
property P(2), for each x € B(6,r) C B(6,2") satisfying p(x, F) > & > 27", the
following inequality holds:

p(Bx, F) < (1=27"y)p(x, F).

Thus B is contractive with respect to F. This completes the proof of Theorem 3.6. [J
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3.4 A Contractive Mapping with no Strictly Contractive Powers

Let
X=1[0,1] and p(x,y)=|x—y| foreachx,yeX.

In this section, which is based on [155], we construct a contractive mapping A :
[0, 1] — [0, 1] such that none of its powers is a strict contraction.
We begin by setting

A0) =0. (3.50)

Next, we define, for each natural number n, the mapping A on the interval [(n +
D~ by

A+ D" +) =0+ +1n =+ D) (4D =+
forallz € [0,n" — (n+ D7) (3.51)

It is clear that for each natural number #,
A =@m+D7, (3.52)

the restriction of A to the interval [(n + 1)~', n~!] is affine, and that the mapping
A :[0,1] — [0, 1] is well defined.

First, we show that A is nonexpansive, that is, |Ax — Ay| < |x — y|forall x, y €
[0, 17.

Indeed, if x € [0, 1], then

|Ax — A0)| < Ix]. (3.53)
Assume now that n is a natural number and that
x,ye[m+1D Lt (3.54)
By (3.51) and (3.54),
|Ax — Ay
=+ + =@+ DN @+ D) (e + DT @+
— [+ + =+ D N =+ D)
x(n+D ' =@+
==yl =@+ D) (@ + DT = +2)7)

=lx —yln+ D((+ D +2) " =|x — ylnn +2)"".
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Thus for each natural number n and each x, y € [(n + D~ a1,
|Ax — Ay| < |x — yln(n +2)~". (3.55)
Together with (3.53) this last inequality implies that
|Ax — Ay| <|x —y| forallx,yel0,1], (3.56)

as claimed.

Next, we show that the power A™ is not a strict contraction for any integer m > 1.
Assume the converse. Then there would exist a natural number m and ¢ € (0, 1) such
that for each x, y € [0, 1],

|A™x — A™y| < clx —y|. (3.57)
Since
m+im+i+Di "G+ >1 asi— oo,
there is an integer p > 4 such that
p(p+1)>{p+m)(p+m+Ic. (3.58)
By (3.52), (3.50) and (3.58),
A"(p~h) = A™((p+ D7)
=(p+m)~ —(p+m+ D) =p+m)p+m+ 1~
>eplp+ D =c(pT =+ D7),

which contradicts (3.57).

The contradiction we have reached proves that A™ is not a strict contraction for
any integer m > 1.

Finally, we show that A is contractive. Let ¢ € (0, 1). We claim that there exists
c € (0, 1) such that

|Ax — Ay| <c|x —y| foreachx,y e[0, 1] satisfying |[x —y|>e.  (3.59)
Indeed, choose a natural number p > 4 such that
p> 18672, (3.60)

and assume that
x,y€[0,1] and |x—y|>e. (3.61)

We may assume without loss of generality that

y > X. (3.62)
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There are two cases:

x < @p)h (3.63)
x> (4p)~ L (3.64)

Assume that (3.63) holds. There exists a natural number n such that
A+n)t<y<nl. (3.65)
By (3.65), (3.62) and (3.61),
e<y<l1/n, n+2)7"'> @) >e/3. (3.66)
By (3.65) and (3.51),
Ay=+2) '+ -+ D) -+ 1)—1)‘1 (n+D'—m+2)71)
=n+) '+ -@+ D e+ D+ D +2)7!
<y-m+D '+ @n+2)7"
and

y—Ay>=m+ D mn+2)7h
When combined with (3.66), the above inequality implies that

Ay—Ax <Ay <y—(+ D'+ sy - +2)F <y —6/9. (367
By (3.63), (3.60) and (3.67),
(1-187"e)(y—x) > (1-187"e?)y—x > (1-187'e?)y — (dp)~!

>y—e2/18—(@dp) >y /18 —£2/18
> Ay — Ax.

Thus we have shown that if (3.63) holds, then
|Ax—Ay|§(1—82/18)|x—y|. (3.68)
Now assume that (3.64) holds. By (3.64) and (3.62),
X,y € [(4p)71, 1].

In view of (3.55), the Lipschitz constant of the restriction of A to the interval
[(4p)_1, 1] does not exceed (4p +2)(4p + 4)~! and therefore we have

|Ax — Ay| < 4p +2)@p+4H " Hx —yl.



132 3 Contractive Mappings
By this inequality and (3.68), we see that, in both cases,
|Ax — Ay| < max{(1 — */18), (4p + D (4p + 4~ JIx — .

Since this inequality holds for each x, y € X satisfying (3.61), we conclude that
(3.59) is satisfied and therefore A is contractive.

3.5 A Power Convergent Mapping with no Contractive Powers

Let X =[0,1] and let p(x, y) = |x — y| for all x, y € X. In this section, which is
based on [155], we construct a mapping A : [0, 1] — [0, 1] such that

|[Ax — Ay| <|x —y| forallx,ye]l0,1],

A"x - 0 asn— oo, uniformly on [0, 1],

and for each integer m > 0, the power A” is not contractive.
To this end, let

A(0)=0 (3.69)
and for ¢ € [271, 1], set
A=t —1/4. (3.70)
Clearly,
A(l)=3/4 and A(1/2)=1/4. (3.71)
Fort e [471,271), set
A =47"—167" + (1 —47 )41, (3.72)

Clearly, A is continuous on [4’], 1] and
A@ Y =4""-16"". (3.73)

Now let n > 2 be a natural number. We define the mapping A on the interval
[2=2",272"""] as follows. For each ¢ € [272"+1, 272", set

A =1-277. (3.74)
Clearly,
ARy =27 and AQY =27 277 (3.75)

Forr e [27%",272"+1) get
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A(t) _ 2_2n _ 2_2)1+1 + ([ _ 2_2n)22n (2_2n+1)

2n+1

=272 27y (1 277, (3.76)

It is clear that
2n+1

A7) =27 -2
and

lim  A@)=2"2" —272" L2 ¥ 27 =27 377
t_)(2—2”+1)+
It follows from (3.74)—(3.77) that the mapping A is continuous on each one of

the intervals [272",272"""], n = 2,3, .... It is not difficult to check that A is well
defined on [0, 1] and that it is increasing.

By (3.70) and (3.72), for each x € [1/4, 1] we have Ax < x. We will now show
that this inequality holds for all x € (0, 1].

Let n > 2 be an integer and let x € [2_2",2_2"71]. It is clear that Ax < x if
x €272 272" If x e [272", 272"+, then by (3.74) and (3.75),

Ax < AQ77H) <27 <.

Thus Ax < x forall x € [2_2" , 2_2n_|] and for any integer n > 2. Therefore we have
indeed shown that

Ax <x forallx € (0, 1], (3.78)

as claimed.
Next, we will show that

|Ax — Ay| <|x —y| foreachux,ye]0,1]. (3.79)
If x =0and y > 0, then
|[Ay — Ax[=Ay <y =y —x|. (3.80)

Assume that x, y € (0, 1]. Note that the restrictions of the mapping A to the interval
[1/4,1] and to all of the intervals [2_2", 2_2"71], where n > 2 is an integer, are
Lipschitz with Lipschitz constant one. This obviously implies that the mapping A is
1-Lipschitz on all of (0, 1]. Therefore (3.79) is true.

Let x € (0, 1]. By (3.78), the sequence {A"x}7° | is decreasing and there exists
the limit

Xy = lim A"x.
n—oo

Clearly, Ax, = x,. If x, > 0, then by (3.78), Ax, < x4, a contradiction. Thus x, =0
and lim,,_, oo A" (1) = 0. Since the mapping A is increasing, this implies that

A"x - 0 asn— oo, uniformly on [0, 1].
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Finally, we will show that for each integer m > 1, the power A™ is not contractive.

Indeed, let m > 1 be an integer. It is sufficient to show that there exist x, y € [0, 1]
such that

x#y and |A" —A"y|=|x -yl

To this end, choose a natural number n > m + 4 such that
227 3> m 42 (3.81)
Using induction and (3.74), we show that for each integeri € {1, ..., 22"7l -2},

Al (272"*1) —p 2 2 > 2"+l

and
Ai(Z,ZH) c [272"+1 , 272”71]'
Put
x=2"2" and y=4@22").
Then fori =1,...,22" ' —3, we have

|Aix_Aiy| =|x_)’|»
and in view of (3.81),
|A™x — A" y| = |x — yl.

Thus the power A™ is not contractive, as asserted.

3.6 A Mapping with Nonuniformly Convergent Powers
In [155] we proved the following result.

Theorem 3.7 Let (X, p) be a compact metric space, let a mapping A : X — X

satisfy
p(Ax, Ay) < p(x,y) foreachx,ye X, (3.82)

and let x4 € X satisfy
A'x — x4 asn— oo, foreachx € X.

Then A"x — x4 as n — o0, uniformly on X.
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Proof Let ¢ > 0. For each x € X, there is a natural number n(x) such that

p(A"x,x4) <e/2 forall integers n > n(x). (3.83)
Let

x,yeX with p(x,y) <eg/2. (3.84)
By (3.83) and (3.84), for each integer n > n(x),

p(A"y,xa) < p(A"y, A"x) + p(A"x,x4) <€/2+¢/2.

Thus the following property holds:

(P) For each x € X, each integer n > n(x), and each y € X satisfying p(x,y) <
e/2, we have

,o(A”y, xA) <e.
Since X is compact, there exist finitely many points x1, ..., x; € X such that

q
UlveX:p.x)<e/2)=

i=1

Assume that y € X and that the integer n > max{n(x;) :i =1, ..., g}. Then there is
J€{l,...,q}suchthat p(y,x;) < &/2. By property (P),

,o(A"y, xA) <e.
This completes the proof of Theorem 3.7. 0

The following example was constructed in [155].
Let X be the set of all sequences (x1, x2,...,X,,...) such that Zloil x| <1
and set

p(x,y) = p((xi), () Zm—yl

In other words, (X, p) is the closed unit ball of ¢;. Clearly, (X, p) is a complete
metric space. Define

A1, X2, oy Xy o) = (2, X2, ..., Xn, .0 ), X =(x1,Xx2,...) € X.

Then the mapping A is nonexpansive, and for each x € X, A"x — 0 as n — oo.
However, if n is a natural number and e, is the n-th unit vector of X, then
p(ATe,1,0) = 1.
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3.7 Two Results in Metric Fixed Point Theory

In this section, which is based on [115], we establish two fixed point theorems for
certain mappings of contractive type. The first result is concerned with the case
where such mappings take a nonempty and closed subset of a complete metric space
X into X, and the second with an application of the continuation method to the case
where they satisfy the Leray-Schauder boundary condition in Banach spaces.

The following result was obtained in [115].

Theorem 3.8 Let K be a nonempty and closed subset of a complete metric space
(X, p). Assume that T : K — X satisfies

p(Tx, Ty) <¢(p(x,)p(x,y) foreachx,y €K, (3.85)

where ¢ : [0, 00) — [0, 1] is a monotonically decreasing function such that ¢ (t) < 1
forallt > 0.
Assume that Ko C K is a nonempty and bounded set with the following property:

(P1) For each natural number n, there exists x, € Ko such that T'x,, is defined for
alli=1,...,n.

Then

(A) the mapping T has a unique fixed point x in K
(B) Foreach M, e > 0, there exist § > 0 and a natural number k such that for each
integer n > k and each sequence {x;}_, C K satisfying

p(xo,x) <M and p(xiy1,Tx;)) <6, i=0,....,n—1,
we have

pxi,x)<e, i=k,...,n. (3.86)

Proof of Theorem 3.8(A) The uniqueness of x is obvious. To establish its existence,
let x,, € Ko be, for each natural number #n, the point provided by property (P1). Fix
6o € K. Since K is bounded, there is ¢ > 0 such that

0(0,2) <co forall z € Kp. (3.87)

Let ¢ > 0 be given. We will show that there exists a natural number k such that the
following property holds:

(P2) If n > k is an integer and if an integer i satisfies k <i < n, then
o(T xn, T x,) <. (3.88)

Assume the contrary. Then for each natural number k, there exist natural numbers
ny and iy such that

k <ir<n; and p(Tikxnk, Tik+1xnk) > e. (3.89)
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Choose a natural number & such that

k> (s(1= ()" (2co + p(6, TH)). (3.90)
By (3.89) and (3.85),

p(T xn, T xp ) > 6, i=0,... 0. (3.91)

(Here we use the notation that 79z = z for all z € K.) It follows from (3.85), (3.91)
and the monotonicity of ¢ that foralli =0, ..., i — 1,

,O(Tinnk, Ti_Hxnk) < ¢(p(Ti+lxnk, Tix;zk))p(Ti+lxnk, Tixnk)
< ¢@p(T™ ony, Txny )
and
P(Ti+2xnk, Ti+1xnk) . p(Tinnk, Tixnk)
<(pe) = 1)p(T ™ x, Tlxn ) < —(1 = p(e))e. (3.92)
Inequalities (3.92) and (3.89) imply that

=P, Txyy) < p(Tik+1xrlk’ Tikxnk) — pXnyes Txny)

-
= [p(Ti+2x,,k, Ti+1xnk) — p(Tinnk, Tixnk)]
0

< —(1-¢@©e)it = —k(1 - (e))e
and
k(1= $(&))e < pCrng. ). (3.93)
In view of (3.93), (3.85) and (3.87),
k(1= ¢(©)e < pan,, Toxny)
< pXn, ) + 00, TO) + p(TO, Txy,) <co+ p(0, TO) +co
and
k< (e(1 =) (2co+ (0, TH)).

This contradicts (3.90). The contradiction we have reached proves that for each
& > (0, there exists a natural number k such that (P2) holds.

Now let § > 0 be given. We show that there exists a natural number k such that
the following property holds:

(P3) If n > k is an integer and if integers i, j satisfy k <i, j < n, then

p(Tixn, T-/xn) <.
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To this end, choose a positive number
e<47'85(1-9(). (3.94)

We have already shown that there exists a natural number &k such that (P2) holds.
Assume that the natural numbers 7, i and j satisfy

n>k and k<i,j<n. (3.95)

We claim that p(Tx,, T/ x,) <.
Assume the contrary. Then

p(T'xn, T x,) > 8. (3.96)
By (P2), (3.95), (3.85), (3.96) and the monotonicity of ¢,
p(Tixn, zjn) < p(Tixn, Ti+1xn) + ,o(Ti‘Hxn, Tj+1xn) + p(Tj+1xn, zjn)

<e+ p(T”lxn, Tj“x,,) +e

<2+ ¢(p(Tixn, zjn))p(Tixn, zj,,)

<2e+ @) p(T xn, T'xy).
Together with (3.94) this implies that

p(Tixn, T/ x,) < 26(1 — $(8)) ' <6,

a contradiction. Thus we have shown that for each § > 0, there exists a natural
number k such that (P3) holds.

Let ¢ > 0 be given. We will show that there exists a natural number k such that
the following property holds:

(P4) If ny, ny > k are integers, then ,o(Tkx,,,, Tkxnz) <e.

Choose a natural number k such that
k> ((1—¢() () 4co (3.97)
and assume that the integers n; and nj satisfy
ni,ny > k. (3.98)
We claim that ,o(Tk)c,,I , Tkxnz) < &. Assume the contrary. Then
,o(Tkxnl, Tkxnz) > &.
Together with (3.85) this implies that

o(T xn,, T'xy) > 6, i=0,....k (3.99)
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By (3.85), (3.99) and the monotonicity of ¢, we have fori =0, ...,k — 1,
o(T T %y, T x0,) < (0 (T %0,y T ) ) (T Xy, T Xy )
< ¢ p(T xn,, T'xny)
and
p(T ™ x,, T x0,) — p(T %0, Thxny)
< (¢ = D)p(T'xn,, T'xny) < —(1 = ().
This implies that

_p(xnl s xnz) = ,O(Tkxn. s Tkxnz) - ;O(an , xnz)
k—1
= Z[,o(T"Hx,,l, T %) = p(T %y, T'xny )] < —k(1 = ¢ (e))e.
i=0

Together with (3.87) this implies that
k(1= (&))e < p(xny, Xny) < p(xny, 0) + p(0, Xny) < 2c0.
This contradicts (3.97). Thus we have shown that
,o(Tkx,,l, Tkx,,z) <e.

In other words, there exists a natural number k for which (P4) holds.
Let ¢ > 0 be given. By (P4), there exists a natural number k; such that

p(Tklxnl, Tklxnz) <e/4 for all integers ny, ny > kj. (3.100)
By (P3), there exists a natural number k, such that

p(Tixn, T-ix,,) <eg/4 for all natural numbers n, j, i satisfying kp <i, j <n.

(3.101)
Assume now that the natural numbers n1, ns, i and j satisfy
ni,ny >k +ky, i,j>ki+ko, i<ny, j <ns. (3.102)
We claim that
p(Tix,,l, zjnz) <e.
By (3.100), (3.102) and (3.85),
p(TH ey, Th¥R2x, ) < p(T* x,,, TF x,,) < e/4. (3.103)

In view of (3.102) and (3.101),

,o(Tkl'H‘zxnl, Tix,,l) <e/4 and ,o(Tkl'H‘zx,lz, zjnz) <eg/4.
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Together with (3.103) these inequalities imply that
p(Tix,,], zjnz)
< p(Tixnl, Tk‘+k2xn]) + ,O(Tk1+k2x,,], Tk1+k2xn2) + ,O(Tk1+k2xn2, zj,,z)
<e.

Thus we have shown that the following property holds:

(P5) For each € > 0, there exists a natural number k(g) such that
o(T xn,, T/ xp,) < ¢

for all natural numbers n1,no > k(¢),i € [k(e),n1) and j € [k(¢), na).

Consider the two sequences {T”’zx,,}flo=2 and {T”’lx,,}ff:z. Property (P5) im-
plies that both of them are Cauchy and that

lim p(7" 'x,, T"%x,) =0.
n— o0
Therefore there exists X € K such that
lim ,0()?, T"fzxn) = lim ,o()f, T"flxn) =0.
n— o0 n—o0
Since the mapping 7 is continuous, 7x = x and assertion (A) is proved. g

Proof of Theorem 3.8(B) For each x € X and r > 0, set

B(x,r)={yeX:px,y) <r}. (3.104)
Choose &g > 0 such that
8o < M(l — ¢(M/2))/4. (3.105)
Assume that
yeKNBE, M), z€X and p(z,Ty) <. (3.106)

By (3.106) and (3.85),
p(x,2) < p(x, Ty)+p(Ty,z) <p(Tx,Ty)+do
<¢(px, ), y)+ . (3.107)
There are two cases:

p(y,x) < M/2; (3.108)
oy, x) > M/2. (3.109)
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Assume that (3.108) holds. By (3.107), (3.108) and (3.105),
p(x,2)<pXx,y)+8<M/2+686 <M. (3.110)
If (3.109) holds, then by (3.107), (3.106), (3.109) and the monotonicity of ¢,

p(X,2) <80+ d(M/2)p(x,y) <80+ d(M/2)M
<M/H(1—pM/2))+d(M/2)M < M.

Thus p(x, z) < M in both cases.
We have shown that

p(xX,z) <M foreachze Xandye KN B(x, M)
satisfying p(z, Ty) < &o. (3.111)

Since M is any positive number, we conclude that there is §; > 0 such that

p(x,z)<e foreachze Xandye K NB(x,¢)
satisfying p(z, Ty) < 1. (3.112)

Choose a positive number § such that
8<min{80,81,s(1—¢(5))4_1} (3.113)
and a natural number k such that
k>4M+1)(1—¢e)e) ' +4. (3.114)
Let n > k be a natural number and assume that {x;}!_, C K satisfies
plxp,x) <M and p(xi+1,Tx;) <68, i=0,...,n—1. (3.115)

We claim that (3.86) holds. By (3.111), (3.115) and the inequality 6 < &g (see
(3.113)),

{xi}i_y C B(x, M). (3.116)

Assume that (3.86) does not hold. Then there is an integer j such that
jelk,n} and p(xj,x)>e. (3.117)
By (3.117), (3.115), (3.112) and (3.113),
pxi,x)>e, i=0,...,]J. (3.118)

Leti € {0,...,j — 1}. By (3.115), (3.118), the monotonicity of ¢, (3.113) and
(3.85),
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p(Xit1,X) < p(xi1, Txi) + p(Txi, TX) < 8+ ¢(p(xi, ¥))p(xi, )
=8+ ¢(e)p(xi, x)

and

PXip1,X) — p(xi, ¥) <8 — (1 —p(e))p(xi. ¥) <86 — (1 — ¢ (e))e
< —(1—¢()e/2.
By (3.115) and (3.117) and the above inequalities,

—M < —p(x0,X) < p(xj,Xx) — p(x0, X)

j—1
=Y [pGis1, ) = pxi, )] < —j(1 = p(e)e/2) < —k(1 — $(e))e/2.
i=0

i=

This contradicts (3.114). The contradiction we have reached proves (3.86) and as-
sertion (B). O

Let G be a nonempty subset of a Banach space (Y, || - ||). In [64] J. A. Gatica
and W. A. Kirk proved that if T : G — Y is a strict contraction, then 7 must have
a unique fixed point x1, under the additional assumptions that the origin is in the
interior Int(G) of G and that T satisfies a certain boundary condition known as the
Leray-Schauder condition:

Tx#Ax Vxe€edG,Vi>1. (L-S)

Here G is not necessarily convex or bounded. Their proof was nonconstructive.
Later, M. Frigon, A. Granas and Z. E. A. Guennoun [61], and M. Frigon [60] proved
that if x; is the unique fixed point of ¢T, then, in fact, the mapping ¢+ — x; is Lip-
schitz, so it gives a partial way to approximate x;. Our second result in this sec-
tion, which was also obtained in [115], extends these theorems to the case where T
merely satisfies (3.85).

Theorem 3.9 Let G be a nonempty subset of a Banach space Y with 0 € Int(G).
Suppose that T : G — X is nonexpansive and that it satisfies condition (L-S). Then
for each t € [0, 1), the mapping tT : G — X has a unique fixed point x; € Int(G)
and the mapping t — x; is Lipschitz on [0, b] for any 0 < b < 1. If, in addition, T
satisfies (3.85), then it has a unique fixed point x| € G and the mapping t — x; is
continuous on [0, 1]. In particular, x; = lim,_, ;- x;.

Proof 1In the first part of the proof we assume that 7" is nonexpansive, i.e., it satisfies
(3.85) with ¢ identically equal to one.
Let S C [0, 1) be the following set:

S={r€[0,1): 1T has a unique fixed point x; € Int(G)}.
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Since ¢ T is a strict contraction for each ¢ € [0, 1), it has at most one fixed point. In
order to prove the first part of this theorem, we have to show that S = [0, 1). Since
0 € § by assumption and since [0, 1) is connected, it is enough to show that § is
both open and closed.

1. S is open: Let #y € S. From the definition of § it is clear that 7y < 1, so there
is a real number ¢ such that #p < g < 1. Let x4, € Int(G) be the unique fixed point
of 1T .

Since Int(G) is open, there is r > 0 such that the closed ball B[x;,, ] of radius r
and center x;, is contained in Int(G). We have, for all x € B[x;,,r] and ¢ € [0, 1),

1T x = xigll < 1T x = 1T x|+ 1t — 1ol Txeg Il + 10T x4y — x|

< tllx — x|l + 1t — 00l Txsy | < tr + |2 — 10 (I T x50 | + 1) (3.119)

Suppose that ¢ € [0, 1) satisfies

1_
It — 1o <min{M,q—to}. (3.120)
L+ 1T x4 |l

Then ¢t < g and

r(l1—rt)

lt —1to] < ——,
L+ 1Ty

50 [[tTx — x4 || < r by (3.119). Consequently, the closed ball B[x;,, r] is invariant
under #7T, and the Banach fixed point theorem ensures that 7 has a unique fixed
point x; € B[xy,, r] CInt(G). Thus t € § for all ¢ € [0, 1) satisfying (3.120).

2. S is closed: Suppose #p € [0, 1) is a limit point of S. We have to prove that
to € S, and since 0 € S we can assume that 7y > 0. There is a sequence (#,), in [0, 1)
such that #y = lim,,_, » ;, and since #y < 1, there is 0 < g < 1 such that ¢, < g forn
large enough. Define

Ao = {x;:1€5N[0,q]}.
The set Ag is not empty since 0 € Ag. In addition, if t € S N [0, g], then

el = Nl Txell < g (ITxe — TOI + 1TO) < g (llx: —Oll)llx; — Oll + g 7Ol

Therefore

gliTol _ 170l
—¢(lxlhg ~1—¢q’
so Ao is a bounded set, and since T is Lipschitz, T (Ag) is also bounded, say by M.
We will show that (x;,), is a Cauchy sequence which converges to the fixed point x;,

of 1oT. Indeed, since x;, and x;, are the fixed points of #,T and ¢,, T, respectively,
it follows that

el = (3.121)

lx, = xe, | = W6n T X1, =t T X1, || < |10 — G N T 5, | + 1 8m T X5, — T X1, |

< ltn =t M + tw(Ilxs, — x5, 1) 125, — %z, .
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Hence
” < |tn _tm|M < |tn _tmlM
L = tm@ (llxs, — x4, 1) l—¢q

Since t, — fo as n — 00, we see that (x;,), is indeed Cauchy and hence con-
verges to xy, € G. Using again the equality #,T x;, = x;,, we obtain

(3.122)

llxs, — x4,

20T x5 — X |l < 20T X129 — t0T x4, | + 20T X1, — ta Tx1, || + 80 T X1, — X1
=101 Txty — Txz, || + |0 — tu || Txe,, || + ||z, — Xgoll

< llxg = X1, | + 1t0 — ta M + |25, — X1 | = O,

5o 10T X1y = Xy, 1.€., Xy, 1s indeed a fixed point of # 7. It remains to show that
Xz € Int(G), and this follows from the (L-S) condition: since Tx;, = %x,o, so (L-S)
implies that x;, ¢ G (recall that 0 < 79 < 1). Hence S is closed, as claimed.

The fact that the mapping ¢ — x; is Lipschitz on the interval [0, b] for any 0 <
b < 1 follows from (3.122).

Suppose now that T satisfies (3.85) with ¢(#) < 1 for all positive . Let (#,), be
a sequence in [0, 1) such that 7, — 7o = 1. The set Ay (and hence the set T (Ap))
remain bounded also when g = 1, because if ||x;|| > 1, then in (3.121) we get
x| < lﬂo(“l), so in any case ||x;|| < max(l, 1[20(”1)) (recall that ¢(¢) < 1). Now,
in order to prove that xj :=lim,_ ;-1 x; exists, note first that (x;,), is Cauchy if
t, — 1, because otherwise there is ¢ > 0 and a subsequence (call it again #,) such
that ||x,,,, — X, , Il > &, but from (3.122) we obtain

|t2n+1 - t2n+2|M
1 —tou29(e)

a contradiction. Now, all these sequences approach the same limit because for any
two such sequences

— 0,

||xt2n+1 - xt2n+2 ” S

(th Ins (xsn)n’

the interlacing sequence (f1,s1,%2,52,...) = 1, 50 (X4, X5, X1y, Xy, ...) 1S also
Cauchy. The fact that x; is a fixed point of T is proved as above (here, however,
one cannot use (L-S) to conclude that x; € Int(G), and indeed it may happen that
x1 € G as the mapping T : [—1, 00) — R, defined by Tx = % shows). 0

3.8 A Result on Rakotch Contractions

In this section, which is based on [160], we establish fixed point and convergence
theorems for certain mappings of contractive type which take a closed subset of a
complete metric space X into X.

Let K be a nonempty and closed subset of a complete metric space (X, p). For
eachx € X and r > 0, set

B(x,r)= {y eX:p(x,y) fr}.
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In the following result, which was obtained in [160], we provide a new sufficient
condition for the existence and approximation of the unique fixed point of a con-
tractive mapping which maps a nonempty and closed subset of a complete metric
space X into X.

Theorem 3.10 Assume that T : K — X satisfies

p(Tx,Ty) <¢(p(x,y)p(x,y) forallx,yeK, (3.123)

where ¢ : [0, 00) — [0, 1] is a monotonically decreasing function such that ¢ (t) < 1
forallt > 0.
Assume that there exists a sequence {x,},° | C K such that

lim po(x,, Tx,)=0. (3.124)
n—oQ
Then there exists a unique x € K such that Tx = Xx.

Proof The uniqueness of x is obvious. To establish its existence, let ¢ € (0, 1) be
given and choose a positive number y such that

y < (1 — ¢(e))s/8. (3.125)
By (3.124), there is a natural number nq such that
o(xn, Txy) <y for all integers n > ng. (3.126)

Assume that the integers m, n > ng. We claim that p(x,,, x,) < &. Assume the
contrary. Then
P (X, xp) > €. (3.127)

By (3.125), (3.123), (3.127), the monotonicity of ¢, and (3.126),

P X, Xn) < P, Txm) + (T X, Txn) + p(T Xn, Xp)
<2y 4+ ¢(0tm, x2)) P Q. Xn) <2y + (&) p (X, Xn)
= p(tm, Xn) — (1= ¢(&)) p (X Xn) + 2y
< P @ms Xn) = (1= (&) p (X, xa) + (1 — P () /4
< p@msxn) — (1= (&) p (X, x0) (3/4)
= p(tm, X)[(1/4) + ¢ () 3/H)] < pXm. Xn),
a contradiction.

The contradiction we have reached proves that p(x,,, x,) < ¢ for all integers
m,n > ng, as claimed.
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Since ¢ is an arbitrary number in (0, 1), we conclude that {x, };’lo | is a Cauchy se-
quence and there exists x € X such that lim,_, o x, = x. By (3.123), for all integers
n>1,

p(Tx,x) < p(Tx, Txp) + p(Txn, xp) + p(xp, X)

<20xn, X))+ p(Txp,x,) =0 asn— oo.

This concludes the proof of Theorem 3.10. 0

In the following result, which was also obtained in [160], we present another
proof of the fixed point theorem established in Theorem 1(A) of [115]. This proof
is based on Theorem 3.10.

Theorem 3.11 Let T : K — X satisfy

p(Tx, Ty) <¢(p(x,y))p(x,y) forallx,y€eK,

where ¢ : [0, 00) — [0, 1] is a monotonically decreasing function such that ¢ (t) < 1
forallt > 0.

Assume that Ko C K is a nonempty and bounded set with the following property:

For each natural number n, there exists y, € Ko such that T'y,, is defined for all
i=1,...,n.

Then the mapping T has a unique fixed point x in K.

Proof By Theorem 3.10, it is sufficient to show that for each ¢ € (0, 1), there is
x € K such that p(x, Tx) < €. Indeed, let € € (0, 1). There is M > 0 such that

oo, yi) <M, i=12,.... (3.128)
By (3.123) and (3.128), for each integer i > 1,
o i Tyi) < p(vis yo) + p(yo, Tyo) + p(Tyo, Tyi) <2M + p(yo, Tyo). (3.129)
Choose a natural number g > 4 such that
(g — De(1—¢(e)) > 4M +2p(v0, To)- (3.130)

Set 7% =7z,z¢€K.
We claim that ,o(Tq_lyq, T%y,) < &. Assume the contrary. Then by (3.123),

p(T'yy, T y))>e, i=0,....,q—1. (3.131)
In view of (3.123), (3.131) and the monotonicity of ¢, we have fori =0, ...,q — 2,

<o @©@)p(T y,, T y,)



3.8 A Result on Rakotch Contractions 147

and

P(T'yq: T yq) = (T yg, TH2y0) = (1= $@) (T yg, T yg)
> (1—¢(e))e. (3.132)

By (3.129) and (3.132),

2M + p(y0. Ty0) = p(3g. Tyg) — p(T9 vy, Ty,)
q—2
> Z['O(leq’ Tz+1yq) _ ,O(Tl_qu, Tz+2yq)]
i=0

> (g —D(1—9()e
and
2M + p(y0, Tyo) > (g — D(1 — p(e))e.
This contradicts (3.130). The contradiction we have reached shows that
p(T7 "y Ty,) <,

as claimed. Theorem 3.11 is proved. |

In the following result, also obtained in [160], we establish a convergence re-
sult for (unrestricted) infinite products of mappings which satisfy a weak form of
condition (3.123).

Theorem 3.12 Let ¢ : [0,00) — [0, 1] be a monotonically decreasing function
such that ¢ (t) < 1 forallt > 0.
Let

x ek, T,:K—> X, i=0,1,..., Tix=x, i=0,1,..., (3.133)
and assume that
p(Tix,x) < d)(p(x,)?)),o(x,)?) foreachx e K,i=0,1,.... (3.134)
Then for each M, € > 0, there exist § > 0 and a natural number k such that for each
integer n > k, each mapping r : {0,1,...,n — 1} - {0, 1, ...}, and each sequence
{x,-};l:_ol C K satisfying
pxo,x) <M and pxiy1, Triyxi) <8, i=0,...,n—1,

we have

pxi,x)<e, i=k,...,n. (3.135)
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Proof Choose &g > 0 such that
So<M(1—¢(M/2))/4. (3.136)
Assume that
ye KNBx, M), ief{0,1,...}, zeX and p(z,Tiy) <&. (3.137)
By (3.137) and (3.134),
P(E,2) < p(X, Tiy) + p(Ti, 2) < (p (X, y)) p (X, ¥) + o. (3.138)
There are two cases:
p(y,x) =M/2 (3.139)
and

o(y,x)>M/2. (3.140)
Assume that (3.139) holds. Then by (3.138), (3.139) and (3.136),

p(x,2) <p(x,y) +8<M/2+ 8 <M. (3.141)
If (3.140) holds, then by (3.138), (3.137), (3.136) and the monotonicity of ¢,

p(x,z) <80+ @(M/2)p(x,y) <o +dM/2)M
<M/H(1—¢pM/2))+(M/2)M < M.

Thus p(x,z) < M in both cases.
‘We have shown that

ifye KNB(x,M),i€{0,1,...},z€ X, p(z, T;y) <o, then p(¥,z) <M.
(3.142)

Since M is any positive number, we conclude that there is §; > 0 such that

ifye KNB(x,e),i€{0,1,...},z€ X, p(z, T;y) <41, then p(¥X,2) <e.
(3.143)

Now choose a positive number § such that
8 <min{do, 81,¢(1 —¢(e))47"} (3.144)
and a natural number k such that

k>4M+1)((1—¢e)e) ™ +4. (3.145)
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Let n > k be a natural number. Assume thatr : {0, ...,n — 1} — {0, 1, ...} and that
)i, CK
satisfies
pxo,x) <M and p(xi41, Trox) <8, i=0,....,n—1 (3.146)

We claim that (3.135) holds. By (3.142), (3.146) and the inequality § < §o,
{xi}i—o C B(x, M). (3.147)

Assume to the contrary that (3.135) does not hold. Then there is an integer j such
that

jelk,...,n} and p(x;, %) >e. (3.148)
By (3.148) and (3.134),

pxi,x)>e, i=0,...,]. (3.149)

Leti €{0,...,j — 1}. By (3.146), (3.134) and the monotonicity of ¢,
p(Xip1, %) < pxig1, Triyxi) + p(Tr)xi, ¥) < 8 + ¢ (o (xi, X)) p(xi, X)
=5+ ¢(e)p(xi, x).
When combined with (3.144) and (3.49), this implies that
pig1, X) — p(xi, X) <8 — (1 =) p(x;, ) <6 — (1 —p(e))e
< —(1 — ¢(s))s/2. (3.150)

Finally, by (3.146), (3.150) and (3.148),

-M =< _,O(XO,)E)S,O(.X],)E)_,O(X(),X)

j—1
=Y [ois1. H) = (. D] < —j(1 - p(©)e/2 < —k(1 - p(e))e/2.
i=0

1=

This contradicts (3.145). The contradiction we have reached proves (3.135) and
Theorem 3.12 itself. O

3.9 Asymptotic Contractions

In this section, which is based on [8], we provide sufficient conditions for the iterates
of an asymptotic contraction on a complete metric space X to converge to its unique
fixed point, uniformly on each bounded subset of X.
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Let (X, d) be a complete metric space. The following theorem is the main result
of Chen [40]. It improves upon Kirk’s original theorem [83]. In this connection, see
also [6] and [76].

Theorem 3.13 Let T : X — X be such that
d(T"x, T"y) < ¢n(d(x,y))

for all x,y € X and all natural numbers n, where ¢, : [0,00) — [0,00) and
limy,—, 00 ¢n = @, uniformly on any bounded interval [0, b]. Suppose that ¢ is up-
per semicontinuous and that ¢ (t) <t for all t > 0. Furthermore, suppose that there
exists a positive integer ny such that ¢, is upper semicontinuous and ¢, (0) = 0. If
there exists xo € X which has a bounded orbit O (xg) = {x¢, T xo, szo, ...}, then
T has a unique fixed point x,, € X and lim,_, oo T"x = x, forall x € X.

Note that Theorem 3.13 does not provide us with uniform convergence of the
iterates of T on bounded subsets of X, although this does hold for many classes of
mappings of contractive type (e.g., [23, 114]). This property is important because it
yields stability of the convergence of iterates even in the presence of computational
errors [35]. In this section we show that this conclusion can be derived in the setting
of Theorem 3.13 if for each natural number n, the function ¢, is assumed to be
bounded on any bounded interval. To this end, we first prove a somewhat more
general result (Theorem 3.14) which, when combined with Theorem 3.13, yields
our strengthening of Chen’s result (Theorem 3.15).

Theorem 3.14 Let x, € X be a fixed point of T : X — X. Assume that
d(T"x, x*) < ¢y (d(x, x*)) forall x € X and all natural numbers n, (3.151)

where ¢, : [0, 00) — [0, 00) and lim,—, oo ¢, = ¢, uniformly on any bounded inter-
val [0, b]. Suppose that ¢ is upper semicontinuous and ¢ (t) <t for all t > 0. Then
T"x — x4 as n — 00, uniformly on each bounded subset of X .

Theorem 3.15 Let T : X — X be such that

d(T"x, T"y) < pu(d(x. y))

for all x,y € X and all natural numbers n, where ¢, : [0,00) — [0, 00) and
lim;,—, 5o ¢ = ¢, uniformly on any bounded interval [0, b]. Suppose that ¢ is up-
per semicontinuous and ¢(t) <t for all t > 0. Furthermore, suppose that there
exists a positive integer ny such that ¢, is upper semicontinuous and ¢, (0) = 0. If
there exists xo € X which has a bounded orbit O (xg) = {xo, T xo, T%x, ... }, then T
has a unique fixed point x, € X and lim,,_, oo T" x = x4, uniformly on each bounded
subset of X.
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Proof of Theorem 3.14 We may assume without loss of generality that ¢ (0) = 0 and
¢, (0) =0 for all integers n > 1.
For each x € X and each r > 0, set

B(x,r)= {y eX:dkx,y) < r}.
We first prove three lemmata.

Lemma 3.16 Let K > 0. Then there exists a natural number q such that for all
integers s > ¢,

T*(B(xs, K)) C B(xy, K 4+ 1).
Proof There exists a natural number g such that for all integers s > ¢,
|¥s(t) — ()| <1 forallr [0, K.
Let s > g be an integer. Then for all x € B(x,, K),
d(T°x,x:) < ¢s(d(x,x0)) <@(d(x,x0)) +1 <d(x,x) +1 <K +1.
Lemma 3.16 is proved. g

Lemma 3.17 Let O < &1 < gg. Then there exists a natural number g such that for
each integer j > q,

T/ (B(xs, £1)) C B(x«, £0).
Proof There exists an integer ¢ > 1 such that for each integer j > ¢,
|9j(t) — ()| < (60 —€1)/2 forallt € [0, go]. (3.152)

Assume that
jef{qg,.qg+1,...} and x € B(xy,e¢1).
By (3.151) and (3.152),

d(T/x,xy) < ¢j(d(x,x0)) < p(d(x, x5)) + (80 — £1)/2
<e1+ (g0 —£1)/2= (g0 +£1)/2.

Lemma 3.17 is proved. 0

Lemma 3.18 Let K, ¢ > 0 be given. Then there exists a natural number q such that
for each x € B(xy, K),

min{d(T-/x,x*) j=1, ...,q} <e.
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Proof By Lemma 3.16, there is a natural number g such that

T" (B(x*, K)) C B(x4, K + 1) for all natural numbers n > q.

(3.153)

‘We may assume without loss of generality that ¢ < K /8. Since the function t — ¢ (¢),

t € (0, 00), is lower semicontinuous and positive, there is
3€(0,¢/8)

such that
t—¢@)=>25 foralltele/2,K +1].

There is a natural number s > ¢ such that
|p(t) — ¢s()| <8 forallt € [0, K +1].
By (3.155) and (3.156), we have, for all ¢t € [¢/2, K + 1],
bs() <Pp()+8<t—-25+8=1—3.
In view of (3.156) and (3.154), we have, for all ¢ € [0, /2],
Os(t) <Pp(t)+6<t+56=<¢/24+5<(3/4e.
Choose a natural number p such that
p>4+5 1 (K +1).

Let
x € B(xy4, K).
‘We will show that

min{d(zj,x*) (j=12,...,ps}<e
Assume the contrary. Then
d(zj,x*) >¢ forall j=s,...,ps.
By (3.160) and(3.153),
T/ x eBx., K+1), j=s,...,ps.
Let a natural number i satisfy i < p — 1. By (3.162) and (3.163),
d(T”x,x*) >¢ and d(T”x,x*) <K-+1.

It follows from (3.151), (3.164) and (3.157) that

d(T‘Y(Ti‘Yx), x*) < ¢y (d(Ti‘Yx, x*)) < d(Tisx, x*) — 4.

(3.154)

(3.155)

(3.156)

(3.157)

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)
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Thus for each natural numberi < p — 1,
d(T(iH)‘Yx, x*) < a’(T”x, x*) — 4.
This inequality implies that
d(TPx, x,) <d(TPx,x,) =8 <+ <d(Tx, x:) — (p — 1)8.
When combined with (3.163) and (3.159), this implies, in turn, that
d(Tpsx,x*) <K+1—-(p—-1$§<0.

The contradiction we have reached proves (3.161) and completes the proof of
Lemma 3.18. 0

Completion of the proof of Theorem 3.14 Let K, ¢ > 0 be given. Choose ¢ € (0, ¢).
By Lemma 3.17, there exists a natural number ¢; such that

T/(B(xy,€1)) C B(x,, &) forall integers j > gi. (3.165)
By Lemma 3.18, there exists a natural number ¢, such that
min{d(T/x,x,):j=1,....,q2} <e; forallx € B(xs, K). (3.166)

Assume that
x € B(xy, K).

By (3.166), there is a natural number j; < g» such that
d(Tx, x,) <ey. (3.167)
In view of (3.167) and (3.165),
T/(T/'x) € B(xy, &) forall integers j > gi. (3.168)
Inclusion (3.168) and the inequality j; < g> now imply that
Tixe B(xy,e) forallintegersi > g1 + q>.

Theorem 3.14 is proved. 0

3.10 Uniform Convergence of Iterates

Let (X, d) be a complete metric space. The following theorem [9] is the main result

of this section. In contrast with Theorem 3.14, here we only assume that a subse-

quence of {¢,}7° | converges to ¢.
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Theorem 3.19 Let x, € X be a fixed point of T : X — X. Assume that
d(T”x,x*) §¢n(d(x,x*)) (3.169)

forall x € X and all natural numbers n, where the functions ¢, : [0, o0) — [0, 00),
n=1,2,..., satisfy the following conditions:

(i) Foreach b > 0, there is a natural number ny, such that
sup{¢, (1) :1 €[0,b] and all n > np} < oo; (3.170)
(ii) there exist an upper semicontinuous function ¢ : [0, 00) — [0, 00) satisfying

¢(t) <t forall t > 0 and a strictly increasing sequence of natural numbers
{mk},fil such that limg_, oo ¢, = ¢, uniformly on any bounded interval [0, b].

Then T"x — x, as n — 00, uniformly on any bounded subset of X .

Proof Set T%x = x for all x € X. For each x € X and each r > 0, set
B(x,r)={zeX:d(x,2) <r}. (3.171)

Let M > 0 and ¢ € (0, 1) be given. By (i), there are M| > M and an integer n; > 1
such that

¢i(t) <M; forallte [0, M+ 1] and all integers i > n. (3.172)
In view of (3.169) and (3.172), for each x € B(x,, M) and each integer n > nj,
d(Tyx, x,) < ¢ (d(x, x5)) < M. (3.173)
Since the function t — ¢ (¢) is lower semicontinuous, there is § > 0 such that
§<¢e/8 (3.174)

and
t—@(t) =25, tele/8,4M1+4] (3.175)
By (ii), there is an integer no > 2n1 + 2 such that
|, (1) —p ()| <8, 1 €[0,4M, +4]. (3.176)
Assume that
X € B(xy, M1 +4). (3.177)
If d(x, x) < ¢&/8, then it follows from (3.169), (3.174), (3.176) and (3.177) that

d(Tnzxa x*) =< ¢,,2(d(x,x*)) < ¢(d(x’x*)) +8<d(x,x)+5< 8/4“
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If d(x, x,) > ¢/8, then relations (3.169), (3.175), (3.176) and (3.177) imply that
d(T"x, x5) < @ny (d(x, x2)) S P(d(x,x0)) +8 <d(x, %) =28+ 8 =d (x, x4) — 6.
Thus in both cases we have
d(T"x, x,) < max{d(x, x,) — 8, £/4}. (3.178)
Now choose a natural number g > 2 such that
g>@+2M)5"". (3.179)
Assume that
x€Bxy, M +4) and T"x e B(xy, M1 +4), i=1, ...,qg—1. (3.180)
We claim that
min{d(T/"x,x,): j=1,...,q} <e/4. (3.181)
Assume the contrary. Then by (3.178) and (3.180), foreach j =1, ..., g, we have
d(Tjnzx, x*) < d(T(j_l)"zx, x*) )
and
d(T7x, x,) < d(T(q_l)”zx,x*) —8<--<d(x,x4) —g8 <M +4—gé.

This contradicts (3.179). The contradiction we have reached proves (3.181).
Assume that an integer j satisfies 1 < j <g — 1 and

d(T/"x,x,) <e/4.
When combined with (3.178) and (3.180), this implies that
d(TY "y, x,) < max{d(T/"2x, x,) — 8,¢/4} <e/4.
It follows from this inequality and (3.181) that
d(T1x,x,) <e/4 (3.182)

for all points x satisfying (3.177).
Assume now that x € B(x,, M) and let an integer s be such that s > n| + gno.
By (3.173),

T'xe B(xx, M1) for all integers i > nj
and

T°79"2x € B(xx, My). (3.183)
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Since T5x = T9"2(T*~9"2x), it follows from (3.182) and (3.183) that

d(Tsx, x*) = d(Tq"2 (Tsfqnzx), x*) <eg/4.
This completes the proof of Theorem 3.19. 0

The following result, which was also obtained in [9], is an extension of Theo-
rem 3.19.

Theorem 3.20 Let x. € X be a fixed point of T : X — X. Assume that {my}72 | is
a strictly increasing sequence of natural numbers such that

d(kax, x*) =< dm, (d(x, x*))
for all x € X and all natural numbers k, where T and the functions ¢,,, : [0, 00) —
[0,00), k=1,2,..., satisfy the following conditions:

(i) Foreach M > 0, there is M| > 0 such that
T! (B(x*, M)) C B(xx, My) for each integeri > 0;

(i) there exists an upper semicontinuous function ¢ : [0, co) — [0, 00) satisfying
¢(t) <t for all t > 0 such that limg_, o0 ¢, = ¢, uniformly on any bounded
interval [0, b].

Then T"x — x4 as n — 00, uniformly on any bounded subset of X .

Proof Let i be a natural number such that i ## my for all natural numbers k. For
each t > 0, set

¢i(t) =sup{d(T'x, x,) :x € B(x,, 1)}

Clearly, ¢;(t) is finite for all £ > 0. It is easy to see that all the assumptions of
Theorem 3.19 hold. Therefore Theorem 3.19 implies that 7"x — x, as n — oo,
uniformly on all bounded subsets of X. Theorem 3.20 is proved. d

Now we show that Theorem 3.19 has a converse.

Assume now that T : X — X, x, € X, T"x — x, as n — 00, uniformly on all
bounded subsets of X, and that 7'(C) is bounded for any bounded C C X. We claim
that T necessarily satisfies all the hypotheses of Theorem 3.19 with an appropriate

sequence {¢,}2 ;.
Indeed, fix a natural number n and for all ¢ > 0, set
On(t) = sup{d(T"x, x*) 1 x € B(xy, t)}.

Clearly, ¢, (¢) is finite for all # > 0 and all natural numbers n, and

d(Tnxa x*) <n (d(x’ x*))
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for all x € X and all natural numbers »n. It is also obvious that ¢, — 0 as n — oo,
uniformly on any bounded subinterval of [0, 0o0), and that for any b > 0,

sup{¢, (1) :1 €[0,b],n> 1} < c0.

Thus all the assumptions of Theorem 3.19 hold with ¢ (¢) = 0 identically.

3.11 Well-Posedness of Fixed Point Problems

Let (K, p) be a bounded complete metric space. We say that the fixed point problem
for a mapping A : K — K is well posed if there exists a unique x4 € K such that
Ax 4 = x4 and the following property holds:

if {xn}jf’:l C K and p(x,, Ax,;) — 0 as n — o0, then p(x,,x4) — 0 as n — oo.

The notion of well-posedness is of central importance in many areas of Math-
ematics and its applications. In our context this notion was studied in [50], where
generic well-posedness of the fixed point problem is established for the space of
nonexpansive self-mappings of K.

In this section, which is based on [139], we first show (Theorem 3.21) that the
fixed point problem is well posed for any contractive self-mapping of K. Since it is
known that in Banach spaces (see Theorem 3.2) almost all nonexpansive mappings
are contractive in the sense of Baire’s categories, the generic well-posedness of the
fixed point problem for the space of nonexpansive self-mappings of K follows im-
mediately in this case. In our second result (Theorem 3.22) we show that the fixed
point problem is well posed as soon as the uniformly continuous self-mapping of K
has a unique fixed point which is the uniform limit of every sequence of iterates.

Let (K, p) be a bounded complete metric space. Define

d(K)=sup{p(x,y):x,y € K}. (3.184)

Recall that a mapping A : K — K is contractive if there exists a decreasing func-
tion ¢ : [0, d(K)] — [0, 1] such that

o)<1, te (O,d(K)] (3.185)
and

p(Ax, Ay) <¢(p(x,y))p(x,y) forallx,yeK. (3.186)

Theorem 3.21 Assume that a mapping A : K — K is contractive. Then the fixed
point problem for A is well posed.

Proof Since the mapping A is contractive, there exists a decreasing function ¢ :
[0,d(K)] — [0, 1] such that (3.185) and (3.186) hold. By Theorem 3.1, there exists
a unique x4 € K such that

Axg =x4. (3.187)
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Let {x,}2 | C K satisfy

lim po(x,, Ax,) =0. (3.188)
n—oo

We claim that x, — x4 as n — o0o. Assume the contrary. By extracting a subse-
quence, if necessary, we may assume without loss of generality that there exists
& > 0 such that

p(xy,x4) >¢ forall integers n > 1. (3.189)
Then it follows from (3.187), (3.186), (3.189) and the monotonicity of the function
¢ that for all integers n > 1,
pxa, xp) < p(xa, Axp) + p(Axp, xp) < p(Axp, xp) + ¢(p(xna XA)),O(Xn, Xa)
< p(Axp, xn) + @ ()p(xa, Xn). (3.190)

Inequalities (3.190) and (3.189) imply that for all integers n > 1,

e(1=9(e) < (1—¢©)p(xa,xn) < p(Axn, Xn),

a contradiction (see (3.188)). The contradiction we have reached proves Theo-
rem 3.21. O

Theorem 3.22 Assume that A : K — K is a uniformly continuous mapping,
x4 €K, Axpq = x4, and that A"x — x4 as n — o0, uniformly on K. Then the
fixed point problem for the mapping A is well posed.

Proof Let ¢ > 0 be given. In order to prove this theorem, it is sufficient to show that
there exists § > 0 such that for each y € K satisfying p(y, Ay) < §, the inequality
p(y,x4) < € is true.

There exists a natural number ng > 3 such that

p(A"x,xA) <¢/8 forany x € K and any integer n > ny. (3.191)

Set
8o = &(8ng) "\ (3.192)

Using induction, we define a sequence of positive numbers {5;}7°, such that for any
integer i > 0,

8iy1 < 8; (3.193)
and
if x,ye K and p(x, y) <38;j+1, then p(Ax, Ay) <4;. (3.194)

We now show that if y € K satisfies p(y, Ay) < &,,, then p(y,x4) < &/2. Indeed,
let y € K satisfy

Py, Ay) < 3. (3.195)
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It follows from the definition of the sequence {‘Si}?io (see (3.193), (3.194)) and
(3.195) that for any integer j € [1, ng],

p(Aly, ATtly) <80 (3.196)

Relations (3.196), (3.193) and (3.192) imply that

no
p(y, A™Fly) < Zp(Ajy, ATTYY) < (no + D)8y < &/4. (3.197)
j=0

(Here we use the notation A%x = x for all x € K.) It follows from (3.197) and the
definition of nq (see (3.191)) that

p(y,xa) < p(y, AT y) + p(A"F Yy x4) <e/4+e/8 <e/2.

Thus we have indeed shown that if y € K satisfies p(y, Ay) < 8,,, then p(y, x4) <
&/2. This completes the proof of Theorem 3.22. U

3.12 A Class of Mappings of Contractive Type

Let (X, p) be a complete metric space. In this section, which is based on [158],
we present a sufficient condition for the existence and approximation of the unique
fixed point of a contractive mapping which maps a nonempty, closed subset of X
into X.

Theorem 3.23 Let K be a nonempty and closed subset of a complete metric space
(X, p). Assume that T : K — X satisfies

p(Tx,Ty)§¢>(p(x,y)) foreachx,y € K, (3.198)

where ¢ : [0, 00) — [0, 00) is upper semicontinuous and satisfies ¢(t) <t for all
t>0.

Assume further that Ko C K is a nonempty and bounded set with the following
property:
(P1) For each natural number n, there exists x, € Ko such that T" x,, is defined.

Then the following assertions hold.

(A) There exists a unique x € K such that Tx = Xx.
(B) Let M, & > 0. Then there exist § > 0 and a natural number k such that for each

integer n > k and each sequence {x;}_, C K satisfying

p(xo,x) <M
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and
o(xit1, Tx;) <68, i=0,....,n—1,
the inequality p(x;, X) < € holds fori =k, ...,n.

Proof (A) The uniqueness of x is obvious. To establish its existence, we may and
shall assume that ¢ (0) = 0.

For each natural number n, let x, be as guaranteed by (P1). Fix 6 € K. Since K
is bounded, there is ¢g > 0 such that

0(0,2) <co forall z € Kp. (3.199)

Let ¢ > 0 be given. We will show that there exists a natural number k such that the
following property holds:

(P2) If n and i are integers such that k <i < n, then
p(T" x, Ti+1xn) <e.

Assume the contrary. Then for each natural number k, there exist natural numbers
ny and i such that

k<ip<ng and p(T%x,,, Ty, ) >e. (3.200)

Since the function ¢ — ¢ (¢) is positive for all # > 0 and lower semicontinuous, there
is ¥ > 0 such that

t—¢(t) >y forallte[e/2,2co+ p(0,TO) +¢]. (3.201)
Choose a natural number k such that
k>y~'(2co +p(0,T0)). (3.202)
Then (3.200) holds. By (3.200) and (3.198),
p(T xn, T xp ) > 6, i=0,... 0. (3.203)
(Here we use the convention that 70z = z for all z € K.) By (3.198),

,O(Xnk, Txnk) = p(Tank, Ti—Hxnk)
for each integer i satisfying 0 <i < ix. (3.204)

By (P1), (3.199) and (3.198),

,O(xnk, Txnk) =< p(xnk» 0)+p(6,T0)+ p(Tev Txnk)
<o+ pB,TO) + co. (3.205)
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Together with (3.203) and (3.204) this implies that
e < p(T xn,, T xy,) < 2c0 + p(0,TO) foralli=0,...,i. (3.206)
It follows from (3.198), (3.206) and (3.201) that for all i =0, ..., i — 1,
p(THzxnk, Ti+1xnk) < d)(p(TiJrlxnk, Tix,)) < p(Ti+1xnk, Tixn) — .
When combined with (3.205) and (3.200), this implies that

—p(0,T0) —2cp < —/O(xnk, Txnk) = p(Tik+1xnks Tikxnk) - p(xnk» Txnk)

ir—1

— Z[p(TH%an’ Ti+1xnk) _ ,O(Tinnk, Tixnk)]
i=0

—yir < —ky

IA

and
ky <2co+ p(0,T0).

This contradicts (3.202). The contradiction we have reached proves the existence of
a natural number k such that property (P2) holds.

Now let § > 0 be given. We will show that there exists a natural number k such
that the following property holds:

(P3) If n,i and j are integers such that k <i, j < n, then
p(Tixn, zjn) <3§.

Assume to the contrary that there is no natural number k for which (P3) holds.
Then for each natural number k, there exist natural numbers ng, iy and ji such
that

k <ip < jkx <ng (3.207)
and
p(Tikxnk, Tjkxnk) > 4.

We may assume without loss of generality that for each natural number k, the fol-
lowing property holds:
If an integer j satisfies iy < j < ji, then

p(T%xp, TV xp,) < 6. (3.208)
We have already shown that there exists a natural number kq such that (P2) holds

with k = kg and ¢ = 4.
Assume now that & is a natural number. It follows from (3.207) and (3.208) that
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§ < p(Tikxnk, Tjkx,,k) < p(T-/’fxnk, Tj"_lxnk) + p(Tjk—lxnk, Tikxnk)
< p(THxy,, TH ', ) + 6. (3.209)

By property (P2),

) ) _—
klggop(T]kx"k’ Tk Xnk) =0.
When combined with (3.209), this implies that

lim p(T%xy,, T'x,,) = 8. (3.210)

k— 00

By (3.207), for each integer k > 1,
8 < p(Ti"xnk, Tj"xnk)
< p(Tikxnk, Tik+1xnk) + p(Ti"Jrlxnk, Tjk+1xnk) + p(Tj”]xnk, Tjkx,,k)

< p(Tikxnk, T"k“xnk) + p(Tj"Hxnk, Tj"x,,k) + ¢>(p(Tikxnk, Tj"xnk)).
(3.211)

Since by (P2),

Jim (T, T ) = Jim p(T ey, Ty, ) = 0.

(3.210) and (3.211) imply that § < ¢ (5), a contradiction.

The contradiction we have reached proves that there exists a natural number k
such that (P3) holds.

Let ¢ > 0 be given. We will show that there exists a natural number k such that
the following property holds:
(P4) If the integers n1, ny > k, then p(Tkxnl, Tkxnz) <e.

Assume the contrary. Then for each integer k > 1, there are integers nﬁk), ng‘) >k
such that

p(Tkxngk), T"xngk)) > . (3.212)
By (P1), (3.198) and (3.199), the sequence

{p(Tkxn(lk) R Tkxn;k))}]to 1

is bounded. Set

5= limsupp(Tkano, Tkxn;k,). (3.213)

k— 00
By definition, there exists a strictly increasing sequence of natural numbers {k; }7° |
such that

8= lim ,o(Tk"xngki), T"ixngkﬁ). (3.214)

i—00
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By (3.212) and (3.213),
§>e. (3.215)

By (3.198), for each natural number i,
ki ) ki ) < ki+1 ) ki )
,O(T xn(lkl), T xnékl)) < p(T xn(lkl), T xngk”)
ki+1 . ki+1 ) ki+1 ) ki )
+ p(T xn(lA,), T Xn;kl)) + ,O(T xn(2k1>, T xn;k,))

ki+1 ki ki+1 ki
< /J(T it X ), T ‘xn(k,») +,0(T it X k) T ’xn<k,->)
1 1 2 2

+ (b(p(Tkixn(lki) s Tkixn;ki)))' (3.216)
By property (P2),
lim p(T5x w), Thx 4)) =0, j=12. (3.217)
i—00 nj nj

Now it follows from (3.216), (3.217), (3.204) and (3.215) that e < § < ¢ (5), a con-
tradiction. This contradiction implies that there is indeed a natural number k such
that (P4) holds, as claimed.

Let ¢ > 0 be given. By (P4), there exists a natural number k| such that

p(T" %y, T*1x,,) < e/4 for all integers n1, ny > ki. (3.218)
By (P3), there exists a natural number k, such that

p(Tix,,, zj,,) <eg/4 for all natural numbers n, i, j satisfying kp <i, j <n.

(3.219)
Assume that the natural numbers n1, no, i and j satisfy
ni,ny >k + ko, i,j>ki+ko, i <nip, Jj <ns. (3.220)
We claim that p (T x,,, T/ xn,) < e. By (3.198), (3.218) and (3.220),
p(Th e, Th+R2x, ) < p(T* x,,, TF x,,) < e/4. (3.221)

In view of (3.219) and (3.220),
p(T"2x,  T'x, ) <e/4 and p(TH Ry, Tix,,) <e/4. (3.222)
Inequalities (3.222) and (3.221) imply that
o(T xny, T xny) < (T %0y, T2k, ) + p(TH T2k, TR R2K,)
+ p(Tk‘+k2x,,2, zjnz) <e.

Thus we have shown that the following property holds:
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(P5) For each € > 0, there exists a natural number k() such that

p(Tixnl, zjnz) <e for all natural numbers n1, n>,i and j

such that

ni,ny>k(e),  i€lk(e),n) and j€[k(e),n2).

Consider now the sequences {T"_an}flo:3 and {T"_lx,,}floz3. Property (P5) im-

plies that both of them are Cauchy sequences and that

lim p(T" 2x,, T" 'x,) = 0.

n—o00

Hence there exists x € K such that

Jim_ (3, 7" 2x,) = lim p(%, 7" ) =0.

Since the mapping T is continuous, it follows that 7x = x. Thus part (A) of our

theorem is proved.
We now turn to the proof of part (B). Clearly,

inf{t —¢p@):te[M/2, M]} > 0.
Choose a positive number ¢ such that
8o <min{M/2,inf{r — $p (1) : 1 € [M/2, M1} /4}.
For each x € X and r > 0, set
B(x,r)= {y eX:px,y) < r}.
Assume that
ye KNB(x, M), zeX and p(z,Ty) <ép.

By (3.224) and (3.198),

P(E,2) < p(E,Ty) +p(Ty,2) < p(TX, Ty) + 80 < ¢(0(X, y)) + o

There are two cases:

p(y,x) <M/2;
o(y,x)>M/2.

Assume that (3.226) holds. By (3.225), (3.226), (3.198) and (3.223),

p(x,z) <p(x,y)+8=M/2+ 8 <M.

(3.223)

(3.224)

(3.225)

(3.226)
(3.227)
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Assume that (3.227) holds. Then by (3.223), (3.225), (3.224) and (3.227),

p(E,2) <8+ 0(p(x. ) <[pE, y) —d(p@E ) ]4 +o(pE. )
<p(x,y) <M.

Thus p(x,z) < M in both cases.
‘We have shown that

p(x,z) <M foreach z € X such that
there exists y € K N B(x, M) satisfying p(z, Ty) < dp. (3.228)

Since M is an arbitrary positive number, we may conclude that there is 6; > 0 so
that

p(x,z) <e foreachz e X such that
there exists y € K N B(x, ¢) satisfying p(z, Ty) < 4. (3.229)

Choose a positive number é such that
8 <min{8o, 8,47 inf{t —p (1) :t € [e, M + e+ 1]}} (3.230)
and a natural number & such that
k>2(M+ 18! +2. (3.231)

Assume that n is a natural number such that n > k and that {x;}}

o C K satisfies
p(xo,X) <M, pxiv1,Tx;) <48, i=0,....,n—1 (3.232)

We claim that
pxi,x)<e, i=k,...,n. (3.233)
By (3.228), (3.230) and (3.232),

{xi}_o C B(x, M). (3.234)
Assume that (3.233) does not hold. Then there is an integer j such that
je€lk,....,n} and p(xj,Xx)>e. (3.235)
By (3.229), (3.230) and (3.232),
pxi,x)>¢e, i=0,...,]J. (3.236)
Leti €{0,...,j—1}. By (3.232), (3.198), (3.234), (3.236) and (3.230),
PXit1, %) < p(xig1, Txi) + p(Tx;, TX) <8+ ¢(p(xi, X))
<d(pGi D) +47 (o (i, 1) — ¢(p(xi, )))
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<¢(p(xi, ) + 27 (p(xi. ) — p(p(xi. X)) — 8
< p(xi, x) — 9.
When combined with (3.232) and (3.235), this implies that
_M S _,O(XO,)E) S p(xjv-i) - lo(x()?)z)
i—1

[p(xis1,%) — p(x;, X)] < —j8 < —k8.
i=0

1=
Thus
k<M

which contradicts (3.231).
Hence (3.233) is true, as claimed, and part (B) of our theorem is also proved. [

3.13 A Fixed Point Theorem for Matkowski Contractions

Let (X, p) be a complete metric space. In this section, which is based on [159],
we present a sufficient condition for the existence and approximation of the unique
fixed point of a Matkowski contraction [99] which maps a nonempty and closed
subset of X into X.

Theorem 3.24 Let K be a nonempty and closed subset of a complete metric space
(X, p). Assume that T : K — X satisfies

p(Tx,Ty) < ¢(p(x, y)) foreachx,y e K, (3.237)

where ¢ : [0, 00) — [0, 00) is increasing and satisfies 1im,— o ¢" (t) = 0 for all
t > 0. Assume that Ko C K is a nonempty and bounded set with the following prop-
erty:

(P1) For each natural number n, there exists x, € Ko such that T" x,, is defined.
Then the following assertions hold.

(A) There exists a unique x € K such that Tx = Xx.
(B) Let M, & > 0. Then there exists a natural number k such that for each sequence
{xi}!'_, C K with n > k satisfying
pxo,Xx) <M and Tx;i=xiy1, i=0,...,n—1,

the inequality p(x;, x) < € holds foralli =k, ..., n.
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Proof Foreachx € X and r > 0, set
B(x,r)={yeX:px,y) <r} (3.238)
(A) Since ¢"(t) — 0 as n — oo for all ¢ > 0, and since ¢ is increasing, we have
¢(t) <t forallt >0. (3.239)

This implies the uniqueness of x. Clearly, ¢ (0) =0.
For each natural number =, let x,, be as guaranteed by property (P1). Fix 6 € K.
Since K is bounded, there is ¢g > 0 such that

0(0,72) <co forall z € K. (3.240)

Let ¢ > 0 be given. We will show that there exists a natural number k such that
the following property holds:

(P2) If the integers i and n satisfy k <i < n, then
p(Tix,,, Ti+1x,,) <e.
By (3.236) and (3.240), for each z € K,
p(z,Tz) < p(z,0)+p©,T0)+ p(T0,Tz)
<2p(z,0)+ p(O,T0) <2co+ p©, T0). (3.241)
Clearly, there is a natural number k such that
¢*(2co + p(0,T)) <e. (3.242)

Assume now that the integers i and n satisfy k <i < n.
By (3.236), (3.239), (3.241), the choice of x,,, and (3.242),

p(Tixn, Ti+1xn) = ,O(Tkxm Tk+1xn) = ¢k (p(xn, Txn))
< ¢*(2c0+ (0, TH)) <e.

Thus property (P2) holds for this k.
Let 6 > 0 be given. We claim that there exists a natural number k such that the
following property holds:

(P3) If the integers i, j and n satisfy k <i < j < n, then
p(Tixn, zjn) <3§.
Indeed, by (3.239),

¢(8) <. (3.243)

By (P2) and (3.243), there is a natural number k such that (P2) holds with ¢ =
§—9¢().
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Assume now that the integers i and n satisfy k <i < n. In view of the choice of
k and property (P2) with ¢ =§ — ¢(§), we have

p(T xn, T x,) <8 — 9 (8). (3.244)
Now let

x € KNB(T'xy,8). (3.245)
It follows from (3.236), (3.244) and (3.245) that
p(Tx, T'xy) < p(Tx, T xy) + p (T 50, Thxy) < d(p(x, T'x)) + 8 — $(5)
<.
Thus
T(K NB(T"xy,8)) C B(T"x4,8),

and if an integer j satisfies i < j < n, then p(T'x,, T/x,) < 8. Hence property (P3)
does hold, as claimed.

Let ¢ > 0 be given. We will show that there exists a natural number k such that
the following property holds:

(P4) If the integers ny, no and i satisfy k <i <min{ny, n,}, then
,o(T"x,,l, Tix,,z) <e.
Indeed, there exists a natural number k such that
¢ (2co) <& for all integers i > k. (3.246)
Assume now that the natural numbers n1, ny and i satisfy
k <i <min{ny,na}. (3.247)
By (3.236), (3.240) and (3.246),
(T %y, T'xny) < @' (0(iny s ) < @' (2c0) <e.

Thus property (P4) indeed holds.
Let ¢ > 0 be given. By (P4), there exists a natural number k; such that

,o(T’.)c,,I , Tix,,z) <e¢g/4 for all integers ny, ny > ki

and all integers i satisfying k1 <i < min{n, ny}. (3.248)
By property (P3), there exists a natural number k> such that

p(Tix,,, zj,,) <eg/4 for all natural numbers n, i, j satisfying kp <i, j <n.

(3.249)



3.13 A Fixed Point Theorem for Matkowski Contractions 169

Assume that the natural numbers n1, no, i and j satisfy
ni,ny >k +ky, i,j>ki+ko, i<ny, j <na. (3.250)
We claim that
p(T xn,, T x,) <.
By (3.238), (3.243), (3.248) and (3.250),
p(T5x,,, TR 2y, ) < p(THx,,, TR x,,) < e/4. (3.251)
In view of (3.249) and (3.250),
p(Tk1+k2xnl, Tixnl) <e/4 and p(Tk1+k2xn2, zjnz) <e/4.
When combined with (3.251), this implies that
,o(T"xn1 , zj,,z) < ,o(T"xnl, Tk‘+k2xnl) + ,O(Tk]Jrkzxnl , Tk1+k2xn2)
+ p(Tk'+k2x,,2, zjnz)
<e/d+¢e/d+¢c/d<e.
Thus we have shown that the following property holds:
(P5) For each € > 0, there exists a natural number k(&) such that
p(Tix,,l, zjnz) <eg

for all natural numbers n1,n> > k(e),i € [k(e),n1) and j € [k(¢),n>).

Consider now the sequences {T"_an};io=3 and {T"_lx,,}floz3. Property (P5) im-
plies that these sequences are Cauchy sequences and that

lim p(T"fzxn, T”flx,,) =0.

n—oo
Hence there exists x € K such that
lim p(i, T"_2xn) = lim p()?, T”_lx,,) =0.
n—oo n—>oo
Since the mapping 7 is continuous, 7x = x and part (A) is proved.
(B) Since T is a Matkowski contraction, there is a natural number k such that
k(M) <e.

Assume that a point Xo € B(x, M), an integer n > k, and that T x is defined for
alli=0,...,n. ThenT'xg € K,i =0,...,n— 1, and by (3.236),

(T x0, %) < " (p(x0, D)) <" (M) <.
By (3.236) and (3.239), we have fori =k, ..., n,
p(T'xo, %) < p(Tkxo, x)<e.

Thus part (B) of our theorem is also proved. g
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3.14 Jachymski-Schrioder-Stein Contractions

Suppose that (X, d) is a complete metric space, Ny is a natural number, and ¢ :
[0, 00) — [0, 00) is a function which is upper semicontinuous from the right and
satisfies ¢ (t) < t for all + > 0. We call a mapping 7 : X — X for which

min{d(T'x, T'y):i €{l,..., No}} <¢(d(x,y)) forallx,yeX (3.252)

a Jachymski-Schroder-Stein contraction (with respect to ¢).

Condition (3.252) was introduced in [78]. Such mappings with ¢ (t) = yt for
some y € (0, 1) have recently been of considerable interest [10, 78, 79, 100, 101,
174]. In this section, which is based on [161], we study general Jachymski-Schroder-
Stein contractions and prove two fixed point theorems for them (Theorems 3.25 and
3.26 below). In our first result we establish convergence of iterates to a fixed point,
and in the second this conclusion is strengthened to obtain uniform convergence
on bounded subsets of X. This last type of convergence is useful in the study of
inexact orbits [35]. Our theorems contain the (by now classical) results in [23] as
well as Theorem 2 in [78]. In contrast with that theorem, in Theorem 3.25 we only
assume that ¢ is upper semicontinuous from the right and we do not assume that
liminf;, o (t — ¢ (¢)) > 0. Moreover, our arguments are completely different from
those presented in [78], where the Cantor Intersection Theorem was used. We re-
mark in passing that Cantor’s theorem was also used in this context in [65] (cf. also
[68]).

Theorem 3.25 Let (X,d) be a complete metric space and let T : X — X be
a Jachymski-Schroder-Stein contraction. Assume there is xo € X such that T is
uniformly 'Continuous on the orbit {T'xo :i =1,2,...}. Then there exists x =
lim;_, o0 T'xg in (X,d). Moreover, if T is continuous at X, then x is the unique
fixed point of T .
Proof Set

T'x=x, xeX. (3.253)

We are going to define a sequence of nonnegative integers {k;}7°, by induction. Set
ko = 0. Assume that i > 0 is an integer, and that the integer k; > 0 has already been
defined. Clearly, there exists an integer k; such that

1 <kis1—ki < No (3.254)
and
d(T*+ xo, T+ x0) = min{d (T i xo, TV TRt x0) 1 j = 1,..., No}. (3.255)

By (3.252), (3.254) and (3.255), the sequence {d(kaxo, TkJ'on)}?O:O is decreas-
ing. Set

r= lim d(T% xo, T xp). (3.256)

j—o0
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Assume that r > 0. Then by (3.252), (3.254) and (3.255), for each integer j > 0,
d(T*+1 xg, T*+1 % xg) < ¢ (d (T  x0, TH M x0)).

When combined with (3.256), the monotonicity of the sequence

(a(Tx0. T 0) )2,

and the upper semicontinuity from the right of ¢, this inequality implies that

r <limsupp(d(T% xo, T x0)) < § (1),

j—o0
a contradiction. Thus r = 0 and

lim d(T%xo, T*1'x) = 0. (3.257)

j—o00
We claim that, in fact,

lim d(T"xo, T"*'x0) = 0.

1—> 00

Indeed, let ¢ > 0 be given. Since T is uniformly continuous on the set
2:={T'xp:i=1.2,..} (3.258)

there is
o € (0, ¢) (3.259)

such that
ifx,y€ef,ie{l,....No}.d(x,y) <go, thend(T'x, T'y) <e.  (3.260)
By (3.257), there is a natural number jj such that
d(T*ixo, T xg) < ey for all integers j > jo. (3.261)
Let p be an integer such that
p =>kj, + No.
Then by (3.254) there is an integer j > jo such that
kj < p<kj+ No. (3.262)
By (3.261) and the inequality j > jo,

d(Tijo, Tkj+lx0) < &p.
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Together with (3.262) and (3.261), this implies that
d(TPx0, T"x0) <.
Thus this inequality holds for any integer p > kj, + No and we conclude that

lim d(T”xo, T"*'x0) =0, (3.263)

p—00

as claimed.

Now we show that {T"xo}l?'i1 is a Cauchy sequence. Assume the contrary. Then
there exists & > 0 such that for each natural number p, there exist integers m, >
np > p such that

d(T™rxo, T"rx0) > e. (3.264)
We may assume without loss of generality that for each natural number p,
d(Tixo, T"I’xo) < ¢ forall integers i satisfying n, <i <m,. (3.265)
By (3.264) and (3.265), for any integer p > 1,
e < d(T'"Pxo, T”Pxo) < d(Tmeo, Tml’_lxo) + d(T’"P_lxo, T"I’xo)
<d(T™rxo, T"™'x0) +e.
When combined with (3.263), this implies that

lim d(T"7xo, T""x0) =&. (3.266)

p—>00
Let § > 0 be given. By (3.263), there is an integer pg > 1 such that
d(T™ ' x0, T'x0) < 8(4Np)~"  for all integers i > po. (3.267)
Let p > po be an integer. By (3.263), there is j € {1, ..., No} such that
d(T™rH xo, T" I x0) < ¢(d (T x0, T"7 x0)). (3.268)
By the inequalities m, > n, > p, (3.267) and (3.268),

-1
d(Tmpr’ Tnpr) < d(Tm”JriX(), Tmp+i+1xO) +d(Tm”+ij, Tanrij)

i

~.

Il
o

j—1
+ ) d (T g, T )
i=0

< 2j8(4No) ™" + ¢(d(T™7x0. T"7 x0))
<8+ ¢(d(T™rx0, T"" x0)). (3.269)
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By (3.266), (3.269), (3.264), and the upper semicontinuity from the right of ¢,

= lim d(Tmeo, T”Pxo) <§+lim sup¢(d(T’"Px0, T”l’xo)) <85+ ¢(e).

P—00 p—>00

Since 6 is an arbitrary positive number, we conclude that ¢ < ¢ (¢). The contradic-

tion we have reached proves that {T"x()}f.’o1 is indeed a Cauchy sequence. Set

X = lim Tixo.
i— 00

Clearly, if T is continuous, then 7x = x and x is the unique fixed point of 7. The-
orem 3.25 is proved. O

For each x € X and r > 0, set
B(x,r)= {z eX:p(x,2) < r}.

Theorem 3.26 Let (X,d) be a complete metric space and let T : X — X be a
Jachymski-Schroder-Stein contraction with respect to the function ¢ : [0, 00) —
[0, 00). Assume that ¢ is upper semicontinuous, T is uniformly continuous on the
set {Tix :i=1,2,...} for each x € X, and that T is continuous on X. Then there
exists a unique fixed point x of T such that T"x — x as n — 00, uniformly on
bounded subsets of X .

Proof By Theorem 3.25, T has a unique fixed point x and
T"x — % asn— ooforall x € X. (3.270)

Let r > 0 be given. We claim that 7" x — x as n — o0, uniformly on B(x, r).
Indeed, let

ee(0,r). (3.271)
Since T is continuous, there is
g0 € (0,¢) (3.272)
such that
ifxeX,d(x,x)<ep,i €{l,..., No}, then d(Tix,)E) <e. (3.273)

Since ¢ is upper semicontinuous, there is
8 € (0, g9) (3.274)

such that

if t € [0, 7], thent — ¢ (t) > 6. (3.275)
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Choose a natural number N such that

N8 > 2r. (3.276)
Assume that
xeX, dx,x)<r. (3.277)
We will show that
d(i, Tix) <e forall integers i > No + NoNj. (3.278)

To this end, set ko = 0. Define by induction an increasing sequence of integers
{ki}72 | such that

ki+1 —ki €[1,Nol, d(T5'x, %) =min{d(T/ x,%):je{l,.... No}}.
(3.279)

By (3.252) and (3.279), the sequence {d(T%ix, X)}72, is decreasing. We claim that
d(T*ix, %) < .
Assume the contrary. Then by (3.277) and (3.252),

r>d(Thx,x)>e, j=0,...,Ny. (3.280)
By (3.279), (3.252), (3.280) and (3.275), we have for j =0,..., N,
d(T%x,%) —d(TH %, %) > d(Th x, %) — ¢p(d(T"x, %)) = 8. (3.281)
Together with (3.277), this implies that
r>d(Thx, %) —d(T"+1x, %) = (N1 + 1),

which contradicts (3.276). The contradiction we have reached and the monotonicity
of the sequence {d(kax, )E)}?OZO show that there is p € {0, 1, ..., N1} such that
d(T*x,%) <eo forallintegers j > p. (3.282)

Assume that i > Ng + NoNj is an integer. By (3.279), there is an integer j > 0
such that

ki <i<kjqr. (3.283)
By (3.279), (3.283) and the choice of p,
(+ DNy >,
J+1>i/No=Ni+1,
and

j>Ni=>p. (3.284)
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By (3.284) and (3.282), d(T*ix, %) < 9. Together with (3.283), (3.279), (3.272)
and (3.273), this inequality implies that

d()E, Tix) <eg,

as claimed. Theorem 3.26 is proved. O

3.15 Two Results on Jachymski-Schroder-Stein Contractions

Suppose that (X, d) is a complete metric space, Ny is a natural number, and ¢ :
[0, 00) — [0, 00) is a function. In this section we continue to study Jachymski-
Schrdder-Stein contractions (with respect to ¢) T : X — X for which

min{d(Tix, Tiy) iefl, ..., No}} < ¢(d(x, y)) forallx,ye X. (3.285)

In the previous section we studied general Jachymski-Schroder-Stein contrac-
tions, where ¢ is upper semicontinuous from the right and satisfies ¢ () < 1 for all
positive 7. In this section, which is based on [162], we study the case where ¢ is
increasing and satisfies

lim ¢(1)" =0 (3.286)

for all r > 0. Here ¢" = ¢"~! o ¢ for all integers n > 1. This condition on ¢ origi-
nates in Matkowski’s fixed point theorem [99].

More precisely, we establish two fixed point theorems (Theorems 3.27 and 3.28
below). In our first result we prove convergence of iterates to a fixed point, and in the
second this conclusion is strengthened to obtain uniform convergence on bounded
subsets of X.

Theorem 3.27 Let (X,d) be a complete metric space and T : X — X be
a Jachymski-Schroder-Stein contraction such that ¢ is increasing and satisfies
(3.286). Let xo € X. Assume there is xo € X such that T is uniformly continuous on
the orbit {T'xg i =1,2,...}. Then there exists x = lim;_, oo T xo. Moreover, ifT
is continuous at X, then X is the unique fixed point of T .

Proof Since ¢"*(t) = 0sn— oo fort >0,
¢(e) <e foranye > 0. (3.287)

Set T%x = x, x € X. Using induction, we now define a sequence of nonnegative
integers {k;}7°. Set ko = 0. Assume that i > 0 is an integer and that the integer
k; > 0 has already been defined. Clearly, by (3.286) there exists an integer k;1
such that

1 <kit1—ki = No (3.288)
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and
d(T%+ xg, TH+1xg) = min{d (T i xo, T/ xg) 1i = 1,..., No}. (3.289)

By (3.285), (3.287), (3.288) and (3.289), the sequence {d (T xo, ka+1x0)};°: o is
decreasing and for any integer i > 0,

d (T xo, T4+ x) < §(d (T4 20, TN x0)). (3:290)

Since ¢ is indecreasing, it follows from (3.290) and (3.285) that for any integer
Jj=1,

d(kaxo, kaon) <¢/ (d(x0, Tx0)) > 0 as j — oo.
Thus
lim d(T%xo, T*'x) = 0. (3.291)

j—00
We claim that
lim d(T"xo, T"'x0) = 0.
11— 00
Let £ > 0 be given. Since T is uniformly continuous on the set
2:={T'x:i=12,...}, (3.292)
there is
o€ (0,¢) (3.293)

such that
ifx,ye2,iefl,...,No},d(x,y) <eo, thend(T'x,T'y) <e. (3.294)
By (3.291), there is a natural number jy such that
d(T*ixo, T xg) < &9 for all integers j > jo. (3.295)
Consider an integer
p = kj, + No. (3.296)
Then by (3.288) and (3.296), there is an integer j > jo such that

kj <p=<kj+ No. (3.297)
By (3.295) and the inequality j > jy, we have
d(T* xo, T % xg) < eo.
Together with (3.294) and (3.297) this implies

d(Tpxo, Tp+lx0) <e.
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Since this inequality holds for any integer p > kj, + No, we conclude that

lim d(T7xo, T"*'x0) =0, (3.298)

p—>0o0

as claimed. '
Next we show that {T’xo}fi1 is a Cauchy sequence. To this end, let ¢ > 0 be
given. By (3.287),

¢(e) <e. (3.299)
By (3.299), there exists g9 > 0 such that

g0 < (e —p(e))4™". (3.300)
By (3.298), there exists a natural number n¢ such that
if the integers i, j > no, |i — j| <2No +2, thend (T xo, T/x0) <ep. (3.301)
We show that for each pair of integers i, j > no,
d(Tixo, zjo) <e.
Assume the contrary. Then there exist integers p, g > ng such that
d(T”xo, quo) > €. (3.302)
We may assume without loss of generality that
P <q.
We also may assume without loss of generality that
if an integer i satisfies p <i < ¢, then d(Tixo, T”xo) <e. (3.303)
By (3.302), (3.301) and (3.300),
qg—p>2No+2

and

q—No>p+No+2. (3.304)
By (3.303) and (3.304),

d(T9 Noxg, TPxp) <. (3.305)

There is s € {1, ..., Ng} such that

d(Tq_N°+Sxo, Tp+sx0) :min{d(Tq_N°+jx0, Tp+jxo) cjell,..., No}}.

(3.306)
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By (3.285), (3.305) and (3.306),
d(TT Nt xo, TP x0) < ¢(d (T4 Nxo, TPx0)) < (o). (3.307)
Hence,
d(T"xo, Tpxo) < d(Tpxo, Tp+sxo)
+ d(Tpﬂxo, quNOJ”‘xo) + d(T‘FNO“xo, T‘fxo)
<d(TPxo, TP x0) + ¢ (e) +d(T9 N0Hx0, T9x0). (3.308)
By (3.301) and (3.304) and the choice of s,
d(TPxq, TP x0), d(T9NoFs T9x0) < ey. (3.309)
By (3.299), (3.300), (3.308) and (3.309),
d(T7x0, TPx0) <2e0+¢(e) <27 e +27 ¢ () <e.

However, the inequality above contradicts (3.302). The contradiction we have
reached proves that

d(Tixo, zjo) < ¢ forall integers i, j > ng.
Since ¢ is an arbitrary positive number, we conclude that {T"xo};?o
Cauchy sequence and there exists ¥ = lim;_, o, 7" xo.
Clearly, if T is continuous, then x is a fixed point of 7 and it is the unique fixed

point of T'.
This completes the proof of Theorem 3.27. g

| is indeed a

Theorem 3.28 Let (X,d) be a complete metric space and T : X — X be
a Jachymski-Schroder-Stein contraction such that ¢ is increasing and satisfies
(3.286). Assume that T is continuous on X and uniformly continuous on the or-
bit {T'x :i=1,2,...} for each x € X. Then there exists a unique fixed point X of
T and T"x — X as n — o0, uniformly on all bounded subsets of X .

Proof By Theorem 3.27, there exists a unique fixed point of 7. Let r > 0 be given.
We claim that 7"x — X as n — oo, uniformly on the ball B(x,r) ={y € X :

p(x,y) =r}.
Indeed, let ¢ € (0, r). Clearly, there exists a number &g € (0, &) such that
if x € X,d(x,X) <eo,i €{l,...,No}, thend(T'x, %) <e. (3.310)

By (3.286), there is a natural number nq such that

" (r) < &o. (3.311)
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Let x € X satisfy d(x,x) <r. Set kp = 0. We now define by induction an in-
creasing sequence of integers {k; }7°, such that for all integers i > 0,

ki+] _ki € [lvNO]’
d(T%+x, %) =min{d(T""x, %) : j e {l,..., No}}.  (3.312)

By (3.312), (3.285) and (3.287), the sequence {d(Tkix, )E)}fil is decreasing.
For each integer i > 0,

d(T"+'x,%) < ¢(d(T" x, %)). (3.313)
By (3.313) and the choice of x, for each integer m > 1,
d(T*nx, %) < ¢™(d(x, %)) < ¢™(r).
By (3.287) and (3.311), for each integer m > ny,
d(Tk"’x, X) <" (r) <¢"(r) <. (3.314)

Assume now that i > No(ng + 2) is an integer. By (3.312), there is an integer j > 0
such that

kj§i<kj+1. (3.315)
By (3.312) and (3.315),

G+DNo>i,  j+1>iNy'=no+2,  j>no.
Together with (3.314) this implies that
d(kax,)E) < &.
When combined with (3.315), (3.312) and (3.310), this implies that
d(Tix, )E) > €.

Theorem 3.28 is proved. O
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