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Preface

This book presented a theory of dynamical systems synchronization from a different

point of view. Such synchronization theory is based on the theory of discontinuous

dynamical systems. The synchronization of discrete dynamical systems is based on

the Ying-Yang theory of discrete dynamical systems. The objective of this book

is to throw out the different points of view to look into dynamical systems

synchronization without the Lyapunov stability method.

This book consists of six chapters. In Chap. 1, a brief history of dynamical

systems synchronizations is presented. The current methods for dynamical systems

synchronization are mainly based on the Lyapunov stability theory. Thus, the

dynamical systems for synchronization should be similar systems, which is far

away for practical applications. To solve such difficulty, a theory of dynamical

systems synchronization with specific constraints is presented in this book from the

theory of discontinuous dynamical systems. In Chap. 2, the switchability of a flow

to the boundary in discontinuous dynamical systems is presented in order to help

one understand the synchronization theory of two dynamical systems with specific

constraints. In Chap. 3, the basic concepts of dynamical systems synchronization

are presented first, and the theory of dynamical systems synchronization with a

specific constraint is presented. For a further development of dynamical systems

synchronization, the theory of two dynamical systems with multiple constraints is

discussed in Chap. 4. In Chap. 5, the function synchronization of two distinct

dynamical systems is discussed to show how to apply the theory of dynamical

systems synchronization to practical problems. In Chap. 6, the theory for discrete

dynamical systems synchronization is presented from the Ying-Yang theory of

discrete dynamical systems.

Finally, I would like to appreciate my students (Yu Guo and Fuhong Min) for

completing numerical computations. Herein, I thank my wife (Sherry X. Huang)

and my children (Yanyi Luo, Robin Ruo-Bing Luo, and Robert Zong-Yuan Luo)

for tolerance, patience, understanding, and support. This is what I can bring them

for happiness.

Edwardsville, IL, USA Albert C. J. Luo
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Chapter 1

Introduction

With human-being development and progress, coordinate systems are used in order

that the characteristics and behaviors of everything in nature can be described

quantitatively. In other words, because the coordinates systems are used exten-

sively, one gradually understands and improves the objective world. Similarly, to

describe the complexity of a changing process of a thing with time, one often adopts

a given or known process to compare with such a changing process with time.

Further, one obtains the similarity, instantaneous similarity and differences

between the two dynamical processes for a time interval, and one determines the

complexity of a dynamical system to another known dynamical system. Such

similarity in a certain time interval is a kind of synchronization. In addition, the

synchronization of two or more dynamical systems is a basis to understand an

unknown dynamical system from one or more well-known dynamical systems.

In other words, the response complexity of an unknown system to one or more well-

known systems can be measured and compared through such synchronicity. Thus,

the synchronization in dynamical systems should be treated as an important con-

cept, and the concept of “synchronization” is also a universal concept for dynamical

systems. Based on the aforesaid reasons, in this book, a theory of synchronization of

dynamical systems will be presented as a theoretic frame work.

A theory for synchronization of multiple dynamical systems under specific

constraints was developed from a theory of discontinuous dynamical systems in

Luo [1]. The concepts on synchronization of two or more dynamical systems to

specific constraints were given. The synchronization, desynchronization and pene-

tration of multiple dynamical systems to multiple specified constraints were

discussed, and the necessary and sufficient conditions for such synchronicity were

developed. The synchronicity of two dynamical systems to a single specific con-

straint and to multiple specific constraints was discussed, and the synchronization

and the corresponding complexity for multiple slave systems with multiple master

systems were presented. The meaning of synchronization for dynamical systems

with constraints is extended as a generalized, universal concept. The theory

presented in this book may be as a universal theory for dynamical systems. The

book provides a theoretic frame work in order to control the slave systems which

A.C.J. Luo, Dynamical System Synchronization, Nonlinear Systems and Complexity 3,
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can be synchronized with master systems through specific constraints in a general

sense. The theory of dynamical systems synchronization will be presented in this

book, which is not relative to the Lyapunov stability theory, and the corresponding

conditions for synchronicity are necessary and sufficient conditions for synchronic-

ity of dynamical systems with specific constraints.

1.1 A Brief History

The investigation on synchronization should return back to the seventeenth century.

Huygens [2] gave a detailed description of the synchronization of two pendulum

clocks with a weak interaction. In fact, Huygens looked into two modal shapes of

vibration. If the coupled pendulums possess small oscillations with the same initial

conditions or the initial phase difference is zero, the two pendulums will be

synchronized. If the initial phase difference is 180�, observed is the antisynchro-

nization of two pendulums. For a general case, the motion of the two pendulums

will be combined by the synchronization and anti-synchronization modes of vibra-

tion. So far, one focuses on four classes of synchronizations of two or more

dynamical systems (1) identical or complete synchronization, (2) generalized

synchronization, (3) phase synchronization, (4) anticipated and lag synchroni-

zations and amplitude envelope synchronization. All the synchronizations of two

or more systems at least possess one constraint for synchronicity, and such

synchronizations experience the characteristics of asymptotic stability. Once the

two or more systems form a state of synchronization for a specific constraint, such a

state should be stable. The detailed discussion on such issue can be referred to

Pikovsky et al. [3] and Boccaletti [4].

After the Huygens’s investigation, Rayleigh worked on the theory of sound,

which describes synchronization in acoustic systems in Rayleigh [5]. In 1920s,

the synchronization was stimulated by the development of electrical and radio wave

propagations. For an early investigation on synchronizations, one focused on the

limit cycles in self-excited dynamical systems, resonance phenomena in multiple-

degrees of freedom systems and, steady-state motion in forced vibration. The limit

cycle in self-excited dynamical systems was discussed (e.g., [6]), which is a kind of

synchronization and such synchronization can be stabilized. The other discussions

on steady-state motion and resonance in nonlinear oscillations can be referred in

many books (e.g., [7, 8]). Recently, one tried to control a flow of dynamical systems

with attractors. Such an investigation is actually to look into a dynamical system

synchronized with a goal dynamics, as discussed in Jackson [9].

For identical or complete synchronization of two systems, Pecora and Carroll [10]

presented a criterion of the sub-Lyapunov exponents to determine the synchronization

of two systems connected with common signals. The common signals are as

constraints for such two systems. Based on this idea, the synchronized circuits for

chaos were presented by Carroll and Pecaora [11]. Since then, one focused on

developing the corresponding control methods and schemes to achieve the
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synchronization of two dynamical systems with constraints. Pyragas [12] presented

two methods for chaos control with a small time continuous perturbation, which can

achieve a synchronization of two chaotic dynamical systems. Kapitaniak [13] used

such a continuous control to present the synchronization of two chaotic systems.

Ding andOtt [14] pointed out a slave system (receiver system) is not necessary to be a

replica of part of master systems. Rulkov et al. [15] discussed a generalized synchro-

nization of chaos in directionally coupled chaotic systems. Kocarev and Parlitz [16]

developed a general method to construct chaotic synchronized systems, which

decomposes the given systems into the active and passive systems. Peng et al. [17]

presented the chaotic synchronization of n-dimensional systems, and Pyragas [18]

discussed the weak and strong synchronizations of chaos by the coupling strength

of two dynamical systems. Ding et al. [19] provided a review on the control and

synchronization of chaos in high-dimensional dynamical systems. In addition,

Boccaletti et al. [20] presented an adaptive synchronization of chaos for secure

communication. Abarbanel et al. [21] used a small force to control a dynamical

system to given orbits. Pyragas [22] systematically introduced some basic ideas about

the generalized synchronization of chaos. Yang and Chua [23] used linear trans-

formations to investigate generalized synchronization. Zhan et al. [24] investigated

the complete and generalized synchronizations of coupled time-delay systems.

Campos and Urias [25] presented a mathematical description of multi-modal syn-

chronization with chaos. The definition of master–slave synchronization was given

and a multivalued, synchronized function was introduced. Koronovskii et al. [26]

discussed the duration of a process of complete synchronization of two coupled,

identical chaotic systems. The other investigations and applications on synchroniza-

tion can be found in laser systems (e.g., [27–30]), human cardiorespiratory system

(e.g., [31]).Mosekilde et al. [32] discussed chaotic synchronization and applied such

concepts to living systems, and recent contributions on synchronization in

biosystems can be found (e.g., [33–36]). Kocarev and Parlitz [37] investigated

synchronizing spatiotemporal chaos in coupled nonlinear oscillators. Teufel et al.

[38] presented the synchronization of two flow-excited pendula, which can recall

Huygens’ work [2]. Yamapi and Woafo [39] investigated synchronizations in a ring

of four mutually coupled self-sustained electromechanical devices. Recently, other

investigations on synchronization of coupled dynamical systems can be found (e.g.,

[40–43]). Newell et al. [44] investigated synchronization in chaotic diode resonator.

Mbouna Ngueuteu et al. [40] investigated higher order nonlinearity on the dynamics

and synchronization of two coupled electromechanical devices. Boccaletti et al. [45]

gave a systematical review about the synchronization of chaotic systems. The

definitions and concepts were further clarified. Chen et al. [46] gave a review on

stability of synchronized dynamics and pattern formation in coupled systems. The

dynamics and synchronization of coupled systems were investigated via control

schemes (e.g., [47–50]). In addition to focusing on chaotic synchronization of

continuous dynamical systems, one also has been interested in the synchronization

of discrete systems with mappings. Pecora et al. [51] discussed the volume-

preserving and volume-expanding synchronized chaotic systems through discrete

maps. Stojanovski et al. [52] used the symbolic dynamics to investigate chaos

1.1 A Brief History 3



synchronization, and information entropy was introduced to the synchronization of

chaotic systems through discrete maps. Rulkov [53] discussed a regularization of

synchronized chaotic bursts. Further, Afraimovich et al. [54] gave a mathematical

investigation on the generalized synchronization of chaos in noninvertible maps.

Barreto et al. [55] discussed the geometrical behavior of chaos synchronization

through discrete maps. Hu et al. [56] investigated the hybrid projective synchroni-

zation of a general class of chaotic maps. Except for the complete and generalized

synchronization of dynamical systems, another important synchronization is phase

synchronization. As mentioned before, the phase synchronization exists in self-

excited vibration systems, forced nonlinear vibrating systems and coupled nonlinear

systems. For such investigation, the perturbation techniques were used (e.g., [7, 8]).

Kuramoto [57] used the concept of phase synchronization (or entertainments) to

investigate the waves and turbulence in chemical oscillations. Based on this concept,

Zaks et al. [58] investigated imperfect phase synchronization through the alternative

locking ratios. Feng and Shen [59] investigated phase synchronization and anti-

phase synchronization of chaos in degenerate optical parametric oscillator. Pareek

et al. [60] used multiple one-dimensional chaotic maps to investigate cryptography,

and the extension of such a research can be found in Xiang et al. [61]. Bowong et al.

[62] used the parameter modulation of a chaotic system for secure communications.

Fallahi et al. [63] adopted the extended Kalman filter and multi-shift cipher algo-

rithm for secure chaotic communication, and Kiani-B et al. [64] used fractional

chaotic systems to secure communication through an extended fractional Kalman

filter. Wang and Yu [65] used multiple-chaotic systems to develop a block encryp-

tion algorithm with a dynamical sequence. Soto-Crespo and Akhmediev [66]

showed nonlinear synchronization and chaos through solitons as strange attractors.

Hung et al. [67] discussed chaos synchronization of two stochastically coupled

random Boolean networks. The more discussion about phase synchronization in

oscillatory networks was presented in Osipov et al. [68]. The investigations on

synchronization on the dynamical systems with time-delay were very active and

the recent results can be found (e.g., [24, 33, 34, 62, 69–72]).

From the above-mentioned brief discussions of systems synchronization, it can

be concluded that the synchronization of two or more dynamical systems is that the

corresponding flows of the two or more dynamical systems are constrained under

specific constraint conditions for a time interval. If the constraint conditions are

considered as constraint boundaries, the synchronization of the two or more

dynamical systems can be investigated by the theory of discontinuous dynamical

systems. Luo [73] developed a theory for discontinuous dynamical systems, and the

more detailed discussion was presented in Luo [1, 74–76]. In Luo [77], the theory

for discontinuous dynamical systems was adopted to develop a theory for synchro-

nization of dynamical systems with specific constraints. The concepts of dynamical

systems synchronization with specific constraints were introduced. The necessary

and sufficient conditions for the synchronization, desynchronization and penetra-

tion were developed. The synchronization complexity for multiple slave systems

with multiple master systems was discussed under specific constraints. Using such a

synchronization theory of two dynamical systems, in 2011, the synchronization
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dynamics of two distinct dynamical systems were presented without the Lyapunov

method (e.g., [78–81]). The periodic and chaotic synchronizations of two distinct

dynamical systems were presented. Recently, the function synchronization of two

distinct dynamical systems was investigated from the theory of discontinuous

dynamical systems (e.g., [82, 83]).

1.2 Book Layout

The main body in this book will discuss the synchronization of two dynamical

systems from the theory of discontinuous dynamical systems, including four

chapters, and the complete dynamics and synchronization of discrete dynamical

systems will be presented in last chapter.

In Chap. 2, a general theory for the passability of a flow to a specific boundary in

discontinuous dynamical systems will be presented. The concepts of real and

imaginary flows will be presented. The G-functions for discontinuous dynamical

systems will be presented to describe the general theory of the passability of a flow

to the boundary. Based on theG-function, the passability of a flow from a domain to

an adjacent one will be discussed. With the concepts of real and imaginary flows,

the full and half, sink and source flows to the boundary will be discussed in detail.

A flow to the boundary in a discontinuous dynamical system is either passable or

non-passable. Thus, the switching bifurcations between the passable and non-

passable flows will be presented.

In Chap. 3, the concepts on synchronization of two or multiple dynamical

systems to specific constraints are presented, which is different from the idea

of traditional synchronization of two dynamical systems. For such synchronization,

Lyapunov stability method cannot be adopted. The synchronization, desynchro-

nization and penetration of two or multiple dynamical systems to a specific con-

straint are discussed from the theory of discontinuous dynamical systems, and the

necessary and sufficient conditions for such synchronicity will be investigated.

In Chap. 4, the synchronization for two dynamical systems tomultiple constraints

will be discussed, and the synchronization and the corresponding complexity for

multiple slave systems with multiple master systems will be discussed briefly. As in

Luo [77], the synchronicity of two dynamical systems with multiple constraints will

be presented. The mathematical description of the synchronicity of two dynamical

systems to multiple constraints will be given, and the corresponding necessary and

sufficient conditions for the synchronicity of two dynamical systems to the

constraints are presented.

In Chap. 5, the synchronization of two dynamical systems will be treated as a

boundary in discontinuous dynamical systems, and such a boundary is time-varying.

The boundary and domains for one of two dynamical systems are constrained by the

other. The corresponding conditions for such synchronization will be presented via

the theory for the switchability and attractivity of edge flows to the specific edges.

The synchronization of two totally different dynamical systems will be presented as

an application.

1.2 Book Layout 5

http://dx.doi.org/10.1007/978-1-4614-5097-9_2
http://dx.doi.org/10.1007/978-1-4614-5097-9_3
http://dx.doi.org/10.1007/978-1-4614-5097-9_4
http://dx.doi.org/10.1007/978-1-4614-5097-9_5


In Chap. 6, a set of concepts on “Ying” and “Yang” in discrete dynamical

systems will be presented. Based on the Ying-Yang theory, the complete dynamics

of discrete dynamical systems will be discussed for an understanding of dynamical

behaviors. From the ideas of the Ying-Yang theory of discrete dynamical systems,

the companion and synchronization of discrete dynamical systems will be presented

herein, and the corresponding conditions are presented as an integrity part of

dynamical system synchronization. The synchronization dynamics of Duffing and

Henon maps will be discussed.
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Chapter 2

Discontinuity and Local Singularity

In this chapter, a general theory for the passability of a flow to a specific boundary

in discontinuous dynamical systems will be discussed. The concepts of real and

imaginary flows will be introduced. The G-functions for discontinuous dynamical

systems will be presented to describe the passability of a flow to the boundary.

Based on the G-function, the passability of a flow from a domain to an adjacent one

will be discussed. With the concepts of real and imaginary flows, the full- and half-

sink and source flows to the boundary will be discussed as well. A flow to the

boundary in a discontinuous dynamical system can be passable or non-passable.

Thus, all possible switching bifurcations between the passable and non-passable

flows will be presented.

2.1 Discontinuous Dynamical Systems

For any discontinuous dynamical system, there are many vector fields defined on

different domains in phase space, and such differences between two vector fields in

two adjacent domains cause flows to be non-smooth or discontinuous at the boundary

of the domains. To investigate the dynamics of discontinuous dynamical systems,

consider a discontinuous dynamical system on a universal domain

O� rn , and the

passability of a flow from one domain to its adjacent domains will be discussed first.

Thus, subdomains Oa (a 2 I; I ¼ f1; 2; � � �;Ng) of the universal domain

O

will be

introduced and the vector fields on the subdomainsmay be defined differently. If there

is a vector field on a subdomain, this subdomain is said to be an accessible domain.

Otherwise, such a domain is said to be an inaccessible domain. Thus, the domain

accessibility can provide a design possibility for discontinuous dynamical systems.

The corresponding definitions of the domain accessibility are given as follows.
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Definition 2.1 A subdomain of a universal domain

O

in a discontinuous dynamical

system is termed an accessible subdomain if at least a specific, continuous vector

field can be defined on such a subdomain.

Definition 2.2 A subdomain of a universal domain

O

in a discontinuous dynamical

system is termed an inaccessible subdomain if no any vector fields can be defined

on such a subdomain.

Since the accessible and inaccessible subdomains exist in discontinuous

dynamical systems, the universal domain

O

is classified into the connectable and

separable domains. The connectable domain is defined as follows.

Definition 2.3 A domain

O

in phase space is termed a connectable domain if

all the accessible subdomains of the universal domain can be connected without

any inaccessible subdomain.

Similarly, a definition of the separable domain is given.

Definition 2.4 A domain is termed a separable domain if the accessible subdomains

in the universal domain are separated by inaccessible domains.

Since any discontinuous dynamical systempossesses different vector fields defined

on each accessible subdomain, the corresponding dynamical behaviors in those

accessible subdomains Oa are distinguishing. The different behaviors in distinct

subdomains cause flow complexity in the domain

O

of discontinuous dynamical

systems. The boundary between two adjacent, accessible subdomains is a bridge of

dynamical behaviors in two domains for flow continuity. Any connectable domain is

bounded by the universal boundary S � rr ( r ¼ n� 1 ), and each subdomain

is bounded by the subdomain boundary surface Sab � rr (a; b 2 I) with or without

the partial universal boundary. For instance, consider an n-dimensional connectable

domain in phase space, as shown in Fig. 2.1a through ann1-dimensional, subvectorxn1
and an n2-dimensional, subvector xn2 (n1 þ n2 ¼ n). The hatched areaOa is a specific

subdomain, and the other subdomains are white. The dark, solid, closed curve

represents the original boundary of the domain

O

. For the separable domain, there is

at least an inaccessible subdomain to separate the accessible subdomains. The union of

inaccessible subdomains is also called the “inaccessible sea.” The inaccessible sea is

the complement of the accessible subdomains to the universal (original) domain

O

.

That is determined by O0 ¼ On[a2IOa. The accessible subdomains in the domain

O

are also called the “islands.” For illustration of such a definition, a separable domain is

shown in Fig. 2.1b. The thick curve is the boundary of the universal domain, and the

gray area is the inaccessible sea. The white regions are the accessible domains

(or islands). The hatched region represents a specific accessible subdomain (island).

From one accessible island to another, the transport laws are needed for motion

continuity, which can be referred to Luo [1]. The passability of flow from the

accessible to inaccessible domains will be discussed later also.

Consider a dynamic system consisting of N subdynamic systems in a universal

domain

O� rn. The universal domain is divided into N accessible subdomains

Oaða 2 I) and the union of inaccessible domainO0. The union of all the accessible

subdomains [a2IOa and

O¼ [a2IOa [ O0 is the universal domain, as shown

12 2 Discontinuity and Local Singularity



in Fig. 2.1 by an n1-dimensional, subvector xn1 and an n2-dimensional, subvector

xn2 ðn1 þ n2 ¼ n). For the connectable domain in Fig. 2.1a, O0 ¼1. In Fig. 2.1b,

the union of the inaccessible subdomains is the sea, and O0 ¼ On[a2IOa is the

complement of the union of the accessible subdomain. On the ath open

subdomain Oa, there is a C
ra -continuous system (ra � 1) in form of

_xðaÞ � FðaÞðxðaÞ; t; paÞ 2 rn; xðaÞ ¼ ðxðaÞ1 ; x
ðaÞ
2 ; � � � ; xðaÞn ÞT 2 Oa: (2.1)

The time is t and _xðaÞ ¼ dxðaÞ=dt. In an accessible subdomain Oa , the vector field

FðaÞðxðaÞ; t; paÞ with parameter vector pa ¼ ðpð1Þa ; p
ð2Þ
a ; � � � ; pðlÞa ÞT 2 rl is Cra contin-

uous ( ra � 1) in xðaÞ 2 Oa and for all time t; the continuous flow in Eq. (2.1)

xðaÞðtÞ¼ FðaÞðxðaÞðt0Þ; t; paÞwith xðaÞðt0Þ ¼ FðaÞðxðaÞðt0Þ; t0; paÞ isCraþ1 continuous
for time t.

For discontinuous dynamical systems, the following assumptions will be

adopted herein.

H2.1 The flow switching between two adjacent subsystems is time continuous.

H2.2 For an unbounded, accessible subdomain Oa , there is a bounded domain

Da � Oa and the corresponding vector field and its flow are bounded, i.e.,

jjFðaÞjj � K1ðconstÞ and jjFðaÞjj � K2 constð Þ on Da for t 2 ½0;1Þ: (2.2)

Sαβ

α

β ⊂  n−1

S ⊂  n−1

Sα∞ ⊂  n−1

S ⊂  n−1

Ω

Ω

xn2

a

b

xn1

xn2

xn1

Sea: 

Ω

Ω

Ω

\∪     ΩαIα∈

αΩ

Fig. 2.1 Phase space:

(a) connectable and
(b) separable domains

(n1 + n2 ¼ n)

2.1 Discontinuous Dynamical Systems 13



H2.3 For a bounded, accessible subdomain Oa , there is a bounded domain

Da � Oa and the corresponding vector field is bounded, but the flow may

be unbounded, i.e.,

jjFðaÞjj � K1ðconstÞ and jjFðaÞjj � 1 on Da for t 2 ½0;1Þ: (2.3)

Since dynamical systems on different accessible subdomains are distinguishing,

the relation between flows in the two subdomains should be developed herein

for flow continuity. For a subdomain Oa , there are ka -adjacent subdomains with

ka -pieces of boundaries. Consider a boundary of any two adjacent subdomains,

formed by the intersection of the two closed subdomains (i.e., @Oij ¼ �Oi \ �Oj)

(i; j 2 I; j 6¼ i), as shown in Fig. 2.2.

Definition 2.5 The boundary in n-dimensional phase space is defined as

Sij � @Oij ¼ �Oi \ �Oj

¼ xjφijðx; t; λÞ ¼ 0;φij is C
r-continuous ðr � 1Þ� � � rn�1:

(2.4)

From the definition, @Oij ¼ @Oji . The flow on the boundary @Oij can be

defined by

_xð0Þ ¼ Fð0Þðxð0Þ; tÞ with φijðxð0Þ; t; λÞ ¼ 0 (2.5)

where xð0Þ ¼ ðxð0Þ1 ; x
ð0Þ
2 ; � � �; xð0Þn ÞT . With specific initial conditions, one always

obtains different flows on φijðxð0Þ; t; λÞ ¼ φijðxð0Þ0 ; t0; λÞ ¼ 0:

Definition 2.6 The two subdomains Oi and Oj are disjoint if the boundary @Oij is

an empty set (i.e., @Oij ¼1).

Definition 2.7 If the intersection of three or more subdomains,

Ga1a2���ak � \aka¼a1 �Oa � rr; ðr ¼ 0; 1; � � �; n� 2Þ (2.6)

xn2

xn1

∂Ωij = Ωi  Ωj
Ωi

Ωj

Fig. 2.2 Subdomains Oi and

Oj, and the corresponding

boundary @Oij
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where ak 2 I and k � 3 is nonempty, and the subdomain intersection is termed the

singular set.
As stated before, a flow x

ð jÞ
i in Oi is governed by a dynamical system defined on

the jth subdomainOj. This kind of flow is called the imaginary flow because the flow

is not determined by the dynamical system on its own domain. To further under-

stand dynamical behaviors of discontinuous dynamical systems, it is necessary

to introduce imaginary flows. Consider the jth imaginary flow in the ith domain

Oi is a flow in Oi governed by the dynamical system defined on the jth subdomain

Oj. The two subdomains can be either adjacent or separable. Thus, the mathemati-

cal definition of imaginary flows is as follows.

Definition 2.8 The Crjþ1 ( rj � 1 )-continuous flow x
ð jÞ
i ðtÞ is termed the jth

imaginary flow in the ith open subdomain Oi if the flow x
ð jÞ
i ðtÞ is determined by

an application of a Crj -continuous system on the jth open subdomain Oj to the ith
open subdomain Oi, i.e.,

_x
ð jÞ
i ¼ Fð jÞðxð jÞi ; t; pjÞ 2 rn;x

ð jÞ
i ¼ ðxð jÞi1 ; xð jÞi2 ; � � �; xð jÞin ÞT 2 Oi; (2.7)

with the initial condition x
ð jÞ
i ðt0Þ ¼ Fð jÞðxð jÞi ðt0Þ; t0; pjÞ:

2.2 G-Functions

Before the general theory for flow passability to a specific boundary in a discontin-

uous dynamical system is discussed, a concept of G-function will be introduced to

measure behaviors of discontinuous dynamical systems in the normal direction of

the boundary. The real flow is used to define the G-functions, and such G-functions

are also applicable to the imaginary flows. For simplicity, as in Luo [2, 3], consider

two infinitesimal time intervals ½t� e; tÞ and ðt; tþ e	. There are two flows in domain

Oa ( a ¼ i; j ) and on the boundary @Oij determined by Eqs. (2.1) and (2.5),

respectively. As in Luo [2, 3], the vector difference between two flows for three

time instants is given by x
ðaÞ
t�e � x

ð0Þ
t�e; x

ðaÞ
t � x

ð0Þ
t , and x

ðaÞ
tþe � x

ð0Þ
tþe. The normal vectors

of boundary relative to the corresponding flowxð0ÞðtÞare expressed by t�en@Oij
, tn@Oij

,

and tþen@Oij
and the corresponding tangential vectors of the flow xð0ÞðtÞ on the

boundary are expressed t�et@Oij
, tt@Oij

, and tþet@Oij
, respectively. From the normal

vectors of the boundary @Oij, the dot product functions of the normal vector and the

position vector difference between the two flows in domain and on the boundary are

defined by

d
ðaÞ
t�e ¼ t�enT@Oij

� ðxðaÞt�e � x
ð0Þ
t�eÞ;

d
ðaÞ
t ¼ tnT@Oij

� ðxðaÞt � x
ð0Þ
t Þ;

d
ðaÞ
tþe ¼ tþenT@Oij

� ðxðaÞtþe � x
ð0Þ
tþeÞ

9>>>=>>>; (2.8)
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where the normal vector of the boundary surface @Oij at point x
ð0ÞðtÞ is

tn@Oij
� n@Oij

ðxð0Þ; t; λÞ ¼ rφijðxð0Þ; t; λÞ ¼
�

@φij

@x
ð0Þ
1

;
@φij

@x
ð0Þ
2

; � � � ; @φij

@x
ð0Þ
n

�T

: (2.9)

If tn@Oij
is a unit vector, the dot product is the normal component which is the

distance of the two points of two flows in the normal direction of the boundary

surface.

Definition 2.9 Consider a dynamic system in Eq. (2.1) in domain Oa a 2 fi; jgð Þ
which has a flow xðaÞ ¼ Fðt0; xðaÞ0 ; pa; tÞ with an initial condition ðt0; xðaÞ0 Þ, and on

the boundary @Oij , there is an enough smooth flow xð0Þ ¼ Fðt0; xð0Þ0 ; λ; tÞ with an

initial condition ðt0; xð0Þ0 Þ. For an arbitrarily small e> 0, there are two time intervals

½t� e; tÞ or ðt; tþ e	 for flow xðaÞ ða 2 fi; jgÞ. The G-functions ðGðaÞ@Oij
Þ of the domain

flow xðaÞ to the boundary flow xð0Þ on the boundary in the normal direction of the

boundary @Oij are defined as

G
ðaÞ
@Oij
ðxð0Þt ; t�; x

ðaÞ
t� ; pa; λÞ ¼ lim

e!0

1

e
½tnT@Oij

� ðxðaÞt� � x
ð0Þ
t Þ � t�enT@Oij

� ðxðaÞt�e � x
ð0Þ
t�eÞ	;

G
ðaÞ
@Oij
ðxð0Þt ; tþ; x

ðaÞ
tþ ; pa; λÞ ¼ lim

e!0

1

e
½tþenT@Oij

� ðxðaÞtþe � x
ð0Þ
tþeÞ � tnT@Oij

� ðxðaÞtþ � x
ð0Þ
t Þ	:
(2.10)

From Eq. (2.10), since x
ðaÞ
t
 and x

ð0Þ
t are the solutions of Eqs. (2.1) and (2.5), their

derivatives exist and tm
 � tm 
 0 is to represent the quantity in the domain rather

than on the boundary. Further, by use of the Taylor series expansion, Eq. (2.10)

gives

G
ðaÞ
@Oij
ðxð0Þt ; tt
; x

ðaÞ
t
 ; pa; λÞ ¼ D0

tnT@Oij
� ðxðaÞt
 � x

ð0Þ
t Þ þ tnT@Oij

� ð _xðaÞt
 � _x
ð0Þ
t Þ (2.11)

where the total derivative operators are defined as

D0ð�Þ � @ð�Þ
@xð0Þ

_xð0Þ þ @ð�Þ
@t

and Dað�Þ � @ð�Þ
@xðaÞ

_xðaÞ þ @ð�Þ
@t

: (2.12)

Using Eqs. (2.1) and (2.5), the G-function in Eq. (2.11) becomes

G
ðaÞ
@Oij
ðxð0Þt ; t
; x

ðaÞ
t
 ;pa; λÞ ¼ D0

tnT@Oij
� ðxðaÞt
 � x

ð0Þ
t ÞþtnT@Oij

� ½FðaÞðxðaÞt
 ; t
; paÞ
� Fð0Þðxð0Þt ; t; λÞ	:

(2.13)
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Consider the flow contacting with the boundary at time tm (i.e., x
ðaÞ
m ¼ x

ð0Þ
m ).

Because a flow xðaÞðtÞ approaches the separation boundary with the zero-order

contact (i.e., xðaÞðtm
Þ ¼ xm ¼ xð0ÞðtmÞ), the G-function is defined as

G
ðaÞ
@Oij
ðxð0Þt ; t
; x

ðaÞ
t
 ; pa; λÞ

¼ nT@Oij
ðxð0Þ; t; λÞ � ½ _xðaÞðtÞ � _xð0ÞðtÞ	jðxð0Þm ;x

ðaÞ
m
;tm
Þ

¼ nT@Oij
ðxð0Þ; t; λÞ � _xðaÞðtÞ þ @φijðxð0Þ; t; λÞ

@t

" #�����
ðxð0Þm ;x

ðaÞ
m
;tm
Þ

¼ rφijðxð0Þ; t; λÞ � _xðaÞðtÞ þ
@φijðxð0Þ; t; λÞ

@t

" #�����
ðxð0Þm ;x

ðaÞ
m
;tm
Þ

(2.14)

With Eqs. (2.1) and (2.5), equation (2.13) can be rewritten as

G
ðaÞ
@Oij
ðxð0Þt ; t
; x

ðaÞ
t
 ; pa; λÞ

¼ nT@Oij
ðxð0Þ; t; λÞ � ½FðxðaÞ; t; paÞ � Fð0Þðxð0Þ; t; λÞ	jðxð0Þm ;x

ðaÞ
m
;tm
Þ

¼ nT@Oij
ðxð0Þ; t; λÞ � FðxðaÞ; t; paÞ þ

@φijðxð0Þ; t; λÞ
@t

" #�����
ðxð0Þm ;x

ðaÞ
m
;tm
Þ

¼ rφijðxð0Þ; t; λÞ � FðxðaÞ; t; paÞ þ
@φijðxð0Þ; t; λÞ

@t

" #�����
ðxð0Þm ;x

ðaÞ
m
;tm
Þ

:

(2.15)

Note that G
ðaÞ
@Oij
ðxm; tm
; pa; λÞ is a time rate of the inner product of displacement

vector difference and the normal direction n@Oij
ðxm; tm; λÞ. If a flow in a discontinu-

ous system crosses over the boundary @Oij , G
ðiÞ
@Oij
6¼ G

ð jÞ
@Oij

. However, without the

boundary, the dynamical system is continuous. Thus, G
ðiÞ
@Oij
¼ G

ð jÞ
@Oij

. Because

the corresponding imaginary flow is the extension of a real flow to the boundary,

the real and corresponding imaginary flows are continuous. Therefore, the

G-functions to both the real and imaginary flows on the boundary @Oij are same.

Definition 2.10 Consider a dynamic system in Eq. (2.1) in domain Oa ða 2 fi; jgÞ
which has the flowx

ðaÞ
t ¼ Fðt0; xðaÞ0 ; pa; tÞwith an initial conditionðt0; xðaÞ0 Þ, and on the

boundary @Oij , there is an enough smooth flow x
ð0Þ
t ¼ Fðt0; xð0Þ0 ; λ; tÞ with an initial

condition ðt0; xð0Þ0 Þ. For an arbitrarily small e> 0, there are two time intervals ½t� e; tÞ
and ðt; tþ e	 for a domain flow x

ðaÞ
t ða 2 fi; jgÞ. The vector fields FðaÞðxðaÞ; t; paÞ and

Fð0Þðxð0Þ; t; λÞareCra
½t�e;tþe	-continuousðra � kÞ for time twithjjdraþ1xðaÞt =dt raþ1jj<1
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and jjdraþ1xð0Þt =dtraþ1jj<1. The kth-order, G-functions of the domain flow x
ðaÞ
t to the

boundary flow x
ð0Þ
t in the normal direction of @Oij are defined as

G
ðk;aÞ
@Oij
ðxð0Þt ; t�; x

ðaÞ
t� ; pa; λÞ

¼ ðk þ 1Þ! lim
e!0

ð�1Þkþ2
ekþ1

½tnT@Oij
� ðxðaÞt� � x

ð0Þ
t Þ � t�enT@Oij

� ðxðaÞt�e � x
ð0Þ
t�eÞ

þ
Xk�1

s¼0
1

ðsþ 1Þ!G
ðs;aÞ
@Oij
ðxð0Þt ; t; x

ðaÞ
t� ; pa; λÞð�eÞsþ1	;

G
ðk;aÞ
@Oij
ðxð0Þt ; tþ; x

ðaÞ
tþ ; pa; λÞ

¼ ðk þ 1Þ! lim
e!0

1

ekþ1
½tþenT@Oij

� ðxðaÞtþe � x
ð0Þ
tþeÞ � tnT@Oij

� ðxðaÞtþ � x
ð0Þ
t Þ

�
Xk�1

s¼0
1

ðsþ 1Þ!G
ðs;aÞ
@Oij
ðxð0Þt ; t; x

ðaÞ
tþ ; pa; λÞesþ1	:

(2.16)

Again, the Taylor series expansion applying to Eq. (2.16) yields

G
ðk;aÞ
@Oij
ðxð0Þt ; t
; x

ðaÞ
t
 ; pa; λÞ

¼
Xkþ1

s¼0 C
s
kþ1D

kþ1�s
0

t nT@Oij
� dsxðaÞ

dts
� dsxð0Þ

dts

� �
jðxð0Þt ;x

ðaÞ
t
 ;t
Þ

:
(2.17)

Using Eqs. (2.1) and (2.5), the kth-order G-function of the flow x
ðaÞ
t to the boundary

@Oij is computed by

G
ðk;aÞ
@Oij
ðxð0Þt ; tþ; x

ðaÞ
tþ ; pa; λÞ

¼
Xkþ1

s¼1 C
s
kþ1D

kþ1�s
0

tnT@Oij
�
�
Ds�1

a FðaÞ
�
xðaÞ; t; pa

	
�Ds�1

0 Fð0Þ
�
xð0Þ; t; λ

	
����
ðxð0Þt ;x

ðaÞ
t
 ;t
Þ

þ Dkþ1
0

t nT@Oij
� �xðaÞt
 � x

ð0Þ
t

	
;

(2.18)

where

Cs
kþ1 ¼

ðk þ 1Þ!
s!ðk þ 1� sÞ! (2.19)

with C0
kþ1 ¼ 1 and s! ¼ 1� 2� � � � � s.

The G-functionG
ðk;aÞ
@Oij

is the time rate ofG
ðk�1;aÞ
@Oij

. If a flow contacting with @Oij at

time tm (i.e., x
ðaÞ
m
 ¼ x

ð0Þ
m ) and tnT@Oij

� nT@Oij
, the kth-order G-function is
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G
ðk;aÞ
@Oij
ðxm; tm
; pa; λÞ

¼
Xkþ1

r¼1 C
r
kþ1D

kþ1�r
0 nT@Oij

� drxðaÞ

dtr
� drxð0Þ

dtr

� 
����
ðxð0Þm ;x

ðaÞ
m
;tm
Þ

¼
Xkþ1

r¼1 C
r
kþ1D

kþ1�r
0 nT@Oij

� ½Dr�1
a FðxðaÞ; t; paÞ

� Dr�1
0 Fð0Þðxð0Þ; t; λÞ	jðxð0Þm ;x

ðaÞ
m
;tm
Þ

(2.20)

For k ¼ 0, one obtains

G
ðk;aÞ
@Oij
ðxm; tm
; pa; λÞ ¼ G

ðaÞ
@Oij
ðxm; tm
; pa; λÞ: (2.21)

From now on, n@Oij
ðxð0ÞÞ � n@Oij

ðxð0Þ; t; λÞ.

2.3 Passable Flows

Compared to the continuous dynamical systems, discontinuous dynamical systems

possess many passable flows to the boundary@Oij becauseG
ðiÞ
@Oij
6¼ G

ð jÞ
@Oij

. A passable

flow to a specific boundary is discussed first, as sketched in Fig. 2.3. xðiÞðtÞ and
xð jÞðtÞ represent the real flows in domains Oi and Oj , respectively. They are

depicted by thin solid curves. x
ð jÞ
i ðtÞ and xðiÞj ðtÞ are the imaginary flows in domains

Oi and Oj , respectively, controlled by the vector fields on Oj and Oi . Such

imaginary flows are depicted by dashed curves. The hollow circles are switching

points, and filled circles are starting points. The detail discussion of the real

and imaginary flows can be found from Luo [4, 5]. The flow on the boundary is

described byxð0ÞðtÞ. The normal and tangential vectorsn@Oij
and t@Oij

on the boundary

are depicted. The passable flow to a specific boundary is defined as follows.

Definition 2.11 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	. Suppose
xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ. The flow xðiÞðtÞ and xð jÞðtÞ to the boundary @Oij is semi-
passable from domain Oi to Oj if

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oij
! Oj

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9=;for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.22)
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Since flow properties in domains Oi and Oj are different at point ðtm; xmÞ;
G
ðiÞ
@Oij
6¼ G

ð jÞ
@Oij

to @Oij. The necessary and sufficient conditions for such a passable

flow on @Oij from domain Oi to Oj are given as follows.

Theorem 2.1 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an

xn2

xn1

xn

xn2

xn1

xn

x( j)(t)

x(0)(t)

x(i)(t)j

x( j)(t)

b

a

ix(i)(t)

n Ωij

t Ωij

Ωj

Ωij

Ωi

x( j)(t)

x(0)(t)

x(i)(t)j

x( j)(t)i

x(i)(t)

n Ωij

Ωj

Ωij

Ωit Ωij

Fig. 2.3 Passable flows: (a) fromOi toOj with the ð2ki : 2kjÞ-order and (b) fromOj toOi with the

ð2kj : 2kiÞ-order. Real flowsxðiÞðtÞ andxðjÞðtÞ in domainsOi andOj are depicted by thin solid curves,

respectively. Imaginary flows x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ in domains Oi and Oj , which are defined by the

vector fields inOj andOi are depicted by dashed curves, respectively. The flow on the boundary is

described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the boundary are depicted.

Hollow circles are for switching points on the boundary and filled circles are for starting points

ðn1 þ n2 þ 1 ¼ n)
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arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	. Suppose
xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ. Two flows xðiÞðtÞ and xð jÞðtÞ are Cri

½tm�e;tmÞ and C
rj
ðtm;tmþe	-

continuous for time t, respectively, and jjdraþ1xðaÞ=dtraþ1jj<1 (ra � 1, a ¼ i; j).
The flow xðiÞðtÞ and xð jÞðtÞ to the boundary @Oij is semi-passable from domainOi to
Oj if and only if

either
G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ> 0

G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ> 0

9=; for n@Oij
! Oj;

or
G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ< 0

G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ< 0

9=; for n@Oij
! Oi:

(2.23)

Proof For a point xm 2 @Oij, suppose x
ðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ. Two flows xðiÞðtÞ

and xð jÞðtÞ are Cri
½tm�e;tmÞ and C

rj
ðtm;tmþe	 -continuous ( ra � 1 , a ¼ i; j ) for time t.

jj€xðaÞðtÞjj<1 for 0< e<< 1. For a 2 ½tm�e; tm�Þor a 2 ðtmþ; tmþe	, the Taylor series
expansions of xðaÞðtm
eÞ with tm
e ¼ tm 
 e (a 2 fi; jg) to xðaÞðaÞ give

x
ðaÞ
m
e � xðaÞðtm
 
 eÞ ¼ xðaÞðaÞ þ _xðaÞðaÞðtm
 
 e� aÞ þ oðtm
 
 e� aÞ;

As a! tm
, taking the limit of the foregoing equation leads to

x
ðaÞ
m
e � xðaÞðtm
 
 eÞ ¼ xðaÞðtm
Þ þ _xðaÞðtm
Þð
eÞ þ oð
eÞ;

With Eq. (2.1), one obtains

x
ðaÞ
m
e ¼ xðaÞðtm
Þ þ FðaÞðtm
Þð
eÞ þ oð
eÞ;

In a similar fashion, the flow on the boundary is expressed by

x
ð0Þ
m
e � xð0Þðtm
 
 eÞ ¼ xð0Þðtm
Þ þ _xð0Þðtm
Þð
eÞ þ oð
eÞ;
¼ xð0Þðtm
Þ þ Fð0Þðtm
Þð
eÞ þ oð
eÞ;

n@Oij
ðxð0Þm Þ ¼ n@Oij

ðxð0Þm Þ þ D0n@Oij
ðxð0Þm Þð
eÞ þ oð
eÞ:

The ignorance of the e2-term and high order terms, the deformation of the above

equation and left multiplication of n@Oij
gives

nT@Oij
ðxð0Þm�eÞ � ½xðiÞm�e � xð0Þm�e	 ¼ nT@Oij

ðxð0Þm Þ � ½xðiÞm� � xð0Þm 	 � eGðiÞ@Oij
ðxm; tm; pi; λÞ;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	 ¼ nT@Oij

ðxð0Þm Þ � ½xð jÞmþ � xð0Þm 	 þ eGð jÞ@Oij
ðxm; tm; pj; λÞ:
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Because of x
ðaÞ
m
 ¼ x

ð0Þ
m ¼ xm, the foregoing equation becomes

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	 ¼ eGðiÞ@Oij

ðxm; tm�; pi; λÞ;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	 ¼ eGð jÞ@Oij

ðxm; tmþ; pj; λÞ:

With Eq. (2.23), the foregoing equation gives Eq. (2.22). Using Eq. (2.22),

Eq. (2.23) can be obtained. This theorem is proved. □

In general, the G-function in Section 2.2 is used to describe the ð2ki : 2kjÞ-semi-

passable flow and theð2ki : 2kj � 1Þ-semi-passable flow to the boundary.Without any

switching law or transport law on the boundary, the two semi-passable flow can be

described by the ð2ki : mjÞ-semi-passable flow (ki;mj 2 N). However, in Luo [5, 6],

the semi-passable flowwith the higher order singularity to the boundarywas discussed

only for either the plane boundary surface or the higher order contact of the flow and

the boundary surface.

Definition 2.12 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ. For an
arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	. Suppose
xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ. A flow xðiÞðtÞ is Cri

½tm�e;tmÞ continuous for time t with

jjdriþ1xð jÞ=dtriþ1jj < 1 (ri � 2ki þ 1), and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-continuous

with jjdrjþ1xð jÞ=dtrjþ1jj < 1 (rj � mj þ 1). The flow xðiÞðtÞ of the ð2kiÞth-order
and xð jÞðtÞ of the mjth-order to the boundary @Oij is ð2ki : mjÞ-semi-passable from
domain Oi to Oj if

G
ðs;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for s ¼ 0; 1; � � �; 2ki � 1

G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ 6¼ 0;

9=; (2.24)

G
ðs; jÞ
@Oij
ðxm; tmþ; pj; λÞ ¼ 0 for s ¼ 0; 1; � � �;mj � 1

G
ðmj; jÞ
@Oij
ðxm; tmþ; pj; λÞ 6¼ 0;

9=; (2.25)

either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9>=>; for n@Oij
! Oj

or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9>=>; for n@Oij
! Oi:

9>>>>>>>>>=>>>>>>>>>;
(2.26)
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Ifmj ¼ 2kj, the ð2ki : 2kjÞ-passable flow can be sketched as in Fig. 2.3. However,

formj ¼ 2kj � 1, the ð2ki : 2kj � 1Þ-passable flow from domainOi toOj is sketched

in Fig. 2.4a. The tangential flow of the ð2kj � 1Þth -order exists in domain Oj .

xn2
a

b

xn1

xn

x( j)(t)

x(0)(t)

x(i)(t)j

x(i)(t)

n Ωij

t Ωij

Ωj

Ωij

Ωi

xn2

xn1

xn

x( j)(t)

x(0)(t)

x(i)(t)

n Ωij

Ωj

Ωij

Ωi

x( j)(t)i

t Ωij

Fig. 2.4 Passable flows: (a) from Oi to Oj with ð2ki : 2kj � 1Þ-order and (b) from Oj to Oi with

ð2kj : 2kj � 1Þ-order. Real flows xðiÞðtÞ and xðjÞðtÞ in Oi and Oj are depicted by thin solid curves,

respectively. Imaginary flows x
ð jÞ
i ðtÞ and xðiÞj ðtÞ in Oi and Oj, which are defined by vector fields in

Oj andOi, are depicted by the dashed curves, respectively. The flow on the boundary is described

by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the boundary are depicted. Dotted
curves represent tangential flows before time tmþ. Hollow circles are for switching points on the

boundary, and filled circles are for starting points (n1 þ n2 þ 1 ¼ n)
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The dotted curves represent the tangential curves to the boundary for time

t 2 ½tm�e; tmÞ. The starting point of the flow is ðtm�e; xðiÞm�eÞ in domain Oi. If the flow

arrives to the point ðtm; xmÞ of the boundary @Oij, the flow will follow the tangential

flow in domain Oj . The ð2kj : 2ki � 1Þ -passable flow from domain Oj to Oi is

presented in Fig. 2.4b with the same behavior as in Fig. 2.4a. So, a new semi-

passable flow is formed as the post-transversal, tangential flow discussed in Luo

[5, 6]. From the definition of the ð2ki : mjÞ -passable flow, the corresponding

necessary and sufficient conditions can be given by the following theorem.

Theorem 2.2 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For
an arbitrarily small e> 0 , there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	 .
Suppose xðiÞðtm�Þ¼ xm¼ xð jÞðtmþÞ. A flowxðiÞðtÞ isCr

½tm�e;tmÞ continuous for time t with

jjdriþ1xðiÞ=dtriþ1jj<1 (ri� 2kiþ1), and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-continuous with

jjdrjþ1xð jÞ=dtrjþ1jj<1 (rj�mjþ1). The flow xðiÞðtÞof the ð2kiÞth-order and xð jÞðtÞ of
themjth-order to the boundary@Oij is ð2ki :mjÞ-semi-passable from domainOi toOj if
and only if

G
ðs;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for s ¼ 0; 1; � � �; 2ki � 1; (2.27)

G
ðs;jÞ
@Oij
ðxm; tmþ; pj; λÞ ¼ 0 for s ¼ 0; 1; � � �;mj � 1; (2.28)

either
G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ> 0

G
ðmj;jÞ
@Oij
ðxm; tmþ; pj; λÞ> 0

9=; for n@Oij
! Oj

or
G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ< 0

G
ðmj;jÞ
@Oij
ðxm; tmþ; pj; λÞ< 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.29)

Proof For a point xm 2 @Oij, suppose x
ðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ. The flow xðiÞðtÞ is

Cri
½tm�e;tmÞ-continuous (ri � 2ki þ 1) for time t and jjdriþ1xðiÞ=dtriþ1jj<1. The flow

xð jÞðtÞ is Crj
ðtm;tmþe	-continuous for time t, and jjdrjþ1xð jÞ=dtrjþ1jj<1 (rj � mj þ 1).

Equations (2.27) and (2.28) are identical to the first equations of Eqs. (2.24) and

(2.25), respectively. Equation (2.29) implies the second equations of Eqs. (2.24)

and (2.25). For a 2 ½tm�e; tm�Þ or b 2 ðtmþ; tmþe	, the Taylor series of xðiÞðtm�eÞ and
xð jÞðtmþeÞ at xðiÞðaÞ and xð jÞðbÞ up to the e2kiþ1 and emjþ1-terms give

xðiÞm�e � xðiÞðtm� � eÞ

¼ xðiÞðaÞ þ
X2ki

s¼1
1

s!

dsxðiÞ

dts

����
t¼a
ðtm� � e� aÞs

þ 1

ð2ki þ 1Þ!
d2kiþ1xðiÞ

dt2kiþ1

����
t¼a
ðtm� � e� aÞ2kiþ1 þ oððtm� � e� aÞ2kiþ1Þ;
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x
ð jÞ
mþe � xð jÞðtmþ þ eÞ

¼ xð jÞðbÞ þ
Xmj

s¼1
1

s!

dsxð jÞ

dts

����
t¼b

�
tmþ þ e� bÞs

þ 1

mj!

dmjþ1xðjÞ

dtmjþ1

����
t¼b
ðtmþ þ e� bÞmjþ1 þ oððtmþ þ e� bÞmjþ1Þ;

As a! tm� and b! tmþ, taking the limit of the foregoing equations leads to

xðiÞm�e � xðiÞðtm� � eÞ

¼ xðiÞðtm�Þ þ
X2ki

s¼1
1

s!

dsxðiÞ

dts

����
t¼tm�
ð�eÞs þ 1

ð2ki þ 1Þ!
d2kiþ1xðiÞ

dt2kiþ1

����
t¼tm�
ð�eÞ2kiþ1

þ oðð�eÞ2kiþ1Þ
¼ xðiÞðtm�Þ þ

X2ki

s¼1
1

s!
Ds�1

i FðiÞðtm�Þð�eÞs þ 1

ð2ki þ 1Þ!D
2ki
i FðiÞðtm�Þð�eÞ2kiþ1

þ oðð�eÞ2kiþ1Þ;

x
ðjÞ
mþe�xðjÞðtmþþeÞ

¼xðjÞðtmþÞþ
Xmj

s¼1
1

mj!

dsxðjÞ

dts

����
t¼tmþ

esþ 1

ðmjþ1Þ!
dmjþ1xðiÞ

dtmjþ1

����
t¼tmþ

emjþ1þoðemjþ1Þ

¼xðjÞðtmþÞþ
Xmj

s¼1
1

mj!
Ds�1

j FðjÞðtmþÞesþ 1

ðmjþ1Þ!D
mj

j FðjÞðtmþÞemjþ1þoðemjþ1Þ:

In a similar fashion, one obtains

xð0Þm�e � xð0Þðtm � eÞ

¼ xð0ÞðtmÞ þ
X2ki

s¼1
1

s!

dsxð0Þ

dts

����
t¼tm
ð�eÞs þ 1

ð2ki þ 1Þ!
d2kiþ1xð0Þ

dt2kiþ1

����
t¼tm
ð�eÞ2kiþ1

þ oðð�eÞ2kiþ1Þ
¼ xð0ÞðtmÞ þ

X2ki

s¼1
1

s!
Ds�1

0 Fð0ÞðtmÞð�eÞs þ 1

ð2ki þ 1Þ!D
2ki
0 Fð0ÞðtmÞð�eÞ2kiþ1

þ oðð�eÞ2kiþ1Þ;

x
ð0Þ
mþe � xð0Þðtm þ eÞ

¼ xð0ÞðtmÞ þ
Xmj

s¼1
1

s!

dsxð0Þ

dts

����
t¼tm

esþ 1

ðmjþ 1Þ!
dmjþ1xð0Þ

dtmjþ1

����
t¼tm

emjþ1þ oðemjþ1Þ

¼ xð0ÞðtmÞ þ
Xmj

s¼1
1

s!
Ds�1

0 Fð0ÞðtmÞes þ 1

ðmjþ 1Þ!D
mj

0 Fð0ÞðtmÞemjþ1þ oðemjþ1Þ;
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and

n@Oij
ðxð0Þm�eÞ ¼ n@Oij

ðxð0Þm Þ þ
X2ki

s¼1
1

s!
Ds

0n@Oij
ðxð0Þm Þð�eÞs

þ 1

ð2ki þ 1Þ!D
2kiþ1
0 n@Oij

ðxð0Þm Þð�eÞ2kiþ1 þ oðð�eÞ2kiþ1Þ;

n@Oij
ðxð0ÞmþeÞ ¼ n@Oij

ðxð0Þm Þ þ
Xmj

s¼1
1

s!
Ds

0n@Oij
ðxð0Þm Þes

þ 1

ðmj þ 1Þ!D
mjþ1
0 n@Oij

ðxð0Þm Þemjþ1 þ o emjþ1� 	
:

The ignorance of the e2kiþ2 and emjþ2-terms and high order terms, the deformation of

the above equation and left multiplication of n@Oij
gives

nT@Oij
ðxð0Þm�eÞ � ½xðiÞm�e � xð0Þm�e	

¼ nT@Oij
ðxð0Þm Þ � ½xðiÞm� � xð0Þm 	 þ

X2ki

s¼0
1

s!
ð�eÞsGðs�1; iÞ@Oij

ðxm; tm�; pi; λÞ

þ 1

ð2ki þ 1Þ! ð�eÞ
2kiþ1Gð2ki; iÞ@Oij

ðxm; tm�; pi; λÞ;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	

¼ nT@Oij
ðxð0Þm Þ � ½xð jÞmþ � xð0Þm 	 þ

Xmj

s¼1
1

s!
esGðs�1; jÞ@Oij

ðxm; tmþ; pj; λÞ

þ 1

ðmj þ 1Þ! e
mjþ1Gðmj; jÞ

@Oij
ðxm; tmþ; pj; λÞ:

Because of x
ðaÞ
m
 ¼ x

ð0Þ
m ¼ xm, with Eqs. (3.35) and (3.36), one obtains

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	 ¼

1

ð2ki þ 1Þ! ð�1Þ
2kiþ2e2kiþ1Gð2ki;iÞ@Oij

ðxm; tm�; pi; λÞ;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	 ¼

1

ðmj þ 1Þ! e
mjþ1Gðmj;jÞ

@Oij
ðxm; tmþ; pj; λÞ:

With Eq. (2.29), the foregoing equation gives Eq. (2.26). On the other hand, using

Eq. (2.26), the foregoing equation gives Eq. (2.29). The proof is completed. □

2.4 Non-passable Flows

In this section, non-passable flows to a specific boundary will be discussed as in

Luo [3, 7]. The initial discussion on such an issue can be found in Luo [5, 6]. The

ð2ki : 2kjÞ-non-passable flows are sketched in Fig. 2.5 for a better understanding of

26 2 Discontinuity and Local Singularity



non-passable flows. The non-passable flows are called the full non-passable flows
because the flows on both sides of the boundary will approach or leave the

boundary. If a flow only on one side of the boundary approaches or leaves

the boundary, but the flow on the other side does not exist or is not defined, this

xn2

xn1

xn

xn2

xn1

xn

x( j)(t)

x(0)(t)

x(i)(t)j

x( j)(t)i
x(i)(t)

n Ωij

t Ωij

Ωj

Ωi

Ωij

x( j)(t)

x(0)(t)

x(i)(t)j

x( j)(t)i
x(i)(t)

n Ωij

t Ωij

Ωj

Ωi

Ωij

a

b

Fig. 2.5 The ð2ki : 2kjÞ-non-passable flows: (a) the first kind (sink flows) and (b) the second kind
(source flows). xðiÞðtÞ and xðjÞðtÞ represent real flows in domainsOi andOj, respectively, which are

depicted by thin solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ represent imaginary flows in domains Oi and Oj,

respectively, controlled by the vector fields inOj andOi, which are depicted by dashed curves. The

flow on the boundary is described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the

boundary are depicted. Hollow circles are for sink and source points on the boundary, and filled
circles are for starting points (n1 þ n2 þ 1 ¼ n)
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flow to the boundary is called the half-non-passable flow. The full non-passable

flow of the first kind (sink flows) and the full non-passable flow of the second kind

(source flows) are sketched in Fig. 2.5a and b, respectively. The half-sink and half-

source flow to the boundary will be discussed later.

Definition 2.13 For a discontinuous dynamic system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For
an arbitrarily small e> 0, there is a time interval ½tm�e; tmÞ. Suppose xðaÞðtm�Þ ¼
xm ða ¼ i; j ). The flow xðiÞðtÞ and xð jÞðtÞ to the boundary @Oij is non-passable of

the first kind (or called a sink flow) if

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðiÞ
m�e	> 0

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ð jÞ
m�e	< 0

9=;for n@Oij
! Oj

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðiÞ
m�e	< 0

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ð jÞ
m�e	> 0

9=;for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.30)

From the foregoing definition, the sufficient and necessary conditions for the

sink flow in Eq. (2.1) can be developed through the following theorem.

Theorem 2.3 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For
an arbitrarily small e> 0, there is a time interval ½tm�e; tmÞ. Suppose xðaÞðtm�Þ ¼
xm ða ¼ i; j). A flow xðaÞðtÞ are Cra

½tm�e;tmÞ-continuous (ra � 1, a ¼ i; j) for time t with

jjdraþ1xðaÞ=dtraþ1jj<1 . The flow xðiÞðtÞ and xð jÞðtÞ to the boundary @Oij is
non-passable of the first kind (or a sink flow) if and only if

either
G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ> 0

G
ð jÞ
@Oij
ðxm; tm�; pj; λÞ< 0

9=; for n@Oij
! Oj;

or
G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ< 0

G
ð jÞ
@Oij
ðxm; tm�; pj; λÞ> 0

9=; for n@Oij
! Oi:

(2.31)

Proof The proof is similar to the proof of Theorem 2.1. □

If the boundary@Oij is independent of time, using Eq. (2.14), the above theorem is

identical to results in Luo [5, 6] owing to the zero-order contact between the flow

and boundary. However, in Luo [5, 6], a theory for the non-passable flow with the

ð2ki : 2kjÞ higher order singularity (ka 2 N , a ¼ i; j ) is only valid for the plane
boundary and the ð2kaÞth-contact between the boundary @Oij and the flow xðaÞ in
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the domain Oa (a ¼ i; j ), which will be discussed later. As in Luo [3, 7], with

the higher order singularity of a flow to the boundary, a generalized theory for the

ð2ki : 2kjÞ-non-passable flow will be discussed herein.

Definition 2.14 For a discontinuous dynamic system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For
an arbitrarily small e> 0, there is a time interval ½tm�e; tmÞ. Suppose xðaÞðtm�Þ ¼
xm ða ¼ i; j). A flow xðaÞðtÞ is Cra

½tm�e;tmÞ-continuous (ra � 2ka þ 1, a ¼ i; j) for time

t with jjdraþ1xðaÞ=dtraþ1jj<1. The flow xðiÞðtÞof the ð2kiÞth-order and xð jÞðtÞof the
ð2kjÞth-order to the boundary @Oij is ð2ki : 2kjÞ-non-passable of the first kind

(or called a ð2ki : 2kjÞ-sink flow) if

G
ðsa;aÞ
@Oij
ðxm; tm�; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � � ; 2ka � 1

G
ð2ka;aÞ
@Oij

ðxm; tm�; pa; λÞ 6¼ 0 ða ¼ i; jÞ;

9=; (2.32)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	< 0

9=;for n@Oij
! Oj

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	> 0

9=;for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.33)

Theorem 2.4 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ( a ¼ i; j ).
For an arbitrarily small e> 0 , there is a time interval ½tm�e; tmÞ . Suppose

xðaÞðtm�Þ ¼ xm ða ¼ i; j ). A flow xðaÞðtÞ is Cra
½tm�e;tmÞ -continuous ( ra � 2ka þ 1 ,

a ¼ i; j ) for time t with jjdraþ1xðaÞ=dtraþ1jj<1 . The flow xðiÞðtÞ of the ð2kiÞth
order and xð jÞðtÞ of the ð2kjÞ th order to the boundary @Oij is ð2ki : 2kjÞ-non-
passable of the first kind (or a ð2ki : 2kjÞ-sink flow) if and only if

G
ðsa;aÞ
@Oij
ðxm; tm�; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 1 and a ¼ i; j; (2.34)

either
G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ> 0

G
ð2kj;jÞ
@Oij
ðxm; tm�; pj; λÞ< 0

9=;for n@Oij
! Oj

or
G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ< 0

G
ð2kj;jÞ
@Oij
ðxm; tm�; pj; λÞ> 0

9=;for n@Oij
! Oi:

(2.35)

Proof The proof is similar to the proof of Theorem 2.2. □
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Definition 2.15 For a discontinuous dynamic system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ( a ¼ i; j ).
For an arbitrarily small e> 0 , there is a time interval ðtm; tmþe	: Suppose

xðaÞðtmþÞ ¼ xm ða ¼ i; j ). The flow xðiÞðtÞ and xð jÞðtÞ to the boundary @Oij is

non-passable of the second kind (or called a source flow) if

either
nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oij
! Oj

or
nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9=;for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.36)

Theorem 2.5 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ( a ¼ i; j ).
For an arbitrarily small e> 0 , there is a time interval ðtm; tmþe	: Suppose

xðaÞðtmþÞ ¼ xm ða ¼ i; j). A flow xðaÞðtÞ is Cra
ðtm;tmþe	 -continuous (ra � 1) for time

t with jjdraþ1xðaÞ=dtraþ1jj<1. The flow xðiÞðtÞ and xð jÞðtÞ to the boundary @Oij is
non-passable of the second kind (or a source flow) if and only if

either
G
ðiÞ
@Oij
ðxm; tmþ; pi; λÞ< 0

G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ> 0

9=; for n@Oij
! Oj;

or
G
ðiÞ
@Oij
ðxm; tmþ; pi; λÞ> 0

G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ< 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.37)

Proof The proof is similar to the proof of Theorem 2.1. □

Definition 2.16 For a discontinuous dynamic system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ .
For an arbitrarily small e> 0 , there is a time interval ðtm; tmþe	 . Suppose

xðaÞðtmþÞ ¼ xm ða ¼ i; jÞ. A flow xðaÞðtÞ is Cra
ðtm;tmþe	-continuous ðra � ma þ 1,a ¼ i;

jÞ for time twith jjdraþ1xðaÞ=dtraþ1jj<1. The flowxðiÞðtÞof themith-order andx
ð jÞðtÞ

of the mjth-order to the boundary @Oij is ðmi : mjÞ-non-passable of the second kind

(or called an ðmi : mjÞ-source flow) if

G
ðsi;iÞ
@Oij
ðxm; tmþ; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �;mi � 1

G
ð2ki;iÞ
@Oij
ðxm; tmþ; pi; λÞ 6¼ 0;

9=; (2.38)
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G
ðsj;jÞ
@Oij
ðxm; tmþ; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �;mj � 1

G
ð2kj;jÞ
@Oij
ðxm; tmþ; pj; λÞ 6¼ 0;

9=; (2.39)

either
nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oij
! Oj

or
nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9=;for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.40)

Note that for ma ¼ 2ka (a ¼ i; j), the ð2ki : 2kjÞ-source flow is obtained, which

corresponds to the ð2ki : 2kjÞ-sink flow. Ifma ¼ 2ka � 1 andmb ¼ 2kb (a; b 2 fi; jg
and b 6¼ a ) or mb ¼ 2kb � 1 (b 2 fi; jg ), because the source flow is from the

boundary, three ð2ki : 2kj � 1Þ;ð2ki � 1 : 2kjÞ; and ð2ki � 1 : 2kj � 1Þ source flows
exist. However, the corresponding sink flows cannot be formed. Such source

flows are relative to tangential flows, which will be discussed later. The question

is which domain the flow will go into. If a source flow is exactly on the boundary,

the source flow will keep on the boundary. However, if the flow just has a little bit

perturbation on one of two domains (e.g., domain Oa , a 2 fi; jg), the source flow

will get into the domain Oa with the corresponding flow of the math-order. In fact,

such a perturbed source flow is independent of the order of flow singularity to the

boundary in another domain. One may say that the behavior of source flow is

sensitive to the small perturbation in the vicinity of the boundary. Such a property

is similar to the saddle or source points in continuous dynamical systems. However,

the sink flow to the boundary is stabilized to the small perturbation to the boundary,

which means the sink flow will be on the boundary whatever the perturbation of the

sink flow is on the boundary or one of two domains. For a better explanation of

the source flow, the four source flows are sketched in Figs. 2.6 and 2.7. Solid and

dashed curves are for real and imaginary source flows. Dotted curves represent

coming flows relative to the corresponding source flows to the boundary. In Fig. 2.6,

ð2ki : 2kjÞ and ð2ki � 1 : 2kj � 1Þ source flows are presented. In fact, the source flow
does not have any coming flow except for the source flow existing on the boundary.

For a ð2ki : 2kjÞ-source flow, the incoming flow is the imaginary flow, and for a

ð2ki � 1 : 2kj � 1Þ-source flow, the imagined, coming flow relative to the source

flow is in the same domain. As in the ð2ki : 2kjÞ-sink flow, the ð2ki : 2kjÞ-source
flow does not have any grazing properties to the boundary. However, the ð2ki � 1 :
2kj � 1Þ -source flow possesses the grazing characteristics. Because the grazing

source flows are not important for the flow passability to the boundary, the

properties of grazing source flows will not be discussed in this section. In

Fig. 2.7, the ð2ki : 2kj � 1Þ and ð2ki � 1 : 2kjÞ-source flows are presented. From

the foregoing definition, the sufficient and necessary conditions for the ðmi : mjÞ-
source flow in Eq. (2.1) can be developed as follows.
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Theorem 2.6 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ .
For an arbitrarily small e > 0 , there is a time interval ðtm; tmþe	 . Suppose

xðaÞðtmþÞ ¼ xm ða ¼ i; j ). A flow xðaÞðtÞ is Cra
ðtm;tmþe	 -continuous for time t with

jjdraþ1xðaÞ=dtraþ1jj<1ðra � ma þ 1,a ¼ i; j). The flowxðiÞðtÞof themith-order and
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Fig. 2.6 Source flows: (a) the ð2ki : 2kjÞ-source flows and (b) the ð2ki � 1 : 2kj � 1Þ-source flows.
xðiÞðtÞ and xðjÞðtÞ represent real flows in domainsOi andOj, respectively, which are depicted by thin

solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ represent imaginary flows in domains Oi and Oj , respectively,

controlled by the vector fields in Oj and Oi, which are depicted by dashed curves. The flow on the

boundary is described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the boundary

are depicted. Hollow circles are for source points on the boundary (n1 þ n2 þ 1 ¼ n)
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xð jÞðtÞ of the mjth-order to the boundary @Oij is ðmi : mjÞ-non-passable of the
second kind (or ðmi : mjÞ-source flow) if and only if

G
ðsi;iÞ
@Oij
ðxm; tmþ; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �;mi � 1; (2.41)
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Fig. 2.7 Source flows: (a) the ð2ki � 1 : 2kjÞ source flows and (b) the ð2ki : 2kj � 1Þ-source flows.
xðiÞðtÞ and xðjÞðtÞ represent real flows in domains Oi and Oj, respectively, which are depicted by

thin solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ represent imaginary flows in domains Oi and Oj, respectively,

controlled by the vector fields in Oj and Oi, which are depicted by dashed curves. The flow on the

boundary is described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the boundary

are depicted. Hollow circles are for source points on the boundary (n1 þ n2 þ 1 ¼ n)
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G
ðsj;jÞ
@Oij
ðxm; tmþ; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �;mj � 1; (2.42)

either
G
ðmi;iÞ
@Oij
ðxm; tmþ; pi; λÞ< 0

G
ðmj;jÞ
@Oij
ðxm; tmþ; pj; λÞ> 0

9=; for n@Oij
! Oj

or
G
ðmi;iÞ
@Oij
ðxm; tmþ; pi; λÞ> 0

G
ðmj;jÞ
@Oij
ðxm; tmþ; pj; λÞ< 0

9=; for n@Oij
! Oi:

(2.43)

Proof The proof is similar to the proof of Theorem 2.2. □

Next, half-non-passable flows to the boundary will be discussed. The half-non-

passable flow of the first kind is termed a half-sink flow. A half-sink flow to the

boundary is sketched in Fig. 2.8. Such a half-sink flow in Oi is shown in Fig. 2.8a.

Only xðiÞðtÞ for time t 2 ½tm�e; tmÞ is a real flow, and imaginary flows x
ðiÞ
j ðtÞ for time

t 2 ½tm�e; tmþe	 and x
ð jÞ
i ðtÞ for time t 2 ðtm; tmþe	 are represented by dashed curves.

To the same boundary @Oij , a half-sink flow in Oj is sketched in Fig. 2.8b.

The coming flow xð jÞðtÞ for time t 2 ½tm�e; eÞ is only a real flow. The strict

mathematical description is given as follows.

Definition 2.17 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOaða ¼ i; jÞ. Suppose
xðiÞðtm�Þ ¼ xm ¼ x

ð jÞ
i ðtm
Þ . For an arbitrarily small e > 0 , there are two time

intervals ½tm�e; tmÞ and ½tm�e; tmþe	. A flow xðiÞðtÞ is Cri
½tm�e;tmÞ -continuous ðri � 2ki

þ1Þwith jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and an imaginary flow x
ð jÞ
i ðtÞ isCrj

½tm�e;tmþe	
-continuous (rj � 2kj) and jjdrjþ1xð jÞi =dtrjþ1jj<1. The flow xðiÞðtÞ of the ð2kiÞth-
order and x

ð jÞ
i ðtÞ of the ð2kj � 1Þth-order to the boundary @Oij is ð2ki : 2kj � 1Þ-half-

non-passable of the first kind in domain Oi (or called a ð2ki : 2kj � 1Þ-half-sink
flow) if

G
ðsi;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �; 2ki � 1

G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ 6¼ 0;

9=; (2.44)

G
ðsj;jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �; 2kj � 2

G
ð2kj�1;jÞ
@Oij

ðxm; tm
; pj; λÞ 6¼ 0;

9=; (2.45)

either nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0 for n@Oij

! Oj

or nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0 for n@Oij

! Oi;

)
(2.46)
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Fig. 2.8 The half-sink flows: (a) ð2ki : 2kj � 1Þ-order in Oi and (b) ð2kj : 2ki � 1Þ-order in Oj .

xðiÞðtÞ and xðjÞðtÞ represent real flows in domainsOi andOj, respectively, which are depicted by thin

solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ represent imaginary flows in domains Oi and Oj , respectively,

controlled by the vector fields in Oj and Oi, which are depicted by dashed curves. The flow on the

boundary is described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

on the boundary

are depicted. Hollow circles are for sink points on the boundary and filled circles are for starting
points (n1 þ n2 þ 1 ¼ n)
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either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ð jÞ
iðm�eÞ	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞiðmþeÞ � x

ð0Þ
mþe	< 0

9=; for n@Oij
! Oj

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ð jÞ
iðm�eÞ	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞiðmþeÞ � x

ð0Þ
mþe	> 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.47)

Theorem 2.7 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j ).
Suppose xðiÞðtm�Þ ¼ xm ¼ x

ð jÞ
i ðtm
Þ. For an arbitrarily small e> 0, there are two

time intervals ½tm�e; tmÞ and ½tm�e; tmþe	 . A flow xðiÞðtÞ is Cri
½tm�e;tmÞ -continuous

ðri � 2ki þ 1Þwith jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and an imaginary flow x
ð jÞ
i ðtÞ

is C
rj
½tm�e;tmþe	-continuous ðrj � 2kjÞwith jjdrjþ1xð jÞi =dtrjþ1jj<1. The flowxðiÞðtÞof the

ð2kiÞth-order andxð jÞi ðtÞof theð2kj � 1Þth-order to the boundary@Oij isð2ki :2kj � 1Þ-
half-non-passable of the first kind in domain Oi (or a ð2ki : 2kj� 1Þ-half-sink flow) if
and only if

G
ðsi;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �; 2ki � 1; (2.48)

G
ðsj;jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �; 2kj � 2; (2.49)

either
G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ> 0

G
ð2kj�1;jÞ
@Oij

ðxm; tm
; pj; λÞ< 0

9=; for n@Oij
! Oj

or
G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ< 0

G
ð2kj�1;jÞ
@Oij

ðxm; tm
; pj; λÞ> 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.50)

Proof The proof is similar to the proof of Theorem 2.2. □

Before the half-non-passable flow of the second kind is discussed, the intuitive

illustration of the half-non-passable flow is sketched in Figs. 2.9 and 2.10 for a better

understanding of this concept. The half-non-passable flow of the second kind is

termed a half-source flow. The half-source flows in Oi are presented in Fig. 2.9a.

xðiÞðtÞ for time t 2 ðtm; tmþe	 is only a real flow. The imaginary flows x
ðiÞ
j ðtÞ for time

t 2 ½tm�e; tmþe	 and xð jÞi ðtÞ for time t 2 ½tm�e; tmÞ are represented by dashed curves. To
the same boundary@Oij, a half-source flow inOj is sketched in Fig. 2.9b. The leaving

flow xð jÞðtÞ for t 2 ðtm; tmþe	 is a real flow. Similarly, the ð2ki � 1 : 2kj � 1Þ-half-
source flow in domain Oi and Oj will be presented in Fig. 2.10a and b, respectively.
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Definition 2.18 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oaða ¼ i; jÞ:
For an arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ½tm�e; tmþe	.
Suppose xðaÞðtmþÞ ¼ xm ¼ x

ðbÞ
a ðtm
Þ: A flow xðaÞðtÞ is Cra

½tm�e;tmÞ -continuous for

time t with jjdraþ1xðaÞ=dtraþ1jj<1 (ra � ma þ 1), and an imaginary flow x
ðbÞ
a ðtÞ is

xn2
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x(i)(t)j
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Fig. 2.9 Half-source flows: (a) ð2ki : 2kj � 1Þ-order inOi and (b) ð2ki � 1 : 2kjÞ-order inOj. x
ðiÞðtÞ

and xðjÞðtÞ represent real flows in domains Oi and Oj , respectively, which are depicted by thin

solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ represent imaginary flows in domains Oi and Oj , respectively,

controlled by the vector fields in Oj and Oi, which are depicted by dashed curves. The flow on the

boundary is described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the boundary

are depicted. Hollow circles are for source points on the boundary (n1 þ n2 þ 1 ¼ n)
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C
rb
½tm�e;tmþe	 -continuous with jjdrbþ1x

ðbÞ
a =dtrbþ1jj<1 (rb � 2kb , b ¼ i; j and b 6¼ a).

TheflowxðaÞðtÞof themath-order andx
ðbÞ
a ðtÞof theð2kb � 1Þth-order to the boundary

@Oij is ðma : 2kb � 1Þ-half-non-passable of the second kind in domainOa (or called

an ðma : 2kb � 1Þ-half-source flow) if

G
ðsa;aÞ
@Oij
ðxm; tmþ; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �;ma � 1

G
ð2ka;aÞ
@Oij

ðxm; tmþ; pa; λÞ 6¼ 0;

9=; (2.51)
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Fig. 2.10 ð2ki � 1 : 2kj � 1Þ-half-source flows in: (a) domain Oi and (b) domain Oj . x
ðiÞðtÞ and

xðjÞðtÞ represent real flows in domains Oi and Oj , respectively, which are depicted by thin solid

curves. x
ðjÞ
i ðtÞ and xðiÞj ðtÞ represent imaginary flows in domains Oi and Oj, respectively, controlled

by the vector fields in Oj and Oi, which are depicted by dashed curves. The flow on the boundary

is described by xð0ÞðtÞ . The normal and tangential vectors n@Oij
and t@Oij

of the boundary are

depicted. Hollow circles are for source points on the boundary (n1 þ n2 þ 1 ¼ n)
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G
ðsb;bÞ
@Oij
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2

G
ð2kb�1;bÞ
@Oij

ðxm; tm
; pb; λÞ 6¼ 0;

9=; (2.52)

either nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	< 0 for n@Oij

! Ob

or nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	> 0 for n@Oij

! Oa;

9=; (2.53)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðbÞ
aðm�eÞ	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞaðmþeÞ � x

ð0Þ
mþe	< 0

9=; for n@Oij
! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðbÞ
aðm�eÞ	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞaðmþeÞ � x

ð0Þ
mþe	> 0

9=; for n@Oij
! Oa:

9>>>>>>>=>>>>>>>;
(2.54)

From the above definition, the necessary and sufficient conditions for such a

ðma : 2kb � 1Þ half-non-passable flow of the second kind (or ðma : 2kb � 1Þ half-
source flow) are stated in the following theorem.

Theorem 2.8 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ( a ¼ i; j ).
For an arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ½tm�e; tmþe	.
Suppose xðaÞðtmþÞ ¼ xm ¼ x

ðbÞ
a ðtm
Þ: A flow xðaÞðtÞ is Cra

½tm�e;tmÞ -continuous for

time t with jjdraþ1xðaÞ=dtraþ1jj<1 (ra � ma þ 1), and an imaginary flow x
ðbÞ
a ðtÞ is

C
rb
½tm�e;tmþe	-continuous with jjdrbþ1x

ðbÞ
a =dtrbþ1jj<1 (rb � 2kb). The flow xðaÞðtÞ of the

math-order and x
ðbÞ
a ðtÞof theð2kb � 1Þth-order to the boundary @Oij is ðma: 2kb � 1Þ

-half-non-passable of the second kind in domain Oa (or an ðma : 2kb � 1Þ-half-
source flow) if and only if

G
ðsa;aÞ
@Oij
ðxm; tmþ;pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �;ma � 1; (2.55)

G
ðsb;bÞ
@Oij
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2 (2.56)

either
G
ð2ka;aÞ
@Oij

ðxm; tmþ; pa; λÞ< 0

G
ð2kb�1;bÞ
@Oij

ðxm; tm
;pb; λÞ< 0

9=; for n@Oij
! Ob

or
G
ð2ka;aÞ
@Oij

ðxm; tmþ; pa; λÞ> 0

G
ð2ka;aÞ
@Oij

ðxm; tmþ; pa; λÞ> 0

9=; for n@Oij
! Oa:

9>>>>>>>=>>>>>>>;
(2.57)

Proof The proof is similar to the proof of Theorem 2.2. □
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2.5 Grazing Flows

The tangency of a flow to the boundary in a discontinuous dynamical system is

called the grazing, which also includes the imaginary flows tangential to the

boundary.

Definition 2.19 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ.
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg). For an arbitrarily small e> 0, there is a time

interval ½tm�e; tmþe	 . A flow xðaÞðtÞ is Cra
½tm�e;tmþe	 -continuous (ra � 2) for time t .

The flow xðaÞðtÞ in domain Oa is tangential to the boundary @Oij if

G
ðaÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0 and G

ð1;aÞ
@Oij
ðxm; tm; pa; λÞ 6¼ 0; (2.58)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	< 0

9=; for n@Oij
! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oij
! Oa:

(2.59)

Theorem 2.9 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ .
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg). For an arbitrarily small e> 0, there is a time

interval ½tm�e; tmþe	. A flow xðaÞðtÞ is Cr
½tm�e;tmþe	-continuous (r � 2) for time t with

jjdraþ1xðaÞ=dtraþ1jj<1. The flow xðaÞðtÞ in domainOa is tangential to the boundary
@Oij if and only if

G
ð0;aÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0 for a 2 fi; jg; (2.60)

either G
ð1;aÞ
@Oij
ðxm; tm; pa; λÞ< 0 for n@Oij

! Ob

or G
ð1;aÞ
@Oij
ðxm; tm;pa; λÞ> 0 for n@Oij

! Oa:
(2.61)

Proof Equation (2.60) is identical to Eq. (2.58), thus the condition in Eq. (2.58) is

satisfied, and vice versa. Suppose xðaÞðtm
Þ ¼ xm ða 2 fi; jgÞ and xðaÞðtÞ are

Cra
tm�e;tmþe½ 	-continuous ðra � 2Þ for time t and jjdraxðaÞ=dtra jj<1 ða 2 fi; jgÞ. For

a 2 ½tm�e; tmÞ or a 2 ðtm; tmþe	, the Taylor series expansion of xðaÞðtm
eÞ to xðaÞðaÞ up
to the third-order term gives
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x
ðaÞ
m
e � xðaÞ tm
 
 eð Þ
¼ xðaÞjt¼a þ _xðaÞjt¼aðtm
 
 e� aÞ þ 1

2!
€xðaÞjt¼aðtm
 
 e� aÞ2

þ oððtm
 
 e� aÞ2Þ:

As a! tm
, taking the limit of the foregoing equation leads to

x
ðaÞ
m
e � xðaÞðtm 
 eÞ ¼ x

ðaÞ
m
 
 _x

ðaÞ
m
eþ

1

2!
€x
ðaÞ
m
e

2 þ oðe2Þ:

In a similar fashion, we have

x
ð0Þ
m
e � xð0Þðtm 
 eÞ ¼ xð0Þm 
 _xð0Þm eþ 1

2!
€xð0Þm e2 þ oðe2Þ;

n@Oij
ðxð0Þm
eÞ � n@Oij

j
x
ð0Þ
m

 D0n@Oij

j
x
ð0Þ
m
eþ 1

2!
D2

0n@Oij
j
x
ð0Þ
m
e2 þ oðe2Þ:

The ignorance of the e3 and high order terms, the deformation of the above equation

and left multiplication of n@Oij
gives

nT@Oij
ðxð0Þm
eÞ � ½xðaÞm
e � x

ð0Þ
m
e	 ¼ nT@Oij

ðxð0Þm Þ � ½xðaÞm
 � xð0Þm 	

 eGð0;aÞ@Oij

ðxð0Þm ; x
ðaÞ
m
; tm; pa; λÞ

þ 1

2!
e2Gð1;aÞ@Oij

ðxð0Þm ; x
ðaÞ
m
; tm; pa; λÞ:

Due to x
ðaÞ
m
 ¼ x

ð0Þ
m ¼ xm and G

ð0;aÞ
@Oij
ðxð0Þm ; x

ðaÞ
m
; tm; pa; λÞ � G

ð0;aÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0,

the foregoing equation becomes

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	 ¼ �

1

2!
e2Gð1;aÞ@Oij

ðxm; tm; pa; λÞ;

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	 ¼

1

2!
e2Gð1;aÞ@Oij

ðxm; tm; pa; λÞ:

Using Eq. (2.61), Eq. (2.59) is obtained. On the other hand, using Eq. (2.59),

Eq. (2.61) is achieved. Therefore, this theorem is proved. □

Definition 2.20 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg). For an arbitrarily small e> 0, there is a time

interval ½tm�e; tmþe	 . A flow xðaÞðtÞ is Cra
½tm�e;tmþe	 -continuous ( ra � ka þ 1) with

jjdraþ1xðaÞ=dtraþ1jj<1 for time t. A flow xðaÞðtÞ inOa is tangential to the boundary
@Oij of the ð2ka � 1Þth-order if

G
ðsa;aÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � � ; 2ka � 2;

G
ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ 6¼ 0; (2.62)
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either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	< 0

9=;for n@Oij
! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oij
! Oa:

(2.63)

Theorem 2.10 For a discontinuous dynamical system in Eq. (2.1), there is a
point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg). For an arbitrarily small e> 0, there is a time

interval ½tm�e; tmþe	. A flow xðaÞðtÞ is Cra
½tm�e;tmþe	-continuous (ra � ka þ 1) for time t

with jjdraþ1xðaÞ=dtraþ1jj<1. A flow xðaÞðtÞ inOa is tangential to the boundary @Oij

of the ð2ka � 1Þth-order if and only if

G
ðsa;aÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2; (2.64)

either G
ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ< 0 for n@Oij
! Ob

or G
ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ> 0 for n@Oij
! Oa:

(2.65)

Proof Equation (2.64) is identical to Eq. (2.62), thus the condition in Eq. (2.64)

is satisfied, and vice versa. Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg ) and xðaÞðtÞ are

Cra
½tm�e;tmþe	-continuous (ra � 2ka þ 1) for time t and jjdraxðaÞ=dtra jj<1 (a 2 fi; jg).

For a 2 ½tm�e; tmÞ or a 2 ðtm; tmþe	; the Taylor series expansion of xðaÞðtm
eÞ to
xðaÞðaÞ up to the ð2ka þ 1Þth-order term gives

x
ðaÞ
m
e � xðaÞðtm
 
 eÞ

¼ xðaÞðaÞ þ
X2ka�1

sa¼1
1

sa!

dsaxðaÞ

dtsa

����
t¼a

:ðtm
 
 e� aÞsa þ 1

ð2kaÞ!
d2kaxðaÞ

dt2ka

����t¼a
� ðtm
 
 e� aÞ2ka þ oððtm
 
 e� aÞ2kaÞ:

As a! tm
, taking the limit of the foregoing equation leads to

x
ðaÞ
m
e � xðaÞðtm 
 eÞ

¼ x
ðaÞ
m
 þ

X2ka�1
sa¼1

1

sa!

dsaxðaÞ

dtsa

����
x
ðaÞ
m


:ð
eÞsa þ 1

ð2kaÞ!
d2kaxðaÞ

dt2ka

����
x
ðaÞ
m


:ð
eÞ2ka þ oðe2kaÞ:
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In a similar fashion, one obtains

x
ð0Þ
m
e � xð0Þðtm 
 eÞ

¼ xð0Þm þ
X2ka�1

sa¼1
1

sa!

dsaxð0Þ

dtsa

����xð0Þm
:ð
eÞsa þ 1

ð2kaÞ!
d2kaxð0Þ

dt2ka

����xð0Þm
:e2ka þ oðe2kaÞ;

n@Oij
ðxð0Þm
eÞ � n@Oij

ðxð0Þðtm
eÞÞ
¼ n@Oij

ðxð0Þm Þ þ
X2ka�1

sa¼1
1

sa!
Dsa

xð0Þn@Oij x
ð0Þ
m

��� ð
eÞsa

þ 1

ð2kaÞ!D
2ka
xð0Þn@Oij x

ð0Þ
m

��� e2ka þ oðe2kaÞ:

The ignorance of the e2kaþ1 and high order terms, the deformation of the above

equation and left multiplication of n@Oij
gives

nT@Oij
ðxð0Þm
eÞ � ½xðaÞm
e � x

ð0Þ
m
e	 ¼ nT@Oij

ðxð0Þm Þ � ½xðaÞm
 � xð0Þm 	

þ
X2ka�1

sa¼1
1

sa!
ð
eÞsaGðsa�1;aÞ@Oij

ðxð0Þm ; x
ðaÞ
m
; tm; pa; λÞ

þ 1

ð2kaÞ! e
2kaG

ð2ka�1;aÞ
@Oij

ðxð0Þm ; x
ðaÞ
m
; tm; pa; λÞ:

Due to x
ðaÞ
m
 ¼ x

ð0Þ
m ¼ xm and G

ðsa;aÞ
@Oij
ðxð0Þm ; x

ðaÞ
m ; tm; pa; λÞ � G

ðsa;aÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0

for sa ¼ 0; 1; � � �; 2ka � 2, the foregoing equation becomes

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	 ¼ �

1

ð2kaÞ! e
2kaG

ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ;

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	 ¼

1

ð2kaÞ! e
2kaG

ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ:

Using Eq. (2.63), Eq. (2.65) is obtained. However, using Eq. (2.65), equation (2.63)

is obtained. Therefore, this theorem is proved. □

The flow grazing bifurcation to the boundary can be determined by the

G-function G
ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ . In other words, the conditions for a flow

tangential to the boundary are G
ðsa;aÞ
@Oij
ðxm; tm; pa; λÞ ¼ 0 ( sa ¼ 0; 1; � � �; 2ka � 2)

and G
ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ< 0 (or G
ð2ka�1;aÞ
@Oij

ðxm; tm; pa; λÞ> 0) for the boundary

@Oijwithn@Oij
! Oj (orn@Oij

! Oi). To develop a uniform theory of the tangential

flow with the passable and non-passable flow, the imaginary flow tangency will

be introduced. To distinguish a real tangential flow from an imaginary tangential

flow, the tangency of a real flow to the boundary can be restated as follows.

Definition 2.21 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðiÞðtmþÞ ¼ xm ¼ x
ð jÞ
i ðtm
Þ . For an arbitrarily small e> 0 , there are two time
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intervals ½tm�e; tmÞand ½tm�e; tmþe	. A flowxðiÞðtÞ isCri
½tm�e;tmþe	-continuous (ri � 2ki þ 1)

for time t and jjdriþ1xðiÞ=dtriþ1jj<1 , and a flow xð jÞðtÞ is C
rj
½tm�e;tmÞ or C

rj
ðtm;tmþe	 -

continuous with jjdrjþ1xð jÞ=dtrjþ1jj<1 ( rj � 2kj ). The flow xðiÞðtÞ of the

ð2ki � 1Þth-order with xð jÞðtÞ of the ð2kjÞth-order to the boundary @Oij is a

ð2ki � 1 : 2kjÞ-tangential flow in domain Oi if

G
ðsi;iÞ
@Oij
ðxm; tm
; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �; 2ki � 2

G
ð2ki;iÞ
@Oij
ðxm; tm
; pi; λÞ 6¼ 0;

9=; (2.66)

G
ðsj;jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �; 2kj � 1

G
ð2kj�1;jÞ
@Oij

ðxm; tm
; pj; λÞ 6¼ 0;

9=; (2.67)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0

9=;for n@Oij
! Oj

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oij
! Oi;

(2.68)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	< 0 or

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9=; for n@Oij
! Oj

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	> 0 or

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9=; for n@Oij
! Oi:

(2.69)

To explain the foregoing definition, such a ð2ki � 1 : 2kjÞ-tangential flow to the

boundary @Oij in domainOi is sketched in Fig. 2.11a with source in domainOj and

(b) with sink in domain Oj . The ð2kj � 1 : 2kiÞ-tangential flow in domain Oj is

sketched in Fig. 2.12a with source in domain Oi and (b) with sink in domain Oi.

The sink and source flows are represented by the dotted curves. The tangential

flows are presented by solid curves. The dashed curves denote the imaginary

flows. If the starting point is on the flow xð jÞðtÞ (or x
ð jÞ
i ðtÞ ) in Fig. 2.11b (or

Fig. 2.12a), the passable flow from domain Oj to Oi (or Oj to Oi) is formed. Such

passable flows possess the post-higher-order singularity. From the above defini-

tion, the necessary and sufficient conditions for the tangential flow are given in the

following theorem.
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Theorem 2.11 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðiÞðtmþÞ ¼ xm ¼ x
ð jÞ
i ðtm
Þ. For an arbitrarily smalle> 0, there are two time intervals

½tm�e; tmÞand ½tm�e; tmþe	. A flowxðiÞðtÞ isCri
½tm�e;tmþe	-continuous (ri � 2ki þ 1) for time t

xn2

xn1

xn

xn2

xn1

xn

x( j)(t)

x(0)(t)

x( j)(t)i

x(i)(t)

n Ωij

t Ωij

Ωj

Ωi

Ωij

x( j)(t)

x(0)(t)

x( j)(t)i

x(i)(t)

n Ωij

t Ωij

Ωj

Ωi

Ωij

a

b

Fig. 2.11 The ð2ki � 1 : 2kjÞ-tangential flows in Oi: (a) with source in Oj and (b) with sink in Oj.

xðiÞðtÞ and xðjÞðtÞ represent real flows in domains Oi and Oj , depicted by thin solid and dotted

curves, respectively. x
ðjÞ
i ðtÞ represents imaginary flows in domain Oi , controlled by the vector

fields inOj, which are depicted by dashed curves. The flow on the boundary is described by xð0ÞðtÞ.
The normal and tangential vectors n@Oij

and t@Oij
on the boundary are depicted. Hollow circles are

for grazing points on the boundary and filled circles are for starting points (n1 þ n2 þ 1 ¼ n)

2.5 Grazing Flows 45



xn2

xn1

xn

xn2

xn1

xn

x( j)(t)

x(0)(t)

x(i)(t)j

x(i)(t)

n Ωij

t Ωij

Ωj

Ωi

Ωij

x( j)(t)

x(0)(t)

x(i)(t)j
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n Ωij
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Fig. 2.12 The ð2kj � 1 : 2kiÞ-tangential flows in Oj: (a) with sink in Oi and (b) with source in Oi:

xðiÞðtÞ and xðjÞðtÞ represent the real flows in domains Oi and Oj, depicted by dotted and thin solid

curves, respectively, and x
ðiÞ
j ðtÞ represents imaginary flows in domain Oj, controlled by the vector

fields inOi, which are depicted by dashed curves. The flow on the boundary is described by xð0ÞðtÞ.
The normal and tangential vectors n@Oij

and t@Oij
on the boundary are depicted. Hollow circles are

for grazing points on the boundary and filled circles are for starting points (n1 þ n2 þ 1 ¼ n)
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and jjdriþ1xðiÞ=dtriþ1jj<1, and a flow xð jÞðtÞ is Crj
½tm�e;tmÞ or C

rj
ðtm;tmþe	-continuous with

jjdrjþ1xð jÞ=dtrjþ1jj<1 (rj � 2kj). The flow xðiÞðtÞ of the ð2ki � 1Þth-order and xð jÞðtÞ
of the ð2kjÞth-order to the boundary @Oij is ð2ki�1 : 2kjÞ-tangential flow in domain
Oi if and only if

G
ðsi;iÞ
@Oij
ðxm; tm
; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �; 2ki � 2; (2.70)

G
ðsj;jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �; 2kj � 1; (2.71)

either

G
ð2ki�1;iÞ
@Oij

ðxm; tm
; pi; λÞ< 0

G
ð2kj;jÞ
@Oij
ðxm; tm�; pj; λÞ< 0 or

G
ð2kj;jÞ
@Oij
ðxm; tmþ;pj; λÞ> 0

9>=>;

9>>>>>=>>>>>;
for n@Oij

! Oj;

or

G
ð2ki�1;iÞ
@Oij

ðxm; tm
; pi; λÞ> 0

G
ð2kj;jÞ
@Oij
ðxm; tm�; pj; λÞ> 0 or

G
ð2kj;jÞ
@Oij
ðxm; tmþ;pj; λÞ< 0

9>=>;

9>>>>>=>>>>>;
for n@Oij

! Oi:

(2.72)

Proof The proof is similar to the proof of Theorem 2.2. □

The ð2ka � 1 : 2kb � 1Þ-tangential flows in domain Oa and Ob (a; b 2 fi; jg and

a 6¼ b) are sketched in Fig. 2.13 with the corresponding imaginary tangential flows.

The real tangential flows are presented by solid curves. Dashed curves denote the

imaginary tangential flows. The corresponding definition is given as follows.

Definition 2.22 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðaÞðtm
Þ ¼ xm ¼ x

ðbÞ
a ðtm
Þ (a; b 2 fi; jg and b 6¼ a). For an arbitrarily

small e> 0, there is a time interval ½tm�e; tmþe	. A flowxðaÞðtÞ isCra
½tm�e;tmþe	-continuous

(ra � 2ka) and jjdraþ1xðaÞ=dtraþ1jj<1 for time t, and an imaginary flow x
ðbÞ
a ðtÞ is

C
rb
½tm�e;tmþe	-continuous with jjdrbþ1x

ðbÞ
a =dtrbþ1jj<1 (rb � 2kb). The flow xðaÞðtÞ of

the ð2ka � 1Þth-order and xðbÞa ðtÞ of the ð2kb � 1Þth-order to the boundary @Oij is a

ð2ka � 1 : 2kb � 1Þ-tangential flow in domain Oa if

G
ðsa;aÞ
@Oab
ðxm; tm
; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2;

G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ 6¼ 0;
(2.73)

G
ðsb;bÞ
@Oab
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2;

G
ð2kb�1;bÞ
@Oab

ðxm; tm�; pb; λÞ 6¼ 0;
(2.74)
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Fig. 2.13 ð2ki � 1 : 2kj � 1Þ real and imaginary tangential flows in: (a) Oi and (b) Oj. x
ðiÞðtÞ and

xðjÞðtÞ represent the real flows in domains Oi and Oj, respectively, which are depicted by the thin

solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ represent the imaginary flows in domains Oi and Oj, respectively,

controlled by the vector fields in Oj and Oi, which are depicted by dashed curves. The flow on the

boundary is described by xð0ÞðtÞ. The normal and tangential vectors n@Oij
and t@Oij

of the boundary

are depicted. Hollow circles are for grazing points on the boundary, and filled circles are for

starting points (n1 þ n2 þ 1 ¼ n)
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either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðaÞ
m�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	< 0

9=;for n@Oab ! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðaÞ
m�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	> 0

9=;for n@Oab ! Oa;

(2.75)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðbÞ
aðm�eÞ	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞaðmþeÞ � x

ð0Þ
mþe	< 0

9=; for n@Oab ! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðbÞ
aðm�eÞ	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞaðmþeÞ � x

ð0Þ
mþe	> 0

9=; for n@Oab ! Oa:

(2.76)

The corresponding necessary and sufficient conditions for the tangential flow are

given by the following theorem.

Theorem 2.12 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðaÞðtm
Þ ¼ xm ¼ x
ðbÞ
a ðtm
Þ (a; b 2 fi; jg and a 6¼ b). For an arbitrarily small e> 0,

there is a time interval ½tm�e; tmþe	. A flow xðaÞðtÞ is Cra
½tm�e;tmþe	-continuous (ra � 2ka)

with jjdraþ1xðaÞ=dtraþ1jj<1 for time t, and an imaginary flow x
ðbÞ
a ðtÞ is Crb

½tm�e;tmþe	-

continuous with jjdrbþ1xðbÞa =dtrbþ1jj<1 ( rb � 2kb ). The flow xðaÞðtÞ of the

ð2ka � 1Þth-order and x
ðbÞ
a ðtÞ of the ð2kb � 1Þth-order to the boundary @Oij is a

ð2ka � 1 : 2kb � 1Þ-tangential flow in domain Oa if and only if

G
ðsa;aÞ
@Oab
ðxm; tm
; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2; (2.77)

G
ðsb;bÞ
@Oab
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2; (2.78)

either
G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ< 0

G
ð2kb�1;bÞ
@Oab

ðxm; tm
; pb; λÞ< 0

9=;for n@Oab ! Ob

or
G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ> 0

G
ð2kb�1;bÞ
@Oab

ðxm; tm
; pb; λÞ> 0

9=;for n@Oab ! Oa:

(2.79)

Proof The proof is similar to the proof of Theorem 2.2. □

The ð2ka � 1 : 2kb � 1Þ-double tangential flows are sketched in Fig. 2.14a by the
solid curves. The double tangential flow is formed by the two real tangential flows
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in both domains. The ð2ka � 1 : 2kb � 1Þ-double inaccessible tangential flows are

sketched in Fig. 2.14b by the dashed curves. Such a double inaccessible flow is

formed by two imaginary tangential flows to the boundary. No any flows in the two

domains can access the boundary.
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Fig. 2.14 (a) ð2ki � 1 : 2kj � 1Þ-double tangential flow in bothOi andOj and (b) ð2ki � 1 : 2kj � 1Þ
-double inaccessible tangential flow in both Oi and Oj . x

ðiÞðtÞ and xðjÞðtÞ represent the real flows

in domains Oi and Oj , respectively, which are depicted by thin solid curves. x
ðjÞ
i ðtÞ and x

ðiÞ
j ðtÞ

represent the imaginary flows in domainsOi andOj, respectively, controlled by the vector fields inOj

and Oi , which are depicted by dashed curves. The flow on the boundary is described by xð0ÞðtÞ.
The normal and tangential vectors n@Oij

and t@Oij
of the boundary are depicted. Hollow circles are

for grazing points on the boundary and filled circles are for starting points (n1 þ n2 þ 1 ¼ n)
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Definition 2.23 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðaÞðtm
Þ ¼ xm ¼ xðbÞðtm
Þ (a; b 2 fi; jg and a 6¼ b). For an arbitrarily small e> 0,

there is a time interval ½tm�e; tmþe	. A flow xðaÞðtÞ is Cra
½tm�e;tmþe	-continuous (ra � 2ka)

for time t with jjdraþ1xðaÞ=dtraþ1jj<1, and the flow xðbÞðtÞ is Crb
½tm�e;tmþe	-continuous

ðrb � 2kb) with jjdrbþ1xðbÞ=dtrbþ1jj<1. The flow xðaÞðtÞ of the ð2ka � 1Þth-order
and xðbÞðtÞ of the ð2kb � 1Þth-order to the boundary @Oab is a ð2ka � 1 : 2kb � 1Þ-
double tangential flow if

G
ðsa;aÞ
@Oab
ðxm; tm
; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2;

G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ 6¼ 0;
(2.80)

G
ðsb;bÞ
@Oab
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2;

G
ð2kb�1;bÞ
@Oab

ðxm; tm�; pb; λÞ 6¼ 0;
(2.81)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	< 0

9=; for n@Oab ! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðaÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞmþe � x

ð0Þ
mþe	> 0

9=; for n@Oab ! Oa;

(2.82)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðbÞm�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞmþe � x

ð0Þ
mþe	> 0

9=; for n@Oab ! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðbÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞmþe � x

ð0Þ
mþe	< 0

9=; for n@Oab ! Oa:

(2.83)

The corresponding necessary and sufficient conditions for the tangential flows

are given through the following theorem.

Theorem 2.13 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðaÞðtm
Þ ¼ xm ¼ xðbÞðtm
Þ (a; b 2 fi; jg and b 6¼ a). For an arbitrarily small e> 0,

there is a time interval ½tm�e; tmþe	. A flow xðaÞðtÞ is Cra
½tm�e;tmþe	-continuous (ra � 2ka)

and jjdraþ1xðaÞ=dtraþ1jj<1 for time t, and a flow xðbÞðtÞ is C
rb
½tm�e;tmþe	 -continuous

ðrb � 2kb) and jjdrbþ1xðbÞ=dtrbþ1jj<1. The flowxðaÞðtÞof the ð2ka � 1Þth-order and
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xðbÞðtÞof the ð2kb � 1Þth-order to the boundary@Oab is a ð2ka � 1 : 2kb � 1Þ-double
tangential flow if and only if

G
ðsa;aÞ
@Oab
ðxm; tm
; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2; (2.84)

G
ðsb;bÞ
@Oab
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2; (2.85)

either
G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ< 0

G
ð2kb�1;bÞ
@Oab

ðxm; tm
; pb; λÞ> 0

9=;for n@Oab ! Ob

or
G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ> 0

G
ð2kb�1;bÞ
@Oab

ðxm; tm
; pb; λÞ< 0

9=;for n@Oab ! Oa:

(2.86)

Proof The proof is similar to the proof of Theorem 2.2. □

Definition 2.24 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOaða ¼ i; jÞ. Suppose
x
ðaÞ
b ðtm
Þ ¼ xm ¼ x

ðbÞ
a ðtm
Þ (a; b 2 fi; jg and b 6¼ a). For an arbitrarily small e> 0,

there is a time interval ½tm�e; tmþe	. An imaginary flow x
ðaÞ
b ðtÞ isCra

½tm�e;tmþe	-continuous
(ra � 2ka) for time t and jjdraþ1xðaÞb =dtraþ1jj<1, and an imaginary flow x

ðbÞ
a ðtÞ is

C
rb
½tm�e;tmþe	 -continuous ( rb � 2kb ) for time t with jjdrbþ1xðbÞa =dtrbþ1jj<1 . The

imaginary flow x
ðaÞ
b ðtÞ of the ð2ka � 1Þth-order and the imaginary x

ðbÞ
a ðtÞ of the

ð2kb � 1Þth-order to the boundary @Oij is a ð2ka � 1 : 2kb � 1Þ-double inaccessible
tangential flow if

G
ðsa;aÞ
@Oab
ðxm; tm
; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2;

G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ 6¼ 0; (2.87)

G
ðsb;bÞ
@Oab
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2;

G
ð2kb�1;bÞ
@Oab

ðxm; tm�; pb; λÞ 6¼ 0; (2.88)

either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðaÞ
bðm�eÞ	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞbðmþeÞ � x

ð0Þ
mþe	> 0

9=;for n@Oab ! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðaÞ
bðm�eÞ	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðaÞbðmþeÞ � x

ð0Þ
mþe	< 0

9=;for n@Oab ! Oa;

(2.89)
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either
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðbÞ
aðm�eÞ	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞaðmþeÞ � x

ð0Þ
mþe	< 0

9=;for n@Oab ! Ob

or
nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðbÞ
aðm�eÞ	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðbÞaðmþeÞ � x

ð0Þ
mþe	> 0

9=;for n@Oab ! Oa:

(2.90)

The necessary and sufficient conditions for the tangential flows are given.

Theorem 2.14 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

x
ðaÞ
b ðtm
Þ ¼ xm ¼ x

ðbÞ
a ðtm
Þ (a; b 2 fi; jg and b 6¼ a). For an arbitrarily small e> 0,

there is a time interval ½tm�e; tmþe	. An imaginary flow x
ðaÞ
b ðtÞ is Cra

½tm�e;tmþe	-continuous
ðra � 2ka) for time t with jjdraþ1xðaÞb =dtraþ1jj<1, and an imaginary flow x

ðbÞ
a ðtÞ is

C
rb
½tm�e;tmþe	 -continuous ( rb � 2kb ) for time t with jjdrbþ1xðbÞa =dtrbþ1jj<1 . The

imaginary flow x
ðaÞ
b ðtÞ of the ð2ka � 1Þth-order and the imaginary x

ðbÞ
a ðtÞ of the

ð2kb � 1Þth-order to the boundary @Oij is a ð2ka � 1 : 2kb � 1Þ-double inaccessible
tangential flow if and only if

G
ðsa;aÞ
@Oab
ðxm; tm
; pa; λÞ ¼ 0 for sa ¼ 0; 1; � � �; 2ka � 2; (2.91)

G
ðsb;bÞ
@Oab
ðxm; tm
; pb; λÞ ¼ 0 for sb ¼ 0; 1; � � �; 2kb � 2; (2.92)

either
G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ> 0

G
ð2kb�1;bÞ
@Oab

ðxm; tm
; pb; λÞ< 0

9=;for n@Oab ! Ob

or
G
ð2ka�1;aÞ
@Oab

ðxm; tm
; pa; λÞ< 0

G
ð2kb�1;bÞ
@Oab

ðxm; tm
; pb; λÞ> 0

9=;for n@Oab ! Oa:

(2.93)

Proof The proof is similar to the proof of Theorem 2.2. □

2.6 Flow Switching Bifurcations

In this section, the flow switching bifurcations from the passable to non-passable

flow and the sliding fragmentation bifurcation from the non-passable to passable

flow will be discussed. Before discussion of switching bifurcations, the ðmi : mjÞ
product of the G-functions on the boundary @Oij is introduced.
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Definition 2.25 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOaða ¼ i; jÞ. Suppose
xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm�Þ. For an arbitrarily small e> 0, there is a time interval

½tm�e; tmþe	. A flow xðiÞðtÞ is Cri
½tm�e;tmþe	-continuous time twith jjdriþ1xðiÞ=dtriþ1jj<1

ðri � mi þ 1 ), and a flow xð jÞðtÞ is C
rj
½tm�e;tmþe	 -continuous ( rj � mj þ 1Þ with

jjdrjþ1xð jÞ=dtrjþ1jj<1. The ðmi : mjÞ-product of G-functions on the boundary @Oij

is defined as

L
ðmi:mjÞ
ij ðtmÞ � L

ðmi:mjÞ
ij ðxm; tm; pi; pj; λÞ

¼ G
ðmi;iÞ
@Oij
ðxm; tm�; pi; λÞ � G

ðmj;jÞ
@Oij
ðxm; tmþ; pj; λÞ (2.94)

and for mi ¼ mj ¼ 0, we have L
ð0:0Þ
ij ¼ Lij

LijðtmÞ � Lijðxm; tm; pi; pj; λÞ
¼ G

ðiÞ
@Oij
ðxm; tm�; pi; λÞ � G

ð jÞ
@Oij
ðxm; tmþ; pj; λÞ: (2.95)

From the foregoing definition, the products of G-functions for the full passable,

sink, and source on the boundary @Oab are

L
ð2ka:2kbÞ
ab ðtmÞ> 0 on @O

�!
ab;

L
ð2ka:2kbÞ
ab ðtmÞ< 0 on @Oab¼ f@Oab [ c@Oab:

9=; (2.96)

where @O
�!

ab, f@Oab and c@Oab are passable, sink, and source boundaries, respectively.

@Oab is the non-passable boundary, including sink and source boundaries. Such

boundaries are relative to the passable, sink, and source flows at the boundaries in

discontinuous dynamical systems. The switching bifurcation of a flow at ðtm; xmÞ on
the boundary @Oab requires

L
ð2ka:2kbÞ
ab ðtmÞ ¼ 0: (2.97)

For a passable flow at xðtmÞ � xm 2 ½xm1
; xm2
	 � @O

�!
ij , consider a time interval

½tm1
; tm2
	 for ½xm1

; xm2
	 on the boundary and the product of G-functions for

tm 2 ½tm1
; tm2
	 and xm 2 ½xm1

; xm2
	 is positive, i.e., Lð2ki:2kjÞij ðtmÞ> 0. To determine the

switching bifurcation, the global minimum of such a product of G-functions should

be determined. Becausexm is a function of tm, the two total derivatives ofL
ð2ki:2kjÞ
ij ðtmÞ

are introduced by

DL
ð2ki:2kjÞ
ij ¼ rLð2ki:2kjÞij ðxm; tm; pi; pj; λÞ � Fð0Þij ðxm; tmÞ

þ @tmL
ð2ki:2kjÞ
ij ðxm; tm; pi; pj; λÞ;

DrL
ð2ki:2kjÞ
ij ¼ Dr�1fDLð2ki:2kjÞij ðxm; tm; pi; pj; λÞg

(2.98)
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for r ¼ 1; 2; � � �. Thus, the local minimum of L
ð2ki:2kjÞ
ij ðtmÞ is determined by

DrL
ð2ki:2kjÞ
ij ðtmÞ ¼ 0; r ¼ 1; 2; � � �; 2l� 1ð Þ (2.99)

D2lL
ð2ki:2kjÞ
ij ðtmÞ> 0: (2.100)

Definition 2.26 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ .
Suppose xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm�Þ. For an arbitrarily small e> 0, there are two

time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). A flow xðiÞðtÞ is Cri
½tm�e;tmÞ-continuous

ðri � 2ki þ 1Þ with jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-

continuous (rj � 2kj þ 1) with jjdrjþ1xð jÞ=dtrjþ1jj<1. The local minimum value

set of the ð2ki : 2kjÞ-product of G-functions (i.e., Lð2ki:2kjÞij ðtmÞ) is defined by

minL
ð2ki:2kjÞ
ij ðtmÞ ¼ L

ð2ki:2kjÞ
ij ðtmÞ

for tm 2 ½tm1
; tm2
	 and xm 2 ½xm1

; xm2
	;

DrL
ð2ki:2kjÞ
ij ¼ 0 for r ¼ f1; 2; � � �2l� 1g;

and D2lL
ð2ki:2kjÞ
ij > 0:

���������

8>>><>>>:
9>>>=>>>;

(2.101)

From the local minimum set of L
ð2ki:2kjÞ
ij ðtmÞ , the global minimum values of

L
ð2ki:2kjÞ
ij ðtmÞ is defined as follows.

Definition 2.27 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm�Þ . For an arbitrarily small e> 0 , there are

two time intervals (i.e.,½tm�e; tmÞ and ðtm; tmþe	). A flow xðiÞðtÞ isCri
½tm�e;tmÞ-continuous

(ri � 2ki þ 1) with jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-

continuous ðrj � 2kj þ 1) with jjdrjþ1xð jÞ=dtrjþ1jj<1. The global minimum value

of the ð2ki : 2kjÞ-product of G-functions (i.e., Lð2ki:2kjÞij ðtmÞ) is defined by

GminL
ð2ki:2kjÞ
ij ðtmÞ ¼ min

tm2½tm1 ;tm2 	
fminL

ð2ki:2kjÞ
ij ðtmÞ; Lð2ki:2kjÞij ðtm1

Þ; Lð2ki:2kjÞij ðtm2
Þg (2.102)

To consider the switching bifurcation varying with the system parameter

q 2 fpi;pj; λg; DrL
ð2kj:2kjÞ
ij in Eq. (2.98) is replaced by drL

ð2ki:2kjÞ
ij =dqr . Similarly,

the maximum set of the ð2ki : 2kjÞ-product of G-functions (i.e., Lð2ki:2kjÞij ðtmÞ) can be

developed as follows.

Definition 2.28 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
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Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg). For an arbitrarily small e> 0, there are two

time intervals ð½tm�e; tmÞ or ðtm; tmþe	). The flow xðiÞðtÞ is Cri
½tm�e;tmÞ or Cri

½tm�e;tmþe	 -

continuous (ri � 2ki þ 1) for time t and jjdriþ1xðiÞ=dtriþ1jj<1. The flow xð jÞðtÞ is
C
rj
½tm�e;tmþe	 orC

rj
ðtm;tmþe	-continuous for time t and jjdrjþ1xð jÞ=dtrjþ1jj<1 (rj �2kj þ 1).

The local maximum set of the ð2ki : 2kjÞ product of G-functions (i.e., Lð2ki:2kjÞij ðtmÞ)
is defined by

maxL
ð2ki:2kjÞ
ij ðtmÞ ¼ L

ð2ki:2kjÞ
ij ðtmÞ

for tm 2 ½tm1
; tm2
	 and xm 2 ½xm1

; xm2
	;

DrL
ð2ki:2kjÞ
ij ¼ 0 for r ¼ f1; 2; � � �2lg;

and D2lþ1Lð2ki:2kjÞij < 0:

���������

8>>><>>>:
9>>>=>>>;
(2.103)

From the local maximum set of L
ð2ki:2kjÞ
ij ðtmÞ , the global maximum value of

L
ð2ki:2kjÞ
ij ðtmÞ is defined as follows.

Definition 2.29 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).

Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg). For an arbitrarily small e> 0, there is a time

interval (½tm�e; tmÞ or ðtm; tmþe	). The flow xðiÞðtÞ is Cri
½tm�e;tmÞ or C

ri
ðtm;tmþe	 -continuous

ðri � 2ki þ 1Þ for time t and jjdriþ1xðiÞ=dtriþ1jj<1. The flow xð jÞðtÞ is Crj
½tm�e;tmÞ or

C
rj
ðtm;tmþe	-continuous ðrj � 2kj þ 1) and jjdrjþ1xð jÞ=dtrjþ1jj<1 for time t. The global

maximum of the ð2ki : 2kjÞ product of G-functions (i.e., Lð2ki:2kjÞij ðtmÞ) is defined by

GmaxL
ð2ki:2kjÞ
ij ðtmÞ ¼ max

tm2½tm1 ;tm2 	
fmaxL

ð2ki:2kjÞ
ij ðtmÞ;Lð2ki:2kjÞij ðtm1

Þ; Lð2ki:2kjÞij ðtm2
Þg:

(2.104)

Definition 2.30 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ða ¼ i; jÞ .
Suppose xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ . For an arbitrarily small e> 0 , there are

two time intervals ½tm�e; tmÞ and ðtm; tmþe	 . Both flows xðiÞðtÞ and xð jÞðtÞ are

Cri
½tm�e;tmÞ and C

rj
½tm�e;tmþe	 -continuous (ra � 2 and a ¼ i; j ) for time t, respectively,

and jjdraþ1xðaÞ=dtraþ1jj<1. The tangential bifurcation of the flow xð jÞðtÞ at point
ðxm; tmÞ on the boundary @O

�!
ij is termed the switching bifurcation of the first

kind of the non-passable flow (or called the sliding bifurcation) if

G
ð jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0;

G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ 6¼ 0;

G
ð1;jÞ
@Oij
ðxm; tm
; pj; λÞ 6¼ 0;

(2.105)
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either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9>>>>=>>>>;for n@Oij
! Oj

or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9>>>>=>>>>;for n@Oij
! Oi:

9>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>;

(2.106)

Theorem 2.15 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ . For an arbitrarily small e> 0 , there are two time

intervals ½tm�e; tmÞ and ðtm; tmþe	 . The flows xðiÞðtÞ and xð jÞðtÞ are Cri
½tm�e;tmÞ and

C
rj
½tm�e;tmþe	-continuous for time t and jjdraþ1xðaÞ=dtraþ1jj<1 (ra � 3 and a ¼ i; j).

The sliding bifurcation of the passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ
switching to the non-passable flow of the first kind on the boundary @O

�!
ij occurs if

and only if

G
ð jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 or

Lijðxm; tm; pi; pj; λÞ ¼ 0 or

GminLijðtmÞ ¼ 0;

9>>>=>>>;
G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ> 0 for n@Oij

! Oj

G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ< 0 for n@Oij

! Oi;

9=;
(2.107)

G
ð1; jÞ
@Oij
ðxm; tm
; pj; λÞ> 0 for n@Oij

! Oj

G
ð1; jÞ
@Oij
ðxm; tm
; pj; λÞ< 0 for n@Oij

! Oi:

9=; (2.108)

Proof The proof is the same as in the proof of Theorem 2.1 and Theorem 2.2. This

theorem can be proved. □

Definition 2.31 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ . For an arbitrarily small e> 0 , there are

two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). A flow xðiÞðtÞ isCri
½tm�e;tmÞ-continuous
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( ri � 2ki þ 1 ) and jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and a flow xð jÞðtÞ is

C
rj
½tm�e;tmþe	 -continuous ðrj � 2kj þ 1Þ and jjdrjþ1xð jÞ=dtrjþ1jj<1. The bifurcation

of the ð2ki : 2kjÞ-passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary
@O
�!

ij is termed the switching bifurcation of the first kind of the ð2ki : 2kjÞ-non-
passable flow (or called the ð2ki :2kjÞ-sliding bifurcation) if

G
ðsj;jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � � ; 2kj;

G
ðsi;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for si ¼ 0; 1; � � � ; 2ki � 1;

G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ 6¼ 0 and G

ð2kjþ1; jÞ
@Oij

ðxm; tm
; pj; λÞ 6¼ 0; (2.109)

either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0

9>>>>=>>>>;for n@Oij
! Oj;

or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0

9>>>>=>>>>;for n@Oij
! Oi:

(2.110)

Theorem 2.16 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j ).
Suppose xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ . For an arbitrarily small e > 0 , there are
two time intervals ½tm�e; tmÞ and ðtm; tmþe	 . A flow xðiÞðtÞ is Cri

½tm�e;tmÞ -continuous
ðri � 2ki þ 1) and jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and a flow xð jÞðtÞ is Crj

½tm�e;tmþe	-
continuous ðrj � 2kj þ 1) and jjdrjþ1xð jÞ=dtrjþ1jj<1. The sliding bifurcation of
the ð2ki : 2kjÞ-passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ switching to the

ð2ki : 2kjÞ-non-passable flow of the first kind on the boundary @O
�!

ij (a ð2ki : 2kjÞ-
sliding bifurcation) occurs if and only if

G
ðsj; jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for sj ¼ 0; 1; � � �; 2kj � 1;

G
ðsi; iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for si ¼ 0; 1; � � �; 2ki � 1;

9=; (2.111)

G
ð2kj; jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0; or

L
ð2ki:2kjÞ
ij ðxm; tm; pi; pj; λÞ ¼ 0; or

GminL
ð2ki:2kjÞ
ij ðtmÞ ¼ 0;

9>>>>=>>>>; (2.112)
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G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ> 0 for n@Oij

! Oj;

G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ< 0 for n@Oij

! Oi;

9=;
G
ð2kjþ1; jÞ
@Oij

ðxm; tm
; pj; λÞ> 0 for n@Oij
! Oj;

G
ð2kjþ1; jÞ
@Oij

ðxm; tm
; pj; λÞ< 0 for n@Oij
! Oi:

9=; (2.113)

Proof The proof is the same as in the proof of Theorem 2.1 and Theorem 2.2. This

theorem can be proved. □

Definition 2.32 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ . For an arbitrarily small e> 0 , there are

two time intervals ½tm�e; tmÞ and ðtm; tmþe	 . Both flows xðiÞðtÞ and xð jÞðtÞ are

Cri
½tm�e;tmþe	 and C

rj
½tm�e;tmÞ -continuous (ra � 2 and a ¼ i; j) for time t, respectively,

and jjdraþ1xðaÞ=dtraþ1jj<1. The tangential bifurcation of the flow xðiÞðtÞ at point
ðxm; tmÞ on the boundary @O

�!
ij is termed a switching bifurcation of the non-

passable flow of the second kind (or called a source bifurcation) if

G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ 6¼ 0;

G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0;

G
ð1;iÞ
@Oij
ðxm; tm�; pi; λÞ 6¼ 0;

9>>>=>>>; (2.114)

either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9>>>>=>>>>;for n@Oij
! Oj

or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9>>>>=>>>>;for n@Oij
! Oi: (2.115)

Theorem 2.17 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ . For an arbitrarily small e> 0 , there are two time
intervals ½tm�e; tmÞ and ðtm; tmþe	. Both flows xðiÞðtÞ and xð jÞðtÞ are Cri

½tm�e;tmþe	 and
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C
rj
½tm�e;tmÞ-continuous for time t with jjdraþ1xðaÞ=dtraþ1jj<1 (ra � 2, a ¼ i; j). The

source bifurcation of the passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ
switching to the non-passable flow of the second kind on the boundary @O

�!
ij occurs

if and only if

G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0; or

Lijðxm; tm; pi; pj; λÞ ¼ 0; or

GminLijðtmÞ ¼ 0;

9>>>=>>>;
G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ> 0 for n@Oij

! Oj;

G
ð jÞ
@Oij
ðxm; tmþ; pj; λÞ< 0 for n@Oij

! Oi;

) (2.116)

G
ð1;iÞ
@Oij
ðxm; tm�; pi; λÞ< 0 for n@Oij

! Oj

G
ð1;iÞ
@Oij
ðxm; tm�; pi; λÞ> 0 for n@Oij

! Oi:

9=; (2.117)

Proof The proof is the same as in the proof of Theorem 2.1 and Theorem 2.2. This

theorem can be proved. □

Definition 2.33 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. For an arbitrarily smalle> 0, there are two time intervals

½tm�e; tmÞ and ðtm; tmþe	. A flow xðiÞðtÞ is Cri
½tm�e;tmþe	 -continuous (ri � 2ki þ 2) with

jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-continuous for time

t and jjdrjþ1xð jÞ=dtrjþ1jj<1 (rj� 2kjþ1). The tangential bifurcation of the ð2ki : 2kjÞ
-passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary @O

�!
ij is termed a

switching bifurcation of the ð2ki : 2kjÞ , non-passable flow of the second kind (or

called a ð2ki : 2kjÞ-source bifurcation) if

G
ðri;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for ri ¼ 0; 1; � � �; 2ki;

G
ðrj; jÞ
@Oij
ðxm; tmþ; pj; λÞ ¼ 0 for rj ¼ 0; 1; � � �; 2kj � 1;

G
ð2kiþ1;iÞ
@Oij

ðxm; tm�; pi; λÞ 6¼ 0;

G
ð2kj; jÞ
@Oij
ðxm; tmþ; pj; λÞ 6¼ 0;

9>>>>>>>=>>>>>>>;
(2.118)

either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9>>>=>>>;for n@Oij
! Oj;
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or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � x

ðiÞ
m�e	< 0

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9>>>=>>>;for n@Oij
! Oi: (2.119)

Theorem 2.18 For a discontinuous dynamical system in Eq. (2.1), there is a
point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ . For an arbitrarily small e> 0 , there

are two time intervals ½tm�e; tmÞ and ðtm; tmþe	. A flow xðiÞðtÞ is Cri
½tm�e;tmþe	-continuous

(ri � 2ki þ 2) with jjdriþ1xðiÞ=dtriþ1jj<1 for time t; and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-

continuous (rj � 2kj þ 1) with jjdrjþ1xð jÞ=dtrjþ1jj<1. The source bifurcation of

the ð2ki : 2kjÞ-passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ switching to

the ð2ki : 2kjÞ-non-passable flow of the second kind on the boundary @O
�!

ij (or the
ð2ki : 2kjÞ-source bifurcation) occurs if and only if

G
ðri;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for ri ¼ 0; 1; � � �; 2ki � 1;

G
ðrj;jÞ
@Oij
ðxm; tmþ; pj; λÞ ¼ 0 for rj ¼ 0; 1; � � �; 2kj � 1;

9=; (2.120)

G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0; or

L
ð2ki:2kjÞ
ij ðxm; tm; pi; pj; λÞ ¼ 0; or

GminL
ð2ki:2kjÞ
ij ðtmÞ ¼ 0;

9>>>>=>>>>;
G
ð2kj; jÞ
@Oij
ðxm; tmþ; pj; λÞ> 0 for nOij

! Oj;

G
ð2kj; jÞ
@Oij
ðxm; tmþ; pj; λÞ< 0 for nOij

! Oi;

) (2.121)

G
ð2kiþ1; iÞ
@Oij

ðxm; tm�; pi; λÞ< 0 for nOij
! Oj

G
ð2kiþ1; iÞ
@Oij

ðxm; tm�; pi; λÞ> 0 for nOij
! Oi:

9=; (2.122)

Proof The proof is the same as in the proof of Theorem 2.1 and Theorem 2.2. This

theorem can be proved. □

Definition 2.34 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domainsOa (a ¼ i; j). Suppose

xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ . For an arbitrarily small e> 0 , there are two time

intervals ½tm�e; tmÞ and ðtm; tmþe	 . The flow xðaÞðtÞ is Cra
½tm�e;tmþe	 -continuous for

time t, and jjdraþ1xðaÞ=dtraþ1jj<1 (ra � 2, a ¼ i; j). The tangential bifurcations of
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two flows xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary @O
�!

ij are termed a

switching bifurcation of the flow from @O
�!

ij to @O
 �

ij if

G
ðiÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 and G

ð jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0;

G
ð1;iÞ
@Oij
ðxm; tm�; pi; λÞ 6¼ 0 and G

ð1; jÞ
@Oij
ðxm; tm
; pj; λÞ 6¼ 0;

9=; (2.123)

either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9>>>>>>>=>>>>>>>;
for n@Oij

! Oj

or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9>>>>>>>=>>>>>>>;
for n@Oij

! Oi:

9>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>;

(2.124)

Theorem 2.19 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa ( a ¼ i; j ).
Suppose xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm
Þ . For an arbitrarily small e> 0 , there is a

time interval ½tm�e; tmþe	. The flow xðaÞðtÞ is Cra
½tm�e;tmþe	-continuous for time t with

jjdraþ1xðaÞ=dtraþ1 jj<1 ðra � 3, a ¼ i; j). The tangential bifurcations of the flow

xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary @O
�!

ij (or the switching

bifurcation of the flow from @O
�!

ij to @O
 �

ij) occur if and only if

G
ðiÞ
@Oij
ðxm; tm�; pj; λÞ ¼ 0 and G

ð jÞ
@Oij
ðxm; tm
; pi; λÞ ¼ 0; or

Lijðxm2
; tm2

; pi; pj; λÞ ¼ 0; or

GminLijðtmÞ ¼ 0;

9>>=>>; (2.125)

G
ð1;iÞ
@Oij
ðxm; tm�; pi; λÞ< 0;

G
ð1;jÞ
@Oij
ðxm; tm
; pj; λÞ> 0

9=; for nOij
! Oj

G
ð1;iÞ
@Oij
ðxm; tm�; pi; λÞ> 0;

G
ð1;jÞ
@Oij
ðxm; tm
;pj; λÞ< 0

9=; for nOij
! Oi:

9>>>>>>>=>>>>>>>;
(2.126)
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Proof The proof is the same as in the proof of Theorem 2.1 and Theorem 2.2. This

theorem can be proved. □

Definition 2.35 For a discontinuous dynamical system in Eq. (2.1), there is a

point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm
Þ . For an arbitrarily small e> 0 , there is a

time interval ½tm�e; tmþe	. A flow xðaÞðtÞ is Cra
½tm�e;tmþe	 -continuous for time t with

jjdraþ1xðaÞ=dtraþ1 jj<1 ðra � 2ka þ 1 , a ¼ i; j ). The tangential bifurcation of

the ð2ki : 2kjÞ-passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary

@O
�!

ij is termed a switching bifurcation of the ð2kj : 2kiÞ-passable flow from @O
�!

ij to

@O
 �

ij if

G
ðs;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for s ¼ 0; 1; � � � ; 2ki

G
ðs; jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for s ¼ 0; 1; � � � ; 2kj

G
ð2kiþ1;iÞ
@Oij

ðxm; tm�; pi; λÞ 6¼ 0;

G
ð2kjþ1;jÞ
@Oij

ðxm; tm
; pj; λÞ 6¼ 0

9>>>>>>=>>>>>>;
(2.127)

either

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	< 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	> 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	> 0

9>>>>>>>=>>>>>>>;
for n@Oij

! Oj

or

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xðiÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xðiÞmþe � x

ð0Þ
mþe	> 0;

nT@Oij
ðxð0Þm�eÞ � ½xð0Þm�e � xð jÞm�e	< 0;

nT@Oij
ðxð0ÞmþeÞ � ½xð jÞmþe � x

ð0Þ
mþe	< 0

9>>>>>>>=>>>>>>>;
for n@Oij

! Oi:

(2.128)

Theorem 2.20 For a discontinuous dynamical system in Eq. (2.1), there is a
point xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).
Suppose xðiÞðtm�Þ ¼ xm ¼ xð jÞðtmþÞ . For an arbitrarily small e> 0 , there are
two time intervals ½tm�e; tmÞ and ðtm; tmþe	. A flow xðiÞðtÞ is Cri

½tm�e;tmÞ -continuous

(ri � 2ki þ 1) with jjdriþ1xðiÞ=dtriþ1jj<1 for time t, and a flow xð jÞðtÞ is Crj
ðtm;tmþe	-

continuous ðrj � 2kj þ 2 ) with jjdrjþ1xð jÞ=dtrjþ1jj<1 . The bifurcation of the

ð2ki : 2kjÞ-passable flow of xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ switching to the
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ð2ki : 2kjÞ-non-passable flow of the second kind on the boundary @O
�!

ij (or the

switching bifurcation of the ð2kj : 2kiÞ-passable flow from @O
�!

ij to @O
 �

ij) occurs if

and only if

G
ðs; jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0 for s ¼ 0; 1; � � �; 2kj � 1;

G
ðs;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 for s ¼ 0; 1; � � �; 2ki � 1;

9=; (2.129)

G
ð2ki;iÞ
@Oij
ðxm; tm�; pi; λÞ ¼ 0 and G

ð2kj; jÞ
@Oij
ðxm; tm
; pj; λÞ ¼ 0; or

L
ð2ki:2kjÞ
ij ðxm; tm; pi; pj; λÞ ¼ 0; or

GminL
ð2ki:2kjÞ
ij ðtmÞ ¼ 0;

9>>>=>>>; (2.130)

G
ð2kiþ1;iÞ
@Oij

ðxm; tm�; pi; λÞ< 0

G
ð2kjþ1; jÞ
@Oij

ðxm; tm
; pj; λÞ> 0

9=; for n@Oij
! Oj

G
ð2kiþ1;iÞ
@Oij

ðxm; tm�; pi; λÞ> 0

G
ð2kjþ1; jÞ
@Oij

ðxm; tm
; pj; λÞ< 0

9=;for n@Oij
! Oi:

9>>>>>>>>=>>>>>>>>;
(2.131)

Proof The proof is the same as in the proof of Theorem 2.1 and Theorem 2.2. This

theorem can be proved. □

Following the definitions in Definitions 2.28–2.35, the sliding and source frag-

mentation bifurcations can be similarly defined.

Definition 2.36 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).

(i) The tangential bifurcation of the flowxð jÞðtÞat pointðxm; tmÞon the boundary f@Oij

is termed a fragmentation bifurcation of the non-passable flow of the first kind
(or called a sliding fragmentation bifurcation) if Eqs. (2.105) and (2.106) hold.

(ii) The tangential bifurcation of the flow xðiÞðtÞ with the ð2kiÞth-order and xð jÞðtÞ
of the ð2kjÞth -order at point ðxm; tmÞ on the boundary f@Oij is termed

a fragmentation bifurcation of the ð2ki : 2kjÞ -non-passable flow of the first
kind (or called a ð2ki : 2kjÞ-sliding fragmentation bifurcation) if Eqs. (2.109)
and (2.110) hold.

The necessary and sufficient conditions for the sliding fragmentation bifurcation

of the non-passable flow of the first kind are given by Eqs. (2.107) and (2.108) with

GmaxLijðtmÞ replacing GminLijðtmÞ. Similarly, the necessary and sufficient conditions

for the sliding fragmentation bifurcation of the ð2ki : 2kjÞ -non-passable flow of

the first kind are presented by Eqs. (2.111)–(2.113) with GmaxL
ð2ki:2kjÞ
ij ðtmÞ replacing

GminL
ð2ki:2kjÞ
ij ðtmÞ.
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Definition 2.37 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).

(i) The tangential bifurcation of the flow xð jÞðtÞ at point ðxm; tmÞ on the boundaryc@Oij is termed a fragmentation bifurcation of the non-passable flow of the
second kind (or called a source fragmentation bifurcation) if Eqs. (2.114) and
(2.115) hold.

(ii) The tangential bifurcation of the flow xðiÞðtÞwith the ð2kiÞth-order and xð jÞðtÞ of
the ð2kjÞth -order at point ðxm; tmÞ on the boundary c@Oij is termed the
fragmentation bifurcation of the ð2ki : 2kjÞ -non-passable flow of the second
kind (or called a ð2ki : 2kjÞ-source fragmentation bifurcation) if Eqs. (2.118)
and (2.119) hold.

The necessary and sufficient conditions for the source fragmentation bifurcation

of the non-passable flow of the second kind are given by Eqs. (2.116) and (2.117)

with GmaxLijðtmÞ replacing GminLijðtmÞ . Similarly, the necessary and sufficient

conditions for the sliding fragmentation bifurcation of the ð2ki : 2kjÞ-non-passable
flow of the second kind are presented by Eqs. (2.120)–(2.122) with GmaxL

ð2ki:2kjÞ
ij ðtmÞ

replacing GminL
ð2ki:2kjÞ
ij ðtmÞ.

Definition 2.38 For a discontinuous dynamical system in Eq. (2.1), there is a point

xð0ÞðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j).

(i) The tangential bifurcation of the flow xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the

boundary f@Oij (or c@Oij) is termed a switching bifurcation of the non-passable

flow from f@Oij to c@Oij (or from c@Oij to f@Oij) if Eqs. (2.123) and (2.124) hold.

(ii) The tangential bifurcation of the flow xðiÞðtÞ with the ð2kiÞth-order and xð jÞðtÞ
with the ð2kjÞth-order at point ðxm; tmÞon the boundary f@Oij (or c@Oij) is termed a

switching bifurcation of the ð2ki : 2kjÞ-non-passable flow from f@Oij to c@Oij (or

from c@Oij to f@Oij) if Eqs. (2.127) and (2.128) hold.

The necessary and sufficient conditions for the switching bifurcation of a non-

passable flow from f@Oij to c@Oij (or from c@Oij to f@Oij) are from Eqs. (2.125) and

(2.126) with GmaxLijðtmÞ replacing GminLijðtmÞ . However, the conditions for the

switching bifurcation of the ð2ki : 2kjÞ-non-passable flow from f@Oij to c@Oij (or fromc@Oij to f@Oij ) the second kind are presented by Eqs. (2.129)–(2.131) with

GmaxL
ð2ki:2kjÞ
ij ðtmÞ replacing GminL

ð2ki:2kjÞ
ij ðtmÞ. The above conditions for the switching

bifurcations of the ð2ka : 2kbÞ-flows are summarized in Table 2.1. In addition, the

conditions for ð2ka : 2kb � 1Þ; ð2ka � 1 : 2kbÞ , and ð2ka � 1 : 2kbÞ -flows are

presented in Tables 2.2–2.6, respectively. The following notations are used for

simplicity.

L
ðma:mbÞ
ab � L

ðma:mbÞ
ab ðxm; tm; pa; pb; λÞ (2.132)
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Table 2.2 Sufficient and necessary conditions for ð2ka : 2kb � 1Þ-switching bifurcations

ð2ka : 2kb � 1Þ passable flows
Ð

G
ð2kb�1Þ
þ ¼ 0;G

ð2kb Þ

 < 0

G
ð2kb�1Þ

 ¼ 0; G

ð2kb Þ

 > 0

L
ð2ka :2kb�1Þ
ab ¼ 0

ð2ka : 2kb � 1Þ half-sink flows

Gð2kaÞ� > 0, G
ð2kb�1Þ
þ > 0

L
ð2ka :2kb�1Þ
ab > 0

Gð2kaÞ� > 0; G
ð2kb�1Þ

 < 0

L
ð2ka :2kb�1Þ
ab < 0

ð2ka : 2kb � 1Þ passable flows
Ð

Gð2ka Þ� ¼ 0; G
ð2kb�1Þ
þ ¼ 0;G

ð2kb Þ

 < 0

G
ð2kb Þ
þ ¼ 0;G

ð2kb�1Þ

 ¼ 0;G

ð2kb Þ

 > 0

L
ð2ka :2kb�1Þ
ab ¼ 0;G

ð2kaþ1Þ

 < 0

ð2ka : 2kb � 1Þ half-source flows

Gð2kaÞ� > 0, G
ð2kb�1Þ
þ > 0

L
ð2ka :2kb�1Þ
ab > 0

G
ð2kaÞ
þ < 0; G

ð2kb�1Þ

 < 0

L
ð2ka :2kb�1Þ
ab < 0

ð2ka : 2kb � 1Þ passable flows
Ð

Gð2ka Þ� ¼ 0

G
ð2ka Þ
þ ¼ 0

L
ð2ka :2kb�1Þ
ab ¼ 0;G

ð2kaþ1Þ

 < 0

ð2ka : 2kb � 1Þ tangential flows

Gð2kaÞ� > 0, G
ð2kb�1Þ
þ > 0

L
ð2ka :2kb�1Þ
ab > 0

G
ð2kaÞ
þ < 0, G

ð2kb�1Þ

 > 0

L
ð2ka :2kb�1Þ
ab > 0

ð2ka : 2kb � 1Þ half-sink flows
Ð

Gð2ka Þ� ¼ 0

G
ð2ka Þ
þ ¼ 0

L
ð2ka :2kbÞ
ab ¼ 0;G

ð2kaþ1Þ

 < 0

ð2ka : 2kb � 1Þ half-source flows

Gð2kaÞ� > 0; G
ð2kb�1Þ

 < 0

L
ð2ka :2kb�1Þ
ab < 0

G
ð2kaÞ
þ < 0; G

ð2kb�1Þ

 < 0

L
ð2ka :2kb�1Þ
ab < 0

Table 2.1 Sufficient and necessary conditions for ð2ka : 2kbÞ-switching bifurcations

ð2ka : 2kbÞ passable
flows Ð

G
ð2kb Þ
þ ¼ 0; or L

ð2ka :2kb Þ
ab ¼ 0

G
ð2kb Þ� ¼ 0; or L

ð2ka :2kb Þ
ab ¼ 0

G
ð2kbþ1Þ

 > 0 for n@Oab ! Ob;

G
ð2kbþ1Þ

 < 0 for n@Oab ! Oa:

)
ð2ka : 2kbÞ full-sink

flows

Gð2kaÞ� > 0, G
ð2kbÞ
þ > 0

L
ð2ka :2kbÞ
ab > 0

Gð2kaÞ� > 0; Gð2kbÞ� < 0

L
ð2ka :2kbÞ
ab < 0

ð2ka : 2kbÞ passable
flows Ð

Gð2ka Þ� ¼ 0; or L
ð2ka :2kb Þ
ab ¼ 0

G
ð2ka Þ
þ ¼ 0; or L

ð2ka :2kb Þ
ab ¼ 0

G
ð2kaþ1Þ

 < 0 for n@Oab ! Ob;

G
ð2kaþ1Þ

 > 0 for n@Oab ! Oa

)
ð2ka : 2kbÞ full-source

flows

Gð2kaÞ� > 0, G
ð2kbÞ
þ > 0

L
ð2ka :2kbÞ
ab > 0

G
ð2kaÞ
þ > 0; G

ð2kbÞ
þ < 0

L
ð2ka :2kbÞ
ab < 0

ð2ka : 2kbÞ passable
flows Ð

Gð2ka Þ� ¼ 0;G
ð2kb Þ
þ ¼ 0; or L

ð2ka :2kb Þ
ab ¼ 0;

G
ð2ka Þ
þ ¼ 0;G

ð2kb Þ� ¼ 0; or L
ð2ka :2kb Þ
ab ¼ 0

G
ð2kaþ1Þ

 < 0;G

ð2kbþ1Þ

 > 0 for n@Oab ! Ob;

G
ð2kaþ1Þ

 > 0;G

ð2kbþ1Þ

 < 0 for n@Oab ! Oa

)
ð2ka : 2kbÞ passable

flows

Gð2kaÞ� > 0, G
ð2kbÞ
þ > 0

L
ð2ka :2kbÞ
ab > 0

G
ð2kaÞ
þ > 0, Gð2kbÞ� > 0

L
ð2ka :2kbÞ
ab > 0

ð2ka : 2kbÞ full-sink
flows Ð

Gð2ka Þ� ¼ 0;G
ð2kb Þ� ¼ 0; or L

ð2ka :2kb Þ
ab ¼ 0;

G
ð2ka Þ
þ ¼ 0;G

ð2kb Þ
þ ¼ 0; or L

ð2ka :2kb Þ
ab ¼ 0

G
ð2kaþ1Þ

 < 0;G

ð2kbþ1Þ

 > 0 for n@Oab ! Ob;

G
ð2kaþ1Þ

 > 0;G

ð2kbþ1Þ

 < 0 for n@Oab ! Oa

)
ð2ka : 2kbÞ full-source

flows

Gð2kaÞ� > 0; Gð2kbÞ� < 0

L
ð2ka :2kbÞ
ab < 0

G
ð2kaÞ
þ > 0; G

ð2kbÞ
þ < 0

L
ð2ka :2kbÞ
ab < 0
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Table 2.4 Sufficient and necessary conditions for ð2ka � 1 : 2kbÞ-switching bifurcations

ð2ka � 1 : 2kbÞ tangential
flows Ð

G
ð2kb Þ
þ ¼ 0;G

ð2kbþ1Þ

 < 0

G
ð2kb�1Þ

 ¼ 0;G

ð2kbþ1Þ� > 0

L
ð2ka�1:2kbÞ
ab ¼ 0

ð2ka � 1 : 2kbÞ tangential
flows

G
ð2ka�1Þ

 < 0, G

ð2kbÞ
þ > 0

L
ð2ka�1:2kbÞ
ab < 0

G
ð2ka�1Þ

 < 0; Gð2kbÞ� < 0

L
ð2ka�1:2kbÞ
ab > 0

ð2ka � 1 : 2kbÞ tangential
flows Ð

G
ð2ka�1Þ

 ¼ 0; G

ð2kb Þ
þ ¼ 0;G

ð2ka Þ
þ > 0;G

ð2kbþ1Þ

 < 0

G
ð2ka�1Þ

 ¼ 0;G

ð2kb Þ� ¼ 0;G
ð2ka Þ� < 0;G

ð2kbþ1Þ

 > 0

L
ð2ka�1:2kbÞ
ab ¼ 0;

ð2ka � 1 : 2kbÞ half-sink
flows

G
ð2ka�1Þ

 < 0, G

ð2kbÞ
þ > 0

L
ð2ka�1:2kbÞ
ab < 0

G
ð2ka�1Þ

 > 0; Gð2kbÞ� < 0

L
ð2ka�1:2kbÞ
ab < 0

ð2ka � 1 : 2kbÞ tangential
flows Ð

G
ð2ka�1Þ

 ¼ 0; G

ð2ka Þ
þ > 0

G
ð2ka�1Þ

 ¼0;Gð2ka Þ� < 0

L
ð2ka�1:2kbÞ
ab ¼ 0

ð2ka � 1 : 2kbÞhalf-source
flows

G
ð2ka�1Þ

 < 0, G

ð2kbÞ
þ > 0

L
ð2ka�1:2kbÞ
ab < 0

G
ð2ka�1Þ

 > 0; G

ð2kbÞ
þ > 0

L
ð2ka�1:2kbÞ
ab > 0

ð2ka � 1 : 2kbÞ half-sink
flows Ð

G
ð2kb Þ� ¼ 0; G

ð2kbþ1Þ

 > 0

G
ð2kb Þ
þ ¼ 0;G

ð2kbþ1Þ

 < 0

L
ð2ka :2kbÞ
ab ¼ 0;

ð2ka � 1 : 2kbÞhalf-source
flows

G
ð2ka�1Þ

 > 0; Gð2kbÞ� < 0

L
ð2ka�1:2kbÞ
ab < 0

G
ð2ka�1Þ

 > 0; G

ð2kbÞ
þ > 0

L
ð2ka�1:2kbÞ
ab > 0

Table 2.3 Sufficient and necessary conditions for ð2ka : 2kb � 1Þ-switching bifurcations

ð2ka : 2kb � 1Þ passable flows
Ð
G
ð2kb�1Þ
þ ¼ 0;G

ð2kb Þ

 > 0

G
ð2kb�1Þ

 ¼ 0;G

ð2kb Þ

 < 0

L
ð2ka :2kb�1Þ
ab ¼ 0

ð2ka : 2kb � 1Þ half-sink flows

Gð2kaÞ� < 0, G
ð2kb�1Þ
þ < 0

L
ð2ka :2kb�1Þ
ab > 0

Gð2kaÞ� < 0; G
ð2kb�1Þ

 > 0

L
ð2ka :2kb�1Þ
ab < 0

ð2ka : 2kb � 1Þ passable flows
Ð
Gð2ka Þ� ¼ 0; G

ð2kb�1Þ
þ ¼ 0;G

ð2kb Þ

 > 0

G
ð2ka Þ
þ ¼ 0;G

ð2kb�1Þ

 ¼ 0;G

ð2kb Þ

 < 0

L
ð2ka :2kb�1Þ
ab ¼ 0;G

ð2kaþ1Þ

 > 0

ð2ka : 2kb � 1Þ half-source flows

Gð2kaÞ� < 0, G
ð2kb�1Þ
þ < 0

L
ð2ka :2kb�1Þ
ab > 0

G
ð2kaÞ
þ > 0; G

ð2kb�1Þ

 > 0

L
ð2ka :2kb�1Þ
ab > 0

ð2ka : 2kb � 1Þ passable flows
Ð
Gð2ka Þ� ¼ 0;

G
ð2ka Þ
þ ¼ 0;

L
ð2ka :2kb�1Þ
ab ¼ 0;G

ð2kaþ1Þ

 > 0

ð2ka : 2kb � 1Þ tangential flows

Gð2kaÞ� < 0, G
ð2kb�1Þ
þ < 0

L
ð2ka :2kb�1Þ
ab > 0

G
ð2kaÞ
þ > 0, G

ð2kb�1Þ

 < 0

L
ð2ka :2kb�1Þ
ab < 0

ð2ka : 2kb � 1Þ half-sink flows

Ð
Gð2ka Þ� ¼ 0;G

ð2kb Þ� ¼ 0

G
ð2ka Þ
þ ¼ 0;G

ð2kb Þ
þ ¼ 0;

L
ð2ka :2kbÞ
ab ¼ 0;G

ð2kaþ1Þ

 > 0

ð2ka : 2kb � 1Þ half-source flows

Gð2kaÞ� < 0; G
ð2kb�1Þ

 > 0

L
ð2ka :2kb�1Þ
ab < 0

G
ð2kaÞ
þ > 0; G

ð2kb�1Þ

 > 0

L
ð2ka :2kb�1Þ
ab > 0
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Table 2.6 Sufficient and necessary conditions for ð2ki � 1 : 2kj � 1Þ-switching bifurcations

ð2ki � 1 : 2kj � 1Þdouble
tangential flows Ð

G
ð2ki�1Þ

 ¼ 0;G

ð2ki Þ

 > 0;G

ð2kj�1Þ

 ¼ 0;G

ð2kj Þ

 < 0

G
ð2ki�1Þ

 ¼ 0;G

ð2ki Þ

 < 0;G

ð2kj�1Þ

 ¼ 0;G

ð2kj Þ

 > 0

L
ð2ki�1:2ki�1Þ
ij ¼ 0

ð2ki � 1 : 2kj � 1Þdouble
inaccessible flows

G
ð2ki�1Þ

 < 0, G

ð2kj�1Þ

 > 0

L
ð2ki�1:2kj�1Þ
ij < 0

G
ð2ki�1Þ

 > 0; G

ð2kj�1Þ

 < 0

L
ð2ki�1:2kj�1Þ
ij < 0

ð2ki � 1 : 2kj � 1Þdouble
tangential flows Ð

G
ð2kj�1Þ

 ¼ 0;G

ð2kj Þ

 < 0

G
ð2kj�1Þ

 ¼ 0;G

ð2kj Þ

 > 0

L
ð2ki�1:2ki�1Þ
ij ¼ 0

ð2ki � 1 : 2kj � 1Þ single
tangential flows in Oi

G
ð2ki�1Þ

 < 0, G

ð2kj�1Þ

 > 0

L
ð2ki�1:2kj�1Þ
ij < 0

G
ð2ki�1Þ

 < 0; G

ð2kj�1Þ

 < 0

L
ð2ki�1:2kj�1Þ
ij > 0

ð2ki � 1 : 2kj � 1Þdouble
tangential flows Ð

G
ð2ki�1Þ

 ¼ 0;G

ð2ki Þ

 > 0

G
ð2ki�1Þ

 ¼ 0;G

ð2ki Þ

 < 0

L
ð2ki�1:2ki�1Þ
ij ¼ 0

ð2ki � 1 : 2kj � 1Þ single
tangential flows in Oj

G
ð2ki�1Þ

 < 0, G

ð2kj�1Þ

 > 0

L
ð2ki�1:2kj�1Þ
ij < 0

G
ð2ki�1Þ

 > 0; G

ð2kj�1Þ

 > 0

L
ð2ki�1:2kj�1Þ
ij > 0

ð2ki � 1 : 2kj � 1Þ single
tangential flows in OiÐ

G
ð2ki�1Þ

 ¼ 0;G

ð2ki Þ

 > 0;G

ð2kj�1Þ

 ¼ 0;G

ð2kj Þ

 < 0

G
ð2ki�1Þ

 ¼ 0;G

ð2ki Þ

 < 0;G

ð2kj�1Þ

 ¼ 0;G

ð2kj Þ

 > 0

L
ð2ki�1:2ki�1Þ
ij ¼ 0

ð2ki � 1 : 2kj � 1Þ single
tangential flows in Oj

G
ð2ki�1Þ

 < 0; G

ð2kj�1Þ

 < 0

L
ð2ki�1:2kj�1Þ
ij > 0

G
ð2ki�1Þ

 > 0; G

ð2kj�1Þ

 > 0

L
ð2ki�1:2kj�1Þ
ij > 0

Table 2.5 Sufficient and necessary conditions for ð2ka � 1 : 2kbÞ-switching bifurcations

ð2ka � 1 : 2kbÞ tangential
flows Ð

G
ð2kb Þ
þ ¼ 0;G

ð2kbþ1Þ

 < 0

G
ð2kb Þ

 ¼0;Gð2kbþ1Þ� > 0

L
ð2ka�1:2kbÞ
ab ¼ 0

ð2ka � 1 : 2kbÞ tangential
flows

G
ð2ka�1Þ

 > 0, Gð2kbÞ� > 0

L
ð2ka�1:2kbÞ
ab > 0

G
ð2ka�1Þ

 > 0; G

ð2kbÞ
þ < 0

L
ð2ka�1:2kbÞ
ab < 0

ð2ka � 1 : 2kbÞ tangential
flows Ð

G
ð2ka�1Þ

 ¼ 0; G

ð2kb Þ
þ ¼ 0;G

ð2ka Þ
þ < 0;G

ð2kbþ1Þ

 < 0

G
ð2ka�1Þ

 ¼ 0;G

ð2kb Þ� ¼ 0;G
ð2ka Þ� > 0;G

ð2kbþ1Þ

 > 0

L
ð2ka :2kb�1Þ
ab ¼ 0

ð2ka � 1 : 2kbÞhalf-source
flows

G
ð2ka�1Þ

 > 0, G

ð2kbÞ
þ > 0

L
ð2ka�1:2kbÞ
ab > 0

G
ð2ka�1Þ

 < 0; G

ð2kbÞ
þ < 0

L
ð2ka�1:2kbÞ
ab > 0

ð2ka � 1 : 2kbÞ tangential
flows Ð

G
ð2ka�1Þ

 ¼ 0; G

ð2ka Þ
þ < 0

G
ð2ka�1Þ

 ¼ 0;G

ð2ka Þ� > 0

L
ð2ka :2kb�1Þ
ab ¼ 0

ð2ka � 1 : 2kbÞ half-sink
flows

G
ð2ka�1Þ

 > 0, Gð2kbÞ� > 0

L
ð2ka�1:2kbÞ
ab > 0

G
ð2ka�1Þ

 < 0; Gð2kbÞ� > 0

L
ð2ka�1:2kbÞ
ab < 0

ð2ka � 1 : 2kbÞhalf-source
flows Ð

G
ð2kb Þ� ¼ 0;G

ð2kbþ1Þ

 > 0

G
ð2kb Þ
þ ¼ 0;G

ð2kbþ1Þ

 < 0

L
ð2ka :2kbÞ
ab ¼ 0;

ð2ka � 1 : 2kbÞ half-sink
flows

G
ð2ka�1Þ

 < 0; G

ð2kbÞ
þ < 0

L
ð2ka�1:2kbÞ
ab > 0

G
ð2ka�1Þ

 < 0; Gð2kbÞ� > 0

L
ð2ka�1:2kbÞ
ab < 0
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G
ðma;aÞ

 � G

ðma;aÞ
@Oab
ðxm; tm
; pa; λÞ

Gðma;aÞ� � G
ðma;aÞ
@Oab
ðxm; tm�; pa; λÞ

G
ðma;aÞ
þ � G

ðma;aÞ
@Oab
ðxm; tmþ; pa; λÞ

(2.133)

Because the concept of the imaginary flow is introduced, the switching

bifurcations of the ð2ka : 2kb � 1Þ, ð2ka � 1 : 2kbÞ, and ð2ka � 1 : 2kbÞ-flows can
follow the discussion on the switching bifurcation of the ð2ka : 2kbÞ -flows. The
corresponding necessary and sufficient conditions for such flows can be obtained.

For ð2ka : 2kb � 1Þ; ð2ka � 1 : 2kbÞ , and ð2ka � 1 : 2kbÞ -flows, the switching

bifurcations between a passable flow and half-non-passable flow, and between a

passable flow and single tangential flow are presented. In addition, the switching

bifurcations between a half-non-passable flow to a single tangential flow, and

between a double tangential flow and a double inaccessible flow are given.
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Chapter 3

Single Constraint Synchronization

In this chapter, the synchronization of two or more dynamical systems to specific

constraints is introduced, which is different from the traditional synchronization of

two dynamical systems. For such synchronization, Lyapunov stability method

cannot be adopted. The synchronization, desynchronization, and penetration of

multiple dynamical systems to a specific constraint are discussed from the theory

of discontinuous dynamical systems, and the necessary and sufficient conditions for

such synchronicity are presented.

3.1 Introduction to Synchronization

As in Luo [1], consider two dynamic systems as

_xðrÞ ¼ FðrÞðxðrÞ; t; pðrÞÞ 2 rnr (3.1)

and

_xðsÞ ¼ FðsÞðxðsÞ; t; pðsÞÞ 2 rns (3.2)

For s ¼ fr; sg; FðsÞ ¼ ðFðsÞ
1 ;F

ðsÞ
2 ; � � �;FðsÞ

ns ÞT; xðsÞ ¼ ðxðsÞ1 ; x
ðsÞ
2 ; � � �; xðsÞns ÞT ; and

parameter vector pðsÞ ¼ ðpðsÞ1 ; p
ðsÞ
2 ; � � �; pðsÞks

ÞT. The vector functions FðsÞ can be

time-dependent or time-independent. Consider a time interval I12 � ðt1; t2Þ 2 r

and domains UxðsÞ � rns ðs ¼ fa; bgÞ. ðt0; xðsÞ0 Þ 2 I12 � UxðsÞ is initial condition,

and the corresponding flows of the two systems are xðsÞðtÞ ¼ Fðt; xðsÞ0 ; t0; p
ðsÞÞ

for ðt; xðsÞÞ 2 I12 � UxðsÞ. The semigroup properties of two flows hold. To discuss

the synchronization of the two systems in Eqs. (3.1) and (3.2), the concepts of

the slave and master systems are introduced herein.
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Definition 3.1 A system in Eq. (3.2) is called a master system if its flow xðrÞðtÞ
is independent. A system in Eq. (3.1) is called a slave system of the master system if

its flow xðsÞðtÞ is constrained by a flow xðrÞðtÞ of the master system.

From the foregoing definition, a slave system is constrained by a master system
via a specific condition, which means that a slave system will be controlled by

a master system under a specific constraint. Such a phenomenon is called the

synchronization of the slave and master systems under such a specific condition.

To make this concept clear, a definition is given as follows.

Definition 3.2 If a flowxðsÞðtÞof a slave system in Eq. (3.1) is constrained by a flow

xðrÞðtÞ of a master system in Eq. (3.2) through

φðxðrÞðtÞ; xðsÞðtÞ; t; λÞ ¼ 0; λ 2 rn0 (3.3)

for time t 2 ½tm1
; tm2

� , then the slave system is said to be synchronized with the

master system in the sense of Eq. (3.3) for time t 2 ½tm1
; tm2

�, also called an ðnr : nsÞ-
dimensional synchronization of the slave and master systems in the sense of

Eq. (3.3). Four special cases are given as follows.

(i) If tm2
! 1, the slave system is said to be absolutely synchronized with the

master system in the sense of Eq. (3.3) for time t 2 ½tm1
;1Þ.

(ii) If tm1
! 1, the slave system is said to be asymptotically synchronized with

the master system in the sense of Eq. (3.3).

(iii) For nr ¼ ns, such a synchronization of the slave and master systems is called

an equidimensional system synchronization in the sense of Eq. (3.3) for time

t 2 ½tm1
; tm2

�.
(iv) Fornr ¼ ns, such a synchronization of the slave and master systems is called an

absolute, equidimensional system synchronization in the sense of Eq. (3.3) for

time t 2 ½tm1
;1Þ.

If nr 6¼ ns; the ðnr : nsÞ -dimensional synchronization is called a non-

equidimensional system synchronization. It indicates that the dimension number

of a slave system can be less or more than one of the master system. Thus, it is not

necessary to require the slave and master systems have the same dimensions for

synchronization. Under a certain rule in Eq. (3.3), it is interesting that a slave

system can follow another completely different master system to synchronize.

From the foregoing definition, it can be seen that a slave system is synchronized

with a master system under a constraint condition. In fact, constraints for such

a synchronization phenomenon can be more than one. In other words, a slave

system is synchronized with a master system under multiple constraints. Thus,

the synchronization of a slave system with a master system under multiple

constraints is defined.

Definition 3.3 An ns -dimensional slave system in Eq. (3.1) is called to be

synchronized with an nr-dimensional master system in Eq. (3.2) of the ðnr : ns; lÞ-
type (or an ðnr : ns; lÞ-synchronization) if there are l-linearly independent functions
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φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ð j 2 l andl ¼ f1; 2; � � �; lgÞ to make two flows xðrÞðtÞ and
xðsÞðtÞof the master and slave systems satisfy

φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ¼ 0; λj 2 rnj and j 2 l (3.4)

for time t 2 ½tm1
; tm2

�. Eight special cases are given as follows:

(i) If tm2
! 1 , the slave system is said to be absolutely synchronized of the

ðnr: ns; lÞ-type with the master system (or an ðnr : ns; lÞ-absolute synchroniza-
tion) in the sense of Eq. (3.4) for time t 2 ½tm1

;1Þ.
(ii) If tm1

! 1, the slave system is said to be asymptotically synchronized of the
ðnr : ns; lÞ-type with the master system (or an ðnr : ns; lÞ-asymptotic synchro-
nization) in the sense of Eq. (3.4).

(iii) For l ¼ ns , the slave system is said to be completely synchronized of the

ðnr: ns; nsÞ-type with the master system (or an ðnr : ns; nsÞ-complete synchro-
nization ) in the sense of Eq. (3.4) for time t 2 ½tm1

; tm2
�.

(iv) For l ¼ ns and tm2
! 1, the synchronization of the slave and master systems

is called an ðnr : ns; nsÞ-absolute, complete synchronization in the sense of

Eq. (3.4) for time t 2 ½tm1
;1Þ.

(v) If nr ¼ ns ¼ n> l , the synchronization of the slave and master systems is

called an equidimensional system synchronization (or an ðn : n; lÞsynchroni-
zation) in the sense of Eq. (3.4) for time t 2 ½tm1

; tm2
�.

(vi) If nr ¼ ns ¼ n> l and tm1
! 1, the synchronization of the slave and master

systems is called an equidimensional, ðn : n; lÞ-absolute synchronization in

the sense of Eq. (3.4) for time t 2 ½tm1
;1Þ.

(vii) If nr ¼ ns ¼ n ¼ l, the synchronization of the slave and master systems is

called an equidimensional, complete synchronization (usually called a syn-
chronization ) in the sense of Eq. (3.4) for time t 2 ½tm1

; tm2
�.

(viii) If nr ¼ ns ¼ n ¼ l and tm2
! 1, the synchronization of the slave and master

systems is called an equidimensional, absolute, complete synchronization

(or called an absolute synchronization) in the sense of Eq. (3.4) for time

t 2 ½tm1
;1Þ.

In the foregoing definition, if the l-nonlinear equations are linearly independent,
then there is a set of constants kj and only kj ¼ 0 for all j 2 l exists to make the

following equation hold for all the domains and time,Xl

j¼1
kjφjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ¼ 0: (3.5)

In addition, the independence of functions φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ (for all j 2 l)

is checked through the corresponding normal vectors. The normal vector of

φjðxðrÞðtÞ;xðsÞðtÞ; t; λjÞ is computed by

nφj
¼ rφjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ¼

�
@φj

@xðrÞ
;
@φj

@xðsÞ

�T

: (3.6)
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For all domains and time, if all the normal vectors nφj
ð j 2 lÞ are linearly

independent, i.e.,

Xl

j¼1
kjnφj

¼ 0 only if kj ¼ 0 for all j 2 l: (3.7)

then the functions φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞare linearly independent.

The foregoing definition tells that the slave and master systems are synchronized

under l-constraints whatever the state-space dimension of the slave system is higher

or lower than the master system. For l< ns, the l-variables of the n-state variables of
the slave system can be expressed by the n-state variables of the master system

via the l-constraints. Select any l-variables x½ j� and the rest ðns � lÞ variables x½k� of
the ns-state variables, i.e.,

x
ðsÞ
½ j� 2 fxi; i ¼ 1; 2; � � � ; nsg for j ¼ 1; 2; � � � ; l
xðkÞ 2 fxi; i ¼ 1; 2; � � � ; nsg for k ¼ lþ 1; lþ 2; � � � ; ns (3.8)

From Eq. (3.4), due to the linear independence of functionsφjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ
ð j ¼ 1; 2; � � �; l), the constraint conditions give

x½ j� ¼ f½ j�ðxðsÞ; xðlþ1Þ;xðlþ2Þ; � � � ;xðnsÞ;λ1;λ2 � � � ; λl) for j 2 l: (3.9)

In this case, the state variables x½ j� for j 2 l can be said to be synchronized with the

master system in the conditions of Eq. (3.4). The subscripts ½�� and ð�Þ of the state
variables of the slave systems stand for the synchronizable and non-synchronizable
variables to the master systems, respectively. If l ¼ 1, this definition is reduced to

Definition 3.2 and ðnr : ns; 1Þ � ðnr : nsÞ; the ðnr : ns; lÞ-synchronization reduces

to the ðnr : nsÞ-synchronization. However, for l ¼ ns; the ns-linearly independent

conditions constrain the responses of the master and slave flows in the nr -dimen-

sional systems. Thus, the ns -components of the slave flow can be completely

determined by the nr -components of a flow in the master system. Therefore, for

the complete synchronization of the slave and master systems, a flow of the slave

system is completely controlled by the master system through the constraint

conditions in Eq. (3.4). For l> ns, the slave system is overconstrained by the master

system. Such a case will be discussed later. For nr ¼ ns ¼ n ¼ l , an equi-

dimensional, complete synchronization of the slave and master systems is obtained.

For this case, n-components of a flow in the slave system are controlled by the

n-components of a flow in the master system through the n-constraint equations in
Eq. (3.4). Because the n-constraint equations in Eq. (3.4) are linearly independent,

the determinant of the Jacobian matrix of functions in Eq. (3.4) in neighborhood of

the master flowxðrÞ is nonzero. Therefore, there is a one-to-one relation between the
slave and master flows xðsÞ and xðrÞ . It implies that the slave flow is completely

controlled by the master flow. From the above discussion, one obtains
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xðsÞðtÞ ¼ hðxðrÞðtÞ; λÞ or

x
ðsÞ
i ðtÞ ¼ hiðxðrÞðtÞ; λÞ for i ¼ 1; 2; � � � ; n: (3.10)

Introduce a set of new variables with n-linear, independent relations between the

slave and master systems. So one has

zðtÞ ¼ xðsÞðtÞ � BxðrÞðtÞ ¼ hðxðrÞÞ � BxðrÞ or

ziðtÞ ¼ x
ðsÞ
i ðtÞ � bix

ðrÞ
i ðtÞ ¼ hiðxðrÞÞ � bix

ðrÞ
i ðtÞ for i ¼ 1; 2; � � � ; n (3.11)

where a constant diagonal matrix B ¼ diagðb1; b2; � � � ; bnÞ. In recent researches on

the synchronization of two systems, one likes to make ziðtÞ ! 0 for t ! tm1
and

ziðtÞ ¼ 0 for t 2 ½tm1
; tm2

�, from which the slave and master system are synchronized.

To achieve such synchronization, the fixed points of bix
ðrÞ
i ðtÞ ¼ hiðxðrÞÞ for

i ¼ 1; 2; � � � ; n can be determined and independent of time. Such a concept

can be extended to such linear synchronization, i.e., for ziðtÞ ! ci (constant) for
t ! tm and ziðtÞ ¼ ci for t 2 ½tm1

; tm2
�. The definition is given as follows:

Definition 3.4 For the slave and master in Eqs. (3.1) and (3.2) with nr ¼ ns ¼ n,
if the slave and master flows satisfy

xðsÞðtÞ � BxðrÞðtÞ ¼ c (3.12)

with a constant diagonal matrix B ¼ diagðb1; b2; � � � ; bnÞ and a constant vector

c ¼ ðc1; c2; � � � ; cnÞT for t 2 ½tm1
; tm2

�, then the slave and master systems are equidi-

mensionally synchronized in such a linear sense. If tmþ1 ! 1, the synchronization

of the slave andmaster systems is absolutely and equidimensionally synchronized in

the linear sense for time t 2 ½tm1
;1Þ . Three important synchronizations are also

given as follows.

(i) Ifc ¼ 0andbi ¼ 1 (i ¼ 1; 2; � � � ; n), the synchronization of the slave and master

systems is called an identical synchronization.

(ii) If c ¼ 0 and bi ¼ �1 (i ¼ 1; 2; � � � ; n), the synchronization of the slave and

master systems is called an antisymmetric synchronization.

(iii) If c ¼ 0 and bi 2 f1;�1g (i ¼ 1; 2; � � � ; n), the synchronization of the slave and
master systems is called a mixed, identical and antisymmetric synchronization.

To extend the above idea, new variables are introduced as

zj ¼ φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ; j 2 l

z ¼ φðxðrÞðtÞ; xðsÞðtÞ; t; λÞ (3.13)

If zj ¼ cj (const) or zj ¼ 0, Eq. (3.13) can be used as the constraint condition in

Eq. (3.4). If the slave and master systems are not synchronized, the new variables
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ðzj 6¼ cj , j ¼ 1; 2; � � � ; l) will change with time t. The corresponding time-change

rate is given by

_zj ¼ DφjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ¼
@φj

@xðrÞ
_xðaÞ þ @φj

@xðsÞ
_xðbÞ þ @φj

@t

¼ @φj

@xðrÞ
FðrÞ þ @φj

@xðsÞ
FðsÞ þ @φj

@t
;

_z ¼ DφðxðrÞðtÞ; xðsÞðtÞ; t; λÞ ¼ @φ
@xðrÞ

_xðrÞ þ @φ
@xðsÞ

_xðsÞ þ @φ
@t

¼ @φ
@xðrÞ

FðrÞ þ @φ
@xðsÞ

FðsÞ þ @φ
@t

: (3.14)

For simplicity,Dφj ¼ φð1Þ
j andDrφj ¼ φðrÞ

j are adopted from now on. If the slave

and master systems are continuous, the time-change rate of the new variables

for the constraint conditions in Eq. (3.4) should be zero, i.e., _zj ¼ 0 ( j 2 l) or

_z ¼ 0 2 rl . However, if the slave and master systems are discontinuous to

the constraint conditions, the time-change rate of the new variables for the

constraint conditions in Eq. (3.4) may not be zero. To investigate the synchroni-

zation, the constraints are considered as boundaries in discontinuous dynamical

systems.

The slave and master flows xðsÞðtÞ and xðrÞðtÞ are determined by differential

equations in Eqs. (3.1) and (3.2). Suppose at least there is a point xm at time tm to

satisfy the constraint condition in Eq. (3.3), i.e.,

zm ¼ φðxðrÞm ; xðsÞm ; tm; λÞ ¼ 0 (3.15)

For t> tm, the synchronization between the slave and master systems requires the

slave and master flows to satisfy the constraint condition in Eq. (3.3). Because

the master flow is independent, only the slave flow can be changed for the

condition in Eq. (3.3). If the constraint condition in Eq. (3.3) is treated as a

super-surface, the slave system should be switched at the super-surface. If the

slave and master systems are Cr -continuous and differentiable ( r � 1) to the

super-surface, the slave and master flows will pass through the super-surface

instead of staying on the super-surface because of the continuity and differentia-

tion of the slave and master flows. Otherwise, on the super-surface, one obtains

_z ¼ φð1Þ ¼ 0 for all time t> tm and φðkÞ ¼ 0 for k ¼ 1; 2; � � �. From a theory of

discontinuous dynamical systems in Luo [2, 3], at least the slave system

possesses discontinuous vector fields to make the slave and master flows stay

on the super-surface, which means that the slave and master systems to the

constraint can keep the synchronization on the super-surface. Therefore, the

constraints can be used as super-surfaces to investigate the synchronization of

slave and master systems.
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3.1.1 Generalized Synchronization

As discussed in the previous section, if the number of constraints for slave and

master systems is over the dimension of the slave state space (i.e., l> ns), the slave
system is overconstrained under the constraint conditions by the master system.

In other words, if all the constraint conditions are satisfied, the master system

should be partially constrained also for ns < l 	 nr þ ns. Otherwise, the constraint
conditions cannot be satisfied for the synchronization of the slave and master

systems. The overconstrained synchronization for slave and master systems can

be defined from Definition 3.3, i.e.,

Definition 3.5 If l> ns , an ðnr : ns; lÞ -synchronization of the slave and master

systems in Eqs. (3.1) and (3.2) in sense of Eq. (3.4) for time t 2 ½tm1
; tm2

� is said to be
an ðnr : ns; lÞ-overconstrained synchronization.

To make an overconstrained slave system be synchronized with a master system,

the flow of the master system should be controlled by the constraints. Generally

speaking, the slave system can be partially controlled by some constraints in

Eq. (3.4), and the master system can be partially controlled by the rest constraints

in Eq. (3.4) as well. For some time intervals, the slave system can be controlled

by the master system under the constraints. With time varying, for some time

intervals, the master system can also be controlled by the slave system. For this

case, it is very difficult to know which one of two systems is a slave or master

system. In fact, it is not necessary to distinguish slave and master systems from two

dynamical systems. For the synchronization of two or more systems, Definition 3.2

can be generalized as follows.

Definition 3.6 If a flowxðsÞðtÞof a system in Eq. (3.1) with a flowxðrÞðtÞof a system
in Eq. (3.2) is constrained by a single constraint in Eq. (3.3) for time t 2 ½tm1

; tm2
�,

then the two systems are said to be synchronized in the sense of Eq. (3.3) for time

t 2 ½tm1
; tm2

�. Five special cases are given as follows.

(i) If tm2
! 1, the two systems are said to be absolutely synchronized in the sense

of Eq. (3.3) for time t 2 ½tm1
;1Þ.

(ii) If tm1
! 1, the two systems are said to be asymptotically synchronized in the

sense of Eq. (3.3).

(iii) For ns ¼ nr ¼ n, the two equidimensional systems are said to be synchronized

in the sense of Eq. (3.3) for time t 2 ½tm1
; tm2

�.
(iv) For ns ¼ nr ¼ n and tm2

! 1, the two equidimensional systems are said to be

absolutely synchronized in the sense of Eq. (3.3) for time t 2 ½tm1
;1Þ.

(v) For ns ¼ nr ¼ n and tm1
! 1, the two equidimensional systems are said to be

asymptotically synchronized in the sense of Eq. (3.3).

In an alike fashion, the synchronization of slave and master systems in Definition

3.3 should be generalized for the synchronization of slave and master systems with

or without overconstraints.
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Definition 3.7 An nr -dimensional system in Eq. (3.1) with an ns -dimensional

system in Eq. (3.2) is said to be synchronized with l-constraints (or an l-constraint
synchronization) for time t 2 ½tm1

; tm2
� if there are l-linearly independent functions

φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ( j 2 l and l ¼ f1; 2; � � �; lg with l< nr þ ns) to make two

flowsxðrÞðtÞ andxðsÞðtÞof the two systems satisfy the constraints in Eq. (3.4) for time

t 2 ½tm1
; tm2

�. Five special cases are given as follows:

(i) If tm2
! 1 , the two systems are said to be absolutely synchronized with

l-constraints (or an absolute, l-constraint synchronization) in the sense of

Eq. (3.4) for time t 2 ½tm1
;1Þ.

(ii) If tm1
! 1, the two systems are said to be asymptotically synchronized with

l-constraints (or an asymptotic l-constraint synchronization) in the sense of

Eq. (3.4).

(iii) If ns ¼ nr ¼ n, the two equidimensional systems are said to be synchronized

with l-constraints in the sense of Eq. (3.4) for time t 2 ½tm1
; tm2

�.
(iv) If ns ¼ nr ¼ n and tm2

! 1, the two equidimensional systems are said to be

absolutely synchronized with l-constraints in the sense of Eq. (3.4) for time

t 2 ½tm1
;1Þ.

(v) If ns ¼ nr ¼ n and tm1
! 1, the two equidimensional systems are said to be

asymptotically synchronized with l-constraints in the sense of Eq. (3.4) for

time t 2 ½tm1
;1Þ.

From the above definition, the number of constraints in Eq. (3.4) can be greater

than the dimension number of state space for any one of the two systems in

Eqs. (3.1) and (3.2) (i.e., l> ns or l> nr ). For such case, one cannot control only

one of the two systems to make them be synchronized through the constraints.

In other words, one must control both of two systems to make the corresponding

synchronization occur. Of course, if l 	 ns or l 	 nr, one can control only one of two
systems to make them be synchronized through the constraints in Eq. (3.4). If the

constraint functions φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ (for all j 2 l) is time independent for

l ¼ nr þ ns , Eq. (3.4) will give a set of fixed values of xðrÞ
 and xðsÞ
 , which are

independent of time. The constraints yield the values-fixed, static points in the

resultant sate space. To make the two systems in Eqs. (3.1) and (3.2) be

synchronized at the static points in phase space, such a synchronization can be

called a static synchronization of two systems in Eqs. (3.1) and (3.2). For l> ns þ nr,
the time-independent constraints in Eq. (3.4) will give the statically overconstrained

synchronization, which may not be meaningful for practical problems. Such a case

will not be discussed any more. If the constraint functions of φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ
(for all j 2 l) are time dependent for l ¼ nr þ ns, Eq. (3.4) will give a flow of xðrÞ


and xðsÞ
 relative to time. To eliminate time, the constraints in Eq. (3.4) give

a one-dimensional flow in the resultant phase space. If the time-dependent con-

straint functions of φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ (for all j 2 l) are of l-dimensions with

l ¼ ns þ nr þ 1, Eq. (3.4) will give a set of fixed values of xðrÞ
 and xðsÞ
 at a specific
time t
 in the resultant phase space, which is an instantaneous fixed point only at

time t
. For this case, it is very difficult for the two systems to be synchronized for
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such an instantaneous point. Such a case may not be too meaningful, which will not

be discussed. Therefore, the following two definitions are given to describe the

above-discussed cases.

Definition 3.8 An nr -dimensional system in Eq. (3.1) with an ns -dimensional

system in Eq. (3.2) is said to be statically synchronized with l-constraints (or a static
synchronization) for time t 2 ½tm1

; tm2
� if there are l-linearly independent and

time-independent functions φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ð j 2 l and l ¼ f1; 2; � � �; lg
with l ¼ nr þ ns) to make two flows xðrÞðtÞ and xðsÞðtÞ of the two systems satisfy the

constraints in Eq. (3.4) for time t 2 ½tm1
; tm2

�. Two special cases are:

(i) If tm2
! 1 , the two systems are said to be absolutely and statically

synchronized with l-constraints (or an absolute and static synchronization) in

the sense of Eq. (3.4) for time t 2 ½tm1
;1Þ.

(ii) If tm1
! 1 , the two systems are said to be asymptotically and statically

synchronized with l-constraints (or an asymptotic and static synchronization)

in the sense of Eq. (3.4).

Definition 3.9 An nr -dimensional system in Eq. (3.1) with an ns -dimensional

system in Eq. (3.2) is said to be synchronized with a one-dimensional constraint

flow (or a 1D constraint-flow synchronization) for time t 2 ½tm1
; tm2

� if there are

l linearly independent and time-dependent function φjðxðrÞðtÞ; xðsÞðtÞ; t; λjÞ ð j 2 l
and l ¼ f1; 2; � � �; lg with l ¼ nr þ ns) to make two flows xðrÞðtÞ and xðsÞðtÞ of the
two systems satisfy constraints in Eq. (3.4) for time t 2 ½tm1

; tm2
�. Two special cases

are given as follows:

(i) If tm2
! 1 , the two systems are said to be absolutely synchronized with a

one-dimensional constraint flow (or an absolute, 1D constraint-flow synchro-
nization) in the sense of Eq. (3.4) for time t 2 ½tm1

;1Þ.
(ii) If tm1

! 1, the two systems are said to be asymptotically synchronized with a

one-dimensional constraint flow (an asymptotic, 1D constraint-flow synchroni-
zation) in the sense of Eq. (3.4).

3.1.2 Resultant Dynamical Systems

From the theory of discontinuous dynamical systems in Luo [2, 3], the synchroni-

zation of two or more dynamical systems with specific constraints can be discussed

through a resultant dynamical system. The constraint conditions can be considered

as a set of hypersurfaces. If the resultant system to the constraints is discontinuous,

the resultant discontinuous dynamical system can be adjusted on both sides of each

super-surface for such synchronization. For doing so, a set of new state variables for

the resultant discontinuous system will be introduced, and the subdomains and

boundaries relative to the constraints will be presented. For synchronization of

slave and master systems on the constraint surfaces, only the slave system can be

adjusted, and the master system cannot be adjusted. In other words, the slave system
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can be controlled in order to make it be synchronized with the master system

through the constraints. That is, the slave system can be expressed by discontinuous

vector fields to all the constraint surfaces for such synchronization, but the master

system should keep a continuous vector field to such constraint surfaces. However,

for a resultant system formed by two systems with constraints, one can adjust two

dynamical systems to make them be synchronized on the constraint conditions in

general.

A new vector of state variables of two dynamical systems in Eqs. (3.1) and (3.2)

is introduced as

y ¼ ðxðrÞ; xðsÞÞT ¼ ðxðrÞ1 ; x
ðrÞ
2 ; � � �; xðrÞnr

; x
ðsÞ
1 ; x

ðsÞ
2 ; � � �; xðsÞns

ÞT 2 rnrþns (3.16)

The notation (•;•) � (•,•) is just for a combined vector of state vectors of two

dynamical systems. From the constraint condition in Eq. (3.3), a constraint bound-

ary for the discontinuous description of the synchronization of two dynamical

systems in Eqs. (3.1) and (3.2) can be defined, and the corresponding domains

separated by such a constraint boundary can be obtained.

Definition 3.10 A constraint boundary in an ðnr þ nsÞ-dimensional phase space for

the synchronization of two dynamical systems in Eqs. (3.1) and (3.2) to constraint

condition in Eq. (3.3) is defined as

@O12 ¼ �O1 \ �O2

¼ yð0Þ
φðyð0Þ; t; λÞ � φðxðr;0ÞðtÞ; xðs;0ÞðtÞ; t; λÞ ¼ 0;

φ is Cr1 -continuous (r1 � 1Þ

�����
( )

� rnrþns�1;

(3.17)

and two corresponding domains for a resultant system of two dynamical systems in

Eqs. (3.1) and (3.2) are defined as

O1 ¼ yð0Þ
φðyð1Þ; t; λÞ � φðxðr;1ÞðtÞ; xðs;1ÞðtÞ; t; λÞ> 0;

φ is Cr1 -continuous (r1 � 1Þ

�����
( )

� rnrþns

O2 ¼ yð0Þ
φðyð2Þ; t; λÞ � φðxðr;2ÞðtÞ; xðs;2ÞðtÞ; t; λÞ< 0;

φ is Cr1 -continuous (r1 � 1Þ

�����
( )

� rnrþns ;

(3.18)

On the two domains, the resultant system of two dynamical systems is discontinu-

ous to the constraint boundary, defined by

_yðaÞ ¼ FðaÞðyðaÞ; t;pðaÞÞ in Oa for a ¼ 1; 2 (3.19)

where FðaÞ ¼ ðFðr;aÞ;Fðs;aÞÞT and pðaÞ ¼ ðpðr;aÞ;pðs;aÞÞT. Suppose there is a vector

field Fð0Þðyð0Þ; t; λÞ on the constraint boundary with φðyð0Þ; t; λÞ ¼ 0 , and the

corresponding dynamical system on such a boundary is expressed by
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_yð0Þ ¼ Fð0Þðyð0Þ; t; λÞ on @O12: (3.20)

The domains Oa (a ¼ 1; 2) are separated by the constraint boundary @O12 , as

shown in Fig. 3.1. For a point ðxðr;1Þ; xðs;1ÞÞ 2 O1 at time t, φðxðr;1Þ; xðs;1Þ; t; λÞ> 0.

For a point ðxðr;2Þ; xðs;2ÞÞ 2 O2 at time t, φðxðr;2Þ; xðs;2Þ; t; λÞ< 0. However, on the

boundary ðxðr;0Þ; xðs;0ÞÞ 2 @O12 at time t, the constraint condition for synchroniza-

tion should be satisfied (i.e., φðxðr;0Þ; xðs;0Þ; t; λÞ ¼ 0). If the constraint condition is

time independent, the constraint boundary determined by the constraint condition

is invariant. The above definition is extended.

Definition 3.11 The jth-constraint boundary in an ðnr þ nsÞ -dimensional phase

space for the synchronization of two dynamical systems in Eqs. (3.1) and (3.2),

relative to the jth-constraint of the constraint conditions in Eq. (3.4), is defined as

@Oð12; jÞ ¼ �Oð1; jÞ \ �Oð2; jÞ

¼ yð0; jÞ
φjðyð0; jÞ; t; λjÞ � φjðxðr;0; jÞðtÞ; xðs;0; jÞðtÞ; t; λjÞ ¼ 0;

φj is C
rj-continuous (rj � 1Þ

�����
( )

� rnrþns�1;

(3.21)

and two domains pertaining to the jth -boundary for a resultant system of two

dynamical systems in Eqs. (3.1) and (3.2) are defined as

Oð1; jÞ ¼ yð0Þ
φjðyð1; jÞ; t; λÞ � φjðxðr;1; jÞðtÞ; xðs;1; jÞðtÞ; t; λjÞ> 0;

φj is C
rj -continuous (rj � 1Þ

�����
( )

� rnrþns

Oð2; jÞ ¼ yð0Þ
φjðyð2; jÞ; t; λÞ � φjðxðr;2; jÞðtÞ; xðs;2; jÞðtÞ; t; λjÞ< 0;

φj is C
rj -continuous (rj � 1Þ

�����
( )

� rnrþns ;

(3.22)

(x(r,1), x(s,1), t)

(x(r,2), x(s,2), t)

(x(r,0), x(s,0), t) (x(r,1), x(s,1), t, l) > 0

(x(r,2), x(s,2), t, l) < 0

(x(r,0), x(s,0), t, l) = 0

Ω1

Ω2

Ω12

Fig. 3.1 Constraint boundary and domains in ðnr þ nsÞ-dimensional state space
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On the two domains relative to the jth -constraint boundary, a discontinuous

resultant system of two dynamical systems in Eqs. (3.1) and (3.2) with the jth-
constraint in Eq. (3.4) is defined by

_yðaj; jÞ ¼ FðaÞðyðaj; jÞ; t;pðajÞ
j Þ in Oðaj; jÞ for aj ¼ 1; 2 (3.23)

where Fðaj; jÞ ¼ ðFðr;aj; jÞ;Fðs;aj; jÞÞT and p
ðajÞ
j ¼ ðpðr;ajÞj ; p

ðs;ajÞ
j ÞT . Suppose there is a

vector field of Fð0; jÞðyð0; jÞ; t; λjÞ on the jth-constraint boundary with φjðyð0; jÞ; t; λjÞ
¼ 0, and the corresponding dynamical system on the jth-boundary is

_yð0; jÞ ¼ Fð0; jÞðyð0; jÞ; t; λjÞ in Oð12; jÞ for aj ¼ 1; 2 (3.24)

Since l-constraint conditions are linearly independent, any two boundaries are

intersected each other. Consider two constraint boundaries of @O12ðjÞ and @O12ðkÞ
for synchronization. From Luo [4], the intersection edge of the two constraint

boundaries is given by

@Oð12; jkÞ ¼ @Oð12; jÞ \ @Oð12; kÞ � rnrþns�2 (3.25)

and the corresponding domain in phase space is separated into four subdomains

Oðajak ; jkÞ ¼ Oðaj; jÞ \ Oðak ; kÞ � rnrþns for j; k 2 l and aj;ak ¼ 1; 2: (3.26)

Such a partition of the domain in state space for a resultant system of two dynamical

systems is sketched in Fig. 3.2. The intersection of the two constraint boundaries

in state space for a resultant system of two dynamical systems is depicted by an

ðnr þ ns � 2Þ -manifold, depicted by a dark curve. For the l-linearly independent

constraints, the state space partition can be completed via such l-linearly

Ω(1, j) ∩ Ω(1, k)

Ω(2, j ) ∩ Ω(1, k)

Ω(2, j) ∩ Ω(1, k)

Ω(2, j) ∩ Ω(2, k)

Ω12( j )

j(x
(r,0, j ), x(s,0, j ), t, lj) = 0

k(x
(r,0, k), x(s,0, k), t, lk) = 0

Ω12(k)

Fig. 3.2 An intersection of two boundaries with φj ¼ 0 and φk ¼ 0 for j; k 2 l and j 6¼ k
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independent constraint boundaries. Based on the l-constraint conditions, the

corresponding intersection of boundaries is

@Oð12;JÞ ¼ \l
j¼1@Oð12; jÞ � rnrþns�l: (3.27)

which gives an ðnr þ ns � lÞ-dimensional edge manifold. Consider the synchroni-

zation of the slave and master systems for discussion. If n ¼ l , the intersection

manifold of the constraints is an ns-dimensional state space. Thus, the slave system

can be completely controlled through the ns-constraints to be synchronized with the
master system. From the l-constraint conditions in Eq. (3.4), the domain in ðnr þ nsÞ
-dimensional state space is partitioned into many subdomains for the resultant

system of two dynamical systems, i.e.,

Oa ¼ Oða1a2���alÞ ¼ \l
j¼1Oðaj; jÞ � rnrþns for aj ¼ 1; 2 and j 2 l: (3.28)

The total domain

O¼ [l
j¼1 [2

aj¼1 ð\l
j¼1Oðaj; jÞÞ � rnrþns is a union of all the

subdomains. From the foregoing description of a resultant dynamical system,

the synchronization of two systems under constraints can be investigated through

such a resultant dynamical system with the constraint boundaries as in Luo [2, 3].

The constraint boundaries can be either of one side or of two sides. If the resultant

system for the synchronization of two systems can be defined in one of the two

subdomains only, such a constraint boundary is called one-side boundary. Other-

wise, the constraint boundary is called two-side constraint boundary. If a flow of the

resultant system can approach to a constraint flow on the constraint boundaries as

t ! 1 , for such a case, the synchronization of two systems to the constraint

boundaries is asymptotic.

3.2 Synchronization with a Single Constraint

In this section, the synchronicity of two systems to a single constraint will

be presented, and the corresponding conditions for such synchronicity will be

discussed.

3.2.1 Synchronicity

Before discussing the synchronicity of two dynamical systems to the constraint

boundary, the neighborhood of the constraint boundary should be introduced

through a typical point on such a constraint boundary for time tm . For any small

e> 0, the neighborhood of a constraint boundary is defined as follows.
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Definition 3.12 For y
ðaÞ
m� 2 Oa (a 2 f1; 2g) and yð0Þm 2 @O12 at time tm;y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The

e-neighborhood of the constraint boundary @O12 is defined as

O�e
a ¼ yðaÞ

����jjyðaÞðtÞ � yð0Þm jj 	 d; d> 0; t 2 ½tm�e; tmÞ
� �

;

Oþe
a ¼ yðaÞ

����jjyðaÞðtÞ � yð0Þm jj 	 d; d> 0; t 2 ðtm; tmþe�
�
:

� (3.29)

For a point yð0Þm ¼ ðxðr;0Þm ; x
ðs;0Þ
m ÞT 2 @O12 at time tm , a surface of the constraint

boundary @O12 at the instantaneous time tm is governed by φðxðr;0Þ; xðs;0Þ; tm; λÞ ¼
φðxðr;0Þm ; x

ðs;0Þ
m ; tm; λÞ ¼ 0. If the constraint function φ is time independent, such a

constraint surface for the synchronization of two dynamical systems is invariant

with respect to time. Otherwise, this constraint surface changes with the instanta-

neous time tm. In addition to the constraint surface, two boundaries of domain

O�e
a ða ¼ 1; 2) are determined by φðxðr;aÞ; xðs;aÞ; tm�e; λÞ ¼ φðxðr;aÞm�e ; x

ðs;aÞ
m�e ; tm�e; λÞ

¼ const, as shown in Fig. 3.3. In the e-neighborhood of a constraint boundary,

if the resultant system of two dynamical systems is attractive to such a constraint

boundary, any flows in the two e-domains will approach the constraint boundary.

Further, the synchronicity of two dynamical systems to the constraint boundary can

be discussed. In other words, the attractivity of the resultant system to the

constraint boundary requires that any flow in the two e-domains of Oa (a ¼ 1; 2)
approach the constraint boundary @O12 as t ! tm. From Luo [2, 3], the synchroni-

zation of two dynamical systems to the constraint needs that any flows of the

resultant system in the two e-domains ofOa (a ¼ 1; 2) are attractive to the boundary.

Definition 3.13 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

a constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa (a 2 f1; 2g) and yð0Þm 2 @O12 at time tm;

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmÞ . The two

systems in Eqs. (3.1) and (3.2) to constraint in Eq. (3.3) are called to be

synchronized for time tm 2 ½tm1
; tm2

� if

(x(r,1), x(s,1), tm–e, l) > 0

(x(r,0), x(s,0), tm, l) = 0

(xm
(r,0), xm

(s,0), tm)

(r,2) (s,2)(xm–e, xm–e, tm–e)

(r,1) (s,1)(xm–e, xm–e, tm–e)

Ω1
–e

Ω2
–e

(x(r,2), x(s,2), tm–e, l) < 0

Ω12

Fig. 3.3 A neighborhood of the constraint boundary and the attractivity of a resultant flow to the

constraint boundary in ðnr þ nsÞ-dimensional state space
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φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0 for a ¼ 1; 2: (3.30)

In addition to the attractivity of a flow of the resultant system to the constraint

boundary, the repulsion of a flow of the resultant system to the constraint boundary

can be defined. Because of such a repulsion, any flows of the resultant system in the

two e-domains ofOa (a ¼ 1; 2) can never approach the constraint boundary. In other
words, two dynamical systems in Eqs. (3.1) and (3.2) cannot make the constraint

condition in Eq. (3.3) be satisfied. Thus, the repulsion of a flow of the resultant

system to the constraint boundary should be introduced. Such a repulsion

phenomenon is sketched in Fig. 3.4. The constraint boundary @O12 is governed

by φðxðr;0Þ; xðs;0Þ; tm; λÞ ¼ 0. The boundaries of the e-neighborhood of the constraint

boundary are obtained by φðxðr;aÞ; xðs;aÞ; tmþe; λÞ ¼ φðxðr;aÞmþe ; x
ðs;aÞ
mþe ; tmþe; λÞ ¼ const:

Two flows of the resultant system on both sides of the constraint boundary @O12

move away in two domains Oa (a ¼ 1; 2), which means that no any flows of the

resultant system can arrive to the constraint boundary. So the synchronization of

two dynamical systems in Eqs. (3.1) and (3.2) to the constraint in Eq. (3.3) cannot

be achieved. Such a repulsion of a resultant system to the constraint boundary gives

the desynchronization of two dynamical systems to the constraint in Eq. (3.3).

The desynchronization of two systems to a constraint is defined.

Definition 3.14 Consider two systems in Eqs. (3.1) and (3.2) with constraint in

Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm, y

ðaÞ
m� ¼ yð0Þm . For any

small e> 0 , there is a time interval ðtm; tmþe� . The two dynamical systems in

Eqs. (3.1) and (3.2) to constraint in Eq. (3.3) are said to be repelled
(or desynchronized) for tm 2 ½tm1

; tm2
� if

φðyðaÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

ð�1Þa½φðyðaÞmþe; tmþe; λÞ � φðyðaÞmþ; tmþ; λÞ�< 0 for a ¼ 1; 2: (3.31)

∂Ω12

ε+Ω1

ε+Ω2

(x(r,1), x(s,1), tm+e , l) > 0

(x(r,2), x(s,2), tm+e , l) < 0

(x(r,0), x(s,0), tm, l) = 0

(xm+e , xm+e , tm+e )
(r,1) (s,1)

(xm+e , xm+e , tm+e  )
(r,2) (s,2)

(xm , xm , tm)
(0)(0) ∼

Fig. 3.4 The repulsion of a resultant flow to the constraint boundary in ðnr þ nsÞ-dimensional

state space

3.2 Synchronization with a Single Constraint 85



From the theory of discontinuous dynamical systems in Luo [2, 3], a resultant

system of two dynamical systems in Eqs. (3.1) and (3.2) may pass through the

constraint boundary from a domain to another. For this case, the penetration

synchronicity of two dynamical systems can occur, as sketched in Fig. 3.5. Such

synchronization can be called an instantaneous synchronization. A flow of a

resultant system to the constraint boundary for time t< tm and t> tm lies in the

two domains O1 and O2 . In sense of Eq. (3.3), a definition of such penetration

synchronicity is given as follows.

Definition 3.15 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. A resultant

flow of two dynamical systems in Eqs. (3.1) and (3.2) is said to be penetrated
to the constraint boundary @Oab from Oa to Ob at time tm if for a; b 2 f1; 2g and

a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞmþe; tmþe; λÞ � φðyðbÞmþ; tmþ; λÞ�< 0:

9>>=>>; (3.32)

In Definition 3.15, the incoming flowwith “� ” and outcome flowwith “þ ” to the

boundary are prescribed. From the foregoing definition, a penetration flow of the

resultant system of two dynamical systems to the constraint boundary can be consid-

ered to be formed by the semi-synchronization and semi-desynchronization. Such a

penetration flow of the resultant system to the constraint boundary can also be called

an instantaneous synchronization of two dynamical systems in Eqs (3.1) and (3.2) to

constraint in Eq. (3.3). Such an instantaneous synchronization will disappear because

the semi-desynchronization exists. From the definition of a penetration flow, a flow of

the resultant system in domain Oa approaches the constraint boundary. However, in

domain Ob , such a flow will leave from the constraint boundary. To investigate the

(xm
(r,0), xm

(s,0), tm)

(r,2) (s,2)(xm+e, xm+e, tm+e)

(r,1) (s,1)(xm–e, xm–e, tm–e)

Ω1
e

Ω12

Ω2
e

(x(r,1), x(s,1), tm–e, l) > 0

(x(r,0), x(s,0), tm, l) = 0

(x(r,2), x(s,2), tm+e, l) < 0

Fig. 3.5 A penetration of a resultant flow to the constraint boundary in ðnr þ nsÞ-dimensional state

space
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relations among three types of synchronicity of two dynamical systems to the

constraint in Eq. (3.3), the switchability of the synchronization, desynchronization,

and penetration is very important, which can be discussed through the singularity of

the resultant system to the constraint boundary.

3.2.2 Singularity to Constraint

From a theory of discontinuous dynamical systems in Luo [2–4], a flow of a

resultant system of two dynamical systems may be tangential to the constraint

boundary governed by the constraint condition in Eq. (3.3). For this case, the

synchronicity of two dynamical systems to the constraint occurs only at one point

and then returns back to the same domain. Such an instantaneous synchronization is
different from a penetration flow of the resultant system to the constraint boundary.

The tangential synchronization of two dynamical systems to the constraint is

sketched in Fig. 3.6. In domain O1; the tangential synchronization of the two

systems to the constraint boundary @O12 is presented. The two boundaries at time

tm�e and tmþe are given by the two different surfaces. For such synchronicity, the

following definition is given.

Definition 3.16 Consider two dynamical systems in Eqs. (3.1) and (3.2) with con-

straint in Eq. (3.3). For y
ðaÞ
m� 2 Oa (a 2 f1; 2g) andyð0Þm 2 @O12 at time tm; y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e
a for t 2 ½tm�e;

tmþe�; the functionφðyðaÞ; t; λÞ isCra-continuous (ra � 2) and jφðraþ1ÞðyðaÞ; t; λÞj<1:
A flow of a resultant system of two dynamical systems in Eqs. (3.1) and (3.2) is

said to be tangential (or grazing) to the constraint boundary at time tm if

for a 2 f1; 2g

(xm
(0), ~xm

(0), tm)

(x(r,2), x(s,2), tm+e, l) < 0

(x(r,0), x(s,0), tm, l) = 0

Ω1
±e

Ω12

Ω2
±e

(x(r,1), x(s,1), tm+e, l) > 0

(x(r,1), x(s,1), tm+e, l) > 0 (r,1) (s,1)(xm+e, xm+e, tm+e)
(r,1) (s,1)(xm–e, xm–e, tm–e)

Fig. 3.6 Tangential synchronization to the constraint in an ðnr þ nsÞ-dimensional state space
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φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm�; tm�; λÞ ¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0: (3.33)

In Definition 3.16, the incoming flow with “� ” and outcome flow with “þ ” to

the boundary are prescribed. Such a tangency of a resultant flow to the constraint

boundary will cause the synchronicity to be changed. The onset and vanishing

singularity for synchronizations can be discussed, and the corresponding definition

is given as follows.

Definition 3.17 Consider two dynamical systems in Eqs. (3.1) and (3.2) with con-

straint in Eq. (3.3). For yðaÞm 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm, y
ðaÞ
m ¼ yð0Þm .

For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e
a for time

t 2 ½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra-continuous (ra � 2) and

jφðraþ1ÞðyðaÞ; t; λÞj<1
(i) The synchronization of two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3) is called to be vanishing to form a penetration from

domain Oa to Ob at the constraint boundary at time tm if for a; b 2 f1; 2g and

a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞm
; tm
; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm�; tm�; λÞ 6¼ 0;φð1ÞðyðbÞm
; tm
; λÞ ¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞm
e; tm
e; λÞ � φðyðbÞm
; tm
; λÞ�< 0: (3.34)

(ii) The synchronization of two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3) is called to be onset from a penetration from domainOa to

Ob at the constraint boundary at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm�; tm�; λÞ 6¼ 0;φð1ÞðyðbÞm�; tm�; λÞ ¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞm�e; tm�e; λÞ � φðyðbÞm�; tm�; λÞ�< 0; (3.35)

In Eq. (3.34), the notation “ 
 ” represents the synchronization first with “ � ”

and the penetration secondly with “+”. This condition is called either the vanishing
condition of synchronization to form a new penetration or the onset condition of

penetration from the synchronization at the boundary of constraint in Eq. (3.3).

However, in Eq. (3.35), the notation “� ” represents the penetration first with “+”
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and the synchronization secondly with “ � .” This condition is called the onset
condition of synchronization from a state of penetration to the boundary, which can

also be called the vanishing condition of penetration to form a synchronization at

the constraint boundary at time tm. The switching conditions between the synchro-

nization and desynchronization are presented as follows.

Definition 3.18 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a for

time t 2 ½tm�e; tmþe�, the constraint functionφðyðaÞ; t; λÞ isCra-continuous (ra � 2) and

jφðraþ1ÞðyðaÞ; t; λÞj<1.

(i) The synchronization of two dynamical systems in Eqs. (3.1) and (3.2) to

constraint in Eq. (3.3) is called to be onset from a desynchronization at the

constraint boundary at time tm if for a ¼ 1; 2

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm�; tm�; λÞ ¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0: (3.36)

(ii) The synchronization of two dynamical systems in Eqs. (3.1) and (3.2) to

constraint in Eq. (3.3) is called to be vanishing to form a desynchronization

at the constraint boundary at time tm if for a ¼ 1; 2

φðyðaÞm
; tm
; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm
; tm
; λÞ ¼ 0;

ð�1Þa½φðyðaÞm
e; tm
e; λÞ � φðyðaÞm
; tm
; λÞ�< 0: (3.37)

In Eq. (3.36), the notation “� ” represents the desynchronization first with “+”

and the synchronization with “� ” second. This condition is called either the onset
condition of synchronization from the desynchronization on the boundary or the
vanishing condition of desynchronization to form a new synchronization on

the boundary. In Eq. (3.37), the notation “ 
 ” represents the synchronization first

with “� ” and the desynchronization second with “+”. This condition is called the
vanishing condition of synchronization to form a new desynchronization, which can

also be called the onset condition of desynchronization from the synchronization.

Similarly, the onset and vanishing conditions of the desynchronization from the

penetration can be discussed as for the synchronization. The following definition

will give the onset and vanishing conditions of desynchronization.

Definition 3.19 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,
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y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra-continuous

(ra � 2) and jφðraþ1ÞðyðaÞ; t; λÞj<1:

(i) The desynchronization of two dynamical systems in Eqs. (3.1) and (3.2)

to constraint in Eq. (3.3) is called to be vanishing to form a penetration from

Oa to Ob at the constraint boundary at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm�; tm�; λÞ ¼ 0;φð1ÞðyðbÞmþ; tmþ; λÞ 6¼ 0;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞmþe; tmþe; λÞ � φðyðbÞmþ; tmþ; λÞ�< 0: (3.38)

(ii) The desynchronization of two dynamical systems in Eqs. (3.1) and (3.2) to

constraint in Eq. (3.3) is called to be onset from a penetration from Oa to Ob at

the constraint boundary at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm
; tm
; λÞ ¼ φðyðbÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm
; tm
; λÞ ¼ 0; φð1ÞðyðbÞmþ; tmþ; λÞ 6¼ 0;

ð�1Þa½φðyðaÞm
e; tm
e; λÞ � φðyðaÞm
; tm
; λÞ�< 0;

ð�1Þb½φðyðbÞmþe; tmþe; λÞ � φðyðbÞmþ; tmþ; λÞ�> 0: (3.39)

Notice that in Eq. (3.38), the notation “� ” represents the desynchronization first

with “+” and the penetration second with “ � ”. This condition is called the

vanishing condition of desynchronization to form a new penetration on the bound-

ary and can also be called the onset condition of penetration from a synchronization

state. However, in Eq. (3.39), the notation “
 ” represents the penetration first with

“� ” and the synchronization second with “þ ”. This condition is called the onset
condition of desynchronization from a penetration and also can be called the
vanishing condition of the penetration to form a desynchronization state. From

the previous three definitions, the switching between synchronization and penetra-

tion, between desynchronization and penetration, and between desynchronization

and synchronization were presented. However, another switching between two

penetrations should be discussed.

Definition 3.20 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa (a 2 f1; 2g) and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe�, the constraint functionφðyðaÞ; t; λÞ isCra-continuous (ra � 2)

and jφðraþ1ÞðyðaÞ; t; λÞj<1: The penetration of the two dynamical systems in
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Eqs. (3.1) and (3.2) to constraint in Eq. (3.3) is called to be switched at the

constraint boundary at time tm if for a; b 2 f1; 2g

φðyðaÞm
; tm
; λÞ ¼ φðyðbÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φð1ÞðyðaÞm
; tm
; λÞ ¼ φð1ÞðyðbÞm�; tm�; λÞ ¼ 0;

ð�1Þa½φðyðaÞm
e; tm
e; λÞ � φðyðaÞm
; tm
; λÞ�< 0;

ð�1Þb½φðyðbÞm�e; tm�e; λÞ � φðyðbÞm�; tm�; λÞ�< 0: (3.40)

Based on the definitions of the tangential (or grazing) and switching singularity,

there is a critical parameter λcr from which @φðyðaÞm�; tm�; λÞ=@λjλcr 6¼ 0, such a

singularity is called the corresponding bifurcation at λcrfor parameter λ.

3.3 Synchronicity with Singularity

As similar to discontinuous dynamical systems in Luo [2–4], the above synchronicity

of two dynamical systems in Eqs. (3.1) and (3.2) with constraint in Eq. (3.3) can be

extended to the case of higher order singularity. The corresponding definitions can

be presented. The definition for the ð2ka : 2kbÞsynchronization of two dynamical

systems in Eqs. (3.1) and (3.2) with constraint in Eq. (3.3) at the corresponding

constraint boundary for time tm 2 ½tm1
; tm2

� is presented first.

Definition 3.21 Consider two dynamical systems in Eqs. (3.1) and (3.2) with con-

straint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m�¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmÞ; the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra �2ka þ 1Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1: The two dynamical systems in

Eqs. (3.1) and (3.2) with constraint in Eq. (3.3) is called to be synchronized with

the ð2k1 : 2k2)-type to the constraint in Eq. (3.3) for time tm 2 ½tm1
; tm2

� if for a ¼ 1; 2

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka;
ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0: (3.41)

As in the definition for the ð2k1 : 2k2Þ-synchronization, the definition for the

ð2k1 : 2k2Þ -desynchronization of two dynamical systems in Eqs. (3.1) and (3.2)

with constraint in Eq. (3.3) on the corresponding constraint boundary for time

tm 2 ½tm1
; tm2

� is also presented.

Definition 3.22 Consider two dynamical systems in Eqs. (3.1) and (3.2) with con-

straint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm, y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 Oþe
a for time
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t 2 ðtmþ; tmþe�; the constraint function φðyðaÞ; t; λÞ is Cra-continuous (ra � 2ka þ 1)

and jφðraþ1ÞðyðaÞ; t; λÞj<1: The two dynamical systems in Eqs. (3.1) and (3.2)

with constraint in Eq. (3.3) is said to be desynchronized (or repelled) with the

ð2k1 : 2k2Þ-type to the constraint in Eq. (3.3) for tm 2 ½tm1
; tm2

� if for a ¼ 1; 2

φðyðaÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞmþ; tmþ; λÞ ¼ 0; sa ¼ 1; 2; � � �; 2ka;
ð�1Þa½φðyðaÞmþe; tmþe; λÞ � φðyðaÞmþ; tmþ; λÞ�< 0: (3.42)

As discussed before, the penetration on the boundary of constraint is composed

of the semi-synchronization and semi-desynchronization. From the foregoing two

definitions, the ð2ka : 2kbÞ-penetration of two dynamical systems in Eqs. (3.1) and

(3.2) to constraint in Eq. (3.3) at time tm is described.

Definition 3.23 Consider two dynamical systems in Eqs. (3.1) and (3.2) with con-

straint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm, y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e
a for time

t 2 ½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra -continuous (ra � 2ka)

and jφðraþ1ÞðyðaÞ; t; λÞj<1: A flow of two dynamical systems in Eqs. (3.1) and

(3.2) with constraint in Eq. (3.3) is said to be penetrated with the ð2ka : 2kbÞ-type
from domain Oa to domain Ob at the constraint boundary at time tm if

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka;
φðsbÞðyðbÞmþ; tmþ; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb;
ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0 for a 2 f1; 2g and

ð�1Þb½φðyðbÞmþe; tmþe; λÞ � φðyðbÞmþ; tmþ; λÞ�< 0 for a 6¼ b 2 f1; 2g: (3.43)

From the three definitions, the higher singularity is used for description of the

synchronization, desynchronization, and penetration at the constraint boundary, and

the switching among the three synchronous states can be discussed through the

higher order singularity as well.

3.4 Higher Order Singularity

From the previous descriptions of the synchronization, desynchronization, and

penetration with the higher order singularity for two dynamical systems to the

constraint, the higher order singularity of the two dynamical systems to the con-

straint boundary is discussed as follows.

92 3 Single Constraint Synchronization



Definition 3.24 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 2kaÞ and jφðraþ1ÞðyðaÞ; t; λÞj<1:A resultant flow of the two dynamical systems

in Eqs. (3.1) and (3.2) with constraint in Eq. (3.3) is said to be tangential to the

constraint boundary with the ð2ka � 1Þth-order at time tm if for a 2 f1; 2g

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 sa ¼ 1; 2;� � �; 2ka � 1;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þa½φðyðaÞmþe; tmþe; λÞ � φðyðaÞmþ; tmþ; λÞ�< 0: (3.44)

The foregoing definition gives the definition of the ð2ka � 1Þth tangential

condition to the constraint boundary. Based on the similar ideas, the switchability

of the synchronization, desynchronization, and penetration of two dynamical

systems to the constraint boundary can be described.

Definition 3.25 Consider two dynamical systems in Eqs. (3.1) and (3.2) with con-

straint in Eq. (3.3). Fory
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ andyð0Þm 2 @O12 at time tm; y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e
a for time

t 2 ½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra -continuous (ra � 2ka þ 1)

and jφðraþ1ÞðyðaÞ; t; λÞj<1:

(i) The ð2ka : 2kbÞ-synchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with constraint in Eq. (3.3) is said to be vanishing to form a

ð2ka : 2kbÞ-penetration from domain Oa to domain Ob at the constraint

boundary at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞm
; tm
; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka;
φðsbÞðyðbÞm
; tm
; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb þ 1;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞm
e; tm
e; λÞ � φðyðbÞm
; tm
; λÞ�< 0: (3.45)

(ii) The ð2ka : 2kbÞ-synchronization of the two dynamical systems in Eqs. (3.1) and

(3.2)with constraint in Eq. (3.3) is said to be onset from theð2ka : 2kbÞ-penetration
from Oa to Ob at the constraint boundary at time tm if for a; b 2 f1; 2g and

a 6¼ b
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φðyðaÞm�; tm�; λÞ ¼ φðyðbÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka;
φðsbÞðyðbÞm�; tm�; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb þ 1;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞm�e; tm�e; λÞ � φðyðbÞm�; tm�; λÞ�< 0: (3.46)

From this definition, the condition in Eq. (3.45) for the onset of the ð2ka : 2kbÞ
-synchronization from the ð2ka : 2kbÞ-penetration on the constraint boundary can

also be called the vanishing condition of the ð2ka : 2kbÞ-penetration to form a new

ð2ka : 2kbÞ-synchronization on the constraint boundary. In Eq. (3.46), the vanishing
condition of the ð2ka : 2kbÞ-synchronization to form a new ð2ka : 2kbÞ-penetration
can also be called the onset condition of the ð2ka : 2kbÞ -penetration from the

synchronization. The onset and vanishing conditions of the ð2ka : 2kbÞ-desynchro-
nization from the ð2ka : 2kbÞ-penetration can be discussed. The following definition
will give the onset and vanishing conditions of the ð2ka : 2kbÞ-desynchronization.
Definition 3.26 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe� . At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 2ka þ 1Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1:

(i) The ð2ka : 2kbÞ-synchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with constraint in Eq. (3.3) is called to be vanishing to form a

ð2ka : 2kbÞ-desynchronization at the constraint boundary at time tm if for

a; b 2 f1,2g and a 6¼ b

φðyðaÞm
; tm
; λÞ ¼ φðyðbÞm
; tm
; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm
; tm
; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka þ 1;

φðsbÞðyðbÞm
; tm
; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb þ 1;

ð�1Þa½φðyðaÞm
e; tm
e; λÞ � φðyðaÞm
; tm
; λÞ�< 0;

ð�1Þb½φðyðbÞm
e; tm
e; λÞ � φðyðbÞm
; tm
; λÞ�< 0: (3.47)

(ii) The ð2ka : 2kbÞ-synchronization of the two dynamical systems in Eqs. (3.1) and

(3.2) with constraint in Eq. (3.3) is said to be onset from the ð2ka : 2kbÞ-desynchro-
nization at the constraint boundary at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka þ 1;

φðsbÞðyðbÞm�; tm�; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb þ 1;

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞm�e; tm�e; λÞ � φðyðbÞm�; tm�; λÞ�< 0: (3.48)
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The conditions in Eqs. (3.47) and (3.48) are inversely switched. The condition

in Eq. (3.47) for the onset condition of the ð2ka : 2kbÞ -synchronization from the

ð2ka : 2kbÞ-desynchronization on the constraint boundary can be called the vanishing
condition of the ð2ka : 2kbÞ-desynchronization to form a new ð2ka : 2kbÞ-synchroniza-
tion on such a constraint boundary. However, the condition in Eq. (3.48) for the
vanishing condition of the ð2ka : 2kbÞ -synchronization to form a new ð2ka : 2kbÞ -
penetration can be called the onset condition of the ð2ka : 2kbÞ-desynchronization from
the synchronization. The switching of desynchronization and penetration on the

boundary will be discussed as follows.

Definition 3.27 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe�; the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 2ka þ 1Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1:

(i) The ð2ka : 2kbÞ-desynchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with constraint in Eq. (3.3) is called to be vanishing to form a

ð2ka : 2kbÞ -penetration from domain Oa to domain Ob at the constraint

boundary at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm�; tm�; λÞ ¼ φðyðbÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka þ 1;

φðsbÞðyðbÞmþ; tmþ; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb;
ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0;

ð�1Þb½φðyðbÞmþe; tmþe; λÞ � φðyðbÞmþ; tmþ; λÞ�< 0: (3.49)

(ii) The ð2ka : 2kbÞ-desynchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with constraint in Eq. (3.3) is said to be onset from the ð2ka : 2kbÞ
-penetration from domainOa to domainOb at the constraint boundary at time tm
if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm
; tm
; λÞ ¼ φðyðbÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm
; tm
; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka þ 1;

φðsbÞðyðbÞmþ; tmþ; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb;
ð�1Þa½φðyðaÞm
e; tm
e; λÞ � φðyðaÞm
; tm
; λÞ�< 0;

ð�1Þb½φðyðbÞmþe; tmþe; λÞ � φðyðbÞmþ; tmþ; λÞ�< 0: (3.50)

In Eq. (3.49), the onset condition of the ð2ka : 2kbÞ-desynchronization from the

ð2ka : 2kbÞ -penetration on the constraint boundary can be called the vanishing
condition of the ð2ka : 2kbÞ-penetration to form a new ð2ka : 2kbÞ�desynchronization
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on the constraint boundary. However, in Eq. (3.50), the vanishing condition of
the ð2ka : 2kbÞ-synchronization to form a new ð2ka : 2kbÞ-penetration can be

called the onset condition of the ð2ka : 2kbÞ-penetration from the ð2ka : 2kbÞ
-desynchronization.

Definition 3.28 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe� . At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra �2ka þ 1Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1: The ð2ka : 2kbÞ -penetration of the

two dynamical systems in Eqs. (3.1) and (3.2) with constraint in Eq. (3.3) is

called to be switched to a new ð2kb : 2kaÞ-penetration at the constraint boundary

at time tm if for a; b 2 f1; 2g and a 6¼ b

φðyðaÞm
; tm
; λÞ ¼ φðyðbÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

φðsaÞðyðaÞm
; tm
; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka þ 1;

φðsbÞððyðbÞm�; tm�; λÞ ¼ 0 for sb ¼ 1; 2; � � �; 2kb þ 1;

ð�1Þa½φðyðaÞm
e; tm
e; λÞ � φðyðaÞm
; tm
; λÞ�< 0;

ð�1Þb½φðyðbÞm�e; tm�e; λÞ � φðyðbÞm�; tm�; λÞ�< 0: (3.51)

In the foregoing definition, the condition for the ð2ka : 2kbÞ-penetration switc-

hing to the ð2kb : 2kaÞ-penetration at the boundary is presented.

3.5 Synchronization to Constraint

In the previous section, the definitions for the synchronicity and the corresponding

singularity of two dynamical systems to the constraint were discussed. What

conditions can guarantee such synchronicity of the two dynamical systems to the

constraint exists? In this section, necessary and sufficient conditions for the syn-

chronization of two dynamical systems to the specific constraint will be presented.

The synchronicity switching is discussed through the singularity of a flow of the

resultant system to the constraint boundary.

Theorem 3.1 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm ,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 3Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and yð0Þ 2 @O12 , suppose

DsaFðaÞðyðaÞ; t;pðaÞÞ ¼ DsaFð0Þðyð0Þ; t; λÞ (sa ¼ 0; 1; 2; � � �) for yðaÞ ¼ yð0Þ. The two
dynamical systems in Eqs. (3.1) and (3.2) to the constraint in Eq. (3.3) are
synchronized for time t 2 ½tm1

; tm2
� if and only if
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(i) for y
ðaÞ
m� 2 Oa and yð0Þm 2 @O12 with any time tm

y
ðaÞ
m� ¼ yð0Þm ;φðraÞðyðaÞm�; tm; λÞ ¼ 0

for a ¼ 1; 2 and ra ¼ 0; 1; 2; � � �; (3.52)

(ii) for y
ðaÞ
k 2 O�e

a at time t�k 2 ½tm�e; tmÞ and yð0Þm 2 @O12 with tm 2 ðtm1
; tm2

Þ

yðaÞk 6¼ yð0Þm ; ð�1Þaφð1ÞðyðaÞk ; t�k ; λÞ> 0;

lim
t�k !tm

φð1ÞðyðaÞk ; t�k ; λÞ ¼ 0 for a ¼ 1; 2; (3.53)

(iii) for y
ðaÞ
k 2 Oþe

a at time tþk 2 ðtm; tmþe� and yð0Þm 2 @O12 with tm =2 ½tm1
; tm2

�

yðaÞk 6¼ yð0Þm ; ð�1Þaφð1ÞðyðaÞk ; tþk ; λÞ< 0;

lim
tþk !tm

φð1ÞðyðaÞk ; tþk ; λÞ ¼ 0 for a ¼ 1; 2; (3.54)

(iv) for y
ðaÞ
k 2 O�e

a at time t�k 2 ½tm�e; tm�Þ or tþk 2 ðtmþ; tmþe� and yð0Þm 2 @O12 with
tm ¼ tm1

and tm2

yðaÞk 6¼ yð0Þm ; lim
t�k !tm�

φð1ÞðyðaÞk ; t�k ; λÞ ¼ 0;

lim
t�k !tm�

ð�1Þaφð2ÞðyðaÞk ; t�k ; λÞ< 0 for a ¼ 1; 2; (3.55)

Proof (i) Consider two dynamical systems in Eqs. (3.1) and (3.2) with a constraint

condition in Eq. (3.3). From Definition 3.10, one has for yðaÞ ¼ yð0Þ 2 @O12,

φðyðaÞðtÞ; t; λÞ ¼ φðyð0ÞðtÞ; t; λÞ ¼ 0:

BecauseDsaFðaÞðyðaÞ; t;pðaÞÞ ¼ DsaFð0Þðyð0Þ; t; λÞ (sa ¼ 0; 1; 2; � � �) on the constraint
boundary @O12 , one obtains drayðaÞ=dtra ¼ drayð0ÞðtÞ=dtra ( ra ¼ 1; 2; 3; � � � ). The
foregoing equation gives

φðraÞðyðaÞðtÞ; t; λÞ ¼ φðraÞðyð0ÞðtÞ; t; λÞ ¼ 0:

(ii) and (iii) For y
ðaÞ
k 2 O�e

a at time t�k 2 ½tm�e; tmÞ or tþk 2 ðtm; tmþe� and

yð0Þm 2 @O12 with tm 2 ðtm1
; tm2

Þ,

φðyð1Þk ; t�k ; λÞ> 0 and φðyð2Þk ; t�k ; λÞ< 0:
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Introduce 0< e1 ¼ jtm�e � t�k j< jtm�e � tmj ¼ e for tm > t�k and tm < tþk . Because of

φðyðaÞm�e; tm�e; λÞ � φðyðaÞk ; t�k ; λÞ ¼ φð1ÞðyðaÞk ; t�k ; λÞð�e1Þ þ oðe1Þ

and once higher order terms drop, the foregoing equation leads to

φðyðaÞm�e; tm�e; λÞ � φðyðaÞk ; t�k ; λÞ ¼ φð1ÞðyðaÞk ; t�k ; λÞð�e1Þ

From Definition 2.13 for tm 2 ðtm1
; tm2

Þ with t�k , we have

lim
t�k !tm�

ð�1Þaφð1ÞðyðaÞk ; t�k ; λÞ> 0;

lim
t�k !tm

φð1ÞðyðaÞk ; t�k ; λÞ ¼ φð1ÞðyðaÞm ; tm; λÞ ¼ 0:

However, using Eq. (3.53), the condition in Definition 3.13 is obtained.

From Definition 3.14 for tm =2 ½tm1
; tm2

� with tþk , we have

lim
tþk !tmþ

ð�1Þaφð1ÞðyðaÞk ; t�k ; λÞ< 0;

lim
tþk !tm

φð1ÞðyðaÞk ; tþk ; λÞ ¼ φð1ÞðyðaÞm ; tm; λÞ ¼ 0:

However, using Eq. (3.54), the condition in Definition 3.14 is obtained.

(iv) For y
ðaÞ
k 2 O�e

a at time t�k 2 ½tm�e; tm�Þ or tþk 2 ðtmþ; tmþe� and yð0Þm 2 @O12 with

tm ¼ tm1
and tm2

,

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�

¼ lim
t�k !tm�

φð1ÞðyðaÞk ; t�k ; λÞð�e1Þ

þ lim
t�k !tm�

1

2!
φð2ÞðyðaÞk ; t�k ; λÞð�e1Þ2 þ oðe12Þ

Ignoring the third-order term and the higher order terms of e1, we have

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�

¼ lim
t�k !tm�

φð1ÞðyðaÞk ; t�k ; λÞð�e1Þ

þ lim
t�k !tm�

1

2!
φð2ÞðyðaÞk ; t�k ; λÞð�e1Þ2

Using lim
ki!mi�

φð1ÞðyðaÞk ; t�k ; λÞ ¼ 0, the foregoing equation gives

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�

¼ lim
t�k !tm�

1

2!
φð2ÞðyðaÞk ; t�k ; λÞð�e1Þ2

98 3 Single Constraint Synchronization



If lim
t�k !tm�

ð�1Þaφð2ÞðyðaÞk ; t�k ; λÞ< 0, we have

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�< 0

From Definition 3.18, the point ðxðaÞmi�; tmi�Þ ( i ¼ 1; 2) is tangential point to the

constraint. The synchronization at such a point appears or disappears. However,

from the conditions in Definition 3.18, Eq. (3.55) can be obtained. This theorem is

proved. □

For the point ðyðaÞm1
; tm1

Þ, the synchronization will be onset. However, for the

point ðyðaÞm2
; tm2

Þ, the synchronization will vanish. For tm 2 ðtm1
; tm2

Þ, the synchro-

nization at point ðyðaÞm ; tmÞ on the constraint boundary can be formed. For

tm =2 ½tm1
; tm2

�, the desynchronization at point ðyðaÞm ; tmÞ on the constraint bound-

ary can be formed. If tm1
! �1 and tm2

! 1, the synchronization is absolute.

The synchronization of two dynamical systems to the constraint can occur at

any time tm. Once the synchronization is formed on the constraint boundary,

such synchronization on the constraint boundary will not disappear. If the

higher order singularity on the boundary exists, the corresponding theorem is

presented in a similar fashion.

Theorem 3.2 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time

tm,y
ðaÞ
m�¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 2ka þ 1Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1:For yðaÞ 2 Oa and y
ð0Þ 2 @O12, suppose

DsaFðaÞðyðaÞ; t;pðaÞÞ ¼ DsaFð0Þðyð0Þ; t; λÞ (sa ¼ 0; 1; 2; � � � ) for yðaÞ ¼ yð0Þ. The two
dynamical systems in Eqs. (3.1) and (3.2) to the constraint in Eq. (3.3) are
synchronized for time t 2 ½tm1

; tm2
� if and only if

(i) for yðaÞm 2 Oa and yð0Þm 2 @O12 with any time tm

yðaÞm ¼ yð0Þm ;φðraÞðyðaÞm ; tm; λÞ ¼ 0

for a ¼ 1; 2 and ra ¼ 0; 1; 2; � � � ; (3.56)

(ii) for y
ðaÞ
k 2 O�e

a at time t�k 2 ½tm�e; tmÞ and yð0Þm 2 @O12 with tm 2 ðtm1
; tm2

Þ

y
ðaÞ
k 6¼ yð0Þm ; lim

t�k !tm�
φðsaÞðyðaÞk ; t�k ; λÞ ¼ 0 for sa ¼ 1; 2;� � �; 2ka;

lim
t�k !tm�

ð�1Þaφð2kaþ1ÞðyðaÞk ; t�k ; λÞ> 0;

lim
t�k !tm

φð2kaþ1ÞðyðaÞk ; t�k ; λÞ ¼ 0 for a ¼ 1; 2;

9>>>>=>>>>; (3.57)
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(iii) for y
ðaÞ
k 2 Oþe

a at time tþk 2 ðtm; tmþe� and yð0Þm 2 @O12 with tm =2 ½tm1
; tm2

�

y
ðaÞ
k 6¼ yð0Þm ; lim

tþk !tmþ
φðsaÞðyðaÞk ; tþk ; λÞ ¼ 0 for sa ¼ 1; 2;� � �; 2ka;

lim
tþk !tmþ

ð�1Þaφð2kaþ1ÞðyðaÞk ; tþk ; λÞ< 0;

lim
tþk !tm

φð2kaþ1ÞðyðaÞk ; tþk ; λÞ ¼ 0 for a ¼ 1; 2;

9>>>>=>>>>; (3.58)

(iv) for y
ðaÞ
k 2 Oþe

a at time t�k 2 ½tm�e; tm�Þ or tþk 2 ðtmþ; tmþe� and yð0Þm 2 @O12

with tm ¼ tm1
and tm2

y
ðaÞ
k 6¼ yð0Þm ; lim

t�k !tm�
φðsaÞðyðaÞk ; t�k ; λÞ ¼ 0 for sa ¼ 1; 2;� � �; 2kaþ1;

lim
t�k !tm�

ð�1Þaφð2kaþ2ÞðyðaÞk ; t�k ; λÞ< 0 for a ¼ 1; 2:

9>=>; (3.59)

Proof (i) Consider two dynamical systems in Eqs. (3.1) and (3.2) with a constraint

condition in Eq. (3.3). From Definition 3.10, one has for yðaÞ ¼ yð0Þ 2 @O12,

φðyðaÞðtÞ; t; λÞ ¼ φðyð0ÞðtÞ; t; λÞ ¼ 0:

BecauseDsaFðaÞðyðaÞ; t;pðaÞÞ ¼ DsaFð0Þðyð0Þ; t; λÞðsa ¼ 0; 1; 2; � � �Þ on the constraint
boundary @O12 , one obtains drayðaÞ=dtra ¼ drayð0ÞðtÞ=dtra ðra ¼ 1; 2; 3; � � �Þ:
The foregoing equation gives

φðraÞðyðaÞðtÞ; t; λÞ ¼ φðraÞðyð0ÞðtÞ; t; λÞ ¼ 0:

(ii) and (iii) For y
ðaÞ
k 2 O�e

a at t�k 2 ½tm�e; tmÞ or tþk 2 ðtm; tmþe� and yð0Þm 2 @O12 with

tm 2 ðtm1
; tm2

Þ,

ð�1ÞaφðyðaÞk ; t�k ; λÞ< 0:

Introduce 0< e1 ¼ jtm�e � t�k j< jtm�e � tmj ¼ e for tm > t�k and tm < tþk . Because of

φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ
¼

X2ka

sa¼1

1

sa!
φðsaÞðyðaÞk ; t�k ; λÞð�e1Þsa

þ 1

ð2ka þ 1Þ!φ
ð2kaþ1ÞðyðaÞk ; t�k ; λÞð�e1Þ2kaþ1 þ oððe1Þ2kaþ1Þ;

and once the ð2ka þ 2Þ and higher order terms drop, one obtains
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φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ
¼

X2ka

sa¼1

1

sa!
φðsaÞðyðaÞk ; t�k ; λÞð�e1Þsa

þ 1

ð2ka þ 1Þ!φ
ð2kaþ1ÞðyðaÞk ; t�k ; λÞð�e1Þ2kaþ1;

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�

¼
X2ka

sa¼1
lim

t�k !tm�

1

sa!
φðsaÞðyðaÞk ; t�k ; λÞð�e1Þsa

þ lim
t�k !tm�

1

ð2ka þ 1Þ!φ
ð2kaþ1ÞðyðaÞk ; t�k ; λÞð�e1Þ2kaþ1:

Definition 2.21 for tm 2 ðtm1
; tm2

Þ with t�k gives

lim
t�k !tm�

ð�1Þaφð2kaþ1ÞðyðaÞk ; t�k ; λÞ> 0;

lim
t�k !tm

φð2kaþ1ÞðyðaÞk ; t�k ; λÞ ¼ φð2kaþ1ÞðyðaÞm ; tm; λÞ ¼ 0:

However, using Eq. (3.57), the condition in Definition 3.13 is obtained.

Definition 3.22 for tm =2 ½tm1
; tm2

� with tþk leads to

lim
tþk !tmþ

ð�1Þaφð2kaþ1ÞðyðaÞk ; tþk ; λÞ> 0;

lim
tþk !tm

φð2kaþ1ÞðyðaÞk ; tþk ; λÞ ¼ φð2kaþ1ÞðyðaÞm ; tm; λÞ ¼ 0:

However, using Eq. (3.58), the condition in Definition 3.14 is obtained.

(iv) Similarly, for y
ðaÞ
k 2 O�e

a at time t�k 2 tm�e; tm�½ Þ or tþk 2 ðtmþ; tmþe� and yð0Þm

2 @O12 with tm ¼ tm1
and tm2

,

φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ
¼

X2kaþ1

sa¼1

1

sa!
φðsaÞðyðaÞk ; t�k ; λÞð�e1Þsa

þ 1

ð2ka þ 2Þ!φ
ð2kaþ2ÞðyðaÞk ; t�k ; λÞð�e1Þ2kaþ2 þ oððe1Þ2kaþ2Þ

Ignoring the ð2ka þ 3Þterm or higher order terms, one obtains

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�

¼
X2kaþ1

sa
lim

t�k !tm�

1

ðsaÞ!φ
ðsaÞðyðaÞk ; t�k ; λÞð�e1Þsa

þ lim
t�k !tm�

1

ð2ka þ 2Þ!φ
ð2kaþ2Þφð2kaþ2ÞðyðaÞk ; t�k ; λÞð�e1Þ2kaþ2
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Using lim
ki!mi�

φðsaÞðyðaÞk ; t�k ; λÞ ¼ 0 (sa ¼ 1; 2; � � � 2ka þ 1), the foregoing equation

gives

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�

¼ lim
t�k !tm�

1

ð2ka þ 2Þ!φ
ð2kaþ2ÞðyðaÞk ; t�k ; λÞð�e1Þ2kaþ2

If lim
t�k !tm�

φð2kaþ2ÞðyðaÞk ; t�k ; λÞ< 0, one obtains

lim
t�k !tm�

½φðyðaÞm�e1 ; tm�e1 ; λÞ � φðyðaÞk ; t�k ; λÞ�< 0

From Definition 2.24, the point ðxðaÞmi�; tmi�Þ ( i ¼ 1; 2) is tangential point to the

constraint. The synchronization at such a point appears or disappears. However,

from the conditions in Definition 2.24, Eq. (3.59) can be obtained. This theorem is

proved. □

Consider the foregoing two theorems with tm1
! �1 and tm2

! 1. For this

case, once the two dynamical systems to the constraint are synchronized, such

synchronization can keep forever. To explain the two theorems, the synchronization

of the flows of two dynamical systems on the boundary @O12 is in Fig. 3.7. Any

point of a constraint flow on the constraint boundary is expressed by ðyð0Þm ; tmÞ for
synchronization. In the two domains, the resultant flows in the vicinity of the

constraint boundary are expressed by ðyðaÞm�e; tm�eÞ (a ¼ 1; 2). The onset point is

denoted by ðyð0Þm1
; tm1

Þ. For tm > tm1
and tm2

! 1, all the flows of the resultant system

of two dynamical systems will be on the constraint boundary. Thus, the synchroni-

zation of the two dynamical systems to the constraint is an absolute synchroniza-

tion. The starting point of a resultant flow for the synchronization can occur at any

time tm > tm1
. However, if tm2

is finite, the two dynamical systems to the constraint

can be synchronized only in a finite time interval of t 2 ðtm1
; tm2

Þ. To the point on the
boundary at time t ¼ tm2

, such synchronization will disappear. Further, the resultant

flow on the constraint boundary for synchronization vanishing will enter into the

domain, which cannot be synchronized any more in sense of Eq. (3.3). Such

synchronization is very easily realized through the discontinuous vector fields to

the two dynamical systems to the constraint boundary. For the synchronization of

slave and master systems to the constraint, a slave system is controlled by discon-

tinuous, external vector fields in order to make it synchronize with the master

system.

For FðaÞðyðaÞ; t;pðaÞÞ ¼ Fð0Þðyð0Þ; t; λÞ at yðaÞ ¼ yð0Þ (a 2 f1; 2g), the synchroni-
zation of two dynamical systems to a specific constraint requires DkφðyðaÞ; t; λÞ
¼ Dkφðyð0Þ; t; λÞ ¼ 0. If a resultant system of two different dynamical systems

is continuous to the constraint boundary, it is very difficult to make the two different

dynamical systems be synchronized with a specific constraint. Most of such

synchronization is asymptotic as t ! 1: To make the synchronization of two

dynamical systems to a specific constraint possible, one often considers control
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schemes to realize the synchronization via adjusting vector fields. Next, consider

the resultant system of two different dynamical systems to be discontinuous to

the constraint boundary.

For FðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞ at yðaÞ ¼ yð0Þ ða 2 f1; 2gÞ, the synchroni-
zation of two dynamical systems with a specific constraint satisfies

dk

dtk
φðyðaÞ; t; λÞ 6¼ dk

dtk
φðyð0Þ; t; λÞ ¼ 0 for k ¼ 1; 2; � � �: (3.60)

To distinguish y
ðaÞ
s� from y

ð0Þ
s at time ts 2 ½tm; tmþ1�, a point yðaÞs� 2 O�e

a in the domain

infinitesimally approaches a point y
ð0Þ
s 2 @O12 on the constraint boundary at

time t. For y
ðaÞ
s� 2 O�e

a (or y
ðaÞ
s� =2 @O12), the corresponding differentiation of vector

fields with respect to state variables can be carried out. For y
ð0Þ
s 2 @O12 on the

constraint boundary, such differentiation cannot be done for t0 2 ðts � e; tsÞ (any small

e> 0 ) because the vector fields ðFðaÞðyðaÞ; t;pðaÞÞ , a 2 f1; 2gÞ to the constraint

boundary @O12 are discontinuous (i.e., Fð0Þðyð0Þs ; ts; λÞ 6¼ FðaÞðyðaÞs� ; ts�;pðaÞÞ

(ym
(0), tm)

(0)(ym1
, tm1

)

a

b

Ω1

Ω1

Ω2

Ω2

(1)(ym–e , tm–e)

(1)(ym–e, tm–e)

(2)(ym–e, tm–e)

(2)(ym–e, tm–e)

Ω12

Ω12

(0)(ym , tm)

(0)(ym1
, tm1

)

Fig. 3.7 (a) A cross-section view and (b) a three-dimensional view for an absolute synchroniza-

tion of two dynamical systems to the constraint in vicinity of the constraint boundary @O12 in

ðnr þ nsÞ-dimensional state space. Any point for synchronization on the constraint boundary is

expressed by ðyð0Þm ; tmÞ . In two domains, the resultant flows in the vicinity of the constraint

boundary are expressed by ðyðaÞm�e; tm�eÞ (a ¼ 1; 2). The onset point on the constraint boundary is

ðyð0Þm1
; tm1

Þ, depicted by a red circular symbol
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for y
ðaÞ
s� ¼ y

ð0Þ
s at time ts ¼ ts�). Therefore, the time ts will be replaced by ts� ¼ ts � 0

for a point y
ðaÞ
s� 2 Oa . Under the constraint condition in Eq. (3.3), the corresponding

theorem is presented for the synchronization of two dynamical systems in Eqs. (3.1)

and (3.2) as follows.

Theorem 3.3 Consider two dynamical systems in Eqs. (3.1) and (3.2) with
constraint in Eq. (3.3). For y

ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra-continuous (ra � 3)
and jφðraþ1ÞðyðaÞ; t; λÞj<1:ForyðaÞ 2 Oa andy

ð0Þ 2 @O12, supposeFðaÞðyðaÞ; t;pðaÞÞ
6¼ Fð0Þðyð0Þ; t; λÞ for yðaÞ ¼ yð0Þ: The two dynamical systems in Eqs. (3.1) and (3.2) to
the constraint in Eq. (3.3) are synchronized for time t 2 ½tm1

; tm2
� if and only if

(i) for y
ðaÞ
m� ¼ yð0Þm and yðaÞ 2 Oa (a 2 f1; 2g) at time t ¼ tm 2 ½tm1

; tm2
�

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0 (3.61)

(ii) for time tm 2 ðtm1
; tm2

Þ,

yðaÞm� ¼ yð0Þm and ð�1Þaφð1ÞðyðaÞm�; tm�; λÞ> 0 for a ¼ 1; 2 (3.62)

(iii) with penetration at time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

(i ¼ 1; 2)

φð1ÞðyðaÞmi�; tmi�; λÞ ¼ 0 and ð�1Þaφð2ÞðyðaÞmi�; tmi�; λÞ< 0;

ð�1Þaφð1ÞðyðbÞmi�; tmi�; λÞ> 0 for a;b 2 f1,2g and b 6¼ a (3.63)

or with desynchronization at time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

(i ¼ 1; 2)

φð1ÞðyðaÞmi�; tmi�; λÞ ¼ 0 and ð�1Þaφð2ÞðyðaÞmi�; tmi�; λÞ< 0;

φð1ÞðyðbÞmi�; tmi�; λÞ ¼ 0 and ð�1Þbφð2ÞðyðbÞmi�; tmi�; λÞ< 0

for a;b 2 f1,2g and b 6¼ a: (3.64)

Proof (i) Consider two dynamical systems in Eqs. (3.1) and (3.2) with a constraint

condition in Eq. (3.3). From Definition 3.10, the constraint functions for the

constraint boundary @O12 and domains Oa (a ¼ 1; 2) are given by

φðyð0Þ; t; λ) = 0 for yð0Þ 2 @O12;

ð�1ÞaφðyðaÞ; t; lÞ< 0 for yðaÞ 2 Oa; a ¼ 1; 2:

For t ¼ tm� and yðaÞ ¼ yðaÞm� 2 Oa ða 2 f1; 2gÞ, we have yðaÞm� ¼ yð0Þm 2 @O12. Further,

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ¼ 0:
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Equation (3.61) is obtained, vice versa. Because FðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞ
on the constraint boundary @O12; one obtains drayðaÞ=dtra 6¼ drayð0Þ=dtra for all

time t. Thus, the following equation cannot always hold for all ra ¼ 1; 2; � � �

φðraÞðyðaÞ; t; λÞ 6¼ φðraÞðyð0Þ; t; λÞ ¼ 0:

(ii) For time tm 2 ðtm1
; tm2

Þ, yðaÞm� ¼ yð0Þm 2 @O12 . Consider a point y
ðaÞ
m�e 2 Oe

a for

tm�e ¼ tm � e in the neighborhood of yð0Þm 2 @O12 and e> 0. We have

φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ ¼ �φð1ÞðyðaÞm�; tm�; λÞeþ oðeÞ:

Because of any selection of e> 0, if

ð�1Þaφð1ÞðyðaÞm�; tm�; λÞ> 0 for a ¼ 1; 2

then

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0:

From Definition 3.15, the two dynamical systems to a specific constraint are

synchronized for time interval of tm 2 ðtm1
; tm2

Þ. However, if the foregoing equation
is satisfied, Eq. (3.62) is achieved.

(iii) At time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

2 @O12. Consider a point y
ðaÞ
mi�e 2 Oa (a ¼ 1; 2) for

tmi�e ¼ tmi
� e in the neighborhood of yð0Þm 2 @O12 and e> 0. The Taylor series

expansion gives

φðyðaÞm2�e; tm2�e; λÞ � φðyðaÞmi�; tmi�; λÞ
¼ �φð1ÞðyðaÞmi�; tmi�; λÞeþ

1

2!
φð2ÞðyðaÞmi�; tmi�; λÞe2 þ oðe2Þ

If the third and higher order terms are dropped in the foregoing equation in Oa

ða ¼ 1; 2Þ, with the condition

φð1ÞðyðaÞmi�; tmi�; λÞ ¼ 0

the following equation is achieved.

φðyðaÞm2�e; tm2�e; λÞ � φðyðaÞmi�; tmi�; λÞ ¼
1

2!
φð2ÞðyðaÞmi�; tmi�; λÞe2:

Ifφð1ÞðyðaÞmi�; tmi�; λÞ 6¼ 0 and only the first-order term in the Taylor series expansion

is considered, one gets

φðyðaÞm2�e; tm2�e; λÞ � φðyðaÞmi�; tmi�; λÞ ¼ �φð1ÞðyðaÞmi�; tmi�; λÞe
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Fora; b 2 f1; 2ganda 6¼ b, from Definition 3.19, the disappearance and appearance

of synchronization with the penetration require

ð�1Þa½φðyðaÞm2�e; tm2�e; λÞ � φðyðaÞmi�; tmi�; λÞ�< 0;

ð�1Þb½φðyðbÞm2�e; tm2�e; λÞ � φðyðbÞmi�; tmi�; λÞ�< 0;

from which Eq. (3.63) is obtained, vice versa.

(iv) For a; b 2 f1; 2g and a 6¼ b, from Definition 18, the disappearance and onset of

synchronization with the desynchronization require

ð�1Þa½φðyðaÞm2�e; tm2�e; λÞ � φðyðaÞmi�; tmi�; λÞ�< 0;

ð�1Þb½φðyðbÞm2�e; tm2�e; λÞ � φðyðbÞmi�; tmi�; λÞ�< 0;

from which Eq. (3.64) is obtained, vice versa. Therefore, this theorem is proved. □

From the foregoing theorem, the synchronization of two dynamical systems to

a special constraint requires that the first-order derivative of the constraint function

be less than zero. The onset and vanishing conditions of the synchronization in

Eqs. (3.61) and (3.62) are the vanishing and onset conditions relative to the

penetration and desynchronization, respectively. If the first-order derivative

is zero, under what conditions can two dynamical systems to a special constraint

be synchronized together in sense of Eq. (3.3)? The following theorem will consider

the synchronization of two dynamical systems to a special constraint with higher

order singularity.

Theorem 3.4 Consider two dynamical systems in Eqs. (3.1) and (3.2) with
constraint in Eq. (3.3). For y

ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 2ka þ 1Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and yð0Þ 2 @O12 ,
suppose FðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞ for yðaÞ ¼ yð0Þ . The two dynamical
systems in Eqs. (3.1) and (3.2) to the constraint in Eq. (3.3) are synchronized
of the ð2ka : 2kbÞ-type for time t 2 ½tm1

; tm2
� if and only if

(i) for y
ðaÞ
m� ¼ yð0Þm and yðaÞðtÞ 2 Oa (a 2 f1; 2g) at time t ¼ tm 2 ½tm1

; tm2
�

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0 (3.65)

(ii) for time tm 2 ðtm1
; tm2

Þ,

yðaÞm� ¼ yð0Þm and φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka;
ð�1Þaφð2kaþ1ÞðyðaÞm�; tm�; λÞ> 0 for a ¼ 1; 2: (3.66)
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(iii) with the ð2ka : 2kbÞ-penetration for time t ¼ tmi
, yðaÞmi

¼ yð0Þmi
(i ¼ 1; 2),

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2ka þ 1Þ;
ð�1Þaφð2kaþ2ÞðyðaÞm�; tm�; λÞ< 0;

φðsbÞðyðbÞmi�; tmi�; λÞ ¼ 0 ðsb¼ 1; 2;� � �2kbÞ;
ð�1Þbφð2kbþ1ÞðyðbÞmi�; tmi�; λÞ> 0 for a;b 2 f1,2g and b 6¼ a: (3.67)

or with the ð2ka : 2kbÞ-desynchronization for time t ¼ tmi
, yðaÞmi

¼ yð0Þmi
(i ¼ 1; 2),

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2ka þ 1Þ;
ð�1Þaφð2kaþ2ÞðyðaÞm�; tm�; λÞ< 0;

φðsbÞðyðbÞmi�; tmi�; λÞ ¼ 0 ðsb¼ 1; 2;� � �2kbþ1Þ;
ð�1Þbφð2kbþ2ÞðyðbÞmi�; tmi�; λÞ< 0 for a;b 2 f1,2g and b 6¼ a: (3.68)

Proof Consider two dynamical systems in Eqs. (3.1) and (3.2) with a constraint

condition in Eq. (3.3).

(i) From Definition 3.10, the constraint functions for the constraint boundary

@O12 and domains Oa (a ¼ 1; 2) are given by

φðyð0Þ; t; λ) = 0 for yð0Þ 2 @O12;

ð�1ÞaφðyðaÞ; t; λÞ< 0 for yðaÞ 2 Oa; a ¼ 1; 2:

For t¼ tm 2 ½tm1
; tm2

� and yðaÞ ¼ yðaÞm 2 Oa ða2f1,2gÞ, we have yðaÞm� ¼ yð0Þm 2 @O12 .

Further,

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0;

Equation (3.65) is obtained, vice versa. BecauseFðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞon
the constraint boundary @O12 , one obtains d

rayðaÞ=dtra 6¼ drayð0Þ=dtra for all time t.
Thus, the following equation cannot always hold for all ra ¼ 1; 2; � � �

φðraÞðyðaÞ; t; λÞ 6¼ φðraÞðyð0Þ; t; λÞ ¼ 0:

(ii) For time tm 2 ðtm1
; tm2

Þ, yðaÞm� ¼ yð0Þm 2 @O12 . Consider a point y
ðaÞ
m�e 2 Oe

a for

tm�e ¼ tm � e in the neighborhood of yð0Þm 2 @O12 and e> 0. The following Taylor

series expansion is achieved.

φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ ¼
X2ka

sa¼1

1

sa!
φðsaÞðyðaÞm�; tm�; λÞð�eÞsa

� 1

ð2ka þ 1Þ!φ
ð2kaþ1ÞðyðaÞm�; tm�; λÞe2kaþ1 þ oðe2kaþ1Þ:
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Due to the higher order singularity, i.e.,

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka

and by ignoring of the ð2ka þ 2Þ-order and higher order terms, the Taylor series

expansion gives

φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ ¼ � 1

ð2ka þ 1Þ!φ
ð2kaþ1ÞðyðaÞm�; tm�; λÞe2kaþ1:

From Definition 3.22, the synchronization of two dynamical systems to a specific

constraint for time tm 2 ðtm1
; tm2

Þ requires

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0:

Thus,

ð�1Þaφð2kaþ1ÞðyðaÞm�; tm�; λÞ> 0:

However, if ð�1Þaφð2kaþ1ÞðyðaÞm�; tm�; λÞ> 0,

ð�1Þa½φðyðaÞm�e; tm�e; λÞ � φðyðaÞm�; tm�; λÞ�< 0:

is achieved, which implies the two dynamical systems to the specific constraint are

synchronized for time tm 2 ðtm1
; tm2

Þ.
(iii) At time t ¼ tmi

; y
ðaÞ
mi� ¼ yð0Þmi

2 @O12: Consider a point y
ðaÞ
mi�e 2 Oa for

tmi�e ¼ tmi
� e in the neighborhood of yð0Þmi

2 @O12 and e> 0. The Taylor series

expansion gives

φðyðaÞmi�e; tmi�e; λÞ � φðyðaÞmi�; tmi�; λÞ ¼
X2kaþ1

sa¼1

1

sa!
φðsaÞðyðaÞmi�; tmi�; λÞð�eÞsa

þ 1

ð2ka þ 2Þ!φ
ð2kaþ2ÞðyðaÞmi�; tmi�; λÞe2kaþ2 þ oðe2kaþ2Þ

Because of the higher order singularity of the constraint function in domain Oa; i.e.,

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka

and once the higher order terms of e2kaþ1 are dropped, one obtains

φðyðaÞmi�e; tmi�e; λÞ � φðyðaÞmi�; tmi�; λÞ ¼ � 1

ð2ka þ 1Þ!φ
ð2kaþ1ÞðyðaÞmi�; tmi�; λÞe2kaþ1:

108 3 Single Constraint Synchronization



If the following equation exists

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 for sa ¼ 1; 2; � � �; 2ka þ 1

and the higher order term of e2kaþ2 will not be considered, the Taylor series

expansion gives

φðyðaÞmi�e; tmi�e; λÞ � φðyðaÞmi�; tmi�; λÞ ¼
1

ð2ka þ 2Þ!φ
ð2kaþ2ÞðyðaÞmi�; tmi�; λÞe2kaþ2:

From Definition 2.25, the onset and vanishing conditions of the ð2ka : 2kbÞ -
synchronization of the two dynamical systems with a corresponding penetration

on the constraint boundary @Oab are

ð�1Þa½φðyðaÞmi
e; tmi
e; λÞ � φðyðaÞmi
; tmi
; λÞ�< 0;

ð�1Þb½φðyðbÞmi�e; tmi�e; λÞ � φðyðbÞmi�; tmi�; λÞ�< 0;

with

φðsaÞðyðaÞmi
; tmi
; λÞ ¼ 0 ðsa ¼ 1; 2;� � �2ka þ 1Þ;
φðsbÞðyðbÞmi�; tmi�; λÞ ¼ 0 ðsb ¼ 1; 2;� � �2kbÞ:

Thus, one gets

ð�1Þaφð2kaþ2ÞðyðaÞmi
e; tmi
e; λÞ< 0 and ð�1Þbφð2kbþ1ÞðyðbÞmi�; tmi�; λÞ> 0:

In other words, Eq. (3.67) is obtained. If Eq. (3.67) holds, the conditions in

Definition 3.25 can be obtained for the onset and vanishing condition for synchro-

nization from the penetration.

If the ð2ka : 2kbÞ -synchronization of two dynamical systems to a specific

constraint vanishes and appears with a ð2ka : 2kbÞ-desynchronization, the following
conditions are required

ð�1Þa½φðyðaÞmi
e; tmi
e; λÞ � φðyðaÞmi
; tmi
; λÞ�< 0;

ð�1Þb½φðyðbÞmi
e; tmi
e; λÞ � φðyðbÞmi
; tmi
; λÞ�< 0;

with the singularity conditions

φðsaÞðyðaÞmi
; tmi
; λÞ ¼ 0 ðsa ¼ 1; 2;� � �2ka þ 1Þ;
φðsbÞðyðbÞmi
; tmi
; λÞ ¼ 0 ðsb ¼ 1; 2;� � �2kb þ 1Þ:
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So one obtains

ð�1Þaφð2kaþ2ÞðyðaÞmi
e; tmi
e; λÞ< 0 and ð�1Þbφð2kbþ2ÞðyðbÞmi�; tmi�; λÞ< 0:

i.e., Eq. (3.68) is obtained, vice versa. Therefore, this theorem is proved. □

In the foregoing theorem, the onset and vanishing conditions of the ð2ka : 2kbÞ
-synchronization in Eqs. (3.67) and (3.68) for time t ¼ tmi

(i ¼ 1; 2) are also the

vanishing and onset conditions of the ð2ka : 2kbÞ-penetration and the ð2ka : 2kbÞ
-desynchronization, respectively. To explain the synchronization of the two

dynamical systems under the condition in Eq. (3.3) in the previous two theorems,

such synchronization is sketched in Fig. 3.8. On the constraint boundary, any point

for synchronization is expressed by ðyð0Þm ; tmÞ. In the two domains, any flows in the

vicinity of the boundary are expressed by ðyðaÞm�e; tm�eÞ ða ¼ 1; 2Þ . The onset

and vanishing points are ðyð0Þm1
; tm1

Þ and ðyð0Þm2
; tm2

Þ with red and blue circular

symbols. Both of the two points belong to a submanifold on the boundary in the

ðnr þ nsÞ -dimensional phase space. Once a flow of the resultant system of

a

(2)(ym–e, tm–e)
Ω2

(2)(ym–e, tm–e)
Ω2

b

(1)(ym–e, tm–e)

(1)(ym–e , tm–e)

Ω1

Ω1

Ω12
(0)(ym1

, tm1
)

(0)(ym1
, tm1

)

(0)(ym2
, tm2

)

(0)(ym2
, tm2

)

Ω2

(2)(ym–e , tm–e)

(ym
(0), tm)

(ym
(0), tm)

Ω12

Fig. 3.8 (a) A cross-section view and (b) a three-dimensional view of the synchronization of

resultant flows in vicinity of the constraint boundary @O12 in ðns þ nrÞ -dimensional state space.

On the constraint boundary, any point for synchronization is expressed by ðyð0Þm ; tmÞ. In two domains,

the resultant flows in the vicinity of the constraint boundary are expressed by ðyðaÞm�e; tm�eÞ (a ¼ 1; 2).

The onset and vanishing points are ðyð0Þm1
; tm1

Þ and ðyð0Þm2
; tm2

Þ with red and blue circular symbols
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two dynamical systems from domain O1 comes to any point of the subregion on

the constraint boundary, the synchronization of the two dynamical systems to the

constraint occurs until the point ðyð0Þm2
; tm2

Þis reached. If tm2
! 1, such synchroni-

zation will not disappear forever. For tm > tm1
, once the resultant flows are on the

constraint boundary, the synchronization of the two dynamical systems to the

constraint will keep forever.

3.6 Desynchronization to Constraint

The synchronization for two dynamical systems to the constraint in Eq. (3.3)

is discussed. The desynchronization of two dynamical systems is opposite to

the synchronization. Similarly, for a case of FðaÞðyðaÞ; t;pðaÞÞ ¼ Fð0Þðyð0Þ; t; λÞ on

the constraint boundary, the desynchronization will be discussed, and the desynchro-

nization for FðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞ on the constraint boundary will be

addressed. The desynchronization with FðaÞðyðaÞ; t;pðaÞÞ ¼ Fð0Þðyð0Þ; t; λÞ is stated.
Theorem 3.5 Consider two dynamical systems in Eqs. (3.1) and (3.2) with
constraint in Eq. (3.3). For y

ðaÞ
m� 2 Oa ða 2 f1; 2gÞ and yð0Þm 2 @O12 at time tm;

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 3Þ and jφðraþ1ÞðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and yð0Þ 2 @O12 , suppose

DsaFðaÞðyðaÞ; t;pðaÞÞ ¼ DsaFð0Þðyð0Þ; t; λÞ (sa ¼ 0; 1; 2; � � �) for yðaÞ ¼ yð0Þ . The two
dynamical systems in Eqs. (3.1) and (3.2) to the constraint in Eq. (3.3) are
desynchronized for time t 2 ½tm1

; tm2
� if and only if

(i) for yðaÞm 2 Oa and yð0Þm 2 @O12 with any time tm

yðaÞm ¼ yð0Þm ;φðraÞðyðaÞm ; tm; λÞ ¼ 0

for a ¼ 1; 2 and ra ¼ 0; 1; 2; � � � (3.69)

(ii) for y
ðaÞ
k 2 Oþe

a at time tþk 2 ðtm; tmþe� and yð0Þm 2 @O12 with tm 2 ðtm1
; tm2

Þ

yðaÞk 6¼ yð0Þm ; ð�1Þaφð1ÞðyðaÞk ; tþk ; λÞ< 0;

lim
tþk !tm

φð1ÞðyðaÞk ; tþk ; λÞ ¼ 0 for a ¼ 1; 2 (3.70)

(iii) for y
ðaÞ
k 2 O�e

a at time t�k 2 ½tm�e; tmÞ and yð0Þm 2 @O12 with tm =2 ½tm1
; tm2

�

yðaÞk 6¼ yð0Þm ; ð�1Þaφð1ÞðyðaÞk ; t�k ; λÞ> 0;

lim
t�k !tm

φð1ÞðyðaÞk ; t�k ; λÞ ¼ 0 for a ¼ 1; 2 (3.71)
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(iv) for y
ðaÞ
k 2 Oþe

a at time t�k 2 ½tm�e; tm�Þ or tþk 2 ðtmþ; tmþe� and yð0Þm 2 @O12 with
tm ¼ tm1

and tm2

yðaÞk 6¼ yð0Þm ; lim
t�k !tm�

φð1ÞðyðaÞk ; t�k ; λÞ> 0;

lim
t�k !tm�

ð�1Þaφð2ÞðyðaÞk ; t�k ; λÞ< 0 for a ¼ 1; 2 (3.72)

Proof Once Definitions 3.13, 3.14, 3.17, and 3.18 are used, the proof of this

theorem is similar to the proof of Theorem 3.1. □

Theorem 3.6 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraint in Eq. (3.3). For y
ðaÞ
m� 2 Oa (a 2 f1; 2g ) and yð0Þm 2 @O12 at time tm;

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e

a
for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous

ðra � 2ka þ 1Þ and jφðraþ1Þ ðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and yð0Þ 2 @O12 ,
suppose DsaFðaÞðyðaÞ; t;pðaÞÞ ¼ DsaFð0Þ ðyð0Þ; t; λÞ (sa ¼ 0; 1; 2; � � � ) for yðaÞ ¼ yð0Þ:
The two dynamical systems in Eqs. (3.1) and (3.2) to constraint in Eq. (3.3) are
desynchronized for time t 2 ½tm1

; tm2
� if and only if

(i) for y
ðaÞ
m� 2 Oa and yð0Þm 2 @O12 with any time tm

y
ðaÞ
m� ¼ yð0Þm ;φðraÞðyðaÞm�; tm; λÞ ¼ 0

for a ¼ 1; 2 and ra ¼ 0; 1; 2; � � � (3.73)

(ii) for y
ðaÞ
k 2 Oþe

a at time tþk 2 ðtm; tmþe� and yð0Þm 2 @O12 with tm 2 ðtm1
; tm2

Þ

yðaÞk 6¼ yð0Þm ; lim
tþk !tmþ

φðsaÞðyðaÞk ; tþk ; λÞ ¼ 0 for sa ¼ 1; 2;� � �; 2ka;

ð�1Þaφð2kaþ1ÞðyðaÞk ; tþk ; λÞ< 0 and

lim
tþk !tm

φð2kaþ1ÞðyðaÞk ; tþk ; λÞ ¼ 0 for a ¼ 1; 2 (3.74)

(iii) for y
ðaÞ
k 2 O�e

a at time t�k 2 tm�e; tm½ Þ and yð0Þm 2 @O12 with tm =2 ½tm1
; tm2

�

yðaÞk 6¼ yð0Þm ; lim
t�k !tm�

φðsaÞðyðaÞk ; t�k ; λÞ ¼ 0 for sa ¼ 1; 2;� � �; 2ka;

ð�1Þaφð2kaþ1ÞðyðaÞk ; t�k ; λÞ> 0 and

lim
t�k !tm

φð2kaþ1ÞðyðaÞk ; t�k ; λÞ ¼ 0 for a ¼ 1; 2 (3.75)

(iv) for y
ðaÞ
k 2 Oþe

a at time t�k 2 ½tm�e; tm�Þ or tþk 2 ðtmþ; tmþe� and yð0Þm 2 @O12 with
tm ¼ tm1

and tm2
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yðaÞk 6¼ yð0Þm ; lim
t�k !tm�

φðsaÞðyðaÞk ; t�k ; λÞ ¼ 0 for sa ¼ 1; 2;� � �; 2ka þ 1;

lim
t�k !tm�

ð�1Þaφð2kaþ2ÞðyðaÞk ; t�k ; λÞ< 0 for a ¼ 1; 2 (3.76)

Proof Once Definitions 3.21, 3.22, 3.25, and 3.26 are used, the proof of this

theorem is similar to the proof of Theorem 3.2. □

If tm1
! �1 and tm2

! 1, such a desynchronization of two dynamical systems

to constraint in Eq. (3.3) is absolute. Once the resultant flows on the constraint

boundary are repelled, such a desynchronization can keep forever. To explain the

two foregoing theorems, the desynchronization of two dynamical systems to a

specific constraint is sketched in Fig. 3.9 through the resultant flows in the vicinity

of the constraint boundary @O12. Any point for desynchronization on the constraint

boundary is expressed by ðyð0Þm ; tmÞ. In the two domains, the resultant flows in the

vicinity of the boundary are expressed by ðyðaÞmþe; tmþeÞ (a ¼ 1; 2). The onset point for
the desynchronization is denoted by ðyð0Þm1

; tm1
Þ. For tm > tm1

and tm ! 1, all the

resultant flows leave from the constraint boundary. However, if tm2
> tm1

is finite,

such desynchronization to the constraint will disappear at a point ðyð0Þm2
; tm2

Þ.

a

(2)(ym+e , tm–e)Ω2

(2)(ym+e , tm–e))Ω2

b

Ω1

Ω1

Ω2

(1)(ym+e , tm+e)

(1)(ym+e , tm+e)

(2)(ym+e, tm+e)(ym
(0), tm)

(ym
(0), tm)

(0)(ym1
, tm1

)

(0)(ym1
, tm1

)

Ω12

Ω12

Fig. 3.9 (a) Cross-section view and (b) three-dimensional view for the desynchronization of slave

and master flows in vicinity of the boundary @O12 in ðnr þ nsÞ-dimensional state space. On the

boundary, any point for desynchronization is expressed by ðyð0Þm ; tmÞ. In the two domains, the flows

in the vicinity of the boundary are expressed by ðyðaÞmþe; tmþeÞ (a ¼ 1; 2). The onset point is ðyð0Þm1
; tm1

Þ,
depicted by a red circular symbol
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For FðaÞðyðaÞ; t;pðaÞÞ ¼ Fð0Þðyð0Þ; t; λÞ, the desynchronization of two dynamical

systems to a specific constraint is different from those for FðaÞðyðaÞ; t;pðaÞÞ 6¼
Fð0Þðyð0Þ; t; λÞ. Thus, the conditions for the desynchronization of two dynamical

systems with discontinuous vector fields are discussed as follows.

Theorem 3.7 Consider two dynamical systems in Eqs. (3.1) and (3.2) with constraint
in Eq. (3.3). For y

ðaÞ
m� 2 Oa (a 2 f1; 2g) and yð0Þm 2 @O12 at time tm , y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0 , there is a time interval ½tm�e; tmþe� . At yðaÞ 2 O�e
a for time

t 2 ½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra -continuous (ra � 3) and

jφðraþ1ÞðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and yð0Þ 2 @O12 , suppose FðaÞðyðaÞ; t;pðaÞÞ
6¼ Fð0Þðyð0Þ; t; λÞ for yðaÞ ¼ yð0Þ. The two dynamical systems in Eqs. (3.1) and (3.2) to
the constraint in Eq. (3.3) are desynchronized for time t 2 ½tm1

; tm2
� if and only if

(i) for y
ðaÞ
mþ ¼ yð0Þm and yðaÞ 2 Oa (a 2 f1; 2g) at time t ¼ tm 2 ½tm1

; tm2
�

φðyðaÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0 (3.77)

(ii) for time tm 2 ½tm1
; tm2

Þ,

y
ðaÞ
mþ ¼ yð0Þm and ð�1Þaφð1ÞðyðaÞmþ; tmþ; λÞ< 0 for a ¼ 1; 2 (3.78)

(iii) with an penetration for time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

¼ y
ðbÞ
miþ (i ¼ 1; 2),

φð1ÞðyðaÞmi�; tmi�; λÞ ¼ 0 and ð�1Þaφð2ÞðyðaÞmi�; tmi�; λÞ< 0;

ð�1Þbφð1ÞðyðbÞmiþ; tmiþ; λÞ< 0 for a;b 2 f1,2g and b 6¼ a; (3.79)

or with a synchronization for time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

¼ y
ðbÞ
mi�,

φð1ÞðyðaÞmi�; tmi�; λÞ ¼ 0 and ð�1Þaφð2ÞðyðaÞmi�; tmi�; λÞ< 0;

φð1ÞðyðbÞmi�; tmi�; λÞ ¼ 0 and ð�1Þbφð2ÞðyðbÞmi�; tmi�; λÞ< 0

for a;b 2 f1,2g and b 6¼ a: (3.80)

Proof By using Definitions 3.13, 3.17–3.19, the proof of this theorem is similar to

the proof of Theorem 3.3. □

From the foregoing theorem, the desynchronization of two dynamical systems to

a specific constraint requires that the first-order derivative of the constraint function

be greater than zero. In addition, the onset and vanishing conditions of desynchro-

nization in Eqs. (3.79) and (3.80) are the vanishing and onset conditions for onset of
the penetration and synchronization with the desynchronization, respectively.

The following theorem will give the corresponding conditions for the desynchro-

nization of two dynamical systems to a specific constraint with the higher order

singularity.
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Theorem 3.8 Consider two dynamical systems in Eqs. (3.1) and (3.2) with constraint
in Eq. (3.3). For y

ðaÞ
m� 2 Oa (a 2 f1; 2g ) and yð0Þm 2 @O12 at time tm , y

ðaÞ
m� ¼ yð0Þm .

For any small e> 0 , there is a time interval ½tm�e; tmþe� . At yðaÞ 2 O�e
a for time

t 2½tm�e; tmþe�, the constraint function φðyðaÞ; t; λÞ is Cra -continuous (ra � 2ka þ 1)
and jφðraþ1ÞðyðaÞ; t; λÞj<1:For yðaÞ 2 Oa and y

ð0Þ 2 @O12, supposeFðaÞðyðaÞ; t;pðaÞÞ
6¼ Fð0Þðyð0Þ; t; λÞ for yðaÞ ¼ yð0Þ: The two dynamical systems in Eqs. (3.1) and (3.2)
to constraint inEq. (3.3) are desynchronized of theð2k1 : 2k2Þ-type for timet 2 ½tm1

; tm2
�

if and only if

(i) for y
ðaÞ
mþ ¼ yð0Þm and yðaÞ 2 Oa (a 2 f1; 2g) at time t ¼ tm 2 ½tm1

; tm2
�

φðyðaÞmþ; tmþ; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0 (3.81)

(ii) for time tm 2 ðtm1
; tm2

Þ, yðaÞmþ ¼ yð0Þm ¼ y
ðbÞ
mþ

φðsaÞðyðaÞmþ; tmþ; λÞ< 0 ðsa ¼ 1; 2; � � �; 2kaÞ;
ð�1Þaφð2kaþ1ÞðyðaÞmþ; tmþ; λÞ< 0;

φðsbÞðyðbÞmþ; tmþ; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kbÞ;
ð�1Þbφð2kbþ1ÞðyðbÞmþ; tmþ; λÞ< 0 for b 2 f1,2g and a 6¼ b (3.82)

(iii) with a ð2ka : 2kbÞ-penetration flow for time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

¼ y
ðbÞ
miþ

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2ka þ 1Þ;
ð�1Þaφð2kaþ2ÞðyðaÞmþ; tmþ; λÞ< 0;

φðsbÞðyðbÞmiþ; tmiþ; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kbÞ;
ð�1Þbφð2kbþ1ÞðyðbÞmiþ; tmiþ; λÞ< 0 for a;b 2 f1,2g and a 6¼ b (3.83)

or with a ð2k1 : 2k2Þ-synchronization for time t ¼ tmi
, y

ðaÞ
mi� ¼ yð0Þmi

¼ y
ðbÞ
mi�

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2ka þ 1Þ;
ð�1Þaφð2kaþ2ÞðyðaÞmþ; tmþ; λÞ< 0;

φðsbÞðyðbÞmi�; tmi�; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kb þ 1Þ;
ð�1Þbφð2kbþ2ÞðyðbÞmi�; tmi�; λÞ< 0 for a;b 2 f1,2g and a 6¼ b: (3.84)

Proof Using Definitions 3.23, 3.25–3.27, the proof of this theorem is similar to

Theorem 3.4. □

The onset and vanishing conditions of the ð2k1 : 2k2Þ -desynchronization in

Eqs. (3.83) and (3.84) are the vanishing and onset conditions of the ð2ka : 2kbÞ
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penetration and the ð2k1 : 2k2Þ -synchronization, respectively. The ð2k1 : 2k2Þ
-desynchronization requires that all the ð2k1 þ 1 : 2k2 þ 1Þ-order derivative of the

constraint function should be greater than zero. The desynchronization of two

dynamical systems to a specific constraint is presented in the previous two theorems,

as sketched in Fig. 3.10 through the resultant flows in the vicinity of the constraint

boundary. On the constraint boundary, any point relative to desynchronization is

expressed by ðyð0Þm ; tmÞ. In the two domains, the flows in the vicinity of the constraint

boundary are expressed by ðyðaÞmþe; tmþeÞ (a ¼ 1; 2). The onset and vanishing points are

ðyð0Þm1
; tm1

Þ and ðyð0Þm2
; tm2

Þ with red and green circular symbols, which are generated by

the two penetrations. The points ðyð0Þm1
; tm1

Þ and ðyð0Þm2
; tm2

Þare starting and vanishing

points of the resultant flow relative to desynchronization.

If tm2
! 1 , once the desynchronization exists, no any synchronization

of two systems to a specific constraint can be achieved. For a case of

FðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞ and FðaÞðyðaÞ; t;pðaÞÞ 6¼ FðbÞðyðbÞ; t;pðbÞÞ; the

desynchronization can be determined through the two foregoing theorems.

a

(2)(ym–e, tm–e)
(2)(ym–e, tm–e))

(0)(ym2
, tm2

)

b

(1)(Xm+e, tm+e)

(2)(Xm+e, tm+e)

(0)(Xm2
, tm2

)
(0)(Xm1

, tm1
)

(Xm
(0), tm)

Ω1

Ω1

Ω2

Ω2

(0)(ym , tm)

Ω12

Ω12

(1)(ym–e, tm–e)

(0)(ym1
, tm1

)

Fig. 3.10 (a) A cross-section view and (b) a three-dimensional view of the desynchronization of

resultant flows in vicinity of the constraint boundary @O12 in ðnr þ nsÞ-dimensional state space. On

the constant boundary, any point for desynchronization is expressed by ðyð0Þm ; tmÞ. In two domains,

the resultant flows in the vicinity of the constant boundary are expressed by ðyðaÞm�e; tm�eÞ (a ¼ 1; 2).
The onset and vanishing points are ðyð0Þm1

; tm1
Þ and ðyð0Þm2

; tm2
Þ with red and green circular symbols
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3.7 Penetration to Constraint

The synchronization and desynchronization of two dynamical systems to a specific

constraint have been discussed. The penetration of two dynamical systems to a

specific constraint is also very important for the onset and vanishing of synchroni-

zation and desynchronization. For FðaÞðyðaÞ; t;pðaÞÞ ¼ Fð0Þðyð0Þ; t; λÞ with a ¼ 1; 2,
the penetration of two dynamical systems to a specific constraint cannot exist.

However, if two dynamical systems to a specific constraint possess discontinuous

vector fields, the penetration can occur at the constraint boundary. The

corresponding theorems are presented as follows.

Theorem 3.9 Consider two dynamical systems in Eqs. (3.1) and (3.2) with
constraint in Eq. (3.3). For y

ðaÞ
m� 2 Oa (a 2 f1; 2g) and yð0Þm 2 @O12 at time tm , y

ðaÞ
m�

¼ yð0Þm . For any small e> 0, there is a time interval ½tm�e; tmþe�. At yðaÞ 2 O�e
a for time

t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -continuous (ra � 3) and

jφðraþ1ÞðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and y
ð0Þ 2 @O12, suppose D

saFðaÞðyðaÞ; t;pðaÞÞ
6¼ DsaFð0Þðyð0Þ; t; λÞ sa ( ¼ 0; 1; 2; � � � ) for yðaÞ ¼ yð0Þ . The two dynamical systems
in Eqs. (3.1) and (3.2) to the constraint in Eq. (3.3) is penetrated at time t 2 ½tm1

; tm2
�

if and only if

(i) for y
ðaÞ
m� ¼ yð0Þm and yðaÞ 2 Oa (a 2 f1; 2g) at time t ¼ tm 2 ½tm1

; tm2
�

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0 (3.85)

(ii) at time t ¼ tm 2 ðtm1
; tm2

Þ, yðaÞm� ¼ yð0Þm ¼ y
ðbÞ
mþ

ð�1Þaφð1ÞðyðaÞm�; tm�; λÞ> 0 and ð�1Þbφð1ÞðyðbÞmþ; tmþ; λÞ< 0

for a; b 2 f1; 2g and a 6¼ b: (3.86)

(iii) with a synchronization at time t ¼ tm
i
, yðaÞmi� ¼ yð0Þmi

¼ y
ðbÞ
mi� (i 2 f1; 2g),

ð�1Þaφð1ÞðyðaÞmi�; tmi�; λÞ> 0;

φð1ÞðyðbÞmi�; tmi�; λÞ ¼ 0 and ð�1Þbφð2ÞðyðbÞmi�; tmi�; λÞ< 0

for a; b 2 f1; 2g and a 6¼ b; (3.87)

or with a desynchronization at time t ¼ tm
i
, y

ðaÞ
mi
 ¼ yð0Þmi

¼ y
ðbÞ
miþ (i 2 f1; 2g),

φð1ÞðyðaÞmi
; tmi
; λÞ ¼ 0; and ð�1Þaφð2ÞðyðaÞmi
; tmi
; λÞ< 0

ð�1Þbφð1ÞðyðbÞmiþ; tmiþ; λÞ< 0 for a; b 2 f1; 2g and a 6¼ b; (3.88)

or with a switching penetration at time t ¼ tm
i
;y

ðaÞ
mi
 ¼ yð0Þmi

¼ y
ðbÞ
mi� (i 2 f1; 2g)
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φð1ÞðyðaÞmi
; tmi
; λÞ ¼ 0; and ð�1Þaφð2ÞðyðaÞmi
; tmi
; λÞ< 0;

φð1ÞðyðbÞmi�; tmi�; λÞ ¼ 0 and ð�1Þbφð2ÞðyðbÞmi�; tmi�; λÞ< 0

for a; b 2 f1; 2g and a 6¼ b: (3.89)

Proof By using Definitions 3.15, 3.17, 3.18, and 3.20, the proof of this theorem is

similar to the proof of Theorem 3.3. □

Theorem 3.10 Consider two dynamical systems in Eqs. (3.1) and (3.2) with
constraint in Eq. (3.3). For y

ðaÞ
m� 2 Oa (a 2 f1; 2g) and yð0Þm 2 @O12 at time tm,

y
ðaÞ
m� ¼ yð0Þm . For any small e> 0 , there is a time interval ½tm�e; tmþe� . At

yðaÞ 2 O�e
a for time t 2 ½tm�e; tmþe� , the constraint function φðyðaÞ; t; λÞ is Cra -

continuous (ra � 2ka þ 1) and jφðraþ1ÞðyðaÞ; t; λÞj<1: For yðaÞ 2 Oa and yð0Þ 2
@O12 , suppose FðaÞðyðaÞ; t;pðaÞÞ 6¼ Fð0Þðyð0Þ; t; λÞ for yðaÞ ¼ yð0Þ: The two
dynamical systems in Eqs. (3.1) and (3.2) to constraint in Eq. (3.3) are
penetrated of the ð2k1 : 2k2Þ-type for time t 2 ½tm1

; tm2
� if and only if

(i) for yðaÞm ¼ yð0Þm and yðaÞ 2 Oa (a 2 f1; 2g) at time t ¼ tm 2 ½tm1
; tm2

�

φðyðaÞm�; tm�; λÞ ¼ φðyð0Þm ; tm; λÞ ¼ 0 (3.90)

(ii) at time t ¼ tm 2 ðtm1
; tm2

Þ, yðaÞm� ¼ yð0Þm ¼ y
ðbÞ
mþ

φðsaÞðyðaÞm�; tm�; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2kaÞ;
ð�1Þaφð2kaþ1ÞðyðaÞm�; tm�; λÞ> 0;

φðsbÞðyðbÞmþ; tmþ; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kbÞ;
ð�1Þbφð2kbþ1ÞðyðbÞmþ; tmþ; λÞ< 0 for b 2 f1,2g and a 6¼ b; (3.91)

(iii) with að2k1 : 2k2Þ-synchronization at timet ¼ tm
i
;yðaÞmi� ¼ yð0Þmi

¼ y
ðbÞ
mi� (i 2 f1; 2g)

φðsaÞðyðaÞmi�; tmi�; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2kaÞ;
ð�1Þaφð2kaþ1ÞðyðaÞmi�; tmi�; λÞ> 0;

φðsbÞðyðbÞmi�; tmi�; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kb þ 1Þ;
ð�1Þbφð2kbþ2ÞðyðbÞmi�; tmi�; λÞ< 0 for b 2 f1,2g and a 6¼ b; (3.92)

or with a ð2k1 : 2k2Þ desynchronization at time t ¼ tm
i
;y

ðaÞ
mi
 ¼ yð0Þmi

¼ y
ðbÞ
miþ

ði 2 f1; 2gÞ,
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φðsaÞðyðaÞmi
; tmi
; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2ka þ 1Þ;
ð�1Þaφð2kaþ1ÞðyðaÞmi
; tmi
; λÞ< 0;

φðsbÞðyðbÞmþ; tmþ; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kbÞ;
ð�1Þbφð2kbþ1ÞðyðbÞmþ; tmþ; λÞ< 0 for b 2 f1,2g and a 6¼ b; (3.93)

orwith að2kb : 2kaÞ-penetration at timet ¼ tm
i
; y

ðaÞ
mi
 ¼ yð0Þmi

¼ y
ðbÞ
mi�ði 2 f1; 2gÞ,

φðsaÞðyðaÞmi
; tmi
; λÞ ¼ 0 ðsa ¼ 1; 2; � � �; 2ka þ 1Þ;
ð�1Þaφð2kaþ1ÞðyðaÞmi
; tmi
; λÞ< 0;

φðsbÞðyðbÞmi�; tmi�; λÞ ¼ 0 ðsb ¼ 1; 2; � � �; 2kb þ 1Þ;
ð�1Þbφð2kbþ2ÞðyðbÞmi�; tmi�; λÞ< 0 for b 2 f1,2g and a 6¼ b: (3.94)

a

(2)(Xm–e, tm–e)
(2)(Xm–e, tm–e))

(1)(Xm–e, tm–e)

b

(1)(Xm+e, tm+e)
Ω1

Ω1

Ω2

Ω2

(0)(Xm1
, tm1

)

(0)(Xm1
, tm1

)

(Xm
(0), tm)

(2)(Xm+e, tm+e)

(0)(Xm2
, tm2

)

Ω12

Ω12

(Xm
(0), tm)

(0)(Xm2
, tm2

)

Fig. 3.11 (a) A cross-section view and (b) a three-dimensional view of the penetration of resultant

flows in vicinity of the constraint boundary @O12 in ðnr þ nsÞ-dimensional state space. On the

constraint boundary, any point for penetration is expressed by ðyð0Þm ; tmÞ . In two domains, the

resultant flows in the vicinity of the constraint boundary are expressed by ðyðaÞm�e; tm�eÞ (a ¼ 1; 2).

The onset and vanishing points are ðyð0Þm1
; tm1

Þ and ðyð0Þm2
; tm2

Þ with red and blue circular symbols
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Proof Using Definitions 3.21, 3.23, 3.24, and 3.26, the proof of this theorem is

similar to the proof of Theorem 3.4. □

The penetration of the two dynamical systems to a specific constraint is sketched

in Fig. 3.11. The onset and vanishing conditions of the ð2ka : 2kbÞ-penetration of the
t 2 ½tm1

; tm2
� to a specific constraint are the vanishing and onset conditions of the

ð2ka : 2kbÞ-synchronization, the ð2ka : 2kbÞ-desynchronization, and the ð2kb : 2kaÞ
-penetration, respectively. On the constraint boundary, any point for penetration is

expressed by ðyð0Þm ; tmÞ. In two domains, the incoming and output resultant flows in

the vicinity of the constraint boundary are expressed by ðyðaÞm�e; tm�eÞ and ðyðbÞmþe; tmþeÞ
(a; b 2 f1; 2g and a 6¼ b). The onset and vanishing points are ðyð0Þm1

; tm1
Þ and ðyð0Þm2

; tm2
Þ

with red and blue circular symbols.
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Chapter 4

Multiple Constraints Synchronization

In this chapter, the synchronization of two dynamical systems tomultiple constraints

will be discussed. As in Luo [1], the synchronicity of two dynamical systems

with multiple constraints can be presented. The mathematical description of the

synchronicity of two dynamical systems to multiple constraints will be given, and

the corresponding necessary and sufficient conditions for the synchronicity of two

dynamical systems to the constraints are presented.

4.1 Synchronicity to Multiple Constraints

The e-domain in the vicinity of the intersected, constraint boundary will be defined

through the e-domain of the jth constraint boundary. Based on such e-domain and

the intersected constraint boundary, the synchronicity of two dynamical systems to

multiple constraints will be discussed.

Definition 4.1 For y
ðaj; jÞ
m� 2 Oðaj; jÞ ðaj 2 i and j 2 l with i ¼ f1; 2g and

l ¼ 1; 2; � � � ; lf gÞ and yð0; jÞm 2 @O12ð jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e>0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The neighborhood of the jth constraint
edge is defined as

O�e
ðaj; jÞ ¼ fyðaj; jÞ

���jjyðaj; jÞðtÞ � yð0; jÞm jj � dðaj; jÞ; dðaj; jÞ>0; t 2 ½tm�e; tmÞg;

Oþe
ðaj; jÞ ¼ fyðaj; jÞ

���jjyðaj; jÞðtÞ � yð0; jÞm jj � dðaj; jÞ; dðaj; jÞ>0; t 2 ðtm; tmþe�g:
(4.1)

The subdomains and the intersected edge are defined as

Oa � Oa1a2���al ¼ \l
j¼1Oðaj; jÞ and @Oð12; jÞ � @Oð12;12���lÞ ¼ \l

j¼1@Oðajbj; jÞ (4.2)
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For y
ðaÞ
m± 2 Oa (a ¼ ða1a2 � � � alÞ; aj 2 i and j 2 l) and yð0Þm 2 @Oð12; jÞ ðj ¼ ð12

� � � lÞÞ at time tm, y
ðaÞ
m ¼ yð0Þm . For any small e>0, there is a time interval ½tm�e; tmÞ or

ðtm; tmþe� . The neighborhood of the intersected constraint boundary @Oð12; jÞ is

defined as

O�e
a ¼ fyðaÞ

���jjyðaÞðtÞ � yð0Þm jj � d; d>0; t 2 ½tm�e; tmÞg;

Oþe
a ¼ fyðaÞ

���jjyðaÞðtÞ � yð0Þm jj � d; d>0; t 2 ðtm; tmþe�g:

9>=>; (4.3)

where d ¼ min
j2l;aj2i

ðdðaj; jÞÞ with l ¼ f1; 2; � � � ; lg and i ¼ f1; 2g.

Definition 4.2 Three index sets are defined as

l¼ [3
i¼1 li and li \lj ¼ 1f g i; j 2 1; 2; 3f gð Þ (4.4)

li ¼ f1; k
ðiÞ
1 ; k

ðiÞ
2 ; � � � ; kðiÞli g � l [ 1f g and l1 þ l2 þ l3 ¼ l (4.5)

Definition 4.3 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 iand j 2 l with i ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The two systems in Eqs. (3.1) and

(3.2) with constraints in Eq. (3.4) are called an l1-dimensional synchronization, l2-
dimensional desynchronization, and l3-dimensional penetration for time tm 2 ½tm1

; tm2
�

(i) if for aj1 = 1,2 and j1 2 l1

φj1ðy
ðaj1 ;j1Þ
m� ; tm�; λj1Þ ¼ φj1ðyð0; j1Þm ; tm; λj1Þ ¼ 0;

ð�1Þaj1 ½φj1ðy
ðaj1 ;j1Þ
m�e ; tm�e; λj1Þ � φj1ðy

ðaj1 ;j1Þ
m� ; tm�; λj1Þ�<0;

9=; (4.6)

(ii) if for aj2 = 1,2 and j2 2 l2

φj2ðy
ðaj2 ; j2Þ
mþ ; tmþ; λj2Þ ¼ φj2ðyð0; j2Þm ; tm; λj2Þ ¼ 0;

ð�1Þaj2 ½φj2ðy
ðaj2 ; j2Þ
mþe ; tmþe; λj2Þ � φj2ðy

ðaj2 ; j2Þ
mþ ; tmþ; λj2Þ�<0;

9=; (4.7)

(iii) if for aj3 ; bj3 2 f1,2g, aj3 6¼ bj3 ; j3 2 l3

φj3ðy
ðaj3 ;j3Þ
m� ; tm�; λj3Þ ¼ φj3ðyð0; j3Þm ; tm; λj3Þ ¼ 0;

ð�1Þaj3 ½φj3ðy
ðaj3 ;j3Þ
m�e ; tm�e; λj3Þ � φj3ðy

ðaj3 ; j3Þ
m� ; tm�; λj3Þ�<0;

9=; (4.8)
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φj3ðy
ðbj3 ; j3Þ
mþ ; tmþ; λj3Þ ¼ φj3ðyð0; j3Þm ; tm; λj3Þ ¼ 0;

ð�1Þbj3 ½φj3ðy
ðbj3 ; j3Þ
mþe ; tmþe; λj3Þ � φj3ðy

ðbj3 ; j3Þ
mþ ; tmþ; λj3Þ�<0:

9=; (4.9)

From the previous definition, among the l-constraints in Eq. (3.4), (i) there are

l1-constraints to make the two dynamical systems be synchronized at the

corresponding constraints; (ii) there are l2-constraints to make the two dynamical

systems be desynchronized at the corresponding constraints; and (iii) there are

l3-constraints to make the two dynamical systems be penetrated at the

corresponding constraints. If l2 ¼ l3 ¼ 0 and l1 ¼ l, the two dynamical systems to

all the l-constraints are synchronized. If l3 ¼ 0 and l1 þ l2 ¼ l, the two dynamical

systems to all the l -constraints are to be synchronized with l1 -constraints and

desynchronized with l2 -constraints. If l1 ¼ 0 and l2 þ l3 ¼ l, the two dynamical

systems to all the l-constraints are to be desynchronized with l2-constraints and to be
penetrated with l3-constraints. If l2 ¼ 0and l1 þ l3 ¼ l, the two dynamical systems to

all the l-constraints are to be synchronized with l1-constraints and to be penetrated

with l3 -constraints. For the two cases, the two dynamical systems cannot be

synchronized any more for all the l-constraints. If one of three types of synchronic-
ity has changed the current state, the synchronicity of the two dynamical systems

will be changed. The three special cases are useful. Therefore, three definitions for

the three special cases will be given as follows:

Definition 4.4 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g

and l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ . The two dynamical systems in Eqs. (3.1)

and (3.2) with constraints in Eq. (3.4) are called an l-dimensional synchronization for

time tm 2 ½tm1
; tm2

� if for aj = 1,2 and j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0:

9=; (4.10)

Definition 4.5 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
mþ 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
mþ ¼ yð0; jÞm . For any small

e> 0, there is a time interval ðtm; tmþe�. The two dynamical systems in Eqs. (3.1) and

(3.2) with constraints in Eq. (3.4) are called an l-dimensional desynchronization for

time tm 2 ½tm1
; tm2

� if for aj = 1,2 and j 2 l

φjðyðaj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞmþe ; tmþe; λjÞ � φjðyðaj; jÞmþ ; tmþ; λjÞ�<0:

9=; (4.11)
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Definition 4.6 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The two dynamical systems in

Eqs. (3.1) and (3.2) with constraints in Eq. (3.4) are called an l-dimensional

penetration for time tm 2 ½tm1
; tm2

� if for aj;bj 2 i; j 2 l and bj 6¼ aj

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

9=; (4.12)

φjðyðbj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

ð�1Þbj ½φjðyðbj; jÞmþe ; tmþe; λjÞ � φjðyðbj; jÞmþ ; tmþ; λjÞ�<0:

9=; (4.13)

4.2 Singularity to Constraints

As discussed in the synchronization of two dynamical systems to the single

constraint, the singularity for a flow of the two dynamical systems in Eqs. (3.1)

and (3.2) to one of the constraints in Eq. (3.4) can be described. The tangency of

a resultant flow to one of l-constraint boundaries is presented first, and then

the vanishing and onset of the synchronization of two dynamical systems to the

jth constraint boundary of the l-constraint boundaries will be presented.

Definition 4.7 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2gand

l ¼ f1; 2; � � � ; lg ) and yð0; jÞm 2 @Oð12; jÞ at time tm , y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . At yðaj; jÞ 2 O�e
ðaj; jÞ for time t 2

½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2). A flow of the resultant system for two dynamical

systems in Eqs. (3.1) and (3.2) with l-constraints in Eq. (3.4) is called to be tangential
to the jth constraint boundary for time tm 2 ½tm1

; tm2
� if for j 2 l and aj 2 i

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0:

9>>>=>>>; (4.14)
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Definition 4.8 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for time

t 2 ½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous

and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2).

(i) The synchronization of the two dynamical systems in Eqs. (3.1) and (3.2) with

the jth constraint in Eq. (3.4) is called to be vanishing to form a penetration from

Oðaj; jÞ to Oðbj; jÞ on the jth constraint boundary at time tm if for aj; bj 2 i and

aj 6¼ bj with j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞm
 ; tm
; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðbj; jÞm
 ; tm
; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm
e ; tm
e; λjÞ � φjðyðbj; jÞm
 ; tm
; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.15)

(ii) The synchronization of the two dynamical systems in Eqs. (3.1) and (3.2)

with the jth constraint in Eq. (3.4) is called to be onset from the penetration

on the jth constraint boundary at time tm if for aj; bj 2 i and aj 6¼ bj with j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm�e ; tm�e; λjÞ � φjðyðbj; jÞm� ; tm�; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.16)

Definition 4.9 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for time t 2 ½tm�e; tmÞ

or ðtm; tmþe�; the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2).

(i) The synchronization of the two dynamical systems in Eqs. (3.1) and (3.2) with

the jth constraint in Eq. (3.4) is called to be onset from the desynchronization on

the jth constraint boundary at time tm if for aj; bj 2 i and aj 6¼ bj with j 2 l
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φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ φð1Þ

j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm�e ; tm�e; λjÞ � φjðyðbj; jÞm� ; tm�; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.17)

(ii) The synchronization of the two dynamical systems in Eqs. (3.1) and (3.2) with

the jth constraint in Eq. (3.4) is called to be vanishing to form the desynchro-

nization on the jth constraint boundary at time tm if for aj; bj 2 i and aj 6¼ bj
with j 2 l

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyðbj; jÞm
 ; tm
; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ φð1Þ

j ðyðbj; jÞm
 ; tm
; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm
e ; tm
e; λjÞ � φjðyðbj; jÞm
 ; tm
; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.18)

Definition 4.10 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

and l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm , y
ðaj; jÞ
m� ¼ yð0; jÞm . For any

small e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for

time t 2 ½tm�e; tmÞ or ðtm; tmþe� , the constraint function φjðyðaj; jÞ; t; λjÞ is Craj

continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2).

(i) The desynchronization of the two dynamical systems in Eqs. (3.1) and (3.2) with

the jth constraint in Eq. (3.4) is called to be vanishing to form a penetration on

the jth constraint boundary at time tm if for aj; bj 2 i and aj 6¼ bj with j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞmþe ; tmþe; λjÞ � φjðyðbj; jÞmþ ; tmþ; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.19)

(ii) The desynchronization of the two dynamical systems in Eqs. (3.1) and

(3.2) with the jth constraint in Eq. (3.4) is called to be onset from the jth
penetration flow on the jth constraint boundary at time tm if for aj; bj 2 i and

aj 6¼ bj with j 2 l
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φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyðbj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞmþe ; tmþe; λjÞ � φjðyðbj; jÞmþ ; tmþ; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.20)

Definition 4.11 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g

and l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for time t 2

½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2). The penetration of the two dynamical systems in

Eqs. (3.1) and (3.2) with the jth constraint in Eq. (3.4) is called to be switching to

form a new penetration on the jth constraint boundary at time tm if for aj; bj 2 i and

aj 6¼ bj with j 2 l

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyðbj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ φð1Þ

j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm�e ; tm�e; λjÞ � φjðyðbj; jÞm� ; tm�; λjÞ�<0:

9>>>>>>>=>>>>>>>;
(4.21)

4.3 Synchronicity with Singularity to Constraints

As discussed in Chap. 3, the synchronicity of two dynamical systems to multiple

constraints with higher-order singularity can be presented through the following

definitions.

Definition 4.12 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞorðtm; tmþe�. Atyðaj; jÞ 2 O�e
ðaj; jÞ for time t 2 ½tm�e; tmÞor

ðtm; tmþe�, the constraint functionφjðyðaj; jÞ; t; λjÞ isCraj continuous ðraj 	 2kaj þ 1Þ and
jφðrajþ1Þ

j ðyðaj; jÞ; t; λjÞj<1: The two dynamical systems in Eqs. (3.1) and

(3.2) with constraints in Eq. (3.4) are called an l1-dimensional synchronization

with the ð2ka1 : 2kb1Þ-order singularity, l2 -dimensional desynchronization with the
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ð2ka2 : 2kb2Þ-order singularity, and l3-dimensional penetrationwith the ð2ka3 : 2kb3Þ-
order singularity for time tm 2 ½tm1

; tm2
�

(i) if for aj1 = 1,2 and j1 2 l1

φj1ðy
ðaj1 ; j1Þ
m� ; tm�; λj1Þ ¼ φj1ðyð0; j1Þm ; tm; λj1Þ ¼ 0;

φ
ðsaj1 Þ
j1

ðyðaj1 ; j1Þm� ; tm�; λj1Þ ¼ 0; for saj1 ¼ 1; 2; � � � ; 2kaj1 ;
ð�1Þaj1 ½φj1ðy

ðaj1 ; j1Þ
m�e ; tm�e; λj1Þ � φj1ðy

ðaj1 ; j1Þ
m� ; tm�; λj1Þ�<0;

9>>>>=>>>>; (4.22)

(ii) if for aj2 = 1,2 and j2 2 l2

φj2ðy
ðaj2 ; j2Þ
mþ ; tmþ; λj2Þ ¼ φj2ðyð0; j2Þm ; tm; λj2Þ ¼ 0;

φ
ðsaj2 Þ
j2

ðyðaj2 ; j2Þmþ ; tmþ; λj2Þ ¼ 0 for saj2 ¼ 1; 2; � � � ; 2kaj2 ;
ð�1Þaj2 ½φj2ðy

ðaj2 ; j2Þ
mþe ; tmþe; λj2Þ � φj2ðy

ðaj2 ; j2Þ
mþ ; tmþ; λj2Þ�<0;

9>>>>=>>>>; (4.23)

(iii) if for aj3 ; bj3 2 i and j3 2 l3 with aj3 6¼ bj3

φj3ðy
ðaj3 ;j3Þ
m� ; tm�; λj3Þ ¼ φj3ðyð0;j3Þm ; tm; λj3Þ ¼ 0;

φ
ðsaj3 Þ
j3

ðyðaj3 ;j3Þm� ; tm�; λj3Þ ¼ 0 ðsaj3 ¼ 0; 1; 2; � � � ; 2kaj3 Þ;
ð�1Þaj3 ½φj3ðy

ðaj3 ;j3Þ
m�e ; tm�e; λj3Þ � φj3ðy

ðaj3 ;j3Þ
m� ; tm�; λj3Þ�<0;

(4.24)

φj3ðy
ðbj3 ;j3Þ
mþ ; tmþ; λj3Þ ¼ φj3ðyð0;j3Þm ; tm; λj3Þ ¼ 0;

φ
ðsbj3 Þ
j3

ðyðbj3 ;j3Þmþ ; tmþ; λj3Þ ¼ 0; for sbj3 ¼ 1; 2; � � � ; 2kbj3 ;

ð�1Þbj3 ½φj3ðy
ðbj3 ;j3Þ
mþe ; tmþe; λj3Þ � φj3ðy

ðbj3 ;j3Þ
mþ ; tmþ; λj3Þ�<0:

9>>>>=>>>>; (4.25)

Notice that 2kai ¼ ð2ka1 ; 2ka2 ; � � � ; 2kaji ; � � � 2kaliÞ
T

( i ¼ 1; 2; 3 ). Consider two

dynamical systems with l -constraints to be synchronized, or desynchronized or

penetrated with higher-order singularity. The corresponding descriptions for such

synchronicity will be given as follows.

Definition 4.13 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . At yðaj; jÞ 2 O�e
ðaj; jÞ for time

t 2 ½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj -continuous

and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 2kaj þ 1 ). The two dynamical systems in

Eqs. (3.1) and (3.2) with constraints in Eq. (3.4) are called an l -dimensional
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synchronization with the ð2ka : 2kbÞ-order singularity for time tm 2 ½tm1
; tm2

� if for
aj = 1,2 and j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0; for saj ¼ 1; 2; � � � ; 2kaj ;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0:

9>>>>=>>>>; (4.26)

Definition 4.14 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for time t 2

½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). The two dynamical systems in Eqs. (3.1)

and (3.2) with constraints in Eq. (3.4) are called an l-dimensional desynchronization

with the ð2ka : 2kbÞ-order singularity for time tm 2 ½tm1
; tm2

� if for aj = 1,2 and j 2 l

φjðyðaj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞmþ ; tmþ; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj ;

ð�1Þaj ½φjðyðaj; jÞmþe ; tmþe; λjÞ � φjðyðaj; jÞmþ ; tmþ; λjÞ�<0:

9>>>>=>>>>; (4.27)

Definition 4.15 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . At yðaj; jÞ 2 O�e
ðaj; jÞ for time

t 2 ½tm�e; tmÞ or ðtm; tmþe�, the constraint functionφjðyðaj; jÞ; t; λjÞ isCraj continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). The two dynamical systems in Eqs. (3.1)

and (3.2) with constraints in Eq. (3.4) are called an l-dimensional penetration with

the ð2ka : 2kbÞ-order singularity for time tm 2 ½tm1
; tm2

� if for aj;bj 2 i and j 2 l
with aj 6¼ bj

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0; for saj ¼ 1; 2; � � � ; 2kaj ;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

9>>>>=>>>>; (4.28)
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φjðyðbj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsbj Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj ;

ð�1Þbj ½φjðyðbj; jÞmþe ; tmþe; λjÞ � φjðyðbj; jÞmþ ; tmþ; λjÞ�<0:

9>>>>=>>>>; (4.29)

4.4 Higher-Order Singularity to Constraints

Since a resultant flow of two dynamical systems to one of l-constraints possesses
the higher-order singularity, the synchronicity of the two dynamical systems to the

l-constraints will be changed. In this section, the higher-order singularity of a

resultant flow of two dynamical systems to the jth constraint boundary from the

l-constraints will be presented herein.

Definition 4.16 Consider two dynamical systems in Eqs. (3.1) and (3.2)

with constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g

and l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm , y
ðaj; jÞ
m� ¼ yð0; jÞm . For any

small e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for

time t 2 ½tm�e; tmÞ or ðtm; tmþe� , the constraint function φjðyðaj; jÞ; t; λjÞ is Craj

continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 ðraj 	 2kajÞ. A flow of the resultant

system of two dynamical systems in Eqs. (3.1) and (3.2) with l-constraints
in Eq. (3.4) is called to be tangential to the jth constraint boundary with the
ð2kaj � 1Þth-order for time tm 2 ½tm1

; tm2
� if for j 2 l and aj 2 i

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φð1Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj � 1;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0:

9>>>=>>>; (4.30)

Definition 4.17 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . At yðaj; jÞ 2 O�e
ðaj; jÞ for time

t 2 ½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous

and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1).

(i) The synchronization of the ð2kaj : 2kbjÞ-order of the two dynamical systems in

Eqs. (3.1) and (3.2) with the jth constraint in Eq. (3.4) is said to be vanishing to

form the penetration from domainOðaj jÞ toOðbjjÞ on the jth constraint boundary at
time tm if for aj; bj 2 i and bj 6¼ aj with j 2 l
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φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞm
 ; tm
; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj ;

φ
ðsbj Þ
j ðyðbj; jÞm
 ; tm
; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj þ 1;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm
e ; tm
e; λjÞ � φjðyðbj; jÞm
 ; tm
; λjÞ�<0:

9>>>>>>>>>>>=>>>>>>>>>>>;
(4.31)

(ii) The synchronization of the ð2kaj : 2kbjÞ-order of the two dynamical systems in

Eqs. (3.1) and (3.2) with the jth constraint in Eq. (3.4) is said to be onset from

the penetration on the jth constraint boundary from domain Oðaj jÞ to Oðbj jÞ at
time tm if for aj; bj 2 i and bj 6¼ aj with j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj ;

φ
ðsbj Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj þ 1;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm�e ; tm�e; λjÞ � φjðyðbj; jÞm� ; tm�; λjÞ�<0:

9>>>>>>>>>>>=>>>>>>>>>>>;
(4.32)

Definition 4.18 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for time t 2 ½tm�e; tmÞ

or ðtm; tmþe� , the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1).

(i) The ð2kaj : 2kbjÞ-synchronization of the two dynamical systems in Eqs. (3.1) and

(3.2) with the jth constraint in Eq. (3.4) is called to be onset from the

desynchronization on the jth constraint boundary at time tm if for aj; bj 2 i
and bj 6¼ aj with j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj þ 1;

φ
ðsbj Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj þ 1;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm�e ; tm�e; λjÞ � φjðyðbj; jÞm� ; tm�; λjÞ�<0:

9>>>>>>>>>=>>>>>>>>>;
(4.33)
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(ii) The ð2kaj : 2kbjÞ-synchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with the jth constraint in Eq. (3.4) is said to be vanishing to form the

desynchronization on the jth constraint boundary at time tm if

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyðbj; jÞm
 ; tm
; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj þ 1;

φ
ðsbj Þ
j ðyðbj; jÞm
 ; tm
; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj þ 1;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm
e ; tm
e; λjÞ � φjðyðbj; jÞm
 ; tm
; λjÞ�<0:

9>>>>>>>>>>>=>>>>>>>>>>>;
(4.34)

Definition 4.19 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . At yðaj; jÞ 2 O�e
ðaj; jÞ for time

t 2 ½tm�e; tmÞ or ðtm; tmþe�, the constraint function φjðyðaj; jÞ; t; λjÞ is Craj continuous

and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1).

(i) The ð2kaj : 2kbjÞ-desynchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with the jth constraint in Eq. (3.4) is called to be vanishing to form

the penetration on the jth constraint boundary from domain Oðaj; jÞ to Oðbj; jÞ at
time tm if for aj; bj 2 i and bj 6¼ aj with j 2 l

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyðbj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj þ 1;

φ
ðsbj Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj ;

ð�1Þaj ½φjðyðaj; jÞm�e ; tm�e; λjÞ � φjðyðaj; jÞm� ; tm�; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞmþe ; tmþe; λjÞ � φjðyðbj; jÞmþ ; tmþ; λjÞ�<0:

9>>>>>>>>>>>=>>>>>>>>>>>;
(4.35)

(ii) The ð2kaj : 2kbjÞ-synchronization of the two dynamical systems in Eqs. (3.1)

and (3.2) with the jth constraint in Eq. (3.4) is said to be onset from the

penetration on the jth constraint boundary from domain Oðaj; jÞ to Oðbj; jÞ at

time tm if for aj; bj 2 i and bj 6¼ aj with j 2 l

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyðbj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj þ 1;

(4.36a)
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φ
ðsbj Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj ;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞmþe ; tmþe; λjÞ � φjðyðbj; jÞmþ ; tmþ; λjÞ�<0:

(4.36b)

Definition 4.20 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. At yðaj; jÞ 2 O�e
ðaj; jÞ for time t 2 ½tm�e; tmÞ

or ðtm; tmþe� , the constraint function φjðyðaj; jÞ; t; λjÞ is Craj -continuous and

jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 2kaj þ 1 ). The ð2kaj : 2kbjÞ -penetration of the

two dynamical systems in Eqs. (3.1) and (3.2) with the jth constraint in

Eq. (3.4) is called to be switching from the ð2kbj : 2kajÞ-penetration on the jth
constraint boundary at time tm if for aj; bj 2 i and bj 6¼ aj with j 2 l

φjðyðaj; jÞm
 ; tm
; λjÞ ¼ φjðyðbj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0;

φ
ðsaj Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj þ 1;

φ
ðsbj Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 for sbj ¼ 1; 2; � � � ; 2kbj þ 1;

ð�1Þaj ½φjðyðaj; jÞm
e ; tm
e; λjÞ � φjðyðaj; jÞm
 ; tm
; λjÞ�<0;

ð�1Þbj ½φjðyðbj; jÞm�e ; tm�e; λjÞ � φjðyðbj; jÞm� ; tm�; λjÞ�<0:

9>>>>>>>>>>>=>>>>>>>>>>>;
(4.37)

4.5 Synchronization to All Constraints

In this section, the necessary and sufficient conditions for such synchronicity of the

two dynamical systems to multi-constraints will be discussed. Because of many

constraints for two dynamical systems, the synchronicity for each constraint should

be discussed.

Theorem 4.1 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint function

φjðyðajÞ; t; λjÞ is Craj -continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 ðraj 	 3Þ: For

yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @Oð12; jÞ; suppose DsajFðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼
DsajFð0; jÞðyð0; jÞ; t; λjÞ (saj ¼ 0; 1; 2; � � � ) foryðaj; jÞ ¼ yð0; jÞ:The two dynamical systems
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in Eqs. (3.1) and (3.2) to l-constraints in Eq. (3.4) are synchronized with l-dimensions
for time t 2 ½tm1

; tm2
� in the sense of Eq. (3.4) if and only if

(i) for all j 2 l, y
ðaj; jÞ
m� 2 Oðaj; jÞ and yð0; jÞm 2 @Oð12; jÞ for any time tm

y
ðaj; jÞ
m� ¼ yð0; jÞm ;φ

ðsaj Þ
j ðyðaj; jÞm� ; tm; λjÞ ¼ 0

for aj ¼ 1; 2 and saj ¼ 0; 1; 2; � � �
(4.38)

(ii) for all j 2 l, y
ðaj; jÞ
k 2 O�e

ðaj; jÞ at time t�k 2 ½tm�e; tmÞ and yð0; jÞm 2 @Oð12; jÞ with
tm 2 ðtm1

; tm2
Þ

y
ðaj; jÞ
k 6¼ yð0; jÞm ; ð�1Þajφð1Þ

j ðyðaj; jÞk ; t�k ; λjÞ> 0 and

lim
t�k !tm

φð1Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 for aj ¼ 1; 2

(4.39)

(iii) for the jth constraint ( j 2 l ), y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time tþk 2 ðtm; tmþe� and

yð0; jÞm 2 @Oð12; jÞ with tm =2 ½tm1
; tm2

�

yðaj; jÞk 6¼ yð0; jÞm ; ð�1Þajφð1Þ
j ðyðaj; jÞk ; tþk ; λjÞ<0 and

lim
tþk !tm

φð1Þ
j ðyðaj; jÞk ; tþk ; λjÞ ¼ 0 for aj ¼ 1; 2 (4.40)

(iv) for the jth constraint ( j 2 l ), y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time t�k 2 ½tm�e; tm�Þ;
tþk 2ðtmþ; tmþe� and yð0; jÞm 2 @O12ðjÞ with tm ¼ tm1

and tm2

yðaÞk 6¼ yð0Þm ; lim
t�k !tm�

φð1Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0;

lim
t�k !tm�

ð�1Þajφð2Þ
j ðyðaj; jÞk ; t�k ; λjÞ<0 for aj ¼ 1; 2 (4.41)

Proof The proof is similar to the proof of Theorem 3.1 for each j 2 l: If the

conditions in Eqs. (4.38) and (4.39) are satisfied, from Definition 4.4, the two

dynamical systems in Eqs. (3.1) and (3.2) are synchronized for time t 2 ðtm1
; tm2

Þ in
the sense of Eq. (3.4), vice versa. If the onset and vanishing conditions in Eqs. (4.40)

and (4.41) hold, from Definition 4.7, the synchronization of two dynamical systems

will start to form and to vanish, vice versa. This theorem is proved. □

Theorem 4.2 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

and l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm , y
ðaj; jÞ
m� ¼ yð0; jÞm . For any

small e> 0, there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function
φjðyðajÞ; t; λjÞ is Craj -continuous and jφðrajþ1Þ

j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 2kaj þ 1 ).
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For yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @Oð12; jÞ; suppose DsajFðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼
DsajFð0; jÞðyð0; jÞ; t; λjÞ ( saj ¼ 0; 1; 2; � � � ) for yðaj; jÞ ¼ yð0; jÞ . The two dynamical

systems in Eqs. (3.1) and (3.2) to l-constraints in Eq. (3.4) are synchronized
with l-dimensions for time t 2 ½tm1

; tm2
� in the sense of Eq. (3.4) if and only if

(i) for all j 2 l, y
ðaj; jÞ
m� 2 Oðaj; jÞ and yð0; jÞm 2 @Oð12; jÞ with tm 2 ðtm1

; tm2
Þ

y
ðaj; jÞ
m� ¼ yð0; jÞm ;φ

ðsaj Þ
j ðyðaj; jÞm� ; tm; λjÞ ¼ 0

for aj ¼ 1; 2 and saj ¼ 0; 1; 2; � � �
(4.42)

(ii) for all j 2 l, y
ðaj; jÞ
k 2 O�e

ðaj; jÞ at time t�k 2 ½tm�e; tmÞ and yð0; jÞm 2 @Oð12; jÞ with
tm 2 ðtm1

; tm2
Þ

y
ðaj; jÞ
k 6¼ yð0; jÞm ; lim

t�k !tm�
φ
ðsaj Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 for saj¼ 1; 2; � � � ; 2kaj ;

ð�1Þajφð2kajþ1Þ
j ðyðaj; jÞk ; t�k ; λjÞ> 0 and

lim
t�k !tm

φ
ð2kajþ1Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 for aj ¼ 1; 2;

(4.43)

(iii) for the jth constraint ( j 2 l ), y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time tþk 2 ðtm; tmþe� and

yð0; jÞm 2 @Oð12; jÞ with tm =2 ½tm1
; tm2

�

y
ðaj; jÞ
k 6¼ yð0; jÞm ; lim

t�k !tm�
φ
ðsaj Þ
j ðyðaj; jÞk ; tþk ; λjÞ ¼ 0 for saj¼ 1; 2; � � � ; 2kaj ;

ð�1Þajφð2kajþ1Þ
j ðyðaj; jÞk ; tþk ; λjÞ<0 and

lim
tþk !tm

φ
ð2kajþ1Þ
j ðyðaj; jÞk ; tþk ; λjÞ ¼ 0 for aj ¼ 1; 2;

(4.44)

(iv) for the jth constraint ( j 2 l), y
ðaj; jÞ
k 2 O�e

ðaj; jÞ at time t�k 2 ½tm�e; tm�Þ and

tþk 2 ðtmþ; tmþe�, and yð0; jÞm 2 @Oð12; jÞ with tm ¼ tm1
and tm2

y
ðaÞ
k 6¼ yð0Þm ; lim

t�k !tm�
φ
ðsaj Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 for saj¼ 1; 2; � � � ; 2kaj þ 1;

lim
t�k !tm�

ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞk ; t�k ; λjÞ<0 for aj ¼ 1; 2

(4.45)

Proof The proof is similar to the proof of Theorem3.2 for each j 2 l. For all j 2 l,

if the conditions in Eqs. (4.42) and (4.43) are satisfied, from Definition 4.10, the slave

andmaster systems in Eqs. (3.1) and (3.2) are synchronized for time t 2 ðtm1
; tm2

Þ in the
sense of Eq. (3.4), vice versa. If the onset and vanishing conditions in Eqs. (4.44) and

(4.45) hold, fromDefinition 4.13, the synchronization will start to form and to vanish,

vice versa. The proof is completed. □
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Theorem 4.3 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint function

φjðyðajÞ; t; λjÞ is Craj -continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 3 ). For

yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ is

assumed foryðaj; jÞ ¼ yð0; jÞ andaj 2 I:The twodynamical systems inEqs. (3.1) and (3.2)
to l-constraints in Eq. (3.4) are synchronized with l-dimensions for time t 2 ½tm1

; tm2
�

if and only if

(i) for all j 2 l, y
ðaj; jÞ
m� ¼ yð0; jÞm and yðaj; jÞ 2 Oðaj; jÞ at time tm 2 ½tm1

; tm2
� (aj 2 i)

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0 (4.46)

(ii) for all j 2 l, time tm 2 ðtm1
; tm2

Þ and y
ðaj; jÞ
m� ¼ yð0; jÞm with aj ¼ 1; 2

ð�1Þajφð1Þ
j ðyðaj; jÞm� ; tm�; λjÞ> 0 (4.47)

(iii) with the jth-penetration for time t ¼ tmi
,y

ðaj; jÞ
mi ¼ yð0Þmi

(i ¼ 1; 2) foraj; bj 2 iand
bj 6¼ aj

φð1Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 and ð�1Þajφð2Þ

j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

ð�1Þbjφð1Þ
j ðyðbj; jÞmi� ; tmi�; λjÞ> 0;

9=; (4.48)

or with the jth-desynchronization for time t ¼ tmi
, y

ðaj; jÞ
mi ¼ yð0Þmi

(i ¼ 1; 2) for
aj;bj 2 i and bj 6¼ aj

φð1Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 and ð�1Þajφð2Þ

j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

φð1Þ
j ðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0 and ð�1Þbjφð2Þ

j ðyðbj; jÞmi� ; tmi�; λjÞ> 0:

9=; (4.49)

Proof The proof is similar to the proof of Theorem 3.3 for each j 2 l. For all

j 2 l, if the conditions in Eqs. (4.46) and (4.47) are satisfied, from Definition 4.4,

the two dynamical systems in Eqs. (3.1) and (3.2) to l-constraints in Eq. (3.4) are

synchronized for time t 2 ½tm1
; tm2

�; vice versa. If the onset and vanishing

conditions in Eqs. (4.48) and (4.49) hold, from Definition 4.8 or 4.9, the synchro-

nization of the two dynamical systems to l-constraints in Eq. (3.4) will start to

form and to vanish, vice versa. The proof is completed. □

In the foregoing theorem, the synchronization of the slave and master systems is

without any singularity except for the onset and vanishing conditions on the

boundaries of the constraints. If the synchronization of two dynamical systems with

higher-order singularity, the corresponding theorems can be presented as follows.
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Theorem 4.4 Consider two dynamical systems in Eqs. (3.1) and (3.2) with constraints

in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g andl ¼ f1; 2;

� � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0; there is a

time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function φjðyðajÞ; t; λjÞ is Craj -

continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). For yðaj; jÞ 2 Oðaj; jÞ and

yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ is assumed for yðaj; jÞ ¼
yð0; jÞ andaj 2 i:The two dynamical systems in Eqs. (3.1) and (3.2) to l-constraints
in Eq. (3.4) are synchronized of the ð2ka : 2kbÞ-type with l-dimensions for time
t 2 ½tm1

; tm2
� if and only if

(i) for all j 2 l; y
ðaj; jÞ
m� ¼ yð0; jÞm , and yðaj; jÞ 2 Oðaj; jÞ at time tm 2 ½tm1

; tm2
� (aj 2 i)

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0 (4.50)

(ii) for all j 2 l, time tm 2 ðtm1
; tm2

Þ and y
ðaj; jÞ
m� ¼ yð0; jÞm with aj ¼ 1; 2

ðyðaj; jÞm� ; tm�; λjÞ ¼ 0 for saj ¼ 1; 2; � � � ; 2kaj ;
ð�1Þajφj

ð2kajþ1Þðyðaj; jÞm� ; tm�; λjÞ> 0:
(4.51)

(iii) with the jth penetration of the ð2kaj : 2kbjÞ -type at time t ¼ tmi
; y

ðaj; jÞ
m� ¼

yð0; jÞm ði ¼ 1; 2) for aj; bj 2 i and bj 6¼ aj

φj
ðsaj Þðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kaj þ 1Þ

and ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

φj
ðsbj Þðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � ; 2kbjÞ

ð�1Þbjφð2kbjþ1Þ
j ðyðbj; jÞmi� ; tmi�; λjÞ> 0;

9>>>>>>>>=>>>>>>>>;
(4.52)

or with the jth -desynchronization of the ð2kaj : 2kbjÞ -type at time t ¼ tmi
,

y
ðaj; jÞ
m� ¼ yð0; jÞm (i ¼ 1; 2) for aj; bj 2 i and bj 6¼ aj

φj
ðsaj Þðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � 2kaj þ 1Þ;

ð�1Þajφð2Þ
j ðyðaj; jÞmi� ; tmi
; λjÞ<0;

φj
ðsbj Þðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � 2kbj þ 1Þ;

ð�1Þbjφj
ð2kbjþ2Þðyðbj; jÞmi� ; tmi�; λjÞ> 0:

9>>>>>>>=>>>>>>>;
(4.53)

Proof Theproof is similar to theproof of Theorem3.4 for each j 2 l; . For all j 2 l;
if the conditions in Eqs. (4.50) and (4.51) are satisfied, fromDefinition 4.8, the slave and
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master systems in Eqs. (3.1) and (3.2) are synchronized with the ð2ka : 2kbÞ -type
for time t 2 ½tm1

; tm2
� in the sense of Eq. (3.4), vice versa. If the onset and vanishing

conditions in Eqs. (4.52) and (4.53) hold, from Definition 4.12 or 4.13, the synchroni-

zation will start to form and to vanish, vice versa. The proof is completed. □

4.6 Desynchronization to All Constraints

In this section, from the desynchronization of two dynamical systems to multiple

constraints, the necessary and sufficient conditions for such desynchronicity will be

discussed. Because of many constraints for two dynamical systems, the synchro-

nicity for each single one of constraints should be discussed.

Theorem 4.5 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

and l ¼ f1; 2; � � � ; lg ) and yð0; jÞm 2 @Oð12; jÞ at time tm , y
ðaj; jÞ
m� ¼ yð0; jÞm . For any

small e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint

function φjðyðajÞ; t; λjÞ is Craj continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 3).

For yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @Oð12; jÞ; suppose Dsaj Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼
DsajFð0; jÞðyð0; jÞ; t; λjÞ ðsaj ¼ 0; 1; 2; � � �Þ for yðaj; jÞ ¼ yð0; jÞ: The two dynamical

systems in Eqs. (3.1) and (3.2) to l-constraints in Eq. (3.4) are desynchronized
with l-dimensions for time t 2 ½tm1

; tm2
� in the sense of Eq. (3.4) if and only if

(i) for all j 2 l, y
ðaj; jÞ
m 2 Oðaj; jÞ, and yð0; jÞm 2 @Oð12; jÞ for any time tm

yðaj; jÞm ¼ yð0; jÞm ;φ
ðsaj Þ
j ðyðaj; jÞm ; tm; λjÞ ¼ 0

for aj ¼ 1; 2 and saj ¼ 0; 1; 2; � � � (4.54)

(ii) for all j 2 l, y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time tþk 2 ðtm; tmþe� and yð0; jÞm 2 @Oð12; jÞ with
tm 2 ðtm1

; tm2
Þ

yðaj; jÞk 6¼ yð0; jÞm ; ð�1Þajφð1Þ
j ðyðaj; jÞk ; tþk ; λjÞ<0 and

lim
tþk !tm

φð1Þ
j ðyðaj; jÞk ; tþk ; λjÞ ¼ 0 for aj ¼ 1; 2 (4.55)

(iii) for the jth constraint ( j 2 l ), y
ðaj; jÞ
k 2 O�e

ðaj; jÞ at time t�k 2 tm�e; tm½ Þ and

yð0; jÞm 2 @Oð12; jÞ with tm =2 ½tm1
; tm2

�.

y
ðaj; jÞ
k 6¼ yð0; jÞm ; ð�1Þajφð1Þ

j ðyðaj; jÞk ; t�k ; λjÞ> 0 and

lim
t�k !tm

φð1Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 for aj ¼ 1; 2

(4.56)

(iv) for thejthconstraint (j2l),y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at timet
�
k 2½tm�e; tm�Þ,tþk 2 ðtmþ; tmþe�

and yð0; jÞm 2 @Oð12; jÞ with tm ¼ tm1
and tm2

138 4 Multiple Constraints Synchronization



yðaj; jÞk 6¼ yð0; jÞm ; lim
t�k !tm�

φð1Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 and

lim
t�k !tm

ð�1Þajφð2Þ
j ðyðaj; jÞk ; t�k ; λjÞ<0 for aj ¼ 1; 2: (4.57)

Proof The proof is similar to the proof of Theorem 3.1 for each j 2 l. For all j 2 l,

if the conditions in Eqs. (4.54) and (4.55) are satisfied, from Definition 4.5, the two

dynamical systems in Eqs. (3.1) and (3.2) to constraints in Eq. (3.4) are

desynchronized for time t 2 ðtm1
; tm2

Þ; vice versa. If the onset and vanishing

conditions in Eqs. (4.56) and (4.57) hold, from Definition 4.7, the desynchronization

will start to form and to vanish, vice versa. This theorem is proved. □

Theorem 4.6 Consider twodynamical systems inEqs. (3.1) and (3.2)with constraints

in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g andl ¼ f1; 2;

� � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm , y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0 , there

is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function φjðyðajÞ; t; λjÞ is

Craj continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). For yðaj; jÞ 2 Oðaj; jÞ

and yð0; jÞ 2 @Oð12; jÞ; suppose DsajFðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼ DsajFð0; jÞðyð0; jÞ; t; λjÞ
ðsaj ¼ 0; 1; 2; � � � ) for yðaj; jÞ ¼ yð0; jÞ . The two dynamical systems in Eqs. (3.1)

and (3.2) to l-constraints in Eq. (3.4) are desynchronized with l-dimensions for
time t 2 ½tm1

; tm2
� in the sense of Eq. (3.4) if and only if

(i) for all j 2 l, y
ðaj; jÞ
m 2 Oðaj; jÞ, and yð0; jÞm 2 @Oð12; jÞ for any time tm

yðaj; jÞm ¼ yð0; jÞm ;φ
ðsaj Þ
j ðyðaj; jÞm ; tm; λjÞ ¼ 0

for aj ¼ 1; 2 and saj ¼ 0; 1; 2; � � � (4.58)

(ii) for all j 2 l, y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time tþk 2 ðtm; tmþe� and yð0; jÞm 2 @Oð12; jÞ with
tm 2 ðtm1

; tm2
Þ

yðaj; jÞk 6¼ yð0; jÞm ; lim
t�k !tm�

φ
ðsaj Þ
j ðyðaj; jÞk ; tþk ; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kajÞ;

ð�1Þajφð2kajþ1Þ
j ðyðaj; jÞk ; tþk ; λjÞ<0;

lim
tþk !tm

φ
ð2kajþ1Þ
j ðyðaj; jÞk ; tþk ; λjÞ ¼ 0 for aj ¼ 1; 2; (4.59)

(iii) for the jth constraint ( j 2 l ), y
ðaj; jÞ
k 2 O�e

ðaj; jÞ at time t�k 2 ½tm�e; tmÞ and

yð0; jÞm 2 @Oð12; jÞ with tm =2 ½tm1
; tm2

�
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y
ðaj; jÞ
k 6¼ yð0; jÞm ; lim

t�k !tm�
φ
ðsaj Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kajÞ;

ð�1Þajφð2kajþ1Þ
j ðyðaj; jÞk ; t�k ; λjÞ> 0 and

lim
t�k !tm

φ
ð2kajþ1Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 for aj ¼ 1; 2;

(4.60)

(iv) for the jth constraint ( j 2 l ), y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time t�k 2 ½tm�e; tm�Þ;
tþk 2 ðtmþ; tmþe� and yð0; jÞm 2 @Oð12; jÞ with tm ¼ tm1

and tm2

y
ðaj; jÞ
k 6¼ yð0; jÞm ; lim

t�k !tm�
φ
ðsaj Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kajþ1Þ;

lim
t�!tm

ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞk ; t�k ; λjÞ<0 for aj ¼ 1; 2:

(4.61)

Proof The proof is similar to the proof of Theorem 3.2 for each j 2 l. For all

j 2 l, if the conditions in Eqs. (4.58) and (4.59) are satisfied, from Definition

4.14, the two dynamical systems in Eqs. (3.1) and (3.2) to constraints in Eq. (3.4)

are synchronized for time t 2 ðtm1
; tm2

Þ , vice versa. If the onset and vanishing

conditions in Eqs. (4.60) and (4.61) hold, from Definition 4.18, the synchroniza-

tion will start to form and to vanish, vice versa. The proof is completed. □

From the foregoing theorem, the desynchronization requires all the higher order

derivatives of the constraint functions in Eq. (3.4) should be zero on the constraint

surfaces and the highest order derivative of the constraint functions in domain

should be greater than zero. In practical applications, such a condition is too strong

for one to control the desynchronization of the two dynamical systems. Therefore,

such a condition can be relaxed through a discontinuous vector field to the slave and

master systems. Therefore, the following theorem for the desynchronization will

be stated.

Theorem 4.7 Consider two dynamical systems in Eqs. (3.1) and (3.2) with constraints

in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g andl ¼ f1; 2;

� � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e > 0, there is a

time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint function φjðyðajÞ; t; λjÞ is Craj -

continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 3). For yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2

@O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ is assumed for yðaj; jÞ ¼ yð0; jÞ and
aj 2 i: The two dynamical systems in Eqs. (3.1) and (3.2) to l-constraints in Eq. (3.4)
are desynchronized with l-dimensions for time t 2 ½tm1

; tm2
� if and only if

(i) for all j 2 l, y
ðaj; jÞ
mþ ¼ yð0; jÞm , and yðaj; jÞ 2 Oðaj; jÞ at time tm 2 ½tm1

; tm2
� (aj 2 i)

φjðyðaj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0 (4.62)
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(ii) for all j 2 l, time tm 2 ðtm1
; tm2

Þ and y
ðaj; jÞ
mþ ¼ yð0; jÞm with aj ¼ 1; 2

ð�1Þajφð1Þ
j ðyðaj; jÞmþ ; tmþ; λjÞ<0 (4.63)

(iii) with the jth penetration for time t ¼ tmi
, yðaÞmi

¼ yð0Þmi
(i ¼ 1; 2) for aj; bj 2 i and

bj 6¼ aj

φð1Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 and ð�1Þajφð2Þ

j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

ð�1Þbjφð1Þ
j ðyðbj; jÞmiþ ; tmiþ; λjÞ<0;

9=; (4.64)

or with the jth synchronization for time t ¼ tmi
, yðaÞmi

¼ yð0Þmi
(i ¼ 1; 2) for aj; bj

2 i and bj 6¼ aj

φð1Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 and ð�1Þajφð2Þ

j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

φð1Þ
j ðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0 and ð�1Þbjφð2Þ

j ðyðbj; jÞmi� ; tmi�; λjÞ<0:

9=; (4.65)

Proof The proof is similar to the proof of Theorem 3.3 for each j 2 l . For all

j 2 l, if the conditions in Eqs. (4.62) and (4.63) are satisfied, from Definition 4.5,

the two dynamical systems in Eqs. (3.1) and (3.2) to constraints in Eq. (3.4) are

desynchronized for time t 2 ½tm1
; tm2

�; vice versa. If the onset and vanishing

conditions in Eqs. (4.64) and (4.65) hold, from Definition 4.9 or 4.10, the

desynchronization will start to form and to vanish, vice versa. The proof is

completed. □

In the foregoing theorem, the desynchronization of two dynamical systems to

multiple constraints is without any singularity except for the onset and vanishing

condition. If the desynchronization of two dynamical systems to multiple

constraints possesses higher-order singularity, the following theorem is presented.

Theorem 4.8 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint function

φjðyðajÞ; t; λjÞ is Craj -continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). For

yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ is

assumed for yðaj; jÞ ¼ yð0; jÞ and aj 2 i: The two dynamical systems in Eqs. (3.1) and
(3.2) to l-constraints in Eq. (3.4) are desynchronized of the ð2ka : 2kbÞ-type with
l-dimensions for time t 2 ½tm1

; tm2
� if and only if

(i) for all j 2 l; y
ðaj; jÞ
mþ ¼ yð0; jÞm , and yðaj; jÞ 2 Oðaj; jÞ at time tm 2 ½tm1

; tm2
� (aj 2 i)

φjðyðaj; jÞmþ ; tmþ; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0 (4.66)
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(ii) for all j 2 l, time tm 2 ðtm1
; tm2

Þ and y
ðaj; jÞ
mþ ¼ yð0; jÞm with aj ¼ 1; 2

φj
ðsaj Þðyðaj; jÞmþ ; tmþ; λjÞ ¼ 0 ðsaj ¼ 1; 2; � � � ; 2kajÞ;

ð�1Þajφj
ð2kajþ1Þðyðaj; jÞmþ ; tmþ; λjÞ<0

(4.67)

(iii) with the jth penetration of the ð2kaj : 2kbjÞ-type for time t ¼ tmi
, yðaÞmi

¼ yð0Þmiði ¼ 1; 2) for aj; bj 2 i and bj 6¼ aj

φj
ðsaj Þðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � 2kaj þ 1Þ

ð�1Þajφð2kajþ2Þðyðaj; jÞmi� ; tmi�; λjÞ<0;

φj
ðsbj Þðyðbj; jÞmiþ ; tmiþ; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � 2kbjÞ

ð�1Þbjφj
ð2kbjþ1Þðyðbj; jÞmiþ ; tmiþ; λjÞ<0;

9>>>>>>>=>>>>>>>;
(4.68)

or with the jth synchronization of the ð2kaj : 2kbjÞ -type for time t ¼ tmi
;

yðaÞmi
¼ yð0Þmi

(i ¼ 1; 2) for aj; bj 2 i and bj 6¼ aj

φj
ðsaj Þðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � 2kaj þ 1Þ;

ð�1Þajφð2kajþ2Þðyðaj; jÞmi� ; tmi�; λjÞ<0;

φj
ðsbj Þðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � 2kbj þ 1Þ;

ð�1Þbjφj
ð2kbjþ2Þðyðbj; jÞmi� ; tmi�; λjÞ<0:

(4.69)

Proof The proof is similar to the proof of Theorem 3.4 for each j 2 l. For all j
2 l, if the conditions in Eqs. (4.66) and (4.67) are satisfied, from Definition 4.14,

the two dynamical systems in Eqs. (3.1) and (3.2) to constraints in Eq. (3.4) are

synchronized with the ð2kaj : 2kbjÞ-type for time t 2 ½tm1
; tm2

�, vice versa. If the onset
and vanishing conditions in Eqs. (4.68) and (4.69) hold, from Definition 4.17 or

4.18, the desynchronization will start to form and to vanish, vice versa. The proof is

completed. □

4.7 Penetration to All Constraints

If Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼ Fð0; jÞðyð0; jÞ; t; λjÞ for yðaj; jÞ ¼ yð0; jÞ and aj 2 f1; 2g with

all j 2 l , the two dynamical systems to multiple constraints do not have any

penetration. For such a penetration, Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ
should exist. Thus, the corresponding conditions for the l-dimensional penetration

of two dynamical systems with l-constraints are presented through the following

theorems.
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Theorem 4.9 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint function

φjðyðajÞ; t; λjÞ is Craj continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 3 ). For

yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ is

assumed for yðaj; jÞ ¼ yð0; jÞ and aj 2 i: The two dynamical systems in Eqs. (3.1)
and (3.2) to l-constraints in Eq. (3.4) are penetrated with l-dimensions for time
t 2 ½tm1

; tm2
� if and only if

(i) for all j 2 l, time t ¼ tm 2 ðtm1
; tm2

Þ, yðaj; jÞm� ¼ yð0Þm ¼ y
ðbj; jÞ
mþ

ð�1Þajφð1Þ
j ðyðaj; jÞm� ; tm�; λjÞ> 0 and ð�1Þbjφð1Þ

j ðyðbj; jÞmþ ; tmþ; λjÞ<0 (4.70)

(ii) with the synchronization to the jth constraint for time t ¼ tm
i
, y

ðaj; jÞ
m� ¼ yð0Þm

¼ y
ðbj; jÞ
m� (i ¼ 1; 2),

ð�1Þajφð1Þ
j ðyðaj; jÞm� ; tm�; λjÞ> 0;

ð�1Þbjφð1Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 and ð�1Þbjφð2Þðyðbj; jÞm� ; tm�; λjÞ<0:

(4.71)

or with the desynchronization to the jth constraint only for time t ¼ tm
i
;

y
ðaj; jÞ
m
 ¼ yð0Þm ¼ y

ðbj; jÞ
mþ (i ¼ 1; 2),

φð1Þ
j ðyðaj; jÞmi
 ; tmi
; λjÞ ¼ 0 and ð�1Þajφð2Þ

j ðyðaj; jÞmi
 ; tmi
; λjÞ<0;

ð�1Þbjφð1Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ<0;

(4.72)

or with the switching penetration to the jth constraint only for time t ¼ tm
i
;

y
ðaj; jÞ
m
 ¼ yð0Þm ¼ y

ðbj; jÞ
m� (i ¼ 1; 2),

φð1Þ
j ðyðaj; jÞmi
 ; tmi
; λjÞ ¼ 0 and ð�1Þajφð2Þ

j ðyðaj; jÞmi
 ; tmi
; λjÞ<0;

ð�1Þbjφð1Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 and ð�1Þbjφð2Þ

j ðyðbj; jÞm� ; tm�; λjÞ<0:
(4.73)

Proof The proof is similar to the proof of Theorem 3.3 for each j 2 l . For all

j 2 l, if the conditions in Eq. (4.70) are satisfied, the two dynamical systems in

Eqs. (3.1) and (3.2) to constraints in Eq. (3.4) are penetrated with l-dimensions for

time t 2 ½tm1
; tm2

�; vice versa. If the onset and vanishing conditions in

Eqs. (4.71)–(4.73) are satisfied, the penetration of the two dynamical systems

with l- constraints will start to be formed or to vanish, vice versa. This theorem is

proved. □
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Theorem 4.10 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function φjðyðajÞ; t; λjÞ is
Craj -continuous and jφðrajþ1Þ

j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). For yðaj; jÞ 2 Oðaj; jÞ and

yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ is assumed for yðaj; jÞ ¼
yð0; jÞ and aj 2 i: The two dynamical systems in Eqs. (3.1) and (3.2) to l-constraints in
Eq. (3.4) are penetrated of theð2ka : 2kbÞ-typewith l-dimensions for timet 2 ½tm1

; tm2
� if

and only if

(i) for all j 2 l, time t ¼ tm 2 ðtm1
; tm2

Þ, yðaj; jÞm� ¼ yð0Þm ¼ y
ðbj; jÞ
mþ

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ> 0 ðsaj¼ 1; 2; � � � ; 2kajÞ;

ð�1Þajφð2kajþ1Þ
j ðyðaj; jÞm� ; tm�; λjÞ> 0;

φ
ðsbj Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � ; 2kbjÞ;

ð�1Þbjφð2kbjþ1Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ<0;

(4.74)

(ii) with the synchronization of the ð2kaj : 2kbjÞ-type to the jth constraint for time

t ¼ tm
i
, y

ðaj; jÞ
m� ¼ yð0Þm ¼ y

ðbj; jÞ
m� (i ¼ 1; 2),

φ
ðsaj Þ
j ðyðaj; jÞm� ; tm�; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kajÞ;

ð�1Þajφð2kajþ1Þ
j ðyðaj; jÞm� ; tm�; λjÞ> 0;

(4.75a)

φ
ðsbj Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � ; 2kbj þ 1Þ;

ð�1Þbjφð2kbjþ2Þ
j ðyðbj; jÞm� ; tm�; λjÞ<0;

(4.75b)

or with the desynchronization of the ð2kaj : 2kbjÞ-type to the jth constraint only

for time t ¼ tm
i
, y

ðaj; jÞ
m
 ¼ yð0Þm ¼ y

ðbj; jÞ
mþ (i ¼ 1; 2),

φ
ðsaj Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kaj þ 1Þ;

ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞm
 ; tm
; λjÞ<0;

φ
ðsbj Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � ; 2kbjÞ;

ð�1Þbjφð2kbjþ1Þ
j ðyðbj; jÞmþ ; tmþ; λjÞ<0;

(4.76)
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or with the switching penetration of the ð2kbj : 2kajÞ-type to the jth constraint

only for time t ¼ tm
i
, y

ðaj; jÞ
m
 ¼ yð0Þm ¼ y

ðbj; jÞ
m� (i ¼ 1; 2),

φ
ðsaj Þ
j ðyðaj; jÞm
 ; tm
; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kaj þ 1Þ;

ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞm
 ; tm
; λjÞ<0;

φ
ðsbj Þ
j ðyðbj; jÞm� ; tm�; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � ; 2kbj þ 1Þ;

ð�1Þbjφð2kbjþ2Þ
j ðyðbj; jÞm� ; tm�; λjÞ< 0:

(4.77)

Proof The proof is similar to the proof of Theorem 3.4 for each j 2 l. For all j 2 l,

if the conditions are satisfied in Eq. (4.74), the two dynamical systems in Eqs. (3.1)

and (3.2) to constraints in Eq. (3.4) are penetrated of the ð2ka : 2kbÞ -type with

l-dimensions for t 2 ðtm1
; tm2

Þ;vice versa. If the switching conditions for the synchroni-
zation– penetration, desynchronization–penetration, and penetration–penetration in

Eqs. (4.75)–(4.77) are satisfied, the onset and vanishing of the ð2ka : 2kbÞ-penetration
with l-dimensions occur, vice versa. This theorem is proved. □

4.8 Synchronization–Desynchronization–Penetration

As in Luo [2], from the theory of discontinuous dynamical systems, in this section,

the mixture of the synchronization, desynchronization, and penetration to multiple

constraints is discussed.

Theorem 4.11 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function φjðyðajÞ; t; λjÞ
is Craj continuous and jφðrajþ1Þ

j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 3 ). For yðaj; jÞ 2 Oðaj; jÞ
and yð0; jÞ 2 @Oð12; jÞ; suppose DsajFðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼ DsajFð0; jÞðyð0; jÞ; t; λjÞ
(saj ¼ 0; 1; 2; � � � ) for yðaj; jÞ ¼ yð0; jÞ: The two dynamical systems in Eqs. (3.1)
and (3.2) to l-constraints in Eq. (3.4) are of the ðl1; l2Þ-synchronization and
desynchronization for time ½tm1

; tm2
� if and only if

(i) for all j 2 l, y
ðaj; jÞ
m 2 Oðaj; jÞ and yð0; jÞm 2 @Oð12; jÞ for any time tm

y
ðaj; jÞ
m ¼ yð0; jÞm ;φ

ðsaj Þ
j ðyðaj; jÞm ; tm; λjÞ ¼ 0

for aj ¼ 1; 2 and saj ¼ 0; 1; 2; � � �
(4.78)

(ii) for all j1 2 l1 and aj1 ¼ 1; 2
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y
ðaj1 ; j1Þ
k 6¼ yð0; j1Þm ; ð�1Þaj1φð1Þ

j1
ðyðaj1 ; j1Þk ; t�k ; λj1Þ> 0 and

lim
t�k !tm

φð1Þ
j1
ðyðaj1 ; j1Þk ; t�k ; λj1Þ ¼ 0 for aj ¼ 1; 2

(4.79)

with y
ðaj1 ; j1Þ
k1 2 O�e

ðaj1 ; j1Þ at time t�k 2½tm�e;tmÞ and yð0; j1Þm 2@Oð12; j1Þ for
tm2ðtm1

; tm2
Þ;

(iii) for all j2 2 l2 and aj2 ¼ 1; 2

y
ðaj2 ; j2Þ
k 6¼ yð0; j2Þm ; ð�1Þaj2φð1Þ

j2
ðyðaj2 ; j2Þk ; tþk ; λj2Þ<0 and

lim
tþk !tm

φð1Þ
j2
ðyðaj2 ; j2Þk ; tþk ; λj2Þ ¼ 0 for aj2 ¼ 1; 2

(4.80)

with y
ðaj2 ; j2Þ
k 2 Oþe

ðaj2 ; j2Þ at time tþk 2ðtm; tmþe� and yð0; j2Þm 2@Oð12; j2Þ for
tm 2 ðtm1

; tm2
Þ;

(iv) for some j1 2 l1

y
ðaj1 ; j1Þ
k 6¼ yð0; j1Þm ; ð�1Þaj1φð1Þ

j1
ðyðaj1 ; j1Þk ; tþk ; λj1Þ<0 and

lim
tþk !tm

φð1Þ
j1
ðyðaj1 ; j1Þk ; tþk ; λj1Þ ¼ 0 for aj ¼ 1; 2

(4.81)

with y
ðaj1 ; j1Þ
k 2 Oþe

ðaj1 ; j1Þ at time tk 2 ðtm; tmþe� and yð0; j1Þm 2 @Oð12; j1Þ for
tm =2 ½tm1

; tm2
�; or for some j2 2 l2

y
ðaj2 ; j2Þ
k 6¼ yð0; j2Þm ; ð�1Þaj2φð1Þ

j2
ðyðaj2 ; j2Þk ; t�k ; λj2Þ> 0 and

lim
t�k !tm

φð1Þ
j2
ðyðaj2 ; j2Þk ; t�k ; λj2Þ ¼ 0 for aj2 ¼ 1; 2

(4.82)

with y
ðaj2 ; j2Þ
k 2 O�e

ðaj2 ; j2Þ at time tk 2 ½tm�e; tmÞ and yð0; j2Þm 2 @Oð12; j2Þ for
tm =2 ½tm1

; tm2
�;

(v) for j 2 fj1; j2g in (iv) and aj ¼ 1; 2

y
ðaÞ
k 6¼ yð0Þm ; lim

t�k !tm�
φð1Þ
j ðyðaÞk ; t�k ; λjÞ ¼ 0;

lim
t�k !tm�

ð�1Þajφð2Þ
j ðyðaÞk ; t�k ; λjÞ<0 for aj ¼ 1; 2

(4.83)

withy
ðaj; jÞ
k 2 O�e

ðaj; jÞ at time t
�
k 2 ½tm�e; tm�Þ, tþk 2 ðtmþ; tmþe�andyð0; jÞm 2 @Oð12; jÞ

for tm ¼ tm1
and tm2

:

Proof The proof is similar to the proof of Theorem3.1 for each j 2 l. For all j 2 l,

if the conditions are satisfied, the two dynamical systems in Eqs. (3.1) and (3.2) to

l-constraints in Eq. (3.4) are of the ðl1; l2Þ-synchronization and desynchronization

for time ½tm1
; tm2

�, vice versa. This theorem is proved. □
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Theorem 4.12 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function φðyðajÞ; t; λÞ is
Craj -continuous and jφðrajþ1Þ

j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). For yðaj; jÞ 2 Oðaj; jÞ
and yð0; jÞ 2 @Oð12; jÞ; suppose DsajFðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ ¼ DsajFð0; jÞðyð0; jÞ; t; λjÞ
ðsaj ¼ 0; 1; 2; � � � ) for the two dynamical systems in Eqs. (3.1) and (3.2) to

l-constraints in Eq. (3.4) are of an ðl1; l2Þ - ð2ka1 þ 1Þth synchronization and
ð2ka2 þ 1Þth-desynchronization for time ½tm1

; tm2
� if and only if

(i) for all j 2 l, y
ðaj; jÞ
m 2 Oðaj; jÞ and yð0; jÞm 2 @Oð12; jÞ for any time tm

y
ðaj; jÞ
m ¼ yð0; jÞm ;φ

ðsaj Þ
j ðyðaj; jÞm ; tm; λjÞ ¼ Dsajφjðyðaj; jÞm ; tm; λjÞ ¼ 0

for aj ¼ 1; 2 and saj ¼ 0; 1; 2; � � �
(4.84)

(ii) for all j1 2 l1 and aj1 ¼ 1; 2

y
ðaj1 ; j1Þ
k 6¼ yð0; j1Þm ;

lim
t�k !tm�

φ
ðsaj1 Þ
j1

ðyðaj1 ; j1Þk ; t�k ; λj1Þ ¼ 0 ðsaj1 ¼ 1; 2; � � � ; 2kaj1 Þ;

ð�1Þaj1φð2kaj1þ1Þ
j1

ðyðaj1 ; j1Þk ; t�k ; λj1Þ> 0 and

lim
t�k !tm

φ
ð2kaj1þ1Þ
j1

ðyðaj1 ; j1Þk ; t�k ; λj1Þ ¼ 0 for aj ¼ 1; 2;

(4.85)

with y
ðaj1 ; j1Þ
k1 2O�e

ðaj1 ; j1Þ at time t�k 2 ½tm�e; tmÞ and yð0; j1Þm 2@Oð12; j1Þ for
tm2ðtm1

; tm2
Þ;

(iii) for all j2 2 l2 and aj2 ¼ 1; 2

y
ðaj2 ; j2Þ
k 6¼ yð0; j2Þm ;

lim
tþk !tmþ

φ
ðsaj2 Þ
j2

ðyðaj2 ; j2Þk ; tþk ; λj2Þ ¼ 0 ðsaj2 ¼ 1; 2; � � � ; 2kaj2 Þ;

ð�1Þaj2φð2kaj2þ1Þ
j2

ðyðaj2 ;j2Þk ; tþk ; λj2Þ<0 and

lim
tþk !tm

φ
ð2kaj2þ1Þ
j2

ðyðaj2 ;j2Þk ; tþk ; λj2Þ ¼ 0;

(4.86)

with y
ðaj2 ; j2Þ
k 2Oþe

ðaj2 ; j2Þ at time tþk 2ðtm; tmþe� and yð0; j2Þm 2@Oð12; j2Þ for
tm 2 ðtm1

;tm2
Þ;

(iv) for some j1 2 l1 and aj1 ¼ 1; 2
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y
ðaj1 ; j1Þ
k 6¼ yð0; j1Þm ;

lim
tþk !tmþ

φ
ðsaj1 Þ
j1

ðyðaj1 ; j1Þk ; tþk ; λj1Þ ¼ 0 ðsaj1¼ 1; 2; � � � ; 2kaj1 Þ;

ð�1Þaj1φð2kaj1 þ1Þ
j ðyðaj1 ; j1Þk ; tþk ; λj1Þ<0 and

lim
tþk !tm

φ
ð2kaj1 þ1Þ
j1

ðyðaj1 ; j1Þk ; tþk ; λj1Þ ¼ 0;

(4.87)

withy
ðaj1 ; j1Þ
k 2 Oþe

ðaj1 ; j1Þat timetk 2 ðtm; tmþe�andyð0; jÞm 2 @Oð12; jÞ fortm =2 ½tm1
; tm2

�;
or for some j2 2 l2 and aj2 ¼ 1; 2

y
ðaj2 ; j2Þ
k 6¼ yð0; j2Þm ;

lim
t�k !tmþ

φ
ðsaj2 Þ
j2

ðyðaj2 ; j2Þk ; t�k ; λj2Þ ¼ 0 ðsaj2¼ 1; 2; � � � ; 2kaj2 Þ;

ð�1Þaj2φð2kaj2 þ1Þ
j2

ðyðaj2 ;j2Þk ; t�k ; λj2Þ> 0 and

lim
t�k !tm

φ
ð2kaj2 þ1Þ
j2

ðyðaj2 ;j2Þk ; t�k ; λj2Þ ¼ 0;

(4.88)

withy
ðaj2 ; j2Þ
k 2 O�e

ðaj2 ; j2Þat timetk 2 ðtm; tmþe�andyð0; jÞm 2 @Oð12; jÞ fortm =2 ½tm1
; tm2

�;
(v) for j 2 fj1; j2g in (iv) and aj ¼ 1; 2

y
ðaÞ
k 6¼ yð0Þm ;

lim
t�k !tm�

φ
ðsaj Þ
j ðyðaj; jÞk ; t�k ; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � ; 2kaj þ 1Þ;

lim
t�k !tm�

ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞk ; t�k ; λjÞ<0:

(4.89)

with y
ðaj; jÞ
k 2 Oþe

ðaj; jÞ at time t
�
k 2 ½tm�e; tm�Þ, tþk 2 ðtmþ; tmþe� and yð0; jÞm 2 @Oð12; jÞ

for tm ¼ tm1
and tm2

.

Proof The proof is similar to the proof of Theorem 3.2 for each j 2 l. For all j 2 l,

if the conditions are satisfied, the two dynamical systems in Eqs. (3.1) and (3.2)

to constraints in Eq. (3.4) are of an (l1, l2)-ð2ka1 þ 1Þth -synchronization and

ð2ka2 þ 1Þth-desynchronization, vice versa. This theorem is proved. □

Theorem 4.13 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l withi ¼ f1; 2g and

l ¼ f1; 2; � � � ; lg) andyð0; jÞm 2 @Oð12; jÞ at time tm,y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small e> 0,

there is a time interval ½tm�e; tmÞ or ðtm; tmþe�. The constraint function φjðyðajÞ; t; λjÞ is
Craj -continuous and jφðrajþ1Þ

j ðyðaj; jÞ; t; λjÞj<1 ( raj 	 3 ). For yðaj; jÞ 2 Oðaj; jÞ and

yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼Fð0; jÞðyð0; jÞ; t;λjÞ is assumed foryðaj; jÞ ¼ yð0; jÞ
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and aj 2i: The two dynamical systems in Eqs. (3.1) and (3.2) to l-constraints in
Eq. (3.4) are of the ðl1; l2; l3Þ-synchronization, desynchronization, and penetration
for time t2 ½tm1

; tm2
� if and only if

(i) for y
ðaj; jÞ
m� ¼ yð0; jÞm and yðaj; jÞ 2 Oðaj; jÞ (aj 2 i) at time t ¼ tm 2 ½tm1

; tm2
�

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0

for all j 2 l¼l1 [l2 [l3

(4.90)

(ii) for all j1 2 l1; y
ðaj1 ; j1Þ
m� ¼ yð0; j1Þm ¼ y

ðbj1 ; j1Þ
m� withaj1 ; bj1 2 iat timetm 2 ðtm1

; tm2
Þ

ð�1Þaj1φð1Þ
j1
ðyðaj1 ; j1Þm� ; tm�; λj1Þ> 0;

ð�1Þbj1φð1Þ
j1
ðyðbj1 ; j1Þm� ; tm�; λj1Þ> 0;

(4.91)

(iii) for all j2 2 l2, y
ðaj2 ; j2Þ
mþ ¼ yð0; j2Þm ¼ y

ðbj2 ; j2Þ
mþ at time tm 2 ðtm1

; tm2
Þ

ð�1Þaj2φð1Þ
j2
ðyðaj2 ; j2Þmþ ; tmþ; λj1Þ<0;

ð�1Þbj2φð1Þ
j2
ðyðbj2 ; j2Þmþ ; tmþ; λj2Þ<0

for aj2 ; bj2 2 i and aj2 6¼ bj2 ;

(4.92)

(iv) for all j3 2 l3, y
ðaj3 ;j3Þ
m� ¼ yð0;j3Þm ¼ y

ðbj3 ;j3Þ
mþ at time tm 2 ðtm1

; tm2
Þ

ð�1Þaj3φð1Þ
j3
ðyðaj3 ;j3Þm� ; tm�; λj3Þ<0;

ð�1Þbj3φð1Þ
j3
ðyðbj3 ;j3Þmþ ; tmþ; λj3Þ<0

for aj3 ; bj3 2 i and aj3 6¼ bj3 ;

(4.93)

(v) for one of j 2 f j1; j2; j3g with time t ¼ tmi
, y

ðaj; jÞ
mi ¼ yð0; jÞmi

(i ¼ 1; 2), aj 2 f1,2g

φð1Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0;

ð�1Þajφð2Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

(4.94)

and/or for bj 2 f1,2g

φð1Þ
j ðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0;

ð�1Þbjφð2Þ
j ðyðbj; jÞmi� ; tmi�; λjÞ<0:

(4.95)

Proof The proof is similar to the proof of Theorem 3.3 for each j 2 l . For all

j 2 l , if the conditions are satisfied, of the ðl1; l2; l3Þ -synchronization,
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desynchronization, and penetration for time t 2 ½tm1
; tm2

�, vice versa. This theorem
is proved. □

Theorem 4.14 Consider two dynamical systems in Eqs. (3.1) and (3.2) with

constraints in Eq. (3.4). For y
ðaj; jÞ
m� 2 Oðaj; jÞ (aj 2 i and j 2 l with i ¼ f1; 2g

andl ¼ f1; 2; � � � ; lg) and yð0; jÞm 2 @Oð12; jÞ at time tm, y
ðaj; jÞ
m� ¼ yð0; jÞm . For any small

e> 0 , there is a time interval ½tm�e; tmÞ or ðtm; tmþe� . The constraint function

φjðyðajÞ; t; λjÞ is Craj continuous and jφðrajþ1Þ
j ðyðaj; jÞ; t; λjÞj<1 (raj 	 2kaj þ 1). For

yðaj; jÞ 2 Oðaj; jÞ and yð0; jÞ 2 @O12ðjÞ; Fðaj; jÞðyðaj; jÞ; t;pðaj; jÞÞ 6¼ Fð0; jÞðyð0; jÞ; t; λjÞ
is assumed for yðaj; jÞ ¼ yð0; jÞ and aj 2 i: The two dynamical systems in
Eqs. (3.1) and (3.2) to l-constraints in Eq. (3.4) are of the ðl1; l2; l3Þ-synchronization,
desynchronization, and penetration of the [3

i¼1 ð2kai : 2kbiÞ -type for time

t 2 ½tm1
; tm2

� if and only if

(i) for y
ðaj; jÞ
m� ¼ yð0; jÞm and yðaj; jÞ 2 Oðaj; jÞ (aj 2 i) at time t ¼ tm 2 ½tm1

; tm2
�

φjðyðaj; jÞm� ; tm�; λjÞ ¼ φjðyð0; jÞm ; tm; λjÞ ¼ 0

for all j 2 l¼l1 [l2 [l3

(4.96)

(ii) for all j1 2 l1, y
ðaj1 ; j1Þ
m� ¼ yð0; j1Þm and aj1¼ 1; 2 at time tm 2 ðtm1

; tm2
Þ

φ
ðsaj1 Þ
j1

ðyðaj1 ; j1Þm� ; tm�; λj1Þ ¼ 0 for saj1 ¼ 1; 2; � � � ; 2kaj1
ð�1Þaj1φð2kaj1þ1Þ

j1
ðyðaj1 ; j1Þm� ; tm�; λj1Þ> 0;

(4.97)

(iii) for all j2 2 l2, y
ðaj2 ; j2Þ
mþ ¼ yð0; j2Þm ¼ y

ðbj2 ; j2Þ
mþ at time tm 2 ðtm1

; tm2
Þ

φ
ðsaj2 Þ
j2

ðyðaj2 ; j2Þmþ ; tmþ; λj1Þ ¼ 0 for saj2 ¼ 1; 2; � � � ; 2kaj2
ð�1Þaj2φð2kaj2þ1Þ

j2
ðyðaj2 ; j2Þmþ ; tmþ; λj1Þ<0 for aj2 ¼ 1; 2;

(4.98)

(iv) for all j3 2 l3, y
ðaj3 ;j3Þ
m� ¼ yð0;j3Þm ¼ y

ðbj3 ;j3Þ
mþ at time tm 2 ðtm1

; tm2
Þ

φ
ðsaj3 Þ
j3

ðyðaj3 ;j3Þm� ; tm�; λj3Þ ¼ 0 for saj3 ¼ 1; 2; � � � ; 2kaj3 ;

ð�1Þaj3φð2kaj3 þ1Þ
j3

ðyðaj3 ;j3Þm� ; tm�; λj3Þ> 0;

φ
ðsb

j3
Þ

j3
ðyðbj3 ;j3Þmþ ; tmþ; λj3Þ ¼ 0 for sbj3 ¼ 1; 2; � � � ; 2kbj3 ;

ð�1Þbj1φð2kbj3 þ1Þ
j3

ðyðbj3 ;j3Þmþ ; tmþ; λj3Þ<0

for aj3 ; bj3 2 i and aj3 6¼ bj3 ;

(4.99)
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(v) for one of j 2 fj1; j2; j3g with the ð2kaj : 2kbjÞ-singularity with time t ¼ tmi
,

y
ðaj; jÞ
mi ¼ yð0; jÞmi

(i ¼ 1; 2) and aj 2 f1, 2g

φj
ðsaj Þðyðaj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsaj¼ 1; 2; � � � 2kaj þ 1Þ;

ð�1Þajφð2kajþ2Þ
j ðyðaj; jÞmi� ; tmi�; λjÞ<0;

(4.100)

and/or for bj 2 f1, 2g

φj
ðsbj Þðyðbj; jÞmi� ; tmi�; λjÞ ¼ 0 ðsbj¼ 1; 2; � � � 2kbjþ1Þ;

ð�1Þbjφj
ð2kbþ2Þðyðbj; jÞmi� ; tmi�; λjÞ<0: (4.101)

Proof The proof is similar to the proof of Theorem 3.4 for each j 2 l. For all j 2 l,

if the conditions are satisfied, two dynamical systems in Eqs. (3.1) and (3.2) to

l-constraints in Eq. (3.4) are of the ðl1; l2; l3Þ -synchronization, desynchronization,
and penetration of the [3

i¼1 ð2kai : 2kbiÞ-type for time t 2 ½tm1
; tm2

�, vice versa. This
theorem is proved. □

4.9 Complexity by System Synchronization

To discuss the synchronization complexity, consider many master systems and many

slave systems. A few master and slave systems with constraints can be synchronized.

Definition 4.21 A S-set of slave systems is defined as

S � ðIsÞx¼ ðIsÞFððIsÞx; t; ðIsÞpÞ��n
Is ¼ 1;2; � � � ; ðIsÞx2rnðIsÞ ; ðIsÞp2rkðIsÞ

o
(4.102)

and an M-set of master systems is defined as

M � ðIrÞ _x ¼ ðIrÞFððIrÞx; t; ðIrÞpÞ��n
Ir ¼ 1; 2; � � � ; ðIrÞx 2 rnðIr Þ ; ðIrÞp 2 rkðIr Þ

o
(4.103)

This definition gives a cluster of slave systems and a cluster of master systems.

To investigate the synchronization of the slave and master systems, the slave and

master systems can be selected from suchS-set of slave systems andM-set of master

systems. For a slave system in the S -set of slave systems, it can be synchronized

with many master systems in the M -set of master systems with the corresponding

constraints. The constraints for such synchronization can be either single or
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multiple constraints, and the synchronized components for such constraints can be

either full or partial components from those slave and master systems. Based on this

reason, the subspace set in state space should be defined.

Definition 4.22 A subspace set of the Isth-slave system is defined as

OS � ðIs;msÞOS

��ms ¼ 1; 2; � � � ; Is ¼ 1; 2; � � �
o
;

n
(4.104)

where

ðIs;mÞOS � ðIs;msÞx
��n
ðIs;msÞx ¼ ððIs;msÞx1; ðIs;msÞx2; � � � ; ðIs;msÞxGmÞT;

ms ¼ 1; 2; � � � ; and Gms � nðIsÞ;

ðIs;msÞxi 2 fðIsÞx1; ðIsÞx2; � � � ; ðIsÞxnðIsÞg; i ¼ 1; 2; � � � ;Gms

o (4.105)

and a subspace set of the Irth-master system is defined as

OM � ðIr ;mrÞOM

��mr ¼ 1; 2; � � � ; Ir ¼ 1; 2; � � �
n o

(4.106)

where

ðIr ;mrÞOM � ðIr ;mrÞx
��n
ðIr ;mrÞx ¼ ððIr ;mrÞx1; ðIr ;mrÞx2; � � � ; ðIr ;mrÞxGmr

ÞT ;
mr ¼ 1; 2; � � � ; and Gmr � nðIrÞ;
ðIr ;mrÞxi 2 fðIrÞx1; ðIrÞX2; � � � ; ðIrÞXnðIr Þg; i ¼ 1; 2; � � � ;Gmr

o (4.107)

From the foregoing definitions of the two subspace sets for slave and master

systems, each subspace for the Isth -slave system (or the Irth -master system) is

arbitrarily selected from nðIsÞ -components (or nðIrÞ -components). Based on such

phase subspaces for the Isth -slave system and the Irth -master system, the

corresponding constraint can be defined for the synchronization of such slave and

master systems on the two subspaces. Thus, the corresponding C -set of the

constraints for the slave and master systems is defined as follows.

Definition 4.23 For two subspaces ðIs;msÞOS and ðIr ;mrÞOM , a C-set of constraints is
defined as

C � ðIr ;IsÞC
��Ir ¼ 1; 2; � � � ; Is ¼ 1; 2; � � �

n o
(4.108)
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where

ðIr ;IsÞC � ðIr ;IsÞφjððIr ;msÞx; ðIs;msÞx; t; λjÞ ¼ 0
��n
j ¼ 1; 2; � � � ;

mr; ms ¼ 1; 2; � � � ; λj 2 rnj
�
:

(4.109)

Definition 4.24 Consider Ms -slave systems from the S -set of slave systems and

Mr-master systems from the M-set of master systems

ðIsÞ _x ¼ ðIsÞFððIsÞx; t; ðIsÞpÞ for all Is 2 f1; 2; � � � ;Msg (4.110)

ðIrÞ _x ¼ ðIrÞFððIrÞx; t; ðIrÞpÞ for all Ir 2 f1; 2; � � � ;Mrg (4.111)

There are l-constraints on two subspaces sets OS and OM ,

ðIr ;IsÞφjððIr ;mrÞx; ðIs;msÞx; t; λjÞ ¼ 0 for all j 2 f1; 2; � � � ; lg (4.112)

with l�SM
I¼1nðIÞ . If all the l-constraints in Eq. (4.112) hold for time t 2 ½tm1

; tm2
�,

then Ms-slave systems with Mr -master systems are called to be synchronized for

time t 2 ½tm1
; tm2

� in the sense of Eq. (4.112).

The foregoing definition gives the synchronization between two clusters of slave

and master systems are discussed. For Ir ¼ Is ¼ 1, the foregoing definition implies

the slave and master systems are one to one. If the two subspace sets of the slave and

master systems take all components in state space, and the corresponding

constraints in Eq. (4.112) becomes Eq. (3.3) or Eq. (3.4). The synchronicity for

such slave and master systems was discussed as before. To further explain the

above definition, one slave system with multiple master systems or one master

system with multiple slave systems can be discussed.

Definition 4.25 Consider Ms-slave systems from the S-set of slave systems and a

master system from the M-set of master systems

ðIsÞ _x ¼ ðIsÞFððIsÞx; t; ðIsÞpÞ for all Is 2 f1; 2; � � � ;Msg (4.113)

ðIrÞ _x ¼ ðIrÞFððIrÞx; t; ðIrÞpÞ for Ir ¼ 1 (4.114)

There are l-constraints on two subspace sets OS and OM ,

ð1;IsÞφjðð1Þx; ðIsÞx; t; λjÞ ¼ 0 for all j 2 f1; 2; � � � ; lg (4.115)

with l�SM
I¼1nðIÞ . If all the l-constraints in Eq. (4.115) hold for time t 2 ½tm1

; tm2
�,

then theMs-slave systems with the master system are called to be synchronized for

time t 2 ½tm1
; tm2

� in the sense of Eq. (4.115).
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This definition tells that Ms -slave systems are synchronized with one master

system with different constraints. For each Is 2 f1; 2; � � � ;Msg, the corresponding

slave system synchronized with the master system can be discussed. Consider two

master systems for Ms-slave systems under different constraints.

Definition 4.26 Consider Ms -slave systems from the S -set of slave systems and

two master systems from the M-set of master systems

ðIsÞ _x ¼ ðIsÞFððIsÞx; t; ðIsÞpÞ for all Is 2 f1; 2; � � � ;Msg (4.116)

ðIrÞ _x ¼ ðIrÞFððIrÞx; t; ðIrÞpÞ for Ir ¼ 1; 2 (4.117)

There are l-constraints on two subspaces sets OS and OM ,

ðIr ;IsÞφjððIrÞx; ðIsÞx; t; λjÞ ¼ 0 for all j 2 f1; 2; � � � ; lg and Ir ¼ 1; 2 (4.118)

with l�SM
I¼1nðIÞ . If all the l-constraints in Eq. (4.118) hold for time t 2 ½tm1

; tm2
�,

then theM-slave systems with two master systems are called to be synchronized for
time t 2 ½tm1

; tm2
� in the sense of Eq. (4.118).

The foregoing definition gives that the Ms -slave systems can be synchronized

with two master systems through different constraints. If the two master systems are

considered to be two parent systems, theMs-slave systems are treated asMs-children

systems. Further, the synchronicity of the parent and child systems can be called the
similarity of the parent and child systems. For each child (or slave) system, under

specific constraints in Eq. (4.118), the similarity of the child system with the two

parent systems can be investigated as the synchronicity of the slave and master

systems as discussed before. The synchronization of a slave system with multiple

master systems under certain constraints can be also discussed.

Definition 4.27 Consider a slave system from the S -set of slave systems and

Mr-master system from the M-set of master systems

ðIsÞ _x ¼ ðIsÞFððIsÞx; t; ðIsÞpÞ for Is ¼ 1; (4.119)

ðIrÞ _x ¼ ðIrÞFððIrÞx; t; ðIrÞpÞ for all Ir 2 f1; 2; � � � ;Mrg: (4.120)

There are l-constraints on two subspaces sets OS and OM ,

ðIr ;1ÞφjððIrÞx; ð1Þx; t; λjÞ ¼ 0 for all j 2 f1; 2; � � � ; lg (4.121)

with l� nð1Þ. If all the l-constraints in Eq. (4.121) hold for time t 2 ½tm1
; tm2

�, then the
slave system with the Mr -master systems are called to be synchronized for time

t 2 ½tm1
; tm2

� in the sense of Eq. (4.121).
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The definition gives the slave system controlled by theMr-master systems under

the l-constraints. Similarly, the synchronization, desynchronization, and penetration

on the boundary determined by the constraints can be defined through constraint

functions of constraints, and the necessary and sufficient conditions for the

synchronicity of complicated synchronizations of multiple systems can be devel-

oped in an alike fashion. To extend our discussion, the afore-discussed slave and

master systems are considered as two classes of general systems. In other words, the

vector fields for two classes of systems can be varied to the corresponding

constraints. In addition, it is admissible that any a dynamical system from two

classes of dynamical systems can be overconstrained. For this case, Definition 4.27

can be extended and applied for the number of constraints with 1<l�SMs

Is¼1nðIsÞ
þSMr

Ir¼1nðIrÞ as discussed in Chap. 3.
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Chapter 5

Function Synchronizations

In this chapter, the theory of dynamical system synchronization will be applied to

the function synchronization of two distinct dynamical systems. Periodic and

chaotic synchronizations between two distinct dynamical systems under specific

constraints will be investigated. The analytical conditions for the sinusoidal

synchronization of the pendulum and Duffing oscillator will be presented, and the

invariant domain of sinusoidal synchronization will be discussed. From analytical

conditions, the control parameter map will be developed. The function synchroni-

zation identification of two distinct dynamical systems with specific constraints

must be carried out only by G-functions. The significance of the function synchro-

nization of distinct dynamical systems is to make the synchronicity behaviors

hidden, which can be very useful for telecommunication synchronization and

network security.

5.1 Synchronization Constraints

In this section, basic concepts of the dynamical system synchronizations will be

presented. The discontinuous description of the synchronization of two dynamical

systems will be presented.

Definition 5.1 Two dynamical systems are defined by

_y ¼ Fðy; t; pÞ 2 rn and _x ¼ fðx; t; qÞ 2 rn (5.1)

If two flows xðtÞ and yðtÞ of the two systems in Eq. (5.1) satisfy

φðxðtÞ; yðtÞ; t; λÞ ¼ 0; λ 2 rn0 ; (5.2)

then the two systems are called to be synchronized (or constrained) under such a

condition at time t.
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From the foregoing definition, the synchronization (or constraint) of two

dynamical systems in Eq. (5.1) occurs through φðxðtÞ; yðtÞ; t; λÞ ¼ 0 in Eq. (5.2).

Such a condition may cause the discontinuity for two dynamical systems. If the

synchronization condition is the separation boundary, then the domain and bound-

ary for the first dynamical system in Eq. (5.1) will be time-varying, which is

controlled by a flow of the second dynamical system in Eq. (5.1) (i.e., xðtÞÞ;
vice versa. Suppose the synchronization of two systems occurs at time t. For time

t� e (e > 0), there are two constants with

φðx; y; t� e; λÞ ¼ C� 6¼ 0: (5.3)

If the flows of two systems in Eq. (5.1) satisfy Eq. (5.3), then the two systems will

not be interacted, as shown in Fig. 5.1. In fact, the synchronization of two

dynamical systems can occur under many constraints instead of Eq. (5.2), i.e.,

Definition 5.2 Consider l-non-identical functions of φjðxðtÞ; yðtÞ; t; λjÞ ( j 2 l and

l ¼ f1; 2; � � � ; lg). If two flows xðtÞ and yðtÞ of two systems in Eq. (5.1) satisfy for

time t

φjðxðtÞ; yðtÞ; t; λjÞ ¼ 0 for λj 2 rnj and j 2 l; (5.4)

then two systems in Eq. (5.1) are called to be synchronized (or constrained) under

the jth-condition at time t.

xn2

xn1

xn3

n

(x,y,t + , ) = C+

(x,y,t − , ) = C−

(x,y,t, ) = 0

( ) (x,t)

( ) (x,t)

Ωa

Ωab

Ωb

Ω

Fig. 5.1 Synchronization surface for the two dynamical systems in Eq. (5.1)
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For the foregoing definition, two dynamical systems in Eq. (5.1) possess

l-conditions for synchronizations (or constraints). Thus, the l-separation boundaries
relative to the synchronization divide the corresponding phase space into many sub-

domains for the two dynamical systems, and these sub-domains change with time.

The synchronization between two dynamical systems can be discussed in the

vicinity of synchronization boundary. Since the master system is independent

of the synchronization constraint, only the slave system should be controlled to

satisfy the synchronization constraints. Thus, the controlled slave system is discon-

tinuous under the jth-synchronization constraint. The corresponding domains and

boundary for the controlled slave system can be defined by

Oð1;jÞ ¼ yð1;jÞ
φjðxðtÞ; yð1;jÞðtÞ; t; λjÞ > 0;

φj is C
rj-continuous (rj � 1Þ

�����
( )

;

Oð2;jÞ ¼ yð2;jÞ
φjðxðtÞ; yð2;jÞðtÞ; t; λjÞ<0;

φj is C
rj-continuous (rj � 1Þ

�����
( )

;

(5.5)

@Oð12;jÞ ¼ �Oð1;jÞ \ �Oð2;jÞ

¼ yð0;jÞ
φjðxðtÞ; yð0;jÞðtÞ; t; λjÞ ¼ 0

φj is C
rj-continuous (rj � 1Þ

������
8<:

9=;:
(5.6)

From the domains and boundary, the corresponding equations for the controlled

slaved system become for j 2 l

_yðaj;jÞ ¼ Fðaj;jÞðyðaj;jÞ; t; pðaj;jÞÞ on Oðaj;jÞ (5.7)

_yð0;jÞ ¼ Fð0;jÞðyð0;jÞ; t; λjÞ on @Oð12;jÞ (5.8)

5.2 Synchronization Mechanism

In this section, the synchronization behaviors between two dynamical systems will

be discussed in the vicinity of synchronization boundary. For simplicity, a new

variable is introduced in domain Oðaj;jÞ

zðaj;jÞ ¼ φjðxðtÞ; yðaj;jÞðtÞ; t; λjÞ for j 2 l: (5.9)

On the boundary @Oðajbj;jÞ,

zð0;jÞ ¼ φjðxðtÞ; yð0;jÞðtÞ; t; λjÞ¼ 0 for j 2 l: (5.10)
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If the two systems do not synchronize each other, the new variables (zj 6¼ 0, j ¼ 1; 2;
� � � ; l) will change with time t. The corresponding time-change rate is given by

_zðaj;jÞ ¼ Dφjðx; yðaj;jÞ; t; λjÞ ¼
@φj

@x
_xþ @φj

@yðaj;jÞ
_yðaj;jÞ þ @φj

@t

¼
Xn

p¼1

@φj

@xp
_xp þ

Xn

q¼1

@φj

@y
ðaj;jÞ
q

_yðaj;jÞq þ @φj

@t
:

(5.11)

Substitution of Eqs. (5.1) and (5.7) into Eq. (5.11) yields

_zðaj;jÞ ¼
Xn

p¼1

@φj

@xp
fpðx; t;qÞ

þ
Xn

q¼1

@φj

@y
ðaj;jÞ
q

F
ðaj ;jÞ
q ðyðaj;jÞt; pðaj;jÞÞ þ @φj

@t
:

(5.12)

Two new normal vectors are defined as

nφj
¼ @φj

@x
¼ ð@φj

@x1
;
@φj

@x2
; � � � ; @φj

@x�n
ÞT;

nφj
¼ @φj

@yðaj;jÞ
¼ ð @φj

@y
ðaj;jÞ
1

;
@φj

@y
ðaj;jÞ
2

; � � � ; @φj

@y
ðaj;jÞ
n

ÞT:
(5.13)

Using Eq. (5.13), Eq. (5.12) becomes

_zðaj;jÞ ¼ nφj
�fðx; t; qÞ þ nφj

� Fðaj ;jÞ ðyðaj;jÞ; t; pðaj;jÞÞ þ @φj

@t
: (5.14)

If the vector fields in different domains Oðaj;jÞ (aj ¼ 1; 2) are distinguishing, _zðaj;jÞ is
discontinuous. Similarly, for each domain Oðaj;jÞ, one obtains

€zðaj;jÞ ¼ D½nφj
�fðx; t; qÞ þ nφj

� Fðaj ;jÞ ðyðaj;jÞ; t; pðaj;jÞÞ þ @φj

@t
�: (5.15)

The combination of Eqs. (5.14) and (5.15) gives a dynamical system in phase space

of ðz; _zÞ, i.e., for j 2 l

_zðaj;jÞ ¼ g
ðaj;jÞ
1 ðzðaj;jÞ; tÞ

� nφj
�fðx; t; pÞ þ nφj

� Fðaj ;jÞ ðyðaj;jÞ; t; qðaj;jÞÞ þ @φj

@t
;

€zðaj;jÞ ¼ g
ðaj;jÞ
2 ðzðaj;jÞ; tÞ � Dg

ðaj;jÞ
1 ðzðaj;jÞ; tÞ

¼ D½nφj
�fðx; t; pÞ þ nφj

� Fðaj ;jÞ ðyðaj;jÞ; t; qðaj;jÞÞ þ @φj

@t
�;

9>>>>>>>>=>>>>>>>>;
(5.16)
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where zðaj;jÞ ¼ ðzðaj;jÞ; _zðaj;jÞÞT. Letting gðaj;jÞ ¼ ðgðaj;jÞ1 ; g
ðaj;jÞ
2 ÞT, one obtains

_zðaj;jÞ ¼ gðaj;jÞðzðaj;jÞ; tÞ for j 2 l;

_x ¼ fðx; t; qÞ 2 rn;

_yðaj;jÞ ¼ Fðaj;jÞðyðaj;jÞ; t; pðaj;jÞÞ 2 rn:

9>=>; (5.17)

For a better understanding of such a discontinuous dynamical system, the boundary

and domains in phase space are defined as

@Xð12;jÞ ¼ Xð1;jÞ \ Xð2;jÞ

¼ ðzð0;jÞ; _zð0;jÞÞ Cj ðzð0;jÞ; _zð0;jÞÞ ¼ zð0;jÞ ¼ 0
��n o

� r;
(5.18)

and

Xð1;jÞ ¼ ðzð1;jÞ; _zð1;jÞÞ zð1;jÞ > 0
��n o

� r2;

Xð2;jÞ ¼ ðzð1;jÞ; _zð1;jÞÞ zð2;jÞ < 0
��n o

� r2:
(5.19)

φjðxðtÞ; yð0;jÞðtÞ; t; λjÞ ¼ 0 on the synchronization boundary gives

dszð0;jÞ

dts
¼ DsφjðxðtÞ; yð0;jÞðtÞ; t; λjÞ ¼ 0 for s ¼ 1; 2; � � � (5.20)

Thus, the synchronization boundary is determined by

zð0;jÞ ¼ 0; _zð0;jÞ ¼ 0 for j 2 l;

_x ¼ fðx; t; qÞ 2 rn; and _yð0; jÞ ¼ Fð0; jÞðyð0; jÞ; t; λjÞ 2 rn:
(5.21)

The domains and boundary in phase space of ðzðjÞ; _zðjÞÞ are sketched in Fig. 5.2 and

the location for switching may not be continuous (i.e., zðaj;jÞ 6¼ zðbj;jÞ 6¼ zð0;jÞ ¼ 0)

because the vector fields of the resultant system are discontinuous (or _zðaj;jÞ 6¼ _zðbj;jÞ

6¼ _zð0;jÞ ¼ 0 ), but the boundary in such phase space is independent of time.

However, the boundaries and domains in phase space of the controlled slave system

in Eqs. (5.8) and (5.9) are shown in Fig. 5.2. The boundary varying with time is

presented, but switching points for a flow are continuous. However, such flows will

be controlled by the vector fields gð1;jÞðzð1;jÞ; tÞ and gð2;jÞðzð2;jÞ; tÞ. The dynamical

systems in phase space ðzðjÞ; _zðjÞÞ are:

_zðLj;jÞ ¼ gðLj;jÞðzðLj;jÞ; tÞ for j 2 l; Lj ¼ 0; aj
_x ¼ fðx; t; qÞ 2 r

n
;

_yðLj;jÞ ¼ FðLj;jÞðyðLj;jÞ; t; pðLj;jÞÞ 2 rn;

9>=>; (5.22)
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where

gðaj;jÞðzðaj;jÞ; tÞ ¼ ðgðaj;jÞ1 ðzðaj;jÞ; tÞ; gðaj;jÞ2 ðzðaj;jÞ; tÞÞT
in Xajðaj 2 f1; 2gÞ;

gð0;jÞðzðaj;jÞ; tÞ 2 ½gðaj;jÞðzðaj;jÞ; tÞ; gðbj;jÞðzðbj;jÞ; tÞ�
on @Xð12;jÞ for non-stick,

gð0;jÞðzðaj;jÞ; tÞ ¼ ð0; 0ÞTon @Xð12;jÞ for stick:

9>>>>>>>=>>>>>>>;
(5.23)

The normal vector of @Xð12;jÞ is computed from Eq. (5.17), i.e.,

n@Xð12;jÞ ¼ ð1; 0ÞT and Dn@Xð12;jÞ ¼ ð0; 0ÞT; (5.24)
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Fig. 5.2 A partition of phase space: (a) ðz; _zÞ for the jth-synchronization boundary and (b) the
controlled slave system. Two dashed lines (curves) are infinitesimally close to the boundary with

the dotted line (curve)
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where Dð�Þ ¼ Dð�Þ Dt:= From Chap. 2, the corresponding two G-functions are

computed by

G
ð0;ajÞ
@Xð12;jÞ

ðzðaj;jÞ; tÞ ¼ n@Xð12;jÞ � gðaj;jÞðzðaj;jÞ; tÞ ¼ g
ðaj;jÞ
1 ðzðaj;jÞ; tÞ;

G
ð1;ajÞ
@Xð12;jÞ

ðzðaj;jÞ; tÞ ¼ n@Xð12;jÞ � Dgðaj;jÞðzðaj;jÞ; tÞ ¼ g
ðaj;jÞ
2 ðzðaj;jÞ; tÞ:

(5.25)

With G-functions, the sufficient and necessary conditions for a passable flow at

ðzð0;jÞm ; tmÞ with z
ðaj;jÞ
m ¼ z

ð0;jÞ
m for the boundary @Xð12;jÞ are given from Chap. 2

G
ð0;1Þ
@Xð12;jÞ

ðzð1;jÞm ; tm�Þ ¼ g
ð1;jÞ
1 ðzð1;jÞm ; tm�Þ<0;

G
ð0;2Þ
@Xð12;jÞ

ðzð2;jÞm ; tmþÞ ¼ g
ð2;jÞ
1 ðzð2;jÞm ; tmþÞ<0;

9>=>; for Xð1;jÞ ! Xð2;jÞ

G
ð0;1Þ
@Xð12;jÞ

ðzð1;jÞm ; tmþÞ ¼ g
ð1;jÞ
1 ðzð1;jÞm ; tmþÞ>0;

G
ð0;2Þ
@Xð12;jÞ

ðzð2;jÞm ; tm�Þ ¼ g
ð2;jÞ
1 ðzð2;jÞm ; tm�Þ>0;

9>=>; for Xð2;jÞ ! Xð1;jÞ

(5.26)

where

g
ðaj;jÞ
1 ðzðaj;jÞm ; tm�Þ ¼ nφj

�fðxm; tm�; qÞ þ nφj
� Fðaj ;jÞ ðyðaj;jÞm ; tm�; pðaj;jÞÞ þ

@φj

@t
:

(5.27)

The foregoing conditions give the sufficient and necessary conditions for the

controlled slave system synchronizing with the master system under the jth-
synchronization condition, and the current states of the controlled slave system

will be switched from one domain to the other through such a synchronization

condition. From Chap. 3, such a flow to the synchronization boundary is called a

penetration synchronization between two dynamical systems.

The sufficient and necessary conditions for a stick flow (or sink flow or sliding

flow) on the synchronization boundary @Xð12;jÞ are obtained from Chap. 2,

G
ð0;1Þ
@Xð12;jÞ

ðzð1;jÞm ; tm�Þ ¼ g
ð1;jÞ
1 ðzð1;jÞm ; tm�Þ<0;

G
ð0;2Þ
@Xð12;jÞ

ðzð2;jÞm ; tm�Þ ¼ g
ð2;jÞ
1 ðzð2;jÞm ; tm�Þ>0

9=; on @Xð12;jÞ (5.28)

From the foregoing condition, the controlled slave systems will stick with the

master system under the jth-synchronization condition. From Chap. 3, this phenom-

enon is called the synchronization of the controlled slave system with the master

system under the jth-synchronization condition.

Similarly, the sufficient and necessary conditions for a source flow on the

boundary @Xð12;jÞ are given in Chaps. 2–4, i.e.,
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G
ð0;1Þ
@Xð12;jÞ

ðzð1;jÞm ; tmþÞ ¼ g
ð1;jÞ
1 ðzð1;jÞm ; tmþÞ > 0;

G
ð0;2Þ
@Xð12;jÞ

ðzð2;jÞm ; tmþÞ ¼ g
ð2;jÞ
1 ðzð2;jÞm ; tmþÞ < 0

9=; on @Xð12;jÞ (5.29)

For this case, the controlled slave system will not synchronize with the master

system at ðzð0;jÞm ; tmÞ for the synchronization boundary @Xð12;jÞ relative to the

jth-synchronization condition. From Chap. 3, this phenomenon is called the

desynchronization of the controlled slave system with the master system under

the jth-synchronization condition.

The appearance and disappearance of three synchronization states of the two

dynamical systems to the jth-synchronization condition in Eq. (5.4) can be deter-

mined from Chaps. 2 to 4 (e.g., [1, 2]) for the switching bifurcation of three states of

synchronizations between the two dynamical systems.

(i) The sufficient and necessary conditions of synchronization appearance from

the instantaneous penetration synchronization are

ð�1ÞajGð0;ajÞ
@Xð12;jÞ

ðzðaj;jÞm ; tm�Þ ¼ ð�1Þaj gðaj;jÞ1 ðzðaj;jÞm ; tm�Þ > 0;

G
ð0;bjÞ
@Xð12;jÞ

ðzðbj;jÞm ; tm�Þ ¼ g
ðbj;jÞ
1 ðzðbj;jÞm ; tm�Þ ¼ 0;

ð�1ÞbjGð1;bjÞ
@Xð12;jÞ

ðzðbj;jÞm ; tm�Þ ¼ ð�1Þbj gðbj;jÞ2 ðzðbj;jÞm ; tm�Þ < 0:

(5.30)

The sufficient and necessary conditions for synchronization vanishing from the

jth-synchronization boundary are

ð�1ÞajGð0;ajÞ
@Xðaibj ;jÞ

ðzðaj;jÞm ; tm�Þ ¼ ð�1Þaj gðaj;jÞ1 ðzðaj;jÞm ; tm�Þ > 0;

G
ð0;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm	Þ ¼ g
ðbj;jÞ
1 ðzðbj;jÞm ; tm	Þ ¼ 0;

ð�1ÞbjGð1;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm	Þ ¼ ð�1Þbj gðbj;jÞ2 ðzðbj;jÞm ; tm	Þ < 0:

(5.31)

The appearance and vanishing conditions for the synchronization relative to

the instantaneous synchronization in Eq. (5.30) are the vanishing and appear-
ance conditions for the instantaneous penetration synchronization relative to

the synchronization, respectively.

(ii) From Chaps. 2 to 4, the sufficient and necessary conditions are

ð�1ÞajGð0;ajÞ
@Xðaibj ;jÞ

ðzðaj;jÞm ; tmþÞ ¼ ð�1Þaj gðaj;jÞ1 ðzðaj;jÞm ; tmþÞ < 0;

G
ð0;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm	Þ ¼ g
ðbj;jÞ
1 ðzðbj;jÞm ; tm	Þ ¼ 0;

ð�1ÞbjGð1;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm	Þ ¼ ð�1Þbj gðbj;jÞ2 ðzðbj;jÞm ; tm	Þ < 0

(5.32)
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for desynchronization appearance pertaining to the instantaneous penetration

synchronization and,

ð�1ÞajGð0;ajÞ
@Xðaibj ;jÞ

ðzðaj;jÞm ; tmþÞ ¼ ð�1Þaj gðaj;jÞ1 ðzðaj;jÞm ; tmþÞ < 0;

G
ð0;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm�Þ ¼ g
ðbj;jÞ
1 ðzðbj;jÞm ; tm�Þ ¼ 0;

ð�1ÞbjGð1;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm�Þ ¼ ð�1Þbj gðbj;jÞ2 ðzðbj;jÞm ; tm�Þ < 0:

(5.33)

for the vanishing of the desynchronization pertaining to the instantaneous

synchronization.

(iii) From Chaps. 2 to 4, the sufficient and necessary switching conditions between

the synchronization and desynchronization of the controlled slave and master

systems on the jth-synchronization boundary are

G
ð0;ajÞ
@Xðaibj ;jÞ

ðzðaj;jÞm ; tm	Þ ¼ g
ðaj;jÞ
1 ðzðaj;jÞm ; tm	Þ ¼ 0

ð�1ÞajGð1;ajÞ
@Xðaibj ;jÞ

ðzðaj;jÞm ; tm	Þ ¼ ð�1Þaj gðaj;jÞ2 ðzðaj;jÞm ; tm	Þ < 0;

G
ð0;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm	Þ ¼ g
ðbj;jÞ
1 ðzðbj;jÞm ; tm	Þ ¼ 0;

ð�1ÞbjGð1;bjÞ
@Xðaibj ;jÞ

ðzðbj;jÞm ; tm	Þ ¼ ð�1Þbj gðbj;jÞ2 ðzðbj;jÞm ; tm	Þ < 0:

(5.34)

Similarly, the sufficient and necessary switching conditions between two

instantaneous penetration synchronizations at the jth-synchronization bound-

ary for aj 6¼ bj are

G
ð0;ajÞ
@Xð12;jÞ

ðzðaj;jÞm ; tm	Þ ¼ g
ðaj;jÞ
1 ðzðaj;jÞm ; tm	Þ ¼ 0 for aj 2 f1; 2g;

ð�1ÞajGð1;ajÞ
@Xð12;jÞ

ðzðaj;jÞm ; tm	Þ ¼ ð�1Þaj gðaj;jÞ2 ðzðaj;jÞm ; tm	Þ < 0;

G
ð0;bjÞ
@Xð12;jÞ

ðzðbj;jÞm ; tm�Þ ¼ g
ðbj;jÞ
1 ðzðbj;jÞm ; tm�Þ ¼ 0 for bj 2 f1; 2g;

ð�1ÞbjGð1;bjÞ
@Xð12;jÞ

ðzðbj;jÞm ; tm�Þ ¼ ð�1Þbj gðbj;jÞ2 ðzðbj;jÞm ; tm�Þ < 0:

(5.35)

A flow of the controlled slave system, tangential to the synchronization

boundary @Xð12;jÞ is another instantaneous synchronization (or tangential

synchronization), and the corresponding sufficient and necessary conditions are

G
ð0;ajÞ
@Xð12;jÞ

ðzðaj;jÞm ; tm�Þ ¼ g
ðaj;jÞ
1 ðzðaj;jÞm ; tm�Þ ¼ 0 for aj 2 f1; 2g;

ð�1ÞajGð1;ajÞ
@Xð12;jÞ

ðzðaj;jÞm ; tm�Þ ¼ ð�1Þaj gðaj;jÞ2 ðzðaj;jÞm ; tm�Þ < 0:
(5.36)
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5.3 Sinusoidal Synchronization

To demonstrate the function synchronization under specific constraints, the

periodically forced, damped Duffing oscillator is considered herein as a master

system as in Luo [3], i.e.,

€xþ d _x� a1xþ a2x
3 ¼ A0 cosot; (5.37)

where x is the displacement, d is the damping coefficient, and A0 and o are the

excitation amplitude and frequency for the Duffing oscillator. A parametrically

excited chaotic pendulum is considered as a slave system in Luo and Han [4], i.e.,

€yþ a0 sin y ¼ Q0 cosOt; (5.38)

where y is the displacement for pendulum, andQ0 andO are excitation amplitude and

frequency, respectively. Consider a sinusoidal constraint of two displacements as

φ1 ¼ y� sin x ¼ 0: (5.39)

Due to the velocity _x ¼ dx=dt and _y ¼ dy=dt, the velocity synchronization cons-

traint for dynamical systems is given by

φ2 ¼ _y� _x cos x ¼ 0: (5.40)

The state variables for the master and slave systems are

x ¼ ðx1; x2ÞT � ðx; _xÞT and y ¼ ðy1; y2ÞT � ðy; _yÞT: (5.41)

and the vector fields for master and slave systems are

fðx; tÞ ¼ ðf1ðx; tÞ;f2ðx; tÞÞT and Fðy; tÞ ¼ ðF1ðy; tÞ;F2ðy; tÞÞT; (5.42)

where

x2 ¼ _x1 and fðx; tÞ ¼ �d1x2 þ a1x1 � a2x
3
1 þ A0 cosot: (5.43)

�F1ðy; tÞ ¼ y2 and �F2ðy; tÞ ¼ �a0 sin y1 þ Q0 cosOt: (5.44)

To make the chaotic pendulum system synchronizing with the Duffing oscillator

with the sinusoidal constraints in Eqs. (5.39) and (5.40), a feedback controller is

designed as

uðx; y; t; kÞ ¼ ðu1; u2ÞT
u1 ¼ �k1 sgnðy1 � sin x1Þ and u2 ¼ �k2 sgnðy2 � x2 cos x1Þ;

(5.45)
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where k1 and k2 are controller parameters. Thus the controlled pendulum

becomes

_y ¼ Fðy; tÞ � Fðy; tÞ þ uðx; y; tÞ; (5.46)

where the vector fields are defined by Fðy; tÞ ¼ ðF1ðy; tÞ;F2ðy; tÞÞT . With the

control laws, there are four regions

(i) For y1 > sin x1 and y2 > x2 cos x1;

F1ðy; tÞ ¼ y2 � k1;

F2ðy; tÞ ¼ �a0 sin y1 þ Q0 cosOt� k2:
(5.47)

(ii) For y1 > sin x1 and y2 < x2 cos x1;

F1ðy; tÞ ¼ y2 � k1;

F2ðy; tÞ ¼ �a0 sin y1 þ Q0 cosOtþ k2:
(5.48)

(iii) For y1 < sin x1 and y2 < x2 cos x1;

F1ðy; tÞ ¼ y2 � k1;

F2ðy; tÞ ¼ �a0 sin y1 þ Q0 cosOtþ k2:
(5.49)

(iv) For y1 < sin x1 and y2 > x2 cos x1;

F1ðy; tÞ ¼ y2 þ k1;

F2ðy; tÞ ¼ �a0 sin y1 þ Q0 cosOt� k2:
(5.50)

Under the control laws, the controlled pendulum system has four regions, four

boundaries, plus an intersection point with different dynamical systems. The

intersection point is the synchronization of the controlled pendulum synchronizing

with the Duffing oscillator. In phase space, four domains Oa (a ¼ 1; 2; 3; 4) of the
controlled pendulum are

O1 ¼ ðy1; y2Þjy1 � sin x1 > 0; y2 � x2 cos x1 > 0
� �

;

O2 ¼ ðy1; y2Þjy1 � sin x1 > 0; y2 � x2 cos x1<0
� �

;

O3 ¼ ðy1; y2Þjy1 � sin x1 < 0; y2 � x2 cos x1 < 0
� �

;

O4 ¼ ðy1; y2Þjy1 � sin x1 < 0; y2 � x2 cos x1 > 0
� �

:

(5.51)
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The boundary @Oab (a; b ¼ 1; 2; 3; 4; a 6¼ b) of the four domains are

@O12 ¼ ðy1; y2Þjy2 � x2 cos x1 ¼ 0; y1 � sin x1 > 0
� �

;

@O23 ¼ ðy1; y2Þjy1 � sin x1 ¼ 0; y2 � x2 cos x1 < 0
� �

;

@O34 ¼ ðy1; y2Þjy2 � x2 cos x1 ¼ 0; y1 � sin x1 < 0
� �

;

@O14 ¼ ðy1; y2Þjy1 � sin x1 ¼ 0; y2 � x2 cos x1 > 0
� �

:

(5.52)

The intersection point (vertex) of the boundary @Oab (a; b ¼ 1; 2; 3; 4; a 6¼ b) is

—@Oab ¼ ˙4
a¼1˙

4
b¼1@Oab

¼ ðy1; y2Þjy2 � x2 cos x1 ¼ 0; y1 � sin x1 ¼ 0
� �

:
(5.53)

The domains, boundaries, and vertex for the controlled pendulum are sketched in

Fig. 5.3 for dynamical system synchronization under specific constraints through

the theory of discontinuous dynamical systems. The domains of the controlled slave

system are shaded, and the corresponding displacement and velocity boundaries are

dashed curves, controlled by the master system (i.e., the Duffing oscillator). The

intersected point of two boundaries is the corner for synchronization, which is

labeled by a filled circular symbol.

The dynamical system of the controlled pendulum in the a-domain is

_yðaÞ ¼ FðaÞðyðaÞ; tÞ; (5.54)

Fig. 5.3 Phase plane partitions and boundaries in the absolute frame
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where

FðaÞðyðaÞ; tÞ ¼ ðFðaÞ
1 ;F

ðaÞ
2 ÞT;

F
ðaÞ
1 ðyðaÞ; tÞ ¼ y

ðaÞ
2 � k1 for a ¼ 1; 2;

F
ðaÞ
1 ðyðaÞ; tÞ ¼ y

ðaÞ
2 þ k1 for a ¼ 3; 4;

F
ðaÞ
2 ðyðaÞ; tÞ ¼ �a0 sin y

ðaÞ
1 þ Q0 cosOt� k2 for a¼ 1; 4;

F
ðaÞ
2 ðyðaÞ; tÞ ¼ �a0 sin y

ðaÞ
1 þ Q0 cosOtþ k2 for a¼ 2; 3:

(5.55)

The dynamical system on boundary @Oab is

_yðabÞ ¼ FðabÞðyðabÞ; xðtÞ; tÞ;
_x ¼ fðx; tÞ; (5.56)

where

FðabÞ ¼ ðFðabÞ
1 ;F

ðabÞ
2 ÞT;

F
ðabÞ
1 ðyðabÞ; tÞ ¼ y

ðabÞ
2 ¼ x2 cos x1 and F

ðabÞ
2 ðyðabÞ; tÞ ¼ _y

ðabÞ
2

(5.57)

with

y
ðabÞ
1 ¼ sin x1 and y

ðabÞ
2 ¼ x2 cos x1 on @Oab for (a; bÞ¼ ð2; 3Þ; ð1; 4Þ;

y
ðabÞ
1 ¼ sin x1 þ C and y

ðabÞ
2 ¼ x2 cos x1 on @Oab for (a; bÞ¼ ð1; 2Þ; ð3; 4Þ:

(5.58)

Based on the absolute coordinates, the boundaries, and corner of the controlled

pendulum are dependent on time. However, it is very difficult to develop analytical

conditions for synchronization. Without loss of generality, the relative coordinates

are defined as

z1 ¼ y1 � sin x1 and _z1 � z2 ¼ y2 � x2 cos x1: (5.59)

The domains, displacement and velocity boundaries, and synchronization corner in

the relative coordinates are expressed by

O1 ¼ ðz1; z2Þjz1 > 0; z2 > 0
� �

;

O2 ¼ ðz1; z2Þjz1 > 0; z2 < 0
� �

;

O3 ¼ ðz1; z2Þjz1 < 0; z2 < 0
� �

;

O4 ¼ ðz1; z2Þjz1 < 0; z2 > 0
� �

:

(5.60)
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@O12 ¼ ðz1; z2Þjz2 ¼ 0; z1 > 0
� �

;

@O23 ¼ ðz1; z2Þjz1 ¼ 0; z2 < 0
� �

;

@O34 ¼ ðz1; z2Þjz2 ¼ 0; z1 < 0
� �

;

@O14 ¼ ðz1; z2Þjz1 ¼ 0; z2 > 0
� �

:

(5.61)

—@Oab ¼ ˙4
a¼1˙

4
b¼1@Oab ¼ ðz1; z2Þjz2 ¼ 0; z1 ¼ 0

� �
: (5.62)

The boundaries in the relative coordinates are independent of time. From such

domains, boundaries, and vertex, the analytical conditions for the synchronization

of the controlled slave systems and master systems can be developed using the

theory of discontinuous dynamical systems. The domains, displacement and veloc-

ity boundaries, and vertex in relative phase space are also sketched in Fig. 5.4.

The controlled pendulum in domain Oa is in the relative coordinates

_zðaÞ ¼ gðaÞðzðaÞ; x; tÞ with _x ¼ Fðx; tÞ; (5.63)

where

gðaÞðzðaÞ; x; tÞ ¼ ðgðaÞ1 ; g
ðaÞ
2 ÞT;

g
ðaÞ
1 ðzðaÞ; x; tÞ ¼ z

ðaÞ
2 � k1 for a¼ 1; 2;

g
ðaÞ
1 ðzðaÞ; x; tÞ ¼ z

ðaÞ
2 þ k1 for a¼ 3; 4;

g
ðaÞ
2 ðzðaÞ; x; tÞ ¼ GðzðaÞ; x; tÞ � k2 for a¼ 1; 4;

g
ðaÞ
2 ðzðaÞ; x; tÞ ¼ GðzðaÞ; x; tÞ þ k2 for a¼ 2; 3

(5.64)

Fig. 5.4 Phase plane partitions and boundaries in the relative frame
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with

GðzðaÞ; x; tÞ ¼ _y2 � _x2 cos x1 þ x22 sin x1

¼ �a0 sinðzðaÞ1 þ sin x1Þ þ Q0 cosOt

þ ðd1x2 � a1x1 þ a2x
3
1 � A0 cosotÞ cos x1 þ x22 sin x1:

(5.65)

The equation of motion on the boundary in the relative coordinates is

_zðabÞ ¼ gðabÞðzðabÞ; x; tÞ with _x ¼ fðx; tÞ; (5.66)

where

gðabÞðzðabÞ; x; tÞ ¼ ðgðabÞ1 ; g
ðabÞ
2 ÞT;

g
ðabÞ
1 ðzðabÞ; x; tÞ ¼ z2 ¼ 0 and g

ðabÞ
2 ðzðabÞ; x; tÞ ¼ 0

(5.67)

with

z
ðabÞ
1 ¼ 0 and z

ðabÞ
2 ¼ 0 on @Oab for (a; bÞ¼ ð2; 3Þ; ð1; 4Þ;

z
ðabÞ
1 ¼ C and z

ðabÞ
2 ¼ 0 on @Oab for (a; bÞ¼ ð1; 2Þ; ð3; 4Þ:

(5.68)

5.3.1 Synchronization Dynamics

From the theory of the discontinuous dynamical system in Chap. 2 (e.g., [1, 2]),

the synchronization dynamics of the controlled pendulum to the Duffing oscillator

can be discussed. Thus, the G-functions in the relative coordinates for zm 2 @Oij at

t ¼ tm are given by

G
ðaÞ
@Oij

ðzm; x; tm�Þ ¼ nT@Oij
� ½gðaÞðzm; x; tm�Þ � gðijÞðzm; x; tm�Þ�; (5.69)

G
ð1;aÞ
@Oij

ðzm; x; tm�Þ ¼ nT@Oij
� ½DgðaÞðzm; x; tm�Þ � DgðijÞðzm; x; tm�Þ�; (5.70)

where G
ðaÞ
@Oij

ðzm; x; tm�Þ and G
ð1;aÞ
@Oij

ðzm; x; tm�Þ are the zero-order and first-order

G-functions of the flow in the domainOa (a 2 fi; jg) at the boundary @Oij (i; j ¼ 1; 2;
3; 4). The normal vectors of the relative boundaries from Eq. (5.61) are

n@O12
¼ n@O34

¼ ð0; 1ÞT and n@O23
¼ n@O14

¼ ð1; 0ÞT: (5.71)

The corresponding G-functions at the boundary @Oij ði; j ¼ 1; 2; 3; 4Þ from

Eqs. (6.63) to (6.67) are for domain Oa ða 2 f1; 2; 3; 4gÞ,
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G
ðaÞ
@O12

ðzm; x; tm�Þ ¼ G
ðaÞ
@O34

ðzm; x; tm�Þ ¼ g
ðaÞ
2 ðzm; x; tm�Þ;

G
ðaÞ
@O23

ðzm; x; tm�Þ ¼ G
ðaÞ
@O14

ðzm; x; tm�Þ ¼ g
ðaÞ
1 ðzm; x; tm�Þ;

(5.72)

G
ð1;aÞ
@O12

ðzm; x; tm�Þ ¼ G
ð1;aÞ
@O34

ðzm; x; tm�Þ ¼ Dg
ðaÞ
2 ðzm; x; tm�Þ;

G
ð1;aÞ
@O23

ðzm; x; tm�Þ ¼ G
ð1;aÞ
@O14

ðzm; x; tm�Þ ¼ Dg
ðaÞ
1 ðzm; x; tm�Þ;

(5.73)

where

Dg
ðaÞ
1 ðzðaÞ; x; tÞ ¼ g

ðaÞ
2 ðzðaÞ; x; tÞ;

Dg
ðaÞ
2 ðzðaÞ; x; tÞ ¼ DGðzðaÞ; x; tÞ

¼ �a0ðzðaÞ2 þ x2 cos x1Þ cosðzðaÞ1 þ sin x1Þ � Q0O sinOt

þ ðd1F2ðx; tÞ � a1x2 þ 3a2x
2
1x2 þ oA0 sinotÞ cos x1

þ ðd1x2 � a1x1 þ a2x
3
1 � A0 cosotÞx2 sin x1 þ x32 sin x1:

(5.74)

The G-functions in domains Oa ða 2 f1; 2; 3; 4gÞ at the boundary @Oij (i; j ¼ 1; 2;
3; 4) are

G
ðaÞ
@O12

ðzðaÞ; x; tÞ ¼ G
ðaÞ
@O34

ðzðaÞ; x; tÞ ¼ g
ðaÞ
2 ðzðaÞ; x; tÞ;

G
ðaÞ
@O23

ðzðaÞ; x; tÞ ¼ G
ðaÞ
@O14

ðzðaÞ; x; tÞ ¼ g
ðaÞ
1 ðzðaÞ; x; tÞ;

G
ð1;aÞ
@O12

ðzðaÞ; x; tÞ ¼ G
ð1;aÞ
@O34

ðzðaÞ; x; tÞ ¼ Dg
ðaÞ
2 ðzðaÞ; x; tÞ;

G
ð1;aÞ
@O23

ðzðaÞ; x; tÞ ¼ G
ð1;aÞ
@O14

ðzðaÞ; x; tÞ ¼ Dg
ðaÞ
1 ðzðaÞ; x; tÞ:

(5.75)

(A) Flow Switchability on the Separation Boundary. From Chaps. 2–4, the analytical

conditions of a flow sliding on the boundaries of @O12, @O34, @O23 and @O14 for the

controlled pendulum are

G
ð1Þ
@O12

ðzm; x; tm�Þ ¼ g
ð1Þ
2 ðzm; x; tm�Þ< 0;

G
ð2Þ
@O12

ðzm; x; tm�Þ ¼ g
ð2Þ
2 ðzm; x; tm�Þ> 0

9=; for zm 2 @O12;

G
ð3Þ
@O34

ðzm; x; tm�Þ ¼ g
ð3Þ
2 ðzm; x; tm�Þ> 0;

G
ð4Þ
@O34

ðzm; x; tm�Þ ¼ g
ð4Þ
2 ðzm; x; tm�Þ < 0

9=; for zm 2 @O34:

(5.76)

G
ð2Þ
@O23

ðzm; x; tm�Þ ¼ g
ð2Þ
1 ðzm; x; tm�Þ < 0;

G
ð3Þ
@O12

ðzm; x; tm�Þ ¼ g
ð3Þ
1 ðzm; x; tm�Þ> 0

9=; for zm 2 @O23;

G
ð1Þ
@O14

ðzm; x; tm�Þ ¼ g
ð1Þ
1 ðzm; x; tm�Þ< 0;

G
ð4Þ
@O14

ðzm; x; tm�Þ ¼ g
ð4Þ
1 ðzm; x; tm�Þ> 0

9=; for zm 2 @O14:

(5.77)
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The analytical conditions of a flow passing through the boundaries @Oij

ði; j ¼ 1; 2; 3; 4; j 6¼ i) for the controlled pendulum are

G
ð1Þ
@O12

ðzm; x; tm�Þ ¼ g
ð1Þ
2 ðzm; x; tm�Þ < 0;

G
ð2Þ
@O12

ðzm; x; tmþÞ ¼ g
ð2Þ
2 ðzm; x; tmþÞ < 0

9=; for zm 2 @O12;

G
ð3Þ
@O34

ðzm; x; tm�Þ ¼ g
ð3Þ
2 ðzm; x; tm�Þ > 0;

G
ð4Þ
@O34

ðzm; x; tmþÞ ¼ g
ð4Þ
2 ðzm; x; tmþÞ > 0

9=; for zm 2 @O34:

(5.78)

G
ð2Þ
@O23

ðzm; x; tm�Þ ¼ g
ð2Þ
1 ðzm; x; tm�Þ < 0;

G
ð3Þ
@O23

ðzm; x; tmþÞ ¼ g
ð3Þ
1 ðzm; x; tmþÞ < 0

9=; for zm 2 @O23;

G
ð1Þ
@O14

ðzm; x; tm�Þ ¼ g
ð1Þ
1 ðzm; x; tm�Þ > 0;

G
ð4Þ
@O14

ðzm; x; tmþÞ ¼ g
ð4Þ
1 ðzm; x; tmþÞ > 0

9=; for zm 2 @O14:

(5.79)

The analytical conditions of a flow grazing to the boundaries @Oij (i; j ¼
1; 2; 3; 4; j 6¼ i) for the controlled pendulum are

G
ðaÞ
@O12

ðzm; x; tm�Þ ¼ g
ðaÞ
2 ðzm; x; tm�Þ ¼ 0;

ð�1ÞaGð1;aÞ
@O12

ðzm; x; tm�Þ ¼ ð�1ÞaDgðaÞ2 ðzm; x; tm�Þ < 0

9=;
for zm 2 @O12 in Oaða 2 f1; 2gÞ;

G
ðaÞ
@O34

ðzm; x; tm�Þ ¼ g
ðaÞ
2 ðzm; x; tm�Þ ¼ 0;

ð�1ÞaGð1;aÞ
@O34

ðzm; x; tm�Þ ¼ ð�1ÞaDgðaÞ2 ðzm; x; tm�Þ > 0

9=;
for zm 2 @O34 in Oaða 2 f3; 4gÞ;

(5.80)

G
ðaÞ
@O23

ðzm; x; tm�Þ ¼ g
ðaÞ
1 ðzm; x; tm�Þ ¼ 0

ð�1ÞaGð1;aÞ
@O23

ðzm; x; tm�Þ ¼ ð�1ÞaDgðaÞ1 ðzm; x; tm�Þ > 0

9=;
for zm 2 @O23 in Oaða 2 f2; 3gÞ;

G
ðaÞ
@O14

ðzm; x; tm�Þ ¼ g
ðaÞ
1 ðzm; x; tm�Þ ¼ 0

ð�1ÞaGð1;aÞ
@O14

ðzm; x; tm�Þ ¼ ð�1ÞaDgðaÞ1 ðzm; x; tm�Þ < 0

9=;
for zm 2 @O14 in Oaða 2 f1; 4gÞ:

(5.81)

The analytical conditions for onset of a sliding flow on the boundaries@Oij (i, j = 1,

2, 3, 4; j 6¼ i) for the controlled pendulum are
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G
ð1Þ
@O12

ðzm; x; tm�Þ ¼ g
ð1Þ
2 ðzm; x; tm�Þ < 0;

G
ð2Þ
@O12

ðzm; x; tm�Þ ¼ g
ð2Þ
2 ðzm; x; tm�Þ ¼ 0;

G
ð1;2Þ
@O12

ðzm; x; tm�Þ ¼ Dg
ð2Þ
2 ðzm; x; tm�Þ < 0

9>>>>=>>>>; from O1 ! @O12;

G
ð3Þ
@O34

ðzm; x; tm�Þ ¼ g
ð3Þ
2 ðzm; x; tm�Þ > 0;

G
ð4Þ
@O34

ðzm; x; tm�Þ ¼ g
ð4Þ
2 ðzm; x; tm�Þ ¼ 0;

G
ð1;4Þ
@O34

ðzm; x; tm�Þ ¼ Dg
ð4Þ
2 ðzm; x; tm�Þ > 0

9>>>>=>>>>; from O3 ! @O34:

(5.82)

G
ð2Þ
@O23

ðzm; x; tm�Þ ¼ g
ð2Þ
1 ðzm; x; tm�Þ < 0;

G
ð3Þ
@O23

ðzm; x; tm�Þ ¼ g
ð3Þ
1 ðzm; x; tm�Þ ¼ 0;

G
ð1;3Þ
@O23

ðzm; x; tm�Þ ¼ Dg
ð3Þ
1 ðzm; x; tm�Þ < 0

9>>>>=>>>>; from O2 ! @O23;

G
ð4Þ
@O14

ðzm; x; tm�Þ ¼ g
ð4Þ
1 ðzm; x; tm�Þ > 0;

G
ð1Þ
@O14

ðzm; x; tm�Þ ¼ g
ð1Þ
1 ðzm; x; tm�Þ ¼ 0;

G
ð1;1Þ
@O14

ðzm; x; tm�Þ ¼ Dg
ð1Þ
1 ðzm; x; tm�Þ > 0

9>>>>=>>>>; from O4 ! @O14:

(5.83)

The analytical conditions for vanishing of a sliding flow on the boundaries @Oij

ði; j ¼ 1; 2; 3; 4; j 6¼ i) to a domain for the controlled pendulum are

ð�1ÞbGðbÞ
@O12

ðzm; x; tm�Þ ¼ ð�1ÞbgðbÞ2 ðzm; x; tm�Þ > 0

G
ðaÞ
@O12

ðzm; x; tm	Þ ¼ g
ðaÞ
2 ðzm; x; tm	Þ ¼ 0

ð�1ÞaGð1;aÞ
@O12

ðzm; x; tm	Þ ¼ ð�1ÞaDgðaÞ2 ðzm; x; tm	Þ < 0;

for zm 2 @O12; a; b 2 f1; 2g and b 6¼ a

9>>>>>=>>>>>;
from @O12 ! Oa; (5.84)

ð�1ÞbGðbÞ
@O34

ðzm; x; tm�Þ ¼ ð�1ÞbgðbÞ2 ðzm; x; tm�Þ < 0;

G
ðaÞ
@O34

ðzm; x; tm	Þ ¼ g
ðaÞ
2 ðzm; x; tm	Þ ¼ 0;

ð�1ÞaGð1;aÞ
@O34

ðzm; x; tm	Þ ¼ ð�1ÞaDgðaÞ2 ðzm; x; tm	Þ > 0

for zm 2 @O34; a; b 2 f3; 4g and b 6¼ a

9>>>>>=>>>>>;
from @O34 ! Oa; (5.85)

ð�1ÞbGðbÞ
@O23

ðzm; x; tm�Þ ¼ ð�1ÞbgðbÞ1 ðzm; x; tm�Þ < 0;

G
ðaÞ
@O23

ðzm; x; tm	Þ ¼ g
ðaÞ
1 ðzm; x; tm	Þ ¼ 0;

ð�1ÞaGð1;aÞ
@O23

ðzm; x; tm	Þ ¼ ð�1ÞaDgðaÞ1 ðzm; x; tm	Þ > 0

for zm 2 @O23; a; b 2 f2; 3g and b 6¼ a

9>>>>>=>>>>>;
from @O23 ! Oa; (5.86)
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ð�1ÞbGðbÞ
@O23

ðzm; x; tm�Þ ¼ ð�1ÞbgðbÞ1 ðzm; x; tm�Þ > 0;

G
ðaÞ
@O23

ðzm; x; tm	Þ ¼ g
ðaÞ
1 ðzm; x; tm	Þ ¼ 0;

ð�1ÞaGð1;aÞ
@O23

ðzm; x; tm	Þ ¼ ð�1ÞaDgðaÞ1 ðzm; x; tm	Þ < 0

for zm 2 @O14; a; b 2 f1; 4g and b 6¼ a

9>>>>>=>>>>>;
from @O14 ! Oa: (5.87)

(B) Synchronization Conditions. The analytical conditions for the complete syn-

chronization of the controlled pendulum with the Duffing oscillator at the intersec-

tion of the two boundaries (zm ¼ 0) are given by

G
ð1Þ
@O14

ðzm; x; tm�Þ ¼ g
ð1Þ
1 ðzm; x; tm�Þ < 0;

G
ð1Þ
@O12

ðzm; x; tm�Þ ¼ g
ð1Þ
2 ðzm; x; tm�Þ < 0

9>=>; for zm 2 @O12 \ @O14 on O1;

G
ð2Þ
@O12

ðzm; x; tm�Þ ¼ g
ð2Þ
2 ðzm; x; tm�Þ > 0;

G
ð2Þ
@O23

ðzm; x; tm�Þ ¼ g
ð2Þ
1 ðzm; x; tm�Þ < 0

9>=>; for zm 2 @O12 \ @O23 on O2;

G
ð3Þ
@O23

ðzm; x; tm�Þ ¼ g
ð3Þ
1 ðzm; x; tm�Þ > 0;

G
ð3Þ
@O34

ðzm; x; tm�Þ ¼ g
ð3Þ
2 ðzm; x; tm�Þ > 0

9>=>; for zm 2 @O23 \ @O34 on O3;

G
ð4Þ
@O34

ðzm; x; tm�Þ ¼ g
ð4Þ
2 ðzm; x; tm�Þ < 0;

G
ð4Þ
@O14

ðzm; x; tm�Þ ¼ g
ð4Þ
1 ðzm; x; tm�Þ > 0

9>=>; for zm 2 @O34 \ @O14 on O4:

(5.88)

Four basic functions from Eq. (5.63) are defined as

g1ðzðaÞ; x; tÞ � g
ðaÞ
1 ðzðaÞ; x; tÞ ¼ z

ðaÞ
2 � k1 in Oa for a¼ 1; 2;

g2ðzðaÞ; x; tÞ � g
ðaÞ
1 ðzðaÞ; x; tÞ ¼ z

ðaÞ
2 þ k1 in Oa for a¼ 3; 4;

g3ðzðaÞ; x; tÞ � g
ðaÞ
2 ðzðaÞ; x; tÞ ¼ GðzðaÞ; x; tÞ � k2 in Oa for a¼ 1; 4;

g4ðzðaÞ; x; tÞ � g
ðaÞ
2 ðzðaÞ; x; tÞ ¼ GðzðaÞ; x; tÞ þ k2 in Oa for a¼ 2; 3:

(5.89)

The synchronization conditions in Eq. (5.88) become

g1ðzm; x; tm�Þ ¼ z2m � k1 < 0;

g2ðzm; x; tm�Þ ¼ z2m þ k1 > 0;

g3ðzm; x; tm�Þ ¼ Gðzm; x; tm�Þ � k2 < 0;

g4ðzm; x; tm�Þ ¼ Gðzm; x; tm�Þ þ k2 > 0:

(5.90)

For zm ¼ 0; the synchronization conditions of the controlled pendulum with the

Duffing oscillator with sinusoidal constraint in Eq. (5.38) are
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g1ðzm; x; tm�Þ ¼ �k1 < 0;

g2ðzm; x; tm�Þ ¼ þk1 > 0;

g3ðzm; x; tm�Þ ¼ Gðx; tm�Þ � k2 < 0;

g4ðzm; x; tm�Þ ¼ Gðx; tm�Þ þ k2 > 0;

(5.91)

where

Gðx; tÞ ¼ �a0 sinðsin x1Þ þ Q0 cosOt

þ ðd1x2 � a1x1 þ a2x
3
1 � A0 cosotÞ cos x1 þ x22 sin x1:

(5.92)

The first two equations of Eq. (5.90) are satisfied if k1 > 0 and k2 > 0 . The

synchronization invariant set is given by the third and fourth equations, i.e.,

� k2 < Gðx; tm�Þ < k2: (5.93)

In the small neighborhood of the synchronization of zm ¼ 0; the attractivity

conditions can be obtained for jjz� zmjj < e, i.e.,

0 
 z2 < k1 and Gðz; x; tÞ < k2 for z1 2 ½0;1Þ inO1;

0 
 z2 < k1 and� k2 < Gðz; x; tÞ for z1 2 ½0;1Þ inO2;

�k1 < z2 
 0 and� k2 < Gðz; x; tÞ for z1 2 ð�1; 0� inO3;

�k1 < z2 
 0 and Gðz; x; tÞ < k2 for z1 2 ð�1; 0� inO4

(5.94)

from which z�1 and z�2 are obtained. The initial conditions for the controlled

pendulum synchronizing with the Duffing oscillator are determined by

y1 ¼ z�1 þ sin x1 and y2 ¼ z�2 þ x2 cos x1: (5.95)

From a sliding flow vanishing on the boundary, the synchronization vanishing

conditions at zðaÞðtm	Þ ¼ z
ðaÞ
m ¼ zm are

g1ðzðaÞm ; x; tm	Þ ¼ z
ðaÞ
2m � k1 ¼ 0;

Dg1ðzðaÞm ; x; tm	Þ ¼ GðzðaÞm ; x; tm	Þ > 0;

g2ðzðbÞm ; x; tm�Þ ¼ z
ðbÞ
2m þ k1 > 0

9>>=>>; for ða; bÞ 2 fð1; 4Þ; ð2; 3Þg (5.96)

from zmþe ¼ y1 � x1 > 0, and

g1ðzðaÞm ; x; tm�Þ ¼ z
ðaÞ
2m � k1 < 0;

g2ðzðbÞm ; x; tm	Þ ¼ z
ðbÞ
2m þ k1 ¼ 0;

Dg2ðzðbÞm ; x; tm	Þ ¼ GðzðbÞm ; x; tm	Þ < 0

9>>=>>; for ða; bÞ 2 fð1; 4Þ; ð2; 3Þg (5.97)

from zmþe ¼ y1 � x1 < 0.
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The vanishing conditions of synchronization are for zðaÞðtm	Þ ¼ z
ðaÞ
m ¼ zm

g3ðzðaÞm ; x; tm	Þ ¼ GðzðaÞm ; x; tm	Þ � k2 ¼ 0;

Dg3ðzðaÞm ; x; tm	Þ ¼ DGðzðaÞm ; x; tm	Þ > 0;

g4ðzðbÞm ; x; tm�Þ ¼ GðzðbÞm ; x; tm�Þ þ k2 > 0

9>>=>>; for ða; bÞ 2 fð1; 2Þ; ð4; 3Þg (5.98)

from _zmþe ¼ y2 � x2 > 0, and

g3ðzðaÞm ; x; tm�Þ ¼ GðzðaÞm ; x; tm�Þ � k2 < 0;

g4ðzðbÞm ; x; tm	Þ ¼ GðzðbÞm ; x; tm	Þ þ k2 ¼ 0;

g4ðzðbÞm ; x; tm	Þ ¼ DGðzðbÞm ; x; tm	Þ < 0

9>>=>>; for ða; bÞ 2 fð1; 2Þ; ð4; 3Þg (5.99)

from _zmþe ¼ y2 � x2 < 0.

From the sliding flow appearance on the boundary, the synchronization onset

conditions at zðaÞðtm	Þ ¼ z
ðaÞ
m ¼ zm are

g1ðzðaÞm ; x; tm�Þ ¼ z
ðaÞ
2m � k1 ¼ 0;

Dg1ðzðaÞm ; x; tm�Þ ¼ GðzðaÞm ; x; tm�Þ > 0;

g2ðzðbÞm ; x; tm�Þ ¼ z
ðbÞ
2m þ k1 > 0;

9>>=>>; for ða; bÞ 2 fð1; 4Þ; ð2; 3Þg (5.100)

from zm�e ¼ y1 � x1 > 0, and

g1ðzðaÞm ; x; tm�Þ ¼ z
ðaÞ
2m � k1 < 0;

g2ðzðbÞm ; x; tm�Þ ¼ z
ðbÞ
2m þ k1 ¼ 0;

Dg2ðzðbÞm ; x; tm�Þ ¼ GðzðbÞm ; x; tm�Þ < 0

9>>=>>; for ða; bÞ 2 fð1; 4Þ; ð2; 3Þg (5.101)

from zmþe ¼ y1 � x1 < 0.

The synchronization onset conditions for zðaÞðtm�Þ ¼ z
ðaÞ
m ¼ zm are

g3ðzðaÞm ; x; tm�Þ ¼ GðzðaÞm ; x; tm�Þ � k2 ¼ 0;

Dg3ðzðaÞm ; x; tm�Þ ¼ DGðzðaÞm ; x; tm�Þ > 0;

g4ðzðbÞm ; x; tm�Þ ¼ GðzðbÞm ; x; tm�Þ þ k2 > 0

9>>=>>; for ða;bÞ 2 fð1; 2Þ; ð4; 3Þg (5.102)

from _zm�e ¼ y2 � x2 > 0, and

g3ðzðaÞm ; x; tm�Þ ¼ GðzðaÞm ; x; tm�Þ � k2 < 0;

g4ðzðbÞm ; x; tm�Þ ¼ GðzðbÞm ; x; tm�Þ þ k2 ¼ 0;

g4ðzðbÞm ; x; tm�Þ ¼ DGðzðbÞm ; x; tm�Þ < 0

9>>=>>; for ða; bÞ 2 fð1; 2Þ; ð4; 3Þg (5.103)

from _zm�e ¼ y2 � x2 < 0.
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5.3.2 Sinusoidal Synchronization of Chaotic Motions

As inMin andLuo [5, 6], numerical simulations are presented for a better understanding

of the function synchronization of pendulum and Duffing oscillator. For illustration,

consider the following system parameters:

a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25;A0 ¼ 0:4;o ¼ 1:0

a0 ¼ 1:0;Q0 ¼ 0:275;O ¼ 2:18519
(5.104)

Consider the initial conditions ðx1; x2Þ ¼ ð�1:31892; 0:10879Þ and ðy1; y2Þ ¼
ð�0:96845; 0:02711Þ; the Duffing oscillator exhibits chaotic motion, and the

pendulum system has the chaotic motion. The constraint conditions (y1 ¼ sin x1
and y2 ¼ x2 cos x1) are adopted. The sinusoidal chaotic synchronization scenario

for the controlled pendulum and the Duffing oscillator is presented in Fig. 5.5 with

k1 ¼ 1 via switching points versus control parameters. y1k ¼ sin x1k and y2k ¼ x2k
cos x1k . The acronyms “FS”, “PS”, and “NS” represent “full synchronization”,
“partial synchronization”, and “non-synchronization”, respectively. “A” and “V”

denote synchronization appearance and vanishing. The switching displacement,

switching velocity, and switching phases for synchronization of the controlled

pendulum with the Duffing oscillator are illustrated in Fig. 5.5a–e, respectively.

From such synchronization scenario, the partial, sinusoidal, chaotic synchroniza-

tion of the controlled pendulum with the Duffing oscillator is in the range of k2
2 ð0:017; 1:330Þ: If k2 2 ð0; 0:017Þ; no sinusoidal, chaotic synchronization

between the two systems can be obtained. If k2 2 ð1:330;1Þ, the full, sinusoidal,
chaotic synchronization of such two systems is achieved. For a global view of

synchronization, a control parameter map ðk1; k2Þ is presented in Fig. 5.6. The

shaded area is a partial sinusoidal synchronization zone. For k2 > 1:330 and k1 6¼ 0

, the sinusoidal synchronization of the two systems exists. For small k2 , the
non-synchronization area is observed. The bottom boundary of the partial synchro-

nization in the control parameter map is zigzagged because chaotic motions in the

Duffing oscillator are synchronized by the controlled chaotic pendulum.

From the parameter map, for ðk1; k2Þ ¼ ð1:0; 0:8Þ; the partial sinusoidal syn-

chronization of the controlled pendulum and the Duffing oscillator can be observed.

The time-histories of displacements, velocities, and G-functions plus trajectories in

phase planes are illustrated in Fig. 5.7a–d, respectively. The responses of the

controlled pendulum as the controlled slave system are given by dashed curves,

and the responses of the Duffing oscillator as a master system are presented by solid

curves. The hollow and solid circular symbols are for synchronization appearance

and vanishing, respectively. The sinusoidal synchronization and non-

synchronization of the displacements and velocities for the two oscillators are

presented in Fig. 5.7a, b. The shaded portions are for synchronization, and the

rest portions are for non-synchronization. Compared to identical synchronization,
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the aforementioned two plots, it is very difficult to see the sinusoidal chaotic

synchronization like the identical synchronization because the synchronization

is based on a sinusoidal function. This is because the sinusoidal synchronization

is inserted between the Duffing oscillator and the pendulum. Thus, the time-

histories of G-functions should be presented to determine the synchronicity,

as shown in Fig. 5.7c. The non-shaded regions are for non-synchronization, and

the G-functions for non-synchronization are presented by dashed curves. The

G-function tells synchronicity between the two oscillators under the sinusoidal
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Fig. 5.5 Sinusoidal chaotic synchronization scenario of switching points versus control parameter

k2: (a) switching displacement and (b) switching velocity of master system; (c) switching

displacement and (d) switching velocity of slave system; (e) switching phase. (Control parameter:

k1 ¼ 1:Duffing: a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; A0 ¼ 0:4; o ¼ 1:0: Pendulum: a0 ¼ 1:0; Q0 ¼ 0:275;
O ¼ 2:18519) (FS Full synchronization, PS Partial synchronization, NS Non-synchronization)
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constraints. To view sinusoidal synchronization between the two distinct

oscillators, the corresponding trajectories in phase plane are plotted in Fig. 5.7d.

In phase plane, synchronization invariant domain is superimposed on phase plane.

The synchronization invariant domains are shaded, and the rest region in phase

space is the non-synchronization domain. To observe the existence of the synchro-

nization for long time, the switching points of the two systems are presented for

10,000 periods of the master system in Fig. 5.7e, f. The black and red points are for

appearance and vanishing of the synchronization.

From the parameter map, at ðk1; k2Þ ¼ ð1:0; 3:0Þ; the fully sinusoidal chaotic

synchronization between the controlled pendulum and the Duffing oscillator can be

illustrated. As in Fig. 5.7, the time-histories of displacements, velocities, and

G-functions plus trajectories in phase planes are illustrated in Fig. 5.8a–d. From the

G-functions, the controlled pendulum and the Duffing oscillators are fully

synchronized under the sinusoidal constraint. In Fig. 5.8d, the synchronization

invariant domain with trajectories is also superimposed on phase space.

The trajectories for the full sinusoidal synchronization of the pendulum and Duffing

oscillators are in the synchronization invariant domain. The function synchronization

cannot be observed intuitively. To determinewhether two distinct dynamical systems

are synchronized under specific function constraints or not, the G-function should be

used. Otherwise, it is very difficult to determine the synchronization of two distinct

dynamical systems. The synchronization theory presented in this book can provide a

unique way to determine the synchronizations of the two distinct dynamical systems.
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Fig. 5.6 Control parameter map of ðk1; k2Þ for the sinusoidal synchronicity of the Duffing

oscillator and the controlled pendulum (Duffing: a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; A0 ¼ 0:4; o ¼ 1:0:
Pendulum: a0 ¼ 1:0; Q0 ¼ 0:275; O ¼ 2:18519) (FS Full synchronization, PS Partial synchroni-
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5.3.3 Sinusoidal Synchronizations of Periodic Motions

For period-1 motion synchronization, consider the following system parameters.

a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25;A0 ¼ 0:48;o ¼ 1:0

a0 ¼ 1:0;Q0 ¼ 0:275;O ¼ 2:18519
(5.105)
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Fig. 5.7 Partial synchronization of the Duffing oscillator and the controlled pendulum:

(a) displacement, (b) velocity, (c) G-function, (d) phase plane, (e) switching point for master,

(f) switching points for slave. (Control parameters: k1 ¼ 1 and k2 ¼ 0:8: Duffing: a1 ¼ a2 ¼ 1:0;
d1 ¼ 0:25; A0 ¼ 0:4; o ¼ 1:0:Pendulum:a0 ¼ 1:0;Q0 ¼ 0:275; O ¼ 2:18517) (Initial conditions:
ðx1; x2Þ ¼ ð�1:31892; 0:10879Þ and ðy1; y2Þ ¼ ð�0:96845; 0:02711ÞÞ (S Synchronization, N
Non-synchronization). Hollow and filled circular symbols are synchronization appearance (A)

and vanishing (V), respectively

182 5 Function Synchronizations



g1

g2

g3

g4

Time t
0.0 4.0 8.0 12.0 16.0

G
-F

un
ct

io
ns

, g
i

−3.0

−1.5

0.0

1.5

3.0c

d

S N S N

−2.0 −1.0 0.0 1.0 2.0
−2.0

−1.0

0.0

1.0

2.0

Displacement, x1 and y1

V
el

oc
it
y,

 x
2 
an

d 
y 2

Switching Displacement, x1k

−2.0 −1.0 0.0 1.0 2.0

Sw
it
ch

in
g 

V
el

oc
it
y,

 x
2k

−1.2

−0.6

0.0

0.6

1.2e
Master

Fig. 5.7 (continued)



Consider the initial conditions ðx1; x2Þ ¼ ð0:510198; 1:32058Þ and ðy1; y2Þ ¼
ð0:48835; 1:15240Þ; the Duffing oscillator exhibits period-1 motion, and the

pendulum without control still possesses the chaotic motion. The constraint

conditions (y1 ¼ sin x1 and y2 ¼ x2 cos x1) are applied, the corresponding period-

1 motion synchronization of the controlled pendulum with the Duffing oscillator

will be presented herein. The sinusoidal period-1 motion synchronization scenario

for the controlled pendulum and the Duffing oscillator is presented in Fig. 5.9 with

k1 ¼ 1 through switching points versus control parameter k2: y1k ¼ sin x1k and

y2k¼ x2k cos x1k: The switching displacement, switching velocity, and switching

phases for synchronization of the controlled pendulum with the Duffing oscillator

are illustrated in Fig. 5.9a–e, respectively. Compared to chaotic motion synchro-

nization, the periodic motion synchronization between the two systems are very

smooth and regular. From such period-1 motion synchronization scenario,

the partial, sinusoidal, chaotic synchronization of the controlled pendulum with

the Duffing oscillator is in the range of k2 2 ð0:123; 1:798Þ: If k2 2 ð0; 0:123Þ;
no sinusoidal synchronization between the two systems can be obtained. If

k2 2 ð1:978;1Þ , the full, sinusoidal synchronization of such two systems is

achieved.

Consider the period-3 motion synchronization with the following parameters

a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25;A0 ¼ 0:33;o ¼ 1:0

a0 ¼ 1:0;Q0 ¼ 0:275;O ¼ 2:18519:
(5.106)

Switching Displacement, y1k

−2.0 −1.0 0.0 1.0 2.0

f

Sw
it
ch

in
g 

V
el

oc
it
y,

 y
2k

 

−1.2

−0.6

0.0

0.6

1.2
Slave

Fig. 5.7 (continued)

184 5 Function Synchronizations



For ðx1; x2Þ ¼ ð0:472975; 0:440897Þ and ðy1; y2Þ ¼ ð0:455537; 0:392494Þ; the
Duffing oscillator exhibits period-3 motion, and the pendulum without control still

possesses the chaotic motion. The sinusoidal period-3 motion synchronization

scenario for the controlled pendulum and the Duffing oscillator will not be

presented. However, the control parameter map ðk1; k2Þ is obtained and presented

in Fig. 5.10a for the period-3 motion synchronization. Fork2 > 1:182andk1 6¼ 0, the

full sinusoidal synchronization of the two systems exists. For k1 < 1:76, the bottom
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Fig. 5.8 Full synchronization of the Duffing oscillator and the controlled pendulum: (a) displace-
ment, (b) velocity, (c) G-functions, (d) phase plane. (Control parameters:k1 ¼ 1 andk2 ¼ 3:Duffing:
a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; A0 ¼ 0:4; o ¼ 1:0: Pendulum: a0 ¼ 1:0; Q0 ¼ 0:275; O ¼ 2:18519)
(Initial conditions: ðx1; x2Þ ¼ ð�1:31892; 0:10879Þ and ðy1; y2Þ ¼ ð�0:96845; 0:02711ÞÞ (FS Full

synchronization)
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boundary of parameter map is zigzagged because the instantaneous synchronization

exists. In addition, the control parameter map ðk1; k2Þ for period-1 motion synchro-

nicity is obtained and presented in Fig. 5.10b. The shaded area is a partial sinusoidal

synchronization zone. For k2 > 1:978 and k1 6¼ 0, the sinusoidal synchronization of

the two systems exists. The non-synchronization area is observed for small k2: The
bottom boundary of the partial synchronization in the control parameter map is much

smooth.

For ðk1; k2Þ ¼ ð1:0; 1:2Þ in the parameter map, the partial sinusoidal, period-1

motion synchronization of the controlled pendulum and the Duffing oscillator is

illustrated in Fig. 5.11. The time-histories of displacements, velocities, and
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G-functions plus trajectories in phase planes are illustrated in Fig. 5.11a–d, respec-

tively. The sinusoidal, period-1 motion synchronization and non-synchronization of

the displacements and velocities for the two oscillators are presented in Fig. 5.11a, b.

The shaded portions are also for synchronization, and the rest portions are for non-

synchronization. In the two plots, the sinusoidal periodic motion synchronization
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Fig. 5.9 Sinusoidal period-1 synchronization scenario of switching points versus control param-

eter k2 : (a) switching displacement and (b) switching velocity of master system; (c) switching
displacement and (d) switching velocity of slave system; (e) switching phase (Control parameter:

k1 ¼ 1:Duffing:a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; A0 ¼ 0:48; o ¼ 1:0:Pendulum:a0 ¼ 1:0; Q0 ¼ 0:275;
O ¼ 2:18519) (FS Full synchronization, PS Partial synchronization, NS Non-synchronization)
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cannot be intuitively observed. Thus, the time-histories of G-functions should be

used to determine the synchronicity, as shown in Fig. 5.11c. The G-functions give

the sinusoidal, period-1 motion synchronicity between the two oscillators under

the sinusoidal constraint. The trajectories of the master and slave systems in phase

plane are plotted in Fig. 5.11d. In phase plane, synchronization invariant domain is

superimposed on phase plane. The synchronization invariant domains are shaded,
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Fig. 5.10 Control parameter map ofðk1; k2Þfor the sinusoidal periodic synchronicity of theDuffing
oscillator and the controlled pendulum: (a) period-3 (A0 ¼ 0:33) and (b) period-1 (A0 ¼ 0:48)
(Duffing: a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; o ¼ 1:0: Pendulum: a0 ¼ 1:0; Q0 ¼ 0:275; O ¼ 2:18519)
(FS Full synchronization, PS Partial synchronization, NS Non-synchronization)
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and the rest region is the non-synchronization domain. The vanishing and appearing

points of the master system are near the boundary.

For ðk1; k2Þ ¼ ð1:0; 3:0Þ in the parameter map, the fully sinusoidal period-1

motion synchronization between the controlled pendulum and the Duffing oscil-

lator is illustrated in Fig. 5.12. The time-histories of displacements, velocities,

and G-functions plus trajectories in phase planes are shown in Fig. 5.12a–d.

From the G-functions, the controlled pendulum and the Duffing oscillators
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Fig. 5.11 Partial synchronization of the Duffing oscillator and the controlled pendulum:

(a) displacement, (b) velocity, (c) G-function, and (d) phase plane. (Control parameters: k1 ¼ 1

and k2 ¼ 1:2: Duffing: a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; A0 ¼ 0:48; o ¼ 1:0: Pendulum: aa0 ¼ 1.0,

Q0 ¼ 0:275; O ¼ 2:18517Þ: (Initial conditions: ðx1; x2Þ ¼ ð0:510198; 1:32058Þ and ðy1; y2Þ ¼
ð0:48835; 1:1524ÞÞ (S Synchronization; N Non-synchronization). Hollow and filled circular
symbols are synchronization appearance (A) and vanishing (V), respectively. The shaded area
in phase plane is the synchronization invariant domain
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are fully synchronized for period-1 motion under the sinusoidal constraint.

In Fig. 5.12d, the synchronization invariant domain with trajectories is

superimposed on phase space. The trajectories for the full sinusoidal period-1

motion synchronization of the controlled pendulum and Duffing oscillators are

in such an invariant domain.

For period-3 motion synchronization between the controlled pendulum and the

Duffing oscillator, only trajectories in phase plane are presented in Fig. 5.13a, b at

k1 ¼ 1:0 for partial ðk2 ¼ 0:6Þ and full ðk2 ¼ 2:0Þ synchronizations with the

corresponding synchronization invariant domains, respectively. Such illustrations

can help one understand the synchronization dynamics of the controlled pendulum
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and the Duffing oscillator. Similarly, other periodic motions synchronization can be

investigated under such sinusoidal constraints. If the chaotic pendulum is as a

master system, the controlled Duffing oscillator synchronizing with the pendulum

under sinusoidal constraints was presented in Min and Luo [7]. The methodology

presented herein can be used for secure communications and cryptography.

Luo and Min [8–11] used the synchronization theory of two dynamical systems

in Luo [2] to discuss the identical synchronizations of the different dynamical
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Fig. 5.12 Full sinusoidal periodic synchronization of the Duffing oscillator and the controlled

pendulum: (a) displacement, (b) velocity, (c) G-function, (d) phase plane. (Control parameters:

k1 ¼ 1 and k2 ¼ 3:Duffing: a1 ¼ a2 ¼ 1:0; d1 ¼ 0:25; A0 ¼ 0:48; o ¼ 1:0: Pendulum: a0 ¼ 1:0;
Q0 ¼ 0:275; O ¼ 2:18517). (Initial conditions: ðx1; x2Þ ¼ ð0:510198; 1:32058Þ and ðy1; y2Þ ¼
ð0:48835; 1:1524ÞÞ: The shaded area in phase plane is the synchronization invariant domain
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systems. The synchronization of two distinct dynamical systems was determined

without the Lyapunov method. The periodic and chaotic synchronizations of two

distinct dynamical systems were presented. The invariant domain of synchroniza-

tion was discovered, which can help one easily determine the two dynamical

systems synchronization. In addition, Min and Luo [12] used the new theory of

dynamical system synchronization to investigate the noised gyroscope systems

synchronizing with the expected gyroscope systems. The partial synchronization

is an important phenomenon to be observed. Such results on gyroscope systems

provide a very good example for engineering application. This synchronization

theory can be easily applied for maneuvering targets tracking and space vehicles

tracking and connections.
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Chapter 6

Discrete Systems Synchronization

As in Luo [1, 2], a set of concepts on “Ying” and “Yang” in discrete dynamical

systems will be presented. Based on the Ying-Yang theory, the complete dynamics

of discrete dynamical systems will be presented for an understanding of dynamical

behaviors. From the ideas of the Ying-Yang theory of discrete dynamical systems,

the companion and synchronization of discrete dynamical systems will be presented

herein, and the corresponding conditions will be presented as an integrity part of

dynamical system synchronization. The synchronization dynamics of Duffing and

Henon maps will be discussed.

6.1 Discrete Systems with a Single Nonlinear Map

Definition 6.1 Consider an implicit vector function f : D ! D on an open set

D � rn in an n-dimensional discrete dynamical system. For xk; xkþ1 2 D, there
is a discrete relation as

fðxk; xkþ1; pÞ ¼ 0; (6.1)

where the vector function is f ¼ ð f1; f2; � � � ; fnÞT 2 rn and discrete variable vector is

xk ¼ ðxk1; xk2; � � � ; xknÞT 2 D with a parameter vector p ¼ ð p1; p2; � � � ; pmÞT 2 rm.

Definition 6.2 For a discrete dynamical system in Eq. (6.1), the positive and

negative discrete sets are defined by

Sþ ¼ fxkþijxkþi 2 rn; i 2 Zþg � D and

S� ¼ fxk�ijxk�i 2 rn; i 2 Zþg � D;

)
(6.2)
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respectively. The discrete set is

S ¼ Sþ [ S�: (6.3)

A positive mapping is defined as

Pþ : S ! Sþ ) Pþ : xk ! xkþ1 (6.4)

and a negative mapping is defined by

P� : S ! S� ) P� : xk ! xk�1: (6.5)

Definition 6.3 For a discrete dynamical system in Eq. (6.1), consider two points

xk 2 D and xkþ1 2 D, and there is a specific, differentiable, vector function g 2 rn

to make gðxk; xkþ1; λÞ ¼ 0.

(i) The stable solution based on xkþ1 ¼ Pþxk for the positive mapping Pþ
is called the “Yang” of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the

Pþ-1 solutions ðx�k ; x�kþ1Þ.
(ii) The stable solution based on xk ¼ P�xkþ1 for the negative mapping P�

is called the “Ying” of the discrete dynamical system in Eq. (6.1) in sense of

gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the P�-1
solutions ðx�k ; x�kþ1Þ.

(iii) The solution based on xkþ1 ¼ Pþxk is called the “Ying-Yang” for the

positive mapping Pþ of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the Pþ-1
solutions ðx�k ; x�kþ1Þ and the eigenvalues of DPþðx�kÞ are distributed inside

and outside the unit cycle.

(iv) The solution based on xk ¼ P�xkþ1 is called the “Ying-Yang” for the

negative mapping P� of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþ1; λÞ ¼ 0 if fðxk; xkþ1; pÞ ¼ 0 with gðxk; xkþ1; λÞ ¼ 0 have the

P�-1 solutions ðx�k ; x�kþ1Þ and the eigenvalues of DP�ðx�kþ1Þ are distributed

inside and outside unit cycle.

Consider the positive and negative mappings are

xkþ1 ¼ Pþxk and xk ¼ P�xkþ1: (6.6)

For the simplest case, consider the constraint condition of gðxk; xkþ1; λÞ ¼
xkþ1 � xk ¼ 0. Thus, the positive and negative mappings have, respectively, the

constraints

xkþ1 ¼ xk and xk ¼ xkþ1: (6.7)
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Both positive and negative mappings are governed by the discrete relation in

Eq. (6.1). In other words, Eq. (6.6) gives

fðxk; xkþ1; pÞ ¼ 0 and fðxk; xkþ1; pÞ ¼ 0: (6.8)

Setting the period-1 solution x�k and substitution of Eq. (6.7) into Eq. (6.8) gives

fðx�k ; x�k ; pÞ ¼ 0 and fðx�k ; x�k ;pÞ ¼ 0: (6.9)

From the foregoing equation, the period-1 solutions for the positive and negative

mappings are identical. The two relations for positive and negative mappings are

illustrated in Fig. 6.1a, b, respectively. To determine the period-1 solution, the fixed

points of Eq. (6.7) exist under constraints in Eq. (6.8), as also shown in Fig. 6.1. The

two thick lines on the axis are two sets for the mappings from the starting to final

states. The relation in Eq. (6.7) is presented by a solid curve. The intersection points

of the curves and straight lines for relations in Eqs. (6.7) and (6.8) give the fixed

points of Eq. (6.9), which are period-1 solutions, labeled by the circular symbols.

However, their stability and bifurcation for the period-1 solutions are different.

To determine the stability and bifurcation of the period-1 solution of the positive

and negative mappings, the following theorem is stated.

Theorem 6.1 For a discrete dynamical system in Eq. (6.1), there are two points
xk 2 D and xkþ1 2 D, and two positive and negative mappings are

xkþ1 ¼ Pþxk and xk ¼ P�xkþ1 (6.10)

with

fðxk; xkþ1; pÞ ¼ 0 and fðxk; xkþ1; pÞ ¼ 0: (6.11)

Suppose a specific, differentiable, vector function g 2 rn makes gðxk; xkþ1; λÞ ¼ 0
hold. If the solutions ðx�k ; x�kþ1Þ of both fðxk; xkþ1; pÞ ¼ 0 and gðxk; xkþ1; λÞ ¼ 0
exist, then the following conclusions in the sense of gðxk; xkþ1; λÞ ¼ 0 hold.

(i) The stable Pþ-1 solutions are the unstable P�-1 solutions with all eigenvalues
of DP�ðx�kÞ outside the unit cycle, vice versa.

(ii) The unstable Pþ-1 solutions with all eigenvalues of DPþðx�kÞ outside the unit
cycle are the stable P�-1 solutions, vice versa.

(iii) For the unstable Pþ-1 solutions with eigenvalue distribution ofDPþðx�kÞ inside
and outside the unit cycle, the corresponding P�-1 solution is also unstable
with switching the eigenvalue distribution of DP�ðx�kÞ inside and outside the
unit cycle, vice versa.

(iv) All the bifurcations of the stable and unstable Pþ-1 solutions are all the
bifurcations of the unstable and stable P�-1 solutions, respectively.

Proof The proof can be referred to Luo [2] (Fig. 6.1). □

6.1 Discrete Systems with a Single Nonlinear Map 199

http://dx.doi.org/10.1007/978-1-4614-5097-9_4#Fig0041
http://dx.doi.org/10.1007/978-1-4614-5097-9_4#Fig0041


From the foregoing theorem, the Ying, Yang and Ying-Yang states in discrete

dynamical systems exist. To generate the above ideas to P
ðNÞ
þ -1 and PðNÞ

� -1 solutions

in discrete dynamical systems in sense of gðxk; xkþN; λÞ ¼ 0, the mapping structure

consisting of N-positive or negative mappings is considered.

Definition 6.4 For a discrete dynamical system in Eq. (6.1), the mapping structures

of N-mappings for the positive and negative mappings are defined as

xkþN ¼ Pþ � Pþ � � � � � Pþ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

xk ¼ P
ðNÞ
þ xk; (6.12)

xk ¼ P� � P� � � � � � P�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

xkþN ¼ PðNÞ
� xkþN (6.13)

with

fðxkþi�1; xkþi; pÞ ¼ 0 for i ¼ 1; 2; � � � ;N (6.14)

where P
ð0Þ
þ ¼ 1 and Pð0Þ

� ¼ 1 for N ¼ 0.

Definition 6.5 For a discrete dynamical system in Eq. (6.1), consider two points

xkþi�1 2 D (i ¼ 1; 2; � � � ;N) and xkþN 2 D, and there is a specific, differentiable,

vector function g 2 rn to make gðxk; xkþN; λÞ ¼ 0.

(i) The stable solution based on xkþN ¼ P
ðNÞ
þ xk for the positive mapping Pþ

is called the “Yang” of the discrete dynamical system in Eq. (6.1) in sense of

xk

xk+1

f(xk, xk+1, p) = 0

Σ

+Σ

xk+1 = xk

a

xk+1

xk f(xk, xk+1, p) = 0

Σ

Σ−

xk = xk+1

b

Fig. 6.1 Period-1 solution for (a) positive mapping and (b) negative mapping. The two thick lines
on the axis are two sets for the mappings from the starting to final states. The mapping relation is

presented by a solid curve. The circular symbols give period-1 solutions for the positive and

negative mappings
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gðxk; xkþN; λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with

gðxk; xkþN; λÞ ¼ 0 exist.

(ii) The stable solution based on xk ¼ PðNÞ
� xkþN for the negative mapping P� is called

the “Ying” of the discrete dynamical system in Eq. (6.1) in sense of

gðxk; xkþN;λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with

gðxk; xkþN; λÞ ¼ 0 exist.

(iii) The solution based on xkþN ¼ P
ðNÞ
þ xk is called the “Ying-Yang” for the positive

mapping Pþ of the discrete dynamical system in Eq. (6.1) in sense of gðxk; xkþN;
λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with gðxk; xkþN; λÞ ¼ 0

exist and the eigenvalues of DP
ðNÞ
þ ðx�kÞ are distributed inside and outside the

unit cycle.

(iv) The solution based on xk ¼ PðNÞ
� xkþN is called the “Ying-Yang” for the

negative mapping P� of the discrete dynamical system in Eq. (6.1) in sense

of gðxk; xkþN; λÞ ¼ 0 if the solutions ðx�k ; x�kþ1; � � � ; x�kþNÞ of Eq. (6.14) with

gðxk; xkþN; λÞ ¼ 0 exist and the eigenvalues of DPðNÞ
� ðx�kþNÞ are distributed

inside and outside unit cycle.

To determine the Ying-Yang properties of P
ðNÞ
þ -1 and PðNÞ

� -1 in the discrete

mapping system in Eq. (6.1), the corresponding theorem is presented as follows.

Theorem 6.2 For a discrete dynamical system in Eq. (6.1), there are two points
xk 2 D and xkþN 2 D, and two positive and negative mappings are

xkþN ¼ P
ðNÞ
þ xk and xk ¼ PðNÞ

� xkþN; (6.15)

and xkþi ¼ Pþxkþi�1 and xkþi�1 ¼ P�xkþi can be governed by

fðxkþi�1; xkþi; pÞ ¼ 0 for i ¼ 1; 2; � � � ;N: (6.16)

Suppose a specific, differentiable, vector function of g 2 rn makes gðxk; xkþN; λÞ¼ 0

hold. If the solutions ðx�k ; � � � ; x�kþiÞ of Eq. (6.16) with gðxk; xkþN; λÞ ¼ 0 exist, then
the following conclusions in the sense of gðxk; xkþN; λÞ ¼ 0 hold.

(i) The stable P
ðNÞ
þ -1 solution is the unstable PðNÞ

� -1 solution with all eigenvalues of

DPðNÞ
� ðx�kþNÞ outside the unit cycle, vice versa.

(ii) The unstable P
ðNÞ
þ -1 solution with all eigenvalues of DP

ðNÞ
þ ðx�kÞ outside the unit

cycle is the stable PðNÞ
� -1 solution, vice versa.

(iii) For the unstableP
ðNÞ
þ -1 solution with eigenvalue distribution ofDP

ðNÞ
þ ðx�kÞ inside

and outside the unit cycle, the correspondingPðNÞ
� -1 solution is also unstable with

switching eigenvalue distribution of DPðNÞ
� ðx�kþNÞ inside and outside the unit

cycle, vice versa.
(iv) All the bifurcations of the stable and unstable P

ðNÞ
þ -1 solution are all the

bifurcations of the unstable and stable PðNÞ
� -1 solution, respectively.

Proof The proof can be referred to Luo [2]. □
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Theorem 6.3 For a discrete dynamical system in Eq. (6.1), there are two points

xk 2 D and xkþN 2 D. If the period-doubling cascade of the P
ðNÞ
þ -1 and PðNÞ

� -1

solution occurs, the corresponding mapping structures are given by

xkþ2N ¼ P
ðNÞ
þ � PðNÞ

þ xk ¼ P
ð2NÞ
þ xk and gðxk; xkþ2N; λÞ ¼ 0;

xkþ22N ¼ P
ð2NÞ
þ � Pð2NÞ

þ xk ¼ P
ð22NÞ
þ xk and gðxk; xkþ22N; λÞ ¼ 0;

..

.

xkþ2lN ¼ P
ð2l�1NÞ
þ � Pð2l�1NÞ

þ xk ¼ P
ð2lNÞ
þ xk and gðxk; xkþ2lN; λÞ ¼ 0; (6.17)

for positive mappings and

xk ¼ PðNÞ
� � PðNÞ

� xkþ2N ¼ Pð2NÞ
� xkþ2N and gðxk; xkþ2N; λÞ ¼ 0;

xk ¼ Pð2NÞ
� � Pð2NÞ

� xkþ22N ¼ Pð22NÞ
� xkþ22N and gðxk; xkþ22N; λÞ ¼ 0;

..

.

xk ¼ Pð2l�1NÞ
� � Pð2l�1NÞ

� xkþ2lN ¼ Pð2lNÞ
� xkþ2lN and gðxk; xkþ2lN; λÞ ¼ 0 (6.18)

for negative mapping, then the following statements hold, i.e.,

(i) The stable chaos generated by the limit state of the stable P
ð2lNÞ
þ -1 solutions

ðl ! 1 ) in sense of gðxk; xkþ2lN; λÞ ¼ 0 is the unstable chaos generated
by the limit state of the unstable stable Pð2lNÞ

� -1 solution (l ! 1) in sense of

gðxk; xkþ2lN; λÞ ¼ 0 with all eigenvalue distribution of DPð2lNÞ
� outside unit

cycle, vice versa. Such a chaos is the “Yang” chaos in nonlinear discrete
dynamical systems.

(ii) The unstable chaos generated by the limit state of the unstable P
ð2lNÞ
þ -1

solutions (l ! 1) in sense of gðxk; xkþ2lN; λÞ ¼ 0 with all eigenvalue distribu-
tion of DP

ð2lNÞ
þ outside the unit cycle is the stable chaos generated by the limit

state of the stablePð2lNÞ
� -1 solution (l ! 1) in sense ofgðxk; xkþ2lN; λÞ ¼ 0, vice

versa. Such a chaos is the “Ying” chaos in nonlinear discrete dynamical
systems.

(iii) The unstable chaos generated by the limit state of the unstable P
ð2lNÞ
þ -1

solutions (l ! 1) in sense of gðxk; xkþ2lN; λÞ ¼ 0 with all eigenvalue distribu-
tion of DP

ð2lNÞ
þ inside and outside the unit cycle is the unstable chaos

generated by the limit state of the unstable Pð2lNÞ
� -1 solution ( l ! 1 ) in

sense of gðxk; xkþ2lN; λÞ ¼ 0 with switching all eigenvalue distribution of

DP
ð2lNÞ
þ inside and outside the unit cycle, vice versa. Such a chaos is the

“Ying-Yang” chaos in nonlinear discrete dynamical systems.

Proof The proof can be referred to Luo [2]. □
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6.2 Discrete Systems with Multiple Maps

Definition 6.6 Consider a set of implicit vector functions fð jÞ : D ! D( j¼ 1; 2; . . .Þ
on an open set D � rn in an n-dimensional discrete dynamical system. For xk;
xkþ1 2 D, there is a discrete relation as

fð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0 for j ¼ 1; 2; � � � (6.19)

where the vector function is fð jÞ ¼ ð f ð jÞ1 ; f
ð jÞ
2 ; � � � ; f ð jÞn ÞT 2 rn and discrete variable

vector is xk ¼ ðxk1; xk2; � � � ; xknÞT 2 O with a parameter vector pð jÞ ¼ ðpð jÞ1 ; p
ð jÞ
2 ; � � � ;

p
ð jÞ
mj ÞT 2 rmj .

Definition 6.7 Consider a set of implicit vector functions fð jÞ : D ! Dð j ¼ 1; 2; . . .Þ
on an open set D � rn in an n-dimensional discrete dynamical system.

(i) A set for discrete relations is defined as

F ¼ ffð jÞjfð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0; j 2 Zþ; k 2 Zg: (6.20)

(ii) The positive and negative discrete sets are defined as

Sþ ¼ fxkþijxkþi 2 rn; i 2 Zþg � D; and

S� ¼ fxk�ijxk�i 2 rn; i 2 Zþg � D;

)
(6.21)

respectively, and the total set of the discrete states is

S ¼ Sþ [ S�: (6.22)

(iii) A positive mapping for fð jÞ 2 F is defined as

Pþ
j : S ! Sþ ) Pþ

j : xk ! xkþ1; (6.23)

and a negative mapping is defined by

P�
j : S ! S� ) P�

j : xk ! xk�1: (6.24)

(iv) Two sets for positive and negative mappings are defined as

Yþ ¼ fPþ
j jPþ

j : xk ! xkþ1 with fð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0; j 2 Zþ; k 2 Zg

Y� ¼ fP�
j jP�

j : xkþ1 ! xk with fð jÞðxk; xkþ1; p
ð jÞÞ ¼ 0; j 2 Zþ; k 2 Zg

(6.25)

with the total mapping sets are

Y ¼ Yþ [Y�: (6.26)
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Definition 6.8 Consider a discrete dynamical system with a set of implicit vector

functions fð jÞ : D ! D ( j ¼ 1; 2; � � � ). For a mapping Pþ
j 2 Yþ with N-actions and

P�
j 2 Y� with N-actions. The resultant mapping is defined as

Pþ
jN ¼ Pþ

j � Pþ
j � � � � � Pþ

j|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

and P�
jN ¼ P�

j � P�
j � � � � � P�

j|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N

: (6.27)

Definition 6.9 Consider a discrete dynamical system with a set of implicit

vector functions fð jÞ : D ! D ( j ¼ 1; 2; � � � ). For the m-positive mappings of

Pþ
ji
2 Yþði ¼ 1; 2; � � � ;mÞ with Nji-actions (Nji 2 f0;Zþg) and the corresponding

m-negative mappings of P�
ji
2 Y� (i ¼ 1; 2; � � � ;m) with Nji-actions, the resultant

nonlinear mapping cluster with pure positive or negative mappings is defined as

Pþ
ðNjm ���Nj2

Nj1
Þ ¼ Pþ

j
Njm
m

� � � � � Pþ
j
Nj2
2

� Pþ
j
Nj1
1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

;

P�
ðNj1

Nj2
���Njm Þ ¼ P�

j
Nj1
1

� P�
j
Nj2
2

� � � � � P�
j
Njm
m|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

9>>>>>=>>>>>;
(6.28)

in which at least one of mappings (Pþ
ji
and P�

ji
) with Nji 2 Zþ possesses a nonlinear

iterative relation.

Theorem 6.4 Consider a discrete dynamical system with a set of implicit vector
functions fð jÞ : D ! D ð j ¼ 1; 2; � � �Þ: For the m-positive mappings of Pþ

ji
2 Yþ

ði ¼ 1; 2; � � � ;m) with Nji-actions (Nji 2 f0;ZþgÞ and the corresponding m-negative
mappings of P�

ji
2 Y� (i ¼ 1; 2; � � � ;m) with Nji -actions, the resultant nonlinear

mapping with pure positive and negative mappings

xkþSm
s¼1Njs

¼ Pþ
ðNjm ���Nj2

Nj1
Þxk and xk ¼ P�

ðNj1
Nj2

���Njm ÞxkþSm
s¼1Njs

; (6.29)

and xkþi ¼ Pþ
js
xkþi�1 and xkþi�1 ¼ P�

js
xkþi can be governed by

fðxkþi�1; xkþi; pÞ ¼ 0 for i ¼ 1; 2; � � � ;Sm
s¼1Njt : (6.30)

Suppose a differentiable, vector function g 2 rn possesses gðxk; xkþSm
s¼1Njs

; λÞφ ¼ 0.
If the solutions ðx�k ; � � � ; x�kþSm

s¼1Njs
Þ of Eq. (6.29) with gðxk; xkþSm

s¼1Njs
; λÞ ¼ 0 exist,

then the following conclusions in the sense of gðxk; xkþSm
s¼1Njs

; λÞ ¼ 0 hold.

(i) The stable Pþ
ðNjm ���Nj2

Nj1
Þ-1 solution is the unstable P

�
ðNj1Nj2

���NjmÞ-1 solutions with all

eigenvalues of DP�
ðNj1

Nj2
���Njm Þðx

�
kþSm

s¼1Njs
Þ outside the unit cycle, vice versa.

(ii) The unstable Pþ
ðNjm ���Nj2

Nj1
Þ-1 solution with eigenvalues of DPþ

ðNjm ���Nj2
Nj1

Þðx�kÞ
outside the unit cycle is the stable P�

ðNj1
Nj2

���Njm Þ-1 solutions, vice versa.
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(iii) For the unstable Pþ
ðNjm ���Nj2

Nj1
Þ-1 solution with eigenvalue distribution of

DPþ
ðNjm ���Nj2

Nj1
Þðx�kÞ inside and outside the unit cycle, the corresponding

P�
ðNj1

Nj2
���Njm Þ-1 solution is also unstable with switching eigenvalue distribu-

tion of DP�
ðNjm ���Nj2

Nj1
Þðx�kþSm

s¼1Njs
Þ inside and outside the unit cycle, vice versa.

(iv) All the bifurcations of the stable and unstablePþ
ðNjm ���Nj2

Nj1
Þ-1 solution are all the

bifurcations of the unstable and stable P�
ðNj1

Nj2
���Njm Þ-1 solution, respectively.

Proof The proof can be referred to Luo [2]. □

The chaos generated by the period-doubling of thePþ
ðNjm ���Nj2

Nj1
Þ-1andP

�
ðNj1

Nj2
���Njm Þ-1

solutions can be described through the following theorem.

Theorem 6.5 Consider a discrete dynamical system with a set of implicit vector
functions fð jÞ : D ! D ð j ¼ 1; 2; � � �Þ. For the m-positive mappings of Pþ

ji
2 Yþ

ði ¼ 1; 2; � � � ;mÞwithNji-actions ðNji 2 f0;ZþgÞ and the corresponding m-negative
mappings of P�

ji
2 Y� ði ¼ 1; 2; � � � ;mÞwith Nji -actions, the resultant nonlinear

mapping with pure positive and negative mappings

xkþSm
s¼1Njs

¼ Pþ
ðNjm ���Nj2

Nj1
Þxk and xk ¼ P�

ðNj1
Nj2

���Njm ÞxkþSm
s¼1Njs

; (6.31)

and xkþi ¼ Pþ
js
xkþi�1 and xkþi�1 ¼ P�

js
xkþi can be governed by

fð jÞðxkþi�1; xkþi; p
ð jÞÞ ¼ 0 for i ¼ 1; 2; � � � ;Sm

s¼1Njt : (6.32)

Suppose a differentiable, vector function g 2 rn possesses gðxk; xkþSm
s¼1Njs

; λÞ ¼ 0.
If the period-doubling cascade of the Pþ

ðNjm ���Nj2
Nj1

Þ-1 and P�
ðNjm ���Nj2

Nj1
Þ-1 solution

occurs, the corresponding mapping structures are given by

xkþ2Sm
s¼1Njs

¼ Pþ
ðNjm ���Nj2

Nj1
Þ � Pþ

ðNjm ���Nj2
Nj1

Þxk

¼ Pþ
2ðNjm ���Nj2

Nj1
Þxk

gðxk; xkþ2Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=>>>;
xkþ22Sm

s¼1Njs
¼ Pþ

2ðNjm ���Nj2
Nj1

Þ � Pþ
2ðNjm ���Nj2

Nj1
Þxk

¼ Pþ
22ðNjm ���Nj2

Nj1
Þxk

gðxk; xkþ22Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=>>>;
..
.

xkþ2lSm
s¼1Njs

¼ Pþ
2l�1ðNjm ���Nj2

Nj1
Þ � Pþ

2l�1ðNjm ���Nj2
Nj1

Þxk

¼ Pþ
2lðNjm ���Nj2

Nj1
Þxk

gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0;

9>>>=>>>;

(6.33)
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for positive mappings and

xk ¼ P�
ðNj1

Nj2
���Njm Þ � P

�
ðNj1

Nj2
���Njm Þxkþ2Sm

s¼1Njs

¼ P�
2ðNj1

Nj2
���Njm Þxkþ2Sm

s¼1Njs

gðxk; xkþ2Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=>>>;
xk ¼ P�

2ðNj1
Nj2

���Njm Þ � P
�
2ðNj1

Nj2
���Njm Þxkþ22Sm

s¼1Njs

¼ P�
22ðNj1

Nj2
���Njm Þxkþ22Sm

s¼1Njs

gðxk; xkþ22Sm
s¼1Njs

; λÞ ¼ 0;

9>>>=>>>;
..
.

xk ¼ P�
2l�1ðNj1

Nj2
���Njm Þ � P

�
2l�1ðNj1

Nj2
���Njm Þxkþ2lSm

s¼1Njs

¼ P�
2lðNj1

Nj2
���Njm Þxkþ2lSm

s¼1Njs

gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0;

9>>>=>>>;

(6.34)

for negative mapping, then the following statements hold, i.e.,

(i) The stable chaos generated by the limit state of the stable Pþ
2lðNjm ���Nj2

Nj1
Þ-1

solutions ðl ! 1Þ in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 is the unstable chaos

generated by the limit state of the unstable stable P�
2lðNj1

Nj2
���Njm Þ-1 solution

ðl ! 1) in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0with all eigenvalue distribution of

DP�
2lðNj1

Nj2
���Njm Þ outside unit cycle, vice versa. Such a chaos is the “Yang” chaos

in nonlinear discrete dynamical systems.
(ii) The unstable chaos generated by the limit state of the unstable Pþ

2lðNjm ���Nj2
Nj1

Þ-1
solutions ðl ! 1Þ in sense of gðxk; xkþ2lSm

s¼1Njs
; λÞ ¼ 0 with all eigenvalue

distribution ofPþ
2lðNjm ���Nj2

Nj1
Þ-1outside the unit cycle is the stable chaos generated

by the limit state of the stable P�
2lðNj1

Nj2
���Njm Þ-1 solution ðl ! 1Þ in sense of

gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 , vice versa. Such a chaos is the “Ying” chaos in

nonlinear discrete dynamical systems.
(iii) The unstable chaos generated by the limit state of the unstable Pþ

2lðNjm ���Nj2
Nj1

Þ-1

solutions ( l ! 1 ) in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 with all eigenvalue

distribution of DPþ
2lðNjm ���Nj2

Nj1
Þ inside and outside the unit cycle is the unstable

chaos generated by the limit state of the unstable P�
2lðNj1

Nj2
���Njm Þ-1 solution

ðl ! 1Þ in sense of gðxk; xkþ2lSm
s¼1Njs

; λÞ ¼ 0 with switching all eigenvalue

distribution of DP�
2lðNj1

Nj2
���Njm Þ inside and outside the unit cycle, vice versa. Such

a chaos is the “Ying-Yang” chaos in nonlinear discrete dynamical systems.

Proof The proof can be referred to Luo [2]. □
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6.3 Complete Dynamics of a Henon Map System

As in Luo and Guo [3], consider the Henon map system as

f1ðxk; xkþ1; pÞ ¼ xkþ1 � yk � 1þ ax2k ¼ 0;

f2ðxk; xkþ1; pÞ ¼ ykþ1 � bxk ¼ 0;

)
(6.35)

where xk ¼ ðxk; ykÞT; f ¼ ðf1; f2ÞT and p ¼ ða; bÞT . Consider two positive and

negative mapping structures as

xkþN ¼ P
ðNÞ
þ xk ¼ Pþ � � � � � Pþ � Pþ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

xk;

xk ¼ PðNÞ
� xkþN ¼ P� � � � � � P� � P�|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

xkþN: (6.36)

Equations (6.35) and (6.36) give

fðxk; xkþ1; pÞ ¼ 0;

fðxkþ1; xkþ2; pÞ ¼ 0;

..

.

fðxkþN�1; xkþN; pÞ ¼ 0

9>>>>>=>>>>>;
(6.37)

and

fðxkþN�1; xkþN; pÞ ¼ 0;

fðxkþN�2; xkþN�1; pÞ ¼ 0;

..

.

fðxk; xkþ1; pÞ ¼ 0:

9>>>>>=>>>>>;
(6.38)

The switching of equation order in Eq. (6.38) shows Eqs. (6.37) and (6.38) are

identical. For periodic solutions of the positive and negative maps, the periodicity

of the positive and negative mapping structures of the Henon map requires

xkþN ¼ xk or xk ¼ xkþN: (6.39)

So the periodic solutions x�kþj ð j ¼ 0; 1; � � � ;N ) for the negative and positive

mapping structures are the same, which are given by solving Eqs. (6.37) and

(6.38) with Eq. (6.39). However, the stability and bifurcation are different because

xkþj varies withxkþj�1 for the jth positive mapping andxkþj�1 varies withxkþj for the
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jth negative mapping. For a small perturbation, Eq. (6.37) for the positive mapping

gives

½ @f

@xkþj�1

� þ ½ @f

@xkþj
� � ½ @xkþj

@xkþj�1

�jðx�
kþj�1

;x�
kþj

Þ ¼ 0; (6.40)

where

½ @f

@xkþj�1

�ðx�
kþj�1

;x�
kþj

Þ ¼
@f1

@xkþj�1

@f1
@ykþj�1

@f2
@xkþj�1

@f2
@ykþj�1

26664
37775
ðx�

kþj�1
;x�

kþj
Þ

¼ 2ax�kþj�1 �1

�b 0

� �
;

(6.41)

½ @f

@xkþj
�ðx�

kþj�1
;x�

kþj
Þ ¼

@f1
@xkþj

@f1
@ykþj

@f2
@xkþj

@f2
@ykþj

26664
37775
ðx�

kþj�1
;x�

kþj
Þ

¼ 1 0

0 1

� �
:

(6.42)

So

DPþðx�kþj�1Þ ¼ ½ @xkþj

@xkþj�1

�x�
kþj�1

¼ ½ @f

@xkþj
��1½ @f

@xkþj�1

�x�
kþj�1

¼ 2ax�kþj�1 �1

�b 0

� �
:

(6.43)

Similarly, for the negative mapping,

½ @f

@xkþj
� þ ½ @f

@xkþj�1

� � ½@xkþj�1

@xkþj
�jðx�

kþj�1
;x�

kþj
Þ ¼ 0: (6.44)

With Eqs. (6.41) and (6.42), the foregoing equation gives

DP�ðx�kþjÞ ¼ ½@xkþj�1

@xkþj
�x�

kþj
¼ ½ @f

@xkþj�1

��1½ @f

@xkþj
�x�

kþj

¼ � 1

b

0 1

b 2ax�kþj�1

" #
:

(6.45)
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Thus, the resultant perturbation of the mapping structure in Eq. (6.36) gives

dxkþN ¼ DP
ðNÞ
þ dxk ¼ DPþ � ::: � DPþ � DPþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

dxk;

dxk ¼ DPðNÞ
� dxkþN ¼ DP� � ::: � DP� � DP�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

N�terms

dxkþN; (6.46)

where

DP
ðNÞ
þ ¼

YN

j¼1
DPþðx�kþN�jÞ;

DPðNÞ
� ¼

YN

j¼1
DP�ðx�kþN�jþ1Þ:

9>=>; (6.47)

From the resultant Jacobian matrix, the eigenvalue analysis can be completed.

Before analytical prediction of periodic solution, a numerical prediction of

the periodic solutions of the Henon map is presented with varying parameter

b for a ¼ 0:2, as shown in Fig. 6.2. The dashed vertical lines give the bifurcation

points. The acronyms “PD,” “SN,” and “NB” represented the period-doubling

bifurcation, saddle-stable node bifurcation, and Neimark bifurcation, respectively.

From the numerical prediction, the stable periodic solutions of the Henon map

are obtained. Herein, through the corresponding mapping structures, the stable

and unstable periodic solutions for positive and negative mappings of the Henon

maps are presented in Fig. 6.3. The acronyms “PD”, “SN”, and “NB” represented

the period-doubling bifurcation, saddle-stable node bifurcation, and Neimark
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Fig. 6.2 Numerical predictions of periodic solutions of the Henon mapping with negative and

positive mappings (a ¼ 0.2)
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bifurcation, respectively. The acronyms “UPD” and “USN” represented the

period-doubling bifurcation relative to unstable nodes and saddle-unstable node

bifurcation, respectively. From the eigenvalue analysis, the stable periodic

solutions for positive mapping Pþ lie in b 2 ð�1:0; 1:0Þ , which is the same as

the numerical prediction. In other words, the stable period-1 solution of Pþ is in

b 2ð�1; 0:4805Þ: For b 2 ð0:4805;þ1Þ; the unstable period-1 solution of Pþ is

saddle. For b 2 ð�1;�1:0Þ; the unstable period-1 solution ofPþ is unstable focus.

The corresponding bifurcations are Neimark bifurcation (NB) and period-doubling

bifurcation (PD). However, another unstable period-1 solution of Pþ exists.

PD

NB

SN

NB
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Fig. 6.3 Analytical predictions of stable and unstable periodic solutions of the Henon map:

(a) positive mapping (P+) and (b) positive mapping (P�) (a ¼ 0.2 and b 2 ð�1;þ1Þ)
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For b2 ð1:5215;þ1Þ; the unstable periodic solution of Pþ is unstable node.

However, for b 2 ð�1; 1:5215Þ; the unstable periodic solution of Pþ is saddle.

Thus, the unstable period-doubling bifurcation (UPD) of the period-1 solution of

Pþ occurs at b � 1:5215. At this point, the unstable periodic solution is from an

unstable node to saddle. Because of the unstable period-doubling bifurcation,

the unstable periodic solution of P
ð2Þ
þ is obtained for b 2 ð1:0; 1:5215Þ: This

unstable periodic solution is from unstable focus to unstable node during the

parameter of b 2 ð1:0; 1:5215Þ: At b � 1:5215, the bifurcation of the unstable

periodic solution of P
ð2Þ
þ occurs between the saddle and unstable node.

This bifurcation is called the unstable saddle-node bifurcation. At b ¼ 1:0 ,
the Neimark bifurcation (NB) between the periodic solutions of P

ð2Þ
þ pertaining

to the unstable and stable focuses occurs. The stable periodic solution of P
ð2Þ
þ is

from the stable node to the stable focus for b 2 ð0:4805; 1:0Þ:
Again, from the eigenvalue analysis, the stable periodic solutions for positive

mapping P� lie in b 2 ð�1;�1:0Þ and b 2 ð1:0;þ1Þ , which is the same as

in numerical prediction. The stable period-1 solution of P� is stable focuses in

b 2 ð�1;�1:0Þ and stable nodes in b 2 ð1:5215;þ1Þ. For b 2 ð�1:0; 0:4805Þ;
the unstable period-1 solution of P� is from the unstable focus to unstable node.

At b ¼ �1, the bifurcation between the stable and unstable period-1 solution of P�
is the Neimark bifurcation (NB). For b 2 ð0:4805;þ1Þ; the unstable period-1

solution of P� is saddle. Thus, the bifurcation between the period-1 solution of P�
between the unstable node and saddle occurs at b ¼ 0:4805; which is called the

unstable period-doubling bifurcation (UPD). For b 2 ð0:4805;þ1Þ; the unstable

period-2 solution of P� (i.e., Pð2Þ
� ) is from the unstable node to the unstable focus.

Forb 2 ð1:0; 1:5215Þ; the stable period-2 solution ofP� (i.e.,Pð2Þ
� ) is from the stable

focus to the stable nodes. Thus, the point at b � 0:4805 is the bifurcation of

the unstable periodic solution of Pð2Þ
� which is the unstable saddle-node bifurcation

between the unstable node and saddle (i.e., USN). For the point at b ¼ 1;
the Neimark bifurcation between the periodic solutions of Pð2Þ

� relative to the

unstable and stable focuses occurs. The point at b � 1:5215 is the bifurcation of

the stable periodic solution ofPð2Þ
� which is the saddle bifurcation between the stable

node and saddle (SN). For b 2 ð�1; 1:5215Þ; the unstable period-1 solution of P�
is saddle. At b � 1:5215; the period-doubling bifurcation (PD) of the period-1

solution of P� takes place.

The strange attractors caused by the period-doubling bifurcation cascade were

presented by many researchers. Herein, the strange attractors relative to the Neimark

bifurcation between the periodic solutions relative to the unstable and stable focuses are

presented.ThePoincaremapping relative to theNeimarkbifurcationof theperiod-1and

period-2 solutions of positivemapping (or negativemapping) ata ¼ 0:2 andb ¼ 	1 is

presented in Fig. 6.4. In Fig. 6.4a, themost inside pointðx�k ; y�kÞ � ð0:4772;�0:4772Þ is
the point for the period-1 solution ofPþ orP� relative to the Neimark bifurcation.With

the initial condition ðx�k ; y�kÞ �ð1:7188; 0:0Þ , the most outside curve is the biggest

boundary for the strange attractors around the period-1 solutions with the Neimark

bifurcation. The skew symmetry of the strange attractors in the Poincare

mapping section is observed. In Fig. 6.4b, the twopointsðx�k ; y�kÞ � ð2:2361;� 2:2361Þ
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andð�2:2361; 2:2361Þare the points for the period-2 solution ofPþorP� relative to the
Neimark bifurcation.With the outer chaotic layer, the strange attractor near the periodic

solutions of P
ð2Þ
þ -1 (or P

ð2Þ
þ -1) disappears. This chaotic layer possesses eight islands

inside the barrier andnine islands outside the barrier. Forðxk; ykÞ � ð2:9397;�2:2361Þ,
the seven islands are observed. The skew symmetry of the strange attractors in the

Poincare mapping section is observed.
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Fig. 6.4 Poincare mappings of the Henon map for the Neimark bifurcation: (a) period-1 solution

(i.e.,Pþ-1 orP�-1) (a ¼ 0.2 and b ¼ �1), and (b) period-2 solution (i.e.,P
ð2Þ
þ -1 orPð2Þ

� -1) (a ¼ 0.2

and b ¼ 1)
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6.4 Companion and Synchronization

This section will extend the concepts presented in the previous section. The

companion and synchronization of two discrete dynamical systems will be

presented.

Definition 6.10 Consider the ath implicit vector function fðaÞ : D ! D (a ¼ 1; 2;
. . . ;NÞ on an open set D � rn in an n-dimensional discrete dynamical system. For

xk; xkþ1 2 D, there is a discrete relation as

fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0; (6.48)

where the vector function is fðaÞ ¼ ð f ðaÞ1 ; f
ðaÞ
2 ; � � � ; f ðaÞn ÞT 2 rn and discrete variable

vector is xk ¼ ðxk1; xk2; � � � ; xknÞT 2 D with the corresponding parameter vector

pðaÞ ¼ ð pðaÞ1 ; p
ðaÞ
2 ; � � � ; pðaÞma ÞT 2 rma .

Similarly, the discrete sets, positive and negative mappings for discrete

dynamical system of fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0 in Eq. (6.48) are defined.

Definition 6.11 For a discrete dynamical system in Eq. (6.48), the positive and

negative discrete sets are defined by

SðaÞ
þ ¼ fxðaÞkþijxðaÞkþi 2 rn; i 2 Zþg � D and

SðaÞ
� ¼ fxðaÞk�ijxðaÞk�i 2 rn; i 2 Zþg � D;

)
(6.49)

respectively. The corresponding discrete set is

SðaÞ ¼ SðaÞ
þ [ SðaÞ

� : (6.50)

A positive mapping for discrete dynamical system is defined as

Paþ : SðaÞ ! SðaÞ
þ ) Paþ : x

ðaÞ
k ! x

ðaÞ
kþ1; (6.51)

and a negative mapping is defined by

Pa� : SðaÞ ! SðaÞ
� ) Pa� : x

ðaÞ
k ! x

ðaÞ
k�1: (6.52)

Definition 6.12 For two discrete dynamical systems in Eq. (6.48), consider two

pointsx
ðaÞ
k ; x

ðbÞ
k 2 D andx

ðaÞ
kþ1; x

ðbÞ
kþ1 2 D, and there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl . For a small number ek>0, there is a small

number ekþ1>0. Suppose there are two sub-domains U
ðaÞ
k � D and U

ðbÞ
k � D, then

for x
ðaÞ
k 2 U

ðaÞ
k and x

ðbÞ
k 2 U

ðbÞ
k ,
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jjφðxðaÞk ; x
ðbÞ
k ; λÞjj 
 ek: (6.53)

(i) For ekþ1>0 , there are two sub-domains U
ðaÞ
kþ1 � D and U

ðbÞ
kþ1 � D . If for

x
ðaÞ
kþ1 2 U

ðaÞ
kþ1 and x

ðbÞ
kþ1 2 U

ðbÞ
kþ1

jjφðxðaÞkþ1; x
ðbÞ
kþ1; λÞjj 
 ekþ1; (6.54)

then, the discrete dynamical systems of fðaÞ and fðbÞ are called the companion in

sense of φ during the kth and ðk þ 1Þth iteration.

(i.a) The discrete dynamical systems of fðaÞ and fðbÞ is called the finite

companion if for x
ðaÞ
kþj 2 U

ðaÞ
kþj � D and x

ðbÞ
kþj 2 U

ðbÞ
kþj � D

jjφðxðaÞkþj; x
ðbÞ
kþj; λÞjj 
 ekþj for j ¼ 1; 2; � � � ;N: (6.55)

(i.b) The discrete dynamical systems of fðaÞ and fðbÞ is called the absolute

permanent companion if x
ðaÞ
kþj 2 U

ðaÞ
kþj � D and x

ðbÞ
kþj 2 U

ðbÞ
kþj � D

jjφðxðaÞkþj; x
ðbÞ
kþj; λÞjj 
 ekþj for j ¼ 1; 2; � � � : (6.56)

(i.c) The discrete dynamical systems of fðaÞ and fðbÞ is called the repeatable

finite companion if x
ðaÞ
kþjNð�Þ 2 U

ðaÞ
kþjNð�Þ � D and x

ðbÞ
kþjð�Þ 2 U

ðbÞ
kþjð�Þ � D

DIðaÞ : xðaÞkþjNð�Þ ! x
ðaÞ
kþjNðþÞ; and DIðbÞ : xðbÞkþjNð�Þ ! x

ðbÞ
kþjNðþÞ;

x
ðaÞ
kþjNðþÞ ¼ x

ðaÞ
kþjNð�Þ þ DIðaÞjN and x

ðbÞ
kþjNðþÞ ¼ x

ðbÞ
kþjNð�Þ þ DIðbÞjN ;

jjφðxðaÞkþjðþÞ; x
ðbÞ
kþjðþÞ; λÞjj 
 ekþmodð j;NÞ for j ¼ 1; 2; � � � ;

with x
ðaÞ
kþjðþÞ 2 U

ðaÞ
kþmodð j;NÞ and x

ðbÞ
kþjðþÞ 2 U

ðbÞ
kþmodð j;NÞ: (6.57)

(ii) For ek>0, ekþðNa:NbÞ>0 there are there are two sub-domains U
ðaÞ
kþNa

� D and

U
ðbÞ
kþNb

� D. For x
ðaÞ
kþNa

2 U
ðaÞ
kþNa

and x
ðbÞ
kþNb

2 U
ðbÞ
kþNb

if

jjφðxðaÞkþNa
; x

ðbÞ
kþNb

; λÞjj 
 ekþðNa:NbÞ; (6.58)

then the discrete dynamical systems of fðaÞ from the kth to ðk þ NaÞth iteration
and fðbÞ from the kth to ðk þ NbÞth iteration are called the ðNa : NbÞ-companion

in sense of φ.

(ii.a) The discrete dynamical systems of fðaÞ and fðbÞ is called the finiteðNa : NbÞ
companion if for x

ðaÞ
kþjNa

2 U
ðaÞ
kþjNa

� D and x
ðbÞ
kþjNb

2 U
ðbÞ
kþjNb

� D
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jjφðxðaÞkþjNa
; x

ðbÞ
kþjNb

; λÞjj 
 ekþjðNa:NbÞ for j ¼ 1; 2; � � � ;N (6.59)

(ii.b) The discrete dynamical systems of fðaÞ and fðbÞ is called the absolute

permanent ðNa : NbÞ companion if x
ðaÞ
kþjNa

2 U
ðaÞ
kþjNa

� D and x
ðbÞ
kþjNb

2
U

ðbÞ
kþjNb

� D

jjφðxðaÞkþjNa
; x

ðbÞ
kþjNb

; λÞjj 
 ekþjðNa:NbÞ for j ¼ 1; 2; � � � ; (6.60)

(ii.c) The discrete dynamical systems of fðaÞ and fðbÞ is called the repeatable finite
ðNa : NbÞ companion if x

ðaÞ
kþjNa

2 U
ðaÞ
kþjNa

� D and x
ðbÞ
kþjNb

2 U
ðbÞ
kþjNb

� D

DIðaÞ : xðaÞkþjNað�Þ ! x
ðaÞ
kþjNaðþÞ; and DIðbÞ : xðbÞkþjNbð�Þ ! x

ðbÞ
kþjNbðþÞ

x
ðaÞ
kþjNaðþÞ ¼ x

ðaÞ
kþjNað�Þ þ DIðaÞjNa

and x
ðbÞ
kþjNbðþÞ ¼ x

ðbÞ
kþjNbð�Þ þ DIðbÞjNb

jjφðxðaÞkþjNaðþÞ; x
ðbÞ
kþjNbðþÞ; λÞjj 
 ekþmodð j;NÞðNa:NbÞ for j ¼ 1; 2; � � � ;

x
ðaÞ
kþjNaðþÞ 2 U

ðaÞ
kþmodð j;NÞNa

and x
ðbÞ
kþjNbðþÞ 2 U

ðbÞ
kþmodð j;NÞNb

: (6.61)

Definition 6.13 For two discrete dynamical systems in Eq. (6.48), consider two

pointsx
ðaÞ
k ; x

ðbÞ
k 2 D andx

ðaÞ
kþ1; x

ðbÞ
kþ1 2 D, and there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl. For

φðxðaÞk ; x
ðbÞ
k ; λÞ ¼ 0; (6.62)

(i) If

φðxðaÞkþ1; x
ðbÞ
kþ1; λÞ ¼ 0; (6.63)

then, discrete dynamical systems of fðaÞ and fðbÞ are called the ð1 : 1Þ
synchronization in sense of φ;

(ii) If

φðxðaÞkþ1; x
ðbÞ
kþ1; λÞ ¼ 0 with

DIðaÞ : xðaÞkþ1ð�Þ ! x
ðaÞ
kþ1ðþÞ and DIðbÞ : xðbÞkþ1ð�Þ ! x

ðbÞ
kþ1ðþÞ;

x
ðaÞ
kþ1ðþÞ ¼ x

ðaÞ
kþ1ð�Þ þ DIðaÞ and x

ðbÞ
kþ1ðþÞ ¼ x

ðbÞ
kþ1ð�Þ þ DIðbÞ;

x
ðaÞ
kþ1ðþÞ ¼ x

ðaÞ
k and x

ðbÞ
kþ1ðþÞ ¼ x

ðbÞ
k ; (6.64)

then, discrete dynamical systems of fðaÞ and fðbÞ are called the repeatable ð1 : 1Þ
synchronization in sense of φ;
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(iii) If

φðxðaÞkþNa
; x

ðbÞ
kþNb

; λÞ ¼ 0 (6.65)

then the discrete dynamical systems of fðaÞ and fðbÞ are called the ðNa : NbÞ-
synchronization in sense of φ;

(iv) If

φðxðaÞkþNa
; x

ðbÞ
kþNb

; λÞ ¼ 0 with

DIðaÞ : xðaÞkþNa
! x

ðaÞ
k and DIðbÞ : xðbÞkþNb

! x
ðbÞ
k ;

x
ðaÞ
kþNaðþÞ ¼ x

ðaÞ
kþNað�Þ þ DIðaÞ and x

ðbÞ
kþNbðþÞ ¼ x

ðbÞ
kþNbð�Þ þ DIðbÞ;

x
ðaÞ
kþNbðþÞ ¼ x

ðaÞ
k and x

ðbÞ
kþNbðþÞ ¼ x

ðbÞ
k : (6.66)

then the discrete dynamical systems of fðaÞ and fðbÞ are called the repeatable

ðNa : NbÞ-synchronization in sense of φ.

From the definition, the companions of two discrete dynamical systems are

presented in Figs. 6.5 and 6.6. For each step, if the corresponding relation satisfies

Eq. (6.62), the companion is called the ð1 : 1Þ companion, which is presented

in Fig. 6.5. The shaded areas are the companion domain which is controlled by ek
and φ . For the repeated companion, for each step, the companion with specific

impulses will have the same control domains. Such shaded areas can be overlapped

or separated. The ðNa : NbÞ state for fðaÞwithNa-iterations and f
ðbÞwithNb-iterations

satisfy Eq. (6.65) is called the ðNa : NbÞ-companion, which is sketched in Fig. 6.6a.

This companion does not require each iteration step to do so. The companion states

are shaded. For the repeated companion, the companion state with specific impulses

will have the same control domains. The companion for negative maps can be

similarly defined, as shown in Fig. 6.6b.

Consider synchronization of two discrete dynamical systems, as shown in

Fig. 6.7, with

fðaÞðxkþ1; xk; p
ðaÞÞ ¼ 0 and fðbÞðykþ1; yk; p

ðbÞÞ ¼ 0: (6.67)

xk
xk+1f (a) xk+2 xk+Nxk+N−1

• • •

f (a) f (a)

f (b )f (b ) f (b )yk yk+1 yk+2 yk+Nyk+N−1

N − actions

Fig. 6.5 Companion of two discrete dynamical systems
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For the initial state, there is a relation as

φðxk; yk; λÞ ¼ 0: (6.68)

For the positive synchronization, there are Na -actions with function fðaÞ and

mapping Paþ and Nb-actions with function fðbÞ and mapping Pbþ

fðaÞðxkþi; xkþi�1; p
ðaÞÞ ¼ 0 for i ¼ 1; 2; � � � ;Na;

fðbÞðykþj; ykþj�1; p
ðbÞÞ ¼ 0 for j ¼ 1; 2; � � � ;Nb;

(6.69)

and the synchronization is based on

φðxkþNa ; ykþNb
; λÞ ¼ 0: (6.70)

a

xk xk+1

f (a)

xk+2 xk+3 xk+Naxk+M−1

x

…

f (a) f (a) f (a)

y

…f (b ) f (b )f (b ) f (b )

…

yk
yk+1 yk+2 yk+3 yk+Nb

yk+N−1…

Na − actions

Nb − actions

b

xkxk−1

f (a)

xk−2
xk−3xk−Na xk−Na+1

x

…

f (a)f (a)
f (a)

y

…
f (b ) f (b )f (b )

f (b )

…

yk
yk−1yk−2yk−3yk−Nb

yk−Nb+1 …

Na − actions

N−actions

Fig. 6.6 Companion of two discrete nonlinear systems: (a) positive companion, (b) negative
companion
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For the negative synchronization, there are Na -actions with function fðaÞ and

mapping Pa� and Nb-actions with function fðbÞ and mapping Pb�

fðaÞðxk�iþ1; xk�i�1; p
ðaÞÞ ¼ 0 for i ¼ 1; 2; � � � ;Na;

fðbÞðyk�j; yk�j�1; p
ðbÞÞ ¼ 0 for j ¼ 1; 2; � � � ;Nb

(6.71)

and the synchronization is based on

φðxk�Na ; yk�Nb
; λÞ ¼ 0: (6.72)

Thus there is a relation

xk ¼ Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ xk; (6.73)

a

xk xk+1

f (a)

xk+2 xk+3 xk+Naxk+M−1

x

…

f (a) f (a) f (a)

y

…f (b ) f (b )f (b ) f (b )

…

yk
yk+1 yk+2 yk+3 yk+Nb

yk+N−1…

Na − actions

Nb − actions

b

xkxk−1

f (a)

xk−2
xk−3xk−Na

xk−Na+1

x

…

f (a)f (a)
f (a)

y

…
f (b ) f (b )f (b)

f (b )

…

yk
yk−1yk−2yk−3yk−Nb

yk−Nb+1 …

Na − actions

N − actions

Fig. 6.7 Synchronization of two discrete nonlinear systems: (a) positive synchronization,

(b) negative synchronization
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where

Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ
¼ Pφ� � Pb� � Pb� � � � � � Pb�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Nb�actions

�Pφþ � Paþ � Paþ � � � � � Paþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Na�actions

: (6.74)

From Eq. (6.73), we have

xkþNa ¼ P
ðNaÞ
aþ xk and ykþNb

¼ PφþxkþNa ;

yk ¼ P
ðNbÞ
b� ykþNb

and xk ¼ Pφ�yk (6.75)

and

xkþNa ¼ P
ðNaÞ
aþ xk and ykþNb

¼ PφþxkþNa ;

Pφþxk ¼ yk and P
ðNbÞ
bþ yk ¼ ykþNb

: (6.76)

The corresponding commutative diagram is given in Fig. 6.8. The solid and dashed

arrows give the positive and negative mappings, respectively.

From the above discussion on synchronization of P
ðNaÞ
aþ and P

ðNbÞ
bþ under the

constraint φ, the following relations should exist

x0k ¼ Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ xk, or

x0k ¼ PðNaÞ
a� � Pφ� � PðNbÞ

bþ � Pφþxk; (6.77)

The above equation forms an iterative mapping. If the fixed point exits, i.e.,

x0k ¼ xk; (6.78)

Fig. 6.8 Commutative

mapping diagram for

synchronization
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then the synchronization of P
ðNaÞ
aþ and P

ðNbÞ
b� under the constraint φ exists

xkþNa ¼ P
ðNaÞ
aþ xk, and ykþNb

¼ P
ðNbÞ
bþ yk;

yk ¼ Pφþxk and ykþNb
¼ PφþxkþNa : (6.79)

Theorem 6.6 Consider two discrete dynamical systems ðPa; f
ðaÞÞ and ðPb; f

ðbÞÞ as
in Eq. (6.48) with

Paþ : xk ! xkþ1 and Pa� : xkþ1 ! xk;

fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0; (6.80)

and

Pbþ : yk ! ykþ1 and Pa� : ykþ1 ! yk;

fðbÞðyk; ykþ1; p
ðbÞÞ ¼ 0: (6.81)

For two points xk 2 Da and yk 2 Db , there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl . The synchronization of two discrete
dynamical systems ðPa; f

ðaÞÞ and ðPb; f
ðbÞÞ is under the following constraints

φðxk; yk; λÞ ¼ 0 and φðxkþ1; ykþ1; λÞ ¼ 0: (6.82)

Consider a resultant hybrid mapping relation as

x0k ¼ Pxk ¼ Pφ� � Pb� � Pφþ � Paþxk (6.83)

with

Paþ : xk ! xkþ1 with fðaÞðxkþ1; xk; p
ðaÞÞ ¼ 0;

Pφþ : xkþ1 ! ykþ1 with φðxkþ1; ykþ1; λÞ ¼ 0;

Pb� : ykþ1 ! yk with fðbÞðykþ1; yk; p
ðaÞÞ ¼ 0;

Pφ� : yk ! x0k with φðx0k; yk; λÞ ¼ 0;

x0k ¼ xk (6.84)

and

DPðx�kÞ ¼ DPφ�ðy�kÞ � DPb�ðy�kþ1Þ � DPφþðx�kþ1Þ � DPaþðx�kÞ; (6.85)

where

DPðx�kÞ ¼
@x0k
@xk

� �
x�
k

;DPaþðx�kÞ ¼
@xkþ1

@xk

� �
x�
k
;

;DPφþðx�kþ1Þ ¼
@ykþ1

@xkþ1

� �
x�
kþ1

;

DPb�ðy�kþ1Þ ¼
@yk
@ykþ1

� �
y�
kþ1

;DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

:

(6.86)
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(i) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is persistent if and only if all the eigenvalues li ði ¼ 1; 2; � � � ; nÞ of

DPðx�kÞ lie in the unit circles, i.e.,

jlij<1 for i ¼ 1; 2; � � � ; n: (6.87)

(ii) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is a saddle-node vanishing if and only if at least one of the real

eigenvalues li (i ¼ 1; 2; � � � ; n1 and n1 
 n) of DPðx�kÞ is positive one (+1) and
the other eigenvalues are in the unit circle, i.e.,

li ¼ 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.88)

(iii) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is a period-doubling vanishing if and only if at least one of the real

eigenvalues li (i ¼ 1; 2; � � � ; n1 and n1 
 n) of DPðx�kÞ is negative one (�1) and
the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.89)

(iv) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is a Naimark vanishing if and only if one pair of all the complex

eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and n1 
 n=2) of DPðx�kÞ are on the
unit circle and the other eigenvalues are in the unit circle, i.e.,

jlij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
= 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.90)

(v) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is an (l1 : l2 : l3) vanishing if and only if l1 and l2 real eigenvalues li of

DPðx�kÞ are (�1) and (+1), respectively, and l3-pairs of complex eigenvalues
li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and n1 
 n=2) of DPðx�kÞ are on the unit circle
and the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 for i ¼ i1; i2; � � � ; il1 2 f1; 2; � � � ; ng
lj ¼ þ1 for j ¼ j1; j2; � � � ; jl2 2 f1; 2; � � � ; ng
jlrj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2r þ b2r

q
= 1 for r ¼ r1; r2; � � � ; rl3 2 f1; 2; � � � ; ng

jlsj<1 for s 2 f1; 2; � � � ; ng and s =2fi; j; rg: (6.91)

(vi) The ð1 : 1Þ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ and

ðPb; f
ðbÞÞ is instantaneous if and only if at least one of the eigenvalues

liði ¼ 1; 2; . . . ; n) of DPðx�kÞ lies out of the unit circle, i.e.,
jlij>1 for i 2 f1; 2; � � � ; ng: (6.92)

Proof The proof can be referred to Luo [2]. □
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Theorem 6.7 Consider two discrete dynamical systems ðPa; f
ðaÞÞ and ðPb; f

ðbÞÞ as
in Eq. (6.48) with

Paþ : xk ! xkþ1 and Pa� : xkþ1 ! xk

fðaÞðxk; xkþ1; p
ðaÞÞ ¼ 0;

(6.93)

and

Pbþ : yk ! ykþ1 and Pb� : ykþ1 ! yk;

fðbÞðyk; ykþ1; p
ðbÞÞ ¼ 0:

(6.94)

For two points xk 2 Da and yk 2 Db , there is a specific, differentiable, vector
function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl. The ðNa : NbÞ-synchronization of two discrete
dynamical systems ðPa; f

ðaÞÞ and ðPb; f
ðbÞÞ is under the following constraints

φðxk; yk; λÞ ¼ 0 and φðxkþNa ; ykþNb
; λÞ ¼ 0: (6.95)

Consider a resultant hybrid mapping relation as

x0k ¼ PðNa :NbÞxk ¼ Pφ� � PðNbÞ
b� � Pφþ � PðNaÞ

aþ xk (6.96)

with

P
ðNaÞ
aþ : xk ! xkþNawith

fðaÞðxkþ1; xk; p
ðaÞÞ ¼ 0;

fðaÞðxkþ2; xkþ1; p
ðaÞÞ ¼ 0;

..

.

fðaÞðxkþNa ; xkþNa�1; p
ðaÞÞ ¼ 0;

9>>>>>>>=>>>>>>>;
Pφþ : xkþ1 ! ykþ1 with φðxkþNa ; ykþNb

; λÞ ¼ 0;

P
ðNbÞ
b� : ykþNb

! ykwith

fðbÞðykþNb
; ykþNb�1;p

ðbÞÞ ¼ 0;

..

.

fðbÞðykþ2; ykþ1; p
ðbÞÞ ¼ 0;

fðbÞðykþ1; yk; p
ðbÞÞ ¼ 0;

9>>>>>>>=>>>>>>>;
Pφ� : yk ! x0k with φðx0k; yk; λÞ ¼ 0;

x0k ¼ xk (6.97)
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and

DPðNa:NbÞðx�kÞ ¼ DPφ�ðy�kÞ � DPðNbÞ
b� ðy�kþNa

Þ � DPφþðx�kþNa
Þ � DPðNaÞ

aþ ðx�kÞ; (6.98)

where

DP
ðNaÞ
aþ ðx�kÞ ¼ DPaþðx�kþNa�1Þ � ::: � DPaþðx�kþ1Þ � DPaþðx�kÞ;

DP
ðNbÞ
b� ðy�kþNb

Þ ¼ DPb�ðx�kþ1Þ � ::: � DPb�ðx�kþNb�1Þ � DPb�ðx�kþNb
Þ; (6.99)

DPðNa:NbÞðx�kÞ ¼
@x0k
@xk

� �
x�
k

;

DP
ðNaÞ
aþ ðx�kÞ ¼

Y1

j¼Na

@xkþj

@xkþj�1

� �
x�
kþj�1

;

;DPφþðx�kþNa
Þ ¼

@ykþNb

@xkþNa

� �
x�
kþNa

;

DP
ðNbÞ
b� ðy�kþNb

Þ ¼
YNb

j¼1

@ykþNb�j

@ykþNb�jþ1

" #
y�
kþNb�jþ1

;DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

: (6.100)

(i) The ðNa : NbÞ-synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is persistent if and only if all the eigenvalues li (i ¼ 1; 2; � � � ; n) of

DPðNa:NbÞðx�kÞ lie in the unit circles, i.e.,

jlij<1 for i ¼ 1; 2; � � � ; n: (6.101)

(ii) The ðNa : NbÞ-synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is a saddle-node vanishing if and only if at least one of the real

eigenvalues li (i ¼ 1; 2; � � � ; n1 and n1 
 n) ofDPðNa:NbÞðx�kÞ is positive one (+1)
and the other eigenvalues are in the unit circle, i.e.,

li ¼ 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.102)

(iii) The ðNa : NbÞ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is a period-doubling vanishing if and only if at least one of the

real eigenvaluesli (i ¼ 1; 2; � � � ; n1 andn1 
 n) ofDPðNa:NbÞðx�kÞ is negative one
(�1) and the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.103)

(iv) The ðNa : NbÞ-synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is a Naimark vanishing if and only if at least one pair of all
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the complex eigenvalues li ¼ ai 	 bii ( i ¼ 1; 2; � � � ; n1 and n1 
 n=2 ) of

DPðNa:NbÞðx�kÞ are on the unit circle and the other eigenvalues are in the unit
circle, i.e.,

jlij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
= 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.104)

(v) The ðNa : NbÞ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is an (l1 : l2 : l3) vanishing if and only if l1 and l2 real eigenvalues

li of DPðNa:NbÞðx�kÞ are (�1) and (+1), respectively, and l3-pairs of complex
eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and n1 
 n=2) of DPðNa:NbÞðx�kÞ are
on the unit circle and the other eigenvalues are in the unit circle, i.e.,

li ¼ �1 for i ¼ i1; i2; � � � ; il1 2 f1; 2; � � � ; ng;
lj ¼ þ1 for j ¼ j1; j2; � � � ; jl2 2 f1; 2; � � � ; ng;

jlrj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2r þ b2r

q
= 1 for r ¼ r1; r2; � � � ; rl3 2 f1; 2; � � � ; ng;

jlsj<1 for s 2 f1; 2; � � � ; ng and s =2fi; j; rg: (6.105)

(vi) The ðNa : NbÞ synchronization of two discrete dynamical systems of ðPa; f
ðaÞÞ

and ðPb; f
ðbÞÞ is instantaneous if and only if at least one of the eigenvalues

li ði ¼ 1; 2; � � � ; n) of DPðNa:NbÞðx�kÞ lies out of the unit circle, i.e.,

jlij>1 for i 2 f1; 2; � � � ; ng: (6.106)

Proof The proof can be referred to Luo [2]. □

Fixed points in nonlinear discrete dynamical systems possess many types of

unstable states from eigenvalue analysis. From the similar ideas, the instantaneous

ðNa : NbÞ synchronization of two discrete dynamical systems can be classified.

Therefore, such instantaneous synchronization classification will not be presented

herein. If Na ! 1 and Nb ! 1, the ðNa : NbÞ synchronization of two discrete

dynamical systems should be chaotic. Consider two hybrid maps

P
ðSn

i¼1N
i
b�Ni

aÞ
þ ¼ P

ðNn
bÞ

bþ � PðNn
aÞ

aþ � � � � � PðN1
bÞ

bþ � PðN1
aÞ

aþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n�terms

;

P
ðSm

j¼1M
j
b�Mj

aÞ
þ ¼ P

ðMm
b Þ

bþ � PðMm
a Þ

aþ � � � � � PðM1
bÞ

bþ � PðM1
aÞ

aþ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�terms

: (6.107)

PðS1
i¼nN

i
a�Ni

bÞ� ¼ PðN1
aÞ

a� � PðN1
bÞ

b� � � � � � PðNm
a Þ

a� � PðNm
b Þ

b�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n�terms

;

PðS1
j¼mM

j
a�Mj

bÞ� ¼ PðM1
aÞ

a� � PðM1
bÞ

b� � � � � � PðMm
a Þ

a� � PðMm
b Þ

b�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m�terms

: (6.108)
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The ðNb � Na : Mb �MaÞ-hybrid synchronization of two discrete systems with

two maps P
ðSn

i¼1N
i
b�Ni

aÞ
þ and P

ðSm
j¼1M

j
b�Mj

aÞ
þ can be investigated via the following map

PðNb�Na:Mb�MaÞxk ¼ Pφ� � PðS1
j¼mM

j
a�Mj

bÞ� � Pφþ � PðSn
i¼1N

i
b�Ni

aÞ
þ xk; or

PðNb�Na:Mb�MaÞxk ¼ Pφ� � PðS1
i¼nN

i
a�Ni

bÞ� � Pφþ � PðSm
j¼1M

j
b�Mj

aÞ
þ xk: (6.109)

Thus,

x0k ¼ PðNb�Na:Mb�MaÞxk: (6.110)

Similar to the ðNa : NbÞ-synchronization in Theorem 6.7, the corresponding fixed

point and the stability conditions of Eq. (6.110) gives the ðNb � Na : Mb �MaÞ-
hybrid synchronization of two discrete systems. This concept can be extended to the

discrete dynamical systems with multiple maps.

As in discrete dynamical systems with multiple maps in Section 6.2, the syn-

chronization for the resultant mappings in multiple different maps can be

developed.

Definition 6.14 Consider two sets of discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ

and [j¼1ðPbj ; f
ðbjÞÞ as in Eq. (6.48) for each discrete system with

Paiþ : xk ! xkþ1 and Pai� : xkþ1 ! xk;

fðaiÞðxk; xkþ1; p
ðaiÞÞ ¼ 0; (6.111)

and

Pbjþ : yk ! ykþ1 and Pbj� : ykþ1 ! yk;

fðbjÞðyk; ykþ1; p
ðbjÞÞ ¼ 0: (6.112)

For the two sets of discrete dynamical systems, the resultant mappings are

Pþ
ðNam ���Na2Na1 Þ ¼ Pþ

aNamm

� � � � � Pþ
a
Na2
2

� Pþ
a
Na1
1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

;

P�
ðNa1Na2 ���Nam Þ ¼ P�

a
Na1
1

� P�
a
Na2
2

� � � � � P�
aNamm|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

m�terms

; (6.113)

and

Pþ
ðNbn ���Nb2Nb1 Þ ¼ Pþ

b
Nbn
n

� � � � � Pþ
b
Nb2
2

� Pþ
b
Nb1
1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n�terms

;

P�
ðNb1Nb2 ���Nbm Þ ¼ P�

b
Nb1
1

� P�
b
Nb2
2

� � � � � P�
b
Nbn
n|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n�terms

; (6.114)
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where

Na ¼
Xm

i¼1
Nai and Nb ¼

Xn

j¼1
Nbj : (6.115)

For two points xk 2 Da1 and yk 2 Db1 , there is a specific, differentiable, vector

function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl.

(i) If

φðxðamÞkþNa
; x

ðbnÞ
kþNb

; λÞ ¼ 0; (6.116)

then the two discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ are
called the ðNa : NbÞ-synchronization in sense of φ.

(ii) If

φðxðamÞkþNa
; x

ðbnÞ
kþNb

; λÞ ¼ 0 with

DIðama1Þ : xðamÞkþNað�Þ ! x
ðamÞ
kþNaðþÞ and DIðbnb1Þ : xðbnÞkþNbð�Þ ! x

ðbnÞ
kþNbðþÞ;

x
ðamÞ
kþNaðþÞ ¼ x

ðamÞ
kþNað�Þ þ DIðama1Þ and x

ðbnÞ
kþNbðþÞ ¼ x

ðbnÞ
kþNbð�Þ þ DIðbnb1Þ;

x
ðamÞ
kþNbðþÞ ¼ x

ða1Þ
k and x

ðbnÞ
kþNbðþÞ ¼ x

ðb1Þ
k : (6.117)

then the two discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ are
called the repeatable ðNa : NbÞ-synchronization in sense of φ.

The corresponding theorem can be presented as in Theorem 6.7. For conve-

nience, the statement is given as follows.

Theorem 6.8 Consider two sets of discrete dynamical systems [i¼1ðPai ; f
ðaiÞÞ and

[j¼1ðPbj ; f
ðbjÞÞ as in Eq. (6.48) for each discrete system with

Paiþ : xk ! xkþ1 and Pai� : xkþ1 ! xk;

fðaiÞðxk; xkþ1; p
ðaiÞÞ ¼ 0 (6.118)

and

Pbjþ : yk ! ykþ1 and Pbj� : ykþ1 ! yk;

fðbjÞðyk; ykþ1; p
ðbjÞÞ ¼ 0: (6.119)

For two points xk 2 Da1 and yk 2 Db1 , there is a specific, differentiable, vector
function φ ¼ ðφ1;φ2; � � � ;φlÞT 2 rl . The ðNa : NbÞ-synchronization of two sets of
discrete dynamical systems[i¼1ðPai ; f

ðaiÞÞ and[j¼1ðPbj ; f
ðbjÞÞ is under the following

constraints

φðxk; yk; λÞ ¼ 0 and φðxkþNa ; ykþNb
; λÞ ¼ 0: (6.120)
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Consider a resultant hybrid mapping relation as

x0k ¼ PðNa:NbÞxk ¼ Pφ� � PNb� � Pφþ � PNaþxk (6.121)

with

PNaþ ¼ Pþ
ðNam ���Na2Na1 Þ and PNb� ¼ P�

ðNb1Nb2 ���Nbn Þ; (6.122)

PNaiþ : xkþSi�1
r¼1Nar

! xkþSi
r¼1Nar

with

fðaiÞðxkþSi�1
r¼1Narþ1; xkþSi�1

r¼1Nar
; pðaÞÞ ¼ 0;

fðaiÞðxkþSi�1
r¼1Narþ2; xkþSi�1

r¼1Narþ1; p
ðaÞÞ ¼ 0;

..

.

fðaiÞðxkþSi
r¼1Nar

; xkþSi�1
r¼1Nar�1; p

ðaiÞÞ ¼ 0

9>>>>>>>>=>>>>>>>>;
for i ¼ 1; 2; � � � ;m
Pφþ : xkþNa ! ykþNb

with φðxkþNa ; ykþNb
; λÞ ¼ 0;

PNbj
: ykþNb�Sn

r¼jNbr
! ykþNb�Sj

r¼j�1
Nbr

with

fðbjÞðykþNb�Sn
r¼jNbr

; ykþNb�Sn
r¼jNbr�1; p

ðbjÞÞ ¼ 0;

..

.

fðbjÞðykþNb�Sj
r¼j�1

Nbrþ2
; ykþNb�Sj

r¼j�1
Nbrþ1

; pðbjÞÞ ¼ 0;

fðbjÞðykþNb�Sj
r¼j�1

Nbrþ1
; ykþNb�Sj

r¼j�1
Nbr

; pðbjÞÞ ¼ 0

9>>>>>>>>>=>>>>>>>>>;
for j ¼ n; n� 1; � � � ; 1
Pφ� : yk ! x0k with φðx0k; yk; λÞ ¼ 0;

x0k ¼ xk (6.123)

and

DPðNa:NbÞðx�kÞ ¼ DPφ�ðy�kÞ � DPðNbÞ
b� ðy�kþNa

Þ � DPφþðx�kþNa
Þ � DPðNaÞ

aþ ðx�kÞ (6.124)

where

DP
ðNbÞ
b� ðy�kþNa

Þ ¼
Y1

i¼m
DP

ðNai Þ
aiþ ðx�kÞ;

DP
ðNai Þ
aiþ ðx�kÞ ¼ DPaiþðx�kþSi

r¼1Nai�1
Þ � ::: � DPaiþðx�kþSi�1

r¼1Naiþ1
Þ � DPaiþðx�kþSi�1

r¼1Nai
Þ;

(6.125)
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DP
ðNbÞ
b� ðy�kþNa

Þ ¼
Ym

j¼1
DP

ðNbj Þ
bjþ ðy�

kþNb�Sj�1

r¼1
Nai

Þ;

DP
ðNbj Þ
bjþ ðy�

kþNb�Sj�1

r¼1
Nai

Þ ¼ DPb�ðx�kþNb�Sj�1

r¼1
Nai

Þ � ::: � DPb�ðx�kþNb�Sj�1

r¼1
Nai�1

Þ
� DPb�ðx�kþNb�Sj

r¼1
Nai

Þ;
(6.126)

DPðNa:NbÞðx�kÞ ¼
@x0k
@xk

� �
x�
k

; (6.127)

DP
ðNai Þ
aiþ ðx�

kþSi
r¼1Nai

Þ ¼
Y1

s¼Nai

@xkþSi�1
r¼1Naiþs

@xkþSi�1
r¼1Naiþs�1

" #
x�
kþSi�1

r¼1
Naiþs�1

;

;

DPφþðx�kþNa
Þ ¼

@ykþNb

@xkþNa

� �
x�
kþNa

;

DP
ðNbj Þ
bj� ðy�

kþNb�Sj�1

r¼1
Nbj

Þ ¼
YNbj

s¼1

@ykþNb�Sj
r¼1

Nbj�s

@ykþNb�Sj
r¼1

Nbj�sþ1

24 35
y�
kþNb�Sj

r¼1
Nbj

�sþ1

;

DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

: (6.128)

(i) The ðNa : NbÞ -synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and[j¼1ðPbj ; f

ðbjÞÞ is persistent if and only if all the eigenvalues
li (i ¼ 1; 2; � � � ; n) of DPðNa:NbÞðx�kÞ lie in the unit circles, i.e.,

jlij<1 for i ¼ 1; 2; � � � ; n: (6.129)

(ii) The ðNa : NbÞ -synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is a saddle-node vanishing if and only if at

least one of the real eigenvalues li ( i ¼ 1; 2; � � � ; n1 and 1 
 n1 
 n ) of

DPðNa:NbÞðx�kÞ is positive one (+1) and the other eigenvalues are in the unit
circle, i.e.,

li ¼ 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.130)

(iii) The ðNa : NbÞ synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is a period-doubling vanishing if and only

if at least one of the real eigenvalues li (i ¼ 1; 2; � � � ; n1 and 1 
 n1 
 n) of
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DPðNa:NbÞðx�kÞ is negative one (�1) and the other eigenvalues are in the unit
circle, i.e.,

li ¼ �1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.131)

(iv) The ðNa : NbÞ -synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is a Naimark vanishing if and only if at

least one pair of all the complex eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and
1 
 n1 
 n=2) of DPðNa:NbÞðx�kÞ are on the unit circle and the other eigenvalues
are in the unit circle, i.e.,

jlij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
= 1 and jljj<1 for i; j 2 f1; 2; � � � ; ng and j 6¼ i: (6.132)

(v) The ðNa : NbÞ synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is an (l1 : l2 : l3) vanishing if and only if l1
and l2 real eigenvalues li of DPðNa:NbÞðx�kÞ are (�1) and (+1), respectively,
and l3-pairs of complex eigenvalues li ¼ ai 	 bii (i ¼ 1; 2; � � � ; n1 and 1 
 n1

 n=2Þ of DPðNa:NbÞðx�kÞ are on the unit circle and the other eigenvalues are in
the unit circle, i.e.,

li ¼ �1 for i ¼ i1; i2; � � � ; il1 2 f1; 2; � � � ; ng;
lj ¼ þ1 for j ¼ j1; j2; � � � ; jl2 2 f1; 2; � � � ; ng;

jlrj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2r þ b2r

q
= 1 for r ¼ r1; r2; � � � ; rl3 2 f1; 2; � � � ; ng;

jlsj<1 for s 2 f1; 2; � � � ; ng and s =2fi; j; rg: (6.133)

(vi) The ðNa : NbÞ synchronization of two sets of discrete dynamical systems

[i¼1ðPai ; f
ðaiÞÞ and [j¼1ðPbj ; f

ðbjÞÞ is instantaneous if and only if at least one of

the eigenvalues li (i ¼ 1; 2; � � � ; n) ofDPðNa:NbÞðx�kÞ lies out of the unit circle, i.e.,

jlij>1 for i 2 f1; 2; � � � ; ng: (6.134)

Proof The proof can be referred to Luo [2]. □

6.5 An Application of Discrete Systems Synchronization

As in Luo and Guo [4], consider an identical synchronization of the Duffing and

Henon maps as an example. The Duffing map is

x1ðkþ1Þ ¼ x2ðkÞ and x2ðkþ1Þ ¼ �dx1ðkÞ þ cx2ðkÞ � x32ðkÞ: (6.135)
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and the Henon map is

y1ðkþ1Þ ¼ y2ðkÞ þ 1� ay21ðkÞ and y2ðkþ1Þ ¼ by1ðkÞ: (6.136)

Introduce the vectors as

xk ¼ ðx1ðkÞ; x2ðkÞÞT and yk ¼ ðy1ðkÞ; y2ðkÞÞT

fðaÞ ¼ ðf ðaÞ1 ; f
ðaÞ
2 ÞT for a ¼ 1; 2: (6.137)

Herein a ¼ 1 for the Duffing map and a ¼ 2 for the Henon map. Thus, the Duffing

map is described by

P1 : xk ! xkþ1 and fð1Þðxk; xkþ1; p
ð1ÞÞ ¼ 0; (6.138)

where

f
ð1Þ
1 ðxk; xkþ1; p

ð1ÞÞ ¼ x1ðkþ1Þ � x2ðkÞ;

f
ð1Þ
2 ðxk; xkþ1; p

ð1ÞÞ ¼ x2ðkþ1Þ þ dx1ðkÞ � cx2ðkÞ þ x32ðkÞ;

pð1Þ ¼ ðc; dÞT: (6.139)

The Henon map is described by

P2 : yk ! ykþ1 and fð2Þðyk; ykþ1; p
ð2ÞÞ ¼ 0; (6.140)

where

f
ð2Þ
1 ðyk; ykþ1; p

ð2ÞÞ ¼ y1ðkþ1Þ � y2ðkÞ � 1þ ay21ðkÞ;

f
ð2Þ
2 ðyk; ykþ1; p

ð2ÞÞ ¼ y2ðkþ1Þ � by1ðkÞ;

pð2Þ ¼ ða; bÞT: (6.141)

Consider the ðN1 : N2Þ synchronization of the Duffing and Henon maps with

φðxk; yk; λÞ ¼ xk � yk ¼ 0;

φðxkþN1
; ykþN2

; λÞ ¼ xkþN1
� ykþN2

¼ 0; (6.142)

where

xkþN1
¼ P

ðN1Þ
1 xk¼P1 � P1 � � � � � P1|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

N1

xk with

f
ð1Þ
1 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x1ðkþiÞ � x2ðkþi�1Þ ¼ 0;

f
ð1Þ
2 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x2ðkþiÞ þ dx1ðkþi�1Þ � cx2ðkþi�1Þ þ x32ðkþi�1Þ ¼ 0

for i ¼ 1; 2; � � � ;N1; (6.143)
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ykþN2
¼ P

ðN2Þ
2 yk¼P2 � P2 � � � � � P2|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

N2

yk with

f
ð2Þ
1 ðykþj; ykþj�1; p

ð2ÞÞ ¼ y1ðkþjÞ � y2ðkþj�1Þ � 1þ ay21ðkþj�1Þ ¼ 0;

f
ð2Þ
2 ðyk; ykþ1; p

ð2ÞÞ ¼ y2ðkþjÞ � by1ðkþj�1Þ ¼ 0

for j ¼ 1; 2; � � � ;N2: (6.144)

For the ðN1 : N2Þ synchronization, the equivalent mapping structure is

x0k ¼ Pφ� � PðN2Þ
2� � Pφþ � PðN1Þ

1þ xk: (6.145)

If x0k ¼ xk; we have

f
ð1Þ
1 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x1ðkþiÞ � x2ðkþi�1Þ ¼ 0

f
ð1Þ
2 ðxkþi�1; xkþi; p

ð1ÞÞ ¼ x2ðkþiÞ þ dx1ðkþi�1Þ � cx2ðkþi�1Þ þ x32ðkþi�1Þ ¼ 0

9=;
for i ¼ 1; 2; � � � ;N1;

φðxkþN1
; ykþN2

; λÞ ¼ xkþN1
� ykþN2

¼ 0;

f
ð2Þ
1 ðykþj; ykþj�1; p

ð2ÞÞ ¼ y1ðkþjÞ � y2ðkþj�1Þ � 1þ ay21ðkþj�1Þ ¼ 0

f
ð2Þ
2 ðyk; ykþ1; p

ð2ÞÞ ¼ y2ðkþjÞ � by1ðkþj�1Þ ¼ 0

9=;
for j ¼ N2; � � � ; 2; 1;
φðxk; yk; λÞ ¼ xk � yk ¼ 0:

(6.146)

From which the fixed points of Eq. (6.145) [i.e., x�kþi (i ¼ 1; 2; � � � ;N1 ) and y�kþj

ð j ¼ 1; 2; � � �N2 )] can be obtained. The corresponding stability boundary of such

fixed points is given the eigenvalue analysis, i.e.,

Dx0k ¼ DPφþ � DPðN2Þ
2� � DPφþ � DPðN1Þ

1þ Dxk; (6.147)

where

DPφ�ðy�kÞ ¼
@x0k
@yk

� �
y�
k

¼ 1 0

0 1

� �
;

DP
ðN2Þ
2� ¼

YN2

j¼1
DP2�ðy�kþjÞ;

DP2�ðy�kþjÞ ¼
@ykþj�1

@ykþj

" #
y�
kþj

¼ � 1

b

0 1

b 2ay�1ðkþj�1Þ

" #
;

DPφþðx�kþN1
Þ ¼ @ykþN2

@xkþN1

� �
x�
kþN1

¼ 1 0

0 1

� �
;

DP
ðN1Þ
1þ ¼

Y1

i¼N1

DP2�ðx�kþjÞ;

DP1þðx�kþj�1Þ ¼
@xkþj

@xkþj�1

� �
x�
kþj�1

¼
0 1

�d �cþ 3ðx�2ðkþj�1ÞÞ2
" #

: (6.148)
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Through the above analysis procedure, the ðN1 : N2Þ synchronization domains

and boundaries can be determined from Theorem 6.7. In Eq. (6.145), we can form a

new map iteration

xJþ1 ¼ PxJ with

xJ � xk and P � Pφ� � PðN2Þ
2� � Pφþ � PðN1Þ

1þ :
(6.149)

Using Eq. (6.149), numerical iteration can be done to observe the ðN1 : N2Þ identical
synchronization of the Duffing and Henon maps.

As in Luo and Guo [4], consider parameters of a ¼ 0:8, c ¼ 2:75 and d ¼ 0:2.
From the mapping in Eq. (6.149), the ð1 : 1Þ -identical synchronization of the

Duffing and Henon maps is simulated, as shown in Fig. 6.9. The bifurcation

scenario alike plots for x1ðkÞ and x2ðkÞ with y1ðkÞ and y2ðkÞ . The shaded regions are

for the ð1 : 1Þ synchronization. PD and SN represent period-doubling and saddle-

node vanishing of the ð1 : 1Þ synchronization, respectively. The synchronization

range is b 2 ð�1;�30:84Þ and b 2 ð33:88;1Þ in Fig. 6.9a, b. In Fig. 6.9c–f, the

zoomed view for small parameter ranges are presented. The parameter ranges

are given by b 2 ð1:2431; 1:3687Þ and b 2 ð�1:7667;�1:4216Þ , respectively.
The analytical predictions of the ð1 : 1Þ-synchronization is presented in Fig. 6.9.

The solid curves are the ð1 : 1Þ synchronizations. PD and SN represent period-

doubling and saddle-node vanishing of the ð1 : 1Þ synchronization, respectively.

The instantaneous ð1 : 1Þ synchronizations are represented by dashed curves.

For numerical simulations, the instantaneous synchronization state cannot be

achieved. The ð1 : 1Þ synchronization given by the analytical prediction matches

with the numerical prediction. The large parameter ranges for the ð1 : 1Þ synchro-
nization are presented in Fig. 6.10a, b. The small parameter ranges for the ð1 : 1Þ-
synchronization are arranged in Fig. 6.10c–f. The corresponding parameter maps

for ð1 : 1Þ-synchronization are presented in Fig. 4.13. The shaded regions are for the
ð1 : 1Þ synchronization. PD and SN represent period-doubling and saddle-node

vanishing of the ð1 : 1Þ synchronization, respectively. The intersected points of the

PD and SN vanishing are ð1; 1; 0Þ-critical synchronization vanishing with l1 ¼ �1

and l2 ¼ 1. Figure 6.11a, c, e is for overall parameter maps, and Fig. 6.11b, d, f is

for the zoomed views of parameter maps. Figure 6.11a, b shows parameter map

ða; bÞ for c ¼ 2:75 and d ¼ 0:2. Figure 6.11c, d presents the parameter maps ðd; bÞ
for a ¼ 0:8 and c ¼ 2:75. Figure 6.11e, f gives the parameter ðc; bÞ for a ¼ 0:8 and
d ¼ 0:2. For the parameter maps, the ð1 : 1Þ synchronizations exist in different

regions with many cusp points, and such cusp points will be very difficult to be

analyzed by the catastrophe analysis. Other discrete dynamical system synchroni-

zation can be carried out from the theory of discrete dynamical system synchroni-

zation, which is presented in this chapter.
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Fig. 6.9 The numerical iteration for the (1:1) synchronization of two discrete dynamical systems

with the Duffing and Henon maps. Bifurcation scenario alike plots for x1ðkÞ and x2ðkÞ with y1ðkÞ and
y2ðkÞ: (a) and (b) for b 2 ð�1;�30:84Þ and b 2 ð33:88;1Þ; (c) and (d) for b 2 ð1:2431; 1:3687Þ;
(e) and (f) for b 2 ð�1:7667;�1:4216Þ. The shaded regions are for the (1:1) synchronization. PD
and SN represent period-doubling and saddle-node vanishing of the (1:1) synchronization, respec-

tively (a ¼ 0.8, c ¼ 2.75 and d ¼ 0.2)
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Fig. 6.10 The analytical prediction of the (1:1) synchronization of two discrete dynamical

systems with the Duffing and Henon maps. The iterative states x1ðkÞ and x2ðkÞ with y1ðkÞ and y2ðkÞ
are presented: (a) and (b) for b 2 ð�1;�30:84Þ and b 2 ð33:88;1Þ; (c) and (d) for b 2 ð1:2431;
1:3687Þ; (e) and (f) for b 2 ð�1:7667;�1:4216Þ. The shaded regions are for the (1:1) synchroni-
zation. PD and SN represent period-doubling and saddle-node vanishing of the (1:1) synchroniza-

tion, respectively. The instantaneous (1:1) synchronizations are represented by the dotted curves
(a ¼ 0.8, c ¼ 2.75, and d ¼ 0.2)
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Fig. 6.11 Parameter maps of the ð1 : 1Þ synchronization of two discrete dynamical systems with

the Duffing and Henon maps: (a) and (b) parameter map (a, b) forc ¼ 2:75andd ¼ 0:2; (c) and (d)
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hand side. The shaded regions are for the ð1 : 1Þ synchronization. PD and SN represent period-

doubling and saddle-node vanishing of the ð1 : 1Þ synchronization, respectively
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