D

Occupation Measures: Asymptotic
Properties and Ramification

5.1 Introduction

Chapter 4 deals with the probability distribution of a®(-) through the
corresponding forward equation and is mainly an analytical approach,
whereas the current chapter is largely probabilistic in nature. The cen-
tral theme of this chapter is limit results of unscaled as well as scaled
sequences of occupation measures, which include the law of large num-
bers for an unscaled sequence, exponential upper bounds, and asymptotic
distribution of a suitably scaled sequence of occupation times. It further
exploits the deviation of the functional occupation times from its quasi-
stationary distribution. We obtain estimates of centered deviations, prove
the convergence of a properly scaled and centered sequence of occupation
times, characterize the limit process by deriving the limit distribution and
providing explicit formulas for the mean and covariance functions, and
provide exponential bounds for the normalized process. It is worthwhile to
note that the limit covariance function depends on the initial-layer terms
in contrast with most of the existing results of central limit type.

The rest of the chapter is arranged as follows. We first study the asymp-
totic properties of irreducible Markov chains in Section 5.2. In view of the
developments in Remarks 4.34 and 4.39, the Markov chain with recurrent
states is the most illustrative and representative one. As a result, in the
remaining chapters, we mainly treat problems associated with this model.
Starting in Section 5.3.1, we consider Markov chains with weak and strong
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142 5. Occupation Measures: Asymptotic Properties and Ramification

interactions with generators consisting of multiple irreducible blocks. After
treating aggregation of the Markov states, we study the corresponding ex-
ponential bounds. We deal with asymptotic distributions. Then in Section
5.4, we treat Markov chains with generators that are merely measurable.
Next, remarks on inclusion of transient and absorbing states are provided
in Section 5.5. Applications of the weak convergence results and a related
stability problem are provided in Section 5.6. Finally, Section 5.7 concludes
the chapter with notes and further remarks.

5.2  The Irreducible Case

The notion of occupation measure is set forth first. We consider a sequence
of unscaled occupation measures and establish its convergence in prob-
ability to that of the accumulative quasi-stationary distribution. This is
followed by exponential bounds of the function occupation time and mo-
ment estimates. In addition, asymptotic normality is derived. Although the
prelimit process has nonzero mean and is nonstationary, using the results of
Section 4.2, the quasi-stationary regime is established after a short period
(of order O(g)). We also calculate explicitly the covariance representation
of the limit process, and prove that the process a°(-) satisfies a mixing
condition. The tightness of the sequence and the w.p.1 continuity of the
sample paths of the limit process are proved by estimating the fourth mo-
ment. The limit of the finite-dimensional distributions is then calculated
and shown to be Gaussian. By proving a series of lemmas, we derive the
desired asymptotic normality.

As was mentioned in previous chapters, the process a®(-) arises from per-
vasive practical use that involves a rapidly fluctuating finite-state Markov
chain. In these applications, the asymptotic behavior of the Markov chain
af(+) has a major influence. Further investigation and understanding of the
asymptotic properties of «°(-), in particular, the probabilistic structures,
play an important role in the in-depth study.

In Section 4.2, using singular perturbation techniques, we examined the
asymptotic properties of pf(t) = P(a®(t) = ). It has been proved that
pe(t) = (p5(t),...,p5,(t)) converges to the quasi-stationary distribution
v(t) as € — 0 for each ¢ > 0 and p°(¢) admits an asymptotic expansion in
terms of . To gain further insight, we ask whether there is a limit result
for the occupation measure fg Iz (s)=iyds. If a convergence is expected to
take place, then what is the rate of convergence? Does one have a cen-
tral limit theorem associated with the a®(-)-process? The answers to these
questions are affirmative. We will prove a number of limit results related
to an unscaled sequence, and a suitably scaled and normalized sequence.
Owing to the asymptotic expansions, the scaling factor is y/e. The limit
process is Gaussian with zero mean, and the covariance of the limit process
depends on the asymptotic expansion in an essential way, which reflects
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one of the distinct features of the central limit theorem. It appears that it
is virtually impossible to calculate the asymptotic covariance of the Gaus-
sian process without the help of the asymptotic expansion, which reveals a
salient characteristic of the two-time-scale Markov chain.

A related problem is to examine the exponential bounds on the scaled oc-
cupation measure process. This is similar to the estimation of the moment
generating function. Such estimates have been found useful in studying
hierarchical controls of manufacturing systems. Using the asymptotic ex-
pansion and the martingale representation of finite-state Markov chains,
we are able to establish such exponential bounds for the scaled occupation
measures.

5.2.1 Occupation Measure

Let (Q,F, P) denote the underlying probability space. As in Section 4.2,
a(+) is a nonstationary Markov chain on (2, F, P) with finite-state space
M ={1,...,m} and generator Q°(t) = Q(t)/e.

For each i € M, let §;(-) denote a bounded Borel measurable determinis-
tic function and define a sequence of centered (around the quasi-stationary
distribution) occupation measures Z¢(t) as

7 (1) = / (e iy — a(8)) Bi(s)ds. (5.1)

Set Z°(t) = (Z5(t), ..., Z5,(t)). It is a measure of the functional occupancy
for the process af(-). Our interest lies in the asymptotic properties of the
sequence defined in (5.1). To proceed, we first present some conditions and
preliminary results needed in the sequel.

Note that a special choice of §;(-) is 8;(t) = 1, for ¢t € [0, T]. To insert 5;(-)
in sequence allows one to treat various situations in some applications. For
example, in the manufacturing problem, 3;(t) is often given by a function
of a control process; see Chapter 8 for further details.

5.2.2  Conditions and Preliminary Results
To proceed, we make the following assumptions.

(A5.1) For each t € [0,T], Q(t) is weakly irreducible.

(A5.2) Q() is continuously differentiable on [0, 7], and its derivative is
Lipschitz.

Recall that p*(t) = (P(af(t) = 1),..., P(a®(t) = m)) and let
pij(t,to) = P(a®(t) = jla®(to) = i)  for alli,j € M.

Use P¢(t,to) to denote the transition matrix (pf;(¢,t9)). The following
lemma is on the asymptotic expansion of P(¢, ).
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Lemma 5.1. Assume (A5.1) and (A5.2). Then there exists a positive
constant ko such that for each fired 0 <T < oo,

Pe(t,tg) = Po(t) —l—O(s—l—exp(—M)) (5.2)
uniformly in (to,t) where 0 <to <t <T and
v(t)
Py(t) = :
v(t)

In addition, assume Q(-) to be twice continuously differentiable on [0, T
with the second derivative being Lipschitz. Then

PE(t,to) = Po(t) +eP; (t)

+Qo <t_t0,to) +e@q <t_8t07t0) + 0(e?)

e

(5.3)

uniformly in (to,t), where 0 <tg <t <T,

p1(t)
Pl (t) = )
p1(t)
w = QO(T7 tO)Q(tO); T2 07

Qo(0,t0) = I — Py(to),

and

dQq(T,t0)
dr

Q1(0,t0) = —Pi(to),

dQ(to)

>0
dt T Z

= Q1(7,%0)Q(to) + TQo(7 t0)

where p1(t) is given in (4.13) (with 7 = (t — to)/e). Furthermore, for
i =0,1, the Pi(-) are (2—1) times continuously differentiable on [0,T] and
there exist constants K > 0 and kg > 0 such that

|Qi (1,t0)| < K exp(—koT), (5.4)

uniformly for to € [0,T].
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Remark 5.2. Recall that v(t) and ¢ (t) are row vectors. As a result, Py(+)
and Py (-) have identical rows. This is a consequence of the convergence of
p(t) to the quasi-stationary distribution and the asymptotic expansions.

Proof of Lemma 5.1: It suffices to verify (5.3) because (5.2) can be de-
rived similarly. The asymptotic expansion of P¢(t,ty) can be obtained as
in Section 4.2. Thus only the exponential bound (5.4) needs to be proved.
The main task is to verify the uniformity in ¢y. To this end, it suffices to
treat each row of Q;(7,1y) separately. For a fixed i = 0,1, let

77(7-7 to) = (771 (7_7 to), cee 777771(7_7 to))

denote any row of Q;(7,t9) and ny(tg) the corresponding row in Q;(0,to)
with

Qo(0,tg) =1 — Py(to) and

Q1(0,t9) = —Pi(to).

Then n(r,to) satisfies the differential equation

d77(7'7 tO)
dr

1(0,t0) = no(to).

= 77(7-7 to)Q(to), 7 >0,

By virtue of the assumptions of Lemma 5.1 and the asymptotic expansion,
it follows that 1o (o) is uniformly bounded and 79 (¢9)1 = 0.
Define

K = —max {The real parts of eigenvalues of Q(t), t € [0, T]}

Then Lemma A.6 implies that ® > 0. In view of Theorem 4.5, it suffices to
show that for all 7 > 0 and for some constant K > 0 independent of ¢y,

In(rto)] < K exp (—%) | (5.5)
To verify (5.5), note that for any ¢y € [0, T,
d
ML) _ 7 10)QLs0) + (1) @Ut) — Q)]

Solving this differential equation by treating n(7, £o)[Q(to) — Q(s0)] as the
driving term, we have

n(7,t0) = no(to) exp (Q(0)7)
(5.6)

T / " (s, t0)[Q(t0) — Q<o) exp (Qs0) (7 — <)) .
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In view of (A5.2), for some Ky > 0,

Q(to) — Q(<0)| < Kolto — <ol-
Noting that 7o(t9)1 = 0 and that Py(¢) has identical rows, we have
no(to)PQ(t) = 0, for ¢ 2 0.

Thus the equation in (5.6) is equivalent to

n(7,t0) = 10(to)(exp (Q(s0)s) — Po(<o))
+ /OT 1(s, t0)[Q(to) — Q(0)](exp (Q(0) (T — <)) — Polso))ds.

From Lemma A.2, we have

In(r to)] < K exp (—Rr) + Kalto — <ol / In(s. o)) exp (=R(r — 5)) d,
0

for some constants K7 and K3 which may depend on ¢y but are independent
of tg. By Gronwall’s inequality (see Hale [79, p. 306]),

[n(7;t0)| < Ky exp (=(k = Kalto — <[)7), (5.7)

for all o € [0,7] and 7 > 0.
If (5.5) does not hold uniformly, then there exist 7, > 0 and ¢,, € [0, 7]
such that

RTn
st 2 mesp (<552

Since T is finite, we may assume t,, — ¢p, as n — oo. This contradicts (5.7)
for n large enough satisfying |t, — | < £/(2K3) and K; < n. Thus the
proof is complete. O

Unscaled Occupation Measure

To study the unscaled occupation measure Z¢ (t) in (5.1), we define a related
sequence {2 £(t)} of R™-valued processes with its ith component Zf (t)
given by

250 = | Uty = Pa(s) = 1) (o).

Assume the conditions (A5.1) and (A5.2). We claim that for any ¢ > 0,

lim( sup P(|Z°(t)| > 5)) =0 and (5.8)
e—0 0<t<T

lim( sup E|28(t)|2) = 0. (5.9)
e—0 0<t<T
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Note that (5.8) follows from (5.9) using Tchebyshev’s inequality. The veri-
fication of (5.9), which mainly depends on a mixing property of the under-
lying sequence, is almost the same as the moment estimates in the proof
of asymptotic normality in Lemma 5.13. The details of the verifications of
(5.8) and (5.9) are omitted here.

With (5.9) in hand for any § > 0, to study the asymptotic properties of
Z¢(+), it remains to show that

lim< sup P(|Z°(t)| > 6)) =0 and
e—0 0<t<T

lim| sup FE|Z°(t 2)20.
HO(OSth 125(0)

In fact, it is enough to work with each component of Z¢(t). Note that both

Z#(t) and Z¢(t) are bounded. This together with the boundedness of 3(t)
and Lemma 5.1 implies that for each i € M,

sup E|Z;(t)
0<t<T

2
< 2( sup E|Z: () + sup E )
0<t<T 0<t<T

/0 (P(a%(s) = i) — vi(s)) Bu(s)ds

T
< 2( sup E|Z:(t)? —|—/ O(E)ds) — 0,
0

0<t<T

as € — 0, which yields the desired results.
The limit result above is of the law-of-large-numbers type. What has
been obtained is that as ¢ — 0,

t t
/ Iae(s)=iyds — / v;(s)ds  in probability as € — 0,
0 0

for 0 < t < T. In fact, a somewhat stronger result on uniform conver-
gence in terms of the second moment is established. To illustrate, suppose
that ®(t) = a(t/e) such that «(-) is a stationary process with stationary

distribution 7 = (71, ...,7,;,). Then via a change of variable ¢ = s/e, we
have

1 [t e t/e

n / Has(s=iyds = § / Hao)=iyds

0 0
c t/e
= / Iio()=iyds = 7;  in probability as € — 0,
0

for 0 < t < T. This is exactly the continuous-time version of the law of
large numbers.
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Example 5.3. Let us return to the singularly perturbed Cox process of
Section 3.3. Recall that the compensator of the singularly perturbed Cox
process is given by

m t
GE(t) = GO + ZA ail{oﬁ(s):i}d‘sa
i=1

where a; > 0 for i = 1,...,m. Assume that all the conditions in Lemma 5.1
hold. Then Theorem 4.5 implies that P(a®(t) = i) — v;(t) as ¢ — 0. What
we have discussed thus far implies that for each i € M,

t t
/ ail{qe(s)=iyds — / a;v;i(s)ds  in probability as ¢ — 0 and
0 0

mo et
G*(t) —» G(t) = Go + Z/ a;vi(s)ds  in probability.
i=1"0
Moreover,
lim( sup E|Ge(t) — G(t)|2> =0.
e—0 0<t<T

In the rest of this chapter, we treat suitably scaled occupation measures;
the corresponding results for the Cox process can also be derived.

With the limit results in hand, the next question is this: How fast does the
convergence take place? The rate of convergence issue together with more
detailed asymptotic properties is examined fully in the following sections.

5.2.3 Exponential Bounds

This section is devoted to the derivation of exponential bounds for the
normalized occupation measure (or occupation time) n®(-). Given a deter-
ministic process ((-), we consider the “centered” and “scaled” functional
occupation-time process n®(t,i) defined by

1 t
n(t,i) = — Irpe(o)=iv — vi(s)) Bi(s)ds and
(1) = == [ oy =405)) 8o o

nc(t) = (n°(t,1),...,n°(t,m)) € R?*™,

In view of Lemma 5.1, we have, for 0 < s <t < T,

PEt,s) — Py(t) = O (g +exp (_M» :

€
for some kg > 0. Note that the big O(-) usually depends on T. Let K
denote an upper bound of
P=(t,s) — Po(t)
=T oxp(—rolt — 5)/2)
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for 0 < s <t <T. For convenience, we use the notation O1(y) to denote a
function of y such that |Oy(y)|/|y| < 1. The rationale is that Kp represents
the magnitude of the bounding constant and the rest of the bound is in
terms of a function with norm bounded by 1. Using this notation and K,
we write

PE(t,5) — Po(t) = K10 (5 +exp (—@)) . (5.11)

Let y(t) = (y;;(t)) and z(t) = (2;(t)) denote a matrix-valued function and
a vector-valued function defined on [0,T], respectively. Their norms are
defined by

lylr = max sup |y;(t)],
w OstsT (5.12)

|z|7 = max sup |z(t)].
i 0<t<T

For future use, define §(t) = diag(B1(t), ..., Bm(t)). The following theorem
is concerned with the exponential bound of n¢(t) for ¢ sufficiently small.

Theorem 5.4. Assume that (A5.1) and (A5.2) are satisfied. Then there
existeg > 0 and K > 0 such that for all0 < e < ¢, T > 0, and any bounded
and measurable deterministic function B(-) = diag(Bi(:),...,Bm(")), the
following exponential bound holds:

Or }
Eexpy —— sup |n°(t <K, 5.13
o e e, ) (.19

where O is a constant satisfying
(5.14)

with ko being the exponential constant in Lemma 5.1.

Remark 5.5. Note that the constants ¢y and K are independent of T
This is a convenient feature of the estimate in certain applications. The
result is in terms of a fixed but otherwise arbitrary T, which is particularly
useful for systems in an infinite horizon.

Proof: The proof is divided into several steps.
Step 1. In the first step, we show that (5.13) holds when the “sup” is absent.
Let x°(-) denote the indicator vector of a®(-), that is,

x° (t) = (I{aa(t):1}7 ceey I{aa(t):m}) and
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It is well known (see Elliott [56]) that w®(t) = (w5 (¢),...,ws,(t)), for t > 0,
isac{a®(s) : s < t}-martingale. In view of a result of Kunita and Watanabe
[134] (see also Tkeda and Watanabe [91, p. 55]), one can define a stochastic
integral with respect to w® (t). Moreover, the solution of the linear stochastic
differential equation

dx*(t) = x“ (1)@ (t)dt + dw®(t)
is given by
CO = OP 0 + [ @) P o)
where P¢(t, s) is the principal matrix solution to the equation
%(tt,s) = %Pa(t, $)Q(t), with P*(s,s)=1

representing the transition probability matrix.
Note that for ¢t > s >0,

X5 () Po(t) = (X" (s)Dw(t) = v(t).
Using this and (5.11), we have

X°(t) = w(t)

= O (E0) = Ryt + [ (@ (D[P (t.5) = Ryfe) + Po()

t
= K10, <5+exp< Hs >)

+Kr / (dw* (5))O (E-l—exp( @)) +wt () Py (1)

)
I P e e

The last equality above follows from the observation that
Q(s)Py(t) =0 for all t > s >0,

and
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Recall that §(t) = diag(B1(t), ..., Bm(t)). Then it follows that

/ (x°(5) — (s))B(s)ds

0

= KrO;(e(t +1))

+Ky /Ot /Os(dws(r))Ol (s +exp (-@))ﬂ(s)ds

= KT01 (E(t + 1))

+Kr /Ot(dwg(r)) (/Tt 01 (5 + exp(—@))ﬁ(s)d‘s)

= KrO:(e(t 4 1))

rettr [ s )0n (6= + - (1- e -0 ) e

= KrO1(e(t+ 1))+ eKr|B|r (T + /@io) /0 (dw® (r))b(r, t),

where b(s,t) is a measurable function and |b(s,t)|] < 1 for all s and t.
Dividing both sides by (T + 1), we obtain

1
T+1

/ ((s) - V(S))B(S)dS‘ -

= enig0n(1) + ercalgle (T OLD | | t(dwE(s))b(s,t)\ |

T+1

Therefore, we have

poo{ | e \}

< Fex

{Wﬁ{

In view of the choice of 07, it follows that

be Xp{f 5 ‘/ oo}

T+ )
7\“[ ) {— ' ))b(s,t)'} (5.16)

viet / (60t}

| /\

| /\




152 5. Occupation Measures: Asymptotic Properties and Ramification

Recall that
w(t) = (wi(t), .., w, (1))
It suffices to work out the estimate for each component w$(¢). That is, it

is enough to show that for each : =1,...,m,

t

b(s,t)dws(s)
0

Eexp{ } <K, (5.17)

€
T+1

for all measurable functions b(-,-) with [b(s,t)] < 1 and 0 < t < T. For
each tg > 0, let bo(s) = b(s, to).
For any nonnegative random variable &,

oo

Eef = / eSdP

oo

Z / eItiap
=0 Ji<e<i+1}

=Y JHNP(j<E<j+
j 0

:=§:a+1 (E>4)—PE>j+1)

IN

< e+(e—1)ZejP(52j)-
j=1
By virtue of the inequality above, we have

7%fﬁhmmm@}

<et(e—1 Ze@(\/_v (8)] >

To proceed, let us concentrate on the estimate of

([ oo} )

Foreachi=1,...,m, let

Eexp{

(5.18)

A%@mm>

@@:Am@mw>

and let ¢;(-) denote the only solution to the following equation (see Elliott
[65, Chapter 13])

Mﬂ=1+QA@@WﬂM%
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where g;(s7) is the left-hand limit of ¢; at s and ¢ is a positive constant
to be determined later. In what follows, we suppress the i-dependence and

write p;(+) and g;(+) as p(-) and g(-) whenever there is no confusion.
Note that p(t), for ¢t > 0, is a local martingale. Since

céa@v@@%tz&

is a local martingale, we have Eq(t) < 1 for all ¢ > 0. Moreover, ¢(t) can
be written as follows (see Elliott [55, Chapter 13]):

q(t) = exp ((p(t) [T (1 + CAB(s)) exp (—¢AB(s)) , (5.19)

s<t
where Ap(s) := p(s) — p(s~), with |Ap(s)| < 1.

Now observe that there exist positive constants {y and x; such that for
0 < ¢ <{yand for all s >0,

(1+ CAp(s)) exp (—CApP(s)) > exp (—/{1C2) . (5.20)
Combining (5.19) and (5.20), we obtain
q(t) > exp{Cp(t) — w1C*N ()}, for 0< ¢ < o, t >0,

where N (t) is the number of jumps of p(s) in s € [0,¢]. Since N(t) is a
monotonically increasing process, we have

q(t) > exp {(p(t) — k1P N(T)}, for 0 < ¢ < (.

Note also that for each i =1,...,m,

P&%%TA%www@
A CUEE

Consider the first term on the right-hand side of the inequality above. Let
a; = j(T +1)/(8kie). Then

)

IN
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P (o> 22
<P <q(t) > exp {jCT — mézN(T)})

<p <§(t) > exp {W% - mczN(T)} ,N(T) < aj)
+ P(N(T) = a;)

<P (QN(f) > exp (@ - 5142%‘)) + P(N(T) = a;)

< 2exp (—jwﬁ + r1(%a ) + P(N(T) > a;).

NG

The last inequality follows from the local martingale property (see Elliott
[55, Theorem 4.2]).
Now if we choose ¢ = 44/2//T + 1, then

exp (—% + m1§2aj) =e Y,

In view of the construction of Markov chains in Section 2.4, there exists a
Poisson process No(-) with parameter (i.e., mean) a/e for some a > 0, such
that N(t) < Np(t). Assume a = 1 without loss of generality (otherwise one
may replace ¢ by ea—1). Using the Poisson distribution of Ny(t), we have

P(No(T) > k) < (Tléf)k for k > 0.

In view of Stirling’s formula (see Chow and Teicher [30] or Feller [60]), for
€ small enough,

T/e)las] ] aj—1 .
P(N(T) > a;) < (/E—)'] <2 (ﬂ) = 27y’ 17
La; ]! J
where |a;| is the integer part of a; and

8
Yo = jm (0,1) for jo > max{1,8ex;}.
0
Thus, for j > jo,
t
P (—8 / b w5 (s) > j) <2 % 4 276”71
vI+1Jo

Repeating the same argument for the martingale (—p(+)), we get for j > jo,

dws (s) > j> <2 ¥ 420t

()
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Combining the above two inequalities yields that for j > jo,

(£

T+1

bo(s)dws (s)
0

23’) S4(eH 5.

Then by (5.18),
| oo

oo
< Ko+4(e—1) ZeJ 72J+’yaj_1),
j=1

Eexp{

where K| is the sum corresponding to those terms with j < jo. Now choose
¢ small enough that 673/(8/@15) < 1/2. Then
NG

Niaa / bo (s)du (s)

Since t( is arbitrary, we may take to = ¢ in the above inequality. Then

VE
T+1

Eexp{ }§K0+4e’yo_1.

t

b(s,t)dws(s)
0

Eexp{

} < Ko + ey .

Combining this inequality with (5.16) leads to

Or

Eexp{m / (x°(5) — 1())B(s)ds

|

<e(Ko+4eyy ') = K.

Step 2. Recall that

1 t
(i) = —= I ale,s)=i} — Vi i d
w(t) = 7= [ Ulatem- = 1(9) Aits) ds
Then, for each i € M, n®(t,14) is nearly a martingale, i.e., for € small enough,
|E[n®(t,i)|Fs] —n(s,i)] <O(Ve), forallwe Qand0<s<t<T.

(5.21)

Here O(4/¢) is deterministic, i.e., it does not depend on the sample point w.
The reason is that it is obtained from the asymptotic expansions. In fact,
for all ig € M,
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E [/s (Tra(e,ry=iy — vi(r))Bi(r) dr‘a(a, s) =1p
= / (Ell{a(e,r)=iylale, 8) = do] — vi(r))Bi(r) dr
= [IP(aten) = ilale.s) = o) ~ i) dr

= / O(e + exp(—ko(r — 8)/e) dr = O(e).

So, (5.21) follows.
Step 3. We show that for each a > 0,

Elexp{aln®(t, )|} 7] = exp{aln®(s,i)[}(1 + O(VE)).

First of all, note that ¢(z) = |z| is a convex function. There exists a
vector function ¢g(z) bounded by 1 such that

¢(x) = ¢(a) + ¢o(a) - (z — a),
for all z and a. Noting that O(y/) = —O(y/€), we have

Eln®(t, i) | Fs] = [n*(s,0)| + do(n®(s, ) - E[n=(t,7) — n*(s,1)| ]

Y

In*(s,9)| + O(v/&).

Moreover, note that e®® is also convex. It follows that
Elexp(a|n®(t,)])|Fs]
> exp(aln®(s, i)|) + aexp{a|n®(s,9)[} E[|n®(t, )| — [n°(s,4)| | ]

> exp(aln(s,9)])(1 + O(V)).

Step 4. Let 2°(t) = exp(a|n®(t,i)|) for a > 0. Then, for any F; stopping
time 7 < T,

E[z*(T)|F;] = 2*(1)(1 + O(Ve)). (5.22)

Note that 2°(t) is continuous. Therefore, it suffices to show the above
inequality when 7 takes values in a countable set {t1, 2, ...}. To this end,
note that, for each ¢;,

El2*(T)|Fe.] = 2°(t:)(1 + O(Ve)).
For all A € F,, we have AN {7 =t;} € F,. Therefore,

/ +*(T)dP > </ 2°(7) dP) (1+ O(V)).
An{r=t;} An{r=t;}
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Thus
{Afawwz(lﬁﬂﬂﬂﬂﬂ+0®@%

and (5.22) follows.
Step 5. Let a = 6/+/(T + 1)% in Step 3. Then, for ¢ small enough, there
exists K such that

P (sup 25() > ;v) <K (5.23)

t<T €T

for all z > 0.

In fact, let 7 = inf{t > 0 : 2°(t) > x}. We adopt the convention that
T=o00if {t >0 : 2°(t) > 2} = (). Then we have

E[z*(T)] = (E[z*(T A 7)])(1 + O(Ve)),

and write

Ez*(T A7) = El* (1) [i7<my] + El2*(T){r>1y] 2 Ela® (1) {r<1y].
Moreover, in view of the definition of 7, we have

E[2°(T)I{7<1}| = ®P(T <T) > zP <fl<l¥ x=(t) > x> .

It follows that

K
<=
X

r <sup () > x
t<T

)< Ela(T)]
= 1+ 0o

Thus, (5.23) follows.
Finally, to complete the proof of (5.13), note that, for 0 < x < 1,

/4/9 € N . 15 K
Eexp <TT)3 fggm (t,z)|> =F {fgg(x (1) } )

It follows that

E [sup(:z:s(t))“] - /Ooo P <sup(a:5(t))“ > x> dz

t<T t<T

IN

1+ /loo P (Sup(wa(t))“ > x) dz

t<T

1 —|—/ P (supxs(t) > x”“) dx
1

t<T

IN

IN

1+/ Kz Y5 de < .
1

This completes the proof. 0
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Next we give several corollaries to the theorem. Such estimates are use-
ful for establishing exponential bounds of asymptotic optimal hierarchical
controls in manufacturing models (see Sethi and Zhang [192]).

Corollary 5.6. In Theorem 5.4, if Q(t) = Q, a constant matriz, then the

following stronger estimate holds:

Or }
EFexp{ ——— sup [n°(t < K. 5.24
P { VI+T ogth 0l < ( )

Moreover, the constant O = 0 is independent of T for T > 0.

Proof: If Q(t) = @, then ¢1(¢) in Lemma 5.1 is identically 0. Therefore,
the estimate (5.11) can be replaced by

Pe(t.5) = Foft) = K501 (oxp (2=,

€

As a result, the estimate in (5.15) can be replaced by

=eKr01(1)+eKr sup
0<t<T

sup
0<t<T

/ (x°(5) — v(s))B(s)ds / O1 (1) (5)
0 0

The proof of (5.24) follows in essentially the same way as that of Theo-
rem 5.4 (from equation (5.15) on).

To see that 07 in (5.24) is independent of T', it suffices to note that in
(5.11) the constant K7 is independent of T', which can be seen by examining
closely Example 4.16. O

Corollary 5.7. Under the conditions of Theorem 5.4, there exist constants
K, such that for j =1,2,...,

E sup |n°(t)[* < K;(1+T)%. (5.25)
0<t<T

Moreover, if Q(t) = Q, then for some K; independent of T and

E sup |nf(t)[7 < K;(1+T). (5.26)
0<t<T

Proof: Since (5.26) follows from a similar argument to that of Corollary 5.6,
it suffices to verify (5.25) using Theorem 5.4. Note that foreach j = 1,2,.. .,
there exists KJQ such that for all z, we have %7 < K?ex. Thus,

(e |n8<t>|)2j < Kyesp |

sup |n°(t
T+1)% 0<t<T p, In"(®)

o )
(T +1)% o<t<T '

Taking expectations on both sides of the above inequality yields the desired
estimate. (]
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Corollary 5.8. Under the conditions of Theorem 5.4, for each 0 < § <
1/2, we have

P ( sup /Ot(f{as(s)_i} — vi(s))Bi(s)ds

0<t<T

25%—5) (5.27)

Or
sHoexp {‘W}

Moreover, if Q(t) = Q, then Op = 0 is independent of T' and

/(I{QE(S):i}_ vi(s))Bi(s)ds 2555)
’ (5.28)

P ( sup
0<t<T

Proof: Using Theorem 5.4, we obtain

P |f U o1y — i) B s)ds

0<t<T

_ Or e bre
- P<exp{<T+ DT o2l " (t”} Zexp{\/E(T + 1)3}>

Or
= Kexp{‘m}'

This proves (5.27). Similarly, (5.28) follows from Corollary 5.6. O

5.2.4  Asymptotic Normality

Recall that the ith component of n®(-) is given by

nt (t,i) = %/0 (I{af(s):i} — I/i(S)) ﬁl(s)ds

It is expected that the sequence of centered and scaled occupation measures
will display certain “central limit type” phenomena. The goal here is to
study the asymptotic properties of n(-) as ¢ — 0. To be more specific,
we show that n®(-) converges to a Gaussian process as £ goes to 0. The
following theorem is the main result of this section.

Theorem 5.9. Suppose that (A5.1) is satisfied and Q(-) is twice continu-
ously differentiable in [0, T] with the second derivative being Lipschitz. Then
fort € [0,T], the process n°(-) converges weakly to a Gaussian process n(-)
with independent increments such that

En(t) =0 and E[n'(t)n(t)] = /0 A(s)ds, (5.29)
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where A(t) = (Ai; (t)) with
Aij (t) :ﬂz (t)ﬂj (t) |:I/i (t)/ooqu#ij (T, t)d’l”—l— vy (t)/ooquﬁji (T, t)d’l”:| 5 (530)
and Qo(r,t) = (qo,i;(r,1)).

Remark 5.10. In view of (5.29) and the independent increment property
of n(t), it follows that

min{ty,t2}
B (t)n(ts)] = /O A(s)ds. (5.31)

The form of the covariance matrix (between t; and t3) reveals the nonsta-
tionarity of the limit process n(-). Note that the limit covariance of n(t)
given in (5.31) is an integral of the function A(s) defined in (5.30). For
simplicity, with a slight abuse of notation, we shall also call A(t) as the
covariance. This convention will be used throughout the chapter.

Remark 5.11. The additional assumptions on the second derivative of
Q(+) in Theorem 5.9 are required for computing or characterizing the func-
tion A(-). It is not crucial for the convergence of n°(-); see Remark 5.44 in
Section 5.3.3 for details.

Proof of Theorem 5.9: We divide the proof into several steps, which are
presented by a number of lemmas.

Step 1. Show that the limit of the mean of n®(-) is 0.

Lemma 5.12. For each t € [0,T],

lim En®(t) = 0.

e—0

Proof: Using Theorem 4.5 and the boundedness of 3;(-), for ¢t € [0, T,

% /0 (Bl sy — vi($))Bi(5)ds

- %/gt(p(a%s)—i)—m( )Bi(s)

_ %/Ot{o@n()(em( ))}ﬂl

_ O(\/E)—i—%/otO(exp( ”°S> s =0(/2) = 0,

for each 1 € M. O

Step 2. Calculate the limit covariance function.

Enc(t,q)
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Lemma 5.13. For each t € [0,T],

lim E(n / A(s (5.32)

e—0
where A(t) is given by (5.30).

Proof: For each 7,7 € M,

B0 e 1) = L[ [ Utariomn w1
<[ e = e
= %EU; /Ot (I{m(c)—z‘,m(m—j} = vi(){as (=3}

() o (eyiy + iS5 ))m( )ﬂj<r>d<dr}

Let

and let

Then it follows that

E[né(t,i zé[//qfcrﬁl ()Bj(r)dsdr
(/Dl /132) (s, 7)Bi(s)Bj (r)dsdr.

Note that if (s,r) € Dy, then ¢ > r and
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Hence, for (s,r) € D; we have
%(s,7) = [Plas(¢) = ila®(r) = j) = wi(s)]P(as(r) = j)
+vj(r)[vi(s) = P(as(¢) = 1)].

Using Theorem 4.5 and Lemma 5.1, for (¢,7) € Dy,

#(cor) = (40 +aoa( S0 ) +em( o)+ 06)
() + e+ () + 2l (1) + o)
—vj(r (apl +w0( )—i—awl( >+O(52)>
i (20) o 2)
ofeon(~H1)) sofuwp(-52)) o]

In the above, ¢} and v} denote the ith components of the vectors ¢, and
1y, respectively. By elementary integration, we have

/Ot(/(:exp (—%)m«) de = /(}exp(—%)dc — 0(?),
€/Ot(/0§exp(—%)dr> ds = Z—z Ot(1 - exp(—g»dg = 0(?),

and

5/0t</0<exp<—@>dr) de = s/ot</0<exp<—%>dr) ds = O(c?).

Thus, it follows that

o 1N

/ °(s,7)Bi (<) B (r)dsdr
Dy

- /Ot (/Og qo.5i (%”) v;(r)Bi()B; (r)dr) ds + O(e?).
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Exchanging the order of integration leads to

/Ot </0C do.5i <%T> Vj(r)ﬂi(g)ﬂj(T)dT) de
B /t (/t 90,51 (%7) Vj(r)ﬁi(C)Bj(r)ck) dr
/@ A ( [ %wc_r)&@«}ﬁ

Making a change of variables (via ¢ — r = es) yields

¢ - (t—r) /e
/ qo,ji <—(€ ,7”> Bi(s)ds = E/ qo,5i(s,7)Bi(r + €s)ds.
r 0

We note that 3;(+) is bounded and j3;(r +es) — B;(r) in L! for each r €
[0,T], as € — 0. Since ¢o,j;(-) decays exponentially fast, as in Lemma 5.1,
we have

(t—r)/e oS
/ qo,ji(s,7)Bi(r +es)ds — [31(7")/ qo,5i (s, r)ds.
0 0

Therefore, we obtain

lim — L <I>€(§, 7)5:(s)B; (r)dsdr

e—=0 ¢

N (5.33)
/ Bi(r)B; (r)v;(r) (/ qodi(s,r)ds) dr.
Similarly, we can show that
1 €
Jim ~ <I> (<, 7)Bi(<)B;(r)dsdr
(5.34)
/ ﬁz /3_] 1/7, ) (/ q0,ij (S,'f‘)ds) dr.
Combining (5.33) and (5.34), we obtain
¢
liy B0 (1, )08 9)] = | A (5)ds,
e—0 0
with A(t) = (A4;;(¢)) given by (5.30). O

Step 3. Establish a mixing condition for the sequence {n®(-)}.

Lemma 5.14. For any ¢ > 0 and o{a®(s) : s >t + ¢}-measurable n with
Il <1,

E(mla®(s): s<t)— En‘ < Kexp <—§) w.p.1. (5.35)
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Remark 5.15. It follows from (5.35) that for any o{a®(s) : 0 < s < ¢}-
measurable £ with |£] < 1 and 7 given in Lemma 5.14,

Etn— E{En’ < Kexp (-%) (5.36)

We will make crucial use of (5.35) and (5.36) in what follows.
Proof of Lemma 5.14: For any
0<s1<s3< - <sp=0t<t+c=tg<t; <<t <00,

let
E, ={a®(t) =1, a®(sp-1) =in-1, -..,a%(s1) = i1} and

FEs = {Of(t-‘r() =7, Oé€(t1) =7J1, ...,aa(tl) Zjl}.

Then in view of the Markovian property of a°(-),
P(E|Er) = P(Es|a®(t) = i)

= P(a(t+<) = jlo(t) = i) [p5 ;, (b1, t +<) - 05, j, (b, ti1)].
Similarly, we have

P(Ep) = P(a”(t +<) = )P, (b1t +<) - p5_, (s tia)]

We first show that
RS
PENE:) - P(ED)| < Koxp(-2). (5.37)

for some positive constants K and k that are independent of i, 7 € M and
te[0,T].
To verify (5.37), it suffices to show that for any k € M,

2K¢
B0 sy cn| s Kew(-25). s

Since Py(-) and Py (-) have identical rows, the asymptotic expansion in (5.3)
implies that pf;(t+(,t) —pj; (t+(, t) is determined by Qo(¢/¢, t). By virtue
of the asymptotic expansion (see Theorem 4.5 and Lemma 5.1), there exist
a K1 > 0 and a kg > 0 such that

Qo <%,t>

t -
< Kjexp <—Hi> , forallt > 0.
€
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Choose N > 0 sufficiently large that Kj exp(—xoN) < 1. Then for ¢ > 0
sufficiently small, there is a 0 < p < 1 such that

pi;(t + Ne,t) — pi;(t + Ne,t)| < p.

To proceed, subdivide [t + Ne,t + <] into intervals of length Ne.
In view of the Chapman—Kolmogorov equation,

|pfj(t +2Ne,t) — pj;(t + 2Ne, t)]

> [P, (t + Ne,t) — piy, (t + Ne, t)|pf ;(t + 2Ne, t + Ne)

lp=1

> 5, (t + Net) — piy, (t + Ne, t)]

lp=1

x[pf,;(t + 2Ne,t + Ne) — pf ;(t + 2Ne,t + Ne)]| < Kp?,

for any l; € M. Iterating on the inequality above, we arrive at

pi;(t +koNe,t) —pij(t—l-koNs,t)‘ < Kpho, for ko > 1.

Choose Kk = —1/(2N) log p, and note that x > 0. Then for any ¢ satisfying
koNe <¢ < (ko + I)NE,

2K¢
pi;(t+.1) —pij(t+<,t)‘ < KeXP(—?)

Thus (5.37) holds. This implies that a(-) is a mixing process with expo-
nential mixing rate. By virtue of Lemma A.16, (5.35) holds. O

Step 4. Prove that the sequence n®(-) is tight, and any weakly convergent
subsequence of {n°(-)} has continuous paths with probability 1.

Lemma 5.16. The following assertions hold:

(a) {n=(t); t € [0,T]} is tight in D([0,T];R™), where D(][0,T];R™) de-
notes the space of functions that are defined on [0,T] and that are
right continuous with left limits.

(b) The limit n(-) of any weakly convergent subsequence of n°(-) has con-
tinuous sample paths with probability 1.

Proof: For i € M, define

ne(t,i) = %‘/0 (I{af(s):i} — P(a®(s) = Z)) Bi(s)ds.
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By virtue of Theorem 4.5,
7= | (Pa*(s) = i) = m(s) Bus)ds = O(2).

Thus n(t,7) = n°(t,4) + O(\/€), and as a result the tightness of {n®(-)} will
follow from the tightness of {n°(:)} (see Kushner [139, Lemma 5, p. 50]).

For the tightness of {n°(-)}, in view of Kushner [139, Theorem 5, p. 32],
it suffices to show that

Blnf(t+¢) —n°(t)]* < K2 (5.39)

To verify this assertion, it is enough to prove that for each i € M, n°(-, )
satisfies the condition.
Fix i € M and for any 0 <t < T, let

H(t) = (I{oﬁ(t):i} — P(Oés(t) = Z)) ﬂz(t)

We have suppressed the ¢ and € dependence in 6(t) for ease of presentation.
Let D = {(s1,82,83,84) : t < 8; <t+¢,i=1,2,34}. It follows that

E[Re (¢ + 5, 1) — Re(t,4)[* (5.40)

1
S 5—2 ‘/D |E9(81)9(82)9(83)9(84)|d81d82d83d84.
Let (i1,42,43,14) denote a permutation of (1,2, 3,4) and
Diyigizis = {(51,52,83,84) : t <55, <83, < 845 <53, <A}
Then it is easy to see that D = UDj,;,isi,- This and (5.40) leads to
Ene(t +¢,i) —n°(t,4)|*

K
S 5—2 |E6‘(81)6‘(82)6‘(83)6‘(84)|d81d82d83d84,
Dy

where DO = D1234.
Note that

|E6(s1)0(s2)0(s3)0(54)
< |E6(51)0(s52)0(53)0(s4) — EO(51)0(s2)EO(53)0(s4)| (5.41)

+[E0(s1)0(s2)[| EO(s3)0(54)]-



5.2 The Irreducible Case

By virtue of (5.36) and E0(t) =0, t > 0,

|E9(81)9(82)| = |E6‘(81)6‘(82) — Eﬁ(sl)E9(32)|
K(sg — 51)> .

< Kexp (—
€

Similarly, we have

|E9(S3)9(S4)| = |E6‘(83)6‘(84) — E9(83)E6‘(84)|
k(84 — 53)> .

< Kexp (—
€
Therefore, it follows that

K

= |E0(51)0(s2)| - |EO(s3)0(s4)|ds1dsadszdsy, < K.
Do

167

(5.42)

The elementary inequality (a+ b)l/ 2 < g'/2 +b'/2 for nonnegative numbers

a and b yields that

= (1B0(s1)0(52)0(5)0(s:) ~ Ee(sl)e(SQ)E9(53)9(s4)|%)2

[N

< |E6(s1)0(s2)0(53)0(s4) — E0(51)0(s52)E0(53)0(s4))

x (1B6(51)0(52)0(5)0(s0)| ¥ + [EO(51)0(52) EO(s3)6(51) | )

In view of (5.36), we obtain

[V

|E9(51)9(82)9(53)9(S4) - E9(51)9(52)E9(53)9(54))|
K(s3 — 32)) -

< Kexp (— o

Similarly, by virtue of (5.35) and the boundedness of 6(s),

[SIES

|E0(51)0(52)0(s3)0(s4)

= |E0(s1)0(s2)6(s3) (E(0(s1) a*(5) : s < 53) — Ef(54))]7

S Kexp (_K/(S42—_83)> ,
£
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and
|E0(s51)0(52) EO(s3)0(54)| 2

= [(E0(s1)0(s2) — EO(s1)E0(s2))(E0(s3)0(s4) — EO(s3)E0(s4))|2
< Ko (1020 ) o ()

2e 2e

By virtue of the estimates above, we arrive at

52 |E0(s1)0(s2)0(s3)0(s4)
=, (5.43)

—E0(s1)0(s2)E0(s3)0(s4)|ds1dsadszdsy < K2

The estimate (5.39) then follows from (5.42) and (5.43), and so does the
desired tightness of {n°(-)}.

Since {n®(-)} is tight, by Prohorov’s theorem, we extract a convergent
subsequence, and for notational simplicity, we still denote the sequence by
{n=(-)} whose limit is n(-). By virtue of Kushner [139, Theorem 5, p. 32] or
Ethier and Kurtz [59, Proposition 10.3, p. 149], n(-) has continuous paths
with probability 1. 0

Remark 5.17. Step 4 implies that both n°(-) and n(-) have continuous
sample paths with probability 1. It follows, in view of Prohorov’s theorem
(see Billingsley [13]), that n(-) is tight in C([0,T]; R™).

Step 5. Show that the finite-dimensional distributions of n®(-) converge to
that of a Gaussian process with independent increments.

This part of the proof is similar to Khasminskii [112] (see also Friedlin
and Wentzel [67, pp. 224]). Use ¢ to denote the imaginary number (2 = —1.
To prove the convergence of the finite-dimensional distributions, we use the
characteristic function Eexp(t(z,n®(t))), where z € R™ and (-.-) denotes
the usual inner product in R™. Owing to the mixing property and repeated
applications of Remark 5.15, for arbitrary positive real numbers s; and ;
satisfying

0<s0<th)<s1 <t <s93<---< 5, <y,

peso 3 (o (o) (o)

Eexp (L<Zl, (nf(t) — ns(sz))>> ' -0
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as ¢ — 0, for z; € R™. This, in turn, implies that the limit process n(-)
has independent increments. Moreover, in view of Lemma 5.16, the limit
process has continuous path with probability 1. In accordance with a re-
sult in Skorohod [197, p. 7], if a process with independent increments has
continuous paths w.p.1, then it must necessarily be a Gaussian process.
This implies that the limits of the finite-dimensional distribution of n(-)
are Gaussian.

Consequently, n(-) is a process having Gaussian finite-dimensional dis-
tributions, with mean zero and covariance fg A(s)ds given by Lemma 5.13.
Moreover, the limit does not depend on the chosen subsequence. Thus n®(+)
converges weakly to the Gaussian process n(-). This completes the proof of
the theorem. O

To illustrate, we give an example in which the covariance function of the
limit process can be calculated explicitly.

Example 5.18. Let a°(t) € M = {1, 2} be a two-state Markov chain with

a generator
_(—malt) ()
0=t Zuh)

where p1(t) > 0, p2(t) > 0, and pq(t) + p2(t) > 0 for each t € [0, T]. More-
over, pu1(+) and po(-) are twice continuously differentiable with Lipschitz
continuous second derivatives. It is easy to see that assumptions (A5.1)
and (A5.2) are satisfied. Therefore the desired asymptotic normality fol-
lows.

In this example,

B B ua(t) pa(t)
v(t) = (n(t),v2(t) = (,ul(t)im(t)’ M(t)l—l-ug(t)) '

Moreover,
exp(=(p(to) + pa(to))s)

QO(SvtO) = lul(to) +,U2(t0)

Q(to)-

Thus,

A(t) _ 2/“ (t)p,g (t) (ﬁl (t))2 _ﬁl (t)ﬂ2(t)
(11 (t) + p2()* \ =Br()B2(t)  (B2(t))? '

5.2.5 Extensions

In this section, we generalize our results in the previous sections including
asymptotic expansions, asymptotic normality, and exponential bounds, to
the Markov chain af(-) with generator given by Q°(¢t) = Q(t)/e+ Q(t) with
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weakly irreducible generator Q(t). Recall that the vector of probabilities
pe(t) = (P(ac(t) = 1),..., P(ac(t) = m)) satisfies the differential equation

WD — Q7 (1), p7(0) € B,

p°(0) = p° with p? > 0 for i € M and Zp? =1,

=1

To proceed, the following conditions are needed.

(A5.3) Both Q(t) and Q(t) are generators. For each ¢ € [0,T], Q(t) is
weakly irreducible.

(A5.4) For some positive integer ng, Q(-) is (ng + 1)-times continu-
ously differentiable on [0, T] and (d™0*! /dt"0T1)Q(+) is Lipschitz.
Moreover, Q(+) is no-times continuously differentiable on [0, 7]
and (d™ /dt™)Q(-) is Lipschitz.

Similarly to Section 4.2 for k = 1,...,n¢ + 1, the outer expansions lead
to equations

el oi()Q() + po()Q(t) = d“’gft)a
(5.44)
¥ or(DQ() + o1 (HQ(t) = d(pkd;tl(t)’

with constraints
m
D w0ty =1
i=1

and

Zsﬁk,i(t) =0, for k> 1.
=1
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The initial-layer correction terms are

00 W0y m00)

) Q0 4
s e sne) (R e).
s ), (1000) + el

where

k i d'O(0 =1 7=10(0

with initial conditions

¥0(0) = p° — ¢0(0), and

1 (0) = —(0) for k > 1.

Theorem 5.19. Suppose that (A5.3) and (A5.4) are satisfied. Then
(a) i) is (no + 1 — i)-times continuously differentiable on [0,T],

(b) for each i, there is a & > 0 such that

(o (EN < K exp (—@> , and
€ €

(c) the approximation error satisfies

sup
t€[0,T]

SORD SERTES SE (3] Y SXEORERT
1=0 =0

The proof of this theorem is similar to those of Theorem 4.5, and is thus
omitted. We also omit the proofs of the following two theorems because
they are similar to that of Theorem 5.4 and Theorem 5.9, respectively.

Theorem 5.20. Suppose (A5.3) and (A5.4) are satisfied withng = 0. Then
there exist positive constants £g and K such that for 0 < e < g, i1 € M,
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and for any deterministic process B;() satisfying |5i(t)] < 1 for all t > 0,
we have

O R }
expy —5 sup |[n° (¢ <K,
p{(T—i—l)g 0§t£T| 0l <

where O and n(-) are as defined previously.

Corollary 5.21. Consider Q¢ = Q/e + @ with constant generators @ and
Q such that Q is weakly irreducible. Then (5.25) and (5.27) hold with con-
stants K and K; independent of T'.

Theorem 5.22. Suppose (A5.3) and (A5.4) are satisfied withng = 1. Then
fort € [0,T], the process n°(-) converges weakly to a Gaussian process n(-)
such that

En(t) =0 and E[n'(t)n(t)] —/0 A(s)ds,

where A(t) = (Ai; (t)) with

o0

A5 = 80300 [ st +50) [ anstrtyan]

and Qo(r,t) = (qo,i;(r,t)) satisfying

‘ZQZ—(:’” — Qo(r,HQ(t), 7 >0,

Qo(0,t) =1 — Py(t),

with Po(t) = (V' (1), ..., /().

Remark 5.23. In view of Theorem 5.22, the asymptotic covariance is de-
termined by the quasi-stationary distribution v(t) and Qo(r,t). Both v(t)
and Qo(r,t) are determined by Q(¢), the dominating term in Q¢(¢). In the
asymptotic normality analysis, it is essential to have the irreducibility con-
dition of Q(t), whereas the role of Q(t) is not as important. If Q(t) is weakly
irreducible, then there exists an g9 > 0 such that Q°(t) = Q(t)/e + @(t)
is weakly irreducible for 0 < € < gg, as shown in Sethi and Zhang [192,
Lemma J.10].

By introducing another generator @(t), we are dealing with a singularly
perturbed Markovian system with fast and slow motions. Nevertheless,
the entire system under consideration is still weakly irreducible. This irre-
ducibility allows us to extend our previous results with minor modifications.
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Although most of the results in this section can be extended to the
case with Q°(t) = Q(t)/e + Q(t), there are some exceptions. For example,
Corollary 5.6 would not go through because even with constant matrix
Q(t) = Q, ¢1(t) in Lemma 5.1 does not equal 0 when Q #0.

One may wonder what happens if Q(¢) in Q°(t) is not weakly irreducible.
In particular, one can consider the case in which Q(¢) consists of several
blocks of irreducible submatrices. Related results of asymptotic normality
and the exponential bounds are treated in subsequent sections.

5.3 Markov Chains with Weak and Strong
Interactions

For brevity, unless otherwise noted, in the rest of the book, whenever
the phrase “weak and strong interaction” is used, it refers to the case of
two-time-scale Markov chains with all states being recurrent. Similar ap-
proaches can be used for the other cases as well. The remainder of the chap-
ter concentrates on exploiting detailed structures of the weak and strong
interactions. In addition, it deals with convergence of the probability dis-
tribution with merely measurable generators.

We continue our investigation of asymptotic properties of the Markov
chain o(-) generated by Q°(-), with

Q°(t) = é@(t) +Q(t), for t >0, (5.47)

where @(t) = diag(Q*(t),...,Q'(t)) is a block-diagonal matrix such that
Q(t) and Q*(t), for k=1, ... l are themselves generators. The state space
of a(+) is given by

MZ{811,...,Slml,...,811,...,8177”}.

For each k =1,...,1,let My = {Sk1,. .., Skm, }, representing the group of
states corresponding to @k (t).

The results in Section 5.3.1 reveal the structures of the Markov chains
with weak and strong interactions based on the following observations. In-
tuitively, for small e, the Markov chain o () jumps more frequently within
the states in My, and less frequently from My, to M, for j # k. Therefore,
the states in My, can be aggregated and represented by a single state k
(one may view the state k as a super state). That is, one can approximate
af(+) by an aggregated process, say, @°(-). Furthermore, by examining the
tightness and finite-dimensional distribution of @*(-), it will be shown that
a®(+) converges weakly to a Markov chain @(-) generated by

Q) = diag(v! (1), V' (1)) Q(t)diag (L, -, L, ). (5.48)
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Section 5.3.2 continues the investigation along the line of estimating the
error bounds of the approximation. Our interest lies in finding how closely
one can approximate an unscaled sequence of occupation measures. The
study is through the examination of appropriate exponential-type bounds.
To take a suitable scaled sequence, one first centers the sequence around
the “mean,” and then compares the actual sequence of occupation mea-
sures with this “mean.” In contrast to the results of Section 5.2, in lieu
of taking the difference of the occupation measure with that of a deter-
ministic function, it is compared with a random process. One of the key
points here is the utilization of solutions of linear time-varying stochastic
differential equations, in which the stochastic integration is with respect to
a square-integrable martingale.

In comparison with the central limit theorem obtained in Section 5.2, it
is interesting to know whether these results still hold under the structure
of weak and strong interactions. The answer to this question is in Section
5.3.3, which also contains further study on related scaled sequences of oc-
cupation measures. The approach is quite different from that of Section
5.2. We use the martingale formulation and apply the techniques of per-
turbed test functions. It is interesting to note that the limit process is a
switching diffusion process, which does not have independent increments.
When the generator is weakly irreducible as in Section 5.2, the motion of
jumping around the grouped states disappears and the diffusion becomes
the dominant force.

We have considered only Markov chains with smooth generators up to
now. However, there are cases in certain applications in which the gener-
ators may be merely measurable. Section 5.4 takes care of the scenario in
which the Markov chains are governed by generators that are only mea-
surable. Formulation via weak derivatives is also discussed briefly. Finally
the chapter is concluded with a few more remarks. Among other things,
additional references are given.

5.3.1 Aggregation of Markov Chains

This section deals with an aggregation of a(+). The following assumptions
will be needed:

(A5.5) For cach k =1,...,1 and t € [0,T], Q¥(t) is weakly irreducible.

(A5.6) Q(:) is differentiable on [0,7] and its derivative is Lipschitz.
Moreover, Q(-) is also Lipschitz.

The assumptions above guarantee the existence of an asymptotic ex-
pansion up to zeroth order. To prepare for the subsequent study, we first
provide the following error estimate. Since only the zeroth-order expan-
sion is needed here, the estimate is confined to such an approximation.
Higher-order terms can be obtained in a similar way.
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Lemma 5.24. Assume (A5.5) and (A5.6). Let P=(t,t9) denote the transi-
tion probability of af(-). Then for some kg > 0,

P=(t,to) = Po(t,to) + O (s + exp (—M» :

g

where
Po(t,to) = 10(t, to)diag(v (1), ..., (1))

Lo, v ()01 (t,t0), oo LV (8)011 (8, to)
(5.49)

]lmll/l (t)1911 (t,to), ... 1y, vl (t)In(t, to)

where V¥ (t) is the quasi-stationary distribution of Q¥(t), and O(t, tg) =
(95 (t, t0)) € R is the solution to the following initial value problem:

dO(t,tg) —
- O(t, t0)Q(t), (5.50)

O(to,to) = I.

Proof: The proof is similar to those of Lemma 5.1 and Theorem 4.29, except
that the notation is more involved. O

Define an aggregated process of o(+) on [0,T] by
a®(t) =k if a®(t) € My, (5.51)

The idea to follow is to treat a related Markov chain having only [ states.
The transitions among its states correspond to the jumps from one group
My, to another M, j # k, in the original Markov chain.

Theorem 5.25. Assume (A5.5) and (A5.6). Then, for any i = 1,...,1,

j=1,...,m;, and bounded and measurable deterministic function f;;(-),

E(/OT (1{as<t> —sis} — Vi () (e (1)= l}>ﬂu() )2 =0(e).

Proof: For any i,7 and 0 <t < T, let

2

n°(t)y=FE <‘/0 (I{aa(T) s} — ( )I{QE(T 1}) Bij (r )d ) . (5.52)
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We have suppressed the 4, j dependence of n°(-) for notational simplicity.
Loosely speaking, the argument used below is a Liapunov stability one,
and n°(-) can be viewed as a Liapunov function. By differentiating n°(-),
we have

dn®(t ! i
dt( ) =2 |:(~/0 (I{OLE(T):Sij} Y (T)I{EE(T):i}) Bii (T)d?‘)

% (Ias(=siyy = V5O ae=(=}) Bis (ﬂ] :

The definition of @°(+) yields that {@°(t) =i} = {a°(t) € M;}. Thus,

dnF (t)
dt

= 2‘/0 <I>5(t,r)6ij(t)6ij(r)dr,

where ®°(t,r) = O5(¢,7) + P5(t, r) with

i(t,r) = P(as(t) = sij,a°(r) = si5)

(5.53)
—Vj(t)P(af(t) € Mi,a(r) = ),
and
D5 (t,r) = —V;—(T)P(as (t) = s45,0°(r) € M;)
(5.54)
+vi(r)vi(t)P(as(t) € M;,a%(r) € M;).
Note that the Markov property of «¢(-) implies that for 0 < r <,
P(as(t) = sij, a(r) = s)
= P(a®(t) = sij]ac(r) = si;)P(a®(r) = s45).
In view of the asymptotic expansion, we have
P(af(t) = sila”(r) = si5)
(5.55)

= V()0 (t,r) + O (5 + exp (—M» .

€
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It follows that

P(as(t) € Milas(r) = sij)
= Zuk ai(t,r) O(E—l—exp(—@)) (5.56)
Dy (t,7) +O<a+exp<—M>>.

3

Combining (5.55) and (5.56) leads to

(L, r) =o<s+exp(—@>>.

Similarly, we can show that

b5 = 0+ xp - S9)),

by noting that

(I)s(t r)= —I/ ZP = Sij, (T> = Sik)
+v(r) Z Vi(t)P(af(t) € M, 05 (r) = sik)
k=1
and
P(af(t) = sijla”(r) = sik)
= V; ()94 (t,r)+ O (5 + exp <—@) ) ,
for any kK =1,...,m;. Therefore,
€ t _
dn” (¢) = 2/ O(s + exp (——Ko(t T)>)dr =0(e). (5.57)
dt 0 €
This together with 7°(0) = 0 implies that n°(t) = O(e). O

Theorem 5.25 indicates that v (t) together with @(-) approximates well
the Markov chain a(-) in an appropriate sense. Nevertheless, in general,
{a®(-)} is not tight. The following example provides a simple illustration.
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Example 5.26. Let a°(+) € {1,2} denote a Markov chain generated by
5
e\ —p )’

for some A,y > 0. Then o () is not tight.

Proof: If a°(-) is tight, then there exists a sequence e — 0 such that a®* ()
converges weakly to a stochastic process a(-) € D(]0,T]; M). In view of the
Skorohod representation (without changing notation for simplicity), Theo-
rem A.11, we may assume o (-) — «(-) w.p.1. It follows from Lemma A.41

that
¢ ¢
/aa"(s)ds—/ a(s)ds
0 0

for all t € [0,T]. Moreover, similarly as in Theorem 5.25, we obtain

t t
/ at*(s)ds — / (v1 + 212)ds
0 0

where (v1, 12) is the stationary distribution of a©(+) and v4 4 2v5 is the mean
with respect to the stationary distribution. As a consequence, it follows that
a(t) =v1 +2us for all t € [0, 7] w.p.1. Let

2

E — 0,

2

E — 0,

50 = m1n{|1 — (Vl + 2V2)|, |2 — (Vl + 2V2)|} > 0.
Then for ¢t € [0,T],
|O¢€(t) —(n+ 21/2)| > dp.

Hence, under the Skorohod topology
d(aa"(-), v + 21/2) > dp.

This contradicts the fact that a®*(-) — a(-) = v1 + 22 w.p.1. Therefore,
af(+) cannot be tight. O

Although o#(+) is not tight because it fluctuates in My, very rapidly for
small €, its aggregation @ (-) is tight, and converges weakly to @(t), t > 0,
a Markov chain generated by Q(t), t > 0, where Q(t) is defined in (5.48).
The next theorem shows that @®(-) can be further approximated by a(-).

Theorem 5.27. Assume (A5.5) and (A5.6). Then @°(-) converges weakly

toa@(-) in D([0,T); M), as e — 0.

Proof: The proof is divided into two steps. First, we show that @°(-) defined

in (5.51) is tight in D([0,T]; M). The definition of &@°(-) implies that

{@ @) =i} ={a°(t) e M;} = {a°(t) = s;; for some j =1,...,m;}.
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Consider the conditional expectation

EB[@(t+s) - a(s)”

as(s) = sij}

— B[@(t+) - ?]a*(5) = ]

= ZE[ (t+s) —l) I{as(tJrs) k}‘ _Sij}
l

=Y (k—i)?P@ (t+s) = kla*(s) = si;)

k=1

< PY P@ (t+s) = kla®(s) = ).
ki

Since {a®(t + s) = k} = {a°(t + s) € My}, it follows that

P(@®(t+ s) = kla®(s) = s;5)

my

= Z P(af(t+ s) = Skk, | (8) = si5)
k1=1
ok k Hot
= Z v, (t+8)0.(t + 5,5) + O| € + exp -
k1=1

it + s, ) +O<a—|—exp< H;)).

Therefore, we obtain

E[(@(t+s) - a*(s))”

as(s) = 51’3}
Kot
< 12219119 t+s, s)—i—O(a—i—exp( o ))
€
k#i
Note that lim;_o 9k (t + s,5) = 0 for i # k.

lim (lim E((@(t+s) —a(s))?|a’(s) = sij)> =0.

t—0 \e—0

Thus, the Markov property of a(-) implies

lim (lim E(@(t+s)—a (s)2las(r): r < s)) —0. (5.58)

t—0 \e—0

Recall that @°(-) is bounded. The tightness of @°(-) follows from Kurtz’
tightness criterion (see Lemma A.17).
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To complete the proof, it remains to show that the finite-dimensional
distributions of @°(-) converge to that of @(-). In fact, for any

0<t) <ty<--<t,<Tandiy,iog,...,in € M={1,...,1},

we have

P(@ (ty) =in, ..., @ (t1) = i)

I
s}
—~
Q
m
—
~
3
N
|
@
N
3
<
3
o}
m
—
-
=
—
|
@
N
S
<
=
—

Il
e,
—~
R
™
—~
~+
3
~
Il
w
<0
3
<.
3
R
™
—~
~+
1
—
~
Il
w
<
3
|
-
<.
3
|
=
~—

XX P(af(t2) = siygla®(t1) = siy5,) P (t) = siyj)-
In view of Lemma 5.24, for each k, we have

P(O‘E(tk) = Sikjk|as(tk—1) = Sik—ljk—l) - V;: (tk?)'l?ik—lik (tlﬁtk—l)'

Moreover, note that
mik

> Vit = 1.
Jr=1

It follows that
D Pt (tn) = sijla (1) = siy 15, 0)

X oo X P(af(tz) = siyj,|ac(t1) = siyj, ) P(a®(t1) = siyj,)

- Z Vi (tn)0i i (s tn) - V32 (b2) iy ip (2, 1)V (81)D, (1)

= Vi yin (tnstn—1) - Viyi, (L2, t1)0s, (1)

where >, . = Ezzl Sy and U, (t1) denotes the initial distribu-
tion (also known as absolute probability in the literature of Markov chains).

Thus, a°(-) — @(-) in distribution. O

This theorem implies that @°(-) converges to a Markov chain, although
@®(+) itself is not a Markov chain in general. If, however, the generator Q*(t)
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has some specific structure, then @(-) is a Markov chain. The following
example demonstrates this point.

Example 5.28. Let Q(t) = (§;;(¢)) and Q(t) = (q;;(t)) denote generators

with the corresponding state spaces {a1,...,am,} and {1,...,l}, respec-
tively. Consider
. Q) Gy Q)
Q=1 - S I A A CE
Q) G () Img -+ Qu(t)Img

where I, is the mg X my identity matrix. In this case
mip; =Mmog = - =1 = My.

Then @°(+) is a Markov chain generated by Q(t). In fact, let

XE (t) = (I{as(t)zsll}, ceey I{as(t)zslmo}, ey I{as(t):sll}a ey I{as(t):'slmo}) .

Note that s;; = (i,a;) for j = 1,...,mp and ¢ = 1,...,l. In view of
Lemma 2.4, we obtain that

%®j4f®@®% (5.60)

is a martingale. Postmultiplying (multiplying from the right) (5.60) by
1 = diag(Lpg, - - - » Lny)
and noting that {a®(t) =i} = {a°(t) € M,} and
X1 = (Igge =1y - - > Lmwe (1)=1})»

we obtain that
t
(Ia= =1} > - - - » Lgae (=13 —/ X°(5)Q°(s)ds1
0

is still a martingale. In view of the special structure of Q*(¢) in (5.59),

and o o
X“(5)Q(s)1 = (Im(s)=1}s - - s Lme(5)=1y) Q(S)-
Therefore, (5.60) implies that

t
(we =1y Ime=ny) — /0 (I ()=1)s - Twe =1y Q(s)ds

is a martingale. This implies, in view of Lemma 2.4, that @°(-) is a Markov
chain generated by Q(t), t > 0.
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5.3.2 Exponential Bounds

Foreachi =1,...,l,j=1,...,m;, « € M, and t > 0, let 5;;(t) be a
bounded, Borel measurable, deterministic function and let

Consider normalized occupation measures

na(t) = (nil(t)a e animl (t)v s anlal(t)v s 7n‘z:ml (t)) )
where

¢ *L t ii(s,a%(s))ds
nij<t>—ﬁ/owu<, ())ds.

In this section, we establish the exponential error bound for n®(-), a se-
quence of suitably scaled occupation measures for the singularly perturbed
Markov chains with weak and strong interactions.

In view of Theorem 4.29, there exists ko > 0 such that

3

t —
‘Ps(t, s) — Po(t, s)’ = O<a+exp<—u>). (5.62)
Similar to Section 5.3.2, for fixed but otherwise arbitrary 7" > 0, let

KT:max{l, sup ( [P2(t,5) = Polt, o) )} (5.63)

o<s<t<T \ & + exp(—ro(t — s)/€)

We may write (5.62) in terms of K and O1(-) as follows:
. Ko(t — s)
‘P (t,s) — Pyl(t, 5)‘ = KrOq|e+exp ) (5.64)

where |01(y)|/]ly] < 1. The notation of Kt and O;(-) above emphasizes
the separation of the dependence of the constant and a “norm 1” function.
Essentially, K7 serves as a magnitude of the bound indicating the size of
the bounding region, and the rest is absorbed into the function O1(-).

Theorem 5.29. Assume (A5.5) and (A5.6). Then there exist eg > 0 and
K > 0 such that for 0 < ¢ < g9, T > 0, and for any bounded, Borel
measurable, and deterministic process [3;;(-),

Eexp < sup |n5(t)|> <K, (5.65)

Or
(T'+1)3 o<i<r
where O is any constant satisfying

min{1, xo}
oT =~ =~ 3
Kr|Blr(1+1Q|r)

(5.66)



5.3 Markov Chains with Weak and Strong Interactions 183

and where | - |7 denotes the matriz norm as defined in (5.12), that is,

|Blr = max sup |[B;(t)],
ij 0<t<T

similarly for |Q|r.

Remark 5.30. This theorem is a natural extension to Theorem 5.4. Owing
to the existence of the weak and strong interactions, slightly stronger con-
ditions on K7 and fr are made in (5.63) and (5.66). Also the exponential
constant in (5.65) is changed to (T + 1)3.

Proof of Theorem 5.29: Here the proof is again along the lines of Theo-
rem 5.4. Since Steps 2-5 in the proof are similar to those of Theorem 5.4,
we will only give the proof for Step 1.

Let x°(-) denote the vector of indicators corresponding to a*(+), that is,

Xs (t) = (I{oﬁ(t):su}a R ’I{Oﬁ(t):ﬁml}’ Ce 7I{a5(t):s”}a Ce 71{045(75):517111}) .

Then we(-) defined by

W () = x°(t) — x°(0) - / ()@ ()ds (5.67)

is an R™-valued martingale. In fact, w®(+) is square integrable on [0, T]. It
then follows from a well-known result (see Elliott [55] or Kunita and Watan-
abe [134]) that a stochastic integral with respect to w®(t) can be defined.
In view of the defining equation (5.67), the linear stochastic differential
equation

dx©(t) = x“()Q° (t)dt + dw® (t) (5.68)

makes sense. Recall that P°(t,s) is the principal matrix solution of the
matrix differential equation

dy(t)

L =y o). (5.69)

The solution of this stochastic differential equation is
t
) = OP(0) + [ ()P,
0
= XE(O) (Ps(tv O) - PO(ta O))
(5.70)

+ [ (@ (s) (P 4.9 = Pufe.)

+x5(O)P0(t,O)+/O (dw®(s))Po(t, s).
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Use 9;;(t, s) defined in Lemma 5.24 and write O(t, s) = (9;;(¢, s)). Then it
is easy to check that

Py(t,s) = 16(t, s)diag(v* (1), . .., (1)) (5.71)
Set
X°(t) = (v () Lo (ty=1}s - - -+ V' () Lo (=1 ) € R™
and
(1) = (Itge (=1} - - - » Lo (=13 ) € RE.
Then it follows that

(5.72)
X° (1) = X (t)diag(v' (t), ..., V(1))
Moreover, postmultiplying both sides of (5.67) by 1 yields that
~ ~ t ~ ~
X1 —x*(0)1 — / X% (8)Q%(s)1ds = w(t)1. (5.73)
0

Here wa()i is also a square-integrable martingale. Note that @(s)i =0
and hence

>
[0}
@
S~—
L)
=
»
S~—
=0
I
>
[0}
@
S~—
=7
o
[oje}
—~
AN
-
—~
»
:./
t&
@
S~—
S~—
Q)
@
S~—
=
I
>
[0}
—
Va)
N—
Q|
@
S~—

We obtain from (5.73) that

EO-TO - [ (660 - CERET+ ) ds = w01
0
Since O(t, s) is the principal matrix solution to

do(t, s)
dt

=0(t,5)Q(t), with O(s,s) =1,

similar to (5.68), solving the stochastic differential equation for x°(-) leads
to the equation:

?@=?®@@®+AMW®®MW) -
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Let us now return to the last two terms in (5.70) and use (5.71), (5.72),
and (5.74) to obtain

CORE0)+ [ (du () Poltr )
= (00,0 + [ (@ (s)T0.5) ) dngle! (1), (0)
= ()ZE(O)G)(L‘,O) + /O t(duf(s)i)@(t,s)) diag(v'(t), ...,V (1))
= (F0 - [0 T DQAITO. s ) dig (1.0

:Yg(t)—/o (X*(5) = X°(5))Q(s)16/(¢, s)diag (v (¢), ..., V! (¢))ds

17 () = x°(0) (P*(£,0) — Po(t,0)) + /0 (dw?(s)) (P=(t, 8) = Po(t; s)) -

Note that the matrix P¢(t,s) is invertible but Py(¢, s) is not. The idea is
to approximate the noninvertible matrix Py(t, s) by the invertible P=(, s).
Let

() = / (¢ (5) ~ X ()D(s) (Polt,s) — PE(t, ) ds  (5.76)

and
P7(t) = (X°(t) =X°(t)) — (n°(t) — mi(2)).

Then ¢°(0) = 0 and ¢°(t) satisfies the following equation:

t
/ ¢°(s)Q(s)P° (¢, s)ds —|—/ (n°(s) — 17 (s))Q(s)P°(t, s)ds = 0.
0
The properties of the principal matrix solution imply that

PE(t,s) = P5(0,5)P*(t,0).



186 5. Occupation Measures: Asymptotic Properties and Ramification

Set
Q°(t) = P=(t,0)Q(t)P*(0,1),
PE(t) = ¢°(t)P=(0,¢t), and

n5(t) = (n° () = (1) Q) P(0, ).

Owing to the properties of the principal matrix solution, for any ¢ € [0, T,

we have
Pe(0,t)P°(t,0) = P(¢t,t) =1,

1¥=(0) = 0 and *(t) satisfies the equation

¢5(t)+/0 ¢5(S)Q5(s)ds+/0 n5(s)ds = 0.

The solution to this equation is given by
t ~
V() = — / W5 ()&= (1, 5)ds,
0

where ®°(t, s) is the principal matrix solution to

dde(t, s)

T —®(t, 5)Q° (1), with &°(s,s) = I.

Postmultiplying both sides of (5.78) by P(t,0) yields

P (t) = ¢ (H)P*(t,0)

t

ng(s)és(t, $)P®(t,0)ds

(n° () = 15 ())Q(s)W* (¢, 5)ds,

/
|

where
Ue(t,s) = P°(0, s)®°(t, s)P*(t,0).

Thus it follows that

XE(t) =x°(t) = n° () = mi(t) — /0 (n° () = 15 () Q(5) = (¢, 5)ds.

(5.77)

(5.78)
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Again using (5.77), we have

(°(t,0)P5(t,0))

:<§2%9)P%ﬂ%HF@m(ﬁ%%Q)

=

— —&°(t,0)Q° (£)P* (¢, 0) + B°(¢,0) P*(£,0)Q° (t)
— —®°(t,0)P*(t,0)Q(t) P*(0, ) P*(t,0) + & (t,0) P*(£, 0)Q° (¢)
= —®°(t,0)P(t,0)Q(t) + = (t,0) P=(t,0)Q° (1)
= &°(L,0)P(,0) (-Q(t) + Q°(1))
= &°(t,0)P*(t,0) G@(t)) :
This implies that U#(¢, s) is the principal matrix solution to the differential

equation

1

AV(5) _ ey ) (;@(t)) , with ¥5(s,s) =1.  (5.80)

dt

Therefore, all entries of ¥¢(t,s) are bounded below from 0 and bounded
above by 1, and these bounds are uniform in 0 < s < t < T. Thus,
[T (t, )| < 1.

Multiplying both sides of (5.79) by the m x m matrix

ﬁ(t) = diag(ﬂll(t% oy Bimy (t)v s 7Bll(t)a i aﬂlmz (t))

from the right and integrating over the interval [0,<], for each ¢ € [0,T7,
we have

S

/0 (1) — X (8)B()dt = / n%)ﬁt(t)dt— / (D)t
[ [0~ m ) 1 st
0 0

By changing the order of integration, we write the last term in the above
expression as
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Therefore, it follows that

/ TG () — X)) B0t = / T B0t / LB (5.81)
0 0 0

B0 = 50+ [ QO (r0p(0)r
Moreover, in view of the fact that [U¢(¢,s)|7 < 1, it is easy to see that
Blr < (1+T)|Blr(1+ |Qlr). (5.82)
Note that n°(-) can be written in terms of x°(-) and X°(-) as
1 /s
w0 = = [ e - e

By virtue of (5.81), it follows that

()] < —

. A ni(t)g(t)dt‘ |

Note that in view of the definition of n5(-) in (5.76),

|5 (2)] =/OtO(erexp(—@))ds=0(g(t+1)).

Thus, in view of (5.82),

[ <t>§<t>dt\ s

sup
0<<<T

I ni(tﬁ(t)dt} =1l s [ O+ )
0 0

0<¢<T

= |Blr sup O(e(s* +5))
0<e<T (5.83)

= |Blr(T% +T)O(e)
< (1+7)°|Blr(1+|Ql7)0(e).

Thus, in view of (5.63) and (5.66), for some g9 > 0, and all 0 < ¢ < g,

exp<(T i—Tl)S OilclgT /0g ni(f}g(t) dt‘)
< exp(O(\/E) I;{lin{lvﬂo}> (5.84)
T

< exp (0(\/5) min{1, HO}) <K.
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Moreover, using (5.64), as in the proof of Theorem 5.4, we obtain that

/; (m\/g(t))dt’) <K,  (585)

min{1, Ko}
T < — .
Kr|Blr(1+(Qlr)
Finally, combine (5.81), (5.83), and (5.85) to obtain

Eexp(

(T +1)% o<e<T

for

Eexp ( sup |n°(¢)]

Or
—_— <K.
(T +1)% o<e<r ) -
This completes the proof. [l

Remark 5.31. It is easily seen that the error bound so obtained has a
form similar to that of the martingale inequality. If n®(-) were a martin-
gale, the inequality would be obtained much more easily since exp(-) is a
convex function. As in Section 5.2, the error bound is still a measure of
“goodness” of approximation. However, one cannot compare the unscaled
occupation measures with a deterministic function. A sensible alternative
is to use an approximation by the aggregated process that is no longer
deterministic. The exponential bounds obtained tell us exactly how closely
one can carry out the approximation. It should be particularly useful for
many applications in stochastic control problems with Markovian jump
disturbances under discounted cost criteria.

The next two corollaries show that the error bound can be improved
under additional conditions by having smaller exponential constants, e.g.,
(T +1)3/2 or (T +1)%/? instead of (T + 1).

Corollary 5.32. As_sume that the conditions of Theorem 5.29 hold. Let
Q(t) = (gij (1)) and Q(t) = (q;;(t)) denote generators with the correspond-

ing state spaces {a1,...,am,} and {1,...,1}, respectively. Consider
] Q(t) GO mg - Tu(t) I,
U] B o T
Qt) Q1) me -+ Gu(t)Im,

where I, is the mg X mg identity matriz. Then there exist positive con-
stants €9 and K such that for 0 < e <eg, and T >0,

Or )
Eexp| ——— sup |n°(t < K.
P ((T—i— 1)% 0§t£T| 0l <
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Proof: Under the special structure of the generator Q°, it is easy to see
that

Q(s)1 =1Q(s),

where 1 now takes the form
1 = diag(Lpg, - - - » Lony)-

Note that under current conditions on the fast-changing part of the gener-

ator Q(t),
v (t) =2 (t) = - = v (t) and diag(v' (t),.... /()1 =1,

where I; denotes the [-dimensional identity matrix. This together with
(5.72) implies that

(X*(5) = X°(5)Q(s)1 =
It follows from (5.71) that

/0 (¢ (5) = X (5)0(5) Polt, 8)ds = 0.

Then (5.75) becomes
X (1) =X (t) =7 (1)
The rest of the proof follows exactly that of Theorem 5.29. O

Corollary 5.33. Assume the conditions of Theorem 5.29. Suppose Q( )=

Q and Q( ) = Q for some constant matrices Q and Q Then there exist
positive constants eg and K such that for 0 < e <egg, and T > 0,

Eexp( sup |n5(t)|> < K.

(T + 1)% 0<t<T

Remark 5.34. Note that in view of Corollary 4.31, one can show under
the condition Q(t) = @ and Q(t) = @ that there exists a constant K such
that

PE(t,s) — Polt,s) = K(T +1)O; (a +exp (-M» .

3

In this case, f7 can be taken as

0< 0y < min{1, Ko} -
- KT+ D)Blr(1+1Q|r)

That is, compared with the general result, the constant K1 can be further
specified as Kr = K(T + 1).
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Proof of Corollary 5.33: Note that when the generators are time indepen-
dent, the quasi-stationary distribution v*(t) is also independent of time and
is denoted by »*. In this case, the argument from (5.75) to (5.80) can be
replaced by the following. Let

Qo = @idiag(ul, b,
Then it can be shown that
Q1 (@)k diag(vh, ..., V) = (Qo)**?, for k> 0.

This implies that

QPy(t,s) = Qlexp (Q(t — s)) diag(v*, ..., ")
= Qo exp(Qo(t — 5))-

Let ¢°(t) = (x°(t) — X°(t)) — n°(t). Then ¢°(-) satisfies the equation

o () + / (6% (5) + 1 ()) Qo exp(Qot — 5))ds = 0.

Solving for ¢°(-), we obtain

55 (1) = / 1 (5)Qods.

Writing x°(¢) — X°(¢) in terms of ¢°(¢) and 7n°(¢) yields,

t
O =0 =0 - [ 7(5)Quds.
0
The rest of the proof follows that of Theorem 5.29. O

Similar to Section 5.2, we derive estimates that are analogous to Corol-
lary 5.7 and Corollary 5.8. The details are omitted, however.

5.3.3 Asymptotic Distributions

In Section 5.2, we obtained a central limit theorem for a class of Markov
chains generated by Q°(t) = Q(t)/e + Q(t) with a weakly irreducible Q(t).
In this case for sufficiently small € > 0, Q°(¢) is weakly irreducible. What,
if anything, can be said about the weak and strong interaction models,
when Q(t) is not weakly irreducible? Is there a central limit theorem for
the corresponding occupation measure when one has a singularly perturbed
Markov chain with weak and strong interactions? This section deals with
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such an issue; our interest lies in the asymptotic distribution as ¢ — 0.
It is shown that the asymptotic distribution of the corresponding occupa-
tion measure can be obtained. However, the limit distribution is no longer
Gaussian, but a Gaussian mixture, and the proof is quite different from
that of the irreducible case in Section 5.2.

Foreachi=1,...,0,j=1,...,m;, « € M, and ¢t > 0, let §;;(¢) be a
bounded Borel measurable deterministic function. Use W;; (¢, ) defined in
(5.61) and the normalized occupation measure

n®(t) = (n31(t), ..., nim, (t), ..., (t), ... ng, (1))
with

¢ *L t (s, a%(s))ds
nij@)—ﬁ/owum ())ds.

We will show in this section that n®(-) converges weakly to a switching
diffusion modulated by @(-). The procedure is as follows:

(a) Show that (n°(-),a@*(-)) is tight;

(b) verify that the limit of a subsequence of (n(-),@°(-)) is a solution to
a martingale problem that has a unique solution;

(c) characterize the solution of the associated martingale problem;

(d) construct a switching diffusion that is also a solution to the martingale
problem and therefore the limit of (n°(-),a(-)).

To accomplish our goal, these steps are realized by proving a series of
lemmas. Recall that 75 = o{a®(s) : 0 < s < t} denotes the filtration
generated by af(-). The lemma below is on the order estimates of the
conditional moments, and is useful for getting the tightness result in what
follows.

Lemma 5.35. Assume (A5.5) and (A5.6). Then for all0 < s <t <T and
e small enough, the following hold:

(2) sup B[n*(t) —n*(s)|75] = O(Ve);
(b) sup 2 [ In() = n°(s)*| 5] = O(t — 5).

Proof: First, note that for any fixed ¢, j,

Bl () ~ niy(IFE) = = [ EWis (o)
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Moreover, in view of the definition of W;;(¢, &) and the Markov property,
we have, for 0 < s <r,

E[Wij(r,a%(r))| Fs]
E (I (r=si;y = V(M s (memay) 1F5] Big(r)
= (P(a"(r) = 4| F) — vi(r)P(a (r) € M| F)) Bij(r)

= (P(a"(r) = sijla’(s)) — vj(r)P(a®(r) € M;|a®(s))) Bi;(r).

In view of Lemma 5.24, in particular, similar to (5.55) and (5.56), for all
iOZ 1,...,[ andjo = 1,...,m1‘0,

P(a(r) = sij|a®(s) = sigjo) — Vi (r)P(a®(r) € Myla®(s) = siyj)

o+ e 2=Y)

Thus owing to Lemma A.42, we have
(P(a®(r) = sijla®(s)) — vj(r)P(a®(r) € M;la®(s))) Bi;(r)
l
= Z Z I{O‘E(S =Sigio } (P( E(T) = Sijlas(s) = Siojo)

—vi(r)P(af(r) € M;la®(s) = Smb))ﬂij (r)

= O<e+exp<—@)).

Note also that

2 [ ofe oS0V ar - oty

This implies (a).
To verify (b), fix and suppress ¢, j and define

—EK/: Wiy (r, of(r))dr>2 }‘]
Then by the definition of n;("),
B (i~ 0)° ] = L. (5.56)
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In accordance with the definition of @°(+), @°(t) = ¢ iff a®(¢) € M,. In what
follows, we use a®(t) € M, and @°(t) = ¢ interchangeably. Set

Vit 1) = s (n=si o= =sis} = Vi {as(n=sij} L {m=)=i}
W5 (t,7) = =V () (@ =iy Tos @=ss} + V5 (05 (D (e (r)=iy T awe )=y

Then as in the proof of Theorem 5.25,

dn®(t)
dt

= 2/ E Wt r) + W5 (t, r) | F5] Bij (r) B (t)dr.

Using Lemma 5.24, we obtain

€

B (1.7 (6) = sl = O = +exp( - 2= ),
B3 1.1l (s) = si] = O = +exp( - 2= ),

forallig =1,...,land jo = 1,...,m;,. Then from Lemma A.42, we obtain
t—
B[w5(t, )| 7] = 0<s T Xp<_¥>)
5 c ro(t =)
E[\IJ2(t,’I“)|]:S]:O E—f—exp _T )

As a consequence, we have

Integrating both sides over [s,t] and recalling n°(s) = 0 yields

e (t)
=0(t—s).
Y — o)
This completes the proof of the lemma. O

The next lemma is concerned with the tightness of {(n°(-),@"(-))}.

Lemma 5.36. Assume (A5.5) and (A5.6). Then {(n°(-),ac(-))} is tight in
D([0, T];R™ x M).
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Proof: The proof uses Lemma A.17. We first verify that the condition given
in Remark A.18 holds. To this end, note that 0 < @*(¢) <! for all t € [0,T].
Moreover, by virtue of Theorem 5.25, for each § > 0 and each rational t > 0,

inf P (|n° ()] < Ki) = inf[l = P([n*(1)] > Ki)]

€ 2
> e 1- EOF
€ Kt2,6

Kt

>1— —
- Kt265

where the last inequality is due to Theorem 5.25. Thus if we choose K; s >

VEKT/6, (A.6) will follow.
It follows from Lemma 5.35 and (5.58) that for all ¢ € [0, 7],

e—0  \0<s<A

iiino{limsup< sup E{E [ |n§;(t+s) —n(t)|F;] })} =0, -

im {limsup< sup E{E[[a°(t+s)—a(t)|*|F;] })} =0.

1
A—=0[ e=0 \0<s<A
Using (5.86) and (5.87), Theorem A.17 yields the desired result. O

The tightness of (n°(-),a@°(-)) and Prohorov’s theorem allow one to ex-
tract convergent subsequences. We next show that the limit of such a sub-
sequence is uniquely determined in distribution. An equivalent statement
is that the associated martingale problem has a unique solution. The fol-
lowing lemma is a generalization of Theorem 5.25 and is needed for proving
such a uniqueness property.

Lemma 5.37. Let £(t, ) be a real-valued function that is Lipschitz in (t,x)
€ R™*L. Then

< 2
sup E/ Wii(s,a(s))€(s,n(s))ds| — 0,
0<¢<T 0

where Wij(t, a) = (Ija=s,;3 — V5 () I{aer,})Bij (t) as defined in (5.61).

Remark 5.38. This lemma indicates that the weighted occupation mea-
sure (with weighting function &(t,a°(t))) defined above goes to zero in
mean square uniformly in ¢ € [0,¢]. If £(-) were a bounded and measur-
able deterministic function not depending on «(-) or n(-), this assertion
would follow from Theorem 5.25 easily. In the current situation, it is a
function of n(-) and therefore a function of a®(-), which results in much
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of the difficulty. Intuitively, if we can “separate” the functions Wj;(-) and
&() in the sense treating £(-) as deterministic, then Theorem 5.25 can be
applied to obtain the desired limit. To do so, subdivide the interval [0, <]
into small intervals so that on each of the small intervals, the two func-
tions can be separated. To be more specific, on each partitioned interval,
use a piecewise-constant function to approximate £(-), and show that the
error goes to zero. In this process, the Lipschitz condition of £(¢, z) plays
a crucial role.

Proof of Lemma 5.37: For 0 < 6 < 1 and 0 < ¢ < T, let N = [¢/e"7%]. Use
a partition of [0, <] given by

[to,tl] U [tl,tg) J---u [tNutN-‘rl]

of [0,¢], where t;, = ¢'=%k for k = 0,1,...,N and ty,1 = . Consider a
piecewise-constant function

£(0,n5(0)), 0 <t <ty
&) = E(tr—1,n"(tp-1)), ift, <t <tgy1, k=2,...N,
§(tN,1,n5(tN,1)), ift:tNJrl.

Let W(t) = Wi;(t,a°(t)). Then

| [ Wi et )

<24/’ (It ne (1)) — £(1)dt

2

(5.88)

g 2E‘/0§ WE (£)E(t)dt

We now estimate the first term on the second line above. In view of the
Cauchy inequality and the boundedness of W (t), it follows, for 0 < ¢ < T,
that

2

\/’ ()t ne (1)) — &1t

<7E [ (et (0) - )
0
=7 [ B(ene ) - €0
0
Note that Theorem 5.25 implies
Eln(t)? < K,

for a positive constant K and for all ¢ € [0,T]. Therefore, in view of the
Lipschitz condition of £(-), we have

N=

Blg(t,n*(1))] < K1+ Eln(t)]) < K(1 + (Eln“()[*)#) = O(1).
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Noting that ty = 2e'~% = O('7?), it follows that

/E (t,n°(t)) — £(t))2dt
zz/t Bl e (1) — E(1)2dt + O(e1),

k=2

Using the definition of g(t), the Lipschitz property of £(t,x) in (¢, ), the
choice of the partition of [0,¢], and Lemma 5.35, we have

N

> [ Bletnt o) - o)rar

k=2"tk

I
M=

/tkﬂ o0 (1)) = §(te—r, " (tr-1))) dt

tk+1

I /\

t — tk_1)2 + E|7’L5(t) — ns(tk_l))|2) dt

(t —te—1)® 4+ O(t — tp—1)) dt

tk+1
/ 1 5 0(61_5).

Let us estimate the second term on the second line in (5.88). Set

= ([ W)

Then the derivative of 7j°(t) is given by

wDﬂzn MZH Mz

DI
/%

2

=2 [ B (Wi g 08 ds.

For 0 < t < tg, in view of the Lipschitz property and Theorem 5.25, we
obtain

/0 E (W5(s)8s)W5EW) ) ds < / | E (1&(s)]| - (1)) ds
< [ @R e s

= O(ty) = O('79).
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Iftp <t <tpyr, for k=2,..., N, then using the same argument gives us
t
| E(Wa@ows;men) s

= Ot —tg1) = O(tgs1 — te_1) = O('9)

and

dﬁ;t(t) - 2/0 - E (WZ(S)E(S)W;‘; (t)g(t)) ds + O('79).

Recall that Ff = oc{a®(s) : 0 <s<t}. For s <tp_1 <tx <t <tps,

E (W5 (5)Es)W5 (08

= B (W5 (8)&(s) EIW5 (€)1 Fiu )

(5.89)

Moreover, in view of the definition of £ () and the proof of Lemma 5.35, we
have for some kg > 0,

E[W5(0E0)|Fry] = EOEWS (1) Fr, ]

000 (= +oxp (-0
= O<5+exp< tk;tk 1)>)

—&0o(e+en(-52) ) =00

Combine this with (5.89) to obtain

B (Wi (6)&)W5 (0E(D) = 0 BIES)EW)] = Of).

Therefore,
dn®(t) 1-5
=0
7 ()
uniformly on [0, T], which implies, together with 77%(0) = 0, that

S [dnt(t
sup 7°(c) = sup / (_77 ()) dt = O(' 7).
0<e<T 0<s<T Jo dt

This completes the proof. O

To characterize the limit of (n°(-),@°(-)), consider the martingale prob-
lem associated with (n°(-),@*(+)). Note that
dn®(t)

1
dt NG

W (t,a(t)) and n®(0) = 0,
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where

W(t,a) = (Wii(t, @), ..., Wim, (t,a), ..., Wi (t,a),..., Wi, (t,@)).

Let G¢(t) be the operator

GO f(t,x,a) = %f(t, x, ) + %<W(t, a), Vi f(t, x, a)>

+Q€(t)f(t7 Z, -)(Oé),
for all f(-,-,a) € CY!, where V, denotes the gradient with respect to  and

(-,+) denotes the usual inner product in Euclidean space. It is well known
that (see Davis [41, Chapter 2])

¢
f(t,ne(t), 0%(t)) — / G=(s)f(s,n"(s), a"(s))ds (5.90)
0
is a martingale.
We use the perturbed test function method (see Ethier and Kurtz [59)

and Kushner [139]) to study the limit as ¢ — 0. To begin with, we define a
functional space on R™ x M

C? = {fo(ac, i) : with bounded derivatives up to the

second order such that the second derivative is Lipschitz}.

(5.91)
For any real-valued function f°(-,i) € C%, define
. oz, 1), if o € My,
7(1‘,&) :Zfo(xai)l{ae./\/li} =
=1 oz, D), ifae M,

and consider the function

f(t,z,0) = f(z,a) + Veh(t,z, a), (5.92)

where h(t,z,a) is to be specified later. The main idea is that by appro-
priate choice of h(-), the perturbation is small and results in the desired
cancelation in the calculation. _

In view of the block-diagonal structure of Q(t) and the definition of
f(x, ), it is easy to see that

Q) f(z,-)(a) = 0.
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Applying the operator G¢(t) to the function f(-) defined in (5.92) yields
that

Fne(t),0(1) + vEh(t, n*(t), o5 (t))

! 1 5 F(nE 5 £ £
— [ {20V (60 (9). 90 (9.0 (5) + VEV (s, 5). 0 4))
0 € e 1 € e
+\/E£h(svn (S)va (S))-f-\/gQ(S)h(S,TL (8)7)(a (8))

L) (Fn(s), )+ VEh(s,m(s), -><aa<s>>}ds

defines a martingale.
The basic premise of the perturbed test function method is to choose the
function h(-) that cancels the “bad” terms of order 1/+/e:

Q(s)h(s,z,")(a) = —<W(s, a), Ve f(z, a)>. (5.93)

Note that as mentioned previously, Q(¢) has rank m — I. Thus the dimen-

sion of the null space is [; that is, N(Q(t)) = . A crucial observation is that
in view of the Fredholm alternative (see Lemma A.37 and Corollary A.38),
a solution of (5.93) exists iff the matrix ((W (s, sij), Vaf(2,s;))) is or-

thogonal to 1,,,,...,1,,,, the span of N(Q(t)) (see Remark 4.23 for the
notation). Moreover, since fO(-,i) is C%, h(-) can be chosen to satisfy the
following properties assuming f3;;(-) to be Lipschitz on [0, T:

(1) h(t,x, ) is uniformly Lipschitz in ¢;
(2) |h(t,z, e)| and |Vzh(t, x, a)| are bounded,;
(3) Vih(t,z,«) is Lipschitz in (¢, x).

Such an h(-) leads to

F(n(1),0(1)) + VEh(t,n®(t), a% (1))
—/ {<W(s,a5(s)),th(s,ns(s),as(s)»
0 , (5.94)
HVE(ghle (610550 ) + QT 51 ()

T VEO()h(s, " (s), -><of<s>>}ds
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being a martingale. For each s, z, «, define
g(s,z,a) = (W(s,a), Vih(s, z,a)). (5.95)

With f € C%, it is easy to see that g(s,z,«) is Lipschitz in (s, z). This
function will be used in defining the operator for the limit problem later.

Remark 5.39. Note that the choice of h(-) in (5.93) is not unique. If hy(+)
and hy(-) are both solutions to (5.93), then the irreducibility of Q%(s) im-

plies that, for each i =1,...,1,
I’Ll(S,I,Sﬂ) h?(svxvsil)
- = ho(s,x,i)ﬂmi

hi(s,x, Sim,) ha(s,x, Sim,)

for some scalar functions h%(s, z,i). Although the choice of h is not unique,
the resulting function g(s,z,«) is well defined. As in Remark 4.23, the
consistency condition or solvability condition due to Fredholm alternative
is in force. Therefore, if hy and hg are both solutions to (5.93), then

<W(S,Q),Vzh1(S,I,Q)> = <W(S,O&),Vzh2(8,z,04)>,
forace M;andi=1,...,1.

Using ¢(s, z, «) defined above, we obtain

/0<W(s,a8(s)),th(s,na(s),aa(s)»ds
:/ g(s,n°(s),a(s))ds

0
t Lz

l
Z Z I{oﬁ(s):su‘}g(sa n(s), si;)ds

i=1 j=1

t L omy
:‘/0 ZZ(I{QE(S):Sij} —I/;(S)I{as(s):i})g(s,nE(S),Sij)ds

i=1 j=1

t L omy
+/0 ZZI{as(s):i}V;(S)g(S,TLE(S),Sij)ds.

i=1 j=1

0

In view of Lemma 5.37, the term in the fourth line above goes to zero in
mean square uniformly in ¢ € [0, 7. Let

m;
g(s,z,i) = Z vi(s)g(s,x,si5)-
j=1
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Then it follows that

/ Zif{as ()=} (s)g(s,n%(5), 815)ds

=1 j=1
+
:/ ZI{HE(S):i}g(Sans(s)vi)ds
0 =1
t
:/ g(s,n°(s),a"(s))ds.
0

Therefore, as € — 0, we have

E/ (W (s,a°(s)), Vzh(s,n®(s), a"(s)))ds
0 t , (5.96)
_/0 g(s,n%(s),a"(s))ds| — 0
uniformly in ¢ € [0, 7.
Furthermore, we have
/ @(s f(n(s),-)(a(s))ds
0 .
:/ ZZI{M (5211 Q(8) F(n(5), ) (545)ds
= S S ey 6 1 T 5,
1= 1_] 1

/ S 0 (5) g o)y OV F (1 (), ) s

=1 j=1

Again, Lemma 5.37 implies that the third line above goes to 0 in mean
square uniformly in ¢ € [0, 7. The last term above equals

/ Qs) /0 (n(s), )@ (5))ds,

where Q(s) = diag(v}(t), ..., v (t))Q(s)1. It follows that as & — 0,

Q)] (n°(5). ) (5))ds

(5.97)
/ Q(s)f0(n(5), )(@(s))ds| — 0

uniformly in ¢ € [0, 7.
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We next examine the function g(s, x, ) closely. Using the block-diagonal
structure of Q(s), we can write (5.93) in terms of each block @7(s). For
ji=1,...,1,

N h(s,z,sj1) (W(s,s1), Vaf2z,5))
Q(s) : = : . (5.98)
h(s,x,8jm,;) (W (s,85m, ), Vef°(z,5))

Note that Q7(s) is weakly irreducible so rank(Q7(s)) = m; — 1. As in
Remark 4.9, equation (5.98) has a solution since it is consistent and the
solvability condition in the sense of Fredholm alternative is satisfied. We can
solve (5.98) using exactly the same technique as in Section 4.2 for obtaining
the ¢;(t), that is, replacing one of the rows of the augmented matrix in
(5.98) by (1,1,...,1,0), which represents the equation Y, h(s,z, s;x) =
0. The coefficient matrix of the resulting equation then has full rank; one
readily obtains a solution. Equivalently, the solution may be written as

h(s,x,s;1)

h(s,2,5m,)

<W(S, 551)5 szo(xvj»

) K@‘(s))’(@j(s))] 1(@]‘(8))' ;
]]';nj ﬂ;nj ]]';n] <W(s,sjmj),sz0(x,j)>

0

Note that ‘
I{a:sjk} — Vi(t)I{QGMj} =0if o € ./\/lj.

Recall the notation for the partitioned vector z = (!, ..., ') where 27 is an

m;-dimensional vector and 7 = (7, ... ,xan ). For the partial derivatives,

use the notation
0 9?
ach = — and (’9%1]-2 = .
oz, ' 8x; oz’
1 J2

Then h(s,z,s;x) is a functional of 9} j1 fO(x, j),...0jm, fO(z, 7). It follows
that g(s,x,s;x) is a functional of 9% ; . fO(, j), for j1,ja = 1,...,m;, and
so is (s, z, j). Write

mj

_ . 1 , .
g(S,.’L‘,]) = 5 Z aj1j2(873)632’,j1j2f0(x7])7 (5'99)

Ji,j2=1

for some continuous functions a;, j, (s, 7).
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Lemma 5.40. Assume (A5.5) and (A5.6). Suppose (n°(-),a°(+)) converges
weakly to (n(-),a(-)). Then for f°(-,i) € C%,

Fon(t),a(t)) - /0 (G(s.n(s),a(s)) + Qs) f*(n(s),-)(@(s))) ds
is a martingale.

Proof: Define

HE (1) = (0 (8, 0°(8)) + VER(E, 0 (1), 0 ()
-/ t{<W<s,a€<s>>,vzh<s,n€<s>,a€<s»>
FVEL (s m(s),0(5)) + Q) F(n(5). (0 ()
+VEQUSMs 1 (5). (0 (9) s

The martingale property implies that

E[(H"(t) = H"(s))z1(n" (t1), 2" (t1)) - - - z(n° (tx), @ (85))] = 0,

for any 0 < t; < -+ <t < s <t and any bounded and continuous
functions z1(+),. .., 2k (7).
In view of the choice of h(-), it follows that all the three terms

Veh(t,n®(t),a" (1)),

ﬁ(%h(t,ﬁ(t},&(t})), and

VEQ(t)h(t,n (1), ) (o (1)
converge to 0 in mean square. Recall (5.96), (5.97), and
F(n°(t),a%(t)) = fO(n° (), a(1)).
Denote the weak limit of H*(-) by H(-). We have
E[(H(t) - H(s)) 21(n(tr),a(t1)) - - - zi(n(tr), alte))] =0,

where H(-) is given by
(1) = O(n(t), a(t)
- / (@0, n(r), @) + Q) O (n(r), Y(@(r))) dr.

Thus (n(-),@(-)) is a solution to the martingale problem. O
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Lemma 5.41. Let L denote the operator given by
N , N ,
£f0($,]) = 5 Z ajljz(svj)agz,jljgfo(xvj) + Q(S)fo(,T, )(])
Ji,j2=1

Then the martingale problem with operator L has a unique solution.

Proof: In view of Lemma A.14, we need only verify the uniqueness in dis-
tribution of (n(t),@(t)) for each ¢t € [0, 7. Let

f(@,7) = exp (L{(0, ) + 0o3}) ,
where § € R™, 6y € R, j € M, and ¢ is the pure imaginary number with
2= —1.
For fixed jo, ko, let Fj r,(z, ) = I{j—jo1 f (2, ko). Then
Fioko (n(t), @(t)) = Iia(y=joy f (n(t), ko).

Moreover, note that
l
g(S, n(s), a(s)) = Z I{E(s):j}g(sv n(s), ])

= _ZI{Q(S )=3} Z a]lJZ s j jJ1J2FJ0/€0( ( ) ])
e (5.100)
1 2 a9
= 51{5(5):%} Z g1 ja (SJO)ajO,jlef(n(S)a ko)

J1,J2=1
1 & ,
=3 > 55 (5,50) (=051 Oios) T a(s)=io} £ (n(5), o))

J1,J2=1

Furthermore, we have
Q(8) oo (n(S% )(al(s))
= Lt @) Eas 0051, )

] 1

_Zf{a(s J}ank Fjoko (n(s), k)

= Z Iim(s)=5} quk(s)l{k:jo}f(n(s)u ko)
j=1 k=1

(5.101)

l
= Z Lia(s)=413j, (8) f(n(s), ko)

Z%Jo $)@(s)=5y f (n(s), ko).
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Let
030(t) = E (Iimooyy f(n(0), K)) , for jik=1,...,1
Then in view of (5.100) and (5.101),

Mjo

t
Pjoko (t) - Pjoko (O) _/ { Z Ajy jo (Sajo)(_9j0j1 9j0j2)¢j07€0 (8)
° % J2 =t (5.102)

+qu $) ik, (S } =0.

Let
¢(t) = (¢11(t)7 ooy Olmy (t>a s ¢ll(t)7 R ¢lmz (t))

Rewrite (5.102) in terms of ¢(-) as

t
—I—/O o(s)B(s)ds

where ¢(0) = (¢;x(0)) with ¢;1(0) = Elz0)=;3/(0,k), and B(t) is a
matrix-valued function whose entries are defined by the integrand of
(5.102). The equation for ¢(t) is a linear ordinary differential equation.
It is well known that such a differential equation has a unique solution.
Hence, ¢(t) is uniquely determined. In particular,

Eexp ({(0,n(t)) + Ooar(t)})

= Z E (Itay=5y exp ({0, n(t)) + jbo}))

is uniquely determined for all 8, 8y, so is the distribution of (n(t),@(t)) by
virtue of the uniqueness theorem and the inversion formula of the charac-
teristic function (see Chow and Teicher [30]). O

The tightness of (n°(+),@®(-)) together with Lemma 5.40 and Lemma 5.41
implies that (n°(-),a°(-)) converges weakly to (n(-),a(-)). We will show
that n(-) is a switching diffusion, i.e., a diffusion process modulated by
a Markov process such that the covariance of the diffusion depends on
the Markov jump process. Precisely, owing to the presence of the jump
Markov chains, the limit process does not possess the independent incre-
ment property shared by many processes. A moment of reflection reveals
that, necessarily, the coefficients in g(s,z,4) must consist of a symmetric
nonnegative definite matrix serving as a covariance matrix. The following
lemma verifies this assertion.
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Lemma 5.42. For s € [0,T] and j = 1,...,1, the matriz
A(S,j) - (aj1j2(57j))
is symmetric and nonnegative definite.
Proof: Let 7/ = (nj1,...,njm,) and @7 = (xj1,...,@;m,)". Define

@) =5 (7))’

Then the corresponding G(-) defined in (5.99) has the following form:

_ ) 1 . N
g(s,x,j) = 577”/1(8,])773-

Moreover, let f;(z, k) = fj(x), independent of k. Then for all k =1,...,1,

Q(s)f;(n*(s),-)(k) = 0.
To verify the nonnegativity of A(s, j), it suffices to show that

t
/ ! A(r, j)nd dr > 0,
for all 0 < s <¢ <T. Recall that f;(z) is a quadratic function. In view of
(5.94) and the proof of Lemma 5.40, it then follows that
1

5 | A dr = lim (B (0 (0) = BA G (9)-

We are in a position to show that the limit is nonnegative. Let

ns’j(t) = (n?l(t), e ,njmj (1)).
Then

E(fj(n°(t)) = f;(n°(s)))
= LB () - ().
For t > s > 0, using

(0,07 (1)) = (7,0 (s)) + (0,0 () — 0™ (s)),

we have
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We next show that the last term goes to 0 as € — 0. In fact, in view of (a)
in Lemma 5.35, it follows that

E[n™(t) = n® (s)|F;] = O(ve),
and hence
E (0’ ,n™(t) — ns’j(5)>‘f§}
= (i, E[(n™(t) = n™7(5))|F]) = O(Ve).
Using (b) in Lemma 5.35, we derive the following inequalities

E(i,n™(5))* < P PE[n® (5)]2 < |07 2O(s).

The Cauchy—-Schwarz inequality then leads to

N )
< (B i)’ < . {W—,ns,j(t) _ei(s)) f§]2> :

1

- (E<77j,n€’j(s)>2) : O(Ve) =0, ase— 0.

As a result for some K > 0, we have
B (7 2 @) E | (o ne90) ()| 7] ) = =Kl lsvE > 0

as € — 0. The nonnegativity of A(s, j) follows.
To show that A(s,j) is symmetric, consider

figi (@) = 245,245, for ji,ja =1,...,m;.

Then, we have

1/t ) . ; ; 1/t )
3 | ansats. s = i i 0 (0) = 5 [ e ()i, (5.109)

for all ¢ € [0,T]. Thus, A(s,j) is symmetric. O
Next, we derive an explicit representation of the nonnegative definite

matrix A(s,j) similar to that of Theorem 5.9. Recall that given a function
f°(-), one can find k() as in (5.93). Using this h(-), one defines f(-) as in
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(5.95) which leads to g(-) given in (5.99). In view of the result in Theo-

rem 5.9 for a single block of the irreducible matrix Q7 (t) together with the
computations of g(s, x, ), it follows that A(s,j) = 2A°(s, j), where

20(0.3) = Bha) (V) [ Qulrt
([ Qo) ) B0,

with
Bhiag(t) = diag(Bj1(t), .. ., Bjm, (t)),
Viiag(t) = diag(¥] (t), ..., v, (1),
and _
v (t) N
Qo(r,t,j) = (I — : exp (Qj(t)r) .
VI (t)

Applying Lemma 5.42 to the case of @(s) a single block irreducible matrix
Qi (s), it follows that A%(s, j) is symmetric and nonnegative definite. Hence,
standard results in linear algebra yield that there exists an m; x m; matrix
0(s,7) such that

0°(s,7)0% (s,5) = A°(s, 7). (5.104)
Note that the definition of §(s,, ) is independent of Q(t), so for deter-

N

mining A°(s, ), we may consider Q(t) = 0. Note also that

Q(t) = diag(Q*(),0,...,0) + - - - + diag(0, ..., 0, Q'(¢)).

The foregoing statements suggest that in view of (5.104), the desired co-
variance matrix is given by

Om1 Xmi

0m2 Xmo

7*(5,4) (5.105)

Oml><ml
— diag(Oleml,OmZsz, ceey go(s,j) ey 07m><mz)7

where Oy, xm, is the my X my zero matrix. That is, it is a matrix with the
jth block-diagonal submatrix equal to ¢%(s, j) and the rest of its elements
equal to zero.
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Theorem 5.43. Assume that (A5.5) holds. Suppose Q(-) is twice
differentiable with Lipschitz continuous second derivative and Cj() 18
differentiable with Lipschitz continuous derivative. Let (3;;(-) be bounded
and Lipschitz continuous deterministic functions. Then nf(-) converges
weakly to a switching diffusion n(-), where

/

n(t) = (/Oto(s,a(s))dw(s))

and w(-) is a standard m-dimensional Brownian motion.
Proof: Let .
/!
A(t) = (/ a(s,a(s))dw(s))
0

and @(-) be a Markov chain generated by Q(t). Then for all f°(-,i) € C%,

Fo@(t),a(t) - /0 (G(s,7(s),a(s)) + Q) [ (A(s), ) (@(s))) ds

is a martingale. This and the uniqueness of the martingale problem in
Lemma 5.41 yields that (n(-),@(-)) has the same probability distribution
as (n(-),a(-)). This proves the theorem. O

Remark 5.44. Note that the Lipschitz condition on f;;(-) is not required
in analyzing the asymptotic normality in Section 5.3.3. It is needed in
this section because the perturbed test function method typically requires
smoothness conditions of the associated processes.

It appears that the conditions in (A5.5) and (A5.6) together with the
Lipschitz property of f;;(-) are sufficient for the convergence of n°(-) to a
switching diffusion n(-). The additional assumptions on further derivatives
of Q(-) and Q(-) are needed for computing the covariance of the limit
process n(-).

Remark 5.45. If @(-) were a deterministic function, n(-) above would be
a diffusion process in the usual sense. However since the limit @(-) is a
Markov chain, the diffusion process is modulated by this jump process; the
resulting distribution has the features of the “continuous” diffusion process
and the “discrete” Markov chain limit.

In this section, we use the perturbed test function method, which is quite
different from the approach of Section 5.2. The method used in that section,
which might be called a direct approach, is interesting in its own right and
makes a close connection between asymptotic expansion and asymptotic
normality. It is effective whenever it can be applied. One of the main ingre-
dients is that the direct approach makes use of the mixing properties of the
scaled occupation measures heavily. In fact, using asymptotic expansion,
it was shown that the scaled sequence of occupation measures is a mixing
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process with exponential mixing rate. For the weak and strong interaction
cases presented, the mixing condition, and even approximate mixing con-
ditions, no longer hold. To illustrate, consider Example 4.20 with constant
jump rates and calculate

En®'(s)(n*(t) — n°(s))].

By virtue of the proof of Theorem 5.25, a straightforward but tedious cal-
culation shows that

E[n=(s)(n(t) —n(s))] £ 0 ase— 0

for the weak and strong interaction models because E[n®’(s)(n®(t)—n=(s))]
depends on P;(t,s), generally a nonzero function. A direct consequence is
that the limit process does not have independent increments in general. It
is thus difficult to characterize the limit process via the direct approach.
The perturbed test function method, on the other hand, can be considered
as a combined approach. It uses enlarged or augmented states by treating
the scaled occupation measure n°(-) and the Markov chain o(-) together.
That is, one considers a new state variable with two components (z,«).
This allows us to bypass the verification of mixing-like properties such
that the limit process is characterized by means of solutions of appropri-
ate martingale problems via perturbed test functions, which underlies the
rationale and essence of the approach. As a consequence, the limit process
is characterized via the limit of the underlying sequence of operators.

Note that if Q(t) itself is weakly irreducible (i.e., Q(t) consists of only
one block), then the covariance matrix is given by (5.30). In this case, since
there is only one group of recurrent states, the jump behavior due to the
limit process @(-) will disappear. Moreover, owing to the fast transition rate
@(t) /e, the singularly perturbed Markov chain rapidly reaches its quasi-
stationary regime. As a result, the jump behavior does not appear in the
asymptotic distribution, and the diffusion becomes the dominant factor.
Although the method employed in this chapter is different from that of
Section 5.2, the result coincides with that of Section 5.2 under irreducibility.
We state this in the following corollary.

Corollary 5.46. Assume that the conditions of Theorem 5.43 are fulfilled
with I =1 (i.e., Q(t) has only one block). Then n®(-) converges weakly to

the diffusion process
t ’
n(t) = (/0 U(s)dw(s)) ,

where w(+) is an m-dimensional standard Brownian motion with covariance

given by (5.30).
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To further illustrate, consider the following example. This problem is
concerned with a singularly perturbed Markov chain with four states di-
vided into two groups. It has been used in modeling production planning
problems with failure-prone machines. As was mentioned, from a modeling
point of view, it may be used to depict the situation that two machines op-
erate in tandem, in which the operating conditions (the machine capacity)
of one of the machines change much faster than the other; see also related
discussions in Chapters 7 and 8.

Example 5.47. Let a°(-) be a Markov chain generated by

=A1(t) (D) 0 0

cop L om®) —m@) 0 0
CO=21 " 0 —M) M)
0 0 pa(t)  —pa(t)

0 —x®) 0 A
w0 -t 0
0 om0 —pm()

Then
@(t) _ —A2 (t) A2 (t) )
pa(t)  —pa(t)
Let @(-) be a Markov chain generated by Q(t), t > 0. In this example,

0 _ (s) 2 Br1(s
0(8’1)_2<()\1 +u15 ( [312
< Bo1(s
—Baa(

)

o)
M) (s) )1(%15‘5; §
0

N|=

»n ~—

N

00(5’2)_2(0\1 +u1 s))3
ols1) =2 (w )+ ()

1)
!

cooo oo

and

[N

_ A1(s)p(s)
ols:2) =2 (w EYNE)E )

o O O O
o O OO
™

N
[
—
S~—
o O O O
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The limit of n°(+) is given by

ntt) = ([ otomtenints)

where w(+) is a standard Brownian motion taking values in R*.

5.4 Measurable Generators

In Section 4.2, we considered the asymptotic expansions of probability dis-
tributions. A natural requirement of such expansions is that the generator
Q¢ (t) be smooth enough to establish the desired error bounds. It would
be interesting to consider the case in which the generator Q°(¢), ¢t > 0, is
merely measurable. The method used in this section is very useful in some
manufacturing problems; see Sethi and Zhang [192]. Moreover, the results
are used in Section 8.6 to deal with a control problem under relaxed con-
trol formulation. Given only the measurability of Q(t), there seems to be
little hope to obtain an asymptotic expansion. Instead of constructing an
asymptotic series of the corresponding probability distribution, we consider
the convergence of P(a®(t) = s;;) under the framework of convergence of

T
/O P(af(t) = si,)f(t)dt for f(-) € L2[0,T]: R).

Since the phrase “weak convergence” is reserved throughout the book for
the convergence of probability measures, to avoid confusion, we refer to
the convergence above as convergence in the weak sense on L2([0, T; R) or
convergence under the weak topology of L?([0,T7]; R).

Case I: Weakly Irreducible Q(t)
Let a(-) € M ={1,...,m} denote the Markov chain generated by

where both Q(t) and Q(t) are generators.
We assume the following conditions in this subsection.

(A5.7) Q(t) and Q(t) are bounded and Borel measurable. Moreover,

Q(t) is weakly irreducible.

Remark 5.48. In fact, both the boundedness and the Borel measurabil-
ity in (A5.7) are redundant. Recall that our definition of generators (see
Definition 2.2) uses the g-Property, which includes both the Borel measura-
bility and the boundedness. Thus, (A5.7) requires only weak irreducibility.
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Nevertheless, we retain both boundedness and measurability for those who
read only this section. Similar comments apply to assumption (A5.8) in
what follows.

Define the probability distribution vector
p(t) = (P(a“(t) = 1),..., P(a"(t) = m))
and the transition matrix
Pe(t,s) = (pi;(t, ) = (P(a”(t) = jla®(s) = 1))

Then using the martingale property in Lemma 2.4, we have

f@:f@+/pwwwwr (5.106)

and
Pe(t,s) =1 —|—/ Pe(r, 8)Q% (r)dr. (5.107)

The next two lemmas are concerned with the asymptotic properties of p®(t)
and P<(t,s).

Lemma 5.49. Assume (A5.7). Then for each i, j, and T > 0, P(ac(t) = 1)
and P(af(t) = i|a®(s) = j) both converge weakly to v;(t) on L*([0,T];R)
and L*([s, T);R), respectively, that is, as e — 0,

/0 " P () = 1) — m(Of () — 0 (5.108)
and "
[ 1Py = la(s) = ) - w0t (5.109)
for all £(-) € L2([0,T); R) and L2([s, T]: R), respectively.

Proof: We only verify (5.108); the proof of (5.109) is similar. Recall that

(1) = (5 (1), .. P (0)) = (P(a"() = 1),...., P(a®(t) = m)).

Since p*(-) € L%([0,T]; R™) (space of square-integrable functions on [0, 7]
taking values in R™), for each subsequence of ¢ — 0 there exists (see
Lemma A.36) a further subsequence of ¢ — 0 (still denoted by e for sim-
plicity), and for such ¢, the corresponding {p°(-)} converges (in the weak
sense on L2([0, TJ; R™)) to some p(-) = (p1 (). -» pm(-)) € L2([0, T, R™),
that is,

T T
/ps(r)(fl(TL.--,fm(r))’dr—>/ p(r)(f1(r),.., fm(r)) dr,
0 0
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for any (f1(-), ..., fm(:)) € L?([0,T]; R™). Moreover,
0<pi(t) <1 and pi(t)+--+pm(t)=1 (5.110)
almost everywhere. Since Q(-) € L2([0, T]; R™*™), we have for 0 < s < ¢ <
T ¢ B ¢ B
| v 0@ = [ i@
Thus, using (5.106) we obtain

t ~

/ p(Q(r)dr = tim | p*(r)@(r)dr

e—=0 /g

— i (<7 - 7o) < | tpff(r)@(r)dr) 0.

e—0

Since s and ¢ are arbitrary, it follows immediately that
p()Q(t) =0 a.e. in t.

By virtue of (5.110), the irreducibility of Q () implies p(t) = v(t) almost ev-
erywhere. Thus the limit is independent of the chosen subsequence. There-
fore, p(-) — v(-) in the weak sense on L2([0, T]; R™). O

Theorem 5.50. Assume (A5.7). Then for any bounded deterministic func-
tion B;(-) and for each i € M and t > 0,

2

t
E '/0 (Tas (s)=iy — vi(s))Bi(s)ds| — 0 as e — 0. (5.111)

Proof: Let )

n() = } [ e = mtsisras

Then as in the proof of Theorem 5.25, we can show that
n(t) = 2(m(t) +n2(t)),
where
mt) = / / () [P(0F (s) = i) — wi(s)|a(s)Bi(r)drds,
ma(t) = / / T Paf(r) = DP(a(s) = il (r) = 1) — wils)]

X B:(8)Bi(r)drds.
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By virtue of Lemma 5.49, P(a®(s) = i) — v;(s) in the weak sense on
L?([0,T];R) and therefore as ¢ — 0,

m(t) = [ 1P = 6156 ([ o) ds o
Similarly, in view of the convergence of
P(a(s) = ila®(r) = i) = vi(s)
under the weak topology of L?([r,t];R), we have

wt) = [ ] [ 1P = o) =) = (o501

xP(af(r) =14)B;(r)dr — 0.

This concludes the proof of the theorem. O

Case II: Q(t) = diag(Q'(t),...,Q'(t))

This subsection extends the preceding result to the cases in which @(t)
is a block-diagonal matrix with irreducible blocks. We make the following
assumptions:

(A5.8) @(t) and Q'(t), for i =1,...,1, are bounded and Borel measur-
able. Moreover, Q(t), i = 1,...,l, are weakly irreducible.

Lemma 5.51. Assume (A5.8). Then the following assertions hold:

(a) Foreachi=1,...,0 and j =1,...,m;, P(ac(t) = si;) converges in
the weak sense to vj(t)9*(t) on L*([0,T];R), that is,

T
/O [P(a* (1) = s55) — V(O (D) (£)dt — 0, (5.112)
for all f(-) € L?([0,T); R), where
(W' (t),...,0'(t)) = pol + / (0% (s),...,9'(s))Q(s)ds
0

(b) Foreachi,j, i1, ji, P(a(t) = sijla(s) = s;,j,) converges in the weak
sense to Vi(t)0yi(t,s) on L*([s,T];R), that is,

T
/ [P(0F () = sij]a®(s) = si,5,)— VA (08, )] f()dt — 0, (5.113)

for all f(-) € L?([s,T);R), where ¥;;(t,s) is defined in Lemma 5.24
(see (5.50)).
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Proof: We only derive (5.112); the proof of (5.113) is similar. Let

PE() = (Pia (1), - D, (8), -, PR (E), - P, (1))

where pj;(t) = P(a®(t) = si;). Since p°(:) € L*([0,T];R™), there ex-
ists (see Lemma A.36) a subsequence of ¢ — 0 (still denoted by e for
simplicity), such that corresponding to this &, p®(t) converges to some
p(-) € L?([0, T); R™) under the weak topology. Let

p(t) = (pll(t)a <oy Pimy (t>a i apll(t)v <oy Pimy (t)) :

Then 0 < p;;(t) < 1and >, ; pi;(t)
the proof of Lemma 5.49, for 0

almost everywhere. Similarly as in

IA

-

IA
N~

The irreducibility of @k (t), k=1,...,1, implies that

p(t) = WD), ..., 0 () diag( (1), ..., (1)), (5.114)

for some functions 9*(t), ..., 9 ().
In view of (5.106), we have

ps(t)i = pol + /Ot p°(s) (é@(s) + @(s)) 1ds.

Since Q(s)1 = 0, it follows that

Pg(t)izpoi—i—/o pS(S)@(S)]lds.

Owing to the convergence of p®(t) — p(t) under the weak topology of
L2([0,T];R™), we have

t

P01 = pol+ [ p()Q(s)Tds
Using (5.114) and noting that
diag(v* (1), ...,/ (1)1 =1,
we have
W'(1),...,0' (1) = poll + /Ot(ﬁl(s), . 94(9))Q(s)ds.

The uniqueness of the solution then yields the lemma. O
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Theorem 5.52. Assume (A5.8). Then for anyi=1,...,1, j=1,...,my,
and bounded deterministic function B;;(t), t > 0,

T 2
E(/ (I{Ots(t):Si]‘} — V; (t)I{EE(t):i}) Bij (t)dt) — 0, ase — 0.
0

Proof: Let n(t) be defined as in (5.52). Then we can show similarly as in
the proof of Theorem 5.25 that

T t
’I](T) = 2/0 A (I)E(t, T)ﬂij (t)ﬂlﬂ (’I”)d’l”dt,

where ®¢(t,r) = ®5(¢,7) + P5(¢,r) with ®5(¢,r) and P5(¢,r) defined by
(5.53) and (5.54), respectively.
Note that by changing the order of integration,

T rt
/0 /0 D5 (¢, 7)Bi; () Bi; (r)drdt
: T
_/0 P(as(r) = Sij)ﬁij(T){/r [P(aS(t) = sijlas(r) = si;)
0P € Mila®(r) = sl (1)t

Since the B;;(+) are bounded uniformly on [0,7], 3;;(-) € L*([0,T];R). As
a result, Lemma 5.51 implies that

T
/ [P(af(t) = sijla®(r) = si5)
—vj(t)P(a”(t) € Mila®(r) = si5)]Bi;(t)dt — 0.

Hence as € — 0,

T t
| [ #ienaswsuei o

Similarly,

T
/ / 5 (t,7)Bi; (t)Bij (r)drdt — 0, as e — 0.
o Jo

The proof is complete. O

Theorem 5.53. Assume (A5.8). Then @°(-) converges weakly to a(-) on

D([0,T]; M), as € — 0.
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Proof: Recall that x¢(t) denotes the vector of indicator functions

(I{as(t):su}, oo Ttas@y=simy 1o Lfas () =sn s - - 7I{a€(t):slml}) ;
and let

X(t) = (W (0, Xi (1) = X" (1.
Then X5(t) = I{Ei(t):i} fori=1,...,1
We show that X°(-) is tight in D![0, T first. Let Ff = o{a®(r) : r < t}.
Then in view of the martingale property associated with a®(-), we have,
for 0 < s <t,

Ek@—f@—[ﬁ@ymm

f:] =0.

Right multiplying both sides of the equation by 1 and noting that Q (r)i =
0, we obtain

E {?(t) -X(s) — /t X°(r)Q(r)1dr }'j] =0. (5.115)
Note that .
/ Xa(r)@(r)idr =O0(t —s).
It follows from (5.115) t;at
E [Iige )=} |F5] = Ifa=(s)=iy + O(t — 5). (5.116)

Note also that (14)? = I4 for any set A. We have, in view of (5.116),

2
E [(I{afu)—z‘} — Iiae(s)=i}) ‘f}

=F [I{w(t)—i} = 2l y=iy (a@=(s)=i} T L{a=(s)=i} fi}

=k [I{m(t)—i} Fs } Ie (9)=iy + L{we (9)=1)

= I{af(s):i} +O(t—s)
=2 (Iige(s)=iy + Ot = 8)) L= (5)=i} + L{we ()=}
=0(t —s),

for each ¢ = 1,...,[. Hence,

t—se—0

7]} =g

- 2
lim lim £ {E [(I{aa(t)_i} — Ime(s)=i})
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Therefore, by Lemma A.17, Y°(+) is tight.

The tightness of X°(-) implies that for any sequence ¢ — 0, there exists
a subsequence of {ex} (still denoted by {e}) such that X**(-) converges
weakly. We next show that the limit of such a subsequence is uniquely
determined by Q(-) := diag(v'(-), ..., (:))Q()1.

Note that

[ ee@wiar = [ xwar
+ / (X (r) — X° (r)diag(W' (), . . ., V1 (r))) Q(r)Tdr-.
In view of Theorem 5.52, we have, as ¢ — 0,

E —0.  (5.117)

/ [X5(r) — X° (r)diag(v* (r), ..., v} (r))] Q(r)1dr

Now by virtue of (5.115),

5| (v- / QT ) (% (1) 5 (X (1) =0
for 0 <t < - < t; <

z21(4)y oy 25 ().

Let X(-) denote the limit in distribution of *#(+). Then in view of (5.117)

and the continuity of f n(r)Q(r)dr with respect to 1(-) (see Lemma A.40),
we have X°(-) = X(-) as e, — 0, and X(-) satisfies

s < t and bounded and continuous functions

B[ (70 -x6 - [ 50@0ar) s -5 x)] <o

It is easy to see that X(-) = (x1(-),...,X;(-)) is an [-valued measurable
process having sample paths in D!'[0, 7] and satisfying X;(t) = 0 or 1 and

l

a(t) = il =1},

or in an expanded form,

I, ifx;(t)=0, fori<l—1, x,(t) =1.
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Then @(-) is a process with sample paths in D([0,T]; M) and
Y(t) = (I{E(t):l}a ey I{E(t):l}) w.p.1.

Therefore, @(-) is a Markov chain generated by Q(-). As a result, its dis-

tribution is uniquely determined by Q(-). It follows that @°(-) converges
weakly to @(-). O

Remark 5.54. Note that Theorem 5.53 gives the same result as The-
orem 5.27 under weaker conditions. The proofs are quite different. The
proof of Theorem 5.53 is based on martingale properties associated with
the Markov chain, whereas the proof of Theorem 5.27 follows the tra-
ditional approach, i.e., after the tightness is verified, the convergence of
finite-dimensional distributions is proved.

Remark 5.55. In view of the development in Chapter 4, apart from the
smoothness conditions, one of the main ingredients is the use of the Fred-
holm alternative. One hopes that this will carry over (under suitable condi-
tions) to the measurable generators. A possible approach is the utilization
of the formulation of weak derivatives initiated in the study of partial dif-
ferential equations (see Hutson and Pym [90]).

Following the tactics of the weak sense formulation, for some T < oo
and for given g(-) € L([0,T];R), a function f(-) € L*([0,T];R) is a weak
solution of (d/dt)f = g if

tATﬂw(%§Q>ﬁ-3Amewwﬁ

for any C*°-functions on [0,77] vanishing on the boundary together with
their derivatives (denoted by ¢ € C5°([0,T];R)). Write the weak solution
as (d/dt)f = g.

Recall that L2 _ is the set of functions that lie in L?(S;R) for every closed

loc

and bounded set S C (0,7). A function f(-) € L2 _ has a jth-order weak

loc
derivative if there is a function g(-) € L such that

: ey [ @0
[ stotaran = -1y [ s e

for all ¢ € C§°([0,T];R). The function g(-) above is called the jth-order
weak derivative of f(-), and is denoted by D7 f = g.
To proceed, define the space of functions H™ as

H" = {fon[0,T]; for 0 <j<mn, DIf exist and are in L*([0,T];R)}.
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Equip H™ with an inner product and a norm as

(f,9) D’ fDIgdt,
g<n/

==Y [ 10 P

i<n

One can then work under such a framework and proceed to obtain the
asymptotic expansion of the probability distribution. It seems that the
conditions required are not much different from those in the case of smooth
generators; we will not pursue this issue further.

5.5  Remarks on Inclusion of Transient and
Absorbing States

So far, the development in this chapter has focused on Markov chains with
only recurrent states (either a single weakly irreducible class or a number
of weakly irreducible classes). This section extends the results obtained to
the case that a transient class or a group of absorbing states is included.

5.5.1 Inclusion of Transient States

Consider the Markov chain af(-) € M, where its generator is still given by
(5.47) and the state space of a°(t) is given by

M=MUMyU- UM UM,, (5.118)

with M; = {81, .., Sim, } and M, = {s.1,..., Sem, }- In what follows, we
present results concerning the asymptotic distributions of scaled occupation
measures and properties of measurable generators. While main assumptions
and results are provided, the full proofs are omitted. The interested reader
can derive the results using the ideas presented in the previous sections.
To proceed, assume that Q(t) is a generator of a Markov chain satisfying

Q) = _ (5.119)

QLY -+ QL) Q.(t)

such that for each t € [0,7] and each i =1,...,1, @( t) is a generator with
dimension m; X m;, Q.(t) is an m, X m, matrix, Qi(t) € R™Xmi and
mi +mso + -+ my +m, = m. We impose the following conditions.
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(A5.9) For all t € [0,T], and i = 1,...,1, Q'(t) are weakly irreducible,
and Q. (t) is Hurwitz (i.e., all of its eigenvalues have negative real
parts). Moreover, Q(-) is differentiable on [0, T'] and its derivative
is Lipschitz; Q(-) is Lipschitz continuous on [0, T.

Use the partition

Q% () Q*(t)
where
@11(t) € ROm—ma)x(m=m.) @12@ € ROm—ma)xm.
Q¥ (t) e R™-*(m=m) - and Q¥(t) € R™ ™,
and write

Q.(t) = diag(v' (1), ..,/ (O)(Q" (DT + Q" (1) (@, (1), - -, am, (£)))
@(t) = dlag(@* (t)7 Om* Xm*)u

(5.120)
where _
1=diag(Ln,, ..., Ly,), L, = (1,...,1) € R™ ",

and _ _

am,; (t) = —Q; QL ()1, fori=1,...,1. (5.121)
In what follows, if a,,,(t) is time independent, we will simply write it as
@m,. The requirement on Q.(t) in (A5.9) implies that the correspond-
ing states are transient. The Hurwitzian property also has the follow-
ing interesting implication: For each ¢t € [0,T], and each i = 1,...,l,
Ay (1) = (@m; 1 (1), oy Qmyom, (t))" € R™<*1 Then

l

U, j(£) >0 and Y am, (1) =1 (5.122)

i=1
for each j = 1,...,m.. That is, for each t € [0,T] and each j = 1,...,1,
(@my,j(t), ..., am,,;(t)) can be considered a probability row vector. To see

this, note that
/ exp(Q. (t)s)ds = —Q: (1),
0

which has nonnegative components. It follows from the definition that
Am,; (t) > 0. Furthermore,

l l
Zami (t) = —Q:'(t) Z@i(t)ﬂmi = (=7 (M) (—Q+(t) Ly, = L.
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Thus (5.122) follows. Similar to the development in the section for the case
of weak and strong interactions, we can derive the following results.

Theorem 5.56. Define

t
5 A (I{oﬁ(s):sij} - V;(S)I{QE(S)EMZ'}) dS, fOT 1= 1, ceey l,
Xij(t) =

t

/ Has (s)=s.,}45, fori =+,

0
(5.123)
and assume (A5.9). Then for each j =1,...,m;,
O(), fori=1,...,1

su E ft 2_{ ? . ) Y 5.124
by PN E= 1 0(2), fori = (5.124)

Next, for each fixed t € [0,T], let & be a random variable uniformly
distributed on [0, 1] that is independent of a°(+). For each j = 1,...,m.,
define an integer-valued random variable ;(t) by

&) = Toce<am, (0} T 2l {apm, ;(0)<€<am, 5 () tam, 5(0)}
+ -+ ZI{aml,j(t)+"'+aml—1*j(t)<£§1}'

Now redefine the aggregated process @°(-) by

7, if a®(t) € M;,
ac(t) = (5.125)

&), it af(t) = su;().

Note that the state space of a°(t) is M = {1,...,1}, and that @*(-) €

D([0,T); M). Similar to the weak and strong interaction case, but with
more effort, we can obtain the following result.

Theorem 5.57. Under conditions (A5.9), @°(-) converges weakly to a(-),
a Markov chain generated by Q,(+) given by (5.120).

Next, for t > 0, and o € M, let 5;;(t) be bounded Borel measurable
deterministic functions, and let

(I{azsi].} — y;(t)I{OLGMi})/Bij(t)7 ifi=1,...,0, j=1,...,my,
Wij(t,a):

I{a:s*j}ﬂij(t); if’i:*, j:l,...,m*.
(5.126)
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Consider the normalized occupation measure

ne(t) = (n51(8), iy (85 sy (8, (1)),

where .
1
n:(t) = — Wii(s,a(s))ds.
50 = = [ Wits.0* )
We can then proceed to obtain the asymptotic distribution.

Theorem 5.58. Assume (A5.9), and suppose Q(-) is twice differentiable
with Lipschitz continuous second derivative. Moreover, @() is differen-
tiable with Lipschitz continuous derivative. Let B;;(-) (for i = 1,...,1,
j = 1,...,m;) be bounded and Lipschitz continuous deterministic func-
tions. Then n®(-) converges weakly to a switching diffusion n(-), where

t /
n(t) = (/ a(s,a(s))dw(s)) , (5.127)
0
where o(s,1) is similar to (5.105) with the following modifications:
o(s,1) = diag(0m, xmys - 0°(5,4), -+, Oy g s O s, ) (5.128)
and w(-) is a standard m-dimensional Brownian motion.

Finally, we confirm that the case of the generators being merely measur-
able can be treated as well. We state this as the following theorem.

Theorem 5.59. Assume the generator is given by (5.47) with Q(-) given
by (5.120) such that Q and Q are measurable and bounded and that Q'(t) is
weakly irreducible for each i =1,...,1. Then the following assertions hold:
o Foranyi=1,...,1,7=1,...,m;, and bounded deterministic func-
tion f3;;(t), t > 0,
T ) 2
E(/O (I{oﬁ(t):sij} - V; (t)I{EE(t):i}) ﬂij (t)dt) — 0, ase — 0.

o a°(-) converges weakly to a(-), a Markov chain generated by Q. ().

5.5.2 Inclusion of Absorbing States

Consider the Markov chain a®(-) € M, where the generator of a(-) is still
given by (5.47) with

Q(t) = diag(Q" (t), ..., Q"(t), Oy xm, ), (5.129)
where 0., xm, 18 the m, X m, zero matrix, the state space of o (t) is given
by

M=M;UMaU---UM;UM,, (5.130)
with M; = {si1,. .+, Sim,; } and Mg = {Sa1, ..., Sam, }» and my +mao+-- -+
my + mg = m. Assume the following conditions.
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(A5.10) For all t € [0,T] and i = 1,...,1, Q'(t) is weakly irreducible.
Furthermore, Q(-) is differentiable on [0, 7] and its derivative is
Lipschitz. Moreover, Q(-) is Lipschitz continuous on [0, T7.

Define

1=diag(1y,,...,Ly,) and 1, = diag(T, In,)
(5.131)

o~ o~

Q(t) = diag(v (1), V2 (1), ..., v (t), In, )Q(t)1,.

Assume that the conditions in (A5.10) are satisfied. Then we can prove the
following:

(a) Ase — 0,

pE(t) = (9(t),9%(t))diag(v (1), ..., v (t), I, )+ O (e + exp(—rot/e)),

where
I(t) = (9(t),...,0'(t)) € R™! and
V(L) = (V1(t),..., 05, (1) € RIxma
satisfying

w = (0(t), 0°(£))Q(t), (9(0),9°(0)) = p(0)1,

where Q(t) is given in (5.131) and p*(0) = (p=1(0),...,p>!(0), p>%(0))
with ps,i( ) c Rlei and ps,a(o) c Rlxma.

(b) For the transition probability P¢(t,tg), we have
PE(t,tg) = P°(t, o) + O (e + exp(—ko(t — t0)/€))) (5.132)
for some k¢ > 0, where

PO(t,to) = 1,0(t, to)diag(v' (), ..., V' (), In,),

and 101t 10)
t,t —
— g =0L1)Q(), Ofto,to) = 1.
To proceed, we aggregate the states in M; for ¢ = 1,...,] as one state

leading to the definition of the following process:

(i ifaf(h) e M,
a(t) = {aa(t), if 0 (t) € M. (5.133)
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For each j = 1,...,m;, we also define a sequence of centered occupation

measures by

ij (t) = t
/0 (I{OLE(S):SQJ'} — 19?(8))(18.

For t > 0 and o € M, let

9

t
/0 (I{OLE(S):Si]‘} — I/;(S)I{Es(s):i}) dS, for i = 1, ceey l,

(5.134)

Wij(t,a) _ {I{a—sij} - Vg(t)l{ae./\/li}a for ¢ = 1,...,[, j = 1,...,mi,

{a=sa;} — V5 (1), for j=1,...,mg.
(5.135)
Consider the normalized occupation measure
ng(t) = (nil(t)v e 7n§m1 (t)7 e 7”?1@)? e 7nl8ml (t)v nil(t)v e 7nima(t))7
where
1t
—/ Wii(s,a%(s))Bij(s)ds, i =1,...,0, j=1,...,my,
CHORR AR
/ Wa;(s,a5(s))Baj(s)ds, 7 =1,...,mq.
0
Note that
1
dn®(t) —ewr(t,of(t)), for af(t) e M1 U--- UM,
dt Wa(t,af(t),  for as(t) € My,
n°(0) =0,
where

W (t,a) = (Wit(t, @)y oo, Wi, (8, @)y oo, Wi (t, @), oo, Wi, (8, @),

We(t,a) = War(t, @), ..., Wam, (t,«)), and

W(t,a) = (W"(t,a), We(t, ).

Ma

(W% (1,0)), V2 /%, 0)) = Db (u,0) 20 ().

j=1 a,j

We can obtain the following results.

Theorem 5.60. Assume (A5.10). Then the following assertions hold.
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(a) Foralli=1,...,l and j =1,...,m;, corresponding to the recurrent
states, sup,c(o 7 E|O5;(1)]* = O(e).

(b) @ (-) converges weakly to a(-), a Markov chain generated by Q(-).
(c) Define the generator L by

Ma

1
Lfw0) =5 Y7 ap(s,0)08 55 (3,0)

Ji,J2=1
+ Za bj(87 a)aa,jfo(xv @) + @(S)fo(xv )(a)
j=1

Then the sequence Y(-) = (n°(+),a*(+)) converges weakly to Y (-) =
(n(-),@(-)) that is a solution of the martingale problem with operator

Neat, assume that Q(-) and @() are bounded and measurable and Q'(t)
foreachi=1,... 1 is weakly irreducible. Then

P°(t) = P11 (@) DI (D)5 s P (E)s -+ oy Pl (0 PE1 (D)5 - -+ s P, (1))

converges in the weak topology of L2([0, T]; R™) (with m = Zézl m; +mq)

to

p(t) = (v (), ..., v (©)d(t), p™?),
where p%® is the subvector in the initial data p° corresponding the absorbing
state.

Note that in deriving the asymptotic distribution of the scaled occupa-
tion measures, we need to compute the asymptotic covariance of the limit
process. That is, we need to evaluate the limit of

- / ( (W' (s, <s>>>'> (ﬁmma(s)), Wa(S,QE(S)OdS

W“ (s,a%(s)))
(i e
W) We(r) )
(5.136)
where
W () = 1 / OV o D e
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It can be shown that
WIT(t) — W' (t), WI(t) — 0, Wo(t) = 0, and W2%(t) — W*(¢),
as e — 0, where for i =1,...,1, W (t) = W' (t,i) = fot W7 (s,i)ds with
W (s,4) = diag(Om, xmys- - 0(5,8), -+ Oy ey ) (5.137)

with o(s,4) the m; x m; matrix such that o(s,i)o’(s,i) = A(s,i) for i =
1,...,1, and

W () = (W (t) with W, () = /0 (0195 (s) — 95 (s)93(s)) ds,
(5.138)

where 0, = 1if j = k, §;;, = 0if j # k. The detailed proof of Theorem 5.60
can be found in Yin, Zhang, and Badowski [241].

5.6 Remarks on a Stability Problem

So far, our study has been devoted to systems with two time scales in
a finite interval. In many problems arising in networked control systems,
stability is often a main concern. A related problem along this line is in
Badowski and Yin [5].

It is interesting to note that intuitive ideas sometimes are not necessarily
true for systems with switching, for example, if one put together two stable
systems by using, for instance, Markovian switching. Our intuition may
lead to the conclusion that the combined systems should also be stable.
Nevertheless, this is, in fact, not true. Such an idea was illustrated in Wang,
Khargonekar, and Beydoun [212] for deterministically switched systems; see
also Chapter 1 of this book concerning this matter.

As a variation of the system in [212], we consider the following example.
Suppose that a(-) is a continuous-time Markov chain with state space

-1 1
M ={1,2} and generator Q° = Q /e, where Q = . Consider

1 -1

a controlled system
& = A(a®(t)z + B(a"(t))u(t),

with state feedback u(t) = K(af(t))z(t). Then we obtain the equivalent
representation

& = [A(f () — B(a® () K (a5 (t)))z. (5.139)
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Suppose that

c)=aw) -smrm = 10 2 |
200 —100
G(2) = A(2) - BQ)K(2) = —100- 200
20 —100

Note that both matrices are Hurwitz (i.e., their eigenvalues have negative
real parts). A question of interest is this: Is system (5.139) stable? The key
to understanding the system is to examine

#°(t) = G(as())2° (¢), (5.140)

where both G(1) and G(2) are stable matrices.

Since @ is irreducible, the stationary distribution associated with @ is
given by (1/2,1/2). As a result, as ¢ — 0, using our weak convergence
result, z°(-) converges weakly to z(-), which is a solution of the system

i(t) = Gz(t), where

- (5.141)
5:%(G(1)+G(2)): 100- 110

110 —100

In addition, for any T' < oo, using the large deviations result obtained in
He, Yin, and Zhang [84], we can show that for any § > 0, there is a ¢; > 0
such that

P(po,r(af(t),z(t)) > 6) < exp(—ci1/e), (5.142)

where po7(7,y) = supg<,<r |2(t) — y(t)|.

Note that G is an unstable matrix with eigenvalues —210 and 10. Thus
for (5.141), the critical point (0,0)’ is a saddle point. But why should the
stability of the averaged system dominate that of the original system? To
see this, from a result of differential equations, there is a nonsingular matrix
H such that HGH ! = A = diag(—210, 10). Clearly, the stability of (5.141)
is equivalent to that of

2
§(t) = Ay(t) = HY v;G(i)H 'y(t) = diag(—210,10)y(t), ~ (5.143)
i=1

where y = Hz = (y1,y2)’. The stability of (5.141) is equivalent to that of
(5.143), which is completely decoupled and y; (t) = exp(—210t)y1(0) — 0
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and y2(t) = exp(10t)y2(0) — oo. To see how the original system (5.140)
behaves, we apply the same transformation to get

2

P = HY o=y G H 'y (1). (5.144)
=1

For the transformed system (5.143), by choosing V (y) = y3/2, we obtain
V(y(t)) = 10y3 > 0 for all y, # 0. Define Lez(t) = limgso E5[2(t + 6) —
z(t)]/0 for a real-valued function z(t) that is continuously differentiable,
where E§ denotes the conditioning on the Ff = o{a®(s) : s < t}. With
V(y) = y3/2, we have

2

LV (y" (1)) = 10(y5(£)* + V, (y* (D) H D _[L{ae =y — vilG(i)H "y (1),
i=1

where V/(y) = (0,52) € R'*2, Using perturbed Liapunov function tech-
niques as done in Badowski and Yin [5], define a perturbation

00 2
Vi(y.1) = EF / VIS e oy—sy — ]G H Ny,

t i=1
It can be shown that Vi (y,t) = O(e)V (y). In addition,

LVs (y= (1), 1) = =Vy(u° () H Z[I{oﬁ(t):i} — ]G H™ Yy (1)

Define
VE(y,t) = V(y) + V5 (y,1).

Evaluate LEVe(y=(t),t). Upon cancelation, for sufficiently small e, we can
make

O(e)V (¥ (1)) = —(5(1))*.
It then follows that

LEVE(y (1), 1) =10(y5(1))* + O(e)V (y°(1))

Taking expectation of the left- and right-hand sides above leads to

d
Bl = 9Blys (),
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which in turn yields that
E(y5(t)? > E(y5(0))% exp(9t) — 0o as t — oo.

Similar to the previous development, choose V (y) = y7/2, define

o 2
Vi(y,t) = Ets/ e VI H Y [Hias (o= — vi]G(i)H 'y,
t i=1

and redefine
Vi(y,t).

Ve (y7 ) V(y) + 1
(y5(t))? this time and calculating

Using the upper bound O(e)V (y°(t)) <
LEVE(ye(t),t), we obtain

d
EElyf(lﬁ)l2 < —209E[yi (1),

which in turn yields that
E(y5(t)* < BE(y5(0))? exp(—209t) — 0 as t — oo.

This yields that (5.144) and hence (5.140) are unstable in probability (see
Yin and Zhu [244, p. 220] for a definition). In fact, it can be seen that the
trivial solution of the original system is also a saddle.

In the same spirit of the last example, consider a system given by

i (t) = G(af (1))2°(t), af(t) ~ Q/e, where
0 (5.145)

7 )
0 1 -1 -3

where @ is as in the last example. Then it can be shown that () converges
weakly to x(-) that is a solution of the following system

i(t) = Ga(t),
B 4 (5.146)
G = 3
4 4
3

Neither G(1) nor G(2) is a stable matrix, but the system (5.146) is a stable
one. The stability analysis is again carried out using perturbed Liapunov
function methods. Here exactly the same kind of argument as in [5] can
be applied. Using the techniques of perturbed Liapunov functions, we can
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show that the stability of the averaged system “implies” that of the original
system.

These two examples illustrate that one can combine two stable systems
using Markovian switching to produce an unstable limit system. Likewise,
one can combine two unstable systems to produce a limit stable systems.
More importantly, using our weak convergence result of this chapter and
the large deviations results in He, Yin, and Zhang [84], combined with the
perturbed Liapunov function argument, we can give the reason why such
a thing can happen.

5.7 Notes

This chapter concerns sequences of functional occupation measures. It
includes convergence of an unscaled sequence (in probability) and central-
limit-type results for suitably scaled sequences. For a general introduction
to central limit theorems, we refer to the book by Chow and Teicher [30]
and the references therein. In the stationary case, that is, Q(t) = @, a con-
stant matrix, the central limit theorem may be obtained as in Friedlin and
Wentzell [67]. Some results of central limit type for discrete Markov chains
are in Dobrushin [50] (see also the work of Linnik on time-inhomogeneous
Markov chains [147]). Work in the context of random evolution, with pri-
mary concern the central limit theorem involving a singularly perturbed
Markov chain, is in Pinsky [176]; see also Kurtz [135, 137] for related dis-
cussions and the martingale problem formulation. Exponential bounds for
Markov processes are quite useful in analyzing the behavior of the underly-
ing stochastic processes. Some results in connection with diffusions can be
found in Kallianpur [102]. Corollary 5.8 can be viewed as a large deviations
result. For extensive treatment of large deviations, see Varadhan [207].
The central theme here is limit results of unscaled as well as scaled
sequences of occupation measures, which include the law of large numbers
for an unscaled sequence, exponential upper bounds, and asymptotic distri-
bution of a suitably scaled sequence of occupation times. Results in Section
5.2 are based on the paper of Zhang and Yin [252]; however, a somewhat
different approach to the central limit theorem was used in [252]. Some of
the results in Section 5.3 are based on Zhang and Yin [253]. The result on
exponential error bound in Section 5.3 is a natural extension for the irre-
ducible generators. Such result holds uniformly in ¢ € [0, 7] for fixed but
otherwise arbitrary 7' > 0. The main motivation for treating 7" as a parame-
ter stems from various control and optimization problems with discounted
cost over the infinite horizon. In such a situation, the magnitude of the
bound counts. Thus detailed information on the bounding constant is help-
ful for dealing with the near optimality of the underlying problem. Section
5.3 also presents a characterization of the limit process using martingale
problem formulations. Much of the foundation of this useful approach is
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in the work of Stroock and Varadhan [203]. Using perturbed operators to
study limit behavior may be traced back to Kurtz [135]. The general idea
of perturbed test functions was used in Blankenship and Papanicolaou [16],
and Papanicolaou, Stroock, and Varadhan [168]. It was further developed
and extended by Kushner [139] for various stochastic systems, and singu-
larly perturbed systems in Kushner [140]; see also Kushner and Yin [145]
for related stochastic approximation problems, and Ethier and Kurtz [59]
and Kurtz [137] for related work in stochastic processes. The results of this
section have benefited from the discussion with Thomas Kurtz, who sug-
gested treating the pair of processes (n°(-),ac(-)) together, which led to
the current version. Earlier treatment of a pair of processes may be found
in the work of Kesten and Papanicolaou [110] for stochastic acceleration.

The results on asymptotic properties for the inclusion of transient states
can be found in Yin, Zhang, and Badowski [239]; the results for the case
of generators being measurable can be found in the work of Yin, Zhang,
and Badowski [240]; the results on asymptotic properties of occupation
measures with absorbing states can be found in Yin, Zhang, and Bad-
owski [241].
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