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Mixed Boundary Value Problems

This chapter is devoted to the study of mixed boundary value problems in
electromagnetic scattering theory. Mixed boundary value problems typically
model scattering by objects that are coated with a thin layer of material
on part of the boundary. We shall consider here two main problems: (1) the
scattering by a perfect conductor that is partially coated with a thin dielectric
layer and (2) scattering by an orthotropic dielectric that is partially coated
with a thin layer of highly conducting material. The first problem leads to
an exterior mixed boundary value problem for the Helmholtz equation where
on the coated part of the boundary the total field satisfies an impedance
boundary condition and on the remaining part of the boundary the total
field vanishes, while the second problem leads to a transmission problem with
mixed transmission-conducting boundary conditions. In this chapter we shall
present a mathematical analysis of these two mixed boundary value problems.

In the study of inverse problems for partially coated obstacles, it is
important to mentioned that, in general, it is not known a priori whether
or not the scattering object is coated and, if so, what the extent of the coat-
ing is. Hence the linear sampling method becomes the method of choice for
solving inverse problems for mixed boundary value problems since it does not
make use of the physical properties of the scattering object. In addition to the
reconstruction of the shape of the scatterer, a main question in this chapter
will be to determine whether the obstacle is coated and if so what the electrical
properties of the coating are. In particular, we will show that the solution of
the far-field equation that was used to determine the shape of the scatterer by
means of the linear sampling method can also be used in conjunction with a
variational method to determine the maximum value of the surface impedance
of the coated portion in the case of partially coated perfect conductors and of
the surface conductivity in the case of partially coated dielectrics.

Finally, we will extend the linear sampling method to the scattering prob-
lem by very thin objects, referred to as cracks, which are modeled by open
arcs in R2.
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204 8 Mixed Boundary Value Problems
8.1 Scattering by a Partially Coated Perfect Conductor

We consider the scattering of an electromagnetic time-harmonic plane wave
by a perfectly conducting infinite cylinder in R? that is partially coated with
a thin dielectric material. In particular, the total electromagnetic field on the
uncoated part of the boundary satisfies the perfect conducting boundary con-
dition, that is, the tangential component of the electric field is zero, whereas
the boundary condition on the coated part is described by an impedance
boundary condition [79].

More precisely, let D denote the cross section of the infinitely long cylinder
and assume that D C R? is an open bounded region with C? boundary 0D
such that R?\ D is connected. The boundary D has the dissection 9D =
0D pUOD;, where 9D p and 0Dy are disjoint, relatively open subsets (possibly
disconnected) of dD. Let v denote the unit outward normal to 9D, and assume
that the surface impedance A\ € C(9D;) satisfies A(z) > Ao > 0 for = € dD;.
Then the total field u = u® + u’, given as the sum of the unknown scattered
field u® and the known incident field u?, satisfies

Au+ku=0 in R*\D, (8.1)
u =20 on 0Dp,

ou .

% +idu=0 on oDy, (8.3)

where k > 0 is the wave number and u® satisfies the Sommerfeld radiation
condition

: ou® .
lim /r ( - zku5> =0 (8.4)
T—00 or

uniformly in # = x/|z| with r = |z|. Note that here again the incident field u’
is usually an entire solution of the Helmholtz equation. In particular, in the
case of incident plane waves, we have u’(z) = e?**'4 where d := (cos ¢, sin ¢)
is the incident direction and x = (x1, z2) € R%.

Due to the boundary condition, the preceding exterior mixed boundary
value problem may not have a solution in C?(R?\ D) N C*(R\ D), even for
incident plane waves and analytic boundary. In particular, the solution fails to
be differentiable at the boundary points of 9D p NdD;. Therefore, looking for
a weak solution in the case of mixed boundary value problems is very natural.

To define a weak solution to the mixed boundary value problem in the
energy space H'(D), we need to understand the respective trace spaces on
parts of the boundary. To this end, we now present a brief discussion of Sobolev
spaces on open arcs. The classic reference for such spaces is [124]. For a sys-
tematic treatment of these spaces, we refer the reader to [127].

Let 0Dy C 0D be an open subset of the boundary. We define

H?(3Dy) == {ulop, : u € H?(OD),}
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i.e., the space of restrictions to dDg of functions in Hz (D), and define
f{%(aDo) ={ue H%([)D) :suppu € 0Dy, }

where supp u is the essential support of u, i.e., the largest relatively closed
subset of dD such that w = 0 almost everywhere on 9D \ suppu. We can
identify Hz(9Dg) with a trace space of HL(D,dD \ dDy), where

H(D,0D \ dDy) = {u € H (D) : ulpp\55, = 0 in the trace sense} .

A very important property of Hz (0D,) is that the extension by zero of u €
Hz(0Dy) to the whole D is in Hz (D) and the zero extension operator is
bounded from Hz(0Dy) to Hz(dD). It can also be shown (cf. Theorem A4
in [127]) that there exists a bounded extension operator 7 : Hz(0Dy) —
Hz(dD). In other words, for any u € H2(dDy) there exists an extension
Tu € Hz(AD) such that

[l7ull

with C independent of u, where

. 1
il ey = m1n{||U||H%(aD) for U € H%(9D), Ulop, = u} .

Ezxample 8.1. Consider the step function

u(t):{l t €0, 7,

0 te(m 2.

Using the definition of Sobolev spaces in terms of the Fourier coefficients
(Sect. 1.4) it is easy to show that the step function is not in Hz[0, 2x]. In par-
ticular, the Fourier coefficients of u are agr, = 0 and agr+1 = 1/(i(2k 4+ 1)),
whence

© 1 © 1 1
2 (L) jaml® =3 (14 2k +17)" Sy = oo

Now consider the unit circle 92 = {z € R? : x = (sin ¢, cos t), t € [0, 2]},
and denote by 92y = {x € R? : x = (sint, cost), t € [0, 7]} the upper
half-circle. Let v : 9290 — R be the constant function v = 1. By definition,
v € Hz2(df2) since it is the restriction to A2y of the constant function 1
defined on the whole circle 82 that is in Hz (02). But v ¢ Hz(942) since
its extension by zero to the whole circle is not in Hz(9f2) [note that the
extension 0(sin t, cos t) is a step function and from the preceding discussion
is not in Hz[0, 2x]].
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The foregoing example shows that if v € H B (0Dy), then it has a certain
behavior at the boundary of 0Dy in 0D. A better insight into this behavior
~ 1
is given in [124]. In particular, the space Hz(0Dy) coincides with the space

HE(9Do) == {u € H}(@Do) : v~ %u € L2(dDy)},

where r is the polar radius.

Both Hz(0Dy) and Hz(0Dy) are Hilbert spaces when equipped with the
restriction of the inner product of H?2 (OD). Hence, we can define the corre-
sponding dual spaces

1 -1 ! 7l
H™2(0Dy) := (Hf(aDo)) = the dual space of H?Z2(9Dy)
and
~ 1 1 ! 1
H™2(0Dy) := (HE(BDO)) = the dual space of H?2(9Dy)

with respect to the duality pairing explained in what follows.

A bounded linear functional F € H~2(ADy) can in fact be seen as the
restriction to @Dy of some F € H~2(AD) in the following sense: if @
Hz(OD) denotes the extension by zero of u € Hz(9Dy), then the restriction
F := F|sp, is defined by

F(u) = F(a).

With the preceding understanding, to unify the notations, we identify
H~3(dDy) := {v|op, : v € H *(dD)}

and
<U’“>H*%(apo),ﬁ%(aDo) - <U’U>H’%(8D),H%(8D) ’
where (-,-) denotes the duality pairing between the denoted spaces and @ €
H?2(AD) is the extension by zero of u € Hz(8D).
For a bounded linear functional F' € H~2(AD), we define supp F to be
the largest relatively closed subset of D such that the restriction of F' to
dD \ supp F is zero. Similarly, for Hz(8Dy) we can now write

H*%([)DO) ={ve Hﬁé(aD) :suppv C 0Dg .

Therefore, the extension by zero & € H~2(dD) of v € H~=(dDy) is well
defined and

<6’U>H*%(ap),H%(aD) - <U’U>H*%(apo),H%(aDo) ’

where u € Hz(dD).
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We can now formulate the following mixed boundary value problems:

Exterior mized boundary value problem: Let f € H? (0Dp) and h €
H~2(dDy). Find a function u € HL_(R?\ D) such that

Au+ k*u =0 in R?\ D, (8.6)
u=f on dDp, (8.7)
L oD (8.8)
5, T iAu = on I, .
. ou .
Tli)r{.lo Vr (E - zku) =0. (8.9)

Note that the scattering problem for a partially coated perfect conduc-
tor (8.1)—(8.4) is a special case of (8.6)—(8.9). In particular, the scattered
field u® satisfies (8.6)—(8.9) with f := —u'|sp, and h := —0u’/Ov —i\u'|sp,.

For later use we also consider the corresponding interior mixed boundary
value problem.

Interior mized boundary wvalue problem: Let f € H? (0Dp) and h €
H~3(dDy). Find a function u € H'(D) such that

Au+k*u=0 in D, (8.10)
u=f on 0Dp, (8.11)

ou .

o +idu=h on 0Dg. (8.12)

Theorem 8.2. Assume that Dy # () and X\ # 0. Then the interior mized
boundary value problem (8.10)-(8.12) has at most one solution in H'(D).

Proof. Let u be a solution to (8.10)—(8.12), with f = 0 and A = 0. Then an
application of Green’s first identity in D yields

—kz/ |u|2dar+/ |Vu|2dx:/ 8—uﬁds, (8.13)
D D op OV

and making use of homogeneous boundary condition we obtain

—k2/ |u|2dar+/ |Vu|2dx:—i/ Nul?ds . (8.14)
D D oD,

Since A is a real-valued function and A(z) > Ao > 0, taking the imaginary
part of (8.14) we conclude that ulpp, = 0 as a function in Hz(dD;), and
consequently du/dv|sp, = 0 as a function in H~2(dD;).

Now let {2, be a disk of radius p with center on Dy such that 2,N0Dp =

(), and define v = u in DN £2,, v =0 in (R*\ D) N (2,. Then applying Green’s
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first identity in each of these domains to v and a test function @ € C§°(2,)
we see that v is a weak solution to the Helmholtz equation in (2,. Thus v is a
real-analytic solution in §2,. We can now conclude that v = 0 in 2,, and thus
u=01in D. a

Theorem 8.3. The exterior mized boundary value problem (8.6)—(8.9) has at
most one solution in H} (R*\ D).

Proof. The proof of the theorem is essentially the same as the proof of
Theorem 3.3. a

Theorem 8.4. Assume that OD; # () and X # 0. Then the interior mized
boundary value problem (8.10)—(8.12) has a solution that satisfies the estimate

el oy < € (113 0y + 1Bl 3 0 ) (8.15)
with C' a positive constant independent of f and h.

Proof. To prove the theorem, we use the variational approach developed in
Sect. 5.3. (For a solution procedure based on integral equations of the first
kind we refer the reader to [23]). Let f € Hz2 (D) be the extension of the

Dirichlet data f € Hz (9Dp) that satisfies Hf||H%(8D) < OHfHH%(aD | given
D

by (8.5), and let ug € H'(D) be such that ug = f on dD and lluoll g (py <
Nl 13
(Example 5.15). Defining the Sobolev space Hi(D,dDp) by

In particular, we may choose uy to be a solution of Aug = 0

Hy(D,8Dp) :={ue€ H'(D): u=00n0dDp}

equipped with the norm induced by H!(D), we observe that w = u — ug €
H}(D,0Dp), where u € H(D) is a solution to (8.10)—(8.12). Furthermore,
w satisfies

Aw + k*w = —k*ug in D (8.16)
and 9
w o -
" +idw=nh on oDy, (8.17)
where h € H=2(ADy) is given by
Ro= 2% ivug + .
ov

Multiplying (8.16) by a test function @ € H}(D,dDp) and using Green’s first
identity together with the boundary condition (8.17) we can write (8.10)—(8.12)
in the following equivalent variational form: find v € H'(D) such that
w=u—uy € H}(D,0Dp) and

a(w, ) = L(p) for all p € H}(D,dDp), (8.18)
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where the sesquilinear form a (-, -) : H}(D,0Dp) x H}(D,0Dp) — C is
defined by

a(w, @) = / (Vw -V — k2w¢) dr +i / Aw @ds,
D 0Dy

and the conjugate linear functional L : Hi(D,dDp) — C is defined by

L(ga):k2/u0g2d3:—|— / i~L~gZd3:,

D Dy
where the integral over 0D is interpreted as the duality pairing between
h e H 2(dD;) and ¢ € H2(dD;) [note that ¢ € H=(dD;) since H2(dD;)
is the trace space of H}(D,dDp)].
Next we write a(-, -) as the sum of two terms a(-, -) = a1(-, ) + a2(, *),
where

ar(w, @) :=/(Vw-V¢+ng?) d:b—f—i/)\wcﬁds
D 0Dy
and

as(w, @) = —(k*+1) [ wpde.
/

From the Cauchy—Schwarz inequality and the trace Theorem 1.38, since A is
a bounded function on 9Dy, we have that

lai(w, )] < Cl||wHH1(D)||90”H1(D) + O2||w||L2(6D1)||90||L2(6D1)
<C (||wHH1(D)||90||H1(D) + ”wHH%(aD)H‘PHH%(aD))
< Cllwllgrpyllell a1 (o)
and .
|laz (w, p)| < Cllwl|z2(pyllellL2(p) < Cllwll zr (pyllell 2 ()-

Hence a4 (-, -) and aa(-, -) are bounded sesquilinear forms.
Furthermore, noting that ¢ = 0 on dDp, we have that

/%@ds—/%gﬁds:/VUO-VgﬁdI.
ov
aD; D

Therefore, from the previous estimates and the trace Theorems 1.38 and 5.7
we have that

IL(P)l < Cilluollarpyllell ) + Colluol
+CslAll -1

H%(aD)H‘PHH%(aD)
-3 (oD, )H(pHHQ aDr)

< C (I3 o) + 103 o) ol

<C(If 3 0y + 13 oy, ) I3
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for all ¢ € H}(D,dDy), which shows that L is a bounded conjugate linear
functional and

120 < € (113 oy + 1P -3 ) (8.19)

with the constant C' > 0 independent of f and h.
Next, since A is real, we can write

Jaa(w, w)| > wlFn ),

whence aq (-, -) is strictly coercive.

Therefore, from the Lax—Milgram lemma there exists a bijective bounded lin-
ear operator A : H}(D,0Dp) — Hg(D,dDp) with bounded inverse such that
(Aw, @) = a1 (w, ) for all w and ¢ in H}(D,dDp). Finally, due to the com-
pact embedding of H*(D) into L?(D), there exists a compact bounded linear
operator B : Hi(D,0Dp) — HE(D,dDp) such that (Bw, ) = az(w, ¢) for
all w and ¢ in H}(D,0Dp) (Example 5.17). Therefore, from Theorems 5.16
and 8.2 we obtain the existence of a unique solution to (8.18) and, conse-
quently, to the interior mixed boundary value problem (8.10)—(8.12). The
a priori estimate (8.15) follows from (8.19). O

Now let us consider an open disk {2g of radius R centered at the origin
and containing D.

Theorem 8.5. The exterior mized boundary value problem (8.6)-(8.9) has a
solution that satisfies the estimate

lullm sy <€ (1143 om0 + 1011 o) (8.20)
with C' a positive constant independent of f and h but depending on R.

Proof. First, exactly in the same way as in Example 5.23, we can show that
the exterior mixed boundary value problem (8.6)—(8.9) is equivalent to the
following problem:

Au+k*u=0 in  0Qr\D, (8.21)
u=f on 0Dp, (8.22)
Gu +ilu=nh o oD (8.23)
5, T = n I, :
ou
5 = Tu on 0f2p, (8.24)

where T is the Dirichlet-to-Neumann map. If f € Hz (D) is the extension
of f € H2(dDp) that satisfies (8.5) with @Dy replaced by dDp, then we
construct ug € H*(2g \ D) such that ug = f on D, u = 0 on 2y, and
Aug = 01in 2\ D (Example 5.15). Then, for every solution u to (8.21)—(8.24),
w = u — ug is in the Sobolev space H}(2r \ D,0Dp) defined by
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H&(QR \ D,(?DD) = {u S Hl(QR \ D) :u=0o0n 8DD}

and satisfies the variational equation

/ (Vw-V@—kQUJ@) ds—i//\w@ds—/Tw@ds

Omb dD; IR
v
Q2r\D OD;p
Oug \ _ 1 3
+ Tug— -~ ) @¢ds  forall ¢ € Hy({2r\ D,0Dp).
v
o02n

Making use of Theorem 5.22, the assertion of the theorem can now be proven
in the same way as in Theorem 8.4. ad

Remark 8.6. In the case where either D; = () (this case corresponds to the
Dirichlet boundary value problem) or A = 0, the corresponding interior prob-
lem may not be uniquely solvable. If nonuniqueness occurs, then k2 is said to
be an eigenvalue of the corresponding boundary value problem. In these cases,
Theorem 8.4 holds true under the assumption that k2 is not an eigenvalue of
the corresponding boundary value problem.

Remark 8.7. Due to the change in the boundary conditions, the solution to the
mixed boundary value problems (8.6)—(8.9) and (8.10)—(8.12) has a singular
behavior near the boundary points in dDp U dDy. In particular, even for
C® boundary dD and analytic incident waves u’, the solution in general is
not in H2 _(R?\ D). More precisely, the most singular term of the solution
behaves like O(r2), where (r, ¢) denotes the local polar coordinates centered
at the boundary points in dDp U 9Dy [65]. This is important to take into
consideration when finite element methods are used.

8.2 Inverse Scattering Problem for Partially Coated
Perfect Conductor

We now consider time-harmonic incident fields given by u'(x) = e™**'4 with
incident direction d := (cos ¢, sin ¢) and = = (21, x2) € R2 The corre-
sponding scattered field u® = u®(, ¢), which satisfies (8.1)—(8.4), depends
also on the incident angle ¢ and has the asymptotic behavior (4.5). The far-
field pattern uoo (6, @), 6 € [0, 27| of the scattered field defines the far-field
operator F' : L2[0, 2r] — L2[0, 27| corresponding to the scattering prob-
lem (8.1)-(8.4) by

(Fg)(6) = / (8, 8)g($)dd g € L2[0, 2n). (8.25)
0
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The inverse scattering problem for a partially coated perfect conductor is given
the far-field pattern us (0, ¢) for 6 € [0, 2x] and ¢ € [0, 27| determines both
D and X\ = \(z) for x € 0D;y.

In the same way as in the proof of Theorem 4.3, using Theorem 8.2 we
can show the following result.

Theorem 8.8. Assume that ODr # () and A # 0. Then the far-field operator
corresponding to the scattering problem (8.1)—(8.4) is injective with a dense
range.

Remark 8.9. If 9Dy = () or A = 0, then all the following results about the far-
field operator and the determination of D remain valid assuming the unique-
ness for the corresponding interior boundary value problem. Note that the case
of Dy = () corresponds to the scattering problem for a perfect conductor.

Concerning the unique determination of D, the following theorem can be
proved in the same way as Theorem 4.5. The only change needed in the proof is
that we can always choose the point z* such that either 2 (2*)N0D1 C dD1p
or 2.(x*)NIDy C 9Dy for some small disk 2.(2*) centered at x* of radius e
and satisfying £2.(z*)N Dy = (), whence one uses either the Dirichlet condition
or impedance condition at x* to arrive at a contraction.

Theorem 8.10. Assume that Dy and Dy are two partially coated scattering
obstacles with corresponding surface impedances A1 and Ao such that for a
fized wave number the far-field patterns for both scatterers coincide for all
incident angles ¢. Then D1 = Ds.

Theorem 8.11. Assume that Dy and Dy are two partially coated scattering
obstacles with corresponding surface impedances A1 and Ao such that for a
fized wave number the far-field patterns coincide for all incident angles ¢.
Then Dl = DQ and Al = AQ.

Proof. By Theorem 8.10, we first have that Dy = Do = D. Then, following the
proof of Theorem 4.7 we can prove that the total fields w; and us correspond-
ing to A\; and My coincide in R? \ D, whence u; = uy and Ouy /0v = Qug /v
on dD. From the boundary condition we have

s
uj =0 ondDp,, %—l—i)\jujzo on 9Dy,

for j = 1,2. First we observe that 0Dp, N O0Dp, = (), because otherwise
uy = Ouy /Ov = 0 on an open arc I’ C 9D and a contradiction can be obtained
as in the proof of Theorem 4.7. Hence 0D, = 0D, = 0D;. Next,

(/\1 — )\2)’(1,1 =0 on 8D1,

and again one can conclude that Ay = A9, as in Theorem 4.7. O
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Having proved the uniqueness results, we now turn our attention to finding
an approximation to D and A. Our reconstruction algorithm is based on solv-
ing the far-field equation

Fg=d.(,z2) zeR?

where @, (Z, 2) is the far-field pattern of the fundamental solution (Sect. 4.3).
The far-field equation can be written as

—(BHg) = ¥l 2) z€R2,

where B : Hz(0Dp)x H~2(0D;) — L2[0, 27] maps the boundary data (f, h)
to the far-field pattern u., of the radiating solution u to the corresponding
exterior mixed boundary value problem (8.6)—(8.9), and H : L?[0, 27] —
Hz(8Dp) x H=2(dDy) is defined by

vg(x), x € 0Dp,

(Hg)(x) = { a_vgix) + iA(@)vg (), x € 9Dy,

with v, being the Herglotz wave function with kernel g.

Lemma 8.12. Any pair (f,h) € H2(0Dp)x H~2(8D;) can be approzimated
in Hz (0Dp) x H=2(0Dy) by Hg.

Proof. Let u be the unique solution to (8.10)—(8.12) with boundary data (f, h).
Then the result of this lemma is a consequence of Lemma 6.45 applied to this
u and the trace Theorems 1.38 and 5.7. a

Lemma 8.13. The bounded linear operator B : H2(0Dp) x H™2(dD;) —

L?[0, 2] is compact and injective and has a dense range.

Proof. The proof proceeds as the proof of Theorem 4.8 making use of
Theorems 8.5 and 8.8. a

Using Lemmas 8.12 and 8.13 we can now prove in a similar way as in
Theorem 4.11 the following result.

Theorem 8.14. Assume that 0Dy # O and X\ # 0. Let us be the far-field
pattern corresponding to the scattering problem (8.1)-(8.4) with associated
far-field operator F'. Then the following statements hold:

1. For z € D and a given € > 0 there exists a function g¢ € L?[0,27] such
that

1F g% = Poo (-, 2)|| 210,207 < €

and the Herglotz wave function vge with kernel g converges in HY(D) as
e — 0.
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2. For z ¢ D and a given € > 0 every function g5 € L?[0,2x] that satisfies
1F g% = Poo (-, 2)|| 210 20) < €

is such that
= 00.

1% ||”g§ H(D)

An approximation to D can now be obtained as the set of points z, where
l921l22(0, 2] becomes large, with g. the approximate solution to the far-field
equation given by Theorem 8.14. Note that the factorization method to char-
acterize D from the range of (F* F)'/* cannot be established for the scattering
problem with mixed boundary conditions. Hence a rigorous justification of the
linear sampling method similar to Theorem 7.39 for this case is still an open
problem.

Having determined D, in a similar way as in Sect. 4.4, we can now use g,
given by Theorem 8.14 to determine an approximation to the maximum value
of A. In particular, let u, be the unique solution to

Au, +k*u, =0 in D, (8.26)
u, = —P(-, 2) on dDp, (8.27)

ou, . O 0P(-, z)

e +idu, = %, iND(-, 2) on oDy, (8.28)

where z € D and A € C(0Dy), A(z) > Ao > 0. From the proof of the first part
of Theorem 8.14 the following result is valid.

Lemma 8.15. Assume 0D # () and A\ # 0. Let ¢ > 0, z € D, and let u,
be the unique solution of (8.26)-(8.28). Then there exists a Herglotz wave
function v, with kernel g, € L?[0, 27| such that

[l —’ng”Hl(D) <e. (8.29)

Moreover, there exists a positive constant C > 0 independent of € such that

[Fg= = Poo (- 2)l 12]0,2m) < Cle. (8.30)
Now define w, by
w, = u, + (-, 2). (8.31)
In particular,
ow, .
wZ'BDD =0 and ( o + ’L)\’wz)l = 0, (832)
aD;

interpreted in the sense of the trace theorem. Repeating the proof of Theo-
rem 4.12 with minor changes accounting for the boundary conditions (8.32)
we have the following result.
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Lemma 8.16. For every z1,22 € D we have that
2/ Wy M, ds = —Amk 7| Jo(k |21 — 22))
ODr

i () s, (22))

where v = ei”/4/\/ 87k and Jy is a Bessel function of order zero.

Assuming D is connected, consider a disk {2, C D of radius r contained in D
(Remark 4.13), and define

= 2 . f =w.|op, with w, = u, + &(-, 2),
W= {f € L7(0Dy) : z € §2, and u, the solution of (8.26)—(8.28) [~

Lemma 8.17. W is complete in L*(0Dy).
Proof. Let ¢ be a function in L?(0D;) such that for every z € 2.

/ wypds = 0.

9Dy

Using Theorem 8.4, let v € H' (D) be the unique solution of the interior mixed
boundary value problem

Av+ kv =0 in D,
v=20 on dDp,

ov

v

Then for every z € (2., using the boundary conditions and the integral repre-
sentation formula, we have that

0= /wzgpds: /wz @—Fi)\v ds:/wz @—Fi)\v ds
ov ov
oD

8D1 ODI

+idv = on 0Dy.

ov . ov .
= / (uzg + iAo + D(-, 2)5 +iAD(-, z)v) ds

B v ou, O0P(,z) |
= / [uz(?u +v (— 5% oy —M@(-,z))} ds
oD

n / (@(-72)% n Mv@(-,z)> ds = v(z).

oD

The unique continuation principle for solutions to the Helmholtz equation now
implies that v(z) = 0 for all z € D, whence from the trace theorem ¢ = 0.
O
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Setting z = z; = 22 in Lemma 8.16 we arrive at the following integral
equation for the determination of A:

1
2/ Mz, +@(-, 2)|* ds = —— — Im(u.(2))
aD; 4
or, noting that u, + &(-, z) = 0 on dDp,
1
2/ Nus, +D(-, 2)|?ds = —= — Im(u.(2)), (8.33)
oD 4

where u, is defined by (8.26)—(8.28). By Lemma 8.17, we see that the left-hand
side of this equation is an injective compact integral operator with positive ker-
nel defined on L?(dp). Using the Tikhonov regularization technique (cf. [68])
it is possible to determine A by finding the regularized solution of (8.33) in
L?(0D) (i.e., it is not necessary to know a priori the coated portion dDy).
Note that this integral equation has both noisy kernel and noisy right-hand
side (recall from Lemma 8.15 that u, can be approximated by v, ). For num-
erical examples using this approach we refer the reader to [27].

In the particular case where the surface impedance is a positive constant
A > 0, we obtain a simpler formula for A, namely,

_ —2kmy|* = Tm (u(2))
flu. + @(, Z)”%%sp) '

(8.34)

Note that expression (8.34) can be used as a target signature to detect whether
or not an obstacle is coated. In particular, an object is coated if and only if
the denominator is nonzero.

8.3 Numerical Examples

We now present some numerical examples of the preceding reconstruction
algorithm when the surface impedance A is a constant. As explained previ-
ously, an approximation for A in this case is given by
—2km|y[* —Im (v, (2))
vaz(') +o(, Z)H%z(aD)

, z=(z1,22) € D, (8.35)

where vy, is the Herglotz wave function, with kernel g, the solution of the
far-field equation

27

i /4 ) )
/Uw(¢,9)gz(¢)d¢ _ GSWke—zk(zl cos 0+ z2 sm@)' (836)
0

We fix the wave number k£ = 3 and select a domain D, boundaries 0Dp,
and dD; (in some examples, dDp = (), and a constant \. Then, using the
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incident field e’***¢  where |d| = 1, we use the finite-element method to solve
the scattering problem (8.1)—(8.4) and compute the far-field pattern. This is
obtained as a trigonometric series

N
Uoo = Z Uoo,n €XP(ind).
n=—N
Of course, these coefficients are already in error by the discretization error
from using the finite-element method. However, we also add random noise to
the Fourier coefficients by setting

Uoo,a,n = uoo,n(l + 6Xn)7
where € is a parameter and x,, is given by a random number generator that
provides uniformly distributed random numbers in the interval [—1,1]. Thus
the input to the inverse solver for computing ¢ is the approximate far-field

pattern
N

Uoo,q = Z Uoo,a,n €Xp(ind).
n=—N

The far-field equation is then solved using Tikhonov regularization and the
Morozov discrepancy principle, as described in Chap. 2. In particular, using
the preceding expression for us,q, the far-field equation (8.36) is rewritten as
an ill-conditioned matrix equation for the Fourier coefficients of g, which we
write in the form

Agz = fz- (837)

As was already noted, this equation needs to be regularized. We start by
computing the singular value decomposition of A,

A=UAV*,

where U and V' are unitary and A is real diagonal with 4;; = 0;, 1 <i < mn.
The solution of (8.37) is then equivalent to solving

AV* g, =U*f.. (8.38)

Let .
Pz = (pz,lupz,Qa"'pz,n) :U*fz
Then the Tikhonov regularization of (8.38) leads to solving

min [|AV*g. — f.|% + allgllZ,
g-€ER™

where o > 0 is the Tikhonov regularization parameter chosen by using the
Morozov discrepancy principle. Defining u, = V*g,, we see that the solution
to the problem is

Uzi = 5Pz 1§Z§nu
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and hence

1
n 2
9. = Vu, and llgzllez = lluzllez = <Z (02 —i—a 5102l ) ‘

=1

For the presented examples, we compute the far-field pattern for 100 inci-
dent directions and observation directions equally distributed on the unit circle
and add random noise of 1% or 10 % to the Fourier coefficients of the far-field
pattern. We choose the sampling points z on a uniform grid of 101 x 101 points
in the square region [—5, 5]? and compute the corresponding g.. To visualize
the obstacle, we plot the level curves of the inverse of the discrete 5 norm of
g- (note that by the linear sampling method the boundary of the obstacle is
characterized as the set of points where the L? norm of g starts to become
large; see the comments at the end of Sect. 4.3). Then we compute (8.35)
at the sampling points in the disk centered at the origin with radius 0.5 (in
our examples this circle is always inside D). Although (8.35) is theoretically
a constant, because of the ill-posed nature of the far-field equation, we evalu-
ated (8.35) at all the grid points z in the disk and exhibit the maximum, the
average, and the median of the computed values of (8.35). In particular, the
average, median, and maximum each provide a reasonable approximation to
the true impedance.

For our examples we select two scatterers, shown in Fig. 8.1 (the kite and
the peanut).

5 5
4 4
3 3
2 2
1 1
0 0
-1 -1
-2 -2
-3 -3
-4 -4
-5 -5
5 -4 -3 2 -1 0 1 2 3 4 5 5 4 -3 2 -1 0 1 2 3 4 5

Fig. 8.1. Boundary of scatterers used in this study: kite/peanut. When a mixed
condition is used for the peanut, the thicker portion of the boundary is 9D p>

Kite. We consider the impedance boundary value problem for the kite
described by the equation (left curve in Fig. 8.1)

x(t) = (1.5sin(¢), cos(t) + 0.65 cos(2t) — 0.65) , 0<t<2m,



8.3 Numerical Examples 219

with impedance A = 2, A =5, and A = 9. In Fig. 8.2 we show two examples
of the reconstructed kite (the reconstructions for the other tested cases look
similar). In the numerical results for the reconstructed A shown in Tables 8.1
and 8.2 we use the exact boundary D when we compute the L?(0D) norm
that appears in the denominator of (8.35).

5 Impedance condition 1% noise 5 Impedance condition 1% noise
11

4 1 4
3 0.9 3
2 0.8 2
1 0.7 1
0 06 0

0.5
-1 -1

0.4
-2 -2

0.3
-3 -3

0.2 0.2
-4 0.1 -4
_—5—4—3—2—1 o 1 2 3 4 5 _—5—4—3—2—1 o 1 2 3 4 5

Fig. 8.2. Reconstruction of kite with impedance boundary condition with 1 % noise:
left: with A = 5, right: with A = 92

Table 8.1. Reconstruction of surface impedance A for kite with 1% noise?

Maximum|Average| Median
2.050 1.975 | 1.982
4.976 4.679 | 4.787
8.883 8.342 | 8.403

A
Il
©o| ot o

Table 8.2. Reconstruction of surface impedance \ for kite with 10 % noise?

Maximum|Average| Median
2.043 1.960 | 1.957
4.858 4.513 | 4.524
9.0328 8.013 | 7.992

> > >
Il
oot o

Peanut. Next we consider a peanut described by the equation (right curve
in Fig. 8.1)

x(t) = (\/COS2 (t) 4+ 4sin®(t) cos(t), \/COS2 (t) 4+ 4sin?(t) sin(t), 0 <t < 27r>
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rotated by /9. Here we choose the surface impedance A = 2 and A = 5
and consider the case of a totally coated peanut (i.e., impedance boundary
value problem) as well as of a partially coated peanut (i.e., mixed Dirichlet-
impedance boundary value problem, with dD; being the lower half of the
peanut, as shown in Fig. 8.1). Two examples of the reconstructed peanut are
presented in Fig. 8.3. A natural guess for the boundary of the scatterer is
the ellipse shown by a dashed line in Fig. 8.4, and we examine the sensitivity
of our formula on the approximation of the boundary using this ellipse to
compute |lvg. + (-, 2)|z2ap) in (8.35). The recovered values of A for our
experiments are shown in Tables 8.3 and 8.4.

5 Impedance condition 1% noise 5 Mixed condition 1% noise
12

4 4 1.4
3 1 3 1.2
2 2

4
1 08 . @

0.8
0 0.6 0
-1 -1 @ 06
) 0.4 )

0.4
-3 -3
4 02 _4 0.2
-5 -5
-5 -4 -3 -2-10 1 2 3 4 5 -5 -4 -3 -2-10 1 2 3 4 5

Fig. 8.3. Left: reconstruction of peanut with impedance boundary condition with
A = 5; right: reconstruction of peanut with mixed condition with A = 5 on impedance
part. Both examples are for k = 3 with 1% noise?

Table 8.3. Reconstruction of A for peanut with 1% noise?

Maximum|Average|Median
A = 2 impedance 2.192 1.992 | 1.979
A = 2 imped., approx. bound.| 2.395 1.823 | 1.886
A = 2 mixed conditions 2.595 2.207 | 2.257
A = 5 impedance 5.689 4.950 | 5.181
A =5 imped., approx. bound.| 5.534 4.412 | 4.501
A = 5 mixed conditions 5.689 4.950 | 5.180

2Reprinted from F. Cakoni and D. Colton, The determination of the surface
impedance of a partially coated obstacle from far-field data, STAM J. Appl. Math. 64
(2004), 709-723. Copyright (©2004 Society for Industrial and Applied Mathematics.
Reprinted with permission. All rights reserved.
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Fig. 8.4. Dashed line: approximated boundary used for computing
[lvg. +P(; )|l L2(ap) in (8.35) in case of peanut with impedance boundary condition?

Table 8.4. Reconstruction of X for peanut with 10 % noise?

Maximum|Average|Median
A = 2 impedance 2.297 1.985 | 1.978
A = 2 imped., approx. bound.| 2.301 1.828 | 1.853
A = 2 mixed conditions 2.681 2.335 | 2.374
A = 5 impedance 5.335 4.691 | 4.731
A =5 imped., approx. bound.| 5.806 4.231 | 4.313
A = 5 mixed conditions 5.893 4.649 | 4.951

8.4 Scattering by Partially Coated Dielectric

We now consider the scattering of time-harmonic electromagnetic waves by an
infinitely long, cylindrical, orthotropic dielectric partially coated with a very
thin layer of a highly conductive material. Let the bounded domain D C R?
be the cross section of the cylinder, assume that the exterior domain R? \ D
is connected, and let v be the unit outward normal to the smooth boundary
dD. The boundary 0D = 9D, N dD5 is split into two parts, dD; and 9D,
each an open set relative to 0D and possibly disconnected. The open arc
0D corresponds to the uncoated part, and dDs corresponds to the coated
part. We assume that the incident electromagnetic field and the constitutive
parameters are as described in Sect. 5.1. In particular, the fields inside D
and outside D satisfy (5.5) and (5.6), respectively, and on 0Dy, the uncoated
portion of the boundary, we have the transmission condition (5.7). However, on
the coated portion of the cylinder, we have the conductive boundary condition
given by

UXE' —ux E™ =0 and vx H*' —vx H™ = n(vx B x v, (8.39)
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where the surface conductivity n = n(x) describes the physical properties of
the thin, highly conductive coating [3,4]. Assuming that n does not depend
on the z-coordinate (we recall that the cylinder axis is assumed to be parallel
to the z-direction), on 9Dy the transmission conditions (8.39) now become

v— (u® +ut) = —ing(us +u’) and @ —(u*+u)=0 on 0D,
v
where Ov/0v4 == v - A(x)Vv.

The direct scattering problem for a partially coated dielectric can now be
formulated as follows: assume that A, n, and D satisfy the assumptions of
Sect. 5.1 and 1 € C (D) satisfies n(z) > 1y > 0 for all z € 9Ds. Given the
incident field u’ satisfying

Aut+ K2t =0 in R?,

we look for u® € H: (R?\ D) and v € H'(D) such that

loc

V- AVv + k*nv =0 in D, (8.40)
Au® + k2 u® =0 in R?\ D, (8.41)
v—ut=u on 0Dy, (8.42)
_ O(u® 4+ u) i
v—u® = —in—— +u'  on 9Dy, (8.43)
v

ov  Out o’
—_— - = D 44
vy  Ov ov on 9D, (8.44)

: ou® .\

Tlgl(r)lo\/F( a3 — iku ) =0. (8.45)

We start with a brief discussion of the well-posedness of the foregoing scat-
tering problem.

Theorem 8.18. The problem (8.40)—(8.45) has at most one solution.

Proof. Let v € H'(D) and u® € H} (D) be the solution of (8.40)-(8.45)

corresponding to the incident wave u* = 0. Applying Green’s first identity in
D and (R?\ D) N g, where (and in what follows) 25 is a disk of radius R
centered at the origin and containing D, and using the transmission conditions
we have that

/ (Vo - AVv — k*n|v]?) dy + / (V> = E*[u®|?) dy
D 22r\D
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Taking the imaginary part of both sides and using the fact that Im(A) < 0,
Im(n) > 0, and n > 79 > 0 we obtain

ou®
1 5. ds > 0.
m/u By s >
ONRr

Finally, an application of Theorem 3.6 and the unique continuation principle
yield, as the proof in Lemma 5.25, ©v* = v = 0. a

We now rewrite the scattering problem in a variational form. Multiplying
the equations in (8.40)—(8.45) by a test function ¢ and using Green’s first
identity, together with the transmission conditions, we obtain that the total
field w defined in 25 by w|p := v and w|g,\ p = u® + u’ satisfies

/ (Ve - AVw — k*npw) dy + / (Ve Vw — k’pw) dy (8.46)
D 2r\D

_/i[ﬁ]-[w]ds_ /¢TWd8=—/¢Tuids+ /@au ds,
! ov

0D> ONR ONR ONR

where T : Hz (02g) — Hz(0£2g) is the Dirichlet-to-Neumann operator and
[w] =wt|ap —w™|ap denotes the jump of w across dD, with w' and w™ the
traces (in the sense of the trace operator) of w € H*(£2g\ D) and w € H(D),
respectively. Note that [w] € H?2(9D,) since from the transmission conditions
wllop, =0. .

Hence, the natural variational space for w and ¢ is H'(2r \ 0D3). Note
that if u € H'(2g \ 0D2), then u € HY(D), u € H*(2r \ D), [u]|lop, = 0,
and

||U||§{1(rzR\aT>2) = Jlullz (py + ||U||§{1(QR\D)'

Now, letting

al(w,gp)::/(VQ-AVw—l—@w) dy + / (Vo - Vw+pw) dy

D 2r\D
— / ! [?] - [w]ds — / pTowds (8.47)
dD> " 02r

and
az(w, p) == — /(nk2 +1)Pwdy — / 2 (Ty — T)wds,
Qr a0R
where T} is the negative definite part of the Dirichlet-to-Neumann mapping

defined in Theorem 5.22, the variational formulation of the mixed transmission
problem reads: find w € H'(£2g \ 0D>) such that
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ar(w, ) + az(w, ) = L(p) Vo € H' (2 \ ID>), (8.48)

where L(p) denotes the bounded conjugate linear functional defined by the
right-hand side of (8.46). We leave it as an exercise to the reader to prove that
if we HY(25 \ 0D3) solves (8.48), then v := w|p and u® = W]\ p — u' sat-
isfy (8.40), (8.41) in 25\ D, the boundary conditions (8.42), (8.43), and (8.44),
and Tu® = du®/Ov on 012g. Exactly in the same way as in Example 5.23 one
can show that u® can be uniquely extended to a solution in R?\ D.

Now using the trace theorem, the Cauchy—Schwarz inequality, the chain
of continuous embeddings

H7(0Dy) C H?(dDy) C L*(0D,) C H™2(9Dy) C H™2(0D>),

and the assumptions on A, n, and 7, one can now show in a similar way as
in Sect. 5.4 that the sesquilinear form aq(-, ) is bounded and strictly coer-
cive and the sesquilinear form as(-, -) is bounded and gives rise to a compact
linear operator due to the compact embedding of H'(2g \ dD2) in L?(2g).
Hence, using the Lax-Milgram lemma and Theorem 5.16, the foregoing anal-
ysis, combined with Theorem 8.18, implies the following result.

Theorem 8.19. The problem (8.40)-(8.45) has exactly one solution v €
HY(D) and u® € H. .(R*\ D) that satisfies

ol oy + 0”1 oy < Ol a2,

where the positive constant C' > 0 is independent of u’ but depends on R.

The scattered field u® again has the asymptotic behavior
ikr
N
where the corresponding far-field pattern u(-) depends on the observation di-
rection # := (cos @, sin 6). In the case of incident plane waves u’(z) = e?**,
the interior field v and the scattered field u® also depend on the incident
direction d := (cos ¢, sin ¢), as does the corresponding far field pattern
Uoo(*) = Uso(+, ¢). The far-field pattern in turn defines the corresponding
far-field operator F : L2[0, 2rr] — L?[0, 27| by (6.7).
As will be seen, the mized interior transmission problem associated with
the mixed transmission problem (8.40)—(8.45) plays an important role in

studying the far-field operator. Hence, we now proceed to a discussion of
this problem. Consider the Sobolev space

u®(x) = Uoo () + O(r_3/2), 7 — 00,

H'(D,0Dy) := {u € H'(D) such that % € LQ(aDQ)}
14

equipped with the graph norm
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ol 003 = il +
(2.0Dz) || 120D, )

Then the mized interior transmission problem corresponding to the mixed

transmission problem (8.40)—(8.45) reads: given f € H2 (0D), h € H=2(dD),

and 7 € L*(0Ds), find v € H*(D) and w € H'(D, dD5) such that

V- AVv +k*nv =0 in D, (8.49)
Aw+ k2w =0 in D, (8.50)
v—w= flop, on 0Dy, (8.51)

v—w=—in (?3 + flop, + 7 on 9Ds, (8.52)
ov  Ow

Theorem 8.20. If either Im(n) > 0 or Im (& A&) < 0 at a point zy € D,
then the mized interior transmission problem (8.49)—(8.53) has at most one
solution.

Proof. Let v and w be a solution of the homogeneous mixed interior trans-
mission problem (i.e., f = h =r = 0). Applying the divergence theorem to ©
and AVwv (Corollary 5.8), using the boundary condition, and applying Green’s
first identity to w and w (Remark 6.29) we obtain

[ o avudy= [Wenol ay = [ Vol ay- [#up g+ [ i
D

D D D 0D

2
ds.

ov

Hence

Im (/ V5~AVvdy) =0, Im</ n|v|2dy> =0, and ‘—
D D

The last equation implies that dw/dv = 0 on dD2, whence w and v satisfy
the homogeneous interior transmission problem (6.12)—(6.15). The result of
the theorem now follows from Theorem 6.4. O

The values of k£ for which the homogeneous mixed interior transmission prob-
lem (8.49)—(8.53) has a nontrivial solution are called transmission eigenvalues.
From the proof of Theorem 8.20 we have the following result.

Corollary 8.21. The transmission eigenvalues corresponding to (8.49)—(8.53)
form a subset of the transmission eigenvalues corresponding to (6.12)—-(6.15)
defined in Definition 6.3.
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The preceding corollary justifies the use of the same name for the set of
eigenvalues corresponding to both the interior transmission problem and the
mixed interior transmission problem. We note that due to the presence of a
non-real-valued term in the transmission conditions, the approaches developed
in Chap. 6 to prove the existence of transmission eigenvalues cannot be used
in the current case. The existence of transmission eigenvalues corresponding
to (8.49)—(8.53) is to date an open problem.

From the proof of Theorem 8.20 we also see that if the scatterer is fully
coated, i.e., 9Dy = 9D, then the solution (v,w) of the homogeneous mixed
interior transmission problem satisfies

V-AVo+Ek*nv=0 in D, ﬂ:O on 9D,
vy

and 5
Aw+kw=0 inD, - =0 ondD.
14

From this it follows that if 0Dy = 0D, then the uniqueness of the mixed
interior transmission problem is guaranteed if at least one of the foregoing
homogeneous Neumann problems has only a trivial solution.

The following important result can be shown in the same way as in
Theorem 6.2.

Theorem 8.22. The far-field operator F' corresponding to the scattering prob-
lem (8.40)—(8.45) is injective with dense range if and only if there does not
exist a Herglotz wave function vy such that the pair v,vy is a solution to the
homogeneous mized interior transmission problem (8.49)-(8.53) with w = v,.

We shall now discuss the solvability of the mixed interior transmission
problem (8.49)—(8.53). We will adapt the variational approach used in Sect. 6.2
to solve (6.12)—(6.15). To avoid repetition, we will only sketch the proof, emp-
hasizing the changes due to the boundary terms involving 7.

Theorem 8.23. Assume that k is not a transmission eigenvalue and that
there exists a constant v > 1 such that

cither & Re(A)&€ >~|€]> or &€-Re(A™N) € > ~[¢)? VeEeC?

Then the mized interior transmission problem (8.49)—(8.53) has a unique
solution (v, w) that satisfies

o130y + 101 (0000 < C (1173 oy + 10l -3 o) + 172200 ) -

Proof. We first assume that & - Re(A) ¢ > |¢|? for some v > 1. In the same
way as in the proof of Theorem 6.8, we can show that (8.49)—(8.53) is a
compact perturbation of the modified mixed interior transmission problem
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V- AVv —mv = p; in D, (8.54)
Aw —w = po in D, (8.55)
v—w = flop, on 0D, (8.56)
vow=—in 24 flop, 41 on 9Dy, (8.57)
ov  Ow
ov _ow _ D .
S o on 9D, (8.58)

where m € C(D) such that m(z) > ~. It is now sufficient to study
(8.54)—(8.58) since the result of the theorem will then follow by an appli-
cation of Theorem 5.16 and the fact that &k is not a transmission eigenvalue.
We first reformulate (8.54)—(8.58) as an equivalent variational problem. To this
end, let

W(D): = {W € (LQ(D))2 :V-we L*D), Vxw=0,andv -w € L2(8D2)}
equipped with the natural inner product
(Wi, Wo)w = (W1, Wa)r2(py + (V- w1, V- Wa)r2(py + (V- Wi, V- Wa)12(9D,)
and norm

IWlify = IwliZa) + IV - WllZ2(p) + I - WlZ2(op,)- (8.59)

We denote by (-, ) the duality pairing between Hz(9D) and H~ 2 (8D) and
recall

<<p,1,b-u)z/g0V-¢dx+/Vg0-'l,bd:v (8.60)
D

D

for (p,1) € HY(D) x W (D). Then the variational form of (8.54)—(8.58) is as
follows: find U = (v,w) € H'(D) x W(D) such that

AU V)=L(V)  forall V :=(p,9) € H'(D) x W(D), (8.61)
where the sesquilinear form A defined on (H'(D) x W(D))? is given by

A(U,V):/AVU-V@dm—i—/mv@dm—i—/v-wv-{bdx—i—/w-{bd:z:
D D D

D
—i/n(W-V)(’lTb-I/)dS—<’U,’lTb-V>—<(,5,W-I/>
9D

and the conjugate linear functional L is given by

L(V):/(P1¢+p2v'{[’)d$—i/777”({["’/)653‘*'@7 h>—<f7{["’/>-

D 0D>
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By proceeding exactly as in the proof of Theorem 6.5 we can establish the
equivalence between (8.54)—(8.58) and (8.61). In particular, if (v, w) is the
unique solution (8.54)—(8.58), then U = (v, Vw) is a unique solution to (8.61).
Conversely, if U is the unique solution to (8.61), then the unique solution (v, w)
to (8.54)—(8.58) is such that U = (v, Vw).

Notice that the definitions of A and L differ from Definitions (6.22)
and (6.23) of A and L corresponding to (6.12)—(6.15) only by an additional
L?(0D5) inner product term, which appears in the W norm given by (8.59).
Using the trace theorem and Schwarz’s inequality one can show that A and L
are bounded in the respective norms. On the other hand, by taking the real
and imaginary parts of A(U,U), we have from the assumptions on Re(A),
Im(A), and 7 that

AU, U)| > ’7||U||§{1(D) + ||W||2L2(D) +IV- W||2L2(D)
— 2Re((0, v - w)) + 1m0V - Wl Z20p,)-

From the duality pairing (8.60) and Schwarz’s inequality we have that

1
— — 2
2Re((®, v+ w)) < | (5, W) | < ollm () (IWl3eo) + 1V - WiEap)) -

Hence, since v > 1, we conclude that

v—1
AT 2 27 (Il ) + IRy + 19 - Wl ) +0llv-wl (o)
which means that A is coercive, i.e.,

A@,0)] 2 € (el ) + W00 )

where C' = min((y—1)/(y+1), no). Therefore, from the Lax—Milgram lemma
we have that the variational problem (8.61) is uniquely solvable, and, hence,
so is the modified interior transmission problem (8.54)—(8.58). Finally, the
uniqueness of a solution to the mixed interior transmission problem and an
application of Theorem 5.16 imply that (8.49)—(8.53) has a unique solution
(v, w) that satisfies

ol oy + Nl .00 < € (1153 o + 141 + 22002

H% (0D) H™%(0D)

where C' > 0 is independent of f, h, 7. The case of £-Re(A™1) ¢ can be treated
in a similar way. O

Another main ingredient that we need to solve the inverse scattering prob-
lem for partially coated penetrable obstacles is an approximation property of
Herglotz wave functions. In particular, we need to show that if (v,w) is the
solution of the mixed interior transmission problem, then w can be approx-
imated by a Herglotz wave function with respect to the H'(D,dD3) norm
[which is a stronger norm than the H'(D) used in Lemma 6.45].
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Theorem 8.24. Assume that k is not a transmission eigenvalue, and let
(w,v) be the solution of the mized interior transmission problem (8.49)—(8.53).
Then for every e > 0 there exists a Herglotz wave function vy with kernel
ge € L?[0, 27] such that

lw =g, 2 (p,op2) < € (8.62)

Proof. We proceed in two steps:

1. We first show that the operator H : L2[0, 2x] — Hz(0D;) x L*(ODy)
defined by

vg(x), x € 0Dy,
H =
Ho)@) =1 %@ Gy ), weop,,
ov
has a dense range, where v, is a Herglotz wave function written in the
form
2
v(e) = / e rncosbteasnOg(p)ds(9), @ = (1,2,
0

To this end, according to Lemma 6.42, it suffices to show that the cor-
responding transpose operator H' : H=2(9D;) x L2(8Dy) — L2[0, 27]
defined by

{79, D) 43 op.y.5-% o0y T 9 V) 2op,),L2(0D2)
T
= (g9, H' (¢, ¢)>L2[0, 2r],L2[0, 2] 7

for g € L2[0, 27], ¢ € H™2(8Dy),¢ € L*(@Dy), is injective, where (-, -)
denotes the duality pairing between the denoted spaces. By interchanging
the order of integration one can show that

ae—iky-i ~

HT (6. 0)@) = [ ™r2aasty) + [ P50 dsty)

oD oD

i / e HUEG () ds(y),

oD

where ¢ € H™2(8D) and ¢ € L*(D) are the extension by zero to the
whole boundary 0D of ¢ and 1), respectively. Note that from the definition
of ﬁ—%(apl) in Sect. 8.1 such an extension exists.

Assume now that H (¢, ¢)) = 0. Since H ' (¢, 1) is, up to a constant
factor, the far-field pattern of the potential
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Pa) = [ @e)it)dst) + [ 220 i) dsty)
oD oD
+i [ @)l dsty)
oD

which satisfies the Helmholtz equation in R2\ D, from Rellich’s lemma we
have that P(z) = 0 in R?\ D. As  — 9D the following jump relations
hold:

P+_P7|8D1:05 P+_P7|8D2:1/}
oPt OP~ oPt  OP~ .
- == -] =iy,
v o |sp, ov o |sp,

where by the superscript + and — we distinguish the limit obtained by
approaching the boundary D from R?\ D and D, respectively (see [54],
p. 45, for the jump relations of potentials with L? densities, and [127] for
the jump relations of the single layer potential with H —2 density). Using
the fact that Pt = 9PT/0v = 0 we see that P satisfies the Helmholtz
equation and
P lop, =0 6i+iP_ =0,
v oD,

where the equalities are understood in the L? limit sense. Using Green’s
first identity and a parallel surface argument one can conclude, as in The-
orem 8.2, that P = 0 in D, whence from the preceding jump relations

=1 =0.

. Next, we take w € H'(D,dD3), which satisfies the Helmholtz equation

in D. By considering w as the solution of (8.10)—(8.12) with f := w|sp, €
H2(0D1), h = dw/0v + iw|,p, € L2(0D2) C H™2(0Ds), A =1,0Dp =
0Dy, and OD; = 9D, the a priori estimate (8.15) yields

ow .
< C||w||H%(8D1) +C HE +iw

ol iy + || 22
Hl(D) a]/

L2(8D2) L2(0D2) .

Since v, also satisfies the Helmholtz equation in D, we can write

lw = vgllen (p,0p2) < Cllw =vgll 3 5, (8.63)
0 —_
—l—CHM—H(w—vg) .
ov L2(8D5)

From the first part of the proof, given €, we can now find g. € L?[0, 27]
that makes the right-hand side of the inequality (8.63) less than e. The
theorem is now proved.

O
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8.5 Inverse Scattering Problem for Partially
Coated Dielectric

The main goal of this section is the solution of the inverse scattering problem
for partially coated dielectrics, which is formulated as follows: determine both
D and 7 from a knowledge of the far-field pattern u (6, ¢) for 6, ¢ € [0, 27].
As shown in Sect. 4.5, it suffices to know the far-field pattern corresponding to
0 € [6o, 01] C [0, 27| and ¢ € [¢o, ¢1] C [0, 27]. We begin with a uniqueness
theorem.

Theorem 8.25. Let the domains D' and D? with the boundaries 0D and
0D?, respectively, the matriz-valued functions A1 and A, the functions ny and
na, and the functions n1 and ne determined on the portions ODY C D' and
dD3 C OD?, respectively (either D3 or D3, or both, can be empty sets), sat-
isfy the assumptions of (8.40)-(8.45). Assume that either € - Re(Ay) € > ~|¢|?
or € Re(A7Y) € > ~[€%, and either € - Re(A2) € > 7|¢|? or € - Re(Ay1) € >
vI€|? for some v > 1. If the far-field patterns ul_ (6, ) corresponding to
DY, Ay, n1,m and u2 (0, ¢) corresponding to D?, Aa,na,ne coincide for all
0,¢ €0, 27|, then D* = D2.

Proof. The proof follows the lines of the uniqueness proof for the inverse scat-
tering problem for an orthotropic medium given in Theorem 6.39. The main
two ingredients are the well-posedness of the forward problem established in
Theorem 8.19 and the well-posedness of the modified mixed interior transmis-
sion problem established in Theorem 8.23. Only minor changes are needed in
the proof to account for the space H'(D,dDy) x H'(D), where the solution of
the mixed interior transmission problem exists and replaces H(D) x H'(D)
in the proof of Theorem 6.39. To avoid repetition, we do not present here the
technical details. The proof of this theorem for the case of Maxwell’s equations
in R? can be found in [13]. O

The next question to ask concerns the unique determination of the surface
conductivity 7. From the preceding theorem we can now assume that D is
known. Furthermore, we require that for an arbitrary choice of D3, A, and
1 there exists at least one incident plane wave such that the corresponding
total field u satisfies 8u/6u|8D0 # 0, where 0Dy C 0D is an arbitrary portion
of dD. In the context of our application, this is a reasonable assumption since
otherwise the portion of the boundary where du/dv = 0 for all incident plane
waves would behave like a perfect conductor, contrary to the assumption that
the metallic coating is thin enough for the incident field to penetrate into D.
We say that k2 is a Neumann eigenvalue if the homogeneous problem
9 ) oV
V-AVV +k*nV =0 in D, — =0 ondD (8.64)
ova
has a nontrivial solution. In particular, it is easy to show (the reader can try
it as an exercise) that if Im(A) < 0 or Im(n) > 0 at a point zg € D, then there
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are no Neumann eigenvalues. The reader can also show as in Example 5.17
that if Im(A) = 0 and Im(n) = 0, then the Neumann eigenvalues exist and
form a discrete set.

We can now prove the following uniqueness result for 7.

Theorem 8.26. Assume that k2 is not a Neumann eigenvalue. Then under
the foregoing assumptions and for fired D and A the surface conductivity n is
uniquely determined from the far-field pattern uoo (6, ¢) for 6,¢ € [0, 2x].

Proof. Let D and A be fixed, and suppose there exists 71 € C (G_Dé) and 7y €

c (G_Dz) such that the corresponding scattered fields u*! and u®2, respectively,
have the same far-field patterns ul,(6,¢) = uZ (6, ¢) for all 6,¢ € [0, 27].

Then from Rellich’s lemma u** = u*? in R?\ D. Hence, from the transmission
condition the difference V = v! — v? satisfies

V-AVV +k2nV =0 in D, (8.65)
°)%
M =0 on (9D, (866)
o _ . out
V =—i( — 772)5 on 9D, (8.67)

where 7; and 72 are the extension by zero of ;1 and 72, respectively, to the
whole of 9D and u! = u®! +u. Since k? is not a Neumann eigenvalue, (8.65)
and (8.66) imply that V' =0 in D, and hence (8.67) becomes

o out
(m — ng)E =0 on 9D

for all incident waves. Since for a given 0Dy C 0D there exists at least one
incident plane wave such that du'/0v|sp, # 0, the continuity of n; and 7, in

@; and Eﬁ, respectively, implies that 7; = 7s. a
As the reader saw in Chaps. 4 and 6 and Sect. 8.1, our method for solving
the inverse problem is based on finding an approximate solution to the far-field

equation
Fg:QOO(v Z)v ZERQa

where F is the far-field operator corresponding to the scattering prob-
lem (8.54)—(8.58). If we consider the operator B : H(D,dDy) — L?|0, 27],
which takes the incident field u! satisfying

Aut + E2ut =0 in D

to the far-field pattern us of the solution to (8.40)—(8.45) corresponding to
this incident field, then the far-field equation can be written as

(Buy)(2) = oo (, 2), z € R?,
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where v, is the Herglotz wave function with kernel g. Note that the formulation
of the scattering problem and Theorem 8.19 remains valid if the incident field
u® is defined as a solution to the Helmhotz equation only in D (or in a neigh-
borhood of D) since the traces of u® only appear in the boundary conditions.
From the well-posedness of (8.40)—(8.45) we see that B is a bounded linear
operator. Furthermore, in the same way as in Theorem 6.48, one can show
that B is, in addition, a compact operator. Assuming that k% is not a trans-
mission eigenvalue, one can now easily see that the range of B is dense in
L?[0, 2] since it contains the range of F', which from Theorem 8.22 is dense
in L?[0, 27r]. We next observe that

Doo(,2) € Range(B) <= z € D, (8.68)
provided that k is not a transmission eigenvalue. Indeed, if z € D, then the

solution u® of (Bu®)(%) = ®u (%, 2) is u’ = w,, where w, € H'(D,dD3) and
v, € H'(D) is the unique solution of the mixed interior transmission problem

V-AVv, + k*nv, =0 in D, (8.69)

Aw, + k2w, =0, in D, (8.70)

v, — (w, + P(+,2)) =0 on 9D, (8.71)

vy, — (wy + D(,2)) = —in %(wz +P(-, 2)) on 9Dy, (8.72)
v, 0 B

Boa %(wz +&(-,2))=0 on 9D. (8.73)

On the other hand, for € R?\ D the fact that ¢(-, 2) has a singularity at z,
together with Rellich’s lemma, implies that @ (-, z) is not in the range of B.
Notice that since in general the solution w, of (8.69)—(5.5) is not a Herglotz
wave function, the far-field equation in general does not have a solution for
any z € R% However, for z € D, from Theorem 8.24 we can approximate
w, by a Herglotz function vy, and its kernel g is an approximate solution of
the far-field equation. Finally, noting that if u® v solves (8.40)—(8.45) with
ut € HY(D,dD,), then u® v solves the mixed interior transmission prob-
lem (8.69)-(8.73) with &(-, z) replaced by u® and Bu' = uw, where un, is
the far-field pattern of v*, one can easily deduce that B is injective, provided
that k is not a transmission eigenvalue. The foregoing discussion now implies,
in the same way as in Theorem 6.50, the following result.

Theorem 8.27. Assume that k is not a transmission eigenvalue and D, A,
n, and n satisfy the assumptions in the formulation of the scattering prob-
lem (8.40)-(8.45). Then, if F is the far-field operator corresponding to (8.40)-
(8.45), we have that

1. For z € D and a given € > 0 there exists a function g5 € L?[0,27] such
that

1F g% = Poo (-5 2)l 120 24] < €
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and the Herglotz wave function vge with kernel g5 converges in H'(D,dD3)
to w, as € = 0, where (v,,w,) is the unique solution of (8.69)—(8.753).
2. For z ¢ D and a given € > 0 every function g< € L?[0,2x] that satisfies

1F g% = Poo (-, 2)|| 270,207 < €

18 such that

HY(D,dDs) — "

21_1)% l[vge
The approximate solution g of the far-field equation given by Theorem 8.27
(assuming that it can be determined using regularization methods) can be
used as in the previous inverse problems considered in Chaps. 4 and 6 and
Sect. 8.1 to reconstruct an approximation to D. In particular, the boundary
OD of D can be visualized as the set of points z where the L? norm of g,
becomes large.
Provided that an approximation to D is obtained as was done previously,
our next goal is to use the same ¢ to estimate the maximum of the surface
conductivity 7. To this end, we define W, by

W, = w, + (-, 2), (8.74)

where (v,,w,) satisfy (8.69)-(8.73). In particular, since w, € H(D,dD,),
Aw, € L*(D) and z € D, we have that W.|sp € Hz(0D), OW. /0v|op €
H~2(dD) and OW, /dv|sp, € L2(0D,).

Lemma 8.28. For every two points z1 and zo in D we have that

oWy W,
————ds

—Z/szl - Im(A)VT,, dx + 2k2/1m(n)vZIEZ2 dz+2 / n(x) 3 5
v v

D D dD2
= —dkr|y|* Jo(k|z1—22])+i (w2, (22) =2, (21))

where w,, , W, and w,,, W, are defined by (8.69)—(8.73) and (8.74), respec-

tively, and Jy is a Bessel function of order zero.

Proof. Let z; and z be two points in D and v,,,w,,, W, and v,,, w,,, W,
the corresponding functions defined by (8.69)—(8.73). Applying the divergence
theorem (Corollary 5.8) to v,,,7., and using (8.69)—(8.73), together with the
fact that A is symmetric, we have that

/ (vzl% — @2%> ds = / (szl -ZV@2 — Vo, 'AV’UZI) dx

ovg ovy

oD D

+/ (v, V-AVD,, —0.,V-AVv,,) dx = —21'/sz1 -Im(A)VT,, dx
D D

+2ik? / Im(n)v,, 7., dz. (8.75)
D
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On the other hand, from the boundary conditions we have

/ (’%Zz s 0vs, s
Uz 8 2 v

aD
oW., — oW, . OW., OW .,
_/<VVZ1 13)% W ov )ds—QZ/n(x) o v ds.
oD oD,
Hence
—2Z/V’Uzl- AV, dx+2zk2/1 (n)vs, 0, dx
D
. oW, 8WZ2 ow., — OW.,
+2Z/’I](:E) 5 Oy ds —/(Wz1 £y -W,, 5 )ds
ODo oD
o 845(,z2) —845(,21)
‘/(Q("ZI)T‘“SW)T o
aD
84)('722) —Ow,
+/ (wle—¢(',22)W> ds
oD
8EZ2 - 645(,21)
+/ (@(,zl)w — Wz, o ) ds.
aD

Green’s second identity applied to the radiating solution @(-, z) of the Helmholtz
equation in D, implies that

2T

/ (@(~,21)W —@(32@%) ds = —2ik/4300(~,21)4300(~,22)d5

oD 0

= —2ik/|”y|267iki'zleiki'z2 ds = —dikm|y|*Jo (k|21 — 22|),

and from the representation formula for w,, and w,, we now obtain

—21/VUZ1 Im(A)V7,, dz + 2ik? /Im(n)vzlﬁz2 dx
D

) oW, OW . _
w20 [ () T2 B ds = —aikrs oKl — zal) + e (1) = sy (2)
8D2

Dividing both sides of the foregoing relation by ¢ we have the result. a
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Assuming D is connected, consider a ball {2, C D of radius r contained
in D (Remark 4.13), and define a subset of L?(0D5) by

oW,
= ith z — Wy 2 <)
V= f c L2(8D2) . f v . W1 % w, + ( Z)

z € £2, and w,, v, the solution of (8.69)—(8.73)

Lemma 8.29. Assume that k is not a transmission eigenvalue. Then V is
complete in L*(0D3).

Proof. Let ¢ be a function in L?(0D3) such that for every z € 2.

ow,
/ By pds = 0.

0Do

Since k? is not a transmission eigenvalue, we can construct v € H(D) and w €
H(D, dD3) as the unique solution of the following mixed interior transmission
problem:

(i) V-AVv+k*nv=0 in D,
(i) Aw+k2w=0 in D,
(i4) v—w=0 on 0Dy,
(iv) v—w=—in g—z} + on 0D,
ov  Ow
(’U) m — 5 =0 on oD.

aWz o aVI/Z . 8Wz 811}
:/ ey gpds—/ ey (v—w)ds—i—z/nwgds

0D oD 9D>
aWz aWz . 8Wz (910
= / £y vds — / £y wds + 1 / Urw %ds. (8.76)
oD oD 0D>

From the equations for v, and v, the divergence theorem, and the transmission
boundary conditions we have

oW, B v, B ov
/ ey vds—/ayAvds—/ayszds
oD oD

oD
I / y W= 0w (8.77)
ov
oD ODs

Finally, substituting (8.77) into (8.76) and using the integral representation
formula we obtain



8.6 Numerical Examples 237

ow oW, B ow ow,
OZ/(EWz— £ w)ds-/(ng—ay w) ds
oD oD

_/(%@@@—@%ﬁﬁd&w@) Vie 0. (8.78)

ov
aD

The unique continuation principle for the Helmholtz equation now implies
that w = 0 in D. Then (cf. the proof of Theorem 8.2) v = 0, and therefore
@ = 0, which proves the lemma. O

We now assume that Im(A4) = 0, Im(n) = 0, and that k is not a trans-
mission eigenvalue. Then setting z = z; = 22 in Lemma 8.28 we arrive at the
following integral equation for #:

/@ e

If we denote by 77 € L?(dD) the extension by zero to the whole boundary of
the surface conductivity 7, then we can assume that the region of integration
in the integral in (8.79) is 0D instead of 9D2. By Lemma 8.29, we see that the
left-hand side of (8.79) is an injective compact integral operator with positive
kernel defined in L?(0D) (replacing n by 7). Using Tikhonov regularization
techniques (cf. [68]) it is possible to determine 7 (and hence 7 without knowing
a priori the portion dDs) by finding a regularized solution of the integral
equation in L?(0D) with noisy kernel and noisy right-hand side (recall from
Theorem 8.27 that w, and its derivatives can be approximated by v, and its
derivative, respectively). For numerical examples using this approach we refer
the reader to [27].

In the particular case where the coating is homogeneous, i.e., the surface
conductivity is a positive constant > 0, we have that

O (wn(w) + 80, 2)| ds = - 1 ) e D. (8.79)
E(wz(x (z,2 s=-7 m (w,(2)), z . (8.

. —2kn|y|?> — Im (wz2(z)) ' (8.80)

H%WAH@@W

L2(8D>)

A drawback of (8.80) is that the extent of the coating dD5 is in general not
known. Hence, if dD5 is replaced by 0D, these expressions in practice only
provide a lower bound for the maximum of 7, unless it is known a priori that D
is completely coated.

8.6 Numerical Examples
We now present some numerical tests of the preceding inversion scheme using

synthetic data. For our examples, in (8.40)—(8.45) we choose A = (1/4)I,
n = 1, and 7 equal to a constant. The far-field data are computed using
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a finite-element method on a domain that is terminated by a rectangular
perfectly matched layer (PML), and the far-field equation is solved by the
same procedure as described at the end of Sect. 8.1 to compute g [27].

We present some results for an ellipse given by the parametric equations
x = 0.5cos(s) and y = 0.2sin(s), s € [0, 27]. For the ellipse we consider either
a fully coated or partially coated object, shown in Fig8.5.

0.8 |
0.6}
0.4}

0.2}

Fig. 8.5. Diagram showing coated portion of partially coated ellipse as thick line.
Dotted square: inner boundary of PML; solid square: boundary of finite-element
computational domain®

We begin by assuming an exact knowledge of the boundary in order to
assess the accuracy of (8.80). Having computed g using regularization methods
to solve the far-field equation, we approximate (8.80) using the trapezoidal
rule with 100 integration points and use zy = (0,0). In Fig. 8.6 we show
the results of the reconstruction of a range of conductivities n for a fully
coated ellipse and partially coated ellipse. Recall that for the partially coated
ellipse, (8.80) with 0D replaced by 9D provides only a lower bound for 7.
For each exact n we compute the far-field data, add noise, and compute an
approximation to w,, as discussed previously and in Sect. 8.1.

3Reprinted from F. Cakoni, D. Colton, and P. Monk, The determination of
the surface conductivity of a partially coated dielectric, STAM J. Appl. Math. 65
(2005), 767-789. Copyright (©2005 Society for Industrial and Applied Mathematics.
Reprinted with permission. All rights reserved.
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—&— Computed, partially coated
l{ —e— Computed, fully coated
Exact

Computed n
o o -t 2
o ® = M B O o N

o o
RS

o

0.5 1 1.5 2
Exact n

o

Fig. 8.6. Computation of n using exact boundary for fully coated and partially
coated ellipses. Clearly, in all cases the approximation of 1 deteriorates for large
conductivities®

We now wish to investigate the solution of the full inverse problem.
We start by using the linear sampling method to approximate the boundary
of the scatterer, which is based on the behavior of g given by Theorem 8.27.
In particular, we compute 1/||g|| for z on a uniform grid in the sampling
domain. In the upcoming numerical results we have chosen 61 incident direc-
tions equally distributed on the unit circle and we sample on a 101 x 101 grid
on the square [—1,1] x [—1,1].

Having computed g using Tikhonov regularization and the Morozov dis-
crepancy principle to solve the far-field equation, for each sample point we
have a discrete level set function 1/||g||. Choosing a contour value C' then
provides a reconstruction of the support of the given scatterer. We extract
the edge of the reconstruction and then fit this using a trigonometric polyno-
mial of degree M assuming that the reconstruction is starlike with respect to
the origin (for more advanced applications it would be necessary to employ a
more elaborate smoothing procedure). Thus, for an angle 6 the radius of the
reconstruction is given by

M
r(d) = Re < Z Tn exp(in9)> ,

n=—M

where r is measured from the origin (since in all the examples here the origin
is within the scatterer). The coefficients r,, are found using a least-squares
fit to the boundary identified in the previous step of the algorithm. Once
we have a parameterization of the reconstructed boundary, we can compute
the normal to the boundary and evaluate (8.80) for some choice of zy [in the
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examples always zp = (0,0)] using the trapezoidal rule with 100 points. This
provides our reconstruction of 1. The results of the experiments for a fully
coated ellipse are shown in Figs. 8.7 and 8.8. For more details on the choice
of the contour value C' that provides a good reconstruction of the boundary
of the scatterer we refer the reader to [27].

0.5

0.4

0.3

0.2 tH i

0.1 g N

_01 “ V'

-0.2

-0.34

-0.4

-0.5

-0.4 -0.2 0 0.2 0.4 0.6

Fig. 8.7. Reconstruction of fully coated ellipse for n =1

In the case of a partially coated ellipse (Fig. 8.5), the inversion algorithm
is unchanged (both the boundary of the scatterer and 7 are reconstructed).
The result of the reconstruction of D when n = 1 is shown in Fig. 8.9, and
the results for a range of 1 are shown in Fig. 8.10. We recall again that for a
partially coated obstacle (8.80) only provides a lower bound for 7 (i.e., D2
is replaced by 0D).

8.7 Scattering by Cracks

In the last sections of this chapter we will discuss the scattering of a time-
harmonic electromagnetic plane wave by an infinite cylinder having an open
arc in R? as cross section. We assume that the cylinder is a perfect conductor
that is (possibly) coated on one side with a material with (constant) surface
impedance \. This leads to a (possibly) mixed boundary value problem for the
Helmholtz equation defined in the exterior of an open arc in R?. Our aim is to
establish the existence and uniqueness of a solution to this scattering problem
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n
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Exact
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N o @
—

Computed n

© o0 90 9 =
o M M O 0 = 0o

0.5 1 1.5 2
Exact n

o

Fig. 8.8. Determination of range of n for (reconstructed) fully coated ellipse. For
each exact n we apply the reconstruction algorithm using a range of cutoffs and plot
the corresponding reconstruction. An exact reconstruction would lie on the dotted

line®

0.5
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Fig. 8.9. Reconstruction of partially coated ellipse for n =1

and to then use this knowledge to study the inverse scattering problem of
determining the shape of the open arc (or “crack”) from a knowledge of the
far-field pattern of the scattered field [15].



242 8 Mixed Boundary Value Problems

2 r
—=— Computed
1.8 Exact

167
147
1271

1t
08
0.6
047
02

0

Computed n

0 0.5 1 15 2
Exact n

Fig. 8.10. Determination of range of 7 for (reconstructed) partially coated ellipse®

The inverse scattering problem for cracks was initiated by Kress [110]
(see also [112,114,128]). In particular, Kress considered the inverse scattering
problem for a perfectly conducting crack and used Newton’s method to rec-
onstruct the shape of the crack from a knowledge of the far-field pattern
corresponding to a single incident wave. Kirsch and Ritter [108] used the
factorization method (Chap. 7) to reconstruct the shape of the open arc from a
knowledge of the far-field pattern assuming a Dirichlet or Neumann boundary
condition.

Let I' C R? be a smooth, open, nonintersecting arc. More precisely, we
consider I C 0D to be a portion of a smooth curve 0D that encloses a
region D in R%. We choose the unit normal v on I' to coincide with the
outward normal to dD. The scattering of a time-harmonic incident wave u’
by a thin, infinitely long, cylindrical perfect conductor leads to the problem
of determining u satisfying

Au+k*u=0 in R*\T, (8.81)
wF=0 on T, (8.82)

where u* (z) = hlirgl+ u(z £+ hv) for x € I'. The total field u is decomposed as
—

u = u® 4+ u’, where u’ is an entire solution of the Helmholtz equation, and
u® is the scattered field that is required to satisfy the Sommerfeld radiation
condition

. ou® 0\
Tl;rgoﬁ< 5 iku > =0 (8.83)

uniformly in & = x/|z| with » = |z|. In particular, the incident field can again
be a plane wave given by u'(x) = e**4 |d| = 1.
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In the case where one side of the thin cylindrical obstacle I is coated by
a material with constant surface impedance A > 0, we obtain the following
mixed crack problem for the total field u = u® 4+ u":

Au+ku=0 in R*\T, (8.84)

u” =0 on T, (8.85)
Jr

% Fidut = on I (8.86)

where again u™ (z)/0v = hlim+ v-Vu(r £+ hv) for x € I' and u® satisfies the
—0

Sommerfeld radiation condition (8.83).

Recalling the Sobolev spaces H}. (R2\ I'), Hz(I'), and H~2(I") from
Sects. 8.1 and 8.4, we observe that the preceding scattering problems are
particular cases of the following more general boundary value problems in the
exterior of I
Dirichlet crack problem: Given f € H2(I'), find u € H} (R2?\ I') such that

loc

Au+ku=0 in R*\T, (8.87)

ut=f on T, (8.88)
. ou .

Tli)ngo NG <E - zku) =0. (8.89)

Migzed crack problem: Given f € H3(I') and h € H=3(I'), find u € H}. (R?\

I') such that

Au+ku=0 in R*\T, (8.90)
u = f on I, (8.91)
Jr
% Fidut = on I (8.92)
. ou
rlggo Vr (E - zku) =0. (8.93)

Note that the boundary conditions in both problems are assumed in the sense
of the trace theorems. In particular, u™| is the restriction to I" of the trace
uwe H2(OD) of u € HL (R?\ D), whereas u~| is the restriction to I" of the

loc

trace u € H2(9D) of u € H'(D). Since Vu € L? (R?), the same comment
is valid for du® /v, where du/dv € H~%(8D) is interpreted in the sense of
Theorem 5.7.

It is easy to see that the scattered field v® in the scattering problem for
a perfect conductor and for a partially coated perfect conductor satisfies the
Dirichlet crack problem with f = —uf|r and the mixed crack problem with

f=—u'|r and h = —0u’/Ov — i u'|r, respectively.



244 8 Mixed Boundary Value Problems

——| , the j
ov gy |, P

8u} - out  Ou~
r

We now define [u] := u™ — u™|r and [—

ov

u
of u and —, respectively, across the crack I'.

ov
Lemma 8.30. If u is a solution to the Dirichlet crack problem (8.87)—(8.89)

~ 0
or the mized crack problem (8.90)-(8.93), then [u] € H2(I') and [—u] €

ov

H~=(I).

Proof. Let u € H} (R*\ I') be a solution to (8.87)—(8.89) or (8.90)(8.93).
Then from the trace theorem and Theorem 5.7, [u] € H= (D) and [du/dv] €
H~3(D). But the solution u of the Helmholtz equation is such that u € C>
away from I, whence [u] = [Ou/dv] = 0 on OD \ I'. Hence by definition

(Sect. 8.1), [u] € H2(I") and [du/dv] € H==(I'). O

We first establish uniqueness for the problems (8.87)-(8.89) and
(8.90)—(8.93).

Theorem 8.31. The Dirichlet crack problem (8.87)-(8.89) and the mized
crack problem (8.90)—(8.93) have at most one solution.

Proof. Denote by 25 a sufficiently large ball with radius R containing D. Let
u be a solution to the homogeneous Dirichlet or mixed crack problem, i.e., u
satisfies (8.87)—(8.89) with f = 0 or (8.90)—(8.93) with f = A = 0. Obviously,
u € HY(N2r\ D) U H(D) satisfies the Helmholtz equation in 2z \ D, and D
and from the preceding lemma u satisfies the following transmission conditions
on the complementary part 9D \ I" of 0D:

out  Ou”

ut =u and

By an application of Green’s first identity for 4 and @ in D and 2 \ D and
using the transmission conditions (8.94) we see that

/u%ds: / |Vu|2dx+/|Vu|2daz—k2 / |u|2d3:—k2/|u|2da:

a02r Nr\D D Q2r\D D
out ou-
n /u+ (;‘y ds — /u_ (;‘y ds. (8.95)
r r

For problem (8.87)—(8.89) the boundary condition (8.88) implies

while for problem (8.90)—(8.89), since A > 0, the boundary conditions (8.92)
and (8.91) imply



8.7 Scattering by Cracks 245

_+ —
/ 8; ds—/ - ds—z/\/|u+| ds.
r

r

Hence for both problems we can conclude that

Im / u@ds >0,
ov

O0NR

whence from Theorem 3.6 and the unique continuation principle we obtain
that u =0 in R?\ I O

To prove the existence of a solution to the foregoing crack problems, we
will use an integral equation approach. In Chap. 3 the reader was introduced
to the use of integral equations of the second kind to solve boundary value
problems. Here we will employ a first-kind integral equation approach that is
based on applying the Lax-Milgram lemma to boundary integral operators
[127]. In this sense the method of first-kind integral equations is similar to
variational methods.

We start with the representation formula (Remark 6.29)

Y

u(z) = / (angj) &(z,y) — u(y)a%é(x,y)) dsy, x €D, (8.96)
oD

e) = [ (w0 gmte) - Sl ate s, ) ds,. @ € R\ D,

Ovy
oD

where @(-, ) is again the fundamental solution to the Helmholtz equation
defined by

7
B(z,y) = ZHél)(kpc —y)), (8.97)

with Hél) being a Hankel function of the first kind of order zero. Making use
of the known jump relations of the single and double layer potentials across
the boundary dD (Sect. 7.1.1) and by eliminating the integrals over D \ T,
from (8.94) we obtain

% (Uf +u+) =-Sr [gu] —|—Kp[ ] on I, (8.98)
1 /Ou™  Ou" , [ou

where S, K, K', T are the boundary integral operators

(0D)

S : H 3(8D) —s H?(dD), K:H —H
H™ 2 (0D) — H™

2(oD),
K’ (D) — H™2(dD), T : H z

(aD)7

ST
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defined by (7.3), (7.4), (7.5), and (7.6), respectively, and Sp, Kp, K-, T are
the corresponding operators restricted to I" defined by

(Sr)(x /w (z,y)ds,, e  H 3(I), zel,

uwwww:/w B(r,y)ds,, e HND), wel

u%w@r:/w B(r,y)ds,, e HHD), zel

(Tra) (z ®(z,y)ds,, YeH (), axecl.

Recalling that functions in A 2 (I') and H2 (I') can be extended by zero to
functions in Hz (dD) and H~2 (9D), respectively, the foregoing restricted ope-
rators are well defined. Moreover, they have the following mapping properties:

1

Sp: H2(I') — H*(I), Kr : H*(I') — H*(T'),
Ky« H3(I)— H ('), Tp:H?*(I')— H ().
In the case of the Dirichlet crack problem, since [u] = 0 and ut =4~ = f, the

relation (8.98) gives the following first-kind integral equation for the unknown
jump of the normal derivative of the solution across I

S {%} =—f (8.100)

In the case of the mixed crack problem, the unknowns are both [u] € H= (I")
19 -
and [8—u] € H~=(I'). Using the boundary conditions (8.91) and (8.92),
v
together with the relations (8.98) and (8.99), we obtain the following inte-

gral equation of the first kind for the unknowns [u] and [gu]
v

Sr —Kr+1 @
ov A =f
/ | = r—n) (8.101)
Ki—T —Tp—il ]
We let Ar denote the matrix operator in (8.101) and note that Ap is a con-
tinuous mapping from H~2(I") x Hz(I') to H2(I") x H~2(I).

Lemma 8.32. The operator Sp : H-3(I') — H2(I') is invertible with
bounded inverse.

Proof. From Theorem 7.3 we have that the bounded linear operator S; :
H~3(dD) — H=(8D), defined by (7.3) with k replaced by i in the funda-
mental solution, satisfies
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_ 2 -1
(56,002 O,y ) Torw € H3D),
where (-,-) denotes the conjugated duality pairing between H %(BD) and
H~2(dD) defined by Definition 7.1. Furthermore, the operator S.=S5-285;1is
compact from H~2 (D) to Hz (OD). Since for any 1/1 € H2(I") its extension
by zero 1) is in H~2 (D), we have that for » € H=2(I)
, _ > 2 _ 2
(Sirw.¥) = (S, 0) 2 CIIL .y ) = CII% g

and S.p is compact from H~z(I') to H2 (I"), where S;p,Sep : H 2 (I") —
Hz(I') are the corresponding restrictions of S; and S..

Applying the Lax—Milgram lemma to the bounded and coercive sesquilin-
ear form

a(w, ) = (Sirt,8), ¢, € H ()
we conclude that S; : Hz(I') — H™2(I') exists and is bounded. Since S
is compact, an application of Theorem 5.16 to Sy = S;r + Scr : fl_%(f’) —
H %(I’ ) gives that the injectivity of Sp implies that Sp is invertible with
bounded inverse. Hence it remains to show that S is injective. To this end,
let o« € H=2(I") be such that Spa = 0. Define the potential

u(z) = —/a(y)@(x,y) dsy = — / a(y)P(x,y) dsy r€R*\ T,

r oD

where @ € H™2(9D) is the extension by zero of . This potential satisfies
the Helmholtz equation in R?\ I", the Sommerfeld radiation condition, and,
moreover, u € H} (R?\ I'). Note that from the jump relations for single layer
potentials we have that & = [0u/dv] on dD. Furthermore, the continuity of
S across 0D and the fact that Spa = S& = 0 imply that u™|p = —Sa = 0.
Hence u satisfies the homogeneous Dirichlet crack problem and from Theo-
rem 8.31 u = 0 in R? \ I, whence & = [0u/0v] = 0. This proves that Sr is
injective. a
Lemma 8.33. The operator Ap : H=2(I') x H2(I') — Hz (I') x H~2(I) is
wnvertible with bounded inverse.

Proof. The proof follows that of Lemma 8.32. Let { = (¢, ) € %(BD)
ol 1

Hz (D) be the extension by zero to D of ¢ = (¢, ¢) € H 2 (I’ ) Hz(I).
From Theorems 7.3 and 7.5 we have that S = S; +S. and T = T; + T,., where

Se:H 2(0D) —s H?(dD),  T.: H*(dD) — H~2(dD)

are compact and

( <z303) CloW, g opy  for de H 2(dD),  (8.102)
( Ti, J)) ClOI o or )€ H3(OD),  (8.103)
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where (-,-) denotes the conjugated duality pairing between H 2 (0D) and
H~3(D) defined by Definition 7.1. Let Ko and K} be the operators corre-
sponding to the Laplace operator, i.e., defined as K and K’ with kernel &(z, y)
replaced by @o(z,y) = —3= In|z —y|. Then K, = K — K and K, = K' — K
are compact since they have continuous kernels [111]. It is easy to show that
Ky and K|, are adjoint since their kernels are real, i.e.,

(K(ﬂ]), gz?) - (1/3, K()QB) for € H=3(dD) and ¢ € H¥(dD).  (8.104)
Collecting together all the compact terms we can write A = (Ap+ A.), where

Sié"" (_KO+I)"/~J SCQB_KJE
Ao = and A.( =

(K — 1§ — (Ti + 2P Kl — T

In this decomposition A, : H~2 (D) x H2(dD) — H~2(dD) x Hz(dD) is
compact. Furthermore, we have that

(400.0) = (5:6,9) + (~Koth,6) + (,6) + (Ks.0)
- (q@,zﬁ) - (Tﬂﬁ,i) — i\ (z&,z&) . (8.105)

Taking the real part of (8.105), from (8.102) and (8.103) we obtain

H~%(0D) H?(8D)

Re [(516,) = (1:6.5)] 2 € (161, 3 gy + 19123, ) (51100

and (8.104) implies that
(0.5 ¢ (6.5)] = e - (5) (0.9
— Re [— (K56,9) + (K()é,iﬁ))} = 0. (8.107)

Finally,
Re [(1/; J)) _ (&,1/?) — i (ww)} —0. (8.108)
Combining (8.106)—(8.108) we now have that

’(Aof, <)] > Re (Aoé, 5) > O||¢|12 for ¢ € H¥(9D) x H%(9D). (8.109)

(S

Recalling that ¢ is the extension by zero of ¢ = (¢,1)) € ﬁ_%(f’) x H
we can rewrite (8.109) as

(),

[(Aor¢, Q)| = Cl[¢|| for ¢ € H2(I') x H2(I'),
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where Ao p is the restriction to I" of Ay defined for ¢ € H~=(I") x H=(I).
The corresponding restriction Aoy : H2(I') x H2(I') — Hz(I') x H™2(I")
of A. clearly remains compact. Hence, the Lax-Milgram lemma, together with
Theorem 5.16, implies, in the same way as in Lemma 8.32, that A is invertible
with bounded inverse if and only if A injective.
We now show that A is injective. To this end, let ¢ = (a, ) € H-2(I") x

Hz(I') be such that Ar¢ = 0, and let { = (&, §) € H“(@D) Hz(dD) be
its extension by zero. Define the potential

ue) = = [aw@le.s)ds, + [ By)g-te)ds, 2 €B\T (3110)
) ",

r

This potential is well defined in R?\ I since the densities o and 3 can be
extended by zero to functions in H~2 (9D) and Hz (dD), respectively. More-
over, u € H} (R?\ I') satisfies the Helmholtz equation in R? \ I and the
Sommerfeld radiation condition. One can easily show that o = [Ju/dv] and
B = [u]. In particular, the jump relations of the single and double layer pot-
entials and the first equation of Ap¢ = 0 imply

ou

u” | ——S{a

}+K[ ] — [u] =0. (8.111)

We also have that

Ou™t
ov

ou ou
= —K _—
= ] e[z
and from the fact that u™ = [u] on I (8.111) and the second equation of

Ar¢ =0 we have that

+
68—+z)\u

- K [%] + {gﬂ + Tlu) + iA[u] = 0. (8.112)

Hence u defined by (8.110) is a solution of the mixed crack problem with zero
boundary data, and from the uniqueness Theorem 8.31 u = 0 in R? \ I, and
hence ¢ = ([0u/0v], [u]) = 0.

O

Theorem 8.34. The Dirichlet crack problem (8.87)—(8.89) has a unique so-
lution. This solution satisfies the a priori estimate

lull 1 (2p\r) < CHfHH%(F)a (8.113)

where Qg is a disk of radius R containing I', and the positive constant C
depends on R but not on f.
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Proof. Uniqueness is proved in Theorem 8.31. The solution of (8.87)—(8.89) is
given by

u(z) = _/ {815(3)] B(x,y)ds,, ze€R2\T,

where [Qu/0v] is the unigue solution of (8.100) given by Lemma 8.32. Esti-
mate (8.113) is a consequence of the continuity of S;* from Hz(I') to H™2(I")
R2\ I).

O

Theorem 8.35. The mized crack problem (8.90)-(8.93) has a unique solu-
tion. This solution satisfies the estimate

and the continuity of the single layer potential from H~=(I") to H}

loc

where Qg is a disk of radius R containing I, and the positive constant C
depends on R but not on f and h.

Proof. Uniqueness is proved in Theorem 8.31. The solution of (8.90)—(8.93) is
given by

uw) == [ |52 ot yas, + | 5 Poi)ds, 7€ R\T.
/ (

vy
T

where <[%] ,[u]) is the unique solution of (8.101) given by Lemma 8.33.
v

Estimate (8.114) is a consequence of the continuity of Ap' from H%(I’) X
H—z (I') to H—z (I") x H? (I'), the continuity of the single layer potential from
H-3 (I') to H} (R?\ '), and the continuity of the double layer potential from
AH(I') to H}, (R2\ D). 0

Remark 8.36. More generally, one can consider the Dirichlet crack problem
with boundary data having a jump across I, that is, u* = f* on I', where
both f* and f~ are in Hz (). In this case, the right-hand side of the integral
equation (8.100) will be replaced by —(f* + f7)/2.

We end our discussion on direct scattering problems for cracks with a remark
on the regularity of solutions. It is in fact known that the solution of the crack
problem with Dirichlet boundary conditions has a singularity near a crack tip
no matter how smooth the boundary data are. In particular, the solution does
not belong to H 3 (R2\ I') due to the fact that the solution has a singularity of
the form 72 ¢(6), where (r,0) are the polar coordinates centered at the crack
tip. In the case of the crack problem with mixed boundary conditions, one
would expect a stronger singular behavior of the solution near the tips. Indeed,
for this case the solution of the mixed crack problem with smooth boundary
data belongs to Hi~¢(R2\ I') for all ¢ > 0 but not to H3(R?\ I') due to
the presence of a term of the form ri””gb(ﬁ) in the asymptotic expansion
of the solution in a neighborhood of the crack tip where 7 is a real number.
A complete investigation of crack singularities can be found in [64].
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8.8 Inverse Scattering Problem for Cracks

We now turn our attention to the inverse scattering problem for cracks. To this
end, we recall that the approximation properties of Herglotz wave functions
are a fundamental ingredient of the linear sampling method for solving the
inverse problem. Hence, we first show that traces on I" of the solution to crack
problems can be approximated by the corresponding traces of Herglotz wave
functions. More precisely, let v, be a Herglotz wave function written in the
form
27

vg(7) = /g(sb)e*ik(“mw““’ WA, w=(21,22) € R,
0
and consider the operator H : L2[0, 2x] — Hz(I") x H~2(I") defined by

v, on I

(Ho)() =1 . (8.115)

a—i—l—i/\v; on 1.

Theorem 8.37. The range of H : L2[0, 2x] — H=(I') x H=2(I") is dense.

Proof. From Corollary 6.43, we only need to show that the transpose operator
HT : H 2 (') x H2(I') — L2[0, 27] is injective. To characterize the transpose
operator, recall that H' is defined by

(Hg, (. 8)) = (9. H (v, §)) (8.116)
for g € L2[0, 27] and (a, 3) € H=2(I') x Hz (I'). Note that the left-hand side
of (8.116) is the duality pairing between Hz(I') x H~2(I") and H™2(I") x
Hz(I'), while the right-hand side is the L2[0, 27] inner product without con-

jugation. One can easily see from (8.116) by changing the order of integration
that

HT(a,B)(qS) D= a(x)e—ikz-ddsm T ﬁ(x)e—ikm»ddsw
/ /

T
+ /ﬂ(x)a;ie_ikw'ddsx, ¢ €10, 27],
r

where d = (cos ¢,sin ¢). Hence vH ' (, 3) coincides with the far-field pattern
of the potential

Y W(z): = /a(:v)@(z,:v)dsw —i—i)\/ﬁ(x)@(z,x)dsm
T

r

+ /ﬁ(z)%@(z,x)dsz, z € R*\ T,
i x
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eiw/4

\V8mk
o and B can be extended by zero to functions in H~2(9D) and Hz(dD),
respectively. Moreover, V € H] (R? \ I') satisfies the Helmholtz equation in
R2\ I" and the Sommerfeld radiation condition. Now assume that H " (o, 3) =
0. This means that the far-field pattern of V' is zero, and from Rellich’s lemma
and the unique continuation principle we conclude that V' = 0 in R?\ I". Using
the jump relations across 0D for the single and double layer potentials with
a and $3 defined to be zero on dD \ I we now obtain

where 7 = . Note that V is well defined in R? \ I since the densities

ﬁ = [V]Fu
oV
g = |V
a+iA\s [ 5 } L
and hence a = B = 0. Thus H " is injective and the theorem is proven. a

As a special case of the preceding theorem we obtain the following theorem.

Theorem 8.38. Every function in H%(F) can be approximated by the trace
of a Herglotz wave function vy|r on I' with respect to the H%(I’) norm.

Assuming the incident field u'(z) = e®**? is a plane wave with inci-

dent direction d = (cos ¢, sin¢), the inverse problem we now consider is
to determine the shape of the crack I' from a knowledge of the far-field
pattern us (-, @), ¢ € [0, 27, of the scattered field u®(-, ¢). The scattered
field is either the solution of the Dirichlet crack problem (8.87)—(8.89) with
f = —e®* 4| or of the mixed crack problem (8.90)—(8.93) with f = —e?**d|

7] ,
and h = — Em +i) | €% 4|1 In either case, the far-field pattern is defined

v
by the asymptotic expansion of the scattered field

eikr
w(, @) = —usc(0, ) +O(r™?), 1=l o

Theorem 8.39. Assume [ and Iy are two perfectly conducting or partially
coated cracks with surface impedance A1 and Ay such that the far-field patterns
ul (0,¢) and u?,(0,¢) coincide for all incidence angles ¢ € [0, 27| and for all

oo

observation angles 6 € [0, 2nr]. Then Iy = Is.

Proof. Let G := R?\ (I3 U I%) and 29 € G. Using Lemma 4.4 and the
well-posedeness of the forward crack problems one can show, as in Theorem 4.5,
that the scattered fields w] and w3 corresponding to the incident field
u' = —&(-,x0) [ie., wi, j = 1,2 satisfy (8.87)(8.89) with f = —&(-,z0)|r;,
or (8.90)-(8.93) with f = —&(-,20)|r, and h = — (& +i)) (-, 20)| ;] coin-
cide in G.
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Now assume that Iy # I5. Then, without loss of generality there exists
x* € I7 such that z* ¢ Is. We can choose a sequence {x,} from G such
that x, — 2* as n — oo and x, ¢ I5. Hence we have that Wp 1 = Wy o
in G, where wy, ; and wy, 5 are as above, with x¢ replaced by z,,. Consider
wy, = wy, o as the scattered wave corresponding to . From the boundary
data (w)” = —&(-,x,) on Iy and from (8.113) or (8.114) we have that
||’U}fl||H1(QR\f’2) is uniformly bounded with respect to n, whence from the
trace theorem HwZHH%(QT(m*)ﬁlﬁ) is uniformly bounded with respect to n,
where (2,(z*) is a small neighborhood centered at z* not intersecting I'>. On
the other hand, considering w;, = wy, ; as the scattered wave correspond-
ing to I, from the boundary conditions (wf)~ = —&(-,z,) on I we have

n
— 00 as n — oo since [|P(-, x,)|| — 00 as

S
||wn||H%(QT(I*))mF1) H%(Qr(x*)ﬂpl)
n — oo. This is a contradiction. Therefore, I} = I'5. O

To solve the inverse problem, we will use the linear sampling method,
which is based on a study of the far-field equation

Fg=aL, (8.117)

where F : L?[0, 27] — L?[0, 27] is the far-field operator defined by

27
(Fg)(0) := / so (6, 9)9($) 0
0

and ®L is a function to be defined shortly. In particular, due to the fact
that the scattering object has an empty interior, we need to modify the linear
sampling method previously developed for obstacles with nonempty interior.
Assume for the moment that the crack is partially coated, and define the
operator B : Hz(I') x H=2(I") — L2[0, 2x], which maps the boundary data
(f,h) to the far-field pattern of the solution to the corresponding scattering
problem (8.90)—(8.93). By superposition, we have the relation

Fg=—-BHy,

where Hg is defined by (8.115) with the Herglotz wave function v, now
written as

21
ve(z) = [ g(¢)e™ 4 dg.
/

Hz(I') — L2[0, 271] by
F (o, B)(0) :v/a(y)e*m'y dsy+~y/ﬁ(y)a%e*m'y dsy, (8.118)
Yy

I r

We now define the compact operator F : H~2 (') x
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where & = (cos 6, sin#) and vy = ¢™/* /\/87k, and observe that for a given pair
(a,8) € H 2 (I') x Hz(I'), the function F(a, 8)(&) is the far-field pattern of
the radiating solution P(c, 8)(z) of the Helmholtz equation in R? \ I", where
the potential P is defined by

P(a, B)(z) == /a(y)é(%y)dsy +/ﬁ(y)8%!¢(x,y)dsy. (8.119)
r

r

Proceeding as in the proof of Theorem 8.37, using the jump relations across
0D for the single and double layer potentials with densities extended by zero

to D we obtain that o := — [0P/0v| and (3 := [P|r. Moreover, P satisfies
P~ (av B)lf o
p =M : (8.120)
- +
($+1)\>P (auﬁ)lr B

where the operator M : H=2(I') x Hz(I') — Hz (I') x H~2(I") is given by

Sr Kr—1I
(8.121)
Ki. —I+i\Sp  Tr—+i\I+ Kp)

The operator M is related to the operator Ap given in (8.101) by the
. I 0 10 _ 1 1

relation M = (i)\kI I) Ar (O —I)’ whence M~ : Hz(I')x H-2(I") —

H~=(I') x Hz(I') exists and is bounded. In particular, we have that

-

F(a, B) = BM(«, B). (8.122)

In the case of the Dirichlet crack problem (8.87)—(8.89), by proceeding exactly
as we did previously, we have Fp(a) = BSp(«), where « € H2(I'), B :
Hz(I') — L2[0, 2n, Fp : H=(I") — L2[0, 2x] is defined by

Fp(a)(8) := v/a(y)e_ikj'y dsy (8.123)
r

and Sr is given by (8.100).

Lemma 8.40. The operator F : H~2(I') x Hz(I') — L2[0, 27 defined
by (8.118) is injective and has a dense range.

Proof. Injectivity follows from the fact that F(c«, 8) is the far-field pattern of
P(a, B) for (o, 8) € H2(I') x H=z(I') given by (8.119). Hence F(a, 8) = 0
implies P(c, ) = 0, and so o := —[0P/0v], = 0 and 8 := [P]p = 0. We
now note that the transpose operator F ' : L2[0, 2] — H2(I') x H=2(I') is
given by
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vy (¥)
yIFTgly) = o (1) yel, (8.124)

vy

where v,(y) = zfrg(gb)e’iki'ydqﬁ, & = (cos ¢, sin ¢). From Corollary 6.43, it is
enough to showothat F T is injective. But F g = 0 implies that there exists
a Herglotz wave function v, such that vg|p = 0 and % = 0 (note that
the limit of v, and its normal derivative from both sides of the crack is the

same). From the representation formula (8.96) and the analyticity of vy, we
now have that v, = 0 in R?, and therefore g = 0. This proves the lemma. O

We obtain a similar result for the operator Fp corresponding to the Dirich-
let crack problem. But in this case Fp has a dense range only under certain
restrictions. More precisely, the following result holds.

Lemma 8.41. The operator Fp : H~=(I') — L2[0, 2n] defined by (8.123) is
injective. The range of Fp is dense in L?[0, 27] if and only if there does not
exist a Herglotz wave function that vanishes on I.

Proof. Injectivity can be proved in the same way as in Lemma 8.40 if one
replaces the potential V' by the single layer potential.

The dual operator F}, : L2[0, 27] — H2(I') in this case coincides with
vg|r. Hence ) is injective if and only if there does not exist a Herglotz wave
function that vanishes on I ad

In polar coordinates x = (r,6) the functions
Un(x) = Jn(kr) cos nd, Un(x) = Jy(kr)sin nb, n=20,1,---,

where J,, denotes a Bessel function of order n, provide examples of Herglotz
wave functions. Therefore, by Lemma 8.41, for any straight-line segment the
range Fp (and consequently the range of the far-field operator) is not dense.
The same is true for circular arcs with radius R such that kR is a zero of one
of the Bessel functions J,,.

From the foregoing analysis we can factorize the far-field operator corre-
sponding to the mixed crack problem as

(Fg)=-FM~'Hg,  ge L0, 2x], (8.125)
and the far-field operator corresponding to the Dirichlet crack problem as
(Fg) = —FpSr'(vglr), g€ L0, 2x]. (8.126)

The following lemma will help us to choose an appropriate right-hand side of
the far-field equation (8.117).
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Iiemma 8.42. For any smooth, nonintersecting arc L and two functions ay, €
H~3(L), B, € H2(L) we deﬁne@L € L?[0, 27 by

. 9 ..
v/aL zkz.ydsy+7/BL(y)—eﬂk””'ydsu (8.127)
‘ Ovy ‘
L
& = (cosf,sin®). Then, ®L € R(F) if and only if L C I", where F is given
by (8.118)

Proof. First assume that L C I". Then, since H¥z (L) ¢ H¥z(I'), it follows
directly from the definition of F that &L € R(F).

Now let L ¢ I', and assume, on the contrary, that ®% € R(F), i.e., there
exist « € H=2(I') and 8 € Hz(I') such that

@éo(e) _ ’Y/Oé(y)eiiki'ydsy +7/ﬁ(y)iefikfc~yd8y'
r

r

Then, by Rellich’s lemma and the unique continuation principle, we have that
the potentials

ol (x) = / L(y)P(z,y)ds, + /ﬁL D(z,y)dsy reR?\ L,

P(z) = / a(y)B(x, y)ds, + / ﬂ(y)a—yyﬂx,y)dsy s e R\ T
J (

r

coincide in R?\ (I"'UL). Now let 79 € L, 79 ¢ I', and let £2.(xo) be a small ball
with center at zy such that 2.(zo) N I" = (). Hence P is analytic in 2(x),
while @ has a singularity at xo, which is a contradiction. Hence &% ¢ R(F).

O

Remark 8.43. The statement and proof of Lemma 8.42 remain valid for the
operator Fp given by (8.123) if we set S, = 0 in (8.127).

Now let us denote by L the set of open, nonintersecting, smooth arcs and look
for a solution g € L2[0, 27| of the far-field equation

—~Fg=FM 'Hg=9®%  forLecL, (8.128)

where @L is given by (8.127) and F is the far-field operator correspond-
ing to the mixed crack problem. If L C I', then the corresponding («ar, 1)
is in H~=(I") x H2(I'). Since M(ar,B1) € H2(I') x H~2(I"), then from
Theorem 8.37 for every € > 0 there exists a g¢ € L?[0, 27] such that

||M(aL7ﬂL)_ <€,

HgEHH%(I‘)xH’%(F)
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whence from the continuity of M !

[(ar,Br) — M~ Hgg || < Ce, (8.129)

H™3(M)x i3 ()
with a positive constant C. Finally (8.125), the continuity of F and the fact
that F(ar,Br) = ®L imply that

1P g5, + D% || 2210, 2m) < Cee. (8.130)

For some constant C' > 0 independent of e.
Next, we assume that L ¢ I'. Let g,, := g;" be such that

1Fgn + D% || 200, 20] < €n (8.131)

for some null sequence €,, and assume that Hg, is bounded in H?z(I") x
H~2(I"). Thus, without loss of generality we may assume that Hg, — (¢, 1)
converge weakly to some (¢,1)) € Hz(I') x H2(I'). The boundedness of
M~ implies that M~'Hg, converges weakly to some (a,3) € H~2(I) x
H? (I'), and the boundedness of F implies that FM ~!Hg,, converges weakly
to (F(a, B) in L?[0, 27]. But from (8.131) we have that FM ~'Hg, converges
strongly to L := (F(ar,BL), and hence #% = F(a,3), which contradicts
Lemma 8.42.

We summarize these results in the following theorem, noting that for L € £
we have that p — 0 as § — 0.

Theorem 8.44. Assume that I" is a nonintersecting, smooth, open arc. For
a given nonintersecting smooth arc L, consider ®L, given in Lemma 8.41 for
some (ar,Br) € H 2 (I')x Hz (I'). If F is the far-field operator corresponding
to the scattering problem (8.84)-(8.86) and (8.83), then the following is true:
1. For L C I' and a given € > 0 there exists a function g5 € L*[0, 2]
satisfying
|1Fg5, + P51l r200,20) < €

such that |[vger || g1 (op) is bounded, vye is the Herglotz wave function with
kernel g1, and 2 s a large enough disk of radius R. Furthermore, the
corresponding Hge given by (8.115) converges to M(ayr, Br) in Hz(I') x
H~3(I"), where M is given by (8.121).

2. For LZ I' and a given € > 0 every function g5 € L*[0, 27| that satisfies

| Fgr + gzséaHL?[o,m] <e
is such that lim o [|vg, || 51 (0g) = 00-

Remark 8.45. The statement and proof of Theorem 8.44 remain valid in the
case where F' is the far-field operator corresponding to the Dirichlet crack if
we set B, = 0 in the definition of @go and assume that there does not exist a
Herglotz wave function that vanishes on I
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In particular, if L C I', then we can find a bounded solution to the far-field
equation (8.128) with discrepancy €, whereas if L ¢ I', then there exist solu-
tions to the far-field equation with discrepancy € + § with an arbitrarily large
norm in the limit as § — 0. For numerical purposes we need to replace ¢L in
the far-field equation (8.128) by an expression independent of L. To this end,
assuming that there does not exist a Herglotz wave function that vanishes on
L, we can conclude from Lemma 8.41 that the class of potentials of the form

/a(y)e_ikj'y dsy, acH™
L

[SIEY

(L) (8.132)

is dense in L2[0, 27|, and hence for numerical purposes we can replace &%
in (8.128) by an expression of the form (8.132). Finally, we note that as L
degenerates to a point z, with a7 an appropriate delta sequence, we have
that the integral in (8.132) approaches —ye~ %%, Hence, it is reasonable to
replace @£ by —&,,, where @..(2,2) := ye %% when numerically solving
the far-field equation (8.128).

8.9 Numerical Examples

As we explained in the last paragraph of the previous section, to determine the
shape of a crack, we compute a regularized solution to the far-field equation

2m

/ oo (0, 8)g(#) d = ve *52 & = (cos,sing), z € R,

0

where 1 is the far-field data of the scattering problem. This is the same
far-field equation we used in all the inverse problems presented in this chap-
ter, which emphasizes one of the advantages of the linear sampling method,
namely, it does not make use of any a priori information on the geometry of
the scattering object.

To solve the far-field equation, we apply the same procedure as in Sect. 8.3.
In all our examples, we use synthetic data corrupted with random noise.
We show reconstruction examples for four different cracks, all of which are
subject to the Dirichlet boundary condition.

1. The curve given by the parametric equation (Fig. 8.11, top left)
.= ()—(2'8' )-W< <
=qe(s)=(2sing,sins): 7 <s< .

2. The line given by the parametric equation (Fig. 8.11, top right)

I':={o(s) = (-2+s,25): -1 <s<1}.
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Fig. 8.11. The true object (top), reconstruction with 0.5% noise (middle), and
with 5% noise (bottom). The wave number is k = 3*

4Reprinted from F. Cakoni and D. Colton, The linear sampling method for
cracks, Inverse Problems 19 (2003), 279-295.
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Fig. 8.12. The true object (top), reconstruction with 0.5 % noise (middle), and
with 5% noise (bottom). The wave number is k = 3*

3. The curve given by the parametric equation (Fig. 8.12, top left)

3
I:.= {g(s) = (S,O.5COS%S +O.2sin%s —O.lcos%s) —1<s< 1}.
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4. Two disconnected curves described as in curves 1 and 2 above (Fig. 8.12,
top right).

In all our examples, £ = 3, and the far-field data are given for 32 incident
directions and 32 observation directions equally distributed on the unit circle.
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