Chapter 7
An Identification Method for the Viscoelastic
Characterization of Materials

David Yang

Abstract A driving point dynamic load non destructive test can be used to determine the modal stiffness, damping and mass
of a structure. If the constitutive equations of viscoelasticity consist of a combination of time independent elastic behavior
and time dependent viscous behavior and can be modeled as a collection of spring-dashpot arrangements then the modal
stiffness can be used to determine the time independent elastic behavior and the modal damping to determine the time
dependent viscous behavior. Using a simple spring and dashpot in parallel model (Kelvin-Voigt), solutions for the material
properties of uniform beams in axial deformation, torsion and bending will be given. For non-uniform beams, the elastic
properties can be identified by the finite element method which is used to derive the equilibrium equations. The modal
stiffness is used to get the zero frequency response (equivalent static response) which determines a single point in the global
system flexibility matrix. The identification becomes a problem in minimizing the error norm of the equilibrium equations.
Several numerical examples are presented, one of varying geometry and one of varying rigidity.

Keywords Modal analysis ¢ Structural dynamics ¢ Nondestructive test ¢ Viscoelasticity ¢ Damping ¢ System
identification * Finite element method ¢ Parameter estimation

7.1 Introduction

There are several methods to determine the coefficient of elasticity of a pavement’s sub grade soil from dynamic load non
destructive tests. The frequency sweep method [1] uses the driving point frequency response to correlate to the static response
of a pavement from a plate load test. The frequency sweep method uses a weighted average of the driving point frequency
response to determine the equivalent static response. A previous paper by this author [2] correlated the uniform beam response
from a dynamic test to the static response from a conventional test but uses the zero frequency response of the dynamic test to
compare to the static response of a conventional test. This paper shows that after introducing viscous damping into the
equations of motion, the coefficient of elasticity remains constant but the dynamic response is dependent on two additional
constants, a stiffness proportional constant and a mass proportional constant. The stiffness proportional constant is dependent
on the material and the mass proportional constant is dependent on the system. Using the zero frequency response of
the dynamic test as the equivalent static response, static data system identification methods are now possible.

7.2 Simple Models of Viscoelastic Behavior

In the simplest models of viscoelastic behavior, elastic behavior is represented by a spring while viscous behavior is
represented by a dashpot. In the Kelvin-Voight model, the spring and dashpot are arranged in parallel so that under load, the
same strain applies to both elements and the response is
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For the creep test, the strain is found by solving the ordinary differential equation with the boundary condition that the
stress is constant for positive time.

6= % [1 — eﬂ (1.2)
The retardation time is
c
tl = E (73)

In the Maxwell model, the spring and dashpot are arranged in series so that under load, the same stress applies to both
elements and the response is

de ldo o
—=——+- (7.4)
d Edt c
For the relaxation test, the stress is found by solving the ordinary differential equation with the boundary condition that
the strain is constant for positive time.

o = Egge (7.5)

The relaxation time is

c

t2 = E (76)

For the generalized Kelvin-Voight model, where multiple parallel spring and dashpot are arranged in series, the total
strain is

Ye=Y7 _Ef" il 1.7

The stress is

1 1 .
g = =1 I:ZE (Eigi + Ci 6,):| (78)
E i
For the creep test,

¢ = Z% (1 _ e‘#) (1.9)

For the generalized Maxwell model, where multiple series of spring and dashpot are arranged in parallel, the total stress is

Zaizz:c,-é—zgoﬁ (7.10)

The strain is

Z:C,'(EL df‘i’%O’,‘)
&= Ec ' (7.11)

For the relaxation test,
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o= Ejoe (7.12)

More details are available in reference [3].

7.3 Uncoupled Axial Equations of Motion of Beam with Viscous Damping

The equilibrium of a differential beam element in axial deformation is

F + Finertiar dx — {F + (Zidx] + Fiamping dX — Fexiernai dx = 0 (7.13)
Finertial = m(x)ii (7.14)

F damping = c(x)it Generalized damping (7.15)

Let ¢(x) = tom(x) Mass proportional damping (7.16)

F =0A(x) = [u/ + 1 zllEA(x) Using Kelvin — Voight material model. (7.17)

u(x, t) can be transformed from the geometric displacement coordinates to the modal amplitudes or normal coordinates.
ux, 1) =Y F(x)Ui(1) (7.18)

The &;(x) functions are orthogonal. Substituting the above equation into the force equilibrium and multiplying by &, (x)
and integrating over the beam length gives the uncoupled axial equations of motion of beam with viscous damping.

L
Mn Un +Cn Un +KnUn = J QnFextemal dx (719)
0
L
M, = J O 2m(x)dx (7.20)
0
L 0 )
K, —— JO Bs- [Q"EA(x)}dx (7.21)
C, = toM, + 1K, (722)

to and t; should be constant for all modes if the model is valid.
More details are available in reference [4].

7.4 Uncoupled Torsional Equations of Motion of Beam with Viscous Damping

The equilibrium of a differential beam element in torsion is similar to axial deformation

or
T+ Tinertial dx — |:T + E) dx:| + Tdamping dx — Texterna/ dx =10 (723)
X
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Tinerriat = m(x)J (x)0 (7.24)
T damping = c(x)@ Generalized damping (7.25)
Let c¢(x) = tom(x)J(x) Mass proportional damping (7.26)
T=1(x) = [9’ 00 } GJ(x) Using Kelvin — Voight material model. (7.27)
0(x, 1) = Z &:(x)0;(t) Normal coordinate transformation (7.28)
pa = — L
Mn 611 +Cn 0n +Kn9n = J @nTexrernaldx (729)
0
L
M, = J "2m(x)J(x)dx (7.30)
0
L o1
K, = ,J 7,2 [@nGJ(x)}dx (7.31)
0 Ox
C, =toM, + 1K, (732)

7.5 Uncoupled Flexural Equations of Motion of Beam with Viscous Damping

The vertical force equilibrium of a differential flexural beam element is

- _ 0V _ _
14 _Vinertial dx — |:V + de] - Vdamping dx + Vexterna[ dx =0 (733)
Vinertial = m(x)v (734)
Vdamping = ¢(x)v Generalized damping (7.35)
Let c¢(x) = tom(x) Mass proportional damping (7.36)

The moment equilibrium of a differential flexural beam element is

M+Vdx— [1171+88—de} =0 (7.37)

and ignoring rotational inertia

_OM 9V M
V=—F—and —=—F—

Ox Ox  Ox2 (7.38)

Assuming normal strains vary linearly over the beam cross section and using the axial stress strain relationship from the
Kelvin-Voight material model the moment curvature is

M = EI(x)[V" + t1"] (7.39)
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Z Tilx ) Normal coordinate transformation (7.40)

As with the axial deformation the uncoupled flexural equation of motion is

L
M, V,+C,V,+K,V, = J @nvextemaldx (7.41)
0
L
:J O2m(x)dx (7.42)
0
J &, — 2 I(x)} dx (7.43)
C, =tM, +t,K, (7.44)

7.6 Dynamic Modal Model

The response of a multiple degree of freedom system under forced harmonic vibration [4-6], given by the general dynamic
modal model is

N
N ¢5n Z ¢and

n=1 iot
sU) = B € 7.45
x(1) ;K,, — w*M,, + iwC, (7:45)

For the special case when there is only one harmonic load at the sth degree of freedom and the mode shapes are
normalized with respect to that location of the load, then ¢, = 1 forn = 1,2,.. ,Nand F; = Oforalld <>sand Fy; = F
when d = s. The driving point response is

x(t) = H(iw)Fe™ (7.46)
N
— ZHn(iw) (7.47)
n=1
H,(iw) = L (7.48)
N K = ™M, + i0C, '
The driving point response can be written as the sum of the magnitudes and phases of the individual modes
N
xX(t) = [Hy(iw)]e @) (7.49)
n=1
|H (o) : (7.50)
2(lo)]” = .
(K, — 0?M,)* + (0C,)?
oC
0, =—tan ' ——5— 7.51
an (K - wZM,,> (751)

The driving point response can also be written directly as the total system magnitude and phase
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x(t) = |H(iw)|Fe' @0 (7.52)
H(iw)|* = real(H(iw))* + imaginary(H(io))* (7.53)
. _y (imaginary(H (iw))

0 = tan ( real(H (i) ) (7.54)

y Kn - C021‘4;1
real(H(iw)) = 7.55
real(H(iw)) nz:; Ko — 0?M, 7 + (0C,) (7.55)

N oC
imaginary(H(iw)) = — Z > (7.56)

n=1 (K’l - szn)2 + (wcn)z

When the load is harmonic, the response is harmonic and the magnitude and phase of the response has contributions from
the individual modes. In theory, the magnitude of the frequency response at a frequency of zero corresponds to the static
deflection due to a unit force. The zero frequency response [7] is defined as

HO) = [H(0)| = 3 - (7.5

n=1"""

The zero frequency response is equivalent to the static deflection (flexibility) under a unit load of N springs in series
where the spring constants, K,, n = 1,2,...N, are the modal spring constants. The system stiffness is simply the inverse of
the zero frequency response.

7.7 Static Response of Uniform Beam

The basic mechanical tension, compression, torsion and bending tests of uniform beams to determine the coefficient of
elasticity are based on the following equations of static equilibrium [8].
Axial Tension/Compression

=— 7.58
W= (7.58)
Torsion
TL
Y =— 7.59
a7 (7.59)
3 Point Bending at mid span
FL?
= 7.60
Y 48E1 (7.60)
Poisson’s Ratio can be determined by the relation
E
=L (7.61)
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7.8 Dynamic Response of Uniform Beam in Bending

From the available frequency equation of a simply supported uniform beam bending at mid span [4—6]46

K n
2 n
= — = . 2
w, M, - (7.62)
L
M, ="= (7.63)
2
A El
K, = 7.64
TE (7.64)
. nmx
¢, = sin (T) (7.65)
00 ¢2
HO0) =) = .
0)=> % (7.66)

The static response is equal to the zero frequency response of the simply supported uniform beam in bending at mid span
and can be expressed as a function of the first modal stiffness [2]

L3 TC4
= 7.67
48E1 96K (7.67)
The coefficient of elasticity as a function of the first modal stiffness is
20K, (7.68)
o '
7.9 Dynamic Response of Uniform Beam in Axial Deformation
For axial deformation the available frequency equation [4—-6]46 for a beam fixed at x = 0 and free at x = L is
K, 7*(2n—1)EA
o2 = Kn_m(2n—17EA (7.69)
n 4mL
L
M, =" (7.70)
2
n2(2n — 1)’EA
K, = 7.71
3L (7.71)
b, = sin<(2n —1) g %) (1.72)

The static response is equal to the zero frequency response of the beam and can be expressed as a function of the first
modal stiffness



48 D. Yang

L n?
—_— = 7.73
EA 8K (7.73)
The coefficient of elasticity as a function of the first modal stiffness is
8LK,
= 7.74
4 (7.74)

Dynamic Response of Uniform Beam in Torsion
For torsion the frequency equation [4—6]46 for a cylindrical beam fixed at x = 0 and free at x = L is similar to the axial
frequency equation

, K, m@2n-17GJ

_ K 775

“n =, aml 2 (7.75)
8LK,

- 776

7 (7.76)

Knowing E and G, Poisson’s ratio can be determined as

JK 1axial

=——1 7.77
' 2AK Ltorsion ( )

7.10 Uniform Beam in Bending Quarter Span

When x; = % and x; = % then the zero frequency response is

3 2 (7.78)

n=1 Kn

sin (%)2
and includes modes where sin (%) <>0
When x; = x, = % then the zero frequency response is

> 1
> (7.79)

n=1 K,

sin (”4—")
Kﬂ
So measured K, = (7.80)
in (7)
L K,(x;=x,=%
K, <Xd = X 4> :@—w (7.81)
sin ()

From statics [8], the quarter span elastic deformation is related to the mid span elastic deformation
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L 9 L
W<xd - —4> —16w(xd - —2> (7.82)

So

. 2
> sin (%) _ 7t 9
> =51 (7.83)

n=1

Reciprocity is valid because the zero frequency response when x; = % and x; = % is equal to the zero frequency response

when x; = % and x, = %
sin ()
i sin (%)

The zero frequency response is
; Kn - n=1 Kn
sin (1) sin (15)°

From statics [8], the quarter span deformation due to the load at the mid span is related to the mid span elastic

5

(7.84)

deformation.
L Ly 11 L (7.85)
wxd—z,xs—4 _16W xd—xs—z .
So
2 sin (%) sin (2& 411
Z (%) si (4):”77 (7.86)
n* 96 16

n=1

7.11 Experimental Modal Analysis

From experimental modal analysis the frequency, damping, poles and residues can be estimated. From the damped
frequencies and residues the zero frequency response can be determined. The partial fraction form of the frequency response
function for a single force at x; and the response at x;

. @sngdn An A,
Hx w) = = - ; L 787
alicv) ZMn(ia)—sn)(ia)—s;) Z lw—sn+lw—s; ( )
C K oV

Sp = — 2Mn “+1 Mn — (ZM,,> (788)
An — @51‘1@(1’! (789)

7 Kn Cn 2

len M_n — (M)

Setting the frequency to zero, it can be shown that
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Hsd(o) _ Z(An + A:) _ Z @S}’LQ[M (790)

—Sy =8 K,

To get the stiffness proportional constant and mass proportional constant use the following equation. Since there are
usually more modal frequencies than the two unknowns, the solution requires the pseudo inverse.

—real(s, If Ho,
g, = —rlle) _ fo | ho (7.91)
Wy 2w, 2

Where w, = |s,]|.

7.12 Element Stiffness Identification from Equivalent Static Test Data

The procedure for element stiffness identification follows that of [9] with a modification to use the complex variable semi-
analytical method instead of the finite difference method in approximating the derivatives of the sensitivity matrix [10].

Using the zero frequency response as the equivalent static response, the global experimental stiffness matrix can be
determined from inverting the flexibility matrix where

2
?’:’ and u(x = x5 # x4) = Zg%n@d” (7.92)

u(x:xszxd)zz

Ke=u! (7.93)

The stiffness matrix derived from the finite element method matrix must be partitioned into four sub matrices.

Fm _ Kmm Kmu Um
{Fu } = {Km K } [Uu ] (7.94)

The m subscript indicates the degrees of freedom which represent the measured force, stiffness and displacement. The u
subscript indicates the unmeasured degrees of freedom. The global analytical stiffness matrix is

~1
K* = Kym — KmuKm, Kum (7.95)

By adjusting the experimental and analytical stiffness matrices into vectors that match the unknown parameters that are to
be identified and minimizing the error norm between the two vectors, an estimate for the parameters can be made. Since the
analytical stiffness vector of unknown parameters is non linear, a first order Taylor series expansion is used.

0
k“(p + Ap) =2 k“(p) + s(p)Ap where s(p) = %k“(p) (7.96)
0 0 0 0 0
=—K(p)==—Kpm— | —K,y |K'K KK ' =K, | K 'K,y — KiK' | =—K .
S(P) ap (P) 8[? mm (@p mu) uy »um + mut™ yy (ap uu) uy X um mut™ gy (6[7 um> (7 97)

Placing the values of S(p) into the vector s(p).

J(Ap) = [e(Ap)]"[e(Ap)] where [e(Ap)] = k* = k(p + Ap) = k* — k(p) — 5(p)Ap (7.98)
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Setting

A
%pm = 0 the relationship s(p)Ap = Ak(p) can be derived where Ak(p) = k¢ — k°(p). (7.99)

An iterative procedure for parameter identification can now be used.

P =+ Ap where Ap = [s(0)s(p)] " s(p) Ak(p) (7.100)

The partial derivatives can be solved analytically, finite differences, or by complex variable semi analytical method. The
CVSAM has several numerical advantages and a brief description follows.

A Taylor series expansion of a function in the complex plane is

AYf (x) A (x)
o203

fx+iAx) = f(x) + iAxf (x) +... (7.101)

Grouping the real and imaginary parts, the first order derivative can be obtained as

/ imag(f (x + iAx
£ ) = masfr +iAY) | a2 (7.102)
Ax
Note the calculation of the first order derivative does not involve the subtraction of two numbers and using the above
approximation avoids the subtractive cancellation errors that plague the finite difference approach.

7.13 A 2 Node Isotropic Beam Element

Considering the well known 2 node, 6 degree of freedom isotropic beam element, the analytic stiffness matrix for a
cantilever beam element is as follows, where the free end is at x = 0 and the fixed end at x = L and there are 2 degrees of
freedom which are considered to be measured, the axial and flexural at x = 0 and where the unknown parameter is the
coefficient of elasticity.

A oK, 4.0
Ky = { L 1251] and —=" = [L 121} (7.103)
0 3 OE 0 I
OK OK,u OKT
K =[0 & and E [0 %) and K, =K, and F = o (7.104)
4ET 0K 4 L
w = —— and =— and K,! = — (7.105)
L OE L 4E1
Using CVSAM, the first derivative approximation for this element is equal to the analytic first derivative.
A(E+iAE) 0
; L
imag ;
O _ [ ’ IZ(E%AE)I] Log (7.106)
OE AE 0 '
4 0 4E
S(E) = [6 ﬂ] and K = [(L) ﬂ] (7.107)
L L’



52

After some manipulation,

4k, — )

7.14 A 2 Node Orthotropic Beam Element

D. Yang

(7.108)

Considering the 2 node, 6 degree of freedom orthotropic beam element [11], the analytic stiffness matrix for a cantilever
beam element is as follows, where the free end is at x = 0 and the fixed end at x = L and there are 2 degrees of freedom
which are considered to be measured, the axial and flexural at x = 0 and where the unknown parameter is the fiber angle.

The stress strain relations for an orthotropic material in plane stress are as follows

Ou
a =& =d110x + a0y + a160xy
ov
07_)7 = & = a120y + axoy + a60 xy
Ou Ov
a_y + a = &yy = d160x + a0y + Aae60 xy

m = cosO and n = sin0

1 V12 1 1
S11=— and S1» = ——= and S»» = — and S¢c =
11 E and si2 E and 332 E, ana de6 G

ayp = Sym* + (2812 + Ses)m*n* + Spon®
aiy = Sia(m* 4+ n*) + (S11 + Sx — Ses)m*n?
axn = Syn* + (2812 + See)m*n* 4 Syym®*
ay = (2811 — 2815 — Seg)nm® — (282 — 2815 — See)°m
axs = (2811 — 2815 — Ses)mn’® — (283 — 2815 — Seg)m’n
ags = 2(2811 + 252 — 4812 — See)n>m* — Ses(n* + m*)

The deflection equation in the symmetry axis of the beam, y = 0 is

P P ayL?
VZY%( > —3L%x +2L%) and v(x = 0) :7a”3
0 PL? 0
When 0 = 0°,v(x = 0) =357 and when 0 = 90", v(x = 0)
i
A0
Kmm = | tan 121
L3(111
oK KT
6/ T mu um
Kun= [0 FL] and Ky = K1, and S0t = =

PL?

T3,

(7.109)

(7.110)

(7.111)

(7.112)

(7.113)
(7.114)
(7.115)
(7.116)

(7.117)

(7.118)

(7.119)

(7.120)

(7.121)

(7.122)
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K= and K,/ == (7.123)

Using CVSAM requires evaluating

daii _, imag[S11cos*(0 + iAQ) + (2812 + Se6)cos? (0 + iAQ)sin? (0 + iAO) + Sysin*(0 + iA6)]
a0 A0

(7.124)

7.15 Summary

When the frequency equation is known, the elastic properties of uniform beams can be determined from knowledge of the
first modal stiffness. If the frequency equation is not known then the elastic properties can be determined by inverse
identification methods using finite elements with the zero frequency response as the equivalent static response. The modal
stiffness is derived from parameter estimation using experimental modal data [12]. The experimental modal data can be from
any dynamic test using a time domain or frequency domain parameter estimation technique. After introducing viscous
damping into the equations of motion, the coefficient of elasticity remains constant but the dynamic response is dependent on
two additional constants, a stiffness proportional constant and a mass proportional constant. The stiffness proportional
constant is dependent on the material and the mass proportional constant is dependent on the system. The two constants can
be estimated by the pseudo inverse of a matrix based on the modal frequency and damping.
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