Semilocal Convergence with R-Order Three
Theorems for the Chebyshev Method and Its
Modifications

Zhanlav Tugal and Khongorzul Dorjgotov

Abstract In this chapter we consider some modifications of the Chebyshev method
that are free from second derivative and prove semilocal convergence theorems for
these modifications as well as for the Chebyshev method. These two modifications
can be considered as a generalization of some well-known iterative methods.
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1 Introduction

As is known, the higher order methods, such as Halley and Chebyshev methods play
an important role in the solution of nonlinear equations. Especially they can be used
in problems, where a quick convergence is required, such as stiff systems [11] and
bifurcation problems [13]. However, they are not used often in practice due to their
operational cost. For instance, in the iterative third-order methods, the main problem
is to evaluate the second derivative of the operator. To overcome this difficulty,
in the past years appeared many (multipoint) iterative methods [5-7, 12, 15] free
from second derivative but with the same order of convergence. As a result, the
operational cost is reduced to that of a second-order iterations, such as Newton’s
method.

In this chapter we propose some new modifications (multipoint iterations) of the
Chebyshev method which are free from second derivative (Sect.2). In Sects. 3-5
we analyze the convergence of the Chebyshev method and its two modifications,
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respectively, by using a technique consisting of a new system of real sequences
[2,8]. In Sect. 6, we give mild convergence conditions for these methods. In the last
Sect. 7, we present numerical results.

2 Some Modifications of Chebyshev Method

We consider a nonlinear equation
F(x)=0. (1)

Here F : 2 C X — Y is a nonlinear Frechet twice differentiable operator defined
on a convex, nonempty domain €2, and X,Y are Banach spaces. The well-known
Chebyshev method for solving the nonlinear equation (1) is given by [7]:

Yn=Xn—LF(x,),  Li=F(x)",
1
Xpp1 = yn—EI;,F”(x,,)(y,,—x,,)z, n=0,1,.... 2)

As in scalar cases [15] we can take next approximations

|- 2 1 / ! .
2F (xn) (yn —xn)"~ ~ 20 (F'(zn) = F'(xn)) (Yn — Xn),
Zw=(1-0)x,+06y, 0<6<1

and
1_, 2 b b
EF (Xn)(n —xn)" 2 | 1+ B F(yn) +bF (xn) — EF(Zn)a
where
Zn:xn‘f'FnF(xn)a -2<bh<0.
As a consequence, we define the following new modifications:
Yn = Xnp — FnF(xn)
2= (1—6)x,+0y,, 0¢€(0,1]
1
Xn+1 = Yn — %E(F/(Zn) —F'(xn)) (yn — Xn) 3)
and
Yn = Xn — ElF(xn)
in = Xn +E1F(xn)a

$n1 = =T ((1 n g) F(3) + bF (x) §F<zn)) ,

—2<b<0. 4)
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Thus we have classes of new two-and three-point iterative processes (3) and (4). It
should be pointed out that such iterations (3) and (4) were given in [15] for functions
of one variable.

In [5, 6] it was suggested a uniparametric Halley-type iterations with free from
second derivative of the form

Yn = Xn _FnF(xn)
zn=(1-=0)x,+6y,, 0¢€(0,1]

Hlxum) = 5 (@)~ F'(s)

1 1 !
Xn+1 = Yn — EH(xnvyn) [1+ EH(xnayn)] (Vn—xn), n>0 Q)
and proved order three convergence of (5), as Halley method. If we take the
approximation

1 -1
I+ EH(xna)’n) ~1

in (5), then (5) leads to (3). In this sense our modification (3) is easier than (5).
It also should be pointed out that the iteration (3) with & = 1/2 and 6 = | was
given in [7] and [1], respectively, and proven order three convergence under some
restrictions. The iterations (4) can be considered as a generalization of some well-
known iterations for function of one variable. For instance, if b = —2 the iteration (4)
leads to two-point one with third-order convergence, suggested by Kou et al. [10].
If b = O the iteration (4) leads to also two-point one with third-order convergence
that was suggested by Potra and Ptak [9, 12] and CL2 method [1]. From (3) and
(4) it is clear that the modification (4) is preferable to (3), especially for the system
of nonlinear equations, because in (3) the matrix-vector multiplication is needed in
each iteration.

3 Recurrence Relations

In [14] we reduced the two-dimensional cubic decreasing region into one-
dimensional region for the Chebyshev method. Now we will study the convergence
of Chebyshev method (2) in detail. We assume that Iy € L(Y,X) exists at some
xo € Q, where L(Y,X) is a set of bounded linear operators from Y into X. In what
follows we assume that

(c1) IF'()l[ <M,  xeQ,

(c2) llyo —xoll = [[ToF (xo)[| < m,

(c3) [[Toll < B,

(ca) IF"(x)=F'"OII <Kllx—yll, xyeQ,  K>0.
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Let us suppose that

ap=Mpn (6)
and define the sequence
ant1 = f(an)zg(an)an, (N
where
)=y =Sy ®
andd =1420, 0 = 1\%’ m = miny,||I7|| > 0. In Sect. 4, we will show that m > 0.

Lemma 1. Let f,g be two real functions given in (8). Then

(i) f is increasing and f(x) > 1 for x € (0,1).

(if) g is increasing in (0, %)

(i) £(7x) < 1), g(vx) < Pe(x) forx € (0,1) and y € (0,1)
The proof is trivial [8].

Lemma 2. Let 0 < ap < % and f(ao)*g(ao) < 1. Then the sequence {ay} is
decreasing.

Proof. From the hypothesis we deduce that 0 < a; < ap. Now we suppose that
0<ap <apq<--<ay <ap<1/2. Then 0 < apy1 < a; if and only if
2 (ar)g(ar) < 1. Notice that f(a;) < f(ao) and g(a;) < g(ap). Consequently,
FHa)g(ar) < f*(ao)g(ao) < 1. 0

Lemma 3. If0 <ay < ﬁ, then f?(ag)g(ag) < 1.

Proof. Ttis easy to show that the inequality f?(ag)g(ag) < 1 is equivalent to
@(ag) = 2ag+ (8 — d)ag — 4dal — 16ay+8 > 0.
Since
0(0) =850, ¢(05)= %(1 —d)<0 (9(0.5)=0whend = 1),
¢’ (ao) = 8aj +24a3 — 3da} — 8dag — 16, @'(ap) <0 for0 <ap<0.5.

Therefore there exists

N =

such that

¢(ag) = 0.

We compute
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(;)(ﬁ)— ot (64’ —8d>—9d —1).

1

ford > 1. Thus ¢(ag) > 0 for 0 < ag < 5. O

It is clear that

Lemma 4. Let us suppose that the hypothesis of Lemma 3 is satisfied and define
Y=ai/ag. Then
(i) v = f(a0)*g(ao) € (0;1)
.. n—1 31
(iin) an < V" @y 1 <Y 7 ap
"Vl

(iiin) f(an)g(an) < 7o, n>0

Proof. Notice that (i) is trivial. Next we prove (ii,) following an inductive
procedure. So

ay < yag

and by Lemma 1 we have

2 a a
fla)g(ar) < f(yao)g(yao) < f(ao)y’g(ao) = . f((fl()j( - f(ioV

i.e., (ify), (iiiy) are proved. If we suppose that (ii,) is true, then

31 31
apt+1 = fz(an)g(an)an < fz(Y 2 ao)g(Y 2 aO)an
n 31 3(an atlg
< fHao)y glao)y T ao =112 Vag =y 7 ap,

fla)P" glao) ., P e
Fay = g =AY

and f(anJrl )g(anJrl) <

_ 1 :
A= Flag) < 1 and the proof is complete. a

4 Convergence Study of Chebyshev Method

In this section, we study the sequence {a, } defined above and prove the convergence
of the sequence {x,} given by (2). Notice that

M|[I5|[[[ToF (xo)l| < ao

a
I =0l < (145 ) 1 ToF (o)l
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Given this situation we prove following statements for n > 1:

(1) 150 = F' () < )|

(1h) [ (30)]| < ) (an1) [T F )|
(111) MIGIGE )] < a,

(1Y) N =l < (145 ) ITF (o)

1+ap/2
(Vu) YnyXnt1 € B(xo,RN), where B(xy,Rn) = {xe Q:|lx—x] < ﬁn}
Assuming
(1+%)a0<1, x] € Q,
we have

a
=T )l < ITHIE (o) = F'Gen) | < MITal oy = xoll < (145 ) ag < 1.

Then, by the Banach lemma, I is defined and

T = IIHIE (o) = F'(x) || — 1= (1+ ) ao

11 ITol| = f(ao) | To]l-

On the other hand, if x,,,x,_| € £, we will use Taylor’s formula

_ / F"(&n) 2
F(xn) _F(xnfl)'f'F (xnfl)(xn_xnfl)'i‘T(xn_xnfl) ) 9)
&= 0x,+ (1 —0)x,—1, 0 €(0,1). (10)
Taking into account (2) we obtain
1
Xn —Xp—1= |:I_ Emle//(xnfl)(ynfl _xnfl) (ynfl _xnfl)' 11

Substituting the last expression in (9) we obtain

F(xn) = _%F//(xnfl)(ynfl _xnfl)z'i‘%F//(én)(xn _)Cnfl)2

1

3 P& = F ) = PG F )1 5001

F”(&n)EL{IF”(x,,,l)Z(y,,,l _anl)2 (ynfl _xnfl)z- (12)

FNy-

Then forn =1, if x; € 2, we have
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1 1
PG < 5 |KIE ol + Moo + 3Ma3| IBFGOZ. 13

From (11) we get

a
I =oll < (145 ) Ivo—0ll < (145 ) 1T6F (o))

Using (10) and

16 —xoll = 6llx1 —0ll < 6 (145 ) IT5F (xo)|
in (13) we obtain

IGF Q)| < [T[F G

1 4+ag

1
< L fao)implMay (Ke (1+%) "
T 4

Ly JIr (ol

or

a 1

irreol < 280 ko (149) o+ (14 2) |5 ol
< flao)
-8
= f(ao)g(ao)|[ToF (xo)||
and (1)) is true. To prove (I11}) notice that
My G[IIE Gl < M f(ao) [[Tollf (a0)g (o) [ ToF (xo) |

< f*(ao)g(ao)ao = ay

2K6
ag(4+ap) (1 + m) I ToF (xo0) |

and
1
[z =21l < [lyr = x| +—MHF1||||F1F(X1)||||)’1 —xi|
LA
< (1+5) I —all= (14 5) IRFI (14)
and (IV}) is true. Using
1
sllxr = xol| < [[yo — xol| +§||1?)||M||1?)F(xo)||||)’0—x0||
< (1+32) o=l

a 14+ap/2
< (1+5)n< T =k
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and

ap
1ol < I =+ =0l < (14 )

flao) 2
_(1+% Ay do
-(1+%) (1+1+a0/2>”<(1+ 2) (1+4y)n
1+ap/2
1—yA n=Rn

and (14) we have
[[x2 = x| < florz — x1 [ + [|x1 — xol| < Rn.

Thus, y1,x2 € B(xo,Rn) and (V) is true. Now, following an inductive procedure and
assuming

Ysdns1 € Q and (1+%”) an<1,neN, (15)

the items (1,) — (V;,) are proved.

Notice that I, > 0 for all n = 0, 1,.... Indeed, if I} = 0 for some k, then due to
statement (I,,), we have ||I;|| = O for all n > k. As a consequence, the iteration (2),
as well as (3) and (4), terminated after kth step, i.e., the convergence of iterations
does not hold. To establish the convergence of {x,} we only have to prove that it is
a Cauchy sequence and that the above assumptions (15) are true. We note that

(1+ ) ILFE)I < (145 @181 IT-1F (xo-1) |

a n—1
< (1+5) I6F ol T fans(an)

As a consequence of Lemma 4 it follows that

n—l n—1
I f(a)g(ar) < HVSkA B R ALNVIECY
k=0 k=0

So from A < 1 and y < 1, we deduce that HZ;(I) (ax)g(ax) converges to zero by
letting n — oo.
We are now ready to state the main result on convergence for ().

Theorem 1. Let us assume that Iy = F'(xo) ™' € L(Y,X) exists at some xo € Q and
(c1) — (ca) are satisfied. Suppose that

1
O0<ag<—,with d=14+20, =

2d M*m’ (16)
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Then if B(xo,RN) = {x € X;||x —xo|| < RN} C Q the sequence {x,} defined in (2)
and starting at xo has at least R-order three and converges to a solution x* of the
Eq. (1). In that case, the solution x* and the iterates x,,y, belong to B(xy,Rn), and
x* is the only solution of Eq. (1) in B(xy, Mlﬁ —RN)N Q. Furthermore, we have the
following error estimates:

o A"

. ap -1\ -1
b =l < (145777 ) 7T (= an

The proof is the same as Theorem 3.1 in [7, 8].

5 Convergence Study of Modifications of the Chebyshev
Method

The convergence of the proposed modifications (3) and (4) is studied analogously
as those of Chebyshev method. The difference is only to prove assumption (/1)
for these methods. Therefore, we turn our attention only to the proof of assumption
(I1,). At first, we consider a modification (3). For this, if x,,y, € £ we obtain from
Taylor’s formula

1 1
F(xn) = _EF//(nnfl)(ynfl _xnfl)z‘i'EF//(&n)(xn _xnfl)za (18)

where

NMn—1 = (1 - )xn71+wzn715

w
& =0x,+(1-0)x,_1, 0<w,0<1.
According to (3) we have
1
Xp —Xp—1= (1_ %anl(F/(anl) _F/(xnl))) (ynfl _xnfl)'
Substituting the last expression into (18) we get

F(xn) = (F//(én) _F//(nnfl)) (ynfl _)Cnfl)2

N =

5P |~ gTer (P o) = F )01 =500

1 / /
+m1—;¢2—1(F (anl)_F(xnfl))z(ynfl_xnfl)z : 19)
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Then, forn =1, if yg € 2, we have
K
IECOll < {18 =m0l + 55 HFoHMGIIyo—onI
2702 2 2
+ gl IEM6% 0 ol oo —

Since & — Mo = 0(x; — xo) — wO (yo — xo), it follows
— — a
1€ — 11ol| < Bl —xol| +wOlyo—xo]l < (8 (1+%) +w8) [lyo—xo]-
2

If we take = max(6,w8), then we get the following estimate:

ao) M| I

A M?||I;
PGl < {8 (14+9) St o)l + *00 o )

M 2 3
+?||Fo|| IToF (x0)[I” ¢ [[ToF (x0)|-

Therefore, we have

a(z) (4+aop)

IGF (x1)|| < flao)g(ao)lToF (x0)]l, g(ao) = dy withd; =1+250.

Analogously, for the modification (4), we have

P = =3 | (143) ) = 3P 6| 0ns =500

F// "
+—é§ )(xn_xnfl)zu (20)
& = oy 1 + (1 — o)xy, o< (0,1),
Mn—1 = Oxp_1+ (1 - 9)yn71, 0 (07 1)7
oot = wxp1+ (1 =w)zpm1, we(0,1).
Notice that
(1=6)(xp—1=Yn1)+pxn—Xp1)
= (p = (1= 0)) (-1 = 0-1) = O T 1D (o1 = 0 1)2,
- 1_Cn 1—(1 )(X,, 1 —Zn— l)"’/l(yn 1 — Xn— l)
= (1=w+2A2)Vn-1—%n-1),

& —MNn—1 =

where p = 1 — ¢, A=1-0,
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Xn—Xp—1 = [1— %17171 ((1 +g) F'(Nu1) = gF//(5n1)> (V-1 _xnl):|

X(ynfl _xrhl)-

Substituting the last expression into (20) we have

1 F// "
F(xn) = EBn(Yn _)Cnfl)2 - #Eﬁll)n()’n _xn71)3

+%§”>F,£1Dﬁ(ym —x1)*, 1)

where
1" /! b " 1
B, =F (&n) —-F (nnfl) - 5 (F (nnfl) —F (&nfl)) )
b b

D, = (1 + 5) F'(Myo1) — EF”(gn,l).

If &, 1,81 € Q then we have

b
18] < & |18 (1= 0)|= 51 =w+ )] I =5l

K|L,-1||B

2 M||yn71—xn,1||2,

+
1Dyl < M.
Using these expressions we get

2
a,_
2

I F () || < f(@n—1)

—
b
<,
_|_
/
.
_|_
&
L
N——
——
h
~
—
i
=

where

. b B
d:|p_(1—e)|—§(1—w+y)+ﬁan,1<3+an,1<4(1+a”41),

IB—7vl <1 0<l—wHy<2.
Then we obtain
1T F (xa) || < f(an—1)g(@n—1)lITn—1F (xa—1) |l

2
44a,
glap—1) = —anil( ] n l)dz, d=1+4w.

For the modifications (3) and (4) the cubic convergence theorem 1 is valid, in which
dequalsto 1+ 5w and 1 + 4w, respectively.
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It should be mentioned that in [4] was constructed a family of predictor-corrector
methods free from second derivative. But these methods, except the case A2,
require more computational cost even as compared to the modification (3).

6 Mild Convergence Conditions

In order to obtain mild convergence conditions for these methods we first consider
inexact Newton method (IN) for (1):
F'(xi)sk = —F (x) +r, (22)
Xl =X+, k=0,1,....x0 € Q2 23)
The terms r; € R" represent the residuals of the approximate solutions s [3,4]. We
consider a local convergence result [3,4]:

Theorem 2. Givenn, <N <t <1,k=0,1,..., there exists € > 0 such that for any
initial approximation xy with ||xo — x*|| < €, the sequence of the IN iterates (22)

satisfying
el < MellFGee) |l k=0,1,... (24)
converges to x*.

Moreover we know that the IN converges superlinearly when 1y — 0 as k — oo. Now
we analyze the connection between the inexact Newton method and the Chebyshev
method (2) and its modifications (3) and (4). To this end we rewrite (2)—(4) in the
form (22) with

1
re = F'(x)se + F(x) = _EF//(xk)(yk —xi)?,

1
e = ——(F’(Zk) _Fl(xk))()’k —Xk),
20
and
1 b b
=3 ((145) PO+ 0 - 27 ) ).
respectively.

Theorem 3. Let us assume that Iy = F'(xo) "' € L (Y,X) exists at some xy € Q,
and the conditions (c1)—(c3) are satisfied. Suppose that 0 < ag < 0.5. Then the
sequences {x;} given by (2), (3) and (4) converge to x*.

Proof. We first observe that the sequence {a;} given by (7) and (8) with d = 1 is
decreasing, i.e.,
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Table 1 The number of

I Examples xy NM CM MOD 1 MOD 2
1terations
) 15 7 4 5 5 5 4 4 5
(1D 20 5 5 3 4 4 4 4 3
(TIT) 15 6 6 3 4 4 3 3 3
Iv) 1 6 4 6 4 4 4 4 -
1
O<ak+1<ak<---<a1<a0<§. (25)

It is easy to show that for residuals r; of all the methods (2),(3) and (4) hold the
following estimation

ag

Il < SINFEIL (=5 (26)

From (25) and (26) follows 1 — 0 as k — . Then by Theorem 2 the methods
(2)—(4) converge to x*. O

The assumptions in Theorem 3 are milder than cubic convergence condition in
Theorem 1 withd > 1.

7 Numerical Results and Discussion

Now, we give some numerical examples that confirm the theoretical results. First,
we consider the following test equations:

(I) x¥* —10=0,

(I1) x> +4x*> —10=0,
(1) Inx) =

(IV) sin’x—x*+1=0.

All computations are carried out with a double arithmetic precision, and the number
of iterations, such that ||F (x,)|| < 1.0e — 16, is tabulated (see Table 1). We see that
the third-order MOD 1 and MOD 2 takes less iterations to converge as compared to
second-order Newton’s method (NM).

Now we consider the following systems of equations:

W) Fo= x%‘”“))zo,

x1 +cos (5x;
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Table 2 The computational

cost of the methods Methods Evaluation of F Evaluation of F’
NM 1 1
MOD 1 1 2

MOD 2 3(2whenb=0o0rb=2) 1

Table 3 The number of iterations

Examples  xp NM CM MOD 1 MOD 2

0=05 6=1 b=-2 b=-1 b=0
V) (0;0.1) 8 5 5 6 3 2 2
(VD (0,0,0,1,1,00 6 6 4 4 4 4 4

X1X3 + XoX4 + X3X5 + X4X¢
X1X5 + X2X¢

X1 +x3+x5—1

— X1 +X2 — X3+ X4 — X5+ X¢

—3x1 — 2x0 — x3 + x5 + 2x4

3x1 — 2x0 +x3 — x5+ 2x6

As seen from the Tables 1-3, that the proposed modifications (MOD 1, MOD 2)
are almost always superior to these classical predecessor, the Chebyshev method
(CM), because of their convergence order is as same as CM, but these are simpler
and free from second derivative.

We also compared the computational cost of two modifications to the classical
NM (see Table 2). The numerical results showed that MOD 2 is the most effective
method especially when b = —2 or b = 0.

Conclusion

In this chapter we proposed new two families of methods which include many well-
known third-order methods as particular case. We proved third-order convergence
theorem for these modifications and as well as for Chebyshev method. The new
methods were compared by their performance to Newton’s method and Chebyshev
method, and it was observed that they show better performance than NM and CM.
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