
Chapter 6

Discrete Systems Synchronization

As in Luo [1, 2], a set of concepts on “Ying” and “Yang” in discrete dynamical

systems will be presented. Based on the Ying-Yang theory, the complete dynamics

of discrete dynamical systems will be presented for an understanding of dynamical

behaviors. From the ideas of the Ying-Yang theory of discrete dynamical systems,

the companion and synchronization of discrete dynamical systems will be presented

herein, and the corresponding conditions will be presented as an integrity part of

dynamical system synchronization. The synchronization dynamics of Duffing and

Henon maps will be discussed.

6.1 Discrete Systems with a Single Nonlinear Map

Definition 6.1 Consider an implicit vector function f : D ! D on an open set

D � rn in an n-dimensional discrete dynamical system. For xk; xkþ1 2 D, there
is a discrete relation as

fðxk; xkþ1; pÞ ¼ 0; (6.1)

where the vector function is f ¼ ð f1; f2; � � � ; fnÞT 2 rn and discrete variable vector is

xk ¼ ðxk1; xk2; � � � ; xknÞT 2 D with a parameter vector p ¼ ð p1; p2; � � � ; pmÞT 2 rm.

Definition 6.2 For a discrete dynamical system in Eq. (6.1), the positive and

negative discrete sets are defined by

Sþ ¼ fxkþijxkþi 2 rn; i 2 Zþg � D and

S� ¼ fxk�ijxk�i 2 rn; i 2 Zþg � D;

)
(6.2)
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respectively. The discrete set is

S ¼ Sþ [ S�: (6.3)

A positive mapping is defined as

Pþ : S ! Sþ ) Pþ : xk ! xkþ1 (6.4)

and a negative mapping is defined by

P� : S ! S� ) P� : xk ! xk�1: (6.5)

Definition 6.3 For a discrete dynamical system in Eq. (6.1), consider two points

xk 2 D and xkþ1 2 D, and there is a specific, differentiable, vector function g 2 rn

to make gðxk; xkþ1; λÞ ¼ 0.

(i) The stable solution based on xkþ1 ¼ Pþxk for the positive mapping Pþ
is called the “Yang” of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the

Pþ-1 solutions ðx�k ; x�kþ1Þ.
(ii) The stable solution based on xk ¼ P�xkþ1 for the negative mapping P�

is called the “Ying” of the discrete dynamical system in Eq. (6.1) in sense of

gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the P�-1
solutions ðx�k ; x�kþ1Þ.

(iii) The solution based on xkþ1 ¼ Pþxk is called the “Ying-Yang” for the

positive mapping Pþ of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the Pþ-1
solutions ðx�k ; x�kþ1Þ and the eigenvalues of DPþðx�kÞ are distributed inside

and outside the unit cycle.

(iv) The solution based on xk ¼ P�xkþ1 is called the “Ying-Yang” for the

negative mapping P� of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the

P�-1 solutions ðx�k ; x�kþ1Þ and the eigenvalues of DP�ðx�kþ1Þ are distributed

inside and outside unit cycle.

Consider the positive and negative mappings are

xkþ1 ¼ Pþxk and xk ¼ P�xkþ1: (6.6)

For the simplest case, consider the constraint condition of gðxk; xkþ1; λÞ ¼
xkþ1 � xk ¼ 0. Thus, the positive and negative mappings have, respectively, the

constraints

xkþ1 ¼ xk and xk ¼ xkþ1: (6.7)
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Both positive and negative mappings are governed by the discrete relation in

Eq. (6.1). In other words, Eq. (6.6) gives

fðxk; xkþ1; pÞ ¼ 0 and fðxk; xkþ1; pÞ ¼ 0: (6.8)

Setting the period-1 solution x�k and substitution of Eq. (6.7) into Eq. (6.8) gives

fðx�k ; x�k ; pÞ ¼ 0 and fðx�k ; x�k ;pÞ ¼ 0: (6.9)

From the foregoing equation, the period-1 solutions for the positive and negative

mappings are identical. The two relations for positive and negative mappings are

illustrated in Fig. 6.1a, b, respectively. To determine the period-1 solution, the fixed

points of Eq. (6.7) exist under constraints in Eq. (6.8), as also shown in Fig. 6.1. The

two thick lines on the axis are two sets for the mappings from the starting to final

states. The relation in Eq. (6.7) is presented by a solid curve. The intersection points

of the curves and straight lines for relations in Eqs. (6.7) and (6.8) give the fixed

points of Eq. (6.9), which are period-1 solutions, labeled by the circular symbols.

However, their stability and bifurcation for the period-1 solutions are different.

To determine the stability and bifurcation of the period-1 solution of the positive

and negative mappings, the following theorem is stated.

Theorem 6.1 For a discrete dynamical system in Eq. (6.1), there are two points
xk 2 D and xkþ1 2 D, and two positive and negative mappings are

xkþ1 ¼ Pþxk and xk ¼ P�xkþ1 (6.10)

with

fðxk; xkþ1; pÞ ¼ 0 and fðxk; xkþ1; pÞ ¼ 0: (6.11)

Suppose a specific, differentiable, vector function g 2 rn makes gðxk; xkþ1; λÞ ¼ 0

hold. If the solutions ðx�k ; x�kþ1Þ of both fðxk; xkþ1; pÞ ¼ 0 and gðxk; xkþ1; λÞ ¼ 0

exist, then the following conclusions in the sense of gðxk; xkþ1; λÞ ¼ 0 hold.

(i) The stable Pþ-1 solutions are the unstable P�-1 solutions with all eigenvalues
of DP�ðx�kÞ outside the unit cycle, vice versa.

(ii) The unstable Pþ-1 solutions with all eigenvalues of DPþðx�kÞ outside the unit
cycle are the stable P�-1 solutions, vice versa.

(iii) For the unstable Pþ-1 solutions with eigenvalue distribution ofDPþðx�kÞ inside
and outside the unit cycle, the corresponding P�-1 solution is also unstable
with switching the eigenvalue distribution of DP�ðx�kÞ inside and outside the
unit cycle, vice versa.

(iv) All the bifurcations of the stable and unstable Pþ-1 solutions are all the
bifurcations of the unstable and stable P�-1 solutions, respectively.

Proof The proof can be referred to Luo [2] (Fig. 6.1). □
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From the foregoing theorem, the Ying, Yang and Ying-Yang states in discrete

dynamical systems exist. To generate the above ideas to P
ðNÞ
þ -1 and PðNÞ

� -1 solutions

in discrete dynamical systems in sense of gðxk; xkþN; λÞ ¼ 0, the mapping structure

consisting of N-positive or negative mappings is considered.

Definition 6.4 For a discrete dynamical system in Eq. (6.1), the mapping structures

of N-mappings for the positive and negative mappings are defined as

xkþN ¼ Pþ � Pþ � � � � � Pþ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

xk ¼ P
ðNÞ
þ xk; (6.12)

xk ¼ P� � P� � � � � � P�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

xkþN ¼ PðNÞ
� xkþN (6.13)

with

fðxkþi�1; xkþi; pÞ ¼ 0 for i ¼ 1; 2; � � � ;N (6.14)

where P
ð0Þ
þ ¼ 1 and Pð0Þ

� ¼ 1 for N ¼ 0.

Definition 6.5 For a discrete dynamical system in Eq. (6.1), consider two points

xkþi�1 2 D (i ¼ 1; 2; � � � ;N) and xkþN 2 D, and there is a specific, differentiable,

vector function g 2 rn to make gðxk; xkþN; λÞ ¼ 0.

(i) The stable solution based on xkþN ¼ P
ðNÞ
þ xk for the positive mapping Pþ

is called the “Yang” of the discrete dynamical system in Eq. (6.1) in sense of

xk

xk+1

f(xk, xk+1, p) = 0

Σ

+Σ

xk+1 = xk

a

xk+1

xk f(xk, xk+1, p) = 0

Σ

Σ−

xk = xk+1

b

Fig. 6.1 Period-1 solution for (a) positive mapping and (b) negative mapping. The two thick lines
on the axis are two sets for the mappings from the starting to final states. The mapping relation is

presented by a solid curve. The circular symbols give period-1 solutions for the positive and

negative mappings
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gðxk; xkþN; λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with

gðxk; xkþN; λÞ ¼ 0 exist.

(ii) The stable solution based on xk ¼ PðNÞ
� xkþN for the negative mapping P� is called

the “Ying” of the discrete dynamical system in Eq. (6.1) in sense of

gðxk; xkþN;λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with

gðxk; xkþN; λÞ ¼ 0 exist.

(iii) The solution based on xkþN ¼ P
ðNÞ
þ xk is called the “Ying-Yang” for the positive

mapping Pþ of the discrete dynamical system in Eq. (6.1) in sense of gðxk; xkþN;
λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with gðxk; xkþN; λÞ ¼ 0

exist and the eigenvalues of DP
ðNÞ
þ ðx�kÞ are distributed inside and outside the

unit cycle.

(iv) The solution based on xk ¼ PðNÞ
� xkþN is called the “Ying-Yang” for the

negative mapping P� of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþN; λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with

gðxk; xkþN; λÞ ¼ 0 exist and the eigenvalues of DPðNÞ
� ðx�kþNÞ are distributed

inside and outside unit cycle.

To determine the Ying-Yang properties of P
ðNÞ
þ -1 and PðNÞ

� -1 in the discrete

mapping system in Eq. (6.1), the corresponding theorem is presented as follows.

Theorem 6.2 For a discrete dynamical system in Eq. (6.1), there are two points
xk 2 D and xkþN 2 D, and two positive and negative mappings are

xkþN ¼ P
ðNÞ
þ xk and xk ¼ PðNÞ

� xkþN; (6.15)

and xkþi ¼ Pþxkþi�1 and xkþi�1 ¼ P�xkþi can be governed by

fðxkþi�1; xkþi; pÞ ¼ 0 for i ¼ 1; 2; � � � ;N: (6.16)

Suppose a specific, differentiable, vector function of g 2 rn makes gðxk; xkþN; λÞ¼ 0

hold. If the solutions ðx�k ; � � � ; x�kþiÞ of Eq. (6.16) with gðxk; xkþN; λÞ ¼ 0 exist, then
the following conclusions in the sense of gðxk; xkþN; λÞ ¼ 0 hold.

(i) The stable P
ðNÞ
þ -1 solution is the unstable PðNÞ

� -1 solution with all eigenvalues of

DPðNÞ
� ðx�kþNÞ outside the unit cycle, vice versa.

(ii) The unstable P
ðNÞ
þ -1 solution with all eigenvalues of DP

ðNÞ
þ ðx�kÞ outside the unit

cycle is the stable PðNÞ
� -1 solution, vice versa.

(iii) For the unstableP
ðNÞ
þ -1 solution with eigenvalue distribution ofDP

ðNÞ
þ ðx�kÞ inside

and outside the unit cycle, the correspondingPðNÞ
� -1 solution is also unstable with

switching eigenvalue distribution of DPðNÞ
� ðx�kþNÞ inside and outside the unit

cycle, vice versa.
(iv) All the bifurcations of the stable and unstable P

ðNÞ
þ -1 solution are all the

bifurcations of the unstable and stable PðNÞ
� -1 solution, respectively.

Proof The proof can be referred to Luo [2]. □
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Theorem 6.3 For a discrete dynamical system in Eq. (6.1), there are two points

xk 2 D and xkþN 2 D. If the period-doubling cascade of the P
ðNÞ
þ -1 and PðNÞ

� -1

solution occurs, the corresponding mapping structures are given by

xkþ2N ¼ P
ðNÞ
þ � PðNÞ

þ xk ¼ P
ð2NÞ
þ xk and gðxk; xkþ2N; λÞ ¼ 0;

xkþ22N ¼ P
ð2NÞ
þ � Pð2NÞ

þ xk ¼ P
ð22NÞ
þ xk and gðxk; xkþ22N; λÞ ¼ 0;

..

.

xkþ2lN ¼ P
ð2l�1NÞ
þ � Pð2l�1NÞ

þ xk ¼ P
ð2lNÞ
þ xk and gðxk; xkþ2lN; λÞ ¼ 0; (6.17)

for positive mappings and

xk ¼ PðNÞ
� � PðNÞ

� xkþ2N ¼ Pð2NÞ
� xkþ2N and gðxk; xkþ2N; λÞ ¼ 0;

xk ¼ Pð2NÞ
� � Pð2NÞ

� xkþ22N ¼ Pð22NÞ
� xkþ22N and gðxk; xkþ22N; λÞ ¼ 0;

..

.

xk ¼ Pð2l�1NÞ
� � Pð2l�1NÞ

� xkþ2lN ¼ Pð2lNÞ
� xkþ2lN and gðxk; xkþ2lN; λÞ ¼ 0 (6.18)

for negative mapping, then the following statements hold, i.e.,

(i) The stable chaos generated by the limit state of the stable P
ð2lNÞ
þ -1 solutions

ðl ! 1 ) in sense of gðxk; xkþ2lN; λÞ ¼ 0 is the unstable chaos generated
by the limit state of the unstable stable Pð2lNÞ

� -1 solution (l ! 1) in sense of

gðxk; xkþ2lN; λÞ ¼ 0 with all eigenvalue distribution of DPð2lNÞ
� outside unit

cycle, vice versa. Such a chaos is the “Yang” chaos in nonlinear discrete
dynamical systems.

(ii) The unstable chaos generated by the limit state of the unstable P
ð2lNÞ
þ -1

solutions (l ! 1) in sense of gðxk; xkþ2lN; λÞ ¼ 0 with all eigenvalue distribu-
tion of DP

ð2lNÞ
þ outside the unit cycle is the stable chaos generated by the limit

state of the stablePð2lNÞ
� -1 solution (l ! 1) in sense ofgðxk; xkþ2lN; λÞ ¼ 0, vice

versa. Such a chaos is the “Ying” chaos in nonlinear discrete dynamical
systems.

(iii) The unstable chaos generated by the limit state of the unstable P
ð2lNÞ
þ -1

solutions (l ! 1) in sense of gðxk; xkþ2lN; λÞ ¼ 0 with all eigenvalue distribu-
tion of DP

ð2lNÞ
þ inside and outside the unit cycle is the unstable chaos

generated by the limit state of the unstable Pð2lNÞ
� -1 solution ( l ! 1 ) in

sense of gðxk; xkþ2lN; λÞ ¼ 0 with switching all eigenvalue distribution of

DP
ð2lNÞ
þ inside and outside the unit cycle, vice versa. Such a chaos is the

“Ying-Yang” chaos in nonlinear discrete dynamical systems.

Proof The proof can be referred to Luo [2]. □
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6.2 Discrete Systems with Multiple Maps

Definition 6.6 Consider a set of implicit vector functions fð jÞ : D ! D( j¼ 1; 2; . . .Þ
on an open set D � rn in an n-dimensional discrete dynamical system. For xk;
xkþ1 2 D, there is a discrete relation as

fð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0 for j ¼ 1; 2; � � � (6.19)

where the vector function is fð jÞ ¼ ð f ð jÞ1 ; f
ð jÞ
2 ; � � � ; f ð jÞn ÞT 2 rn and discrete variable

vector is xk ¼ ðxk1; xk2; � � � ; xknÞT 2 O with a parameter vector pð jÞ ¼ ðpð jÞ1 ; p
ð jÞ
2 ; � � � ;

p
ð jÞ
mj ÞT 2 rmj .

Definition 6.7 Consider a set of implicit vector functions fð jÞ : D ! Dð j ¼ 1; 2; . . .Þ
on an open set D � rn in an n-dimensional discrete dynamical system.

(i) A set for discrete relations is defined as

F ¼ ffð jÞjfð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0; j 2 Zþ; k 2 Zg: (6.20)

(ii) The positive and negative discrete sets are defined as

Sþ ¼ fxkþijxkþi 2 rn; i 2 Zþg � D; and

S� ¼ fxk�ijxk�i 2 rn; i 2 Zþg � D;

)
(6.21)

respectively, and the total set of the discrete states is

S ¼ Sþ [ S�: (6.22)

(iii) A positive mapping for fð jÞ 2 F is defined as

Pþ
j : S ! Sþ ) Pþ

j : xk ! xkþ1; (6.23)

and a negative mapping is defined by

P�
j : S ! S� ) P�

j : xk ! xk�1: (6.24)

(iv) Two sets for positive and negative mappings are defined as

Yþ ¼ fPþ
j jPþ

j : xk ! xkþ1 with fð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0; j 2 Zþ; k 2 Zg

Y� ¼ fP�
j jP�

j : xkþ1 ! xk with fð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0; j 2 Zþ; k 2 Zg

(6.25)

with the total mapping sets are

Y ¼ Yþ [Y�: (6.26)
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Definition 6.8 Consider a discrete dynamical system with a set of implicit vector

functions fð jÞ : D ! D ( j ¼ 1; 2; � � � ). For a mapping Pþ
j 2 Yþ with N-actions and

P�
j 2 Y� with N-actions. The resultant mapping is defined as

Pþ
jN ¼ Pþ

j � Pþ
j � � � � � Pþ

j|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

and P�
jN ¼ P�

j � P�
j � � � � � P�

j|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

: (6.27)

Definition 6.9 Consider a discrete dynamical system with a set of implicit

vector functions fð jÞ : D ! D ( j ¼ 1; 2; � � � ). For the m-positive mappings of

Pþ
ji
2 Yþði ¼ 1; 2; � � � ;mÞ with Nji-actions (Nji 2 f0;Zþg) and the corresponding

m-negative mappings of P�
ji
2 Y� (i ¼ 1; 2; � � � ;m) with Nji-actions, the resultant

nonlinear mapping cluster with pure positive or negative mappings is defined as

Pþ
ðNjm ���Nj2

Nj1
Þ ¼ Pþ

j
Njm
m

� � � � � Pþ
j
Nj2
2

� Pþ
j
Nj1
1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

;

P�
ðNj1

Nj2
���Njm Þ ¼ P�

j
Nj1
1

� P�
j
Nj2
2

� � � � � P�
j
Njm
m|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

9>>>>>=
>>>>>;

(6.28)

in which at least one of mappings (Pþ
ji
and P�

ji
) with Nji 2 Zþ possesses a nonlinear

iterative relation.

Theorem 6.4 Consider a discrete dynamical system with a set of implicit vector
functions fð jÞ : D ! D ð j ¼ 1; 2; � � �Þ: For the m-positive mappings of Pþ

ji
2 Yþ

ði ¼ 1; 2; � � � ;m) with Nji-actions (Nji 2 f0;ZþgÞ and the corresponding m-negative
mappings of P�

ji
2 Y� (i ¼ 1; 2; � � � ;m) with Nji -actions, the resultant nonlinear

mapping with pure positive and negative mappings

xkþSm
s¼1Njs

¼ Pþ
ðNjm ���Nj2

Nj1
Þxk and xk ¼ P�

ðNj1
Nj2

���Njm ÞxkþSm
s¼1Njs

; (6.29)

and xkþi ¼ Pþ
js
xkþi�1 and xkþi�1 ¼ P�

js
xkþi can be governed by

fðxkþi�1; xkþi; pÞ ¼ 0 for i ¼ 1; 2; � � � ;Sm
s¼1Njt : (6.30)

Suppose a differentiable, vector function g 2 rn possesses gðxk; xkþSm
s¼1Njs

; λÞφ ¼ 0.
If the solutions ðx�k ; � � � ; x�kþSm

s¼1Njs
Þ of Eq. (6.29) with gðxk; xkþSm

s¼1Njs
; λÞ ¼ 0 exist,

then the following conclusions in the sense of gðxk; xkþSm
s¼1Njs

; λÞ ¼ 0 hold.

(i) The stable Pþ
ðNjm ���Nj2

Nj1
Þ-1 solution is the unstable P

�
ðNj1Nj2

���NjmÞ-1 solutions with all

eigenvalues of DP�
ðNj1

Nj2
���Njm Þðx

�
kþSm

s¼1Njs
Þ outside the unit cycle, vice versa.

(ii) The unstable Pþ
ðNjm ���Nj2

Nj1
Þ-1 solution with eigenvalues of DPþ

ðNjm ���Nj2
Nj1

Þðx�kÞ
outside the unit cycle is the stable P�

ðNj1
Nj2

���Njm Þ-1 solutions, vice versa.
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(iii) For the unstable Pþ
ðNjm ���Nj2

Nj1
Þ-1 solution with eigenvalue distribution of

DPþ
ðNjm ���Nj2

Nj1
Þðx�kÞ inside and outside the unit cycle, the corresponding

P�
ðNj1

Nj2
���Njm Þ-1 solution is also unstable with switching eigenvalue distribu-

tion of DP�
ðNjm ���Nj2

Nj1
Þðx�kþSm

s¼1Njs
Þ inside and outside the unit cycle, vice versa.

(iv) All the bifurcations of the stable and unstablePþ
ðNjm ���Nj2

Nj1
Þ-1 solution are all the

bifurcations of the unstable and stable P�
ðNj1

Nj2
���Njm Þ-1 solution, respectively.

Proof The proof can be referred to Luo [2]. □

The chaos generated by the period-doubling of thePþ
ðNjm ���Nj2

Nj1
Þ-1andP

�
ðNj1

Nj2
���Njm Þ-1

solutions can be described through the following theorem.

Theorem 6.5 Consider a discrete dynamical system with a set of implicit vector
functions fð jÞ : D ! D ð j ¼ 1; 2; � � �Þ. For the m-positive mappings of Pþ

ji
2 Yþ

ði ¼ 1; 2; � � � ;mÞwithNji-actions ðNji 2 f0;ZþgÞ and the corresponding m-negative
mappings of P�

ji
2 Y� ði ¼ 1; 2; � � � ;mÞwith Nji -actions, the resultant nonlinear

mapping with pure positive and negative mappings

xkþSm
s¼1Njs

¼ Pþ
ðNjm ���Nj2

Nj1
Þxk and xk ¼ P�

ðNj1
Nj2

���Njm ÞxkþSm
s¼1Njs

; (6.31)

and xkþi ¼ Pþ
js
xkþi�1 and xkþi�1 ¼ P�

js
xkþi can be governed by

fð jÞðxkþi�1; xkþi; p
ð jÞÞ ¼ 0 for i ¼ 1; 2; � � � ;Sm

s¼1Njt : (6.32)

Suppose a differentiable, vector function g 2 rn possesses gðxk; xkþSm
s¼1Njs

; λÞ ¼ 0.
If the period-doubling cascade of the Pþ

ðNjm ���Nj2
Nj1

Þ-1 and P�
ðNjm ���Nj2

Nj1
Þ-1 solution

occurs, the corresponding mapping structures are given by

xkþ2Sm
s¼1Njs

¼ Pþ
ðNjm ���Nj2

Nj1
Þ � Pþ

ðNjm ���Nj2
Nj1

Þxk

¼ Pþ
2ðNjm ���Nj2

Nj1
Þxk

gðxk; xkþ2Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=
>>>;

xkþ22Sm
s¼1Njs

¼ Pþ
2ðNjm ���Nj2

Nj1
Þ � Pþ

2ðNjm ���Nj2
Nj1

Þxk

¼ Pþ
22ðNjm ���Nj2

Nj1
Þxk

gðxk; xkþ22Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=
>>>;

..

.

xkþ2lSm
s¼1Njs

¼ Pþ
2l�1ðNjm ���Nj2

Nj1
Þ � Pþ

2l�1ðNjm ���Nj2
Nj1

Þxk

¼ Pþ
2lðNjm ���Nj2

Nj1
Þxk

gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0;

9>>>=
>>>;

(6.33)
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for positive mappings and

xk ¼ P�
ðNj1

Nj2
���Njm Þ � P

�
ðNj1

Nj2
���Njm Þxkþ2Sm

s¼1Njs

¼ P�
2ðNj1

Nj2
���Njm Þxkþ2Sm

s¼1Njs

gðxk; xkþ2Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=
>>>;

xk ¼ P�
2ðNj1

Nj2
���Njm Þ � P

�
2ðNj1

Nj2
���Njm Þxkþ22Sm

s¼1Njs

¼ P�
22ðNj1

Nj2
���Njm Þxkþ22Sm

s¼1Njs

gðxk; xkþ22Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=
>>>;

..

.

xk ¼ P�
2l�1ðNj1

Nj2
���Njm Þ � P

�
2l�1ðNj1

Nj2
���Njm Þxkþ2lSm

s¼1Njs

¼ P�
2lðNj1

Nj2
���Njm Þxkþ2lSm

s¼1Njs

gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0;

9>>>=
>>>;

(6.34)

for negative mapping, then the following statements hold, i.e.,

(i) The stable chaos generated by the limit state of the stable Pþ
2lðNjm ���Nj2

Nj1
Þ-1

solutions ðl ! 1Þ in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 is the unstable chaos

generated by the limit state of the unstable stable P�
2lðNj1

Nj2
���Njm Þ-1 solution

ðl ! 1) in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0with all eigenvalue distribution of

DP�
2lðNj1

Nj2
���Njm Þ outside unit cycle, vice versa. Such a chaos is the “Yang” chaos

in nonlinear discrete dynamical systems.
(ii) The unstable chaos generated by the limit state of the unstable Pþ

2lðNjm ���Nj2
Nj1

Þ-1
solutions ðl ! 1Þ in sense of gðxk; xkþ2lSm

s¼1Njs
; λÞ ¼ 0 with all eigenvalue

distribution ofPþ
2lðNjm ���Nj2

Nj1
Þ-1outside the unit cycle is the stable chaos generated

by the limit state of the stable P�
2lðNj1

Nj2
���Njm Þ-1 solution ðl ! 1Þ in sense of

gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 , vice versa. Such a chaos is the “Ying” chaos in

nonlinear discrete dynamical systems.
(iii) The unstable chaos generated by the limit state of the unstable Pþ

2lðNjm ���Nj2
Nj1

Þ-1

solutions ( l ! 1 ) in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 with all eigenvalue

distribution of DPþ
2lðNjm ���Nj2

Nj1
Þ inside and outside the unit cycle is the unstable

chaos generated by the limit state of the unstable P�
2lðNj1

Nj2
���Njm Þ-1 solution

ðl ! 1Þ in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 with switching all eigenvalue

distribution of DP�
2lðNj1

Nj2
���Njm Þ inside and outside the unit cycle, vice versa. Such

a chaos is the “Ying-Yang” chaos in nonlinear discrete dynamical systems.

Proof The proof can be referred to Luo [2]. □
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6.3 Complete Dynamics of a Henon Map System

As in Luo and Guo [3], consider the Henon map system as

f1ðxk; xkþ1; pÞ ¼ xkþ1 � yk � 1þ ax2k ¼ 0;

f2ðxk; xkþ1; pÞ ¼ ykþ1 � bxk ¼ 0;

)
(6.35)

where xk ¼ ðxk; ykÞT; f ¼ ðf1; f2ÞT and p ¼ ða; bÞT . Consider two positive and

negative mapping structures as

xkþN ¼ P
ðNÞ
þ xk ¼ Pþ � � � � � Pþ � Pþ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

xk;

xk ¼ PðNÞ
� xkþN ¼ P� � � � � � P� � P�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

xkþN: (6.36)

Equations (6.35) and (6.36) give

fðxk; xkþ1; pÞ ¼ 0;

fðxkþ1; xkþ2; pÞ ¼ 0;

..

.

fðxkþN�1; xkþN; pÞ ¼ 0

9>>>>>=
>>>>>;

(6.37)

and

fðxkþN�1; xkþN; pÞ ¼ 0;

fðxkþN�2; xkþN�1; pÞ ¼ 0;

..

.

fðxk; xkþ1; pÞ ¼ 0:

9>>>>>=
>>>>>;

(6.38)

The switching of equation order in Eq. (6.38) shows Eqs. (6.37) and (6.38) are

identical. For periodic solutions of the positive and negative maps, the periodicity

of the positive and negative mapping structures of the Henon map requires

xkþN ¼ xk or xk ¼ xkþN: (6.39)

So the periodic solutions x�kþj ð j ¼ 0; 1; � � � ;N ) for the negative and positive

mapping structures are the same, which are given by solving Eqs. (6.37) and

(6.38) with Eq. (6.39). However, the stability and bifurcation are different because

xkþj varies withxkþj�1 for the jth positive mapping andxkþj�1 varies withxkþj for the
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jth negative mapping. For a small perturbation, Eq. (6.37) for the positive mapping

gives

½ @f

@xkþj�1

� þ ½ @f

@xkþj
� � ½ @xkþj

@xkþj�1

�jðx�
kþj�1

;x�
kþj

Þ ¼ 0; (6.40)

where

½ @f

@xkþj�1

�ðx�
kþj�1

;x�
kþj

Þ ¼
@f1

@xkþj�1

@f1
@ykþj�1

@f2
@xkþj�1

@f2
@ykþj�1

2
6664

3
7775
ðx�

kþj�1
;x�

kþj
Þ

¼ 2ax�kþj�1 �1

�b 0

� �
;

(6.41)

½ @f

@xkþj
�ðx�

kþj�1
;x�

kþj
Þ ¼

@f1
@xkþj

@f1
@ykþj

@f2
@xkþj

@f2
@ykþj

2
6664

3
7775
ðx�

kþj�1
;x�

kþj
Þ

¼ 1 0

0 1

� �
:

(6.42)

So

DPþðx�kþj�1Þ ¼ ½ @xkþj

@xkþj�1

�x�
kþj�1

¼ ½ @f

@xkþj
��1½ @f

@xkþj�1

�x�
kþj�1

¼ 2ax�kþj�1 �1

�b 0

� �
:

(6.43)

Similarly, for the negative mapping,

½ @f

@xkþj
� þ ½ @f

@xkþj�1

� � ½@xkþj�1

@xkþj
�jðx�

kþj�1
;x�

kþj
Þ ¼ 0: (6.44)

With Eqs. (6.41) and (6.42), the foregoing equation gives

DP�ðx�kþjÞ ¼ ½@xkþj�1

@xkþj
�x�

kþj
¼ ½ @f

@xkþj�1

��1½ @f

@xkþj
�x�

kþj

¼ � 1

b

0 1

b 2ax�kþj�1

" #
:

(6.45)
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Thus, the resultant perturbation of the mapping structure in Eq. (6.36) gives

dxkþN ¼ DP
ðNÞ
þ dxk ¼ DPþ � ::: � DPþ � DPþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

dxk;

dxk ¼ DPðNÞ
� dxkþN ¼ DP� � ::: � DP� � DP�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

dxkþN; (6.46)

where

DP
ðNÞ
þ ¼

YN

j¼1
DPþðx�kþN�jÞ;

DPðNÞ
� ¼

YN

j¼1
DP�ðx�kþN�jþ1Þ:

9>=
>; (6.47)

From the resultant Jacobian matrix, the eigenvalue analysis can be completed.

Before analytical prediction of periodic solution, a numerical prediction of

the periodic solutions of the Henon map is presented with varying parameter

b for a ¼ 0:2, as shown in Fig. 6.2. The dashed vertical lines give the bifurcation

points. The acronyms “PD,” “SN,” and “NB” represented the period-doubling

bifurcation, saddle-stable node bifurcation, and Neimark bifurcation, respectively.

From the numerical prediction, the stable periodic solutions of the Henon map

are obtained. Herein, through the corresponding mapping structures, the stable

and unstable periodic solutions for positive and negative mappings of the Henon

maps are presented in Fig. 6.3. The acronyms “PD”, “SN”, and “NB” represented

the period-doubling bifurcation, saddle-stable node bifurcation, and Neimark
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Fig. 6.2 Numerical predictions of periodic solutions of the Henon mapping with negative and

positive mappings (a ¼ 0.2)
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bifurcation, respectively. The acronyms “UPD” and “USN” represented the

period-doubling bifurcation relative to unstable nodes and saddle-unstable node

bifurcation, respectively. From the eigenvalue analysis, the stable periodic

solutions for positive mapping Pþ lie in b 2 ð�1:0; 1:0Þ , which is the same as

the numerical prediction. In other words, the stable period-1 solution of Pþ is in

b 2ð�1; 0:4805Þ: For b 2 ð0:4805;þ1Þ; the unstable period-1 solution of Pþ is

saddle. For b 2 ð�1;�1:0Þ; the unstable period-1 solution ofPþ is unstable focus.

The corresponding bifurcations are Neimark bifurcation (NB) and period-doubling

bifurcation (PD). However, another unstable period-1 solution of Pþ exists.

PD

NB

SN

NB
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Fig. 6.3 Analytical predictions of stable and unstable periodic solutions of the Henon map:

(a) positive mapping (P+) and (b) positive mapping (P�) (a ¼ 0.2 and b 2 ð�1;þ1Þ)
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For b2 ð1:5215;þ1Þ; the unstable periodic solution of Pþ is unstable node.

However, for b 2 ð�1; 1:5215Þ; the unstable periodic solution of Pþ is saddle.

Thus, the unstable period-doubling bifurcation (UPD) of the period-1 solution of

Pþ occurs at b � 1:5215. At this point, the unstable periodic solution is from an

unstable node to saddle. Because of the unstable period-doubling bifurcation,

the unstable periodic solution of P
ð2Þ
þ is obtained for b 2 ð1:0; 1:5215Þ: This

unstable periodic solution is from unstable focus to unstable node during the

parameter of b 2 ð1:0; 1:5215Þ: At b � 1:5215, the bifurcation of the unstable

periodic solution of P
ð2Þ
þ occurs between the saddle and unstable node.

This bifurcation is called the unstable saddle-node bifurcation. At b ¼ 1:0 ,
the Neimark bifurcation (NB) between the periodic solutions of P

ð2Þ
þ pertaining

to the unstable and stable focuses occurs. The stable periodic solution of P
ð2Þ
þ is

from the stable node to the stable focus for b 2 ð0:4805; 1:0Þ:
Again, from the eigenvalue analysis, the stable periodic solutions for positive

mapping P� lie in b 2 ð�1;�1:0Þ and b 2 ð1:0;þ1Þ , which is the same as

in numerical prediction. The stable period-1 solution of P� is stable focuses in

b 2 ð�1;�1:0Þ and stable nodes in b 2 ð1:5215;þ1Þ. For b 2 ð�1:0; 0:4805Þ;
the unstable period-1 solution of P� is from the unstable focus to unstable node.

At b ¼ �1, the bifurcation between the stable and unstable period-1 solution of P�
is the Neimark bifurcation (NB). For b 2 ð0:4805;þ1Þ; the unstable period-1

solution of P� is saddle. Thus, the bifurcation between the period-1 solution of P�
between the unstable node and saddle occurs at b ¼ 0:4805; which is called the

unstable period-doubling bifurcation (UPD). For b 2 ð0:4805;þ1Þ; the unstable

period-2 solution of P� (i.e., Pð2Þ
� ) is from the unstable node to the unstable focus.

Forb 2 ð1:0; 1:5215Þ; the stable period-2 solution ofP� (i.e.,Pð2Þ
� ) is from the stable

focus to the stable nodes. Thus, the point at b � 0:4805 is the bifurcation of

the unstable periodic solution of Pð2Þ
� which is the unstable saddle-node bifurcation

between the unstable node and saddle (i.e., USN). For the point at b ¼ 1;
the Neimark bifurcation between the periodic solutions of Pð2Þ

� relative to the

unstable and stable focuses occurs. The point at b � 1:5215 is the bifurcation of

the stable periodic solution ofPð2Þ
� which is the saddle bifurcation between the stable

node and saddle (SN). For b 2 ð�1; 1:5215Þ; the unstable period-1 solution of P�
is saddle. At b � 1:5215; the period-doubling bifurcation (PD) of the period-1

solution of P� takes place.

The strange attractors caused by the period-doubling bifurcation cascade were

presented by many researchers. Herein, the strange attractors relative to the Neimark

bifurcation between the periodic solutions relative to the unstable and stable focuses are

presented.ThePoincaremapping relative to theNeimarkbifurcationof theperiod-1and

period-2 solutions of positivemapping (or negativemapping) ata ¼ 0:2 andb ¼ 	1 is

presented in Fig. 6.4. In Fig. 6.4a, themost inside pointðx�k ; y�kÞ � ð0:4772;�0:4772Þ is
the point for the period-1 solution ofPþ orP� relative to the Neimark bifurcation.With

the initial condition ðx�k ; y�kÞ �ð1:7188; 0:0Þ , the most outside curve is the biggest

boundary for the strange attractors around the period-1 solutions with the Neimark

bifurcation. The skew symmetry of the strange attractors in the Poincare

mapping section is observed. In Fig. 6.4b, the twopointsðx�k ; y�kÞ � ð2:2361;� 2:2361Þ
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andð�2:2361; 2:2361Þare the points for the period-2 solution ofPþorP� relative to the
Neimark bifurcation.With the outer chaotic layer, the strange attractor near the periodic

solutions of P
ð2Þ
þ -1 (or P

ð2Þ
þ -1) disappears. This chaotic layer possesses eight islands

inside the barrier andnine islands outside the barrier. Forðxk; ykÞ � ð2:9397;�2:2361Þ,
the seven islands are observed. The skew symmetry of the strange attractors in the

Poincare mapping section is observed.
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Fig. 6.4 Poincare mappings of the Henon map for the Neimark bifurcation: (a) period-1 solution

(i.e.,Pþ-1 orP�-1) (a ¼ 0.2 and b ¼ �1), and (b) period-2 solution (i.e.,P
ð2Þ
þ -1 orPð2Þ

� -1) (a ¼ 0.2

and b ¼ 1)
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6.4 Companion and Synchronization

This section will extend the concepts presented in the previous section. The

companion and synchronization of two discrete dynamical systems will be

presented.

Definition 6.10 Consider the ath implicit vector function fðaÞ : D ! D (a ¼ 1; 2;
. . . ;NÞ on an open set D � rn in an n-dimensional discrete dynamical system. For

xk; xkþ1 2 D, there is a discrete relation as

fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0; (6.48)

where the vector function is fðaÞ ¼ ð f ðaÞ1 ; f
ðaÞ
2 ; � � � ; f ðaÞn ÞT 2 rn and discrete variable

vector is xk ¼ ðxk1; xk2; � � � ; xknÞT 2 D with the corresponding parameter vector

pðaÞ ¼ ð pðaÞ1 ; p
ðaÞ
2 ; � � � ; pðaÞma ÞT 2 rma .

Similarly, the discrete sets, positive and negative mappings for discrete

dynamical system of fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0 in Eq. (6.48) are defined.

Definition 6.11 For a discrete dynamical system in Eq. (6.48), the positive and

negative discrete sets are defined by

SðaÞ
þ ¼ fxðaÞkþijxðaÞkþi 2 rn; i 2 Zþg � D and

SðaÞ
� ¼ fxðaÞk�ijxðaÞk�i 2 rn; i 2 Zþg � D;

)
(6.49)

respectively. The corresponding discrete set is

SðaÞ ¼ SðaÞ
þ [ SðaÞ

� : (6.50)

A positive mapping for discrete dynamical system is defined as

Paþ : SðaÞ ! SðaÞ
þ ) Paþ : x

ðaÞ
k ! x

ðaÞ
kþ1; (6.51)

and a negative mapping is defined by

Pa� : SðaÞ ! SðaÞ
� ) Pa� : x

ðaÞ
k ! x

ðaÞ
k�1: (6.52)

Definition 6.12 For two discrete dynamical systems in Eq. (6.48), consider two

pointsx
ðaÞ
k ; x

ðbÞ
k 2 D andx

ðaÞ
kþ1; x

ðbÞ
kþ1 2 D, and there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl . For a small number ek>0, there is a small

number ekþ1>0. Suppose there are two sub-domains U
ðaÞ
k � D and U

ðbÞ
k � D, then

for x
ðaÞ
k 2 U

ðaÞ
k and x

ðbÞ
k 2 U

ðbÞ
k ,
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jjφðxðaÞk ; x
ðbÞ
k ; λÞjj 
 ek: (6.53)

(i) For ekþ1>0 , there are two sub-domains U
ðaÞ
kþ1 � D and U

ðbÞ
kþ1 � D . If for

x
ðaÞ
kþ1 2 U

ðaÞ
kþ1 and x

ðbÞ
kþ1 2 U

ðbÞ
kþ1

jjφðxðaÞkþ1; x
ðbÞ
kþ1; λÞjj 
 ekþ1; (6.54)

then, the discrete dynamical systems of fðaÞ and fðbÞ are called the companion in

sense of φ during the kth and ðk þ 1Þth iteration.

(i.a) The discrete dynamical systems of fðaÞ and fðbÞ is called the finite

companion if for x
ðaÞ
kþj 2 U

ðaÞ
kþj � D and x

ðbÞ
kþj 2 U

ðbÞ
kþj � D

jjφðxðaÞkþj; x
ðbÞ
kþj; λÞjj 
 ekþj for j ¼ 1; 2; � � � ;N: (6.55)

(i.b) The discrete dynamical systems of fðaÞ and fðbÞ is called the absolute

permanent companion if x
ðaÞ
kþj 2 U

ðaÞ
kþj � D and x

ðbÞ
kþj 2 U

ðbÞ
kþj � D

jjφðxðaÞkþj; x
ðbÞ
kþj; λÞjj 
 ekþj for j ¼ 1; 2; � � � : (6.56)

(i.c) The discrete dynamical systems of fðaÞ and fðbÞ is called the repeatable

finite companion if x
ðaÞ
kþjNð�Þ 2 U

ðaÞ
kþjNð�Þ � D and x

ðbÞ
kþjð�Þ 2 U

ðbÞ
kþjð�Þ � D

DIðaÞ : xðaÞkþjNð�Þ ! x
ðaÞ
kþjNðþÞ; and DIðbÞ : xðbÞkþjNð�Þ ! x

ðbÞ
kþjNðþÞ;

x
ðaÞ
kþjNðþÞ ¼ x

ðaÞ
kþjNð�Þ þ DIðaÞjN and x

ðbÞ
kþjNðþÞ ¼ x

ðbÞ
kþjNð�Þ þ DIðbÞjN ;

jjφðxðaÞkþjðþÞ; x
ðbÞ
kþjðþÞ; λÞjj 
 ekþmodð j;NÞ for j ¼ 1; 2; � � � ;

with x
ðaÞ
kþjðþÞ 2 U

ðaÞ
kþmodð j;NÞ and x

ðbÞ
kþjðþÞ 2 U

ðbÞ
kþmodð j;NÞ: (6.57)

(ii) For ek>0, ekþðNa:NbÞ>0 there are there are two sub-domains U
ðaÞ
kþNa

� D and

U
ðbÞ
kþNb

� D. For x
ðaÞ
kþNa

2 U
ðaÞ
kþNa

and x
ðbÞ
kþNb

2 U
ðbÞ
kþNb

if

jjφðxðaÞkþNa
; x

ðbÞ
kþNb

; λÞjj 
 ekþðNa:NbÞ; (6.58)

then the discrete dynamical systems of fðaÞ from the kth to ðk þ NaÞth iteration
and fðbÞ from the kth to ðk þ NbÞth iteration are called the ðNa : NbÞ-companion

in sense of φ.

(ii.a) The discrete dynamical systems of fðaÞ and fðbÞ is called the finiteðNa : NbÞ
companion if for x

ðaÞ
kþjNa

2 U
ðaÞ
kþjNa

� D and x
ðbÞ
kþjNb

2 U
ðbÞ
kþjNb

� D
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jjφðxðaÞkþjNa
; x

ðbÞ
kþjNb

; λÞjj 
 ekþjðNa:NbÞ for j ¼ 1; 2; � � � ;N (6.59)

(ii.b) The discrete dynamical systems of fðaÞ and fðbÞ is called the absolute

permanent ðNa : NbÞ companion if x
ðaÞ
kþjNa

2 U
ðaÞ
kþjNa

� D and x
ðbÞ
kþjNb

2
U

ðbÞ
kþjNb

� D

jjφðxðaÞkþjNa
; x

ðbÞ
kþjNb

; λÞjj 
 ekþjðNa:NbÞ for j ¼ 1; 2; � � � ; (6.60)

(ii.c) The discrete dynamical systems of fðaÞ and fðbÞ is called the repeatable finite
ðNa : NbÞ companion if x

ðaÞ
kþjNa

2 U
ðaÞ
kþjNa

� D and x
ðbÞ
kþjNb

2 U
ðbÞ
kþjNb

� D

DIðaÞ : xðaÞkþjNað�Þ ! x
ðaÞ
kþjNaðþÞ; and DIðbÞ : xðbÞkþjNbð�Þ ! x

ðbÞ
kþjNbðþÞ

x
ðaÞ
kþjNaðþÞ ¼ x

ðaÞ
kþjNað�Þ þ DIðaÞjNa

and x
ðbÞ
kþjNbðþÞ ¼ x

ðbÞ
kþjNbð�Þ þ DIðbÞjNb

jjφðxðaÞkþjNaðþÞ; x
ðbÞ
kþjNbðþÞ; λÞjj 
 ekþmodð j;NÞðNa:NbÞ for j ¼ 1; 2; � � � ;

x
ðaÞ
kþjNaðþÞ 2 U

ðaÞ
kþmodð j;NÞNa

and x
ðbÞ
kþjNbðþÞ 2 U

ðbÞ
kþmodð j;NÞNb

: (6.61)

Definition 6.13 For two discrete dynamical systems in Eq. (6.48), consider two

pointsx
ðaÞ
k ; x

ðbÞ
k 2 D andx

ðaÞ
kþ1; x

ðbÞ
kþ1 2 D, and there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl. For

φðxðaÞk ; x
ðbÞ
k ; λÞ ¼ 0; (6.62)

(i) If

φðxðaÞkþ1; x
ðbÞ
kþ1; λÞ ¼ 0; (6.63)

then, discrete dynamical systems of fðaÞ and fðbÞ are called the ð1 : 1Þ
synchronization in sense of φ;

(ii) If

φðxðaÞkþ1; x
ðbÞ
kþ1; λÞ ¼ 0 with

DIðaÞ : xðaÞkþ1ð�Þ ! x
ðaÞ
kþ1ðþÞ and DIðbÞ : xðbÞkþ1ð�Þ ! x

ðbÞ
kþ1ðþÞ;

x
ðaÞ
kþ1ðþÞ ¼ x

ðaÞ
kþ1ð�Þ þ DIðaÞ and x

ðbÞ
kþ1ðþÞ ¼ x

ðbÞ
kþ1ð�Þ þ DIðbÞ;

x
ðaÞ
kþ1ðþÞ ¼ x

ðaÞ
k and x

ðbÞ
kþ1ðþÞ ¼ x

ðbÞ
k ; (6.64)

then, discrete dynamical systems of fðaÞ and fðbÞ are called the repeatable ð1 : 1Þ
synchronization in sense of φ;
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(iii) If

φðxðaÞkþNa
; x

ðbÞ
kþNb

; λÞ ¼ 0 (6.65)

then the discrete dynamical systems of fðaÞ and fðbÞ are called the ðNa : NbÞ-
synchronization in sense of φ;

(iv) If

φðxðaÞkþNa
; x

ðbÞ
kþNb

; λÞ ¼ 0 with

DIðaÞ : xðaÞkþNa
! x

ðaÞ
k and DIðbÞ : xðbÞkþNb

! x
ðbÞ
k ;

x
ðaÞ
kþNaðþÞ ¼ x

ðaÞ
kþNað�Þ þ DIðaÞ and x

ðbÞ
kþNbðþÞ ¼ x

ðbÞ
kþNbð�Þ þ DIðbÞ;

x
ðaÞ
kþNbðþÞ ¼ x

ðaÞ
k and x

ðbÞ
kþNbðþÞ ¼ x

ðbÞ
k : (6.66)

then the discrete dynamical systems of fðaÞ and fðbÞ are called the repeatable

ðNa : NbÞ-synchronization in sense of φ.

From the definition, the companions of two discrete dynamical systems are

presented in Figs. 6.5 and 6.6. For each step, if the corresponding relation satisfies

Eq. (6.62), the companion is called the ð1 : 1Þ companion, which is presented

in Fig. 6.5. The shaded areas are the companion domain which is controlled by ek
and φ . For the repeated companion, for each step, the companion with specific

impulses will have the same control domains. Such shaded areas can be overlapped

or separated. The ðNa : NbÞ state for fðaÞwithNa-iterations and f
ðbÞwithNb-iterations

satisfy Eq. (6.65) is called the ðNa : NbÞ-companion, which is sketched in Fig. 6.6a.

This companion does not require each iteration step to do so. The companion states

are shaded. For the repeated companion, the companion state with specific impulses

will have the same control domains. The companion for negative maps can be

similarly defined, as shown in Fig. 6.6b.

Consider synchronization of two discrete dynamical systems, as shown in

Fig. 6.7, with

fðaÞðxkþ1; xk; p
ðaÞÞ ¼ 0 and fðbÞðykþ1; yk; p

ðbÞÞ ¼ 0: (6.67)

xk
xk+1f (a) xk+2 xk+Nxk+N−1

• • •

f (a) f (a)

f (b )f (b ) f (b )yk yk+1 yk+2 yk+Nyk+N−1

N − actions

Fig. 6.5 Companion of two discrete dynamical systems
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For the initial state, there is a relation as

φðxk; yk; λÞ ¼ 0: (6.68)

For the positive synchronization, there are Na -actions with function fðaÞ and

mapping Paþ and Nb-actions with function fðbÞ and mapping Pbþ

fðaÞðxkþi; xkþi�1; p
ðaÞÞ ¼ 0 for i ¼ 1; 2; � � � ;Na;

fðbÞðykþj; ykþj�1; p
ðbÞÞ ¼ 0 for j ¼ 1; 2; � � � ;Nb;

(6.69)

and the synchronization is based on

φðxkþNa ; ykþNb
; λÞ ¼ 0: (6.70)

a

xk xk+1

f (a)

xk+2 xk+3 xk+Naxk+M−1

x

…

f (a) f (a) f (a)

y

…f (b ) f (b )f (b ) f (b )

…

yk
yk+1 yk+2 yk+3 yk+Nb

yk+N−1…

Na − actions

Nb − actions

b

xkxk−1

f (a)

xk−2
xk−3xk−Na xk−Na+1

x

…

f (a)f (a)
f (a)

y

…
f (b ) f (b )f (b )

f (b )

…

yk
yk−1yk−2yk−3yk−Nb

yk−Nb+1 …

Na − actions

N−actions

Fig. 6.6 Companion of two discrete nonlinear systems: (a) positive companion, (b) negative

companion
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For the negative synchronization, there are Na -actions with function fðaÞ and

mapping Pa� and Nb-actions with function fðbÞ and mapping Pb�

fðaÞðxk�iþ1; xk�i�1; p
ðaÞÞ ¼ 0 for i ¼ 1; 2; � � � ;Na;

fðbÞðyk�j; yk�j�1; p
ðbÞÞ ¼ 0 for j ¼ 1; 2; � � � ;Nb

(6.71)

and the synchronization is based on

φðxk�Na ; yk�Nb
; λÞ ¼ 0: (6.72)

Thus there is a relation

xk ¼ Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ xk; (6.73)

a

xk xk+1

f (a)

xk+2 xk+3 xk+Naxk+M−1

x

…

f (a) f (a) f (a)

y

…f (b ) f (b )f (b ) f (b )

…

yk
yk+1 yk+2 yk+3 yk+Nb

yk+N−1…

Na − actions

Nb − actions

b

xkxk−1

f (a)

xk−2
xk−3xk−Na

xk−Na+1

x

…

f (a)f (a)
f (a)

y

…
f (b ) f (b )f (b)

f (b )

…

yk
yk−1yk−2yk−3yk−Nb

yk−Nb+1 …

Na − actions

N − actions

Fig. 6.7 Synchronization of two discrete nonlinear systems: (a) positive synchronization,

(b) negative synchronization
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where

Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ
¼ Pφ� � Pb� � Pb� � � � � � Pb�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Nb�actions

�Pφþ � Paþ � Paþ � � � � � Paþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Na�actions

: (6.74)

From Eq. (6.73), we have

xkþNa ¼ P
ðNaÞ
aþ xk and ykþNb

¼ PφþxkþNa ;

yk ¼ P
ðNbÞ
b� ykþNb

and xk ¼ Pφ�yk (6.75)

and

xkþNa ¼ P
ðNaÞ
aþ xk and ykþNb

¼ PφþxkþNa ;

Pφþxk ¼ yk and P
ðNbÞ
bþ yk ¼ ykþNb

: (6.76)

The corresponding commutative diagram is given in Fig. 6.8. The solid and dashed

arrows give the positive and negative mappings, respectively.

From the above discussion on synchronization of P
ðNaÞ
aþ and P

ðNbÞ
bþ under the

constraint φ, the following relations should exist

x0k ¼ Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ xk, or

x0k ¼ PðNaÞ
a� � Pφ� � PðNbÞ

bþ � Pφþxk; (6.77)

The above equation forms an iterative mapping. If the fixed point exits, i.e.,

x0k ¼ xk; (6.78)

Fig. 6.8 Commutative

mapping diagram for

synchronization
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then the synchronization of P
ðNaÞ
aþ and P

ðNbÞ
b� under the constraint φ exists

xkþNa ¼ P
ðNaÞ
aþ xk, and ykþNb

¼ P
ðNbÞ
bþ yk;

yk ¼ Pφþxk and ykþNb
¼ PφþxkþNa : (6.79)

Theorem 6.6 Consider two discrete dynamical systems ðPa; f
ðaÞÞ and ðPb; f

ðbÞÞ as
in Eq. (6.48) with

Paþ : xk ! xkþ1 and Pa� : xkþ1 ! xk;

fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0; (6.80)

and

Pbþ : yk ! ykþ1 and Pa� : ykþ1 ! yk;

fðbÞðyk; ykþ1; p
ðbÞÞ ¼ 0: (6.81)

For two points xk 2 Da and yk 2 Db , there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl . The synchronization of two discrete
dynamical systems ðPa; f

ðaÞÞ and ðPb; f
ðbÞÞ is under the following constraints

φðxk; yk; λÞ ¼ 0 and φðxkþ1; ykþ1; λÞ ¼ 0: (6.82)

Consider a resultant hybrid mapping relation as

x0k ¼ Pxk ¼ Pφ� � Pb� � Pφþ � Paþxk (6.83)

with

Paþ : xk ! xkþ1 with fðaÞðxkþ1; xk; p
ðaÞÞ ¼ 0;

Pφþ : xkþ1 ! ykþ1 with φðxkþ1; ykþ1; λÞ ¼ 0;

Pb� : ykþ1 ! yk with fðbÞðykþ1; yk; p
ðaÞÞ ¼ 0;

Pφ� : yk ! x0k with φðx0k; yk; λÞ ¼ 0;

x0k ¼ xk (6.84)

and

DPðx�kÞ ¼ DPφ�ðy�kÞ � DPb�ðy�kþ1Þ � DPφþðx�kþ1Þ � DPaþðx�kÞ; (6.85)

where

DPðx�kÞ ¼
@x0k
@xk

� �
x�
k

;DPaþðx�kÞ ¼
@xkþ1

@xk

� �
x�
k
;

;DPφþðx�kþ1Þ ¼
@ykþ1

@xkþ1

� �
x�
kþ1

;

DPb�ðy�kþ1Þ ¼
@yk
@ykþ1

� �
y�
kþ1

;DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

:

(6.86)
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(i) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is persistent if and only if all the eigenvalues li ði ¼ 1; 2; � � � ; nÞ of

DPðx�kÞ lie in the unit circles, i.e.,

jlij<1 for i ¼ 1; 2; � � � ; n: (6.87)

(ii) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is a saddle-node vanishing if and only if at least one of the real

eigenvalues li (i ¼ 1; 2; � � � ; n1 and n1 
 n) of DPðx�kÞ is positive one (+1) and
the other eigenvalues are in the unit circle, i.e.,

li ¼ 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.88)

(iii) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is a period-doubling vanishing if and only if at least one of the real

eigenvalues li (i ¼ 1; 2; � � � ; n1 and n1 
 n) of DPðx�kÞ is negative one (�1) and
the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.89)

(iv) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is a Naimark vanishing if and only if one pair of all the complex

eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and n1 
 n=2) of DPðx�kÞ are on the
unit circle and the other eigenvalues are in the unit circle, i.e.,

jlij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
= 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.90)

(v) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is an (l1 : l2 : l3) vanishing if and only if l1 and l2 real eigenvalues li of

DPðx�kÞ are (�1) and (+1), respectively, and l3-pairs of complex eigenvalues
li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and n1 
 n=2) of DPðx�kÞ are on the unit circle
and the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 for i ¼ i1; i2; � � � ; il1 2 f1; 2; � � � ; ng
lj ¼ þ1 for j ¼ j1; j2; � � � ; jl2 2 f1; 2; � � � ; ng
jlrj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2r þ b2r

q
= 1 for r ¼ r1; r2; � � � ; rl3 2 f1; 2; � � � ; ng

jlsj<1 for s 2 f1; 2; � � � ; ng and s =2fi; j; rg: (6.91)

(vi) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is instantaneous if and only if at least one of the eigenvalues

liði ¼ 1; 2; . . . ; n) of DPðx�kÞ lies out of the unit circle, i.e.,
jlij>1 for i 2 f1; 2; � � � ; ng: (6.92)

Proof The proof can be referred to Luo [2]. □
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Theorem 6.7 Consider two discrete dynamical systems ðPa; f
ðaÞÞ and ðPb; f

ðbÞÞ as
in Eq. (6.48) with

Paþ : xk ! xkþ1 and Pa� : xkþ1 ! xk

fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0;

(6.93)

and

Pbþ : yk ! ykþ1 and Pb� : ykþ1 ! yk;

fðbÞðyk; ykþ1; p
ðbÞÞ ¼ 0:

(6.94)

For two points xk 2 Da and yk 2 Db , there is a specific, differentiable, vector
function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl. The ðNa : NbÞ-synchronization of two discrete
dynamical systems ðPa; f

ðaÞÞ and ðPb; f
ðbÞÞ is under the following constraints

φðxk; yk; λÞ ¼ 0 and φðxkþNa ; ykþNb
; λÞ ¼ 0: (6.95)

Consider a resultant hybrid mapping relation as

x0k ¼ PðNa :NbÞxk ¼ Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ xk (6.96)

with

P
ðNaÞ
aþ : xk ! xkþNawith

fðaÞðxkþ1; xk; p
ðaÞÞ ¼ 0;

fðaÞðxkþ2; xkþ1; p
ðaÞÞ ¼ 0;

..

.

fðaÞðxkþNa ; xkþNa�1; p
ðaÞÞ ¼ 0;

9>>>>>>>=
>>>>>>>;

Pφþ : xkþ1 ! ykþ1 with φðxkþNa ; ykþNb
; λÞ ¼ 0;

P
ðNbÞ
b� : ykþNb

! ykwith

fðbÞðykþNb
; ykþNb�1;p

ðbÞÞ ¼ 0;

..

.

fðbÞðykþ2; ykþ1; p
ðbÞÞ ¼ 0;

fðbÞðykþ1; yk; p
ðbÞÞ ¼ 0;

9>>>>>>>=
>>>>>>>;

Pφ� : yk ! x0k with φðx0k; yk; λÞ ¼ 0;

x0k ¼ xk (6.97)
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and

DPðNa:NbÞðx�kÞ ¼ DPφ�ðy�kÞ � DPðNbÞ
b� ðy�kþNa

Þ � DPφþðx�kþNa
Þ � DPðNaÞ

aþ ðx�kÞ; (6.98)

where

DP
ðNaÞ
aþ ðx�kÞ ¼ DPaþðx�kþNa�1Þ � ::: � DPaþðx�kþ1Þ � DPaþðx�kÞ;

DP
ðNbÞ
b� ðy�kþNb

Þ ¼ DPb�ðx�kþ1Þ � ::: � DPb�ðx�kþNb�1Þ � DPb�ðx�kþNb
Þ; (6.99)

DPðNa:NbÞðx�kÞ ¼
@x0k
@xk

� �
x�
k

;

DP
ðNaÞ
aþ ðx�kÞ ¼

Y1

j¼Na

@xkþj

@xkþj�1

� �
x�
kþj�1

;

;DPφþðx�kþNa
Þ ¼

@ykþNb

@xkþNa

� �
x�
kþNa

;

DP
ðNbÞ
b� ðy�kþNb

Þ ¼
YNb

j¼1

@ykþNb�j

@ykþNb�jþ1

" #
y�
kþNb�jþ1

;DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

: (6.100)

(i) The ðNa : NbÞ-synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is persistent if and only if all the eigenvalues li (i ¼ 1; 2; � � � ; n) of

DPðNa:NbÞðx�kÞ lie in the unit circles, i.e.,

jlij<1 for i ¼ 1; 2; � � � ; n: (6.101)

(ii) The ðNa : NbÞ-synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is a saddle-node vanishing if and only if at least one of the real

eigenvalues li (i ¼ 1; 2; � � � ; n1 and n1 
 n) ofDPðNa:NbÞðx�kÞ is positive one (+1)
and the other eigenvalues are in the unit circle, i.e.,

li ¼ 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.102)

(iii) The ðNa : NbÞ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is a period-doubling vanishing if and only if at least one of the

real eigenvaluesli (i ¼ 1; 2; � � � ; n1 andn1 
 n) ofDPðNa:NbÞðx�kÞ is negative one
(�1) and the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.103)

(iv) The ðNa : NbÞ-synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is a Naimark vanishing if and only if at least one pair of all
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the complex eigenvalues li ¼ ai 	 bii ( i ¼ 1; 2; � � � ; n1 and n1 
 n=2 ) of

DPðNa:NbÞðx�kÞ are on the unit circle and the other eigenvalues are in the unit
circle, i.e.,

jlij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
= 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.104)

(v) The ðNa : NbÞ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is an (l1 : l2 : l3) vanishing if and only if l1 and l2 real eigenvalues

li of DPðNa:NbÞðx�kÞ are (�1) and (+1), respectively, and l3-pairs of complex
eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and n1 
 n=2) of DPðNa:NbÞðx�kÞ are
on the unit circle and the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 for i ¼ i1; i2; � � � ; il1 2 f1; 2; � � � ; ng;
lj ¼ þ1 for j ¼ j1; j2; � � � ; jl2 2 f1; 2; � � � ; ng;

jlrj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2r þ b2r

q
= 1 for r ¼ r1; r2; � � � ; rl3 2 f1; 2; � � � ; ng;

jlsj<1 for s 2 f1; 2; � � � ; ng and s =2fi; j; rg: (6.105)

(vi) The ðNa : NbÞ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is instantaneous if and only if at least one of the eigenvalues

li ði ¼ 1; 2; � � � ; n) of DPðNa:NbÞðx�kÞ lies out of the unit circle, i.e.,

jlij>1 for i 2 f1; 2; � � � ; ng: (6.106)

Proof The proof can be referred to Luo [2]. □

Fixed points in nonlinear discrete dynamical systems possess many types of

unstable states from eigenvalue analysis. From the similar ideas, the instantaneous

ðNa : NbÞ synchronization of two discrete dynamical systems can be classified.

Therefore, such instantaneous synchronization classification will not be presented

herein. If Na ! 1 and Nb ! 1, the ðNa : NbÞ synchronization of two discrete

dynamical systems should be chaotic. Consider two hybrid maps

P
ðSn

i¼1N
i
b�Ni

aÞ
þ ¼ P

ðNn
bÞ

bþ � PðNn
aÞ

aþ � � � � � PðN1
bÞ

bþ � PðN1
aÞ

aþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n�terms

;

P
ðSm

j¼1M
j
b�Mj

aÞ
þ ¼ P

ðMm
b Þ

bþ � PðMm
a Þ

aþ � � � � � PðM1
bÞ

bþ � PðM1
aÞ

aþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�terms

: (6.107)

PðS1
i¼nN

i
a�Ni

bÞ� ¼ PðN1
aÞ

a� � PðN1
bÞ

b� � � � � � PðNm
a Þ

a� � PðNm
b Þ

b�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n�terms

;

PðS1
j¼mM

j
a�Mj

bÞ� ¼ PðM1
aÞ

a� � PðM1
bÞ

b� � � � � � PðMm
a Þ

a� � PðMm
b Þ

b�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�terms

: (6.108)
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The ðNb � Na : Mb �MaÞ-hybrid synchronization of two discrete systems with

two maps P
ðSn

i¼1N
i
b�Ni

aÞ
þ and P

ðSm
j¼1M

j
b�Mj

aÞ
þ can be investigated via the following map

PðNb�Na:Mb�MaÞxk ¼ Pφ� � PðS1
j¼mM

j
a�Mj

bÞ� � Pφþ � PðSn
i¼1N

i
b�Ni

aÞ
þ xk; or

PðNb�Na:Mb�MaÞxk ¼ Pφ� � PðS1
i¼nN

i
a�Ni

bÞ� � Pφþ � PðSm
j¼1M

j
b�Mj

aÞ
þ xk: (6.109)

Thus,

x0k ¼ PðNb�Na:Mb�MaÞxk: (6.110)

Similar to the ðNa : NbÞ-synchronization in Theorem 6.7, the corresponding fixed

point and the stability conditions of Eq. (6.110) gives the ðNb � Na : Mb �MaÞ-
hybrid synchronization of two discrete systems. This concept can be extended to the

discrete dynamical systems with multiple maps.

As in discrete dynamical systems with multiple maps in Section 6.2, the syn-

chronization for the resultant mappings in multiple different maps can be

developed.

Definition 6.14 Consider two sets of discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ

and [j¼1ðPbj ; f
ðbjÞÞ as in Eq. (6.48) for each discrete system with

Paiþ : xk ! xkþ1 and Pai� : xkþ1 ! xk;

fðaiÞðxk; xkþ1; p
ðaiÞÞ ¼ 0; (6.111)

and

Pbjþ : yk ! ykþ1 and Pbj� : ykþ1 ! yk;

fðbjÞðyk; ykþ1; p
ðbjÞÞ ¼ 0: (6.112)

For the two sets of discrete dynamical systems, the resultant mappings are

Pþ
ðNam ���Na2Na1 Þ ¼ Pþ

aNamm

� � � � � Pþ
a
Na2
2

� Pþ
a
Na1
1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

;

P�
ðNa1Na2 ���Nam Þ ¼ P�

a
Na1
1

� P�
a
Na2
2

� � � � � P�
aNamm|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

; (6.113)

and

Pþ
ðNbn ���Nb2Nb1 Þ ¼ Pþ

b
Nbn
n

� � � � � Pþ
b
Nb2
2

� Pþ
b
Nb1
1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n�terms

;

P�
ðNb1Nb2 ���Nbm Þ ¼ P�

b
Nb1
1

� P�
b
Nb2
2

� � � � � P�
b
Nbn
n|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n�terms

; (6.114)
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where

Na ¼
Xm

i¼1
Nai and Nb ¼

Xn

j¼1
Nbj : (6.115)

For two points xk 2 Da1 and yk 2 Db1 , there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl.

(i) If

φðxðamÞkþNa
; x

ðbnÞ
kþNb

; λÞ ¼ 0; (6.116)

then the two discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ are
called the ðNa : NbÞ-synchronization in sense of φ.

(ii) If

φðxðamÞkþNa
; x

ðbnÞ
kþNb

; λÞ ¼ 0 with

DIðama1Þ : xðamÞkþNað�Þ ! x
ðamÞ
kþNaðþÞ and DIðbnb1Þ : xðbnÞkþNbð�Þ ! x

ðbnÞ
kþNbðþÞ;

x
ðamÞ
kþNaðþÞ ¼ x

ðamÞ
kþNað�Þ þ DIðama1Þ and x

ðbnÞ
kþNbðþÞ ¼ x

ðbnÞ
kþNbð�Þ þ DIðbnb1Þ;

x
ðamÞ
kþNbðþÞ ¼ x

ða1Þ
k and x

ðbnÞ
kþNbðþÞ ¼ x

ðb1Þ
k : (6.117)

then the two discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ are
called the repeatable ðNa : NbÞ-synchronization in sense of φ.

The corresponding theorem can be presented as in Theorem 6.7. For conve-

nience, the statement is given as follows.

Theorem 6.8 Consider two sets of discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ and

[j¼1ðPbj ; f
ðbjÞÞ as in Eq. (6.48) for each discrete system with

Paiþ : xk ! xkþ1 and Pai� : xkþ1 ! xk;

fðaiÞðxk; xkþ1; p
ðaiÞÞ ¼ 0 (6.118)

and

Pbjþ : yk ! ykþ1 and Pbj� : ykþ1 ! yk;

fðbjÞðyk; ykþ1; p
ðbjÞÞ ¼ 0: (6.119)

For two points xk 2 Da1 and yk 2 Db1 , there is a specific, differentiable, vector
function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl . The ðNa : NbÞ-synchronization of two sets of
discrete dynamical systems[i¼1ðPai ; f

ðaiÞÞ and[j¼1ðPbj ; f
ðbjÞÞ is under the following

constraints

φðxk; yk; λÞ ¼ 0 and φðxkþNa ; ykþNb
; λÞ ¼ 0: (6.120)
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Consider a resultant hybrid mapping relation as

x0k ¼ PðNa:NbÞxk ¼ Pφ� � PNb� � Pφþ � PNaþxk (6.121)

with

PNaþ ¼ Pþ
ðNam ���Na2Na1 Þ and PNb� ¼ P�

ðNb1Nb2 ���Nbn Þ; (6.122)

PNaiþ : xkþSi�1
r¼1Nar

! xkþSi
r¼1Nar

with

fðaiÞðxkþSi�1
r¼1Narþ1; xkþSi�1

r¼1Nar
; pðaÞÞ ¼ 0;

fðaiÞðxkþSi�1
r¼1Narþ2; xkþSi�1

r¼1Narþ1; p
ðaÞÞ ¼ 0;

..

.

fðaiÞðxkþSi
r¼1Nar

; xkþSi�1
r¼1Nar�1; p

ðaiÞÞ ¼ 0

9>>>>>>>>=
>>>>>>>>;

for i ¼ 1; 2; � � � ;m
Pφþ : xkþNa ! ykþNb

with φðxkþNa ; ykþNb
; λÞ ¼ 0;

PNbj
: ykþNb�Sn

r¼jNbr
! ykþNb�Sj

r¼j�1
Nbr

with

fðbjÞðykþNb�Sn
r¼jNbr

; ykþNb�Sn
r¼jNbr�1; p

ðbjÞÞ ¼ 0;

..

.

fðbjÞðykþNb�Sj
r¼j�1

Nbrþ2
; ykþNb�Sj

r¼j�1
Nbrþ1

; pðbjÞÞ ¼ 0;

fðbjÞðykþNb�Sj
r¼j�1

Nbrþ1
; ykþNb�Sj

r¼j�1
Nbr

; pðbjÞÞ ¼ 0

9>>>>>>>>>=
>>>>>>>>>;

for j ¼ n; n� 1; � � � ; 1
Pφ� : yk ! x0k with φðx0k; yk; λÞ ¼ 0;

x0k ¼ xk (6.123)

and

DPðNa:NbÞðx�kÞ ¼ DPφ�ðy�kÞ � DPðNbÞ
b� ðy�kþNa

Þ � DPφþðx�kþNa
Þ � DPðNaÞ

aþ ðx�kÞ (6.124)

where

DP
ðNbÞ
b� ðy�kþNa

Þ ¼
Y1

i¼m
DP

ðNai Þ
aiþ ðx�kÞ;

DP
ðNai Þ
aiþ ðx�kÞ ¼ DPaiþðx�kþSi

r¼1Nai�1
Þ � ::: � DPaiþðx�kþSi�1

r¼1Naiþ1
Þ � DPaiþðx�kþSi�1

r¼1Nai
Þ;

(6.125)
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DP
ðNbÞ
b� ðy�kþNa

Þ ¼
Ym

j¼1
DP

ðNbj Þ
bjþ ðy�

kþNb�Sj�1

r¼1
Nai

Þ;

DP
ðNbj Þ
bjþ ðy�

kþNb�Sj�1

r¼1
Nai

Þ ¼ DPb�ðx�kþNb�Sj�1

r¼1
Nai

Þ � ::: � DPb�ðx�kþNb�Sj�1

r¼1
Nai�1

Þ
� DPb�ðx�kþNb�Sj

r¼1
Nai

Þ;
(6.126)

DPðNa:NbÞðx�kÞ ¼
@x0k
@xk

� �
x�
k

; (6.127)

DP
ðNai Þ
aiþ ðx�

kþSi
r¼1Nai

Þ ¼
Y1

s¼Nai

@xkþSi�1
r¼1Naiþs

@xkþSi�1
r¼1Naiþs�1

" #
x�
kþSi�1

r¼1
Naiþs�1

;

;

DPφþðx�kþNa
Þ ¼

@ykþNb

@xkþNa

� �
x�
kþNa

;

DP
ðNbj Þ
bj� ðy�

kþNb�Sj�1

r¼1
Nbj

Þ ¼
YNbj

s¼1

@ykþNb�Sj
r¼1

Nbj�s

@ykþNb�Sj
r¼1

Nbj�sþ1

2
4

3
5
y�
kþNb�Sj

r¼1
Nbj

�sþ1

;

DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

: (6.128)

(i) The ðNa : NbÞ -synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and[j¼1ðPbj ; f

ðbjÞÞ is persistent if and only if all the eigenvalues
li (i ¼ 1; 2; � � � ; n) of DPðNa:NbÞðx�kÞ lie in the unit circles, i.e.,

jlij<1 for i ¼ 1; 2; � � � ; n: (6.129)

(ii) The ðNa : NbÞ -synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is a saddle-node vanishing if and only if at

least one of the real eigenvalues li ( i ¼ 1; 2; � � � ; n1 and 1 
 n1 
 n ) of

DPðNa:NbÞðx�kÞ is positive one (+1) and the other eigenvalues are in the unit
circle, i.e.,

li ¼ 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.130)

(iii) The ðNa : NbÞ synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is a period-doubling vanishing if and only

if at least one of the real eigenvalues li (i ¼ 1; 2; � � � ; n1 and 1 
 n1 
 n) of
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DPðNa:NbÞðx�kÞ is negative one (�1) and the other eigenvalues are in the unit
circle, i.e.,

li ¼ �1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.131)

(iv) The ðNa : NbÞ -synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is a Naimark vanishing if and only if at

least one pair of all the complex eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and
1 
 n1 
 n=2) of DPðNa:NbÞðx�kÞ are on the unit circle and the other eigenvalues
are in the unit circle, i.e.,

jlij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
= 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.132)

(v) The ðNa : NbÞ synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is an (l1 : l2 : l3) vanishing if and only if l1
and l2 real eigenvalues li of DPðNa:NbÞðx�kÞ are (�1) and (+1), respectively,
and l3-pairs of complex eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and 1 
 n1

 n=2Þ of DPðNa:NbÞðx�kÞ are on the unit circle and the other eigenvalues are in
the unit circle, i.e.,

li ¼ �1 for i ¼ i1; i2; � � � ; il1 2 f1; 2; � � � ; ng;
lj ¼ þ1 for j ¼ j1; j2; � � � ; jl2 2 f1; 2; � � � ; ng;

jlrj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2r þ b2r

q
= 1 for r ¼ r1; r2; � � � ; rl3 2 f1; 2; � � � ; ng;

jlsj<1 for s 2 f1; 2; � � � ; ng and s =2fi; j; rg: (6.133)

(vi) The ðNa : NbÞ synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is instantaneous if and only if at least one of

the eigenvalues li (i ¼ 1; 2; � � � ; n) ofDPðNa:NbÞðx�kÞ lies out of the unit circle, i.e.,

jlij>1 for i 2 f1; 2; � � � ; ng: (6.134)

Proof The proof can be referred to Luo [2]. □

6.5 An Application of Discrete Systems Synchronization

As in Luo and Guo [4], consider an identical synchronization of the Duffing and

Henon maps as an example. The Duffing map is

x1ðkþ1Þ ¼ x2ðkÞ and x2ðkþ1Þ ¼ �dx1ðkÞ þ cx2ðkÞ � x32ðkÞ: (6.135)
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and the Henon map is

y1ðkþ1Þ ¼ y2ðkÞ þ 1� ay21ðkÞ and y2ðkþ1Þ ¼ by1ðkÞ: (6.136)

Introduce the vectors as

xk ¼ ðx1ðkÞ; x2ðkÞÞT and yk ¼ ðy1ðkÞ; y2ðkÞÞT

fðaÞ ¼ ðf ðaÞ1 ; f
ðaÞ
2 ÞT for a ¼ 1; 2: (6.137)

Herein a ¼ 1 for the Duffing map and a ¼ 2 for the Henon map. Thus, the Duffing

map is described by

P1 : xk ! xkþ1 and fð1Þðxk; xkþ1; p
ð1ÞÞ ¼ 0; (6.138)

where

f
ð1Þ
1 ðxk; xkþ1; p

ð1ÞÞ ¼ x1ðkþ1Þ � x2ðkÞ;

f
ð1Þ
2 ðxk; xkþ1; p

ð1ÞÞ ¼ x2ðkþ1Þ þ dx1ðkÞ � cx2ðkÞ þ x32ðkÞ;

pð1Þ ¼ ðc; dÞT: (6.139)

The Henon map is described by

P2 : yk ! ykþ1 and fð2Þðyk; ykþ1; p
ð2ÞÞ ¼ 0; (6.140)

where

f
ð2Þ
1 ðyk; ykþ1; p

ð2ÞÞ ¼ y1ðkþ1Þ � y2ðkÞ � 1þ ay21ðkÞ;

f
ð2Þ
2 ðyk; ykþ1; p

ð2ÞÞ ¼ y2ðkþ1Þ � by1ðkÞ;

pð2Þ ¼ ða; bÞT: (6.141)

Consider the ðN1 : N2Þ synchronization of the Duffing and Henon maps with

φðxk; yk; λÞ ¼ xk � yk ¼ 0;

φðxkþN1
; ykþN2

; λÞ ¼ xkþN1
� ykþN2

¼ 0; (6.142)

where

xkþN1
¼ P

ðN1Þ
1 xk¼P1 � P1 � � � � � P1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

N1

xk with

f
ð1Þ
1 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x1ðkþiÞ � x2ðkþi�1Þ ¼ 0;

f
ð1Þ
2 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x2ðkþiÞ þ dx1ðkþi�1Þ � cx2ðkþi�1Þ þ x32ðkþi�1Þ ¼ 0

for i ¼ 1; 2; � � � ;N1; (6.143)
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ykþN2
¼ P

ðN2Þ
2 yk¼P2 � P2 � � � � � P2|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

N2

yk with

f
ð2Þ
1 ðykþj; ykþj�1; p

ð2ÞÞ ¼ y1ðkþjÞ � y2ðkþj�1Þ � 1þ ay21ðkþj�1Þ ¼ 0;

f
ð2Þ
2 ðyk; ykþ1; p

ð2ÞÞ ¼ y2ðkþjÞ � by1ðkþj�1Þ ¼ 0

for j ¼ 1; 2; � � � ;N2: (6.144)

For the ðN1 : N2Þ synchronization, the equivalent mapping structure is

x0k ¼ Pφ� � PðN2Þ
2� � Pφþ � PðN1Þ

1þ xk: (6.145)

If x0k ¼ xk; we have

f
ð1Þ
1 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x1ðkþiÞ � x2ðkþi�1Þ ¼ 0

f
ð1Þ
2 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x2ðkþiÞ þ dx1ðkþi�1Þ � cx2ðkþi�1Þ þ x32ðkþi�1Þ ¼ 0

9=
;

for i ¼ 1; 2; � � � ;N1;

φðxkþN1
; ykþN2

; λÞ ¼ xkþN1
� ykþN2

¼ 0;

f
ð2Þ
1 ðykþj; ykþj�1; p

ð2ÞÞ ¼ y1ðkþjÞ � y2ðkþj�1Þ � 1þ ay21ðkþj�1Þ ¼ 0

f
ð2Þ
2 ðyk; ykþ1; p

ð2ÞÞ ¼ y2ðkþjÞ � by1ðkþj�1Þ ¼ 0

9=
;

for j ¼ N2; � � � ; 2; 1;
φðxk; yk; λÞ ¼ xk � yk ¼ 0:

(6.146)

From which the fixed points of Eq. (6.145) [i.e., x�kþi (i ¼ 1; 2; � � � ;N1 ) and y�kþj

ð j ¼ 1; 2; � � �N2 )] can be obtained. The corresponding stability boundary of such

fixed points is given the eigenvalue analysis, i.e.,

Dx0k ¼ DPφþ � DPðN2Þ
2� � DPφþ � DPðN1Þ

1þ Dxk; (6.147)

where

DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

¼ 1 0

0 1

� �
;

DP
ðN2Þ
2� ¼

YN2

j¼1
DP2�ðy�kþjÞ;

DP2�ðy�kþjÞ ¼
@ykþj�1

@ykþj

" #
y�
kþj

¼ � 1

b

0 1

b 2ay�1ðkþj�1Þ

" #
;

DPφþðx�kþN1
Þ ¼ @ykþN2

@xkþN1

� �
x�
kþN1

¼ 1 0

0 1

� �
;

DP
ðN1Þ
1þ ¼

Y1

i¼N1

DP2�ðx�kþjÞ;

DP1þðx�kþj�1Þ ¼
@xkþj

@xkþj�1

� �
x�
kþj�1

¼
0 1

�d �cþ 3ðx�2ðkþj�1ÞÞ2
" #

: (6.148)
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Through the above analysis procedure, the ðN1 : N2Þ synchronization domains

and boundaries can be determined from Theorem 6.7. In Eq. (6.145), we can form a

new map iteration

xJþ1 ¼ PxJ with

xJ � xk and P � Pφ� � PðN2Þ
2� � Pφþ � PðN1Þ

1þ :
(6.149)

Using Eq. (6.149), numerical iteration can be done to observe the ðN1 : N2Þ identical
synchronization of the Duffing and Henon maps.

As in Luo and Guo [4], consider parameters of a ¼ 0:8, c ¼ 2:75 and d ¼ 0:2.
From the mapping in Eq. (6.149), the ð1 : 1Þ -identical synchronization of the

Duffing and Henon maps is simulated, as shown in Fig. 6.9. The bifurcation

scenario alike plots for x1ðkÞ and x2ðkÞ with y1ðkÞ and y2ðkÞ . The shaded regions are

for the ð1 : 1Þ synchronization. PD and SN represent period-doubling and saddle-

node vanishing of the ð1 : 1Þ synchronization, respectively. The synchronization

range is b 2 ð�1;�30:84Þ and b 2 ð33:88;1Þ in Fig. 6.9a, b. In Fig. 6.9c–f, the

zoomed view for small parameter ranges are presented. The parameter ranges

are given by b 2 ð1:2431; 1:3687Þ and b 2 ð�1:7667;�1:4216Þ , respectively.
The analytical predictions of the ð1 : 1Þ-synchronization is presented in Fig. 6.9.

The solid curves are the ð1 : 1Þ synchronizations. PD and SN represent period-

doubling and saddle-node vanishing of the ð1 : 1Þ synchronization, respectively.

The instantaneous ð1 : 1Þ synchronizations are represented by dashed curves.

For numerical simulations, the instantaneous synchronization state cannot be

achieved. The ð1 : 1Þ synchronization given by the analytical prediction matches

with the numerical prediction. The large parameter ranges for the ð1 : 1Þ synchro-
nization are presented in Fig. 6.10a, b. The small parameter ranges for the ð1 : 1Þ-
synchronization are arranged in Fig. 6.10c–f. The corresponding parameter maps

for ð1 : 1Þ-synchronization are presented in Fig. 4.13. The shaded regions are for the
ð1 : 1Þ synchronization. PD and SN represent period-doubling and saddle-node

vanishing of the ð1 : 1Þ synchronization, respectively. The intersected points of the

PD and SN vanishing are ð1; 1; 0Þ-critical synchronization vanishing with l1 ¼ �1

and l2 ¼ 1. Figure 6.11a, c, e is for overall parameter maps, and Fig. 6.11b, d, f is

for the zoomed views of parameter maps. Figure 6.11a, b shows parameter map

ða; bÞ for c ¼ 2:75 and d ¼ 0:2. Figure 6.11c, d presents the parameter maps ðd; bÞ
for a ¼ 0:8 and c ¼ 2:75. Figure 6.11e, f gives the parameter ðc; bÞ for a ¼ 0:8 and
d ¼ 0:2. For the parameter maps, the ð1 : 1Þ synchronizations exist in different

regions with many cusp points, and such cusp points will be very difficult to be

analyzed by the catastrophe analysis. Other discrete dynamical system synchroni-

zation can be carried out from the theory of discrete dynamical system synchroni-

zation, which is presented in this chapter.
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Fig. 6.9 The numerical iteration for the (1:1) synchronization of two discrete dynamical systems

with the Duffing and Henon maps. Bifurcation scenario alike plots for x1ðkÞ and x2ðkÞ with y1ðkÞ and
y2ðkÞ: (a) and (b) for b 2 ð�1;�30:84Þ and b 2 ð33:88;1Þ; (c) and (d) for b 2 ð1:2431; 1:3687Þ;
(e) and (f) for b 2 ð�1:7667;�1:4216Þ. The shaded regions are for the (1:1) synchronization. PD
and SN represent period-doubling and saddle-node vanishing of the (1:1) synchronization, respec-

tively (a ¼ 0.8, c ¼ 2.75 and d ¼ 0.2)
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Fig. 6.10 The analytical prediction of the (1:1) synchronization of two discrete dynamical

systems with the Duffing and Henon maps. The iterative states x1ðkÞ and x2ðkÞ with y1ðkÞ and y2ðkÞ
are presented: (a) and (b) for b 2 ð�1;�30:84Þ and b 2 ð33:88;1Þ; (c) and (d) for b 2 ð1:2431;
1:3687Þ; (e) and (f) for b 2 ð�1:7667;�1:4216Þ. The shaded regions are for the (1:1) synchroni-
zation. PD and SN represent period-doubling and saddle-node vanishing of the (1:1) synchroniza-

tion, respectively. The instantaneous (1:1) synchronizations are represented by the dotted curves
(a ¼ 0.8, c ¼ 2.75, and d ¼ 0.2)
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Fig. 6.11 Parameter maps of the ð1 : 1Þ synchronization of two discrete dynamical systems with

the Duffing and Henon maps: (a) and (b) parameter map (a, b) forc ¼ 2:75andd ¼ 0:2; (c) and (d)
parameter maps ðd; bÞ for a ¼ 0:8 and c ¼ 2:75; (e) and (f) parameter ðc; bÞ fora ¼ 0:8 andd ¼ 0:2.
The overall views are given on the left-hand side, and the zoomed views are given on the right-
hand side. The shaded regions are for the ð1 : 1Þ synchronization. PD and SN represent period-

doubling and saddle-node vanishing of the ð1 : 1Þ synchronization, respectively
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