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Preface

The effectiveness of computational techniques such as finite elements in modeling
material failure has lagged far behind their capabilities in traditional stress analysis.
This difficulty arises because the mathematical foundation on which all such
methods are based assumes that the body remains continuous as it deforms. Existing
computational methods for the modeling of fracture in a continuous body are based
on the partial differential equations (PDEs) of classical continuum mechanics.
These methods suffer from the inherent limitation that the spatial derivatives
required by the PDEs do not, by definition, exist at crack tips or along crack
surfaces. Therefore, the basic mathematical structure of the formulation breaks
down whenever a crack appears in a body. Various special techniques have been
developed in fracture mechanics to deal with this limitation. Generally, these
techniques involve redefining a body in such a way as to exclude the crack and
then applying conditions at the crack surfaces as boundary conditions. In addition,
existing methods for fracture modeling suffer from the need of external crack
growth criteria and, possibly, remeshing. This is a mathematical statement that
prescribes how a crack evolves a priori based on local conditions. The requirement
of tracking individual crack fronts, particularly in three dimensions, as well as the
possibility of fractures moving between constituent materials, interfaces, and
layers, makes it difficult to provide accurate crack growth criteria.

The difficulties encountered in the methods utilizing classical continuum
mechanics can be overcome by performing molecular dynamics simulations or by
using atomistic lattice models. Atomistic methods, although providing insight into
the nature of fracture in certain materials, cannot be expected to provide a practical
tool for the modeling of engineering structures. It is clear that the atomistic
simulations are insufficient to model fracture processes in real-life structures.

The peridynamic theory provides the capability for improved modeling of
progressive failure in materials and structures. Further, it paves the way for
addressing multi-physics and multi-scale problems. Even though numerous journal
articles and conference papers exist in the literature on the evolution and applica-
tion of the peridynamic theory, it is still new to the technical community. Because it
is based on concepts not commonly used in the past, the purpose of this book is to
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viii Preface

explain the peridynamic theory in a single framework. It presents not only the
theoretical basis but also its numerical implementation. It starts with an overview of
the peridynamic theory and the derivation of its governing equations. The relation-
ship between peridynamics and classical continuum mechanics is established, and
this leads to the ordinary state-based peridynamics formulations for both isotropic
and composite materials. Numerical treatments of the peridynamic equations are
presented in detail along with solutions to many benchmark and demonstration
problems. In order to take advantage of salient features of peridynamics and the
finite element method, a coupling technique is also described. Finally, an extension
of the peridynamic theory for thermal diffusion and fully coupled thermomechanics
is presented with applications.

Sample algorithms for the solutions of benchmark problems are available at
the website http://extras.springer.com so that researchers and graduate students can
modify these algorithms and develop their own solution algorithms for specific
problems. The goal of this book is to provide students and researchers with a
theoretical and practical knowledge of the peridynamic theory and the skills
required to analyze engineering problems by developing their own algorithms.
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Chapter 1
Introduction

1.1 Classical Local Theory

One of the underlying assumptions in the classical theory is its locality. The
classical continuum theory assumes that a material point only interacts with its
immediate neighbors; hence, it is a local theory. The interaction of material points
is governed by the various balance laws. Therefore, in a local model a material
point only exchanges mass, momentum, and energy with its closest neighbors. As a
result, in classical mechanics the stress state at a point depends on the deformation
at that point only. The validity of this assumption becomes questionable across
different length scales. In general, at the macroscale this assumption is acceptable.
However, the existence of long-range forces is evident from the atomic theory and
as such the supposition of local interactions breaks down as the geometric length
scale becomes smaller and approaches the atomic scale. Even at the macroscale
there are situations when the validity of locality is questionable, for instance when
small features and microstructures influence the entire macrostructure.

Despite the development of many important concepts to predict crack initiation
and its growth in materials, it is still a major challenge within the framework of
classical continuum mechanics. The main difficulty lies in the mathematical for-
mulation, which assumes that a body remains continuous as it deforms. Therefore,
the basic mathematical structure of the formulation breaks down whenever a
discontinuity appears in a body. Mathematically, the classical theory is formulated
using spatial partial differential equations, and these spatial derivatives are unde-
fined at discontinuities. This introduces an inherent limitation to the classical
theory, as the spatial derivatives in the governing equations, by definition, lose
their meaning due to the presence of a discontinuity, such as a crack.

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 1
DOI 10.1007/978-1-4614-8465-3_1, © Springer Science+Business Media New York 2014



2 1 Introduction
1.1.1 Shortcomings in Failure Prediction

The solutions within the realm of classical continuum mechanics result in infinite
(singular) stresses at the crack tips, as derived in the pioneering study by Griffith
(1921) that led to the concept of Linear Elastic Fracture Mechanics (LEFM). Within
the realm of LEFM, a pre-existing crack in the material is necessary, and the
stresses at the crack tip are mathematically singular. Therefore, the onset of crack
initiation and crack growth are treated separately by introducing external criteria,
such as critical energy release rate, that are not part of the governing equations of
classical continuum mechanics. Furthermore, crack nucleation within LEFM still
remains an unresolved issue.

Due to the presence of singular stresses, accurate calculation of the stress
intensity factor or energy release rate can be highly challenging as these quantities
are dependent on loading, geometry, and the numerical solution method. In addition
to the requirement of an external criterion for the onset of crack growth, a criterion
is also necessary for the direction of crack propagation. Understanding and predic-
tion of the material failure process is rather complex due to the presence of a variety
of mechanisms associated with grain boundaries, dislocations, microcracks, anisot-
ropy, etc., each of which plays an important role at a specific length scale.

Many experiments indicated that materials with smaller cracks exhibit higher
fracture resistance than those with larger cracks, and yet the solutions utilizing the
classical continuum theory are independent of the crack size (Eringen et al. 1977).
Furthermore, the classical continuum theory predicts no dispersion while
experiments show otherwise for propagation of elastic plane waves with short
wavelengths in elastic solids (Eringen 1972a). Within the realm of the classical
(local) continuum theory, a material point in a continuum is influenced only by the
other material points that are located within its immediate vicinity. Hence, there is
no internal length parameter distinguishing different length scales.

Although the classical continuum theory is incapable of distinguishing among
different scales, it can capture certain failure processes, and can be applied to a wide
range of engineering problems, especially by employing the Finite Element Method
(FEM). The FEM is robust in particular for determining stress fields, and it is also
exceptionally suitable for modeling structures possessing complex geometries and
different materials under general loading conditions. However, its governing
equations are derived based on the classical continuum mechanics, and it also
suffers from the presence of undefined spatial derivatives of displacements at
crack tips or along crack surfaces.

When LEFM is adopted into the FEM, special elements are commonly needed in
order to capture the correct singular behavior (mathematical artifact) at the crack
tip. With traditional finite elements, the discontinuity in the displacement field that
transpires as the crack propagates is remedied by redefining the bodys, i.e., defining
the crack as a boundary.

The field of fracture mechanics is primarily concerned with the evolution of
pre-existing cracks within a body, rather than the nucleation of new cracks. Even
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when addressing crack growth, the FEM with traditional elements suffers from the
inherent limitation that it requires remeshing after each incremental crack growth.
In addition to the need to remesh, existing methods for fracture modeling also suffer
from the need to supply a kinetic relation for crack growth, a mathematical
statement that prescribes how a crack evolves a priori based on local conditions.
It guides the analysis as to when a crack should initiate; how fast it should grow and
in what direction; whether it should turn, branch, oscillate, arrest, etc. Considering
the difficulty in obtaining and generalizing experimental fracture data, providing
such a kinetic relation for crack growth clearly presents a major obstacle to fracture
modeling using conventional methods. Considering the presence of crack tip
singularity, the need for external criteria, the inability to address crack initiation,
and the requirement for redefining the bodys, it is clear that it is nearly impossible to
solve a problem with multiple interacting cracks that propagate in a complex
manner using traditional finite elements.

1.1.2 Remedies

Numerous studies were performed to improve the shortcomings of the FEM with
traditional elements within the realm of LEFM. In particular, the cohesive zone
concept introduced by Dugdale (1960) and Barenblatt (1962) has become prevalent
among many other fracture criteria. However, the major breakthrough in computa-
tional fracture mechanics came with the introduction of Cohesive Zone Elements
(CZE) by Hillerborg et al. (1976) for the Mode-I fracture mode and Xu and
Needleman (1994) for a mixed-mode fracture. Materials and material interfaces
are modeled through a traction-separation law for which the tractions are zero when
the opening displacement (separation) reaches a critical value. Cohesive zone
elements are usually surface elements that are placed along the element boundaries;
hence, crack growth occurs only between traditional (regular) elements. Therefore,
the material response exhibits characteristics of both regular and cohesive zone
elements; the cohesive elements are only introduced to produce fracture behavior.
The number of cohesive elements increases with decreasing mesh size, yet the size
of the continuum region remains the same. Hence, softening of material properties
can be observed with decreasing mesh size. Furthermore, mesh texture produces
anisotropy, and it leads to mesh dependence. Crack paths are highly sensitive to
mesh texture and alignment (Klein et al. 2001), and remeshing is required when
crack paths are unknown a priori.

In an effort to resolve these difficulties, the concept of the eXtended Finite
Element Method (XFEM) was introduced as a technique to model cracks and crack
growth within the realm of finite elements without remeshing (Belytschko and
Black 1999; Moes et al. 1999). It permits the cracks to propagate on any surface
within an element, rather than only along element boundaries. Thus, it removes the
limitation of CZE on the admissible direction of new fracture surfaces. XFEM is
based on the partition of unity property of finite elements (Melenk and
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Babuska 1996). Local enrichment functions, with additional degrees of freedom,
are included in the standard finite element approximation. These functions are in the
form of discontinuous displacement enrichment, in order to capture displacement
discontinuity across a crack, and near-crack tip asymptotic displacement enrich-
ment. Also, the additional number of degrees of freedom is minimized since the
enrichment only includes the nodes that belong to the elements cut by cracks
(Zi et al. 2007). According to Zi et al. (2007), the elements adjacent to the element
in which the crack tip is positioned are partially enriched, and the partition of unity
does not hold for them. Hence, the solution becomes inaccurate in the blending
region. This prevents such methods from being applicable to problems in which
multiple cracks grow and interact in complex patterns. The XFEM has been
successfully employed to solve a number of fracture problems; however, it does
require external criteria for injection of discontinuous displacement enrichment.

The difficulties encountered in the methods utilizing the classical continuum
mechanics can be overcome by performing Molecular Dynamics Simulations
(MDS) or atomistic lattice models. The atomistic simulation is certainly the most
detailed and realistic one for predicting material fracture (Schlangen and van Mier
1992). The crack initiation and propagation can be simulated using the inter-atomic
forces. However, atomistic studies focus on providing a fundamental understanding
of the underlying basic physical processes of dynamic fracture, instead of being
predictive (Cox et al. 2005). The reason for the limited focus stems from the
availability of computational resources. In recent years, large-scale molecular
dynamics simulations certainly have become possible with advancements in com-
puter architectures. For instance, Kadau et al. (2006) performed simulations using
320 billion atoms, corresponding to a cubic piece of solid copper with an edge
length of 1.56 um. However, these length scales are still very small for real-life
engineering structures. Furthermore, atomistic simulations suffer from the strict
limitation on the total time since the time step is very small. Hence, most
simulations are performed under very high loading rates, and it is not very clear
if the fracture processes at artificially high rates resulting in high stresses are
representative of events happening at lower rates.

Inspired from atomistic lattice models, lattice spring models eliminate the
inadequacy of the atomistic simulations for large-scale structures by representing
materials with discrete units interacting through springs, or, more generally, rheo-
logical elements (Ostoja-Starzewski 2002). The interactions among the lattice
points can be short range by including nearest neighbors or long range (nonlocal)
by containing neighbors beyond the nearest ones. Furthermore, lattice sites can be
periodic or disordered and there are many different periodic lattices: triangular,
square, honeycomb, etc. However, periodic lattices exhibit directional dependence
on the elastic properties. Furthermore, the interaction force for one lattice type
cannot easily be utilized for another type, and it is also not clear which lattice type is
best suited for a specific problem.

Hence, it is clear that the atomistic simulations are insufficient to model fracture
processes in real-life structures. Moreover, the experiments of physicists have
revealed that cohesive forces reach finite distances among atoms, yet the classical
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continuum theory lacks an internal length parameter permitting modeling at
different length scales because it is valid only for very long wavelengths (Eringen
1972a). Therefore, Eringen and Edelen (1972), Kroner (1967), and Kunin (1982)
introduced the nonlocal continuum theory in an effort to account for the long-range
effects.

1.2 Nonlocal Theories

The nonlocal theory of continuous media establishes the connection between
classical continuum mechanics and molecular dynamics. In the case of the local
(classical) continuum model, the state of a material point is influenced by the
material points located in its immediate vicinity. In the case of the nonlocal
continuum model, the state of a material point is influenced by material points
located within a region of finite radius. As the radius becomes infinitely large, the
nonlocal theory becomes the continuous version of the molecular dynamics model.
Therefore, the nonlocal theory of continuous media establishes a connection
between the classical (local) continuum mechanics and molecular dynamics
models. The relationship between the local and nonlocal continuum models and
the molecular dynamics model is illustrated in Fig. 1.1.

Any point x interacts with other material points within a distance 8. The material
points within a distance 6 of x are called the family of x, Hy. The number of material
points in a family of x, within the realm of classical continuum mechanics, is 3, 5,
and 7 (including itself) for one-, two-, and three-dimensional analysis, respectively.

Various nonlocal theories, involving higher-order displacement gradients and
spatial integrals, were introduced in the past. Early work by Eringen and Edelen
(1972) and Eringen (1972a, b) resulted in a nonlocal continuum theory that
accounted for nonlocality in the balance laws and thermodynamic statements.
However, the resulting equations were rather complicated, and later work by
these researchers simplified the theory by accounting for nonlocality in the
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Fig. 1.1 Relationship between local and nonlocal continuum models
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constitutive relation while keeping the equilibrium and kinematic equations in the
local form (Eringen et al. 1977). Currently, most nonlocal theories account for
nonlocality through the constitutive relation. Generally, integral-type nonlocal
material models in continuum mechanics have a constitutive law that relates the
forces (stresses) at a material point to some weighted average of deformation
(strains) of other points that are some finite distance away. On the other hand,
gradient-type nonlocal models include higher order derivatives to account for the
field in the immediate vicinity of the point, such as the first derivative of the strain to
the local constitutive law. Both types of nonlocal models have an associated
characteristic length, which can be related to physical lengths such as grain size,
fracture process zone size, or pore size.

The nonlocal continuum theory was noted for its ability to not only capture
macroscale effects, but also the effects of molecular and atomic scales. Eringen
(1972b) showed that a nonlocal model is capable of predicting a wide range of
wavelengths. The nonlocal theory still assumes the media as a continuum, however
it is computationally less demanding than the molecular dynamics while taking into
account the long-range effects. Since the classical theory is the longwave limit of
the atomic theory, they showed the ability of the nonlocal theory to capture
deformation from the classical longwave limit to the atomic scale. According to
Bazant and Jirasek (2002), there are many occasions when it is necessary to adopt
a nonlocal approach in continuum mechanics. Such instances include capturing
the effects of microstructure heterogeneity on small-scale continuum models.
Nonlocality is also required in order to capture size effects—the dependence of
nominal strength on structure size, observed in experiments and discrete modeling
but not captured by local models. Nonlocality is also exhibited in the phenomena of
microcracking. Distributed microcracking has been experimentally observed; how-
ever, it is challenging if not impossible to numerically simulate with local models
because microcrack growth is not decided by local deformation or local stress.
Evidence points to the fact that microcracking is not only dependent on the local
deformation at the center of the microcrack, but is also dependent on the deforma-
tion that occurs within some neighborhood of the microcrack (Bazant 1991).

The nonlocal theory was also extended to address crack growth prediction.
Eringen and Kim (1974a, b) showed that because of the nonlocal nature of the
theory, the stress field ahead of the crack tip is bounded as the crack tip is
approached asymptotically, rather than unbounded as predicted by the classical
continuum theory. Also, Eringen and Kim (1974a) suggested a natural fracture
criterion by equating maximum stress to the cohesive stress that holds atomic bonds
together. This criterion can be applied everywhere in continuous media without
distinguishing discontinuities. Although their nonlocal continuum theory leads to
finite stresses at the crack tips, the derivatives of the displacement field are retained
in the formulation.

Later, Eringen and his coworkers (1977) applied their nonlocal theory to the
modeling of a Griffith crack. The advantage of the nonlocal continuum theory over
the local theory in the area of fracture is made obvious by the fact that the nonlocal
model predicts a physically meaningful finite stress field at the crack tip. This is
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opposed to the local theory that predicts infinite stresses at the crack tip, which is
nonphysical because no real material can support infinite stresses. Also, Ari and
Eringen (1983) showed that the analysis results of a Griffith crack using nonlocal
elasticity are in agreement with the lattice model given by Elliott (1947). In spite of
this, the governing equations of their model still lose meaning at the crack, as they
are formulated in terms of spatial derivatives. In fact, most nonlocal models still
break down in the presence of a discontinuity, such as a crack, because, similar to
the classical local theory, spatial derivatives are included in their formulation.
Typically, nonlocal models include nonlocality in the stress—strain relation through
strain averaging (Eringen et al. 1977; Ozbolt and Bazant 1996) or through adding
strain derivatives to the standard constitutive relation, hence retaining the spatial
derivative.

Another type of nonlocal theory, introduced by Kunin (1982, 1983) and Rogula
(1982), circumvents this difficulty because it uses displacement fields rather than
their derivatives. However, it is only given for a one-dimensional medium by Kunin
(1982) and Rogula (1982). Kunin (1983) derived a three-dimensional nonlocal
model by approximating a continuous medium as a discrete lattice structure.
More recently, Silling (2000) proposed a nonlocal theory that does not require
spatial derivatives—the peridynamic (PD) theory. Compared to the previous non-
local theory by Kunin (1982) and Rogula (1982), the PD theory is more general
because it considers two- and three-dimensional media in addition to the
one-dimensional medium. In contrast to the nonlocal theory by Kunin (1983), the
PD theory provides nonlinear material response with respect to displacements.
Furthermore, the material response includes damage in the PD theory.

1.2.1 Basics of Peridynamic Theory

In light of the inadequacies of local and nonlocal theories, the peridynamic theory,
which is nonlocal, was introduced by Silling (2000) and Silling et al. (2007) in an
attempt to deal with the discontinuities. Similar to the nonlocal theory formulated
by Kunin (1982), the peridynamic theory employs displacements rather than dis-
placement derivatives in its formulation. Basically, the peridynamic theory is a
reformulation of the equation of motion in solid mechanics that is better suited for
modeling bodies with discontinuities, such as cracks. The theory uses spatial
integral equations that can be applied to a discontinuity. This stands in contrast to
the partial differential equations used in the classical formulation, which are not
defined at discontinuities. The peridynamic governing equations are defined at
fracture surfaces; additionally, material damage is part of the peridynamic consti-
tutive laws. These attributes permit fracture initiation and propagation to be
modeled, with arbitrary paths, without the need for special crack growth treatment.
Furthermore, interfaces between dissimilar materials have their own properties.

In the peridynamic theory, material points interact with each other directly
through the prescribed response function, which contains all of the constitutive
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information associated with the material. The response function includes a length
parameter called internal length (horizon), 6. The locality of interactions depends on
the horizon, and interactions become more local with a decreasing horizon. Hence,
the classical theory of elasticity can be considered as a limiting case of the
peridynamic theory as the internal length approaches zero. For instance, it has
been shown that the peridynamic theory reduces to the linear theory of elasticity
with the proper choice of response function (Silling et al. 2003; Weckner and
Abeyaratne 2005). In another limiting case where the internal length approaches
the inter-atomic distance, it was shown by Silling and Bobaru (2005) that van der
Waals forces can be used as part of the response function to model nanoscale
structures. Therefore, the peridynamic theory is capable of bridging the nano to
macro length scales. With the PD theory, damage in the material is simulated in a
much more realistic manner compared to the classical continuum-based methods.
As the interactions between material points cease, cracks may initiate and align
themselves along surfaces that form cracks, yet the integral equations continue to
remain valid.

1.2.2 Attributes and Its Present State

The main difference between the peridynamic theory and classical continuum
mechanics is that the former is formulated using integral equations as opposed to
derivatives of the displacement components. This feature allows damage initiation
and propagation at multiple sites with arbitrary paths inside the material without
resorting to special crack growth criteria. In the peridynamic theory, internal forces
are expressed through nonlocal interactions between pairs of material points within
a continuous body, and damage is part of the constitutive model. Interfaces between
dissimilar materials have their own properties and damage can propagate when and
where it is energetically favorable for it to do so. The PD theory provides the ability
to link different length scales, and it can be viewed as the continuum version of
MBDS. It provides the ability to address multiphysics and multiscale failure predic-
tion in a common framework.

The ability of the peridynamic theory to represent physical phenomena was
demonstrated by Silling (2000). Silling investigated the propagation of linear stress
waves and wave dispersion along with the shape of the crack tip within the realm of
the peridynamic theory. The peridynamic linear elastic waves with long
wavelengths were in agreement with those from the classical theory. At small
scales, the peridynamic theory predicts nonlinear dispersion curves, which are
found in real materials, unlike the curves predicted by the classical elasticity. In
the crack tip study, the peridynamic theory predicts a cusp-like crack tip as opposed
to the parabolic crack tip from LEFM. The parabolic crack tip in LEFM is
associated with the unphysical unbounded stress at the crack tip.

The original peridynamic formulation by Silling (2000), later coined the “bond-
based peridynamic theory,” is based on the assumption of pairwise interactions of
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the same magnitude, thus resulting in a constraint on material properties, such as
requiring the Poisson’s ratio to be one-fourth for isotropic materials. Also, it does
not distinguish between volumetric and distortional deformations; thus it is not
suitable to capture the plastic incompressibility condition, or to utilize the existing
material models.

In order to relax the constraint on material properties, Gerstle et al. (2007)
introduced a “micropolar peridynamic model” by considering pairwise moments
as well as forces in the “bond-based” peridynamics. Although this formulation
overcomes the constraint limitation for isotropic materials, it is not clear if it can
also capture the incompressibility condition. Therefore, Silling et al. (2007)
introduced a more general formulation, coined the “state-based” peridynamic
theory, which eliminates the limitations of the “bond-based” peridynamics. The
“state-based” PD theory is based on the concept of peridynamic states that are
infinite dimensional arrays containing information about peridynamic interactions.
Silling (2010) also extended the “state-based” PD theory to account for the effects
of indirect interactions between material points on other material points by
introducing the “double state” concept. Recently, Lehoucq and Sears (2011)
derived the energy and momentum conservation laws of the peridynamic theory
by using the principles of classical statistical mechanics. They showed that the
nonlocal interaction is intrinsic to continuum conservation laws. Recently, Silling
(2011) also extended the use of PD theory for bridging different length scales by
introducing a “coarse-graining method.” According to this approach, the structural
properties at a lower scale are reflected to its upper scale through a mathematically
consistent technique.

The peridynamic theory does not concern the concept of stress and strain;
however, it is possible to define a stress tensor within the PD framework. Lehoucq
and Silling (2008) derived a PD stress tensor from nonlocal PD interactions. The
stress tensor is obtained from the PD forces that pass through a material point
volume. For sufficiently smooth motion, a constitutive model, and any existing
nonhomogeneities, Silling and Lehoucq (2008) showed that the PD stress tensor
converges to a Piola-Kirchhoff stress tensor in the limiting case where the horizon
size converges to zero.

The integro-differential equation of peridynamic theory is difficult to solve
analytically. However, a few analytical solutions exist in the literature. For
instance, Silling et al. (2003) investigated the deformation of an infinite bar
subjected to a self-equilibrated load distribution. The solution was achieved in the
form of a linear Fredholm integral equation and solved by Fourier transformation.
This solution revealed interesting results that cannot be captured by the classical
theory, including decaying oscillations in the displacement field and progressively
weakening discontinuities propagating outside of the loading region. Weckner
et al. (2009) also used Laplace and Fourier transforms, and obtained an integral
representation for the three-dimensional PD solution by utilizing Green’s functions.
This approach was independently pursued by Mikata (2012) to investigate peristatic
and peridynamic solution of a one-dimensional infinite bar, and it was found that
peridynamics can represent negative group velocities for certain wavenumbers,
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which can be used for modeling certain types of dispersive media with irregular
dispersion.

Peridynamics permits not only linear elastic material behavior, but also nonlin-
ear elastic (Silling and Bobaru 2005), plastic (Silling et al. 2007; Mitchell 2011a),
viscoelastic (Kilic 2008; Taylor 2008; Mitchell 2011b), and viscoplastic (Taylor
2008; Foster et al. 2010) material behaviors. Dayal and Bhattacharya (2006) studied
the kinetics of phase transformations in solids by using peridynamics. They derived
a nucleation criterion by examining nucleation as a dynamic instability.

The solution of PD equations requires numerical integration both in time and
space, for which explicit and Gaussian quadrature techniques can be adopted
because of their simplicity. The description of these techniques and their applica-
tion to peridynamics are presented by Silling and Askari (2005). They also provided
the stability criterion for convergence of time integration, and discussed the order of
accuracy for uniform discretization (grid) for spatial integration. Later, Emmrich
and Weckner (2007) presented different spatial discretization schemes and tested
them by considering a linear microelastic material of infinite length in one dimen-
sion. Recently, Bobaru et al. (2009) and Bobaru and Ha (2011) considered a
nonuniform grid and nonuniform horizon sizes for spatial integration. In order to
improve the accuracy and efficiency of numerical time integration, Polleschi (2010)
proposed a mixed explicit-implicit time integration scheme; the integration through
the time steps is explicit with an implicit cycle at every time step. In a similar way,
Yu et al. (2011) proposed an adaptive trapezoidal integration scheme with a
combined relative-absolute error control. Also, Mitchell (2011a, b) utilized an
implicit time integration method.

Although the PD equation of motion includes the effects of inertia, it is possible
to use it for quasi-static problems by appropriately allowing the inertia term to
vanish through schemes, as demonstrated by Kilic and Madenci (2010a). Alterna-
tively, Wang and Tian (2012) introduced a fast Galerkin method with efficient
matrix assembly and storage.

The degree of nonlocality is defined by a PD parameter, referred to as the
horizon; therefore, it is crucial to choose an appropriate size for it to obtain accurate
results and represent the actual physical reality. In a recent study, Bobaru and Hu
(2012) discuss the meaning, selection, and use of horizon in the PD theory and
explain under what conditions the crack propagation speed depends on the horizon
size and the role of incident waves on this speed. Influence function is another
important parameter in PD theory, which determines the strength of interactions
between material points. Seleson and Parks (2011) studied the effect of influence
function by investigating wave propagation in simple one-dimensional models and
brittle fracture in three-dimensional models.

The spatial integration of the PD equation is very suitable for parallel comput-
ing. However, the load distribution is a key issue to obtain the most efficient
computational environment. An efficient load distribution scheme is described by
Kilic (2008). Also, Liu and Hong (2012a) demonstrated the use of Graphics
Processing Unit (GPU) architecture towards the same goal.
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The PD theory permits crack initiation and growth. Silling et al. (2010)
established a condition for the emergence of a discontinuity (crack nucleation) in
an elastic body. For crack growth, it requires a critical material failure parameter.
The original parameter for a brittle material is referred to as the “critical stretch,”
and it can be related to the critical energy release rate of the material, as explained
in Silling and Askari (2005). Warren et al. (2009) demonstrated the capability of the
nonordinary state-based PD theory for capturing failure based on either the critical
equivalent strain (measure of shearing strain) or the averaged value of the volumet-
ric strain (dilatation). Recently, Foster et al. (2011) proposed critical energy density
as an alternative critical parameter and also related it to the critical energy release
rate. As shown by Silling and Lehoucq (2010) and Hu et al. (2012b), the PD theory
also permits the calculation of the J-integral value, which is an important parameter
of fracture mechanics.

Silling (2003) considered a Kalthoff-Winkler experiment in which a plate
having two parallel notches was hit by an impactor and peridynamic simulations
successfully captured the angle of crack growth that was observed in the
experiments. Silling and Askari (2004) also presented impact damage simulations
including the Charpy V-notch test. Ha and Bobaru (2011) successfully captured
various characteristics of dynamic fracture observed in experiments, including
crack branching, crack-path instability, etc. Furthermore, Agwai et al. (2011) com-
pared their PD analysis results against extended Finite Element Method (XFEM)
and Cohesive Zone Model (CZM) predictions. Crack speeds computed from all
approaches were found to be on the same order; however, the PD prediction of
fracture paths are closer to the experimental observations, including both branching
and microbranching behaviors.

The PD theory captures the interaction of local failure such as a crack growth
with global failure due to structural stability. Kilic and Madenci (2009a)
investigated the buckling characteristics of a rectangular column with a groove
(crack initiation site) under compression and a constrained rectangular plate under
uniform temperature load. They triggered lateral displacements using geometrical
imperfection.

The PD theory also permits multiple load paths such as compression after
impact. Demmie and Silling (2007) considered the extreme loadings on reinforced
concrete structures by impacts from massive objects and explosive loading of
concrete structures. This study was recently extended by Oterkus et al. (2012a) to
predict the residual strength of impact damaged concrete structures.

Composite damage has also been modeled with the peridynamic theory. Within
the PD framework, the simplest approach to model a composite layer with direc-
tional properties is achieved by assigning different material properties in the fiber
and other (remaining) directions. The interactions between neighboring layers are
defined by using inter-layer bonds. Askari et al. (2006) and Colavito et al. (2007a, b)
predicted damage in laminated composites subjected to low-velocity impact and
damage in woven composites subjected to static indentation. In addition, Xu
et al. (2007) considered notched laminated composites under biaxial loads. Also,
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Oterkus et al. (2010) demonstrated that PD analysis is capable of capturing bearing
and shear-out failure modes in bolted composite lap joints.

Xu et al. (2008) analyzed the delamination and matrix damage process in
composite laminates due to only low-velocity impact. Recently, Askari
etal. (2011) considered the effect of both high- and low-energy hail impacts against
a toughened-epoxy, intermediate-modulus, carbon-fiber composite. Also, Hu
et al. (2012a) predicted the basic failure modes of fiber, matrix, and delamination
in laminates with a pre-existing central crack under tension. The analytical deriva-
tion of the PD material parameters, including thermal loading conditions, was
recently given by Oterkus and Madenci (2012). They also demonstrated the
constraints on material constants due to the pairwise interaction assumption. The
other approach to model composites was introduced by Kilic et al. (2009) by
distinguishing fiber and matrix materials based on the volume fraction. Although
this approach may have some advantages by taking into account the inhomoge-
neous structure, it is computationally more expensive than the homogenized tech-
nique. The other approach for modeling composites is the linking of micro- and
macroscales as described by Alali and Lipton (2012). The method depends on a
two-scale evolution equation. While the microscopic part of this equation governs
the dynamics at the length scale of heterogeneities, the macroscopic part tracks the
homogenized dynamics.

Since the numerical solution of peridynamic equations of motion is computa-
tionally more expensive than the local solutions, such as FEM, it may be advanta-
geous to combine PD theory and local solutions. In a recent study, Seleson
et al. (2013) proposed a force-based blended model that coupled PD theory and
classical elasticity by using nonlocal weights composed of integrals of blending
functions. They also generalized this approach to couple peridynamics and higher-
order gradient models of any order. In another study, Lubineau et al. (2012)
performed coupling of local and nonlocal solutions through a transition (morphing)
that affects only constitutive parameters. The definition of the morphing functions
in their approach relies on energy equivalence. In addition to these techniques, Kilic
and Madenci (2010b) and Liu and Hong (2012b) coupled FEM and peridynamics.
A more straightforward coupling procedure is given in Macek and Silling (2007),
where the PD interactions are represented by truss elements. If only some part of the
region is desired to be modeled by using peridynamics, then the other sections can
be modeled by traditional finite elements. Another simple approach, demonstrated
by Oterkus et al. (2012b) and Agwai et al. (2012), was first to solve the problem by
using finite element analysis and obtain the displacement field. Then, by using the
available information, the displacements can be applied as a boundary condition to
the peridynamic model of a critical region.

The peridynamic theory is also suitable for thermal loading conditions; Kilic and
Madenci (2010c¢) included the thermal term in the response function of peridynamic
interactions. By utilizing this approach, Kilic and Madenci (2009b) predicted
thermally driven crack propagation patterns in quenched glass plates containing
single or multiple pre-existing cracks, and Kilic and Madenci (2010c) also
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predicted damage initiation and propagation in regions having dissimilar materials
due to thermal loading.

Furthermore, the PD theory was extended to consider heat diffusion. Gerstle
et al. (2008) developed a peridynamic model for electromigration that accounts for
heat conduction in a one-dimensional body. Additionally, Bobaru and Duangpanya
(2010, 2012) introduced a multidimensional peridynamic heat conduction equation,
and considered domains with discontinuities such as insulated cracks. Both studies
adopted the bond-based peridynamic approach. Later, Agwai (2011) derived the
state-based peridynamic heat conduction equation. She also further extended it for
fully coupled thermomechanics (Agwai 2011).

The peridynamic theory has been utilized successfully for damage prediction of
many problems at different length scales from macro to nano. In order to take into
account the effect of van der Waals interactions, Silling and Bobaru (2005) and
Bobaru (2007) included an additional term to the peridynamic response function to
represent van der Waals forces. This new formulation was used to investigate the
mechanical behavior, strength, and toughness properties of three-dimensional
nanofiber networks under imposed stretch deformation. It was found that the
inclusion of van der Waals forces significantly changes the overall deformation
behavior of the nanofiber network structure. In a recent study, Seleson et al. (2009)
demonstrated that peridynamics can play the role of an upscale version of molecu-
lar dynamics and pointed out the extent where the molecular dynamics solutions
can be recovered by peridynamics. Celik et al. (2011) utilized peridynamics to
extract mechanical properties of nickel nanowires subjected to bending loads in a
customized atomic force microscope (AFM) and scanning electron microscope
(SEM). SEM images of fractured nanowires are also compared against peridynamic
simulation results.

Even though numerous journal articles and conference papers exist in the
literature on the evolution and application of the peridynamic theory, it is still
new to the scientific community. Because it is based on concepts not commonly
used in the past, the purpose of this book is to explain the peridynamic theory in a
single framework. It presents not only the theoretical basis but also its numerical
implementation.

It starts with an overview of the peridynamic theory and derivation of its
governing equations. The relationship between peridynamics and classical contin-
uum mechanics is established, and this leads to the ordinary state-based
peridynamics formulations for both isotropic and composite materials. Numerical
treatments of the peridynamic equations are presented in detail along with solutions
to many benchmark and demonstration problems. In order to take advantage of
salient features of the peridynamics and finite element methods, a coupling tech-
nique is also presented in detail. Finally, an extension of the peridynamic theory for
thermal diffusion and fully coupled thermomechanics is presented with
applications. [FORTRAN algorithms providing solutions to many of these bench-
mark problems can be found at http://extras.springer.com.]
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Chapter 2
Peridynamic Theory

2.1 Basics

At any instant of time, every point in the material denotes the location of a material
particle, and these infinitely many material points (particles) constitute the contin-
uum. In an undeformed state of the body, each material point is identified by its
coordinates, Xy with (k=1,2,...,00), and is associated with an incremental
volume, V;), and a mass density of p(x(y)). Each material point can be subjected to
prescribed body loads, displacement, or velocity, resulting in motion and deforma-
tion. With respect to a Cartesian coordinate system, the material point X
experiences displacement, u), and its location is described by the position vector
Yo in the deformed state. The displacement and body load vectors at material point
X(t) are represented by ug) (X, ) and b (X(), ), respectively. The motion of a
material point conforms to the Lagrangian description.

According to the peridynamic (PD) theory introduced by Silling (2000), the
motion of a body is analyzed by considering the interaction of a material point, X ),
with the other, possibly infinitely many, material points, x(;, with (j = 1,2,..,00),
in the body. Therefore, an infinite number of interactions may exist between the
material point at location Xy and other material points. However, the influence of
the material points interacting with Xy, is assumed to vanish beyond a local region
(horizon), denoted by Hy,, , shown in Fig. 2.1. Similarly, material point X ;) interacts
with material points in its own family, me.

In other words, the PD theory is concerned with the physics of a material body at
a point that interacts with all points within its range, as shown in Fig. 2.1. The range
of material point X, is defined by &, referred to as the “horizon.” Also, the material
points within a distance 6 of x4 are called the family of x4), H, . The interaction of
material points is prescribed through a micropotential that depends on the deforma-
tion and constitutive properties of the material. The locality of interactions depends
on the horizon, and the interactions become more local with a decreasing horizon, 6.

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 19
DOI 10.1007/978-1-4614-8465-3_2, © Springer Science+Business Media New York 2014



20 2 Peridynamic Theory

Fig. 2.1 Infinitely many
PD material points

and interaction of points at
X(k) and X(/-)

Viy Vy

Hence, the classical theory of elasticity can be considered a limiting case of the
peridynamic theory as the horizon approaches zero (Silling and Lehoucq 2008).

2.2 Deformation

As shown in Fig. 2.2, material point X, interacts with its family of material points,
Hy, , and it is influenced by the collective deformation of all these material points.
Similarly, material point X is influenced by deformation of the material points,
Hy,, inits own family. In the deformed configuration, the material points x) and
X(j experience displacements, u) and u), respectively, as shown in Fig. 2.2. Their
initial relative position vector (X(; — X)) prior to deformation becomes (y ;) — ¥ ;)

after deformation. The stretch between material points X(;) and X;) is defined as

(‘ym - Y(k)’ —|xg) - X<k>|)
IX() = X(v)| '

S(k)(/) = (21)

Associated with material point X, all of the relative position vectors in the
deformed configuration, (y(; —y)) with (j=1,2,..,00), can be stored in an
infinite-dimensional array, or a deformation vector state, Y:
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Kli I/(2)

Fig. 2.2 Kinematics of PD material points

Y(xp),t) = : . (2.2)
(y(oo) - Y<k))

The definitions and mathematical properties of vector states are presented by
Silling et al. (2007). Their properties in relation to the derivation of PD equations
are summarized in the Appendix.

2.3 Force Density

As illustrated in Fig. 2.3, the material point X;) interacts with its family of material

points, Hy, , and it is influenced by the collective deformation of all these material

k)’
points, thliS resulting in a force density vector, t()(;), acting at material point X). It
can be viewed as the force exerted by material point X;). Similarly, material point
X(j) is influenced by deformation of the material points, HX(;)’ in its own family, and
the corresponding force density vector is t(;) at material pointx;) and is exerted on
by material point X(). These forces are determined jointly by the collective

deformation of Hx(k) and me through the material model.
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Fig. 2.3 PD vector states: (a) deformation, Y, and (b) force, T
Associated with material point X, all of the force density vectors, t((;) with

(j=1,2,..,00), can be stored in an infinite-dimensional array, or a force vector
state, T:

T(xp), 1) = : . (2.3)
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2.4 Peridynamic States

The PD theory mainly concerns the deformation state, Y, and the force state, T.
As described in Fig. 2.3a, the relative position vector (ym —y(k)) can be

obtained by operating the deformation state, Y, on the relative position vector
(X(/) — X(k)) as

(¥ = Y) = Y (X, () — X@))- 2.4)

Similarly, the force density vector, t () shown in Fig. 2.3b, that the material
point at location X;) exerts on the material point at location X;) can be expressed as

too) (WG — s Xg) — X, 1) = T(x@), (X() — X))- (2.5)

The difference between the force state and the deformation state is that the force
state is dependent on the deformation state while the deformation state is indepen-
dent. Therefore, the force state for material point X, depends on the relative
displacements between this material point and the other material points within its
horizon. Hence, the force state can also be written as

I(X(k)7 t) = I(X (X(k)a t)) . (26)

2.5 Strain Energy Density

Due to the interaction between material points X(k) and X(j), @ scalar-valued
micropotential, w;, develops; it depends on the material properties as well as
the stretch between point X and all other material points in its family. Note that
the micropotential w(j)x) 7 W(x)(;)» because w(; ) depends on the state of material
points within the family of material point x(; . These micropotentials can be
expressed as

Wk = Wk)o) (Y(M) Yy Yoo — Y ) (2.72)
and

W(ik) = W) (k) (y(lf) Yo Yoy — Yoy ')7 (2.7v)



24 2 Peridynamic Theory

where Y is the position vector of point X;) in the deformed configuration and Y
is the position vector of the first material point that interacts with point X).
Similarly, y is the position vector of point x;) in the deformed configuration
andy ;) is the position vector of the first material point that interacts with point x.

The strain energy density, W, of material point X can be expressed as a
summation of micropotentials, W) () arising from the interaction of material point
X(k) and the other material points, X(j)» within its horizon in the form

li ( k)(/( 1)~ Yy y<2k>—y<k>v“')

= (2.8)
won (Yo = Y Yo = Yor-) Vo

—_—

+

in which w ;) = 0 for k = j.

2.6 Equations of Motion

The PD equations of motion at material point X can be derived by applying the
principle of virtual work, i.e.,

5J (T —U)di =0, (2.9)

where T and U represent the total kinetic and potential energies in the body. This
principle is satisfied by solving for the Lagrange’s equation

d ( OL OL
i =0, 2.10
(8u(k>> Bu(k) ( )

where the Lagrangian L is defined as
L=T-U. (2.11)

The total kinetic and potential energies in the body can be obtained by summa-
tion of kinetic and potential energies of all material points, respectively,

=1
= 5760 %) 1o V) (2.12a)
i=1
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and

U= Wi Vo= (bo up) V- (2.12b)

i=1 i=1

Substituting for the strain energy density, W/;, of material point x;) from Eq. 2.8,
the potential energy can be rewritten as

o | g Wmm(Yw)—Y@an)—me'>
U=> 1523 Viy—(be @) oViy-

i=l =1 W) (Y(lf) =Y Yo — Yy )
(2.13)

By using Eq. 2.11, the Lagrangian can be written in an expanded form by
showing only the terms associated with the material point xz):

L=...45pp 0w B Ve +
1 (1
=3 2015 o (Yo Y ey e )
j=1
+ W)k (Y(m Yo Yoy ~ Y ')}VU?}VW o (2.142)
1 (1
---—52{5 o (Y = ¥or Yoo Yo )
i=1
+W<k><z><y<m—y(k>» Yo = ¥w )}W)}V(k)

or
1
L=+ 3p0 b e Vi +
1 o0
_EZ{ ( ~ Yy Y(zk)_Y(k)7~-.)Vu)V(k)}...
=) (2.14b)

1 o0
—EZ{ ( ) — () Y(zf)_Y(j)a"'>V(/’)V(k)}"‘

<.
Il
—_
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Substituting from Eq. 2.14b into Eq. 2.10 results in the Lagrange’s equation of
the material point X as

o 1 [ W) a(}’(/)_Y(k))
Pl o+ 5 Vi
Ol ;2 ;3<YU)—Y(1<)> Gug
=1 M) oy ~¥0)
+ — Vi —b Vi =0
;2 ; . (Y<k>—yo>) () Jun w | Ve
(2.152)
or
il ZOO: Mwn _il i Maw__y ) b
Pk) 2o\ &gy L A= 1A (
= i=1 (ym y<k)) j=1 i=1 (Y(k) y(/))
(2.15b)

in which it is assumed that the interactions not involving material point X() do not
have any effect on material point x(;). Based on the dimensional analysis of this

equation, it is apparent that 3 V(5 Ow(x);)/O(y ;) — ¥ 1)) represents the force density
izl

that material point x; exerts on material point Xy and Z Vi Owiiw /(¥ w — ¥))
=1
represents the force density that material point X ;) exerts on material point x ;). With

this interpretation, Eq. 2.15b can be rewritten as

o0
Paliw) = [twe (ug — uw,Xg) — Xw),1)

; (2.16)

=t () — g), Xy — X(), 1) ] Vi) + by,
where

1 o0
t) (g) — U, Xg) — X, 1) = 5 Vo >, Vi (2.17a)
=1 a(y(l> — y )

and

to)i (W — ug), X — X(),1) = Viy| - (2.17b)

| =

s
Yo Zla(()‘%))
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By utilizing the state concept, the force densities t)(;) and t(;)() can be stored in
force vector states that belong to material points X and X;), respectively, as

T (%@, 1) = twg ¢ and T(xg).1) =4 e - (2.18a,b)

The force densities t ;) and t(;( stored in vector states T (x), ) and T(x(;, ?)
can be extracted again by operatlng the force states on the corresponding initial
relative position vectors

twe = T(Xw, 1) (X —Xw)) (2.192)

and

tiw = T(xq), 1) (X — X())- (2.19b)

By using Egs. 2.19a and 2.19b, Lagrange’s equation of the material pointx ;) can
be recast as

= (T (xw 1) (Xg) — X)) — T(x(), 1) (X = X)) Vi + by (2:20)
Jj=1

Because the volume of each material point V; is infinitesimally small, for the
limiting case of V(;) — 0, the infinite summation can be expressed as integration
while considering only the material points within the horizon,

Z () Vi — J av' — J( )dH. (2.21)
/=1 v H
With this replacement, Eq. 2.20 can be written in integral equation form as
p(X)ii(x, f) = J (T(x, )X —x) = T, )(x —x))dH +b(x,1)  (2.22a)
H

or

p(x)(x, 1) = J(t(u —u,X —x,7) —t'(u—u',x —x',1))dH + b(x,7) . (2.22b)
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2.7 Initial and Constraint Conditions

The resulting PD equation of motion is a nonlinear integro-differential equation in
time and space and is free of kinematic linearization, thus it is suitable for
geometrically nonlinear analyses. It contains differentiation with respect to time
and integration in the spatial domain. It does not contain any spatial derivatives of
displacements. Thus, the PD equation of motion is valid everywhere whether or not
displacement discontinuities exist in the material. Construction of its solution
involves time and spatial integrations while being subject to constraints and/or
loading conditions on the boundary, B, of the material region, R, and initial
conditions on the displacement and velocity fields.

2.7.1 Initial Conditions

Time integration requires the application of initial displacement and velocity values
at each material point in R, and they can be specified as

u(x,r=0) =u*(x) (2.23a)

and
u(x,r=0) = v*(x). (2.23b)
In addition to these required initial conditions, the initial conditions may also be

necessary on the displacement and velocity gradients, H"(x) and L*(x), respec-
tively. They can be specified as

i 70 . ..
H(x,r=0) = H (x) ~ %, with (i,j,k) = 1,2,3, (2.24a)
Xj
and
1; (X, 0 o
L(x,t =0) =L*(x) ~ M, with (i,j,k) = 1,2,3 . (2.24b)

Ox;

The corresponding displacement and velocity fields are superimposed on the
initial displacement and velocity fields as

u(x, 7 =0) = u"(x) + H (x) (x — Xf) (2.252)

and
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Fig. 2.4 Boundary regions
for constraint and external
load introduction

R,

u(x,r=0) = v*(x) + L*(X) (X — Xer); (2.25b)

where X, is a reference point (Silling 2004).

2.7.2 Constraint Conditions

The PD equation of motion does not contain any spatial derivatives; therefore,
constraint conditions are, in general, not necessary for the solution of an integro-
differential equation. However, such conditions can be imposed by prescribing
constraints on displacement and velocity fields in a “fictitious material layer”
along the boundary of a nonzero volume. Based on numerical experiments,
Macek and Silling (2007) suggested that the extent of the fictitious boundary
layer be equal to the horizon, J, in order to ensure that the imposed prescribed
constraints are sufficiently reflected on the actual material region. Therefore, a
fictitious boundary layer, R, with depth 9§, is introduced along the boundary of the
actual material region, R, as shown in Fig. 2.4.

2.7.2.1 Displacement Constraints

The prescribed displacement vector Uy can be imposed through the material points
in R, as

u(x,t) = Uy, for x € R,. (2.26)

Also, in order to avoid abrupt constraint introduction, it can be applied as

t

Up— for 0<t<

u(x, 1) = { 07, O Pstsh (2.27)
Uy for 1p <t ,
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where 7y represents the time at which the prescribed displacement is reached. The
velocity of each material point, u(x, ), can be calculated through differentiation.

2.7.2.2 Velocity Constraints

The prescribed velocity vector V(¢) can be imposed through the material points in
R. as

u(x,r) =V(), for x € R.. (2.28)
Their displacement, u(x, 7), can be obtained from

u(x, ) = JV(r’)dt’. (2.29)
0

If V(¢) = VoH(r), with V; containing constant constraint values, then u(x,?)
= V)t for all material points in R.. The Heaviside step function is represented by
H(1). Also, in order to avoid abrupt velocity introduction, it can be applied as

t
V(I){VO5 for 0<t< 1 030
Vo for tp <t ,

where #) represents the time at which the prescribed velocity is reached.

2.7.3 External Loads

Boundary traction does not directly appear in the PD equation of motion. Therefore,
the application of external loads is also different from that of the classical contin-
uum theory. The difference can be illustrated by considering a region, €, that is
subjected to external loads. If this region is fictitiously divided into two domains,
Q~ and Q" as shown in Fig. 2.5a, there must be a net force, FT, that is exerted to
domain Q" by domain Q~ so that force equilibrium is satisfied (Kilic 2008).

According to classical continuum mechanics, force F* can be determined by
integrating surface tractions over the cross-sectional area, €, of domains Q™ and
QF as

Ft = J TdA, 2.31)

oQ

in which T is the surface tractions (Fig. 2.5b).
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& QD

!
%‘
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Fig. 2.5 Boundary conditions: (a) domain of interest, (b) tractions in classical continuum
mechanics, (¢) interaction of a material point in domain Q1 with other material points in domain
Q" (d) force densities acting on domain Q" due to domain Q~

In the case of the PD theory, the material points located in domain Q7 interact
with the other material points in domain Q~ (Fig. 2.5¢). Thus, the force Ft can
be computed by volume integration of the force densities (Fig. 2.5d) over domain
Qf as

F J L(x)dV, (2.32a)
Q+

in which L, acting on a material point in domain Q7, is determined by
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L(x) = J [t —u,x' —x,) —t'(u—vu',x—x,1)]dV. (2.32b)

o

Note that if the volume Q™ is void, the volume integration in Eq. 2.32b vanishes.
Hence, the tractions or point forces cannot be applied as boundary conditions since
their volume integrations result in a zero value. Therefore, the external loads can be
applied as body force density in a “real material layer” along the boundary of a
nonzero volume. Based on numerical experiments, the extent of the boundary layer
should be as close to the boundary as possible. Therefore, a boundary layer for
external load application, R, with depth A, is introduced along the boundary of the
material region R, as shown in Fig. 2.4.

In the case of distributed pressure, p(x, ), or a point force, P(¢), over the surface
Sy of the boundary layer Ry, the body force density vector can be expressed as

b(x,7) = —%p( )n (2.33a)
or
1

If p(x,t) = po(x)H(¢) and P(¢) = PoH (), with po(x) and Py representing the
distributed pressure and constant point force, in order to avoid abrupt constraint
introduction, they can be applied as

1 t 1 t
b(x,t) = —Xpo(x)n P or b(x,7) = &TPOE for 0 <r <1 (2.34a)

and

1
b(x,1) = —Kpo(x)n or b(x,t) = for 1o <, (2.34b)

1
—P,,
Sa’
where f#; represents the time at which the prescribed external load is reached.

The displacement and velocity of all points in the boundary layer R, are calculated
based on the equation of motion.

2.8 Balance Laws

The PD equation of motion must be further governed by the balance of linear
momentum, angular momentum, and energy. These balance laws are viewed as
having a primitive status in mechanics. The balance of linear momentum and
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energy are automatically satisfied, as the principle of virtual work, Eq. 2.9,
represents their weak forms. However, the balance of angular momentum must be
assured.

The linear momentum, L, and angular momentum (about the coordinate origin),
H), of a fixed set of particles at time ¢ in volume V are given by

L= Jp(x) u(x, 1)dv (2.35a)
v
and
H, = Jy(x7 1) x p(x)u(x,r)dvV, (2.35b)
14

while the total force, F, and torque, I, about the origin are given by
F= Jb(x, Hdv + J JI(X, 1){(x' — x) dHdV — JJI(X', 1)(x —x')dHdV (2.35¢)
Vv VH VH

and

HOZJy(x,t)xbxth—i—JJy 1) x T(x,t)(x" — x) dHdV

(2.35d)
—JJ ) x T(x',t)(x —x') dHdV .

Thus, the balance of linear momentum, L= F, and angular momentum, Ho
= Iy, results in

Jp(x)ﬁ(x,t)d\/: b(x,1)dV

< —

+ | | T(x,0)(x' — x) dHaV (2.362)

T(x',t)(x — x') dHdV

<h < —
m% T —

and
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Jy( 1) x p(x)i(x,t) dV :Jy(x, 1) x b(x,)dV
Vv Vv

y(x, 1) x T(x,2)(x' — x) dHdV (2.36b)

Jy(& ) x T(X,t)(x —x') dHAV .

Because T(x,#)(x’ —x) = T(x/,7){(x — x') = 0 for X' ¢ H, these equations can
be rewritten to include all of the material points in volume V as

Jp(x)ﬁ(x, ndv = Jb(x7 ndv

\4 \4

I(X7 l) <X/ — X> av'dv (2.372)

I
- lll(x', 1)(x —x')dv'dv
and
[ (s < piwitx. ) av = Jy(x 1) % b(x, 0dV
+

y X T X l‘) <X/ — X> av'av (237b)

y(x,0) x T(X, ) {(x — x') dV'dV .

<e— <

[l
A

If the parameters x and X’ in the third integrals on the right-hand side of
Egs. 2.37a, b are exchanged, the third integrals become

JJI(X/, H{x—x)dV'dv = JJI(X, 0H{(x' —x)avav’ (2.38a)

vv Vv

and
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< —

J (y(x, ) x T(x',)(x — X)) dV' aV

(2.38b)
= Jj(y(x’,t) x T(x,1)(x' —x))dvVdV' .
8%
Therefore, Eqs. 2.37a, b can be rewritten as
J(p(x)ii(x7 1) —b(x,1))dV =0 (2.39a)

Vv

and
J(y(x, 1) x p(x)i(x, 1)) dV = Jy(x7 1) X b(x,t)dV
v v

—4[«ﬂx0—y@n>xnxmy_@ywuu
(2.39b)

Hence, the balance of linear momentum, Eq. 2.39a, is automatically satisfied for
arbitrary force density vectors T(x,7)(x' — x) and T(x,r)(x — x').

The difference between the locations of material points at X and x' in the
deformed configuration can be written by using the state notation as

y(x',0) —y(x,t) = (y —y) = ¥(x,))(x' = x), (2.40)

wherey = y(x',f) = x' + v’andy = y(x, ) = x + u. Considering only the material
points within the horizon, substituting from Eq. 2.40 into Eq. 2.39b results in

ij0x@@m@m—bwomv

v 2.41)

=- J J (Y(x,0)(x' —x) x T(x,£)(x' —x))dH dV .
Vi

While invoking the requirement of a balance of linear momentum, Eq. 2.39a, in
order to satisfy the balance of angular momentum, the integral on the right-hand
side of Eq. 2.41 must be forced to vanish, i.e.,

J(X(X, (X —x) x T(x,){(x' —x))dH =0 (2.42a)

H
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or

J ((y —y) x T(x,0)(xX —x))dH =0 . (2.42b)

H

It is apparent that this requirement is automatically satisfied if the force vectors
tlw' —u,x' —x,1) =T(x,)(x —x) and t'(u —v',x — x',7) = T(x,#)(x — X') are
aligned with the relative position vector of the material points in the deformed state,
(y' — y). However, their general form that satisfies the requirement of Eq. 2.42b can
also be derived in terms of the deformation gradient and stress tensors of classical
continuum mechanics.

2.9 Bond-Based Peridynamics

As a special case, the force density vectors can also be equal in magnitude as well as
being parallel to the relative position vector in the deformed state, shown in
Fig. 2.6, in order to satisfy the requirement for balance of angular momentum.
Thus, they can be expressed in the form

1 h—
t(u’—u,x’—x,t):I(x7z‘)<x’—x>:EC y/ y
[y =yl (2.43a)

1
= Ef(u' —u,x —x,1)

and

1 _y—y 1, , (2.43b)
=—=f(u —ux —x,¢
2y =y~ 2" :

t'(u—u',x—x,1) =T, 1) (x—x)

where C is an unknown auxiliary parameter that depends on the engineering
material constants, pairwise stretch between X' and X, and the horizon. This
particular form of the force vectors is referred to as “bond-based” peridynamics,
as introduced by Silling (2000). As shown in Fig. 2.6, the bond-based peridynamic
theory is concerned with pairwise interactions of material points.

Their substitution into Eq. 2.22b results in the bond-based PD equation of
motion of the material point x

p(x)u(x, 1) = Jf(u’ —u,x' —x,t)dH + b(x, 1) (2.44)
H
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Fig. 2.6 Deformation of
PD material points x and X/,
and developing equal and ’
opposite pairwise force e .. 7
densities 5 ™

’

Deformed state

Ny

Undeformed state

in which the force density vector, f(u’ —u,x’ — x) is referred to as the pairwise
response function by Silling and Askari (2005). It is defined as the force vector per
unit volume squared that the material point atx’ exerts on the material point atx. The
force density vector can be assumed linearly dependent on the stretch between these
material points in the form

/

y—-y

flu' —u,x' —x) = [e1s(0 —u, X' — x) — 7] Iy’—:yl’ (2.45)

where the mean value of the temperatures at material points x” and x relative to the
ambient temperature is denoted by T. The stretch s(u’ — u, x’ — x) can be interpreted
as the strain in the classical continuum theory, and it is defined as

Y =yl = X' —x]

s(u —u,xX' —x) = P

(2.46)

For an isotropic material, the peridynamic material parameters ¢; and ¢, in
Eq. 2.45 can be determined by considering an infinite homogeneous body under
isotropic expansion, as suggested by Silling and Askari (2005). The body is also
subjected to uniform temperature change, 7. Equating the energy densities of
peridynamic and classical continuum theory leads to the determination of ¢; and
¢y as

cp=c= & and c¢; = ca, (2.47a, b)
st

in which « is the bulk modulus and « is the coefficient of thermal expansion of the
material. The PD material parameter c is referred to as the bond-constant. In this
case, the PD theory limits the number of independent material constants to one for
isotropic materials with a constraint on the Poisson’s ratio. It permits only total
deformation without distinguishing the distortional and volumetric deformations.
Furthermore, it does not allow plastic incompressibility.
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2.10 Ordinary State-Based Peridynamics

As shown in Fig. 2.7, the force density vectors having unequal magnitudes while
being parallel to the relative position vector in the deformed state also satisfy the
requirement for balance of angular momentum, Eq. 2.42b. Thus, they can be
defined in the form

/ / / 1 yl -y
tln' —u,x' —x,7) = T(x,0){(x' —x) = EA v =yl (2.48a)
and
Clu—t,x—x,0) = T, ) (x —x) = — g L =¥ (2.48b)
’ T 20y =yl

where A and B are auxiliary parameters that are dependent on engineering material
constants, deformation field, and the horizon. As coined by Silling et al. (2007), the
choice of the force density vectors in this form is referred to as “ordinary
state-based” peridynamics. It permits decoupled distortional and volumetric
deformations. Also, it enables the enforcement of plastic incompressibility.

In light of the definition of the strain energy density function, Eq. 2.8, and the
expressions for force density vectors in terms of micropotentials, Egs. 2.17a, b,
while considering the requirement on their direction, Eqs. 2.48a, b, the force density
vectors can be related to the strain energy density function, W, as

IW(x) y -y

tlu' —u, X' —x,1) ~ , (2.49a)

oly' —yl) Iy —y|

Fig. 2.7 Deformation of
PD material points x and X/,
and developing unequal
pairwise force densities Undeformed state

Deformed state
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or

W) y -y
(ly=yD Iy -y

t(u—u',x—x,1) ~ 3 (2.49b)

These relations permit the determination of the auxiliary parameters A and B in
Eq. 2.48, and thus the peridynamic constitutive parameters that describe the mate-
rial behavior. The explicit forms of the expressions for these parameters are derived
in Chap. 4 for isotropic and in Chap. 5 for fiber-reinforced composite materials.

2.11 Nonordinary State-Based Peridynamics

As shown in Fig. 2.8, a general form of a force density vector that satisfies the
requirement of Eq. 2.42b necessary for balance of angular momentum can be
derived by applying the principle of virtual displacements to Eq. 2.22a as

p(x)(x,?) - Au = J (T(x,0){x" —x) .50,

~T(X,)(x —x')) - AudH + b(x,?) - Au,

where Au represents the virtual displacement vector applied to the PD material
point at x. This equation can also be written in matrix notation as

P (1) 8w = [ (T(x,) X~ x) 5
H 2.51)

—T(x,0)(x — X)) AudH + b" (x,1)Au .

Fig. 2.8 Deformation of
PD material points x and X/,
and developing force

densities in arbitrary
directions Undeformed state

Deformed state

N
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Noting that T(x,7)(x' —x) = T(x,#)(x —x') =0 for X' ¢ H and integrating
Eq. 2.51 throughout the body result in

J (P()iE” (x, 1) — b7 (x, 1)) Au dV = ”(I(X, X — x)) AudV'dv

v (2.52)

_ J J (T, 1) (x — X)) AudV'aV.

Exchanging the parameters x and X’ in the second integral on the right-hand side
of Eq. 2.52 leads to

” (T(X, 1) (x — X)) AudV'aV = “ (T(x,)(x' —x)) A’ avaV' . (2.53)

Vv

This relationship permits the right-hand side of Eq. 2.52 to be rewritten as

” (T(x,0)(x' —x)) Auav'av — JJ(I(X/7 1)(x — x))  Audv'av
vv 8%
= ” (T(x,7)(x' — x))" (Au — Au') dV'aV.

\4

\4

(2.54)

The difference in virtual displacements of material points at locations x and x’ can
be written in state form as

Au' — Au = AY(x,7)(x' — x). (2.55)

Therefore, Eq. 2.54 can be rewritten as

” (T(x,1)(x' — x))" (Au — AW dV'aV

vy (2.56)
= J J (T(x, 1) (x' — x))" (AX(x, 1) (X' — X)) dV'dV.
A%
With this equation, Eq. 2.52 can be written in the form
J (p(x)i" (x,1) — b"(x,7)) AudV = — J AW,dV, (2.57)

Vv Vv

where AW; corresponds to the virtual work of the internal forces at location x due to
its interactions with all other material points:
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AW, = J(I(x, (X = X)) (AY(x, 1) (x — X)) dV". 2.58)
v

Considering only the material points within the horizon, Eq. 2.58 can be
rewritten as

AW, = J (T(x,0)(x' — x))" (AY(x,1)(x' — x)) dH. (2.59)

The corresponding internal virtual work at location x in classical continuum
mechanics can be expressed as

AW; = tr(ST AE) (2.60)

where S = ST is the second Piola-Kirchhoff (Kirchhoff) stress tensor, and the
Green-Lagrange strain tensor, E = E”, can be related to the deformation gradient
tensor, F,

E=_(F'F-1I). (2.61)

1
2

Using Eq. 2.61, the virtual form of the Green-Lagrange strain tensor can be
written as

1
AE = 5 (AF'F + F'AF). (2.62)

After substituting from Eq. 2.62 into Eq. 2.60, the internal virtual work expres-
sion in classical continuum mechanics takes the form

AW; = tr(S" FT AF) = tr(P AF), (2.63)
where P = (S” F7) is the first Piola-Kirchhoff (Lagrangian) stress tensor.
By using the vector state reduction to a second-order tensor, given in Eq. A.8§, the

deformation gradient tensor, which corresponds to the deformation state in PD
theory, can be obtained as

F=(Y+X)K!', (2.64)
whose virtual form can be written as

AF = (AY * X)K™, (2.65)
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in which the explicit form of the shape tensor, K, serving as a volume-averaging
quantity, is derived in the Appendix; it is symmetric and diagonal. The symbol *
denotes the convolution of vector states, also defined in the Appendix.
Substituting from Eq. 2.65 into the internal virtual work expression of classical
continuum mechanics, Eq. 2.63, in conjunction with Eq. A.7, results in

AW, =tr| P Jw(x’ —x)AY(X —x) @ X(x' —x)dH |K™' |, (2.66)
H

where the influence (weight) function, w, is a scalar state, and ® denotes the dyadic
product of two vectors, i.e., C=a®b or C; = a; b;. The scalar state influence
function provides a means to control the influence of PD points away from the
current point.

Using Eqgs. A.4 and 2.55, this equation can be expressed in indicial form as

AW, = P;; JMX’ — x)(Au; — Auy) (i — ) dH | Ky, with (i,j,k) = 1,2,3
H
(2.67)

Because the shape tensor is symmetric, this equation can be rearranged in the
form

AW = Jm(x' —X)P; Ky (Yx — x) (A — Aw;) dH, with (i, k) = 1,2,3
H
(2.68a)

or, in matrix form,

AW, = J (w(x' = x)PK'(x' — x))T(Au’ — Au)dH . (2.68b)
i

After invoking Eq. 2.55 into Eq. 2.68b, equating the virtual work expressions
from the PD theory, Eq. 2.59, and classical continuum mechanics, Eq. 2.68b,
results in

J (T(x, ) — %)) (AX(x,0)(x' — x)) dH

" (2.69)

= J (w(x' —x)PK'(x = x))" (AY(x,0)(x' — X)) dH .
H
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This requirement leads to the relation between the force vector state and the
deformation gradient and stress tensors of classical continuum mechanics as

tl —u,xX —x,7) = T(x,){(xX —x) = wx —x)PK (X —x) (2.70)

Although this expression for the force density vector, Eq. 2.70, is identical to that
derived by Silling et al. (2007), this derivation based on the principle of virtual
displacements proves that the force density vector is valid for any material model
provided that the Piola-Kirchhoff stress tensor can be obtained directly or by using
incremental procedures. Therefore, this equation also forms the basis for
implementing any material behavior in the PD theory.
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Chapter 3
Peridynamics for Local Interactions

3.1 Equations of Motion

Within classical continuum mechanics, a material point can only interact with other
material points in its nearest neighborhood. As depicted in Fig. 3.1, the material
point k at location X can only have interactions with the material points labeled as
(k=1), (k+1), (k—m), (k4+m), (k—n), and (k+ n). These interactions are
represented by “internal traction vectors.” For the material point k that is located on
a surface whose unit normal isn” = (ny, ny, n;), the components of a traction vector,
T = (T, 1), T.), are related to the Cauchy stress components as

T, Oxx(k) Oxy(k) Oxz(k) Ny
Ty 0= | 00w Owk) Oyt [ | My (s (3.1)
T, Oxz(k)  Oyz(k) Oz(k) n;

in which (6.(x), Oyy(k)> zz(k)) a0 (Oxy (), Oxz(k)» Oy=(x) ) are the normal and shear stress
components, respectively.

Associated with material point k, the traction vectors acting on surfaces with unit
normal vectors n = +e,, +-e,, *e. can be expressed in a slightly different form

T = Txwpes + Tywp ey + Tawge: (3.2)

withj = (k+ 1), (k — 1), (k + m), (k — m), (k + n), (k — n) and the traction vector,
T 1)(j)» representing the force exerted by material point j on k.

The equations of motion for the classical continuum (local) theory can be
derived in a manner similar to the derivation of equations of motion for the nonlocal
PD theory. The only difference in the derivation is that the expression for the strain
energy density, W, of material point k is expressed as a summation of
micropotential, w)(;, arising from the interaction of material point £ and the
other six material points denoted as (k — 1), (k + 1), (k — m), (k + m), (k — n), and

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 45
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Fig. 3.1 Material point =z
interacting with others in its
immediate vicinity

(k + n), as shown in Fig. 3.1. Therefore, the strain energy expression, Eq. 2.8, for
the nonlocal theory is modified as

(W(k)(i) (y(1k) “Yuy Yoo —Ywy )
J=k—=1k+1.k—m k-+mk—nk-+n (3.3)

T W) (Yuf) “ Yo Yoy y(i)"")) Vi) -

N —

1
Wi =3

Following the derivation of PD equations of motion (nonlocal), the equations of
motion for the material point & in the context of local theory can be obtained as

Pyl = > (two) — tow) Vi) + b (3.4a)
J=k—1,k+1,k—mk+mk—nk+n

where
M) M)k

_L owpw
9 (Ym - Y(k)) o =2 9 (Y<k> - y@) 7

with the interpretation that t;)(; represents the force density that material point X ;,
exerts on material point X(;), and t(;) represents the force density that material
point X exerts on material point X;).

(3.4b)

N —

) =
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3.2 Relationship Between Cauchy Stresses
and Peridynamic Forces

For material point x(), the equations of motion based on classical continuum
mechanics can also be expressed in terms of stress components, cap ), in the form

p(k)i’ia(k) = Oaxx(k) + Oay,y(k) + Oaz z(k) + ba(k)a (3.5)

with @ = (x,y, z). Invoking the finite difference approximation, using both forward
and backward formulae, these equations can be expressed as

I(UV“(k) Ooxx (k- 1)) ( (k1) "XX(k))

.. 1
PoHxk) = 5 Ax + 2 Ax
1 (ny ny ) (U‘} k-+m) UXY(U) (3.6a)
a) Ay Ay
1 ( — Oz ) z(k+n) GM(k))
+ E A Az + bx(k)a
) 1 (ny(k) Ouxy (k- 1)) 1 (0‘3 (k+1) G‘y(k>>
Pty =75 Ax *3 Ax
+l (O'yy ayy k—m) ) 1 (6)} k+m) Uyy(k)) (36b)
2 Ay 2 Ay
1 ( ) 1 ( Hhetn) "y"<'<>)
Z — byx
+2 A 2 AZ + }(k)’
and
.. 1 (dxz(k) — 6«"‘"(’“”) 1 (O-"’Z(k*l) — G'YZ(M)
Pt =5 A T3 A
Oyz(py — Oy:z —m) (62 m) Oy )
1 ( Y2(k) — Oz (k—m) +1 Viktm) k) (3.6¢)
2 Ay 2 Ay
1 (o-’"(k) Oy n)) 1 ( (k+n) — Oz (k>>
I Z b,
+3 e +3 Az o

Equating each term of Egs. 3.6a, 3.6b, 3.6c to those of Eq. 3.4a leads to the
relations between stress and PD force densities as
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Oap(t) = 21p(k)(q0) AV (g,) 3.7
with ¢, = (k+ 1), q, = (k+m),q. = (k + n),
Oap() = —21p(0k)(q.) AV (g,)5

. (3.7b)
with g, = (k - 1); qdy = (k - m)a q: = (k - I’l),

with @, = x,y,z. The normal stresses of the Cauchy stress tensor can also be
written as

aatk) = 2t1)a0) " (X(g) = X)) Vig)» (3.82)

with
) (q0) = Lx(k) ()€ F 1) (g0 €y T LK) (q0) €20 (3.8b)

and
X(fla) — X(k) = Aaea, (38C)

fora =x,y,z.

The base vectors of the Cartesian coordinate system (x, y, z) are denoted as e,. It
is also worth noting the following expression involving the normal and shear stress
components can be expressed in terms of the PD force densities:

Z "iﬁ(k) = Z 4’§(k><qa)(A“)2V<2qa) (3.92)
p

p=xy,z =X.Y2

or

X(g) = X0 Vi) (3.9b)

D 0wy = 4t e [Xe) — X0 Vi) - (twia)

P=xy,z

3.3 Strain Energy Density

Based on classical continuum mechanics, the strain energy density at material point
k is expressed as

K 2 1 2 2 2
Wi = 5 (0w =3aTw) + LM (P + i + 20
, (3.10)
—I—i(az + 02 +0° ) 3K 02
3 o 0w +0w) — 7 O |
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in which Ty is the temperature change, and a represents the coefficient of thermal
expansion for an isotropic material whose bulk modulus is . The first and second
terms on the right-hand side represent the dilatational and distortional energy
densities, respectively. This equation can also be rewritten in a slightly different
form as

(O-,%x(k) + aiy(k) + Uiz(k)) + (afx(k) + Giy(k) + Giz(“)} 3.11)

2 2 > 2 2
[<6yy(k> T T T ayZ(k)) + (ny(k> T o) T Otk }

2 2 2 2 2
(%(k) t o t Gyz(k)) + (GZZ(I() + 0w T Gyz(k))}’

in which each term involving the stress components corresponds to the contribution
of PD forces exerted by material points (k + 1), (k — 1), (k + m), (k — m), (k + n),
and (k — n) on material point k.

Utilizing the expressions given by Eq. 3.9b, the strain energy density can be
rewritten in terms of PD force densities as

K ) 32
Wiy =5 (0w = 3aTw)" - 0y
|
o > (two xo —xw| V) - (twe [xo) —xw| V) G.12)
J=k—1,k+1,
k—m.k+m,
k—n.k+n

In accordance with Eq. 2.43a, for a pairwise interaction of material point k
with the other six material points denoted as (k — 1), (k+ 1), (k —m), (k+m),
(k —n), and (k + n), the PD force density vector t( ;) can be replaced with £,
leading to

K ) 3k2
Wiy = 5 (0w —3aTw)” — 2 &y
I
8 > (Fwo o —xw| Vo) - Fwoo [xo —xm| V) G.13)
k=141
k—m k+m
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Substituting for the pairwise force density from Eq. 2.45 in conjunction with
Eq. 2.46 results in

K 2 3K,
Wi = 5 (Bw —3aTw) =70
c? 2 5
o 2 bwo —aTw) [ —xw| VE (3.14)
J=k—1k41,
k—m k+m
k—n.k+n

A general form of this expression that it is suitable for both bond-based and
ordinary state-based peridynamics can be written as

W(k) =a H%k) —ap 9<k) T(k) + a3 T(Zk)

2 2

+ > blswy —aTw) xg —xwl Vi (3.152)

k=1 k+1, .
k—mk+m,

k—n.k+n

or
Wiy = a@%k) —ap Q(k) Ty +as T<2k>

j=k—1k+1,
k—m k+m,
k—n.k+n

* Z b(((‘yw B y(/{)’ — [xg) = X(k)|)—0‘T<k) Ix() = X(k)|)2V(i))’

(3.15b)
where a, ay, as, and b are the peridynamic parameters.

The dilatation, G(k), term at material point k£ is defined in classical continuum
mechanics as

(Gxxk +o k +Gzzk)
Oy = (Exx(k) T Eyyk) T E2() = © gyl(c) Wy 3aTy, (3.16)

in which the normal strain components are (&,,(x), €yy(k)s €-z(x))- This expression is
rewritten in a slightly different form as

1 (1 1 1 1 1
e(k) = § EGXX(k) + ngx(k) + 56},},(/() + any(k) + -0,

1
5 0=k T
+ S(ZT(k),

— O (k
2 ““(”> (3.17)

in which each term corresponds to peridynamic forces exerted by material points
(k+1),(k—=1),(k+ m),(k—m), (k + n), and (k — n) on material point k. Utilizing
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the expressions given by Eq. 3.8a, the dilatation can be rewritten in terms of
peridynamic force densities,

1

0w =5, (tw) - (x¢) — X(k)))Vm) +3aTy. (3.18)

(}'—k 1, k+1,k—m.k+m.k—nk+n

As in the strain energy density expression, this expression can be written
for a pairwise interaction of material point £ with the other six material points,
leading to

1

Oy = (Fr) - (x) - X(k)))Vm)

+3aTy . (3.19)

(j—k 1, k+1, k—m, k+m, k—n, k+n

Substituting for the pairwise force density from Eq. 2.45 in conjunction with
Eq. 2.46 results in

c Yo =Y
Oy =c- > bwe —aTw) u (%) = %) Vi +3aTg.
jk—1 ‘Ym “Yw ’
k1 (3.20)

A general form of this expression can be written as

Yo) = Yw
Oy =d Y (swy —aTw) u (

k-1 ‘ym _y<k>‘
k+1

k—m

k+m

k—n

k+n

Xj) — X))V +3aTy, (3.21)

where d is a peridynamic parameter. The expressions for dilatation, ), and strain
energy density, W), at material point £ will take their general form within the
ordinary state-based peridynamic framework, where the number of interactions are
not limited to the immediate vicinity of material points as in classical continuum
mechanics.
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Chapter 4
Peridynamics for Isotropic Materials

4.1 Material Parameters

The auxiliary parameters, C in Eq. 2.43 and A and B in Eq. 2.48, can be determined
by using the relationship between the force density vector and the strain energy
density, W), at material point £ given by Eq. 2.49 in the form,

W Yo —Yw

(4.1)
’Ym —y(@‘) ‘ym —y<k>’

)

1
tw) (Wg) — v, Xg) — X, 1) = Voo (

in which V;) represents the volume of material point j, and the direction of the force
density vector is aligned with the relative position vector in the deformed configu-
ration. The material point j exerts the force density t(;);) on material point k.
Determination of the auxiliary parameters requires an explicit form of the strain
energy density function.

For an isotropic and elastic material, the explicit form of the strain energy
density, W), at material point Xy can be obtained by generalizing the expression
given by Eq. 3.15 as

Wiy = abfyy — a2 0 Ty + a3 Ty
N 2
5w (v = | = %o = xwl) = T [xg) = xw]) vy,
Jj=1
42)

where N represents the number of material points within the family of x,. The
nondimensional influence function, w;) = w(|X() — X()|), provides a means to
control the influence of material points away from the current material point at Xx).
The temperature change at material point is Ty), with arepresenting the coefficient
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of thermal expansion. Similarly, the explicit expression for 6 can be obtained
from Eq. 3.21 in a general form as

) Yo ~Yw

- (xg) = X@) Vi +3aTy), (43)
‘y 0~ Yw ‘

N
O =d Y wig) (Swm —aTw
=

in which the PD parameter d ensures that 6;) remains nondimensional. The PD
material parameters, a, a;, a3, and b, in Eq. 4.2 can be related to the engineering
material constants of shear modulus, x, bulk modulus, «, and thermal expansion
coefficient, a, of classical continuum mechanics by considering simple loading
conditions.

After substituting for 6 from Eq. 4.3 in the expression for W, given by
Eq. 4.2, and performing differentiation, the force density vector
t () (u@ — Uy, X() — X(k)s t) can be rewritten in terms of PD material parameters
as

LYo ~Yw
) (W) = U, Xg) = Xge:1) =3 sy~ 0] (4.42)
0~ Y
with
)~ ) — 1
A= dwid d O T <a9<k> 5% Tw
Vo — vl X0 = Xw] 2
Y (4.4b)

+b((’y<,> - Y(k)’ = [xg) = x) |) —aTy[xg - X<k>|)

Similarly, the force density vector t() (uw — w(),X@ — X)) can be
expressed as

LYo = Yw
) () — G, Xy = X)) = —5B———— (4.52)
’Y DIRAG! ‘
with
Yo =Y Xw —X() 1
B = 4w d Toe — x| ady) —5ax Ty
b =] o= (4.5b)

+b((‘y(k) - y@‘ =[x — X(i)D —aTy) [x@) — Xm\)
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Although Eqs. 4.4b and 4.5b appear to be similar, they are different because the
values of (9<k>, Tix) and (9(1), T;) for the material points at X(k) and X(j), respectively,
are not necessarily equal to each other. However, A and B must be equal to each
other for the bond-based PD theory. Therefore, the terms associated with ;) and
0(j in Egs. 4.4b and 4.5b must disappear, thus requiring that

ad = 0. (4.6)

Thus, the parameter C in Eq. 2.43 becomes

€= dbwy ((‘yﬁ/ (k)’ — |xp) - X(k)|) —aTw [xG) — x<k>‘). 4.7)

The force density vector can be rewritten as

twg) = 26w ((’ym - Y<k>’ = [xg) = xw \)
Yo = Yw (4.8)
—aTy) [xg = xp|) —7
’Ym - Y<k>‘

Based on Eq. 2.43, the bond-based force density vector between the material
points at X(;) and x(;) can be obtained as

Ym Y

4.9)
’-‘/ 0) >‘

fuyg) = 4wy [xg) — Xw (Swe — aTw

Comparing this expression with the bond-based definition of the force density
vector, Eq. 2.45 leads to the explicit form of the influence function as

c 1

Wi = &L 4.10
(©)() 4b X() — X(b) ( )

Performing dimensional analysis on Eq. 4.2 requires that parameter b have
dimensions Force / (Length)’ whereas the parameterc = c¢; in Eq. 2.45 has dimensions
Force/(Length)® . Therefore, the ratio of ¢/b has a dimension of Length,
rendering the influence function to be nondimensional. The horizon, §, can be
taken as the Length dimension to include the influence of other material points
within a family. Thus, the influence (weight) function for the state-based
peridynamics becomes

LGl R “4.11)
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Thus, the ratio of ¢/b is established as

c
—=46. 4.12
5 (4.12)

Substituting for the influence function results in the final form of the expressions
for the force density vectors

A (i 1
twg) = 25{07 B 10/ >(/>< ), (a6<k) — Eaz T(k)) + b(S(k)(,') — (ZT(k))}
k

[x() —x
RUAE N 4.13)
‘hn_yw
where the parameter, A (;), is defined as
Yoy X(;) — X

For the bond-based PD theory, the dilatation term 6;) must disappear, resulting in

y
twy ) = 2517(5‘(@0-) — aT M 4.15)
N

Based on Eq. 2.43 in conjunction with Eq. 4.12, the bond-based force density
vector, f *) () in Eq. 2.44, becomes

ym Y

‘ , (4.16)
Yo = Yw

fu) = c(swy —aTw

where Ty ) = (T(j) + T(x))/2- This expression is the same as that given by Silling
and Askari (2005), who comed the term “bond-constant” for the parameter ¢ for
bond-based peridynamics.

Although all structures are three dimensional in nature, they can be idealized under
certain assumptions as one dimensional or two dimensional in order to simplify the
computational effort. For instance, long bars can be treated as one-dimensional
structures. Similarly, thin plates can be treated as two-dimensional structures. The
PD material constants must reflect these idealizations. A two-dimensional plate can be
discretized with a single layer of material points in the thickness direction. The
spherical domain of integral H becomes a disk with radius 6 and thickness /.
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A one-dimensional bar can be discretized with a single row of material points.
The spherical domain of integral H becomes a line with a length 26 and cross-
sectional area of A.

4.1.1 Three-Dimensional Structures

For three-dimensional analysis, the strain energy density based on classical contin-
uum mechanics can be obtained from

(1) E(0); 4.17)

in which the stress and strain vectors ;) and g are defined as

6y ={0ut) Opw) Oz Ou Ok Tnw b (4.182)
and

T _

By = {Eal) Enk) Ex(0) Ty Te® Yok - (4.18b)

For an isotropic material with bulk modulus, x, and shear modulus, y, the stress
and strain components are related through the constitutive relation as

G(k) = CS(k), (419)

where the material property matrix C is defined as

k+ (4u/3) x—(2u/3) x—2u/3) 0 0 0

k— (2u/3) x+4u/3) x—2u/3) 0 0 0

_ | k= (2u/3) k= (2u/3) xk+(4u/3) 0 0 O
C— ; o 0 W0 ol (4.202)

0 0 0 0 u 0

0 0 0 00 u

with

= E du= 4.20b
K—m an ﬂ—m ( )

Two different loading cases resulting in isotropic expansion and simple shear
can be considered to determine the peridynamic parameters a, a», as, b, and d in
terms of engineering material constants of classical continuum mechanics.
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LRl

Undeformed

Deformed

Fig. 4.1 A three-dimensional body subjected to isotropic expansion

As illustrated in Fig. 4.1, a loading case of isotropic expansion can be achieved
by applying a normal strain of { in all directions and a uniform temperature change
of T. Thus, the strain components in the body are

Ex(k) = Ey(t) = €=y = ¢ +aT (4.21a)
and

Vay(k) = Vaz(k) = Vyz(k) = 0, (4.21b)

for which the dilatation, 6 ;), and the strain energy density, W<k), within the realm of
classical continuum mechanics become

9(1() = Exk) T Epyk) T Exz(k) = 3 +3aT (4.22a)

and
9
Wy = EKCZ. (4.22b)

The relative position vector between the material points at X(;; and X() in the
deformed configuration becomes

‘y(’) — y(k)‘ = (1 + C-f— (ZT(k>) |X0) — X(k) s (423)

in which T(k) =T.

Defining & = X(;) — X(x), with & = |&|, and substituting for w(; from Eq. 4.11
and the relative position vector from Eq. 4.23, the strain energy density, W, at
material point X ;) that interacts with other material points within a sphere of radius,
6, from Eq. 4.2 can be evaluated as
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|

([(1+¢+aTw)é—¢]

el

o 2m
W(k) = ag%k) —ap 9<k) T(k) + as T(2k> + b J J
00

—aTy €)' & sin(¢) dpdode,
4.24)

in which (&, 0, ¢) serve as spherical coordinates. After invoking from Eq. 4.22a, its
evaluation leads to

W =a (3 +3aTw)’ —ar (3¢ +3aTw) Tuy +as Ty, +abl* 8. (4.25)

Equating the expressions for strain energy density from Eqgs. 4.22b and 4.25
provides the relationships between the PD parameters and engineering material
constants as

9
9a—%ﬂb55::§K, (4.262)
a;=6aa, (4.26b)
a3 =9ad%a. (4.26¢)

Similarly, the expression for 6;) from Eq. 4.3 can be recast as

o
0

2n

Jjg (1+C+aTy)éE—¢ —aTyé)
00

(4.27)
§ ¢
& sin(¢p)dpdOdg 4 3aT ),
£E
whose explicit evaluation leads to
4nd#
g(k) £+ 3a T (k) (4.28)

Equating the expressions for dilatation from Eqs. 4.22a and 4.28 permits the
determination of the peridynamic parameter d as

9
d=— (4.29)

As illustrated in Fig. 4.2, a loading case of simple shear can be achieved by
applying
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Xm yé;) yw
0 3 g sin(B)sin(¢)

/xm 3 /a
L2V )
Xm/ X y',;,\_ /f\/

L A .

}'y Deformed Undeformed
X
Fig. 4.2 A three-dimensional body subjected to simple shear
}/U C and SXX( () = Eyy(k) = Szz(k) = }/x_,(k) = }/yz(k) = T(k) = 0, (4.30)

for which the dilatation, 6 ;), and the strain energy density, W), within the realm of
classical continuum mechanics become

Oy =0 (431a)

and

u. (4.31b)

The relative position vector in the deformed state becomes

’ B { ¢ sin(2¢) sin(6

v — ¥ S } Ixg) — x| (4.32)

Therefore, the strain energy density, W(;), from Eq. 4.2 can be evaluated as

é 2rx
-]
00

whose evaluation leads to

[a([resmeg e f) & sin()dgdods, (433
0

brd &

Wiy =—3

(4.33b)

Equating the strain energy density expressions of Egs. 4.31b and 4.33b obtained
from classical continuum mechanics and the PD theory gives the relationship
between the peridynamic parameter b and shear modulus, y, as

15u
p—_—F 434
278 (4-34)
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Substituting from Eq. 4.34 into Eq. 4.26a results in the evaluation of the
peridynamic parameter a in terms of bulk modulus, , and shear modulus, y, as

_ L ok
a—2 (K 3 ) (4.35)

In summary, the PD parameters for a three-dimensional analysis can be
expressed as

1
a1 (K _ ?), @ = 6aa, (436a,b)

15 9
a3 =9da, b= o

= d=——. 4.36¢-
2728 475 ( c-¢)

In view of Egs. 4.6 and 4.12, a constraint condition of x = 5u/3 or v =1/4
emerges for bond-based peridynamics with a bond constant of ¢ = 30u/z6* or ¢
= 18k /nd".

4.1.2 Two-Dimensional Structures

Under two-dimensional idealization, the stress and strain vectors 6;) and &) are
defined as

oly = {ouw onw oo } (437a)
and
8(Tk> ={exw &) Tow - (4.37b)

The material property matrix C in Eq. 4.19 is reduced to

k+u xk—pu 0
C=|xk—pu x+p 0]. (4.38)
0 0 U

Due to two-dimensional idealization, the expression for bulk modulus differs
from that given in Eq. 4.20b and is given by

E
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Fig. 4.3 PD horizon for a ¥
two-dimensional plate and
PD interactions between

material point x and other
material points within its T
horizon

\\_ 1 —/J

As shown in Fig. 4.3, a two-dimensional plate is discretized with a single layer of
material points in the thickness direction. The domain of integral H in Eq. 2.22a
becomes a disk with radius 6 and thickness /. As in the previous case, two different
loading cases to achieve isotropic expansion and simple shear are considered to
determine the peridynamic parameters.

As illustrated in Fig. 4.4, isotropic expansion can be achieved by applying an
equal normal strain of ¢ in all directions and a uniform temperature change of 7.
Thus, the strain components in the body are

Exx(k) = Eyy(k) = C +aT and }/xy(k) = 07 (440)

for which the dilatation, 6 ;), and the strain energy density, W), within the realm of
classical continuum mechanics become

Ow) = Exx(i) + Epye) = 26 +2a Ty (4.41a)
and
Wy = 2c 8. (4.41b)

The relative position vector between the material points at X(; and X in the
deformed configuration becomes

bm—ym‘=(1+5+“T®)P@—xw7 (4.42)

in which Ty =T.
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(L2)(C+aT)

(H2)(C+aT)

Deformed

Undeformed

Fig. 4.4 A two-dimensional plate subjected to isotropic expansion

The strain energy density, W), at material point X that interacts with other

material points within a disk of radius 6 and thickness # from Eq. 4.2 can be
evaluated as

Wiy = 619%> — a0y Ty +a3T(2k)

(4.43)

S
+th (1+¢+aTy) E— & —aTy &)’ édode
0

o%g’

o
ell

in which (&,0) serve as polar coordinates. While invoking from Eq. 4.41a, its
evaluation leads to

2
W =a (20 +2aTw) —ax (26 +2aTy) Ty + a3 TS + 37b h&'(* . (4.44)

Equating the expressions for strain energy density from Eqgs. 4.41b and 4.44
provides the relationships between the PD parameters and engineering material
constants as

2
4a + 5nbh & =2k, (4.45a)

a)y=4aa, (4.45b)
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a=4d%a. (4.45¢)

Similarly, the expression for 6;) from Eq. 4.3 can be recast as

o 2n
5
:dh” S((1+E+anE-9 - aTd
00 (4463.)
X <§ §) £ dOdé + 2al ),

¢ ¢

whose explicit evaluation leads to
Oy = nd h8*C + 2a T, (4.46b)

Equating the expressions for dilatation from Eqgs. 4.41a and 4.46b permits the
determination of the peridynamic parameter d as

2
d=—. (4.47)

As illustrated in Fig. 4.5, a loading case of simple shear can be achieved by
applying

yxy é’ and gxx( () = gyy(k) = T(k) = 07 (448)

for which the dilatation, 6 ;), and the strain energy density, W), within the realm of
classical continuum mechanics become

1
Ouy =0 and Wy =5p < (4.49a,b)
The relative position vector in the deformed state becomes
’y(j) - yW‘ = [1 + (sin O cos O)C] |x) — X |- (4.50)

Therefore, the strain energy density, W(;), from Eq. 4.2 can be evaluated as
2z

Jicrs

(sin@cos 0)] & — £)2EdOdE, (4.51a)

'J‘rrIQo

)
Wi =a (0) + bhj
0
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]
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Fig. 4.5 A two-dimensional plate subjected to simple shear

whose evaluation leads to
h 54 2
_ o€ (4.51b)

Wik 2

b.

Equating the strain energy density expressions of Eqs. 4.49a,b and 4.51b
obtained from classical continuum mechanics and the PD theory gives the relation-

ship between the peridynamic parameter b and shear modulus, u, as
by

bh=—. 4.52

mhé* (452)

Substituting from Eq. 4.52 into Eq. 4.45a results in the evaluation of the
peridynamic parameter a in terms of bulk modulus, «, and shear modulus, p, as
(4.53)

(k = 2u).

a =

| —

In summary, the PD parameters for a two-dimensional analysis can be expressed as
(k —2u), ay=4aa, (4.54a,b)

a =

N =
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6 2
A d=—.
héd

a3 =4d%a, b= (4.54c-¢)

- xhs®’

In view of Egs. 4.6 and 4.12, a constraint condition of k = 2y orv = 1/3 emerges
for bond-based peridynamics with a bond constant of ¢ = 24u/zhé* orc = 12x/zhs>.

4.1.3 One-Dimensional Structures

Under one-dimensional idealization, the nonvanishing stress and strain components
are oy, (x) and e,,). They are related through the Young’s modulus as

Oxx(k) = Eexx(k) . (4.55)

As illustrated in Fig. 4.6, a bar can be subjected to a uniform stretch of s = £ and
thermal expansion of loading, a T. Thus, the strain component in the bar is

e =¢+aT, (4.56)

for which the dilatation, 6, and strain energy density, Wy, within the realm of
classical continuum mechanics become

Oy = eap) = +aly (4.57a)

and
L
Wy = EEC . (4.57b)

As shown in Fig. 4.6, a one-dimensional structure is discretized with a single row
of material points. The domain of integral H in Eq. 2.22a becomes a line with a
constant cross-sectional area, A.

The relative position vector between the material points at X(; and X() in the

deformed configuration becomes

’Ym *Yu«)‘ = (1+{+aTw) |xg — Xl (4.58)

in which Ty = T.
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Fig. 4.6 A one-dimensional bar subjected to isotropic expansion

The strain energy density, W), at material point X that interacts with other
material points within a line of length 6 and area A from Eq. 4.2 can be evaluated as

W(k) = aG%k) —a QT(k) “+ az T(2k)

(4.59)
([(1+¢+aTy) e — & —aTy €) dt,

vl

s
+2bAJ
0

in which (£) serves as the coordinate. While invoking from Eq. 4.57a, its evaluation
leads to

2
Wi =a (C + OCT(k)) —ap (C + OtT(k)) Ty +as T(Zk) +b §253A. (4.60)
Assuming a = 0 due to the Poisson’s ratio being zero, and equating the

expressions for strain energy density from Eqgs. 4.57b and 4.60 provides the
relationships between the PD parameters and engineering material constants as

dy; = as :0, andbzw. (461)
Similarly, the expression for 6;), from Eq. 4.3 can be recast as
h 6
O) = 2dA Jg ([ +¢+aTw)E—¢] —aTy)
0 (4.62a)

whose explicit evaluations leads to

Oy = 2d5°CA + aT . (4.62b)
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Equating the expressions for dilatation from Egs. 4.57a and 4.62b permits the
determination of the peridynamic parameter d as

1

d=ss. (4.63)

In summary, the PD parameters for a one-dimensional structure can be expressed
as

E 1
= 5, d=-5
2A6 26°A

a=a=a3=0, b (4.64a-c)

In view of Eq. 4.12, a bond constant for bond-based peridynamics becomes
c=2E/A8.

4.2 Surface Effects

The peridynamic material parameters a, b, and d that appear in the peridynamic
force-stretch relations are determined by computing both dilatation and strain
energy density of a material point whose horizon is completely embedded in the
material. The values of these parameters, except for a, depend on the domain of
integration defined by the horizon. Therefore, the values of b and d require
correction if the material point is close to free surfaces or material interfaces
(Fig. 4.7). Since the presence of free surfaces is problem dependent, it is impractical
to resolve this issue analytically. The correction of the material parameters is
achieved by numerically integrating both dilatation and strain energy density at
each material point inside the body for simple loading conditions and comparing
them to their counterparts obtained from classical continuum mechanics.

For the first simple loading condition, the body is subjected to uniaxial stretch
loadings in the x-, y-, and z-directions of the global coordinate system, i.e., &, # 0,
€aa = Yqp = 0 (shown in Fig. 4.8), ey, # 0, €4a = 7,5 =0, and e,; # 0, €40 = Vp
=0, witha,f =x,y,z.

The applied uniaxial stretch in the x-, y-, and z-directions is achieved through the
constant displacement gradient, Ou),/0a = {, with a = x,y,z. The displacement
field at material point x resulting from this loading can be expressed as

() ={%x 0 o}, (4.652)

i ={o Gy o}, (4.65b)
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Fig. 4.7 Surface effects Surface
in the domain of interest

Interface

Deformed configuration Undeformed configuration

Deformed configuration Undeformed configuration

Fig. 4.8 Material point x with (a) a truncated horizon and (b) far away from external surfaces of a
material domain subjected to uniaxial stretch loading
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and
Wl ={0o 0 2} (4.65¢)
in which the subscripts (1, 2, 3) denote the x-, y-, and z-directions of uniaxial stretch,

respectively. Due to this displacement field, the corresponding PD dilatation term,
7P (x)) with (m = 1,2,3), at material point x; can be obtained from Eq. 4.3 as

W (Xw) =d 8 swipAwn Vo (4.66)

in which N represents the number of material points inside the horizon of material
point X(). The corresponding dilatation based on classical continuum mechanics,

92”’ (X()), is uniform throughout the domain and is determined as
05" () = ¢ (4.67)
The dilatation correction term can be defined as
0 (X@) 4

Dy = —5p =
O x) 5,le<k><j>/\<k>0)V0>
J=

(4.68)

Maximum values of dilatation occur in the loading directions that coincide with
the global coordinates x, y, and z, respectively.

Similarly, the strain energy density at any material point can be computed due to
simple shear loading in the (X' — '), (X' —2'), and (y' —Z’) planes, i.e., y,y # 0,
€aa = Yoqp = O (shown in Fig. 4.9), 7, # 0, €4a = 7o = 0, and vy, # 0, €40 = Vp
=0, with @, = x’,y', 7. This loading is achieved through constant displacement
gradientOu’,/0p = {, witha # fanda, f = x',y’, Z’. These planes are oriented by an
angle of — 45° in reference to the (x — y), (x — z), and (y — z) planes of the global
coordinate system. The loading on these planes is considered because the maximum
strain energy occurs in the x-, y-, and z-directions.

The displacement field at material point x resulting from the applied simple
shear loading in the (x' — y'), (x — Z’), and (y' — ') planes can be expressed in the
global coordinate system as

ou, ou,
uf() = {15 —1%%y o}, (4.692)
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Deformed configuration ~ Undeformed configuration

Deformed configuration ~ Undeformed configuration

Fig. 4.9 Material point x with (a) a truncated horizon and (b) far away from external surfaces of a
material domain subjected to simple shear loading

ul(x) = {0 12y %—Z} (4.69b)
ul(x) = { -1 %’f,’x 0 1 %Ij; z }, (4.69¢)

in which the subscripts (1,2,3) denote the applied simple shear loadings in the
(=), (yy —=7), and (¥’ — Z') planes, respectively.

Due to these applied displacement fields, the PD strain energy density at material
point Xy can be obtained from Eq. 4.2 as

WEP (xy) = a (0P (xwy))°

3 ! 2 (4.70)
+b5§ - ‘ o ‘_ o Ve,
= xg) — X ( Yo~ Y|~ xo) = xw |) 0

with (m = 1,2,3).
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Under simple shear loading, the dilatation and strain energy densities can be
computed by using classical continuum mechanics as

1
M (xp) =0, WM (xp) = 5 uc?, (4.71a,b)
with (m = 1,2,3).
The dilatation term, HZD (X)), is expected to vanish for this loading condition

because it is already corrected with a dilatation correction term, Eq. 4.68. Thus, the
strain energy density term reduces to

W (x) = bgz |X<; (‘yu w| — %0 - x<k>\)2v0>. 4.72)

Hence, the correction term is only necessary for the term including parameter b
and can be defined as

_ W () _ s

2
b52|xm (o =yl = ko —xwl) vy

(4.73)

With these expressions, a vector of correction factors for the integral terms in
dilatation and strain energy density at material point X;) can be written as

T
20 (X)) = {8 @)t &) k) &)k } = {Diw), Dag): D3} (4.74a)

= {&«0))> &) = {Siw, ) - (4.74b)

These correction factors are only valid in the x-, y-, and z-directions. However,
they can be used as the principal values of an ellipsoid, as shown in Fig. 4.10, in
order to approximate the surface correction factor in any direction. Arising from a
general loading condition, the correction factor for interaction between material
points X(k) and X(j), shown in Fig. 4.11a, can be obtained in the direction of their unit

relative position vector, n = (X — X)) /[X() — X | = {me, ny, n '
A vector of correction factors for the integrals in the dilatation and strain energy
density expressions at material point X; can be similarly written as

T T
2ai) (X)) = {80 S &i ) = 1P Do Dagyy s (4753)
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Fig. 4.10 Construction VA
of an ellipsoid for surface
correction factors
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Fig. 4.11 (a) PD interaction between material points at X and X;) and (b) the ellipsoid for the
surface correction factors

T T
20)0)(X0) = {&m)0) LB &0} = {S16)s S20):S30) ) - (4.75b)

These correction factors are, in general, different at material points X and X;).
Therefore, the correction factor for an interaction between material points X(;) and
X(j) can be obtained by their mean values as

g =18 g g T _Bpw T8y
Epw0) {gx(ﬁ)</<)(l')’ y(B)(k)(j)> gz(ﬁ)(k)(j)} S E—
(4.76)

with f = d, b,

which can be used as the principal values of an ellipsoid, as shown in Fig. 4.11b.
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The intersection of the ellipsoid and a relative position vector, n = (X — X))
/|X() — X()|, of material points X and X; provides the correction factors as

G = ([n.\‘/gx(ﬂ)(k)(/} |:ny/gy([j (,)} { /g k)(,} >_l/2 . @477

After considering the surface effects, the discrete forms of the dilatation and the
strain energy density can be corrected as

=ds Z G Awi)Vo) (4.782)

W(k) = aeﬁ - a29 + a3T( 3
1 2
+ b5zl: Gb)w6) g — %o (’ym - Y(k)’ = %) = xw) D Vi -
J=

(4.78b)

Reference

Silling SA, Askari E (2005) A meshfree method based on the peridynamic model of solid
mechanics. Comput Struct 83:1526-1535



Chapter 5
Peridynamics for Laminated Composite
Materials

5.1 Basics

Fiber-reinforced laminated composites are generally constructed by bonding
unidirectional laminae in a particular sequence. Each lamina has its own material
properties and thickness. As shown in Fig. 5.1, the fiber orientation angle, 6, is
defined with respect to a reference axis, x. Fiber direction is commonly aligned with
the x; — axis, and transverse direction is aligned with the x, — axis. A unidirec-
tional lamina is specially orthotropic. Thus, a thin lamina has four independent
material constants of elastic modulus in the fiber direction, E, elastic modulus in
the transverse direction, Eyy, in-plane shear modulus, G, and in-plane Poisson’s
ratio, vqs.

For a unidirectional lamina, the stiffness matrix, Q , relates the stresses
and strains at material point X, in reference to the material (natural) coordinates,

(X],)Cz) as
o1 On O O 11
6 p= |01 0n 0 €2 ¢, (5.1a)
o2 0 0 Qs Y12
where
E v E E
O=—"—, 0n=—2 Op=—2— Qp=GCn, (5.1b)
1 —viovn 1 —vioun; 1 —viovn

with 1/12/E11 = 1/21/E22.

The stress, o;, and strain, &;;, components are referenced to the principal material
(natural) coordinate system, (xy,x;). The inverse of the lamina stiffness matrix, Q, is
referred to as the lamina compliance matrix, S, whose coefficients are given as

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 75
DOI 10.1007/978-1-4614-8465-3_5, © Springer Science+Business Media New York 2014
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Fig. 5.1 Natural and 2
reference coordinate \
systems for fiber-reinforced

lamina

1 12¥) U1 1 1
Shm— Sy =M g L= 52
n=gs Se En En 2T E, %G, (5.2)

Note that the coefficients of the stiffness and compliance matrices recover the
relationship for an isotropic layer by specifying

Ou=0n=«x+u Qun=kK-—u), Q=4 (5.3a)
and
+ K —K 1
St =382 =£ , S = £ , Se6 = —, (5.3b)
4xp 4k u

where x and p are bulk and shear modulus, respectively. The dilatation for a lamina
based on classical continuum mechanics is

0= (e11 +€n). 5.4

The strain energy density, W, based on classical continuum mechanics can be
expressed as

1 1 1
W= FOnen + S 0nEn + F012r (5.5a)

or

W= (Q118%1 +20nene11 + Oty + 0ned,). (5.5b)

N —
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Under general loading conditions, the total deformation of a lamina cannot be
decomposed as dilatational and distortional parts. Depending on the fiber orienta-
tion angle, the lamina may exhibit coupling of stretch and in-plane shear
deformation.

5.2 Fiber-Reinforced Lamina

A lamina can be idealized as a two-dimensional structure, and is thus suitable for
discretization with a single layer of material points in the thickness direction. In the
case of an isotropic material, there is no directional dependence. However, the
directional dependency of the interactions between the material points in a fiber-
reinforced composite lamina must be included in the PD analysis.

As shown in Fig. 5.2, the material point g represents material points that interact
with material point k only along the fiber direction with an orientation angle of 8 in
reference to the x-axis. Similarly, material point r represents material points that
interact with material point £ only along the transverse direction. However, the
material point p represents material points that interact with material point £ in any
direction, including the fiber and transverse directions. The orientation of a PD
interaction between the material point £ and the material point p is defined by the
angle ¢ with respect to the x-axis. The domain of integral H in Eq. 2.22a is a disk
with radius 6 and thickness 4.

The force density-stretch relations given by Eq. 2.48 must reflect the directional
dependence of the PD material parameters for fiber-reinforced composite lamina.
They can be defined in the form

1 Yo —Yw
) (W) = W), XG) = X0:1) = 5400 T (5.62)
‘Y n -y (k>‘
and
1 MORRAY) (5.6b)

) (W) — UG X = XG):1) = = 5Bo) |

Yoy =¥

where Ay and By are auxiliary parameters. As in the case of isotropic
materials, these parameters can be determined by using Eq. 4.1, thus requiring an
explicit form of the PD strain energy density at material point X for a unidirec-
tional lamina.

In light of Eq. 4.2 and the directional dependency of a lamina, the PD strain
energy density can be expressed as


http://dx.doi.org/10.1007/978-1-4614-8465-3_2
http://dx.doi.org/10.1007/978-1-4614-8465-3_2
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
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Fig. 5.2 PD horizon for a ¥
fiber-reinforced lamina and
interaction of a family of
material points

4

X

—— fiber direction, F
—.—.- transverse direction, T’
------ arbitrary direction, FT'

2
()—619 + br Z (‘YU Y(k‘—’X(/ _Xk)‘) Vij
= 5
+b 7‘3"—)’ ‘—X'—X Vii 57
FT ;\Xm—xm)I( o~ Yw| — X0 (k)\) 0 (5.7)
2
+ by Z (‘YU (k)‘—|xo)—x<k>\) Vi,

in which the PD material parameter a is associated with the deformation involving
dilatation, 0(). The other material parameters, b, br, and brr, are associated with
deformation of material points in the fiber direction, transverse direction, and
arbitrary directions, respectively. The total number of material points within the
family of material point X, in either fiber or transverse directions is denoted by J.
The PD dilatation, G(k), for a unidirectional lamina can be expressed as

dZ]x(, - (‘y@ Yoo = %o = xa])Awo Ve, 58)

in which d is a PD parameter.

After substituting for 8;) from Eq. 5.8 in the expression for Wy, given by Eq. 5.7
and performing differentiation, the force density vector t) ;) () — W), X(j) — X(x), 1)
from Eq. 4.1 can be rewritten in terms of PD material parameters as

Yo T Y

1
) (W) = W), Xg) = X 1) = 5Aw0) ‘y . } (5.92)
o~ Y
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where
Ay(j) = 4ad Awyi)Ow) + 46(ppbr + bpr + ﬂTbT)S(k)(/)7 (5.9p)
[X() = X
with
_J 1 (x() — X)) //fiber direction
Hr = {O otherwise (5.9¢)
and

1 N — L fiber directi
sy :{ (X(j) — X)) Lfiber direction (5.9d)

0 otherwise .

Similarly, the force density vector ty)(uw) — u(), X@) — X(),7) can be
expressed as

1 Yo —Yw
) () — UG X = X():1) = =5BG) 7’ : (5.102)
Yo) = Y
with
5
B(]-)(k) = 4adm[\0)(’f)00) + 45(/1pr + bpr + ,“TbT)S(j)(k)- (5.10b)

Although Eqgs. 5.9b and 5.10b appear to be similar, they are different because the
dilatations ;) and ;) for the material points at X and X(;, respectively, are
different. This formulation can be extended to include the effect of thermal loading
as described in Chap. 4. Oterkus and Madenci (2012) presented such an extension
for the bond-based peridynamic formulation.

5.3 Laminated Composites

The laminae are perfectly bonded in the construction of a laminate; thus, there
exists no slip among the laminae. Aside from the loading conditions, the deforma-
tion of a laminate is dependent on the lamina properties, thickness, and stacking
sequence. There exists usually a resin-rich layer between the laminae; an inherent
source for cracking and delamination. Therefore, transverse normal and shear
deformations especially play a critical role in the initiation and growth of delami-
nation. Also, in the presence of a nonsymmetric stacking sequence, the laminates
exhibit coupling between in-plane and out-of-plane deformation, resulting in
curvature.
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Fig. 5.3 Elevation of each lamina in laminate

As shown in Fig. 5.3, the reference coordinate system (x,y,z) is located on the
midplane of the laminate. The laminate thickness, #, is given by

N
hzzhn, (5.11)

n=1

where N is the total number of lamina in the stacking sequence, and £, is the

thickness of the n” lamina. With respect to the midplane, the position of each
lamina, z,, is defined as

hooal 1
zn:—§+’;hn,+§hn. (5.12)

The presence of the transverse normal and transverse shear deformations in a
laminate can be included in the derivation of the PD equation of motion under the
assumption that material points in a particular lamina interact with the other
material points of immediate neighboring laminae above and below it.

The total potential energy of a laminate with N layers can be expressed in the
form

N 00 N—-1 o N
U= > Wi+ Wi + Wiy =) bl -ufy,  (5.13)

n=1 i=1 n=1 i=1 n=1 i=1 n=1 i=1

T

where W(”i), W("i), and Wﬁ) represent the contributions from the in-plane, transverse
normal, and shear deformations, respectively, and bf’[) is the body load vector.
Using Eq. 5.7, the strain energy density, W€k>, of material point X’Zk) located on the
n™ layer , due to in-plane deformations, can be expressed as a summation of
micropotentials, w;, arising from the interaction of material point X?k) and the

other material points x’(’/) within its horizon in the form
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w . n ’ly noo oyt —+

RN (k)(/)(y(l‘) Yy Yooy = Yo ) .

Wio =523 W onon Vi G119
U RO (Y ) ~ Yoy Yoy = Yo )

in which w);) = 0 for k =j. Due to transverse normal deformation, the strain
energy density, W(”k), of material point x’(’k) located on the n'" layer can be expressed
as a summation of micropotentials, W(k>, arising from the interaction of material

(1) . o (n=1)

point x’(’k) and the adjacent material points, X(Z) and X<Z) ,located on (n + 1)’11 and

(n — 1)™ layers in the form

0 1 1 ~ m 7 1 - "
Wiy=5 > 5 [W<k> (Y&) - y(k))"&) +We (y?k> ~ Y )Vm SENCRN
m=n+1,n—1
Similarly, the strain energy density associated with transverse shear deforma-
tion, W("k), of material point X?k) can be expressed as a summation of micropotentials,
W(k)(j)» arising from the interaction of material point X?k) and the other material

points (within its family), XE;')—H) and x((/'.')_l), andw;(), arising from the interaction of

material point x’(‘].) and the other material points (within its family), XEZ;— D and XEZ)_ 1),
in the form
Wn _1 ilw . n+l1 _ n n+l _ on Vn+1
0= 21 &2 W0\Ye ~Yw-Yw Y0 e
=
<1
~ n n+1 _n n+1 n+1
+ 2370w (Yo = Y5 — ¥ )VJ
=1
1 ~ n—1 _n -1 n—1
+ 2500 (Yo — Y6 Y~ ¥i') Vi
=1
= 1 ~ n—1 n n—1 n n—1
+ 25 %w0 (Y6 = Yoo Yin' = ¥0)Vi
=1
J (5.16)
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Substituting for the strain energy densities, WZ.), WZ’i), and WZ’i), of material point
Xf’i) from Eqs. 5.14, 5.15 and 5.16, the potential energy of the laminate with N layers
can be rewritten as

= 1 - m n A n m m y/n
> ; 5 v (¥ = ) v (v — ¥ [ ViV
N—1 00 00

+1 Zl Zw . ( n+1 _ on n+l _ on )V11+1Vn

5 > 5 OO\YG Yo Yo —Y0) Ve Yo

o0

~ n n+l _n n+1 n+lymn

W0 (Yarym Yo ~ Y )Vo‘) Vi

o0
~ n n—1 n n—1 n—1ymn
+D W0 (y<,~>—y(j> Yo ~ Y )Vm Vi

j=1
(5.17a)
~ n—1 n n—1 n n—1y/n
+_Z;W<f><f> (Y ) Y@ Ya *Ym) 0) V(z‘)”
=

1N_1 1 > ~ n+1 n n+1 n n+lymn
+3 {ZZ[ZWW(M ~ YY) —ym)‘/(f) Vi
~ n n+l _n n+1 n+1y/n
+D W) (Yu>—y<f> Y T Y )Vm Vi)

~ n n—1 _n n—1 n—1y/mn
+D W00 (Yu> Yo Yo ~Y0) )Vo’) Vi)
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or exchanging the order of dummy indices i and j in the fourth summation of layers
results in

1 N—-1 oo 1
323 3 sl ) s ()] viv

| V=1 o o W(z)m(ym Y Yo yg))
=P o Vi Vi

n=li=t j=1 m=nt1n-1 +Wo><i)<y<z>_y<f>vyo> y(,))

N oo
—ZZ(bnw “'Zz)) (i

n=1 i=1

(5.17b)

As necessary for the derivation of equations of motion, the Lagrangian, Eq. 2.11,
can be written in an expanded form by showing only the terms associated with the
material point X’<’k) located on the n"” layer as

1 .
1 > n n n n n n
) Z {W<k>o‘> (Ym) Yy Yoo T Y ) Vi) V<k>} e
=1
1 - n n n n n n
3 > {Wo><k> (y<1f> — Yo Yoy ~ ¥ ')Vm V<k)} s
j=1
1 ~ n+1 n Vn+lvn 1 A n n+1 Vn Vn+1
" (y<k> *y<k>) ) Y T W <Y<k> ~ Y ) )" (k)
1. n — n—1 1. = n—1yn
—3%w (Y<k> Y )V<k)V<k> T W (Yu) y(k)) w Vi
N +1 +1 +1 (5.18)
= n n n n n n
T Zw(km (y@ = Yo Yx) ym)vo’) Vi
<
~ 1 1 1
- Z:Wuxk) (y'(b = Y5 Yo ~ Y )ka)VE’J
J=
o0
~ n n—1 _n —1 n n—1
—Z:Wo)(k) <y<k> —Y5) Yo ~ Y )V<k) )
<
[ee)
~ n—1 n n—1 n n—1yn
T Zw(mm (Y@ ~ Yo Yoy —Y@) 0 Vv
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Substituting from Eq. 5.18 into Eq 2.10 results in the Lagrange’s equation of the
material point x< % located on the n™ layer as

00 00 . 6 n.o__ yn
" _1_2% Z M) an) (YU) Y(k))

P Wk ¢
2 2. (yr&) B y}&)) 8u</<)
) il i o, 8(y<k> y u>)
5 . ., i) ou},
= 5(Y(k) - ym) .
m=n+1,n—1 2 a(y?llc) - y?")) 8u<k)
+ 5 n m 8]_]” (k)
m=n+1,n—1 6(Y(k) - y(’\)) ®
+2 > 3 ouf v
m=n+1,n—1 j=1 a(y(l) y(k)> W
, N 8(y<k) y(’)) v
oy oy g

n n
—bi }V<k> 0,
in which it is assumed that the interactions not involving material point X?k do not

have any effect on material point x( o With the interpretation that the derivatives of

the micropotentials represent the force densities that material points exert upon
each other, this equation can be rewritten as

Pl = i[‘"m)( u(j) — Uy, X'&')"‘?kwf)

—t(] )0 u ,Xk x'gj),z)}vg.)
p> [rézi“'” (uz’/s—u?k),xﬁ)—x("k),r)
+1,n—1
m)(n) m m
=g (e - X(k)vf)} Vib
+2 21: IZ[ (“o —ug “ﬁ)*“?/)”‘?%*"?k)v"?b*X'&)’f)
m=n+1,n—1 j
(m)(n) m e
S (“() UG, W) — ey X — X X() ~ )}Vm
+b, -

(5.20)
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Arising from in-plane deformation, tf’k)( ;) represents the force density that material

point XZ‘) exerts upon material point x’(“k). Similarly, t’Zm x) Tepresents the force density
that material point X?k> exerts upon material point X’(li)' The force density vectors,
rEZ)) ") and rgc"))(") with m = (n+ 1), (n — 1), develop due to the transverse normal
(n)(m)
()

represents the force exerted by material point XZ’}C) upon the material point X?k)’ and

rEZ))(") represents the opposite. The force density vectors SE:;E;? and smg), with

deformation between the material points X?k) and x'<’}<). The force density vectorr

m= (n+1),(n— 1), are associated with transverse shear deformation between

the material points x’g) and x’(’k). The force density vector SEZ;S’;) represents the force
(m)(n)

exerted by material point x’(';.) on the material point x?k>, and SU)I (k) represents the

other way around. These force density vectors are defined as

n fen oo LK Mon ow
‘<k><f>(“<f)—“<k>vxo>—x<k>v’>:QVT > — 0
b\ & (v~ viy)
. (521a)
" , LS e,
‘m(k)(“?w—“'Gw"fk)—"?f)v’):QVT > v — v Vi
WA= (y(k>_yo>)
(m) m n n _1 8W(k)
) (“<k>—“<k>’x<k>—x<k>’t>—5 )
o(vp) ~ ¥io)
i , (5.21b)
r(’”)(") ul. —u Xt —x™ ¢ _l W(k)
() =YX ~ X !) S5 o7
(y<k>*y<k))
and
S('l)(m) u’ —uhu? — X — X XM — Xt
®6) \ B0 ™ Wy Wy T UG XG) ™ X Xk T Xy
_ 1 9w
2
oy~ ¥in)
, (5.21¢)

(m)(n) m 7 m m
SG)(k) (% — U(j), Ul — G, Xy — XG), X — X, ’)
MW (j) k)

1
2 a(y'&a - y'@»)

with m = (n+ 1), (n — 1). As derived in Sect. 2.8, in order to satisfy the balance
of angular momentum, the equation of motion, Eq. 5.20 must satisfy the
requirements of



http://dx.doi.org/10.1007/978-1-4614-8465-3_2

86 5 Peridynamics for Laminated Composite Materials

(v = ¥i) =t (uty — i xGy = xGyr) ) att =0, (3.222)
H

(o = vte) ™ (ulty = vy Xy — Xty 1) )ttt =0, (5:220)
H

m n (n)(m) m n m n m
((Y I (k)) X S(0) (“m U Yy — UG)» X()
i (5.22¢)

—x?’k>7xz',’(> — X’EW t))dH =0.

It is apparent that these requirements are automatically satisfied if the force

tho) rgzg(m, and SEZ;E;;L), are aligned with the relative position vector of the

vectors,
material points in the deformed state, (y’(’j) - y’(’k)), (y'(’}{) - yz‘k>), and (y’('/’.) — y’(1k>),

respectively. Therefore, they can be expressed in the form

] L, Yo Y
tow =74007, ., 1’ (5.232)
Yo =Y
1 Yo — Y
thw = —5B0wT, —— 1’ (5.23b)
Yo =¥
and
m n
e _ 1 mem Yo " Yo 1 mym)
r(k) —E (k) 7'” o _Ep(k) s (524a)
Yo — Y
mm _ L mem Y0 Y0 1 ()
T =730 T, o 2Pw o (-240)
‘yac)_y(k)
and
W _ L omem Y0~V 1 ()
Swo = 2200 T, o 1 2900 (5.252)
Yo =Y
m n
me _ Lo Yo " Yo 1 mym)
Sow = ~3Pwo 7, —, 1= 290 - (5:25b)

*)) ‘ non
Yo) = Y
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where A’(lk)(j) s B’(Yi)(k) s CEZ))('"), and DEZ;E]'.';> are auxiliary parameters. With these
representations of the force density vectors, the equation of motion for material
point x< 0 located on the n™ layer can be further simplified as

= D [t (o = o ¥y~ i)
j=1
*’6)()( ?)‘“o) k) ~ X(): )]Vm (5.26)
O3 RVt 30 D iV b
m=n+1,n—1 m=n+1,n—1 j=
The auxiliary parameters, A( ) B’Z/)( )CE") m) dDE ;E” can be determined by

using the relationship between the force density vector and the strain energy
density, W,. The explicit expressions for the auxiliary parameters Af’k) 0 and B’(1/> ®)

(m)

are already given by Egs. 5.9b and 5.10b. The remaining auxiliary parameters, C EZ;

and DEZ; 8;0, can be determined by using the relationships

o 1 aWn ym _yn
ri)" = v 0~ (5.27a)
(.y >D Yo ~ Y
and
wey _ L OWh ¥ -
(m)(m) _ (k) UIRICN (5.27b)

R ) o -
Yo —Yw|) 1Yo — Y

in which VE’;() and V(’;.’) represent the volume of material points X?}c) and x’(’]’.)

respectively, and the direction of the force density vector is aligned with the relative
position vector in the deformed configuration. However, determination of the
auxiliary parameters requires an explicit form of the strain energy density function.
For transverse normal and shear deformations of an isotropic and elastic material

(resin-rich layer), the explicit form of the strain energy density functions, W&) and

W("k>, can be written as

2
= iy =XV 28

and
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x7n o o i/
Wiy =bs > Z—MY?})_Y&)’_"

)r%’

m=n+1n—1 j=1 ‘x’(’;) =Xy
in which the PD material parameters by and bg are associated with the transverse
normal and shear deformations of the matrix material, but are yet to be determined
in terms of Young’s modulus and shear modulus. The horizon size in the thickness

m n

0~ Xw

(i = v | = <t = =t

direction is 6, and & is defined as & = \/ 6% + 5" Note that IX(j) — X{| and [x{3) — x{, |
are equivalent quantities. Substituting for strain energy density from Eqgs. 5.28a, b
in Eqgs. 5.27a, b and performing differentiation result in

m n

Yoy — Yin| — ‘X'&» —X("@‘ Yoy — Yo

pgzi“”) — 4byd (5.292)
Xy ~ Xy ‘y ® ~ ¥
and
ym. _yn —|xm —xn
wom o x| [0 Y ’ 0 ~ X
Q) = bso P
X0 ~ X
(5.29b)
~ ¥ =i = e\ | v v
"‘?i) —X{) Yo Y

Comparisons of Egs. 5.24a and 5.29a and 5.25a and 5.29b lead to the determi-

nation of C EZ;W and D EZ;E;T)Z) as

) ‘y<k> - Y?k)‘ - "‘% - X?k)‘

Cli™ = dbys (5.30a)

Xy ~ X

ym ynv X X ym _ynA XM — x"
(n)(m) 0~ Y ’ ) (k)’ ’ ® ~ Y0 ’ )~ X()
Duggy = 4bs0 o B ¥

") (k) (k) ()

(5.30b)
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5.4 Peridynamic Material Parameters

The peridynamic material parameters that appear in force density vector-stretch
relations for in-plane and transverse normal and shear deformations can be deter-
mined in terms of engineering material constants of classical laminate theory by
considering simple loading conditions.

5.4.1 Material Parameters for a Lamina

The PD material parameters, a, d, br, br, and bgr, that appear in the force density
vector-stretch relations for in-plane deformation of a lamina, Eqgs. 5.9b and 5.10b,
are related to the engineering constants by considering four different simple loading
conditions as

1. Simple shear: y, = ¢

2. Uniaxial stretch in fiber direction: €1y = ¢, €3 =0

3. Uniaxial stretch in transverse direction: €;; = 0, €, =
4. Biaxial stretch: €17 = ¢, €3 =

5.4.1.1 Simple Shear: y, =¢

Using Eq. 5.1a, the stresses in the lamina due to this loading are obtained as

o1l Onu O O 0 o1l 0
6n p=|0n On O 0 or on p = 0 3. (531
o1 0 0 Oe] ¢ o1 Os64

Based on Egs. 5.4 and 5.5b, the corresponding dilatation and strain energy
density from the classical continuum mechanics at material point X?k) are

Oy =0 (5.32a)

and

1
Wi = 5 Qs6¢” (5.32b)

As illustrated in Fig. 5.4, the length of the relative position of material points
Yo and Y in the deformed state becomes

[y —y| = [1 + (singcos ¢)¢] X' — x| (5.33a)



5 Peridynamics for Laminated Composite Materials

90

(HI2)¢

g

Undeformed

(5.33b)

n

X(j) = X(x)

Fig. 5.4 Simple shear

= {1 + (Si“‘f’oxk) C"S"’(f)“)M

or

Yo

H ~ Y
Note that if the material points y’(’].) and yf’k) are aligned with the fiber and
transverse directions, the angles become ¢ ;) = 0° and ¢ ;) ;) = 90°, respectively.
(5.34)

For this deformation, the dilatation, Eq. 5.8, is evaluated as
{[1 + (sin ¢ cos ¢){]¢ — £}aH,

5
0 :a’J °
®) L

in which & = [xt) = x{, |
As expected, this loading condition results in no dilatation. The strain energy

density, Eq. 5.7, is evaluated as
1) .
Wiy =a (0) + br(0) + brr J— ([1 + (singpcos p)¢] & — f)de + br(0) (5.35a)

H
(5.35b)

nhs*e? )
12 FT-

or

([1 + (singcos p)¢] & — &)*édédp =
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Equating the expressions for strain energy density from the classical and PD
formulations, Eqs. 5.32b and 5.35b, results in

0066
bpr = ——. 5.36
= (5.36)
5.4.1.2 Uniaxial Stretch in the Fiber Direction: ¢;; =, ¢, =0
Using Eq. 5.1a, the stresses in the lamina due to this loading becomes
o1l Ou¢
6 o =1 01 7. (5.37)
012 0

Based on Egs. 5.4 and 5.5b, the corresponding dilatation and strain energy
density from the classical continuum mechanics at material point x’(7k> are

g(k) = C (5383)
and
1 2
Wiy = EQHZ: . (5.38b)

As illustrated in Fig. 5.5, the length of the relative position of material points
y’('/.) and y’gk) in the deformed state becomes

¥ — ¥l = [1+ (cos* $)¢] ¥ — x| (5.392)
or
n n o 2 n n
Yo = Y| = [1 + (COS ¢g><k>)c5] \x@ = X{y|- (5.39b)
Due to this deformation, the dilatation is evaluated as
o 2
Ouy =d E{ [1+ (cos® )¢] & — &}dH (5.402)
H
or
dhs®
Oy = S (5.40b)
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Deformed

Undeformed

Fig. 5.5 Uniaxial stretch in fiber direction

Equating the expressions for dilatation from the classical and PD formulations,
Egs. 5.38a and 5.40b, results in

2
d=—=. 5.41
whs’® G4D
The strain energy density for this deformation is evaluated as
2 - 4 2 n n 2 n
W =al+bp ) ((COS ¢o><k>>4 ‘Xm ~ X D Vi)
0 2 .
+ brr JE ([1+ (cos® ¢)¢] & — &) dH + br(0)
H
or
2 2 ! n n ”h54€2
Wi = al®+be 38 Y ([xty =iy |) vy + 5 b (5.42b)
=1

After substituting for bpr from Eq. 5.36, it takes the final form

2
vm> e (5.43)

X() — Xy

J
W = al® + br 60 (Z

=1

2
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Equating the expressions for strain energy density from the classical and PD
formulations, Eqgs. 5.38b and 5.43, results in

J
1
ato (Z x5 =iy Vo>> br = 5 (Qu1 — 3Qs). (5.44)
=1

5.4.1.3 Uniaxial Stretch in the Transverse Direction: ¢ =0, ey =

Using Eq. 5.1, the stresses in the lamina due to this loading become

o11 012¢
06 p =1 00 ;. (5.45)
012 0

Based on Egs. 5.4 and 5.5b, the corresponding dilatation and strain energy
density from classical continuum mechanics at material point X are

Oy = ¢, (5.46a)
1 2
Wi = 2Q22§ . (5.46b)

As illustrated in Fig. 5.6, the length of the relative position of material points
Y and Yk in the deformed state becomes

Iy =yl = [1+ (sin’ ¢)¢] X' — x| (5.472)
or
Yo ~Yiy| = {1 + (Sin2 ‘f’o‘)(k))é“} X{() = X |- (5.47b)
For this deformation, the dilatation is evaluated as
o .
O =d] < ([1 + (sin*p)¢] & — &)dH (5.482)
H
or
dhs®
O = z g. (5.48b)
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T

(HI2)G |

Deformed

L Undeformed

Fig. 5.6 Uniaxial stretch in transverse direction

Equating the expressions for dilatation from the classical and PD formulations,
Egs. 5.46a and 5.48b, results in

2
d= — (5.49)

As expected, the PD parameter d obtained from the uniform stretch in the fiber
direction, Eq. 5.41, and that in the transverse direction, Eq, 5.49, are equal to each

other and are independent of material properties.
The strain energy density for this deformation is evaluated as

Wiy = a$® + bp(0) + brr Jg ([1+ (sin>p)] & — &)°aH

H
VC‘))

o, whs*e? 5 [
Wy =al” + ber ) +br 6 Z

J=1

(5.50a)

X() = X(x)

7
+ br 8¢ (Z
=

or

x’(’/-) — x’(“k> V&). (5.50b)
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After substituting for bpy from Eq. 5.36, it takes the final form

J
Wy =al®+ Q66§ ——+br 5(:2(

X)) - ‘vm> (5.51)

Equating the expressions for strain energy density from the classical and PD
formulations, Egs. 5.46b and 5.51, results in

1 J
5(022 = 306s) =a+ 5(2 ’xgj) —x{y ->> br. (5.52)
j=1

5.4.1.4 Biaxial Stretch: ¢;; =, e, =

Using Eq. 5.1a, the stresses in the lamina due to this loading become

o1 Oun O O ¢ o1l (Q11 + 012)¢
6 =0 On O pordon p =< (Qin+0n) . (5.53)
o12 0 0 Qs O o12 0

Based on Egs. 5.4 and 5.5b, the corresponding dilatation and strain energy
density from classical continuum mechanics at material point X are

Oy =2¢ (5.54a)

and

1
Wiy = 2 (Q11 +2012 + 00)2%. (5.54b)

As illustrated in Fig. 5.7, the length of the relative position of material points
Yo) and Y in the deformed state becomes

Iy —y| = [1+ (cos® ¢ + sin’¢)¢] [x' — x| (5.55a)

or

= [1 + (cos2 doyw + sin2¢(/)(k))4 (5.55b)

X() = X |-
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(H2)C T

Deformed

| Undeformed
X |
|
__________________________________ :
Fig. 5.7 Biaxial stretch
For this deformation, the dilatation is evaluated as
1)
Ouw) = dJ ([T +¢]¢& = &)aH (5.56a)
né
or
Oy = ndhs*C. (5.56b)

Equating the dilatation contributions from the classical and PD formulations,
Egs. 5.54a and 5.56b, also results in the same value of the PD parameter

(5.57)

For this deformation given by Eq. 5.55b, the strain energy density is evaluated as

J=1

J
Wy = 4al® +bp £ (Z ("‘Z‘) = X{j ) V6‘>>
1 () =t )V'o">> :

(5.58)
2whs*¢?

7
brr

J

+ b (
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After substituting for bpy from Eq. 5.36, it takes the final form
J

Wi = 4al® +bp %5 (Z ( X() ~ X(v) ) 'G))
=1

x(/ — X D Vi >

J

+4Q66¢” + br(?s (Z <
j=1

Equating the expressions for strain energy density from the classical and PD

formulations, Egs. 5.54b and 5.59, results in

— X{) ) VC‘))

J
+br8 (Z (Jx) = xto)) VE’») :
J=1

The remaining peridynamic parameters in the strain energy density expression
can now be evaluated by using the previous two relations obtained from the uniform
stretch in the fiber and transverse directions, Eqs. 5.44 and 5.52, in conjunction with
Eq. 5.60, as

(5.59)

N —

J
(011 +2012 + 02 —80¢6) = 4a+brd <Z ( ’x’(’j)
= (5.60)

1
=5 (Q12 — Qes ) (5.61a)

by = (Q11 — Q12 — 20¢6) (5.61b)

N )
20 2 x 0
j=1

(022 — Q12 — 20¢0)

) (k)

br=— , (5.61¢)
25<4_ XG) ~ Xy m)
j=1
6066
bpr = —. 5.61d
L ( )

For bond-based peridynamics, the parameter a associated with dilatation and the
parameter by associated with the transverse direction should both vanish, thus leading
to constraint equations, previously derived by Oterkus and Madenci (2012), as

Q12 =06 and QO =30i. (5.62)
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Ply # m

1+ c)(/zm;r/zﬁ’)”

Ply # n

ndeformed Undeformed configuration Deformed configuration

Fig. 5.8 A composite laminate subjected to transverse normal stretch

The nonvanishing peridynamic parameters, by and bgr in the fiber and remaining
directions, respectively, also recover the expressions derived by Oterkus and
Madenci (2012) as

— 6
b]: = (Qll Q22) and bFT = %

N
26 (}2 ”"&) = Xy ‘ VU))

For isotropic materials with Q1; = Qxn =k +u, Q12 = (k — ), and Qgs = U,
these peridynamic parameters recover Eqgs. 4.52 and 4.53 as

(5.63)

a= (5.64)

(K—zﬂ),b]?:o, bT:Oand bFT:b:—
h

N —

and the parameter d is also equal to that of isotropic material given by Eq. 4.47.

5.4.2 Material Parameters for Transverse Deformation

The peridynamic material parameters by and bg in the force density vector-stretch
relations, Egs. 5.29a, b associated with transverse deformation in a laminate are
determined by considering two simple loading conditions as

1. Transverse normal stretch: £33 = ¢
2. Simple transverse shear: y;3 = {

5.4.2.1 Transverse Normal Stretch: £33 = {

In order to obtain the peridynamic material parameter by, the laminate is subjected to
a uniform transverse normal strain of {, as shown in Fig. 5.8. The corresponding
strain energy density from the classical continuum mechanics at material point X ;) is

- 1

Wiy = 5 En &, (5.65)

with E,, representing the Young’s modulus of matrix material.


http://dx.doi.org/10.1007/978-1-4614-8465-3_4
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
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The relative distance between the material points at x% and xE’k>, before and after

deformation, can be expressed as

m n 1
‘X(k) - X(k)‘ =3 (A + ha) (5.66a)
and
‘yz’i) —¥Yp| = T+ OXG) — Xy ‘ (5.66b)

Defining & = Xﬁ) — Xf’k) and noting that its length is equal to half of the sum of

the two neighboring ply thicknesses, i.e., & = |&| = (h,, + h,)/2, withm = (n + 1),
(n—1), and substituting for the relative position vector, from Eq. 5.66a, in the

expression for the strain energy density, W;y, Eq. 5.28a, at material point xf’k) result in

N 1 . -
Wity = 38| (st + BVES + (ot + )V (5.67)

Equating the expressions for strain energy density from Egs. 5.65 and 5.67
provides the relationship between the PD parameters, by, and the Young’s modulus
of the matrix material as

Em
by = . (5.68)

3|:(h,,+1 —+ h")vzlk-;—l + (h,171 —+ /’ln)VZ'k—>1

5.4.2.2 Simple Transverse Shear: y;; =¢{

Similarly, the peridynamic material parameter bg is evaluated by subjecting
the laminate to a simple transverse shear loading of ¢, as shown in Fig. 5.9.
The corresponding strain energy density from classical continuum mechanics at
material point X is

- 1
Wiy =5 Gnl?, (5.69)
with G, representing the shear modulus of matrix material.
As shown in Fig. 5.10, the relative distance between the material points at x’(’})

and x;’k), before and after deformation, can be expressed as

(o + ha)*

R

x'('/'.) — X?k) (5.70a)
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Undeformed

Fig. 5.9 A composite laminate subjected to simple transverse shear

C(h,+h,)/2

e /—— Ply # m T '
TN iy A —
(hm;hn) e _\,X;) (hn;hn) AN
— — Ply # n e Yo———
Xy = Yoo
Undeformed configuration Deformed configuration

Fig. 5.10 Position of material points before and after deformation due to simple transverse shear

o (i + hy)?
‘yr(',l-) = Y| =\t + %7 (5.70b)
in which £ can be obtained from the law of cosines as
2 o (et hy)®
=0+ T—Eg(hm—i—hn)cos(n—qﬁ). (5.71)

Thus, the distance between x'(';) and x?k) in the deformed state can be rewritten as

¥ - ¥%

2
= (42 + M) 4 ¢ (B + hy) cos(h). (5.72)
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In deriving this expression, the ¢ ?(h,, + hn)2 /4 term is disregarded with respect

to (hy, + hn)2 /4 because ¢ is much less than unity. Also, this expression can
be further simplified by using the square root approximation because ¢( h,, + hy)

cos(p) < (2 + (hy + hy)* /4), leading to

hm hﬂ ? 4 hm hn
2y U o)™ L8 (T 4 ha) cos() 573
4 B thy)
N
Thus, the extension between these material points is obtained as
m n m n 4 (hm + hn) COS(¢)
’y 0~ Yw|~ ‘X(;‘) —Xp| = : (5.74)

2/ 1 il

Similarly, the distance between the material points XE';C) and x’(’l.) before and after
deformation can be obtained as

2
x x| /e +M (5.752)
and
2
oy (it )" L (i + ) cos(9) (5.75b)

4 / ot )
2 EZ_’_( 7 )

in which the minus sign emerges due to the contraction between material points XE’;{)
and XE”.) in the deformed state, whereas extension occurs between material points x’('})

and x’(’k). Thus, the contraction between these material points is obtained as

m

Y<k>—y'fi>‘ — |

m n

| = &+ hy) cos(¢p)
) ~X() N

Prior to substituting for the stretch between the material points X'{;) and X’(’k) and x%

(5.76)

and X'Zi), the strain energy expression can be rewritten in a slightly different form as

_ B+ hn\*
Wi, = bs Z: 1(_2 >
m=n-+1,n—

2

O I 1 A B e T A B A O
x Z o =D - = Vi
=UXG) T X 2 2

(5.77)
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Fig. 5.11 Change in angle

after deformation
Deformed

Undeformed

in which the ratios in the summation can be interpreted as the change in angle from
/2 provided that |x{j — x?k)| > h and |x{) — XZL/‘)| > h, as depicted in Fig. 5.11.
With this interpretation, this expression can be rewritten as

W — b Z hy + hy, 2i 6 [(m)(n)+ (m)(n)rvm (5.78)
® =7 2 > T 1 1%0 TPow | Vi
m=n+1,n—1 Jj=1 ‘X(/) — X(k)

with

(m)(n) _ ‘y?;) B y?’c)‘ B ‘Xr(';) - X’(lk)

%)) (ot (5.79a)
2
o Wi Y0 5 -
i = (it = (5.79b)
2

The average change in angle, (pg;lg,g), corresponding to the shear strain in

classical continuum mechanics becomes
mm _ X )(k)
PG — 2

(o = vio| = e ==t |) = (v = | -

(o + n)
Substituting for the stretch between the material points, XE") and x?k) and x’(’,’c) and

J
x’('].), the average change in angle, (pEZé)é';), for the applied simple shear loading can be

(m)(n) |, alm)(n)
ny 1A

) (5.80)

Xl ~ X()

determined as
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) _ € cos(¢p)

Pwn = T
4

Therefore, the strain energy density function can be rewritten in terms of the
average change in angle as

(5.81)

[« 7}

(m)(m)]?
{%km } o (582

2 o
Wiy =4bs > <hm;h> 2

=t Ln—1 -1 |x" —x”
m=n+1,n J ’ () (k)

or
hn+1 + hy, & S (nt+1)(n) n+1
Wig) = 4bs ( 7 ) oo [ P () } Vi
=1 X X
(5.82b)
bt A\ &8 (=11
+( ) > DI e | OV AT
J=1 ’Xo‘) Xy
or
Put + hy\ > & 22 cos* ()
= 48%bgs ( + ) ynit
2 z_:[gz (lzn+1+hn)2r/2 W
2
(5.82¢)
n—1 + hy > - 22 cos?(¢)
Vi
< Z: |: (hn 1+/1) i|3/2 (/)
2
Converting summation to integration leads to
o 21
422 3 n+1+h : 2 cos? 20
Wiy = 4L"bso +1+h 2} 72 dldg
00
(5.83)

2z

S
RN A
+<’ L ) ” “cos’(¢) 5 ldtdg
b0 h,, 1+h )2i|
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Performing the integration results in

- (hn+1 + hn)

hnst + h> 8 oty

WP = 4%bgns <
(k) 2 X 2
52 + (’11-12+hn)

(5.84)

2
) - (hnfl +hn)

82 4 (11,1,|2+h,1)2

+(/’l”1 +h”>3 52 _"_2(}'[”7[2“1’}7”
2

Equating the expressions for strain energy density from Eqgs. 5.69 and 5.84
provides the relationship between the PD parameter by and the shear modulus of
the matrix material as

bs = G . (5.85)

(hn+1 + hn>3 52 + 2(h71+l+h”)2 _ (hn-H + hn>
2 & 4 (st n+12+h,,)2

87d

hn h 3 52 2 (hu= EVAY
+< LT ) i ( ) - n 1+h

52 iy l+h

5.5 Surface Effects

The peridynamic material parameters a, d, br, br, bgr, by, and bg that appear in the
peridynamic force-stretch relations are determined by computing both dilatation
and strain energy density of a material point whose horizon is completely embedded
in the material. The values of these parameters, except for @, depend on the accuracy
of integration and domain of integration defined by the horizon. Therefore, the
values of these parameters will be different for a material point located near a
boundary, Fig. 5.12. Thus, these parameters need to be corrected near the free
surfaces.

Since the presence of free surfaces is problem dependent, it is impractical to
resolve this issue analytically. The correction of the material parameters is achieved
by numerically integrating both dilatation and strain energy density at each material
point inside the body for simple loading conditions and comparing them to their
counterparts obtained from classical continuum mechanics. After determining the
correction factor for each parameter, the force density vector is modified in the PD
equations of motion.
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Fig. 5.12 Surface effects in Surface
the domain of interest

o Point 2-5
ééo

In order to determine the surface correction factors for the peridynamic
parameters d and by (¢ = F,T,FT), two simple loading conditions are achieved
by applying uniaxial stretch first in the fiber direction, and then in the transverse
direction, i.e.,e11 # 0,2 = ¥, = O(showninFig. 5.13) and e, # 0, €11 =y, = 0.
The fiber and transverse directions coincide with the axes of the natural (material)
coordinate system, (1,2).

The applied uniaxial stretch in the fiber and transverse directions is achieved
through a constant displacement gradient, Oul/0x, = ¢ with (a=1,2). The
displacement field at material point x arising from these two loading conditions
can be expressed as

u{(x):{g—jjx1 0} and ug(x):{o ‘Z—xz} (5.86a,b)

Due to these displacement fields, the peridynamic dilatation term, 0§D (xf’i)), at

material point X?i) can be obtained from Eq. 5.8 as

n

N
5
07 () = Y —— |y = | =[xty — ¥y

X() ~ X0

)A;’,.) GV 68D

=1

in which N represents the number of material points inside the horizon of material
point X?). The corresponding dilatation based on classical continuum mechanics,

i

HgM (X?i))’ is uniform throughout the domain, and is determined as

0 (X)) = €aa = ¢, with (@ = 1,2), (5.88)

l
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_____ -

Deformed configuration

Undeformed configuration

_____ -

Deformed configuration

Undeformed configuration

Fig. 5.13 Material point x in lamina subjected to uniaxial stretch: (a) a truncated horizon, and (b)
far away from external surfaces

The dilatation correction term can be defined as

GgM x”.
Dagy — Spit) : : (5.89)
95 (XE’,)) d 5%: s A" \
WG O W

Maximum values of dilatation occur in the loading directions that coincide with
the natural coordinates 1 and 2, respectively.
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The peridynamic strain energy density at material point X?i) can be obtained from
Eq. 5.7 as

PD PD PD PD PD
W, (Xni)) =W (X?i)) + Wor (Xni)) + WaFT(Xni)) + Wer (Xni))7 (5.90)
where (a = 1,2), W(fé) is associated with the dilatation term, and W(ZQ , Wg? , and
WZQT represent contributions from the deformation in the fiber direction, transverse
direction, and arbitrary directions, respectively. Based on Eq. 5.7, each of these
terms is expressed as

2
Wag (X)) = a(ei’)(x'(,«))) : (5.91a)
PD
Wor (X(y) = br ” (’yU ), ‘xm >) Vi, (5.91b)
I
2
Wer (X(y) —bT5Z (|9 =¥t = oy =] ) Vi 5910
XG) ~ X
PD n n n n 2 n
WaFT Xz - bFT‘SZ e ( Yo = Yo | — ‘Xw — X)) ) V(I) (5.914d)
X() — X0

Based on classical continuum mechanics, the strain energy density
corresponding to uniaxial stretch in the fiber, W (x ()) and transverse directions,

WEM (x (i)), is uniform, and can be determined from

1
WM (x) = 5 Qual® (a = 1,2), (5.92)
which can be decomposed as

WEM(Xni )= W(%w( X ) + ngy(xni)) + Wg;w(xni)) + W%(X”g% (5.93)
where Wgé” is associated with the dilatation terms, and W(f,é” s WSYM , and W(f%
represent strain energy densities arising from the deformation in the fiber direc-
tion, transverse direction, and arbitrary directions, respectively. From Eq. 5.42b in
conjunction with Eqgs. 5.61a, b, d for uniaxial stretch in the fiber direction, i.e.,
(a = 1), each strain energy density component can be expressed as

chéw(xz ) == (012 — Q66) %, (5.94a)

NI»—‘
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1
chéu("(l )= E(Qll — Q12 — 2066)¢%, (5.94b)
Wi (x(y) =0, (5.94¢)
WL (x()) = Qeaé (5.94d)

From Eq. 5.51 in conjunction with Eqs. 5.61a, c, for uniaxial stretch in the
transverse direction, i.e., (@ = 2), each strain energy component can be expressed as

W' (xy) = %(le — Q66)C%, (5.952)
W5 (x() = 0, (5.95b)
W' (x) = %(sz 012 — 2066)%, (5.95¢)
Wi (x(y) =5 Qsae“ (5.95d)

Because the dilatation term, 677 ( ) is corrected with a dilatation correction

term in the peridynamic computation, 1t is expected that Eq. 5.91a is automatically
corrected for this loading condition. Hence, the correction is only necessary for the
terms including parameter by, with ¢ = F, FT, T. For the uniaxial stretch in the fiber
direction, the correction terms for these parameters can be defined as

(011 — Q12 — 20Q66)2 (5.96a)

)'viy

N—

)| = Ity = %

Sirgy = 1, (5.96b)

%Q66:2 (5.96¢)

) Vi




5.5 Surface Effects 109

For the uniaxial stretch in the transverse direction, the correction terms for these
parameters can be defined as

Sariy = 1, (5.97a)
ch;vz (Xn,))
0= W)
_ 100 — 012 — 2066)8° (5.97b)
N S
bro o, x,(,/_)l% (s =¥t =ty =) v

SaFr(i
O = WIB (x];)
B %Q66§2 (5970)
= 7 2 ’
1 n n n n i
bFT512W< Yo =Yool = X0 _X<f>) Vi
[0

With these correction factors, a vector of correction factors for the integral and
summation terms that appear in dilatation and the strain energy density at material
point X?) can be written as

i

=

n n r T
8y (X(y) = {81<d>(x 1)s 82(a) (X ,-))} = {Diw: Do} (5.982)

—

¥ T T
gy (X(y) = {gl(b)é(x?j))7 gz(b)e(X'(’,»>)} = {Swp), S} (5.98b)

with ¢ = F, FT,T.

These correction factors are only based on loading in the fiber and transverse
directions. However, they can be used as the principal values of an ellipse as shown
in Fig. 5.14 in order to approximate the surface correction factor in any direction.
Arising from a general loading condition, the correction factor for interaction
between material points xf’,.) and x’(;), shown in Fig. 5.15a, can be obtained in the

direction of their unit relative position vector, n = (x(; —X{;))/[x{; — X[ =
{n1, m}".

A vector of correction factors for the integrals in the dilatation and strain energy
density expressions at material point x’(’/.) can be similarly written as

n n n T T
8a)() (X)) = {gl(d)(x(j))a gz(d)(X(;))} = {Diy, Dayy} (5.99a)
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Fig. 5.14 Construction of an ellipse for surface correction factors
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Fig. 5.15 (a) PD interaction between material points at x'(’l.) and x’gj), and (b) the ellipse for the

surface correction factors

n n n T T
8y (X()) = {gl(b)l(xg))a gz(b)e(xm)} = {S1), S0} (5.99b)

These correction factors are, in general, different at material points x’(’l.> and x'(’].>.

Therefore, the correction factor for an interaction between material points x?i) and

X'Zj) can be obtained by their mean values as

_ e _ T 8an + 8w
Ba)iG) = {g<d><i>o>1vg<d><f>u>z} - 2 (5.1002)
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and

_ _ _ T 8wy + 8wy
Bowon = {Evwon Eorone) = 3 ) (5.1000)

which can be used as the principal values of an ellipse for the interactions other than
in the fiber and transverse directions, as shown in Fig. 5.15b. The intersection of the
ellipse and a relative position vector, n, of material points X’<’l.) and x’(’/,), provides the

correction factors as
B 2 - o\ —1/2
Gy = (|:n1/g(d)(i)(j)l:| + {nZ/g(d)(,’)(/)z} ) (5.101a)
and
—1/2

2 2
Gy = ([m / g(h)[(i)(i)l} + {nz / g@,)(g(,-)(,-)z} ) : (5.101b)

After considering the surface effects, the discrete forms of the dilatation and the
strain energy density are corrected as

P
1 5 n n n n
Oy =dY_Gawy 7 ( Yo — ¥ "‘0) —X() )
= X~ X0
(5.102a)
o0 " Yo X T Xe v,
Yo ~ Yol o~ X6
2 G 1
Wiy = adty +brd Y _Goro
= X0 X0
n n n n 2 n
x (Ym Yo |~ X0 — X ) ()
N 1
+b16 Y _ Gy T
=1 Xo X0 (5.102b)
2
x (Ym Yo~ X0 — X0 ) )
a 1
+ brrd Z G n)Fr()() - -
= o X0
n n n n 2 n
x ( Yo Yo | ~ X6 ~ X0 ) Vi) -
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The peridynamic material parameters by and bg for a material point located on
the bounding laminae, such asn = 1 orn = N, also require correction. However, the
correction factors for by and bg are not necessary for material points X'Zi) forn # 1,N
because they are imbedded in the laminate, as shown in Fig. 5.3.

Simple loading conditions of uniform transverse stretch, du}/0x3 =, and
simple transverse shear, Ju}/0x3 = {, are applied to the laminate separately to
determine the correction factors.

The corresponding displacement fields at material point x as a result of these
loading conditions can be expressed as

i ={0 0 Jx} (5.103a)
and
u§:{§%x3 0 0}. (5.103b)

The PD strain energy density of material point X?l.) with n = 1, N due to these

loading conditions, respectively, can be expressed as

1
() = ot h 4
1
PD N 1 2 2vn—1 (5 0 a)
W (x(,.)) = 2wl + bV
and
Buit + B\ > = £2 cos? ()
PD 1 _ 2 n+1 n n+1
Ws (X@) =% bS( 2 ) ;WJF (hn+1+hn)zv(1'>
! 2 (5.104b)

N

PD o 2 hnfl + hn g 62 COSZ(d)) n—1
Ws (Xl(\f)) =4 bS( 2 > ;gz N (h,,,|2+h,,)2 Vo)

The corresponding strain energy density expressions based on classical contin-
uum mechanics can be expressed as

1
WM (x'g,.>) =3E.¢ n=1N (5.1052)
and

1
WM (xf’i)) =3Gu®  n=1N (5.105b)
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Therefore, the correction factors associated with the material parameters, by and
bs, at material point x’(’l.> for n = 1, N can be defined as

s w (5.1062)
3(i) W?D (’%‘)) ’
and
g W) (X?i)) (5.106b)
S(i) W§D (X?I)) ’ ’

Correction factors for by and by are not necessary for material points X?i) for

n 7é 1, N. Therefore, the correction factor for an interaction between material points
for n=1,N and x for m # 1,N can be obtained by their mean values as

gg’g)(’” (S" )/2 forn=1,Nandm # 1,N

DN , (5.107a)
S;Zi)m =1 forn,m#1,N

cn)(m) _

st (s +1)/2 for n = 1,Nandm # 1,N

j)’(“)) 50 (5.107b)
S"i>”,' =1 forn,m#I1,N

After considering the surface effects, the discrete form of the strain energy
density functions WE’I.) and W?i) are corrected as

on a(n)(m) m n m n 2 m
Wiy = bv 21: 530 (’y<,ry,> *”‘(fr"m) Vi (5.108a)
m=n+1,n—
and
. o cln)(m)
Wiy=bs > > S50 Myﬁ) Yo ’Xm X?z’)D
m=n+1,n—1 j=1 (5108b)
m n n 2 m
(‘Ya)—ym —‘Xm—"w )} ()
Reference

Oterkus E, Madenci E (2012) Peridynamic analysis of fiber reinforced composite materials.
J Mech Mater Struct 7(1):45-84



Chapter 6
Damage Prediction

Material damage in peridynamics (PD) is introduced through elimination of
interactions (micropotentials) among the material points. It is assumed that when
the stretch, S(k)(j)» between two material points, k and j, exceeds its critical value, s,
the onset of damage occurs. Damage is reflected in the equations of motion by
removing the force density vectors between the material points in an irreversible
manner. As a result, the load is redistributed among the material points in the body,
leading to progressive damage growth in an autonomous fashion.

6.1 Critical Stretch

In order to create a new crack surface, A, all of the micropotentials (interactions)
between the material points X(+) and X(;-y whose line of action crosses this new
surface must be terminated, as sketched in Fig. 6.1. The material points x(;+) and
x(;-) are located above and below the new crack surface, respectively.

The micropotentials for linear elastic deformation can be obtained from Eq. 2.17
as

Wer)o) = 2ba)ge) @ (UG- — e ) (6.1a)
W) = 2tG-yee) @ (Uaer) — g (6.1b)
or
W) = A (’Y i)~ ¥ <k‘>‘ — M) ‘Xm — Xk ) (6.2a)
Wi = B([yien) = ¥ | = Mgy ) =0 ) (6.2b)
E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 115
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Fig. 6.1 Interaction
between material points x(*;{)

and XG), whose line of action
crosses the crack surface

Crack
surface, 4

with
dadé
A= ai/\([fr)(/’f)e(]fr) + 4(‘5[75‘(k+>(/~—)7 (6.3a)
X(i-) — X(k+
[XG-) = X |
dadbd
B = ﬁ A(/’*)(k‘ )9(,‘—) + 45bS(,~—>(k< ), (6.3b)
(k) — X()
in which
N
9(k+) = d‘SZA(k+)(i)S(k+)(i) V(i>, (6.4&)
f
N
05y = d8y_ Ajyasim Vo (6.4b)
i=1
and

Y-y Y X(i-) — X+
Aoy = LY X “ X 6.50)

Yo~ Yao| R =Xl

Y = Yi) X)) —X()

[ ] .
Xy =X |

(6.5b)

Yoy = ¥gr)
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Under the assumption of linear elastic deformation, i.e., Ay ~ 1 and
Agery-) = 1, the expressions for the micropotentials can be rewritten as

N—-K~ K-
22
Wiy = 4ad8 (> suniswni Vi + D Swonswn o Vo
] im1 (6.6a)
2
A5 bst - [X () — X
N—J* J*
2 2
W) (kt) = 4ad’s (Z SEHOSGE) Vi) + D S6m08G k) V<t>> 6.6b)
i=1 i=1 .

2
+ 45bS(jf)<k+) |X(/<+) — X(jf) },

in which N represents the total number of material points within the family of x;+)
and X;-).

The number of material points within the family of X(+) below the crack surface
and intersecting with the crack is denoted by K~ . Similarly, J* represents the
number of material points above the crack surface within the family of x(-) and
intersecting with the crack. Even at the critical stretch, these micropotentials do not
completely vanish because of the contribution of the material points to the
micropotential through the first term arising from dilatation. Retaining only the
interactions crossing the crack surface, the critical values of these micropotentials
can be obtained by substituting the critical value, s., of the stretch sy+y;-) and

S as
P
W) = <4ad252 (Z 57 V(,-)> + 48 bs2|x(-) — X |> (6.72)
i=1

i
and
j+
c 22 2 2
W(i’)(k*) = <4ad o (Z S V(,)) +45bS(. X(k*) — X(])|> . (67b)
i=1

Hence, the strain energy required to remove the interaction between two material
points, X+ and X(;-), can be expressed as

) 1 W) T Winen
Wi =3 : Ve V. (6.8)

Furthermore, the total strain energy required to remove all of the interactions
across the newly created crack surface A can be obtained as
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1&E 1 & 181
W = 5 kzli Z k* V(]f) +§ ;5 ZIWEI'—)(kﬂV(f)V(k‘)z (69)
= i=1 = j=

for which the line of interaction defined by [x(+) — X(-)| and the crack surface
intersect, and K* and J~ indicate the number of material points, above and below
the crack surface, within the families of X(k+) and X(j-)» respectively. If this line of
interaction and crack surface intersect at the crack tip, only half of the critical
micropotential is considered in the summation. Substituting for micropotentials
given by Egs. 6.7a, b in Eq. 6.9 results in the critical strain energy required to
eliminate all of the interactions across the newly created crack surface A as

Kt J-

_SZZZ<25};\X(J — X +ad252<2\/ +Zv )) @ Vi)-
(6.10)

The total work, W¢, required to eliminate all interactions across this new surface
can be equated to the critical energy release rate, G, in order to establish the value
of critical stretch, s., as

K+ J- J*
Sg Z Z <25b|X0 — X(k+) + ad262 (Z V( ) + Z V([) ))V(/ﬁ)VO)
G. = k=1j= i=1 i=1
c A )
(6.11)
which yields the critical stretch, s., expression of
B GA
Se = |- .
> Z (25b|XO — X(k+) + ad?8? (ZV + EV ))V(k+)v(j)
k=1j=1
(6.12)

Setting @ = 0 and 46b = ¢ reduces this expression to bond-based peridynamics

Kt J-
{Z > Xy — X VW)"(H}
, k=1j=1

G, ==cs. — " : (6.13)

For three-dimensional analysis, the critical energy release rate for bond-based
peridynamics was derived by Silling and Askari (2005) in integral form as
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Fig. 6.2 Integration 0
domain of the <__=._L;
micropotentials crossing |

a fracture surface

Crack
surface

5 27 (5 fcoslz/E 5
G, :J {J J J (lcgsfzf) sin¢d¢a’c§d6’}dz:lcsf <5—”> (6.14)
olJo J:Jo 2 2 5

This integral represents the summation of the work required to terminate all
interactions (micropotentials) between point x;-) (below the fracture surface) and
all of the points x(;+) (above the fracture surface) within its horizon, as shown in
Fig. 6.2. The integration in spherical coordinates, (£, 6, ¢), results in the volume of
all the points x;+) that are above the fracture surface and within the horizon of point
X(j-). The line integral includes the contribution of all the points X(;-) from 0 to the
horizon, 6.

In the case of two-dimensional analysis, the expression for the critical energy
release rate for bond-based peridynamics becomes

B 5 5 pcosTlz/E 1 ) B 1, hs
G.=2h Jo {J Jo <§ c§sC§> d¢d§}dz = Ecsc <7>, (6.15)

in which /4 represents the thickness of the material. The integration is performed in
polar coordinates, (&, ¢).
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Comparing Eq. 6.13 with Egs. 6.14 and 6.15 leads to

Kt J-
55
> Z |X(/”) =X |V Vi) % three dimensions
i N (6.16)
A hs* o
> two dimensions
and the second term in Eq. 6.12 can be evaluated as
Kt J- /K- Jt 502
1; ]; (il Vi) + l; V(”)) Ve Vi) Tﬂ three dimensions
- = 6.17
A 8n2s° o ©17
two dimensions .
Finally, the critical energy release rate can be expressed as
2 2
<?ﬂ b&® + %ad259> sf three dimensions
G. = g (6.18)
(bh55 + §ad2h257)s§ two dimensions .

After substituting for the peridynamic parameters, a, b, and d, the critical stretch
can be expressed as

G. ' )
( ( 3) 1 ( 5,4) three dimensions
3u+(3) (k—=+ ) 5
Se = ' 3 6.19)
G, ' )
3 6 two dimensions .
(2 utop(k—2u))6

It is worth noting that the critical stretch is a function of the horizon. The value of
the horizon brings in the effect of the physical material characteristics, nature of
loading, length scale, and the computational cut-off radius. This simple relationship
provides the value of critical stretch for a linear elastic brittle material with a known
critical energy release rate. If the material exhibits time-dependent nonlinear
behavior such as viscoplasticity, a single critical stretch value is not a viable failure
criterion. Foster et al. (2011) proposed the use of the critical energy density as a
failure criterion in rate-dependent situations. For complex material behavior, there
is no simple approach for determining the critical stretch value or critical energy.
An inverse approach can be adopted to extract their critical values by performing
PD simulations of the fracture experiments with measured failure loads. After each
PD simulation with a trial critical value, the PD failure load prediction is compared
with that of the measured value, and PD simulations continue with updated critical
values until the PD prediction and measured values are within an acceptable range.
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6.2 Damage Initiation

In order to include damage initiation in the material response, the force density
vector can be modified through a history-dependent scalar-valued function y
(Silling and Bobaru 2005) as

AwG) Yo ~Yw
tw) = 25{ad ﬁe(k) + bu (XU) — X, I)S(k)(j) —, (6.20)
0w Yo Yol
with the dilatation term
N
Oy = d8 Y Awyon (X — %@, 1)swio Ve, (6.21)
=1
where u can be written as
(X X l‘) . { 1 if S(k)(j) (Xm = X(k), l‘/) <s. forall0</?
HE0 w7 = 0 otherwise . (6.22)

During the solution process, the displacements of each material point, as well as
the stretch, S(k)()» between pairs of material points, X(k) and X(j), are computed and
monitored. When the stretch between these material points exceeds its critical
stretch, failure occurs; thus, the history-dependent scalar-valued function u is
zero, rendering the associated part of the force density vector to be zero.

6.3 Local Damage

Local damage at a point is defined as the weighted ratio of the number of eliminated
interactions to the total number of initial interactions of a material point with its
family members. The local damage at a point can be quantified as (Silling and
Askari 2005)

Ju(x' —x,0)av’

px,0)=1-"1 (6.23)

[av’
H

The local damage ranges from O to 1. When the local damage is one, all the
interactions initially associated with the point have been eliminated, while a local
damage of zero means that all interactions are intact. The measure of local damage
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Fig. 6.3 (a) All a b
interactions are intact 0(x,0)=0.5
(no damage); (b) half

of the terminated
interactions create a crack

is an indicator of possible crack formation within a body. For example, initially a
material point interacts with all materials in its horizon, as shown in Fig. 6.3a; thus,
the local damage has a value of zero. However, the creation of a crack terminates
half of the interactions within its horizon, resulting in a local damage value of
one-half, as shown in Fig. 6.3b.

6.4 Failure Load and Crack Path Prediction

The applicability of the critical stretch as a failure parameter is demonstrated for a
linear elastic material by considering the experimental study conducted by
Ayatollahi and Aliha (2009). They considered diagonally loaded square plate
specimens, shown in Fig. 6.4, to investigate the effect of mode mixity ranging
from pure mode I to pure mode II. They provided the failure loads, crack propaga-
tion paths for each of the specimens, and fracture toughness of the material, Kjc.
The edge length of the diagonal square is 2W = 0.15 m and its thickness is & =
0.005 m. The length of the crack is 2a = 0.045 m, with an orientation angle of a.
The material has an elastic modulus of £ = 2940 MPa, Poisson’s ratio of v = 0.38,
and fracture toughness of K;c = 1.33 MPa/m. This corresponds to a critical stretch
value of 0.089. They also reported the failure loads for varying crack orientation
angles of @ = 0° (ModeI), 15°, 30°, 45°, and 62.5° (Mode IT). The center of the
crack coincides with the origin of the Cartesian coordinate system.

The applied load is introduced through a velocity constraint of 10~ m/s along
the circular regions in opposite directions. The initial crack is inserted in the PD
model by removing the interactions across the crack surface. The force is monitored
by summing the forces between the interactions crossing the dotted black line.

As demonstrated in Fig. 6.5, the crack propagation paths obtained from the
peridynamic simulations and those of the experimental results agree well with each
other for all crack orientation angles. Crack growth initiation angles are also
compared between the predictions and measurements. Again a good comparison
is obtained, as shown in Fig. 6.6. Finally, the failure loads are compared and it is
observed that the failure loads obtained from the peridynamic simulations are
within 15 % of the experimental values for all crack inclination angles, as depicted
in Fig. 6.7. While the peridynamic simulations closely match the experimental
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Fig. 6.6 Comparison of crack growth initiation angle between peridynamic and experimental
results as a function of crack inclination angle
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results for the pure Mode I and pure Mode II cases, the mixed mode peridynamic
failure loads are higher than the experimental values. A possible reason could be
due to specimen preparation, which does not ensure a sharp crack tip. The inclined
angle of the crack coupled with the shape of the crack tip could in effect change the
crack’s tip orientation, causing the offset observed in the results. Despite this offset,
there exist very good agreement between the peridynamic predictions and those
observed in the experiments, which validates the critical stretch values.
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Chapter 7
Numerical Solution Method

The peridynamic (PD) equation of motion is an integro-differential equation, which
is not usually amenable for analytical solutions. Therefore, its solution is
constructed by using numerical techniques for spatial and time integrations. The
spatial integration can be performed by using the collocation method of a meshless
scheme due to its simplicity. Hence, the domain can be divided into a finite number
of subdomains, with integration or collocation (material) points associated with
specific volumes (Sect. 7.1). Associated with a particular material point, numerical
implementation of spatial integration involves the summation of the volumes of
material points within its horizon. However, the volume of each material point may
not be embedded in the horizon in its entirety, i.e., the material points located near
the surface of the horizon may have truncated volumes. As a result, the volume
integration over the horizon may be incorrect if the entire volume of each material
point is included in the numerical implementation. Therefore, a volume correction
factor is necessary to correct for the extra volume. A volume correction procedure
required for such a case is described in Sect. 7.2.

Numerical time integration can be performed by using backward and forward
difference explicit integration schemes, although other techniques are also
applicable, such as the Adams-Bashforth method, Adams-Moulton method, and
Runge—Kutta method. If an explicit integration scheme is adopted, a stability
criterion on the value of the incremental time step is necessary to ensure conver-
gence. Details of the time integration scheme and stability criterion are given in
Sects. 7.3 and 7.4, respectively.

The PD equation of motion includes the inertial terms; it is not directly
applicable to static and quasi-static problems. Hence, a special treatment is
required so that the system will converge to a static condition in a short amount
of computational time. Although there are different techniques available for this
purpose, adaptive dynamic relaxation (ADR) can be utilized (Kilic and Madenci
2010), and it is described in detail in Sect. 7.5.

Another important concern when using a numerical technique is the conver-
gence of the results. It is important to use optimum values of parameters to

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 125
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achieve sufficient accuracy within a suitable amount of computational time.
The determination of such PD parameters is described in Sect. 7.6.

As described in Sect. 4.2, the interactions associated with material points close to
the free surfaces are truncated, and this causes a reduction of the stiffness of these
material points. In other words, these material points do not represent the accurate
bulk behavior and require a correction. The correction can be imposed by
introducing surface correction factors that can be directly inserted in the equation
of motion, as described in Sect. 7.7.

Solution to the PD equation of motion requires initial conditions on displace-
ment and velocity, as well as boundary conditions, as described in Sect. 2.7.
Numerical implementations of the initial and boundary conditions are given in
Sect. 7.8. If necessary, the introduction of a pre-existing crack is rather straightfor-
ward, as explained in Sect. 7.9. Moreover, as a result of extreme loading conditions,
such as high velocity boundary conditions, large displacement boundary
constraints, impact problems, etc., unexpected damage patterns may occur, espe-
cially close to the boundary region. This problem can be overcome by defining “no
fail zones” and is also explained in Sect. 7.9. The measure of local damage for crack
growth is explained in Sect. 7.10.

Each material point has its own particular family members defined by its
horizon. For domains including a large number of material points, it is important
to utilize an efficient process to search and establish the family members, and store
their information, as presented in Sect. 7.11. Utilization of parallel computing is a
crucial process to achieve significant computational efficiency. A brief discussion
on parallel computing is given in Sect. 7.12.

The development of a solution algorithm for the PD equation of motion may
involve the following steps:

e Specify the input parameters and initialize the matrices.

» Determine a stable time step size for the time integration. If the analysis involves
the adaptive dynamic relaxation technique, the time step size is equal to 1.

* Generate the material points.

¢ Determine the material points inside the horizon of each material point and
store them.

» In the case of a pre-existing crack problem, remove the PD interactions that are
passing through the crack surfaces.

» Compute the surface correction factor for each material point.

e Apply initial conditions.

 If the analysis involves the adaptive dynamic relaxation technique, construct the
stable mass matrix.

« Start time integration.

« Apply boundary conditions.

« Compute the total PD interaction forces acting on each material (collocation)
point.

» Terminate the PD interaction if its stretch exceeds the critical stretch.
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» If the analysis involves the adaptive dynamic relaxation technique, compute the
adaptive dynamic relaxation technique parameters.
» Perform time integration to obtain displacements and velocities.

7.1 Spatial Discretization

In order to solve Eq. 2.22, a collocation method is adopted and the numerical
treatment involves the discretization of the domain of interest into subdomains, as
shown in Fig. 7.1. The domain can be discretized into subdomains by employing
line subdomains for one-dimensional geometries, triangular and quadrilateral
subdomains for two-dimensional regions, and hexahedron, tetrahedron, and
wedge subdomains for three-dimensional regions, as shown in Fig. 7.2.

After discretizing the domain, the collocation points are placed in the
subdomains, as shown in Fig. 7.1. With this meshless discretization scheme, the
volume integration in Eq. 2.22 can be approximated as

a
ﬁ D © @ 4 5 6 1
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10\ 12 14 /45
6 7 8 9
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c
S S5 57
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Ll 151 16 48
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Fig. 7.1 Discretization of the domain of interest for (a) one-dimensional, (b) two-dimensional,
and (c) three-dimensional regions
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Fig. 7.2 Subdomain shapes
for one-, two-, and three-
dimensional geometries
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where N is the number of subdomains within the horizon and N, is the number of
collocation points in ¢ subdomain. The position vectors X(x) and X(; represent
the locations of the X and ;" collocation (integration) points, respectively. The
parameter wy; is the integration weight of point x;). The integration points can be
determined as described by Kilic (2008). For a uniform grid of cubic subdomains

with one integration point at the center, the weight, w(;, is equal to unity. The

volume of the j” cubic subdomain is denoted by Vi

For instance, in the case of a one-dimensional region, the discretization is
achieved with M cubic subdomains in which Gaussian integration (collocation)
points represent the material points, as shown in Fig. 7.3. Integration points are
located at the center of each cubic subdomain with a weight of unity. Note that the
truncation error in Eq. 7.1 for this particular case is on the order of O(A?), where A
represents spacing between integration (material) points. If a discontinuity is
present in the structure, then the error becomes O(A) (Silling and Askari 2005).



7.2 Volume Correction Procedure 129
7.2  Volume Correction Procedure

Associated with a material point, X), the numerical integration over its horizon is
approximated by considering the entire volume of each material point, x;, within
its horizon. As illustrated in Fig. 7.4, in the case of a uniform spacing of A between
the material points leading to cubic subdomains (w(; = 1), and for a horizon of
6 = 3A, this numerical approximation leads to summation of the material point
volumes within the range of £ = X(j) — X()| < 6. As implemented in the EMU
code (Silling 2004), this approximation can be improved by considering the entire
volume of the material points within the range of ;) = IX(j) — X()] <& —r,in
whichr = A/2, the distance from the surface of the horizon. For the material points
that are within the range of 6 — r < §(;) < 6, a volume correction factor of v, ;)
= (6 +r —&u)(y)/2r is introduced by using a linear variation between a factor of
1 and !5 depending on the family member’s location with respect to the horizon
boundary. For the material points that are located outside of this region, the volume
correction factor is v.;) = 1.

Thus, the discretized equation of motion, Eq. 7.1, for material point X(k)
including the volume correction can be rewritten as

N
p (X)) i (xq, 1) =Y [t(u(xg), 1) — u(xu, 1) xg) — X))

(u(x@)s 1) —u(xg): hx@) — x())] (0ey Vi) +b(X0), 7).
(72)

S
Il

[
N

\ = /
\ el
7 \Xl(j) N (
ErabDE |
// or ) ) \\

///
(
\

Fig. 7.4 Volume /
correction for the

collocation points inside ‘
the horizon lolololol—

S




130 7 Numerical Solution Method
7.3 Time Integration

The time integration of the PD equation of motion in Eq. 7.2 can be performed by
using explicit forward and backward difference techniques (Silling 2004). If the
solution to Eq. 7.2 at the n' time step of At (i.e., t = n At) is represented as uf’k)

= U (t = nAt), Eq. 7.2 can be rewritten for this time step in the form

N
Z( 10 ~ o )(“cho-))ﬂLb’Zky (1.3)

j=1

.

where

and

n

o = o (W — w3 %)

represent the force density vectors between the material points located at x ) and x .
Using Eqgs. 4.4 and 4.5, the force density vectors can be explicitly written as

, Swo) + Mg ®0) ]
w0 * M) ‘ ‘&kw).

and

Swo T My

n —

Mk —

0G)
Sw i) * M) ‘ "s‘(k)(/)

in which the relative position and relative displacement vectors are defined as &) ;)
= X(j) — X and n?k)(].) = u’(’/.) — u?k). Thus, the stretch between material points

located at X(1) and X;) at this time step, s/ (k ) becomes

‘Qk)u) + "'(’km‘ - ‘%m‘

’€<k>o> ‘
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Fig. 7.5 Interaction
of material points within
the horizon

Furthermore, the dilatation at material points located at x() and X(; can be
computed from

N
Oy = d8 Y s{oy 0 Miyqo) (00 Vo) (7.6a)
=1
and
N

As shown in Fig. 7.5, if the material point k interacts with other material points
within a horizon of 6 = 3A, the peridynamic equation becomes

Py = (tl(qk)(kﬂ) - t?k+1)(k)> (Ve 1)V ikr1))
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—tf 0 V
(k+3 k+3 k) c(k+3)V (k+3)
r3) ~ Cra)w) o
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-1 — e ) (Ve
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thow—) — thoo)m

)
( )
(vee-1)Vi-1))
(vei-2)Vie-2))
+ ("(’k)(H) - t?k73><k>) (0e(e-3)Vir-3)) + bl)-

After determining the acceleration of a material point at the n” time step from
Eq. 7.3, the velocity and displacement at the next time step can be obtained by
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employing explicit forward and backward difference techniques in two steps,
respectively. The first step determines the velocity at the (n + 1)”’ time step using
the known acceleration and the known velocity at the n’ time step as

! = iy Ar + ). (7.8)

The second step determines the displacement at the (n + 1)”’ time step using the
velocity at the (n + 1)”’ time step from Eq. 7.8 and the known displacement at the
n' time step as

n+1 - n+-1 n
g = gh AL+ . (7.9)
The same procedure can be applied for other material points as well. For

instance, the displacement and velocity of the (k + 1)’]’ material point can be
obtained as

ufly = Wl AL+ (7.10a)
and
() = W A+ 0. (7.10b)

Note that the numerical error to obtain the displacement value by integrating the
computed acceleration value from Eq. 7.3 is on the order of O(A#*). Hence, the
overall numerical error becomes O(A?) + O(A#?), including the error from spatial
integration (discretization). Furthermore, the overall error is O(A) + O(A#?), if
there is any discontinuity in the structure (Silling and Askari 2005).

7.4 Numerical Stability

Although the explicit time integration scheme is straightforward, it is only
conditionally stable. Therefore, a stability condition is necessary to obtain conver-
gent results. A stability condition for the time step size, A ¢, is derived based on the
approach by Silling and Askari (2005). According to this approach, the standard
von Neumann stability analysis can be performed by assuming a displacement
variation of

ulyy = ¢e(HYT), (7.11)
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where « and { are positive real and complex numbers, respectively. The stability
analysis requires that |{| < 1 for all values of k. Satisfaction of this condition is
necessary so the waves do not grow unboundedly over time. By using an explicit
central difference formula, Eq. 7.3 results in

Wi = 2 it 2ad5(¢9'gk) n e’g,.>) + 4bs (u'g,.> - u;’k))
Pk) = Z
J

A2 " V) Vi)
(k)0
(7.12)
where
ul — oyt
) (k)
Oy = do (ve)V i) (7.13a)
C ‘%(m’
and
upy — uf;
= ds Y~ (0 Vig)- (7.13b)
C ‘éu)m’
Substituting Eqs. 7.11 in 7.12 yields
CnJrl _ 2441 + Cnfl /T
7 n n( (kiv—1 kkv/—1
=D | 2ad67 T "+ 4bs (ve)V)»
j ‘%m ‘ ’émo) ‘
(7.14)
where
n Kﬁ) n (Kk\/jl)
1 4 e( ¢ —{"e
Oy =dsy (v Vo) (7.15a)
¢ ‘§<4><k>‘
and
. Cne(rdf\/—_l) _ é'ne(Kj\/—_l)
() =do (0 Vip))- (7.15b)

‘ “'iw)w ’
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Rearranging Eq. 7.14 results in

FZ-2+1
%«—7§—J

g + 0. o(KU=0V=T) _ (7.16)
= Z 2ad57( w (I)) + 4b6 ( ) 4 (DC'O)VU))’
j ’Qmm‘ ‘&mm’

where

~ (e(K([—k)\/—_]) _ 1)

O = déz (v Vo)) (7.17a)

t ﬁmﬂ

and

(1)(.([) V(g)). (7. 17b)

Since exponential terms can be written in terms of sine and cosine functions, and
sine is an odd function, Eq. 7.16 can be rewritten as

F-2+1
%(—7p—0

o}, + 0" 7.18)
o+ 07 Y — 1 (
= Z 2ad5M + 4bs (COS(K(J k)) ) C (v(,-g)V(,-)),
g hwﬂ ‘%m‘
where
- —k))—1
O = déZM (ve)Vey) (7.19a)
‘ &en)
and
0" cos(k(£ —j)) — 1
f) = d8Yy  ————— (v)Vip))- (7.19b)
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By defining

0+, i

1 —k) -1

Meo=—33 2ad6( W m) 4 apsCOKU=R) = 1) (0e)V) (7:20)
j k(k)m ( ’é(k)(i) ‘

Equation 7.18 takes the form

M AP
52_2<1_ x ’)c+1:o. (7.21)
P(k)

The solution to the quadratic equation results in

2
2 2
g:l—MKA’ + (1—M"At> —1. (7.22)
Pk

Enforcing the condition || < 1 yields

At < /2py /My, for all k values. (7.23)

In order for this condition to be valid for all x values implies

M, <

(déz (4 + #) v(@)
& &
Z 2ad s [ l&ow]  [swo] " 4bs

(vehVip)- (129
J ‘fwm ’ ‘5<k> ) }

By using Eqs. 7.23 and 7.24, the stability criterion on the time step size can be
expressed as

2p )

2 o))
Z 2ad s 7 |§<w>| |¢(f>u>| 4 4bo

7 8w | 8w

At <

(7.25)

() Vi)

The use of a safety factor that has a value of less than 1 is recommended as it
makes the analysis more stable in case of some type of nonlinearity in the structure.



136 7 Numerical Solution Method

It is also worth noting that the stable time step size is dependent on the horizon size
rather than the grid size because of the dependency of the PD material parameters
on the horizon (Silling and Askari 2005).

7.5 Adaptive Dynamic Relaxation

Although the equation of motion of the peridynamic theory is in dynamic form, it
can still be applicable to solve quasi-static or static problems by using a dynamic
relaxation technique. As explained by Kilic and Madenci (2010), the dynamic
relaxation method is based on the fact that the static solution is the steady-state
part of the transient response of the solution. By introducing an artificial damping to
the system, the solution is guided to the steady-state solution as fast as possible.
However, it is not always possible to determine the most effective damping coeffi-
cient. Therefore, the damping coefficient is determined at each time step by using the
Adaptive Dynamic Relaxation (ADR) scheme introduced by Underwood (1983).

According to the ADR method, the PD equation of motion is written as a set of
ordinary differential equations for all material points in the system by introducing
new fictitious inertia and damping terms

DU(X, 1) + ¢DU(X, 1) = F(U, U, X, X'), (7.26)

where D is the fictitious diagonal density matrix and c is the damping coefficient
whose values are determined by Greschgorin’s theorem (Underwood 1983) and
Rayleigh’s quotient, respectively. The vectors X and U contain the initial position
and displacement of the collocation (material) points, respectively, and they can be
expressed as

XT = {X(l), X(z), N ,X(M>} (7273)

and

= {u(x(l), t), ll(X(2>7 l‘), Ceey U(X(M), l‘) }, (7.27b)

where M is the total number of material points in the structure. Finally, the vector F
is composed of PD interaction and body forces and its i component can be
expressed as

N
Z —t)) (05V) + b (7.28)

J=1
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By utilizing central-difference explicit integration, displacements and velocities
for the next time step can be obtained as

(@At 1 2am )
_ 7.2
v PR (7.292)
and
Ut — U 4 A" (7.29b)

th

where n indicates the n” iteration. Although Eq. 7.29a cannot be used to start the

iteration process due to an unknown velocity field at #~'/2, it can be assumed that
U° £ 0 and U = 0. Therefore, the integration can be started by

. ArD7IFO
U= o (7.30)

Note that the only physical term in this algorithm is the force vector, F. The
density matrix, D, damping coefficient, ¢, and time step size , At, do not have to be
physical quantities. Thus, their values can be chosen to obtain faster convergence.

In dynamic relaxation, a time step size of 1 (A¢ = 1) is a convenient choice. The
diagonal elements of the density matrix, D, can be chosen based on Greschgorin’s
theorem and can be expressed as

1
Zii 2 4 AP EJ: K], (7.31)

in which Kj; is the stiffness matrix of the system under consideration. The inequality
sign ensures stability of the central-difference explicit integration; the derivation of
this stability condition is given by Underwood (1983). Although this approach
achieves near-optimal values, these values are coordinate frame dependent because
they depend on absolute values of the global stiffness matrix as stated in the context
of the finite element method of Lovie and Metzger (1999). Therefore, an alternative
way can be followed by choosing the values based on the minimum element
dimension to make the frame invariant, as suggested by Sauve and Metzger (1997).
This approach seems to reduce overshooting as compared to Greschgorin’s
theorem.
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Hence, the present solutions of the PD equations also utilize a frame-invariant
density matrix. The construction of the stiffness matrix requires determination of
the derivative of PD interaction forces with respect to the relative displacement
vector, ). Since the PD interaction forces given in Eq. 7.3 are nonlinear functions of
1, it is not always possible to determine its derivative. However, elements of the
stiffness matrix can be calculated by using a small displacement assumption as

S — LG )
> Ky = Z e
J

p |“u—“>!)
(7.32)
‘éi)(i)'e‘ 45 1 ad®s

(Ve Vi) +0ey Vi) + ),

I
M= 1

2
‘5@0) ‘ "ﬁmw ‘ ’50)0) ’

in which e is the unit vector along the x-, y-, or z-direction. Note that the summation
given in Eq. 7.32 can be employed to determine the elements of the stiffness matrix
and it is frame invariant.

As described by Underwood (1983), the damping coefficient can be determined
by using the lowest frequency of the system. The lowest frequency can be obtained
by utilizing Rayleigh’s quotient, which is given as

U'KU

- 7.33
U'DU (7.33)

However, the elements of the density matrix given in Eq. 7.31 may have large
numerical values, which make the denominator in Eq. 7.33 numerically difficult to
compute. In order to overcome this problem, Eq. 7.26 can be written in a different
form at the n'” iteration:

U'(X, ") + "0 (X, ") = D7'F" (U", U, X, X). (7.34)

The damping coefficient in Eq. 7.34 can be expressed by using Eq. 7.33 as

= 2\/((U")T IK"U")/((U")TU"), (7.35)
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in which 'K" is the diagonal “local” stiffness matrix, which is given as

Ky = = (F = P ) [ (e ). (7.36)

7.6 Numerical Convergence

The spacing between material points (grid size), A, and the horizon size, 8, influence
the computational process. It is important to determine the optimum values of these
parameters in order to achieve high accuracy with sufficiently small amount of
computational time.

As explained in Silling and Askari (2005), the horizon size can be chosen based
on the characteristic length dimensions. If dimensions are on the order of the
nanoscale, then the horizon may represent the maximum distance of physical
interactions between atoms or molecules. Therefore, it is important to specify its
actual value for an accurate outcome of the analysis. For macroscale analysis, the
horizon does not have a physical correspondence and its value can be chosen based
on convenience. To determine the most optimum value of the horizon, a benchmark
study of a one-dimensional bar with length L subjected to an initial strain loading of
Ou,/Ox = 0.001 H(At — t) is considered. The spatial integration is performed by
using a very fine grid, so the numerical error due to grid size is minimum. Six
different horizon sizes are considered, § = (1, 3,5, 10, 25,50) A. For each of these
cases, the displacement versus time variation of a collocation point, which is
located close to the center of the bar, is monitored and compared against the
analytical solution given by Rao (2004). As demonstrated in Fig. 7.6a—f, the highest
accuracy is achieved for the horizon sizes of 6 = A and 3 A. The discrepancy
between analytical and numerical solutions becomes larger when the horizon size
increases due the excessive wave dispersion (Silling and Askari 2005).

Furthermore, the computational time increases substantially as the horizon size
increases. It is recommended to choose a horizon size of 6 = 3 A since § = A may
cause grid dependence on crack propagation and not be able to capture crack
branching behavior, as demonstrated in Fig. 7.7 for a square plate with a central
crack subjected to a velocity boundary condition of Vo = 50 m/s. The model with a
horizon size of § = 3 A captures the expected crack branching behavior due to a
very high velocity boundary condition, whereas the model with a horizon size of
6 = A can only capture the self-similar crack growth.

As mentioned in Sect. 7.1, the discretization error is on the order of O(A?).
Therefore, it is important to use a sufficient number of grid points to reduce the
numerical error and at the same time achieve the desired numerical efficiency. By
considering the vibration of a bar, it is possible to visualize the effect of grid size on
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Fig. 7.6 Variation of displacement with time at the center of the bar for horizon size values of (a)
6=A,b)6=3A,(c)6=5A,(d)5=10A,(e) 6 =25A, and (f) § =50A

the accuracy for four different grid size values, A = L/10, L/100, L/1000, and
L/10000, as shown in Fig. 7.8a—d. The horizon size is specified as & = 3A.
Sufficient accuracy is obtained at a grid size value of A = L/1000. Note that the
error in the very coarse grid size case of A = L/10 increases as the time progresses.
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Fig. 7.7 Damage distribution in a square plate with a central crack subjected to a velocity
boundary condition of Vjy = 50 m/s for horizon values of (a) § = A and (b) § =3 A
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Fig. 7.8 Variation of displacement with time at the center of the bar for grid size values of (a)
A =L/10,(b) A =L/100, (c) A = L/1000, and (d) A = L/10000
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7.7 Surface Effects

The lack of interactions due to free surfaces may cause inaccuracies, especially for
the material points close to the surfaces. This problem can be largely overcome by
introducing surface correction factors. Detailed information about the surface
correction factors and their determination procedure are given in Chap. 4. The
surface corrections can be directly invoked in the equation of motion, Eq. 7.3, by
rewriting it in a slightly different form as

N
Z( )~ )(Ucho))er’Zk), (7.37)

J=1

where the corrected PD interaction forces can be expressed as

o Swe T M)
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Similarly, the corrected dilatation terms in Eqgs. 7.38a, 7.38b are defined as

0y = d8 Y Gayw )50 Mo (e Vio) (7.392)

and

07y = d3_ Gyt Ny (o Vin)- (7.39b)
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Note that surface correction factors are consistently required in the time integration
process. Therefore, they should be computed prior to the start of time integration.
Since the determination of the correction factors requires a test loading condition on
the actual structure, it is important to initialize the displacement and velocity values of
collocation (material) points before starting the time integration process.

7.8 Application of Initial and Boundary Conditions

The PD equation of motion yields the acceleration of the collocation points. The
displacement and velocity of collocation points can be obtained by integrating the
acceleration; it requires the initial condition values of these quantities. Therefore,
all of the collocation points should be subjected to initial displacement and velocity
conditions. Various ways of specifying the initial conditions are explained in detail
in Chap. 2. The initial conditions can be specified either in the form of displacement
and velocity values on all material points as given in Egs. 2.23a, b or in terms of
displacement and velocity gradients as given in Egs. 2.25a, b.

As also explained in Chap. 2, the displacement and velocity constraints can be
applied in the peridynamic theory by following a different approach than in
classical continuum mechanics. The constraint conditions can be imposed to mate-
rial points inside a fictitious boundary region, R, as demonstrated in Fig. 7.9, with a
width equivalent to the horizon size, 6. Displacement and velocity constraints can be
applied by using Eqgs. 2.26 and 2.28, respectively. On the other hand, the external
loads can be applied as body loads through a material layer of R4, with a width of A,
as shown in Fig. 7.9. The magnitude of body force applied to collocation points
inside this region can be obtained by using Eqs. 2.34a, b, depending on the nature of
the applied loading condition, i.e., distributed pressure or point force.

7.9 Pre-existing Crack and No-Fail Zone

In many practical applications, cracks may initially exist in the structure and be
located at various sites of the structure. The PD approach to create these initial
cracks is rather straightforward. Any interaction between two material points

Fig. 7.9 Boundary regions
for (a) displacement and

velocity constraints and — —p—ta—
(b) external loads 3 A
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Fig. 7.10 Termination
of PD interactions that pass
through a crack surface

Initial
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Fig. 7.11 No-fail zones
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passing through a crack surface is terminated permanently, as shown in Fig. 7.10.
Therefore, an entire set of terminated interactions represents a crack surface. If
multiple cracks exist in the structure, the same procedure can be repeated for each
crack surface.

For some applications under extreme loading conditions, unexpected failure
may occur between collocation points located close to the external boundaries. In
such cases, a region with a suitable width can be chosen as a “no fail zone,” R, as
shown in Fig. 7.11. The interactions associated with the collocation points located
in this region are not allowed to fail. The thickness of the “no fail zone” should be
chosen in such a way that it will have no adverse effect on the overall fracture
behavior of the structure.

7.10 Local Damage for Crack Growth

The measure of local damage is dependent on the relationship between the horizon
and the material point spacing. For computational efficiency, a horizon is com-
monly defined by three times the material point spacing, A, i.e., § = 3A.
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Fig. 7.12 Local damage at a material point (a) on the crack plane, (b) in front of the crack tip, and
(c) behind the crack tip

As shown in Fig. 7.12a, the elimination of interaction between the material point
x(;-) and the others, X(+), above the dashed line representing the crack surface
results in a local damage of ¢ ~ 0.38 for the material point X(-). Although
computationally not feasible, the local damage at material point X(;-) approaches
one-half as the horizon approaches infinity. If the material point x-) is located
immediately ahead of the dashed line representing the crack surface, as shown in
Fig. 7.12b, its interactions are still intact with the material points X+ above the
dashed line and directly aligned with X(;-). Thus, the local damage at x(- is
calculated as ¢ = 0.14. If the material point x;- is located immediately behind the
dashed line representing the crack surface, as shown in Fig. 7.12c, its interactions
are no longer intact with the material points X+ above the dashed line and directly
aligned with X(;-y. Thus, the local damage at x;-) is calculated as ¢ ~ 0.24.
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Fig. 7.13 Local damage
measure indicating crack 0.56
path in a PD model
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According to these local damage values, a crack path can be established in PD
calculations with a horizon size of 6 = 3A. However, the local damage does not
provide any information to determine the specific broken interactions. Therefore,
the local damage values at neighboring points should also be considered in the
determination of a crack path.

As the material point is located farther away from a crack surface, its degree of
local damage decreases. For example, the local damage values for a material point
X(j-) located at a distance of 0.5A, 1.5A, and 2.5A from the dashed line (crack
surface) are calculated as ¢ ~ 0.38, ¢ ~ 0.16, and ¢ ~ 0.02, respectively. A crack
surface results in discernible local damage values only for material points within a
distance of 2A away from the crack. Therefore, the local damage values can be used
to identify crack path and tip with an error of less than 2A. Figure 7.13 shows the
local damage in a plate with a crack in a peridynamic model. Both the path of the
crack and the tip are clearly visible.

7.11 Spatial Partitioning

In the PD theory, the number of interactions is limited by defining a region called
the horizon. The horizon makes the computations tractable; otherwise, the number
of interactions that needs to be taken into account at each time step is N> for N
material points inside the body. This is especially very time consuming if the
number of material points is large. According to the continuity assumption of the
body, a material point must have the same neighbors during the deformation
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Fig. 7.14 Uniform grid and
interaction of collocation
points

Collocation Points

process. Therefore, it is sufficient to determine the family members of a material
point within its horizon only once during the computation process.

While establishing the family members, it may be computationally advanta-
geous to split the domain into equally sized cells, as shown in Fig. 7.14a. The size of
the cells should be larger than the horizon size. During the search process of the
family members, it is only necessary to examine the collocation points in the
neighboring cells, as shown in Fig. 7.14b.

Another important issue is following an efficient process for storing the family
members of the collocation points in order to overcome possible memory
limitations. For this purpose, two different arrays can be utilized. The first array
(see Array #1 in Fig. 7.15) can store all family members of material points
sequentially in a single column. The second array (see Array #2 in Fig. 7.15) can
be utilized as an indicator for the first array, so that the family members of a
particular material point can be easily extracted from the first array. Each element of
Array #2 corresponds to the location of the first material point within the family of a
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Fig. 7.15 Arrays used to Array #1 Array #2
store information on family
members 1 3 1
2 7 Point #1 4
N
4 L
5 4
6 9 Point #2
7 15
8 22
9 5
10 12 Point #3
u 16

particular point in Array #1. For instance, as shown in Fig. 7.15, the second element
of Array #2 (i.e., 4) associated with material point #2 indicates the fourth element of
Array #1 as the first material point number within the family of material point #2.

7.12 Utilization of Parallel Computing and Load Balancing

The structure of the PD meshless scheme is very suitable for parallel computing.
Therefore, significant time efficiency can be achieved, depending on the number of
processors to be utilized. There are various tools available for parallel computing,
such as central processing units (CPU) and graphics processing units (GPU). The
most important aspect of parallel programming is the load balancing, so that full
advantage of the parallel programming can be realized. Efficient load balancing can
be obtained by distributing an approximately equal number of collocation points to
each processor. Otherwise if a processor finishes its job earlier than others at the end
of the time step, then it has to wait for other processors to finish their jobs to proceed
to the next time step. The other important issue is to keep the number of PD
interactions between collocation points that are assigned to different processors at
a minimum level, since the computation of these interactions is carried out by a
single processor to avoid a race condition. A race condition occurs when multiple
processors try to access the same shared memory.

The computational domain can be divided into subunits and each of these
subunits can be assigned to a specific processor by using binary space decomposi-
tion, as shown in Fig. 7.16 (Berger and Bokhari 1987). This method can handle
variations in the collocation point concentration at different regions of the domain.
The decomposition process continues in multiple steps, where each subunit is
divided into two new rectangular subunits in every step. Based on the number of
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collocation points assigned to each subunit, a workload estimate can be calculated.
For instance, if there are p number of available processors, where p is not necessar-
ily an even number, the domain is split into two, each having s; and s, collocation
points. Partitioning is performed such that the ratio of s; and s, is equal or close to
(p/2)/(p — p/2). The partition direction is chosen to be the longest side of the
domain in order to reduce the number of interactions between subunits. Then, p/2
processors are assigned to the subunit having s; collocation points and p — p/2
processors are assigned to subunit with s, collocation points. Each subunit is then
divided into other subunits as long as the assigned number of processors is greater
than one. Figures 7.17 and 7.18 demonstrate a tree structure of a two-step binary
decomposition by using four processors and the subunits that are assigned to these
four processors, respectively.
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Chapter 8
Benchmark Problems

This chapter provides solutions to many benchmark problems and comparisons
with those of classical continuum mechanics, i.e., analytical or finite element
analysis. Failure is not allowed in the construction of peridynamic solutions.
These benchmark problems concern primarily structures with simple geometries
and under simple quasi-static and dynamic loads.

A one-dimensional bar initially stretched is released after a short period of time,
and then the same bar is considered under quasi-static external tension. Next, a
two-dimensional isotropic and a specially orthotropic plate are considered under
uniaxial tension or uniform temperature change. The subsequent problems concern
three-dimensional modeling of a block of material under tension, bending, or
compression, and with a spherical cavity under radial extension. The peridynamic
solutions to these problems are obtained by developing specific FORTRAN
programs, as available on the website http://extras.springer.com.

8.1 Longitudinal Vibration of a Bar

A bar is subjected to an initial stretch for a short period of time, and then the stretch
is removed. As illustrated in Fig. 8.1, the bar is clamped at the left end. The solution
is obtained by specifying the geometric parameters, material properties, initial and
boundary conditions, as well as the peridynamic discretization and time integration
parameters as:

Geometric Parameters

Length of the bar: L =1 m
Cross-sectional area: A = h x h = 1 x 10°°m?

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 151
DOI 10.1007/978-1-4614-8465-3_8, © Springer Science+Business Media New York 2014
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Fig. 8.1 Geometry of a bar ‘ 5 L
subjected to initial strain ‘ ! \
and its discretization ’ ‘ | ‘ ‘ ‘ | ‘ ‘ ‘ | ‘ ‘ ‘ ‘ ‘ |

Material Properties

Young’s modulus: £ = 200 GPa
Poisson’s ratio: v = 0.25
Mass density: p = 7850 kg/m?

Boundary Conditions

u(x=0)=0

Initial Conditions

Initial displacement gradient: Ju,/Ox = ¢ H(At — t) with ¢ = 0.001
Initial velocity: 1, (x,#) =0

PD Discretization and Time Integration Parameters

Total number of material points in the x-direction: 1000 + 3
Total number of material points in the y-direction: 1

Total number of material points in the z-direction: 1
Spacing between material points: A = 0.001 m
Incremental volume of material points: AV = 1 x 107" m
Volume of fictitious boundary region: AVs =3 x 1 x 1 x AV =3 x 10 m?
Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: OFF

Time step size: At = 1.94598 x 1077 s

Total number of time steps: 26,000

3

Numerical Results: As given by Rao (2004), the analytical solution to this problem
can be easily constructed in the form

Uuy(x,1) = 87%14 3 (2(’1__‘1_)1)2 sin<(2n —; l)ﬂx) cos(ﬁ@t). (8.1)
n=0

A material point located at x = 0.4995 m is monitored, and its displacement
variation with time is compared against the analytical solution. As shown in
Fig. 8.2, it is evident that the peridynamic (PD) simulation successfully captures
the expected longitudinal vibration.
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Fig. 8.2 Displacement of a 0.0008
material (collocation) point
located at x = 0.4995 m

as a function of time 0.0004
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8.2 Bar Under Tension

The bar described in the previous case is now initially at rest, but subjected to a
quasi-static tension loading of F =200 N at the free end (Fig. 8.3). The
peridynamic discretization parameters are the same as before, except for the applied
loading and time integration scheme. The external applied loading is introduced in
the form of a body force density in the boundary layer region.

Volume of boundary layer: AVA =1x 1 x 1 x AV =1 x 107 m?3
Applied body force density: b, = F/AV, =2 x 10'! N/m?
Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1.0s

Total number of time steps: 10,000

Numerical Results: As observed in Fig. 8.4, the displacement of a collocation point
near the center of the bar appears to converge to a steady-state value after a time
step of 5,000. Hence, the displacement of collocation points along the bar at the end
of a time step of 10,000 is compared with the simple analytical solution, i.e.,

F
ty = 20 = 0.001x. (8.2)

As shown in Fig. 8.5, there is a close agreement between the PD predictions and
the analytical solution.
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8.3 Isotropic Plate Under Uniaxial Tension or Uniform
Temperature Change

A rectangular isotropic plate is subjected to uniaxial uniform tension or uniform
temperature change, as shown Fig. 8.6. It is free of any displacement constraints.
The applied tension is introduced in the form a body force density in the boundary
layer region. The solution is obtained by specifying the geometric parameters,
material properties, initial and boundary conditions, as well as the peridynamic
discretization and time integration parameters as:
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Fig. 8.6 Geometry of a plate under uniaxial tension or uniform temperature change and its

discretization

Geometric Parameters

Length of the plate: L = 1 m
Width of the plate: W = 0.5 m
Thickness of the plate: # = 0.01 m

Material Properties

Young’s modulus: E = 200 GPa

Poisson’s ratio: v = 1/3

Mass density: p = 7850 kg/m?

Thermal expansion coefficient: & = 23 x 107°/°C

Applied Loading

Uniaxial tension loading: py = 200 MPa
Uniform temperature change: AT = 50°C

PD Discretization Parameters

Total number of material points in the x-direction: 100
Total number of material points in the y-direction: 50
Total number of material points in the z-direction: 1
Spacing between material points: A = 0.01 m

Incremental volume of material points: AV = 1 x 1076 m?

Boundary layer volume: AVy =1 x 50 x 1 x AV =50 x 107 m3

Applied body force density: b, = (poWh)/AVs =2 x 10'° N/m?
Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1.0s

Total number of time steps: 4,000
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Fig. 8.7 Convergence of 0.0003
displacement components,

u, and uy, of the collocation u,
point at x = 0.255 m and 0.0002
y = 0.125 m as time step
increases
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Numerical Results: As in the previous problem, the displacements of material
points are monitored to ensure that the number of time steps used in the analysis
is sufficient to reach the steady-state condition. As shown in Fig. 8.7, there is a rapid
convergence of displacement components u, and u, to their steady-state values at
x =0.255 mandy = 0.125 mas the time step increases. Therefore, a total time step
number of 4000 is considered sufficient to achieve a quasi-static solution.

The steady-state PD solutions for u,(x,y = 0) and uy,(x = 0,y) are compared
with the analytical solutions given as

uy(x,y =0) = @x (8.3a)
E
and
ny(r=0,y) = —v2y, (8.3b)

respectively. For both displacement components, there is a very good correlation
between PD and analytical results, as shown in Fig. 8.8.

In the presence of only applied uniform temperature change of AT = 50°C, the
steady-state PD solutions for u,(x,y = 0) and u,(x = 0,y) are compared with the
analytical solutions given as

u(x,y=0)=a(AT)x (8.4a)
and
uy(x =0,y) = a (AT)y. (8.4b)

As shown in Fig. 8.9, there exists a remarkably close agreement between the
analytical and peridynamic results.
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Fig. 8.8 Displacement variations along the center lines under uniform tension: (a) u,(x,y = 0)
and (b) u,(x =0,y)
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Fig. 8.9 Displacement variations along the center lines under uniform temperature change:
() uc(x,y = 0) and (b) uy(x = 0,y)

8.4 Lamina Under Uniaxial Tension or Uniform
Temperature Change

This problem is similar to the previous one except for the material properties. It has
directional material properties representing a fiber-reinforced lamina. The fibers are
aligned with the direction of tensile loading. A rectangular lamina is subjected to
uniaxial uniform tension or uniform temperature change, as shown Fig. 8.10. It is
free of any displacement constraints. The applied tension is introduced in the form
of a body force density in the boundary layer region. The solution is obtained by
specifying the geometric parameters, material properties, initial and boundary
conditions, as well as the peridynamic discretization and time integration
parameters as:
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Fig. 8.10 Geometry of a composite lamina under uniaxial tension or uniform temperature change

loading and its discretization

Geometric Parameters

Length of the plate: L = 152.4 mm
Width of the plate: W = 76.2 m
Thickness of the plate: 4 = 0.1651 mm

Material Properties

Elastic modulus in fiber direction: E;; = 159.96 GPa
Elastic modulus in transverse direction: E>, = 8.96 GPa
In-plane Poisson’s ratio: vy, = 1/3

In-plane shear modulus: G, = 3.0054 GPa

Mass density: p = 8000 kg/m?

Thermal expansion coefficient in fiber direction: a; = —1.52 x 1076/°C
Thermal expansion coefficient in transverse direction: @y = 34.3 x 107/°C

Applied Loading:

Uniaxial tension loading: pp = 159.96 MPa

Uniform temperature change: AT = 50°C

PD Discretization Parameters

Total number of material points in the x-direction: 240
Total number of material points in the y-direction: 120
Total number of material points in the z-direction: 1
Spacing between material points: A = 0.635 mm

Incremental volume of material points: AV = 66.5724475 x 1072 m3
Boundary layer volume: AV, =1 x 120 x 1 x AV =7.989 x 10~° m?
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Applied body force density: b, = (poWh)/AV, = 25.19 x 10'° N/m?
Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1.0s

Total number of time steps: 4,000

Numerical Results: Based on a convergence study, 4,000 time steps are sufficient to
reach the steady-state condition, as shown in Fig. 8.11, the same as in the isotropic
plate case. Under uniaxial tensile loading, the steady-state solutions for displace-
ment components along both the central x-axis and y-axis from PD analysis are
compared with the analytical solutions given by

u(x,y=0) = P_ox (8.5a)
Eq
and
uy(x = 0,y) = v 22y, (8.5b)

Ey
A close agreement exists between the peridynamic and analytical solutions as
presented in Fig. 8.12. After removing the tension loading, the lamina is subjected

to a uniform temperature change of AT = 50°C. The steady-state PD solutions for
uc(x,y = 0) and u,(x = 0,y) are compared with the analytical solutions given as

u(x,y =0) =a; (AT) x (8.6a)
and
uy(x =0,y) = ap (AT) y. (8.6b)

As demonstrated in Fig. 8.13, an excellent match exists between the peridynamic
predictions and analytical solutions.
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Fig. 8.13 Displacement variations along the center lines: (a) u.(x,y = 0) and (b) u,(x =0,y)
under uniform temperature change

8.5 Block of Material Under Tension

A three-dimensional rectangular block is subjected to tensile loading at the free end.
As illustrated in Fig. 8.14, it is fully clamped at the other end. The solution is
obtained by specifying the geometric parameters, material properties, initial and
boundary conditions, as well as the peridynamic discretization and time integration
parameters as:

Geometric Parameters

Length of the block: L = 1.0 m
Width of the block: W = 0.1 m
Thickness of the block: # = 0.1 m
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Fig. 8.14 Geometry of a block under tension loading and its discretization

Material Properties

Young’s modulus: E = 200 GPa
Poisson’s ratio: v = 0.25
Mass density: p = 7850 kg/m?

Boundary Conditions

Boundary condition at the left end: u, = u, = u, =0

Applied Loading
Uniaxial tensile load: pg = 200 MPa

PD Discretization Parameters

Total number of material points in the x-direction: 100 + 3

Total number of material points in the y-direction: 10

Total number of material points in the z-direction: 10

Spacing between material points: A = 0.01 m

Incremental volume of material points: AV = 1 x 107% m?

Volume of boundary layer: AVy =1 x 10 x 10 x AV =1 x 107* m*
Applied body force density: b, = (poWh)/AV, =2 x 10'° N/m?
Volume of fictitious boundary region: AVs =3 x 10 x 10 x AV =3 x 10~ m?
Horizon: 6 =3.015 A

Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1.0s

Total number of time steps: 4,000

Numerical Results: Based on the convergence study shown in Fig. 8.15, a total time
step number of 1000 is sufficient to reach the steady-state condition. The steady-
state solution is verified by comparing displacement components, shown in
Fig. 8.16, along the central x-, y-, and z-axes with the analytical solutions given by

wy(x,y =0,z = 0) = %x, (8.7a)
uy(x = 0,y,z=0) = -2y, (8.7b)

E
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Fig. 8.15 Convergence of displacement components, u,, u,, and u, at the collocation point of
x=0.695 m, y = 0.025 m, and z = 0.025 m as time step increases
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and

w(x=0,y=0,z) = —u%z. (8.7¢)

Although a coarse discretization is employed for the PD solution, a very good
agreement is observed between the peridynamic and analytical solutions in Fig. 8.16.

8.6 Block of Material Under Transverse Loading

The rectangular block described in the preceding case is now subjected to a quasi-
static transverse loading of F = 5000 N at the free end, as shown in Fig. 8.17. The
peridynamic discretization parameters are the same as before except for the applied
body force density, by = F/AV, =5 x 107 N/m?.

Numerical Results: Based on the convergence study shown in Fig. 8.18, a total time
step number of 8000 is sufficient to reach the steady-state condition. The steady-
state solution is verified by comparing the vertical displacement component, shown

Fig. 8.17 Geometry of a rectangular block under transverse force and its discretization
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Fig. 8.18 Convergence of displacement components, u,, u, and u. of the collocation point at
x=0.695 m, y =0.025 m, and z = 0.025 m as time step increases
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in Fig. 8.19, along the central x-axis with the finite element predictions.
As presented in this figure, there is a good agreement between the peridynamic
and analytical solution given by

F (3L — x)x?, (8.8)

I/l}y(x:O,y,Z:O) :@

where [ represents the moment of inertia.

8.7 Block of Material Under Compression

A three-dimensional rectangular column is subjected to a compressive loading at the
ends by specifying displacement constraints. As shown in Fig. 8.20, an initial imper-
fection is introduced in the form of a shallow groove at the upper surface near the center
in order to trigger the out-of-plane displacement. The solution is obtained by specifying
the geometric parameters, material properties, initial and boundary conditions, as
well as the peridynamic discretization and time integration parameters as:

Geometric Parameters

Length of the plate: L = 10 in.

Width of the plate: W = 0.4 in.
Thickness of the plate: 7 = 0.4 in.
Length of the groove: L, = 0.1 in.
Thickness of the groove: 4, = 0.05 in.

Material Properties

Young’s modulus: E = 107 psi
Poisson’s ratio: v = 0.25
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Fig. 8.20 Geometry of a column under compression loading and its discretization
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Mass density: p = 0.1 Ib/in?

Boundary Conditions

Boundary condition at the left end: u, = 0.05 in., uy =u. =0
Boundary condition at the right end: u, = —0.05 in., u, =u. =0

PD Discretization Parameters

Total number of material points in the x-direction: 200 + 3 + 3
Total number of material points in the y-direction: 8

Total number of material points in the z-direction: 8

Spacing between material points: A = 0.05 in.

Incremental volume of material points: AV = 1.25 x 107* in®

25000

Volume of fictitious boundary region: AVs; =3 x 8 x 8 x AV = 2.4 x 1072 in?

Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: ON
Incremental time step size: At =1.0s
Total number of time steps: 20,000

Numerical Results: As in the other cases, a convergence study was performed and,
as demonstrated in Fig. 8.21, 15,000 time steps is sufficient to reach the steady-state
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Fig. 8.22 Convergence of 20000
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Fig. 8.23 Variation of (a) axial displacement, u,, and (b) transverse displacement, #., along central
X-axis

condition after the buckling occurs. As observed in Fig. 8.22, the peridynamic
prediction for column buckling load is about P = 7650N. The PD force is
calculated by summing all the forces in the axial direction passing through an
imaginary plane perpendicular to the loading direction located far from the loading
edges. The analytical prediction of P = 8422 N is obtained from

47°El
with [ being the moment of inertia. Even though the PD discretization is rather
coarse, these values are in reasonable agreement. Also, the peridynamic axial and
transverse displacements along the central x-axis are calculated and compared
against FEA solutions. As shown in Fig. 8.23, there is a very good agreement
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Fig. 8.24 Contour plot of
transverse displacements,
u;, and the deformed shape
of the column

between the two approaches. Also, the contour plot of transverse displacement and
the deformed shape of the column are presented in Fig. 8.24.

8.8 Block of Material with a Spherical Cavity
Under Radial Extension

In this last problem, a spherical cavity inside a large block of material is subjected
to radial extension, as shown in Fig. 8.25. The block is free of loading on its
outer surfaces. The solution is obtained by specifying the geometric parameters,
material properties, initial and boundary conditions, as well as the peridynamic
discretization and time integration parameters as:

Geometric Parameters

Length of the block: L =1 m
Width of the block: W =1 m
Height of the block: 7 =1 m
Radius of cavity: a = 0.15 m

Material Properties

Young’s modulus: £ = 200 GPa
Poisson’s ratio: v = 0.25

Mass density: p = 7850 kg/m?
Boundary Conditions

Radial displacement on the surface of the cavity: u, = u* = 0.001 m
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Fig. 8.25 Geometry of a block of material with a spherical cavity under radial extension and its
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PD Discretization Parameters

Total number of material points in the x-direction: 81

Total number of material points in the y-direction: 81

Total number of material points in the z-direction: 81

Spacing between material points: A = 0.0125 m

Incremental volume of material points: AV = 1.953125 x 107° m?3
Volume of fictitious boundary region: AV; = 4/3 za® = 1.4137 x 1072 m®
Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1.0s

Total number of time steps: 1,000

Numerical Results: After reaching the steady-state condition after 1,000 time steps,
as in Fig. 8.26, the peridynamic simulation results are compared with the analytical

solution given by
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U, =
2

As presented in Fig. 8.27, there is a good agreement between the two solutions.

Reference

Rao SS (2004) Mechanical vibrations, 4th edn. Pearson Prentice Hall, Upper Saddle River



Chapter 9
Nonimpact Problems

In Chap. 8, peridynamic solutions of many benchmark problems were presented
and compared with the classical theory in the absence of failure prediction. This
chapter presents solutions to various problems while considering failure initiation
and propagation. When available and suitable, the peridynamic (PD) predictions are
compared with the finite element analysis (FEA) solutions.

An isotropic plate with a hole is slowly stretched along its horizontal boundaries.
Its solution is straightforward when failure prediction is not a concern; however, it
poses a challenge from a failure analysis point of view. Based on the Linear Elastic
Fracture Mechanics (LEFM) concept, the traditional finite elements fail to address
crack initiation and growth when there is no pre-existing crack in the structure. This
problem demonstrates the capability of peridynamics when addressing crack initia-
tion and its propagation. Next, an isotropic plate with a pre-existing crack is
stretched rather fast along its horizontal boundaries. The peridynamic solution to
this problem captures the effect of rate of loading (stretching) on the evolution of
dynamic crack growth. In order to include the presence of thermal loading, a
bimaterial strip with mismatch in thermal expansion coefficients is subjected to a
uniform temperature change. Finally, an isotropic plate is subjected to a tempera-
ture gradient rather than a uniform temperature change. The peridynamic solutions
to these problems are obtained by developing specific FORTRAN programs, which
are available on the website http://extras.springer.com.

9.1 Plate with a Circular Cutout Under
Quasi-Static Loading

As shown in Fig. 9.1, an isotropic plate with a circular cutout is subjected to a
slow rate of stretch along its horizontal edges, representing quasi-static loading.
There exist no initial cracks of any form in its domain. The solution is obtained
by specifying the geometric parameters, material properties, initial and

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 171
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Fig. 9.1 Geometry of a plate with a circular cutout under slow stretch and its discretization

boundary conditions as well as the peridynamic discretization and time integration
parameters as:

Geometric Parameters

Length of the plate: L = 50 mm
Width of the plate: W = 50 mm
Thickness of the plate: # = 0.5 mm
Diameter of the cutout: D = 10 mm

Material Properties

Young’s modulus: £ = 192 GPa
Poisson’s ratio: v = 1/3
Mass density: p = 8000 kg/m?

Boundary Conditions

liy(x, £L/2,1) = +£2.7541 x 10~m/s

PD Discretization Parameters

Total number of material points in the x-direction: 100

Total number of material points in the y-direction: 100 + 3 + 3

Total number of material points in the z-direction: 1

Spacing between material points: A = 0.0005 m

Incremental volume of material points: AV = 1.25 x 10~ '"m?3

Volume of fictitious boundary layer: AVs = 3 x 100 x 1 x AV =3.75 x 1078 m?
Horizon: 6 =3.015 A

Critical stretch (failure off): s, = 1

Critical stretch (failure on): s. = 0.02
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Fig. 9.2 Variation of horizontal displacement (a) and vertical displacement (b) along the central
axes at the end of 1,000 time steps when failure is not allowed

Adaptive Dynamic Relaxation: ON
Time step: At =1.0's
Total number of time steps: 1,000

Numerical Results: First, the displacement field due to the applied loading is
obtained and compared against finite element predictions in the absence of failure.
The variations of horizontal and vertical displacements along the central x-axis and
y-axis, respectively, are shown in Fig. 9.2. A close agreement is observed between
PD predictions and FEA results with ANSYS, a commercially available code. This
indicates that the values of PD parameters such as grid size and horizon, and the
volume of the boundary region, provide accurate results. After establishing the
values of the PD parameters, failure among the material points is allowed by
specifying a critical stretch value of s, = 0.02, and the damage progression is
examined at different time steps. Although there is no pre-existing crack in the
plate, failure initiates in the form of a crack at the stress concentration sites. This is
clearly an exceptional feature of the PD theory, unlike the other existing techniques
that require pre-existing cracks. As shown in Fig. 9.3a, the damage initiates in the
stress concentration sites at the end of 650 time steps. At the end of 700 time steps
(Fig. 9.3b), the local damage value of some material points exceeds ¢ = 0.38,
resulting in self-similar crack growth. Due to the low value of applied velocity
along the boundary, representative of quasi-static loading, the crack continues to
propagate toward the external vertical boundaries, as shown in Fig. 9.3c, d.

9.2 Plate with a Pre-existing Crack Under Velocity
Boundary Conditions

The circular hole is replaced with a pre-existing crack, as shown in Fig. 9.4. Also,
its horizontal edges are subjected to a very fast rate of stretch (velocity) in order to
observe how the rate of loading affects the evolution of dynamic crack growth. The
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Fig. 9.3 Damage plots for the plate with a circular cutout at the end of (a) 650 time steps,
(b) 700 time steps, (¢) 800 time steps, and (d) 1,000 time steps
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Fig. 9.4 Geometry of a plate with a pre-existing crack under velocity boundary conditions and its
discretization
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plate properties and geometry are the same as before except for the thickness.
The thickness and boundary conditions, as well as the peridynamic discretization
and time integration parameters, are specified as:

Geometric Parameters

Thickness of the plate: 4 = 0.0001 m
Initial length of the pre-existing crack: 2a = 0.01 m

Boundary Conditions

Case 1: 1, (v, £L/2,1) = £20.0 m/s
Case 2: ity (x, £L/2,1) = +50.0 m/s

PD Discretization Parameters

Total number of material points in the x-direction: 500

Total number of material points in the y-direction: 500 + 3 + 3
Total number of material points in the z-direction: 1
Spacing between material points: A = 0.0001 m
Incremental volume of material points: AV = 1 x 1072 m
Volume of fictitious boundary layer: AVs =3 x 100 x 1 x AV =3 x 10719 m3
Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: OFF

Time step: At = 1.3367 x 1078 s

Total number of time steps: 1,250

Critical stretch (failure off): s, = 1

Critical stretch (failure on): s. = 0.04472

3

Numerical Results: First, failure is not allowed (the interaction between the mate-
rial points never ceases), and the crack opening displacement is computed as shown
in Fig. 9.5. Unlike the elliptical crack opening displacement of classical continuum
mechanics, the PD analysis predicts a cusp-like crack opening displacement near
the crack tip. As explained by Silling (2000), the elliptical crack opening displace-
ment is a mathematical requirement of the unbounded stresses (physically impossi-
ble) near the crack tip. The PD theory successfully captures a more physically
meaningful crack opening shape. When failure is allowed by using a critical stretch
value of s. = 0.04472, a self-similar crack growth is observed at the end of 1,250
time steps, as shown in Fig. 9.6a. This growth is typical for a mode-I type of
loading. The position of the crack tip or crack growth is determined based on the
local damage value of any material point that exceeds ¢ = 0.38 along the x-axis.
The growth of a crack as a function of time is shown in Fig. 9.6b, and the crack
growth speed can be evaluated as 1,650 m/s. This crack speed is less than the
Rayleigh wave speed of 2,800 m/s, which is considered to be the upper limit of
the crack growth speed for a mode-I type of loading (Silling and Askari 2005).
If the applied velocity boundary condition is increased from Vy(f) =20m/s to
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Fig. 9.6 (a) Damage indicating self-similar crack growth at the end of 1,250 time steps under the
velocity boundary condition of V() = 20m/s and (b) crack growth as a function of time

Vo(t) =50m/s , the crack growth characteristics change from self-similar
to branching, as shown in Fig. 9.7. It is worth noting that the only parameter that
was different between the two PD analyses while obtaining Figs. 9.6a and 9.7 is
due to the applied velocity boundary condition. All other parameters remain the
same. The PD theory captures a very complex phenomenon of crack branching
without resorting to any external criteria that triggers branching.
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Fig. 9.7 Damage
indicating crack branching
at the end of 1,000 time
steps under a velocity
boundary condition of
Vo(f) =50m/s

9.3 Bimaterial Strip Subjected to Uniform
Temperature Change

A bimaterial strip is subjected to a uniform temperature change, as shown in
Fig. 9.8. Both the top and bottom regions have the same length and thickness, but
different widths and thermal expansion coefficients. Although the bimaterial strip is
free of constraints and the temperature change is uniform, the mismatch between
the thermal expansion coefficients causes bending deformation. The interface has
the same properties as those of the top plate, and failure is not allowed. The solution
is obtained by specifying the geometric parameters, material properties, initial and
boundary conditions, as well as the peridynamic discretization and time integration
parameters as:

Geometric Parameters

Length of plate: L = 30 mm
Thickness of plate: 7 = 0.1 mm
Width of bottom plate: W;, = 1 mm
Width of top plate: W, = 3 mm

Material Properties

Young’s modulus of bottom plate: E, = 128.0 GPa

Poisson’s ratio of bottom plate: v, = 1/3

Thermal expansion coefficient of bottom plate: a;, = 16.6 x 107°/°C
Young’s modulus of top plate: E; = 5.1 GPa

Poisson’s ratio of top plate: v, = 1/3

Thermal expansion coefficient of top plate: &, = 50 x 1076/°C
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Fig. 9.8 Geometry of a bimaterial strip subjected to uniform temperature change and its

discretization

Applied Loading

Uniform temperature change: AT = 50°C

PD Discretization Parameters

Total number of material points in x-direction: 300

Total number of material points in z-direction: 1

Total number of material points in bottom plate in y-direction: 10
Total number of material points in top plate in y-direction: 30

Spacing between material points, A = 0.1 mm

Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: ON
Incremental time step size: At =1.0s
Total number of time steps: 20,000

Numerical Results: The PD predictions for displacement components, u, and u,,
along the interface between two plates are compared with those of FEA
simulations. As observed in Fig. 9.9, the results from both approaches agree very
well with each other. As expected, the bimaterial strip is curled down, presented in
Fig. 9.9b, due to the mismatch between the coefficients of thermal expansion.

9.4 Rectangular Plate Subjected to Temperature Gradient

An isotropic plate is subjected to a nonuniform temperature change, as shown in
Fig. 9.10. It is free of any constraints and, by specifying a unit critical stretch value,
failure is not allowed. The solution is obtained by specifying the geometric
parameters, material properties, initial and boundary conditions, as well as the
peridynamic discretization and time integration parameters as:
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L

Fig. 9.10 Geometry of a rectangular plate subjected to a temperature gradient and its
discretization

Geometric Parameters

Length of the plate: L = 10 in.
Width of the plate: W = 4 in.
Thickness of the plate: 4 = 0.04 in.

Material Properties

Young’s modulus: E = 1 x 107 psi

Poisson’s ratio: v = 1/3

Mass density: p = 0.1 Ib/in?

Thermal Expansion Coefficient: a = 24 x 107%/°C
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Fig. 9.11 (a) u, displacement variation along central x-axis and (b) u, displacement variation

Applied Loading
Temperature change: AT = 5.0 (x + 5.0)

PD Discretization Parameters

Total number of material points in the x-direction: 250
Total number of material points in the y-direction: 100
Total number of material points in the z-direction: 1
Spacing between material points: A = 0.04 in.
Horizon: § = 3.015 A

Adaptive Dynamic Relaxation: ON

Time step size: At =1.0's

Total number of time steps: 4,000

Numerical Results: The steady-state solution from PD is compared with the FEA
predictions. The comparison of u, displacement values along the central x-axis and
the u, displacement values along the central y-axis, shown in Fig. 9.11, indicates a
close agreement.
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Chapter 10
Impact Problems

This chapter concerns the peridynamic modeling of contact between two bodies due
to an impact event. The impactor can be either rigid or deformable, and the target
body is deformable. The interpenetration of bodies must be prevented between the
bodies during the analysis. The treatment of contact due to a rigid impactor is
different than that of a deformable impactor; Silling (2004) implemented two
different techniques in the EMU code. The following sections will describe
how interpenetration between the two bodies can be prevented while modeling
contact due to a rigid or a deformable impactor. Also, applications are presented to
well-known contact events such as the impact of two flexible bars, a rigid cylinder
impacting a rectangular plate, and the Kalthoff and Winkler (1988) experiment.
The peridynamic solutions to these problems are obtained by developing
specific FORTRAN programs, which are available on the website http://extras.
springer.com.

10.1 Impact Modeling

10.1.1 Rigid Impactor

The rigid impactor is not deformable at any instant, and it moves with its own
velocity as a rigid body, as shown in Fig. 10.1a. The deformable target material is
governed by the peridynamic equation of motion. After contact takes place between
the impactor and target material, there is initially an interpenetration of material
points, as illustrated in Fig. 10.1b. In order to reflect the physical reality, the
material points inside the impactor are relocated to their new positions outside
the impactor (see Fig. 10.1c). Their new locations are assigned in order to achieve
the closest distance to the surface of the impactor. Hence, this process develops a
contact surface between the impactor and material points at a particular time, 7.
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Time, ¢ Time, t+At Time, t+At

Fig. 10.1 Relocation of material points inside a target material to represent contact with the
impactor

The velocity of such a material point, X, in its new location at the next time
step, ¢ + At, can be computed as

ﬁ[+At —u
N ) (k)
Vi = Ar ) (10.1)

where ﬁ’(j;m is the modified displacement vector at time ¢ + Az, u’(k> represents the

displacement vector at time ¢, and Af corresponds to the time increment value.
At time ¢ + At, the contribution of the material point, X(k), tO the reaction force
from the target material to the impactor, FEZ)A’ , can be computed from

giHAr _ VHAt)
k k
(k) (k) Vv

F?;)At =—1x p(k) ( Al (k)» (102)

where v’(z)m is the velocity vector at time ¢ + At before relocating the material point
X(x)» With p() and V) representing its density and volume, respectively. Summation
of the contributions of all material points inside the impactor results in the total

reaction force, F A7 on the impactor at time ¢ + At, and it can be expressed as
At t+At yt+ At
Fra = ; F a0, (10.3)

where

1 inside impactor
A = ©mp (10.4)
0 outside impactor .



10.2  Validation 183
10.1.2 Flexible Impactor

In the case of a flexible impactor, both the target material and the impactor are
governed by the peridynamic equation of motion. However, when two bodies come
close to each other within a critical distance, rg, they are forced to repel each other
in order to define the contact between two bodies and also prevent sharing the same
location by two or more material points, which is not acceptable from a continuum
mechanics point of view.

This repelling short-range force, defined by Silling (2004), between material
points can be expressed as

bm—yw‘
27 "sh

Yo = Yu .
fsh (Y(,)7Y(k)) M min Oacsh -1

= , (10.5)
‘ﬂn_ym’

where the short-range force constant, cg,, and the critical distance, ry,, can be

chosen as

cn = 5S¢ (10.6a)

and

(10.6b)

10.2 Validation

When failure initiation and growth is not permitted, the validity of the impact
models is established by comparing peridynamic (PD) solutions with those of finite
element analysis (FEA) using ANSYS. In the presence of fracture, the PD
predictions are compared with observations such as those of the Kalthoff-Winkler
experiment (Kalthoff and Winkler 1988). The first problem concerns the impact of
two identical flexible bars. The solution to this problem is obtained by constructing
a three-dimensional PD model. The second problem concerns a rigid disk impacting
a rectangular plate on its edge. Its solution is obtained by constructing a
two-dimensional PD model. The third problem simulates the Kalthoff-Winkler
experiment with a three-dimensional PD model.
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Fig. 10.2 Impact of two identical flexible bars and PD discretization

10.2.1 Impact of Two Identical Flexible Bars

As shown in Fig. 10.2, the impact of two identical deformable bars is considered.
Their velocities are equal but in opposite directions prior to their impact. Both are
free of any displacement constraints and external loads. Also, failure is not allowed
in order to compare the PD predictions with FEA results using ANSYS. The
three-dimensional solution is constructed by specifying the geometric parameters,
material properties, initial and boundary conditions, as well as the peridynamic
discretization and time integration parameters as:

Geometric Parameters

Length of the identical bars: L = 0.05 m
Width of the identical bars: W = 0.01 m
Thickness of the identical bars: 2 = 0.01 m

Material Properties
Young’s modulus: £ = 75 GPa

Poisson’s ratio: v = 0.25
Mass density: p = 2700 kg/m?

Initial Conditions

Initial condition of the bars: &, = £10 m/s

PD Discretization Parameters:

Total number of material points in the x-direction: 100
Total number of material points in the y-direction: 10
Total number of material points in the z-direction: 10
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Spacing between material points: A = 0.001 m
Incremental volume of material points: AV = 1 x 107° m
Horizon: 6 = 3.015 A

Adaptive Dynamic Relaxation: OFF

Time step size: At =9.3184 x 1073 s

Total number of time steps: 535

3

Numerical Results: Figure 10.3 shows the axial displacement at the center of the
bars. The displacement values change their sign and bars start to move in the
opposite direction because the compressive waves generated after the initial impact
of the bars propagate toward the free edges. These compressive waves are then
transformed to tension waves when they reach the free edges, thus leading to the
separation of the bars. This figure also shows the comparison of the PD and FEA
predictions, and confirm the validity of the flexible impactor model proposed by
Silling (2004). As shown in Fig. 10.4, the PD and FEA predictions for the axial
displacement along the x-axis at the end of the analysis are also in close agreement.
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Rigid disk
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Fig. 10.5 A rigid cylinder impacting a rectangular plate and PD discretization

10.2.2 A Rigid Disk Impacting on a Rectangular Plate

As shown in Fig. 10.5, a rigid disk impacts the edge of a plate that is free of
displacement constraints, and initially at rest. Failure is not allowed in order to
compare the PD predictions with FEA results using ANSYS. In the FEA model, a
very high elastic modulus is assigned to represent the rigid impactor. Both models
are generated within the two-dimensional framework to reduce the computational
time. The two-dimensional solution is obtained by specifying the geometric
parameters, material properties, initial and boundary conditions, as well as the
peridynamic discretization and time integration parameters as:

Geometric Parameters

Length of the plate: L = 0.2 m
Width of the plate: W = 0.1 m
Thickness of the plate: 7 = 0.009 m

Material Properties

Young’s modulus: £ = 191 GPa
Poisson’s ratio: v = 1/3
Mass density: p = 8000 kg/m?

Impactor Properties:

Diameter of the impactor: D = 0.05 m
Thickness of the impactor: H = 0.009 m
Initial velocity of the impactor: vo = 32 m/s
Mass of the impactor: m = 1.57 kg
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Fig. 10.6 PD and FEA 0
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Fig.10.7 PD and FEA displacement predictions in the y-direction at a time step of 2000: (a) along
the central x-axis and (b) along the central y-axis

PD Discretization Parameters

Total number of material points in the x-direction: 200
Total number of material points in the y-direction: 100
Total number of material points in the z-direction: 1
Spacing between material points: A = 0.001 m
Incremental volume of material points: AV =9 x 10~ m?
Horizon: 6 =3.015 A

Adaptive Dynamic Relaxation: OFF

Time step size: At =1x 1077 s

Total number of time steps: 2,000

Numerical Results: As shown in Fig. 10.6, a close agreement exists between the PD
and FEA predictions for displacement in the y-direction at the center of the plate as
time progresses. Figure 10.7 shows the PD and FEA displacement variations along
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Fig. 10.8 Description of Kalthoff and Winkler (1988) experiment and its discretization

the central x-and y-axes at the end of the analysis. Their comparison indicates a
close agreement, and demonstrates the validity of the rigid impactor model pro-
posed by Silling (2004) within the peridynamic framework.

10.2.3 Kalthoff-Winkler Experiment

A dynamic fracture benchmark, the Kalthoff-Winkler experiment (Kalthoff and
Winkler 1988) concerns the impact of a steel plate having two notches (slits) with a
cylindrical impactor, as depicted in Fig. 10.8. The slits are located symmetrically
with respect to the central axis. The impactor is assumed rigid. The steel plate is free
of displacement constraints, and initially at rest. Silling (2003) previously
constructed the PD solution to this benchmark problem, and presents more detailed
results and discussion. The solution is obtained by specifying the geometric
parameters, material properties, initial and boundary conditions, as well as the
peridynamic discretization and time integration parameters as:

Geometric Parameters

Length of the plate: L = 0.2 m

Width of the plate: W = 0.1 m
Thickness of the plate: 47 = 0.009 m
Distance between notches: d = 0.05 m
Notch length: ¢y = 0.05 m

Notch width: g = 0.0015 m



10.2  Validation 189

Fig. 10.9 Contour plot for damage (crack propagation path)

Material Properties

Young’s modulus: E = 191 GPa
Poisson’s ratio: v = 0.25
Mass density: p = 8000 kg/m?

Impactor Properties

Diameter of the impactor: D = 0.05 m
Height of the impactor: H = 0.05 m

Initial velocity of the impactor: vo = 32 m/s
Mass of the impactor: m = 1.57 kg

PD Discretization Parameters:

Total number of material points in the x-direction: 201
Total number of material points in the y-direction: 101
Total number of material points in the z-direction: 9
Spacing between material points: A = 0.001 m
Incremental volume of material points: AV = 1 x 107 m?
Horizon: 6 =3.015 A

Critical stretch: s, = 0.01

Adaptive Dynamic Relaxation: OFF

Time step size: At = 8.7 x 1078 s

Total number of time steps: 1,350

Numerical Results: Figure 10.9 shows the contour plots for damage patterns (crack
growth). The PD predictions of 68° for crack propagation angles from the vertical
axis are in excellent agreement with the experimental measurements (Kalthoff and
Winkler 1988).
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Chapter 11
Coupling of the Peridynamic Theory
and Finite Element Method

The PD theory provides deformation, as well as damage initiation and growth,
without resorting to external criteria since material failure is invoked in the material
response. However, it is computationally more demanding compared to the finite
element method. Furthermore, the finite element method is very effective for
modeling problems without damage. Hence, it is desirable to couple the PD theory
and FEM to take advantage of their salient features if the regions of potential failure
sites are identified prior to the analysis. Then, the regions in which failure is
expected can be modeled by using the PD theory and the rest can be analyzed by
using FEM.

A simple coupling approach is submodeling, demonstrated by Oterkus
et al. (2012) and Agwai et al. (2012); it involves FEM for global analysis and PD
theory for submodeling in order to perform failure prediction. The primary assump-
tion in submodeling is that the structural details of the submodel do not significantly
affect the global model. Also, the boundaries of the submodel should be sufficiently
far away from local features so that St. Venant’s principle holds for a valid
submodeling analysis. The solution obtained from the global model along the
boundary of the domain of interest is applied as displacement boundary conditions
on the submodel. The global model should be refined enough to enable accurate
calculation of the displacement on the boundary of the submodeling region. Also,
different time discretizations of the displacement boundary condition should be
considered because the time-dependent nature of boundary conditions may affect
the results in submodeling.

Another straightforward way of coupling was suggested by Macek and Silling
(2007) where the PD interactions are represented by using traditional truss elements
and an embedded element technique for the overlap region. Lall et al. (2010) also
utilized this approach to study shock and vibration reliability of electronics.

Recently, Liu and Hong (2012) introduced interface elements between FEM and
PD regions. A finite number of peridynamic points are embedded inside the
interface element to transfer information between PD and FEM regions. The
peridynamic forces exerted on these embedded material points are distributed as

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 191
DOI 10.1007/978-1-4614-8465-3_11, © Springer Science+Business Media New York 2014
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Fig. 11.1 Schematic for coupling of the finite element method and peridynamics: (a) finite
element (FEA) and peridynamic regions; (b) discretization

nodal forces to the interface element based on two particular schemes. In the first
scheme, coupling forces are distributed to all nodes of the interface element.
However, in the second scheme, the coupling forces are only distributed to nodes
that are located on the interface plane between FEM and PD regions. The displace-
ment of the embedded material points are not computed through a PD equation of
motion. Instead, they are determined by utilizing the nodal displacements of
interface elements and their shape functions.

Also, Lubineau et al. (2012) coupled local and nonlocal theories by introducing a
transition (morphing) strategy. The definition of the morphing functions relies on
the energy equivalence, and the transition region affects only constitutive
parameters. The influence of local and nonlocal theories is captured by defining a
function that automatically converges to full local and nonlocal formulations along
their respective boundaries. In a recent study, Seleson et al. (2013) proposed a
force-based blended model that coupled PD theory and classical elasticity by using
nonlocal weights composed of integrals of blending functions. They also
generalized this approach to couple peridynamics and higher-order gradient models
of any order.

In addition to these techniques, Kilic and Madenci (2010) introduced a direct
coupling of FEM and PD theory using an overlap region, shown in Fig. 11.1a, in
which equations of both PD and FEM are solved simultaneously. The PD region is
discretized with material points and the finite element region with traditional
elements (Fig. 11.1b). Both the PD and FE equations are satisfied in the overlap
region. Furthermore, the displacement and velocity fields are determined using
finite element equations in the overlap region. These fields are then utilized to
compute the body force densities using the PD theory. Finally, these body force
densities serve as external forces for finite elements in the overlap region.
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11.1 Direct Coupling

The direct coupling of PD theory and FEM presented herein concerns steady-state
or quasi-static solutions. However, the PD equation of motion, Eq. 7.1, includes
dynamic terms that need to be eliminated. Thus, the adaptive dynamic relaxation
method, described in Chap. 7, is utilized to obtain a steady-state solution. The
damping coefficient is changed adaptively in each time step. The dynamic relaxa-
tion method is based on the fact that the static solution is the steady-state part of the
transient response of the solution.

In order to achieve direct coupling, the discrete PD equation of motion, Eq. 7.1,

is rewritten as
U’ U’ D! F”
Shor Ak {—- _1}{—ﬁ}, (11.1)
{ U } { 21} } 0 = E”

=pr

=]

in which U is a vector that contains displacements at the PD material points and the
vector F is the summation of internal and external forces. The subscript p denotes
the variables associated with the PD region, and single and double underscores
denote the variables located outside and inside the overlap region, respectively. The
parameter ¢” represents the damping coefficient at the nth time increment. The
coefficients of the fictitious diagonal density matrix, D, are determined through
Greschgorin’s theorem (Underwood 1983). A detailed description of these
parameters is presented in Chap. 7.

In order to achieve coupling of FEM with the PD theory, the direct assembly of
finite element equations without constructing the global stiffness matrix is utilized
so that the FE equations can be expressed as

G, L J0G M o
Un +c I'Jn = 0 M_1
in which subscript f denotes the variables associated with the finite element region,

and M is the diagonal mass matrix. The components of the mass matrix can be
approximated as

ﬂ} (11.2)
F. [ '

M =1Im, (11.3)
in which I is the identity matrix. The mass vector, m, is constructed as

m=Am", (11.4)
e

where A is the assembly operator and the operations are strictly performed as
additions (Belytschko 1983). The components of vector m' can be written as
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) (11.5)

in which kl(;) indicates the components of the element stiffness matrix given by

Zienkiewicz (1977).
The force vector F" at the nth time increment can be expressed as

F' = £(¢") — £™ (u"), (11.6)

where ¢ is time and f* is the vector of external forces.

The internal forces resulting from the deformation of the elements can be
assembled into a global array of internal forces by using the convention of
Belytschko (1983) as

fint — Af (11.7)

where () is the element force vector.
The element force vector is expressed as

£ = k©ul®), (11.8)

in which k'®) is the element stiffness matrix described by Zienkiewicz (1977) and
u'? is the vector representing the nodal displacements of the er element.

The vector u, representing displacements of a PD material point located inside
the eth element can be obtained from

8
u=> Nu, (11.9)
i=1

where N; are the shape functions given by Zienkiewicz (1977). The vector ul(e) is the
ith nodal displacements of the eth element and is extracted from the global solution
vector, g e denoting nodal FE displacements. Determination of the vector u, leads

to the computation of vector gp. The force density vector E]’, can then be computed

by utilizing the force density vector F, associated with the PD material point x,
inside the eth element (subdomain) as given by Eq. 7.1

N N,
p—b Xy, t +ZZWO (1) ) u(x,,,t),x(,-)—x,,,t)

e=1 j=1 (1110)
= t(u(x,, 1) — u(xg), 1) x, — x5, 1) | Vi),
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where N is the number of elements within the horizon and N, is the number of
collocation points in the ¢ element. The position vector X(j) represents the location
of the j collocation (integration) point.

Since, for a quasi-static problem, the equilibrium should be satisfied for all
material points, i.e., F, = 0, the body load exerted on material point x,, can then
be calculated as

=z

e

) - 7ta ) 7t
e : IW(I (i £) =y 1): %) =) (11.11)

= t(u(x,, 1) —u(x().1),x, = x(), )| Vyj) -

The total body load associated with the element where the material point x,, is
located can be computed as

N

.
Il

?N

Ne

= b(x,,1) (11.12)

J=1

Furthermore, the calculated total body load can be lumped into the finite element
nodes as

£l = J dV,N;p g, (11.13)

v,

in which p is the mass density of the eth element and / indicates the /th node of the

eth element. Hence, f;e) indicates the external force acting on the /th node. The body
force density is only known at the PD material points, which serve as integration

points for the eth element in Eq. 11.13. Furthermore, E;f is constructed by

assembling the nodal forces given by Eq. 11.13.
Finally, the coupled system of equations can be expressed as

U+ U =M 'F", (11.14)

in which U" and U" are the first and second time derivatives of the displacements,

respectively, and can be expressed as

U”:{QZ, U, Q".}T, (11.15a)

v-{U, U; U }T. (11.15b)
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The matrix M can be written as

D 0 O
M=|0 M 0 (11.16)
0 0 M
The vector F is given as
n n n T
E”:{E,, ¥ gf} . (11.17)

As suggested by Underwood (1983), the damping coefficient ¢” can be deter-
mined as

¢ = 2\/ (" &) / (y'w), (11.18)

in which 'K” is the diagonal “local” stiffness matrix expressed as (Underwood

1983)
IKZ:_<E:'I/’?7H_E1"Zl/”ﬂii)/Uflﬂ. (11.19)

The time integration is performed by utilizing the central-difference explicit
integration, with a time step size of unity, as

+n—1/2

. -0 oM
g 5o , (11.20a)
Ut = U (11.20b)

However, the integration algorithm given by Eq. 11.20a, b cannot be used to start

the integration due to an unknown velocity field at r~1/2

started by assuming that UO = 0 and Uo = 0, which yields

, but integration can be

U1/2

=M"'F'/?)2. (11.21)

Finally, the steps in coupling FEM with PD can be summarized as:

1. Utilize displacement and velocity fields which are known at time steps i, where
i <n.

2. Compute displacement of collocation points within the overlap region using
nodal displacements within the overlap region.
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3. Compute force densities associated with collocation points within the overlap
region.

4. Apply force densities as body force to finite elements within the overlap region.

. Integrate to find displacements and velocities at time step (n + 1).

6. Repeat previous steps to reach desired number of time steps.

9,1

11.2 Validation of Direct Coupling

The validity of the direct coupling approach is demonstrated by considering a bar
and a plate with a hole, both of which are under tension. In the case of a bar, there
exists only one overlap region between PD and FEM solution domains. In the case
of a plate, the region of the hole where failure is expected to occur is modeled with
the PD theory, and the regions far away from the hole are modeled with FEM,
resulting in two overlap regions.

11.2.1 Bar Subjected to Tensile Loading

The isotropic bar under tension at both ends is divided into two regions for
modeling with FEM and PD theory, as illustrated in Fig. 11.2.

Geometric Parameters

Length of the beam: L = 10 in. (FEM region, Ly = 5 in.; PD region, L, = 5 in.)
Cross-sectional area: A = h x h = 0.16 in?

Material Properties

Young’s modulus: E = 107psi
Poisson’s ratio: v = 0.25
Mass density: p = 0.1 Ibs/in’

Overlap region

/ e
h] FEA ‘ ‘ Peridynamics
1 — 4
L L, L,

Fig. 11.2 Dimensions of the bar
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Boundary Conditions

Free of displacement constraints

Applied Loading
Uniaxial tensile force: F = 1600 1bs.

PD Discretization Parameters

Total number of material points in the x-direction: 200

Total number of material points in the y-direction: 8

Total number of material points in the z-direction: 8

Spacing between material points: A = 0.05 in.

Incremental volume of material points: AV = 125 x 107% in?
Boundary layer volume: AVy =1 x 8 x 8 x 125 x 107® in® = 8 x 1073 in?
Applied body force density: b, = F/AV, =2 x 10° 1b/in?
Overlap region: L, = 0.125 in.

Horizon: 6 = 3A

Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1 s

In addition to the coupled approach, the entire bar is also modeled by using
either the PD theory or the FEM. The FE model was constructed using SOLID45
brick elements of ANSYS, a commercially available program. The uniaxial tension
is applied as surface tractions at the end surfaces of the bar. A comparison of the
displacements from the coupled approach with those of the PD theory and the FEM
is shown in Fig. 11.3. There is an approximately 5 % difference among the models
using only the PD theory and FEM. The contour plot of horizontal displacements
from the coupled approach is shown in Fig. 11.4.
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11.2.2 Plate with a Hole Subjected to Tensile Loading

The isotropic plate with a hole under tension at both ends is divided into three
different regions for coupled modeling of the FEM and PD theory, as illustrated in
Fig. 11.5. The extent of the PD and FEM regions is defined by L, and Ly, respectively.

Geometric Parameters

Length of the plate: a =9 in. (Ly = 2.5 in. and L, = 4 in.)
Width of the plate: b = 3 in.

Thickness of plate, 7 = 0.2 in.

Hole radius: » = 0.5 in.

Material Properties

Young’s modulus: E = 107psi
Poisson’s ratio: v = 0.25
Mass density: p = 0.1 Ibs/in?
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Peridynamics

Overlap
region

Fig. 11.6 Three dimensional discretization of the plate for coupled analysis

Boundary Conditions

Free of displacement constraints

Applied Loading
Uniaxial tensile force: £/ = 6000 Ibs.

PD Discretization Parameters

Total number of material points in the x-direction: 180
Total number of material points in the y-direction: 60

Total number of material points in the z-direction: 4
Spacing between material points: A = 0.05 in.

Incremental volume of material points: AV = 125 x 107 in
Overlap region: L, = 0.125 in.

Boundary layer volume: AV = 1 x 4 x 60 x 125 x 107 in® = 0.03 in?
Applied body force density: b, = F/AV, =2 x 10° 1b/in’

Horizon: 6 = 3A

Adaptive Dynamic Relaxation: ON

Incremental time step size: At =1s

3

The three-dimensional model is constructed by discretizing the domain, as
shown in Fig. 11.6. The validity of the coupled approach is established by
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comparing the steady-state displacements from the PD theory and FEM using
ANSYS, a commercially available program. Both the PD and FE models are
constructed by utilizing the same discretization as that of coupled model shown
in Fig. 11.6. The FE model was constructed using the SOLID45 brick elements of
ANSYS. Figure 11.7 shows the horizontal displacements along the bottom line of
the plate. The comparison of horizontal displacements indicates a close agreement
among the coupled analysis, peridynamic theory, and finite element method.
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Chapter 12
Peridynamic Thermal Diffusion

The peridynamic (PD) theory can be applied to other physical fields such as thermal
diffusion, neutronic diffusion, vacancy diffusion, and electrical potential distribu-
tion. This paves the way for fully coupling various field equations and deformation
within the framework of peridynamics using the same computational domain.

12.1 Basics

In heat conduction, the thermal energy is transported through phonons, lattice
vibrations, and electrons. Usually, electrons are the vehicles through which thermal
energy is transported in metals while phonons are the heat carriers in insulators and
semiconductors. This process of thermal energy transfer is inherently nonlocal
because the carriers arrive at one point, having brought thermal energy from
another. The mean free path of the heat carriers is the average distance a carrier
travels before its excess energy is lost. As the heat carriers’ mean free path becomes
comparable to the characteristic lengths, the nonlocality needs to be taken into
account in the continuum model.

Although heat transfer and temperature are closely related, they are of a different
nature. Temperature has only a magnitude, and heat transfer has a direction as well
as a magnitude. Temperature difference between the material points in a medium is
the driving force for any type of heat transfer. In a body, heat flows in the direction
of decreasing temperature. Physical experiments show that the rate of heat flow is
proportional to the gradient of the temperature, and the proportionality constant, &,
represents thermal conductivity of the material. This observation, referred to as
Fourier’s law of heat conduction, is expressed as

q=—kV0, (12.1)

where q is the heat flux vector, & is the thermal conductivity, and VO is the gradient
of temperature. The minus sign ensures that heat flows in the direction of decreasing
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temperature. The rate of heat entering through the bounding surface, S, with unit
normal, n, can be obtained from

0=— Jq.ndS, (12.2)
S

in which the minus sign ensures that heat flow is into the body. If the rate of heat, Q,
is positive, it indicates a heat gain. Otherwise, it is a heat loss. This formulation
employing Fourier’s law as the local constitutive relation has been used success-
fully to model macroscale heat conduction.

12.2 Nonlocal Thermal Diffusion

Nonlocality often becomes important at low temperatures, as exhibited in cryogen-
ics systems, since the heat carriers have a longer mean free path at lower
temperatures. It has been found that nonlocality should also be accounted for in
problems in which the temperature gradients are steep. This is because the penetra-
tion depth, the length characterizing the temperature gradient, becomes short, even
becoming the same order of magnitude as the mean free path of the carrier. In such
instances, it is necessary to consider the nonlocality of the heat transport in a
continuum model. With the miniaturization of devices, the short geometric length
scales also necessitated the inclusion of nonlocal effects in microscale and nano-
scale models (Tien and Chen 1994).

Several nonlocal heat conduction theories have been proposed in the last few
decades. In the early 1980s, Luciani et al. (1983) developed a nonlocal theory to
better represent electron heat transport down a steep temperature gradient by
introducing a nonlocal expression for the heat flux. The nonlocal model was in
better agreement with probabilistic simulations (Fokker-Planck simulations) than
the local models. Later, Mahan and Claro (1988) proposed a nonlocal relation
between the heat current, determined from Boltzmann’s equation, and the tempera-
ture gradient. In the 1990s, Sobolev (1994) introduced a model in which both space
and time nonlocality are taken into account in the strong form, i.e., integral form, of
the energy balance, Gibbs, and entropy balance equations. Lebon and Grmela
(1996), proposed a weakly nonlocal model (weakly nonlocal models are typically
based on gradient formulations). The model was based on nonequilibrium thermo-
dynamics, for which an extra variable is added to the basic state variables to account
for nonlocality. Subsequently, they extended their model to include nonlinearity
(Grmela and Lebon 1998). More recently, the development of nonlocal heat
conduction equations has been motivated by the miniaturization of devices. A
number of researchers have put forth nonlocal models with the objective of
capturing heat transport in microscale and nanoscale devices. One example of
this is the ballistic-diffusive heat equation by Chen (2002), which was derived
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from the Boltzmann’s equation, and it accounts for nonlocality in heat transport.
Another example is by Alvarez and Jou (2007). They developed their model by
including nonlocal (and memory/lag) effects in irreversible thermodynamics. Tzou
and Guo (2010) constructed their model by incorporating a nonlocal (and lag) term
into the Fourier law.

An area of interest is determining the temperature field in the presence of
emerging discontinuities. One class of problems that contains a discontinuity is
the heat transfer process that involves phase changes such as solidification and
melting (Ozisik 1980). This process is commonly referred to as the Stefan problem,
and there are a number of technologically important problems that involve heat
transfer with phase change. Examples of these include ablation of space vehicles
during reentry and casting of metals. Another heat conduction problem with an
emerging discontinuity is the rewetting problem from the nuclear industry.
Rewetting in a nuclear reactor is employed to restore temperatures to a safe range
following accidental dry-out or loss of coolant. Emergency cooling is introduced to
the system via an upward moving water front or by spraying from the top of the
reactor (Duffey and Porthous 1973; Dorfman 2004). A moving discontinuity occurs
in the heat-generating solid at the quench front due to the sudden change in the heat
transfer condition at the solid surface.

A peridynamic approach to heat conduction is advantageous because it not only
accounts for nonlocality but it also allows for the determination of the temperature
field in spite of discontinuities. The peridynamic heat conduction is a continuum
model; it is not a discrete model. As such, the phonon and electron motions are not
explicitly modeled. Initial successful attempts have recently been made to develop
heat conduction equations in the peridynamic framework. Gerstle et al. (2008)
developed a PD model for electromigration that accounts for heat conduction in a
one-dimensional body. Additionally, Bobaru and Duangpanya (2010, 2012)
introduced a multi-dimensional peridynamic heat conduction equation, and consid-
ered domains with discontinuities such as insulated cracks. Both studies adopted the
bond-based PD approach. Later, Agwai (2011) derived a state-based PD heat
conduction equation, which is described in the subsequent section.

12.3 State-Based Peridynamic Thermal Diffusion

Within the peridynamic framework, the interaction between material points is
nonlocal. For thermal diffusion, the nonlocal interaction between material points
is due to the exchange of heat energy. Therefore, a material point will exchange
heat with points within its neighborhood defined by the horizon. In the Lagrangian
formalism, the governing heat conduction equation corresponds to the Euler-
Lagrange equation. The Euler-Lagrange equation based on the Lagrangian, L, is
given in the following form (Moiseiwitsch 2004):
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d (0L OL
with
_ Jgdv, (12.3b)
v

in which O is the temperature and £ is the Lagrangian density. The Lagrangian
density of a peridynamic material point can be defined as

£ =27+ psO, (12.4)

where Z is thermal potential and is a function of all the temperatures of the points

with which x interacts, p is the density, and s is the heat source per unit mass, which
includes the rate of heat generation per unit volume and the internal energy storage.
There is a thermal potential associated with each material point, and the term Z;
represents the thermal potential of material point X(;. The microthermal potential,
Z(j)(j), is the thermal potential due to the interaction (exchange of heat energy)
between material points X(; and x(;). The microthermal potential is related to heat
energy exchange, which depends on the temperature difference between the mate-
rial points. Therefore, the microthermal potential is dependent on the temperature
difference between pairs of material points. More specifically, the microthermal
potential, z;)(, depends on the temperature difference between point i and all other
material points that interact with point X(;). Note that the microthermal potential
Z()(i) 7 Z(i)()» a8 Z(j)i) depends on the state of material points that interact with
material point X(;. The microthermal potential is denoted as follows:

26)G) = Z()() (@) — Oy, Oy — Oy, -+ ), (12.52)
2G)) = 2()0) (O — Oy, Oy — O, -+ ) (12.5b)

where ©;) is the temperature at point X ;), ©(y:) is the temperature of the first material

point that interacts with point x;), and, similarly, ©; is the temperature at point X ;

while @(y) is the temperature of the first material point that interacts with point X;).
The thermal potential of point X;), Z;) is defined as

‘ZZ

(12.6)

+ [\)\»—A

2 ¢
i) (@ ) O@) =0, ) ) Vi,
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where V/; is the volume associated with material point x;. Basically, this equation
indicates that the thermal potential at a point is the summation over all the
microthermal potential associated with that point. The microthermal potential and
therefore thermal potential are both functions of temperature. The Euler-Lagrange
equation, Eq. 12.3a, for material point Xy becomes

% <%L<k>> — a?a—L(k) =0, (12.7a)
in which
L= zoo: i Vi (12.7b)
i=1
with
Lo =Zu +psiO)- (12.7¢)

Consequently, invoking Eq. 12.6 into Eq. 12.7b results in the Lagrangian
function as

2)) (@) — Oy, Oty — Oy, ++)

Vi)
+2)i) (O) — 0 O@) — O, )

(12.82)

which can be written in an expanded form by showing only the terms associated
with the material point X ) :

(12.8b)
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or

ey { ) (©(1) = By Bty — By, )

j=1
(12.8¢)
+ 26y (@) = ©), Oy — B, -) [V ¢ Vi -+

A+ (PswOw) Vi -

With this representation, the Euler-Lagrange equation, Eq. 12.7a, becomes

S Oz ) 9(0;) — O)
_ V i
( = (Zl: (00 —0u) " 90

x. 9z R
— 0(Ou) — 9y))
(12.9b)

in which the terms Z V(,-)Bz<,<)<,->/8(®(,-) - ®(k)) and Z V(,')BZU)(/C)/(?(@(;{) - ®(/))
i=1 i=1

can be thought of as the heat flow density from material point x;) to material point

X() and the heat flow density from material point X ;) to X(;), respectively. Based on

this interpretation, H () and H ;) are introduced and defined as

11 (& O L1 (S 920w
Hop == — S @O0y} and Hyp == — > 0Oy
D2y (Zl (0 - 0w) " DO =2 vy ; 2(0u) —0p) "
(12.10)

Using these definitions allows Eq. 12.9b to be rewritten as follows:

> (Huwg + How ) Vi) +psw =0 (12.11)

J=1

A PD state can be thought of as an infinite dimensional array that contains certain
information about all the interactions associated with a particular material point. All of
the heat flow density associated with each interaction assembled in an infinite-
dimensional array is referred to as the heat flow scalar state, -h(x,t), where 7 is the
time. The assembled heat flow state for material pointsx ;) andx ;) may be represented as
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h(xw,1) = { Hwe ¢ and hxg,1) = { Hoyw - (12.12)

The heat flow state associates each pair of interacting material points with a heat
flow density, and enables the expressions for heat flow densities H ;) and H ;) as

Hwo = h(Xw, 1) (Xg) — X)) and Hge = h(xg,1) (Xe) — X)), (12.13)

where the angled brackets include the interacting material points. The microthermal
potentials may also be assembled in a state, which is called the microthermal
potential scalar state, z(x,t), permitting the following representation:

2ayg) = 2(Xw 1) (Xg) = Xy)  and zgy) = 2(x(), 1) (X — X)) (12.14)
Applying the state notation, Eq. 12.11 can be rewritten as
Z 1) (Xg) = X)) — h(x()s 1) (X = X)) ) Vi) —ps@y = 0. (12.15)
Jj=1

Transforming the summation to integration over the material points within the
horizon as given by

Y OVy— J (1) dvy (12.16)
j=1 H

permits Eq. 12.15 to be recast as
J (h(x,0)(xX' —x) — (X, ){(x — X))dVy — ps =0, (12.17)
H

where A(x,1){x' — x) = 0 for x'¢ H, and the domain of integration, H, is defined by
the horizon of the material point, X, that interacts with other material points in its
own family.

For convenience, the following notation is adopted:

h(x,t) =h,  h(X,1) =1 (12.18)

Also, the temperature scalar state, z, is defined as

(x, 1) (xX'—x) = O(X, 1) — O(x,1). (12.19)
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The temperature state simply contains the temperature difference associated
with each interaction of a particular material point. Since, the microthermal poten-
tial is dependent on the temperature difference of all the interactions associated
with the material point, it may be written as a function of the temperature state

z =z(z). (12.20)

Therefore, the heat flow state can also be written as a function of the temperature
state

h = h(q). (12.21)

As outlined by Bathe (1996), the heat conduction equation should explicitly
include the rate at which heat energy is stored when the heat flow changes over a
short period of time. This rate of internal energy storage density, &, is a negative
energy source and is given by

. 00
b=y (12.22)

for which c, is the specific heat capacity.

Therefore, the source term in Eq. 12.15 is then replaced by s = &, — sp, where s,
is the heat source due to volumetric heat generation per unit mass. Invoking
Eq. 12.22 into Eq. 12.15 leads to the transient form of the state-based peridynamic
thermal diffusion equation

peO(x,1) = J h(%, £)(X'—x) — h(X, 1){x — X)dV' + hy(x, 1) (12.23)

H

in which £(x,t) = psp(x, ) is the heat source due to volumetric heat generation.
The resulting equation is an integro-differential equation in time and space. It
contains differentiation with respect to time, and integration in the spatial domain.
It does not contain any spatial derivatives of temperature; thus, the PD thermal
equation is valid everywhere whether or not discontinuities exist in the domain.
Construction of its solution involves time and spatial integrations while being
subject to conditions on the boundary of the domain, R, and initial conditions.
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12.4 Relationship Between Heat Flux and Peridynamic
Heat Flow States

The heat flow scalar state, h, contains the heat flow densities associated with all the
interactions. The heat flow density, A(x, 7)(x’ — x), has units of heat flow rate (rate
of heat energy change) per volume squared. The integral in Eq. 12.23

Jh(x, X —x) — h(x',t){(x — x"YaV’ (12.24)
H
is similar to the divergence of heat flux, V - q, and it has units of heat flow rate per
volume. Therefore, the peridynamic heat flow state can be related to the heat flux, q.

Multiplying the PD heat conduction equation, Eq. 12.23, by a temperature
variation of A® and integrating over the entire domain results in

J e, OAOAV — J J [h(%, £) (X — x) — h(X, 1)(x — X)|A@dV'dV
\%4 VH
+ Jhs(x, HAGAV? .

%

(12.25)

Moving the last term on the right-hand side of Eq. 12.25, the heat generation
term, to the left-hand side, and changing the integration from H to V due to the fact
that

h(x, ) {(x' —x) = h(X',t){(x — x') =0 for X' ¢ H, (12.26)
leads to the following form of the equation:
J [pc,© — hy(x,1)] ABdV = JJ [h(x,0)(xX' —x) —h(X,1){x —x')]AGdV'aV .

4 Vv
(12.27)

If the parameters x and X' in the second integral on the right-hand side of
Eq. 12.27 are exchanged, the second integral becomes

” h(X, 1) (x — X)AOAV'dV — “ h(x,0)(X —X)AQdVAY'.  (12.28)

% Vv

Substituting from Eq. 12.28 into Eq. 12.27, leads to
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J [pc,© — hy(x,1)] A®AV = “ (X' —x)(A® — A®")aV'aV.  (12.29)

Vv

Invoking the variation of the temperature scalar state, Az, from Eq. 12.19 into
Eq. 12.29 results in

J [pc,® — hy(x,1)| ABAV = JAZdV, (12.30)
\% \%

where AZ corresponds to the variation of the PD thermal potential at x due to its
interactions with all other material points:

AZ = — J (h(x, 1) (x' — x))(Az{xX' — x))dV". (12.31)
v

Considering only the material points within the horizon, Eq. 12.31 can be
rewritten as

AZ = — J (h(x,0){x' — x))(Az{x'—x))dV". (12.32)

Based on the classical formulation, the corresponding variation of thermal
potential can be written as

(AG -kG + G -kAG) = kG - AG, (12.33a)

L. kG, (12.33b)

where k is the thermal conductivity and G = V@®. After invoking the Fourier
relation, q = —k G, the variation of classical thermal potential can be rewritten as

AZ(G) = —q - AG. (12.34)

By applying the definition of scalar reduction given in the Appendix, the
temperature gradient can be approximated as

Ars X =— Jm(x’—x)Aﬂx’—x) @ X{xX'—x)dV’, (12.35)

H
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in which Az is a scalar state, thus not requiring the dyadic, ®, operation. It
reduces to

AG = Jm(x’—x)X(x’ — X)Az(X — x)dV, (12.36)

H

1
m

where w is a scalar state representing the influence function, and m is the scalar
weighted volume defined in the Appendix.
Its substitution into Eq. 12.34 leads to the following:

AT = _n% JqTW — XXX — X)AL(X — x)dV. (12.37)

H

Assuming that the variation of the PD thermal potential, AZ, and classical
thermal potential, AZ, are equal, AZ = AZ, and comparing Eq. 12.31 to
Eq. 12.37, it follows that

h(x, ) {(x' —x) = %qTLv(x’—x)X(x’ —X), (12.38)

and this expression relates the heat flow state to the heat flux.

12.5 Initial and Boundary Conditions

The PD thermal equation does not contain any spatial derivatives; thus, boundary
conditions are, in general, not necessary for the solution of an integro-differential
equation. However, such conditions on temperature can be imposed in a “fictitious
material layer” along the boundary of a nonzero volume.

Heat flux does not directly appear in the PD thermal diffusion equation. There-
fore, the application of heat flux is also different from that of the classical heat
conduction theory. The difference can be illustrated by considering a region, €2, that
is in thermal equilibrium. If this region is fictitiously divided into two domains, Q™

and Q" as shown in Fig. 12.1, there must be rates of heat flow Q'+ and Q'7 entering
through the cross-sectional surfaces, OQ, of domain Q" and Q.

. . . -+ -

According to classical heat conduction theory, the heat flow rates, 0 and Q ,

can be determined by integrating the normal component of the heat flux over the
cross-sectional area, OQ2, of domains Q" and Q™ as

0 =- J q"-n*dS (12.39a)
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Fig. 12.1 Boundary
conditions: (a) heat fluxes
through the cross-sectional
area, (b) heat flow rate in
classical heat conduction
theory, (c) heat flow density
of a material point in
domain Q" with other
material points in domain
Q7, (d) heat flux density
from domain Q" due to
domain Q™

o O
=
(Q;
D

and

0 =-— J q -nds, (12.39b)

in which q and q~ are the heat fluxes across the surfaces with unit normal vectors,
n* and n~, of domains Q" and ", as shown in Fig. 12.1a, b.

In the case of the PD theory, the material points located in domain Q7 interact
with the other material points in domain Q~ (Fig. 12.1c¢). Thus, the heat flow rate,

Q.+, can be computed by volume integration of the heat flux densities (Fig. 12.1d)
over domain Q" as
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0" = L L(x)dV, (12.40a)

in which £(x), acting on a material point in domain Q, is determined by
L(x) = J [a(x,1) (x' —x) — h(x', 1) {x —x)]dV . (12.40b)

Note that if the volume Q~ is void, the volume integration in Eq. 12.40b
vanishes. Hence, the heat flux cannot be applied as a boundary condition since its
volume integrations result in a zero value. Therefore, the heat flux can be applied as
rate of volumetric heat generation in a “real material layer” along the boundary of a
nonzero volume.

12.5.1 [Initial Conditions

Time integration requires the application of initial temperature values at each
material point in the domain, R, as shown in Fig. 12.2, and they can be specified as

O(x,t =0) = 0" (x). (12.41)

12.5.2 Boundary Conditions

Boundary conditions can be imposed as temperature, heat flux, convection, and
radiation. As shown in Fig. 12.2, the prescribed boundary temperature is imposed
in a layer of a fictitious region, R, along the boundary of the actual material surface,
S;, of the actual material region, R. Based on numerical experiments, the extent of
the fictitious boundary layer must be equal to the horizon, 8, in order to ensure that
the prescribed temperatures are sufficiently reflected in the actual material region.
The prescribed heat flux, convection, and radiation are imposed in boundary layer
regions, Ry, R., and R,, respectively, with depth, A, along the boundary of the
material region, R, as shown in Fig. 12.2.

12.5.2.1 Temperature

As shown in Fig. 12.3a, the prescribed boundary temperature, ®*(x*, ), can be
imposed in a layer of a fictitious region, R,, along the boundary of the actual
material surface, S;, as
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Fig. 12.2 Boundary layers
for imposing temperature,
heat flux, convection, and
radiation

Oy, t+ Ar) =20"(x",t + A1) — BO(z,1), X" €S,y € Ry, z € R, (1242)

in which z represents the position of a material point in R, and x* represents the
location of a point on the surface, S;. Their relative position is such that the distance,
d = |x* — z|, between them is the shortest. The location of the image material point
in R, is obtained from y = z + 2dn, with n = (x* — z)/|x* — z|. The implementa-
tion of the prescribed temperature boundary condition is demonstrated in
Fig. 12.3b. For the case of ®*(x*,7) = 0, this representation enforces the tempera-
ture variation in the fictitious region to become the negative mirror image of the
temperature variation near the boundary surface in the actual material, as shown in
Fig. 12.3c.

12.5.2.2 Heat Flux

Application of this type of boundary condition is accomplished by first calculating
the rate of heat entering through the bounding surface by using Eq. 12.2, converting

the heat flow rate, O, to a heat generation per unit volume, and then specifying
this volumetric heat generation to collocations points in the boundary region.
Assuming the cross-sectional area is constant for each material point, conversion
is achieved by

— | q.nds
S __q-nSf__q-n

Vi SrA A

(12.43)

Q.
Il
Sle.
|
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Fig. 12.3 (a) Material a
point and its image in a ’h
fictitious domain for

applying, (b) a constant
temperature condition and

O
(c) a zero temperature m
condition

where Q is the volumetric heat generation, q is the heat flux, Sy is the area over
which the heat flux is applied, and V/ is the volume of the boundary region.

Specified flux, q*(x, ), over the surface Sy, shown in Fig. 12.2, can be applied as
the rate of volumetric heat generation in a boundary layer, Ry, as

1
hy(x,1) = qu*(x, f)-n,for x € Ry. (12.44)

If there exists no specified flux, q*(x,7) =0, volumetric heat generation, Q
calculated from Eq. 12.43 vanishes. Thus, the implementation of a zero flux
boundary condition can be viewed as imposing a zero-valued volumetric heat
generation. Alternative to this implementation, zero flux can be achieved by
assigning the mirror image of the temperature values near the boundary in the
actual domain to the material points in the fictitious region, as shown in Fig. 12.4.
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Fig. 12.4 Material point
and its image in a fictitious
region for imposing

zero flux

12.5.2.3 Convection

Convection is a heat transfer between the surface of the body and the surrounding
medium. The convection boundary condition is specified as

q(x,7) -n = h(O(x,1) — Oy), for xeS, (12.45)

in which ® is the temperature of the surrounding medium, # is the convective
heat transfer coefficient, and ©(x, ¢) is the temperature of the body on the surface, S..
Similar to the specified flux condition, convection can be imposed in the form of a
rate of heat generation per unit volume in a boundary layer region, R, as

1
hs(x,1) = Zh((aoo —0(x,1)), for xeR,. (12.46)

12.5.2.4 Radiation

Radiation is a heat transfer between the surface of the body and the surrounding
medium. The radiation boundary condition can be written as

q(x,t) -n=e0(0*(x,1) — @), for xS, (12.47)

in which Qy; is the temperature of the surface surrounding the body, ©(x, ¢) is the
surface temperature of the body, o is the Stefan-Boltzman constant, and e is
emissivity of the boundary surface. Similar to the imposition of the convection
condition, radiation can also be imposed in the form of rate of heat generation per
unit volume in a boundary layer region, R, as
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1
hs(x,t):Xea((aﬁsf@‘(x,t)), for x € R,. (12.48)

12.6 Bond-Based Peridynamic Thermal Diffusion

If it is assumed that the heat flow density associated between two material points, X
and X/, is a function of the temperature difference only between these two points,
then the following expression holds true:

h(x, 1) (x' —x) = —h(x', 1) (x — x'). (12.49)

This leads to the specialized bond-based PD thermal diffusion. In this
specialized case, the heat flow density, f, (X', x, 7), is defined as

Fil¥ x,0) = h(x, ) —x) = h(x, 1) (x —x) = 2h(x, ){x' —x),  (12.50)

so that the PD heat conduction equation can be written as
pc,O(x, 1) = J f(@,0,X,x,1)dVy + psy(x,1). (12.51)
H

The term f;,, also referred to as the thermal response function, is the heat flow
density function that governs only the interaction of material point x with x’. In the
case of bond-based PD thermal diffusion, the pairwise interactions are independent
of each other, and the heat flow between a pair of material points does not depend
on the temperature difference between other pairs of material points. The thermal
response function, f,(x’, x) is zero for material points outside the horizon; i.e., ||
=|x —x| > 6.

12.7 Thermal Response Function

The pairwise heat flow density can be related to the microthermal potential through

0z

=5 (12.52)

i

The microthermal potential, z, represents the thermal potential between a pair of
interacting points. The temperature difference between the material points x" and x
at any time is given by
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(X', x,1) = O(X, 1) — O(x,1). (12.53)

The thermal potential at point x is then a summation over all microthermal
potentials associated with this point, and is defined as

1
Z(x,1) = 5 Jz(x',x7 1)dVy. (12.54)

H
The pairwise heat flow density function, f;, can be expressed as

t(X,x,1)

X0 12.55
B (12:39)

(X x, 1) =«

where « is the thermal microconductivity. The microthermal potential corresponding
to the thermal response function, f;, can be obtained as

2

=K—. 12.56
27 (1236

z

The microconductivity is a PD parameter that can be related to the standard
conductivity for a specified horizon.

12.8 Peridynamic Microconductivity

The microconductivity can be determined by equating the peridynamic thermal
potential to the classical thermal potential at a point arising from a simple linear
temperature field. The expression for the microconductivity will differ depending
on the form of the thermal response function. The form given in Eq. 12.55 differs
from those introduced by Bobaru and Duangpanya (2010, 2012) and Gerstle
et al. (2008). In the most general case, heat transfer through a medium is three
dimensional. However, certain problems can be classified as two or one dimen-
sional depending on the relative magnitudes of heat transfer rates in different
directions.

12.8.1 One-Dimensional Analysis

For one-dimensional analysis, a simple linear temperature field of the form ©(x)
= x results in the PD temperature difference of
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T=01) -0k =X —x=~E=¢. (12.57)

Invoking this temperature difference into Eq. 12.56 results in the PD
microthermal potential as

I=K—— (12.58)

where || = |X’ — x|. Substituting forz from Eq. 12.58 into Eq. 12.54 and performing
the integration leads to the PD thermal potential as

1 BRI _ KkO%A
Z=3 iz(g)dvg =3 JO (E)Adzj == (12.59)

where A is the cross-sectional area of the volume associated with the material point
x'. The corresponding classical thermal potential from Eq. 12.33b is obtained as

L1
Z:Ek, (12.60)

Equating the peridynamic thermal potential in Eq. 12.59 to the classical thermal
potential given in Eq. 12.60 and solving for « results in the PD microconductivity
for one-dimensional analysis as

2k
K= (12.61)

12.8.2 Two-Dimensional Analysis

For two-dimensional analysis, a simple linear temperature field of the form ©(x, y)
= (x + y) results in the PD temperature difference of

t=0,y) -0,y =x+) (12.62)

for the material point of interest, x, located at the origin (x =0,y =0).
Invoking this temperature difference into Eq. 12.56 results in the PD microthermal
potential as

o + )
218l

Z=K

(12.63)
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where || = /x> 4+ y?. Substituting for z from Eq. 12.63 into Eq. 12.54 and
performing the integration over the horizon leads to the PD thermal potential as

2z

Z(x,1) :% J
0

5 . 2 3
JK(§C05(9)24|;|§SIn(0)) hededo — mhxd ’ (12.64)
0

in which polar coordinates, (&, ), are utilized to perform the integration over a disk
with thickness % and radius 8. The corresponding classical thermal potential from
Eq. 12.33Db is obtained as

7=kt (12.65)

Equating the PD thermal potential in Eq. 12.64 to the classical thermal potential
given in Eq. 12.65 and solving for x results in the PD microconductivity for
two-dimensional analysis as

6k

12.8.3 Three-Dimensional Analysis

For three-dimensional analysis, a simple linear temperature field of the form
O(x,y) = (x+ y + z) results in the PD temperature difference of

1=0(,y,7) -0, y,z) = +y +7) (12.67)

for the material point of interest, x, located at the origin (x =0,y =0,z =0).
Invoking this temperature difference into Eq. 12.56 results in the PD microthermal
potential as

/ / "2
Z:K%7 (12.68)

where |&| = \/x'*> 4 y'? + 2%, Substituting for z from Eq. 12.68 into Eq. 12.54 and
performing the integration over the horizon leads to the PD thermal potential as
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5
_1J
2

0

O%g’

IK £Cos(0)Sin() + ESin(0)Sin(¢) + ECos())?
; 28l (12.69)

64
x SingdpdOEde = i

in which spherical coordinates, (£, 8, ¢b), are utilized to perform the integration over
a sphere with radius 6. The corresponding classical thermal potential from
Eq. 12.33b is obtained as

7= %k. (12.70)

Equating the peridynamic thermal potential in Eq. 12.69 to the classical thermal
potential given in Eq. 12.70 and solving for « results in the PD microconductivity
for three-dimensional analysis as

6k

= (12.71)

12.9 Numerical Procedure

Numerical techniques are employed in order to solve for the PD thermal diffusion
equation. The region of interest is discretized into subdomains in which the
temperature is assumed to be constant. Thus, each subdomain is represented as a
single integration point located at its mass center with an associated volume and
integration weight, w(;) = 1. Subsequently, the integration in the governing equa-
tion, given in Eq. 12.51, is numerically performed as

z)*th (X — X))V + hp) (12.72)

for which nis the time step number, i represents the point of interest, and j represents
the points within the horizon of i. The volume of the subdomain associated with the
collocation point X;) is denoted by V;). The time integration is accomplished using
the forward difference time stepping scheme. When forward differencing is
employed, the following equation is solved:
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At -
) =0+ {th(f"("m —x0))Vi) +h?<t>}’ (12.73)

where At is the time step size.

12.9.1 Discretization and Time Stepping

A one-dimensional region is considered to describe the details of the numerical
scheme. The discretization of a one-dimensional region into subdomains is depicted
in Fig. 12.5. Each subdomain has one integration point. The integration point
represents a material point. The solution is constructed for material point x;. The
material point X ;) interacts with all points within its horizon, represented by X ;). As
shown in Fig. 12.6, material point x; interacts with six other material points, X;
(j=i-3,i—2,i—1,i+1, i+2, and i + 3), in its horizon. Thus, the radius
of the horizon is § = 3A, where A = |x(i11) — x(;)|.

The discretized form of the PD thermal diffusion equation for material point x ;)
becomes

PiyCy )®(1 th () V(/ + Iy, s(i) (12.74)

in which the thermal response function, represented by fh (0) , is determined at each

time step for every interaction. The discretized equation for the thermal response
function, f;, is cast as

ol

The relative initial position is defined as &) = X(;) — X(;) while the relative
temperature is defined as 7 ;) = ©(; — ©[;. The thermal interaction of material

point X(; with the points within its horizon is illustrated in Fig. 12.6.
The discretized thermal diffusion equation can be expanded as

Pi)Cv fhl (i+1) Vit +fh (i+2) Viis2) +fh (i+3) Viisa)

o 1276)
+ Fntoyi—n) V1) +ayi-2Vi-2) o i-3Vi-3) + M) -

For marching in time, the forward differencing scheme is used. The time
derivative of temperature at material point X(;) is determined at the current time



12.9 Numerical Procedure 225

h(i)(i+3)

Fig. 12.6 Thermal interaction of points with the horizon of material point X;
step, n, from Eq. 12.76. By employing time integration via the forward differencing

technique, the temperature at the next time step, (n + 1), is determined. This
algorithm may be expressed as

0! =0y, + A6, (12.77)

12.9.2 Numerical Stability

The forward differencing method utilized for the numerical time integration of the
peridynamic thermal diffusion equation is conditionally stable. Therefore, it is



226 12 Peridynamic Thermal Diffusion

necessary to develop a stability condition that sets the restriction on the time step
size in order to prevent an unbounded numerical solution. Similar to that performed
by Silling and Askari (2005), a von Neumann stability analysis is adopted in the
derivation of the stability condition. Therefore, the temperature field at each time
step is assumed in the form

riv=1
o = e ™, (12.78)
where I, representing the wavenumber, is a real and positive number and { is a
complex number. The condition on the time step size ensures that the solution does
not grow in an unbounded manner over time. In order for the solution to be bounded
over time, the following expression must hold true:

1K <1 (12.79)

for every wavenumber 7.
The discretized peridynamic thermal diffusion equation may be recast as

=Y

(@” — 0 Vi + hify. (12.80)

In the absence of a heat source due to volumetric heat generation, invoking
Eq. 12.78 into Eq. 12.80 leads to

p(i)c"<i> n+l FI\/_ n F(/ \/_7 n\ Fiv—1 .
3 Z|§ ( &)™ V. (12.81)

Canceling out common terms reduces Eq. 12.81 to

Pi)Svii
At

( rij-iv=1 _ 1>V(/~)

N
=2
'N (12.82)
>

cosF(] —i) = 1)V .

This equation can be recast as

L —1) =M, (12.83)

in which My is defined by
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N
Mr =Y (1= cosT(j — i)V (12.84)
= &)

Solving for ¢ in Eq. 12.83 gives

At
Pi)Cv(i)

C=1- Mr. (12.85)

Enforcing the condition || < 1 results in the following constraint:

At
T PHOW)

0< Mp <2. (12.86)

The restriction on the time step size is determined as

2p(i)Cv(i)
My

(12.87)

For the condition |{| < 1 to be valid for all wavenumbers, I, Eq. 12.84 leads to
the condition of

N
K
Mr<S 2"y (12.88)
' ;:Zl &l ¥

Substituting Eq. 12.88 into Eq. 12.87 leads to the stability condition as

ACo(i
ar< - LOO0 (12.89)
,; Eoal ¥ )

Due to the dependence of x on the horizon, the stability condition given in
Eq. 12.89 is dependent on 6.

12.10 Surface Effects

The PD microconductivity parameter, x, that appears in the thermal response
function, f}, is determined by computing the thermal potential of a material point
whose horizon is completely embedded in the material. The value of this parameter
depends on the domain of integration defined by the horizon. Therefore, the value
of k requires correction if the material point is close to free surfaces or material
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Fig. 12.7 Surface effects Surface

! ! : Interface
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interfaces (Fig. 12.7). Since the presence of free surfaces is problem dependent, it is
impractical to resolve this issue analytically. The correction of the material
parameters is achieved by numerically integrating the PD thermal potential at
each material point inside the body for simple temperature distribution and com-
paring it to its counterpart obtained from the classical thermal potential.

The simple temperature distribution can be linear in form, and the corresponding
thermal potential, Z,, of a point completely embedded in the material is calculated
using Eq. 12.33b. Subsequently, the PD thermal potential due to the applied linear
temperature distribution is computed for each material point through numerical
integration over its horizon from

1
Ziy = Jz(é)d% =35 ZZ(i)(,')V(,-), (12.90)
H J=1

N —

in which the micropotential, z(;)(;), between material points X; and X(;) depends on
the material microconductivity.

As shown in Fig. 12.8, the material point X(;y may interact with material points
X(j and X(,). Material points X(;) and X(; are embedded in material 1, and X, is
embedded in material 2. Thus, the microconductivity between points X;) and X is
K(j)(j)» and it differs from ;) between material points x;) and X,,). Because the
material points X and X(, are embedded in two different materials, their
microconductivity, &), can be expressed in terms of an equivalent thermal
conductivity as

X b+ 4
Om =7 | 6
P+g

(12.91)
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Fig. 12.8 Material point Material 1
X(;) close to an interface
N0 X
|~

X i)

\ 2 \X(m) '/

=

Material 2

in which #; represents the segment of the distance between material points x;) and
X(m) in material 1 whose thermal conductivity is k1, and £, represents the segment in
material 2 whose thermal conductivity is k;.

The thermal potential of material point X; is denoted by Z;. The correction
factor is determined for each material point in the domain as

2 =2=. (12.92)

Therefore, the discretized thermal diffusion equation including the correction
factor for point x;) becomes

N
= 200inn Vo) + Lol (12.93)

=

where g;);) = gu) + &(j)/2- Finally, the discretized equation of motion for material
point X(i), including surface and volume correction, v, is rewritten as

N

P Cuiny®l) = Z i) et Vi) + pasols- (12.94)
Jj=

Also, the thermal response functions between material points x;) and X(; and X ;
and X, are modified to reflect the change in microconductivity as

T T .
1 () (m) (i)(j)
Jitiyom) = Kiiym) —) and fii) = K)() ‘g ‘ : (12.95)
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12.11 Validation

In achieving the numerical results, the bond-based peridynamics approach is
adopted while utilizing the numerical schemes described in the preceding sections.
The predictions from the peridynamic simulations are compared against the classi-
cal solution to establish the validity of the peridynamic heat transfer analysis.

12.11.1 Finite Slab with Time-Dependent
Surface Temperature

A finite slab initially at zero temperature is subjected to a boundary temperature
that increases linearly with time. Its geometric description and discretization are
depicted in Fig. 12.9.

Geometric Parameters

Slab thickness: L = 0.01 m

Material Properties

Specific heat capacity: ¢, = 64 J/kgK
Thermal conductivity: k = 233 W/mK
Mass density: p = 260kg/m?

Initial Conditions

O(x,0) =0°C,0<x <L
Boundary Conditions

0(0,t) =0, O(L,r) = Ar with A =500, 0 << o0

PD Discretization Parameters

Total number of material points in the x-direction: 100
Spacing between material points: A = 0.0001 m

R R

Fig. 12.9 Discretization of the finite slab and the fictitious boundary regions for temperatures
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Fig. 12.10 Temperature 25
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Location (m)
Incremental volume of material points: AV = 1 x 1072 m?
Volume of fictitious boundary layer: V5 = (3) x AV =3 x 10712 m3
Horizon: 6 = 3.015A
Time step size: At = 107 s
The classical analytical solution (Jiji 2009) can be expressed as
O, 1) =AL L arell?
X, t) =A—
’ L k3
o0 n
—1) 7 k (nm\2
X E 3 sm( ) 1 —exp ——(—) t). (12.96)
~ n pcy, \L

The temperature variation is predicted atr = 0.0125 s, = 0.025 s, = 0.0375 s,
andt = 0.05 s. Both analytical and PD predictions are shown in Fig. 12.10, and they
are in close agreement. Because the temperature on the right boundary increases as
a function of time, the rate of heat transfer from the right boundary also increases, as
expected.

12.11.2 Slab with Convection Boundary Condition

A plate of thickness L, initially at temperature ®(x,0) = F(x), dissipates heat by
convection for times ¢ > 0 from its surfaces into an environment at ®,, = 0°C.
The plate initially has a linear temperature profile, and two surfaces are subjected
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Fig. 12.11 Discretization of the finite slab and boundary regions for convection

to convective heat transfer. Its geometric description and discretization are depicted
in Fig. 12.11.

Geometric Parameters

Slab thickness: L =1 m

Material Properties

Specific heat capacity: ¢, = 64 J/kgK
Thermal conductivity: k = 233 W/mK
Mass density: p = 260kg/m?

Initial Conditions

O(x,0) =F(x), 0<x<L, with Flx)=x

Boundary Conditions

—k0O®/0x = hy (@ — ©), t>0, atx =0
k9®/0x = (@ — ), >0, atx =L
with iy = 10W/m?K, hy = 20W /m*K, ©, = 0°C

PD Discretization Parameters

Total number of material points in the x-direction: 500
Spacing between material points: A = 0.002 m
Incremental volume of material points: AV = 8 x 107 m?
Volume of boundary layer: V, = 8 x 107 m?

Horizon: 6 = 3.015A

Time step size: At = 107 s

Rate of heat generation per unit volume at x = O:

he(X,1) = 11 (O — O(X,1)) /A, X € R

Rate of heat generation per unit volume at x = L:

hsz(X, l) = /’lz(@oo — @(X, l‘))/A7 X € R
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The classical analytical solution of the problem is given by Ozisik (1980) as

0 k2
Ox,1) =Y et
m=1

N( m)

L
L X(B) jX(ﬂm,x'>F<x'>dx', (12.97)
0

in which X(p,,, x) represents the eigenfunctions, ,, represents the eigenvalues, and
N(B,,) represents the normalization integral. The eigenfunctions, eigenvalues, and
normalization integral are as follows:

1
N(.b)m) = E

X(ﬂmax) = ﬂmCos(ﬂmx) +H15ll’l(ﬂm)€)7 (12.98a)
_ ﬂm(Hl + HZ)
tan(f,,L) = 7‘53” T (12.98b)
H
(6, +H}) (L + m> +Hy |, (12.98c)

with H; = hy /k and H, = h, /k. The temperature variation is predicted atz = 0.5 s,
t=25s,t=35s,and t = 10 s. Both analytical and PD predictions are shown in
Fig. 12.12, and they are in close agreement.
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Fig. 12.13 Peridynamic model of the plate

12.11.3 Plate Under Thermal Shock with Insulated

Boundaries

A square plate of isotropic material under thermal shock with insulated boundaries,
shown in Fig. 12.13, was first considered by Hosseini-Tehrani and Eslami (2000)

using the Boundary Element Method (BEM).

Geometric Parameters

Length: L = 10 m

Thickness: H =1 m

Width: W =10 m

Material Properties

Specific heat capacity: ¢, = 1 J/kgK

Thermal conductivity: k = 1 W/mK

Mass density: p = 1 kg/m?

Initial Conditions

0) = 0°C

O(x,y,t

Boundary Conditions

(e]
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~
s
R
)5
—
yﬁ I
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PD Discretization Parameters

Location (m)

Total number of material points in the x-direction: 500
Total number of material points in the y-direction: 500

Spacing between material points: A = 0.02 m

Incremental volume of material points: AV = 4 x 10~*m?

Volume of fictitious boundary layer: V5 = (3 x 500) x AV = 0.6 m?

Horizon: 6 = 3.015A
Time step size: At =5 x 107*s

The temperature variations at y = 0 are predicted for £ = 3 s and t = 6 s. Both
BEM and PD predictions are shown in Fig. 12.14, and they are in close agreement.

12.11.4 Three-Dimensional Block with Temperature

and Insulated Boundaries

A block of isotropic material is subjected to constant temperatures at both ends
while its lateral surfaces are insulated. The schematic of the problem is described in

Fig. 12.15.

Geometric Parameters

Length: L =0.01 m
Width: W = 0.001 m
Thickness: H = 0.001 m



236 12

Peridynamic Thermal Diffusion

Fig. 12.15 Peridynamic model of a three-dimensional block

Material Properties

Specific heat capacity: ¢, = 64 J/kgK
Thermal conductivity: kK = 233 W/mK
Mass density: p = 260 kg/m?

Initial Conditions

0(x,y,z,0) = 100°C, 0<x<L, 0<y<W, 0<z<H

Boundary Conditions

0(0,y,z,t) = 0°C, O(L,y,z,t) =300°C, t>0
0,x,0,z,1) =0, O,(x,W,z,t) =0, t>0
0.(x,y,0,6) =0, O.(x,y,H,t)=0, t>0

PD Discretization Parameters

Total number of material points in the x-direction: 100

Total number of material points in the y-direction: 10
Total number of material points in the z-direction: 10
Spacing between material points: A = 0.0001 m

Incremental volume of material points: AV = 1 x 107> m

3

Volume of fictitious boundary layer: V5 = (3 x 10 x 10) x AV =3 x 1079 m?

Horizon: 6 = 3.015A
Time step size: At = 1077 s

Since the block is insulated on its lateral surfaces, the temperature profile along
the block can be compared with the one-dimensional analytical solution of the

problem given by

O(x,1) = 0(0,1) — Mx _

2 & . /nm
[ L > sin(7)

(12.99)
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The temperature variation is predicted at r =5 X 107%s, r=5x%x103s,t=5
x10%s, and =5 x 1073s. As the block reaches a steady-state condition, the
temperature profile approaches a linear variation along the block. As observed in
Fig. 12.16, the thermal response predicted by the peridynamic heat transfer model is
in close agreement with the analytical solution.

12.11.5 Dissimilar Materials with an Insulated Crack

In order to verify the peridynamic model in solving for the heat transfer concerning
dissimilar materials, a plate with two different materials having an insulated
interface crack is considered, as shown in Fig. 12.17. The peridynamic predictions
and their comparison with ANSYS are given in Fig. 12.18. As observed, there is a

close agreement.

Geometric Parameters

Length: L =2 cm

Width: W =2 cm
Thickness: H = 0.01 cm
Crack length: 2a = 1.0 cm

Material Properties

Specific heat capacity: ¢, = 1 J/kgK
Thermal conductivity: kK = 1.14 W/cmK
Mass density: p = 1 kg/cm?
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Fig. 12.18 Temperature
variations along x = 0,
across the interface of the
plates with thermal
conductivity k; for the upper
half and k, for the lower half
att=05s

Initial Conditions

®(x’y3250) :O’

Boundary Conditions

O(x,W/2,t) = 100°C, O(x,—W/2,t) = —100°C,
O.(L/2,y,t)=0, ©O,(—L/2,y,t)=0, t>0
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Fig. 12.19 Three-dimensional peridynamic model of a plate with a crack

PD Discretization Parameters

Total number of material points in the x-direction: 200
Total number of material points in the y-direction: 200
Spacing between material points: A = 0.01 cm
Incremental volume of material points: AV = 1 x 107% cm
Volume of fictitious boundary layer: Vs = (3 x 200) x AV = 6 x 10~*cm?
Horizon: 6 = 3.015 x A

Time step size: At = 10"*s

3

In order to demonstrate the three-dimensional capability of the PD analysis,
the plate geometry with an insulated crack is also discretized in the thickness
direction, as shown in Fig. 12.19. The peridynamic results are compared with the
two-dimensional predictions. As observed in Fig. 12.20, there exists a close agree-
ment between the two models.

Geometric Parameters

Length: L =2 cm

Width: W =2 cm
Thickness: H = 0.2 cm
Crack length: 2a = 1.0 cm

Material Properties

Specific heat capacity: ¢, = 1 J/kgK
Thermal conductivity: kK = 1.14 W/cmK
Mass density: p = 1kg/cm?
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Fig. 12.20 Temperature
field from two- and three-
dimensional peridynamic
analyses for k| =k, = k at
t = 0.5 s (two-dimensional
model = solid line, three-
dimensional

model = dashed line)

y (cm)

Initial Conditions

O(x,y,2,0)=0—L/2<x<L/2, -W/2<y<W/2, —H<z<0

Boundary Conditions

O(x,W/2,z,t) = 100°C, O(x,—W/2,z,t) = —100°C, ¢t>0
O.(L/2,y,z,t) =0, O (—-L/2,y,z,t)=0, t>0
0.(x,y,0,t)=0, O.(x,y,—H,t)=0, t>0

PD Discretization Parameters

Total number of material points in the x-direction: 100

Total number of material points in the y-direction: 100

Total number of material points in the z-direction: 10

Spacing between material points: A = 0.02 cm

Incremental volume of material points: AV = 8 x 107¢ cm?

Volume of fictitious boundary layer: V5 = (3 x 100 x 10) x AV c¢m?
Horizon: 6 = 3.015 x A

Time step size: At = 105

12.11.6 Thick Plate with Two Inclined Insulated Cracks

In order to further demonstrate the three-dimensional capability of the PD analysis,
a thick plate with two insulated inclined cracks is considered under two different
types of boundary conditions. The plate geometry is symmetric with respect to the
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Fig. 12.21 Peridynamic model of the thick plate: (a) boundary conditions type I; (b) boundary

conditions type-II

vertical direction. For the first type of boundary condition, the plate is subjected to
constant temperature at the top and bottom surfaces while the remaining surfaces
are insulated. For the second type of boundary condition, the plate is subjected
to constant temperature at the top and bottom surfaces and convective heat transfer
on the left and right surfaces while the remaining surfaces are insulated.
The discretization and PD model of the plate for these two different types of
boundary conditions are shown in Fig. 12.21a, b.
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Geometric Parameters

Length: L =2 cm

Width: W =2 cm
Thickness: H = 0.2 cm
Crack lengths: 2a = 0.6 cm

Peridynamic Thermal Diffusion

Crack orientations from horizontal direction: 8 = 60° and 8 = 120°

Distance between crack centers: 2¢ = 0.66 cm

Material Properties

Specific heat capacity: ¢, = 1J/kgK
Thermal conductivity: kK = 1.14 W/cmK
Mass density: p = 1 kg/cm?

Initial Conditions

O(x,y,2,0)=0—L/2<x<L/2, -W/2<y<W/2, —H<z<0

Boundary Conditions-I

O(x,W/2,z,1) = 100°C, O©(x,—W/2,z,{) = —100°C, t >0

0.(L/2,y,z,t) =0, O (—L/2,y,z,t) =0, t>0

0.(x,y,0,6)=0, O.(x,y,—H,t) =0, t>0

Boundary Conditions-II

O(x,W/2,z,1) = 100°C, O(x,—W/2,z,{) = —100°C, t>0

—kT (=L/2,y,2,t) = h(Bx — @), t>0

kT +(L/2,y,2,t) = h(Ox —B), 1> 0

h =10W/cm?K, O, = 0°C

0.(x,y,0,1)) =0, O.(x,y,—H,1)=0, t>0

PD Discretization Parameters

Total number of material points in the x-direction: 100
Total number of material points in the y-direction: 100
Total number of material points in the z-direction: 10

Spacing between material points: A = 0.02 cm

Incremental volume of material points: AV = 8 x 107¢ cm?
Volume of boundary layer: V5 = (1 x 100 x 10) x AV =8 x 10~3cm?
Volume of fictitious boundary layer: Vs = (3 x 100 x 10) x AV = 24 x 10~*cm?

Horizon: 6 = 3.015 x A
Time step size: At = 1075

Rate of heat generation per unit volume at x = —L /2 and x = L /2:

hs(x,1) = £h(Ox — O(x,1)) X € R
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Fig. 12.22 Three-
dimensional peridynamic
temperature predictions on
the mid-plane with a normal
in the + z direction

at t = 0.45 s for boundary
conditions type-I

(® = 100°C)

Fig. 12.23 Three-
dimensional peridynamic
temperature predictions on
the mid-plane with a normal
in the + z direction at

t = 0.45 s for boundary
conditions type-II

(® = 100°C)
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0/0,= 0.8

For the first type of boundary condition, the peridynamic prediction for the
temperature field is shown in Fig. 12.22. They are in close agreement with the
classical solution (Chang and Ma 2001; Chen and Chang 1994). For the second type
of boundary condition, the peridynamic prediction for the temperature field is
shown in Fig. 12.23. For this case, there exists no classical solution for comparison.
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Chapter 13
Fully Coupled Peridynamic
Thermomechanics

This chapter concerns the derivation of the coupled peridynamic (PD)
thermomechanics equations based on thermodynamic considerations. The
generalized peridynamic model for fully coupled thermomechanics is derived
using the conservation of energy and the free-energy function. Subsequently, the
bond-based coupled PD thermomechanics equations are obtained by reducing the
generalized formulation. These equations are also cast into their nondimensional
forms. After describing the numerical solution scheme, solutions to certain coupled
thermomechanical problems with known previous solutions are presented.

Thermomechanics concerns the influence of the thermal state of a solid body on
the deformation and the influence of the deformation on the thermal state. In many
cases, the effect of the deformation field on the thermal state may be ignored.
This leads to a decoupled or uncoupled thermomechanical analysis, for which only
the effect of the temperature field on the deformation is present. However, the
uncoupled thermomechanics may not be satisfactory for certain transient problems.
Experimental verification of the influence of the deformation on the thermal state
exists. It was shown that an adiabatic solid experiences a temperature drop
when it is strained in tension (Chadwick 1960; Fung 1965). Also, elastic bodies
under tensile loading experience cooling below the yield stress; however, beyond
the yield stress the bodies heat up due to the irreversible nature of plasticity
(Nowinski 1978).

Also, the temperature field induced by structural loading may not be uniform.
For example, when a beam with an initially uniform temperature is under bending,
part of the beam is in tension while the other part is in compression. Due to the
thermomechanical coupling, the part of the beam that is in tension cools and the
region that is in compression heats up, establishing a thermal gradient. This leads to
the onset of heat diffusion. The heat flow is irreversible; thus, some of the mechani-
cal energy supplied to bend the beam is dissipated through its conversion to heat
energy. This phenomenon is called thermoelastic damping and it plays a critical
role in vibrations and wave propagation.

It is well known that during fracture in metals a plastic region, in which the
material has locally yielded, occurs ahead of the crack tip. As a result, the

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 245
DOI 10.1007/978-1-4614-8465-3_13, © Springer Science+Business Media New York 2014



246 13 Fully Coupled Peridynamic Thermomechanics

mechanical energy is dissipated as heat and the temperature rises in the local region
ahead of the crack tip. A slightly different phenomenon is observed for fracture in
polymers. During fracture in polymers, it was experimentally observed that
thermoelastic cooling is followed by a temperature rise due to the plastic zone
and/or fracture process itself, which exposes new surfaces (Rittel 1998). Conse-
quently, in order to accurately model fracture, especially the crack tip, thermal
consideration needs to be taken into account and a coupled thermomechanical analysis
becomes necessary. The thermal and structural interaction becomes especially impor-
tant for high-speed impact and penetration fracture problems (Briinig et al. 2011).

The derivation of the classical thermomechanics equation from a thermody-
namic perspective did not occur till the mid 1950s (Biot 1956). Biot used
generalized irreversible thermodynamics to formulate the classical thermome-
chanical laws in variational form, with the corresponding Euler equations
representing the coupled momentum and energy equations.

The fully coupled thermomechanical equations based on the classical theory are
well established. The classical equations of thermoelasticity are comprised of the
deformation equation of motion with a thermoelastic constitutive law and the heat
transfer equation with a structural (or deformational) heating and cooling term
contributing to the thermal energy. For isotropic materials, the thermoelastic
constitutive law includes the thermal stresses, which are related to the temperature
gradient, while the structural heating and cooling are dependent on the thermal
modulus and rate of dilatation. Depending on the structural idealization, the thermal
modulus is defined as

E
P = (BA+2p)a = % for three dimensions, (13.1a)
-2
Ea . .
Poa= 2A+2p)a= =) for two dimensions, (13.1b)
—v
B = (2u)a = Ea for one dimension, (13.1¢c)

in which E is the elastic modulus, a is the coefficient of thermal expansion, and v is
the Poisson’s ratio. The parameters A and p are Lamé’s constants.

Typically, the strength of coupling is measured via the nondimensional quantity
known as the coupling coefficient and defined as

2
C
€= M, (13.2)
p cv(A+2u)
for which p is the mass density, ¢, is the specific heat capacity, and O is the
reference temperature at which the stress in the body is zero (Nowinski 1978). The
coupling coefficients of metals are significantly lower than those of plastics. Steel,

for example, has a coupling coefficient of about 0.011 while certain plastics have a
value of ¢ = 0.43.
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13.1 Local Theory

Various researchers analytically examined plane waves in thermoelastic solids
(Chadwick and Sneddon 1958; Deresiewicz 1957). In a one-dimensional formula-
tion, they showed that the presence of thermal and elastic waves are dispersed and
attenuated. They also studied the effect of frequency on the phase velocity, attenu-
ation, and damping. Later, Chadwick (1962) extended the analysis to two
dimensions and investigated the propagation of thermoelastic waves in thin
plates. Paria (1958) determined the temperature and stress distribution of a
two-dimensional half-space problem using Laplace and Hankel transforms. Laplace
transforms have also been used by Boley and Hetnarski (1968) to characterize
propagating discontinuities in various one-dimensional coupled thermoelastic
problems. Fourier transforms were employed by Boley and Tolins (1962) to
determine the mechanical and thermal response of a one-dimensional semi-infinite
bar with transient boundary conditions. The major challenge with transform
methods is in finding the analytical inverse transforms—in many cases this is not
possible and numerical inversion is necessary. Other analytical solution methods
have been adopted to solve coupled thermoelastic problems. Soler and Brull (1965)
used perturbation techniques and more recently Lychev et al. (2010) determined a
closed-form solution by an expansion of the eigenfunctions generated by the
coupled equations of motion and heat conduction.

Numerical approximations to the classical thermoelastic equations have been
very commonly found using the finite element (FE) method. A transient
thermoelastic FE model was developed by Nickell and Sackman (1968) and Ting
and Chen (1982). The approximations from their FE model were compared against
analytical solutions for various one-dimensional semi-infinite problems. Oden
(1969) and Givoli and Rand (1995) developed dynamic thermoelastic FE models.
Additionally, Chen and Weng (1988, 1989a, b) modeled various thermoelastic
problems such as the transient response of an axisymmetric infinite cylinder and
an infinitely long plate using a finite element formulation in the Laplace transform
domain. Hosseini-Tehrani and Eslami (2000) presented solutions for thermal and
mechanical shocks in a finite domain based on the boundary element method
(BEM) in conjunction with the Laplace-transform method in a time domain. They
provided results for small time durations (early stages of the shock loads) using the
numerical inversion of the Laplace-transform method.

Numerical solution schemes for thermomechanical problems are divided into
two categories—monolithic schemes and staggered schemes. In monolithic
schemes, the differential equations for different variables are solved simulta-
neously. On the other hand, for staggered or partitioned schemes, the solutions of
the different variables are determined separately. In general, the staggered schemes
have been favored over monolithic schemes, as the monolithic systems can be very
large, making it unfeasible to solve practical problems. In addition, the mechanical
and thermal parts of a thermomechanical problem may have very different time
scales, hence requiring different time stepping schemes. However, the very nature
of monolithic schemes renders this impossible.
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One of the major issues associated with staggered numerical analysis of coupled
thermomechanics is the concern of stability. When conditionally stable techniques
are used to solve the coupled momentum and energy equations, a small time step
size is required, which may be computationally impractical for certain problems.
Even when various unconditionally stable methods are used to solve the equation of
motion and heat transfer equation, the overall solution to the coupled problem may
still be conditionally stable. A substantial amount of work has been done to combat
this issue and to develop unconditionally stable staggered algorithms. Examples of
such algorithms based on the finite element method include an adiabatic split
scheme by Armero and Simo (1992) and various implicit-implicit and implicit-
explicit schemes (Farhat et al. 1991; Liu and Zhang 1983; Liu and Chang 1985).

13.2 Nonlocal Theory

Research into nonlocal coupled thermomechanics is undoubtedly emerging. Clas-
sical nonlinear constitutive equations for nonlocal fully coupled thermoelasticity
have been presented by Huang (1999). Ardito and Comi (2009) developed a fully
nonlocal thermoelastic model that has an internal length scale. They analytically
solved the nonlocal equations in order to determine the dissipation in microelec-
tromechanical resonators. Comparison of their results with experimental
observations revealed that the nonlocal model is able to capture the size effect
that the standard local thermoelastic analysis is unable to capture. The work
by Ardito and Comi (2009) illustrates the importance of nonlocality in small-
scale problems. With the peridynamic thermomechanical model, not only are the
problems that require nonlocality solvable, such as the microelectromechanical
problems, but also the problems with discontinuities can be readily modeled. A
crack that forms and propagates in a body with a varying temperature or tempera-
ture gradient is an example of such a problem. Therefore, the peridynamic approach
to thermomechanics is advantageous as it not only accounts for nonlocality but also
allows for coupled deformation and temperature fields to be determined in spite of
cracks and other discontinuities. Uncoupled thermomechanics using the bond-
based theory was developed within the realm of peridynamics by Kilic and Madenci
(2010). However, no work has been published on fully coupled thermomechanics
within the peridynamic framework.

13.3 Peridynamic Thermomechanics

Similar to the derivation of classical thermomechanical equations (Nowinski 1978),
the generalized peridynamics for fully coupled thermomechanics is based on
irreversible thermodynamics, i.e., the conservation of energy and the free-energy
density function.



13.3  Peridynamic Thermomechanics 249

13.3.1 Peridynamic Thermal Diffusion with a Structural
Coupling Term

The first law of thermodynamics based on peridynamic quantities, accounting for
the conservation of mechanical and thermal energy, has been given by Silling and
Lehoucq (2010) as

e =T-Y+0,+ s, (13.3)

where &; is the time rate of change of the internal energy storage density, and s, is the

prescribed volumetric heat generation per unit mass. The term T - Y represents the
absorbed power density; it is the dot product of the force state and the time rate of
deformation state. The absorbed power density in peridynamics is analogous to the
stress power, G - F in classical continuum mechanics, where 6 is the Piola stress
tensor and F is the deformation gradient tensor. The variable Q is the rate of heat
energy exchange with other material points, and it is given by

0= J (h(x, )X —x) — h(xX',t)(x — xX))dV", (13.4)

H

in which £ is the heat flow scalar state. The quantity Q is related to Q_h asQ = pQ_b.
The free-energy density function is defined as (Silling and Lehoucq 2010)

W =& — O, (13.5)

where © is the absolute temperature and 7 is the entropy density. The time derivative
of Eq. 13.5 becomes

W =& — On — On. (13.6)

Substituting for & in Eq. 13.6 from the conservation of energy given in Eq. 13.3
leads to the following expression:

y=T-Y+0Q,+s, —On— 0. (13.7)

The functional dependency of the free-energy density and the entropy density

can be defined in terms of the deformation state, time rate of change of the
deformation state, and the temperature in the form

v =v(Y.Y,0), (13.82)

n=n(Y,Y,0). (13.8b)
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In conjunction with the chain rule, the time rate of change of the free-energy
density can be expressed as

=y Yty -Y+ye0, (13.9)

where the variable after the subscript comma indicates differentiation. If it is a state

variable, its differentiation is known as the Fréchet derivative, as explained in the

Appendix.
Substituting from Eq. 13.7 into Eq. 13.9 results in

(01— 0y —50) + (o + )0+ (yy ~T) - Y+yy -¥=0. (1310

Adopting the assumption of Nowinski (1978) that Y, Y, and © vary indepen-
dently, Eq. 13.10 leads to

®n—Q, —s, =0, (13.11a)
n=-vye, (13.11b)
T=vwy, (13.11c)
wy =0. (13.11d)

By using the free-energy density, the first law of thermodynamics, and the
Clausius-Duhem inequality, Silling and Lehoucq (2010) also determined
Egs. 13.11b and 13.11d. In addition, they obtained expressions for the equilibrium,
T¢, and dissipative, Id, parts of force vector state as

T°(Y,0) =y y(Y,0), (13.12a)
T¢(Y.Y,0) - Y > 0. (13.12b)

Using Egs. 13.11b, 13.11d, and 13.8b in conjunction with the chain rule, the time
derivative of the entropy density may be rewritten in the form

1= Vey Y —¥e0®. (13.13)
Substituting from Eq. 13.13 into Eq. 13.11a and multiplying by p leads to

PO oy - Y + pOy o0 + Q + psj, = 0. (13.14)
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Based on the classical theory (Nowinski 1978), the specific heat capacity, c¢,, can
be related to the classical free-energy density, \, as

O oo = —Cy- (13.15)

The assumption of the classical free-energy density at a point being equal to the
peridynamic free-energy density, y leads to

O 0o = —Cy- (13.16)

Based on this observation, it is evident that the specific heat capacity has a
similar meaning in the peridynamic theory as in the classical theory. Therefore, the
term Oy g in Eq. 13.14 can be replaced by — ¢,.

Based on the classical theory (Fung 1965), the thermal modulus f; can be
related to the classical free-energy density y through

Py

a0 (13.17)

ﬁclij
where e;; is the strain tensor. Note that f.;; = f,6;; for isotropic materials.

Analogus to the thermal modulus of the classical theory thermal modulus state, a
vector state, B, can be defined as

B=pyey. (13.18)

Substituting from Eqs. 13.4, 13.16, and 13.18 into Eq. 13.14 and after
rearranging some of terms results in

pc,O(x, 1) = J(ﬁ(x, H{(x'—x) — h(x', t)(x = x'))dV’
H (13.19)

+0(x,0)B(x,1) - Y(x,1) + psp(x,1) .

Applying the definition of the vector state dot product (see Appendix) renders
the equation

peO(x,1) = jH (h(x, )X —x) — (1) (x — X))

+0(x,0)B(X' —x) - Y(X' = x))dV' + psp(x,1),

(13.20)

in which the term B -Y represents the effect of deformation on temperature.
The final form of this equation can be obtained by defining Y and B in terms of
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the time rate of change of the extension scalar state, ¢, and the thermal modulus
scalar state, ﬁ, as

B(x' — x) :ﬁ(x’—x>y:;y, (13.21a)
- Iy =yl
y -y

Y(x —x)=é(x' —x ,
Y( ) =& >|y,_y|

(13.21b)

in which the extension scalar state, e, and thermal modulus scalar szate, ﬁ , are
defined as

(I3

=y—x (13.21¢)
B =PV o, (13.21d)

with y = |Y| and x = |X]. Thus, Eq. 13.20 can be recast as

pe@(x,1) = jH (h(x, )X — %) — h(x, 1) (x — X))

+O(x, )X — x)e(x — x>)dV’ + psp(x, 1).

(13.22)

13.3.2 Peridynamic Deformation with a Thermal
Coupling Term

Based on the classical linear theory of thermoelasticity (Nowinski 1978), the
free-energy density is a potential function given by

Cy

20

- 1
w=y(eT) = 5 Cieien — PejeyT —

T2, (13.23)
where c;j; is the elastic moduli of the material, T = ® — @, and @ is the reference
temperature. A similar approach is adopted herein for the derivation of the
peridynamic deformation equation with a thermal coupling term.

Silling (2009) developed a linearized form of the state-based peridynamics for
small elastic deformation by introducing the force vector state, T, as

T =T(U), (13.24)
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where U is the displacement vector state. The free-energy density function is
expressed in terms of U as

U-K-U, (13.25)

NS N R

wU) =y (Y°)+T°- U+

where Y and T° are defined as the equilibrated deformation and force states,
respectively. The double state K is called the modulus state, and it is given by
Silling (2009) as

K=T. (13.26)
For linear thermoelastic material response, in accordance with Eq. 13.23, this
form of the free energy is modified by including 7" and U as

1 Cy

SUT — T2 13.27
B-UI' -3¢, ( )

w(UT) =y (Y)+T° U+

Invoking this equation into Eq. 13.11c results in the explicit form of the force
state as

T=K-U-BT. (13.28)

It represents the state-based constitutive relation for a linearized peridynamic
thermoelastic material. Substituting from Eq. 13.28 into the peridynamic equation
of motion, Eq. 2.22a results in the following:

pii = [[(5- U~ BDX. )X = x) ~ (KU~ BI)K.0)x ~ XV’
) (13.29)

+b(x,1),
in which the term B(x’ — x)T represents the effect of the thermal state on deforma-
tion. For a nonlinear elastic material model, the free energy is composed of a

thermal and a mechanical component. Therefore, one possible form of the force
state can be

T=VW-BT (13.30)
in which W is the deformational strain energy density and VW is its Fréchet
derivative. The part of the force state, T,, that includes only the structural

deformation can be defined as

T, =VW. (13.31)


http://dx.doi.org/10.1007/978-1-4614-8465-3_2
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Substituting from these equations into the peridynamic equation of motion,
Eq. 2.22a can be recast as

pli(x,1) = JH [(To(x' —x) — B (x' — x)T)] (13.32)

—(T'y(x —x'y = B'{(x —x) T)]dV' + b(x,1),
where T, = T,(x, ) and T', = T,(x, #); similar notation is used for B and 7.
Substituting from Eq. 4.8 into Eq. 2.22b in conjunction with Eqs. 4.11 and 4.12

results in the bond-based PD equation for an isotropic material including the effect
of temperature as

" cly =yl - X-x| ¢ )y’—y
u(x,?) = — ——aT
pix,1) JH{<2 vox 2% )y oyl

() o

(13.33)

Comparison of this equation with Eq. 13.32 leads to the explicit forms of

ey -y - -x[y—y

T, (x' —x (13.34a)
W= T T vy
and
N /
BxX —x)=Sq3 Y (13.34b)
B ) 2|y —yl

Comparison of Eq. 13.34b with Eq. 13.21a results in the expression for the
thermal modulus scalar state § as

B X —x) = %a. (13.35)

13.3.3 Bond-Based Peridynamic Thermomechanics

The difference between the generalized heat transfer equation, Eq. 12.51, and
thermomechanical heat transfer equation for an isotropic material, Eq. 13.22, is
due to the deformational heating and cooling term, ($ - ¢). In light of this difference,

the bond-based heat transfer equation, Eq. 12.51, can be modified to include the
deformational heating and cooling term. Therefore, the bond-based coupled
thermomechanical heat transfer equation can be cast as


http://dx.doi.org/10.1007/978-1-4614-8465-3_2
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
http://dx.doi.org/10.1007/978-1-4614-8465-3_2
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
http://dx.doi.org/10.1007/978-1-4614-8465-3_4
http://dx.doi.org/10.1007/978-1-4614-8465-3_12
http://dx.doi.org/10.1007/978-1-4614-8465-3_12
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peO(x, 1) = J ( 0 ae )dv’ + psy(x,1), (13.36)
u 2

where é is the time rate of change of the extension between the material points, and
it is defined as

e=n+¢& - &, (13.37a)
with its time rate of change
n+§
= -m, (13.37Db)
n+¢

where 1 is the time rate of change of the relative displacement vector. Equa-
tion 13.36 can be rewritten in terms of the change in temperature, T = ® — @y, by

replacing ® with T + ©, and ® with T as

pe,T(x,1) = J ( w— (T+0,) %aé )dV’ + psp(X, 1) (13.38a)
H
or
. T c . /
pe,T(x,1) = fr—0, @——l— 1 ¢ dV' + psp(x,1). (13.38b)
H o

As suggested by Nowinski (1978), if the temperature change, T, is very
small when compared with the reference temperature, ®,, Eq. 13.38b can be
approximated as

pe,T(x, 1) = J (fh - ®0£aé )dV’ + psp(x,1). (13.39)
" 2

Substituting for the thermal response (heat flow density) function from Eq. 12.55
leads to its final form as

peT(x,1) = J (KT — 0, ac >dV’ + psp(x, 1) (13.40)
u\ & 2

From Eq. 13.33, the bond-based PD equation of motion including the effect of
temperature can be rewritten as

" [ &tm /
pu(x,z)_JH|§+n| (cs — caTaug)dV' + b(x, 1) (13.41)


http://dx.doi.org/10.1007/978-1-4614-8465-3_12
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in which c is the peridynamic material parameter. The initial relative position and
relative displacement vectors are defined as € = X’ — x and = u’—u, respectively.
The parameter s represents the stretch between material points X’ and x, and T, is
the mean value of the change in temperatures at material points X’ and x defined as

T+T
Tuvg = % (13.42)

Introducing f as the bond-based peridynamic thermal modulus, the final form of
the fully coupled bond-based thermomechanical equations becomes

pe,T(x,1) = J (Ki —o,l )dV’ + hy(x, 1), (13.43a)
u\ g 2

with &g = ps;, representing the heat source due to volumetric heat generation, and

pu(x, 1) = JH é i :| (cs — BTag)dV' + b(x, 1), (13.43b)
with
p = ca. (13.43¢)

The first equation is the conservation of thermal energy (i.e., the heat transfer
equation) with a contribution from deformational heating and cooling, and the
second equation is the conservation of linear momentum (i.e., the equation of
motion) with a thermoelastic constitutive relation.

13.4 Nondimensional Form of Thermomechanical
Equations

The nondimensional form of an equation or system of equations involves
eliminating the units associated with the variables and parameters. For coupled
systems, various parameters may differ in size and the effects of certain parameters
may not be apparent. The nondimensional form of equations can permit the effects
of the different parameters to become more evident. The appropriate scaling,
relative measure of quantities, and characteristic properties of the system, such as
time constants, length scales, and resonance frequencies, can be revealed through
nondimensionalization.
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13.4.1 Characteristic Length and Time Scales

The characteristic length/time quantity for heat conduction is the diffusivity
defined as

y=—=— (13.44)

where ¢* and ¢* represent the characteristic length and time, respectively. For the
equation of motion, the characteristic length/time is the elastic wave speed. The
square of the elastic wave speed, a, is

A+2 0+
PG ”):—2, (13.45)
P r
where A and p are Lamé’s constants. Combining the characteristic length/time
scale from Egs. 13.44 and 13.45 leads to the characteristic length and time for
thermomechanics as

% 7

and " = (13.46)

Q=

The characteristic length and time are typically employed in the non
dimensionalization of the thermomechanical equations.

13.4.2 Nondimensional Parameters

The nondimensional form of Eq. 13.43a can be achieved by adopting the approach
by Nickell and Sackman (1968) using Eqs. 13.44 and 13.45 for thermal diffusivity
and the square of the elastic wave speed. The nondimensional variables are denoted
with an overscore. The nondimensionalization procedure for length-related
variables, i.e., x, 8, A, and V (the volume), employs the characteristic length, and
they are defined as

_ 2 _ 3_
x= (Z)x, 5= (E)a, A= (Z) Aand V= (Z) V. (13.47)
a a a a
The displacement is nondimensionalized as

_ (1) BB,
u= (a) i (13.48)
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The stretch is nondimensionalized as

s :ME. (13.49)

(A4 2p)

The time is scaled using the characteristic length as

‘= (ﬁ) 3 (13.50)
a

y=—0 G5 and é=-2LC _Gé. (13.51)

Finally, the temperature and temperature difference are nondimensionalized as
T=0,] and 7=0,7. (13.52)

It is worth noting that the definitions of thermal modulus, bulk modulus,
Lamé constants, shear modulus, peridynamic parameters, and microconductivity
depend on the structural idealization. Their definitions for one-, two-, and three-
dimensional analysis are summarized as:

One-dimensional analysis

E ﬁ, 2E 2k
A=0u== =< =—. 13.53
Two-dimensional analysis
y) Ev E a ﬂcl
= ) l't = ) = )
(I-v)(1+4v) 2(1+v) 2204 2u (13.53b)
OF 6k
c=—75, kK=—7%.
7hé’® 7hé’®
Three-dimensional analysis
B Ev 4 E . B
(I+v)(1—2v) 2(1+v) 304 2u (13.53¢)

12E 6k
CcC = =

ET AT
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Equating the coefficient of thermal expansion from Eqgs. 13.1 and 13.43c leads to
the thermal modulus as

p= 3/1ﬂ£l2,u ¢ for three dimensions, (13.54a)
p= Pa ¢ for two dimensions, (13.54b)
244 2pu
p= %c for one dimension. (13.54¢)
U

Substituting from Eqgs. 13.47, 13.48, 13.49, 13.50, 13.51, and 13.52 with the
dimensional considerations from Eq. 13.53, the fully coupled bond-based
thermomechanical equations in the absence of body force and heat source can be
cast into their nondimensional forms:

One-dimensional analysis

a2 J E+1 _ _ _
— = 5 K3 av dV r 4+ b, (13553)
o7 = 54 uig+l sV
ar 2 7 e\ - -
T = [ 2 =S )ave +h, (13.55b)
o FAIu\|g 2
Two-dimensional analysis
Pa_ 9(1-v) [ &E+n Y A
— = 1 +0v)5—Tag)dVy +b, (13.56a)
o7~ ash Juiera (T Vs
or 6 T 3 2\ oo -
—_=,—3_/ L 21— v |dVy + (13.56b)
o z8'h Ju\lg 4
Three-dimensional analysis
u 6 E+m (1+u _ ) S
—= == §— T4 |dVyx + b, (13.57a)
o 78t Jul&+m\1—v ¢

aT 6 / % 1 - 7 1
= ———cé |dVy + hj, (13.57b)
o 78 H<!¢\ 2 ) '
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in which the nondimensional coupling coefficient, ¢, body force density, b, and heat

source due to volumetric heat generation, A, are defined as

B0
- Pao 13.58
T peir2u) (1355
(42
b= 7(~3+—ﬂ)b, (13.58b)
pa ﬂcl®0
- 14
i, = hy. 13.58
e ( c)

The coupling coefficient ¢ measures the strength of thermal and deformation
coupling and it appears in the nondimensional thermomechanical equations
associated with the heating and cooling term due to deformation. The coupling
coefficient transpires out of the nondimensional form of these peridynamic
equations in a similar manner as it does out of the classical thermomechanical
equations, as illustrated by Nickell and Sackman (1968). The nondimensional
equation represents decoupled thermomechanics for € = 0. It is worth noting that
the equation of motion still contains the effect of temperature even if € = 0.

13.5 Numerical Procedure

For numerically approximating the solution to the classical fully coupled equations
for thermoelasticity, one of two different time stepping strategies is generally
employed by researchers. The monolithic or simultaneous scheme is one time
stepping strategy. For a monolithic algorithm, the time stepping scheme is applied
simultaneously to the full system of equations and the unknown variables are solved
for at the same time. If the time stepping scheme for the monolithic algorithm is
implicit, unconditional stability is usually achieved. However, monolithic
algorithms can result in practical large systems, in spite of their unconditional
stability. For the staggered or partitioned scheme, the coupled system of equations
are split, typically according to two different fields, the displacement and tempera-
ture fields. Each field is then individually treated with a different time stepping
algorithm. Staggered algorithms generally circumvent the shortcomings of their
monolithic counterparts; however, this is often accomplished at the expense of the
unconditional stability. In many scenarios, even when unconditionally stable time
stepping schemes are used to solve each partitioned equation, the overall stability of
the thermomechanical system of equations is only conditional (Wood 1990). As a
result, a good deal of work has been performed to successfully develop uncondi-
tionally stable staggered algorithms for thermoelasticity (Armero and Simo 1992;
Farhat et al. 1991; Liu and Chang 1985).



13.5 Numerical Procedure 261

Fig. 13.1 Discretization
of one-dimensional domain
with collocation points

For the numerical treatment of the fully coupled thermoelastic peridynamic
system of equations, a staggered strategy is adopted. The system is partitioned
naturally according to the structural and thermal fields; thus, the equation of motion
is solved for the displacement field and the heat transfer equation is solved for the
temperature field. Explicit time stepping schemes are utilized to approximate the
solutions to both equations.

In order to illustrate the numerical implementation, one-dimensional
peridynamic thermoelastic equations, Eq. 13.55a,b, are considered, and they can
be discretized in the forms

L2 K S g Y
”m:ﬁzfﬂ ——= (00 — T w0)Vo (13.59)
=1 50)0)*%0)’
and
2 [ Pow oo v 13.59b
o] e PRI
=1\ € (o)

in which the term 2/(5°A) is assumed to be constant throughout the domain, n
represents the time step number, i is the collocation point that is being solved for,
and j represents the collocation points within the horizon of i. The nondimensional
volume of the subdomain represented by the collocation point j is denoted by ‘7(/‘)'

The discretization of a one-dimensional domain is illustrated in Fig. 13.1. The
one-dimensional domain is discretized into subdomains, with the collocation points
at the center of each subdomain.

The horizon is 5 = 3A, where A is the nondimensional spacing between material
points. The material point of interest is denoted by i and it interacts with the three
points to its left and right. Thus, points j within the horizon of i are i—3, i—2, i—1,
i+ 1,i+2,andi + 3, as shown in Fig. 13.1

The nondimensional displacement, velocity, and temperature of all the colloca-
tion points are known at the n™ time step, i.e., the current time step. Based on
Fig. 13.1, Eq. 13.55a can be discretized as
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. 2 | Eoien T Miyies) - .
i) = =7 |2 (5" 03 = T 0i3) Vi)
Sivs + "<i><i+s>‘

N &) T M)

" w2 — T i) Vi)
&l i) + My

&) Moy &
Sy T M)
O I 1

&3 T Miyi-3)
Eii-2) T M)
Eii-2) T M)

(o2 — T o)V

‘ " win =T o)V | (13.60)

where the nondimensional stretch is denoted by EZ.) 0 and it is defined as

&y + gy |

&) ’
&) |

The position of the ith and jth collocation points are given by X(; and X,
respectively, and, as such, the nondimensional relative initial position is defined as

él(ll)m = X(f) — )Z(,‘). (13.62)

The nondimensional displacements of the ith and jth collocation points are given

by ﬁ(> and u(]) respectively. Therefore, the nondimensional relative displacement
becomes

Ny = ufj) — uy, (13.63a)

and the term T (;);) is defined as

T oy = —25—2. (13.63b)
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Based on Fig. 13.1, Eq. 13.55b can be discretized as

~n 2 T (43 E”i i+3) | Tli+2 gni i+2) |
T(i) Bt 7()(+) ¢ (1)(i+3) Vi) + 7()<+) ¢ ()(i+2) Vi)
sA |l 2 " 2
(i) (i+3) (i) (i+2)
7 el B 7 A B
+ 7:)(1-5-1) ¢ (1)g+1) Viien) + 7:)(1 3) i (1)(21 3) Vis)
8 i+1) ‘ (0)i-3) ‘
i ¢l | Ty i | o
e ()(2 2|y 4 | 0D ()(2 D vy |,
8i-2) ‘ Sii-1) ‘
(13.64)
where

and the nondimensional rate of extension between the material points is given by

> Mow + &0 (20w
By = 00, () — ). (13.65b)
iy + %m’

As explained in Sects. 7.3 and 12.9, the time integration of Eq. 13.60 can be
performed by using explicit forward and backward difference techniques and
Eq. 13.64 by forward difference time integration scheme.

13.6 Validation

The validity of the fully coupled PD thermomechanical equations is established by
constructing PD solutions to previously considered problems. The first problem is a
semi-infinite bar subjected to a transient thermal boundary condition. The second
problem concerns the dynamic response of a thermoelastic bar with an initial
sinusoidal velocity. The solutions to these problems are obtained by constructing
one-dimensional PD models.

The third problem is a finite plate subjected to either a pressure shock or a
thermal shock, and their combination. The solutions to these problems are obtained
by constructing two-dimensional PD models. The fourth is a block of material
subjected to a transient thermal boundary condition. The solution to this problem is
obtained by constructing a three-dimensional PD model.


http://dx.doi.org/10.1007/978-1-4614-8465-3_7
http://dx.doi.org/10.1007/978-1-4614-8465-3_12
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Fig. 13.2 Peridynamic a ~
model of the fields in the | 5 L
one-dimensional bar: (a) "
thermal, (b) deformation i 1 [ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
R[
b L

13.6.1 A Semi-infinite Bar Under Thermal Loading

A semi-infinite bar is subjected to the temperature boundary condition on the
bounding end. The bounding end is stress free and is gradually heated. The
stress-free condition on the bounding end is represented by not specifying any
displacement or velocity conditions. The peridynamic discretization of the bar for
thermal and deformational fields is shown in Fig. 13.2.

The peridynamic predictions for the nondimensional temperature and displace-
ment for the three different coupling scenarios are compared against the classical
solution reported by Nickell and Sackman (1968). The coupling coefficient values of
€ =0,0.36,1 are used to depict the decoupled, moderate, and strong coupling
situations, respectively. The temperature boundary condition is imposed through the
fictitious region R, as explained in Chap. 12. The solution is obtained by specifying
the geometric parameters, material properties, initial and boundary conditions, as well
as the peridynamic discretization and time integration parameters as:

Geometric Parameters

Length of bar: L = 5
Area of cross section: A = 6.25 x 10~*

Boundary Conditions

7(0,7) = (/f)H(fo — 1) + H(F — ) , with 7, = 0.25

Initial Conditions

i(x,0) = 9u(x,0)/0t = T(x,0) =0

PD Discretization Parameters

Total number of material points in the x- direction: 200

Spacing between material points: A = 0.025

Incremental volume of material points: AV = 1.5625 x 107>

Volume of fictitious boundary layer: V3 = (3) x AV = 4.6875 x 107>
Horizon: 6 = 3.015A

Time step size: A7 = 0.5 x 1073


http://dx.doi.org/10.1007/978-1-4614-8465-3_12
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Fig. 13.3 For different coupling coefficients: (a) Displacement and (b) temperative predictions
atx =1

Numerical Results: Figure 13.3 provides a comparison of the temperature and
displacement distribution predicted by the peridynamic simulation against the finite
element predictions using ANSYS at x = 1 for ¢ =0, 0.36, 1. These results also
agree extremely well with those reported by Nickell and Sackman (1968). It is
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Fig. 13.4 Peridynamic a )
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evident that for all three degrees of coupling the temperature at X = 1 increases with
time in a very similar fashion while the displacement remains zero up until 7 = 0.5.
At about time 7 = 0.5, the point ¥ = 1 starts to be displaced in the positive direction.
The effects of coupling become apparent beyond 7 = 0.5. The temperature and
displacement variation for the three degrees of coupling are no longer similar. The
amplitudes of the temperature and displacement decrease as the strength of the
coupling is increased. The coupling accelerates the diffusion of heat as there appears
to be an increase in the amount of thermal and mechanical energy dissipated.

13.6.2 Thermoelastic Vibration of a Finite Bar

A bar of finite length is initially subjected to a sinusoidal velocity with zero
displacement and temperature. The initial velocity is applied with a specified
wavenumber. The ends of the bar are fixed with zero temperature and displacement.
This particular thermoelastic vibration problem was considered by Armero and
Simo (1992) using the finite element method. Construction of the PD solution is
achieved by using the nondimensional form of the equations. The geometric
parameters and the peridynamic discretization for the thermal and deformational
fields are shown in Fig. 13.4. The temperature and displacement boundary
conditions are imposed through the fictitious regions R, and R,,, respectively.

The solution is obtained by specifying the geometric parameters, material
properties, initial and boundary conditions, as well as the peridynamic
discretization and time integration parameters as:

Geometric parameters

Length of bar: L = 100

Boundary Conditions

7(0,7) = T(L,7) = 0
(0,7) = u(L,7) = 0
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Initial Conditions

i(x,0) =T(x,0) =0
dii(%,0) /0t = sin(zx/L)

PD Discretization Parameters

Total number of material points in the ¥- direction: 5000

Spacing between material points: A = 0.02

Incremental volume of material points: AV = 8 x 1076

Volume of fictitious boundary layer: V5 = (3) x AV =24 x 107°
Horizon: § = 3.015 x A

Time step size: At =1 x 10~

Numerical Results: The resulting elastic waves are progressive traveling waves.
In the case of a fully coupled thermoelastic problem, there exist two types of waves:
elastic and thermal. Both types of waves have been modified from their uncoupled
forms. The modified elastic waves are attenuated, compared to the uncoupled
elastic waves, and are subjected to dispersion and damping in time. The modified
thermal waves also exhibit dispersion and damping in time. The peridynamic
predictions for the temporal distribution of displacement and temperature at X = 50
and x = 25, respectively, are shown in Fig. 13.5 for coupling coefficients of ¢ = 0
and ¢ = 1. The peridynamic predictions are also compared with the classical finite
element approximations given by Armero and Simo (1992).

13.6.3 Plate Subjected to a Shock of Pressure
and Temperature, and Their Combination

The fully coupled nondimensional PD thermomechanical equations are further
verified by solving a problem previously considered by Hosseini-Tehrani and Eslami
(2000) using the Boundary Element Method. It concerns a square plate of isotropic
material under either a pressure shock or a thermal shock, and their combination on
the free edge in the positive ¥-direction. As shown in Fig. 13.6, it is clamped at the
other edge and the insulated horizontal edges are free of any loading. The thermome-
chanical equations are solved for both uncoupled and coupled cases.

Geometric Parameters

Length: L = 10
Width: W = 10
Thickness: H = 1

Initial Conditions

T(x,y,0)=0
L_‘.¥(fay7 O) = ﬁy(f,ﬁ, 0) =0
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Fig. 13.5 Variation of (a) displacement at X = 50 and (b) temperature at X = 25

Boundary Conditions
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Fig. 13.6 Geometry and 'y
boundary conditions of the

plate under pressure or
thermal shock
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=1

or
() —

Uy’y’()z,}_) = iS, f) = 0;;()?,)7 = iS, f) = O
where 7 is the nondimensional time.
Pressure Shock

T(x=0,y,1)=0

ij()? = 07}_]7D = —P(f) = —5f€72?
Thermal Shock

T(x=0,y,1) = Ste™ >

ow(*=0,y,1) =0

Combined Pressure and Thermal Shock
T(x=0,y,7) = Ste >

0';;(,? = 07)7);) = —P(f) — _ngfzt

PD Discretization Parameters

Total number of material points in the x- direction: 200
Total number of material points in the y- direction: 200

Spacing between material points: A = 0.05

Incremental volume of material points: AV = 1.25 x 10~*
Volume of fictitious boundary layer: V5 = (3 x 200) x AV = 0.075
Volume of boundary layer: Vz = (1 x 200) x AV = 0.025

Horizon: § = 3.015 x A
Time step size: At = 0.5 x 1073

S

The peridynamic discretization for the thermal field is shown in Fig. 13.7. The
temperature boundary condition is imposed in fictitious region R,. The peridynamic
discretization for the deformational field is shown in Fig. 13.8. The displacement
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Fig. 13.7 Peridynamic model of the thermal field in a plate

boundary condition is imposed in fictitious region R, . The pressure is applied
through boundary layer region R,,.

Numerical results: Figure 13.9 shows the temperature and displacement variations
at y = 0 due to the pressure shock at times f =3 and 7 = 6. When the coupling
coefficient is zero, no temperature change is expected. However, when the coupled
effect is included, even though mechanical loading is applied, temperature change is
expected. The compressive stress along the boundary causes a temperature rise. As
observed in this figure, the peak of the temperature distribution moves to the right as
time progresses. Figure 13.9 also shows the axial displacement along the x -axis. The
PD results are also in close agreement with the BEM results (Hosseini-Tehrani and
Eslami 2000). Figure 13.10 shows the temperature and displacement variations at
y = Odue to thermal shock at times# = 3andf = 6. As observed, the coupling term in
the thermal field causes a temperature drop, and the peridynamic predictions are in
close agreement with the BEM solution published by Hosseini-Tehrani and Eslami
(2000). Figure 13.11 shows the temperature and displacement variations aty = Odue
to combined pressure and thermal shock at timesf = 3and# = 6. The PD predictions
are in close agreement with the BEM results by Hosseini-Tehrani and Eslami (2000).

13.6.4 A Block of Material Under Thermal Loading

A three-dimensional finite block of material is gradually heated at one end, and the
remaining surfaces are insulated. As shown in Fig. 13.12, it is clamped at the other
end without any other type of loading. The PD discretization of the thermal and
deformational fields is shown in Fig. 13.13
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Fig. 13.8 Peridynamic model of deformational field in a plate: (a) pressure shock, (b) thermal

shock

The solution is obtained by specifying the geometric parameters, initial and
boundary conditions, as well as the peridynamic discretization and time integration

parameters as:

Geometric Parameters
Length: L =5

Width: W = 0.15
Thickness: H = 0.15

Initial Conditions

i(%,3,7,0) = Du(,,,0)/0F = T(

X

7y_’Z70)

0
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Fig. 13.9 Variations along the centerline in the plate for uncoupled (¢ = 0) and coupled (¢ # 0)
cases under pressure shock loading: (a) temperature, and (b) displacement

Boundary Conditions
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Fig. 13.10 Variations along the centerline in the plate for uncoupled (¢ = 0) and coupled (¢ # 0)
cases under thermal shock loading: (a) temperature, and (b) displacement
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Fig. 13.11 Variations along the centerline in the plate for uncoupled (¢ = 0) and coupled (¢ # 0)
cases under combined thermal and pressure shock loading: (a) temperature, and (b) displacement
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Fig. 13.13 Three-dimensional peridynamic model of the fields: (a) thermal, (b) deformation

PD Discretization Parameters

Total number of material points in the ¥- direction: 200

Total number of material points in the y- direction: 6

Total number of material points in the z- direction: 6

Spacing between material points: A = 0.025

Incremental volume of material points: AV = 1.5625 x 107>

Volume of fictitious boundary layer: V5 = (3 x 6 x 6) x AV = 1.6875 x 1073
Horizon: § = 3.015 x A

Time step size: A7 = 1 x 1074

Numerical Results: As shown in Fig. 13.14, the PD predictions for temperature and
displacement variations along the length of the block are compared with the FEA
results from ANSYS at 7 = 1 and 2 for ¢ = 0 and € = 1. The comparison indicates
excellent agreement.
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Appendix

A.1 Concept of State

A continuous functiong(x) for — 0o < x < cocanbeg(x;) considered as a combination
of an infinite number of discrete function values, for i = 1,....,00. These discrete
function values can be stored in an infinite-dimensional array, or a “state,” g as

g(x1)
g=1{ glx) . (A1)

g@@

For notation purposes, all states are denoted with an underscore.

The states of order 2 (double state) are written in an upper case font, A. States of
order 1 (vector state) are written in a bold upper case font, A. States of order
0 (scalar state) are written in a lower case (nonbold) font, a. When the double state A
operates on an angle bracket (e), the result is the second-order tensor A (e); when the
vector state A operates on an angle bracket (e), the result is the vector A(e); and
when the scalar state g operates on (), the result is the scalar a(e).

The “state” concept is not restricted to continuous functions. It is also applicable
to discontinuous functions. As explained by Silling et al. (2007), “states” can also
be described as a general form of tensors. It is possible to convert states to tensors or
vice versa. The process of converting a tensor to a state is referred to as “expansion”
and the process of converting a state to a tensor as “reduction.”

If a second-order tensor, F, operates on a vector (x(,-) — x<k)), the corresponding
vector (y(; — ¥) is obtained as

(y o=y <k>) =F(x() — X)) (A2)

E. Madenci and E. Oterkus, Peridynamic Theory and Its Applications, 279
DOI 10.1007/978-1-4614-8465-3, © Springer Science+Business Media New York 2014
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Fig. A.1 The “expansion”
of the second-order tensor F
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where j=1,...,00. All the (y; —y()) vectors can be stored in an infinite-
dimensional array, or a vector state, Y:

(Ym - Y<k>) F(x() — X))
Y= : or Y= . (A.3)

In this equation, there is a direct relationship between the vector state Y and the
second-order tensor F. This relationship can be expressed as the “expansion” of the
second-order tensor F. The “expansion” process can be visualized as shown in
Fig. A.1. In this figure, the second-order tensor F operates on an infinite number of
vectors, forming a circle, (x() — X)) withj = 1,.. ., 00, and the resulting vectors,
(Y() — ¥&))» form an ellipse.

Therefore, the “state” can be viewed as a data bank to extract information about
the state of material points. For example, the vector states of reference position X
and deformation Y provide information about the relative position of material points
in the reference and deformed configurations. The mathematical operations for such
extraction of information are denoted as

X(x' —x) =x"—x (A.4a)
and

YX —x)=y —y, (A.4b)
in whichx’ — x and y’ — y represent the relative position of the points x” and x in the
reference and deformed configurations. Similarly, a temperature scalar state, z, can
provide information about the temperatures, T’ and 7, at these two material points in
the form

X' —x) =T —T. (A4c)

As presented by Silling et al. (2007), the dot product of two vector states, A and D
, and two scalar states, g and d, can be cast as
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AeD = /HA<X’ —x) e D(x' — x)dH (A.52)

and

aed= /Hg<x’ —x)d(x' — x)dH. (A.5b)

Their point products are expressed as
(AD)(x' —x) = A(xX' — x) e D(X' — x) (A.6a)
and
(ad)(xX —x) = a(x' —x)d(x' —x). (A.6b)

The tensor product of vector states A and D is defined as
AxD= / w(x' — x)AXx' — x) @ D(x' — x)dH, (A7)
H

where -w is the influence function, a scalar state, and ® represents the dyadic
product of two vectors i.e., C=a®b or C; = a; b;.

The reverse transformation from a vector state to a second-order tensor, which is
called the “reduction” process, can be approximated by the expression given by
Silling et al. (2007). The tensor R{Y } is the vector state reduction of the vector state
Y and is defined as

R{Y} = (Y *X)K". (A.8)
Hence, a vector state Y can be reduced to a second-order tensor F
F = R{Y}. (A.9)
The shape tensor, K, is defined as
K=Xx*X. (A.10)

Therefore, the shape tensor, K, can be obtained as

K= /w(x’ —x)X(x' — x) ® X{x' — x) dH. (A.11)

H
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Fig. A.2 Components
of the position vector, &,
between material points
at x and X/

The influence function, w(x’ — x), as discussed in Chap. 4, can be defined as

)

“ W

w(x' — x) (A.12)

with & defining the radius of the horizon, H. The shape tensor, K, has a direct
relationship with the volume of the horizon. Defining the position vector in the form
& = x’ — x, the shape tensor can be rewritten as

K= /Q<€>€®§dH (A.13a)
H
or
K= / w(&) & & dH,  withi,j=1,2,3. (A.13b)
H

The components (&, £, £,) of the position vector & in reference to a Cartesian
coordinate system (x, y, z), whose origin is located at x, between material points at x
and x’ can be expressed as

& = &, = Esin(¢) sin(0), (A.14a)
& =&, = &cos(g), (A.14b)
& = &, = Esin(¢) cos(0), (A.14c)

where & = |€| is the length of the position vector; definitions of angles ¢ € (0, z) and
0 € (0,2x) are shown in Fig. A.2.
The components of the shape tensor, K, become

o
K,j:/ggigjdy, ij=1,2,3 (A.15a)
H
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or

S 2w
:///25;52 sin(¢p) dep dO dé. (A.15b)
0 0 O

After performing the integration in Eq. A.15b, the components of the shape
tensor, K, are obtained as

55
K = %51‘,‘7 (A.16)

where §;; is the Kronecker delta with i,j = 1,2, 3. By defining the volume of the
horizon, V =4/3 78, the shape tensor, K, can be expressed as

V&

with Irepresenting the identity matrix. Therefore, the shape tensor can be viewed as
a quantity that serves as volume averaging of the tensor product of vector states,
(Y X).

Based on the definition of reduction, Eq. A.8, a scalar state, @, can be reduced to a
vector, R{a}, as

Rfa} = (@xx)m™". (A.18)
Hence, a vector state, a, can be reduced to a vector, f, as
f=R{a}. (A.19)
The scalar weighted volume, m, is defined as

m= /7w<x/—x>|X|(x/—x> @ |X|(xX'—x)dH. (A.20)
H

The dyadic, ®, operation annuls because both a(x’ — x) and |X|(x'—x) = |x'—x|
are scalar; thus, the reduction expression can be rewritten as

f= - w(x' — x)X(x" — x)a(x' — x) dH, (A21a)
i

with

m= /w(x’—x>|x'—x||x'—x|dH. (A.21b)
i
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Substituting for the influence function, w(x’ — x), from Eq. A.12, the scalar
weighted volume can be evaluated as

m=3 / X' —x|dH. (A.22)
H

In light of Fig. A.2, it can be explicitly evaluated as

2r &

5
3
=65 2 i dpdods ==V 8. A23
m 0/0/0/5«:sm(¢>¢ £=2 (A23)

The scalar weighted volume can be viewed as a quantity that serves as volume
averaging of the product of a scalar and vector states, a * X.

A.2 The Fréchet Derivative

Let a scalar function, ¥, be dependent on a state, A, i.e., ¥ = ¥(A). Its variation is
defined as

d¥ = W(A + dA) — P(A) (A.24)

in which dA is the differential of A. Silling et al. (2007) notes that if ¥ is
differentiable then the variation of ¥ can be defined as

d¥ = VP(A) - dA (A.252)
or
d¥ =W, (A) - dA, (A.25b)

and the term -VW(A) = W,5(A) is called the Fréchet derivative of ¥ at A. Since ¥ is
a scalar value function, W, (A) is a state of the same order as A. Fréchet derivatives

of various functions of states are given by Silling et al. (2007) and Silling and
Lehoucq (2010).
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Absorbed power density, 249
Adiabatic split scheme, 248
Assembly operator, 193
Atomistic lattice models, 4

B

Balance laws, 32-36
balance of angular momentum, 32
balance of linear momentum, 32
conservation of energy, 32, 245, 248, 249
conservation of linear momentum, 256
conservation of thermal energy, 256

Bar, 197, 264-267
semi-infinite bar, 263

Bimaterial strip, 177-178
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Bond-based peridynamic theory, 13, 36-37
equation of motion, 255
thermal diffusion, 219
thermal modulus, 256
thermomechanics, 254-256

Bond-constant, 37, 56
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body load, 195
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displacement constraints, 29-30
distributed pressure, 143
external loads, 30-32
extreme loading conditions, 126, 144
high velocity boundary conditions, 126
impact problems, 126

insulated boundaries, 234237
large displacement boundary
constraints, 126
real material layer, 32, 215
thermal loading, 12, 264-266, 270-276
time-dependent surface temperature,
230-231
velocity boundary conditions, 173-177
velocity constraints, 30
Boundary element method (BEM), 234,
247, 267
Branching, 11
Buckling, 166
buckling load, 166

C
Characteristic length scale, 257
Characteristic time scale, 257
Charpy V-notch test, 11
Classical local theory, 7
classical continuum mechanics, 8, 45
classical heat conduction, 213
classical linear theory of
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classical theory of elasticity, 19
local theory, 46, 247-248
Clausius-Duhem inequality, 250
Coarse-graining method, 9
Collocation method, 125, 127
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Composite (cont.)
lamina, 75, 157
laminated composites, 79-88
specially orthotropic, 75
stacking sequence, 79
unidirectional lamina, 75
Compression, 164-167
compression after impact, 11
compressive waves, 185
Constitutive relation, 57
Contact, 181
Convection, 215, 231-233
Coupling, 191-201
direct coupling, 192
force-based blended model, 12, 192
morphing, 12, 192
Coupling coefficient, 246, 260
Crack, 10
crack growth, 11, 144-146
crack initiation, 11
crack path, 146
crack path prediction, 122—-124
crack tip, 146, 245
emerging discontinuities, 205
inclined insulated crack, 240-243
insulated crack, 237-240
pre-existing crack, 126, 143—144,
171, 173-177
Critical material failure parameter, 11
critical energy density, 11
critical energy release rate, 11, 119
critical equivalent strain, 11
critical stretch, 11, 115-120
Cryogenics systems, 204

D
Damage, 7, 115-124
damage initiation, 121
local damage, 121-122, 126
Deformation, 20-21
gradient tensor, 41, 249
state, 23, 249
vector state, 20
Deformational heating and cooling term, 254
Delamination, 79
Diffusivity, 257
Dilatation, 11, 50, 59, 68, 246
bulk modulus, 258
dilatational energy density, 49
volumetric deformation, 38
volumetric strain, 11
Directional dependency, 77

Index

Displacement vector state, 253
Dissimilar materials, 237-240
Distortion, 37
distortional deformation, 37, 38
distortional energy density, 49
volumetric deformation, 37
Dot product, 280
Dyadic product, 42, 281
Dynamic relaxation, 10
adaptive dynamic relaxation, 125,
136-139, 193
damping coefficient, 136, 196
fictitious damping term, 136
fictitious diagonal density matrix, 136
Greschgorin’s theorem, 136, 137, 193
Rayleigh’s quotient, 136, 138

E
Elastic, 11
linear elastic, 10
nonlinear elastic, 10, 253
Entropy density, 249, 250
Equations of motion, 24-27, 45-46
Euler-Lagrange equation, 205, 208
Lagrange’s equation, 24, 26, 27, 84
Lagrangian, 24, 25, 83, 205, 207
Extension, 255
extension scalar state, 252

F
Failure load, 122—-124
Fast Galerkin method, 10
Fictitious inertia term, 136
Fictitious regions, 215, 264, 266
fictitious boundary layer, 215, 264
fictitious boundary region, 143
fictitious material layer, 29, 213
Finite difference approximation, 47
Finite element method (FEM), 2, 247, 248
cohesive zone, 3
extended finite element method
(XFEM), 3, 11
First law of thermodynamics, 249, 250
Force
force density, 21-23
force state, 23, 43, 249
force vector state, 22
point force, 143
Fourier transform, 247
Fréchet derivative, 250, 253, 284
Free-energy density, 249, 250
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Free-energy function, 245, 248
Fully coupled thermomechanics, 13,
245-276

G

Green-Lagrange strain tensor, 41

H
Heat, 219
exchange of heat energy, 205
heat conduction, 203
heat energy, 210
heat energy exchange, 249
heat flow density, 219
heat flow rate, 216
heat flow scalar state, 208, 211, 249
heat flux, 211-214, 216-218
heat flux vector, 203
heat gain, 204
heat generation, 210, 211, 216, 218,
226, 249
heat loss, 204
heat source, 206, 210
rate of heat, 203
rate of heat generation, 206, 242
Heat diffusion, 13
Horizon, 8, 10, 19, 88, 139, 144, 209, 222
family members, 126, 147

I
Impact, 181-189

deformable impactor, 181

flexible impactor, 183

high-speed impact, 246

rigid disk, 186-188

rigid impactor, 181-182
Incompressibility, 37, 38
Influence function, 10, 281
Initial conditions, 28-32, 126, 143, 213-219
Initial imperfection, 164
Integral equations, 7

integro-differential equation, 9, 125
Interface element, 191
Internal energy storage density, 210, 249
Internal length, 8
Irreversible thermodynamics, 246, 248
Isotropic, 13, 154-157, 267
Isotropic expansion, 57, 58

J
J-integral, 11
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K

Kalthoff-Winkler experiment, 11, 183,
188-189

Kinetic energy, 24

L

Lamé’s constants, 257, 258

Lamina, 157-160

Laplace transform, 247

Linear elastic fracture mechanics
(LEFM), 2, 8

Local, 144-146

M
Material (natural) coordinates, 75
Material layer, 143
Material point, 125

material point spacing, 144
Material property matrix, 57, 61
Melting, 205
Meshless scheme, 125
Microbranching, 11
Microconductivity, 258
Microcracking, 6
Micropolar peridynamic model, 9
Micropotential, 19, 23
Modulus state, 251
Molecular dynamics, 4, 13
Monolithic scheme, 247, 260

N
No fail zone, 126, 144
Nondimensional form of thermomechanical
equations, 256260
Nondimensional parameters, 257-260
Nonlocality, 10, 203
gradient-type nonlocal models, 6
integral-type nonlocal material
models, 6
nonlocal continuum theory, 5
nonlocal heat conduction theory, 204
nonlocal thermal diffusion, 204—205
weakly nonlocal model, 204
Nonlocal theory, 248
Notch, 188
Numerical integration, 10
discretization, 224-225
Gaussian integration points, 128
Gaussian quadrature, 10
grid size, 139
numerical convergence, 139-141
spatial discretization, 127-128
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(0]
One-dimensional structures, 56, 66—68
Overlap region, 192, 196

P

Pairwise heat flow density, 219

Pairwise interactions, 8, 36

Parallel computing, 10, 126, 148-149
binary space decomposition, 148
central processing unit (CPU), 148

graphics processing units (GPU), 10, 148

load balancing, 148-149
spatial partitioning, 146—148
Partitioned scheme, 260
Penetration fracture, 246
Peridynamic theory, 7-8
peridynamic force, 4748
peridynamic material parameters, 88
peridynamic parameter, 12, 258
peridynamic states, 9, 23
Perturbation technique, 247
Phase transformation, 10
Plastic, 10
plastic zone, 246
Plate, 173-177, 186-188, 231,
267-270
isotropic plate under uniaxial
tension, 154-157
plate with a hole, 197
thick plate, 240-243
thin plate, 56
Polymer, 246
Position vector, 282
Potential energy, 24
potential energy of a laminate, 80, 82
Principle of virtual displacements, 39
Principle of virtual work, 24

Q
Quasi-static loading, 171-173

R
Race condition, 148
Radial extension, 167—169
Relative displacement vector, 130, 255
Relative position vector, 130
Response function, 37
thermal response function, 219, 224,
227, 255
Rewetting problem, 205

S

Index

Second-order tensor, 279-281
Shape functions, 192

Shape tensor, 281

Shear

shear modulus, 258
simple shear, 57, 59, 62, 64, 70, 71, 89
simple transverse shear, 98—104

Shock, 191, 247

pressure shock, 263
thermal shock, 234-235, 263

Short-range force, 183

Slab, 230-233

Slit, 188

Solidification, 205

Specific heat capacity, 210, 246
Spherical cavity, 167-169
Staggered scheme, 247, 260
State

double state, 9, 279
infinite-dimensional array, 279
reduction, 279

scalar state, 279

vector state, 21, 279

vector state reduction, 41

State-based peridynamics, 9, 252

nonordinary state-based peridynamic
theory, 11, 39-43

ordinary state-based peridynamics, 13,
38-39

state-based peridynamic thermal
diffusion, 205-210

Steady-state solution, 136
Stefan-Boltzman constant, 218
Stefan problem, 205

Stiffness matrix, 75, 137, 139

element stiffness matrix, 194
local stiffness matrix, 196

Strain energy density, 23-24, 48-51, 60, 68, 80
Strain tensor, 251
Stress

Cauchy stress, 47-48

first Piola-Kirchhoff (Lagrangian) stress
tensor, 41

PD stress tensor, 9

Piola-Kirchhoff stress tensor, 9, 41

second Piola-Kirchhoff (Kirchhoff) stress
tensor, 41

stress power, 249

Stretch, 37, 256, 258

biaxial stretch, 89, 95-98
uniaxial stretch, 68
uniaxial stretch in fiber direction, 90
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uniaxial stretch in fiber transverse
direction, 89
uniaxial stretch in transverse direction,
89, 93-95
St. Venant’s principle, 191
Surface effects, 68-74, 104—-113, 142—-143,
227-229
free surface, 227
material interface, 227-228
surface correction factor, 105, 126, 142

T
Target, 181
Temperature, 178-180, 203, 236, 248, 255
absolute temperature, 249
gradient of temperature, 203
nonuniform temperature change, 178
reference temperature, 246, 255
temperature change, 53, 255
temperature difference, 210
temperature gradient, 178—180
temperature scalar state, 209, 212
uniform temperature change, 151,
154-160, 177-178
Tension, 151, 157-160
tensile loading, 197-201
tension waves, 185
uniaxial tension, 151, 154—157
Thermal coupling term, 252-254
Thermal diffusion, 203-243
Fourier’s law of heat conduction, 203
heat flow state, 211-213
PD thermal diffusion equation, 224
peridynamic heat conduction equation,
13,219
peridynamic microconductivity, 221, 227
peridynamic thermal diffusion
equation, 223
thermal conductivity, 203
thermal microconductivity, 220
Thermal modulus, 246, 251
Thermal potential, 206, 219
microthermal potential scalar state, 209
Thermoelasticity
linearized peridynamic thermoelastic
material, 253
linear thermoelastic material response, 253
thermoelastic damping, 245
thermoelastic wave, 247
Three-dimensional structures, 57-61
Time integration, 130-132
Adams-Bashforth method, 125
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Adams-Moulton method, 125
backward difference scheme, 125, 130, 263
central difference, 133, 137, 196
explicit time integration, 10, 125, 132,
137, 196, 261
forward difference scheme, 125, 130,
223,263
incremental time step, 125
mixed explicit-implicit time integration, 10
numerical stability, 132-136, 225-227
Runge-Kutta method, 125
stability criterion (condition), 10, 125, 226
time stepping, 223
time step size, 132
unconditional stability, 260
Traction vector, 45
internal traction vector, 45
Transverse loading, 163—-164
material properties for transverse
deformation, 75
transverse normal deformation, 88
transverse normal stretch, 98
transverse shear deformation, 88
Two-dimensional structures, 56, 61-66

U
Uncoupled (decoupled) thermomechanical
analysis, 245, 248

A\
van der Waals forces, 8
van der Waals interactions, 13
Vibration, 191
longitudinal vibration, 151-153
thermoelastic vibration, 266267
Viscoelastic, 10
Viscoplastic, 10
Volume correction, 129
volume correction factor, 125, 129
von Neumann stability analysis, 132, 226

W
Wave
elastic wave, 267
elastic wave speed, 257
thermal wave, 267
wave dispersion, 8
wave number, 226
Weighted volume, 213, 283
Workload estimate, 149
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