Chapter 4

Convergence with Nonhomogeneous Boundary
Conditions

4.1 The Setting

In this chapter, we consider the continuous wave equation

atty_ axxy O (tvx) € (OaT) X (Oa 1)1
y(t,0) =0, (f )=v(t), t€(0,T), 4.1
(¥(0,-),95(0,-)) = (5°,»"),
with
0% eL?(0,1)xH(0,1),  veL*0,T). 4.2)

Following [36] (see also [33, 35]), system (4.1) can be solved uniquely in the
sense of transposition and the solution y belongs to

C([0,T];L2(0,1)) x C'([0,T];H~1(0,1)).

Let us briefly recall the main ingredients of this definition of solution in the sense
of transposition and this result.
The key idea is the following. Given smooth functions f, the solutions ¢ of

atz(P—axx(P:fa (I,X)G(O T)X(Ovl)v
o(t,0) = @(r,1) =0, t€(0,7), 4.3)
((p(T’ ')7at(p(Ta )) = (070)7

which are smooth for smooth f, should satisfy

/()T/Ol)’.fdxdt _ —/()Tv(t)ax(p(t, 1

1
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80 4 Convergence with Nonhomogeneous Boundary Conditions

Thus one should first check that if f € L'(0,T;L*(0,1)), then the solution ¢ of
Eq. (4.3) belongs to the energy space C([0,T];H}(0,1))NC'([0,T];L?(0,1)) and is
such that d,¢(t,1) € L?(0,T) with the following continuity estimate:

100, 0) | 1= (0,7:1 0.1) < 20,1y T 1950 (& Dll20.7) < Cllf i 0.r2200)) - (45

Of course, there, the first term can be estimated easily through the energy identity,
whereas the estimate on the normal derivative of ¢ at x = 1 is a hidden regularity
result that can be easily proved using multiplier techniques.

Assuming Eq. (4.5), the map

T 1
g(f):_/o v(;)ax(p(t,l)dt—/o yo(x)az(P(O,X)dx+<)’1,(P(07')>H71,Hg

is continuous on L'(0,T;L?(0,1)) and thus there is a unique function y in the
space L*(0,T;L*(0,1)) that represents .Z, which is by definition the solution y of
Eq. (4.1) in the sense of transposition. The solution y actually belongs to the space
C(]0,T];L*(0,1)) since it can be approximated in L=(0,T;L%(0,1)) by smooth
functions by taking smooth approximations of v, y°, and y!.

A similar duality argument shows that d,y belongs to C([0,T]; H~'(0,1)).

Let us finally mention the following regularity result (see [34]): if (y°,y!) €
H}(0,1) x L*(0,1) and v € H'(0,T) satisfies v(0) = 0, then the solution y of
Eq. (4.1) satisfies

yeC([0,T];H'(0,1))NC'([0,T];L*(0,1)) and Ay € C([0,T];H~1(0,1)). (4.6)

Now, the goal of this chapter is to study the convergence of the solutions of

1 .
Iyjn— ﬁ()’jJrl,h =2yin+yj-14n) =0, (t,j) €(0,T) x{l,...,N},
You=0," yi1alt) = valo), 1€ (0,7), @7
(y1(0),9y4(0)) = (9, ¥1);

towards the solution y of Eq. (4.1), under suitable convergence assumptions on the
data (y),y}) and v, to (y°,y') and v.

As in Chap. 3, y;, will be identified with its Fourier extension F,(y;). This will
allow us to identify the H~'(0, 1)-norm of f;, as

1fille=1(0.1) = N1zl g3 0,1y » Where zy solves — dzy = fiy on (0,1), 24 (0) = z(1).

Note that, expanding these discrete functions on the Fourier basis, one can check
(see Proposition 4.1 below) that this norm is equivalent to ||Z]| Hl(0.1)> Where 2,

solves

| _ . ) . .
_ﬁ(ZjJth'i‘ijl,h_szJz):fj,ha JE{1,...,N}, Zop=2nt12=0.
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The outline of this Chap. 4 is as follows. Since we are working with the H~1(0, 1)-
norm, it will be convenient to present some further convergence results for the dis-
crete Laplace operator. In Sect. 4.3 we give some uniform bounds on the solutions
v, of Eq. (4.7). In Sect. 4.4 we derive explicit rates of convergence for smooth solu-
tions. In Sect. 4.5 we explain how these results yield various convergence results. In
Sect. 4.6, we illustrate our theoretical results by numerical experiments.

4.2 The Laplace Operator

In this section, we focus on the convergence of the discrete Laplace operator Ay,

(Anzn)j = %(Zjﬂ,h —2zjp+2zj—1p), JEA{L,...,N}, withzg), = zy41, =0.
(4.8)
In particular, we give various results that will be used afterwards.

Let us first recall that the operator —A, is self-adjoint positive definite on RY
according to the analysis done in Sect. 2.2. Besides, its eigenvectors w* and eigen-
values Ay (h) = py(h)? are explicit; the k-th eigenvector wX(x) = v/2sin(kmx) is in-
dependent of 4 > 0 and py(h) = 2sin(kmh/2)/h.

4.2.1 Natural Functional Spaces

In this section, we focus on the case of “natural” functional spaces, i.e., in our case
H{(0,1), L*(0,1), and H~1(0,1).
As already mentioned, we have the following:

Proposition 4.1. If f}, is a discrete function, then there exists a constant C indepen-
dent of h € (0,1) such that

1
C [ fallg-1 < ||(_Ah)71fh||H(} <C|fullyg-1- (4.9)

To simplify notations, for f € H~!(0,1), we shall often denote by (—dy,) "' f the
solution z € H}(0,1) of

—duz=/f on(0,1),  z(0)=z(1)=0.

Proof. Since fj, is a discrete function, it can be expanded in Fourier series as
follows:

N
fr=Y, fiwk.
k=1
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Then the expansions of z = (—dy) ' f; and 7, = (—A,) ! f;, are known:

N
Z—ka k thzluklwk.

& ()
Hence
\fil* 2 Al w
Izll7) = 12 7 :
Ho /;1 [.Lk Hy /;1 [.Lk i (h)*
Since for all k € {1,...,N},
4 4
< He T
T ()t 16
we easily get Proposition 4.1. a

We now prove the following convergence result:

Theorem 4.1. Let f € L*(0,1) and expand it in Fourier series as

f=3 ik, (4.10)
k=1
and set
N
=Y fink. (4.11)
k=1
Let then 7 be the solution of
—duz=f, on (0,1), z2(0) =2z(1) =0, (4.12)
and zj, of
—(Anzn)j = fin, JE{1,...,N}. (4.13)
Then
I1f = Sl + Iz = znll gy < ChIIfIl2 (4.14)
le=zll2 < CH* £ 2 (4.15)

Remark 4.1. Of course, Theorem 4.1 is very classical and can be found for many
different discretization schemes and in particular for finite-element methods; see for
instance the textbook [46].

Proof. Our proof is of course based on the fact that the functions w¥ are eigenvectors

of both the continuous and discrete Laplace operators. Note that it is straightforward
to check that

1f = fullg—+ < ChIIf -
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We thus focus on the comparison between z and z;,. Again, we use the fact that
the expansions of z and z;, in Fourier are explicit:

= i ikzwk7 p = i Ji 2wk. (4.16)
k=1 Mi & ()

Now, computing the H& -norm of z — z;, is easy:

» L AP S AP
le-alfy = X A (1- ) 4 3 Iy

S P
J 204, 1 2
< CY |fil*Kh ¥ > 1Al
k=1 k=N+1
where we have used that

1 w2\’
— 1——’<) < CK*h*, Vke{l,...,N}. (4.17)
u,?( i (h)?

Hence
1
2 274 2
o=ty < (N4 03 ) Il
Since N + 1 = 1/h, this concludes the proof of Eq. (4.14).

Similarly, one derives

1

2 2

le=all <€ (4 7 ) I11Bs.

which immediately implies Eq. (4.15). O
From Proposition 4.1 and Theorem 4.1 we deduce:

Theorem 4.2. Let f € H ’1(0, 1) and f, be a sequence of discrete functions such
that

tim £~ fylly-1 =0.
Then
. _ -1l [ -1 _
lim || (=) " f = (=) " |y = 0. (4.18)
Besides, if f € L*(0,1) and f;, satisfies, for some 6 > 0,
1f = fill 1 < Coh®,
then
(=00 = (=40 fill g <€ (R If1l2 + Con®) . (4.19)
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Proof. The first part of Theorem 4.2 easily follows by the density of L?(0, 1) func-
tions in H~'(0,1), the uniform stability result of Proposition 4.1 and the conver-
gence result of Theorem 4.1, similarly as in the proof of Proposition 3.5. The details
are left to the reader.

The second part of Theorem 4.2 consists of taking fj, as in Eq. (4.11), for which
we have

1f =Fallgr <ChIFl2 and [[(=A0) " Fa = (=0e) ™ Fl gy < CRISlz2-
Then Proposition 4.1 implies that
[(=An) " fi— (—Ah)flthHé <C|| = Full -1 -
Of course, these three last estimates imply Eq. (4.19). O

Finally, we mention this last result:

Theorem 4.3. Let f € L?(0,1) and z = (—0dx) ' f. Then there exists C such that

0:z(D) < CIA N2 1N g1 - (4.20)

Similarly, there exists C > 0 such that for all h € (0,1), if f; is a discrete function
and z, = (—Ap) " i, we have

N |2
‘T‘ <Clfull 2 I full g1 - 4.21)

Besides, taking f;, as in Eq. (4.11), we have

8xz(1)+ZNT”" <CVh|fll;2- (4.22)

Proof. We prove this result using the multiplier technique. Since —dyz = f, multi-
plying the equation by xdz, easy integrations by parts show

19uz(1)]? = —2 / Frdz+ / EX e

Of course, this implies Eq. (4.20) from the fact that ||z[| ;1 = [|f{l-1-
In order to prove estimate (4.21), we develop a similar multiplier argument.
Namely, we multiply the equation

_(Ahzh)j:fj,hv Je{laaN}a

by j(zj+1,n —2j—1,,)- We thus obtain

2
’ZN’* :_2}12 h(—Z’“th’ 1h>f;h+h2<—z’“hh Z”) .

j=0
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Hence

‘ZNh

which yields estimate (4.21).
We now aim at proving Eq. (4.22). First remark that z;, also solves

- xeh:fhv on (071)7 Zh(o):Zh(l):Ou

where

N
Jo= sz( Ha
j=1

But one easily has

W/l 2 <Clllzs 1= Fllymr S CRIAN 2 -
Indeed, from Eq. (4.17),

~ 2 & |l we ’ 210 p12
||fh_fh||H—l = 2_,3 - <‘uk(h)) SCh ||fHL27

and thus Eq. (4.14) yields Eq. (4.24).
Therefore, using Eq. (4.21),

10:2(1) = (D < C(|IF = Fall o [1F = Fill o) > < VR 2

Besides,

wh e fi sin(kmh)
ath(l) + T = kg‘l [.,Lk(h)z (— )k (1 — W) km.

85

‘ < Cllfullz Izallgy +Cllznlizy < Cllfallzz Wil +C N fullz-1

(4.23)

(4.24)

(4.25)

Note that this last expression coincides with the continuous normal derivative dxZ(1)

of the solution 7 of the continuous problem

kmh

o sin(kmh
—0uZ = gn, on (0,1), where g, = ka ( ( )>Wk’ (4.26)

7(0) =3(1) =0.
Using that for some constant C independent of 2 and k € {1,...,N},

sin(krh)
2| = kmh

‘ < Ck*h?,
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we easily compute

1&nll2 <Cllfllz,  gnllg—1 < ChIfll2- (4.27)
Hence, from Eq. (4.20),

N

dean(1) + == | = 10:2(1)] < CVh||fl2-

Together with Eq. (4.25), this concludes the proof of Theorem 4.3. a

4.2.2 Stronger Norms

Recalling the definition of the functional spaces H(éo) (0,1) in Eq. (3.34), we prove
the counterparts of the above theorem within these spaces.
First, Proposition 4.1 can be modified into:

Proposition 4.2. Let ¢ € R. If fj, is a discrete function, then there exists a constant
C = C(¢) independent of h € (0, 1) such that

1 1
— < ||(—A L <C . 4.28
C HthH(fO) < [[(—4n) thH(/O)z < ||fh||H{0) (4.28)

The proof of Proposition 4.2 follows line to line the one of Proposition 4.1 and
is left to the reader.
The convergence results of Theorem 4.1 can be extended as follows:

Theorem 4.4. Let { € Rand f € H(éo) (0,1) and z = (=)~ f be the corresponding
solution of the Laplace equation (4.12). With the notations of Theorem 4.1, setting

fnas in Eq. (4.11) and zj, = (—Ay,) ' f;,, we have
— - — < Ch 4.29
If thH(éo)l-i-HZ Zh||H(é$l < HfHH(ZO)a (4.29)
z—zpllye < CH? X 4.30
le= 2l < 1l (430)
Here again, the proof of Theorem 4.4 is very similar to the one of Theorem 4.1

and is left to the reader.
We now focus on the convergence of the normal derivatives:

Theorem 4.5. Let ¢ > 0 and f € H(ZO) (0,1) and z = (—dxw) "' f be the corresponding
solution of the Laplace equation (4.12). With the notations of Theorem 4.1, setting
fnasin Eq.(4.11) and zj, = (—Ay,) ' f3,, we have

9x2(1)+ZNT’h < Cpmin{+1/2.0/2+12} ||f||H<f¢0)- 4.31)
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Proof. The proof of Eq.(4.31) follows the one of Eq.(4.22), except for the esti-

mates (4.24) on fj, in Egs. (4.23) and (4.27) on g, defined in Eq. (4.26).
Using that forall > 0and k € {1,...,N},

(- (i) ) =eon

~ 12 1 _
lf=Fll<c (W+Ch4max{l,N4 2‘}> 15, -

we easily derive that

In particular, if ¢ € (0,2],
cr | f iy thus yielding

F=nll2 < Chfnfn%) and if ¢ > 2,

f_.thLZ S

= Fillz < MO

Similarly,
Hf_thH*l < cpmin{t+12} ||fHH{0) )
We thus obtain, instead of Eq. (4.25),

|0c2(1) — Auzp(1)] < CmMEH/2:L/241.2) 11, -

Estimates on d,z;(1) + zy/h can be deduced similarly from estimates on g,
(defined in Eq. (4.26)) and are left to the reader. O

Remark 4.2. Very likely, estimate (4.31) can be improved for £ > —1/2 into
Z .
az(1)+ S| < o122 432)

For instance, using that, if f = ¥ fywk, the solution z of Eq.(4.12) can be ex-
panded as z = ¥ fi/u?w* and we get

k
az(1) = 3 2 ),
X g

provided the sum converges. Since for all k € N,

8xwk(1)‘ C
——|<—,
My Mk
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by Cauchy-Schwarz, for any ¢y > —1/2, we obtain
[dz(D)] <Gy HfHH(/g)

instead of Eq. (4.20).
Of course, we can get similar estimates for the discrete solutions z;, = (—Ah)’1 fn
and obtain, for all £(p) > —1 /2, a constant Cy, independent of /2 > 0 such that for all

discrete function f}, and z;, = (—A;) "' fp,

IN,h ‘
= <Gy (| fall e -
h Mt)
instead of Eq. (4.21).
Using these two estimates instead of Eqgs.(4.20) and (4.21) and following the
proof of Theorem 4.5, we can obtain the following result: for all £ > —1/2 and
€ > 0, there exists a constant C; . = C(¢,€) such that f € H(ZO),

duz(1) + Z1\17,/1 < Cé7£hmin{£+1/27e,2} ”f”H(é()) ) (4.33)

This last estimate is better than Eq. (4.31) when ¢ € (—1/2,0) and when ¢ € (1,2).

4.2.3 Numerical Results

This section aims at giving numerical simulations and evidences of the convergence
results Eq. (4.31) for the normal derivatives of solutions of the discrete Laplace
equation. We do not present a systematic study of the convergence of the solution
in L?(0,1) norin H}(0, 1) since these results are classical and can be found in many
textbooks of numerical analysis; see, e.g., [4, 46].

In order to do that, we choose continuous functions f and z solving Eq. (4.12).

For N € N, we then discretize the source term f into f, simply by taking f3,(j) =
f(jh) for j € {1,...,N} and compute z; the solution of —A,z, = fj, with z9) =
Zy+1,, = 0. We then compute dyz(1) +zy 5/h.

Our first test function is

_sin(2zx)  3sin(7mx)

f(x) = —sin(27x) + 3sin(7x), for z(x) = i p— (4.34)

The plot of ‘8xz(1) +ann/ h| versus N is represented in logarithmic scales in
Fig. 4.1, left. Here, we have chosen N € [100,300]. The slope of the linear regression
is —1.99 and completely corresponds to the result of Theorem 4.5.
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-11.8 -5.3
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Fig. 4.1 Plot of !axz(l) +2nn/ h! versus N in logarithmic scales. Left, for f as in Eq. (4.34), the
slope is —1.99. Right, for f as in Eq. (4.35), the slope is —1.00.

We then test

flx)= (x—i——ll)3’ corresponding to z(x) = —m + % - 2 (4.35)
Numerical simulations are represented in Fig. 4.1, right.

This function f is smooth, but it does not satisfy f(0) = f(1) = 0. Thus it is only
inNgsoH (10/)278 (0, 1) and the slope predicted by Theorem 4.5 is —1~ and completely
agrees with the slope observed in Fig. 4.1 right.

These two examples indicate that the rates of convergence of the normal deriva-
tives obtained in Theorem 4.5 are accurate.

4.3 Uniform Bounds on yj

The goal of this section is to obtain uniform bounds on yj, in the natural space for the
wave equation with nonhomogeneous Dirichlet control, that is C([0,7];L*(0,1)) N
C'([0,T]:H~1(0,1)):

Theorem 4.6. There exists a constant C independent of h > 0 such that any solution
yi of Eq. (4.7) with initial data (y),y}) and source term vy, € L*(0,T) satisfies

sup {|(va(#), Ayl 20,1 %11 (0,1)
t€[0,7]

<C (H(yguyilz)HL2(071)><H71(071) + ”vh”Lz(OI)) : (436)

The proof of Theorem 4.6 is done in two steps: one focusing on the estimate on
yi and the other one on d,y;, respectively, corresponding to Propositions 4.3 and 4.4.

As we will see, each one of these propositions is based on a suitable duality
argument for solutions of the adjoint system.
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4.3.1 Estimates in C([0,T]; L*(0,1))

We have the following:

Proposition 4.3. There exists a constant C independent of h > 0 such that any solu-
tion yy, of Eq. (4.7) satisfies

0 1
yllz=0.7:22 0.1y = € (HthLZ(o,l) + HthH*I(O,l) + ”"hHLZ(O,T)) : (4.37)
We postpone the proof to the end of the section. As in the continuous case, Propo-

sition 4.3 will be a consequence of a suitable duality argument.
Namely, let f;, € L!(0,T;L%(0,1)) and define ¢, as being the solution of

1
Ku®jn =17 [$jr1n+0j-1h—20j4] = fin,
(t,7) €(0,T) x{1,....,N},  (4.38)

Go.n(t) = dng14(t) =0, t€(0,7),
¢jn(T)=0,0¢;4(T)=0, j=1,...,N.

Then, multiplying Eq. (4.7) by ¢, solution of Eq. (4.38), we obtain
N T NoT q
0=hy /o Ouyjn®jndt —hy, /0 ﬁ[)’jJrl,h +¥j-1h— 2yl 9jndt
Jj=1 j=1
N T N T |
=hy /o YjhOuGjndt —h Y, /0 Vi @i+ 9j-1n—20;4)dt
j=1 j=1

y roogr ON 1
+h2(at)’j,h¢j,h_)’j,hat¢j,h)‘0 —/0 YN+1,—— dt
i

h
N T N
=Y, [ vinfinde+h Y 08,0014(0) ~ 3%,9:(0)) (439)
j=1"0 j=1
_/th(t)q)N’h(t) dr.
0 h

Note that identity (4.39) is a discrete counterpart of the continuous identity (4.4).
Remark that this can be used as a definition of solutions of Eq.(4.7) by transpo-
sition, even if in that case, solutions of Eq. (4.7) obviously exist due to the finite
dimensional nature of system (4.7).
Formulation (4.39) will be used to derive estimates on solutions y; by duality.
But we shall first prove the following lemma:

Lemma 4.1. For ¢, solution of Eq. (4.38), there exists a constant C independent of
h > 0 such that

08l 1= (0,713 0.1)) T 19 Onll=~(0.7:220.1)) < CllullLr0.7:22(0.1)) (4.40)
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Proof. The first inequality (4.40) is an energy estimate, whereas Eq. (4.41) is a hid-
den regularity property.

and

L
h

< CHthLl(o,T;L2(0,1))- 4.41)
12(0,T)

Multiplying Eq. (4.38) by d;¢; » and summing over j, we obtain

N N
1
B Oudjndrdjn—hy, o (074 18+ 05 15— 200] 00
Jj=1

Jj=1

N
=0 find®jn- (4.42)
j=1

The left-hand side of Eq. (4.42) is the derivative of the energy

d (hy 2 h e (B0 \?\ _ 1 dE[9)]
a (5}21""@%” a5 () ) = e

J=1

whereas the right-hand side satisfies

N 12 N 1/2
< <” > |fj,h|2> (h > |3z¢j,h|2>
i=1 i=1

N 1/2
< <h > |f,,h|2> VEB:]0)-

N
B finddn
=

Equation (4.42) then implies

1/2
‘d\/_ ‘ <h2|f,h ) . (4.43)

Integrating in time, we obtain that for all 7 € [0, T,

r /N 12
\/Eh(f)S/O <h2,1|fj,h(f)lz> dr.

Finally, recalling the properties of the Fourier extension operator in Sect. 3.2, we
obtain Eq. (4.40).
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Estimate (4.41) can be deduced from the multiplier approach developed in the
proof of Theorem 2.2 by multiplying Eq. (4.38) by j(¢j41,n — ¢j—1,4):

N T . _ .
hz/ fj7hjh<¢j+l,hh¢jl,h> dt
=10
N T . .
:hz /0 attq)j,hjh <—¢j+1’h 7 ¢;1,h) dr

—hZ/ [¢J+1h+¢1 Lh = 2¢j,h:| ih <—¢J+1h % ”) dr. (444

The right-hand side of Eq. (4.44) has already been dealt with in the proof of Theo-
rem 2.2 and yields

N T b
hZ/O 3n¢j,hjh(¢1+17hh¢1 Lh) &
_hz/ |:¢/+1h+¢/ 1h— 2¢j,h:| jh(q),/'Jrl,h;q)jl,h)

2 h3 N T
- a2y [
T T
- [ Esoyar-xi0)] .
0 0

0 Pivih—hPjn zdt
h

T oy n(t)

where, similarly as in Eq. (2.14), X;,(¢) is given by
N . — 0
—onY jh (¢j+l,h2h¢jl7h> 30,
j=1
From the conditions ¢, (T) = d;¢,(T) = 0 in Eq. (4.38), X;,(T) = 0. Besides, as in

Eq. (2.15), one has |X;,(0)| < E;(0).
On the other hand,

N T
o (Qi1h— 9 1h>
h,_zl/o f,,hjh(— dr

/N 1/2
=< / <h )Y |fj7h|2> VE(t)dt
0 =

< sup {\/AT}/ <h2|f,h|>l/zdt.

tG()T

Therefore, from Eq. (4.40), there exists a constant independent of % such that



4.3 Uniform Bounds on yj, 93

/T Ona ()
Jo
1/2 2

h
T N
<c| [ (sZiml) o),

which implies Eq. (4.41). O

2
h3N

T
dl+32/0

Jj=0"

0 Piv1h—0Pin

2
dr
h

Proof (Proposition 4.3). Lemma 4.1 and identity (4.39) allow us to deduce bounds
on yy,. Indeed,

1
1l = 0,722 0,1)) = sup / ya(x) f(x)dx.
feL'(0,7:22(0,1)) /0

HfHLl(((LT);LZ(O)l))

But there yj, is the Fourier extension Fj(y,) (recall Sect. 3.2); hence it involves only
Fourier modes smaller than N. We thus only have to consider the projection of f
onto the first N Fourier modes. But this exactly corresponds to discrete functions f},.
Therefore,

N T
vall = (0,7:120,1)) = sup | {hZ/O y]',hfj,hdt}-
=

FrELN(0,T312(0,1
Hfh ”Ll ((0,7);L2(0,1)) <1

But, introducing ¢y, the solution of Eq. (4.38) with source term f;,, using Lemma4.1,
we obtain:

> [ S T o)
hj_Zl/o Yjnfindt = _hj_z,l(y97hal¢j7h(0)_yjl‘,h¢j,h(0))+/() vi(1) NZ dr

< CHY%HH(OJ) Hatd’h(o)HH(o,l) +CHY};HH71(O’1) ||¢h(0)||H(§(0,1)

On .1

Hlvallz oy ||,

12(0.T)
<C (HyZHLz(OJ) + Hy;l,HHq(oJ) + ||Vh||L2(o,T>) I frllzr0.7:0200,1) -

This yields in particular Eq. (4.37). O

4.3.2 Estimates on 9.y,

We now focus on getting estimates on 0,y

Proposition 4.4. There exists a constant C independent of h > 0 such that any solu-
tion yy, of Eq. (4.7) satisfies
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”al)’h”L""(O,T;H*l(O,l)) <C (||)’2||L2(o,1) + ||Y}11HH—1(0,1> + th“Lz(OI)) . (445

Similarly as for Proposition 4.3, this result is obtained by duality, based on the
following identity: if ¢;, solves the adjoint wave equation (4.38) with source term
fu =gy with g, € L'(0,T;HL(0,1)), we have:

N T
hZ/O Vjinoigjndt = hz () 10191(0) = ¥} 46,.4(0))
=

+ / ¢Nh dr. (4.46)

The proof of Proposition 4.4 is sketched at the end of the section, since it is very
similar to the one of Proposition 4.3.
Hence, we focus on the following adjoint problem:

1
I Pjn— n [@j1h+0j—1.h—20j4] =g,

(t,j) € (0,T)x {1,...,N},  (4.47)
Qo (t) = Ony14(t) =0, 1€ (0,7),
¢;n(T)=0,0¢;0(T) =0, j=1,...,N.

We shall thus prove the following:

Lemma 4.2. For ¢y, solution of Eq. (4.47), there exists a constant C independent of
h > 0 such that

H‘Ph”Lw(o,T;H(} ©o.1) T ||al¢h(O)HL2(O,1) <C ”gh”Ll(OI;H(} (0.1)) (4.48)

Proof. To study solutions ¢y, of Eq. (4.47), it is convenient to first assume that gj, is
compactly supported in time in (0,7) and use the density of compactly supported
functions in time in L' (0, 7; H} (0, 1)).

Let us introduce y;, satisfying o, v, = ¢y, which satisfies

and

ON 1

<C ”gh”L‘(OI;H(} 0,1)) - (4.49)
L2(0,T)

1
MnVYjn— 7 (Wisctn+Vioin—2Win] =8&jn

(t,7) €(0,T) x {1,...,N},  (4.50)
Vou(t) = Wnpiu(t) =0, 1€ (0,T),
l[/]"h(T):O, a[l//j,h(T):O, j=1,...,N.

Obviously, using Lemma 4.1, we immediately obtain
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YN,

”Wh”L‘” 0,7;H3(0,1)) + ||atWhHL°° 0.7:22(0,1)) T H = Cth”Ll(O,T;Lz(OJ))

L2(0.7)
<Cllgnllro7:m100.1))-

To derive more precise estimates on ¢, we multiply Eq. (4.50) by —(0;yj 14+

N1 —20,Wjn)/H*:

a ﬁi AV — AW 2+@ i Vit V=2’
dr |24 h 2 "

=h§ (gj+1,h—gj,h) (af"’f“vh_a’l’/f’h)

j=1 h !

j=0 j=1
Arguing as in Eq. (4.43), this allows to conclude that

sup { Z<9zllf,+1hh 3:%}:) +§§<Wj+l,h+W2217h_2Wj7h)2}

t€[0.7] j=1
2

k
2
1/2
g/+1h 8j.h
( hz - )) dr | . 4.51)

Using Eq. (4.38) and d; y, = ¢, and again the equivalences proven in Sect. 3.2, we
deduce

10l L= (0,7 12 0.1)) + 195 Wi+ gnll=(0,7):22(0,1)) < Cllgnllro.7:m2 0.1)) »

where we use the equation of yj;,. In order to get Eq. (4.48), we only use the fact that
gn(0) =0.

To deduce Eq. (4.49), we need to apply a multiplier technique on the Eq. (4.47)

directly.
Multiplying Eq. (4.47) by j(@; 14— ®j—1,,), we obtain, similarly as in Eq. (2.13),

T 3 N
| w33 [
0
T T N . — .
:/O Eh(t)dt—Xh(O)—h/O zjh(W) dginds,  (452)
=

where X, is as in Eq. (2.14). To derive Eq. (4.49), it is then sufficient to bound each
term in the right-hand side of this identity.

onalt) |
h

AOi1n—bin|
h
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First remark that

T T N ) e 2 T N
/Eh(t)dt:h/ 2(@) dt+h/ > 10:9jl7 d
0 0 j=o0 0 j=0

T N a . _a X 2 T N
i Z<Jﬂﬁu%_ﬂuﬁ areh [ 3 vl

j—o Jj=0
2

_h/ <3zllfj+1h 9zllfjh> dt+h/ 2 (Wj+17h+llfli217h—2‘l’j,h> dr

T . + . —2v;
+h/0 Zgﬁ,hdwzh/o 2 ("’-’“”’ W;ﬂ”’ W"’h> gjndt.
=0 J0 5

In particular, from Eq. (4.51), we obtain

T T N )
Etdt—h/ - dr
, B [ 3

Let us then bound X;,(0). Since g,(0) =0,

< o ((9+14(0) = 9;-1,4(0)
o) =3, (PO ) 50,0

= 2h il jh <¢j+17h(0)2—h¢117h<0)) PR
S 0014(0) =i 14(0)\ [ Wiz1.4(0) 4+ Wi_1.4(0) —2y;,(0)
=2h h .
%’( ) ( )

2
< Cllgllzro.r:m10.1)) -

h2
It follows then from Eq. (4.51) that
2
|Xh(0)| <C ”thLl(O,T;Hg 0,1)"

We now deal with the last term in Eq. (4.52):

T N q) _q).
I:=2h i (2L LR 5 6 dr,
/01'_2‘1] ( % tgj,h

Integrating by parts we get
= —h/ 2 Gin((G+1)0gj410— (j—1)0igj—1,4) dt

U Ohgiin—dg
_ _h/O z¢j7h ((a;gjl,h+atgj+1,h)+]h< tg,/+1,hh 18 1,h>) dr.
B j:1
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Taking into account that, by assumption, g,(0) = g,(T) =0,

_ rd o [ 8j+1.h —&j—1.h
I=h A N 00jn( (8j—1h+8jr1n)+jh | ZE=——=1=2) ) dr.
JO =1

h

But d;9; » = 9 ¥ 4, and then Eq. (4.50) yields:
T N . .
(&1 h—&j—1.h
I = h/o > gjn ((gj17h+gj+l,h)+]h <—j+ — L )) dr
Jo 5

T N
LT Wi h— 2 g
+h /0 )Y <%+ w;lz = >(gj17h+gj+1,h)dt-
=1

TN /. . . . .
Vitth + Vi—th =2Win\ ., [ &j+1h —8j—1h
h h dr.
- /0 ;( 2 / h

Since

Ty o (&j+1h—&j—1h
h A zgj,h (8j-1.h+8j+1n) + jh - dr
—h/ Zg/hg]+1hdt

due to estimates (4.51), we obtain

I— h/ Zg]hg/Jrlhdt

< CHgHLl 0,T3H}(0,1)) "

These estimates, combined with Eq. (4.52), finally give

/OT ¢N,Z(t) dt+h3 N/

—h/ 2 18jl* — 8jgj+1) dt

A1 h—bin|
h

2
< Cllglzror:m 0.1

or, equivalently,

¢N At

d 1+~ 2/ ]9t¢/+1h—3z¢;h’ dt

A

) 2 lgjr1.0—gjnl*d
0 j=0

< Cllglz oz 0. (4.53)

97
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Remark then that
N T 5 T N )
hy / 19916 = 99;.1] df—h/ D lgjrin—ginlde

N T ’ T N )
:hZ/ |0n W1 — Wl dt—h/ S lgjin—gjnl de
j=070 0 j=o

T (Wi Wi =2V Wit V= 2% )
=hy 5 — 5 dt
i=0/o h h

N T
VipontWin—2Wii1
+2h2/0 ( = ;12 - >(gj+1,h—gj,h)dt,
=0

N T /v 4 .

Victnt Wioin—2Wjn

—ZhZ/O ( L ;12 ' L >(gj+1,h—gj7h)dt7
j=0-

with the notation y_1 ; = — vy, and Yy = —Yn i
In view of Eq. (4.51), we have

N T ’ T N )
hZ/ |0:j 1.0 — 00 dt—h/ > lgjt1h—gjnl*dt
j=070 0 j=0

2
<Cliglz om0

Estimate (4.49) then follows directly from Eq. (4.53). O
Proof (Proposition 4.4). Since yy, is a smooth function of time and space (recall that

v, has been identified with its Fourier extension; see Sect. 3.2),

9 yall L= ((0.r): -1 0.1)) = sup AhYng-
geL!((0,7);H} (0,1)) 70
1

”gHLl((())T);H(%(O,l))
As in the proof of Proposition 4.3, we can take the supremum of the functions
g € L'(0,T;H}(0,1)) that are Fourier extensions of discrete functions. Therefore,
using Lemma 4.2 together with the duality identity (4.46), we immediately obtain
Proposition 4.4. a

4.4 Convergence Rates for Smooth Data

4.4.1 Main Convergence Result

Our goal is to show the following result:
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Theorem 4.7. Let (y°,y') € H}(0,1) x L*(0,1) and v € H'(0,T) be such that
v(0) = 0 and y the corresponding solution of Eq. (4.1) with initial data (y°,y") and
boundary condition v.

Then there exists a discrete sequence of initial data (yg, y,l,) such that the solution
v of Eq. (4.7) with initial data (yg,y}l) and boundary data v satisfies the following
convergence rates:

o Convergence of yy,: the following convergence estimates hold:

sup. [34(6) =) <€ (60 gy o 12 Wl ). 59
1€[0,T] 0

If we furthermore assume that v(T) = 0,

(™) =¥z < 2 (|63 o+ 0l ). 459)

e Convergence of d,yy: the following convergence estimates hold:

sup (10, (1) = (1) -1 < O (|03 g2+ Wl ) - 4:56)
1€[0,T] 0

Remark 4.3. The above convergences (4.54) and (4.56) may appear surprising since
the rates of convergence of the displacement and of the velocity are not the same
except when v(T') = 0. We refer to Sect. 4.4.2 for the details of the proof.

More curiously, the rates of convergence for the displacement are not the same
depending on the fact that v(T') = 0 or not. This definitely is a surprise. In the proof
below, we will see that this is due to the rate Eq. (4.22) of convergence of the normal
derivative for solutions of the Laplace operator.

The proof is divided in two main steps, namely one focusing on the convergence
of y, towards y and the other one on the convergence of d;y, to dy, these two
estimates being the object of the next sections.

Also, recall that under the assumptions of Theorem 4.7, the solution y of Eq. (4.1)
liesin C([0,T]; H'(0,1)), its time derivative d;y belongs to C([0,T];L*(0,1)) and Ay
to C([0,T|; H~1(0,1)).

As in the case of homogeneous Dirichlet boundary conditions, we will write
down

W=yt = Yk (4.57)
k=1 k=1
whose H}(0,1) x L2(0, 1)-norm coincides with

163 [z = 2 PR+ T [5H2 < o
k=1 k=1
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We will then choose the initial data (y),y}) of the form

N N
= 5wk yh= mwk. (4.58)

4.4.2 Convergence of y,

Proposition 4.5. Under the assumptions of Theorem 4.7, taking (yg, y},) as in
Eq. (4.58), we have the convergences (4.54) and Eq. (4.55).

Proof. To estimate the convergence of yj, to y at time 7, we write

1
-0l = s { o -smerf. @9
R
TL2(0,1)S

We thus fix ¢7 € L%(0,1) and compute

IR (4.60)

We expand ¢r on its Fourier basis:

=3 o, D] <o (4.61)
k=1 k=1

4.4.2.1 Computation of fol ¥(T)or

Let us now compute fol y(T)¢r. In order to do that, we introduce ¢ solution of

01t ® — dx® =0, (t,x) € (0,T) x (0,1),
o(t,0)=¢(r,1)=0, r€(0,7), (4.62)
@(T) =0, (T ):

Then, multiplying Eq. (4.1) by ¢, we easily obtain

/y ¢T—/ ()xq)(rldr+/ ¥03,9(0) /y<p (4.63)

But v(t) = [ dv(s)ds, thus yielding

/OT v(t)oup(,1)dr = ./O'T av(t) (/IT (s, 1) ds) dr.



4.4 Convergence Rates for Smooth Data

We therefore introduce @(t) = j,T @(s)ds. One then easily checks that

1 T 1 1
/Oy(T)q)T:./O 8,v(t)8x¢>(t,l)dt—/0 y08,,<15(0)—|—./0 Vo, @(0

where @ solves

0@ — e ®=—¢r, (t,x) €(0,T)x(0,1),
D(t,0)=d(1,1)=0, t€(0,7),
?(T)=0, 3,®(T)=0.

We also introduce z7 the solution of

— xeT:q)Ta OD(O,l), ZT(O):ZT(l):O,

so that
Y=z
satisfies
altql_axle:Oa (tvx) € (OvT) X (071)
¥(,0)=Y(,1)=0, re€(0,T),
Y(T)=zr, d¥Y(T)=0.
and

1 T 1 1
/0 W(T)or :/0 (1) (t, 1) di — /0 03, (0) + /0 Vo w (o

+/0T (1) duzr (1) d

and, using that z7 is independent of time,

1 T -1 1
/ W(T)or = / (1) 9P (1,1) di — / V03, ¥(0) + / Va0
JO JO JO JO

+v(T)oxzr (1).

4.4.2.2 Computation of fol yu(T)or

Expanding y,(T) in discrete Fourier series, we get

1 1
/O)’h(T)¢T:/ T)rn= hZ)’/h )9;.1hs

101

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)
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where
N ~
dirn= 2wk, je{l,....N}. (4.70)
k=1
Then, similarly as in Eq. (4.64), we can prove

1 T Dy N N
/0 wn(T)or = — /0 9:"0)7’ dt—h Zly(;,han @;,(0)+h Zly,}',hat @, ,(0),
: : = j=

4.71)
where @, is the solution of

1
0 @iy — 7 (i1 —2Pjp+ DPj14) = =0T,

(t,/) € (0,T)x{1,....N},  (4.72)
Dy (1) = Pyy1(t) =0, t€(0,7),
®,(T) =0, 0,®;(T) = 0.

Note that, due to the orthogonality properties of the Fourier basis, we can write
& 0
—hzyj‘,hazt‘p/h +h2)’j 10 @;n(0 / Y09 @3 (0 +/ Y10, @3 (0)
Jj=1

1 1
_/0 yoat,(Dh(O)-i-/O ylatq)h(o)a

and thus Eq. (4.71) can be rewritten as

1 T @
/Oy,,(T)¢T:—/O av(r) ﬂdt—/ 09, @, (0 +/ y'9,®,(0).  (4.73)

Then setting
zrh = (=41 7, (4.74)

we obtain

1 T lPN,h 1 0 1 !
[ nmer == [ avo =t a— om0+ [ yamo) @15
IN,T.h

h k)

—v(T)
where W, is the solution of

1
On¥jn— 2 (leJth—Z‘Pj’h—l— 'P/'fl,h) =0,
(0,7) x{1,....,N},  (4.76)
Fo,1(t) = Hyi1,n(t) =0, 1€ (0,T)
¥ (T) = zr.n, %¥(T) = 0.
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4.4.2.3 Estimating the Difference [y y(T)¢r — fg yu(T)or
First, since z7 solves the Laplace equation (4.66), zr € H*NH{(0,1) and
||ZT||H2mH(§ ~ |72
Since ¢7 € L*(0,1), using Theorems 4.1 and 4.3,

||zz.n —erHl < Chl|or]l,2, 4.77)

Z
dezr (1) N”’ < cVh|gr||2- (4.78)
Hence using Proposition 3.8, we obtain

sup H (lIIh; atlflha aﬂlflh) - (lIIa 8l‘lII; atllII)HHl xI2xH!
1€[0,7] 0

< Ch?*3||or]|2 - (4.79)

W
+ 0¥, 1)+ (1)
h 2(0.7)

We thus deduce that

‘/ ov(t) (—+a ¥(r,1 )dt—i—./olyo(&,,‘f’h(O)—8,,‘1”(0))
- [ y@ano —a,ﬂo»' <2 1gr ] (0% gsezz + Wl ) -

According to Egs. (4.69), (4.75), and the bound Eq. (4.78), this implies

‘/ T))or

(f Iv(T >|+h2/3<H<y°,yl>H,W+anm)) lorlze.

Using now identity (4.59), we obtain the following result:
Iyn(T) =¥l 2 < € (VAT + 3 05 gz + 7))
which implies that, if v(7') =0,
I (T) =Tz < O (1| 6° ") g+ ¥l )

whereas otherwise

I3n(T) = 3(T)lz <€ (200 g gz + VAW ) -
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4.4.2.4 Conclusion

Note that all the above estimates hold uniformly for 7" in bounded intervals of time.
This concludes the proof of Proposition 4.5. a

4.4.3 Convergence of dsyy,

Proposition 4.6. Under the assumptions of Theorem 4.7, taking (yg, y,l,) as in
Eq. (4.58), we have the convergence (4.56).

Proof. The proof of Proposition 4.6 closely follows the one of Proposition 4.5 and
actually it is easier. We first begin by the following remark:

1 1
(1) =9l = sp{ [ a(rior— [ axrior |
‘PTGH(% JO JO

H¢T”H(%§1

Hence we fix ¢r € H}(0,1). We expand it in Fourier series:

=Y o', with [l9r[7 = Zkz %> (4.80)
k=1

k=1

We thus introduce

N ~
Orn =3, hw’.

k=1
Using the fact that d,y;, belongs to the span of the N-first Fourier modes,

1 1
| am(mior = [ an(myors 4.81)
0 0

Hence we are reduced to show

1 1
‘/ 8ty(T)¢T—/ Iyn(T)9rn
JO 0

< (6% 3 ez + 1700 ) Nr - (4.82)

Again, we will express each of these quantities by an adjoint formulation and
then relate the proof of Eq. (4.82) to convergence results for the adjoint system.
Indeed,

/&y ¢T—/ v(0)okp(r,1) dr—/ ¥03,9(0) +/ Vo0),  (4.83)
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where ¢ solves

i — @ =0, (tvx) € (OvT) X (071)7
o(1,0) = @(r,1) =0, t€(0,7), (4.84)
(@(T), 0 (T)) = (¢r,0).

Then, introducing @(r) = [” ¢(s)ds, we easily check that @ solves

O @ — I ®@ =0, (t,x) € (0,T) x (0,1),
D(1,0) = d(1,1) =0, t€(0,T), (4.85)
(®(T),0:P(T)) = (0,—¢r).

Besides, identity (4.83) then becomes

1 T 1 1
/ a(T)or = / (1) A D(1,1) di + / 103, B(0) — / Vo d(0).  (4.86)
0 0 0 0

Similarly, we have

1 T Dy 1 N L
[ an(@ors == [ avi =L wya+ [ o 0)- [ yiai0), @87
where @), solves

1
7 (D1 p+ Pjo1p—2@j) =0,
(t,7) € (0,T) x{1,...,N},  (4.88)
Dy (1) = Dy y14(t) =0, t€(0,T),
(D(T), 0, Dy(T)) = (0,— 7).
Also remark that, since ¢, is formed by Fourier modes smaller than N, @, has

this same structure. Due to the orthogonality properties of the Fourier basis and the
choice of the initial data in Eq. (4.58), we have

atl ‘Dj,h -

1 T Dy ), - '
[ an(@ors == [ av =X @yars [ 00,000~ [ y'ai(0). 489
We are thus in the setting of Proposition 3.8 since ¢r € H(% and one easily checks

|07 — 07,2 < Ch 1071 -
‘We thus obtain

()]
sup [[(0, @y, 0 ®y) — (3D, 3 D)|| 2, 1 + ||0xD(1,1) + %’%)

t€[0,7]

L2(0,T)
< Ch*3 | or|| il (4.90)
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Then, using the identities (4.86) and (4.89), we get

1 T
‘ / (T pr — / dn(T)orn
0 0

< o7y (16°5)ggsezz + Wt ) - “91)

Combined with Eq. (4.81), this easily yields Eq. (4.82). O

4.4.4 More Regular Data

In this section, our goal is to explain what happens for smoother initial data (y°,y!)
and v, for instance, for (y°,y') € H2NHL(0,1) x H}(0,1) and v € H*(0,T) with
v(0) = d,v(0) = 0. More precisely, we are going to prove the following:
Theorem 4.8. Let (g € {1,2} and fix (,°,y') € H§(0,1) x H(0,1) and v €
H*1(0,T) satisfying v(0) = 9,v(0) = 0 if o = 1, or v(0) = 9v(0) = 9, v(0) = 0 if
ly=2. Let (yg,y}l) be as in Eq. (4.58) and y, the corresponding solution of Eq. (4.7)
with Dirichlet boundary conditions vy, = v.
Then there exists a constant C > 0 independent of h > 0 and t € [0, T such that:
e For the displacement yy, for all t € [0,T)],

Iyn(o) = ¥(o)l,2 < Crot 7 (\!<y°7y1>\!,,;g)+lxﬂgg) ! |V|Hzo+l<o,r>)
+Ch'2|u(1)). (4.92)

e For the velocity d,yy, for allt € [0,T],

1953 (1) = Ay (@)l g1 < CHP0 3 <||(y0,yl)||Hfg)“XH(fg) + ||v||Hzo+l<o,T)>
+Ch?|9(1)]. (4.93)

Proof. The proof follows the one of Theorem 4.7.

Let us then focus on the convergence of the displacement and follow the proof of
Proposition 4.5. We introduce ¢7 € L?(0,1), zr as in Eq. (4.66), ¥ the solution of
the homogeneous wave equation (4.68) with initial data (z7,0) and, similarly, ¢7 , as
in Eq. (4.70), zr, as in Eq. (4.74), and ‘¥, the solution of the discrete homogeneous
wave equation (4.76) with initial data (z74,0). Since z7 € H(ZO) (0,1) and ||zr ||H(20) o~

l|¢7 |2, applying (4.15), we get
ez —zr|| 2 <CP* |07z (4.94)

Proposition 3.8 then applies and yields
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100 ¥, 9 i) — (¥, 9 ¥) o1 SCHOTDE oo

HH’[O xH

In particular,

’./Olyo(&z%(()) —9P(0)) - ./Olyl(a,%(O) - a,ly(o»’

<R o[ (1600 (4.95)

‘ fo+1_ il -
Hgy xHg)

According to identities (4.69) and (4.75), we shall then derive a convergence

estimate on ’ ”
t
/ o (8x‘f’(t, 1)+ %()) dr.
Jo

In order to do that, we write d;v = jé dyv and introduce

é(t):/tT'P(s)ds, g,,(;):/thf,,(s)ds,

so that
/OT 3 (aﬂl(r’ 1)+ IHVT"(I)> dr = /OT Av (&é (r,1)+ W) dr.

Of course, £ and &), can be interpreted as solutions of continuous and discrete wave
equations: & solves

& — € =0, (t,x) € (0,T) x (0,1)

x) € (
E(,0)=£&(t,1) =0, t€(0,7T), (4.96)
é(T) =0, até(T = —Zr,

whereas &, solves

1
I &jn— 0 (&j1n—2&0+&i-10) =0,

J) € (
go,h(t) - &NJrl,h(t) = 0’ re (OvT)a
En(T) =0, d&u(T) = —zr.n-

Then, due to Eq. (4.94), the convergence results in Proposition 3.7 yield

0k + SO < g .

12(0,T)
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This implies in particular that

/OT v (axav(t, 1)+ %T”(t)) dr

Hence, if ¢y = 1, ie., ()0,y') € H(20> (0,1) x Hly(0,1) and v € H*(0,T) with
v(0) = d;v(0) = 0, combining Egs. (4.95) and (4.98) in identities (4.69) and (4.75),
we get

< Ci*3 | or |2 19Vl 2(0,7) - (4.98)

||yh(T) _y(T)”LZ(OJ) < Ch*’3 (H(yo’yl)HH(zo)xH(lo) + HVHHZ(OI)) +Ch1/2|v(T)|.
(4.99)

The Case £y = 2. In this case, v € H>(0,T), we introduce { = [ & and §, =
T &, so that

/OT av (axlp(t, 1)+ WNZ(I)) dt = /OT Oy <3xC(t, 1)+ CN‘;’I(”> dr. (4.100)

Obviously, the function { can be characterized as the solution of a wave equation,
namely,

04 € — 0wl =zr, (1,x) € (0,T) x (0,1)
£(,0)=¢(,1)=0, re(0,7), (4.101)
§(1)=0, 9,4(T) =0.

We thus introduce wr solution of

a)cxWT =Zr, On (071)7 WT(O) :WT(l) :07 (4102)
so that
E=C—wr
solves
& —a.C =0, (t,x) € (0,T) x (0,1)
£(,00=¢(t,1)=0, 1€(0,T), (4.103)
&(T)=wr, {(T)=0
Doing that
T T -
/0 v L (1,1)di = /0 v L (1,1)dt — dowr (1) v(T). (4.104)

Similar computations can be done for ;. We thus obtain that

T T ?
/ OtV cNJl (t) dr = / AtV cNJl (t) dr — YN ath(T)u (4.105)
0 h 0 h h
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where wr , = (A)~! zr,, and &, solves

3n5j,h—% (ngth_zgj,h"' gjfl,h) =0,

_ 3 (t,/) € (0,T)x{1,....N},  (4.106)
Con(t) = Cn+1.4(t) =0, 1€ (0,T)

&u(T) = wrp, G/(T) =

We now derive convergence estimates. Recall first that zz € H (20> (0,1) and the con-

vergences (4.94). Since zr € H(ZO), setting Zr, its projection on the N-first Fourier
modes, we have

e —zrll 2 < CHllarllg < Ch lgrl),z 4.107)

Setting Wz, = (A) 'z 4, Theorems 4.4 and 4.5 yield

IN

bwr =rallyy < CH llarllg, < CHlorlzo,

—_— (4.108)

h

A

8wa(1) +

O orl g, < CH 2.
According to the estimate (4.94), we thus have
HZTJI _ZTJlHL2 < cr’ HZTHH(ZO) < Ch’ llorl2 -

Using then estimate (4.21),

< C ozl

WNTh  WNTh
h T h

and thus
WN.Th

dowr (1) + 28| < R g 2. (4.109)
Besides, due to Egs. (4.94) and (4. 107),
ez — 21| 2 < CR* |07 ),2
which readily implies
lwrn— WT,hHH(; <CR* 97|z,
and thus, by Eq. (4.108),
W _WTHH(} <CI* || or |2 -

Using then Proposition 3.6,

o)+ 80| <arforle, @110

12(0,T)
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Combined with the convergences (4.109) and (4.110), identities (4.100), (4.104),
and (4.105) then imply

/OT o <8X‘P(t, )+ IPN;l'(t)> dt‘

< C? ||l 2 |Gl 2+ Ch? (|9 [| 2 [0 (T) < CH* [ 0r |2 [Vl - (4111

Combining Eqgs.(4.95) and (4.111) in identities (4.69) and (4.75), we get
Eq. (4.92) when ¢y = 2.

The proof of the estimate (4.93) on the rate of convergence for d,yj, relies on very
similar estimates which are left to the reader. a

4.5 Further Convergence Results

As a corollary to Theorems 4.6 and 4.7, we can give convergence results for any
sequence of discrete initial data (y2, y}l) and boundary data vy, satisfying

lim [[(575.33) = 0% 21 =0 and lim [lvy —v]20.7) =0 (4.112)
Proposition 4.7. Let (y°,y') € L?(0,1) x H~'(0,1) and v € L*(0,T). Then con-
sider sequences of discrete initial data (yg,y}l) and vy, satisfying Eq. (4.112). Then
the solutions yy, of Eq. (4.7) with initial data (yg, y,ll) and boundary data vy, con-
verge strongly in C([0,T];L*(0,1))NC'([0,T]; H1(0,1)) towards the solution y of
Eq. (4.1) with initial data (¥°,y") and boundary data v as h — 0.

Proof. Similarly as in the proof of Proposition 3.5, this result is obtained by us-
ing the density of H}(0,7) in L?(0,T) and of H}(0,1) x L2(0,1) in L?(0,1) x
H~'(0,1). We then use Theorem 4.7 for smooth solutions and the uniform stability
results in Theorem 4.6 to obtain Proposition 4.7. Details of the proof are left to the
reader. O

Another important corollary of Theorem 4.7 is the fact that, if the initial data
(»°,y!) belong to HY(0,1) x L?(0,1) and the Dirichlet data v lies in H} (0,T), any
sequence of discrete initial (yg, y},) and Dirichlet data v;, satisfying

10830 = 6% 3| 2smr + IV = vill 2.7y < Coh?, (4.113)

for some constant Cy uniformin >0 and 6 > 0, yield solutions y;, of Eq. (4.7) such
that yy, (T') approximates at a rate h™™2/3.9} the state y(T), where y is the continuous
trajectory corresponding to initial data (y°,y!) and source term v.

Proposition 4.8. Ler (y°,y') € H}(0,1) x L?(0,1) and v € H}(0,T) and consider
sequences (9,y}) and vy, satisfying Eq. (4.113).
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Denote by yy, (respectively y) the solution of Eq.(4.7) (resp. (4.1)) with initial
data (9,y}) (resp. (°,y")) and Dirichlet boundary data v, (resp. v).
Then the following estimates hold:

[GR(T),0yn(T)) = (T), (Tl 1211
<cn’l? (H()’Oa)’l)HdeLz + HvHH(;(o,T)) +CCoh®. (4.114)

Remark 4.4. In the convergence result Eq. (4.114), we keep explicitly the depen-

dence in the constant Cy coming into play in Eq.(4.113). In many situations, this

constant can be chosen proportional to ||(y*,y")|| 1, ;2 + V]l 13 (o,r)- In particular,
i :

in the control theoretical setting of Chap. 1 and its application to the wave equation
in Sect. 1.7, this dependence on Cj is important to derive Assumption 1 and more
specifically estimate (1.29).

Proof. The proof follows the one of Proposition 3.7. The idea is to compare y with
V1, the solution of Eq. (4.7) constructed in Theorem 4.7 and then to compare J;, and
v, by using Propositions 4.3 and 4.6. a

Remark 4.5. Note that under the assumptions of Proposition 4.8, the trajectories
y;, converge to y in the space C([0,T];L*(0,1))NC'([0,T];H~'(0,1)) with the
rates (4.54)—(4.56) in addition to the error Coh®.

Of course, Proposition 4.8 is based on the convergence result obtained in Theo-
rem 4.7. Similar results can be stated based on Theorem 4.8, for instance:

Proposition 4.9. Let (o € {0,1,2}. Let (,°,y") € Hy™(0,1) x H(0,1) and v €

Hgo+1 (0,T) and consider sequences (),y,) and vy, satisfying Eq. (4.113).

Let (yg,y}l) as in Eq.(4.58) and y, the corresponding solution of Eq. (4.7) with
Dirichlet boundary conditions v,

Denote by yy, (respectively y) the solution of Eq. (4.7) (resp. Eq. (4.1)) with initial
data (9,y}) (resp. (3°,y")) and Dirichlet boundary data v, (resp. v).

Then the following estimates hold:

(T, Ahyn(T)) = (V(T), y(T))l 2 g1

4
< et <||(y°,y1>||,,(fg)+1 ity + V00 (O’T)> +CCh?. (4.115)
Remark 4.6. Proposition 4.9 can then be slightly generalized for ¢y € [0,2] by inter-
polation.
4.6 Numerical Results

In this section, we present numerical simulations and evidences of Proposition 4.9.
Since our main interest is in the non-homogeneous boundary condition, we focus
on the case (y°,y!) = (0,0) and (Y, y}) = (0,0).
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We fix T = 2. This choice is done for convenience to explicitly compute the
solution y of Eq. (4.1) with initial data (0,0) and source term v. Indeed, for T =2,
multiplying the equation (4.1) by ¢ solution of Eq. (3.2) with initial data (¢, ') €
H{(0,1) x L?(0,1) and using the two-periodicity of the solutions of the wave equa-
tion (3.2), we obtain

2

[ 30 0a- [[aneea= [ vnaet)a.

Based on this formula, taking successively (¢°, @') = (w,0) and (0, wk) and solv-
ing explicitly the equation (3.2) satisfied by ¢, we obtain

y2) =3 <\/§(—1)k /O ® () sin(kt) dt> Wk,

k

aIn2) =Y <\/§(—1)k“kn /0 zv(t)cos(knt)dt) wh.

k

We will numerically compute the reference solutions using these formulae by re-
stricting the sums over k € {1,..., Ny} for a large enough N.s. We will choose
Nier = 300 for N varying between 50 and 200.

We then compute numerically the solution y, of Eq.(4.7) with initial data
(»),y}) = (0,0) and source term v(¢).

Of course, we also discretize the equation (4.7) in time. We do it in an explicit
manner similarly as in Eq. (3.45). If y';l denotes the approximation of yj, solution of
Eq. (4.7) at time kAt, we solve

0
k+1 ko k-1 24 ok Ar\? k k
Voo =20, — (A) Ay, — n F, F' = O
v(kAr)

The time discretization parameter At is chosen such that the CFL condition is
At/h = 0.3. With such low CFL condition, the effects of the time-discretization
can be neglected.

We run the tests for several choices of v and for N € {50,...,200}:

vi(t) =sin(mr), 1€(0,2),  w(r) =sin(nr)?, 1€(0,2),
v3(t) = sin(mr), 1€ (0,2), va(t) =1t, 1 €(0,2),
vs(t) = tsin(mt), € (0,2).

In each case, we plot the L?>-norm of the error on the displacement and the H~'-norm
of the error on the velocity versus N in logarithmic scales: Fig. 4.2 corresponds to
the data v;. We then compute the slopes of the linear regression for the L?-error
on the displacement and for the H~'-error on the velocity. We put all these data in
Table 4.1.
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4 42 44 46 48 5 52 T4 42 44 46 48 5 52
Fig. 4.2 Plots of the errors versus N in logarithmic scales for v;. Left, the L2(0,1)—err0r
lva(T) —y(T)| ;2 for T = 2: the slope of the linear regression is —1.96. Right, the H~'(0, 1)-error

|0:yn(T) — Ayy(T)|| -1 for T = 2: the slope of the linear regression is —1.98.

Table 4.1 Numerical investigation of the convergence rates.

Data Computed L slope Computed H~! slope Exp. L? slope Exp. H~ ! slope
V| —1.96 —1.98 —2 —2
V2 —1.87 —1.70 —5/3~ —5/3~
V3 —0.99 —0.95 -1~ —1-
V4 —0.97 —0.95 —1/2 -1~
Vs —1.82 —1.47 —5/3~ —3/2

Columns 2 and 3 give the slopes observed numerically (respectively, for the L2-error on the dis-
placement, for the H~'-error on the velocity), whereas columns 4 and 5 provide the slopes (re-
spectively, for the L?-error on the displacement, for the H~!-error on the velocity) expected from
our theoretical results

Table 4.1 is composed of five columns. The first one is the data under considera-
tion. The second and third ones, respectively, are the computed slopes of the linear
regression of, respectively, the L>-error on the displacement and for the H~!-error
on the velocity. The fourth and fifth columns are the rates expected from the analysis
of the data v and Proposition 4.9:

® V| € Hg (0,2): we thus expect from Eq. (4.115) a convergence of the order of 42,
This is indeed what is observed numerically.
e v, is smooth but its boundary condition vanishes only up to order 1. Hence

V€ Hg /2-¢ (0,2) forall € > 0 due to the boundary conditions. Using Remark 4.6,
the expected slopes are —5/3~, which is not far from the slopes computed
numerically.

e The same discussion applies for v3, which belongs to Hg / 278(0, 2) forall € > 0.
Hence the expected slopes are —1~, which again are confirmed by the numerical
experiments.

e 4 almost belongs to Hg / 278(0, 2) except for what concerns its nonzero value at
t = 2. But the value of v is an impediment for the order of convergence only for
the displacement; see Theorem 4.8. We therefore expect a convergence of the
L2-norm of the error on the displacement like /%, whereas the convergence of
the H~!'-norm of the error on the velocity is expected to go much faster, as 2! .
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The numerical test indicates a good accuracy on the convergence of the H~!-
norm on the velocity error. The convergence of the L?-norm of the displacement
is better than expected.

e vs is smooth and satisfies v5(0) = d;vs(0) = 0 and vs(2) = 0 but dyvs(2) # 0.
According to Theorem 4.8, we thus expect that the L?-norm of the error on the

displacement behaves as when vs belongs to Hg/zi (0,1),i.e.,as w3, However,

the H~'-norm of the error on the velocity should behave like h3/2 according to
Eq. (4.93). This is completely consistent with the slopes observed numerically.

In each case, the numerical results indicate good accuracy of the theoretical
results derived in Theorem 4.8 and Proposition 4.9.
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