
Chapter 5

Peridynamics for Laminated Composite

Materials

5.1 Basics

Fiber-reinforced laminated composites are generally constructed by bonding

unidirectional laminae in a particular sequence. Each lamina has its own material

properties and thickness. As shown in Fig. 5.1, the fiber orientation angle, θ , is
defined with respect to a reference axis, x. Fiber direction is commonly aligned with

the x1 � axis, and transverse direction is aligned with the x2 � axis. A unidirec-

tional lamina is specially orthotropic. Thus, a thin lamina has four independent

material constants of elastic modulus in the fiber direction, E11, elastic modulus in

the transverse direction, E22; in-plane shear modulus, G12, and in-plane Poisson’s

ratio, ν12.
For a unidirectional lamina, the stiffness matrix, Q , relates the stresses

and strains at material point xðkÞ in reference to the material (natural) coordinates,

ðx1; x2Þ as
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where

Q11 ¼ E11

1� ν12ν21
; Q12 ¼ ν12E22

1� ν12ν21
; Q22 ¼ E22

1� ν12ν21
; Q66 ¼ G12; (5.1b)

with ν12=E11 ¼ ν21=E22.

The stress, σij, and strain, εij, components are referenced to the principal material

(natural) coordinate system, ðx1; x2Þ. The inverse of the lamina stiffness matrix,Q, is

referred to as the lamina compliance matrix, S, whose coefficients are given as
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S11 ¼ 1

E11

; S12 ¼ � ν12
E11

¼ � ν21
E22

; S22 ¼ 1

E22

; S66 ¼ 1

G12

: (5.2)

Note that the coefficients of the stiffness and compliance matrices recover the

relationship for an isotropic layer by specifying

Q11 ¼ Q22 ¼ κ þ μ; Q12 ¼ ðκ � μÞ; Q66 ¼ μ (5.3a)

and

S11 ¼ S22 ¼ μþ κ

4κμ
; S12 ¼ μ� κ

4κμ
; S66 ¼ 1

μ
; (5.3b)

where κ and μ are bulk and shear modulus, respectively. The dilatation for a lamina

based on classical continuum mechanics is

θ ¼ ε11 þ ε22ð Þ: (5.4)

The strain energy density, W; based on classical continuum mechanics can be

expressed as

W ¼ 1

2
σ11ε11 þ 1

2
σ22ε22 þ 1

2
σ12γ12 (5.5a)

or

W ¼ 1

2
Q11ε

2
11 þ 2Q12ε22ε11 þ Q66γ

2
12 þ Q22ε

2
22

� �
: (5.5b)
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Under general loading conditions, the total deformation of a lamina cannot be

decomposed as dilatational and distortional parts. Depending on the fiber orienta-

tion angle, the lamina may exhibit coupling of stretch and in-plane shear

deformation.

5.2 Fiber-Reinforced Lamina

A lamina can be idealized as a two-dimensional structure, and is thus suitable for

discretization with a single layer of material points in the thickness direction. In the

case of an isotropic material, there is no directional dependence. However, the

directional dependency of the interactions between the material points in a fiber-

reinforced composite lamina must be included in the PD analysis.

As shown in Fig. 5.2, the material point q represents material points that interact

with material point k only along the fiber direction with an orientation angle of θ in
reference to the x-axis. Similarly, material point r represents material points that

interact with material point k only along the transverse direction. However, the

material point p represents material points that interact with material point k in any

direction, including the fiber and transverse directions. The orientation of a PD

interaction between the material point k and the material point p is defined by the

angle ϕ with respect to the x-axis. The domain of integral H in Eq. 2.22a is a disk

with radius δ and thickness h.
The force density-stretch relations given by Eq. 2.48 must reflect the directional

dependence of the PD material parameters for fiber-reinforced composite lamina.

They can be defined in the form

tðkÞðjÞ uðjÞ � uðkÞ; xðjÞ � xðkÞ; t
� � ¼ 1

2
AðkÞðjÞ

yðjÞ � yðkÞ

yðjÞ � yðkÞ
��� ��� (5.6a)

and

tðjÞðkÞ uðkÞ � uðjÞ; xðkÞ � xðjÞ; t
� � ¼ � 1

2
BðjÞðkÞ

yðkÞ � yðjÞ

yðkÞ � yðjÞ
��� ��� ; (5.6b)

where AðkÞðjÞ and BðjÞðkÞ are auxiliary parameters. As in the case of isotropic

materials, these parameters can be determined by using Eq. 4.1, thus requiring an

explicit form of the PD strain energy density at material point xðkÞ for a unidirec-

tional lamina.

In light of Eq. 4.2 and the directional dependency of a lamina, the PD strain

energy density can be expressed as
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WðkÞ ¼ a θ2ðkÞ þ bF
XJ
j¼1

δ

xðjÞ � xðkÞ
�� �� yðjÞ � yðkÞ

��� ���� xðjÞ � xðkÞ
�� ��� �2

VðjÞ

þ bFT
X1
j¼1

δ

xðjÞ � xðkÞ
�� �� yðjÞ � yðkÞ

��� ���� xðjÞ � xðkÞ
�� ��� �2

VðjÞ

þ bT
XJ
j¼1

δ

xðjÞ � xðkÞ
�� �� yðjÞ � yðkÞ

��� ���� xðjÞ � xðkÞ
�� ��� �2

VðjÞ;

(5.7)

in which the PD material parameter a is associated with the deformation involving

dilatation, θðkÞ. The other material parameters, bF; bT ; and bFT, are associated with

deformation of material points in the fiber direction, transverse direction, and

arbitrary directions, respectively. The total number of material points within the

family of material point xðkÞ in either fiber or transverse directions is denoted by J.

The PD dilatation, θðkÞ, for a unidirectional lamina can be expressed as

θðkÞ ¼ d
X1
j¼1

δ

xðjÞ � xðkÞ
�� �� yðjÞ � yðkÞ

��� ���� xðjÞ � xðkÞ
�� ��� �

ΛðkÞðjÞVðjÞ; (5.8)

in which d is a PD parameter.

After substituting for θðkÞ from Eq. 5.8 in the expression forWðkÞ given by Eq. 5.7
and performing differentiation, the force density vector tðkÞðjÞðuðjÞ � uðkÞ; xðjÞ � xðkÞ; tÞ
from Eq. 4.1 can be rewritten in terms of PD material parameters as

tðkÞðjÞ uðjÞ � uðkÞ; xðjÞ � xðkÞ; t
� � ¼ 1

2
AðkÞðjÞ

yðjÞ � yðkÞ

yðjÞ � yðkÞ
��� ��� ; (5.9a)
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where

AðkÞðjÞ ¼ 4ad
δ

xðjÞ � xðkÞ
�� ��ΛðkÞðjÞθðkÞ þ 4δ μFbF þ bFT þ μTbTð ÞsðkÞðjÞ; (5.9b)

with

μF ¼ 1 ðxðjÞ � xðkÞÞ==fiber direction
0 otherwise

�
(5.9c)

and

μT ¼ 1 ðxðjÞ � xðkÞÞ?fiber direction

0 otherwise :

�
(5.9d)

Similarly, the force density vector tðjÞðkÞðuðkÞ � uðjÞ; xðkÞ � xðjÞ; tÞ can be

expressed as

tðjÞðkÞ uðkÞ � uðjÞ; xðkÞ � xðjÞ; t
� � ¼ � 1

2
BðjÞðkÞ

yðjÞ � yðkÞ

yðjÞ � yðkÞ
��� ��� ; (5.10a)

with

BðjÞðkÞ ¼ 4ad
δ

xðkÞ � xðjÞ
�� ��ΛðjÞðkÞθðjÞ þ 4δ μFbF þ bFT þ μTbTð ÞsðjÞðkÞ: (5.10b)

Although Eqs. 5.9b and 5.10b appear to be similar, they are different because the

dilatations θðkÞ and θðjÞ for the material points at xðkÞ and xðjÞ; respectively, are

different. This formulation can be extended to include the effect of thermal loading

as described in Chap. 4. Oterkus and Madenci (2012) presented such an extension

for the bond-based peridynamic formulation.

5.3 Laminated Composites

The laminae are perfectly bonded in the construction of a laminate; thus, there

exists no slip among the laminae. Aside from the loading conditions, the deforma-

tion of a laminate is dependent on the lamina properties, thickness, and stacking

sequence. There exists usually a resin-rich layer between the laminae; an inherent

source for cracking and delamination. Therefore, transverse normal and shear

deformations especially play a critical role in the initiation and growth of delami-

nation. Also, in the presence of a nonsymmetric stacking sequence, the laminates

exhibit coupling between in-plane and out-of-plane deformation, resulting in

curvature.
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As shown in Fig. 5.3, the reference coordinate system ðx; y; zÞ is located on the

midplane of the laminate. The laminate thickness, h, is given by

h ¼
XN
n¼1

hn; (5.11)

where N is the total number of lamina in the stacking sequence, and hn is the

thickness of the nth lamina. With respect to the midplane, the position of each

lamina, zn, is defined as

zn ¼ � h

2
þ
Xn�1

m¼1

hm þ 1

2
hn: (5.12)

The presence of the transverse normal and transverse shear deformations in a

laminate can be included in the derivation of the PD equation of motion under the

assumption that material points in a particular lamina interact with the other

material points of immediate neighboring laminae above and below it.

The total potential energy of a laminate with N layers can be expressed in the

form

U ¼
XN
n¼1

X1
i¼1

Wn
ðiÞ þ

XN�1

n¼1

X1
i¼1

Ŵn
ðiÞ þ

XN�1

n¼1

X1
i¼1

~Wn
ðiÞ �

XN
n¼1

X1
i¼1

bnðiÞ � unðiÞ; (5.13)

where Wn
ðiÞ, Ŵ

n
ðiÞ, and ~Wn

ðiÞ represent the contributions from the in-plane, transverse

normal, and shear deformations, respectively, and bnðiÞ is the body load vector.

Using Eq. 5.7, the strain energy density,Wn
ðkÞ, of material pointxnðkÞ located on the

nth layer , due to in-plane deformations, can be expressed as a summation of

micropotentials, wðkÞðjÞ , arising from the interaction of material point xnðkÞ and the

other material points xnðjÞ within its horizon in the form

zn

h

hn

1

N

z = 0

n x( )k
n x ( )j

n
n+1

n-1

x ( )k
n+1 x ( )j

n+1

x ( )k
n-1 x ( )j

n-1

ba

Fig. 5.3 Elevation of each lamina in laminate

80 5 Peridynamics for Laminated Composite Materials



Wn
ðkÞ ¼

1

2

X1
j¼1

1

2

wðkÞð jÞ ynð1kÞ � ynðkÞ; y
n
ð2kÞ � ynðkÞ; � � �

� �
þ

wð jÞðkÞ ynð1jÞ � ynð jÞ; y
n
ð2jÞ � ynð jÞ; � � �

� �
2
64

3
75 Vn

ð jÞ; (5.14)

in which wðkÞðjÞ ¼ 0 for k ¼ j . Due to transverse normal deformation, the strain

energy density, Ŵn
ðkÞ, of material point xnðkÞ located on the n

th layer can be expressed

as a summation of micropotentials, ŵðkÞ , arising from the interaction of material

point xnðkÞ and the adjacent material points, x
ðnþ1Þ
ðkÞ and x

ðn�1Þ
ðkÞ , located on ðnþ 1Þth and

ðn� 1Þth layers in the form

Ŵn
ðkÞ ¼

1

2

X
m¼nþ1;n�1

1

2
ŵðkÞ ymðkÞ � ynðkÞ

� �
Vm
ðkÞ þ ŵðkÞ ynðkÞ � ymðkÞ

� �
Vm
ðkÞ

h i
: (5.15)

Similarly, the strain energy density associated with transverse shear deforma-

tion, ~Wn
ðkÞ, of material pointxnðkÞ can be expressed as a summation of micropotentials,

~wðkÞðjÞ , arising from the interaction of material point xnðkÞ and the other material

points (within its family),x
ðnþ1Þ
ðjÞ andx

ðn�1Þ
ðjÞ , and ~wðjÞðkÞ, arising from the interaction of

material point xnðjÞ and the other material points (within its family), x
ðnþ1Þ
ðkÞ and x

ðn�1Þ
ðkÞ ,

in the form

~Wn
ðkÞ ¼

1

2

X1
j¼1

1

2
~wðkÞðjÞ ynþ1

ðjÞ � ynðkÞ; y
nþ1
ðkÞ � ynðjÞ

� �
Vnþ1
ðjÞ

(

þ
X1
j¼1

1

2
~wðjÞðkÞ ynðkÞ � ynþ1

ðjÞ ; ynðjÞ � ynþ1
ðkÞ

� �
Vnþ1
ðjÞ

þ
X1
j¼1

1

2
~wðjÞðkÞ ynðkÞ � yn�1

ðjÞ ; ynðjÞ � yn�1
ðkÞ

� �
Vn�1
ðjÞ

þ
X1
j¼1

1

2
~wðkÞðjÞ yn�1

ðjÞ � ynðkÞ; y
n�1
ðkÞ � ynðjÞ

� �
Vn�1
ðjÞ

þ
X1
j¼1

1

2
~wðjÞðkÞ ynþ1

ðkÞ � ynðjÞ; y
nþ1
ðjÞ � ynðkÞ

� �
Vn
ðjÞ

þ
X1
j¼1

1

2
~wðkÞðjÞ ynðjÞ � ynþ1

ðkÞ ; y
n
ðkÞ � ynþ1

ðjÞ
� �

Vn
ðjÞ

þ
X1
j¼1

1

2
~wðkÞðjÞ ynðjÞ � yn�1

ðkÞ ; y
n
ðkÞ � yn�1

ðjÞ
� �

Vn
ðjÞ

þ
X1
j¼1

1

2
~wðjÞðkÞ yn�1

ðkÞ � ynðjÞ; y
n�1
ðjÞ � ynðkÞ

� �
Vn
ðjÞ

)
:

(5.16)
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Substituting for the strain energy densities,Wn
ðiÞ, Ŵ

n
ðiÞ, and ~Wn

ðiÞ, of material point

xnðiÞ from Eqs. 5.14, 5.15 and 5.16, the potential energy of the laminate withN layers

can be rewritten as

U ¼
XN
n¼1

1

2

X1
i¼1

X1
j¼1

1

2
wðiÞðjÞ ynð1iÞ � ynðiÞ; y

n
ð2iÞ � ynðiÞ; � � �

� �h(

þ wðjÞðiÞ ynð1jÞ � ynðjÞ; y
n
ð2jÞ � ynðjÞ; � � �

� �i
Vn
ðjÞV

n
ðiÞ

)

þ 1

2

XN�1

n¼1

X1
i¼1

X
m¼nþ1;n�1

1

2
ŵðiÞ ymðiÞ � ynðiÞ
� �

þ ŵðiÞ ynðiÞ � ymðiÞ
� �h i

Vm
ðiÞV

n
ðiÞ

þ 1

2

XN�1

n¼1

X1
i¼1

1

2

X1
j¼1

~wðiÞðjÞ ynþ1
ðjÞ � ynðiÞ;y

nþ1
ðiÞ � ynðjÞ

� �
Vnþ1
ðjÞ Vn

ðiÞ

"(

þ
X1
j¼1

~wðjÞðiÞ ynðiÞ � ynþ1
ðjÞ ;ynðjÞ � ynþ1

ðiÞ
� �

Vnþ1
ðjÞ Vn

ðiÞ

þ
X1
j¼1

~wðjÞðiÞ ynðiÞ � yn�1
ðjÞ ;ynðjÞ � yn�1

ðiÞ
� �

Vn�1
ðjÞ Vn

ðiÞ

þ
X1
j¼1

~wðiÞðjÞ yn�1
ðjÞ � ynðiÞ;y

n�1
ðiÞ � ynðjÞ

� �
Vn�1
ðjÞ Vn

ðiÞ

#)

þ 1

2

XN�1

n¼1

X1
i¼1

1

2

X1
j¼1

~wðjÞðiÞ ynþ1
ðiÞ � ynðjÞ;y

nþ1
ðjÞ � ynðiÞ

� �
Vnþ1
ðiÞ Vn

ðjÞ

"(

þ
X1
j¼1

~wðiÞðjÞ ynðjÞ � ynþ1
ðiÞ ;ynðiÞ � ynþ1

ðjÞ
� �

Vnþ1
ðiÞ Vn

ðjÞ

þ
X1
j¼1

~wðiÞðjÞ ynðjÞ � yn�1
ðiÞ ;ynðiÞ � yn�1

ðjÞ
� �

Vn�1
ðiÞ Vn

ðjÞ

þ
X1
j¼1

~wðjÞðiÞ yn�1
ðiÞ � ynðjÞ;y

n�1
ðjÞ � ynðiÞ

� �
Vn�1
ðiÞ Vn

ðjÞ

#)

�
XN
n¼1

X1
i¼1

bnðiÞ � unðiÞ
� �

Vn
ðiÞ

( )
;

(5.17a)
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or exchanging the order of dummy indices i and j in the fourth summation of layers

results in

U ¼
XN
n¼1

1

2

X1
i¼1

X1
j¼1

1

2
wðiÞðjÞ ynð1iÞ � ynðiÞ; y

n
ð2iÞ � ynðiÞ; � � �

� �h(

þ wðjÞðiÞ ynð1jÞ � ynðjÞ; y
n
ð2jÞ � ynðjÞ; � � �

� �i
Vn
ðjÞV

n
ðiÞ

)

þ 1

2

XN�1

n¼1

X1
i¼1

X
m¼nþ1;n�1

1

2
ŵðiÞ ymðiÞ � ynðiÞ
� �

þ ŵðiÞ ynðiÞ � ymðiÞ
� �h i

Vm
ðiÞV

n
ðiÞ

þ 1

2

XN�1

n¼1

X1
i¼1

X1
j¼1

X
m¼nþ1;n�1

~wðiÞðjÞ ymðjÞ � ynðiÞ; y
m
ðiÞ � ynðjÞ

� �
þ ~wðjÞðiÞ ynðiÞ � ymðjÞ; y

n
ðjÞ � yðiÞ

� �
2
64

3
75 Vm

ðjÞV
n
ðiÞ

�
XN
n¼1

X1
i¼1

bnðiÞ � unðiÞ
� �

Vn
ðiÞ :

(5.17b)

As necessary for the derivation of equations of motion, the Lagrangian, Eq. 2.11,

can be written in an expanded form by showing only the terms associated with the

material point xnðkÞ located on the nth layer as

L ¼ . . .þ 1

2
ρnðkÞ _u

n
ðkÞ � _unðkÞ Vn

ðkÞ þ . . .

. . .� 1

2

X1
j¼1

wðkÞðjÞ ynð1kÞ � ynðkÞ; y
n
ð2kÞ � ynðkÞ; � � �

� �
Vn
ðjÞ V

n
ðkÞ

n o
. . .

. . .� 1

2

X1
j¼1

wðjÞðkÞ ynð1jÞ � ynðjÞ; y
n
ð2jÞ � ynðjÞ; � � �

� �
Vn
ðjÞ V

n
ðkÞ

n o
. . .

. . .� 1

2
ŵðkÞ ynþ1

ðkÞ � ynðkÞ
� �

Vnþ1
ðkÞ Vn

ðkÞ . . .�
1

2
ŵðkÞ ynðkÞ � ynþ1

ðkÞ
� �

Vn
ðkÞV

nþ1
ðkÞ

. . .� 1

2
ŵðkÞ ynðkÞ � yn�1

ðkÞ
� �

Vn
ðkÞV

n�1
ðkÞ . . .� 1

2
ŵðkÞ yn�1

ðkÞ � ynðkÞ
� �

Vn�1
ðkÞ Vn

ðkÞ

. . .�
X1
j¼1

~wðkÞðjÞ ynþ1
ðjÞ � ynðkÞ; y

nþ1
ðkÞ � ynðjÞ

� �
Vnþ1
ðjÞ Vn

ðkÞ . . .

. . .�
X1
j¼1

~wðjÞðkÞ ynðkÞ � ynþ1
ðjÞ ; ynðjÞ � ynþ1

ðkÞ
� �

Vn
ðkÞV

nþ1
ðjÞ

. . .�
X1
j¼1

~wðjÞðkÞ ynðkÞ � yn�1
ðjÞ ; ynðjÞ � yn�1

ðkÞ
� �

Vn
ðkÞV

n�1
ðjÞ . . .

. . .�
X1
j¼1

~wðkÞðjÞ yn�1
ðjÞ � ynðkÞ; y

n�1
ðkÞ � ynðjÞ

� �
Vn�1
ðjÞ Vn

ðkÞ

. . .þ bnðkÞ � unðkÞVn
ðkÞ . . . :

(5.18)
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Substituting from Eq. 5.18 into Eq. 2.10 results in the Lagrange’s equation of the

material point xnðkÞ located on the nth layer as

ρnðkÞ€u
n
ðkÞ þ

X1
j¼1

1

2

X1
i¼1

@wðkÞðiÞ

@ ynðjÞ � ynðkÞ
� � Vn

ðiÞ

0
@

1
A @ ynðjÞ � ynðkÞ

� �
@unðkÞ

8<
:

þ
X1
j¼1

1

2

X1
i¼1

@wðiÞðkÞ

@ ynðkÞ � ynðjÞ
� �Vn

ðiÞ

0
@

1
A @ ynðkÞ � ynðjÞ

� �
@unðkÞ

þ
X

m¼nþ1;n�1

1

2

@ŵðkÞ

@ ymðkÞ � ynðkÞ
� � @ ymðkÞ � ynðkÞ

� �
@unðkÞ

Vm
ðkÞ

þ
X

m¼nþ1;n�1

1

2

@ŵðkÞ

@ ynðkÞ � ymðkÞ
� � @ ynðkÞ � ymðkÞ

� �
@unðkÞ

Vm
ðkÞ

þ 2
X

m¼nþ1;n�1

X1
j¼1

1

2

@ ~wðkÞðjÞ

@ ymðjÞ � ynðkÞ
� � @ ymðjÞ � ynðkÞ

� �
@unðkÞ

Vm
ðjÞ

þ 2
X

m¼nþ1;n�1

X1
j¼1

1

2

@ ~wðjÞðkÞ

@ ynðkÞ � ymðjÞ
� � @ ynðkÞ � ymðjÞ

� �
@unðkÞ

Vm
ðjÞ

�bnðkÞ
o
Vn
ðkÞ ¼ 0;

(5.19)

in which it is assumed that the interactions not involving material point xnðkÞ do not

have any effect on material point xnðkÞ. With the interpretation that the derivatives of

the micropotentials represent the force densities that material points exert upon

each other, this equation can be rewritten as

ρnðkÞ€u
n
ðkÞ ¼

X1
j¼1

tnðkÞðjÞ unðjÞ �unðkÞ;x
n
ðjÞ � xnðkÞ; t

� �h

�tnðjÞðkÞ unðkÞ �unðjÞ;x
n
ðkÞ � xnðjÞ; t

� �i
Vn
ðjÞ

þ
X

m¼nþ1;n�1

r
ðnÞðmÞ
ðkÞ umðkÞ �unðkÞ;x

m
ðkÞ � xnðkÞ; t

� �h

�r
ðmÞðnÞ
ðkÞ unðkÞ �umðkÞ;x

n
ðkÞ � xmðkÞ; t

� �i
Vm
ðkÞ

þ 2
X

m¼nþ1;n�1

X1
j¼1

s
ðnÞðmÞ
ðkÞðjÞ umðjÞ �unðkÞ;u

m
ðkÞ �unðjÞ;x

m
ðjÞ � xnðkÞ;x

m
ðkÞ � xnðjÞ; t

� �h

�s
ðmÞðnÞ
ðjÞðkÞ unðkÞ �umðjÞ;u

n
ðjÞ �umðkÞ;x

n
ðkÞ � xmðjÞ;x

n
ðjÞ � xmðkÞ; t

� �i
Vm
ðjÞ

þbnðkÞ :

(5.20)
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Arising from in-plane deformation, tnðkÞðjÞ represents the force density that material

point xnðjÞ exerts upon material point xnðkÞ. Similarly, tnðjÞðkÞ represents the force density
that material point xnðkÞ exerts upon material point xnðjÞ . The force density vectors,

r
ðnÞðmÞ
ðkÞ and r

ðmÞðnÞ
ðkÞ with m ¼ ðnþ 1Þ; ðn� 1Þ, develop due to the transverse normal

deformation between the material pointsxnðkÞ and x
m
ðkÞ. The force density vector r

ðnÞðmÞ
ðkÞ

represents the force exerted by material point xmðkÞ upon the material point xnðkÞ, and

r
ðmÞðnÞ
ðkÞ represents the opposite. The force density vectors s

ðnÞðmÞ
ðkÞðjÞ and s

ðmÞðnÞ
ðjÞðkÞ , with

m ¼ ðnþ 1Þ; ðn� 1Þ , are associated with transverse shear deformation between

the material points xmðjÞ and x
n
ðkÞ. The force density vector s

ðnÞðmÞ
ðkÞðjÞ represents the force

exerted by material point xmðjÞ on the material point xnðkÞ, and s
ðmÞðnÞ
ðjÞðkÞ represents the

other way around. These force density vectors are defined as

tnðkÞðjÞ unðjÞ � unðkÞ; x
n
ðjÞ � xnðkÞ; t

� �
¼ 1

2

1

Vn
ðjÞ

X1
i¼1

@wðkÞðiÞ

@ ynðjÞ � ynðkÞ
� �Vn

ðiÞ

0
@

1
A

tnðjÞðkÞ unðkÞ � unðjÞ; x
n
ðkÞ � xnðjÞ; t

� �
¼ 1

2

1

Vn
ðjÞ

X1
i¼1

@wðiÞðkÞ

@ ynðkÞ � ynðjÞ
� �Vn

ðiÞ

0
@

1
A

9>>>>>>>=
>>>>>>>;
; (5.21a)

r
ðnÞðmÞ
ðkÞ umðkÞ � unðkÞ; x

m
ðkÞ � xnðkÞ; t

� �
¼ 1

2

@ŵðkÞ

@ ymðkÞ � ynðkÞ
� �

r
ðmÞðnÞ
ðkÞ unðkÞ � umðkÞ; x

n
ðkÞ � xmðkÞ; t

� �
¼ 1

2

@ŵðkÞ

@ ynðkÞ � ymðkÞ
� �

9>>>>>=
>>>>>;
; (5.21b)

and

s
ðnÞðmÞ
ðkÞðjÞ umðjÞ � unðkÞ; u

m
ðkÞ � unðjÞ; x

m
ðjÞ � xnðkÞ; x

m
ðkÞ � xnðjÞ; t

� �
¼ 1

2

@ ~wðkÞðjÞ

@ ymðjÞ � ynðkÞ
� �

s
ðmÞðnÞ
ðjÞðkÞ unðkÞ � umðjÞ; u

n
ðjÞ � umðkÞ; x

n
ðkÞ � xmðjÞ; x

n
ðjÞ � xmðkÞ; t

� �
¼ 1

2

@ ~wðjÞðkÞ

@ ynðkÞ � ymðjÞ
� �

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

; (5.21c)

with m ¼ ðnþ 1Þ; ðn� 1Þ. As derived in Sect. 2.8, in order to satisfy the balance

of angular momentum, the equation of motion, Eq. 5.20 must satisfy the

requirements of
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ð
H

ynðjÞ � ynðkÞ
� �

� tnðkÞðjÞ unðjÞ � unðkÞ; x
n
ðjÞ � xnðkÞ; t

� �� �
dH ¼ 0; (5.22a)

ð
H

ymðkÞ � ynðkÞ
� �

� r
ðnÞðmÞ
ðkÞ umðkÞ � unðkÞ; x

m
ðkÞ � xnðkÞ; t

� �� �
dH ¼ 0; (5.22b)

ð
H

ymðjÞ � ynðkÞ
� �

� s
ðnÞðmÞ
ðkÞðjÞ umðjÞ � unðkÞ;u

m
ðkÞ � unðjÞ; x

m
ðjÞ

��

�xnðkÞ; x
m
ðkÞ � xnðjÞ; t

��
dH ¼ 0:

(5.22c)

It is apparent that these requirements are automatically satisfied if the force

vectors, tnðkÞðjÞ, r
ðnÞðmÞ
ðkÞ , and s

ðnÞðmÞ
ðkÞðjÞ , are aligned with the relative position vector of the

material points in the deformed state, ðynðjÞ � ynðkÞÞ, ðymðkÞ � ynðkÞÞ, and ðymðjÞ � ynðkÞÞ,
respectively. Therefore, they can be expressed in the form

tnðkÞðjÞ ¼
1

2
An
ðkÞðjÞ

ynðjÞ � ynðkÞ

ynðjÞ � ynðkÞ
��� ��� ; (5.23a)

tnðjÞðkÞ ¼ � 1

2
Bn
ðjÞðkÞ

ynðjÞ � ynðkÞ

ynðjÞ � ynðkÞ
��� ��� ; (5.23b)

and

r
ðnÞðmÞ
ðkÞ ¼ 1

2
C
ðnÞðmÞ
ðkÞ

ymðkÞ � ynðkÞ

ymðkÞ � ynðkÞ
��� ��� ¼

1

2
p
ðnÞðmÞ
ðkÞ ; (5.24a)

r
ðmÞðnÞ
ðkÞ ¼ � 1

2
C
ðnÞðmÞ
ðkÞ

ymðkÞ � ynðkÞ

ymðkÞ � ynðkÞ
��� ��� ¼ � 1

2
p
ðnÞðmÞ
ðkÞ ; (5.24b)

and

s
ðnÞðmÞ
ðkÞðjÞ ¼ 1

2
D

ðnÞðmÞ
ðkÞðjÞ

ymðjÞ � ynðkÞ

ymðjÞ � ynðkÞ
��� ��� ¼

1

2
q
ðnÞðmÞ
ðkÞðjÞ ; (5.25a)

s
ðmÞðnÞ
ðjÞðkÞ ¼ � 1

2
D

ðnÞðmÞ
ðkÞðjÞ

ymðjÞ � ynðkÞ

ymðjÞ � ynðkÞ
��� ��� ¼ � 1

2
q
ðnÞðmÞ
ðkÞðjÞ ; (5.25b)
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where An
ðkÞðjÞ , Bn

ðjÞðkÞ , C
ðnÞðmÞ
ðkÞ , and D

ðnÞðmÞ
ðkÞðjÞ are auxiliary parameters. With these

representations of the force density vectors, the equation of motion for material

point xnðkÞ located on the nth layer can be further simplified as

ρnðkÞ€u
n
ðkÞ ¼

X1
j¼1

tnðkÞðjÞ unðjÞ � unðkÞ; x
n
ðjÞ � xnðkÞ; t

� �h

�tnðjÞðkÞ unðkÞ � unðjÞ; x
n
ðkÞ � xnðjÞ; t

� �i
Vn
ðjÞ

þ
X

m¼nþ1;n�1

p
ðnÞðmÞ
ðkÞ Vm

ðkÞ þ 2
X

m¼nþ1;n�1

X1
j¼1

q
ðnÞðmÞ
ðkÞðjÞ V

m
ðjÞ þ bnðkÞ :

(5.26)

The auxiliary parameters, An
ðkÞðjÞ, B

n
ðjÞðkÞ C

ðnÞðmÞ
ðkÞ , andD

ðnÞðmÞ
ðkÞðjÞ , can be determined by

using the relationship between the force density vector and the strain energy

density, WðkÞ. The explicit expressions for the auxiliary parameters An
ðkÞðjÞ and Bn

ðjÞðkÞ
are already given by Eqs. 5.9b and 5.10b. The remaining auxiliary parameters,C

ðnÞðmÞ
ðkÞ

and D
ðnÞðmÞ
ðkÞðjÞ , can be determined by using the relationships

r
ðnÞðmÞ
ðkÞ ¼ 1

Vm
ðkÞ

@Ŵn
ðkÞ

@ ymðkÞ � ynðkÞ
��� ���� � ymðkÞ � ynðkÞ

ymðkÞ � ynðkÞ
��� ��� (5.27a)

and

s
ðnÞðmÞ
ðkÞðjÞ ¼ 1

Vm
ðjÞ

@ ~Wn
ðkÞ

@ ymðjÞ � ynðkÞ
��� ���� � ymðjÞ � ynðkÞ

ymðjÞ � ynðkÞ
��� ��� ; (5.27b)

in which Vm
ðkÞ and Vm

ðjÞ represent the volume of material points xmðkÞ and xmðjÞ
respectively, and the direction of the force density vector is aligned with the relative

position vector in the deformed configuration. However, determination of the

auxiliary parameters requires an explicit form of the strain energy density function.

For transverse normal and shear deformations of an isotropic and elastic material

(resin-rich layer), the explicit form of the strain energy density functions, Ŵn
ðkÞ and

~Wn
ðkÞ, can be written as

Ŵn
ðkÞ ¼ bN

X
m¼nþ1;n�1

δ̂

xmðkÞ � xnðkÞ
��� ��� ymðkÞ � ynðkÞ

��� ���� xmðkÞ � xnðkÞ
��� ���� �2

Vm
ðkÞ (5.28a)

and
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~Wn
ðkÞ ¼ bS

X
m¼nþ1;n�1

X1
j¼1

~δ

xmðjÞ � xnðkÞ
��� ��� ymðjÞ � ynðkÞ

��� ���� xmðjÞ � xnðkÞ
��� ���� �h

� ymðkÞ � ynðjÞ
��� ���� xmðkÞ � xnðjÞ

��� ���� �i2
Vm
ðjÞ;

(5.28b)

in which the PD material parameters bN and bS are associated with the transverse

normal and shear deformations of the matrix material, but are yet to be determined

in terms of Young’s modulus and shear modulus. The horizon size in the thickness

direction is δ̂, and~δ is defined as~δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ δ̂

2
q

. Note that jxmðjÞ � xnðkÞj and jxmðkÞ � xnðjÞj
are equivalent quantities. Substituting for strain energy density from Eqs. 5.28a, b

in Eqs. 5.27a, b and performing differentiation result in

p
ðnÞðmÞ
ðkÞ ¼ 4bN δ̂

ymðkÞ � ynðkÞ
��� ���� xmðkÞ � xnðkÞ

��� ���
xmðkÞ � xnðkÞ
��� ���

0
B@

1
CA ymðkÞ � ynðkÞ

ymðkÞ � ynðkÞ
��� ��� (5.29a)

and

q
ðnÞðmÞ
ðkÞðjÞ ¼ 4bS~δ

ymðjÞ � ynðkÞ
��� ���� xmðjÞ � xnðkÞ

��� ���
xmðjÞ � xnðkÞ
��� ���

0
B@

1
CA

2
64

�
ymðkÞ � ynðjÞ
��� ���� xmðkÞ � xnðjÞ

��� ���
xmðkÞ � xnðjÞ
��� ���

0
B@

1
CA
3
75 ymðjÞ � ynðkÞ

ymðjÞ � ynðkÞ
��� ��� :

(5.29b)

Comparisons of Eqs. 5.24a and 5.29a and 5.25a and 5.29b lead to the determi-

nation of C
ðnÞðmÞ
ðkÞ and D

ðnÞðmÞ
ðkÞðjÞ as

C
ðnÞðmÞ
ðkÞ ¼ 4bN δ̂

ymðkÞ � ynðkÞ
��� ���� xmðkÞ � xnðkÞ

��� ���
xmðkÞ � xnðkÞ
��� ���

0
B@

1
CA (5.30a)

D
ðnÞðmÞ
ðkÞðjÞ ¼ 4bS~δ

ymðjÞ � ynðkÞ
��� ���� xmðjÞ � xnðkÞ

��� ���
xmðjÞ � xnðkÞ
��� ���

0
B@

1
CA�

ymðkÞ � ynðjÞ
��� ���� xmðkÞ � xnðjÞ

��� ���
xmðkÞ � xnðjÞ
��� ���

0
B@

1
CA

2
64

3
75:

(5.30b)
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5.4 Peridynamic Material Parameters

The peridynamic material parameters that appear in force density vector-stretch

relations for in-plane and transverse normal and shear deformations can be deter-

mined in terms of engineering material constants of classical laminate theory by

considering simple loading conditions.

5.4.1 Material Parameters for a Lamina

The PD material parameters, a, d, bF; bT , and bFT , that appear in the force density

vector-stretch relations for in-plane deformation of a lamina, Eqs. 5.9b and 5.10b,

are related to the engineering constants by considering four different simple loading

conditions as

1. Simple shear: γ12 ¼ ζ
2. Uniaxial stretch in fiber direction: ε11 ¼ ζ; ε22 ¼ 0

3. Uniaxial stretch in transverse direction: ε11 ¼ 0; ε22 ¼ ζ
4. Biaxial stretch: ε11 ¼ ζ; ε22 ¼ ζ

5.4.1.1 Simple Shear: γ12 ¼ ζ

Using Eq. 5.1a, the stresses in the lamina due to this loading are obtained as

σ11
σ22
σ12

8<
:

9=
; ¼

Q11 Q12 0

Q12 Q22 0

0 0 Q66

2
4

3
5 0

0

ζ

8<
:

9=
; or

σ11
σ22
σ12

8<
:

9=
; ¼

0

0

Q66ζ

8<
:

9=
;: (5.31)

Based on Eqs. 5.4 and 5.5b, the corresponding dilatation and strain energy

density from the classical continuum mechanics at material point xnðkÞ are

θðkÞ ¼ 0 (5.32a)

and

WðkÞ ¼ 1

2
Q66ζ

2: (5.32b)

As illustrated in Fig. 5.4, the length of the relative position of material points

yðjÞ and yðkÞ in the deformed state becomes

y0 � yj j ¼ 1þ sinϕ cosϕð Þζ½ � x0 � xj j (5.33a)
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or

ynðjÞ � ynðkÞ
��� ��� ¼ 1þ sinϕðjÞðkÞ cosϕðjÞðkÞ

� �
ζ

h i
xnðjÞ � xnðkÞ
��� ���: (5.33b)

Note that if the material points ynðjÞ and ynðkÞ are aligned with the fiber and

transverse directions, the angles become ϕðjÞðkÞ ¼ 0� and ϕðjÞðkÞ ¼ 90�, respectively.
For this deformation, the dilatation, Eq. 5.8, is evaluated as

θðkÞ ¼ d

ð
H

δ

ξ
1þ sinϕ cosϕð Þζ½ �ξ� ξf gdH; (5.34)

in which ξ ¼ xnðjÞ � xnðkÞ
��� ���.

As expected, this loading condition results in no dilatation. The strain energy

density, Eq. 5.7, is evaluated as

WðkÞ ¼ a ð0Þ þ bFð0Þ þ bFT

ð
H

δ

ξ
1þ sinϕ cosϕð Þζ½ � ξ� ξð Þ2dH þ bTð0Þ (5.35a)

or

WðkÞ ¼ bFTh

ðδ
0

ð2π
0

δ

ξ
1þ sinϕ cosϕð Þζ½ � ξ� ξð Þ2ξdξdϕ ¼ πhδ4ζ2

12
bFT : (5.35b)
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Fig. 5.4 Simple shear
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Equating the expressions for strain energy density from the classical and PD

formulations, Eqs. 5.32b and 5.35b, results in

bFT ¼ 6Q66

πhδ4
: (5.36)

5.4.1.2 Uniaxial Stretch in the Fiber Direction: ε11 ¼ ζ; ε22 ¼ 0

Using Eq. 5.1a, the stresses in the lamina due to this loading becomes

σ11
σ22
σ12

8<
:

9=
; ¼

Q11ζ
Q12ζ
0

8<
:

9=
;: (5.37)

Based on Eqs. 5.4 and 5.5b, the corresponding dilatation and strain energy

density from the classical continuum mechanics at material point xnðkÞ are

θðkÞ ¼ ζ (5.38a)

and

WðkÞ ¼ 1

2
Q11ζ

2: (5.38b)

As illustrated in Fig. 5.5, the length of the relative position of material points

ynðjÞ and ynðkÞ in the deformed state becomes

y0 � yj j ¼ 1þ cos2 ϕ
� �

ζ
	 


x0 � xj j (5.39a)

or

ynðjÞ � ynðkÞ
��� ��� ¼ 1þ cos2 ϕðjÞðkÞ

� �
ζ

h i
xnðjÞ � xnðkÞ
��� ���: (5.39b)

Due to this deformation, the dilatation is evaluated as

θðkÞ ¼ d

ð
H

δ

ξ
1þ cos2 ϕ

� �
ζ

	 

ξ� ξ

� �
dH (5.40a)

or

θðkÞ ¼ πdhδ3ζ

2
: (5.40b)
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Equating the expressions for dilatation from the classical and PD formulations,

Eqs. 5.38a and 5.40b, results in

d ¼ 2

πhδ3
: (5.41)

The strain energy density for this deformation is evaluated as

WðkÞ ¼ a ζ2 þ bF
XJ
j¼1

δ

xnðjÞ � xnðkÞ
��� ��� cos2 ϕðjÞðkÞ

� �
ζ xnðjÞ � xnðkÞ
��� ���� �2

Vn
ðjÞ

þ bFT

ð
H

δ

ξ
1þ cos2 ϕ

� �
ζ

	 

ξ� ξ

� �2
dH þ bTð0Þ

(5.42a)

or

WðkÞ ¼ a ζ2 þ bF δζ2
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

VðjÞ þ πhδ4ζ2

4
bFT : (5.42b)

After substituting for bFT from Eq. 5.36, it takes the final form

WðkÞ ¼ a ζ2 þ bF δζ2
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���VðjÞ

 !
þ 3Q66ζ

2

2
: (5.43)
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Fig. 5.5 Uniaxial stretch in fiber direction
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Equating the expressions for strain energy density from the classical and PD

formulations, Eqs. 5.38b and 5.43, results in

aþ δ
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���VðjÞ

 !
bF ¼ 1

2
Q11 � 3Q66ð Þ: (5.44)

5.4.1.3 Uniaxial Stretch in the Transverse Direction: ε11 ¼ 0; ε22 ¼ ζ

Using Eq. 5.1, the stresses in the lamina due to this loading become

σ11
σ22
σ12

8<
:

9=
; ¼

Q12ζ
Q22ζ
0

8<
:

9=
;: (5.45)

Based on Eqs. 5.4 and 5.5b, the corresponding dilatation and strain energy

density from classical continuum mechanics at material point xðkÞ are

θðkÞ ¼ ζ; (5.46a)

WðkÞ ¼ 1

2
Q22ζ

2: (5.46b)

As illustrated in Fig. 5.6, the length of the relative position of material points

yðjÞ and yðkÞ in the deformed state becomes

y0 � yj j ¼ 1þ sin2 ϕ
� �

ζ
	 


x0 � xj j (5.47a)

or

ynðjÞ � ynðkÞ
��� ��� ¼ 1þ sin2 ϕðjÞðkÞ

� �
ζ

h i
xnðjÞ � xnðkÞ
��� ���: (5.47b)

For this deformation, the dilatation is evaluated as

θðkÞ ¼ d

ð
H

δ

ξ
1þ sin2 ϕ

� �
ζ

	 

ξ� ξ

� �
dH (5.48a)

or

θðkÞ ¼ πdhδ3ζ

2
: (5.48b)
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Equating the expressions for dilatation from the classical and PD formulations,

Eqs. 5.46a and 5.48b, results in

d ¼ 2

πhδ3
: (5.49)

As expected, the PD parameter d obtained from the uniform stretch in the fiber

direction, Eq. 5.41, and that in the transverse direction, Eq, 5.49, are equal to each

other and are independent of material properties.

The strain energy density for this deformation is evaluated as

WðkÞ ¼ a ζ2 þ bFð0Þ þ bFT

ð
H

δ

ξ
1þ sin2 ϕ

� �
ζ

	 

ξ� ξ

� �2
dH

þ bT δζ2
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���Vn

ðjÞ

 ! (5.50a)

or

WðkÞ ¼ a ζ2 þ bFT
πhδ4ζ2

4
þ bT δζ2

XJ
j¼1

xnðjÞ � xnðkÞ
��� ���Vn

ðjÞ

 !
: (5.50b)

x
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L

(H/2)
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x( )k

y( )k

x( )j

y( )j
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Undeformed

y( )j

Fig. 5.6 Uniaxial stretch in transverse direction
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After substituting for bFT from Eq. 5.36, it takes the final form

WðkÞ ¼ a ζ2 þ 3Q66ζ
2

2
þ bT δζ2

XJ
j¼1

xnðjÞ � xnðkÞ
��� ���Vn

ðjÞ

 !
: (5.51)

Equating the expressions for strain energy density from the classical and PD

formulations, Eqs. 5.46b and 5.51, results in

1

2
Q22 � 3Q66ð Þ ¼ aþ δ

XJ
j¼1

xnðjÞ � xnðkÞ
��� ���VðjÞ

 !
bT : (5.52)

5.4.1.4 Biaxial Stretch: ε11 ¼ ζ; ε22 ¼ ζ

Using Eq. 5.1a, the stresses in the lamina due to this loading become

σ11
σ22
σ12

8<
:

9=
; ¼

Q11 Q12 0

Q12 Q22 0

0 0 Q66

2
4

3
5 ζ

ζ
0

8<
:

9=
; or

σ11
σ22
σ12

8<
:

9=
; ¼

Q11 þ Q12ð Þζ
Q12 þ Q22ð Þζ

0

8<
:

9=
;: (5.53)

Based on Eqs. 5.4 and 5.5b, the corresponding dilatation and strain energy

density from classical continuum mechanics at material point xðkÞ are

θðkÞ ¼ 2ζ (5.54a)

and

WðkÞ ¼ 1

2
Q11 þ 2Q12 þ Q22ð Þζ2: (5.54b)

As illustrated in Fig. 5.7, the length of the relative position of material points

yðjÞ and yðkÞ in the deformed state becomes

y0 � yj j ¼ 1þ cos2 ϕþ sin2ϕ
� �

ζ
	 


x0 � xj j (5.55a)

or

ynðjÞ � ynðkÞ
��� ��� ¼ 1þ cos2 ϕðjÞðkÞ þ sin2ϕðjÞðkÞ

� �
ζ

h i
xnðjÞ � xnðkÞ
��� ���: (5.55b)
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For this deformation, the dilatation is evaluated as

θðkÞ ¼ d

ð
H

δ

ξ
1þ ζ½ � ξ� ξð ÞdH (5.56a)

or

θðkÞ ¼ πdhδ3ζ: (5.56b)

Equating the dilatation contributions from the classical and PD formulations,

Eqs. 5.54a and 5.56b, also results in the same value of the PD parameter

d ¼ 2

πhδ3
: (5.57)

For this deformation given by Eq. 5.55b, the strain energy density is evaluated as

WðkÞ ¼ 4a ζ2 þ bF ζ
2δ

XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

Vn
ðjÞ

 !

þ bFT
2πhδ4ζ2

3
þ bTζ

2δ
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

Vn
ðjÞ

 !
:

(5.58)

x
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L
(L/2)
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Fig. 5.7 Biaxial stretch
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After substituting for bFT from Eq. 5.36, it takes the final form

WðkÞ ¼ 4a ζ2 þ bF ζ
2δ

XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

Vn
ðjÞ

 !

þ 4Q66ζ
2 þ bTζ

2δ
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

VðjÞ

 !
:

(5.59)

Equating the expressions for strain energy density from the classical and PD

formulations, Eqs. 5.54b and 5.59, results in

1

2
Q11 þ 2Q12 þ Q22 � 8Q66ð Þ ¼ 4aþ bF δ

XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

Vn
ðjÞ

 !

þ bTδ
XJ
j¼1

xnðjÞ � xnðkÞ
��� ���� �

Vn
ðjÞ

 !
:

(5.60)

The remaining peridynamic parameters in the strain energy density expression

can now be evaluated by using the previous two relations obtained from the uniform

stretch in the fiber and transverse directions, Eqs. 5.44 and 5.52, in conjunction with

Eq. 5.60, as

a ¼ 1

2
Q12 � Q66ð Þ; (5.61a)

bF ¼ Q11 � Q12 � 2Q66ð Þ

2δ
PN
j¼1

xnðjÞ � xnðkÞ
��� ���Vn

ðjÞ

 ! ; (5.61b)

bT ¼ Q22 � Q12 � 2Q66ð Þ

2δ
PN
j¼1

xnðjÞ � xnðkÞ
��� ���Vn

ðjÞ

 ! ; (5.61c)

bFT ¼ 6Q66

πhδ4
: (5.61d)

For bond-based peridynamics, the parameter a associated with dilatation and the

parameterbT associated with the transverse direction should both vanish, thus leading
to constraint equations, previously derived by Oterkus and Madenci (2012), as

Q12 ¼ Q66 and Q22 ¼ 3Q12: (5.62)
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The nonvanishing peridynamic parameters, bF and bFT in the fiber and remaining

directions, respectively, also recover the expressions derived by Oterkus and

Madenci (2012) as

bF ¼ Q11 � Q22ð Þ

2δ
PN
j¼1

xnðjÞ � xnðkÞ
��� ���VðjÞ

 ! and bFT ¼ 6Q66

πhδ4
: (5.63)

For isotropic materials with Q11 ¼ Q22 ¼ κ þ μ, Q12 ¼ ðκ � μÞ, and Q66 ¼ μ,
these peridynamic parameters recover Eqs. 4.52 and 4.53 as

a ¼ 1

2
κ � 2μð Þ; bF ¼ 0; bT ¼ 0 and bFT ¼ b ¼ 6μ

πhδ4
; (5.64)

and the parameter d is also equal to that of isotropic material given by Eq. 4.47.

5.4.2 Material Parameters for Transverse Deformation

The peridynamic material parameters bN and bS in the force density vector-stretch

relations, Eqs. 5.29a, b associated with transverse deformation in a laminate are

determined by considering two simple loading conditions as

1. Transverse normal stretch: ε33 ¼ ζ
2. Simple transverse shear: γ13 ¼ ζ

5.4.2.1 Transverse Normal Stretch: ε33 ¼ ζ

In order to obtain the peridynamic material parameterbN, the laminate is subjected to

a uniform transverse normal strain of ζ , as shown in Fig. 5.8. The corresponding

strain energy density from the classical continuummechanics at material pointxðkÞ is

ŴðkÞ ¼
1

2
Em ζ2; (5.65)

with Em representing the Young’s modulus of matrix material.

Undeformed

Deformed

Ply # n

Ply # m

(1+ζ)

Undeformed configuration Deformed configuration

2
(hm+hn) (hm+hn)

2
xn(k)

yn(k)

xm(k) ym(k)

Fig. 5.8 A composite laminate subjected to transverse normal stretch
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The relative distance between the material points at xmðkÞ and x
n
ðkÞ, before and after

deformation, can be expressed as

xmðkÞ � xnðkÞ
��� ��� ¼ 1

2
hm þ hnð Þ (5.66a)

and

ymðkÞ � ynðkÞ
��� ��� ¼ 1þ ζð Þ xmðkÞ � xnðkÞ

��� ���: (5.66b)

Defining ξ ¼ xmðkÞ � xnðkÞ and noting that its length is equal to half of the sum of

the two neighboring ply thicknesses, i.e., ξ ¼ jξj ¼ ðhm þ hnÞ=2, with m ¼ ðnþ 1Þ;
ðn� 1Þ , and substituting for the relative position vector, from Eq. 5.66a, in the

expression for the strain energy density,ŴðkÞ, Eq. 5.28a, at material pointxnðkÞ result in

Ŵn
ðkÞ ¼

1

2
ζ2bN δ̂ hnþ1 þ hnð ÞVnþ1

ðkÞ þ hn�1 þ hnð ÞVn�1
ðkÞ

h i
: (5.67)

Equating the expressions for strain energy density from Eqs. 5.65 and 5.67

provides the relationship between the PD parameters, bN, and the Young’s modulus

of the matrix material as

bN ¼ Em

δ̂ hnþ1 þ hnð ÞVnþ1
ðkÞ þ hn�1 þ hnð ÞVn�1

ðkÞ
h i : (5.68)

5.4.2.2 Simple Transverse Shear: γ13 ¼ ζ

Similarly, the peridynamic material parameter bS is evaluated by subjecting

the laminate to a simple transverse shear loading of ζ , as shown in Fig. 5.9.

The corresponding strain energy density from classical continuum mechanics at

material point xðkÞ is

~WðkÞ ¼ 1

2
Gmζ

2; (5.69)

with Gm representing the shear modulus of matrix material.

As shown in Fig. 5.10, the relative distance between the material points at xmðjÞ
and xnðkÞ, before and after deformation, can be expressed as

xmðjÞ � xnðkÞ
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hm þ hnð Þ2

4

s
(5.70a)
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ymðjÞ � ynðkÞ
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�‘
2 þ hm þ hnð Þ2

4

s
; (5.70b)

in which �‘ can be obtained from the law of cosines as

�‘
2 ¼ ‘2 þ ζ2

hm þ hnð Þ2
4

� ‘ζ hm þ hnð Þ cos π � ϕð Þ: (5.71)

Thus, the distance between xmðjÞ and x
n
ðkÞ in the deformed state can be rewritten as

ymðjÞ � ynðkÞ
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hm þ hnð Þ2

4

 !
þ ‘ζ hm þ hnð Þ cos ϕð Þ

vuut : (5.72)

Undeformed
Deformed

Fig. 5.9 A composite laminate subjected to simple transverse shear

Ply # n

Ply # m

( + )/2h hm n

Undeformed configuration Deformed configuration

( )h +hm n

2
( )h +hm n

2

x( )k
n

x( )k
m

x( )j
n

x( )j
m

y( )k
n

y( )j
n

y( )j
m

y( )k
m

y( )k
m

y( )j
m

Fig. 5.10 Position of material points before and after deformation due to simple transverse shear
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In deriving this expression, the ζ 2ðhm þ hnÞ2=4 term is disregarded with respect

to ðhm þ hnÞ2=4 because ζ is much less than unity. Also, this expression can

be further simplified by using the square root approximation because ‘ζð hm þ hnÞ
cosðϕÞ � ð‘2 þ ðhm þ hnÞ2=4Þ, leading to

ymðjÞ � ynðkÞ
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hm þ hnð Þ2

4

s
þ ‘ζ hm þ hnð Þ cos ϕð Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hmþhnð Þ2

4

q : (5.73)

Thus, the extension between these material points is obtained as

ymðjÞ � ynðkÞ
��� ���� xmðjÞ � xnðkÞ

��� ��� ¼ ‘ζ hm þ hnð Þ cos ϕð Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hmþhnð Þ2

4

q : (5.74)

Similarly, the distance between the material points xmðkÞ and xnðjÞ before and after

deformation can be obtained as

xmðkÞ � xnðjÞ
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hm þ hnð Þ2

4

s
(5.75a)

and

ymðkÞ � ynðjÞ
��� ��� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hm þ hnð Þ2

4

s
� ‘ζ hm þ hnð Þ cos ϕð Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hmþhnð Þ2

4

q ; (5.75b)

in which the minus sign emerges due to the contraction between material points xmðkÞ
and xnðjÞ in the deformed state, whereas extension occurs between material points xmðjÞ
and xnðkÞ. Thus, the contraction between these material points is obtained as

ymðkÞ � ynðjÞ
��� ���� xmðkÞ � xnðjÞ

��� ��� ¼ � ‘ζ hm þ hnð Þ cos ϕð Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘2 þ hmþhnð Þ2

4

q : (5.76)

Prior to substituting for the stretch between the material pointsxmðjÞ andx
n
ðkÞ andx

m
ðkÞ

and xnðjÞ, the strain energy expression can be rewritten in a slightly different form as

~Wn
ðkÞ ¼ bS

X
m¼nþ1;n�1

hmþhn
2


 �2

�
X1
j¼1

~δ

xmðjÞ �xnðkÞ
��� ���

ymðjÞ �ynðkÞ
��� ���� xmðjÞ �xnðkÞ

��� ���
hmþhn

2

� � �
ymðkÞ �ynðjÞ
��� ���� xmðkÞ �xnðjÞ

��� ���
hmþhn

2

� �
2
4

3
5
2

Vm
ðjÞ;

(5.77)
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in which the ratios in the summation can be interpreted as the change in angle from

π=2 provided that jxmðjÞ � xnðkÞj � h and jxmðkÞ � xnðjÞj � h, as depicted in Fig. 5.11.

With this interpretation, this expression can be rewritten as

~Wn
ðkÞ ¼ bS

X
m¼nþ1;n�1

hm þ hn
2


 �2X1
j¼1

~δ

xmðjÞ � xnðkÞ
��� ��� αðmÞðnÞðkÞðjÞ þ βðmÞðnÞðjÞðkÞ

h i2
Vm
ðjÞ; (5.78)

with

αðmÞðnÞðkÞðjÞ ¼
ymðjÞ � ynðkÞ
��� ���� xmðjÞ � xnðkÞ

��� ���
hmþhn

2

� � (5.79a)

βðmÞðnÞðjÞðkÞ ¼ �
ymðkÞ � ynðjÞ
��� ���� xmðkÞ � xnðjÞ

��� ���
hmþhn

2

� � : (5.79b)

The average change in angle, φðmÞðnÞ
ðjÞðkÞ , corresponding to the shear strain in

classical continuum mechanics becomes

φðmÞðnÞ
ðkÞðjÞ ¼

αðmÞðnÞðkÞðjÞ þ βðmÞðnÞðjÞðkÞ
2

¼
ymðjÞ � ynðkÞ
��� ���� xmðjÞ � xnðkÞ

��� ���� �
� ymðkÞ � ynðjÞ

��� ���� xmðkÞ � xnðjÞ
��� ���� �

hm þ hnð Þ :

(5.80)

Substituting for the stretch between the material points, xmðjÞ and x
n
ðkÞ and x

m
ðkÞ and

xnðjÞ, the average change in angle,φ
ðmÞðnÞ
ðkÞðjÞ , for the applied simple shear loading can be

determined as
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n

(k)

( )j
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Fig. 5.11 Change in angle

after deformation
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φðmÞðnÞ
ðkÞðjÞ ¼ ‘ζ cos ϕð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

‘2 þ hmþhnð Þ2
4

q : (5.81)

Therefore, the strain energy density function can be rewritten in terms of the

average change in angle as

~Wn
ðkÞ ¼ 4bS

X
m¼nþ1;n�1

hm þ hn
2


 �2X1
j¼1

~δ

xmðjÞ � xnðkÞ
��� ��� φðmÞðnÞ

ðkÞðjÞ
h i2

Vm
ðjÞ (5.82a)

or

~Wn
ðkÞ ¼ 4bS

hnþ1 þ hn
2


 �2X1
j¼1

~δ

xnþ1
ðjÞ � xnðkÞ

��� ��� φðnþ1ÞðnÞ
ðkÞðjÞ

h i2
Vnþ1
ðjÞ

0
B@

þ hn�1 þ hn
2


 �2X1
j¼1

~δ

xn�1
ðjÞ � xnðkÞ

��� ��� φðn�1ÞðnÞ
ðkÞðjÞ

h i2
Vn�1
ðjÞ

1
CA

(5.82b)

or

~Wn
ðkÞ ¼ 4ζ2bS~δ

hnþ1 þ hn
2


 �2X1
j¼1

‘2 cos2 ϕð Þ
‘2 þ hnþ1þhn

2

� �2h i3=2 Vnþ1
ðjÞ

0
B@

þ hn�1 þ hn
2


 �2X1
j¼1

‘2 cos2 ϕð Þ
‘2 þ hn�1þhn

2

� �2h i3=2 Vn�1
ðjÞ

1
CA :

(5.82c)

Converting summation to integration leads to

~Wn
ðkÞ ¼ 4ζ2bS~δ

hnþ1 þ hn
2


 �3 ðδ
0

ð2π
0

‘2 cos2 ϕð Þ
‘2 þ hnþ1þhn

2

� �2h i3=2 ‘d‘dϕ
0
B@

þ hn�1 þ hn
2


 �3 ðδ
0

ð2π
0

‘2 cos2 ϕð Þ
‘2 þ hn�1þhn

2

� �2h i3=2 ‘d‘dϕ
1
CA :

(5.83)
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Performing the integration results in

~Wn
ðkÞ ¼ 4ζ2bSπ~δ

hnþ1 þ hn
2


 �3 δ2 þ 2 hnþ1þhn
2

� �2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ hnþ1þhn

2

� �2q � hnþ1 þ hnð Þ

0
B@

1
CA

0
B@

þ hn�1 þ hn
2


 �3 δ2 þ 2 hn�1þhn
2

� �2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ hn�1þhn

2

� �2q � hn�1 þ hnð Þ

0
B@

1
CA
1
CA :

(5.84)

Equating the expressions for strain energy density from Eqs. 5.69 and 5.84

provides the relationship between the PD parameter bS and the shear modulus of

the matrix material as

bS ¼ Gm

8π~δ

hnþ1 þ hn
2


 �3 δ2 þ 2 hnþ1þhn
2

� �2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ hnþ1þhn

2

� �2q � hnþ1 þ hnð Þ

0
B@

1
CA

þ hn�1 þ hn
2


 �3 δ2 þ 2 hn�1þhn
2

� �2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2 þ hn�1þhn

2

� �2q � hn�1 þ hnð Þ

0
B@

1
CA

0
BBBBBBBB@

1
CCCCCCCCA

: (5.85)

5.5 Surface Effects

The peridynamic material parameters a, d, bF, bT, bFT, bN, and bS that appear in the

peridynamic force-stretch relations are determined by computing both dilatation

and strain energy density of a material point whose horizon is completely embedded

in the material. The values of these parameters, except fora, depend on the accuracy
of integration and domain of integration defined by the horizon. Therefore, the

values of these parameters will be different for a material point located near a

boundary, Fig. 5.12. Thus, these parameters need to be corrected near the free

surfaces.

Since the presence of free surfaces is problem dependent, it is impractical to

resolve this issue analytically. The correction of the material parameters is achieved

by numerically integrating both dilatation and strain energy density at each material

point inside the body for simple loading conditions and comparing them to their

counterparts obtained from classical continuum mechanics. After determining the

correction factor for each parameter, the force density vector is modified in the PD

equations of motion.
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In order to determine the surface correction factors for the peridynamic

parameters d and b‘ ð‘ ¼ F; T;FTÞ, two simple loading conditions are achieved

by applying uniaxial stretch first in the fiber direction, and then in the transverse

direction, i.e.,ε11 6¼ 0; ε22 ¼ γ12 ¼ 0 (shown in Fig. 5.13) andε22 6¼ 0; ε11 ¼ γ12 ¼ 0.

The fiber and transverse directions coincide with the axes of the natural (material)

coordinate system, ð1; 2Þ.
The applied uniaxial stretch in the fiber and transverse directions is achieved

through a constant displacement gradient, @u	α @xα= ¼ ζ with ðα ¼ 1; 2Þ . The
displacement field at material point x arising from these two loading conditions

can be expressed as

uT1 xð Þ ¼ @u	
1

@x1
x1 0

n o
and uT2 xð Þ ¼ 0

@u	
2

@x2
x2

n o
: (5.86a,b)

Due to these displacement fields, the peridynamic dilatation term, θPDα ðxnðiÞÞ, at
material point xnðiÞ can be obtained from Eq. 5.8 as

θPDα ðxnðiÞÞ ¼ d
XN
j¼1

δ

xnðjÞ � xnðiÞ
��� ��� ynðjÞ � ynðiÞ

��� ���� xnðjÞ � xnðiÞ
��� ���� �

Λn
ðiÞðjÞV

n
ðjÞ; (5.87)

in which N represents the number of material points inside the horizon of material

point xnðiÞ . The corresponding dilatation based on classical continuum mechanics,

θCMα ðxnðiÞÞ, is uniform throughout the domain, and is determined as

θCMα ðxnðiÞÞ ¼ εαα ¼ ζ; with ðα ¼ 1; 2Þ; (5.88)

Surface

Point 1

Point 2

Fig. 5.12 Surface effects in

the domain of interest
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The dilatation correction term can be defined as

DαðiÞ ¼
θCMα ðxnðiÞÞ
θPDα ðxnðiÞÞ

¼ ζ

d δ
PN
j¼1

snðiÞðjÞΛ
n
ðiÞðjÞV

n
ðjÞ

: (5.89)

Maximum values of dilatation occur in the loading directions that coincide with

the natural coordinates 1 and 2, respectively.

1

2

Deformed configuration

Undeformed configuration

Hx

x (i)
n

x ( )j
n

Hx

1

2

Deformed configuration

Undeformed configuration

x(i)
n

x ( )j
n

a

b

Fig. 5.13 Material point x in lamina subjected to uniaxial stretch: (a) a truncated horizon, and (b)

far away from external surfaces
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The peridynamic strain energy density at material point xnðiÞ can be obtained from
Eq. 5.7 as

WPD
α ðxnðiÞÞ ¼ WPD

αθ ðxnðiÞÞ þWPD
αF ðxnðiÞÞ þWPD

αFTðxnðiÞÞ þWPD
αT ðxnðiÞÞ; (5.90)

where ðα ¼ 1; 2Þ, WPD
αθ is associated with the dilatation term, and WPD

αF , W
PD
αT , and

WPD
αFT represent contributions from the deformation in the fiber direction, transverse

direction, and arbitrary directions, respectively. Based on Eq. 5.7, each of these

terms is expressed as

WPD
αθ ðxnðiÞÞ ¼ a θPDα ðxnðiÞÞ

� �2
; (5.91a)

WPD
αF ðxnðiÞÞ ¼ bF δ

XM
j¼1

1

xnðjÞ � xnðiÞ
��� ��� ynðjÞ � ynðiÞ

��� ���� xnðjÞ � xnðiÞ
��� ���� �2

Vn
ðjÞ; (5.91b)

WPD
αT ðxnðiÞÞ ¼ bT δ

XN
j¼1

1

xnðjÞ � xnðiÞ
��� ��� ynðjÞ � ynðiÞ

��� ���� xnðjÞ � xnðiÞ
��� ���� �2

Vn
ðjÞ; (5.91c)

WPD
αFTðxnðiÞÞ ¼ bFT δ

XP
j¼1

1

xnðjÞ � xnðiÞ
��� ��� ynðjÞ � ynðiÞ

��� ���� xnðjÞ � xnðiÞ
��� ���� �2

Vn
ðjÞ: (5.91d)

Based on classical continuum mechanics, the strain energy density

corresponding to uniaxial stretch in the fiber, WCM
1 ðxnðiÞÞ, and transverse directions,

WCM
2 ðxnðiÞÞ, is uniform, and can be determined from

WCM
α ðxnðiÞÞ ¼

1

2
Qααζ

2 ðα ¼ 1; 2Þ; (5.92)

which can be decomposed as

WCM
α ðxnðiÞÞ ¼ WCM

αθ ðxnðiÞÞ þWCM
αF ðxnðiÞÞ þWCM

αT ðxnðiÞÞ þWCM
αFTðxnðiÞÞ; (5.93)

where WCM
αθ is associated with the dilatation terms, and WCM

αF , WCM
αT , and WCM

αFT

represent strain energy densities arising from the deformation in the fiber direc-

tion, transverse direction, and arbitrary directions, respectively. From Eq. 5.42b in

conjunction with Eqs. 5.61a, b, d for uniaxial stretch in the fiber direction, i.e.,

ðα ¼ 1Þ, each strain energy density component can be expressed as

WCM
1θ ðxnðiÞÞ ¼

1

2
Q12 � Q66ð Þζ2; (5.94a)
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WCM
1F ðxnðiÞÞ ¼

1

2
Q11 � Q12 � 2Q66ð Þζ2; (5.94b)

WCM
1T ðxnðiÞÞ ¼ 0; (5.94c)

WCM
1FTðxnðiÞÞ ¼

3

2
Q66ζ

2: (5.94d)

From Eq. 5.51 in conjunction with Eqs. 5.61a, c, for uniaxial stretch in the

transverse direction, i.e., ðα ¼ 2Þ, each strain energy component can be expressed as

WCM
2θ ðxnðiÞÞ ¼

1

2
Q12 � Q66ð Þζ2; (5.95a)

WCM
2F ðxnðiÞÞ ¼ 0; (5.95b)

WCM
2T ðxnðiÞÞ ¼

1

2
Q22 � Q12 � 2Q66ð Þζ2; (5.95c)

WCM
2FTðxnðiÞÞ ¼

3

2
Q66ζ

2: (5.95d)

Because the dilatation term, θPDα ðxnðiÞÞ, is corrected with a dilatation correction

term in the peridynamic computation, it is expected that Eq. 5.91a is automatically

corrected for this loading condition. Hence, the correction is only necessary for the

terms including parameter b‘, with ‘ ¼ F;FT; T. For the uniaxial stretch in the fiber
direction, the correction terms for these parameters can be defined as

S1FðiÞ ¼
WCM

1F ðxnðiÞÞ
WPD

1F ðxnðiÞÞ

¼
1
2
Q11 � Q12 � 2Q66ð Þζ2

bF δ
PM
j¼1

1

xnðjÞ�xnðiÞ

��� ��� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ

;
(5.96a)

S1TðiÞ ¼ 1; (5.96b)

S1FTðiÞ ¼
WCM

1FTðxnðiÞÞ
WPD

1FTðxnðiÞÞ

¼
3
2
Q66ζ

2

bFT δ
PP
j¼1

1

xnðjÞ�xnðiÞ

��� ��� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ

:
(5.96c)
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For the uniaxial stretch in the transverse direction, the correction terms for these

parameters can be defined as

S2FðiÞ ¼ 1; (5.97a)

S2TðiÞ ¼
WCM

2T ðxnðiÞÞ
WPD

2T ðxnðiÞÞ

¼
1
2
Q22 � Q12 � 2Q66ð Þζ2

bT δ
PN
j¼1

1

xnðjÞ�xnðiÞ

��� ��� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ

;
(5.97b)

S2FTðiÞ ¼
WCM

2FTðxnðiÞÞ
WPD

2FTðxnðiÞÞ

¼
3
2
Q66ζ

2

bFT δ
PP
j¼1

1

xnðjÞ�xnðiÞ

��� ��� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ

:
(5.97c)

With these correction factors, a vector of correction factors for the integral and

summation terms that appear in dilatation and the strain energy density at material

point xnðiÞ can be written as

gðdÞðiÞðxnðiÞÞ ¼ g1ðdÞðxnðiÞÞ; g2ðdÞðxnðiÞÞ
n oT

¼ D1ðiÞ; D2ðiÞ
� �T

; (5.98a)

gðbÞ‘ðiÞðxnðiÞÞ ¼ g1ðbÞ‘ðxnðiÞÞ; g2ðbÞ‘ðxnðiÞÞ
n oT

¼ S1‘ðiÞ; S2‘ðiÞ
� �T

; (5.98b)

with ‘ ¼ F;FT; T.
These correction factors are only based on loading in the fiber and transverse

directions. However, they can be used as the principal values of an ellipse as shown

in Fig. 5.14 in order to approximate the surface correction factor in any direction.

Arising from a general loading condition, the correction factor for interaction

between material points xnðiÞ and xnðjÞ , shown in Fig. 5.15a, can be obtained in the

direction of their unit relative position vector, n ¼ ðxnðjÞ � xnðiÞÞ=jxnðjÞ � xnðiÞj ¼
fn1; n2gT .

A vector of correction factors for the integrals in the dilatation and strain energy

density expressions at material point xnðjÞ can be similarly written as

gðdÞðjÞðxnðjÞÞ ¼ g1ðdÞðxnðjÞÞ; g2ðdÞðxnðjÞÞ
n oT

¼ D1ðjÞ; D2ðjÞ
� �T

; (5.99a)
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gðbÞ‘ðjÞðxnðjÞÞ ¼ g1ðbÞ‘ðxnðjÞÞ; g2ðbÞ‘ðxnðjÞÞ
n oT

¼ S1‘ðjÞ; S2‘ðjÞ
� �T

: (5.99b)

These correction factors are, in general, different at material points xnðiÞ and xnðjÞ.
Therefore, the correction factor for an interaction between material points xnðiÞ and
xnðjÞ can be obtained by their mean values as

�gðdÞðiÞðjÞ ¼ �gðdÞðiÞðjÞ1; �gðdÞðiÞðjÞ2
n oT

¼ gðdÞðiÞ þ gðdÞðjÞ
2

(5.100a)

x

1

2
y

g2(i) g1(i)

Fig. 5.14 Construction of an ellipse for surface correction factors

x

y

ξ

x (i)

n
n

x ( )j
n

x

1

2
y

ng (i)( )2j g (i)( )1j

G (i)( )j

a b

Fig. 5.15 (a) PD interaction between material points at xnðiÞ and xnðjÞ , and (b) the ellipse for the

surface correction factors

110 5 Peridynamics for Laminated Composite Materials



and

�gðbÞ‘ðiÞðjÞ ¼ �gðbÞ‘ðiÞðjÞ1; �gðbÞ‘ðiÞðjÞ2
n oT

¼ gðbÞ‘ðiÞ þ gðbÞ‘ðjÞ
2

; (5.100b)

which can be used as the principal values of an ellipse for the interactions other than

in the fiber and transverse directions, as shown in Fig. 5.15b. The intersection of the

ellipse and a relative position vector, n, of material points xnðiÞ and x
n
ðjÞ, provides the

correction factors as

GðdÞðiÞðjÞ ¼ n1 �gðdÞðiÞðjÞ1
.h i2

þ n2 �gðdÞðiÞðjÞ2
.h i2
 ��1 2=

(5.101a)

and

GðbÞ‘ðiÞðjÞ ¼ n1 �gðbÞ‘ðiÞðjÞ1
.h i2

þ n2 �gðbÞ‘ðiÞðjÞ2
.h i2
 ��1 2=

: (5.101b)

After considering the surface effects, the discrete forms of the dilatation and the

strain energy density are corrected as

θnðiÞ ¼ d
XP
j¼1

GðdÞðiÞðjÞ
δ

xnðjÞ � xnðiÞ
��� ��� ynðjÞ � ynðiÞ

��� ���� xnðjÞ � xnðiÞ
��� ���� �

�
ynðjÞ � ynðiÞ

ynðjÞ � ynðiÞ
��� ��� �

xnðjÞ � xnðiÞ

xnðjÞ � xnðiÞ
��� ���

0
B@

1
CAVn

ðjÞ ;

(5.102a)

Wn
ðiÞ ¼ a θ2ðiÞ þ bFδ

XM
j¼1

GðbÞFðiÞðjÞ
1

xnðjÞ � xnðiÞ
��� ���

� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ

þ bTδ
XN
j¼1

GðbÞTðiÞðjÞ
1

xnðjÞ � xnðiÞ
��� ���

� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ

þ bFTδ
XP
j¼1

GðbÞFTðiÞðjÞ
1

xnðjÞ � xnðiÞ
��� ���

� ynðjÞ � ynðiÞ
��� ���� xnðjÞ � xnðiÞ

��� ���� �2
Vn
ðjÞ :

(5.102b)
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The peridynamic material parameters bN and bS for a material point located on

the bounding laminae, such asn ¼ 1orn ¼ N, also require correction. However, the
correction factors for bN and bS are not necessary for material points xnðiÞ for n 6¼ 1;N

because they are imbedded in the laminate, as shown in Fig. 5.3.

Simple loading conditions of uniform transverse stretch, @u	3 @x3= ¼ ζ , and
simple transverse shear, @u	1 @x3= ¼ ζ , are applied to the laminate separately to

determine the correction factors.

The corresponding displacement fields at material point x as a result of these

loading conditions can be expressed as

uT3 ¼ 0 0
@u	

3

@x3
x3

n o
(5.103a)

and

uTS ¼ @u	
1

@x3
x3 0 0

n o
: (5.103b)

The PD strain energy density of material point xnðiÞ with n ¼ 1;N due to these

loading conditions, respectively, can be expressed as

WPD
3 x1ðiÞ
� �

¼ 1

4
ζ2bN hnþ1 þ hnð Þ2Vnþ1

ðiÞ

WPD
3 xNðiÞ
� �

¼ 1

4
ζ2bN hn�1 þ hnð Þ2Vn�1

ðiÞ

9>=
>; (5.104a)

and

WPD
S x1ðiÞ
� �

¼ 4ζ2bS
hnþ1 þ hn

2


 �2XN
j¼1

‘2 cos2 ϕð Þ
‘2 þ hnþ1þhn

2

� �2 Vnþ1
ðjÞ

WPD
S xNðiÞ
� �

¼ 4ζ2bS
hn�1 þ hn

2


 �2XN
j¼1

‘2 cos2 ϕð Þ
‘2 þ hn�1þhn

2

� �2 Vn�1
ðjÞ

9>>>>>=
>>>>>;
: (5.104b)

The corresponding strain energy density expressions based on classical contin-

uum mechanics can be expressed as

WCM
3 xnðiÞ
� �

¼ 1

2
Em ζ2 n ¼ 1;N (5.105a)

and

WCM
S xnðiÞ
� �

¼ 1

2
Gmζ

2 n ¼ 1;N (5.105b)
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Therefore, the correction factors associated with the material parameters, bN and

bS, at material point xnðiÞ for n ¼ 1;N can be defined as

Sn3ðiÞ ¼
WCM

3 xnðiÞ
� �

WPD
3 xnðiÞ
� � (5.106a)

and

SnSðiÞ ¼
WCM

S xnðiÞ
� �

WPD
S xnðiÞ
� � : (5.106b)

Correction factors for bN and bS are not necessary for material points xnðiÞ for
n 6¼ 1;N. Therefore, the correction factor for an interaction between material points

xnðiÞ for n ¼ 1;N and xmðjÞ for m 6¼ 1;N can be obtained by their mean values as

�S
ðnÞðmÞ
3ðiÞ ¼ Sn3ðiÞ þ 1

� �
=2 for n ¼ 1;N andm 6¼ 1;N

�S
ðnÞðmÞ
3ðiÞ ¼ 1 for n;m 6¼ 1;N

9=
;; (5.107a)

�S
ðnÞðmÞ
SðiÞðjÞ ¼ SnSðiÞ þ 1

� �
=2 for n ¼ 1;N andm 6¼ 1;N

�S
ðnÞðmÞ
SðiÞðjÞ ¼ 1 for n;m 6¼ 1;N

9=
;: (5.107b)

After considering the surface effects, the discrete form of the strain energy

density functions Ŵn
ðiÞ and ~Wn

ðiÞ are corrected as

Ŵn
ðiÞ ¼ bN

X
m¼nþ1;n�1

�S
ðnÞðmÞ
3ðiÞ ymðiÞ � ynðiÞ

��� ���� xmðiÞ � xnðiÞ
��� ���� �2

Vm
ðiÞ (5.108a)

and

~Wn
ðiÞ ¼ bS

X
m¼nþ1;n�1

X1
j¼1

�S
ðnÞðmÞ
SðiÞðjÞ ymðjÞ � ynðiÞ

��� ���� xmðjÞ � xnðiÞ
��� ���� �h

� ymðiÞ � ynðjÞ
��� ���� xmðiÞ � xnðjÞ

��� ���� �i2
Vm
ðjÞ :

(5.108b)
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