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Abstract A multiple decision statistical problem for the elements of inverse
covariance matrix is considered. Associated optimal unbiased multiple decision
statistical procedure is given. This procedure is constructed using the Lehmann
theory of multiple decision statistical procedures and the conditional tests of the
Neyman structure. The equations for thresholds calculation for the tests of the
Neyman structure are analyzed.
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1 Introduction

A market network is constructed by means of some similarity measure between
every pairs of stocks . The most popular measure of similarity between stocks of a
market is the correlation between them [1-4]. The analysis of methods of market
graph construction [2] from the statistical point of view was started in [5]. In [5]
multiple decision statistical procedure for market graph construction based on the
Pearson test is suggested. The authors of [5] note that a procedure of this type can
be made optimal in the class of unbiased multiple decision statistical procedures if
one uses the tests of the Neyman structure for generating hypothesis. In the present
paper we use the partial correlations as a measure of similarity between stocks. In
this case the elements of inverse covariance matrix are the weights of links between
stocks in the market network [6].
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The main goal of the paper is investigation of the problem of identification of
inverse covariance matrix as a multiple decision statistical problem. As a result an
optimal unbiased multiple decision statistical procedure for identification of inverse
covariance matrix is given. This procedure is constructed using the Lehmann theory
of multiple decision statistical procedures and the conditional tests of the Neyman
structure. In addition the equations for thresholds calculation for the tests of the
Neyman structure are analyzed.

The paper is organized as follows. In Sect. 2 we briefly recall the Lehmann
theory of multiple decision statistical procedures. In Sect. 3 we describe the tests
of the Neyman structure. In Sect. 4 we formulate the multiple decision problem
for identification of inverse covariance matrix. In Sect. 5 we construct and study
the optimal tests for testing of generating hypothesis for the elements of an inverse
covariance matrix. In Sect. 6 we construct the multiple statistical procedure and
consider some particular cases. In Sect. 7 we summarize the main results of the

paper.

2 Lehmann Multiple Decision Theory

In this section we recall for the sake of completeness the basic idea of the Lehmann
theory following the paper [5].

Suppose that the distribution of a random vector R is taken from the family
f(r,0):0¢€Q, where 6 is a parameter,  is the parametric space, r is an
observation of R. We need to construct a statistical procedure for the selection of
one from the set of L hypotheses, which in the general case can be stated as:

Hi:0e€Qi=1,...,L, 1)
QNQ;=0,i#j, U Qi=Q.
The most general theory of a multiple decision procedure is the Lehmann theory [7].
The Lehmann theory is based on three concepts: generating hypothesis, generating
hypothesis testing and compatibility conditions, and additivity condition for the loss
function.

The multiple decision problem (1) of selecting one from the set of L
hypothesesH; : 0 € €2;;i = 1,...,L is equivalent to a family of M two decision
problems:

H;:Oea)ivsl{;:eea);l,j:1,...,M, (2)

with

Q.

L
UQi:a)jUa)j_l

i=1
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This equivalence is given by the relations:

M
%ij
Q; = m (i)j "'/, Wj = U Q;,
j=1 {i, =1}

where

I, QnNw#0
- ) g ) 3
Xij {—I,Qiﬂwj:(b. )

Hypotheses Hj’» :(j=1,...,M) are called generating hypotheses for the prob-
lem (1).

The equivalence between problem (1) and the family of problems (2) reduces the
multiple decision problem to the testing of generating hypothesis. Any statistical
procedure 6; for hypothesis testing of H ; can be written in the following form

) . 8j7 VEX]',
5](”){9]‘1,?6){]‘17 “)

where d; is the decision of acceptance of H J’ and d ;1 is the decision of acceptance
of K}, X; is the acceptance region of H} and X;l is the acceptance region of K;
(rejection region of H/’-) in the sample space. One has X ﬁX;l =0,X; UXj*l =X,
X being the sample space.

Define the acceptance region for H; by

M .
D;= (X}, )
j=1

where y; ; are defined by (3), and put le = X;. Note that U{’:l D; C X, but it is
possible that U,-L:1 D; #£X.

Therefore, if Dy,D;,...,Dy is a partition of the sample space X, then one can
define the statistical procedure o(r) b

dy, r € Dy,
dy, r € Dy, ©)

According to [8,9] we define the conditional risk for multiple decision statistical
procedure by

L
risk(6,8) = Egw(0,6(R z (0,dy)Py(8(R) =dy), @)
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where Ey is the expectation according to the density function f(x,0) and w(0,dy)
is the loss from decision dj under the condition that 6 is true, 8 € Q. Under the
additivity condition of the loss function (see [5] for more details) the conditional
risk can be written as

M
risk(6,8) = Y risk(6,5;), 6 € Q. (8)
Jj=1

We call statistical procedure optimal in a class of statistical procedures if it has
minimal conditional risk for all 8 € € in this class. The main result of the Lehmann
theory (see [7]) states that if Eq.(8) is satisfied and statistical procedures (4)
are optimal in the class of unbiased statistical tests, then the associated multiple
decision statistical procedure (6) is optimal in the class of unbiased multiple decision
procedures.

3 Unbiasedness and Tests of the Neyman Structure

The class of unbiased multiple decision statistical procedures according to Lehmann
[9,10] is defined by:

Eow(0,5(R)) < Eqw(6',8(R)) forany 6,0’ € Q.

Let f(r;0) be the density of the exponential family:

Mk

f(r;8) = c(8)exp( ), 6,T;(r))h(r), ©)

j=1

where ¢(6) is a function defined in the parameters space, i(r), Tj(r) are functions
defined in the sample space, and Tj(R) are the sufficient statistics for 6;, j =
1,....M.

Suppose that generating hypotheses (2) has the form:

Hj:0;=0)vsKj:0;#6), j=12,..M, (10)

where OJQ are fixed. For a fixed j the parameter 6; is called information or structural
parameter and 6y, k # j are called nuisance parameters. According to [9] the optimal
unbiased tests for generating hypotheses (10) are:

1)

1 2
5 — a,-, Cj(fla--»,tj—lythrl,-u,tM)<tj<Cj(fl,--»,tj—lythrl,-u,tM),
/ 8]71, otherwise ,
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where t; = T;(r),i = 1,...,M and constants c}(tl,...,tj,],th,...,tM), c%(tl,...,
tj—1,tj+1,-..,ty) are defined from the equations
g
0 . . .
/l f(lj76j|T,':l‘,',l:l,...,M,l#])dl‘jzl—O(j, (12)
ch
J
and

et
/jtjf(tj,e;)ﬂ}:ti,i:1,...,M;i7éj)dtj

—oo

oo

+/L_2 G, 00T =i =1, M3 £ j)dt; (13)
b )

:(X]/ tjf(t,iaejlnztiai:la'~~>M;i7éj)dtj7

where f(¢;, 6?|T,- =t;,i=1,...,M;i # j) is the density of conditional distribution
of statistics T; and «;; is the level of significance of the test.

A test satisfying (12) is said to have Neyman structure. This test is characterized
by the fact that the conditional probability of rejection of H J’ (under the assumption

that H} is true) is equal to a; on each of the surfaces ﬂ (Ti(x) = t). Therefore
k#j

the multiple decision statistical procedure associated with the tests of the Neyman

structure (11), (12), and (13) is optimal in the class of unbiased multiple decision

procedures.

4 Problem of Identification of Inverse Covariance Matrix

In this section we formulate the multiple decision problem for elements of inverse
covariance matrix.

Let N be the number of stocks on a financial market, and let n be the number
of observations. Denote by r;(¢) the daily return of the stock i for the day ¢ (i =
1,...,N;t =1,...,n). We suppose r;(¢) to be an observation of the random variable
R;(t). We use the standard assumptions: the random variables R;(¢), t = 1,...,n are
independent and have all the same distribution as a random variable R;(i=1,...,N).
The random vector (Ri,R3,...,Ry) describes the joint behavior of the stocks.
We assume that the vector (Ry,R»,...,Ry) has a multivariate normal distribution
with covariance matrix | o;;| where o;; = cov(R;,R;) = E(R; — E(R;))(Rj —
E(R))),pij=(0ij)/(1/Gii0j;),i,j=1,...,N, E(R;) is the expectation of the random
variable R;. We define a sample space as RY*" with the elements (r;(t)). Statistical
estimation of o is s;; = /L | (r;(t) —77)(r;(t) —7;) where 7; = (1/n) ¥;_, ri(t). The
sample correlation between the stocks i and j is defined by ri; = (si;)/(\/Siis7)-
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It is known [11] that for a multivariate normal vector the statistics (71,72,...,7n)
and [|s;; H (matrix of sample covariances) are sufficient.

Let o'/ be the elements of inverse covariance matrix ||6'/||. Then the problem of
identification of inverse covariance matrix can be formulated as a multiple decision
problem of the selection of one from the set of hypotheses:

Hy:ol=06, ij=1,.. N, i<],

Hy: 02 #0200 =0y,i,j=1,...,N,(i,)) # (1,2), i < j,

Hy:oB #0636 =0 i,j=1,....N,(i,j) # (1,3), i < J,
Hy:02#02,0% #0306 =0],i,j=1,...,N,(i,)) # (1,2), (i,j) # (1,3),

Hp:0V#0y,i,j=1,...,N, i<},
(14)
where L = 2Mwith M = N(N —1)/2.

Multiple decision problem (14) is a particular case of the problem (1). The
parameter space (2 is the space of positive semi-definite matrices ||c"/||, £ is a
domain in the parameters space associated with the hypothesis Hy from the set (14)
k=1,...,L. For the multiple decision problem (14) we introduce the following set
of generating hypotheses:

hij:o =0 vskij: 0" #£ 06y, i, j=1,2,...,N, i<, (15)

We use the following notations: d; ; is the decision of acceptance of the hypothesis
h; j and 8i_jl is the decision of rejection of h; ;.

S Tests of the Neyman Structure for Testing of Generating
Hypothesis

Now we construct the optimal test in the class of unbiased tests for generating
hypothesis (15). To construct these tests we use the sufficient statistics s;; with the
following Wishart density function [11]:

[det(o*)]"/2 x [det(s)] "N 272 x exp[—(1/2) 54 5y 51,10%]

({Skl}) 2(Nn/2) ><ﬂN(N 1)/4Xr(n/2) ((nfl)/Z)...r((n7N+1)/2)

if the matrix (sy;) is positive definite, and f({sx;}) = O otherwise. One has for a
fixedi < j:

y 1
f{su}) =Cc({a"}) x exp[—0"sij — 5 > s x h({su}),
(kD) (i )3 (kD) #(J )
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where

c{o"}) = édetwkf)]n/z,
q =202 5 gNIN=D/4 5 P (n)2)T ((n—1)/2) - T((n—N+1)/2),
h({su}) = [det(sg)]"N—2)/2,

Therefore, this distribution belongs to the class of exponential distributions with
parameters o*/.

The optimal tests of the Neyman structure (11), (12), and (13) for generating
hypothesis (15) take the form:

gy cij(sud) <sij<ci ({su}), (k1) # (i, ),
&i({su}) —{ P Lo e
95+ sij < ¢ j({sud) orsiy > ¢ ;({su}), (k1) # (i, ),
where the critical values are defined from the equations
Jinge! 2 ]exp[ ol sij][det(sy)] N2 2ds;;
=1- O(w‘, (17)
fzexp[—% sij][det(si)] N2/ 2ds;;
/ S,‘jCXp[fﬁéjS,’j] [det(skl)](”_N_2>/2dsij
I0[—eoie) ]
+/ sijexp[—Géjsij] [det(skl)](niNiz)/zdSij (18)
IN[c? ;3+oo]

i’

=0ij | Sij exp|— oy sij][det(si)] "V P 2ds;,

where [ is the interval of values of s;; such that the matrix (sy) is positive definite
and o;; is the level of significance of the tests.

Consider Eqgs. (17) and (18). Note that det(sy;) is a quadratic polynomial of s; -
Letdet(s;) = —Cis7;+Casi j+C3 = Ci(—s7 j+Asi j+B), C1 > 0 then the positive
definiteness of the matrlx (sk;) for a fixed sg;, (k,I) # (i, j) gives the following
interval for the value of s; ;:

I—{x \/f+B<x< + f—&—B} (19)

Now we define the functions

/ —2 4 At + B)X exp(— i/t )dr, (20)
0

"X ..
= | t(—* +At+B)X exp(—oy't)dt, 1)

0



212 A.P. Koldanov and P.A. Koldanov

where K = (n — N —2)/2. One can calculate the critical values of cl1 i ¢? . from the

i,J
equations:

A2 A A?
7B -HG - B), @
\/Az B) - A \/Az B 23

The test (16) can be written in terms of sample correlations. First note that
det(sy;) = det(rgy)s11522 - .. SNy Where ry; are the sample correlations. One has

Vi(ch) — Wilef;) = (1 — o) (W (

N> N>

W (ciy) — alcyj) = (1— o) (Ha(

Jinget 2 exp|— 0y rij/5isj] [det(r)] "N =2 2dr
fJ exp[—Géjrl-j, /S,‘,'Sjj] [det(rkl)](”*Nfz)/zdr,-j

=1-0j, 24

/m[— el ] rijexp[—oy rij/sisyj ) [det(ria)] N2 2y
el

+ /m[ 2 exp|—0y rij /s det(r) N2 2dr; (25)
. ej jitee
=0 /, rijexpl—0q rijy/sis 5] [det(ria)) "N 2 2dry,
where I =J, /5;5};, cf I ef i /5ii8;jk = 1,2. Therefore, the tests (16) take the form

0ij el j(siissjjs {ru}) <rij < efj(siissjjs {ru}),

k1) # (i, j),
0, ({ru}) = 81( )7 ) (26)

s ri < el (siiysji{rua}) orrij > € (s sji{ru}),

(k,1) # (i, j)-

It means that the tests of the Neyman structure for generating hypothesis (15) do not
depend on sy, k # i, k # j. In particular for N = 3, (i, j) = (1,2) one has

| 2
012, €15(S11,522,F13,723) < 112 < €7,(S11,522,713,723),

O12({ra}) = {

9[21, ri2 < ey (511,522,713, 723) OF 12 > €35 (811,522,713, 723).
27
To emphasize the peculiarity of the constructed test we consider some interesting
particular cases.
n—N—-2=0, G(l)] # 0. In this case expressions (20) and (21) can be simplified.
Indeed one has in this case

X . 1 .
¥ (x) :/0 exp(—oy't)dt = F(1 —exp(—0yx)),
0
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x - X - 1 - 1
Y (x) = / texp(—0y't)dt = —— exp(—0y/x) — Tzexp(—oéjx) + 7
70 0o (0y') (05")

Finally one has the system of two equations for defining constants c}j,cizj:

exp(—0y/cjj) —exp(—oy'c}))

y 2 y 2 (28)
= (1~ e {exp(—0y/ (5 —\/ &+ B) —exp(—ay/(§ +1/ 5 +B)),

cl-lj exp(—O'éjcilj) — cizj exp(—O'éjcizj)
A [A? A A2
:(1*0‘111'){(5* I+B)GXP(*GO’(§* ZJFB)) (29)
A (a2 A A2
—(E"‘ Z"‘B)GXP(_O-O (§+ Z+B))}

op = 0. In this case the critical values are defined by the system of algebraic
equations (22) and (23) where the functions ¥, ¥ are defined by

X
¥ (x) :/0 (—2 + At + B)Kdr,

X
¥ (x) = /0 t(—1>+Ar+B)Kdr,

In this case the tests of the Neyman structure have the form

d;ii, el! {ru} <rij<e?.({ru}, (k1) # (i, ),
Sij({ray) =9 1 W Qo)
9,;,' , Fij < el”j({rkl} or rj > €,~’j({rk1}, (k,1) # (i, ).
n—N—2=0, op = 0. In this case one has
2
Cil,j:%_(l_aij)\/ﬁ’ 1)

[ 42
C%’j:%+(1*aij) AT+B.

6 Multiple Statistical Procedure Based on the Tests
of the Neyman Structure

Now it is possible to construct the multiple decision statistical procedure for
problem (14) based on the tests of Neyman structure. Then the multiple decision
statistical procedure (6) takes the form:
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(32)

214
di, c}i({su}) <rij < ci({su});
i< j7i7j7k7l = 17"'7N7 (k’l) # (i7j)7
dy, ri2 < cpy({su}) or ra > ety ({su}), el ({sw}) < rij < i ({su}),
6: i<j’i7j7k7l:1"",N7(k’l)#(i7‘j),

dp, rij < ¢;({su}) or rij > cf;({su}),

i<j’i7j7k’l: 1""7N7(k’l)# (i7j)7

where c¢;;j({sw }) are defined from the Eqs. (17) and (18).

One has D = {r € RV*"

Dy =RV,

Cr

k=1

O0(r)=di}, k=1,2,...,L. Itis clear that

Then Dy,D;,...,Dy is a partition of the sample space RV*". The tests of the Neyman
structure for generating hypothesis (15) are optimal in the class of unbiased tests.
Therefore if the condition of the additivity (8) of the loss function is satisfied, then
the associated multiple decision statistical procedure is optimal. For discussion of

additivity of the loss function see [5].

We illustrate statistical procedure (32) with an example.
Let N = 3. In this case problem (14) is the problem of the selection of one from

eight hypotheses:

Hy: 02 =0}% o =03,
Hy: 02 #£ 0%, 0% =043,
Hy: 02 =0}% o #£0)°,
Hy:02=0%0
Hs: 02 #0)% o # o3,
He: 02 =0}% o # 03,
Hy: 02 #£06%, 0% =0]3,

. 5l2 12 513 13
Hg: 0" # 0y, 07 #0647,

Generating hypotheses are:

hio: 612 — 512 vs ki (712 (712, 013,623
> 0 ) 0

— o,

=62,
3= 62,

0 # 623, o)
Syl

0% # 62,

0% # 62,

0B #£o03.

are the nuisance parameters.

hijz: o3 = 6013 vs ki3 ol3 #+ 0013, 612, 023 are the nuisance parameters.

hyj: 0B = 633 vs ko3 : o2 # 0'33, 0'2, 613 are the nuisance parameters.
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In this case multiple statistical procedure for problem (33) (if oy # 0) is:

di, cl,<rn<ci, cly <riz <, chy < r3 < ¢,
dy, ra<chorrnp>c,, ci<rz<d, chy < <k,
dy, ch<rm<cd,, 3 Scb or 113 Zc%, c£3 <13 <c%3,
dy, cb <rp< C%z, c%3 <rp< C%3, 3 < 6%3 or r3 > c%3,
ds, rip < 0{2 orrip > c%27 ri3 < 0%3 or riz > c%37 c§3 <1y < 033,
dg, c{z <rp< c%z, riz < c}3 or riz > c%, 3 < 6%3 or ry3 > 6‘%3,

1 2 1 2 1 2
d7, 112 <ClpOrr2 2> ¢y, €13 <3 <ciz, 123 < Cp3 OF 123 2> Co3,

1 2 1 2 1 2
dg, r12 S Clp O P12 2 CTp, 113 S €3 OF 113 2 €3, 123 < €3 OF 123 > C53.

(34)
The critical values lez = c’fz(r13,r23,s11s22) le3 = le3(}’12,}’23,S11S33) C]§3 =
c§3(r12,r13,SZZS33) k=1,2 are deﬁned from Egs. (24) and (25). If n = 5;
0; i,j=1,2,3, then the crltlcal values c ; k= 1,2 are defined from (28) and (29)

Ifol/ = 0,Vi, j and n =5, then tests (30) for generating hypothesis depend on the
sample correlation only. Therefore the corresponding multiple statistical procedure
with L decisions depends only on the sample correlation too. This procedure is (34)
where constants C]fz = c'l‘z(r13,r23),c/f3 = clf3(r12,r23),c§3 = C§3(r12,r13);k =1,2.

In this case

I » = (r13r3 — Gi2; 113123 + G 2),
53 = (riar;3 — Gi3;ri2r3 + Gi3),
L3 = (riari3—Ga3;ri2riz + Ga3),

where
Gip=1/(1—r)(1—r%),
Gi3=1/(1=ri) (1 —r3),
Gz =1/(1—r})(1—ry),
and the critical values are

1
cip =ri3rs — (1 —012)Gy 2,

1 —043)Gi 3,

( )

¢ty =rizrs + (1 —012)Gy 2,
cl3 = rizrz — ( )
( )

2
cy3 = riars + (1 —o0u3)Gy 3,
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|
¢33 =riari3 — (1 — 03)Ga3,

P
¢33 =rirz + (1 — 023)Ga 3.

Note that in this case test (34) has a very simple form.

7 Concluding Remarks

Statistical problem of identification of elements of inverse covariance matrix is
investigated as multiple decision problem. Solution of this problem is developed
on the base of the Lehmann theory of multiple decision procedures and theory of
tests of the Neyman structure. It is shown that this solution is optimal in the class of
unbiased multiple decision statistical procedures. Obtained results can be applied to
market network analysis with partial correlations as a measure of similarity between
stocks returns.
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