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1 Introduction

Classical critical point theorems and standard Morse theory are directly applicable
to functionals bounded from below which satisfy compactness assumptions, such
as the Palais—Smale condition (see Sect. 2), and whose critical points have finite
Morse index. Unluckily, these tools cannot be applied to many interesting problems
involving functionals that are strongly indefinite. For example, geodesics joining
two points z,, z; on an indefinite semi—Riemannian manifold (.7, (-,-).) are the
critical points of the strongly indefinite C! action functional

10 = [ auas m

defined on the Hilbert manifold Q of all the H'-curves joining Zp to zg in A
(for more details, see Sect. 2). Anyway, starting from the seminal paper [4], in
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some particular settings, and according to the properties of the manifold .# and
its indefinite metric (-,-)r, the functional f in Eq. (1) has been widely studied by
using variational methods, also obtaining sometimes optimal results at least in the
Lorentzian case (we refer to the book [22] and to the updated survey paper [12] and
references therein). A typical situation occurs when the Lorentzian metric tensor
(+,-)L presents symmetries (i.e., Killing vector fields): one gets rid of the negative
contributions in the directions of the Killing fields and, by means of some variational
principles, it is possible to handle with simpler functionals, which essentially depend
only on a Riemannian metric, so that they are bounded from below and satisfy the
Palais—Smale condition under reasonable assumptions. This is the case of standard
stationary and Godel-type spacetimes.

Definition 1. A Lorentzian manifold (., (-,-).) is a standard stationary spacetime
if there exist a smooth, finite—dimensional Riemannian manifold (%, (-,")r), a
vector field 6 and a positive smooth function 8 on .#j such that .# = .#y x R
and the Lorentz metric (under natural identifications) is

(o) = (o) +2(8(x),)r di = B(x) dr?. 2

When the cross term vanishes (6 = 0), the spacetime is called standard static. This

is a warped product . x N/ R with Riemannian base and negative definite fiber.

Recall that every stationary spacetime (i.e., a spacetime admitting a timelike
Killing vector field K) is locally a standard stationary one with K = d,.

On the other hand, Godel-type spacetimes are Lorentzian manifolds admitting a
pair of commuting Killing vector fields which span a two-dimensional distribution
where the metric has index 1 (the causal characters of the Killing vectors could
change on the manifold, see [13, Example 5.1]). More precisely, we use the
following definition (according to [10]):

Definition 2. A Lorentzian manifold (., (-,-)) is a Godel-type spacetime, briefly
GTS, if a smooth, finite—dimensional Riemannian manifold (.#p, (-,-)r) exists such
that .# = .#y x R? and the metric (-,-), is described as

(90 = (-, r+A(x)dy* +2B(x)dydt — C(x)dt?, 3)

where x € ./, the variables (y,) are the natural coordinates of R2, and A, B, C are
C! scalar fields on . satisfying

H(x) = B*(x)+A(x)C(x) >0 forallx € .. 4)

Let us observe that condition (4) implies that metric (3) is Lorentzian. It is also
interesting to point out that GT'S are not necessarily time—orientable (e.g., cf. [13,
Remark 1.2]).

In [18] Godel gives an exact solution of Einstein’s field equations with ho-
mogeneous perfect fluid distribution, the so-called classical Godel universe. This
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spacetime, described in Example 1(e;) (see also [16, 21] where its geodesic
equations are explicitly integrated), has a five dimensional group of isometries, is
geodesically complete, and admits closed causal curves (e.g., cf. [19]). In [28],
Raychaudhuri and Thakurta start the study of homogeneity properties of GT'S
investigating homogeneity conditions of a class of cylindrically symmetric metrics;
later on, in [29], Rebougas and Tiomno introduce a definition for Godel metrics in
four dimensions and study their homogeneity conditions (see also [6, 15]).

Example 1. The class of GTS depicted in Definition 2 is wide; indeed, this
definition covers very different kinds of spacetimes, including some physically
relevant examples.

(e1) The Godel universe (cf. [18]) is a GT'S with
Mo=R?, (- )g =dxi+d3
and with coefficients in Eq. (3) given by
Alx) = —e2V20M )2 B(x) = -V, C(x) =1
(@ > 0 represents the magnitude of the vorticity of the flow). In [10], by a
direct integration of the geodesic equations, it is constructed a geodesic joining
each couple of points in .Z .
(e2) The Godel-Synge spacetimes (cf. [31]) are GT'S with .4 = R* and
(VL = dx? + dx3 — g(x1)dy* — 2h(x;)dydt — di*,
where g, h are smooth functions of x| with g > 0. If 2¢ = h? and h = &1, this
metric reduces to the Godel classical one.
(e3) Some Kerr—Schild spacetimes (e.g., cf. [20]) are GTS with again
My =R?and
(-, = dx? +dx3 +dy* — di* +V (x1,x2) (dy +dt)?,

where V is an arbitrary function on R2. In this case, the coefficients in
Eq. (3) are

AR =14V, BE)=V(), Cx)=1-V(),
and thus, H(x) = 1.
(e4) Some standard stationary spacetimes are GT'S with .# = .#, x R?, being

(Mo x R, (-,-)g +dy?) the Riemannian part and

(-, = (-, Yr+dy?* +28(x)dydt — B(x)dr?
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the stationary metric with d(x,y) = 6(x) € R and B(x,y) = B(x) > 0 in
My x R. Clearly, they are GT'S with metric coefficients A(x) = 1, B(x) = 0 (x)
and C(x) = B(x).

Vice versa, some GT'S are standard stationary spacetimes when A (x)C(x) >

0 on .#), being standard static if, in addition, B = 0. For example, if A(x) > 0
on ./, the spatial part of the stationary spacetime corresponds to .#p x R
equipped with the Riemannian metric (-,-)g + A(x)dy* (which is complete if
so is (-, -)r), the vector field becomes 6 (x,y) = (0,B(x)) € T.#p x R, and the
scalar field is B(x,y) = C(x) > 0 for each (x,y) € 4 x R.

(es) Some examples of general plane fronted waves are also GT'S. More precisely,
a general plane fronted wave is a Lorentzian manifold ./ x R? equipped with
the metric

()0 = (-, )& + 2dydt + Ho (x,1)ds?,

where (.4, (-,-)r) is a Riemannian manifold, (y,#) are the natural coordinates
of R?, and the smooth scalar field Hy on .# x R satisfies Hy % 0. Clearly,
when Hy(x,t) is autonomous (i.e., it does not depend on #), this spacetime
is a GTS. Results on geodesic completeness and connectedness for these
spacetimes can be found in [7].

The importance of the spacetimes above justifies the study of global properties
such as geodesic connectedness and geodesic completeness. However, one cannot
expect to prove general results, as these properties depend strongly on the metric
coefficients (see respectively Theorems 2 and 3 and related comments). This
dependence is also evident in the study of causality properties for GT'S: it is well
known that the classical Godel universe is not chronological and, on the other side,
stationary spacetimes can be globally hyperbolic (cf. [30, Corollary 3.4] and [14,
Theorem 4.3]).

The chapter is organized as follows. In Sect. 2, we recall some variational
principles for geodesics on static spacetimes and GT'S. In Sect. 3, we present a
new result on geodesic connectedness, and compare it with the previous ones in [2],
showing its accuracy by examples. In Sect. 4, we deal with geodesic completeness
and state a sufficient condition in order to obtain it. Finally, in the Appendix, we fix
some widely known notations about the variational set up.

2 The Variational Principle

According to notations and statements contained in the Appendix, there is a
correspondence between geodesics joining two given points z,, z, on a semi—
Riemannian manifold (., (-,-)r) and critical points of the action functional f in
Eq. (1) on the Hilbert manifold Q'(z,,z,). As already remarked, if (-,-), is not
Riemannian then f is strongly indefinite, but, in some Lorentzian manifolds, this
difficulty can be overcome by introducing a new suitable functional.



Global Geodesic Properties of Godel-type SpaceTimes 183

The kernel of our approach is a variational principle stated in [5, Theorem
2.1] for static Lorentzian manifolds .# = .#y x R, with (-,-); as in Eq. (2) and
6 = 0 (extended to stationary spacetimes in [17, Theorem 2.2], see also [8]). It
is based on the fact that (d;,z), is constant along each geodesic z, because of the
Killing character of d;. Namely, z, = (xp,1p), 2y = (x4,14) € .4 are connected by a
geodesic Z = (¥,7), which is a critical point of the functional f in (1) on Q' (z,,2,) =
Q1 (x,,x,) x W(tp,1,), if and only if ¥ is a critical point of the functional

-1

J(x) = %/01<x,x>Rds_A7f2 (/Olﬁx)ds) on Q' (x,x,), (5

with A := 1, —1,,.
Next, let us consider the more general setting of GT'S with .# = ., x R? and
(-,-)1 as in Definition 2. For each x € H!(I,.#,), let us define

_ [1AW _ [ s, c(x) = gati] s
S SRR TR R T R
ZL(x) = b*(x) +a(x)c(x). 7

As every GTS admits two Killing vector fields d,, d; (not necessarily timelike),
an extension of the previous variational principle can be stated (cf. [10, Proposition
2.2]). In this setting, fixing z, = (xp,Yp,1p), 29 = (Xg,Yq:1q) € A, With x,,, x4 € M
and (yp,1p), (vg,14) € R?, we have that Z: I — .# is a geodesic joining z,, to z, in
A if and only if it is a critical point of the action functional (1), with (-,-);, as in
Eq. (3), defined on the manifold 2'(z,,24) = Q' (xp,x4) X W(yp,g) X W(tp,14).
Letx € Q!(x,,x,) be such that £ (x) # 0 (cf. (7). For all s € I we define

Ay b(x) =4 c(x) [* B(x) va(x) + 4 blx) (X)d

B =yt == [y x>d"+ f(x) H@
0,(6)(s) = - Ay b():)%?x?t c(x) /OS?I);)) d(7+ +Az / H))Cc)) do,

with Ay :=y, —y, and A, :=t, —t,. Standard arguments imply that the functions ¢,
and ¢, which go from Q' (x,,x,) to W(y,,y,) and W(t,,1,), respectively, are C'.
Then, the following proposition holds (see [10, Proposition 2.2]).

Proposition 1. Let (4 ,(-,-)1) be a GTS and x,, x4 € My be such that | £ (x)| > 0
forall x € Q! (xp,xq). Then, the following statements are equivalent:

1.z Q! (zp,2q) is a critical point of the action functional f in Eq. (1);

2. setting z= (X,7,7), the curve ¥ € Q! (xp,xq) is a critical point of the C' functional

1 A2a(x) +2A,A,b(x) — Ale(x
/(X)Z% /0 (t,%)g ds + -2 () + Zif(x() ) ) on Q1 (xp,x,) (8)

(see Egs. (6)—(7)), while § = ¢y(X), T = ¢(X), with ¢y, ¢ as above.
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Furthermore,

S (x) = fOx,¢y(x), 01 (x)) forall x € Q' (xp,xq).

Thus, the geodesic connectedness problem in the standard static and GT'S cases
reduces to give conditions on the functionals J in Eq. (5) and ¢ in Eq. (8),
respectively, which allows us to apply the classical critical point theorem below
(see [27, Theorem 2.7]).

Theorem 1. Assume that Q is a complete Riemannian manifold and F is a C'
functional on €2 which satisfies the Palais—Smale condition, i.e., any sequence
(xx)k C Q such that

(F(x))x is bounded and  lim F'(x;) =0,
k—too
converges in 2, up to subsequences. Then, if F is bounded from below, it attains its
infimum.

Remark 8. In order to obtain a multiplicity result on geodesics joining two fixed
points in standard static spacetimes or in GT'S, the Ljusternik—Schnirelman theory
can be applied to J in Eq. (5) or ¢ in Eq. (8) whenever the Riemannian part has a
“rich topology” (for the static case see [3] and references therein, and for GT'S, see
[2,10,11]).

In order to avoid technicalities, hereafter we assume that ., is complete, so
that Q' (x,,x,) is also complete for each x,,x; € .#,. Moreover, let us recall that a
functional F on Q! (x,,x,) is coercive if

F(x) = 4o if  ||%|| = oo,
where |2 = [y (x,%)r ds.
The following result holds (cf. [3, Proposition 4.3] and [2, Lemma 5.3]).

Lemma 1. Let (.4, {-,-)r) be a C> complete Riemannian manifold and fix two
points xp, X4 in #y. Then, the following statements hold:

(a) if M = My = R is a static Lorentzian manifold and J in Eq. (5) is coercive on
QY (x,,x,), then J satisfies the Palais—Smale condition on Q' (x,,x,);

(b) if M = My xR*is a GTS, ¢ in Eq. (8) is coercive on Q'(x,,x,) and there
exists V > 0 such that

| L ()| >v forallx € Q' (x,,x,),

then ¢ satisfies the Palais—Smale condition on Q' (x,,x,).

Summing up, geodesic connectedness of the mentioned spacetimes is guaranteed
by conditions implying the coercivity and lower boundedness of the “Riemannian”
functional associated to the problem.
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For instance, in the case of J in Eq. (5), these conditions correspond to restrictions
on the growth of the (positive) metric coefficient § in Eq. (2): B bounded in
the pioneer paper [5] or, more in general, 3 subquadratic or growing at most
quadratically with respect to the distance d(-,-) induced on .# by its Riemannian
metric (-,-)g, i.e., existence of A > 0, k € R and a point xy € .#) such that

0 < B(x) < Ad*(x,x0) +k forall x € . )

(cf. [3, Theorem 1.1] and references therein). Remarkably, this second growth
condition on f is optimal, as showed in [3, Sect. 7] by constructing a family
of geodesically disconnected static spacetimes with superquadratic, but arbitrarily
close to quadratic, coefficients f3.

3 Geodesic Connectedness in GTS

At a first glance the problem in GTS can be handled in the same manner as in
the static case. However, we cannot expect optimality by applying this variational
approach. In fact, the classical Godel universe cannot be studied by our tools, due
to the lack of the assumption - (x) # 0 on Q'(x,,x,) for each couple of points
Xp,Xg € R? (cf. Example 1(e})). In this section, we state and prove a new theorem
on geodesic connectedness for GT'S (in addition to the previous ones in [2, 10]),
which, even if not optimal, is accurate in the sense described below (see Corollary 1
and Example 2).

Theorem 2. Let (M = .My x R?,(-,-)) be a Gidel-type spacetime such that:

(h1) (Mo, {-,-)R) is a C* complete Riemannian manifold;
(hy) there exists v > 0 such that £ (x) > v > 0 for all x € H' (I, .4);
(h3) m(x) > h(x) > 0 for all x € H' (I, .#4), with m(x) := max{a(x), —c(x)} and

'l ds
h(x) = | T S Tk >0,keR _
) /0 Ad?(x(s),xo0) +k Jorsome A >0, k € R and xo € My

Then, (A ,(-,-)L) is geodesically connected.

Proof. Let us take any z, = (x,,¥p,1p), 2g = (X4, Yq,1q) € A , With xp,, x, € . and
(Vpstp)s (¥g,t4) € R%. From hypothesis () (in particular . (x) # 0), Proposition 1
can be applied, and so the existence of geodesics joining z, to z, reduces to find
critical points of ¢ in Eq. (8) on Q! (xp,x4). Following the arguments developed
in [2, Sect. 5], we have that _# can be written as follows:

2 X 2 X
F0 =W - 3T - 3 e (10)
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where

x)+ )2 +4b(x

and A (x) are suitable real maps depending also on Ay, A; (see Eq. (6) and [2,
p. 784]). Since .Z(x) = —A_(x)A+(x), necessarily, A4 (x) > 0> A_(x) for all x €
Q'(x,,x,), and thus

1, ., 14A%(x)
> 1512 = = ,
F0= 5 =30
Note also that, by the definition of m(x) in (h3), we get

o 2 SO ) (o)

=m(x) > 0.
Hence, (h3) implies

A2 (x)

/(x)zlnxuz_z Ok %H = *(x)

(h(x))"" forall x € Q' (xp,x,).

So, from [3, Theorem 1.1], it follows that _# is bounded from below and coercive
(cf. Egs.(5) and (9)). Furthermore, by (k) and Lemma 1(b), the functional ¢
satisfies the Palais—Smale condition. Hence, Theorem 1 can be applied, and a
geodesic connecting z, with z; is obtained. As z,, z, are arbitrary, the thesis
follows. a

An immediate consequence of Theorem 2 is the following result concerning
some standard stationary spacetimes (cf. Example 1(e4)).

Corollary 1. Let (4 = My x R?{-,-)1) be a standard stationary spacetime with
(.9 = (-, )R +dy* +28(x)dydt — B(x)dt?, where 8, B : My — R, B(x) > 0 in
M. Assume also that

(s1) (Ao, {-,-)r) is a C* complete Riemannian manifold;
(s2) there exist A1,Ay > 0, k1,ky € R and a point xo € #y such that
B(x) < Md*(x,x0) + ki,  8(x) < Aad(x,x0) + k2 forall x € .

Then, (M = My x R?,(-,-)1) is geodesically connected.

Proof. As the standard stationary spacetime (.# = .#y x R?,(-,-).) is a GTS with
A(x) =1, B(x) = 6(x), and C(x) = B(x), the thesis follows from Theorem 2. O

Notice that Corollary 1 is a particular case of [1, Theorem 1.2] for general
standard stationary manifolds .# = .4y x R with (-,-);, as in Eq. (2), which proof
is based on fine estimates involving the metric coefficients. The following example
shows the accurate character of this result.
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Example 2. Let us consider R? endowed with the following family of metrics:
(v )Le = dxX* +dy* — Be(x)dr*, €>0,
where (x,,7) € R? and B is a (positive) smooth function on R such that

{ﬁg(x) =1+ x>T¢ ifxeR\(-1,1)
ﬁE([_lvl]) C [172]'

By Corollary 1 (with § = 0), the spacetime is geodesically connected if e=0. How-
ever, the spacetime is geodesically disconnected for any (and thus, for arbitrarily
close to zero) strictly positive € (see [3, Sect. 7]).

In order to give a more precise idea of the known results on geodesic connect-
edness in GT'S by applying variational tools, let us review the corresponding results
in [2]. In [2, Theorem 4.3], by using the expression Eq. (10) of _#, the geodesic
connectedness of GT'S is proven under assumptions (/) and (k) in Theorem 2, in
addition to the following one:

(h) A(x) —C(x) > 0 for all x € .# and the (positive) map AH& is at most

. (x)—C(x)
quadratic.

Indeed, these conditions imply that ¢ is bounded from below and coercive, which
allows us to apply Theorem 1 in view of Lemma 1(b).

As an immediate application of this result to Kerr—Schild spacetime (Exam-
ple 1(e3)), observe that here A(x) — C(x) = 2V (x), H(x) = 1, and .Z(x) # 0 on
H'(I,.44). Thus, the geodesic connectedness is ensured if V is strictly positive and
(2V(x))~! is at most quadratic.

On the other hand, in [2, Theorem 4.4], we consider the simpler case, where
ZL(x) < —v<O0forallx € H'(I,.#) and A(x) — C(x) < 0 for all x € ..

Finally, notice that in [2] the growth assumption involves only the metric
coefficients, and not the integrals in Eq. (6). This contrasts with [10, 11], where,
in order to get the coercivity of ¢, it is required that

a(x) c(x)
Z(x) Z(x)

‘ are uniformly bounded on H' (1, .#})).

b(x)
) g(.x) )
Remark 2. Regarding to the case A = C left over in [2], if A (hence C) is always
different from zero, then we are in the stationary case (Example 1(e4)) with
B(x)=lAx)].

In general, if B=0 and H(x) = A(x)C(x) > 0 with A(x) > 0 and B (x) = C(x),
then we have Example 1(e4) in the static case. So, _# (x) > J(x) on each Q' (x,,x,)
and the optimal result in [3, Theorem 1.1] can be used. Let us point out that a direct
use of (hy) for the particular case A = 1 would give the desired result only for

B(x) < 1.
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If A=C =0, then .Z(x) = b*(x) and GT S becomes the more general type of warped
product spacetimes, with fiber the two dimensional Lorentz—Minkowski spacetime
(see also [10,13] and references therein). In this case, we deal again with a functional
as in Eq. (5), and we get global geodesic connectedness for the class of metrics
(,-)r —28(x)dydt, where 0 is a positive function with at most a quadratic growth
(compare with [10, Appendix B]).

Moreover, if a = ¢ on H' (1, .4), then

2

x lxz_A_*
702 3P -

Hence, if A(x) > 0 in .#), we obtain geodesic connectedness by assuming that
H(x)/A(x) grows at most quadratically in . (cf. Egs. (5) and (9)).

Remark 3. In [26] Piccione and Tausk generalize the Morse index theorem to semi—
Riemannian manifolds admitting a smooth distribution spanned by commuting
Killing vector fields and containing a maximal negative distribution for the given
metric. So, they obtain Morse relations for standard stationary spacetimes and, when
the nondegeneracity condition |.Z(x)| > 0 holds, for GT'S (cf. [26, Theorems 4.6
and 4.8]). In particular, also in our setting, Morse relations hold. In fact, under the
assumptions of Theorem 2 or of [2, Theorem 4.3] (where (h;) and (h;) hold, while
(h3) is replaced by (h})), a formal power series involving the Maslov index and
the reduced Maslov index can be stated as in [26, Theorem 4.8] for each pair of
non—conjugate points (for this definition, cf., e.g., [25]).

4 Geodesic Completeness

In this section, we establish and prove a result on geodesic completeness for GT'S.
Theorem 3. Let (.4 = My x R?,(-,-)1) be a Gidel-type spacetime such that:

(c1) (Ao, {-,-)R) is a complete Riemannian manifold;
(cp) there exist A > 0, k € R and a point xy € .#y such that the map

Hix ey ) —AR) /(A ) +4B2(x) € R
(which is strictly positive by Eq. (4)) satisfies
1/u(x) < Ad*(x,x0) +k forall x € . (11)

Then, (A ,{-,-)1) is geodesically complete.



Global Geodesic Properties of Godel-type SpaceTimes 189

Proof. Let z:[0,T) — #, z(s) = (x(s),y(s),t(s)), be an inextendible geodesic.
Arguing by contradiction, it is enough to prove that if T < 4o, then the (-,-)g—
length of x(s) is bounded, and so, z can be extended to T against the maximality
assumption (see [25, Lemma 5.8]).

As 9, and 0; are Killing vector fields, there exist constants c1,c> € R such that

A(x)y+B(x)i = ¢y
{B(X)Y—C(x)t' =c, forall s €[0,T), (12)
with
x) = A(x) B(x)
7 (B(x) —C(x)) (13)

symmetric matrix with det.”(x) = —H(x) < 0.
Furthermore, as z is a geodesic, there exists a constant E, € R such that

(z,2)1 = (6, %)r +A(x)y* +2B(x)yi —C(x)i* = E, foralls€[0,T).  (14)
Thus, by Eqgs. (12) and (14) we get
(%, X)r+c1y+cyf =E; forallsel0,T). (15)
On the other hand, by Eqgs. (12) and (4) we have

. c1C(x) + c2B(x) . c1B(x) — crA(x)
H(x) ’ H(x)

Whence, by Eq. (15) and using the notation ||x||% := (x,%)r, we get

c3A(x) — 3C(x) — 2c1¢2B(x)
H(x)

|4z = E:+ . (16)

Note that the symmetric matrix .(x) in Eq. (13) admits two (non-null) real
eigenvalues

Au(y) = AW ZCH+ WA(;) FCOHABD) it AL () > 0> A ().

Recall that by standard arguments there exists an orthogonal matrix Q(x) such that

oo (50 ey ) 20 =("0" 100
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Let us denote (¢1,62) = (2 +¢3)7/%(c1,¢2) and (1 (x),&(x)) = (¢1,82)Q(x). By
definition we have p(x) = —2A_(x), and, by the orthogonality of Q(x), we have
[6(x)]* < 1forie€ {1,2}.So, we can rewrite Eq. (16) as:

%Iz = £+

H(x
(are)ow ("5, ) ewr ()
= E + H(x)
(&1 6) 0 (M0 0 Yowr (¢
= E+(c}+d}) ( OH(?)(X)) ( 2)
(61(x) &(x)) <A+0(X) Ao(x)) <~2 (3)
= E.+(c+6) —A+(x2Af (x)
~ 2
= E.—(ci+¢3) Gl + &2(x)]
< E C%l-i- C; _< 1/; (xz)c%+cg+(X) )
=T AL F ix)

Thus, by Eq. (11) there exist suitable constants A,k > 0 such that:
() [k < Ad(x(s),x(0)+F < 4 /0 (7 |gdr+% foralls e [0,7).
In conclusion, we obtain
log (1 /OX |x(r)||Rdr—|—l_c) —log(k) <As <AT forallse[0,T)

and then the boundedness of the (-, -)g—length of x(s) in [0, T'), as required. O

Remark 4. The at most quadratic behavior of the autonomous term 1/t required for
the geodesic completeness of a GTS in Theorem 3 is consistent with the (optimal)
growth estimates which imply the completeness of the solutions of certain second
order differential equations on Riemannian manifolds (see [9]).

Appendix

Taking a connected, finite—dimensional semi—Riemannian manifold (.7 ,g), let
H'(I,.#) be the associated Sobolev space for some auxiliar Riemannian metric on
M . Then, H'(I,.#) is equipped with a structure of infinite—dimensional manifold
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modelled on the Hilbert space H'(I,R"). For any z € H'(I,.#), the tangent space
of H'(I,.#) at z can be written as follows:

H'(1,.#) ={¢ e HW(I,T M) : {(5) € T4 forall s € I},

where T.# is the tangent bundle of .7 .
If ./ splits globally in the product of two semi—Riemannian manifolds .# and
Mo, ie. M = M X M, then

HY\(1,.#) = H'(I,.4y) x H'(I, 4)

and T,H'(I,.4) = T, H'(I,.4)) x T,H' (I, 40,) for all z = (z1,22) € M.

On the other hand, if (., (-,-)r) is a C3 complete Riemannian manifold, it
can be smoothly and isometrically embedded in a Euclidean space RY (see [24]);
moreover such embedding can be chosen closed (see [23]) and this is used in the
proof of Lemma 1. Hence, H' (I,.#,) is a closed submanifold of the Hilbert space
H'(I,RY). In this case, we denote by d(-,-) the distance induced on . by its
Riemannian metric (-, -)g, i.e.,

b
d(xp,xg) = inf{/ V(% X)R ds: xeAxqu},
Ja

where x € Ay, if x : [a,b] — 4 is any piecewise smooth curve in .# joining
Xp,Xq € M.
Taking z,, z; € .#, let us consider

QY (zp,2g) = {z € H\(I,.4) : 2(0) = 2, z(1) = 2, },

which is a submanifold of H' (1,.#), complete if .# is complete and having tangent
space described as

T.Q"(zp,2y) = {C € TLH' (I, #): £(0) =0=¢(1)} atanyze€ Q'(z,2,).
Moreover, for any /,, [, € R, let us denote
W(ly,l,) ={l € H'(ILR): 1(0) =1, , I(1) =1,}.
Clearly,
W (lp,lq) = Ho (I, R) + g,
with H (I,R) = {l € HY(I,LR) : 1(0) =0=1(1)}, Ly : s € [+ (1 — ), +sl; € R.
Hence, W(l,,1,) is a closed affine submanifold of the Hilbert space H'(I,R) with

tangent space

TiW (I,,1,) = HL(I,R) forevery I € W(l,,1,).
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