Chapter 4
Existence Theory of Swirling Flow

4.1 Leray’s Theory

We will consider the stochastic Navier—Stokes equation for the swirling flow (1.23),
see Sect. 1.4, in the next three sections. Similar results hold for the stochastic
Navier—Stokes equation (1.65) describing fully developed turbulence. However, to
emphasize that (1.23) and (1.65) are not the same equations we will set the coef-
ficients c¢; to ¢ = hi in (1.23) below. The ;s can then be large but decay with
increasing k. In this section we will first explain the probabilistic setting and prove
some a priori estimates.

We let (2,7 ,P), Q is a set (of events) and % a o-algebra on Q, denote a
probability space with P the probability measure of Brownian motion and .%; a
filtration generated by all the Brownian motions bf on [t,e0). If f:Q - Hisa
random variable, mapping  into a Hilbert space H, for example, H = L*(T?), then
L*(Q,.7 ,P;H) is a Hilbert space with norm:

1712y = EWF(@)R) = [ (@) BP(@0) = [ 1 fub(a),

where E denotes the expectation with respect to P and f4P denotes the pull back of
the measure P to H. A stochastic process f; in .2 = L*([0,T];L*(Q,.%,P;H)) has
the norm

2 g 2
1Al = [ E(f (@)

and f; has the following properties; see [51].
Definition 4.1.

1. f(t,0) : R x Q — R is measurable with respect to % x .# where % is the
o-algebra of the Borel sets on [0,), @ € Q.
2. f(t, ) is adapted to the filtration .%;.
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76 4 Existence Theory of Swirling Flow

E <./0Tf2(t,a))dt> < oo,

We are mostly interested in the Hilbert spaces H = H"(T>) = W(™2) that are the
Sobolev spaces based on L? with the Sobolev norm

lull7, = (1 = A2)"2ul3.

The corresponding norm on .%2 = L*([0, T]; L*(Q,.7 , P H™(T3))) is

T 1/2
Iz = | [ £l )ar

more information about Sobolev spaces can be found in [1]. We will abuse notation
slightly in this section by writing u instead of U; see Sect. 1.4. This is done for future
reference and an easier comparison with Leray’s classical estimates.

Let (-,-) denote the inner product on L?(T3). The following a priori estimates
provide the foundation of the probabilistic version of Leray’s theory.

Lemma 4.1. The L? norms |u|>(,t) and |Vul,(w,t) satisfy the identity

dlul3+2v|Vul3di =2 Y (u,h} ey dbf + Y Iyt (@.1)
k#0 k#0

and the bounds

u5(@,1) < [uf3(0)e *Ml’+22/ A G Pedbt (42)

k20

1_672V)L|l

—— Y I,

2\/11 k20
' 2 1 200 1/2 k, !
/|Vu|2(a),s)ds§ S ()~ [UP) + 5 2/ Gy Pe)dbt+ = 3 I,
0 v A= A=
(4.3)

where A is the smallest eigenvalue of —A with vanishing boundary conditions on

the box [0,1] and hy, = |h,i/2|2. U is the velocity vector from Sect. 1.4. The expecta-
tions of these norms are also bounded:

1 _ ZV)LII
E(ui)0) < E(uB(0)e 2+~ — S @4
1
£ ([ Wubo)s) < S IEWBO)-[0P+ 55 S @9
2v 2v 120
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Proof. The identity (4.1) follows from Leray’s theory and Ito’s lemma. We apply
Ito’s lemma to the L? norm of u squared:

du 1/2
d dezz/ = . udxdr+2 / -h,' “epdxdbF h/dxd, 4.6
Jolaax=2 [ G wasa w23, [ wcniPeteast+ S [ a9

where k € Z3 and h,t/ % £ R3. Now by use of the Navier-Stokes equation (1.21)

dlul3 = 2/3 VAu-u+ (—u-Vu+ VA~ (trace(Vu)?) - udxds
T

2y / u-hyepdxdbf + Y hyde
k207 T 20
= —2v|[Vuf3dr+2Y / w-hyPerdxdbf + Y yde
20/ T k20

since the divergent-free vector u is orthogonal both to the gradient VA~ (trace(Vu)?)
and u - Vu by the divergence theorem. Notice that the inner product (average) of u
and the stirring force f in (1.21) vanish, (i, f) =i- f =0, so f can be omitted in the
computation. The first term in the last expression is obtained by integration by parts.
This is the identity (4.1). The inequality (4.2) is obtained by applying Poincaré’s in-
equality

Mlul5 < |Vul3, 4.7)

where A, is the smallest eigenvalue of —A with vanishing boundary conditions on

the cube [0, 1]3.! By Poincaré’s inequality

dlul3 +2vA; [uf3de < d|ul3+2v|Vu|3ds

=2 (u,h)*e)dbf+ Y ydr.
k40 k40

Solving the inequality gives (4.2). Equation (4.3) is obtained by integrating (4.1)

! 1/2 X
2/0 (,h e dbt +1 Iy

!
30)+2v [ VuB(s)ds = luB(0) +2
0 k0 k#0

and dropping |u —U[5(¢) > 0, by use of (1.37).
Finally we take the expectations of (4.2) and (4.3) to obtain, respectively, (4.4)
and (4.5), using that the function (u, h,t/ 2ek> (w,1) is adapted to the filtration .%;.

The following amplification of Leray’s a priori estimates will play an important
role in the a priori estimates of the solution of the stochastic Navier—Stokes equation
below.

1 ' We should subtract the mean from u in Poincaré’s inequality because of the periodic boundary
conditions, but the mean just washes out in the estimates.
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Lemma 4.2. Letu 1 =u(x,t+ %) denote the translation of u in time by the number
28
1 .
35 Then the L* norms of the differences |u— “ﬁb(a”t) and |Vu—Vui|2(a),t)
satisfy the identity

_ 2 _ 23, _ 1/2 k_ gk
Al =y [542v|Vu = Vuy [3dt 2;40@ uy by “e)d(b; bt%) (4.8)
and the bounds

2 2 —2vA
|u—ui|2(w,t) < |M—“i|2(0)e v

- . 1/2
+2k;)/0 e 2Vl ”(u—uﬁ,hk/ ex)d(bf by, 1)

(4.9)
t 1
/O|Vu Vi h(@,s)ds < = fu—u [5(0)

1 ! 12
=z |y Peai=vt ) @10

where A is the smallest eigenvalue of —A with vanishing boundary conditions on
the box [0,1] and hy, = |h,i/2|2. The expectations of these norms are also bounded

E(ju—Vuy [3)(1) < E(ju—Vu, [3(0))e 2™ (4.11)
! 1
E (/0 |Vu—Vu213|%(s)ds> < EE(|M—VL£%|%(O)) (4.12)

by the expectations of the initial data of the differences.

The proof of this lemma is analogous to the proof of Lemma 4.1 and can be found
in[17].

Remark 4.1. Notice that in the notation of Sect. 1.4 |U — U |3 = |[u—u_ |3 because
2B 2B
the constant velocity U cancels out.

4.2 The A Priori Estimate of the Turbulent Solutions

The mechanism of the turbulence production are fast oscillations driving large tur-
bulent noise that was initially seeded by small white noise, as explained in the pre-
vious section. These fast oscillations are generated by the fast constant flow U = Uy,
where we have dropped the subscript 1, and the flow is rotating with amplitude A and
angular velocity €2. The frequency of these oscillations increases with U and A2.
The bigger U and AL are the more efficient this turbulence production mechanism
becomes.
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In this section we will establish an a priori estimate on the norm of the tur-
bulent solution that allows us to extend the local existence and uniqueness to the
whole real-time axis. Thus the a priori estimates suffice to give global existence and
uniqueness. We recall the oscillatory kernel (1.34) from Sect. 1.4:

2 h1/2 / — (A2 k227U k) (t—5)— 27riA(k2,k3)[sin(!)t+6)fsin(.(2s+9)]dbfek(x)' (4.13)
k#0
The imaginary part of the argument of the exponential creates oscillations and as U
and AQ become larger these oscillations become faster. We take advantage of this
mechanism to produce the a priori estimates.

Next lemma plays a key role in the proof of the useful estimate of the turbu-

lent solution. It is a version of the Riemann-Lebesgue lemma which captures the
averaging effect (mixing) of the oscillations.

Lemma 4.3. Let the Fourier transform in time be

= /Tw(s)efmri(klU+A(k2,k3)£2)sds7
Jo

where A(ky,k3) = Ay/k3 + k3 and w = w(k,1), k = (k1,k2,k3), is a vector with three

components. If T is an even integer multiple of m, then
W= #w, (4.14)
where
1 1 1 /s aw
#w_—{w(s)—w<s+ ﬂ :—/ ——dr
2 2[k1U+A(k27k3)Q] 2 S“rm ar
(4.15)
and #w satisfies the estimate
1 aw
# 4.16
S ST T Al k2] S Pl o) | 95 (4.16)

Proof. The proof is similar to the proof of the Riemann—Lebesgue lemma for the
Fourier transform in time, let B(k) = k U + A(ka, k3)€2:

w(k) = ./()Tw(s)efszsds

T
_/ W(S)672ﬂiB(sfi)ds
0

_/TW s—l—i o 27iBs g ¢
0 2B ’
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where we have used in the last step that w is a periodic function on the interval [0, T].
Taking the average of the first and the last expression we get

T — l/T w(s) s+ — ! e MBS — .
2 Jo 2B

1 1
|#w|=§’(w(s)—w(s+ﬁ>)’
<1/5+213 ow
—E.s or

ow
TS5 SUP L

I 9s

Now

<
- 4IBI
by the mean-value theorem.

Corollary 4.1. If T is not an even integer multiple of ﬁ = m, then

~ 1 /0 1 1
# _ 727TIBSd / 727TIBSd 4 17
v 2/4 (”23) St L P2 5, (417)
1
W] < [#w] +

2B
1

Proof. The proof is the same as of the lemma except for the step

where W satisfies the estimate

ess SUP|__L )T~ 7]

w(k)

T T

/ W(S)efszsds _ _/ W(s)eoniB(sfﬁ)ds

0 Jo

_ _/T (54— 1 e 27riBsds_/O s 1 o 27iBs g g
2B " 2B

+/ (H— ) —2miBs g

The lemma allows us to estimate the Fourier transform (in ¢) of w in terms of the time
derivative of w, with a gain of (k;U +A(ky,k3)Q)~". Below we will use it in an esti-
mate showing that the limit of #w is zero when |B(k)| = |(kiU + A(kz,k3) Q)| — oo.

Lemma 4.4. The integral

/ t(27r|k|)”e*(4”2V\k\2+2ﬂi[3(k)(t*S)Jrg])ds,
0
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where B(k) = kiU + A(ky, k3)Q, is bounded by

p

!
(27)? / |k[Pe4m VI (=) g5 < € 414 (4.19)
Jo
for 0 < p <2, where C is a constant. In particular,
/ ’ (e I 2B gy < ¢ 618, (4.20)

Proof. We estimate the integral
TP dmVIk (1—s) TP am2VIkr
/|k|”e ‘ds:/ Ik|Pe dr
0 0

4 t

p D

< (_p )237”/ rifdr:CtlJf,
0

— \4r2
where
_ 1 Jp
C 2\ or

is the value of k where the integrand achieves its maximum.

The rotation can resonate with the uniform (linear) flow due to the nonlinearities
in the Navier—Stokes equation. The following lemma restricts the values of velocity
coefficients so that no resonance occurs.

Lemma 4.5. Suppose that for ky < 0 and —”I‘(,?:‘rl% # 0 or oo, the constants U, A, and

Q satisfy the non-resonance condition

/K2 + k3
v 275, C 4.21)

AQ + ki - |k1|r’

where C is a constant and O < r < 1; then for all k = (ky,ky,ky) # 0,

\Uky +AQ\/k3 + k3| #0 (4.22)

and

‘ kl‘iglw |Uky +AQ\/k3 + k3| = . (4.23)

Moreover,

|Uki +AQ\/k3 + k3| > B=min(U,AQ,CAQ). (4.24)
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Proof. 1f ky > 1, then

‘UkH—A.Q B+K| = Ulk|+AQ\ /B 4+ >0

50 (4.22) and (4.23) hold. If k; < 0, then by (4.21)

‘Ukl +AQ\/B+K| > C QA" >0

and

lim
|| oo

Uki +AQ\ /K3 + k3| > C QA li‘m k|17 = oo
ky|—roo

|1

if |k1| — oo. If on the other hand |k | < oo when |k| — oo then (4.23) also holds. When
k1 =0, (4.22) and (4.23) are obvious and also if k; = k3 = 0.
The lower bound (4.24) is read of

‘Ukl +AQ\ /K5 +K3

when k; > 1. Then it is either U or AQ. When k| = 0 then it is AQ2 and by (4.21),
when k| < —1, it is greater than or equal CAQ.

The next question to ask is in which space do the turbulent solutions live? This
was pointed out by Onsager in 1945 [53]. He pointed out that if the solutions satisfy
the Kolmogorov scaling down to the smallest scales, they must be Holder continuous
function with Holder exponent 1/3. In three dimensions this means that they live in

11
the Sobolev space H 6 ¢ based on L?(T?).
If % is a rational number let %+ denote any real number s > %.

Theorem 4.1. Let the velocity U = U, of the mean flow and the product AS2 of the
amplitude A and the frequency €2 of the rotation be sufficiently large, in the uni-
form rotating flow (1.19), with U, AQ also satisfying the non-resonance conditions
(4.22] ). Then the solution of the integral equation (1.32) is uniformly bounded in
le +

6

1o\ w30+ @alk s c
esssunco Bl )0 < (1-¢ (400 ) L;) A O I S|
(4.25)

where B=min(|U|,AQ,CAQ) is large, § small, and C and C' are constants.

Corollary 4.2 (Onsager’s Observation). The solutions of the integral equation
(1.32) are Holder continuous with exponent 1/3.
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Remark 4.2. The estimate (4.25) provides the answer to the question we posed in
Sect. 1.4 how fast the coefficients h,i/ ? had to decay in Fourier space. They have to

+ +
decay sufficiently fast for the expectation of the H % = w(& 2 Sobolev norm of
the initial function ug, to be finite. This expectation appear on the right-hand side of
(4.25). In other words the . 121 , norm of the initial function ug has to be finite.

6

The proof of the theorem involves long estimates and can be found in [17]. An
outline of the proof is given in Appendix A.
We consider the integral equation

uet) =Y [hli/z Ak / " o= A2V k4 2B (0] (1 —s) 2 (ki .5)
k£0 0

(u Vu+ —— o |k|2 (tr(Vu)2)> (k,s)ds} ex(x),
where B(k) = Uk + A(ka, k3)Q.

Lemma 4.6. The initial condition (u —u & )(0) satisfies the estimate
B

Ju—uy Boy<2Y 4’ P+

Cc
20 0 |B(k)|zeSS SUPe0, % ||"‘||11+- (4.26)
J

Proof. We use the integral equation

12
M—uﬁ;_Z[/(Ak Akl)

k#0

_ (/t [4n2vk2+2mB(k)](zs)2mg(k,z,s)>
Va2
( 2 |k|2 ——— (tr(Vu) )) (k,s)ds

e
/ B APV k2 2miB(K)] (t+ g5 —5)—27ig(kt+ 25 .5)

(u Vu+—— = |k|2 (tr(Vu)Z)) (k,s)ds} ex(x),
where B(k) = Uk +A(ka,k3)Q. Att =0,

=y F(0) = uy [F(0) =2 3 by, [+

—C ess sup, o 1 /|3
u I 3]
J#0 |B(K)[* <l02g Y

by the same estimates as above.
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Lemma 4.7. The identity (4.1) in Lemma 4.1 can be modified for a > 0
d(e" |ul3) +2ve" ™ |Vul3dt = vae"™ [u3di +2¢"" ¥ (u, by *e;)dbk +e" Y Iy

k#0 k#0
4.27)

and produces the estimates

aefzvllt t 12
) < ) (e + Fmms 2 3 [ )b
a— 1

iZ0/0
(4.28)
+22/ —va(t—s / —2vA;(s— r< ]lc/zek>dbkds+1 < 1 ) th
k£0 i
and
) 1 aefzv?qt
,Va(tfs) 2 < 2 _ 2 —Vvat -
/o e [Vul3(s)ds < 2v(|u|z(0) UF) (e * (a—27u)>
1 L vali—
+;k§6/0 o valt s)<u hi/zek>db§ (4.29)
+lz/te—va(tfs) /Se*ZVll(S*’)<u7h]1€/zek>dblr{ds
V700 0
1 ( )
+=— > I,
2v2 20 k£0

where A is the smallest eigenvalue of —A with vanishing boundary conditions on
the box [0,1]3 and hy = |}/ .

Proof. We multiply the identity (4.1) in Lemma 4.1 by "% to get (4.27). Then
integration gives the equality

1 t
3 (1) +2v / & Val=9) V|3 (5)ds = |u3(0)e ™ + va / & val=) 3 (5)ds
JO 0
+22/ 7Val s) I/lh/ >dbk

k£0
(1 _ efva(t s)

va

+

'S h

k#0

Now substituting the estimate (4.2), from Lemma 4.1, for |u|% on the right-hand side
gives the two inequalities (4.28) and (4.29) as in Lemma 4.1.
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Lemma 4.8. The functions H,K, and L in the proof of Theorem 4.1 satisfy the
estimate
C c

|B(k)|2E(eSS SUp, o, L |\u|\”+)—|—§ (4.30)

E(H+K+L) <

with B=min(U,AQ,CAQ).

The proof of the lemma involves long formulas for H, K, and L and can be found
in [17].

Remark 4.3. Corollary 4.2 is the resolution of a famous question in turbulence, for
the swirling flows: Is turbulence always caused by the blow up of the velocity u? The
answer according to Theorem 4.1 is no; the solutions are not singular. However, they
are not smooth either, contrary to the belief, stemming from Leray’s theory [42], that
if solutions are not singular then they are smooth. By Corollary 4.2 the solutions are
Holder continuous with exponent 1/3 in three dimensions. This confirms an obser-
vation made by Onsager [54] in 1945. In particular the gradient Vu and vorticity
V X u are not continuous in general as discussed in Sect. 3.7.

Remark 4.4. U and A2 do not have to be made very large for the estimate (4.25) to
be satisfied, because B(k) — oo as |k| — o=. How big U and AQ have to be for (4.25)
to hold is probably best answered by a numerical simulation.

We can now prove that ess sup; (g .., [|u( 2 w is bounded with probability close

to one.

Lemma 4.9. For all € > 0 there exists an R such that
P(ess sup;eg o) [lu(t )Hi+ <R)>1-¢. 4.31)
6
Proof. By Chebyshev’s inequality and the estimate (4.25) we get that
2 C
]P(esssupze H ()”%+ ZR)<I_2<8

for R sufficiently large.

4.3 Existence Theory of the Stochastic Navier—Stokes Equation

In this section we prove the existence of the turbulent solutions of the initial value
problem (1.23). The following theorem states the existence of turbulent solutions
in three dimensions. First we write the initial value problem (1.23) as the integral
equation (4.32)
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1

u(x,t) = up(x,1) — / KU s [u- Vi — VA 'tr(Vu)?ds. (4.32)
0

Here X’ is the oscillatory heat kernel (1.33) and

=y h;i/zAffk(x)

k40

the AXs being the oscillatory Ornstein—Uhlenbeck-type processes from (1.34).

Theorem 4.2. If the uniform flow U and product of the amplitude and frequency
AQ, of the rotation, are sufficiently large, B = min(|U|,AQ,CAQ), J is small and
the non-resonance conditions (4.21) are satisfied, so that the a priori bound (4.25)
holds, then the integral equation (4.32) has unique global solution u(x,t) in the
+
space C([0,00); L (Q,ﬂ",]P’;H%1 )), u is adapted to the filtration generated by the
stochastic process
xt) =3 h,i/zAfek
k0

and

1 o\ e 30+@rk)y )
e )= (-e (o)) l?w“
(4.33)

This theorem is a standard application of the contraction mapping principle to prove
global existence and uniqueness. Then the unique local solution is extended to the
whole positive time axis by use of the a priori bound (4.25). A detailed proof can be
found in [17].

We now add the initial condition u(x,0) = u°(x), with mean zero, to the integral
equation (4.32).
Theorem 4.3. If the uniform flow U and the product of the amplitude AS2 and fre-
quency of the rotation, B= min(|U|,AQ,CAQ), are sufficiently large, & small, and
the non-resonance conditions (4.21) are satisfied, so that the a priori bound (4.25)
holds, then the integral equation

1
u(x,r) = eX s u®(x) + ug (x,1) — / KU s (u-Vu— VA (Vu)?) ds,  (4.34)
0

where e is the oscillating kernel in (1.33), has unique global solution u(x,t) in the
+
space C([0,c0); L? (.(.2,3‘\,]ID;HL6l )), u is adapted to the filtration generated by the
stochastic process
= z h,l(/zAfek
k20
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and

' 1o\ (1+Q@ak)s )
E(/O [k +dS) S( C(ﬁ+5° )) L;)MQ—thJrE .
(4.35)

The proof of the theorem is exactly the same as the proof of Theorem 4.2 once the
a priori bound (4.25) is established. A proof can be found in [17].

Corollary 4.3. For any initial data u® € L>(T3), the L* space with mean zero, and
any to > 0, there exists a mean flow U, an amplitude and angular velocity AQ, and

8 small, such that (4.34) has a unique solution in C([ty,); L*(Q, Q,P;H%ﬁ)).
Proof. Fort > 0, ek xu®(x) is smooth. Now apply Theorem 4.3.

Next we prove a Gronwall estimate that can be use to prove local (in #) stability
and irreducibility; see [17].

Lemma 4.10. Ler u be a solution of (4.32) with an initial function ug(x,t) =
Yk40 h,i/zAfek and initial condition u° (x) and y a solution of

yi+U-Vy=vAy—y-Vy+ VA~ ltr(Vy)2 + f (4.36)

with initial condition y°(x), then

1/2
/Akek Kr*f||11+

| y“11+() [3”” -y ||21++3||2h
k#0
Co f5 0 1+ H21++H>H“+)

+8%Cyess SUPsefr— 6t(||”||11++“y“11+)] )

4.37)

where Cy and C, are constants and 8 can be made arbitrarily small. The Afs are
the oscillatory Ornstein—-Uhlenbeck-type processes (1.35) and eX is the oscillatory
kernelin (1.33).

Proof. We subtract the integral equation for y from that of u:

u=u’+ Y h,i/zAfek +eK s (—u-Vu+ VA 'tr(Vu)?),
k£0

y =0+ ek« freki« (—y-Vy+ VAfltr(Vy)z).

Thus

1/2
| — yllm() Blu’—y Hn++3||2h/A"€k—e *an+
k#0

+3HeKt ( WVM—yVW+VA trva V"V)||ll+]
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where w = u —y and o = u+y. Now the same estimates as in Theorem 4.1 give

2 0 012 1/2 k 2
e —y)20 () < 30 =013 0 4+ 3 S P Aker — K 2
g 6 k0 6

2 2 2
+C167ess Supse[t—S,t](H”H%+ + Hy||%+)

t—4
o [+ B+ 51, =1 s

Then Gronwall’s inequality gives (4.37).
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