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Abstract This work develops a new coordinated manufacturer–buyer model for a
single item in a vendor-managed inventory (VMI) context. The proposed model
includes the manufacturing uptime and a manufacturer–buyer synchronization
scheme. This mechanism makes logistical coordination between manufacturer and
buyer much easier. The analysis of the mathematical model of coordination
considers production and demand rates, as well as totals of the manufacturer and
the buyer’s ordering and holding inventory costs. This study is complemented by a
sensitivity analysis. It focuses on the effects of parameter variations on proposed
performance measurements in the manufacturer–buyer VMI-coordinated scheme.
Finally, analytical conditions under which the suggested coordinated implemen-
tation of VMI gives benefits to both manufacturer and buyer and to the supply
chain are deduced and verified. Results show that it is possible for both the
manufacturer and buyer to obtain profits in VMI implementation by selecting
satisfactory parameter combinations using our proposed coordination scheme in a
win–win relationship.
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1 Introduction

A full integration of the supply chain has become one of industry’s greatest
dreams, thanks to the success achieved by different businesses working together
with their suppliers and customers (Darwish and Odah 2010). Initiatives like
‘‘efficient customer response’’ in the grocery industry and ‘‘quick response’’ in the
garment industry (Waller et al. 1999) are good examples of this concept.

In recent years, there has been growing interest in implementing vendor-
managed inventory (VMI) initiatives (Emigh 1999), thanks to important recog-
nition from different industrial leaders (Southard and Swenseth 2008). This interest
stems from the fact that there are benefits to the whole chain in cost reduction,
improved service levels, and supplier performance (Choi et al. 2004).

VMI is a coordination mechanism that improves multi-firm supply chain effi-
ciency (Waller et al. 1999) between a supplier and its customers (Silver et al.
1998). VMI can decrease inventory levels, increase fill rates in the supply chain
(Yao et al. 2007), and reduce lead times and inventory stock outs (Daugherty et al.
1999). In spite of this, this tool has not been studied in detail, especially as applied
to the systems that exist between manufacturers and purchasers.

The models presented in this paper analyze a two-level supply chain in which
external demand for a single item occurs at the purchaser. The paper proposes an
analysis of total, ordering, and inventory holding costs for each agent and the
supply chain with and without VMI.

The general basis of this work is the classic theory of economic order quantity
(EOQ). These models complement some previous works (Yao et al. 2007; Van der
Vlist et al. 2007), including research associated to both productive (uptime) and
non-productive times. The use of these times facilitates control of inventories in
our coordinated manufacturer–buyer single-item VMI-conduced system. Our VMI
approach includes a new manufacturer–buyer synchronization scheme that makes
logistics coordination in the VMI environment between manufacturer and buyer
much easier. The proposed synchronization scheme is a logical extension of
previous models studied in other manufacturer–buyer VMI approaches (Dong and
Chu 2002; Choi et al. 2004; Yao and Dresner 2008). These models do not include
explicit synchronization and coordination mechanisms between buyer and sup-
plier. Analytical conditions under which the suggested coordinated implementa-
tion of VMI gives benefits to both manufacturer and buyer and to the supply chain
are deduced and verified.

The proposed sensitivity analysis of the involved variables shows the behavior
of the parameters—costs, demand, and production rates—over performance
measurements related to total cost, inventory holding cost and ordering costs, order
quantities, and cycle times, thereby establishing relationships between all relevant
manufacturer and buyer parameters and the potential benefits in our proposed
manufacturer–buyer synchronized VMI implementation.

This article is divided as follows: Section 2 is a review of the literature. Sec-
tion 3 describes the proposed model and develops the main results. Section 4
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presents a sensitivity analysis for the main parameters of the model. Section 5
presents the main conclusions. Finally, Sect. 6 outlines potential areas for future
research.

2 Literature Review

The first VMI models appeared in the late 1980s, when Walmart, K-Mart, and
Procter and Gamble implemented major projects relating to supply chain inte-
gration (Waller et al. 1999; Blatherwick 1998). However, not until recently was
this subject discussed in the academic literature (Southard and Swenseth 2008). To
ensure proper classification of the published scientific literature on VMI, we
established five categories, divided by focus: strategic, statistical characterization,
simulation, deterministic modeling, and stochastic modeling. Summaries of arti-
cles with a VMI approach can be seen in Tables 1 and 2.

The first articles published on the subject are those that present a strategic
focus. The first work was published in 1994, when Jain (1994) established the basis
for VMI implementation between two agents in a chain, outlining VMI’s benefits
and disadvantages to companies. Cottrill (1997), described some VMI cases and
identified some current trends related to this strategy. Cachon and Fisher (1997),
reviewed various VMI models, such as synchronized consumer response, contin-
uous replenishment program, efficient consumer response, and rapid replenish-
ment, through the case study of Campbell’s Soup.

Table 1 State-of-the-art review in VMI

Category References

Strategy Jain (1994), Cottrill (1997), Cachon and Fisher (1997), Holmstrom
(1998), Blatherwick (1998), Emigh (1999), Challener (2000), Lee and
Chu (2005), Saxena (2009)

Discrete simulation Waller et al. (1999), Disney and Towill (2002, 2003), Yang et al. (2003),
Angulo et al. (2004), White and Censlive (2006), Song and
Dinwoodie (2008), Southard and Swenseth (2008), Sari (2008),
Ofuoku (2009), Hemmelmayr et al. (2010)

Classical analytical
modeling

Cachon and Zipkin (1999), Lee et al. (2000), Achabal et al. (2000), Dong
and Chu (2002), Wang et al. (2004), Choi et al. (2004), Yao et al.
(2007), Yao and Dresner (2008), Wong et al. (2009), Xu and Leung
(2009), Yang et al. (2010), Yao et al. (2010), Darwish and Odah
(2010), Hongjie et al. (2011), Kastsian and Mönnigmann (2011), Lee
and Ren (2011), Liao et al. (2011), Pasandideh et al. (2011), Chen
et al. (2012), Yu et al. (2012), Zanoni et al. (2012), Kristianto et al.
(2012)

Statistics Daugherty et al. (1999), Kuk (2004)
Game theoretical

modeling
Yu et al. (2009a), Yu et al. (2009), Yu and Huang (2009b)
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Following this strategic approach, Blatherwick (1998), analyzed some of VMI’s
benefits and disadvantages to the agents involved in the agreements. He also
showed how supply chains have evolved to become co-managed inventories.
Around the same time, Holmström (1998), studied and characterized the adapta-
tion of SAP R/3 in a partnership relationship within the context of VMI. Later,
Emigh (1999), presented VMI cases in different industrial sectors and analyzed
some technological requirements necessary to ensure successful implementation.
In this decade, Challener (2000), illustrated VMI implementation in the pharma-
ceutical industry through detailed presentation of some success stories. Addi-
tionally, Lee and Chu (2005), analyzed supply chain interaction and established
various control strategies, one of which was VMI. Recently, Saxena (2009),
characterized VMI systems and explained the reasons for judging that the system
is not always applicable or beneficial to all actors in the chain.

A number of papers have addressed statistical characterization of VMI models,
starting with Daugherty et al. (1999), who presented the statistical results of a
survey about the implementation of automatic replenishment programs in different
industries. Kuk (2004), described the factors that may affect VMI’s effectiveness
as measured in service improvement and cost reduction in electric enterprises,
arguing that the success of VMI programs in some areas cannot be generalized to
others.

The articles that cover discrete-event simulation technique application were
written before 1999. The first work on this subject was published by Waller et al.
(1999), who compared order frequency in different scenarios, facing inventory
reduction through experimentation with a VMI strategy. Additionally, Disney and
Towill (2002), designed a VMI system with different cost levels and proposed a
simulation method to determine the optimal parameters in the chain.

The same authors (Disney and Towill 2003) later compared various supply
chains with and without VMI through simulation models and found a substantial
reduction in the so-called bullwhip effect. In another article, Yang et al. (2003),
analyzed the impacts of different parameters on a supply chain consisting of a
single vendor supplying a set of retailers with VMI through discrete-event simu-
lation methods. Angulo et al. (2004), presented the variations of demand and cycle
times of a chain with VMI in the simulation of a four-level chain with stochastic
demand and lead times.

Following the simulation line, White and Censlive (2006), searched for an
appropriate factory production delay for VMI systems and showed that this time
depends on the level of aggregation and the representation of the delay, due to
production, as a finite or an exponential delay. Shortly after this, Song and
Dinwoodie (2008), utilized numerical experiments to show that the politics of
VMI and inventory management can be used on uncertain situations, resulting in
benefits to the whole chain. Additionally, Southard and Swenseth (2008), showed
that VMI can achieve sufficient economic benefits by comparing inventory costs in
cooperative farms through discrete-event simulation. Elsewhere, Sari (2008),
compared CPFR and VMI models through a simulation of a four-level chain,
finding significant influence of uncertain demand. The author shows that benefits
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are greater in a CPFR than in a VMI environment. Ofuoku (2009), compared total
optimal costs obtained for a chain with and without VMI using discrete-event
simulation. Finally, Hemmelmayr et al. (2010), developed a technology to plan
delivery routes to supply blood to hospitals and blood banks using VMI policies.

We also identified a set of articles using classical mathematical modeling
approaches, starting with Cachon and Zipkin (1999), who analyzed a two-level
chain with stationary stochastic demand, fixed transport times and cooperative
inventory policies. The same approach was developed by Lee et al. (2000), who
modeled a chain consisting of a manufacturer and a retailer with stochastic
demand and information sharing between agents, thereby reducing inventories and
costs. Later, Achabal et al. (2000), described models of demand and inventory
forecasting in a VMI environment and found improvement in service level and
stock turnover. Dong and Chu (2002), analyzed the ways in which VMI affects a
two-level chain with deterministic demand, demonstrating that it reduces total
costs, while sometimes also reducing supplier benefits. Wang et al. (2004), ana-
lyzed a chain consisting of a supplier and multiple retailers in a non-cooperative
environment and with stochastic demand. They demonstrated through a model that
coordination is required to achieve an optimal solution. Choi et al. (2004), mod-
eled a system of a supplier and a buyer with independent demand and variables
and examined the roles of the service levels and backorders in the system.

More recent mathematical modeling works developed deterministic approa-
ches. Yao et al. (2007), presented an analytical model applied to supply chains of
two agents with and without VMI and found inventory cost reductions. Yao and
Dresner (2008), planned a model consisting of a manufacturer and a retailer with
stochastic demand and examined management practices before and after infor-
mation-sharing implementation, continuous replenishment, and VMI. Wong et al.
(2009), showed how a sales rebate contract helps achieve supply chain coordi-
nation through a two-echelon model consisting of a supplier and multiple retailers.
Recently, Yang et al. (2010), evaluated the effects of a distribution center on a
VMI system consisting of a manufacturer, a distributor, and multiple retailers,
analyzing decision strategies of one agent (OSD) and two agents (TSD), which
generate different benefit levels. Yao et al. (2010), demonstrated how a manu-
facturer might use an incentive contract with a distributor under a VMI arrange-
ment to gain market share through an analytical model. This approach models
manufacturer–distributor coordination to convert lost sales into backorders.
Darwish and Odah (2010), presented a model consisting of a vendor and multiple
agents under VMI and proposed a set of theorems and an efficient algorithm to find
an optimal total cost solution using KKT. Zanoni et al. (2012), considered a two-
level supply chain system with a single vendor and a single buyer at each level,
and investigated and compared different policies that the vendor might adopt to
exploit the advantages offered by the VMI with a consignment agreement when the
vendor’s production process is subject to learning effects. Kristianto et al. (2012),
proposed an adaptive fuzzy control application to support a VMI. Results showed
that the adaptive fuzzy VMI control surpasses fuzzy VMI control and traditional
VMI in terms of mitigating the bullwhip effect and lowering delivery overshoots
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and backorders. Liao et al. (2011), proposed an integrated location-inventory
distribution network problem that integrates the effects of facility location, dis-
tribution and inventory issues. The problem was formulated under the VMI setup.
The paper presented a multi-objective location-inventory problem (MOLIP) model
and investigated the use of a multi-objective evolutionary algorithm based on the
non-dominated sorting genetic algorithm (NSGA2) to solve MOLIP. Pasandideh
et al. (2011), proposed a genetic algorithm to find the order quantities and the
maximum backorder levels so that the total inventory cost is minimized over a
two-level supply chain system consisting of several products, one supplier and one
retailer, in which shortages are backordered under a VMI-controlled system. Chen
et al. (2012), studied how a vendor’s optimal distribution policies with trans-
shipment combined with the variance of demand affects the optimal policy in a
VMI environment. The paper explores a two-echelon supply chain with one
supplier and two retailers in a planning horizon of two periods. Kastsian and
Mönnigmann (2011), addressed the steady-state optimization of a supply chain
that belongs to the class of VMI, automatic pipeline, inventory and order-based
production control systems (VMI-APIOBPCS). The supply chain is optimized
with the so-called normal vector method. Xu and Leung (2009), focused on a two-
party VMI channel in which the vendor operates the basic stocking and delivery
functions and makes inventory replenishment decisions, while the retailer is
responsible for customer acquisition and in-store services. This book proposed an
analytical model for the partners in the supply channel to determine the inventory
policy that optimizes net system profit. Hongjie et al. (2011), studied the inventory
control of deteriorating items for suppliers under a VMI model, establishing bi-
level programming models of integrated delivery strategies and introducing a
genetic algorithm to solve the problem. Yu et al. (2012), studied a VMI-conduced
supply chain in which the manufacturing vendor decides how to manage the
system-wide inventories of its fast-deteriorating raw material and its slowly
deteriorating product. The paper proved the convexity of the cost functions and
proposed a golden search algorithm to find the model’s optimal solution. Lee and
Ren (2011), proposed a periodic-review stochastic inventory model to examine the
benefits of VMI in a global environment, in which the supplier and the retailer face
exchange rate uncertainty and incur different fixed ordering costs. The paper
provides some analytical results, including the optimality of a state-dependent
(s, S) policy for the supplier.

A recent VMI approach has analyzed the model through game theory. In this
category, the work of Yu et al. (2009a), used evolutionary game theory to analyze
a strategy of evolutionary stability in supply chains with VMI. An earlier work by
Yu et al. (2009c), formulated a model of a manufacturer and multiple retailers and
proposed a computational algorithm based on an analysis of a response function
and a generic demand function. Additional work by Yu and Huang (2009b),
analyzed the interaction between a manufacturer and its retailers to optimize its
marketing strategy for a product with VMI by using a Nash game model between
agents.
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3 Modeling Framework

The supply chain we study consists of a manufacturer and a buyer implementing
VMI for a single product. This problem has been studied by Dong and Chu (2002),
Choi et al. (2004), and Yao et al. (2007). These approaches propose an implicit
coordination strategy between supplier and buyer, but the studied models do not
include explicit synchronization and coordination mechanisms between buyer and
supplier. In our approach, as an alternative, we propose an unambiguous coordi-
nation scheme between manufacturer and buyer by means of which a coherent and
realistic VMI implementation can be achieved. A key difference is that we clearly
model this coordination strategy by means of a synchronization mechanism
between the buyer and manufacturer replenishment cycles.

The proposed coordinated manufacturer–buyer VMI model contains the design
parameters of the synchronization scheme between manufacturer and buyer,
ordering and holding cost in VMI and non-VMI conditions, and production and
demand rates. The decision variables of the model include batch sizes, manufac-
turer production uptime, manufacturer and buyer inventory replenishment times,
and integer coordination and synchronization constants.

The notation used in our model is:
Parameters: C, c, c0, H, h, P, r, d, d, g, g0

Variables: T, t, Q, q, Ts, k, L, U, ss, Is

Where:
C Setup (ordering) costs for the manufacturer (in $/setup)
c Setup (ordering) costs for the buyer without VMI (in $/setup)
c0 Setup (ordering) costs for the buyer with VMI (in $/setup)
H Holding cost of manufacturer inventory (in $/unit/year)
h Holding cost of buyer inventory (in $/unit/year)
P Manufacturer production rate (in units/year)
r Demand rate (in units/year)
d = H/h Manufacturer and buyer inventory holding cost ratio
d = r/P Demand and production rate
g = C/c Manufacturer and buyer setup (ordering) cost ratio without VMI
g0 = C/c0 Manufacturer and buyer setup (ordering) cost ratio with VMI
T Manufacturer replenishment time (in years)
t Buyer replenishment time (in years)
t Buyer replenishment time (in years)
Q Manufacturer lot size or total quantity manufactured over replen-

ishment time T (in units)
q Buyer lot size or total quantity demanded over replenishment time t

(in units)
Ts = q/P Manufacturing time of buyer lot size q (in years)
k Number of buyer shipments placed during the manufacturer

replenishment time (integer)
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L Number of buyer shipments placed during the manufacturer uptime
(integer)

U Manufacturer uptime (in years)
ss = U – Lt Fractional manufacturer up time (in years)
Is Manufacturer average inventory (in units)

The production plant manufactures and distributes a single product to the buyer,
who has a known deterministic annual demand rate that is the same for the
manufacturer and the buyer and is denoted by r. The system is studied before and
after VMI implementation and is presented in Fig. 1. In this article we adopted the
convention, used by Yao et al. (2007), that uppercase parameters are for the
manufacturer and lowercase parameters are for the buyer.

Annual holding inventory costs per unit are denoted as H for the manufacturer
and h for the buyer, in money units per unit per year. Single-order costs are
denoted with C for the manufacturer, c0 for the buyer with VMI, and c for the
buyer without VMI. Production rate is constant and denoted with P and P [ r. The
buyer replenishment time is represented by t. The manufacturer replenishment
time T is kt (with k integer) and contains L buyer replenishment cycles (with
L integer). The time required to produce a lot size required for the buyer (q) is
denoted by Ts. The lot size of the manufacturer is Q = kq. The explicit syn-
chronization mechanism between buyer and manufacturer consists in sending
to buyer from the manufacturer q units during the buyer replenishment
period t. These periodical replenishments are planned during the manufacturer
replenishment period T. In our model, we explicitly consider the uptime
U = Lt ? ss. This uptime is not taken into consideration in other manufacturer–
buyer VMI approaches (Dong and Chu 2002; Choi et al. 2004; Yao et al. 2007).

The explicit replenishment coordination mechanism between manufacturer and
buyer is represented in Fig. 2. In this study, we have deduced the mathematical
conditions (Eqs. 4a–12) needed to achieve the explicit manufacturer–buyer syn-
chronization, represented with integer coordination constants k and L. In our
model, the replenishment cycle of the manufacturer T is exactly k buyer replen-
ishment cycles and contains the uptime Lt ? ss. From a practical point of view,
this mechanism makes logistical coordination between manufacturer and buyer
much easier than in the other related VMI approaches (Yang et al. 2003; Dong and
Chu 2002; Choi et al. 2004; Yao et al. 2007).

Manufacturer
Q q r

H, C h, c (without VMI)

h, c’ (withVMI)

Buyer

Fig. 1 Modeling framework
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Without VMI, manufacturer and buyer relate to each other following a finite
production rate model. Because the buyer average inventory level is driven by a
simple EOQ model, his or her average inventory level is q/2. As a consequence,
the buyer’s average total annual holding and setup cost is given by:

f qð Þ ¼ c
r

q
þ h

q

2
ð1Þ

Similarly, without VMI the manufacturer is guided by a finite production rate
model. The change in manufacturer inventory level over time is shown in Fig. 3.
Feasibility requires that P [ r. Average inventory level can be deduced as
(Q/21 - r/P), according to the economic production quantity (EPQ) model (Silver
et al. 1998). In consequence, the manufacturer’s average total annual holding and
setup cost is:

F Qð Þ ¼ C
r

Q
þ H

Q

2
1� r

P

� �
ð2Þ

It follows that with optimal order quantities q and Q for the buyer and manu-
facturer, the optimal total costs of the system without VMI are:

TC�NON VMI ¼
ffiffiffiffiffi
2r
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CH 1� r

P

� �r
þ

ffiffiffiffiffi
ch
p� �

ð3Þ

Considering our manufacturer–buyer coordinated and synchronized VMI sys-
tem shown in Fig. 2, manufacturer and buyer replenishment times are related
through an integer coordination constant called k. The synchronization scheme

time

Manufacturer inventory level NON VMI

Slope = P - r

Slope = - r

T

Fig. 3 Manufacturer level without VMI

t            2t 3t 4t 5t 6t 7t 8t 9t kt

Pt-q

Pt

2Pt-q

3Pt-2q

LPt-(L-1)q

2Pt-2q

3Pt-3q

LPt-Lq

(k-L-1)q

(k-L-2)q

(k-L-3)q

2q

q

sLt sTkt −+τ

Fig. 2 Manufacturer’s inventory levels and the proposed manufacturer–buyer coordination
mechanism under VMI
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implies that the manufacturer sends the buyer the lot size q each replenishment
time t. In this sense, manufacturer lot size Q is equal to kq. If IS is the manu-
facturer’s average inventory, the total cost of the manufacturer–buyer coordinated
VMI system is given by:

TCVMI ¼ c0
r

q
þ h

q

2
þ C

r

Q
þ HIS ð4aÞ

In our VMI approach, we can calculate the area under the curve for the man-
ufacturer’s inventory over his/her replenishment time T = kt. Dividing this value
by T, we get the manufacturer’s average inventory (denoted by IS), given by
Eq. 4b.

IS ¼
q

2
k 1� r

P

� �
þ 2

r

P
� 1

h i
ð4bÞ

The proof of Eq. 4b is shown in Appendix 1.
Graphically, it is possible to conclude that:

Ts ¼
q

P
ð5Þ

And by definition, the fractional manufacturer uptime must satisfy:

0� sS ¼ k � 1ð Þ r

P
t � Lt� t ð6Þ

From the proposed relationship in (6), we obtain the next relationship between
synchronization constants L and k:

L ¼ k � 1ð Þ r

P

j k
ð7Þ

Using the terms identified above, it is possible to calculate the optimal supply
chain total ordering and inventory holding cost, solving the nonlinear model
represented in Eq. 8a, as shown in Appendix 2.

Min c0
r

q
þ h

q

2
þ C

r

kq
þ H

q

2
k 1� r

P

� �
þ 2

r

P
� 1

h i� �

s:t:

q� 0

k 2 1; 2; . . .;f g

ð8aÞ

With k constant, taking the partial derivatives of TCVMI with respect to q, and
setting the respective equation equal to zero, the optimal cost in terms of k is given
in Eq. 8b.

TC�VMI ¼
ffiffiffiffiffi
2r
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0 þ C

k

� �s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hþ H k 1� r

P

� �
þ 2

r

P
� 1

h in or" #
ð8bÞ
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Optimizing the expression in Eq. 8b and relaxing the integrality condition on k,
the optimal supply chain total ordering and inventory holding cost is calculated in
Eq. 8c.

TC�VMI ¼
ffiffiffiffiffi
2r
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CH 1� r

P

� �r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c0 hþH 2

r

P
�1

� �n or	 

ð8cÞ

The new optimal order quantities (lot sizes) for the buyer with and without
VMI, as shown in Appendix 2, are given by the following equations, respectively:

q�VMI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2c0r

hþ H 2 r
P� 1

� �
 �
s

ð9Þ

q�NON VMI ¼
ffiffiffiffiffiffiffi
2cr

h

r
ð10Þ

Due to VMI’s savings simplification, we can see that c0\ c, and, as the rela-
tionship between annual holding inventory costs per unit is h [ H, we cannot
conclude a relationship between q�VMI and q�non VMI, as either one can be larger than
the other. This result differs from that in the literature. On the other hand, it is
possible to calculate the optimal order quantity for the manufacturer given in
Eq. 11. However, in this case we can show that the manufacturer lot size is the
same with or without VMI.

Q� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Cr

H 1� r
P


 �
s

ð11Þ

Our analysis can be accomplished by defining the ratios between the demand
and production rates (d = r/P), the manufacturer holding cost and the buyer
inventory (d = H/h), the ordering cost without VMI (g = C/c), and the ordering
cost with VMI (g0 = C/c0). The coordination constant k

VMI
between the manu-

facturer and the buyer with VMI is an integer value that we can approach from:

k
VMI
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g0 2d� 1ð Þ þ 1

d

� �
1� dð Þ

s
ð12Þ

Values deduced from our coordination model in Eqs. 3 and 8a–12 are taken as
the support for the proposed definitions of performance measurement in the sen-
sitivity analysis explained in the next paragraph.

Example:
A manufacturer and a buyer are implementing the coordinated VMI scheme.

The operational parameters of the supply chain are:
C $300
c $100
c0 $80
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H $10/unit/year
h $20/unit/year
P 2,000 units/year
r 1,200 units/year

Applying our model, Table 3 shows the results of our manufacturer–buyer
coordinated VMI scheme.

For the selected parameters, the supply chain receives economic rewards from
implementation of the proposed coordinated manufacturer–buyer VMI scheme. In
this case, total supply chain costs are reduced by 3.38 %. The buyer receives cost
reductions equivalent to 10.19 %, and average inventory level decreases of about
18.35 %. However, the manufacturer sees his or her costs amplified by 5.41 %.
The proposed coordinated scheme implies than each manufacturer replenishment
cycle (0.37 years) contains five buyer replenishment cycles (0.07 years), with
0.18 years as the manufacturer uptime.

If demand is now increased to r = 1,800 units/year while the other parameters
stay unchanged, the supply chain will not receive economic rewards from
implementation of the proposed coordinated manufacturer–buyer VMI scheme, as
shown in Table 4. Supply chain total costs increase by 4.21 %. The buyer receives
cost reductions equivalent to 9.39 %, and average inventory level decreases by
23.91 %, while the manufacturer’s total costs increase by 39.31 %. For the new
combination of parameters, the proposed coordinated scheme implies that each
manufacturer replenishment cycle (0.57 years) contains 10 buyer replenishment
cycles (0.06 years), with 0.46 years as the manufacturer uptime.

Table 3 Results of the manufacturer–buyer coordinated VMI scheme

Without VMI With coordinated VMI

Manufacturer Ordering cost ($/year) $ 848.53 $ 804.98
Inventory holding cost ($/year) $ 848.53 $ 983.87
Total cost ($/year) $ 1,697.06 $ 1,788.85
Q (units) 424.26 447.21
L – 2
t (years) 0.09 0.07
ss (years) – 0.03
Uptime (years) – 0.18
T (years) 0.35 0.37
Ts (years) – 0.04

Buyer Ordering cost ($/year) $ 1,095.45 $ 1,073.31
Inventory holding cost ($/year) $ 1,095.45 $ 894.43
Total cost ($/year) $ 2,190.89 $ 1,967.74
q (units) 109.54 89.44

Supply chain Total ordering cost ($/year) $ 1,943.97 $ 1,878.30
Total inventory holding cost ($/year) $ 1,943.97 $ 1,878.30
Total cost ($/year) $ 3,887.95 $ 3,756.59
Coordination constant k 3.87 5
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The sensitivity analysis presented in the next section studies the effects of
combining parameters over different proposed performance measurements. Ana-
lytical conditions are derived by explaining the effect of the parameters on the
performance of the proposed coordinated VMI scheme.

4 Sensitivity Analysis

4.1 Total Cost Savings Throughout the Supply Chain

This section discusses some details related to our sensitivity analysis associated
with the percentage of savings in total costs to the supply chain. In order to
compute the system performance, we proposed the indicator V, defined in Eq. 13.
The analysis was validated by selecting different values of ratios d and d (d = H/h,
d = r/P), each varying in the (0, 1) interval. The ordering cost parameters were
chosen as C = 4,000, c = 100, and c0 = 70. As a result, a range of levels for the
percentage of savings in total cost was obtained from the implementation of the
coordinated VMI scheme, as shown in Fig. 4.

The proposed performance measurement V is:

V ¼ TC�NON VMI � TC�VMI

TC�NON VMI

ð13Þ

Table 4 Results of the manufacturer–buyer coordinated VMI scheme, increasing demand to
r = 1800 units/year

Without VMI With coordinated VMI

Manufacturer Ordering cost ($/year) $ 519.62 $ 528.98
Inventory holding cost ($/year) $ 519.62 $ 918.75
Total cost ($/year) $ 1,039.23 $ 1,447.73
Q (units) 1,039.23 1,020.84
L – 8
t (years) 0.07 0.06
ss (years) – 0.01
Uptime (years) – 0.46
T (years) 0.58 0.57
Ts (years) – 0.05

Buyer Ordering cost ($/year) $ 1,341.64 $ 1,410.61
Inventory holding cost ($/year) $ 1,341.64 $ 1,020.84
Total cost ($/year) $ 2,683.28 $ 2,431.44
q (units) 134.16 102.08

Supply chain Total ordering cost ($/year) $ 1,861.26 $ 1,939.59
Total inventory holding cost ($/year) $ 1,861.26 $ 1,939.59
Total cost ($/year) $ 3,722.51 $ 3,879.18
Coordination constant k – 10
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Using the deductions previously obtained in Eqs. 3 and 8, and by simplifying
some terms, we arrived at the definition for V described in Eq. 14, as shown in
Appendix 3:

V ¼
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g
g0 1� d þ 2ddð Þ

q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gd 1� dð Þ

p ð14Þ

With the selected parameters shown in this paragraph, the sensitivity analysis of
the percentage of total cost savings V shows that some d greater than 0.45 and
some d near one generate a negative profit from VMI. In addition, for values of
d near zero, the percentage of total cost savings V is always non-negative.

4.2 Savings in Inventory Holding Costs for the Buyer

Figure 5 illustrates a second sensitivity analysis, performed with different values
for the ratios d and d for the percentage of savings from the buyer’s holding
inventory cost performance indicator (Z) with the selected parameters from
Sect. 4.1.

The performance measurement Z presented in Fig. 5 is defined in Eq. 15, where
IHCbuyer,VMI

* and IHCbuyer,non VMI
* represent the optimal buyer inventory holding

costs with and without VMI, respectively.

Z ¼
IHC�buyer; non VMI � IHC�buyer;VMI

IHC�buyer; non VMI

ð15Þ

According to this relationship, it is possible to obtain an equivalent expression
in terms of previously known variables, which are represented in Eq. 16, as shown
in Appendix 3:

Fig. 4 Sensitivity of V to
changes in d and d
(C = 4000, c = 100,
c0 = 70)
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Z ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g

g0 1þ d 2d� 1ð Þ½ �

r
ð16Þ

For this sensitivity ordering, costs remained constant at the level set for the case
of V, obtaining the graph presented in Fig. 5, with the same selected parameters
from Sect. 4.1.

As Fig. 5 shows, if Z is positive, then VMI implementation results in savings.
The combinations of selected variables generate positive benefits with VMI
implementation, except for at a few levels, those below d = 0.2 and higher than
d = 0.6, which generate negative results for Z.

4.3 Savings in Inventory Holding Costs
for the Manufacturer

Figure 6 shows the results of a sensitivity analysis performed with different values
d and d for the percentage of savings on manufacturer inventory holding costs
performance indicator Y with the parameters set as defined in Sect. 4.1.

The performance measurement Y presented in Fig. 6 is defined in Eq. 17, where
IHCmanufacturer,VMI

* and IHCmanufacturer,non VMI
* represent the optimal manufacturer

inventory holding costs with and without VMI, respectively.

Y ¼
IHC�manufacturer; non VMI � IHC�manufacturer; VMI

IHC�manufacturer; non VMI

ð17Þ

Substituting terms defined in this article leads to the relationship in Eq. 18, as
shown in Appendix 3:

Fig. 5 Sensitivity of Z to
changes in d and d.
(C = 4000, c = 100,
c0 = 70)
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Y ¼ 1� 2dð Þffiffiffiffiffiffiffiffiffiffiffi
1� d
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d

g0 1þ d 2d� 1ð Þ½ �

s
ð18Þ

From the above equation, we can perform the same analysis with the previous
variables remaining constant, keeping ordering costs at the same levels as those of
previous cases.

After this analysis we can see that, in the selected scenario of a VMI system,
some values generate positive benefits for the manufacturer’s costs, and therefore a
d lower than 0.5 will return a positive value for the performance measurement
Y. This observation is also shown mathematically from the ratio of the described
variables. Furthermore, we performed a sensitivity analysis on the total cost of
placing orders for the manufacturer. In this case, we can show, following Eq. 11,
that the cost to the manufacturer is the same when placing an order with or without
VMI. Therefore, manufacturer total ordering costs are not affected by the imple-
mentation of our coordinated VMI scheme.

4.4 Savings in Buyer Ordering Costs

For the sensitivity analysis of the buyer’s ordering cost before and after imple-
menting VMI, we defined the percentage of savings in the implementation of a
VMI policy in the buyer’s order cost performance indicator (N), according to
Eq. 19, where OCbuyer,VMI

* and OCbuyer,non VMI
* represent the optimal buyer

ordering costs with and without VMI, respectively.

N ¼
OC�buyer;non VMI � OC�buyer;VMI

OC�buyer;non VMI

ð19Þ

Fig. 6 Sensitivity of Y to
changes in d and
d. (C = 4000, c = 100,
c0 = 70)
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Dividing these costs into their components and replacing the order quantities
from Eqs. 9 and 10, we obtained the expression presented in Eq. 20, as shown in
Appendix 3:

N ¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g dð2d� 1Þ þ 1½ �

g0

s
ð20Þ

Using the same defined cost levels, there are values for which the VMI
implementation process is not beneficial to the buyer, since the relationship d = r/P
generates outstanding profit at a decreasing rate for values greater than 0.5. In this
case, with the selected parameters shown in Sect. 4.1, negative percentages are
obtained for certain values of d = H/h greater than 0.7, as shown in Fig. 7.

4.5 Savings in Manufacturer Total Costs

For the sensitivity analysis of manufacturer’s total cost before and after imple-
menting VMI, we propose the performance measurement S, which is defined as the
percentage of savings in the implementation of the coordinated VMI policy on
manufacturer’s total costs. With the selected parameters shown in Sect. 4.1, S is
defined in Eq. 21 and represented in Fig. 8, where TCmanufacturer,VMI

* and TCman-

ufacturer,non VMI
* represent the optimal manufacturer total costs with and without

VMI, respectively.

S ¼
TC�manufacturer;non VMI � TC�manufacturer;VMI

TC�manufacturer;non VMI

ð21Þ

Substituting terms defined in this paper result in the relationship shown in
Eq. 22, as shown in Appendix 3:

Fig. 7 Sensitivity of N to
changes in d and
d. (C = 4000, c = 100,
c0 = 70)

264 F. Torres et al.



S ¼ ð1� 2dÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d

g0ð1� dÞð1þ dð2d� 1ÞÞ

s
ð22Þ

From Eq. 22, we can perform our sensitivity analysis for S with all previous
parameters remaining constant.

The analysis of manufacturer total costs is performed taking the first derivative
of the performance measurement S with respect to g0. The result is shown in
Eq. 23.

oS
og0
¼
ð�1þ 2dÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d

g0ð�1þdÞð1þdð2d�1ÞÞ

q

4g0
ð23Þ

We can show for this case that S grows as d[ 0.5 and decreases as d\ 0.5.

4.6 Savings in Buyer’s Total Costs

Our last sensitivity analysis corresponds to buyer’s total costs with and without
VMI. The performance measurement T is the percentage of savings in buyer total
costs resulting from the implementation of a coordinated VMI policy. T is defined
in Eq. 24, where TCbuyer,VMI

* and TCbuyer,non VMI
* represent the optimal buyer total

costs with and without VMI, respectively.

T ¼
TC�buyer; non VMI � TC�buyer;VMI

TC�buyer; non VMI

ð24Þ

Fig. 8 Sensitivity of S to
changes in d and
d (C = 4000, c = 100,
c0 = 70)
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Breaking these costs down into their components and replacing the order
quantities from Eqs. 9 and 10, we obtained the expression presented in Eq. 25, as
shown in Appendix 3:

T ¼ 1� 1
2

ffiffiffiffi
g

g0

r
2þ d 2d� 1ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d 2d� 1ð Þ
p

( )
ð25Þ

From the above equation, we can perform the same analysis with the previous
parameters remaining constant.

Figure 9 shows that a large set of values of d and d generate positive benefits
for the buyer in the VMI agreement, with the selected parameters shown in
Sect. 4.1. In addition, when d is near 0 and d is near 1, T is negative and strongly
decreases to �1. In addition, T is very responsive to changes in d and d when d is
near 1 and d is near 0 or 1.

From our analysis, we obtain the following findings:

• The potential effect of changes in the g and g0 values on the benefits to the buyer
in the VMI agreement could be evaluated by computing the first derivative of
T with respect to the parameters g and g0, as described in Eqs. 26 and 27. As a
result, T decreases when the parameter g (g = C/c) increases and increases
when the parameter g0 (g0 = C/c0) increases.

oT

og0
¼

g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
1þdð�1þ2dÞ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dð�1þ 2dÞ

ph i

4g02
ffiffiffi
g
g0

q [ 0 ð26Þ

oT

og
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þdð�1þ2dÞ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dð�1þ 2dÞ

p

4g0
ffiffiffi
g
g0

q \0 ð27Þ

Fig. 9 Sensitivity of T to
changes in d and
d (C = 4000, c = 100,
c0 = 70)
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• Savings from VMI implementation in supply chain total costs (V) decrease when
the parameter g (g = C/c) increases and increase when the parameter g0

(g0 = C/c0) increases, which is checked from the partial derivatives using
Eqs. 28 and 29.

oV

og
¼

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
2d�1þ1

d
1�dð Þg0

q	 


1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1
gd 1�dð Þ

qh i2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d 1� dð Þ

p � 1
2

g�3=2
� �

\0 ð28Þ

oV

og0
¼ � 1

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1
gd 1�dð Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d� 1þ 1

d

1� dð Þ

s
� 1

2
g�3=2

� �
[ 0 ð29Þ

• The percentage of savings in manufacturer inventory holding costs (Y) is ana-
lyzed from the partial derivatives with respect to g0 shown in Eq. 30.

oY

og0
¼
�1þ 2dð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d

1þ �1þ2dð Þd

q

2g�3=2 ffiffiffiffiffiffiffiffiffiffiffi
1� d
p ð30Þ

• In this case, values of the first derivative of Y with respect to g0 depend on
values of d, as shown in Eqs. 31 and 32.

oY

og0
\0 if 0\d\0; 5 ð31Þ

oY

og0
[ 0 if 0; 5\d\1 ð32Þ

• The performance measurement Z, related to buyer inventory holding costs, is
analyzed from the partial derivatives with respect to the parameters g and g0, in
Eqs. 33 and 34. In the same way, results show that Z decreases when the
parameter g (g = C/c) increases and increases when the parameter g0 (g0 = C/c0)
increases.

oZ

og0
¼

1
g0

h i3=2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�dþ2dd

g

q [ 0 ð33Þ

oZ

og
¼ �

ffiffiffi
1
g0

q

2g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�dþ2dd

g

q \0 ð34Þ

• From the partial derivatives of the percentage of savings in the implementation
of a VMI policy in buyer’s order cost performance indicator (N) with respect to
the parameters g and g0, represented in Eqs. 35 and 36, we deduce similarly that
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N decreases when the parameter g (g = C/c) increases and increases when the
parameter g0 (g0 = C/c0) increases.

oN

og
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d �1þ 2dð Þ

p

2
ffiffiffiffiffiffi
g0g
p \0 ð35Þ

oN

og0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g 1þ d �1þ 2dð Þð Þ

p

2g03=2
[ 0 ð36Þ

5 Conclusions

This article analyzes the performance of a supply chain under a coordinated
manufacturer–buyer VMI approach. The main contribution of the proposed model
is that it includes an explicit coordinated manufacturer–buyer VMI scheme related
to the manufacturer’s uptime and non-productive time. The model proposes syn-
chronization between the manufacturer’s and the buyer’s replenishment cycles.
The realistic manufacturer–buyer coordination scheme makes VMI logistics
implementation much easier, which is not the case in other related VMI approa-
ches. Our proposed synchronization scheme was modeled and optimized. Studying
the supply chain under ordering and holding cost optimization, mathematical
expressions were deduced for:

• Buyer and manufacturer lot sizes
• Inventory replenishment times
• Buyer and manufacturer average inventory levels
• Manufacturer uptimes
• Integer coordination constants
• Buyer and manufacturer total, holding and ordering costs

In conclusion, we have presented and developed a comprehensive model
showing an explicit manufacturer–buyer coordination mechanism for a VMI
implementation.

5.1 Managerial Implications

The objective of this study was to compare the behavior of the total supply chain
costs, individual buyer costs, and manufacturer costs in a synchronized VMI
implementation, according to a sensitivity analysis on the model parameters. We
have proposed different performance measurements to evaluate the benefits of our
coordinated scheme. The proposed performance measurements evaluate costs to
the manufacturer, buyer, and supply chain. Our analysis of the savings to total
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supply chain costs with the implementation of VMI has shown from the partial
derivatives of performance indicators that total savings increase at an increasing
rate in g0 = C/c0 (the ratio between manufacturer and buyer of ordering cost with
VMI) and decrease at an increasing rate in g = C/c (the ratio between the man-
ufacturer and buyer ordering cost without VMI). Furthermore, savings to total
buyer costs and buyer inventory holding and ordering costs with the implemen-
tation of VMI also increase at an increasing rate in g0 and decrease at an increasing
rate in g. When d = r/P (the ratio between demand and production rates) is lower
than 0.5, the savings to manufacturer inventory holding costs decrease at an
increasing rate in g0. When d is greater than 0.5, the savings to manufacturer
inventory holding costs increase at an increasing rate in g0.

Savings to the manufacturer’s inventory holding cost and to the total cost with
VMI implementation will be non-negative when d is lower than 0.5. In general,
our sensitivity analysis determined that there is a set of values for the levels of c,
c0, d, and d that generates non-negative benefits with the implementation of a VMI
system for both the manufacturer and buyer. Table 5 shows a summary of the set
of conditions that must satisfy all parameters to accomplish non-negative benefits
with the implementation of the VMI-coordinated approach for both the manu-
facturer and buyer. From a practical point of view, these results have clear man-
agerial implications and can explain the general buyer and manufacturer
expectations in the implementation of a coordinated VMI approach under different
supply chain conditions. The analysis presented in Table 5 shows that it is com-
pletely possible and realistic that both manufacturer and buyer obtain positive
benefits in VMI implementations using the proposed coordination scheme in a
win–win relationship. Our model shows that this can be accomplished by selecting
particular combinations of c, c0, d, and d parameters as shown in the last column of
Table 5. This finding differs from that in the literature. The main result of the study
is to show how manufacturer and buyer can both obtain profits under a coordinated
VMI implementation.

Table 5 Set of conditions to achieve non-negative benefits with the implementation of the VMI-
coordinated approach, according to the performance measurements for each agent

Performance
measurement

Cost Agent Agent obtains a non-negative
benefit from VMI implementation when

Z Inventory holding
cost

Buyer
d[ 1

2 or d\ 1
2

�
and dð2d� 1Þ[ c0�c

c

�

Y Inventory holding
cost

Manufacturer d\ 1
2

N Ordering cost Buyer
0\d\ 1

2 or 1
2 \d\
	

1 and dð2d� 1Þ\ c�c0

c0

�

M Ordering cost Manufacturer Equal with and without VMI
T Total cost Buyer ffiffiffi

c0
c

q
\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2dðd�1

2Þ
p

1þdðd�1
2Þ

S Total cost Manufacturer d\ 1
2

V Total cost Chain c
c0 [ dð2d� 1Þ þ 1
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A non-empty intersection of c, c0, d, and d values will give a general condition
need to achieve non-negative benefits to both the manufacturer and the buyer with
the implementation of VMI, when performance measurements T and S accomplish
the simultaneous settings shown in the last column of Table 5. In addition, we can
deduce two independent sufficient conditions required to achieve non-negative
benefits to the buyer’s inventory holding cost. These conditions are described by
the performance measurement Z in Table 5. The first one is associated with values
of d greater than 0.5, while the second corresponds to values of d lower than 0.5
with dð2d� 1Þ[ c0�c

c . In the same way, a non-negative benefit in the manufac-
turer’s inventory holding cost is described by the performance measurement Y and
is associated with values of d lower than 0.5. Also, there are two sets of values
for c, c0, d, and d that give non-negative benefits with the implementation of
VMI for the buyer’s ordering cost. These sets are described by 0\d\ 1

2 and

1
2 \d\
	

1 and dð2d� 1Þ\ c�c0

c0

�
. Finally, the whole supply chain will achieve

non-negative benefits from VMI implementation when c
c0 [ dð2d� 1Þ þ 1 .

From the models developed in this work, under our proposed manufacturer–
buyer synchronization scheme, it follows that the buyer’s optimal order quantity
under the VMI-coordinated approach is lower than that without VMI when
c0

c \dð2d� 1Þ þ 1, according to Appendix 4. This result differs from and com-
plements previous findings in the literature (Dong and Chu 2002; Choi et al. 2004;
Yao et al. 2007). In our approach, the buyer’s optimal order quantity under the
VMI-coordinated approach is not always lower than that without VMI. However,
Table 5 shows that it is even possible to select a combination of the parametersc,
c0, d, and d that generates non-negative cost benefits for buyer, manufacturer, and
the supply chain, with the buyer’s optimal order quantity lower under the VMI-
coordinated approach than that without VMI. From our models, we can show that
these conditions are accomplished when 0\d\ 1

2 and c0

c \dð2d� 1Þ þ 1, as
shown in Appendix 4.

6 Future Work

The next step in this research topic will be the extension of this type of analysis to
other models of supply chains with stochastic demands, including VMI, systems
formed by a manufacturer and multiple buyers, multi-product supply chains, and
delivery-time links between manufacturers and buyers, including transportation
costs.

We also expect that some real applications of this model to the industry will be
undertaken, possibly together with system simulations using specialized software.
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Appendix 1

To calculate the area under the curve for inventory levels of the manufacturer, the
geometry of the Fig. 2 is considered as follows:

First we analyzed the manufacturer’s inventory levels to obtain the equation for
the area under the curve:

AS ¼Pt
t

2
þ t

2
Pt � qþ 2Pt � qð Þ þ t

2
2Pt � 2qþ 3Pt � 2qð Þ

þ � � � þ t

2
L� 1½ �Pt � L� 1½ �qþ LPt � L� 1½ �qð Þ

þ ss

2
LPt � Lqþ k � L� 1½ �qð Þ þ t � ssð Þ k � L� 1½ �q

þ t k � L� 2½ �qþ k � L� 3½ �qþ � � � þ qð Þ þ PTs
Ts

2

ð37Þ

Figure 2 gives the average inventory level as follows:

IS ¼
Pt2

2

	 XL

i¼1
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XL�1

i¼1

i

 !
� qt

XL�1

i¼1
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2

þ k � L� 1ð Þq t � ssð Þ þ qt
Xk�L�2
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iþ P
T2

s

2
�=kt

ð38Þ

Replacing it with the relationships included in Eqs. 5 and 6, we can turn this
equation into:
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And finally:

IS ¼
q

2
�1þ 2r

P
þ k 1� r

P

� �� �
ð40Þ

Appendix 2

With VMI, the total costs of the system are:

TCVMI ¼ c0
r

q
þ h

q

2
þ C

r

Q
þ HIS

¼ c0
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q
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Taking the first derivative with respect to q and equaling to zero to minimize
TCVMI:

oTCVMI

oq
¼ 0 ¼ �c0
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q2
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Therefore:

q2
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And:

TCVMI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r c0 þ C
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� �	 
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Taking the first derivative of the last expression with respect to k and equaling
to zero to minimize TCVMI:

0 ¼ c0 þ C

k

� �
H 1� r
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� �
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As a result:
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Replacing the last expression in Eq. 41, we obtain:

q2
VMI ¼
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As a consequence:
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And:
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Appendix 3

The percentage of savings in total costs for the supply chain is defined according to
performance measurement V as:

V ¼ TC�NON VMI � TC�VMI

TC�NON VMI

¼ 1� TC�VMI

TC�NON VMI

Replacing:
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The percentage of savings in inventory holding cost for the buyer is defined
according to performance measurement Z as:

Z ¼
IHC�buyer; non VMI � IHC�buyer;VMI

IHC�buyer; non VMI

¼ 1�
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¼ 1�
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The percentage of savings in inventory holding cost for the manufacturer is
defined according to performance measurement Y as:

Y ¼
IHC�manufacturer;non VMI � IHC�manufacturer;VMI
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The percentage of savings in buyer ordering cost is defined according to per-
formance measurement N as:

N ¼
OC�buyer; non VMI � OC�buyer;VMI
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The percentage of savings in manufacturer total costs is defined according to
performance measurement S as:

S ¼
TC�manufacturer;non VMI � TC�manufacturer;VMI
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The percentage of savings in buyer’s total costs is defined according to per-
formance measurement T as:

T ¼
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Appendix 4

Given that:

qnon VMI ¼
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r
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Therefore, if qnon VMI
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Furthermore,
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