Chapter 3

Convergence of the Finite-Difference Method
for the 1—d Wave Equation with Homogeneous
Dirichlet Boundary Conditions

3.1 Objectives

This chapter of the book is devoted to the study of the convergence of the numerical
scheme

I Qjn— h_12 (@410 =205+ @j—1.4) =0,

(t,j) € (0,T) x{1,...,N}, (3.1)
Pon(t) = oni1a(t) =0, t€(0,T),
(01(0),9:01(0)) = (@on, P11)s

towards the continuous wave equation

att(P_axx(P:(), (tvx) € (
0(t,0)=0(,1)=0, t€(0,T), 3.2)
(¢(0),9:¢(0)) = (90, 91)-

Of course, first of all, one needs to explain how discrete and continuous solutions
can be compared. This will be done in Sect.3.2. In Sect. 3.3, we will present our
main convergence result. We shall then present some further convergence results in
Sect. 3.4 and illustrate them in Sect. 3.5.

3.2 Extension Operators

We first describe the extension operators we shall use. We will then explain how the
obtained results can be interpreted in terms of the more classical extension operators.
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60 3 Convergence for Homogeneous Boundary Conditions

3.2.1 The Fourier Extension

For h > 0, given a discrete function a, = (a; 1) jeq1,.. vy (With N+1=1/h), since the

sequence w} is an orthonormal basis for the A(-, ) ¢2(rv)-norm due to Lemma 2.1,

there exist coefficients d; such that

M=

ap=Y awh, [recall that wk , = v2sin(km jh)] (3.3)

k=1

in the sense that, for all j € {1,...,N},

N
ajp=Y axV2sin(kmjh). (3.4)
k=1
Of course, this yields a natural Fourier extension denoted by [F;, for discrete func-
tions ay, given by Eq. (3.3):

N
Fp(ap)(x) = ¥ aV2sin(knx), x€ (0,1). (3.5)
k=1

The advantage of this definition is that now F(a;,) is a smooth function of x.

The energy of a solution ¢, of Eq.(3.1) at time ¢, given by Eq.(2.2), is then
equivalent, uniformly with respect to & > 0, to the H}(0,1) x L2(0,1)-norm of
(Frn(on),Fn(¢;,)). This issue will be discussed in Proposition 3.3 below.

Another interesting feature of this Fourier extension is that, due to the discrete
orthogonality properties of the eigenvectors w* proved in Lemma 2.1 and their usual
L%(0,1)-orthogonality, i.e., fol wK(x)w! (x) dx = & ¢ for all k,£ € N, for all discrete
functions ay,, by, we have

N 1
hY ajubjn= /o Fp(an)Fp(by)dx.
Jj=1

This fact will be used to simplify some expressions.

3.2.2 Other Extension Operators

When using finite-difference (or finite element) methods, the Fourier extension is
not the most natural one. Given a discrete function a;, = (aj,h)je{l,...,N} (with N +
1 = 1/h), consider the classical extension operators P, and Q;, defined by

Puan)0) = ags+ (A=) o ),

forx € [jh, (j+ 1)h), j € {0,...,N}, (3.6)
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a;p forx e [(j—1/2)h,(j+1/2)h), j € {1,....N},
Qulan) (x) = {o’flérxe[o hJ/Z) [(N+J1/2)h,1], ’ 3.7

with the conventions ag, = ay41, = 0.

The range of the extension operator PP, is the set of continuous, piecewise affine
functions with (C') singularities in the points jh and vanishing on the boundary. This
corresponds to the most natural approximation leading to Hé (0, 1) functions and to
the point of view of the P1 finite element method. By the contrary, Q, provides the
simplest piecewise constant extension of the discrete function which, obviously, lies
in L?(0,1) but not in H}(0,1).

Note that the extensions F,(a;,) obtained using the Fourier representation (3.5)
and P, (ay,) do not coincide. However, they are closely related as follows:

Proposition 3.1. For eachh=1/(N+1) > 0, let a;, be a sequence of discrete func-
tions.

Then, for s € {0,1}, the sequence of Fourier extensions (Fj(ay))n~0 converges
strongly (respectively weakly) in H*(0,1) if and only if the sequence (Py(an))n>0
converges strongly (respectively weakly) in H*(0,1). Besides, if one of these se-
quences converge, then they have the same limit.

Moreover; there exists a constant C independent of h > 0 such that

1

¢ 1En@n)lle < [Balan)ll2 < CliEwan)l.2 (3.8)

1

¢ Enlan)lly < 1Bn(an)llyy < CIFnlan)llpy - 39)
Proof. Let us begin with the case s = 0.

Let us first compare the L?(0, 1)-norms of the functions F),(a;,) and P (ay,).
From the orthogonality properties of wX (see Lemma 2.1), we have

N
IF5(an ||L2 0.1) 2 s> =h Y lajal> (3.10)
=

Computing the L?(0, 1)-norm of IP;,(ay,) is slightly more technical:

! 2 <[t Aj+1,h —Ajh ?
[ st P av=3 ["fajx (LA o
0 =Jo h

I
.gz

1
[ Sntain(agn—ajn)+ 3@ = aj,h)z}

j=0
h$o s 2
=3 2 (@Gt ajn+ajaji
Jj=0
hS 2 2 h< o 2
— 6 Z( j,h+aj+1’h+261j7hdj+1’h) + 6 Z(aj,h"'ajJrl,h)
j=0 j=0
h N
= ¢ Z@ntazn’+3 Zla,hl 3.11)

<.
I
=}

J
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It follows that the L*(0,1)-norms of Fj(a;) and P,(a,) are equivalent, hence
implying Eq.(3.8), and then the boundedness properties for these sequences are
equivalent.

This also implies that the sequence (IF,(a;))s>0 is a Cauchy sequence in L%(0, 1)
if and only if the sequence (IP;(a;)) is a Cauchy sequence in L%(0, 1), and then one
of these sequences converges strongly if and only if the other one does.

To guarantee that these sequences have the same limit when they converge, we
have to check that their difference, if uniformly bounded, weakly converges to zero
when 7 — 0.

Let y denote a smooth test function. On one hand, we have

1 N R 1 X
| Fra@wide= Y [ w0 win s

On the other one, we have

1 N o (j+Dh a1 p—aj ;

/0 Py (an) (x) y(x)dx = Y /]_h (%HW(}C—M)) w(x)dx
=

N

=h2 apnWin

j=1

with

I B R x—(j—=1h 1 pUtA x— jh
WJ,h = E Gt l[/(x) (T dx-i‘ﬁ/jh l[/(x) 1-— A dx

1 rU+DA |x—jh|)
= 1— 20 dx
h J(j=vn v ( h

Using Eq. (3.4), we obtain

I N N
/0 Py (ap) (x) y(x) dx = 3 ks <h > ‘I~/j7h>' (3.12)
: ]

Therefore,

N N 1
=Y s <h > whi, —/0 wh (x) w(x) dx>. (3.13)

Now, fix £ € N, and choose y/(x) = w(x) = v/2sin(¢7zx). In this case, using Taylor’s
formula, we easily check that
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sup | i —w(jh)| < lhr.
je{l,..,N}

Since, for ¢ < N, see Lemma 2.1,

1 N
/ wk(x)wé(x)dxthWIEWZ(jh)=5,f,

we then obtain from Eq. (3.13) that for all / € N,

1
| Pu@n) )~ Fu(@) ) w' () dx — 0.
0 h—0
Since the set {w'};cy spans the whole space L*(0,1), if one of the sequences
(Fu(an)) or (Py(ay)) converges weakly in L2(0,1), then the other one also con-
verges weakly in L2(0, 1) and has the same limit.
This completes the proof in the case s = 0.

We now deal with the case s = 1. First remark that
1 N
/O 10F(an)Pdr = . | 2K2n? (3.14)
k=1

from the Fourier orthogonality properties, and, using Lemma 2.1,
! 2 I fapn—ap)t & 2
/0 |8x]P>h(ah)(x)| dx:hz (%) = Zlk(h)|dk,h| . (3.15)
: j=0 k=1

Since c1k? < A4 (h) < c2k?, these two norms are equivalent, hence implying Eq. (3.9),
and therefore the H{ (0, 1)-boundedness properties of the sequences (F(a;)) and
(Py(ay)) are equivalent.

If one of these sequences weakly converges in H(} (0,1), then the other one is
bounded in H}(0,1) and weakly converges in L(0,1) to the same limit from the
previous result and then also weakly converges in H(% (0,1).

Besides, if one of these sequences strongly converges in Hé (0,1), it is a Cauchy
sequence in H (0, 1), and then the other one also is a Cauchy sequence in H}(0,1)
and therefore also strongly converges. O

Similarly, one can prove the following:

Proposition 3.2. For each h = 1/(N+1) > 0, let a;, be a sequence of discrete
functions.

Then the sequence of Fourier extensions (Fj,(ay))n~0 converges strongly (respec-
tively weakly) in L*(0, 1) if and only if the sequence (Qp,(ay,)) >0 converges strongly
(respectively weakly) in L*(0,1). Besides, when they converge, they have the same
limit.
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Moreover; there exists a constant C independent of h > 0 such that

1
¢ IEntan)ll2 < 1Qulan)l2 < ClFnlan)ll 2 (3.16)

The proof is very similar to the previous one and is left to the reader.

The above propositions show that the Fourier extension plays the same role as
the classical extensions by continuous piecewise affine functions or by piecewise
constant functions when considering convergence issues. We make the choice of
considering this Fourier extension, rather than the usual ones, since it has the ad-
vantage of being smooth.

The following result is also relevant:

Proposition 3.3. There exists a constant C independent of h > 0 such that for all
solutions @y, of Eq. (3.1):

1
S ERO). F (0l iz < Enln) < ClNFul ) Fu@n) g 2 G1D

Proof. The discrete energy of a solution ¢, of Eq. (3.1) at time ¢ exactly coincides
with the H}(0,1) x L2(0,1)-norm of (P;,(¢),Qn(d;¢y)) at time ¢. Using the equiv-
alences (3.9) and (3.16), we immediately obtain Eq. (3.17). O

In the following, we will often omit the operator [, from explicit notations
and directly identify the discrete function a;, = (a; ) je{1,..n) With its continuous
Fourier extension Fj,(ay,).

3.3 Orders of Convergence for Smooth Initial Data

In this section, we consider a solution ¢ of Eq.(3.2) with initial data (¢° ¢!) €
H*NH(0,1) x H}(0,1). The solution ¢ of Eq. (3.2) then belongs to the space

@ € C([0,T);H*NH(0,1)nCY([0,T];:H} (0,1)) NC*([0,T];L(0,1)).

In order to prove it, one can remark that the energy

1
Elo](r) = /O (190 (t,%)]* + [2x(1,) ) dx
is constant in time for solutions of Eq. (3.2) with initial data in H] (0,1) x L?(0,1).
We then apply it to d; ¢, which is a solution of Eq. (3.2) with initial data (@, dx o) €
H}(0,1) x L*(0,1).
The goal of this section is to prove the following result:
Proposition 3.4. Let (¢°,¢') € H>NH(0,1) x H}(0,1). Then there exist a con-

stant C = C(T') independent of (¢°,@") and a sequence (¢, ¢\) of discrete initial
data such that for all h > 0,
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0 1 0 1 2/3 0 1
H((ph7(ph)_((p P )HH(%XLZ SCh/ ||((P P )||H2QH(%><H(% (318)

and the solutions ¢ of Eq. (3.2) with initial data (¢°,@') and @), of Eq.(3.1) with
initial data (@Y, @) satisfy, for all h > 0 and t € [0, T,

H((ph(t)vat(ph(t)) - ((p(t)7al(p(t))”Hd xL? < Ch2/3 H((pov(pl)HHZQHd ><Hd , (3.19)

and

H(PN,h(-) + (1) < (¢ g

12(0,T)

1
h )HHzﬁH(} xHJ (3.20)

Remark 3.1. The result in Eq. (3.18) may appear somewhat surprising since when
approximating (¢°, ') € H> N H(0,1) x H}(0,1) by the classical continuous
piecewise affine approximations or truncated Fourier series, the approximations
(@), @) satisty

Cons@n) = (00Nl 2 < ChII@" @D ey 32D

instead of Eq. (3.18).

However, the result in [45] indicates that, even if the convergence of the initial
data is as in Eq. (3.21), one cannot obtain a better result than Eq. (3.19). This is due
to the distance between the continuous and space semi-discrete semigroups gener-
ated by Eqgs. (3.2) and (3.1), respectively, and their purely conservative nature. To
be more precise, when looking at the dispersion diagram, the eigenvalues of the
semi-discrete wave equation (3.1) are of the form

M(h) = %sin (?) ,

whereas the ones of the continuous equation (3.2) are \/A; = k7. In particular, for
any € > 0,

sup {‘\/T(h)—kn‘}zo, while  sup {‘\/W—kn‘}:oo.

k§h72/3+£ k2h72/37£

Remark 3.2. The main issue in Proposition 3.4 is the estimate (3.20). Estimates
(3.19) are rather classical in the context of finite element methods; see, e.g., [2]
and the references therein.

Proof. Let (¢°,@') € H*NH}(0,1) x H}(0,1). Expanding these initial data on the
Fourier basis (recall that w*(x) = v/2sin(kmx)), we have

(p(): iﬁkwk, (p1 = ii)kwk.
k=1
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The solution ¢ of Eq. (3.2) can then be computed explicitly in Fourier:

o . ) . L, ibjy
o(t,x) =Y Geexplim)wh, we=km, ¢ = 5 <ak - —)
|k|=1 My

And the condition (¢°, @') € H2NH](0,1) x H}(0,1) can be written as

Y (k*16|"+#2[9{[") <o or, equivalenty, S Mgl < (.22)
k=1 k=1

and both these quantities are equivalent to the H> N H} (0,1) x H(0,1)-norm of the
initial data (@° ¢@!).

We now look for a solution ¢, of Eq.(3.1) on the Fourier basis. Using that
the functions wk correspond to eigensolutions of the discrete Laplace operator
for k < N, one easily checks that any solution of Eq.(3.1) can be written as
ZEH aw exp(ipy (h)t) with w(h) = 2sin(krh/2)/h. Keeping this in mind, we
take

n(h)
on(t) =Y, drexp(ipy(h)r)w, (3.23)
lk|=1

where n(h) is an integer smaller than N that will be fixed later on.
We now compute how this solution approximates ¢:

lpa(e) = ()17

o n(h) _
= Y Rl Y R (g asin? ((lik(h) lik)f)
n(h

[k|=n(h)+1 k|=1 2
oo n(h)
< ¢ s KBt g > +C Y (K r )kt |l
n(h) [k|=n(h)+1 k|=1
1 2
4,4 0 1
§C<n(h) h +n(h)2) (0", 0 )HHzﬂdeHd, (3.24)

where we have used that for some constant C independent of 72 > 0 and k €
{17 ce 7N}7

| (h) — x| = ’%Sin (?) —kﬂ’ < CiR,

and

sin <M2‘“"”) ‘ < CT () — .
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The same can be done for J, @y

19 @(2) = S (1) |72

0o n(h) ) 2
= 3 BRI Y (00 et e
|k|=n(h)+1 k=1

1 2

4,4 0 .1

SC(n(m h +n(h)2> 1€0° @) 20y g - (3.25)
where we used that

() — py e itnt + e (h) — | < CK*R?,

< 'ansin (M)

Estimates (3.24) and (3.25) then imply Egs. (3.18) and (3.19) when choosing n(h) ~
h2/ 3 a choice that, as we will see below, also optimizes the convergence of the
normal derivatives.

We shall now prove Eq. (3.20). This will be done in two main steps, computing
separately the integrals

/
JO

Estimates on I;. We shall first write the admissibility inequality proved in Theo-
rem 2.1 in terms of Fourier series.
Consider a solution ¢y, of Eq. (3.1) and write it as

2 T
dr, and 12=/ |0k, 1) — Qe (1, 1) dr.
JO

(3.26)

t
St 1) + 20

N
o)=Y, qsk,hei“k(h)lw‘k‘,
k=1

~ 1{ ~ éklh
== +— .
¢k7h 2 <¢k,h l,uk(h) )

where

The energy of the solution is then given by

N A2
Ep=2 Y A(h)|den| -
|k|=1

Hence the admissibility result in Theorem 2.1 reads as follows: for any sequence
(D)
2
T
J

N
dr<CS A (h)|deal” (3.27)
k=1

N ||
Z S oitu(hy WN
k=1 h
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But the difference dy @, (t, 1) + @y /h reads as

n) K
&w(nlﬂ%@ =Y ety (axwk(1)+WTN>

lk|=1

) k
) (h) o ha,wi* (1) m,((h)zﬂ_

k=1 W‘Nk | !

Thus, applying Eq. (3.27), we get

[

But forall k € {1,...,N},

axq)h(ta 1) +

2 n(h) Koy 2
Onn(t N how (1
WO < Y 204 (1+W—“> (62®)

||
|k]=1 N

hoow*(1)  kmhcos(kn)  kmh
wk sin(kmh)cos(kmw)  sin(kmh)’

and we thus have, for some explicit constant C independent of / and &, that for all
h>0andke{l,...,N},

how*(1)

k

‘1—1—
WN

‘ < C(kmh)?.

Plugging this last estimate into Eq. (3.28) and using A, (k) < Ck?, we obtain

T
I /
0

2

on(t) k) A 12164
2 <
Yol WA

Ik|=1

axq)h(ta 1) +

n(h)
< Cn(h)*h* Y, K el
k=1

< Cn(h)?h* H(<p°,<p1)H§ﬂdede . (329

Estimates on I,. The idea now is to see ¢y as a solution of Eq.(3.1) up to a per-
turbation. Note that this is a classical technique in numerical analysis and more
particularly in a posteriori error analysis.

Indeed, recall that

n(h) )
o= Z ¢keluk(h)tw\k\ (x).
k=1
This implies that
att(l)h_axx(l)h:fhv (tvx) ERX(Oal)
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with
n(h) )
fulet) =Y qee W (x) (= Ay () + 2%) .

lk|=1

In particular, for all t € R,

& 4 kh\ \ 2
00y < 3 K0P (1 s (57
k=1
n(h)
<C Y Kr*|¢el (kmh)*
lk|=1
n(h)
< Cn(n)'h* 3 Kt |l
|k|=1

< Cn()*1* [[(0° 0" [y s -

where the constant C is independent of & > 0.
Now, consider z;, = ¢, — @. Then z;, satisfies the following system of equations:

Ohnzn — duzn = f, teR,x€(0,1)
a(1,0) = 2,(1,1) =0, tER, (3.30)
z1(0,x) = 2)(x), dzy(0,x) =z (x), 0 <x < 1,

with (2,2}) = (¢, 0!) — (¢°, '), which satisfies, according to Egs.(3.24) and
(3.25) fort =0,

0 1y(2 1 474 0, 14]2
H(Z}th)HHdXLZ SC(m +n(h)"h ) ("¢ )HHZMH(}XH(} :
But this is now the continuous wave equation and one can easily check that the

normal derivative of z; then satisfies the following admissibility result: for some
constant C independent of 2 > 0,

r 2
/0 |3xzh(t, 1)|2dt < C (”fh”il (O7T;L2(O71)) =+ H(ngzflz)HHd ><L2) .

For a proof of that fact we refer to the book of Lions [36] and the article [34].
This gives

T
b= [ 139 1) = (e, D
0

1 2
<C (n(h)z (h)“h“) "(¢07¢1)||H20H6XH6 . (331
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Combining the estimates (3.29) and (3.31), we obtain

A

The choice n(h) ~ h~2/3 optimizes this estimate and yields Eq. (3.20). This choice
also optimizes estimates (3.24) and (3.25) and implies Eqgs. (3.18) and (3.19) and
thus completes the proof. a

o) [ 1 4p4 0 oh|I?
A1) +— ’ dfﬁc(m‘m(m W) (e% )HHMngHg'

3.4 Further Convergence Results

3.4.1 Strongly Convergent Initial Data

As a corollary to Proposition 3.4, we can give convergence results for any sequence
of discrete initial data (@7, @) satisfying

lim (93, ¢4) = (0", 0")]| 1 12 = 0- (3:32)

Proposition 3.5. Let (¢°,¢') € H} (0,1) x L2(0,1) and consider a sequence of dis-
crete initial data (¢, @}) satisfying Eq. (3.32). Then the solutions @ of Eq.(3.1)
with initial data (7, @) converge strongly in C([0,T];H} (0,1))NC' ([0, T];L*(0, 1))
towards the solution ¢ of Eq. (3.2) with initial data (¢",@") as h — 0. Moreover,
we have
lim
h—0.J0

1 (t,l)—i—(PNh‘ dr = (3.33)

Proof Let( O o' € H}(0,1) x L*(0,1) and, given € > 0, choose (y°, ') € H*N
H(0,1) x H}(0,1) so that

H((pov(pl) - (WOaWI)HHd <12 <e&.

We now use the discrete initial data (l//,?, l//,}) provided by Proposition 3.4. The
solutions ;, of Eq.(3.1) with initial data (., y;) thus converge to the solution
v of Eq. (3.2) with initial data (y°, y') in the sense of Egs. (3.19)—(3.20).

We now denote by ¢, the solutions of Eq. (3.1) with initial data (@7, ¢}) and ¢
the solution of Eq. (3.2) with initial data (¢, ¢@!).

Since @ — Y, is a solution of Eq. (3.1), the conservation of the energy and the
uniform admissibility property (2.12) yield
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ONn— YNR
h

sup 191:300)(0)~ (9 O g2+
€[0T

< CJl(@h0n) = (Wi Wil g 12

< (0 01) = (90 ) z2+ (0% ) = (W0 W) 12
[ v = v i)

< ([ (08 0) = (0.0 1 sz £+ Ceh® [ (W00 |y i)

12(0,T)

Besides, recalling that yj, converge to y in the sense of Egs. (3.19)—(3.20), we have

dup(e, 1)+t

lim sup {| (W, i) (1) = (W, W) (1) | g 2 +

h=0,¢[0.7] L2(0,7)

We also use that the energy of the continuous wave equation (3.2) is constant in time
and the admissibility result of the continuous wave equation and apply it to ¢ — y:

s[l(l)pﬂ 19,9 0)(#) = (W, W) (1)l g1 2 + 95 0(1,1) = Dy (2, D) 20 7) < Ce.
te|0,

Combining these three estimates and taking the limsup as 4 — 0, for all € > 0, we get

limsup ( sup ||(@n, 0 n) (1) — ((P,az(P)(l)”Hé Ny

h—0 t€(0,7T]
< Ce.
12(0,T)

This concludes the proof of Proposition 3.5 since € > 0 was arbitrary. O

(PNh()

i

+ 0 0(t,1)

3.4.2 Smooth Initial Data

In this section, we derive higher convergence rates when the initial data are smoother.
In order to do that, we introduce, for ¢ € R, the functional space H(éo) defined by

Hy(0,1) = {‘P— Y qewt, with 3 K| < oo}
k=1 k=1

endowed with the norm || (p||i,(/ = Y K || (3.34)
O k=1
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These functional spaces correspond to the domains Z((—A4)"/?) of the fractional
powers of the Dirichlet Laplace operator —A,. In particular, we have H(OO) 0,1) =

L7(0,1), H (0,1) = Hy (0, 1) and H(;))l (0,1)=H"1(0,1).

As an extension of Proposition 3.4, we obtain:

Proposition 3.6. Let ¢ € (0,3] and (¢°, ") € Hf(;l (0,1) x H{O) (0,1). Denote by ¢
the solution of Eq. (3.2) with initial data (¢°, @"). Then there exists a constant C =
C(T,¥) independent of (¢°, @") such that the sequence @, of solutions of Eq. (3.1)

with initial data ((pff, (p,{) constructed in Proposition 3.4 satisfies, for all h > 0,

sup H((ph(t)uatq)h(t))_((p(t)vat(p(t))HH(}xLz

t€[0,7]
<CR'B (0% @) || st oyt (3.35)
© o
and
(pNJl(.) 0 . < h2[/3 0 1 3.36
I + X(p(71) <C H((p » P )HH/+1><HA . (3.36)
12(0,T) © *"0)

In particular, for ¢ = 3, this result reads as follows: if (¢°,¢!) € H?o) (0,1) x

H(30) (0,1), the sequence ¢y, constructed in Proposition 3.4 satisfies the following
convergence results:

sup H((ph(t)vat(ph(t))_((p(t)7af(p(t))”Hd><L2 SChz"((p()?(pl)HH4 xH3 (3.37)
t€[0,7] (0) 7(0)

Note that we cannot expect to go beyond the rate 4? since the method is consistent
of order 2.

and

On(e)
h

+ax<p(-,1>H < ||(@% || L ps - (3.38)
12(0,T) (0) 7(0)

Proof (Sketch). The proof of these convergence results follows line to line the one
of Proposition 3.4.

Let us for instance explain how it has to be modified to get Eq.(3.37). First
remark that Eq. (3.22) now reads

oo

2042) A (2 o 0 1|2
‘HZ:lk Bl == (10, @) [z -

Estimates (3.24)—(3.25) can then be modified into
[[@n () — <P(t)||§(; +[aen(t) = ap(0)]72

1 2
4 6—20 0 ol
§C<h nk) n(h)”> %@ )HHWXH?O)’

thus implying Eq. (3.35) immediately when taking n(h) ~ h~2/3,
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The proof of the strong convergence (3.36) also relies upon the estimate

_ 1 2
h+hL<C (h“n(h)"’ oy n(h)n) 160 @) gt -

where I; and I, are, respectively, given as above by Eq. (3.26). Details are left to the
reader. ad

3.4.3 General Initial Data

In Propositions 3.4 and 3.6, the discrete initial data are very special ones constructed
during the proof. In this section, we explain how this yields convergence rates even
for other initial data.

Proposition 3.7. Let £ € (0,3] and (¢°, ") € Hf(;l (0,1) x H{y,(0,1) and consider

a sequence (q)}f, q),}) satisfying, for some constants Co > 0 and 6 > 0 independent
of h >0,

||(¢I??¢/})_(¢05(P1)||HSXL2 Scohe- (339)

Denote by @y, (respectively @) the solution of Eq. (3.1) (resp. Eq. (3.2)) with initial

data (9}, 9,) (resp. (¢°,0")).
Then the following estimates hold:

sup ||(¢h(f)=at¢h(f))_((P(t)aat(l’(f))HngH

1€[0,T]
<C (h”/ g (CRT ] n +Coh9> , (3.40)
and
’@V’Tm+¢x(-,l) gC(Wﬁ||(<p°,<p1)||H1;+le/ +C0h9). (3.41)
12(0,7) 0 o

Proof. The proof easily follows from Proposition 3.6 since it simply consists in
comparing ¢, the solution of Eq. (3.1) given by Proposition 3.4, and ¢y, the solution
of Eq. (3.1) with initial data (q),?, q),}) But ¢, — ¢, solves Eq. (3.1) with an initial data
of H}(0,1) x L*(0,1)-norm less than Ch*/3||(¢°, @")|| 11, e +CCoh®.
(0) (0)
The first estimate (3.40) then follows immediately from the fact that the discrete

energy is constant for solutions of Eq. (3.1), whereas estimate (3.41) is based on the
uniform admissibility results proved in Theorem 2.1. O
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3.4.4 Convergence Rates in Weaker Norms

For later use, we also give the following result:

Proposition 3.8. Let (¢°,¢') € H(ZO) (0,1) x H(IO) (0,1). Denote by @ the solution
of Eq.(3.2) with initial data (¢°,@"). Then for all ¢ € (0,3], there exists a con-
stant C = C(T,{) independent of (¢°, ") such that the sequence @y of solutions
of Eq. (3.1) with initial data ((p/(l), (p,%) constructed in Proposition 3.4 satisfies, for all
h>0,

sup {|(@n (), 0 @n(1); 0t pn (1)) = (9(2), P (2); 0 (1))l 2 1ty
1€[0,T] (0) 770) TTH(0)

<3| (¢ ¢ (3.42)

1
)HH(%)XH(IO) :

In particular, if (q),?,q)}}) are discrete functions such that for some {y € (0,3], Cy
independent of h > 0 and 6 > 0,

1(97.91) — (", ¢1>!\H(z();/0x,,(1070 < Coh?, (3.43)

then denoting by ¢y, the corresponding solution of Eq. (3.1), we have

sup {|(9n(t), 0, @n(2), 9 $n(1)) — (@(1),0:0(2), A @), 200 140,10
1€(0,7T] (0) (0) (0)

<C (h”” @0 g +Coh") : (3.44)

Proof. The proof of Eq. (3.42) again follows the one of Proposition 3.4. This time,
following Eqs. (3.24)—(3.25), we get

lln() - (P(ﬂl\%z + 110k en(r) — 3z<P(t)Hf,(10;z

1 2
6—20,4 0 ol
<C ("(h) "+ n(h)”) (0" ¢ )HH(ZO)XH(IO) .

The proof of the estimate

sup |0 @n(t) — e (t)||,,—+ < CH*/*(¢°, @'
le[O%}” bt @n (1) — e @ ( )”Hmf S ||((P ¢ )HH(ZO)XH(IO)

can be done by writing

n(h) . . nd .
att(Ph(t) — 8n(p(t) = 2 (ﬁkw\k\ (_’uk(h)Zetle(h)t _|_‘ulgell-lkt) + 2 (ﬁkw‘k‘u,ge’“k’
|k|=1 n(h)+1

and by using the estimate
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—‘le(h)zei”k(h>t +,u]gei”kl S Ckshz.

The complete proof of Eq. (3.42) is left to the reader.
The proof of Eq. (3.44) for initial data satisfying Eq. (3.43) is very similar to the
one of Proposition 3.7 and is based on the following facts:

e For any y;, solution of the discrete wave equation (3.1), for all ¢ € Z, the

H(Qogf(o, 1) x H(lojg(o,l)-norm of (y,(2),0: (1)) is independent of the time

t > 0, as one easily checks by writing the solutions under the form
N . .
w(t) = 3 wh (I,A,kezukm)z " ﬁ,ﬁke—wmr) .
k=1

Applying this remark to (3, 9 y,) and to (0, y,, dy W) for Wy, = ¢ — @y, we get
sup.[(04(0),204(6).2004(0)) = (9(0).00(0): 0000 20yt

1€[0,7] © "oy o)

200/3 0 .1
< (19 0.0 s

0 41 0 0 1 0
+ ||(¢hv¢h Andy) — ((pha(PhaAh(Ph)HH(ZO;fO XH<10)fome§o> .

e By construction,
165 = 2680 < €05 = 0] 20
hence

H (q)i(z)v ¢}}’Ah¢;l)) - ((p/(l)v (p}}7Ah(p/€l))HH(20;/0 XH(I();/O XH(;);:O

< CH(‘P}?JP;}) - (¢}?7¢’5)"H50;[0xH<10;[0 .

e We finally conclude Eq. (3.44) by using Eq.(3.43) and the estimate (3.42) for
t=0. O

3.5 Numerics

In this section, we briefly illustrate the above convergence results on the normal
derivatives. The rate of convergence of the discrete trajectories towards the contin-
uous ones is well known and well illustrated in the literature.

We thus choose an initial data (¢°, @') € H}(0,1) x L*(0,1).
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For N € N, we set h = 1/(N+1) and take (@7, ¢}) defined by (pj({h = ¢°(jh)
and (P,/!,h = f((j—l/z)h,(jJrl/z)h)(Pl(jh) for all j € {1,...,N}. We then compute ¢,
the corresponding solution of Eq. (3.1) and the corresponding discrete derivative at
x=1,ie, —oyu(t)/h.

Note that, actually, this discrete solution should rather be denoted as @y 4; since
we also discretize in time using an explicit scheme. More precisely, if (p,’l" A, denotes
the approximation of ¢y, at time kAt, we solve

oy =205 — ' — (A1) * M. (3.45)

The CFL condition is chosen such that Ar/h = 0.2 so that the convergence of the
scheme (in what concurs solving the boundary—initial value problem) is ensured.

Since our goal is to estimate rates of convergence, we also need a reference data.
In order to do that, we expand the initial data (¢, ¢') in Fourier:

¢’ =

TM:

Ak 1 rok
aw”, 0} :Zbkw.
k=1

The corresponding solution ¢ of Eq. (3.2) is then explicitly given by

o)=Y, <€1k cos(kmt) + by sm(km)) wk,
k=1 km
so that
dop(t,1) =Y (dkcos(km) +13ksml(!;m)> V2(=1) k. (3.46)
k=1

Of course, we cannot compute numerically these Fourier series for the continuous
solutions of Eq. (3.2) since they involve infinite sums. So we take a reference num-
ber N, large enough and replace the infinite sum in formula (3.46) by a truncated
version up to Nyof. Nyef is taken to be large compared to N, the number of nodes in
the space discretization involved in the computations of @y ; () /h. We thus approx-
imate the normal derivative by

N. .
(0@t 1)) o = ff (ak cos(knmt) + by S‘“IE’;””) V2(=1)kr.

In the computations below, we take Npop = 1,000 for N varying between 200
and 400.
In Fig. 3.1 (left), we have chosen (¢, ¢') as follows:

@’ (x) =sin(mx), o'(x)=0. (3.47)

In this particular case, the continuous solution involves one single Fourier mode.
So, we could have taken Nyof = 1. Figure 3.1 (left) represents the L*(0,T)-norm
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of (@(t,1))ef + @ni(t)/h for T = 1 versus N in logarithmic scales. The slope
of the linear regression is —1.99, thus very close to —2, the rate predicted by
Proposition 3.7.

We then test the initial data

0 o 1 . —X if x < 1/27
P0)=0, ¢ (x)_{—x—i—l ifx>1/2, (3.48)

and plot the error in Fig.3.1 (middle). The initial data velocity only belongs to
ﬂ£>oH(10/)278(0, 1), so the predicted rate of convergence given by Proposition 3.7

is —(1/3)". This is indeed very close to the slope —0.31 observed in Fig. 3.1 (right).

-9 -2.6 -3

-3.05
-2.65 a1
_95 o7 -3.15
-32
—2.75 -3.25
-10 -3.3
28 -3.35
-2.85 -34
-10.5 -3-;:
53 54 55 56 57 58 59 53 54 55 56 57 58 59 ‘5.3 54 55 56 57 58 5.9

Fig. 3.1 Plot of [(dx@(t, 1)) e + @n.a(t) /Bl 20,1y versus log(N) for N € {200,...,400}, Nyop =

1,000 and T = 1. Left: for the initial data (¢°,@') in Eq.(3.47), slope of the linear regression
= —1.99. Middle: for the initial data (¢°,¢') in Eq. (3.48), slope = —0.31. Right: for the initial
data (¢°, ¢') in Eq. (3.49), with (9;¢(t,1)),of = —1 +1 in this case, slope = —0.5.

These numerical experiments both confirm the accuracy of the rates of conver-
gence derived in Proposition 3.7.
We then test the initial data

e’(x) =0, o'(x)=ux (3.49)

These data are smooth but ¢'(1) # 0. Hence ¢' only belongs to ﬂ£>oH(10/)278(0, 1)

and we thus expect a convergence rate of order h'/3. Note that in this case, the
normal derivative of the solution at x = 1 can be computed explicitly using Fourier
series and 0, ¢(t,1) = —1+1¢ (recall the formula (3.46)). Of course, we are thus
going to use this explicit expression to compute (dy@(t,1)),of = —1+1 in this case.

Note that the numerical simulations yield the slope —0.5 for the linear regres-
sion (see Fig. 3.1 (right)). This error term mainly comes from the fact that the con-
tinuous solution ¢ of Eq.(3.2) does not satisfy d,¢°(x) = —1 as the computation
(x@(t,1)) of = —1 4+t would imply for + = 0. This creates a layer close to t = 0
that the numerical method has some difficulties to handle. In Fig. 3.2, we represent
the normal derivative computed numerically for N = 300 and compare it with the
continuous normal derivative dy@(r,1) = —1+4r. As one can see, there is a boundary
layer close to t = 0.
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-1

%0 0.1 02 03 04 05 06 07 08 09 1 0 0005 001 0015 002 0025 0.03
t t
Fig. 3.2 Plot of —qy 4(¢)/h computed for N = 300 (black solid line) and of (d,@(t,1))pef = — 141

(red dash dot line) for (@°, @') in Eq. (3.49). Left: on the time interval (0, 1). Right: a zoom on the
time interval (0,0.03).

This last example illustrates the fact that the boundary conditions play an impor-
tant role for the regularity properties of the trajectory of the continuous model (3.2)
and therefore also have an influence on the rates of convergence of the correspond-
ing approximations given by Eq. (3.1). The above example also confirms the good
accuracy of the rates of convergence given in Proposition 3.7 when the regularity
properties are limited by the boundary conditions.
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