Chapter 6

Above four dimensions

6.1 Overview of the results

The lace expansion has been used to resolve many of the issues concerning
the self-avoiding walk in five or more dimensions. Proving convergence of
the lace expansion for d = 5 involves a myriad of major technical difficulties,
due to the fact that the best bound on the small parameter responsible for
convergence of the expansion, namely ||H,_||3 = B(z.)—1, is 0.493. However
many of these technical difficulties are not present if the small parameter
can be taken to be arbitrarily small, and it is in the context of an arbitrarily
small parameter that the proof becomes most transparent. For this reason,
in this chapter we give the proof of convergence of the lace expansion and
its consequences for the critical behaviour in two contexts: for the nearest-
neighbour model with large d, and for the “spread-out” self-avoiding walk
with steps (z,y) satisfying 0 < [|2 — y||c < L, for d > 4 and large L.

For each of these two models we will use Q to denote the coordination
number, i.e. 2 = 2d for the nearest-neighbour model and Q@ = (2L +1)4 -1
for the spread-out model. It will be shown that in either case the behaviour
of ||H.,_||3 is governed by the contribution to the corresponding ordinary
random walk critical (z = ~!) bubble diagram due to the Q terms in
which two single step walks end at the same site, i.e. 2/Q2 = Q~!. Hence
the small parameter can be made arbitrarily small by increasing Q.

In the remainder of this section we summarize the results that will be
obtained in this chapter. We discuss both the nearest-neighbour model and
the spread-out model simultaneously, combining the statements that d is
sufficiently large for the nearest-neighbour model, and L is sufficiently large
for the spread-out model, into the single statement that Q is sufficiently
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172 CHAPTER 6. ABOVE FOUR DIMENSIONS

large. We emphasize that all of the results stated in this section, with the
exception of Theorem 6.1.3, have been proven in Hara and Slade (1992a,b)
for the nearest-neighbour model for d > 5.

Asymptotic formulas for ¢, and the mean-square displacement are given
in the following theorem, whose proof can be found in Section 6.4.2.

Theorem 6.1.1 There is an Qo such thal for Q > Qo there are positive
A, D such that the following hold (assuming d > 4 for the spread-out model).

(a) en = Ap™[1 + O(n~¢)] as n — oo, for-any € < min{(d — 4)/2,1}.
(b) (Jw(n)|?) = Dn[l +O(n=¢)] as n — oo, for any € < min{(d —4)/4,1}.

Remark. Bounds on the constants A and D will be given in Section 6.2.3.
In particular, for the nearest-neighbour model in high dimensions D is
strictly greater than one, indicating that the self-avoiding walk does move
away from the origin more quickly than ordinary random walk, although
only at the level of the diffusion constant. For the nearest-neighbour model
in five dimensions the current best bounds are given in Hara and Slade
(1992b) to be 1 < A < 1.493 and 1.098 < D < 1.803.

A corollary of (@) is that lim, oo cnt1/¢n = p [cf. Equation (7.1.4)].
This is believed to be true in all dimensions, but remains unproved for
d = 2,3,4. Theorem 6.1.1 is proven via a Tauberian-type theorem, after
first controlling the susceptibility and correlation length of order two. The
results for x and €, are stated in the next theorem, which is proved in

Section 6.2.3. [The notation f(z) ~ g(z) means lim, »,_ f(2)/g(z) = 1.]

Theorem 6.1.2 There is an Qg such that for Q > Qo (assuming d > 4 for

the spread-out model)
Az,
zc -2

x(z) ~

and

1/2
&2(2) ~ (zCD—z-cz) ’

where the constants A, D are the same as in Theorem 6.1.1.

For ¢, (0, z) we will prove the following theorem, which gives the hyper-
scaling inequality a,ing — 2 < —d/2. In fact this inequality is believed to
be an equality; see Section 2.1. Theorem 6.1.3 is the only result stated in
this section which has not been proved for the nearest-neighbour model for
all d > 5.
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Theorem 6.1.3 There is an Qo such that for Q > Qo (assuming d > 4 for
the spread-out model) there is a constant B such that

sup ¢n(0,2) < Butn=4/2,

r€Z4

This theorem is proved in Section 6.8. An immediate consequence of Theo-
rem 6.1.3 is the following result, which is a weaker version of the statement
that a,ing — 2 < —d/2. This weaker statement has been proven for the
nearest-neighbour model for all d > 5; we comment briefly on the method
of proof in the Notes for this chapter.

Corollary 6.1.4 There is an Qo such that for Q > Qo (assuming d > 4
for the spread-out model)

[o.e]
sup Z n%e,(0,2)p™" < 00
€24, -9

for any a < (d - 2)/2.

For the correlation length £(2) = 1/m(z) [see (1.3.15)] we have the
following result, which is proved in Section 6.5.1.

Theorem 6.1.5 There is an Qo such that for Q@ > o (assuming d > 4 for

the spread-out model)
D 2 \M?
6(Z)NV—2—d<zc—z> ’

with the same constant D as in Theorem 6.1.1.

By Theorems 6.1.1, 6.1.2 and 6.1.5, the length scales defined by the mean
square displacement, the correlation length of order two, and the correlation
length are as expected all governed by the same critical exponent v = 1/2.
Using Theorem 6.1.5 it can be shown that the renormalized coupling
constant g(z) of (1.4.22) obeys
9(2) = (2e = 2) 4D asz /2, (6.1.1)
for the spread-out model with Q sufficiently large and for the nearest-
neighbour model for d > 6. Unfortunately (6.1.1) remains unproven for
d = 5. Further details are given in the Remark under Theorem 1.5.5.
The results for the critical two-point function are stronger in k-space
than in z-space, and are summarized in the following theorem, whose proof
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can be found in Section 6.5.2. The upper bound on G,_(0, z) in the theorem,
for p < (d — 2)/2, follows immediately from Corollary 6.1.4 and the fact
that |2|P¢,(0,2) < nPen(0, 2). The k-space result provides a strong infrared
bound.

Theorem 6.1.6 There is an Qo such that for Q@ > Qg (assuming d > 4
for the spread-out model) the following hold. For any p salisfying p <
(d=2)/2 or p <2, there is a constant C(p) such that for all z, G,,(0,2) <
C(p)|z|~P. There is a positive constant such that the Fourier transform
satisfies G, (k) = const.[k? + O(k**¢))~1 as k — 0, for any € < min{(d —
4)/2,1}. In addition, there is a positive constant such that 0 < G, (k) <
const.k=2 for all k € [—m, 7]4.

Corollary 6.1.7 There is an Qg such that for Q > Qo (assuming d > 4
for the spread-out model)
m(z;) = 0.

Proof. The bound on G, (k) of Theorem 6.1.6 implies that the criti-
cal bubble diagram B(z.) = (27)~¢ f[_,, )4 G, (k)2d% is finite (see Sec-
tion 1.5). It then follows from Theorem 4.1.6 that m(z.) = 0. 0

To discuss the scaling limit, we first introduce some notation. Let
C.[0, 1] denote the continuous R4-valued functions on [0, 1], equipped with
the supremum norm. Given an n-step self-avoiding walk w, we define
Xn € C4[0,1] by setting Xn(k/n) = (Dn)~12w(k) for k = 0,1,2,...,n,
and taking X, (t) to be the linear interpolation of this. We denote by dW
the Wiener measure on Cy4[0,1]. Expectation with respect to the uniform
measure on the n-step self-avoiding walks is denoted by (-)». The following
theorem is proved in Section 6.6.

Theorem 6.1.8 There is an Qg such that for @ > Qo (assuming d > 4 for
the spread-out model), the scaled self-avoiding walk converges in distribution
to Brownian motion. In other words for any bounded continuous function

f on C4[0,1],
Jim (f(Xn))a = [ faw.
The next result concerns the existence of a measure on infinitely long

self-avoiding walks. We defer the precise definition of this measure until
Section 6.7, where the following theorem will be proved.
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Theorem 6.1.9 There is an Qg such that for Q > Qg (assuming d > 4 for
the spread-out model) the infinite self-avoiding walk ezists.

The key ingredient in the proofs of the above theorems is the conver-
gence of the lace expansion, which is proved in the next section.

6.2 Convergence of the lace expansion

This section is divided into three parts. The first part proves a lemma
which encapsulates the basic structure of the proof of convergence of the
lace expansion, and also gives a number of properties of simple random
walk which will be needed in the convergence proof. The second part gives
the proof of convergence of the lace expansion, and states a number of
consequences. The last part gives the proof of Theorem 6.1.2, i.e. existence
of and mean-field values for the critical exponents for the susceptibility and
the correlation length of order two.

6.2.1 Preliminaries

The following elementary lemma will be used to prove convergence of the
lace expansion. It states that under an appropriate continuity assumption,
if a set of inequalities implies a stronger set of inequalities, then in fact the
stronger inequalities must hold.

Lemma 6.2.1 Let fy,..., f, be nonnegative functions defined on the in-
terval [0,py), and let po € [0,p1) and a < 1 be given. Suppose that

1. f; is continuous on the interval [0,py), fori=1,...,n,
2 filp)<afor0<p<po, fori=1l,...n,

3. for each p € [po,p1), if fi(p) < 1 for alli = 1,...,n, then in fact
fi(p) < a foralli=1,...,n. (In other words a set of inequalities
implies a stronger set of inequalities.)

Then fi(p) < a forallp€[0,p1) and alli=1,...,n.

Proof. Define fina:(p) = maxici<a fi(p). By the second assumption, it
suffices to show that fma-(p) < a for p € [po,p1). By the third assump-
tion fmaz(p)€(a,1] for all p € [po,p1). By the first assumption frmaz(p) is
continuous in p € [0,p1). Since fmaz(po) < a by the second assumption,
the above two facts imply that fp,.-(p) cannot enter the forbidden interval
(a, 1) when p € [po, p1) and hence frnaz(p) < a for all p € [0, p1). )
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Before defining the functions f; that we will use, we need to introduce
two models of ordinary random walk corresponding to the two models of
self-avoiding walk discussed in the previous section. For the usual nearest-
neighbour simple random walk we denote the coordination number by Q =
2d, and also use 2 to denote the set of sites which are nearest neighbours
of the origin. The critical (z = 22~1) two-point function for this model is
shown in (A.8) to be given by

—ik-2x ddk
C(O) 0,1‘ ———/ ——e—.————, 6.21
( ) [-m,7]d 1- Do(k‘) (2W)d ( )
where .
i 1 1k- — -
Do(k) = 5 D ek T=d-1Y " cosky. (6.2.2)
€N p=1

Let L > 1 be an integer. For the ordinary “spread-out” random walk in
Z¢ whose steps (z,y) satisfy 0 < ||z — y|]oo < L, we will use Q to denote
the set of 2 € Z4 with 0 < ||z||c < L, and also write  for the cardinality
of this set, i.e. @ = (2L 4+ 1)? — 1. For z € Z9, let C(L)(0,z) denote the
critical spread-out ordinary random walk two-point function. This is given
in (A.8) by

c)(0, ) _/ _etr  dlk (6.2.3)
) (eraje 1 — DL(’C) (2”)4’ 2.
where ) 1
D (k) = 3 Ze"’" =3 Zcos(lc -z). (6.2.4)
TEN z€N

We write simply C(0,z) and ﬁ(k) when we wish to discuss both the
spread-out and nearest-neighbour models simultaneously. The following
lemma is a combination of the statements of Lemmas A.3 and A.5, in
which some bounds have been degraded for a unified statement.

Lemma 6.2.2 For anyd > 1 there is an Qg such that for any k € [, 7)?
and Q> Qp,
k2

For any d > 1 there is an Qg such that for all Q > Qg
sup n?/2||D"||; < 0. (6.2.6)
n>0

Let s denote a fized small positive number for the spread-out model, and
let s = 0 for the nearest-neighbour model. There is a K such that for all



6.2. CONVERGENCE OF THE LACE EXPANSION 177

Q0 (assuming d > 4 for the spread-out model and d > 5 for the nearest-
neighbour model)

R :
N3 -1= HlTlB TS KQ ', (6.2.7)
2 2 A
__a_l_‘z__ (B“Q)z < KQ-1+s+2/d (628)
[L-bp||, " "||lit-Dp||,

(the 2/d in the exponent can be omilled for the nearesi-neighbour model).
The above norms are all LP norms on [—m,n]¢ with measure (27)~4d%k.
The constant K depends on the dimension (bul not on L) for the spread-
out model, and is a universal constant for the nearest-neighbour model.

In the following we will maintain the convention that K and 2y depend
on the dimension when a statement is applied to the spread-out model, but
are universal constants when the same statement is applied to the nearest-
neighbour model.

6.2.2 The convergence proof

To prove convergence of the lace expansion, we will use Lemma 6.2.1 with
n=2p =01 p=2,a=2/3,

|| Hpll3
JKQ-T+s

with K the constant of Lemma 6.2.2. Here s is as in the statement of
Lemma 6.2.2, and the 2/d can be omitted from the exponent in the defini-
tion of f, for the nearest-neighbour model.

The following three results confirm that the hypotheses of Lemma 6.2.1
are satisfied, either for the nearest-neighbour model in sufficiently high di-
mensions, or for the spread-out model in more than four dimensions with
Q sufficiently large. It will then follow from the lemma that ||H,||3 and
l122Gplleo are both small (for large Q) uniformly in p € [0,2;). This
will give good bounds on the lace expansion, when combined with The-
orem 5.4.4.

For simplicity we deal explicitly only with the strictly self-avoiding walk,
although the results of this section also hold for all finite memories 2 < 7 <
00, subject to the replacement of z. by the finite memory critical point
z.(0;7). In particular, the constants of Corollaries 6.2.6 and 6.2.7 and
Theorem 6.2.9 are independent of 7. Finite memory is used only to prove
the bound on ¢, (0, ) of Theorem 6.1.3.

” zzGP“oo
3KQ-1+s+2/d’

filp) = and fo(p) = (6.2.9)
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Lemma 6.2.3 The above functions fi and fo are continuous on the inter-
val [0, 2.).

Proof. We begin with f;. Since the subcritical two-point function decays
exponentially by (1.3.14), ||Hp||3 is finite for p < z,. This norm can be
rewritten as a power series in p with positive coefficients, which therefore
must have radius of convergence at least z,. Hence it is continuous in
PE [0, 2'c:)-

For fy, we fix r € [0, 2.). Arguing as in the derivation of (1.3.14), there
is a constant M, depending on r but not on z, such that for any p € [0, r]
and any z,

%zsz(O,a:) <M. (6.2.10)
Hence for p; < ps < r we have

0 < falp2) — fa(pr)
< BK)T'Q-=Hdsup 22[G,,(0,2) — Gy, (0, )]

< (BK)TIQ1M (py - py).

This implies continuity of f, for p < r, and hence for p < 2, since » is
arbitrary. (]

Lemma 6.2.4 Forpe€ [0,Q7Y], fi(p) <1/3 fori=1,2.

Proof. For p € [0,271], G,(0,2) < G1/a(0, z). Since in general the self-
avoiding walk two-point function is bounded above by the ordinary random
walk two-point function having the same activity, G5(0, 2) < G/a(0,2) <
C(O»x)' Now Hp(va) = Gp(oix)—éo,z" SO “Hp”% = ”G'P”%_'1 S ”C”§—
Hence by the Parseval relation ||Hp||3 < ||C]|3 — 1, and the desired bound
on f; follows from (6.2.7). For f; we use the Fourier transform to write

dik
—_ ~-ik.
22G,(0,2) < 220(0,2) = — /_,,,4‘92 (e~
2 ) )2 d
= -/ 9uD + 2(6"9) emiks 4 kd (6.2.11)
oed |[(1=D)?2  (1-D)3 (2m)
The desired bound then follows from (6.:2.8). o

This leaves the last and most substantial assumption of Lemma 6.2.1
to be shown. The following result confirms that the final hypothesis of
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Lemma 6.2.1 is satisfied for fi and f, of (6.2.9), i.e. that for each p €
[Q-1, z.), if fi(p) <1 (i=1,2) then in fact f;(p) < 2/3 (i =1,2).

Remark. The next theorem states that a pair of inequalities implies
a stronger pair. In conjunction with Lemmas 6.2.1, 6.2.3 and 6.2.4, this
means that in fact the stronger pair of inequalities holds. Hence the weaker
inequalities also hold, and any consequences of the weaker inequalities used
in the course of the proof [such as the infrared bound (6.2.19)] will have
been shown to hold, once the theorem is proved.

Theorem 6.2.5 There is an Qq such that for Q > Qo (with d > 4 for the
spread-out model) the following implication holds. For any p € [Q71, z.), if

|Hp|l3 < 3KQ™1+* and || 22G, |l < 3KQ™1H42/4 (6.2.12)
then in fact
[1Hpll3 < 2KQ™'** and || 22G)||oo < 2KQ™1H242/4, (6.2.13)

Here s is as in the stalement of Lemma 6.2.2, and the 2/d in the exponent
in the bound on ||22Gy||eo can be omilted for the nearest-neighbour model.

Proof. We assume the weaker pair of bounds, and prove the stronger pair.
For the proof we will work with Fourier transforms. As will be described
in more detail below [in the paragraph containing (6.2.27)], the assumed
bounds (6.2.12), together with Theorem 5.4.4, imply (absolute) convergence
of the lace expansion. Hence by (5.2.18),

Fy(k) = Gp(k)~! = 1 = pQD(k) — 1T, (k). (6.2.14)

Since F,(0) = x(p)~! > 0 for p < 2, it follows by adding and subtracting
F,(0) to F,(k) that for p > Q1

Fok) = Fy(0)+p0f1 = D)+ T,(0) - ,(8)

> [t - D)+ [f1,(0) - (k)] (6.2.15)
The basic idea of the proof is that the assumed bounds imply that the
second term on the right side is a small perturbation of the first, which in
turn implies that G, = 1/F,(k) is bounded above by a small perturbation
of its ordinary random walk counterpart, and hence by Lemma 6.2.2 the
improved bounds hold.
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We now bound the difference I1,(0) — IT,(k), using Theorem 5.4.4. It
follows from (5.4.1), (5.2.16), symmetry, and (5.4.21) that

M,(0) -~ Mlp(k) > [TI§%+1(0) — TG +1(k))

v

j=1
d
-2 (1 =cosk)llz3Hplloo
pu=1
w . .
x S G+ DAIHAEFNGIE . (6.2.16)
ji=1 )

For the norm ||Gp||2, we note that by definition Hp(0,z) = G5(0,2) — 6oz,
and hence using (6.2.12) we have

G,l13 = [1Hpl13 +1 < 2 (6.2.17)

for sufficiently large Q. The right side of (6.2.16) is dominated for large Q2
by the j = 1 term, and hence by (6.2.5) and (6.2.12) we have

1, (0) - M, (k) > —=K1Q7%[1 - D(k)], (6.2.18)

where u = 3/2 for the nearest-neighbour model and u = 5/2 — 5s/2 — 2/d
for the spread-out model, and K is a constant which is independent of L
for the spread-out model and independent of d for the nearest-neighbour
model. We will use K; as a “variable constant” in what follows, to denote
various constants which are independent of L or d as in (6.2.18) and whose
precise values are irrelevant. Substituting (6.2.18) into (6.2.15) gives the

infrared bound R )
Fo(k) > [1 - K1Q7¥)[1 = D(k)). (6.2.19)

We are now in a position to obtain the improved bound on ||H,||3. By
the Parseval relation and (6.2.17),

||Hp”% = ”Gp”% -1,

where the norm on the right side denotes the L? norm on [—, 7]¢ with
measure (27)~4d%. Hence by (6.2.19) we have

2
1
e = || 4| -1 (6.2.20)
1 2
< 1+ K9%||——=]|| —-1.
< 1+ KQ7Y) =5,
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Applying (6.2.7), this gives
1Hpll < (1 + K1 Q7UH1=0)KQ- 14, (6.2.21)

For the nearest-neighbour model —u + 1 — s = —1/2, while for the spread-
out model with d > 4, —u+1—-s=-3/2 4+3s/2 +2/d < 0. This gives
the desired result that for Q sufficiently large

[|Ho|12 < 2KQ-1+e. (6.2.22)

We turn now to the bound on ||z2Gp||.. We give the proof with the
2/d present in the exponent, but for the nearest-neighbour model this can
be omitted by following the same proof. [The significant difference between
the two models occurs in (6.2.31).]

In terms of the Fourier transform we can write

o i dOk
22Gy(0,z) = — / Pyt g (6.2.23)

Explicit computation of the derivative on the right side gives the following
expression, in which we have simplified the notation by dropping arguments
and denoting partial differentiation with respect to k, by the subscript p.
A —_ Du,u 2 blzl ﬁu.u Duﬁu fIZ
We insert (6.2.24) into (6.2.23), and take absolute values inside the integral
and the sum of five terms. Applying (6.2.19) to bound F from below gives
F-i < (14 K1Q7%)(1= D)~ for j > 1. Applying (6.2.8) and using 1 < pQ
then yields

22Gp(0,2) < (14 KiQ)(p0)?
2

2

] . (6.2.25)
1

A 1
(RO ||
[ I pllo || ——

D,1i,
(1- D)

I

+4 B
(1-D)y?

1

The last three terms on the right side are error terms. Before bounding
these, we first bound the factor pQ2. By (6.2.12),

1Hplloo < l125Gplloo < 3KQ1Ho+2/4, (6.2.26)

this follows from the facts that H,(0,0) = 0, and for z # 0, Hp(0,2) =
Gp(0,z) and 1 < z2 for some p. (This bound on ||Hp||s is inefficient for
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the spread-out model, for which the factor Q2/4 on the right side should
not be necessary, but it is adequate for our needs.) Applying (6.2.26) and
(6.2.12) to (5.4.18) and (5.4.20), we see that for sufficiently large Q the lace
expansion converges and

T, (k)| < pQK Q- 1H2+2/d, (6.2.27)
Since x(p)~! =1 — pQ — 11,(0) > 0,
P < 1—10,(0) < 14 pQK,Q-1+2+2/d)
so that for Q sufficiently large
p< Q1 + Ky Q-1+o+2/4d], (6.2.28)

Since —u < —1+ s + 2/d, the factor (1 + K;Q7%)(pQ)? in (6.2.25) can be
replaced by 1 + K;Q-1+$+2/4 for Q large.

We next consider bounds on the derivatives of II, appearing in (6.2.25).
It follows from (6.2.12) and (5.4.20) that

|62, (k)| < K1 Q-2+2e+2/d (6.2.29)

(the N = 2 loop term dominates). We also will need a bound on 8,11,(k).
Since by symmetry this derivative is zero whenever k, = 0, it follows from
Taylor’s Theorem and the above bound on the second derivative that

10,11, (k)| < Ky Q2424204 (6.2.30)

Similarly,
|0, D(k)| < K1Q%/ 9|k, (6.2.31)

Turning now to the three error terms in (6.2.25), for the first we use
(6.2.29) and (6.2.7) to bound it above by K1Q~2+2s+2/d_ For the other two
terms we first note that by symmetry, (6.2.5) and (6.2.7),
ki

L < K. (6.2.32)

1

Hence by (6.2.30) and (6.2.31) the second error term is bounded above by

2
ki

1(192/d9_2+2"+2/‘{ _ s
(1-Dy

< Ky Q- 242s+4/d (6.2.33)
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Finally, the last error term can be bounded above by K;Q=4+4s+4/d yging
(6.2.30) and then (6.2.32). Taking Q sufficiently large then gives the desired
result

22Gp(0,2) < 2K Q-1 H2+2/d, (6.2.34)

D

The following results, which follow relatively easily from Theorem 6.2.5,
will be fundamental in the rest of the chapter.

Corollary 6.2.6 For Q > Qg (with d > 4 for the spread-out model),

|H:llo < 2KQT1+e#2/d)
szcz”oo < 2KQ_1+J+2/d;

and
[|1H.|I3 < 2KQ1+°

for all complez z in the closed disk |z| < z.. Here s is as in the statement of
Lemma 6.2.2, and for the nearest-neighbour model the 2/d can be omitted
from the exponent in the first two inequalities.

Proof. Since the left sides are largest at z = z,, we can restrict attention
to this case. The left sides are monotone increasing in real positive z,
and satisfy the above bounds uniformly in z < 2. by Theorem 6.2.5 (see
(6.2.26) and the Remark preceding Theorem 6.2.5). Therefore the same
bounds hold at z = z, by the monotone convergence theorem. o

Corollary 6.2.7 For Q > Qq (with d > 4 for the spread-out model), there
is a constant Ky such that the following bounds hold uniformly in k €
[, 7]? and |z| < 2.:
(k)] < Ky 442
0,01, (k)] < K Q- 2+2+2d|E,)
|01, (k)| < Ky Q- 2+2e+2/d,
In fact the series representations of these quantities are bounded absolutely

(absolute values inside sums over z,N) and uniformly by the right sides.
The critical point obeys

Q! < 2. < QU1 4 K Q- 1+e+2/4),

Also, R
1-2Q-1,,(0)=0.
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For any p € [0, 2]
1,(0) - M,(k) > —K1Q7*[1 — D(k)]
and for any p € (27, 2]
Fp(k) > [1 = K1Q7)[1 = D(k)).

Here s is as in the statement of Lemma 6.2.2, and for the nearest-neighbour
model the 2/d can be omitled from the exponents in the first four inequali-
ties. The exponent u is equal to 3/2 for the nearest-neighbour model, while
for the spread-out model u = 5/2 — 5s/2 — 2/d.

Proof. Given Corollary 6.2.6, the first four inequalities follow exactly
as in the proof of Theorem 6.2.5. It then follows from the dominated
convergence theorem that for u € {0, 1,2}, a;:ﬁ,(k) is continuous on the
closed disk |z]| < z.. Since x(p) — o0 as p /" z. by (1.3.6), we have

x(p)™! = Fp(0) = 1 - 20 - 11,,(0) = 0.
The last two bounds of the corollary follow from (6.2.18) and (6.2.19) for
p < 2., and then follow at z, by taking the limit. a
By Corollary 6.2.7 and the fact that ~V3D(0) > 1, there is a constant
Cj such that for Q sufficiently large and p € [Q71, 2],
ViFp(0) = -pQViD(0) - Vi, (0)
Cs>0. (6.2.35)

v

The following lemma will allow for bounds on 9,11, (k) in the closed disk
|2] < 2.

Lemma 6.2.8 For any p € (0,2 and m=1,2,3,...,
05 Gp(0,2) S mlp™™ Hp x - - x Hp % Gp(z), (6.2.36)
where there are m factors of H, in the convolution.

Proof. By definition,

where the sum is over all self-avoiding walks from 0 to 2. The binomial
coefficient on the right side counts the number of ways to choose 0 < i1 <
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i < +++ < iy < |w|, so it is also the number of ways to break w into
m + 1 pieces such that the first m pieces each consist of at least one step.
The upper bound then follows by neglecting the mutual avoidance between
these pieces. m]

Theorem 6.2.9 For Q sufficiently large (with d > 4 for the spread-out
model), )
18,11, (k)| < TKQ2+2/d (6.2.37)

uniformly in k € [—m, 7] and |z| < z.. In fact the series representation of
the left side is bounded absolutely (absolute values inside sums over x and
N ) and uniformly by the right side. Here K is the constant of Lemma 6.2.2,
s is as in the statement of Lemma 6.2.2, and the 2/d can be omilted from
the exponent for the nearest-neighbour model. Hence for Q sufficiently large
there is a positive constant C3 such that for any p € (0, z]

- 8,F,(0)=Q+8,1,(0)> C3 >0 (6.2.38)

Proof. The bound (6.2.38) clearly follows from (6.2.37), so it suffices to
obtain (6.2.37). But by (5.4.18), (5.4.19), Corollary 6.2.6 and the upper
bound on 2.0 of Corollary 6.2.7, to prove (6.2.37) it suffices to show that

116: 22121 Hslloo < AKQ+2/4, (6.2.39)

Since H,(0,z) is a power series with nonnegative coefficients, it suffices to
obtain (6.2.39) at 2 = z.. By Lemma 6.2.8 and the fact that G,(0,z) =

HZ(Oa 2) + 60,1‘,

8,H,,(0,z) = 8,G,(0,z) SH,, + H, (2) + 27 H, (0, 2)

< z
< IR+ 27 H (0, 2).

The desired result now follows from Corollary 6.2.6 and the fact that z, is
bounded below by Q1. m]

We conclude this section with an upper bound on the susceptibility,
which in particular implies that it is finite in the closed disk |z| < 2.
everywhere except at the critical point itself.

Theorem 6.2.10 For Q sufficiently large (with d > 4 for the spread-out
model), the inverse susceptibility F,(0) =1 — zQ — I1,(0) satisfies

|F,(0)] > %Izc — 7 (6.2.40)

for all z with |z| < 2.
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Proof. Let |z| < z. By Corollary 6.2.7 F,,(0) = 0 and hence

IF) = \ [ 0.k 0)a
‘ 1
T / 0l tysses(0)dt|.  (6.2.41)
0
The lemma then follows, using Theorem 6.2.9. 0

6.2.3 Proof of Theorem 6.1.2

The critical bubble diagram B(z.) = ||G. ||} = 1 + ||H,.||3 is finite by
Corollary 6.2.6. It follows from Theorem 1.5.3 that 4 = 1, in the sense that
there are positive constants ¢; and ¢, such that for all p < 2,

c1(ze =p)" < x(p) < e2(ze — )~ (6.2.42)

To obtain the stronger asymptotic behaviour stated in Theorem 6.1.2,
we observe that since F, (0) = 1 — 2.0 — II,_(0) = 0 by Corollary 6.2.7,

1
F(0) - F~(0)

( 1 )(Q+ME¥(’_))_I, (6.2.43)

x(z) =

e — 2 2¢
It then follows from Theorem 6.2.9 that as z 7~ z,
X(2) ~ [2+ 810, (0)) " (2. — 2)~". (6.2.44)

Defining R
A=2]1Q+ 6,1, (0))? (6.2.45)

gives the statement of Theorem 6.1.2 for the susceptibility.
For the correlation length of order 2, we note that by symmetry and
direct calculation,

—VEG‘z (0) _

€2(2)% = O [(=2QVED(0) — V211, (0))x(2). (6.2.46)

The desired asymptotic behaviour of £5(z) now follows from the asymptotic
behaviour of x(z) and (6.2.35), if we define

D = A[-2.QV}D(0) — Vi, _(0)]. (6.2.47)
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[Continuity at z. of V2ZIT,(0) is discussed in the proof of Corollary 6.2.7.]
m}

We end this section with bounds on the constants A and D, for sim-
plicity restricting the discussion to the nearest-neighbour model in high
dimensions.

Proposition 6.2.11 For the nearest-neighbour model with d sufficiently
large, there are posilive universal constants ¢y, ca, c3 such that

1<A<14cd™ and 14 cod ' <D< 1+4c3d™t.
In particular D is strictly greater than 1.

Proof. For the first bound we conclude from Theorem 1.5.3that 1 < A <
B(z.). But by Corollary 6.2.6, B(2.) < 1 + ¢;d~! for some constant ¢;.

For the bound on the diffusion constant D, we have from (6.2.47) and
(6.2.45) that

p = 1= (2dz)~'ViIL (0)

A . (6.2.48)
1 + (2d)-10,11,,(0)
It suffices to show that there are positive constants a; such that
—ayd¥? < —(2dz.)"'V3,,(0) < azd™? (6.2.49)
and X
—azd™! < (2d)'16,H,c(0) < —aqd-1. (6.2.50)

Beginning with (6.2.49), it follows from Corollary 6.2.7 and the fact that
2dz, > 1 that )

|(2d2.) "'V, (0)] < a2d™ 1. (6.2.51)

This gives the upper bound of (6.2.49). For the lower bound, by symmetry
it can be concluded that for fixed p

oo
- VL (0) > —d ) Y 22l +1(0, 2). (6.2.52)
j=1 =z

By (5.4.20) and Corollary 6.2.6 the right side is bounded below by a multiple
of —d=3/2,

Turning now to (6.2.50), the lower bound follows immediately from
(6.2.37). For the upper bound, we write

0.1, (0) = =8, IN(0) + )~ (~1)V4, 11N (0). (6.2.53)
N=2
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The first term on the right side (with its minus sign) is bounded above by
the contribution due to the walk which steps to a neighbour of the origin
and then back to the origin, which is —8,(2dz?) = —4dz. < —2. Thus
it suffices to show that the second term on the right side is bounded in
absolute value by a multiple of d—!. This follows from Corollary 6.2.6 and
the bound |0, H,, || < K1 of (6.2.39), together with (5.4.19). o

6.3 Fractional derivatives

In this section we describe some elementary properties of what we term
fractional derivatives. This terminology is somewhat inaccurate, but is
useful in a suggestive sense in the analysis of the large-n asymptotics of
power series coeflicients. Given a power series f(2) = Y..° ,an2" and
€ > 0, we define the fractional derivative

8:f(2) = in‘anz". (6.3.1)
n=0

Note that for ¢ equal to a positive integer, 6¢ does not give the usual
derivative. We will use (6.3.1) with ¢ € (0,1). Allowing € to take on
arbitrary negative values defines a relative of the antiderivative, as follows.
For a > 0 we define

87%f(2) = i n"%ap2". - (6.3.2)
n=1 .

Both of the above quantities will be finite at least strictly within the circle
of convergence of f(z).

The following lemma provides formulas which are convenient for esti-
mating fractional derivatives.

Lemma 6.3.1 Let f(2) = Y nr,an2™ have radius of convergence R. Then
for any z with |z] < R, and for any o > 0,

67%f(2) = Ca /0 oo[f(ze‘*”") — £(0)]d), (6.3.3)

where Co = [aT(a)]~1. In addition, for any z with |z| < R and for any
€€ (0,1),

5¢ A= _\1/(1=0)
f(z)=Ci-c2 f'(ze )e dX. (6.3.4)
- Jo

The identities (6.3.3) and (6.3.4) also hold for 2 = R, if ap > 0.
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Proof. Let |2| < R. We first note that for any o > 0,

nme = L /we-ﬂ*”“dx (6.3.5)
~ al(a) Jo ’ o

as can be seen by making the substitution y = nA/“ in the integral on the
right side. Therefore

00 el [}
Z n~%u,z" = Cy Z an / (ze"‘l/")"d/\. (6.3.6)
n=1 n=1 0

Since the right side converges absolutely the order of integration and sum-
mation can be interchanged to yield (6.3.3).

For (6.3.4), we write n¢ = n=(1=9)n and use (6.3.5) with & = 1 — ¢ to
obtain

= = i /(1-0) )
1/(1=¢ 1/(1=¢
E nfa, 2" = Ci_2 E na,,/ (ze> yr-le=A dx. (6.3.7)
n=0 n=1 0

Since the right side converges absolutely we can interchange the order of
summation and integration to obtain

(o) (e e}
S nfanz" = Cioex / fl(ze=2 7Y A 0 gy (6.3.8)
=0 0

Now suppose that a, > 0 and take z = R. Then the above interchanges
of sum and integral are justified by Fubini’s Theorem. 0

The following lemma provides an error estimate analogous to the error
estimate in Taylor’s theorem. In applications of the lemma, R will be the
radius of convergence of f.

Lemma 6.3.2 Let ¢ € (0,1) and let f(2) = Y o> yan2". Let R > 0 and
suppose that A¢ = Y > o nla,|R*~¢ < 00, so in particular f(2) converges
for |z| < R. Then for any z with |z| < R,

If(z) = f(R)| < 2'~“Ac|R - 2[°. (6.3.9)

Suppose that Be = Y ovyn!t¢la, |[RP—17¢ < 00, so in particular f'(z) =
Y omeynanz™=' converges for |z| < R. Then for any z with |2| < R,

1) = F(R) = F/(R)e = B < = BR 2% (63.10)
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Proof. We just give the proof of (6.3.10). The proof of (6.3.9) is similar
and simpler. By definition,

f(z)-f(R)-f'(R)(2—R) = (2—R) ianm-li‘l [(%)’ - 1] . (6.3.11)
n=1 j=0

But in general

w -1

w —1 (w=1)¢ [m]‘(u)j ~1)t-e

j-1 ¢
(w— 1) [Z w"’] (w =1, (6.3.12)

m=0

Taking absolute values in (6.3.12) and using w = z/R and |w| < 1 gives

j
(}ﬁ%) - 1l < |z — RI€j€2' ¢ R-C. (6.3.13)
Since $°725 j¢ < (14 €)~1nl+¢, (6.3.10) follows from (6.3.11) and (6.3.13).
(]

The intuition behind the following lemma is that if a power series with
radius of convergence R behaves like |R — z|~? near z = R, for some b > 1,
then roughly speaking it should have coefficient of 2” not much worse than
order R—"nb-1,

Lemma 6.3.3 Let f(z) = Y ;> anz" have radius of convergence greater
than or equal to R > 0.

(i) Suppose that for |z| < R, |f(2)| £ const.|R—z|~b for some b > 1. Then
lan] < O(R™"n%), for any a > b — 1.

(ii) If for some b > 1 a bound on the derivative of the form |f'(z)| <
const.|R — z|~® holds for every |z| < R, then |a,| < O(R™™n~%) for any
a<2-b.

Proof. (i) Fixb>1 and let o > b — 1. Since n~%ay is the coefficient of
z™ in the fractional antiderivative §;* f(2),

- 1 - dz
n aan = Zr—if6z af(z);;_’—_l—, (6.3.14)

where the integral is around a circle of radius » < R centred at the origin.
By Lemma 6.3.1,

T {o o]
n~%a,| < const.r‘"/ dﬂ/ d)\lf(re“’e"\w) - £(0)]. (6.3.15)
-7 0
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Since f(z) — f(0) = O(|z]) for z near zero, the contribution to the integral
with respect to A due to A € [1,00) is finite. Using the assumed bound on
f(z), we thus have

n 1
n~%as| < const.r™" [1+ / do / d)|R — reife=>'"" |-b].
- 0

Replacing the R on the right side by r gives an upper bound. Taking the
limit » — R in the upper bound leads to

L 1
n~%a,| < const.R~"~? [1 +/ d()/ dA|1 - e"’e"‘wl""J . (6.3.16)
-7 0

To check that the integral on the right side is finite, it suffices to show
that the corresponding quantity with limits of integration § = +1 is finite
(or any other small finite interval containing § = 0). Thus it suffices to
verify that

1 1
/ dO/ dA|1 - e~ < o0, (6.3.17)
0 0

As we now show, it is an exercise in calculus to see that the left side is
bounded for ¢ > b—12> 0.

Making the substitution u = A/ and writing the absolute value on
the right side as the square root of the sum of the squares of its real and
imaginary parts leads to an upper bound for (6.3.17) of the form

1 1
/do/ duu®=1[(1 — e~¥)? 4 e=2492]"%/2, (6.3.18)
0 0

The change of variables §; = fe=* /(1 — e~*) in (6.3.18) gives

1 1—e—t e~ /(1=e")
/ duu® ! ————(1 = e"‘)"’/ doy[1+ 63742 (6.3.19)
0 e~ 0

The 6;-integral is bounded uniformly in u if b > 1, while if b = 1 it is
finite for u near 1 and O(|logu|) for u near 0. Hence for b > 1, (6.3.19) is
bounded above by a multiple of

1
/ duu®*|logu|, (6.3.20)
0

which is finite for a > b — 1.

(77) Given the bound on the derivative, it follows from (7) that |na,| <
O(R~"n?) for any p > b — 1. Therefore |a,| < O(R~"nP~!) for any a =
1-p<2-b. n]
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Remark. The hypothesis b > 1 in Lemma 6.3.3(i) is not artificial. For
example, let f(z) = Y o0, n=222". Then f(2) is finite for |z] < 1so in par-
ticular |f(z)] < const.|1 — z|~® for any b € [0, 1). However an = [log, N]~2
for N = 2", 50 a, # O(n®~1%¢) for € € (0,1 - b).

The following lemma is a kind of Tauberian theorem, in which informa-
tion more detailed than merely the asymptotic form of a power series near
its singularity provides information about the large-n asymptotics of the
coefficients of the power series.

Lemma 6.3.4 Let
Z) = — bp2"
f(z) = W) Z

where p(z) = Y o> oanz". Suppose that for some € € (0,1)

o0
Z n't¢a,|R" < oo,
n=0

so in particular p(z) and ¢'(2) are finite when |z2| = R. Assume in addition
that ¢'(R) # 0. Suppose that p(R) = 0 and that p(2) #0 for |2| < R,z #
R. Then

ao L 1 _ et
f(z) = PR +O(|R <=1 (6.3.21)
uniformly in |z| < R, and
by = R~"! [ 'I(R) +O(n'°)] as n — oo, (6.3.22)
for every o < €.
Proof. Since p(R) =
1
(2) e (6.3.23)
1
= TPURER- DT PR - () - P RE=]
Let
_ P(R) —p(2) - ¢ (R)(R - 2)
h(z) = s (6.3.24)
and _
boy=—— M PRy (6.3.25)

¢'(R) + h(2) ¥(2)
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Then 9 is analytic in |z| < R. Also,

1 1
TYRYR-z
Since h(z) = O(JR — z|¢) uniformly in |2| < R by Lemma 6.3.2, it is also the
case that ¢(z) = O(|R — z|¢) uniformly in |z| < R. This proves (6.3.21).

Let C, be the circle of radius r centred at the origin and oriented coun-
terclockwise. The coefficient b, is given by the contour integral

f(z) = (1 +9(2)). (6.3.26)

_ 1 f(2)
bn = omi ./cn/z Zn+l dz, (6.:3.27)
so by (6.3.26)
_ 1 1 1 ¥(2)
b= o | T T e, m—ldz] - 639

It remains to show that the second term in (6.3.28) gives a correction of
the desired size.

We use statement (i7) of Lemma 6.3.3 for the correction term, as follows.
A straightforward calculation using the bound on the (14-¢)-derivative of ¢
assumed in the statement of the lemma, together with Lemma 6.3.2, gives

d 1,/)(2) _ ,|€=2
T | SO(R=? (6.3.29)

uniformly in |z| < R. Hence the coefficient of 2™ of (R — 2)~1¢(z) is
bounded above by O(R~"n~%), for every a < ¢, by Lemma 6.3.3(77). This
gives the required bound on the second term of (6.3.28). ]

6.4 ¢, and the mean-square displacement

This section consists of two parts. In the first part we obtain bounds on
fractional derivatives involving II,(k), and then in the second part these
bounds are used in conjunction with the results of Section 6.3 to prove
Theorem 6.1.1.

6.4.1 Fractional derivatives of the two-point function

We begin by obtaining bounds on norms of fractional derivatives of the two-
point function. Bounds on fractional derivatives of I, (k) are then obtained,
using a generalization of Theorem 5.4.4 involving fractional z-derivatives.
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The results of this section hold for finite or infinite memory, subject
to the replacement of z. by the finite memory critical point 2.(0; 7) in all
occurrences. We use K, and ¢ in this section to denote constants which
may depend on £, and which may change from one occurrence to the next.
They are however independent of the memory.

For A > 0 we define

pr = zee M9, (6.4.1)
and as usual we write
. 1 R .
Fy,(k) = —— =1-2QD(k) - I1, (k). 6.4.2
) = g () - TL.(8) (642)

The following lemma will be used to bound norms of fractional derivatives
of the two-point function.

Lemma 6.4.1 For Q sufficiently large (with d > 4 for the spread-out
model), there is a positive constant ¢ such that for any k or X

By, (k) > o[t — e~ D). (6.4.3)
Proof. Since F,,(0) =0,
Fou(k) = [Fpa(k) = Fpy (0)] + [£,(0) = £, (0)] ) (6.4.4)
= DAL= D)+ M, (0) = Ty (B + | =07 Ol
By Theorem 6.2.9,
[ 800 > Gz ). (6.4.5)
Also, by Corollary 6.2.7,
1i,, (0) = M, (k) > —K1Q~Y2[1 — D(k)). (6.4.6)

Take Q > max{4C3/3,64K?}, and consider first the case of A bounded
away from infinity in such a way that py > 4K,Q2-3/2, Then by (6.4.4)-
(6.4.6)

Fu(®) > P20 DY + Coze )
> Csz[l— e 2" P(k)), (6.4.7)
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which gives (6.4.3) for this range of A. For A such that py < 4K;02-3/2 we
have py < (2Q)~1, and so we use

G (K) < Gy (0)

and bound the right side by the ordinary random walk susceptibility at p =
(2Q)~1, which is finite. Therefore Fy, (k) is bounded below by a constant,
and so (6.4.3) holds (decreasing c if necessary). 0

We are now able to obtain bounds on fractional derivatives of the two-
point function.

Theorem 6.4.2 For Q sufficiently large (with d > 4 for the spread-out
model) there is a positive constant Ko (which may depend on € and Q) such
that for any p € [0, 2],

||6;<9,,Gp||°° < K, if 0<e<min{(d-4)/2,1}, (6.4.8)
H&;G,,Ilg <K, if 0<e<min{(d-4)/4,1}, (6.4.9)

and
||:c,2,6;G’,,|L-,o < K: if 0<e<min{(d-4)/2,1}. (6.4.10)

Proof. Let ¢ € (0,1). For an upper bound, we take p = z,. We define py
as in (6.4.1). The proof of each of these three inequalities is similar, and we
focus mainly on the first one. By Lemma 6.3.1 [using the fact that G,(0, z)
has nonnegative coefficients ¢, (0, )], we have

660,Gp(0,2) = ). ¢z¢/ 826,(0,2)],_, ¢ "dr (6.4.11)

Using Lemma 6.2.8 to bound the derivative of G, in the integrand, and
then going to the Fourier transform, we can bound the right side as

850,Gp(0,2) < 2 / Gy 01— / e 52 |y, ()2Gpy (B)]
) ) ) ) (6.4.12)
Using the fact that H, (k) = [2QD(k) + II, (k)] F;(k)~*, and then using
(6.2.37) to bound 2z~ 'TI,(k), it can be shown that there is a constant K,
(depending on £ but not on X) such that

3y (B)] < KaFp, (k). (6.4.13)
We bound the right side of (6.4.12), using (6.4.13) and (6.4.3), by
. dok /0= & -
2K} o ),,01 czc/o dre> Fy, (k)3

< const. (2,)d/ dAe=>"7 (1 — =3 Pk -3
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Now by (6.3.4), the right side of the above inequality is equal to

(—g:—’)‘zﬁ(lk_) & [~ pD() ]|

= const,./ Lil i n(n —1)*D(k)*~2.
(2”)(‘ n=2
By (6.2.6), the right side is finite for 14+ ¢—(d/2) < —1. This proves (6.4.8).

For (6.4.9), we proceed in a similar fashion. Using Lemmas 6.3.1 and
6.2.8 and the Parseval relation gives

const.
p=1

oo
H‘SSG»HQ < Cl-—eZC/O d'\e_”,(ld)l’:alx (k)Gp, (k)l )
2

where the norm on the left is with respect to normalized Lebesgue measure
on [—-m,7]%. Arguing as above and using the triangle inequality for || - ||2
gives

e A~

[165Gpll2 < const. Y~ ne|[D(k)* |5

n=1
The desired bound now follows from the fact that ||D(k)*||2 < O(n=9/4),
by (6.2.6).

For (6.4.10), by Lemma 6.3.1 we have
226£G,(0,2) = Ci—c 2. fo dre=2"""2228,G,, (0, 2). (6.4.14)

It follows from (6.2.10) that £29,G)p, (0, z) is bounded uniformly in z and
X > )Xo, for any fixed positive Ag. Taking for simplicity Ao = 1, it suffices
to bound

1
/ dAe"""229,G,, (0, 2). (6.4.15)
0

Applying Lemma 6.2.8 and the Fourier transform, and noting that p, is
bounded below by p; for A € [0, 1], the above integral is bounded above by

const /1 dre="0" dk laz[f[ k)G, (K)) (6.4.16)
: 0 W BLEpa P . 2

It follows from Corollary 6.2.7 that |92 Fp, (k)| is bounded (uniformly in

). Also, it follows from Taylor’s theorem and the bound on |8,11, (k)| of
Corollary 6.2.7, together with (6.2.5), that

d
z:[a,‘l:",,,‘(lc)]2 < const.k? < const.[l — e~ M0 D(k)).
p=1
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It then follows from direct computation of the second derivative of

(Fpa (k)™ = 1] Fp, (k)1
occurring in (6.4.16), together with (6.4.3) and symmetry, that

25¢ ® L _awa-o [ dik 3
6,Gp(0,z) < const.[1 + | dXe @y By, (k)73).

Now the discussion below (6.4.13) can be applied. o

The following corollary of Theorem 6.4.2 will be used to prove Theo-
rem 6.1.1.

Corollary 6.4.3 For Q sufficiently large (with d > 4 for the spread-out
model), there is a Ky (which may depend on € and Q) such that for any
k€ [-m )¢ and |2| < z,

160 11 ()1, 160,11 (k)| < Ko, (6.4.17)

foru=0,1,2, where the first bound holds for any nonnegative ¢ < min{(d—
4)/2,1} and the second for any nonnegative ¢ < min{(d — 4)/4,1}. In fact
the series representations of the left side are bounded absolutely by K.

Proof. We write the left sides as sums over sites £ and number of loops
N. For upper bounds, we take absolute values inside sums over both z and
N, and consider z = 2.. For the first bound, the derivatives bring down a
factor |w|!'*¢. This can be distributed among the subwalks of the N loop
diagram, using Holder’s inequality in the form

aN—-1 14e N1
o= L Y Jwil| < @N =1 )T fwyltte.
j=0 j=0

The resulting diagrams can then be bounded using Lemma 5.4.3, with the
subwalk weighted by |w|'*¢ bounded with the L>® norm. Convergence
then follows using an extension of Theorem 5.4.4 for fractional derivatives,
together with Corollary 6.2.6 and (6.4.8).

Similarly, for the second bound, the derivatives bring down factors |w|*
and |z}|. As in the proof of Theorem 5.4.4, these can be distributed among
the subwalks in a diagram, with each factor on a distinct subwalk (the
one-loop diagram does not contribute). The subwalk weighted with |z%] is
bounded using the L* norm, and all other subwalks are bounded using the
L? norm, using (6.4.9) for the subwalk welghted with |w|¢. Convergence
follows using Corollary 6.2.6. a
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6.4.2 Proof of Theorem 6.1.1

In this section we give the proof of Theorem 6.1.1. We begin with c,.

Proof of Theorem 6.1.1(a). The susceptibility is given by

1 1
T F(0) 1-2Q-1,(0)

Fix ¢ < min{(d—4)/2,1}. By Corollary 6.4.3, for any ¢ < min{(d—4)/2,1},
S n1*e M, |20 < oo, where m, is the coefficient of z" in the power series
representation of I1,(0). Moreover by Theorem 6.2.9 8, F,_(0) # 0, and
by Theorem 6.2.10 the only singularity of x(z) on the circle |z| = z. is at
z = z.. It then follows immediately from Lemma 6.3.4 that

(6.4.18)

1

en = 2"V ———— +0(n"¢
n ¢ _az cm(O) ( )
= Ap™[1+0(n™"), (6.4.19)
where in agreement with (6.2.45)
A= ———1——— (6.4.20)
—2.0,F,_(0)
o
We now turn to the mean-square displacement.
Proof of Theorem 6.1.1(b). By definition of the Fourier transform,
~V2én(0
(w(n)P)n = _ic_(_l (6.4.21)
n

The asymptotic behaviour of the denominator on the right side was ob-
tained in (6.4.19), and we now proceed to analyze the numerator.
Since é,(k) is the coefficient of 2™ in G, (k),

1 [ ViF,(0) dz

i f Fop 7 (6.4.22)

5 1 A dz
- Vi (0) =~ f VGO =
where the integrals are performed around a small circle centred at the origin.

We define an error term E(z) by

ViF(0) _ ViF. (0)
Fo (02 [0:F:, (0))2(ze — 2)?

+ E(2). (6.4.23)
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Inserting the right side of (6.4.23) into the right side of (6.4.22), the integral
corresponding to the first term can be performed exactly to give

V%cm(o)
(9. F. . (0))?
The remaining task is to bound the last term in (6.4.24). This is done us-
ing Lemma 6.3.3. Let ¢ < min{(d—4)/4, 1}. It follows from Lemma 6.3.3(?)
that if it can be shown that |E(z)| < const.|z. — 2| ~2+¢ for all |z| < 2, then
the second term on the right side of (6.4.24) is O(2;"n®) for every a > 1—e¢.

Assuming for the moment this bound on the error term and using (6.4.19),
we then have the desired result

o —(n 1 dz
—Viéa(0) = (n+1)z; 42 4 o }{ E(z);;ﬁ. (6.4.24)

(lw(n)|*)n = Dn + O(n®), (6.4.25)
with )
= Vil (0 (6.4.26)

- zc{"az[:‘zc(o)].
We now establish the upper bound on |E(2)| used in the previous para-
graph. We first use (6.4.23) to write E(2) as a difference of two fractions,

and then write this difference over a common denominator and add and
subtract VZF,(0)F;(0)? in the numerator. This leads to

E)=T1+T, (6.4.27)
with > ;
7, = o, o)+ L= T (6:4.28)
and . - > c
7, = ~VAFOIF(0) = 0. Fe (O)*(2e = )] (6.4.29)

(2 I:"ZC(O)PF,(O)?(zc - 2)?
For T}, we use existence of an e-derivative in the numerator by Corol-
lary 6.4.3, together with the Taylor theorem type bound of (6.3.9) to con-
clude that

T3] < O(|z. — 2I°-2). (6.4.30)
For Ty we factor the difference of squares in the numerator and bound the
denominator using Theorem 6.2.10, obtaining

T3] < const.(z. — 2)~4[F,(0) + 8, F, (0)(2e — 2)][F(0) — 8, F,(0) (2 — 2)].

(6.4.31)
The middle factor on the right side is O(|z. — z|1*¢), by Corollary 6.4.3 and
Lemma 6.3.2. For the last factor, the second term is clearly O(|z. — z]),

as is the first, by virtue of the bound on the middle factor. Therefore
IT2| < O(lze = 2|¢72). o
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6.5 Correlation length and infrared bound

6.5.1 The correlation length

In this section we prove Theorem 6.1.5, which states that for sufficiently

large ,
1/2
£(z) ~ \/g (.ZC_ZE_Z) asz / z. (6.5.1)

We work with the fully self-avoiding walk, with positive activity p < z,
and as usual write m(p) = &(p)~!.

By Proposition 4.1.1(b) and Theorem 4.1.6 [and the fact that B(z;) < oo
by Corollary 6.2.6], m(p) is strictly positive and finite for p < z,, and
m(p) \. 0 as p / z.. For any function f defined on Z4, and m € R, we
define

fM(2) = f(z)e™*r. (6.5.2)

The following lemma, whose proof is deferred to the end of this section, is
a key ingredient in the proof of (6.5.1).

Lemma 6.5.1 For Q sufficiently large (with d > 4 for the spread-out
model), there is a § > 0 (which may depend on Q) such that for p €
[ze = 8, zc) and m < m(p),

NH™|E = 3 [HI™(0, z)em1]? < 2KQ- 1,
x

where K and s are as in the statement of Lemma 6.2.2.
Lemma 6.5.1 leads to the following result.

Corollary 6.5.2 Let Q be sufficiently large (with d > 4 for the spread-out
model). There is a positive constant K3 which is independent of p and m
(but may depend on € and ) such that

D |z [PIE™(0, 2)] < K3

for all p € [2. — 6, z.), m < m(p) and € < min{(d — 4)/2,1}.

Proof. The sum on the left side involves diagrams having two or more
loops, weighted with both |z;|2t¢ and em®:. We split the former among
subwalks along one side of the diagram using Holder’s inequality, and factor
the latter along subwalks on the other side of the diagram. We then bound



6.5. CORRELATION LENGTH AND INFRARED BOUND 201

the resulting diagrams using Lemma 5.4.3. The subwalk weighted with
|z1)2+¢ is bounded using the infinity norm, as follows:

sup |21+ 3 ca(0, 2" < suplerf 3 nen (0, 2)p”
n n

= ||236:Gp|loo- (6.5.3)

The right side is finite for ¢ as in the statement of the corollary, by The-
orem 6.4.2. All other subwalks are bounded as in Lemma 5.4.3 using the

L? norm, yielding factors of ||Hpll2, |Gpllz = 1 + ||Hpll2, I|HS™|]2 and
HGS™l2 = 1 + ||HS™)]|,. The sum of all diagrams is then bounded above
by a geometric series with an m-dependent ratio. The geometric series
converges for 2 sufficiently large by Lemma 6.5.1 and Corollary 6.2.6, uni-
formly for p and m as in the statement of the lemma. ]

Proof of Theorem 6.1.5. The proof is modelled on the corresponding
random walk result in Theorem A.2(b). Let p € [2, — §,2,). For m <
m(p), let x(™(p) = T, Gi™(0, z). Because G,(0, z) decays exponentially
with decay rate m(p) by Lemma 4.1.5, x(™)(p) is finite if m < m(p). By
multiplying (5.2.17) by e™*1 and then taking the Fourier transform, we
obtain {

Gm™)(k) = - - .
7 (%) 1 — pQDm) (k) — 1™ (k)

(6.5.4)

[The Fourier transform M{™ exists for p € [z, — 6, 2;) and m < m(p), by
Corollary 6.5.2.] The function D(™)(k) is defined by

> 1 ik-
D™ (k) = 5 Y emvieity, (6.5.5)
yeQ
Using (6.5.4) and (6.5.5),
x(p)~=xMp) ! = pz[cosh my; — 1]+ 11{™(0) — M,(0).  (6.5.6)
veQ

We intend to take the limit as m / m(p) in (6.5.6). As a first observa-
tion, we show that for any p < z,

lim  x(™)(p) = oo. 6.5.7
lim X (p) (6.5.7)

This can be seen as follows. For simplicity we deal in the remainder of this
paragraph only with the nearest-neighbour model; a modified argument
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applies to the spread-out model. Let Br = {y € Z¢ : ||y|llco < R} and
8Br = {y € Z9 : ||yllo = R}. For y € 3Bg let GE(0,y) = T_ 2I*l where
the sum is over all nearest-neighbour self-avoiding walks from 0 to y which
hit 0Bg for the first and only time at y. Then for z¢Br, we have the
following Lieb-Simon type inequality:

Gp(0,2) < DY GRO0,1)Gp(y,2) < D Gp(0,9)Gp(y,z).  (6.5.8)
Y€EIBR y€EIBR

Multiplying this inequality by e™(®)#1 it follows from Lemma A.1 that if
x(M(P)(p) were finite then G(™()(0, z) would decay exponentially, contra-
dicting the definition of m(p). It then follows from the monotone conver-
gence theorem, and the fact that x(™)(p) is finite if m < m(p), that (6.5.7)
holds.

The remainder of the proof is concerned with showing that the limit of
the right side of (6.5.6), as m / m(p), is a multiple of m(p)? plus a higher
order correction. Together with Theorem 6.1.2, which states that x(p) ~
const.(2. — p)~1, this will show that m(p)? is asymptotic to a multiple of
z2.—pasp/ 2.

By definition and symmetry,

™ (0) - M,(0) = ) [coshmay — 1]M,(0, z)

m2
= o7 > |2I°T1,(0, z)

2,2
+§,_; [cosh mzy —1-— m2:c1 I,(0,z). (6.5.9)

Fix € < min{(d — 4)/2,1}. There is a positive constant C such that

m2z?

0 < coshmzy —1-— < Cm?*€|z|2+€ cosh ma;. (6.5.10)

Hence by Corollary 6.5.2,

IA

2,2
E [cosh me; —1-— m2.1:1] I, (0, z)

z

Cm2+¢ 3" |2y |2H|IE™(0, )|
r

< CKam?*e,

uniformly in m < m(p) and p € [z — 6, z.). Hence the limit of the left side
asm / m(p) is O[m(p)**.
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From this fact, together with (6.5.7) and (6.5.9), we conclude that taking
the limit as m / m(p) in (6.5.6) gives

x(P)™' = p)_lcosh(m(p)yn) - 1]

yen

+Z0E S s 0,5) + O+, (8510

Since as noted at the beginning of this section m(p) — 0 as p / z., the
right side of (6.5.11) is asymptotic to

m |5 ok + g DIl 0,9)] = ZEEVER O
yeN

as p /* z.. The right side is positive, by (6.2.35). Also, by Theorem 6.1.2
the left side of (6.5.11) is asymptotic to (Az.)~!(z. — p). Thus by (6.4.20)
and (6.4.26) we have

2d Ze—p _2dz.—p

m(p)? ~ - == ,
W~ @ = D =

(6.5.12)

which proves Theorem 6.1.5. 0

We now complete the remaining step of the proof.

Proof of Lemma 6.5.1. The proof uses Lemma 6.2.1 with m playing the
roleof p, n =1, a=2/3, po =0, p = m(p) and

1HS™13

h(m) = gt

We begin by considering the hypotheses of Lemma 6.2.1 in this context.
First, for any p < z, fi(m) is continuous in m € [0,m(p)). This fol-

lows from the fact that if p < z. and m < m(p) then HH,(,"')H% < oo (by
Lemma 4.1.5), together with the monotone convergence theorem. Next, by
Corollary 6.2.6, f1(0) < 2/3 for all p < 2, if Q is sufficiently large.

It thus suffices to show that the remaining, and substantial, hypothesis
of Lemma 6.2.1 is satisfied, namely that there is a § > 0 such that given
p € [z — 6, 2.), m < m(p) and Q sufficiently large (independently of p, m),
if [|HS™|13 < 3KQ-1+* then in fact ||[H{™||3 < 2KQ-1+¢. The remainder
of the proof is concerned with showing the existence of such a 6.
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Denoting the reciprocal of G§™ (k) by F{™)(k), we have
1

Gy < — L
1% ()l‘nw,ﬁ"')(k)l

(6.5.13)
Now

Ref{™(k) > ReE{™(k) - F{™)(0)
PQRe[D(™)(0) — D™ (k)] + Re[fi{™)(0) — Ti{™ (k).

But for p > Q-1,

PORe[D™(0) — DI™(k)] = p)_ ™[l —cosk -y
yeN

= p Z coshmy; [1 — cosk - y]
yen

> 1- D(k). (6.5.14)
Also, by Corollary 6.2.7 we have
Re[TI{™)(0) — 1I{™ (k)]

= [1,(0) = 1, (k)] + Re [ (4™(0) = (1)) - (1,(0) - 11,(k)) |

> —K1Q7%[1 - D(k)] + Z[cosh mzy — 1]I1,(0,2)[1 — cos k - z]
(with u = 3/2 for the nearest-neighbour model and v = 5/2 — 5s/2 — 2/d
for the spread-out model). Therefore

ReF{™(k) > [1-KQ "1 - D(k)]
+Z[cosh mzy — 1]I1,(0,z)[1 — cosk - z].
Since
0 < cosht — 1 < const.|t|¢ cosh t

for 0 < ¢ < 2, and since [by (6.2.5)]

(k- 2)?
2

0<1—cosk -z< < 72|z |?[1 = D(k)),

we have

Z[cosh mey — 1],(0, z)[1 — cos k - z]

z

< erdm[L = D(k)] D [elles | (0, 2)],
T
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where ¢; is a universal constant. Now the proof of Corollary 6.5.2 goes
through equally well assuming || HS™)||2 < 3K Q~1+* rather than I1HS™)|13 <
2KQ~1+* 50 under this assumption we have a bound on the sum over z in
the right side of the above inequality by a constant independent of p and
m < m(p) (but possibly depending on ¢ and Q). Changing the value of K,
we then have

1

—_— 6.5.15
T

IGE(k)| < [1+ K197 + Cme]

where C' is independent of p but may depend on Q.

Using (6.5.15), the Parseval relation, the fact that ||H{™)||2 = ||GS™)| |2~
1, and the ordinary random walk bound of (6.2.7) gives

2
-1
2
KQ™[1 + K107 4+ Cm€] + K1QY + Cmé.

1711

IN

(14 K1Q°% + Cm¢] “—1—
1-D

AN

For d > 4, —u < =1+ s, so if Q is sufficiently large, say @ > Q; (not
depending on m, p), then

K1Q7% < min{1/4, KQ~1+*/4}.
For fixed 2 > Q; we then choose § sufficiently small that
Cm(p)¢ < min{1/4, KQ~1+*/4}

for p € [2. — 6, z.); this is possible because m(p) — 0 as p / z.. Then for
p € [2¢ — 6, 2.) and m < m(p) we have

1 1

1
(m)()2 rO-1+s 202 1 rro-1+¢
HH;™]l; < KQ [1+4+4] +4I\Q +

%KQ"*’

= 2KQ~ 1+,

6.5.2 The infrared bound

In this section we give the proof of Theorem 6.1.6, apart from the bound
G..(0,z) < C(p)lz|~P for p < (d — 2)/2, which is a consequence of Corol-
lary 6.1.4. The bound G, (0, z) < const.|z|~2 has already been established
in Corollary 6.2.6, and the upper bound on G,_(k) follows from the last
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inequality of Corollary 6.2.7. Let € < min{(d —4)/2,1}. Here we show that
as k — 0,
2d 1

V1F,(0) ¥ + O(k7)’

G..(k) = (6.5.16)

Since G,_(0)~! = 0 by Corollary 6.2.7,

Ga'zc(k)“1 = Gtc(k)—l - ézc(o)_1
2.Q[1 = D(k)) + 1,,(0) — T, (k).  (6.5.17)

The last two terms on the right side can be written as

];—Z Xx: |21, (0, z) + z,,-: [1 —cosk-z— & ';)2} 1L (0, z).

The quantity in square brackets can be bounded above by cok?*¢|z|?1¢, for
some universal constant ¢;. The sum over z can then be bounded as in
Corollary 6.5.2. The result is

G, (k)™ = E*[C~ + O(k9)], (6.5.18)

where

c'= .2_3 —chV2D(0)+E|z|2H,c 0,z)| = —Vf"F L(0).  (6.5.19)

6.6 Convergence to Brownian motion
Given an n-step self-avoiding walk w, we define

Xn(k/n) = (Dn)~?w(k), k=0,1,...,n (6.6.1)

where D is the diffusion constant given in (6.4.26). We then obtain a con-
tinuous function X, on the interval [0, 1], taking values in R9, by defining
Xa(t) to be the linear interpolation of X,(k/n). In this section we prove
Theorem 6.1.8, which states that if Q is sufficiently large (with d > 4 for
the spread-out model) then X,(t) converges in distribution to Brownian
motion, or in other words that

Jim (7% = [ faw (6.6.2)
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for every bounded continuous function f on Cjy[0, 1] (the latter denotes
the R9-valued continuous functions on [0, 1}, equipped with the supremum
norm). Here W is the Wiener measure, normalized such that

/ kB = ¢—kt/2d, (6.6.3)

and the angular brackets on the left side of (6.6.2) denote expectation with
respect to the uniform measure on the set of n-step self-avoiding walks
beginning at the origin.

To prove this result it suffices to show both convergence of the finite-
dimensional distributions to Gaussian distributions and tightness [see e.g.
Billingsley (1968)]. Tightness follows readily from Theorem 6.1.1 and will
be discussed at the end of this section.

For convergence of the finite-dimensional distributions, we need to prove
that for any positive integer N, any 0 < t; <tz < ... <ty <1 and any
bounded, continuous function g on R4V

1im (9(Xa(t1), ., Xn(tn)hn = / 9(Biy,. By )AW.  (6.6.4)

Since weak convergence of probability measures on R™ is implied by con-
vergence of the corresponding characteristic functions, it suffices to consider
only

g(x) = kX, (6.6.5)
where x = (2(1),..., (™) with each () € R4, and similarly for k, and
k-x =Y, k6. 20, Equivalently, we can replace this g by

N
g(x) = exp I}E k) . (2G) — x(j-l))] ) (6.6.6)

i=1

which will be better suited to take into account the “effective independence”
of the self-avoiding walk on distinct intervals [t;,t;41].

Let a = (ay,...,an), with each a; a nonnegative integer, and let
Aw(a) = (w(a1),w(az) — w(ay),...,w(an) — w(an=1)). (6.6.7)
We define .
Mk,a)= Y ekaw@EK,ap], (6.6.8)
wiw|=an

where the sum over w is a sum over simple random walks, and K|[a,}]
was defined in (5.2.6). (We work in this section with infinite memory, i.e.,



208 CHAPTER 6. ABOVE FOUR DIMENSIONS

with the fully self-avoiding walk.) Inserting (6.6.6) into (6.6.4) and using
the above notation, we see that for convergence of the finite-dimensional
distributions it suffices to show that for N = 1,2,3,...,

lim c,,,NM(k/\/_D—n nt) = exp [ d (k(' )z(t,- —t;_l)] . (6.6.9)

[The nt and ntx on the left are to be interpreted as (|nty|,..., [ntn]) and
[nt, | respectively; similar shorthand is used throughout this section. Also,
(k0))2 denotes the square of the Euclidean norm of the vector k(). Finally,
there is no difficulty in the replacement of X, (¢) by (Dn)~'/2w(|nt]) that
has been made in the left side of (6.6.9).]

We obtain (6.6.9) for N = 1 in Section 6.6.1, and prove (6.6.9) for N > 2
by induction on N in Section 6.6.2.

6.6.1 The scaling limit of the endpoint

In this section we prove (6.6.9) for N = 1. In fact, a minor generalization
of (6.6.9) will be needed to take the induction step, and we prove the
generalization here.

Theorem 6.6.1 Let Q be sufficiently large (with d > 4 for the spread-out
model). Let h, be any fired nonnegative sequence withlim,_, hy =0, and

let g = {gn} be any real sequence with |g,| < h, for alln. Fizt > 0 and
let T =t(1 — gn). Then for any k € R,

nlfo\o —é"—T(ic/—TQ—@ = exp [—k%t/2d] , (6.6.10)

uniformly in g.

Proof. Fix any ¢ < min{(d — 4)/4,1}. By (6.4.19), the denominator of
(6.6.10) can be written

enr = 2710, B (O] + O(n=9)}, (6.6.11)

uniformly in g. The numerator of (6.6.10) is the coefficient of 2"T in
G, (k/vVDn), and hence is given by

1 dz
éar(k/VDn) = o f FL (67D #T (6.6.12)

where the integration contour is a small circle centred at the origin. The
task now is to obtain the asymptotic form of the integral on the right side.
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We extract the leading contribution to the right side of (6.6.12) as fol-
lows. We subtract F,_(0) = 0 from F, (k/\/Dn) and then add and subtract

8,11, (0)(ze = 2) + o vznzcm) -

The result can be written

F,(k/VDn)=a - Bz +E, (6.6.13)
where
a = a(k/VDn) = -2.0,F, (0) - v?n,c(O) (6.6.14)

B = B(k/VDn) = -8, F,_(0) - 9[1 - D(k/ﬁ)}, (6.6.15)

and

E = —11,(k/VDn)=8,1,,(0)(zc — 2) +11,_(0) + = V’H,C(O) (6.6.16)

2dD
The error term can be written

E=F 4+ E;+ Ejs, (6617)
where
Ey =1, (k/VDn) - 1,(k/VDn) - 8,11, (k/VDn)(z: — ), (6.6.18)
Ey = [8,11,, (k/VDn) — 8,11, _(0))(z — 2), (6.6.19)
and
B3 =11,,(0) — M., (k/VDn) + 5= 5 d - v?n,c(O) (6.6.20)
By (6.6.13),
1_ __1 E (6.6.21)

F,(k//Dn) &—=Bz (a- B2)F,(k/VDn)

We now insert (6.6.21) into (6.6.12). The integral corresponding to the
first term on the right side of (6.6.21) is "Ta~("T+1). A straightforward
calculation using the definition of D in (6.4.26) and the fact that 1—- D(u) ~
—(1/2d)u2V2D(0) shows that

ﬂnT 1 [ k2 }"T

anTH T T, F, (0)2T+ |° " 2dn

1
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uniformly in g. Comparing (6.6.11), the theorem follows from (6.6.22) if it
can be shown that

_l_ E dz
271 ' (a = )P, (k//Dm) 77 7°

uniformly in g. We show that (6.6.23) holds by using Lemma 6.3.3.

The first step is to obtain lower bounds on the two factors in the denom-
inator of the integrand of (6.6.23). We begin with |a — 8z| = Bla/B — z|.
For large n, B is bounded away from zero by Theorem 6.2.9. Also, it can
be seen from (6.6.22) that a/8 > 2. for n large. Hence there is a positive
constant such that for large n and |z| < z,

=o(z;"T) (6.6.23)

|a — Bz| > const.|z, — z|. (6.6.24)
For a lower bound on |F,(k/v/Dn)|, we write
F,(k/vDn) = F,(k/VDn) — F, (k/VDn) + F, (k/v/Dn).  (6.6.25)

By Corollary 6.4.3 and Lemma 6.3.2, the first two terms on the right side
combine to give =0, F, (k/vVDn)(ze—z)+ O(|zc—z|1*+¢). By the dominated
convergence theorem the derivative appearing here is continuous in k, and
hence differs from its value at k = 0 by o(1). Thus we have

Fu(k/VDm) = [=0, .. (0) + O(|2c — 2I) + o(D)](z — 2) + cm(k/(fb"n» |
6.6.26

By Corollary 6.2.7, the last term on the right side is nonnegative. Since
the first term in square brackets on the right side is also nonnegative by
Theorem 6.2.9, it follows that for z in a small neighbourhood of 2. (inside
the closed disk of radius z.), the right side of (6.6.26) is bounded below by
const.|z, — z| (for large n). Outside of this neighbourhood, by Lemma 6.2.10
there is a constant ¢ > 0 such that |F,(0)| > ¢. Hence |F,(k/v/Dn)| > ¢/2 if
n is sufficiently large, since by Corollary 6.2.7 there is a bound on |V, F, (k)]
which is uniform in k and |z| < z.. Therefore for |z]| < 2z, we have

|, (k/V/Dn)| > const.|z. — z|. (6.6.27)

We now turn to upper bounds on E; for i = 1,2, 3. Beginning with E|,
it follows from (6.6.24), (6.6.27), and a straightforward calculation using
Corollary 6.4.3 and Lemma 6.3.2 that

i B
dz (o = fz)(F, (k/VDn))

< O(Jze — 21?), (6.6.28)
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and hence by Lemma 6.3.3(i7) (6.6.23) is satisfied if E is replaced by Ej.
For E,, we show

|Eo| < n~?|z, — 2|, (6.6.29)

which suffices by Lemma 6.3.3(7). To do so we write 7, (z) for the coefficient
of z™ in I1,(0, ), so that

8,11, (k/VDn) = 8,11,,(0) = = Y mmm(z) 2~ *[1 — cos(k - z/v/Dn)).

(6.6.30)

Since |1 —cost| < O(t€) for small € < 2, and since |z|¢|T,(2)] < mé|Tm(2)],

the right side of (6.6.30) is O(n~¢/2) by Corollary 6.4.3, which gives (6.6.29).
Finally, for E3 we use symmetry to write

E3 = ;’;’wm(z)z,’}‘ [1 — cos %_% - %%)-2-] . (6.6.31)

For small positive ¢, |1 — cost — 12/2| < O(]t|>*¢). Since |z|*t¢|mn(2)] <
mé|z|?|mm(z)|, it follows from Corollary 6.4.3 that |E3| < O(n~1-¢/2),
Then Lemma 6.3.3(7) gives (6.6.23) for E replaced by Ej. o

6.6.2 The finite-dimensional distributions

In this section we complete the proof of Theorem 6.1.8 by showing that
(6.6.9) holds for N > 2. The proof of (6.6.9) is by induction on N, with
the case N = 1 having been treated in the previous section. Lemma 5.2.5
is a basic element of the induction argument.

To perform the induction step, some flexibility is needed in the number
of steps in the walk. Let ¢ = {g,} be any sequence satisfying 0 < g, <
n=1/2 and let T = (t1,t2,...,tn-1,T), where T = tn(1 — gn). It suffices
to prove the following theorem.

Theorem 6.6.2 Let Q be sufficiently large (with d > 4 for the spread-out
model) and let N > 2. Suppose that

N
. 1 o\ 2
nll.ngo c;pM(k/VDn,nT) = exp [_ﬁ 2 (k( )) (ti — t,-_l)] (6.6.32)

holds uniformly in g, when N is replaced by N — 1. Then in fact (6.6.32)
holds as stated, uniformly in g.
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Proof. To simplify the notation we write ¥ = (x1,...,&n5) = k/vDn.
By (6.6.8), and Lemma 5.2.5 with m = nty_;,

Mk,nT)= Y. S exatDg, nn, LK, nT).
Ianty_y wiw)=nT
(6.6.33)
The sum over I is the sum over intervals [I1, I5] of integers with either
0<Lhi<ntys1 <Ip<nTorly=1I=nty_;.

In (6.6.33) we factor the walk w into three independent subwalks on
the subintervals [0, ], I = [, I5] and (I, nT). We fix a sequence b, with
limy .o by = 00 and b, = o(n!/?), for example b, = nl/4, It will become
apparent that the significant contribution to the right side of (6.6.33) is due
to intervals I with |I| < b,. We take n sufficiently large that for such I,
niy- 2<11<ntN 1 < I, < nT.

Denote by ME and Mi respectively the contributions to the right side
of (6.6.33) due to |I| < b, and |I| > b,. By factoring the exponential we
can resum to obtain

MEE Z M(m,...,KN_l;ntl,...,ntN_.g,Il)
I3nty_y
17l < by
> Ei(w, DI, H)ént-r,(5n), (6.6.34)
w:|w|=|T]
where
Ei(w,I) = explikn-1 -w(ntn-1— 1)) +iky -w(lz —nty_1)]

1+ O(bn~1/2) (6.6.35)

uniformly in w and |I| < b,. For |I| < b, and n sufficiently large, I; €
[ntny-1(1 —n~1/2) nty_,). Hence by the induction hypothesis,

M(K1,...,kN=1;081, ..., ntN_2,I1)

1 N-1 2
=c, [exp [—ﬁ Z (k(i)) (t: = ti-l)] + EQ(I)] , (6.6.36)

i=1
where |Eo(I)| = o(1) uniformly in |I| < b,. Similarly it follows from
Theorem 6.6.1 that for |I| < by,

enr-1,(Kn) = ear-1, [exp [—ﬁ ( (N)) (tv —tn- 1)] + E3(1 )]
(6.6.37)
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where |E3(I)| = o(1) uniformly in |I| < by,.
Substituting (6.6.35)-(6.6.37) into (6.6.34) leads to

N
< 1 NE <
Mk = exp [—Eo_l ; (k( )) (t.' - t,'_l)] MO + A, (6.6.38)
where
Al <o)y Y er, Y 10, Ilenr—r,. (6.6.39)
I3nty_g lwl=11]
17 < by

Since M(0,nT) = ¢,r, we have Mg = CnT — Mg. Hence

caM(k,nT) = exp [—512 i": (k(i))2 (ti — t,-_l)] [1 - c;}‘ME]

i=1
+epA+ e My (6.6.40)

Now by Theorem 6.1.1(a) and (6.6.39),

bn
Al <o) Y111 3T 10, ]jel (6.6.41)

M=t |w|=|1|

(here |I] is merely a summation index and the sum is no longer a sum over
intervals). In (6.6.41) the factor |I| counts the number of possibilities for
nty-1 € I. Extending the summation over |I| on the right side to infinity,
it follows from the (absolute) bound on 8,11 of Theorem 6.2.9 that

cihlA] < o(1). (6.6.42)
It suffices now to show that c;}Mi = o(1) as n — 0o0. Arguing as for
Mg

Mgl o) Yo 111 Y 1o, . (6.6.43)
N=batl  ol=l1]

The right side goes to zero as n — 0o since by Theorem 6.2.9

S S 10N < oo

Uizl wiw|=|1|
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6.6.3 Tightness

Tightness is proved via the following lemma. Although not stated explic-
itly in Billingsley (1968), the lemma follows in a straightforward manner
from Theorem 8.4 and results on pages 87-89 [both references to Billingsley
(1968)]. For the statement of the lemma, we define a process closely related
to Xn(t) by

Ya(t) = (D)~ 2uw(|nt)). (6.6.44)
Lemma 6.6.3 The sequence {X,} is tight if there exist constants K > 0
and a > 1/2 such that for 0 <t; <ty <tz <1 and for alln,

(IYa(t2) = Ya(12)][Ya(t2) = Ya(t2)|*)n < Ktz — 12|13 = t2]?, (6.6.45)

where the angular brackets denote expectation wilth respect to the uniform
measure on the set of n-step self-avoiding walks.

We will use Theorem 6.1.1 to show that (6.6.45) holds with a = 1. With
a = 1 the left side of (6.6.45) is equal to

ch 3 lw(ntz) — w(nt))Plw(nts) — w(nt2)*K[0,n],  (6.6.46)

jwl=n

where the sum on the right side is over all n-step ordinary random walks,
and brackets indicating integer part have been omitted to simplify the no-
tation. The inequality

K[0,n] < K[0, nt1)K[nty, nty] K [nts, nt3) K[nt3, n) (6.6.47)

allows for the replacement of the sum over w by sums over independen't
subwalks on the intervals [0, nt;], [nty, nto], [nts, nts], [nts, n], for an upper
bound on (6.6.46). Also, by Theorem 6.1.1(a),

V< const.crt enl _nt CrtmntaCrinty: (6.6.48)

nt, nt;—nt; ntz—-nta"n

Using the above two inequalmes in (6.6.46) gives

('Yn(ti’) - Yn(tl)|2|Yn(t3) -Ya (12)|2)n
< const.n”2e ) oy Z lw(nty — nt1)|2K[0, nt2 — nty)
]wl:ntq—ntl
nta—nts E |w(nts — nt2)|2K[0, nt3 — nto]
lw[:nlg—ntg

= const.n”~2(Jw(nty — nt1)|?) nty—nt, (lw(nts — nt2)|*)nts—nt,-

X c

But by Theorem 6.1.1(b), the expectations on the right side are bounded
above by a multiple of (nty — nt;)(nts — nty), which gives (6.6.45).
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6.7 The infinite self-avoiding walk

In this section we give the proof of Theorem 6.1.9. Throughout the section
we work only with the fully self-avoiding walk, i.e. 7 = 0.

We begin by defining the infinite self-avoiding walk. Given n > m and
an m-step self-avoiding walk w, we let P, ,(w) denote the fraction of n-step
walks whose first m steps are given by w. In other words, Pp »(w) is the
fraction of n-step self-avoiding walks which eztend w. Then we define

Pn(w) = nango Pmn(w) (6.7.1)

if the limit exists. If the limit does exist, then the probability measures P,
on m-step walks will be consistent in the sense that for each n > m and
each m-step self-avoiding walk w,

Pa(w) =Y Palp), (6.7.2)
po>W
where the sum is over all n-step self-avoiding walks p which extend w. This
consistency property allows for the definition via cylinder sets of a measure
Py, on the set of all infinite self-avoiding walks. The measure P, is the
infinite self-avoiding walk.

Although the limit (6.7.1) is believed to exist in all dimensions, the clos-
est results to existence of the limit in general dimensions are Theorems 7.4.2
and 7.4.5(a). These state that for any m-step self-avoiding walk w which can
be extended to an infinite self-avoiding walk, liminf, .co Pmn(w) > 0 and
limp, o0 Pmnt2(w)/Pma(w) = 1. (For bridges the situation is easier, and
existence of the infinite bridge in all dimensions is proven in Section 8.3.)
The remainder of this section is devoted to a proof that the limit in (6.7.1)
exists if  is sufficiently large (with d > 4 for the spread-out model).

Given a nonnegative integer m, let k = (k(1), ..., k(™)) where k() €
[=m,7)9. Given n > m and an n-step self-avoiding walk w, let wn, be the
first m steps of w, and

m
k-wm = kO w(i).
=1

Let
Prmn(k)= Y ekemK[0,n],
|wj=n
where the sum is over all n-step ordinary random walks and K was intro-
duced in (5.2.6). We also define

—_ ikw — 1
pma)= 3 KR a() = —@ma(k),

lwl=m
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where the sum is over all m-step self-avoiding walks (walks which do have
self-intersections would make no contribution so the sum can also be con-
sidered to be over ordinary random walks). Since {Pn ,}n is clearly tight,
a standard convergence theorem [see Billingsley (1968), p. 46] guarantees
that existence of the limit (6.7.1) follows from existence of the limit

om (k) = n“lﬁ}o ®m,n(k), (6.7.3)

for all k € [—m, m)™d,

We now recall some notation and a lemma from Section 5.2. For m > 0,
we defined a quantity similar to the Fourier transform G, (k) of the two-
point function by '

T,(k,m)= Z Pmn(k)z™.

Since [T, (k, m)| < x(|2]), this power series converges for |z| < z.. We also
defined a quantity similar to IT,(k), again for m > 0, by

¥, (k,m) = i 2 Z ekwn J[0, 5], (6.7.4)

s=m |w|=s

where the sum is over ordinary random walks. It follows from the absolute
bound on the lace expansion of Theorem 6.2.9 that for v = 0,1, 9V ¥, (k, m)
is bounded by a finite constant uniformly in k and |z| < 2. For j < m
we define k; = (kG+D, ... k(™). In Lemma 5.2.6, it was shown that for
m>1

T,(k,m) = z2@D() k)L, (ky,m - 1)
j=1

m-—1 m
+ Z z* Z exp[iZk(j) -w(min{j, s}}J[0, s]T; (ks, m — s)

=2 |w|=3 j=1
+ ¥, (k, m)x(2).

Let N,(k,m) = x(z)~'T,(k,m). The above identity and induction on
m then can be used to argue that for v = 0,1, 8Y N,(k,m) is uniformly
bounded in k and |z| < 2.

To prove existence of the limit (6.7.3), we proceed as follows. By defi-
nition of N,

Pm n (k)

1 dz
E‘r_‘i sz(k,Tn)X(Z)-zn—_H (6.7-5)

1 dz
= No(emlen + 5 GIN.(em) = Nl m)(2)
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where the contour is a small circle centred at the origin. It suffices to show
that the second term on the right side is o(c,), which by Theorem 6.1.1(a)
is equivalent to o(2;"). Hence by Lemma 6.3.3(37) it suffices to show that
for |z| < z,

£ IN.(k,m) = N, (k, mlx(2)| < O(fze = 2|1, (6.7.6)

for this would imply that the second term on the right side of (6.7.5) is
O(z7"n~?), for every a < 1.
Now since |8, N, | is uniformly bounded for |z| < 2,

d d

7; [Nz (k,m) = N (k, m)]x(2) = O(1)x(2) + O(|z = 2[) - x(2).

The first term on the right side is O(|z.—2|~!) by Theorem 6.2.10. It follows
easily from Theorem 6.2.9 and Theorem 6.2.10 that the second term on the
right side is also O(|z. — z|~!). Thus we have (6.7.6), and the proof of
Theorem 6.1.9 is complete.

6.8 The bound on ¢,(0,z)

In this section we prove Theorem 6.1.3, which states that for the nearest-
neighbour model in sufficiently high dimensions or for the spread-out model
with d > 4 and L sufficiently large, there is a positive constant B such that

sup ¢a(0,2) < Bu"n=9/2, (6.8.1)
reZ4d

This shows that if as believed ¢, (0, 2) ~ const.u”n%+ins=2 then Qging—2 <
—d/2, i.e. we have proved an inequality corresponding to the conjectured
hyperscaling relation aying — 2 = —dv. This is the only result stated in
Section 6.1 which has not yet been proved for the nearest-neighbour model
for all d > 5. We assume in this section that n and ||z||; have the same
parity; otherwise ¢,(0,z) = 0.

For reasons to be discussed momentarily, with some reluctance we rein-
troduce a finite memory as in Section 5.2; recall that the estimates of
Section 6.2 are uniform in the memory. Let ¢, (0, 2) denote the number of
n-step walks ending at z which are self-avoiding with memory 7. For any
r € [0, 00] and for any =z,

dik
c,,(o,x)gc,.,,(o,z)=/[_mdWc,,,,(k)e ke, (6.8.2)
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Denote by # the d-dimensional vector whose components are all 7. Then
since n and ||z||; have the same parity,

bnr(k = F) = (=1)"én .~ (k). (6.8.3)

Using this fact, together with periodicity, we can then conclude that the
integral on the right side of (6.8.2) is twice the integral over [-7/2, /2] x
[=m, 7]4-1, and hence

2 7/2 . .
Cn (0, 1:) S (_2_7|’)—d / /2 dkl [ o dk2 e dkd c,,,,(k)e—'k"’. (68.4)
-7 -7, 7]d~

To estimate the integral on the right side, we will first use contour integra-
tion to estimate the integrand. In Theorem 6.6.1 we have already obtained
good control of é,(k) for k of order n=1/2, but now we require estimates
valid for all k.

In (5.2.5), we introduced z,(k; 7) as the radius of convergence of G, (k; 7).
Thus z.(k;7) is the zero of F,(k;7) = G,(k;7)~! which is closest to the
origin. Our contour integration method requires us to track this zero as a
function of k, and because it will occur frequently we abbreviate the no-
tation by writing 2,(k) = 2.(k;7) and zr = 2.(0;7). In general zeroes of
F,(k; ) occur in complex conjugate pairs since G,(k;7) = Gz(k;7), but
it will be shown that for small k there is a unique, and hence real, zero
near zr. Clearly z, (k) > zr, since |G, (k; 7)| < G,(0; 7). Similarly, z; < z..
Without introducing a finite memory we are unable to control II, beyond
z. and therefore are unable to analyze z.,(k) for k£ bounded away from 0.
However with a memory we will see that there is an analytic continuation
of G, (k; 7) beyond z,, which permits us to control the integral in (6.8.4).

For € > 0 and 7 > 4 we define

D;(e) = {z: 2| < z[l + er"log 7]} (6.8.5)

We wish to show that there is an analytic continuation of G,(k;) to the
disk D;(¢), for some positive €. As a first step we have the following con-
sequence of Theorem 6.4.2.

Theorem 6.8.1 Let Q be sufficiently large (with d > 4 for the spread-out
model). There is a positive constant €g (which may depend on d,Q but not
on 7) such that for any T < 00, € < €9 and p € (0, 2],

118505 Gp(0, 5 7)lleo < 5KQet+2d (6.8.6)

166G,(0, -3 7)||2 < BKQ~1+s, 6.8.7
p-P 2
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and

1z1285Gp(0, s 7)loo < SKQ1H242/4, (6.8.8)

Here K is the constanl of Lemma 6.2.2, s = 0 for the nearest-neighbour
model, s = 1/20 for the spread-out model, and the 2/d in the ezponents can
be omitted for the nearest-neighbour model.

Proof. Theorem 6.4.2 (with finite memory) immediately gives finite
bounds (uniform in 7) for the left sides, for any ¢ < min{(d — 4)/4,1}.
In fact, if we take € < min{(d — 4)/8,1/2} (say), then Theorem 6.4.2 can
be used to give finite bounds (again uniform in 7) on the derivatives with
respect to € of the norms on the left sides. Hence the left sides can be
made as close as desired to their ¢ = 0 values by taking ¢ sufficiently small,
independent of 7. The theorem then follows from the € = 0 bounds given
in Corollary 6.2.6 and (6.2.39). o

This leads to the following corollary, which extends Corollary 6.2.7 and
Theorem 6.2.9. The corollary in particular provides an analytic contin-
uation of M,(k;7) to D,(¢o), and hence a meromorphic continuation of
G:(k; T) to the same disk.

Corollary 6.8.2 Let Q be sufficiently large (with d > 4 for the spread-out
model). There is a posilive constant Ky which is independent of Q such
that for any € < €9, any 7, k, and any z € D, (€o),

I, (k;7)] < K Q- '1Het2/d (6.8.9)
|01, (k; 7)| < K Qet2/d, (6.8.10)
[OuTT (k; )| < K Q22424 | (6.8.11)
[62M1,(k;7)] < K Q 2H2et2/d) (6.8.12)
[1,(0;7) = M,(k;7)] < K Q-2+2+2/dp2, (6.8.13)

Proof. By Theorem 5.4.4 and the second Remark below Theorem 5.4.2,
the quantities on the left sides of (6.8.10)—(6.8.13) can be bounded in terms
of various norms involving

H,(0,z;7) = ZT: en,r(0,2)2". (6.8.14)

Here we have used the fact that for finite memory, all diagram subwalks
have length at most 7, and hence the sum in the above equation can be
truncated at n = 7.
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For example, the left side of the second inequality can be bounded in
terms of the norms

18 H)z)(0, 3 7)o and [[H}3)(0, -5 7)]]2.
Each of these norms can be bounded using Theorem 6.8.1. To see this, we

note that for 2 € D;(¢) and v € {0,1},

.
0L Hyop(0,2;7) < Y n%cn r(0,2)28 (1 + er~tlogr)"~.  (6.8.15)

n=1
For1<n<r,
(14+er~Tlogr)" < (14 erllogr)n®. (6.8.16)

Taking v = 0, using (6.8.16) in (6.8.15), and extending the summation to
all n > 1 gives

1H)21(0, -5 7)loo < (1 4 €77 log 7)||85 G-, (0, 2; 7)o (6.8.17)
Similarly,
1H 20,5 )|z < (1 4 €7~ log 7)||8£G-, (0, - 5 7)||2. (6.8.18)

The case of v =1 is slightly more involved:

T
8:Hi;(0,z;7) < (1 + er~tlogr) z nlt€c, .(0,2)27 1. (6.8.19)

n=1
Since -
850.G,(0,z;1) = Z(n —1)nen -(0,z)2z" "1, (6.8.20)
n=2

it follows from (6.8.19) that
1182 Hy (0,3 oo < (1-+er="log 7) (211650, (0, 5 )lloo + 1) . (6:8.21)

The second bound of the corollary then follows just as in Section 6.2, using
Theorem 6.8.1.

The other bounds are similar, apart from the last one, which follows by
integration of the third bound. o

By (5.2.18),
Fo(k;7) =1 = 2QD(k) — T, (k; 7).

Also, by Corollary 6.2.7, F,,(0;7) = 0. The next lemma provides an ex-
tension of Theorem 6.2.10 for finite memory.
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Lemma 6.8.3 Let Q be sufficiently large (with d > 4 for the spread-out
model). Then

|F; (05 7)1 > %lzf — 2| (6.8.22)

for all 7, and for all z € Dr (o). In particular, z; is the unique zero of
F,(0;7) in Dr(eo).

Proof. The proof is identical to that of Theorem 6.2.10, using Corol-
lary 6.8.2. m]

The next lemma gives bounds which allow for the estimation of é, (k)
by contour integration. There are separate estimates for two distinct sets
of k values.

Lemma 6.8.4 Let Q be sufficiently large (with d > 4 for the spread-out
model). There is a posilive constant ¢, (depending on d,Q but not on 7)
such that the following hold.

(a) For k € [—7/2,7/2] x [—m, 7]9=1 with k? < ¢;7='logT, F,(k;7) has
a unique zero z:(k) in D;(€q), which is in fact located inside Dr(eo/2).
Moreover, z; (k) is a simple zero and

1Pk 2 1z - 2 (8] (6.8.23)

for all T and all z € D (¢o).

(b) There is a positive €; < €y (depending on d,Q but not on 7) such that
fork € [=m/2,7/2] x [—m, 7]%=1 with k2 > ¢;r~log T, F,(k;T) has no zero
in Dy (e1). Moreover there is a constant ¢y (depending on d, but not on
T) such that for these values of k

|F,(k; )| > co[r—log 7 + |zarg 2|] (6.8.24)
for all 7 and all z € D;(¢1). (Here argz € [-m,7).)

Proof. (a) Consider k near the origin. By Lemma 6.8.3 and Rouché’s
Theorem, to see that there is a unique zero in D;(€o) it suffices to show
that |F,(k; ) — F,(0;7)| < |F,(0;7)| on the boundary of D, (¢o). But the
left side is equal to

2Q1 = D(k)] + 11,(0; 7) = T, (k; 7)| < ¢'k? (6.8.25)

by (6.8.13) and the fact that 1 — D(k) is order k2, where ¢ is independent
of 7. By Lemma 6.8.3, on the boundary of D-(¢g)

|F,(0;7)| > ﬁ%@-‘r"llogr. (6.8.26)
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Since z; > 29 = 1/Q, uniqueness of the zero follows if

2 . €01
k* < il log 7. (6.8.27)
Thus we take ¢; < €o/(2¢).
To see that the zero is located in Dy (€0/2), we proceed as follows. Dif-
ferentiation of the equation F, (y(k;7) = 0 with respect to kj, together
with Corollary 6.8.2, gives

OuF

|8uzr (k)| = < const.|k,| (6.8.28)

2z

for small k. Therefore
1
zy (k) = z;(0) +/ ditz,-(tlc)dt < 2,(0) + const.k?, (6.8.29)
0

with the constant independent of 7. This gives the desired result, if we take
¢; sufficiently small. i
For the lower bound on F', we have

\E (k) = |Fa(k;m) = By (ks 7))

1
|2, (k) = 2| |QD(k) + /0 OuTl,, 1o iysy (ks )l

i

v

%|z — % (b)), (6.8.30)
for k near zero and Q sufficiently large, by Corollary 6.8.2.

(b) It suffices to prove the lower bound (6.8.24). For this we add and
subtract II,(0; 7) to F,(k;7), and then subtract F, (0;7) = 0, obtaining

Fo(k;7) = Q(2r — 2D(k)) + 1, (0;7) — 11,(0; 7) + 11,(0; 7) — I, (k; 7).
(6.8.31)

Using Corollary 6.8.2 then gives
|E,(k; 7)| > Qzr — 2D(k)| = K1Q°+2/9) 2, — 2| — K1 k2Q~ 242542/ (6.8.32)
For the middle term on the right side, we use
|zr — 2| < |2r — 2D(k)| + |2| |1 = D(k)|. (6.8.33)

It follows from the fact that |1 — cost| < t?/2 for all t € R that |1 -
D(k)| is bounded above by k2/(2d) for the nearest-neighbour model and
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by (k?Q%/9)/2 for the spread-out model. We write this upper bound as
a(Q)k?. Then using |z| < 2z, we have

Bkl 2 (Q- K@ 42|z, — 2D(k)|
— [22;a(Q)K Q24 4 | Q22042 d)f2,
Next we write z = |z|e’?, and use the inequality |a| + [b] < v/2|a + ib| to
obtain
1

|zr — 2D(k)| > % (12 ~ 121 D(k) cos 0] + |zD(k)sine]] . (6.8.34)

Now for z € Dr(e1), and for k? large as stated in the lemma but within a
small sphere of radius O(1) centred at the origin [so that D(k) is bounded
away from zero), it follows from (6.2.5) that

) 2
|zD(k)cosb| < Zr(1+€17'_1108"')<1 ¢ )

T 9r2d
k2
o (1 - 41r2d) !

if we choose ¢; sufficiently small (independent of 7). For this range of k
and for Q sufficiently large we then have

IN

|Fo(k; 7| 2 eak? 4 |z]largz]] (6.8.35)

for some constant ¢; depending on d, 2, but not on 7.

For k2 at least O(1) from the origin, D(k) is bounded away from 1.
Hence by (6.8.9) and the fact that z,Q = 1 —1II,,(0;7), for Q sufficiently
large there are 3,8’ € (0,1) such that

|Fo (k5 7)] 1= [2QD(k)| = [T (k; 7))
1=8(140(1))(1+ e, og ) — o(1)

B

VvV IV IV

[Here o(1) denotes a quantity which goes to zero as §2 increases, uniformly
in 7.
This completes the proof. , 0

We are now in a position to estimate é, - (k).

Lemma 6.8.5 Let Q be sufficiently large (with d > 4 for the spread-out
model).
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(a) Fork € [~m/2,m,2) x [—m,7]4~! with k2 < ey7~'log T,
énr(k) = 2z (k)~(+) ['3115’;,(::)(’6;7)“
+O[(1 + (€0/3)r~ log )=+ log ‘r]] . (6.8.36)

(b) Fork € [-m/2,7,2] x [-m, 7|9~ with k2 > ¢;7~llogT,
bar(k) = 27 D1 4 77 og )=+ O[log 7). (6.8.37)

Here O[f(n, )] denotes a quantity which is bounded in absolute value by
const.|f(n, )|, with the constant independent of n, .

Proof. (a) Let C be the circle of radius z; /2 centred at the origin, oriented
clockwise. Then

én (k) = _.}{ k)22 & (6.8.38)

Since |zr(k)| > 2, 2-(k) is not inside C. By Lemma 6.8.4 and the Residue
Theorem, deforming the contour from C' to the boundary 8D, (€o) of D, (€o)
gives

bnr(k) = 2 (k)" CD[=0, F, )(k;7)
+ L G (k;7) (”(")> dz).
2T 8D, (¢0)
To bound the integral on the right side we first note that since z.(k) €
D:(€0/2), for z € ODy(€o) we have

Z,-(k) n+1
z

< O[(1 + (€0/3)r~tlog r)~(n+1)]. (6.8.39)

Also, by (6.8.23)
[N G
3Dr(€o)

This proves (6.8.36).

IA

Ofllog |zr (1 + o7~ " log ) — z: (k)| ]
Oflog]. (6.8.40)

IA

(b) We perform contour integration as in part (a), deforming the contour
to OD:(ey). Here there is no singularity inside 8D, (¢;), and only the error
term contributes. Explicitly,

b s (k) = — ]{ 4 (6.8.41)

278 Jop,(ey) Fy(k; 7)2n+1
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The factor 2~(®+1) in the integrand is responsible for everything in the
upper bound stated in the lemma except for the log 7, which comes from
integrating 1/F using the lower bound of Lemma 6.8.4(b). ]

We need one more lemma before proving Theorem 6.1.3. Recall from
Lemma 1.2.3 that as the memory 7 goes to infinity, z, converges to z.. The
next lemma gives a bound on the rate of this convergence.

Lemma 6.8.6 Let Q be sufficiently large (with d > 4 for the spread-out
model) and € < min{(d — 4)/2,1}. There is a K (possibly depending on
d, €, but not on 7) such that for all T,

0< 2o = 2zp < Kyr—(149), (6.8.42)

Proof. Consider two memories 0 < r. Then z; < z;. Since F, (0;7) =
F,,(0;0) =0,

(zr — 2,)Q = [1,,(0; 0) = 11, (0; 7)) + [f1,, (0; 7) — I1,,(0; 7)].  (6.8.43)

Using (6.8.10) to estimate the second term on the right side, for some
constant C' we have

0< CQzr - 26) < 11,,(0;0) =11, (0; 7). (6.8.44)

By Lemma 5.4.5 and Corollary 6.2.6, the right side is bounded by a multiple
of

oo
1" eno(0,)22lloos (6.8.45)
n=o/6
Inserting 1 < [6n/0]!*¢ into the summation, the above norm is bounded
above by a multiple of

o~ (149 §:9,G, (0, z; 0)|, (6.8.46)

=Zs '

The bound on the fractional derivative of (6.8.46) given in Theorem 6.4.2,
together with (6.8.44), then gives

0< 2z — 2o < Kyo~ (149 (6.8.47)

for some constant K. Letting 7 — 0o, we obtain (6.8.42). a

Proof of Theorem 6.1.3. We now take 7 = n'/® with b € (1,1 + ¢), and
use (6.8.4). As a first observation, by Lemma 6.8.6 we have

n
: Zaip )\ _ _ —(14€)/0\n —
n‘l.%( .. ) —nango[l O(n =1 (6.8.48)
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To estimate the integral of |¢, ,1/s(k)|, we divide the integral over k into
two parts as in Lemma 6.8.5. For k as in part (b) of the lemma, we have
from (6.8.48) and the lemma that

|6n nirs(k)] < CuPn=C"™' " logn < unO(n=112). (6.8.49)

Integrating this over k as in part (b) of the lemma gives a bound of the
desired form (in fact the decay is much better than required).

We now bound ¢é,, ,1/» for k as in part (a) of the lemma. The quantity in
square brackets on the right side of (6.8.36) is bounded above uniformly in
k and 7 = n'/% 50 we just concentrate on the factor z,(k)~". By (6.8.48),
for 7 = nl/® we have

-n _ n z \"
z: (k)" = [1+ o(1)]p (z,(k)) . (6.8.50)
By (6.8.29),
d 1
2 (k) = 2 [1+z;12/ a,,z,(tk)k,,dt]. (6.8.51)

It suffices to show that the right side is bounded below by z-[1 + C1k?], for
some constant C; > 0 which is independent of both 7 and small k. In fact,
given such a bound we would have

ln min(k)| < Cu{l = Cok?™ < CpnenCa, (6.8.52)

and extending the integration domain to R4 then gives an upper bound of
the required form p"n=9/2,

We now complete the proof by obtaining such a lower bound on the
right side of (6.8.51). As in (6.8.28), we have

Ol (5 7)
-0, Fz,(l)(l; T)

The denominator on the right side is positive and bounded above uniformly
in 7 and small /, by Corollary 6.8.2. For the numerator, we use z, (/) > Q!
and Corollary 6.8.2 to obtain :

8,z (1) = (6.8.53)

OuF,,y(;T) 2 Q1Y zyusinl -z — Ky Q222 (6.8.54)

€N
Expanding sin! - £ and using symmetry, the first term on the right side is
given by Q=135 o x2l, plus a term of order I3 which is negligible for
going to zero depending on n. Thus the first term dominates the second,
and we have the desired lower bound. This completes the proof. (]
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6.9 Notes

Section 6.1. The results stated in Section 6.1 for sufficiently large Q have
all been proven in Hara and Slade (1992a,1992b) for the nearest-neighbour
model with d > 5, except for Theorem 6.1.4. Their proof relies on the
fortuitous fact that the critical bubble diagram is not too large in five
dimensions. Since the critical bubble diagram can be expected to diverge
as d — 4% (with any reasonable definition for noninteger dimensions), the
proof is not entirely natural. A more natural proof (which we hope will one
day be forthcoming) would rely on the fact that the bubble is finite rather
than small. The methods used for the nearest-neighbour model with d > 5
are quite similar to those of Chapter 6, except for the proof of convergence
of the lace expansion. The latter, while similar in spirit to the proof given in
Section 6.2, is enormously more complex (and in fact is computer assisted)
due to the fact that the small parameter cannot be taken to be arbitrarily
small.

For the nearest-neighbour model with d > 5, Corollary 6.1.4 cannot be
deduced from Theorem 6.1.3 since the latter has not yet been proven in this
context. Instead, in Hara and Slade (1992a) (6.4.8) is extended to show that
the supremum norm of the a-th derivative of the critical two-point function
is finite [rather than just the (1 + ¢)-th derivative).

Section 6.2. The first proof of convergence of the lace expansion was
for weakly self-avoiding walk with d > 4, in Brydges and Spencer (1985).
The proof began by considering walks which are self-avoiding with finite
memory 7, and then used an intricate induction on the memory. Later, in
Yang and Klein (1988), the same methods were applied to a weakly self-
avoiding walk taking steps of arbitrary length m parallel to the coordinate
axes in Z4¢ with probability proportional to m=2, and it was shown that if
the self-avoidance is sufficiently weak then the scaling limit of the endpoint
has a Cauchy distribution if d > 2 (which is the distribution of the scaling
limit in any dimension for the corresponding random walk without the self-
avoidance constraint). An alternate proof of Brydges and Spencer’s results,
which uses the lace expansion and an induction on finite memory but avoids
the use of generating functions, is given in Golowich and Imbrie (1992).

In Slade (1987) and Slade (1989) it was proven that ¥ =1/2 and vy = 1
for the strictly self-avoiding walk in sufficiently high dimensions. Conver-
gence of the expansion was proven using Lemma 6.2.1. No estimate was
given of how high the dimension had to be.

The convergence proof used in Section 6.2 is the prototype for the proofs
of convergence of the lace expansions for lattice trees and animals and for
percolation, used to prove Theorems 5.5.1 and 5.5.2.
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Section 6.3. The fractional derivative analysis is taken from Hara and
Slade (1992a).

Section 6.4. This section follows the methods of Hara and Slade (1992a).

Section 6.5. The proof of mean-field behaviour for the correlation length
in Theorem 6.1.5 is modelled on the proof of the analogous result for per-
colation in Hara (1990), and follows Hara and Slade (1992a).

Section 6.6. It was proven in Slade (1988, 1989) that the scaling limit of
the self-avoiding walk is Gaussian in sufficiently high dimensions, using a
finite-memory cut-off. Hara and Slade (1992a) used the fractional derivative
argument presented here.

Section 6.7. The definition used here for the infinite self-avoiding walk
was introduced in Lawler (1980). Lawler (1989) constructed the infinite
self-avoiding walk in sufficiently high dimensions.

Section 6.8. The bound on ¢, (0, z) obtained in Section 6.8 is new. The
method of proof takes its inspiration from Brydges and Spencer (1985).
The proof is unsatisfactory in its use of finite memory; it should be possible
to improve Theorem 6.1.4 to prove that ¢, (0, z) is asymptotic to a multiple
of n=%/2 (for fixed z, as n — 00), without making use of finite memory.
To do so remains an open problem. No estimate has been made of how
high the dimension need be for the proof to work for the nearest-neighbour
model, but we would guess something on the order of d > 10.
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