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Preface

Challenges in Mechanics of Time-Dependent Materials and Processes in Conventional and Multifunctional Materials,
Volume 2: Proceedings of the 2012 Annual Conference on Experimental and Applied Mechanics represents one of seven

volumes of technical papers presented at the Society for Experimental Mechanics SEM 12th International Congress and

Exposition on Experimental and Applied Mechanics, held at Costa Mesa, California, June 11–14, 2012. The full set of

proceedings also includes volumes on Dynamic Behavior of Materials, Imaging Methods for Novel Materials and

Challenging Applications, Experimental and Applied Mechanics, Mechanics of Biological Systems and Materials,

MEMS and Nanotechnology, and Composite Materials and Joining Technologies for Composites.

Each collection presents early findings from experimental and computational investigations on an important area within

experimental mechanics. The Challenges in Mechanics of Time-Dependent Materials and Processes in Conventional and

Multifunctional Materials conference track was organized by Bonnie Antoun, Sandia National Laboratories; H. Jerry Qi,

University of Colorado; Richard Hall, Air Force Research Laboratory; G.P. Tandon, University of Dayton Research

Institute; Hongbing Lu, University of Texas-Dallas; Charles Lu, University of Kentucky, and sponsored by the SEM

Time Dependent Materials and Composite, Hybrid and Multifunctional Materials Technical Divisions.

This volume includes chapters which address constitutive, time (rate)-dependent constitutive and fracture/failure

behavior of a broad range of materials systems, including prominent researches in both applied and experimental mechanics.

Solicited chapters involve nonnegligible time-dependent mechanical response in cases incorporating nonmechanical fields.

The sessions are as follows:

• Time-Dependent Model Validation

• Small-Scale and Dissipative Mechanisms in Failure

• Thermomechanics and Coupled Phenomena I

• Strain-Rate and Frequency Effects

• Process Models and High-Temperature Polymers

• Shape Memory Materials

• Time-Dependent Nanoscale Testing

• Time-Dependent and Small-Scale Effects in Biocomposites

• Viscoelastoplasticity and Damage

• Composites, Hybrids, and Multifunctional Materials

Chapters in the following general technical research areas are included:

• Effects of interfaces and interphases on the time-dependent behaviors of composite, hybrid, and multifunctional materials

• Effects of inhomogeneities on the time-dependent behaviors of metallic, polymeric, and composite materials

• Environmental and reactive property change effects on thermomechanical and multifunctional behaviors

• Challenges in time-dependent behavior modeling in metallic and polymeric materials at low, moderate, and high strain

rates, and effects of frequency and hysteretic heating

• Challenges in time-dependent behavior Modeling in composite, hybrid, and multifunctional materials – viscoelasto-

plasticity and damage

• Modeling and characterization of fabrication processes of conventional and multifunctional materials

• Time-dependent and small-scale effects in micro/nanoscale testing
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Chapter 1

Elastomeric Polymers for Shockwave Mitigation and Extreme

Loading Conditions

Roshdy George S. Barsoum

Abstract Recent investigations into blast resistant properties of polymers with high rate sensitivity, have shown that

they interact with the underlying substrates in quite different manner than any ballistic material known to the shock

community. We are going to discuss in this paper that these polymers have a profound effect on the failure (fracture)

mechanism of the substrate: suppression or delay of shear localization (or penetration) mechanisms, and delay of necking

instability in ductile metals, in addition to dissipating large amounts of energy through wave reflections. The intrinsic

property of the polymer under blast/ballistic/ shock, in addition to its high strain rate sensitivity, is a very large increase

of its shear properties, both modulus and strength, under very high pressure and loading rate, which exists under extreme

loading conditions. In addition, because these elastomeric polymers are multi-phase of hard and soft domains, at the

nano scale, they can dissipate broad bands of frequencies such as those encountered in blast events. We will discuss also

research in the development of polymers-by-design to divert and dissipate shockwaves from the head and thus prevent

Traumatic Brain Injury—TBI, using molecular dynamics, polymer synthesis and high strain rate testing of shock

properties for constitutive models, and the continuum analysis of shockwave propagation.

Building on successful testing of elastomeric polymers in demonstrating its effect on the blast, ballistics performance

of steel, ONR initiated efforts to understand the mechanisms involved in extreme loading conditions. The fundamental

property of these polymers is high strain rate sensitivity, which was shown to be essential in the suppression of shear

localization in high strain rate events [1], such as those encountered in blast and penetration mechanics [2]. To fully

illustrate the delay or suppression of shear localization, Fig. 1.1 shows the failure mechanism of large scale of uncoated

and coated thick steel plates subject to underwater high rate loading. Examination of the fracture in the uncoated plates,

show the failure to be the result of shear localization. On the other hand, Fig. 1.2, of small (thin steel) specimens also

subject to intense high rate loading, the failure of the uncoated specimens was ductile. It is instructive to know that

the % increase in pressure associated with the coated plates vs. uncoated plates was much higher in the case of the

shear localization case, than in the ductile failure case. What is more interesting, is that in the case of thick plates,

where the failure is governed by shear localization, it did not matter whether the coating is, on the side of the loading

(front) or the back side. While in the case of thin plates, the coating was only effective when the coating was on the

backside. In Ref. [3], it is argued that the polymer on the front side, focuses the shock, while in the backside it

attenuates the shock. No computation was done to prove these arguments, because of the difficulty in performing large

deformation nonlinear plasticity combined with shockwave propagation in extremely thin layers. This type of analysis

was recently resolved by Fish [4], using multi-scale computational approach with solitons to compute the shockwave
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propagation and its reflections at interfaces, which provides another mechanism of dissipation. Therefore there are

three mechanisms associated with these polymers: (1) in the case of thin plates, as the strain rate increases the polymer

hardens significantly, and thus reduces the plastic deformation; (2) in the case of thick plates the thick plates the

polymer hardens similarly, but it spreads the localization to neighboring areas and delays shear localization; and (3) the

polymer dissipates the shockwave and attenuates it, as shown by the analysis [4] of experiments done earlier at NSWC.

The mechanisms of how the high strain rate sensitive polymer can result in delay in shear-localization or ductile

fracture and shockwave propagation/dissipation, can be further deployed to further improvements in multi-layered

hybrid plates with different materials. ONR is pursuing a new computational approach to perform shear localization

analysis of thick high strength, high toughness steel plates.

To further exploit these polymers in a highly complex and formidable problem facing the warfighter, ONR is leading a

Basic Research Challenge and applied S&T effort, to develop polymers-by-design to divert and dissipate shockwaves from

the head and thus prevent Traumatic Brain Injury—TBI [6].

Protection against TBI is one of the most challenging problems in mechanics, because the brain is the most sensitive

instrument we know of, and helmets requires lightweight materials, so that they are worn all the time. Elastomeric polymers,

if designed accordingly, can both address shockwaves and ballistic effects. Tests and theoretical developments on polymers,

indicate that these polymers can provide the necessary protection against TBI. Investigations into blast resistant properties of

polyureas and other multi-phase polymeric elastomers, indicate that they can dissipate broad bands of frequencies such as

those encountered in blast events. Recent experiments and multi-scale computations of polymers with underlying substrates,

have been shown that polymers absorb shock loading in quite a different manner than any ballistic material known to the

armor community.

Fig. 1.1 Thick-high strength steel plates coated with ERC subject to intense underwater high rate loading
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In this presentation we will discuss efforts on the multi-scale approach addressing constitutive modeling, analysis, and

tests of various extreme loading events. To understand interaction between materials and wave propagation at extreme high

rate requires multi scale computation, which are in the nano scale space and time. Molecular dynamics, coarse scale

modeling, continuum modeling, high rate load testing, and constitutive modeling and large scale computations simulating

biofidel models of the head and brain are used in addressing the Traumatic Brain Injury problem [5–8].

Figures 1.3 and 1.4, illustrate the multi-scale computational effort of atomistic-to-continuum behavior of polymers

subject to shockwaves and its impending dissipation and diversion of shock energy.

Fig. 1.2 Thin-high strength steel plates coated with ERC
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1.1 Why Polymers for TBI?

• Polymers are the best hope for protection against TBI for the following reasons:

– Lightweight and can both improve blast and ballistic protection

– When combined with other materials, have proven to offer increased protection against blast, shockwave, and

fragments.

– Highly strain rate sensitive and shear mechanical properties increase significantly under combined pressure and

high rate.

• Under shock loading, brain tissue is weak in shear, while polymers increase in strength and modulus (both direct and

shear stresses).

• Polyureas have multi-scale structures from the nano to the micro and continuum level with complex interactions with all

frequencies of shockwaves, thus, in principle, have the potential for absorbing/dissipating harmful effects that result in

mTBI.

• Polymers can be design from the molecule up. But what is the design criteria in the case of shock-

• Nano- and micro- particles, and shaped interfaces and layers can be included to dissipate and divert shock-

Fig. 1.3 Multi-scale modeling of polymers with nano and micro inclusions to divert shockwaves
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Chapter 2

Temperature Dependent Ductile Material Failure Constitutive

Modeling with Validation Experiments

J. Franklin Dempsey, Bonnie R. Antoun, Vicente J. Romero, Gerald W. Wellman,

William M. Scherzinger, and Spencer Grange

Abstract A unique quasi-static temperature dependent low strain rate constitutive finite element failure model is being

developed at Sandia National Laboratories (Dempsey JF, Antoun B, Wellman G, Romero V, Scherzinger W (2010) Coupled

thermal pressurization failure simulations with validation experiments. Presentation at ASME 2010 international mechani-

cal engineering congress & exposition, Vancouver, British Columbia, 12–18 Nov 2010). The model is used to predict ductile

tensile failure initiation using a tearing parameter methodology and assessed for accuracy against validation experiments.

Experiments include temperature dependent tensile testing of 304L stainless steel and a variety of aluminum alloy round

specimens to generate true-stress true-strain material property specifications. Two simple geometries including pressure

loaded steel cylinders and thread shear mechanisms are modeled and assessed for accuracy by experiment using novel

uncertainty quantification techniques.

Keywords Finite element model • Validation testing • Temperature dependent constitutive model

2.1 Finite Element Material Characterization Modeling

Finite element (FE) analysis with validation testing is performed to predict quasi-static failure initiation of ductile materials

when subjected to high pressures at elevated temperature. Two structure types are chosen to envelope load and displacement

modes of failure. The structures include a simple stainless steel cylinder (pipe bomb) that that is pressurized and heated and

an aluminum Acme thread geometry that is extended and heated to failure.

A unique FE quasi-static temperature dependent constitutive model [1] has been developed and uses a tearing parameter

methodology for failure initiation. Model inputs require experimental derived tensile test hardening data taken at

temperatures in the range of the desired failure prediction. The structural response is then validated by tests.

The elastic–plastic constitutive model incorporating temperature dependence was developed for use in Sandia’s quasi-

static finite element modeling software, Adagio [2]. The model requires a temperature dependent true stress-true strain

hardening curve definition to failure plus temperature dependent elastic constant specifications. Elastic constants can be

obtained in the open literature but the hardening curve data is characterized through experimental tensile tests at elevated

temperature [3]. Pipe bomb tensile-test material samples were cut and machined from a common 304L stainless steel tubular

stock. The resulting engineering stress strain curves are shown, Fig. 2.1.

Validation-experiment pipe vessels were machined from the same batch of tube stock material to match the tensile test

data. As shown, the strength degrades with increasing temperature. From room temperature to 600�C, the ductility at failure
decreases. After 600�C, it increases for this particular material.

For each measured stress–strain curve, an advanced optimization technique is used to solve an inverse finite element

tensile necking problem to calculate true stress/true strain response and will later be used system model input. An example is

presented in Fig. 2.2.
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Given the engineering stress strain response of a tensile test [3], the round tensile specimen is modeled using finite

elements. A displacement controlled FE calculation is then performed to simulate the tensile test. The simulation predicts no

necking through yield but as the specimen begins to harden, true stress/log strain necking response is estimated and checked

against the original averaged engineering stress/strain. Iteratively, true stress and log strain can be computed to failure. This

is referred to as solving the inverse problem. A tearing parameter method is used to track failure progress. At failure, a

critical tearing parameter is calculated to be used in pipe bomb models. This procedure is repeated at every temperature. The

inverse problem and solution procedures and results are more fully documented in Ref. [1].
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Fig. 2.1 Cylinder tensile-test material samples were cut and machined from the same 304L stainless steel tubular stock that the validation-

experiment pipe vessels were machined from. Measured stress–strain response-to-failure curves plotted from cylinder pull-tests at a strain rate of

0.001/s for the labeled temperatures (note: RT in the plot stands for “room temperature”, nominally 25�C)

Fig. 2.2 Example of various stress–strain curves pertaining to experimental and modeled response in a given tensile-test. True curve is Cauchy-
Stress/Logarithmic-Strain “True” curve conditioned to the constitutive model. The curve is inversely calculated using the constitutive model and a

FE model of pulled cylinder such that when the curve is used with the constitutive model in the FE simulations the calculated Analysis stress–strain
curvematches the experimentally measured black stress–strain curve from the pull test. See Ref. [8] for the set of derived curves at each temperature
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Once the material characterization has been defined for an applicable range of temperatures, it is formatted as input into a

thermo-elastic plastic constitutive model and used to predict the failure response of a pressurized cylindrical steel vessel at

high temperature. In this case, a critical tearing parameter is used to define a point in which the code will automatically delete

elements, thus establishing the pressure, temperature and location of failure initiation.

True stress and log strain response for a given material at elevated temperatures is unique. For example, tensile tests have

shown that extruded 304L bar stock has an ultimate strength of nearly 20% less than extruded tubing. It is also about 25%

more ductile (Fig. 2.3). Additionally, some aluminum alloys including 6061-T651, 6061-T6, 7075-T651, 7075-T7351, 7079

and 7050-T74 have been tested and characterized to tensile failure at elevated temperature. The 304L tube stock is used for

pipe bomb and aluminums for thread shear modeling and simulation.

2.2 Finite Element Validation Modeling

Two quasi-static verification models were created for validation to experiments. They include the pipe bomb pipe bomb and

thread shear geometries. Figure 2.4 shows the pipe bomb geometry. Figures 2.5 and 2.6 show the pipe bomb and thread shear

finite element models, respectively. Thread shear validation modeling is just beginning; therefore pipe bomb work will be

discussed herein.

2.3 Finite Element Modeling to Validation Experiments

The pipe bomb consists of a 300 O.D tube that is machined down to a 0.02000 wall thickness at the center (Fig. 2.4). Other
thicknesses including 0.035 and 0.05 thicknesses are also investigated. It is 1400 in length.
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Fig. 2.3 Engineering stress/strain response of 304L bar stock tensile tests through elevated temperature and a comparison of bar stock and tube

stock at room temperature
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Fig. 2.4 Pipe bomb geometry and manufactured test article

Fig. 2.5 Finite element model of the pipe bomb validation experiment, ¼ symmetry
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A finite element model of the pipe bomb and thread shear validation experiments are shown in Figs. 2.5 and 2.6,

respectively. In Fig. 2.5, a thermo-mechanical ¼ symmetric section of the experiment is modeled.

The ends are clamped and it is centrally heated by an external source. An internal steel slug is used to minimize gaseous

energy due to pressurization for safety purposes. A variety of pressurization and temperature ramp rates were used to

validate the model to experiment, however one particular scenario in which the tube is spot heated to 700�C, then pressurized
to failure will be discussed.

Upon pressurization to failure, the material at the hot spot begins to displace toward the heat source. As it deforms, the

wall thickness thins out and failure initiation occurs. Figure 2.6 shows the experimental setup and an example specimen

during a pipe bomb validation test.

In quasi-statics [2], the model must be non-accelerating with no rigid body modes to be statically determinate. As the hot

spot displaces toward the heating shroud, instability begins to develop and the model becomes ill conditioned, requiring a

significant reduction in the solution time step to continue. Then, as the pressure incrementally increases, the equivalent

plastic strain exponentially increases and the tearing parameter approaches critical. In these simulation calculations,

adaptive time steps are typically driven to the nanosecond range or smaller in order to obtain convergent solutions with

several hundred percent plastic strain and tearing parameters near ten. Given a set of code convergence tolerances, iteration

limits and solution updates, the calculation will continue until static instability is reached. At this point, failure is assumed to

have initiated. In some cases, element deletion occurs by exceeding the critical tearing parameter, however, in most cases

failure is determined by an ill conditioning. Addition work is ongoing and has been demonstrated that failure propagation

can be shown by restarting the calculation with an explicit dynamics solver (Presto) [4].

Figure 2.7 shows the experimental setup for a pipe bomb validation experiment. During an experiment, the center section

is heated and pressurized, causing high deformation at the heated zone as shown. Failure initiation occurs at the hot spot and

propagates axially, then circumferentially as shown, Fig. 2.8. Similarly, the pipe bomb models predict this response, but with

20–30% later failure times, as quasi-static finite element solutions are highly dependent on mesh quality, number of elements

through the center thickness and a variety of code tolerance settings.

Fig. 2.6 Experimental setup and example specimen deformation during a pipe bomb validation test
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Two iterative solvers can be used for pipe bomb pressurization breach at elevated temperature. These include the finite

element tearing and interconnecting (FETI) [5] and conjugate gradient (CG) [6] solvers. The FETI solver is generally used

for solving problems in the linear range whereas CG is best for non-linear solutions. Typically, CG can take two orders of

magnitude more CPU time to find a solution that FETI. For typical pipe bomb solutions, FETI will tend to over predict

failure by around 10% as compared to CG; however FETI has successfully predicted relative failure trends and is useful in

screening calculations. For validation, CG is used. Table 2.1 lists suggested solver settings that should be used as a baseline

for high temperature pressurization breach simulations.

Fig. 2.7 Pressure loaded stainless steel “pipe bomb” validation experiment, resulting post-test failure and validation of repeated failure modes

12 J.F. Dempsey et al.



Table 2.2 lists results of an isothermal pipe bomb screening simulation study used to rank tensile test data in terms of

high and low material strengths. As shown, tensile test repeats were done at 20�C, 100�C, 200�C, 400�C, 600�C, 700�C and

800�C respectively. The failure pressures (Pmax) are listed for each simulation. For example, six sets of tensile tests were

done at 20�C. Case try5-rt tensile test data produced a higher pipe bomb failure pressure than the other curves at this

temperature. Case try40-rt produced the lowest failure pressure. Similarly, a status of high and low strength simulation runs

were ranked for all of the tensile tests. Other quantities of interest include minimum simulation time step acquired for failure

and maximum equivalent plastic strain (EQPS) and corresponding tearing parameter values.

The calculations were performed on Sandia’s Red Sky [7] computer using 192 processors using a FETI [5] preconditioning

solver with adaptive time stepping. Compute times were generally less than 0.4 h except as noted. Figure 2.9 shows a result of

a fully coupled simulation.

Fully coupled thermo-mechanical and temperature mapped validation simulations are in progress to explore prediction

extrapolations and temperature mapping techniques. Figure 2.9 depicts a result of a study to determine the effect of

temperature mapping from a fully coupled simulation (or validation experiment) to an interpolated simulation. High/low

material rankings were used to predict failure pressures at high temperature with variations in emissivities, an important step

to quantify the error involved in temperature mapping from experiment to model [8, 9].

Table 2.1 Code settings that control simulation accuracies

Solver resolution settings FETI CG

Target relative residual 1.00E-06 1.00E-06

Acceptable relative residual 1.00E-04 1.00E-04

Max iterations 1,000 5,000

Min iterations 3 3

Adaptive time step settings

Max cutback 10 10

cutback factor 0.5 0.5

Growth factor 1.5 1.1

Iteration window 100 1,000

Target iterations 400 35,000

Max multiplier 100 100

Min multiplier 1.00E-12 1.00E-09

Fig. 2.8 Finite element model of the thread shear validation experiment
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Fig. 2.9 Uncertainty on thermocouple mapping algorithm with hi/low material ranking and emissivity variance for the pipe bomb

Table 2.2 Predicted pipe bomb pressurization failure results at isothermal temperature using 304L material characterization true stress/log strain

tensile test data

Case T_max P_max (psi) dt (s) EQPS_max* Tearing* Status # Procs Cpu-hrs Res Adaptive

try3-rt 20 1484.5 1.60E-11 0.601 2.14 192 0.368 1.00E-06 FETI

try4-rt 20 1482.8 9.00E-13 0.571 2.03 192 0.308 1.00E-06 FETI

try5-rt 20 1485.2 9.00E-13 0.575 2.04 High 192 0.324 1.00E-06 FETI

try6-rt 20 1485 9.00E-13 0.549 1.54 192 0.348 1.00E-06 FETI

try39-rt 20 1483.9 9.00E-13 0.587 2.09 192 0.402 1.00E-06 FETI

try40-rt 20 1474.8 9.00E-13 0.555 1.96 Low 192 0.309 1.00E-06 FETI

try14-100 100 1227.1 1.00E-11 0.586 2.09 High 192 0.441 1.00E-06 FETI

try15-100 100 1208.7 9.00E-13 0.528 1.86 Low 192 0.546 1.00E-06 FETI

try16-100 100 1225.3 9.00E-13 0.561 1.99 192 0.31 1.00E-06 FETI

try36-100 100 1226.3 8.60E-12 0.559 1.98 192 0.335 1.00E-06 FETI

try37-100 100 1222.9 1.60E-08 0.549 1.95 192 0.284 1.00E-06 FETI

try11-200 200 1102.1 1.70E-09 0.529 1.66 High 192 0.335 1.00E-06 FETI

try12-200 200 1085.8 9.00E-13 0.426 1.26 192 2.62 1.00E-06 FETI

try13-200 200 1088.6 1.30E-06 0.469 1.43 192 2.26 1.00E-06 FETI

try34-200 200 1089.9 9.00E-13 0.442 1.32 192 0.453 1.00E-06 FETI

try35-200 200 1081.7 9.00E-13 0.402 1.17 Low 192 0.342 1.00E-06 FETI

try17-400 400 1010.3 1.00E-12 0.394 1.06 192 0.393 1.00E-06 FETI

try18-400 400 1007.2 1.00E-12 0.386 1.02 192 0.325 1.00E-06 FETI

try19-400 400 1005.7 3.00E-09 0.432 1.2 192 0.312 1.00E-06 FETI

try32-400 400 1001.9 1.00E-12 0.373 0.986 Low 192 2.479 1.00E-06 FETI

try33-400 400 1014 1.00E-12 0.384 1.03 High 192 0.369 1.00E-06 FETI

try22-600 600 869.2 1.00E-12 0.409 1.1 Low 192 0.361 1.00E-06 FETI

try23-600 600 880.1 4.00E-07 0.49 1.39 192 2.54 1.00E-06 FETI

try24-600 600 884.7 1.20E-09 0.523 1.52 High 192 0.359 1.00E-06 FETI

try25-700 700 705.1 1.00E-12 0.617 1.88 High 192 0.431 1.00E-06 FETI

try26-700 700 694.8 1.00E-12 0.605 1.84 Low 192 0.431 1.00E-06 FETI

try27-700 700 695.5 1.00E-12 0.606 1.83 192 0.443 1.00E-06 FETI

try29-800 800 448 3.50E-11 0.501 1.32 192 0.476 1.00E-06 FETI

try 30-800 800 440.8 1.00E-12 0.632 1.82 Low 192 0.431 1.00E-06 FETI

try31-800 800 448.8 1.00E-12 0.645 1.89 High 192 0.414 1.00E-06 FETI
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Chapter 3

Inverse Measurement of Stiffness by the Normalization

Technique for J-Integral Fracture Toughness

Eric N. Brown

Abstract The single specimen normalization technique for J-integral fracture toughness has been successfully employed by

several researchers to study the strongly non-linear fracture response of ductile semicrystalline polymers. As part of the

normalization technique the load and the plastic component of displacement are normalized. The normalized data is then fit

with a normalization function that approximates a power law for small displacements that are dominated by blunting and

smoothly transitions to a linear relationship for large displacements that are dominated by stable crack extension. Particu-

larly for very ductile polymers the compliance term used to determine the plastic displacement can dominate the solution and

small errors in determining the elastic modulus can lead to large errors in the normalization or even make it ill posed. This

can be further complicated for polymers where the elastic modulus is strong strain rate dependent and simply using a

“quasistatic” modulus from a dogbone measurement may not equate to the dominant strain rate in the compact tension

specimen. The current work proposes directly measuring the compliance of the compact tension specimen in the solution of

J-integral fracture toughness and then solving for the elastic modulus. By comparison with a range of strain rate data the

dominant strain rate can then be determined.

Keywords Fracture • Single specimen normalization technique • Viscoelastic polymers • Inverse method • Time-dependent

materials

3.1 Introduction

The fracture toughness values of various polymers have been measured over the years employing techniques that have

typically been developed for metals. While it is generally recognized that the value of fracture toughness for polymers—like

many mechanical properties—are rate or time dependent, the implication of this rate dependence during the analysis is often

overlooked. In linear elastic fracture mechanics (LEFM) the stress intensity factor Ki—the stress distribution at the crack tip

corresponding to a given far-field load—for a compact tension specimen with an initial crack length of a0 is given by

Ki ¼ Pi

b
ffiffiffiffi
w

p
2þ a0

w

� �
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w

� �
� 13:32

a0
w

� �2
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a0
w

� �3
� 5:6

a0
w

� �4� �

1� a0
w

� �3=2

2
664

3
775; (3.1)

where Pi is the instantaneous load, w is the specimen width, and b is the specimen thickness. In this simple analysis, rate

dependence can only enter through the independent measured critical load value Pc or dependent calculated critical stress

intensity factor KIc. However, if fracture toughness is instead calculated in terms of strain energy release rate via

GIc ¼ K2
Ic

E _eð Þ ; (3.2)
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strain rate dependence is explicitly introduced through the strain rate dependence of the Young’s modulus E. In general the

representative strain-rate dominating the compact tension specimen is not known and a generic “quasi-static” Young’s

modulus is employed. In the case of LEFM where KIc is determined, inaccurately accounting for the strain-rate dependence

will simply introduce an error in the calculated value ofGIc. Where as for metals the Young’s modulus is strain-rate invariant

[1], for polymers employing a Young’s modulus for a strain-rate that is off by a few orders-of-magnitude can easily

introduce errors well in excess of 10% [2, 3]. In the case of nonlinear elastic–plastic fracture mechanics—such as the single

specimen normalization technique to measure J-integral fracture toughness—inaccuracy in E arising from uncertainty of the

relevant strain-rate has been found to make the analysis ill posed. The current work proposes using the initial slope of

the load displacement curve to measure compliance of the compact tension specimen to analytically solve for E. The
normalization technique as proposed by Landes and Herrera [4] and included in ASTM Standard E1820 for elastic–plastic

fracture toughness has been successfully applied for a variety of polymers [2, 3, 5–13].

3.2 Experimental Method and Results

Fracture toughness measurements performed using compact tension specimens as defined in ASTM Standard E1820 and

shown in Fig. 3.1 are discussed, although the concept is applicable to any fracture specimen geometry. The geometry was

modified to enable a crack opening displacement (COD) gage to be mounted along the loading line. The specimen notch

was cut to have an inclusive angle of 40�, which was subsequently sharpened with a razor blade according to ASTM D5045.

These specimens were tested using an MTS 880 load frame under constant crosshead displacement rates. Load-line

displacements were measured with a MTS COD gage 632.03E-31. The single-specimen method for evaluating J-integral
values of fracture toughness was elected due to the ability to limit the number of specimens required for multi-specimen

methods and to avoid the visco-elastic nature of polymers that complicates loading-unloading methods. For the single

specimen method, J-integral values corresponding to the ith data pair are given by

Ji ¼ Jeli þ Jpli ¼
K2
i 1� n2ð Þ

E
þ �plA

pl
i

b w� a0ð Þ ; (3.3)

where Jel and Jpl signify the division of energy into recoverable elastic deformation and permanent plastic deformation

respectively. The Poisson ratio, n, is taken from sound speed measurements, E is the Young’s modulus, Zpl ¼ 2 +0.522

(w-abi)/w is a dimensionless constant (abi ¼ a0 + Ji/2sys is the blunting corrected crack length correspond to the ith data

point), Ai
pl is the area under the load displacement curve shown in Fig. 3.2. If the response is consistent with LEFM the

plastic component is dropped.

The current work deviates from the standard method in proposing that values of E be determined on a specimen-by-

specimen based from initial CT compliance Ci by

E ¼ 1

Cib
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Fig. 3.1 Compact tension

(CT-1/2) fracture specimen

geometry with integrated

load-line knife-edges for COD

gage with dimensions in mm
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Values of the yield stress sys must still be determined—nominally from tensile dog bone measurements—and are

sensitive to the same strain-rate dependence as E. It is first worth noting that while errors in E have a first-order linear effect

on the elastic fracture energy component, errors in sys have a second-order effect on the plastic fracture energy component.

Therefore, the error in J from ignoring the strain-rate dependence of sys are small, particularly if the plastic

component is small. Moreover, E is determined from the measured specimen compliance early in the test when the

plastic component is negligible. The value of E can then be compared to experimental data taken over a range of strain-

rates to determine the representative strain-rate. The value of sys corresponding to this strain-rate can then be used in

calculating Jpl.
To rigorously evaluate JIC, J–R curve data are constructed with the critical fracture criterion, JIC, defined as the fracture

toughness of the material at fracture instability prior to the onset of significant stable tearing crack extension (the point of

0.2 mm of crack growth beyond crack tip blunting). The required data for application of the normalization technique consists

of a record of load versus displacement Pi–di, the initial crack length a0, and the final crack length af. The final crack size is
measured at nine equally spaced points centered about the specimen centerline. The two near surface measurements are

averaged and then averaged with the remaining seven crack length measurements. The load data Pi up to the maximum load

Pmax is normalized by

PNi ¼ Pi

wb w�abi
w

	 
�pl : (3.5)

The final load–displacement data pair is normalized using the final measured crack length af. The plastic component of

the load-line displacement is normalized as

d0ipl ¼
dpli
w

¼ di � PiCi

w
; (3.6)

where Ci is the specimen elastic load line compliance calculated with the instantaneous crack length,

Ci ¼ 1

Eb

wþ ai
w� ai

� �2
2:1630þ 12:219

ai
w

� �
� 20:065

ai
w

� �2
� 0:9925

ai
w

� �3
þ20:609

ai
w

� �4
� 9:9314

ai
w

� �5�
:

�
(3.7)

Prior to crack extension Ci approximates the slope of the load–load line displacement curve. In this regime (3.6)

very sensitive to the compliance and can in turn cause significant error in the calculated fracture toughness. To overcome

this error and to incorporate the strain-rate, temperature, and sample-to-sample variation in E, (3.7) is set equal to the linear

Fig. 3.2 Representative

load–displacement curve
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slope of the small-deformation section of the load–load line displacement curve to solve to E on a sample-by-sample basis.

These values of E are compared well with those from dog-bone measurements over a reasonable range of strain-rates.

A representative plot of the normalized data set corresponding to the data in Fig. 3.2 is given in Fig. 3.3. Normalized data

corresponding to d’i
pl � 0.001 is excluded. The normalized data is fit with a normalization function of the form

PN ¼ aþ bd0pl þ cd0pl
2

d þ d0pl
; (3.8)

where a, b, c, and d are fitting coefficients determined with Kaleidagraph (graphical data analysis software from Synergy

Software, Reading, PA) while forcing the curve to intercept the final data point. This equation approximates a power law for

small d’pl and smoothly transitions to a linear relationship for large d’pl. Because crack initiation generally occurs prior to

the maximum load in ductile fracture, ASTM standard E1820 requires some manipulation of the normalized data to optimize

the fit of the normalization function to the data. Once the normalization function is fixed, the previously excluded data is

analyzed by determining the crack length—a value between the blunting corrected crack length and the final crack length—

that forces each data pair to fall on the normalization function. These crack lengths give an accurate estimate of the crack tip

position over the course of the test. The resulting J-integral–crack length data pairs are used to construct a J–R curve, shown

in Fig. 3.4, which is subsequently used to determine JIC values. The normalization technique is limited to cases of short crack

extension (less than 15% of w-a).

3.3 Conclusions

The single specimen normalization technique for J-integral fracture toughness has been successfully employed to study

the strongly non-linear fracture response of ductile semicrystalline polymers. Particularly for very ductile polymers the

compliance term used to determine the plastic displacement can dominate the solution and small errors in determining

theelastic modulus can lead to large errors in the normalization or even make it ill posed. This can be further complicated for

polymers where the elastic modulus is strong strain rate dependent and simply using a “quasistatic” modulus from a dogbone

measurement may not equate to the dominant strain rate in the compact tension specimen. By measuring the compact tension

specimen compliance, the Young’s modulus can be calculated on a specimen-by-specimen basis. This overcomes sample-to-

sample variation and more importantly address the strain rate dependence of the Young’s modulus.

Fig. 3.3 Representative

curve of normalized data
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Chapter 4

Energy Dissipation Mechanism in Nanocomposites Studied

via Molecular Dynamics Simulation

Naida M. Lacevic and Shiv P. Joshi

Abstract Many military and industry applications increasingly require advanced materials that are able to simultaneous

carry high load (stiffness) and dissipate energy upon impact (damping). Polymer nanocomposites are potentially excellent

candidates for these applications since they offer tunability via advancements in nanoscale processing technology (e.g.

layer-by-layer deposition). Understanding mechanisms for the simultaneous increase of stiffness and damping in polymer

nanocomposites involves characterization of interactions at surfaces between nanoscale constituents and molecular-scale

processes including the role of interphase regions and polymer ordering. This information is exceedingly difficult to obtain

experimentally due to the small length and time scales and disorder of the system. Here, we perform molecular dynamics

(MD) simulations to understand stress and strain heterogeneity responsible for increases in stiffness and dissipation on the

nanoscale in a model polymer nanocomposite. We compute local stress and strain fluctuations at polymer-nanoparticle

interfaces and identify polymer chain slippage as one of the mechanisms for energy dissipation.

Keywords Nanocomposites • Molecular dynamics simulations • Dissipation

4.1 Introduction

Molecular or nanoscale modeling is a characterization method that can be used in synergy with experiments to address

nanoscale processes relevant to simultaneous enhancement of stiffness and damping in nanocomposites. Nanoparticles are

characterized by their large surface to volume ratios, and consequently, the interactions that occur between the particle and

the matrix within a few nm of the surface often dominate the behavior of nanocomposites. These interactions can drastically

change the structure of the material in this region and control its mechanical properties. Furthermore, the small mass and size

of the particles gives them unusually high mobility. These effects are generally difficult to predict a priori and require

description at the atomistic level of detail.

Molecular dynamics simulations are ideal to understand stress and strain heterogeneity responsible for simultaneous

increases in damping and stiffness on the nansoscale, since they explicitly express the interaction of individual (or small

groups of) atoms and integrate their motions directly. This allows a highly accurate description of the nanoscale energy

dissipation and stress distributions that occur in the vicinity and at the surfaces of nanoparticles. Similar information is

difficult or impossible to obtain experimentally due to the small length scales and disorder of the system. The small

timescales involved in energy dissipation involving nanoscale constituents are also difficult to probe experimentally. Using

MD we can describe the surface and material properties and processes that are required to produce optimal composite

microstructures at the atomistic level, and observe their behavior during extreme loading. MD focuses on the small length

and timescales characteristic of atoms. This fine resolution is required to describe the roles of interaction at the surfaces

between nanoscale constituents, interphase regions, and the molecular-scale processes such as polymer ordering in stiffness

and energy dissipation.

In this work, we consider a model clay–polymer nanocomposite system, encompassing the reinforcement surface (clay)

and matrix (polymer) interphase region in order to focus on the structure and processes resulting from interfacial effects.
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4.2 Computational Details

Our simulations need to address energy dissipation processes at polymer-clay interfaces, which depend strongly on the clay/

polymer adhesion energy and the surface energy of clay fillers. We constructed a molecular model of a clay and polymer

nanocomposite interphase shown in Fig. 4.1. Clay, Al4Ca2H14O24Si8, is constructed using X-ray diffraction data for the

crystal structure of montmorillonite (MTM) from Ref. [1]. The polymer modeled is polyurethane (PU) whose chemical

structure is provided in Ref. [2]. This particular polyurethane has been used in Ref. [3] in applications demonstrating

increase in stiffness approaching the theoretical maxima in layered polymer nanocomposites. The polymer modeled has

chains with molecular weight ~90,000 g/mol and a bulk density ~1.02 g/cm3 (Fig. 4.2).

Both polyurethane and clay are parameterized via the CVFF force field [4] fully utilizing all degrees of freedom of the

polymer–clay interphase region (i.e. all intra- and inter molecular degrees of freedom are unconstrained). Since we are

interested in characterizing interphase damping properties as a function of clay volume fraction, we constructed representa-

tive volume elements of the composite at four clay volume fractions (Table 4.1). The surface area of the clay (Lx*Ly) is kept

constant at 27.86 nm2 for all clay volume fractions while the length of the box normal to the clay surface (Lz) is changed to

achieve the desired volume fractions.

Clay was incorporated into the polymer matrix via a multi-step process. Staring with a pure PU system, we (1) equilibrate

the pure polymer with repulsive walls where the clay surface will be placed, (2) append the clay to the PU system, and (3)

re-equilibrate the system to allow formation of the interphase region. Equilibration of the systems is performed under

Fig. 4.1 Snapshot of the MD model of a clay–polymer system.

Fig. 4.2 (Left) Molecular model of layered nanocomposites, (right) representative molecular volume element treated via molecular dynamics
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constant temperature and volume conditions (NVT) at room temperature and normal (atmospheric) pressure. Each system is

equilibrated for at least 2 ns or until total energy of the system reaches a constant value. Periodic boundary conditions (PBC)

are applied to mimic an infinitely large layered composite. All simulations are implemented and performed in LAMMPS [5].

4.3 Results and Discussions

Deformation simulations are carried out (at high strain rates as necessitated by MD) and used to localize and identify

mechanisms for energy dissipation at the clay/polymer interface via density and local stress-stress autocorrelation

calculations. The density profile as a function of distance from the clay particle surface is computed. We observe a strong

first nearest neighbor peak in the case of oxygen atoms. Since the rigid parts of the polymer chains are oxygen rich compared

to the soft parts, this may indicate that rigid segments have greater tendency accumulate closer to the clay surface and

contribute to the increase in the stiffness of the interphase region observed in other nanocomposites [6]. In order to better

understand the mechanical behavior of the composite, we characterize local shear stiffness based on variations in stress

under a uniform shear strain. Figure 4.3 shows local stiffness distributions moving away from the clay surface as a function

of the clay volume fraction. This demonstrates the inhomogeneity of stiffness in the interphase region where there is a

significant increase close to the surface due to the effect of the polymer–clay interactions.

In addition to the static stiffness inhomogeneities, we are also interested in the variations of strain relaxation throughout

the composite. To characterize the local strain distribution, we apply a uniform shear displacement schematically shown in

Fig. 4.4. We output displacements of all atoms in the direction of applied shear as the system relaxes and then calculate the

non-uniform strain as the derivate of shear displacement. During the relaxation process, per-atom stress and displacement

are recorded periodically.

Figure 4.5 shows local strain distribution and strain gradient for a system that contains 7% clay. A sharp drop in the

displacement is evident at the polymer–clay interface. This is attributed to chain slippage at the polymer clay interface.

The ease of slippage at the interface suggests that the dissipation is dominated by relatively weak interactions between the

polymer and the clay particle. The strain gradient in the polymer bulk (shown schematically in Fig. 4.5) is also important to

understanding the mechanical behavior of the composite. Information from atomic level simulations such as these can

inform continuum level calculations of the mechanical response of composites. Recent work has indicated the importance of

matrix strain gradients in the stiffening action of polymer nanocomposites [7]. Strain gradients calculated in atomic level

simulations can be applied in larger scale models such as strain gradient Mori-Tanaka to produce accurate predictions of

large scale composite behavior.

4.4 Summary

We analyzed mechanisms of stiffening and stress relaxation in the polymer matrix of a clay-polymer nanocomposite and

identified slip at the clay-polymer interface as an important energy dissipation mechanism. This analysis is based on

correlations of atomic level stress and displacement values during shear relaxation, which allows mapping of inhomogenous

dissipation of energy throughout the system. This finely resolved description of the mechanical behavior of the composite

elements is available to continuum scale simulations of bulk composite behavior. These observations may be used to

elucidate salient features leading to good performance and extrapolation of these to predict optimal combinations of

nanoparticle, polymer matrix, and surface chemistry.

Table 4.1 Sample details

Clay volume fraction (%) Lz (nm) Number of PU chains Total number of atoms

7 29 18 90,606

9 24 15 76,545

12 17 11 57,797

20 11 7 39,049
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Fig. 4.3 Local stress

distribution as a function

of distance from clay

Fig. 4.4 Schematics

of shear load application

to a representative volume

element of layered

nanocomposite

Fig. 4.5 Strain gradient
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Chapter 5

Determination of Stresses in Drying Wood by Means

of a Viscoelastic Relaxation Model

Omar Saifouni, Rostand Moutou Pitti, and Jean-François Destrebecq

Abstract Stress states caused in wood by drying periods are often the source of considerable structural disorders, when this

material is used as structural material. The origin of these stresses is generally due to the viscoelastic behaviour of the wood

combined with the dimensional variations (shrinkage) related to the moisture content. In order to better understand this

phenomenon, a slice of green wood is submitted to natural drying in stable environmental conditions. The wood slice is

placed on an electronic balance so as so to measure the moisture content variation during the drying period. Simultaneously,

the displacements caused in the slice by the drying are captured by a video camera. An incremental relaxation model based

on the generalized Maxwell’s chain is used to analyze the evolution of the stresses induced by the drying process within the

wood slice. Numerical results show the development of tensile stresses in the material. Analyzing these results leads to the

conclusion that the stresses are due to the orthotropic behaviour of the wood material combined with anisotropic drying

shrinkage. A tensile stress concentration is evidenced in a zone where a crack was finally observed during the test.

Keywords Green wood • Relaxation stresses • Drying process • Finite element method

5.1 Introduction

The natural or the artificial drying of wood is commonly responsible for large strain and can lead to the cracking and the final

collapse of the timbers structures. These defects are much more marked on the wood pieces cut and stored outdoors the long

periods ago [1]. The timber is composed of polymers sensitive to the temperature and the humidity, therefore, its drying

involves dimensional changes due to the shrinkage. Hence, the behaviour of wood during drying depends strongly in the one

part, of the geometry, the moisture content gradient, the temperature, the sorption of wood history, but also, of the

heterogeneous character, the orthotropic behaviour, and the viscoelastic effects of this material. It appears that, the

phenomenon of shrinkage and the mechanical behaviour of wood during drying play an important role in the development

of wood defects. In this context, it is essential to understand the contribution of different processes in the strain of the green

wood during the drying phase.

In the literature, various studies concerning the strain and the stress evolutions caused by drying of wood have been

conducted. These works are generally based on complex analytical approaches solved by finite element models taking into

account the changes of the mechanical properties of wood during the drying phase [2, 3]. In addition, several authors have

presented drying models that can assess the distribution of moisture inside the wood during the shrinkage with moisture

content near the fiber saturation point (FSP) [4]. Also, the mechanical behaviour of wood and tree has been proposed in order

to know the impact of the biomechanical and the microstructures parameters in the old history [5]. Recently, the studies on

the rheological behaviour of wood during growth phases have shown the effect of the viscoelastic effects in the recovery of

the tree during its growth [6] without insist on the contribution of moisture content in the manifestation of this complex

phenomenon.
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In this work, an incremental viscoelastic relaxation model adapted to orthotropic material taking into account the

hygroscopic variations of wood during the drying process is developed. The analytical model is based on the Boltzmann

integral equations that can be solved by an incremental formulation expressed in term of creep [7] or relaxation [8, 9]

approach. The first part describes the mechanism of drying stresses in wood and the experimental details considered in the

numerical sample. Then, the incremental law applied to viscoelastic orthotropic material and the algorithm resolution

implemented in the finite element code Cast3m, are detailed together. The numerical results, in terms of stress evolutions,

with and without viscoelastic behaviour are compared are discussed.

5.2 Experimental Technique

5.2.1 Wood Drying Mechanical Behaviour and Experimental Setup

The objective of the drying process is to reduce the moisture content of wood avoiding in the same time the potential losses

of quality caused by the different defects existing in the wood material [2]. For the wood species, it appears that above the

fiber saturation point (FSP), the wood is not submitted to any dimensional changes. However, below the FSP until the

anhydrous state, there is an almost linear relationship between moisture content and the dimensional changes [10]. The FSP

rate is slightly variable and depends on the considered species. According to the cylindrical geometry of the tree, the circular

path of the annual rings and the axial orientation of cells, an axisymmetric mechanical characteristics or cylindrical

orthotropic material (longitudinal L, tangential T, and radial R directions) can be applied. In fact, the shrinkage is due to

the dimensional changes during the variation of moisture content. Thus, each species is characterized by three coefficients of

shrinkage (axial, radial and tangential shrinkages) that express the dimensional variations of a wood piece for a humidity

change of 1% in the three directions mentioned above. The drying strain is highly anisotropic and the axial shrinkage can be

neglected compared with the tangential and the radial shrinkage [10]. However, for some species, the radial and tangential

shrinkage are almost identical, consequently, these species are less sensitive to drying cracks.

The experimental setup is based on the mark tracking method consisting of an acquisition system date recording the

displacement of target posted on the wood slice during the drying phase, Fig. 5.1a. The diameter and thickness of the slice

are about 10 and 2.5 cm respectively, and the environmental conditions of the room test are constant. Simultaneously, the

sample is placed on an electronically balance providing the weight measure versus time, Fig. 5.1b.

5.2.2 Experimental Results

Figure 5.2 shows the evolution of the moisture content versus time obtained for a slice of green wood subjected to natural

drying.

The slice was placed on a high-sensitivity weigh whose values were recorded every two hours until the stabilization of the

internal moisture around 11% for a FSP of about 22%. The range time of observed hygroscopic variation is 14 h. According

to the marked posted on the slice along the radius Ri, the displacements of the target 27 (see Fig. 5.3a) versus the moisture

content are shown by Fig. 5.3b. It observed also that, the PSF is about 22% due to the low variation of displacements.

Fig. 5.1 (a) Green wood

slice; (b) experimental device
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Fig. 5.2 Evolution

of moisture versus time

computed [11]

Fig. 5.3 (a) Target on wood

slice; (b) displacement

evolutions versus moisture

content
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5.3 Viscoelastic Formulation and Algorithm

5.3.1 Viscoelastic Incremental Approach

The behaviour of a viscoelastic solid material can be written in the course of time in the form of a Volterra’s integral as

follows: In the general orthotropic case, the viscoelastic relaxation matrix R t; t0ð Þ½ � depends on nine independent time

functions t0 (time loading application) and t (current time). This number is reduced to three in the one-dimensional case

(plane stress or plane strain) if the creep or the relaxation takes place at constant Poisson’s coefficient. According to the

additional assumption that these quantities change proportionally to the same dimensionless relaxation function, the

viscoelastic matrix relaxation is given by

R t; t0ð Þ½ � ¼ r t; t0ð Þ K0½ � (5.1)

In this expression, K0½ � is the orthotropic elastic stiffness matrix; r t; t0ð Þ is a non-dimensional function that is expressed

with a Dirichlet series (spectral representation equivalent to a generalized Maxwell model, Fig. 5.4):

r t; t0ð Þ ¼ g0 þ
Xr
m¼1

gm e
�am t�t0ð Þ with

Xr
m¼0

gm ¼ 1 and r t; t0ð Þ 2 1; g0½ ½ (5.2)

The behaviour law of a viscoelastic material is given by the following Boltzmann constitutive equation written in the

relaxation approach

sðtÞf g ¼ K0½ �
ðt

0

r t; tð Þ _em tð Þf g dt (5.3)

Considering that the total strain is given by

e tð Þf g ¼ em tð Þf g þ e� tð Þf g (5.4)

Fig. 5.4 Generalized

Maxwell model
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where em tð Þf g is the origin mechanical strain, e� tð Þf g is the non dependent free strain of the material stress state (drying

moisture). According to the (5.3), the stress increment Dsf g for a finite time interval t; tþ Dt½ � takes the following form:

Dsf g ¼ K0½ �
ðtþDt

t

r tþ Dt; tð Þ _em tð Þf gdtþ
ðt

0

r tþ Dt; tð Þ � r t; tð Þð Þ _em tð Þf g dt
0
@

1
A (5.5)

We suppose that the strain emðtÞf g can be approached by a linear form during the time finite interval t; tþ Dt½ � as follow:

em tð Þf g ffi em tð Þf g þ t� t

Dt
Demf g with _em tð Þf g ffi emf g

Dt
(5.6)

Finally, introducing the (5.6) and (5.4) in the relation (5.5), the orthotropic linear viscoelastic law takes the form of an

incremental matrix equation:

Dsf g ¼ ~K
� �

Def g þ shistðtÞ� �� Ds�f g 8t;Dt (5.7)

with

~K
� � ¼ g0 þ

Xr
m¼1

~gm

 !
K0½ � ¼ g0 þ

Xr
m¼1

gm
1� e�amDt

amDt

 !
K0½ � and

shistðtÞ� � ¼
Xr
m¼1

shistmðtÞ
� � ¼ �

Xr
m¼1

1� e�amDt
� �

smðtÞ
� �

et Ds�f g ¼ ~K
� �

De�f g
(5.8)

where ~K
� �

is the fictitious rigidity matrix. shistðtÞ� �
is the term history witch summary the past loading effects until the first

loading on the actual response. These values depends of the parameters am, gmand of the time increment Dt; it depends also of
the internal variables witch must be actualized at the end of each increment calculation:

smðtþ DtÞf g ¼ smðtÞf g þ ½ ~Km�ðfDeg � fDe�gÞ þ fshistm ðtÞg 8m 2 ½1; r� : (5.9)

The tensor Def g represents the strain increment for the step past time.

5.3.2 Finite Element Implementation

The proposed viscoelastic incremental model is implemented in the finite element software Cast3m following the routine

presented in Fig. 5.5.

Each step viscoelastic calculation begins by the evaluation of the fictitious rigidity matrix ~K
� �

and the hereditary stress

shistðtÞ� �
. After, the precedent data are considered in the solving of the equivalent thermoelastic problem according to (5.7).

Finally, the internal stresses regarding (5.8) are actualized before the following step.

5.4 Numerical Simulation and Discussion

5.4.1 Wood Slice Viscoelastic Parameters

The wood green slice (Douglas fir, see Fig. 5.4) is modelled with the finite element software Cast3M. Considering the Small

thickness, the plane stress hypothesis is considered. The hygroscopic boundary conditions are free and the vertical

displacements are zeroed at the bottom of the specimen. The modelling is conducted on the basis of the incremental

formulation presented in the Sect. 5.3.1 by considering a Zener’s model composed of two Maxwell’s cells posted in Fig. 5.4.
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The tree elastic moduli (Er, Etand Grt), the Poisson’s coefficient urtthe radial and tangential shrinkage coefficients (arand at)
and the parameters of the non-dimensional relaxation function r t0; tð Þ are presented in the following Table 5.1.

5.4.2 Results and Discussion

The numerical simulation shows the stress onset during the development shrinkage by the heterogeneity of wood due to the

orthotropic character or the shrinkage process

The stress analysis shows that the slice is compressed almost everywhere in the radial direction (Fig. 5.6a). In the

circumferential direction (Fig. 5.6b), the sign of the stresses changes: there are tensile stresses at the periphery and

compression stresses when approaching the center. We note also the existence of two zones of circumferential traction

concentration stresses due to the asymmetry of the slice. For the further, we study the evolution of circumferential stresses

versus the radius noted R, which connects the center of the slice around P1 at the point P4, where the circumferential stress is

maximal.

Figure 5.7 shows that the circumferential stresses occur in a self-balanced manner along the radius R, the compressed

zone at the center balancing the tension zone at the periphery.

Figure 5.8 shows the evolution of the circumferential stresses versus time for each point P1 to P4 in the case of elastic and

viscoelastic behaviour. The both figures show that the stresses increase over time with the shrinkage increase until the time

t ¼ 14 h. In addition, the stresses stabilize and reduce due to relaxing effect (Fig. 5.8). The comparison between elastic and

Beginning 

Data: 
Geometry, mechanical parameters 

(Maxwell), moisture loading 

Viscoelastic calculation:  
Moisture loading 

Fictitious rigidity matrix 
Finite element computing 

Variable actualization 

Results: 

End 

Fig. 5.5 Viscoelastic

incremental routine

Table 5.1 Parameters of the

relaxation function
Er(GPa) Et(GPa) Grt(GPa) urt ar at g0 g1 a1(h

–1)

1.125 0.730 0.096 0.3 0.17 0.31 0.75 0.25 0.5
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viscoelastic calculations shows that the elastic calculation overestimates the stresses. In the viscoelastic case, the

calculations yield stresses lower than in the elastic case.

5.5 Conclusion

The hydro-mechanical behaviour of wood during drying and the heterogeneous and orthotropic character of the material

have been recalled. The experimental setup consisted of composed of a Douglas fir green wood slice, posted on a sensitively

weigh, and a video camera recorded the displacements of targets have been used. The PSF around 22/% has been obtained by

this technique. Then the decomposition of the relaxation tensor on the basis of a Dirichlet series has been introduced. This

provided, according to the Boltzmann equation, to write the constitutive viscoelastic matrix under a free incremental strain.

An algorithm incorporating the proposed incremental formulation, the humidity and the orthotropic behaviour of wood has

been proposed and implemented using the finite element software Cast3m.

Fig. 5.6 Stress at the time t ¼ 14 h: (a) radial stresses, (b) circumferential stresses

Fig. 5.7 Distribution of circumferential stresses along the radius R
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This model was used to simulate a green wood slice subjected to natural drying. There is the appearance of stresses due to

shrinkage and the wood orthotropic character. The combined effect of water loss and the viscoelasticity of wood gives

stresses below those obtained by elastic calculation. The tensile stresses are observed in the circumferential direction with

distance from the heart of the slice, the reaching peak values are observed at the slice boundary. These stresses can lead to

radial cracking frequently observed in the drying phase. The characterization and the study of hydro-viscoelastic effects of

wood are needed to predict its behaviour and avoid the risk of cracking during the drying process.
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Chapter 6

Multiscale Modeling of Mechanoresponsive Polymers

Meredith N. Silberstein, Cassandra M. Kingsbury, Kyoungmin Min, Sharlotte B. Kramer, Brett A. Beierman,

Narayan R. Aluru, Scott R. White, and Nancy R. Sottos

Abstract Mechanically-induced reactivity is a promising means for designing self sensing and autonomous materials.

Mechanically sensitive chemical groups called mechanophores can be covalently linked into polymers in order to trigger

specific chemical reactions upon mechanical loading. Here, glassy PMMA and rubbery PMA each linked with

mechanochromic molecules, are used as representative polymer architectures for building both understanding and quantita-

tive models of mechanophore activation in bulk polymers.

Keywords Mechanoresponsive polymers • Mechanopore activation • Activation modelling

6.1 Introduction

Mechanoresponsive polymers are created by covalently bonding force sensitive molecules, termed mechanophores, into

bulk polymer architectures. Activation of the local chemical reaction (an electrocyclic ring opening converting spiropyran to

its merocyanine form) is found to occur in response to macroscopic polymer deformation. The activation can be monitored

via fluorescence associated with the merocyanine form of the mechanophore [1]. These mechanophores can therefore serve

as probes into the local polymer environment and are ideal for determining design principles for smart materials based on

alternative mechanophore chemistries. A microstructurally-based continuum model for the activation can help build

quantitative understanding of the interaction between polymer architecture and molecular activation, and will set the

groundwork for future mechanophore-based active material design.

6.2 Experiments

In order to build both the probe and predictive capability, we investigate two mechanophore linked representative polymer

architectures: elastomeric linear polymethacrylate (PMA) and glassy crosslinked polymethylmethacrylate (PMMA). For the

linear system a mechanophore is at the center of each polymer chain. For the crosslinked system, the mechanophores

constitute 2% of the crosslinks. Full field fluorescence is collected during mechanical testing in order to obtain simultaneous

information on stress, strain, time, and mechanophore activation. Specifically, the crosslinked PMMA is characterized via

solid cylinder torsion and the linear PMA is characterized via uniaxial tension. As expected, the two materials have

fundamentally different mechanical responses (Fig. 6.1a). PMMA is found to have an elastic-plastic mechanical behavior

typical of glassy polymers with a linear elastic regime followed by a rate dependent yield peak which softens to a rate

dependent minimum value and then exhibits moderate hardening. PMA is found to have a highly non-linear viscoelastic

response typical of rubbery polymers. The two materials also have fundamentally different mechanophore activation

responses (Fig. 6.1a). The onset of mechanophore activation in PMMA is found to occur following post-yield softening
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at a shear strain and stress of roughly 0.3 and 30 MPa respectively [2]. The activation then grows with strain with a gradually

increasing slope. The onset of activation in PMA occurs at a significantly higher strain ( � 1.5) and significantly lower stress

( � 8 MPa). The activation then grows with an increasing slope that closely trails the shape of the stress-strain curve.

6.3 Model

A fully three dimensional continuum model is developed for the mechanical behavior and mechanophore activation in each

polymer. These models take input from density functional theory (DFT) simulations of the spiropyran to merocyanine force-

activated transformation, molecular dynamics simulations of the polymer architecture, polymer mechanics literature, and

experimental data. The mechanical models are similar to those found in the literature and will not be discussed further here

except to say they are sufficient to capture the rate dependent stress-strain response of each material over the range of

conditions spanned experimentally.

The heart of the activation model is based on DFT simulations which reveal that the rate kinetics for conversion from the

spiropyran to merocyanine form are strongly modified by the application of force across the mechanophore. In a bulk

polymer, macroscopic stress provides the driving force for the spiropyran to merocyanine conversion. We therefore adopt a

modified transition rate theory in which stress acts to reduce the spiropyran to merocyanine activation barrier with the form

for the forward activation reaction given by Eq. 6.1:

_a ¼ k exp �DG
Ry

1� s
sa

� �� �
1� að Þ (6.1)

where a is the fraction of activated mechanophores, k is an attempt frequency, DG is the activation barrier to the stress-free

spiropyran to merocyanine transition, R is the universal gas constant, y is absolute temperature, s is an effective stress

measure, and sa has units of stress and acts to scale the transmitted force. The simplest approximation would be to assume

that all of the macroscopic stress is always available to contribute to activating the mechanophores. This assumption is

however clearly contradicted by the PMMA data (Fig. 6.1a) in which activation only occurs after the yield peak.

A constraint is therefore added to the activation equation which does not allow stress to be transmitted to the mechanophores

until sufficient free volume evolution has occurred; free volume evolution has previously been closely tied with yield peak

evolution [3, 4].

The activation model as given by Eq. 6.1 with the additional free volume constraint can be reasonably well fit to

the monotonic PMMA data as shown in Fig. 6.1a. In order to highlight the differences in the polymer architectures, the

identical activation equations and parameters are then used to simulate mechanophore activation within PMA (Fig. 6.1b).

The model with these parameters predicts that the onset of activation occurs at a larger stress (and consequently strain)

than seen experimentally. It also predicts that the material will reach full activation with minimal further increase in strain.
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Fig. 6.1 Mechanical and fluorescence activation response of two different mechanophore-linked polymer architectures: (a) response of

crosslinked PMMA to shear loading, (b) response of linear PMA to tensile loading
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This comparison highlights the difference in stress transmission in the two polymer architectures. Interestingly, this rather

simple exercise does pick up on the qualitative result that activation will increase with strain more drastically in PMA than

PMMA due to the strong nonlinearity in mechanical stress.

More sophisticated versions of the activation model are then developed for each polymer as motivated by the underlying

architecture of each. The successes and failures of these models in capturing the activation within each polymer under

monotonic, stress relaxation, and creep loading are used to deduce the governing physics. The quantitative implementation

of each physical idea is found to greatly simplify the comparison among polymer architectures and loading histories, in

particular allowing decomposition of the mechanophore rate dependence from the polymer rate dependence.

6.4 Conclusions

Representative mechanochromically linked rubbery and glassy materials were used as model systems for understanding

mechanophore activation in solid state polymers. Microstructurally based continuum models were used to determine the

pertinent physics and parameters for activation. These models are now ready to be adapted to examine force distribution in

other polymers and to guide design of mechanophore based smart materials.
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Chapter 7

An Identification Method for the Viscoelastic

Characterization of Materials

David Yang

Abstract A driving point dynamic load non destructive test can be used to determine the modal stiffness, damping and mass

of a structure. If the constitutive equations of viscoelasticity consist of a combination of time independent elastic behavior

and time dependent viscous behavior and can be modeled as a collection of spring-dashpot arrangements then the modal

stiffness can be used to determine the time independent elastic behavior and the modal damping to determine the time

dependent viscous behavior. Using a simple spring and dashpot in parallel model (Kelvin-Voigt), solutions for the material

properties of uniform beams in axial deformation, torsion and bending will be given. For non-uniform beams, the elastic

properties can be identified by the finite element method which is used to derive the equilibrium equations. The modal

stiffness is used to get the zero frequency response (equivalent static response) which determines a single point in the global

system flexibility matrix. The identification becomes a problem in minimizing the error norm of the equilibrium equations.

Several numerical examples are presented, one of varying geometry and one of varying rigidity.

Keywords Modal analysis • Structural dynamics • Nondestructive test • Viscoelasticity • Damping • System

identification • Finite element method • Parameter estimation

7.1 Introduction

There are several methods to determine the coefficient of elasticity of a pavement’s sub grade soil from dynamic load non

destructive tests. The frequency sweep method [1] uses the driving point frequency response to correlate to the static response

of a pavement from a plate load test. The frequency sweep method uses a weighted average of the driving point frequency

response to determine the equivalent static response. A previous paper by this author [2] correlated the uniform beam response

from a dynamic test to the static response from a conventional test but uses the zero frequency response of the dynamic test to

compare to the static response of a conventional test. This paper shows that after introducing viscous damping into the

equations of motion, the coefficient of elasticity remains constant but the dynamic response is dependent on two additional

constants, a stiffness proportional constant and a mass proportional constant. The stiffness proportional constant is dependent

on the material and the mass proportional constant is dependent on the system. Using the zero frequency response of

the dynamic test as the equivalent static response, static data system identification methods are now possible.

7.2 Simple Models of Viscoelastic Behavior

In the simplest models of viscoelastic behavior, elastic behavior is represented by a spring while viscous behavior is

represented by a dashpot. In the Kelvin-Voight model, the spring and dashpot are arranged in parallel so that under load, the

same strain applies to both elements and the response is
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s ¼ Eeþ c
de
dt

(7.1)

For the creep test, the strain is found by solving the ordinary differential equation with the boundary condition that the

stress is constant for positive time.

e ¼ s0
E

1� e
� t

t1

h i
(7.2)

The retardation time is

t1 ¼ c

E
(7.3)

In the Maxwell model, the spring and dashpot are arranged in series so that under load, the same stress applies to both

elements and the response is

de
dt

¼ 1

E

ds
dt

þ s
c

(7.4)

For the relaxation test, the stress is found by solving the ordinary differential equation with the boundary condition that

the strain is constant for positive time.

s ¼ Ee0e
� t

t2 (7.5)

The relaxation time is

t2 ¼ c

E
(7.6)

For the generalized Kelvin-Voight model, where multiple parallel spring and dashpot are arranged in series, the total

strain is

X
ei ¼

X s� ci ei
:

Ei
(7.7)

The stress is

s ¼ 1P
1
Ei

X 1

Ei
Eiei þ ci ei

:ð Þ
� �

(7.8)

For the creep test,

e ¼
X s0

Ei
1� e

� t
t1i

� �
(7.9)

For the generalized Maxwell model, where multiple series of spring and dashpot are arranged in parallel, the total stress is

X
si ¼

X
ci _e�

X ci
Ei

si
:

(7.10)

The strain is

_e ¼
P

ci
1
Ei
si
: þ 1

ci
si

� �
P

ci
(7.11)

For the relaxation test,

42 D. Yang



s ¼
X

Eie0e
� t

t2i (7.12)

More details are available in reference [3].

7.3 Uncoupled Axial Equations of Motion of Beam with Viscous Damping

The equilibrium of a differential beam element in axial deformation is

Fþ Finertial dx� Fþ @F

@x
dx

� �
þ Fdamping dx� Fexternal dx ¼ 0 (7.13)

Finertial ¼ mðxÞ€u (7.14)

Fdamping ¼ cðxÞ _u Generalized damping (7.15)

Let cðxÞ ¼ t0mðxÞ Mass proportional damping (7.16)

F ¼ sAðxÞ ¼ u
0 þ t1 _u

0
h i

EAðxÞ Using Kelvin� Voight material model: (7.17)

u x; tð Þ can be transformed from the geometric displacement coordinates to the modal amplitudes or normal coordinates.

u x; tð Þ ¼
X1
i

1iðxÞUiðtÞ (7.18)

The1iðxÞ functions are orthogonal. Substituting the above equation into the force equilibrium and multiplying by1nðxÞ
and integrating over the beam length gives the uncoupled axial equations of motion of beam with viscous damping.

Mn
€Un þCn

_Un þKnUn ¼
ðL
0

1nFexternal dx (7.19)

Mn ¼
ðL
0

1 2
n mðxÞdx (7.20)

Kn ¼ �
ðL
0

1n

@

@x
1

0
nEAðxÞ

h i
dx (7.21)

Cn ¼ t0Mn þ t1Kn (7.22)

t0 and t1 should be constant for all modes if the model is valid.

More details are available in reference [4].

7.4 Uncoupled Torsional Equations of Motion of Beam with Viscous Damping

The equilibrium of a differential beam element in torsion is similar to axial deformation

T þ Tinertial dx� T þ @T

@x
dx

� �
þ Tdamping dx� Texternal dx ¼ 0 (7.23)
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Tinertial ¼ mðxÞJðxÞ€y (7.24)

Tdamping ¼ cðxÞ _y Generalized damping (7.25)

Let cðxÞ ¼ t0mðxÞJðxÞ Mass proportional damping (7.26)

T ¼ tJðxÞ ¼ y
0 þ t1 _y

0h i
GJðxÞ Using Kelvin� Voight material model: (7.27)

y x; tð Þ ¼
X

1iðxÞ�yiðtÞ Normal coordinate transformation (7.28)

Mn
€�yn þCn

_�yn þKn
�yn ¼

ðL
0

1nTexternaldx (7.29)

Mn ¼
ðL
0

1 2
n mðxÞJðxÞdx (7.30)

Kn ¼ �
ðL
0

1n

@

@x
1

0
nGJðxÞ

h i
dx (7.31)

Cn ¼ t0Mn þ t1Kn (7.32)

7.5 Uncoupled Flexural Equations of Motion of Beam with Viscous Damping

The vertical force equilibrium of a differential flexural beam element is

�V� �Vinertial dx� �Vþ @ �V

@x
dx

� �
� �Vdamping dxþ �Vexternal dx ¼ 0 (7.33)

�Vinertial ¼ mðxÞ€v (7.34)

�Vdamping ¼ cðxÞ _v Generalized damping (7.35)

Let cðxÞ ¼ t0mðxÞ Mass proportional damping (7.36)

The moment equilibrium of a differential flexural beam element is

�Mþ �V dx� �Mþ @ �M

@x
dx

� �
¼ 0 (7.37)

and ignoring rotational inertia

�V ¼ @ �M

@x
and

@ �V

@x
¼ @2 �M

@x2
(7.38)

Assuming normal strains vary linearly over the beam cross section and using the axial stress strain relationship from the

Kelvin-Voight material model the moment curvature is

�M ¼ EIðxÞ v00 þ t1 _v
00½ � (7.39)
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v x; tð Þ ¼
X

1iðxÞViðtÞ Normal coordinate transformation (7.40)

As with the axial deformation the uncoupled flexural equation of motion is

Mn
€Vn þCn

_Vn þKnVn ¼
ðL
0

1n
�Vexternaldx (7.41)

Mn ¼
ðL
0

12
nmðxÞdx (7.42)

Kn ¼
ðL
0

1n

@2

@x2
1

00
nEIðxÞ

h i
dx (7.43)

Cn ¼ t0Mn þ t1Kn (7.44)

7.6 Dynamic Modal Model

The response of a multiple degree of freedom system under forced harmonic vibration [4–6], given by the general dynamic

modal model is

xsðtÞ ¼
XN
n¼1

fsn

PN
n¼1

fdnFd

Kn � o2Mn þ ioCn
eiot (7.45)

For the special case when there is only one harmonic load at the sth degree of freedom and the mode shapes are

normalized with respect to that location of the load, then fsn ¼ 1 for n ¼ 1,2,. . .,N and Fd ¼ 0 for all d <> s and Fd ¼ F
when d ¼ s. The driving point response is

xðtÞ ¼ HðioÞFeiot (7.46)

HðioÞ ¼
XN
n¼1

HnðioÞ (7.47)

HnðioÞ ¼ 1

Kn � o2Mn þ ioCn
(7.48)

The driving point response can be written as the sum of the magnitudes and phases of the individual modes

xðtÞ ¼
XN
n¼1

HnðioÞj jeiðotþynÞ (7.49)

HnðioÞj j2 ¼ 1

Kn � o2Mnð Þ2 þ oCnð Þ2 (7.50)

yn ¼ �tan�1 oCn

Kn � o2Mn

� �
(7.51)

The driving point response can also be written directly as the total system magnitude and phase
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xðtÞ ¼ HðioÞj jFeiðotþyÞ (7.52)

HðioÞj j2 ¼ real HðioÞð Þ2 þ imaginary HðioÞð Þ2 (7.53)

y ¼ tan�1 imaginary HðioÞð Þ
real HðioÞð Þ

� �
(7.54)

real HðioÞð Þ ¼
XN
n¼1

Kn � o2Mn

Kn � o2Mnð Þ2 þ oCnð Þ2 (7.55)

imaginary HðioÞð Þ ¼ �
XN
n¼1

oCn

Kn � o2Mnð Þ2 þ oCnð Þ2 (7.56)

When the load is harmonic, the response is harmonic and the magnitude and phase of the response has contributions from

the individual modes. In theory, the magnitude of the frequency response at a frequency of zero corresponds to the static

deflection due to a unit force. The zero frequency response [7] is defined as

Hð0Þ ¼ Hð0Þj j ¼
XN
n¼1

1

Kn
(7.57)

The zero frequency response is equivalent to the static deflection (flexibility) under a unit load of N springs in series

where the spring constants, Kn, n ¼ 1,2,. . .N, are the modal spring constants. The system stiffness is simply the inverse of

the zero frequency response.

7.7 Static Response of Uniform Beam

The basic mechanical tension, compression, torsion and bending tests of uniform beams to determine the coefficient of

elasticity are based on the following equations of static equilibrium [8].

Axial Tension/Compression

w ¼ FL

EA
(7.58)

Torsion

# ¼ TL

GJ
(7.59)

3 Point Bending at mid span

w ¼ FL3

48EI
(7.60)

Poisson’s Ratio can be determined by the relation

n ¼ E

2G
� 1 (7.61)
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7.8 Dynamic Response of Uniform Beam in Bending

From the available frequency equation of a simply supported uniform beam bending at mid span [4–6]46

o2
n ¼

Kn

Mn
¼ n4p4EI

L4m
(7.62)

Mn ¼ mL

2
(7.63)

Kn ¼ n4p4EI
2L3

(7.64)

fn ¼ sin
npx
L

� �
(7.65)

Hð0Þ ¼
X1
n¼1

f2
n

Kn
(7.66)

The static response is equal to the zero frequency response of the simply supported uniform beam in bending at mid span

and can be expressed as a function of the first modal stiffness [2]

L3

48EI
¼ p4

96K1

(7.67)

The coefficient of elasticity as a function of the first modal stiffness is

E ¼ 2L3K1

p4I
(7.68)

7.9 Dynamic Response of Uniform Beam in Axial Deformation

For axial deformation the available frequency equation [4–6]46 for a beam fixed at x ¼ 0 and free at x ¼ L is

o2
n ¼

Kn

Mn
¼ p2 2n� 1ð Þ2EA

4mL2
(7.69)

Mn ¼ mL

2
(7.70)

Kn ¼ p2 2n� 1ð Þ2EA
8L

(7.71)

fn ¼ sin ð2n� 1Þ p
2

x

L

� �
(7.72)

The static response is equal to the zero frequency response of the beam and can be expressed as a function of the first

modal stiffness
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L

EA
¼ p2

8K1

(7.73)

The coefficient of elasticity as a function of the first modal stiffness is

E ¼ 8LK1

p2A
(7.74)

Dynamic Response of Uniform Beam in Torsion

For torsion the frequency equation [4–6]46 for a cylindrical beam fixed at x ¼ 0 and free at x ¼ L is similar to the axial

frequency equation

o2
n ¼

Kn

Mn
¼ p2 2n� 1ð Þ2GJ

4mL2
(7.75)

G ¼ 8LK1

p2J
(7.76)

Knowing E and G, Poisson’s ratio can be determined as

n ¼ JK1axial

2AK1torsion
� 1 (7.77)

7.10 Uniform Beam in Bending Quarter Span

When xd ¼ L
2
and xs ¼ L

4
then the zero frequency response is

X1
n¼1

sin np
4

� 	
sin np

2

� 	
 !

Kn

sin np
2

� 	2
 ! (7.78)

and includes modes where sin np
4

� 	
<>0

When xd ¼ xs ¼ L
4
then the zero frequency response is

X1
n¼1

1

Kn

sin np
4ð Þ2

� � (7.79)

So measured Kn ¼ Kn

sin np
4

� 	2 (7.80)

Kn xd ¼ xs ¼ L

4

� �
¼ Kn xd ¼ xs ¼ L

2

� 	
sin np

4

� 	2 (7.81)

From statics [8], the quarter span elastic deformation is related to the mid span elastic deformation
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w xd ¼ xs ¼ L

4

� �
¼ 9

16
w xd ¼ xs ¼ L

2

� �
(7.82)

So

X1
n¼1

sin np
4

� 	2
n4

¼ p4

96

9

16
(7.83)

Reciprocity is valid because the zero frequency response when xd ¼ L
4
and xs ¼ L

2
is equal to the zero frequency response

when xd ¼ L
2
and xs ¼ L

4

The zero frequency response is

X1
n¼1

sin np
2

� 	
sin np

4

� 	
 !

Kn

sin np
4

� 	2
 ! ¼

X1
n¼1

sin np
4

� 	
sin np

2

� 	
 !

Kn

sin np
2

� 	2
 ! (7.84)

From statics [8], the quarter span deformation due to the load at the mid span is related to the mid span elastic

deformation.

w xd ¼ L

2
; xs ¼ L

4

� �
¼ 11

16
w xd ¼ xs ¼ L

2

� �
(7.85)

So

X1
n¼1

sin np
2

� 	
sin np

4

� 	
n4

¼ p4

96

11

16
(7.86)

7.11 Experimental Modal Analysis

From experimental modal analysis the frequency, damping, poles and residues can be estimated. From the damped

frequencies and residues the zero frequency response can be determined. The partial fraction form of the frequency response

function for a single force at xd and the response at xs

Hsd ioð Þ ¼
X 1sn1dn

Mn io� snð Þ io� s�n
� 	 ¼X An

io� sn
þ A�

n

io� s�n

� �
(7.87)

sn ¼ � Cn

2Mn
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kn

Mn
� Cn

2Mn

� �2s
(7.88)

An ¼ 1sn1dn

i2Mn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kn

Mn
� Cn

2Mn

� �2r (7.89)

Setting the frequency to zero, it can be shown that
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Hsdð0Þ ¼
X An

�sn
þ A�

n

�s�n

� �
¼
X1sn1dn

Kn
(7.90)

To get the stiffness proportional constant and mass proportional constant use the following equation. Since there are

usually more modal frequencies than the two unknowns, the solution requires the pseudo inverse.

fn ¼
�realðsnÞ

on
¼ t0

2on
þ t1on

2
(7.91)

Where on ¼ snj j.

7.12 Element Stiffness Identification from Equivalent Static Test Data

The procedure for element stiffness identification follows that of [9] with a modification to use the complex variable semi-

analytical method instead of the finite difference method in approximating the derivatives of the sensitivity matrix [10].

Using the zero frequency response as the equivalent static response, the global experimental stiffness matrix can be

determined from inverting the flexibility matrix where

uðx ¼ xs ¼ xdÞ ¼
X12

n

Kn
and u x ¼ xs 6¼ xdð Þ ¼

X1sn1dn

Kn
(7.92)

Ke ¼ u�1 (7.93)

The stiffness matrix derived from the finite element method matrix must be partitioned into four sub matrices.

Fm

Fu

� �
¼ Kmm Kmu

Kum Kuu

� �
Um

Uu

� �
(7.94)

The m subscript indicates the degrees of freedom which represent the measured force, stiffness and displacement. The u
subscript indicates the unmeasured degrees of freedom. The global analytical stiffness matrix is

Ka ¼ Kmm � KmuK
�1
uu Kum (7.95)

By adjusting the experimental and analytical stiffness matrices into vectors that match the unknown parameters that are to

be identified and minimizing the error norm between the two vectors, an estimate for the parameters can be made. Since the

analytical stiffness vector of unknown parameters is non linear, a first order Taylor series expansion is used.

ka pþ Dpð Þ ffi kaðpÞ þ sðpÞDp where sðpÞ ¼ @

@p
kaðpÞ (7.96)

SðpÞ ¼ @

@p
KaðpÞ ¼ @

@p
Kmm � @

@p
Kmu

� �
K�1
uu Kum þ KmuK

�1
uu

@

@p
Kuu

� �
K�1
uu Kum � KmuK

�1
uu

@

@p
Kum

� �
(7.97)

Placing the values of SðpÞ into the vector sðpÞ.

J Dpð Þ ¼ eðDpÞ½ �T eðDpÞ½ � where eðDpÞ½ � ¼ ke � ka pþ Dpð Þ ¼ ke � kaðpÞ � sðpÞDp (7.98)
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Setting
@JðDpÞ
@p

¼ 0 the relationship sðpÞDp ¼ DkðpÞ can be derived where DkðpÞ ¼ ke � kaðpÞ: (7.99)

An iterative procedure for parameter identification can now be used.

piþ1 ¼ pi þ Dp where Dp ¼ sðpÞTsðpÞ
h i�1

sðpÞTDkðpÞ (7.100)

The partial derivatives can be solved analytically, finite differences, or by complex variable semi analytical method. The

CVSAM has several numerical advantages and a brief description follows.

A Taylor series expansion of a function in the complex plane is

f xþ iDxð Þ ¼ f ðxÞ þ iDxf
0 ðxÞ � Dx2f

00 ðxÞ
2!

� iDx3f
000 ðxÞ

3!
þ . . . (7.101)

Grouping the real and imaginary parts, the first order derivative can be obtained as

f
0 ðxÞ ¼ imagðf xþ iDxð ÞÞ

Dx
þ OðDx2Þ (7.102)

Note the calculation of the first order derivative does not involve the subtraction of two numbers and using the above

approximation avoids the subtractive cancellation errors that plague the finite difference approach.

7.13 A 2 Node Isotropic Beam Element

Considering the well known 2 node, 6 degree of freedom isotropic beam element, the analytic stiffness matrix for a

cantilever beam element is as follows, where the free end is at x ¼ 0 and the fixed end at x ¼ L and there are 2 degrees of

freedom which are considered to be measured, the axial and flexural at x ¼ 0 and where the unknown parameter is the

coefficient of elasticity.

Kmm ¼
AE
L 0

0 12EI
L3

� �
and

@Kmm

@E
¼

A
L 0

0 12I
L3

� �
(7.103)

Kum ¼ 0 6EI
L2

� �
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@Kum

@E
¼ 0 6I

L2

� �
and Kmu ¼ KT

um and
@Kmu

@E
¼ @KT
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@E
(7.104)

Kuu ¼ 4EI

L
and

@Kuu

@E
¼ 4I

L
and K�1

uu ¼ L

4EI
(7.105)

Using CVSAM, the first derivative approximation for this element is equal to the analytic first derivative.

@Kmm

@E
¼

imag
AðEþiDEÞ

L 0

0
12ðEþiDEÞI

L3

" #

DE
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A
L 0

0 12I
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SðEÞ ¼
A
L 0

0 3I
L3

� �
and Ka ¼

AE
L 0

0 3EI
L3

� �
(7.107)
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After some manipulation,

Eiþ1 ¼ Ei þ
A
L kx � AEi

L

� �
þ 3I

L3
ðky � 3EiI

L3
Þ

A
L

� 	2 þ 3I
L3

� �2 (7.108)

7.14 A 2 Node Orthotropic Beam Element

Considering the 2 node, 6 degree of freedom orthotropic beam element [11], the analytic stiffness matrix for a cantilever

beam element is as follows, where the free end is at x ¼ 0 and the fixed end at x ¼ L and there are 2 degrees of freedom

which are considered to be measured, the axial and flexural at x ¼ 0 and where the unknown parameter is the fiber angle.

The stress strain relations for an orthotropic material in plane stress are as follows

@u

@x
¼ ex ¼ a11sx þ a12sy þ a16sxy (7.109)

@v

@y
¼ ey ¼ a12sx þ a22sy þ a26sxy (7.110)

@u

@y
þ @v

@x
¼ exy ¼ a16sx þ a26sy þ a66sxy (7.111)

m ¼ cosy and n ¼ siny

S11 ¼ 1

E1

and S12 ¼ � v12
E1

and S22 ¼ 1

E2

and S66 ¼ 1

G12

(7.112)

a11 ¼ S11m
4 þ 2S12 þ S66ð Þm2n2 þ S22n

4 (7.113)

a12 ¼ S12ðm4 þ n4Þ þ S11 þ S22 � S66ð Þm2n2 (7.114)

a22 ¼ S11n
4 þ 2S12 þ S66ð Þm2n2 þ S22m

4 (7.115)

a16 ¼ ð2S11 � 2S12 � S66Þnm3 � ð2S22 � 2S12 � S66Þn3m (7.116)

a26 ¼ ð2S11 � 2S12 � S66Þmn3 � ð2S22 � 2S12 � S66Þm3n (7.117)

a66 ¼ 2ð2S11 þ 2S22 � 4S12 � S66Þn2m2 � S66ðn4 þ m4Þ (7.118)

The deflection equation in the symmetry axis of the beam, y ¼ 0 is

v ¼ P

I

a11
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Kuu ¼ 4I

La11
and K�1

uu ¼ La11
4I

(7.123)

Using CVSAM requires evaluating

@a11
@y

ffi imag S11cos
4ðyþ iDyÞ þ 2S12 þ S66ð Þcos2ðyþ iDyÞsin2ðyþ iDyÞ þ S22sin

4ðyþ iDyÞ½ �
Dy

(7.124)

7.15 Summary

When the frequency equation is known, the elastic properties of uniform beams can be determined from knowledge of the

first modal stiffness. If the frequency equation is not known then the elastic properties can be determined by inverse

identification methods using finite elements with the zero frequency response as the equivalent static response. The modal

stiffness is derived from parameter estimation using experimental modal data [12]. The experimental modal data can be from

any dynamic test using a time domain or frequency domain parameter estimation technique. After introducing viscous

damping into the equations of motion, the coefficient of elasticity remains constant but the dynamic response is dependent on

two additional constants, a stiffness proportional constant and a mass proportional constant. The stiffness proportional

constant is dependent on the material and the mass proportional constant is dependent on the system. The two constants can

be estimated by the pseudo inverse of a matrix based on the modal frequency and damping.
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Chapter 8

Experimental Investigation of Failure in Viscoelastic Elastomers

Under Combined Shear and Pressure

Maen Alkhader, Wolfgang Knauss, and Guruswami Ravichandran

Abstract An experimental approach, based on Split Hopkinson Pressure Bar (SHPB) apparatus, is developed to elucidate

failure of viscoelastic elastomers under combined shear and high pressures such as are encountered in explosive and/or

armor-impact scenarios. In this experimental arrangement, thin cylindrical polyurea specimens with an aspect ratio

(Diameter to thickness) greater or equal to 15 are tested, up to failure, using Split Hopkinson Pressure Bar (SHPB).

Specimens with large aspect ratio are used to guarantee the close approximation of a triaxial state of stress in the specimen

upon loading; hence the measured normal stress would be approximately equal to the hydrostatic pressure in the specimen.

Friction at the loading interfaces forces the stress state to deviate from uniformity, restrict both the circumferential and radial

displacements and lead to the development of shear stresses and strains. Hence, induced failure occurs under conditions

combining high-strain-rate, high pressure and shear stresses. By using this setup, repeatable failure modes were detected and

elucidated using finite element simulations.

Keywords Failure • Viscoelastic elastomers • Combined loading • High-strain-rate

8.1 Introduction

Viscoelastic elastomers have gained substantial importance in engineering applications requiring the mitigation of the

adverse effects resulting from impact or shock loadings. In particular, the viscoelastic elastomer polyurea has proved

effective in enhancing the impact energy absorption capacity as well as the penetration and fragmentation resistance of

armor when applied as armor coating. In this role viscoelastic elastomers experience large deformations, high strain-rates

and complex states of stress that combine shear and high pressures. Because the totality of potential situations during impact

is extremely large, failure of materials involved in impact needs to be understood and well characterized under complex

loadings combining high rates, elevated pressures and shear stresses.

Inducing failure in polyurea specimens under conditions dominated by shear stress and elevated hydrostatic pressure in a

controlled laboratory environment while permitting access for acquiring experimental measurements is not a simple task.

To this end, we envision using an experimental arrangement in which thin cylindrical polyurea specimens with an aspect

ratio (Diameter to thickness) greater or equal to 15 are placed between two parallel surfaces as shown in Fig. 8.1a. These

parallel surfaces are made to move relative to each other at high rates to generate high-strain-rate compressive strains in

the polyurea specimens. During the deformation process both displacements and forces acting on the parallel surfaces are

acquired to compute the state of stress and strain in the specimen. Specimens with large aspect ratio were used to guarantee

the close approximation of a triaxial state of stress in the specimen; hence the computed normal stress would be approxi-

mately equal to the hydrostatic pressure in the specimen. Ideally, and by assuming the existence of frictionless conditions at

the specimen-surface interface, one predicts the development of uniform stresses without the development of any shear

stresses, as illustrated in Fig. 8.1b. However, friction at the loading interfaces forces the stress to deviate from uniformity, as
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in Fig. 8.1c. Friction forces restrict both the circumferential and radial displacements and lead to the development of shear

stresses and strains. Ideally, the normal stress would have a maximum value at the center of the specimen, and would

decrease in the outward radial direction, while the shear stress (Mises) would follow an opposite trend with a maximum at

the perimeter of the specimen, see Fig. 8.1c. Accordingly, a thin specimen would be subjected to a state of stress that

combines both shear stresses and elevated pressures. If deformation continues to the onset of failure, this failure would be

induced under elevated pressures and permits investigating the effect of different pressures and loading scenarios on failure.

Ultimately, meaningful quantitative data describing the stress and strain at the onset of failure can be determined, after the

experimental conditions leading to failure are introduced into an identical model for a finite element simulation. “Identical

conditions” include boundary conditions and constitute response. For polyurea, multiple experimentally driven constitute

models exist but each guarantees the model response accuracy within the range in which model calibration was performed.

A few of such experimentally based models have been reported in the work of [1, 2]. However, the experimental nature of

these models does not permit a simple extension or extrapolation of the constitute description to arbitrary complex loading

conditions that combines high-strain-rate, large strains, pressure and shear stresses. In the following we provide a detailed

description of the experimental arrangement and the finite element simulations performed to explain the observed experi-

mental results.

8.1.1 Experimental Arrangement

The conceptual experimental methodology described in the previous section is simply and naturally realized by means of the

well established Split Hopkinson Pressure Bar (SHPB) apparatus. The apparatus used in this work employs precision ground

high-strength C350 maraging steel bars. The incident and transmission bars are 1,215 and 1,020 mm in length, respectively.

All bars and strikers had a common diameter of 19.05 mm. Strikers with varying lengths were used to achieve stress pulses of

varying durations, thereby achieving various strain levels.

8.1.2 Specimens

Isocynate under the commercial brand Isonate 134L from Dow Chemicals mixed with the curative Versalink P1000 from

Airproducts, provide the polyurea samples. A 4-to-1 ratio (curative-to-Isocyante) by weight is used. Mixing and casting are

accomplished in a custom built dry box in which the moisture content is controlled with the aid of silica gel. Upon

introducing the silica gel, a waiting period of 30 min is required before the moisture content in the dry box drops to 8%.

Both the Isocynate and the curative were placed under vacuum for an hour before mixing. The mix was also placed under

vacuum for a few minutes prior to casting to eliminate air-bubbles introduced during mixing. Before casting, all air-bubbles

were forced out to the point that none were visible to the unaided eye. Casting was accomplished using two transparent

δ

Specimen 

Back surface 

Front 
surface 

Normal stress 
distribution 

Ideal case without friction With friction 

Normal stress 
distribution 

Mises stress 
distribution 

a b c

Fig. 8.1 (a) Schematic of the experimental arrangement concept, showing the normal stress and shear stress distributions for: (b) an ideal case

with no friction and (c) an actual case with friction
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polycarbonate plates and thin steel strips that were used as spacers. One polycarbonate plate was used as a substrate to which

the steel spacers were attached. Once polyurea was poured on the polycarbonate substrate, a clear transparent foil was

carefully placed on the cast so as to minimize the introduction of air-bubbles. The second polycarbonate plate was then placed

on top of the transparency and a weight was placed on top to force out all excess material. After curing, the transparency and

polyurea layers are pealed, as a group, from the substrate, and then the transparency is peeled off the polyurea layer. This

approach was followed as we found that polycarbonate substrate allowed us to fabricate specimens with better surface finish.

Moreover, the compliance of the transparency facilitated manipulating the peeling angle, which, in turn, helped in peeling the

polyurea specimen from the substrate without exerting any significant force.

8.1.3 Experimental Details and Measurements

For each test, the incident, reflected and transmitted signals are registered and used to compute the state of stress and strain in

the specimen. One of the most important issues to check, given the compliance and low impedance of the tested specimens,

is dynamic equilibrium. Accordingly, during our analysis we always used all three signals (incident, reflected and

transmitted) to determine the stress and strain in the specimen and to check for dynamic equilibrium. Often, within the

SHPB users community, dynamic equilibrium is assumed to be satisfied and only the reflected signal is used to compute

the strain in the specimen. Out of caution this practice was avoided here because the sound speed in elastomeric materials is

low compared to that in metals. A specimen thickness around 1 mmwas found to facilitate achieving dynamic equilibrium at

small impacting speeds. More importantly, we are using steel bars and significant stress has to be transmitted to the output

bar for the strain gage to register a strain signal with a desirably low noise-to-signal ratio. After multiple iterations it was

found that 1 mm is well suited to relax all the mentioned restrictions. Moreover, we found that specimens of 1 mm thickness

were thin enough for failure to occur during the deformation process.

A typical test would produce data similar to those presented in Fig. 8.2. For this particular test, a specimen was subjected

to an incident stress wave which moved the front face of the specimen at a nominal speed of 16 m/s which led to a relative

Fig. 8.2 Data acquired from a typical test, showing (a) incident, reflected and transmitted signals, (b) stresses at both surfaces of the specimen

(confirming dynamic equilibrium), and (c) the stress and strain response, (d) post mortem picture of the specimen
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velocity of 14 m/s. Generating such loading required setting the pressure in the gas gun to 40 psi. This pressure represents

40% of the maximum pressure achievable by our gas gun.

One of the illusive parameters to determine relate to the friction forces at the interfaces. In this regard, we opted to utilize

the simple Coulomb model, to represent and investigate the effect of friction and the amplitude of friction forces at the

polyurea-steel bars interfaces. Characterizing the level of friction forces acting on the polyurea specimens during impact is

instrumental for the finite element modeling process and for determining the conditions preceding specimen failure.

To estimate friction forces, the coefficient of friction (COF) between polyurea and steel had to be determined first.

A simple experiment was performed via an MTS system capable of both compression and torsion. In this test a cylindrical

specimen with a height and diameter of 1 mm is glued to the loading rod attached to the MTS cross-head. The specimen is

then compressed against a steel plate attached to the load cell. Once a predetermined compressive force is achieved, torsional

deformation is imposed on the specimen. From the torque measured by the load cell, and by utilizing the Coulomb model,

one can compute the coefficient of friction. This methodology is repeated for scenarios employing multiple types of

lubricants and for cases without lubricant. Friction forces without the use of lubricant were seen to vary from test to test,

even while maintaining the same normal force, see Fig. 8.3a; in other words, the coefficient of friction between polyurea and

steel is not a constant. So, although in our dynamic tests, we favor the existence of friction forces to induce significantly high

Mises stress, the lack of lubricant at the interface came at the expense of having variable coefficients of friction with no

means to control it. Variations in COF from test to test would add difficulties to any computational work intended to mimic

the experimental results. On the other hand, tests with Silicon-Teflon based lubricant, available commercially under the

brand name (DuPont™ Teflon™ Silicone Lubricant), led to reasonably repeatable coefficients of friction as can be seen in

Fig. 8.3b. Hence, for all dynamic tests, the same Silicon-Teflon-based lubricant was used.

8.2 Results

Thin polyurea specimens were tested at impact velocities ranging from low to large velocities (22 m/s) that are sufficiently

high to induce failure in the specimens. For each of the specimens the stress–strain response was computed and is presented

in Fig. 8.4. The behavior illustrated in this figure represents the approximate bulk compressive response of the specimens.

As the strain rate was increasing during each test, Fig. 8.4 does not include a legend to distinguish the strain rate at which

each test was performed.

With increasing the impact speed (increasing the gas gun pressure) through-thickness fractures were observed. We note

that the shape of the perforations and the dependence between their shape on pressure and impact speed is not straightfor-

wardly predicted. However, at significantly high impact speeds severe failures are observed, in which a through-hole is

formed and a large number of radial cracks propagate outwardly from the center; see Fig. 8.5. This type of failure was also

observed in thicker specimens but at higher impact speeds.

It was clear in all failure-inducing tests that material was lost, possibly in the form of minute fragments, from the center of

the specimens. To better understand this evolution of failure we provided an enclosure during the tests to collect all debris

produced and found that the shape of the debris did not follow a universal trend: For a few samples the failed region (missing

parts) was retrieved and found to be almost intact with few fragments. For other specimens the failed region was fragmented

into extremely small pieces. The later case is more consistent with the fragmentation of brittle materials under impact.

Comprehending the aforementioned observations and understanding the mechanisms behind them requires knowing the stress

Fig. 8.3 Torque due to friction, showing the effect of friction on torque for: (a) without lubricant, (b) with lubricant
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and strain distributions in the specimens. Since our experimental procedure did not have the capability of providing such data

directly, we employed, in the sequel, finite element analysis to deduce the stress and strain distribution during our tests.

8.3 Modeling

The finite element software ABAQUS is used to perform all the simulations in this study. Symmetry was used and only one

quarter of a cylindrical disk was needed to model the test specimens. Loading was applied via displacement controlled

boundary conditions imposed on two rigid surfaces representing the steel interfaces in the experiments. The default contact

algorithm provided by the software is employed to resolve all impact forces. Whenever friction was included, the Coulomb

Fig. 8.4 True stress–strain response measured using the SHPB apparatus. It should be noted that this figure represents the approximate bulk

response of polyurea since the specimens are subjected to a triaxial state of stress, due to the geometry of the specimens (large diameter to height

ratio)

Fig. 8.5 Post mortem images of a specimen
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model was utilized. The coefficient of friction was varied between 0.0 and 0.15. Figure 8.6a presents the finite element model

with a thickness of 1 mm and a diameter of 19 mm. The rigid surfaces are not present in Fig. 8.6a, which is shown merely for

visualization reasons.

Defining a proper constitutive response to describe the behavior of polyurea at large strains, strain rates and pressure is

still a major hurdle. Based on the current understanding of the large strain behavior of polyurea, we decided to utilize the

viscoelstic material model with finite elasticity. This is a predefined model, included in the material library of ABAQUS.

In this model the hereditary integral is constructed as a multiplication of a time dependent stiffness with the time derivative

of the green strain tensor. The time dependent component of the model (time constants) follows linear viscoelasticity and

hence the time constants are calibrated against the master curve reported in [3]. On the other hand, the hyperelastic

component constitutive model was calibrated using the quasi-static stress–strain data for polyurea reported in [4]. The

Ogden model was used to present the hyperelastic potential because we found that it represents the stress–strain data

reported in [4] well. Figure 8.6b represents the hyperelastic response used to model the elastomeric specimens in the

simulations.

Displacement boundary conditions prescribed on the two rigid surfaces were made to follow the relative velocity

experienced by the polyurea specimens during the tests. Accordingly, for all the simulations included in this work, the

back rigid surface was fixed and the front rigid surface had a prescribed velocity. This velocity increases linearly from 0 to a

plateau value of 10,000 m/s in 15 ms. This relative velocity profile is an idealized representation of the relative velocity

experienced by the specimens.

8.4 Computations Versus Measurements

Results from the finite element analysis are reported next for models with identical parameters, except for the coefficient of

friction, the value of which is varied between 0.0 and 0.15. In Figs. 8.7 and 8.8, the distribution of stress or strain is probed

along the radial direction. Stress and strain distributions are obtained and plotted every 10 ms to investigate how they evolve

with time. The legends in the following figures represent the times at which the data is probed. Figure 8.7 presents the stress

distribution for the case with frictionless interfaces. This figure illustrates that in the absence of friction forces, vonMises and

pressure stress distributions within the specimen evolve uniformly. It is worth mentioning that simulations confirmed that

stresses and strains do not vary through the specimen thickness, and this was anticipated since the specimens are relatively

thin. Although, the figures cover 90 ms, we focus on the first 60 ms, since in all tests fracture or damage occurred within a time

window of 60 ms. In passing from the frictionless situation to experiencing a coefficient of friction of 0.15 a remarkable change

is apparent, as illustrated in Fig. 8.8. Stresses and strains are relatively uniform only during the first 10 ms. At later times,

the strains in the neighborhood of the specimen perimeter tend to evolve faster than strains near the center of the specimen.

This observation is consistent with the distribution of friction forces which have amaximum in areas with the highest pressure

(i.e. the center of the specimen). A 0.15 coefficient of friction resulted in frictional forces that effectively developed two

distinctive distributions which become more pronounced at the later stages of deformation. Figure 8.8 presents the stress and

strain distributions resulting from the simulation implementing a 0.15 coefficient of friction. In this figure, in illustrations
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Fig. 8.6 (a) Finite element model after invoking symmetry, (b) Quasi-static response of polyurea used in the simulations and is based on the

measurements reported in [4]

60 M. Alkhader et al.



Fig. 8.7 Results of simulations employing COF ¼ 0.0. Showing the distribution of (a) Mises stress, (b) pressure

Fig. 8.8 Results of simulations employing COF ¼ 0.15. Showing the distribution of (a) Mises stress, (b) pressure, (c) circumferential strain,

(d) radial strain; insert numbers represent time in ms
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a and b, one observes that stresses are uniform in the neighborhood of the center of the specimen, within 7 mm radius.

Moreover, stresses inside the 7 mm radius area remain uniform during the whole deformation process. Beyond the 7 mm

radius, stresses (von Mises and pressure stresses) deviate from uniformity with time. The development of a central area with

uniform pressure and low shear stresses is anticipated when frictional forces are significant enough to prevent radial and

circumferential strains from developing in the central area (7 mm disk). Figure 8.8c, d which presents the tangential and radial

strains for the case employing a coefficient of friction of 0.15 clearly shows the existence of a central disc with approximately

zero strains. The size of this field can be controlled by the amplitude of frictional forces, which in turn, is controlled

by pressure and the coefficient of friction, assuming, of course, that friction is described accurately by Coulomb forces. Larger

a coefficient of friction results in larger frictional forces, which restricts deformations in a larger area.

This observation brings attention to the effect of pressure on the constitutive response of polyurea. Increasing pressure is

known to have an effect similar to reducing temperatures for viscoelastic materials. The central region experiences the

maximum pressure and thus relaxation processes are slowest in this area. By slowing the relaxation processes, the material is

closer to its glassy state, or possibly in the glassy state. As the material is closer to its glassy state, it partially loses its ability

to stretch, especially at high deformation rates. Accordingly, once the tensile strain wave, traveling from the specimen

perimeter towards the center, arrives at the perimeter of the central area with maximum pressure, it exerts a high rate tensile

strain on the part of the specimen with the slowest stress relaxation processes. As the material at the perimeter of the central

region with maximum pressure cannot accommodate sudden deformation, the major failure (failed region) occurs in this

location. Beyond this point, few cracks radiate from the perimeter of the failed region to release more energy; accordingly,

tests conducted at higher pressures, which deliver more energy to the specimen resulted in specimens with a higher number

of radial cracks. Based on the computations exemplified by Fig. 8.8, we note first that the radial strain outside of the “pinned

region” increases at rate of about three times that of the circumferential strain. It would stand to reason, then, that failure

results first along a circumferential direction. After that event, the “outer ring” is more free to move and the subsequent

expansion causes the radial cracks. This scenario would explain the experimentally observed failure modes. However, we

must not forget that under high pressure the material acts more like a rigid polymer rather than like a rubber; consequently,

we must think of the failure behavior more in terms of a rigid polymer rather than as a highly extensible solid.

8.5 Conclusions and Future Work

We have proposed an experimental approach and implemented it to investigate the failure of viscoelastic elastomers in

general and polyurea in particular under conditions combining high rates, shear and elevated pressure. The principles behind

this experimental approach were discussed in detail. Finite element simulations were used to analyze and characterize the

deformations during the impact history. Results showed the ability of the approach to induce failure in polyurea specimens

while under high rates, shear and elevated pressures. A repetitive failure pattern was observed at high rates; specimens had a

failed region along with radially expanding cracks. Ultimately, this combined experimental-computational approach can be

used to elucidate a failure criterion for polyurea and viscoelastic polymers in general which would be of great value for

engineers and designers aiming to utilize viscoelastic polymers in engineering applications, in particular where they might

be subjected to a combination of high rates, shear and elevated pressures.

Aknowledgement The authors wish to thank Dr. Roshdy Barsoum of the Office of Naval Research through his guidance and cooperation and for

the sustained support of this difficult effort under Grant ONR N00014-07-1-0624.

References

1. Amirkhize A, Isaacs J, Mcgee J, Nemat-Nasser S (2006) An experimentally-based viscoelastic constitutive model for polyurea, including

pressure and temperature effects. Philos Mag 86(36):5847–5866

2. Li C, Lua J (2009) A hyper-viscoelastic constitutive model for polyurea. Mater Lett 63:877–880

3. Zhao J, Knauss WG, Ravichandran G (2009) A new shear-compression-specimen for determining quasistatic and dynamic polymer properties.

Exp Mech 49(3):427–436

4. Sarva SS et al (2007) Stress–strain behavior of a polyurea and a polyurethane from low to high strain rates. Polymer 48(8):2208–2213

62 M. Alkhader et al.



Chapter 9

Hybrid Polymer Grafted Nanoparticle Composites for Blast-Induced

Shock-Wave Mitigation

K. Holzworth, G. Williams, Z. Guan, and S. Nemat-Nasser

Abstract In this work, we seek to create elastomeric nano composites for blast-induced shock-wave management. There are

three main elements of nano composite structure, namely the particle (hard), the matrix (soft), and the interfacial chemistry

connecting these two. For compositing, the blending approach allows for superb control of particle size, shape, and density;

however, the hard/soft interface is typically weak for simple blends. Here we develop hybrid polymer grafted nanoparticle

composites, which allow for tuning of the interface to overcome this deficiency. These nanoparticles have tethered polymer

chains that can interact with their surrounding environment and provide a method to control enhanced nano-composites.

We have established a “grow-from” method to covalently link polymers of variable molecular weight and chemical

functionality to the surface of silica nanoparticles. The resulting nano-composite consists of homogeneously dispersed silica

nanoparticles with tethered polymer chains within a bulk elastomeric matrix. Such a composite can manage shock-wave

energy via dissipation and resonant trapping. The work described here is part of an ongoing effort to develop and verify rules

and tools for creating elastomeric composites with optimally designed compositions and characteristics to manage blast-

induced shock-wave energy.

Keywords Elastomeric nano composite • Shock-wave management • Interfacial chemistry

9.1 Introduction

Polyurea elastomer exhibits excellent properties including high thermal stability, insensitivity to humidity, abrasion

resistance, and superior mechanical properties. In light of these properties, polyurea has been widely utilized in coating

applications as well as to enhance impact resistance. It has been demonstrated that a polyurea coating is capable of

improving the energy absorption and dynamic performance of structures.

Blast-mitigating applications utilize polyurea due to its excellent thermo-mechanical properties. While polyurea offers a

useful starting point for dissipating and managing blast-induced shock-wave energy, control over crystallite size and

morphology is limited. For compositing, the blending approach allows for superb control of particle size, shape, and density;

however, the particle/matrix interface is typically weak for such simple blends.

Here, we develop hybrid polymer grafted nanoparticles, which have adjustable exposed functionality to control the

location and tune the interface, in order to overcome the common compositing limitations. These nanoparticles have tethered

polymer chains that can interact with their surrounding environment and provide a method to control enhanced nano

composites.

These efforts are part of an ongoing initiative to develop elastomeric composites with optimally designed compositions

and characteristics for blast-induced stress-wave energy management.
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9.2 Experimental Details

9.2.1 Materials

Polyurea is synthesized by reacting a difunctional amine, Versalink P-1000 [1], with Isonate 143L [2], which is a mixture of

difunctional and trifunctional isocyanates. The reaction occurs at room temperature forming a lightly cross-linked block

copolymer. Block copolymers are a unique subset of copolymers that have the ability to microphase separate. Phase

separation occurs because of the chemical dissimilarity of the soft and hard phases resulting in a hard phase that is dispersed

in a soft matrix. The hard phase not only reinforces the soft matrix, but also creates a cross-linked backbone, both of which

lead to enhanced mechanical properties (Fig. 9.1).

A “grow-from” method is established to covalently link polymers of variable molecular weight and chemical functional-

ity to the surface of silica nanoparticles, which gives rise to hybrid polymer grafted nanoparticles. The method is readily

scalable and can be used with particles in the size range of 15–200 nm.

9.2.2 Composite Preparation

In order to integrate the hybrid polymer grafted nanoparticles into polyurea, they are first dispersed in a solvent. Then the

solution is mechanically mixed into the Versalink P-1000 component. Following solvent evaporation from the mixture,

the Isonate 143L component is added. Given the rapid reaction rate of Versalink P-1000 and Isonate 143L, the components

are mixed for 5 min. Ultimately, the hybrid polymer grafted nanoparticle reinforced polyurea composite is cast in the desired

geometry (Fig. 9.2).

9.3 Results and Discussion

Preliminary efforts to synthesize and characterize the hybrid polymer grafted nanoparticle reinforced polyurea composites

demonstrate substantial enhancement of the dynamic mechanical properties, both storage and loss moduli, of polyurea

through the incorporation of hybrid polymer grafted nanoparticles. A parametric study focusing on the effect of particle size,

polymer graft length, and polymer graft density is currently in progress in order to illuminate a basic understanding of the

mechanisms involved.

Fig. 9.1 Representative reaction between isocyanate and amine to form polyurea. [3]

Fig. 9.2 Synthesis protocol for hybrid polymer grafted nanoparticle reinforced polyurea composites
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Chapter 10

Large-Strain Time-Temperature Equivalence and Adiabatic

Heating of Polyethylene

J. Furmanski, E.N. Brown, and C.M. Cady

Abstract Time-temperature equivalence is a well-known phenomenon in time-dependent material response, where rapid

events at a moderate temperature are indistinguishable from some occurring at modest rates but elevated temperatures.

However, there is as-yet little elucidation of how well this equivalence holds for substantial plastic strains. In this work, we

demonstrate time-temperature equivalence over a large range in a previously studied high-density polyethylene formulation

(HDPE). At strain-rates exceeding 0.1/s, adiabatic heating confounds the comparison of nominally isothermal material

response, apparently violating time-temperature equivalence. Strain-rate jumps can be employed to access the instantaneous

true strain rate without heating. Adiabatic heating effects were isolated by comparing a locus of isothermal instantaneous

flow stress measurements from strain-rate jumps up to 1/s with the predicted equivalent states at 0.01/s and 0.001/s in

compression. Excellent agreement between the isothermal jump condition locus and the quasi-static tests was observed up to

50% strain, yielding one effective isothermal plastic response for each material for a given time-temperature equivalent

state. These results imply that time-temperature equivalence can be effectively used to predict the deformation response of

polymers during extreme mechanical events (large strain and high strain-rate) from measurements taken at reduced

temperatures and nominal strain-rates in the laboratory.

Keywords Adiabatic heating • Large strain • Polymer mechanics • Time-temperature superposition

10.1 Introduction

Time-temperature equivalence is a widely recognized property of many time-dependent material systems, where there is a

clear predictive link relating the deformation response at a nominal temperature and a high strain-rate to an equivalent response

(i.e., stiffness or flow stress) at a depressed temperature and nominal strain-rate. This is often attributed, inmetals and polymers

alike, to the deformation response being governed by a local activation process which is a function of the temperature, the

applied stress, and the activation energy for the particular activated process, due to Eyring [1, 2]. In metals, the time-

temperature equivalent state has been widely related using activation models that are adaptations of the Eyring approach,

for example, Zener and Holloman [3], and Zerilli and Armstrong [4, 5]. There have been numerous modeling attempts to

capture time-temperature equivalence in polymers, and perhaps the most well-known is the Williams-Landel-Ferry (WLF)

formula, which has been extremely successful for predicting small-strain deformations for a moderate window of temperatures

in a variety of amorphous polymers [6]. Furthermore, such studies of viscoelasticity are typically confined to the small-strain

regime, whether the intended application is time-temperature equivalence or creep modeling, which is problematic for

the prediction of large deformations using equivalency approaches. Notably, Zerilli and Armstrong applied their adaptation

of the Eyring equation obtained from their work in plasticity of metals to activated flow in polymers [7].

Recent work has investigated time-temperature equivalence in a number of polymers substantially beyond the small-

strain regime. Siviour and coworkers examined uniaxial deformations at a wide range of temperatures and strain-rates in
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polycarbonate, and polyvinyl-difluoride (PVDF), and proposed an empirical linear formula for relating these that agreed

well with the data (Fig. 10.1) [9, 10].

TEq ¼ TTest þ A Log10 _eEq
� �� Log10 _eTestð Þ� �

(10.1)

This model has a single free parameter (A), here termed the temperature/strain-rate equivalence parameter, which relates

the temperature and strain-rate sensitivities of the stress state. When comparing measurements of the yield strength, their

results showed that with a single free parameter in the model virtually all experimentally accessible states in temperature and

strain-rate collapsed to a single trend in a given polymer. The agreement was even more remarkable when the test matrix

spanned a glass transition, and a sharp inflection was observed in the temperature dependence of the yield strength, and the

model nevertheless fit the data at temperatures both above and below the glass transition with a single value for the model

equivalence parameter.

Brown and coworkers examined time-temperature equivalence in PTFE, PCTFE, and reported similar agreement with the

formula employed by Siviour [11]. In another study, the finite strain time-temperature equivalence behavior of high density

polyethylene (HDPE) and ultrahigh molecular weight polyethylene (UHMWPE) were studied and found to agree consider-

ably with one another. It was also found that the temperature dependence of the yield strength exhibited no inflection over

a large range of temperatures, in contrast to other polymers so investigated [12]. Their work reported the time-temperature

equivalence of the yield strength, as defined as the onset of plasticity, which was observed to occur at 7.5% strain.

An important finding of their work showed that one decade of increased strain-rate in that HDPE formulation was equivalent

to a 10.2 K reduction in temperature. It is also important to note that their results also revealed substantial adiabatic heating

and softening of the materials at strain-rates above 0.1/s. This work also tracked the time-temperature equivalence of the flow

stress at 20% strain, s20%, corresponding to the onset of fully-developed plasticity, for a wide range of temperatures and

applied true strain-rates. The deformation response for HDPE at these conditions (Fig. 10.1a, b), can be represented directly as

the temperature and strain-rate dependence of s20% can be represented (Fig. 10.1c, d) and they collapse to one equivalent

response when (10.1) is applied with A ¼ 10.2 K/Decade (Fig. 10.1e).

Fig. 10.1 (a) Stress-strain response of HDPE with varied temperature and (b) strain-rate. (c-d) Flow stress at 20 % strain from (a-b) respectively.

(e) Equation 10.1 applied to collapse (c-d) to a single equivalent response locus (After [8])
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Special attention is paid to s20% here because the deformation beyond 15% strain in monotonic loading is apparently pure

plastic deformation, as the recoverable viscoelastic deformation is exhausted at that point and does not contribute to further

deformation [13]. At intermediate strains where both recoverable and plastic deformation are active, the two mechanisms are

confounded and could have distinct activation energies and time-temperature equivalence behaviors.

While the wide agreement of time-temperature equivalence in a number of disparate polymers with a single-parameter

empirical model is remarkable, one limitation of that work is that only a single locus of stress at a particular strain is used to

generate the equivalency. That is, there is no direct reporting of the correspondence of the full deformation response, i.e., the

collapsing of the full stress–strain curves of multiple distinct equivalent states. A verification of the correspondence of

the entire response is critical to the proper thermomechanical constitutive modeling of the material. From a more pragmatic

point of view, point-by-point correspondence over the entire deformation response is necessary if equivalent controlled

laboratory-generated stress–strain curves are to be used in place of measurements made at extreme equivalent states that are

experimentally inaccessible. In the present work, time-temperature equivalence of the same HDPE studied by Brown and

coworkers [12] is extended to the continuous stress–strain curve in compression, beyond yield and beyond 50% logarithmic

strain, where the reliability of compression tests becomes tenuous.

Another potential limitation to time-temperature equivalence lies in the difficulty in maintaining a constant specimen

temperature at elevated strain-rates. The conversion of plastic work to heat during deformation is well-documented, where

the fraction of the plastic work converted to heat often exceeds 90% [13, 14]. The temperature rise in a specimen during a

test is determined by the total plastic work done, the effective thermal plastic work conversion factor (b(e)), and the heat

capacity, Cp (10.2).

DT ¼
R
b eð Þsdep
cp

(10.2)

When the test is sufficiently rapid heat transfer cannot dissipate the thermal load from plastic work and the test is

adiabatic. In this case heat energy cannot escape the specimen during the test and the effective b is maximized. The resulting

flow stress follows the deformation response for the instantaneous temperature in the specimen, which manifests as thermal

softening (Fig. 10.2).

Non-isothermal stress–strain curves are not unique, and therefore have limited interpretability for material characterization.

Adiabatic heating therefore frustrates attempts to study time-temperature equivalence between non-isothermal states. Haward

and coworkers investigated adiabatic heating in large tensile deformations in HDPE, and found the plastic work at large

Fig. 10.2 Isothermal stress–strain curves for polyethylene for a range of temperatures (dark gray) are qualitatively similar. Specimen temperature

rises (DT) due to accumulated plastic work converted into heat, dependent on the heat capacity (Cp) and the effective strain-dependent thermal

plastic work conversion factor (b). If the test is rapid enough to effectively prevent heat conduction, then the test is adiabatic and the maximum

specimen heating takes place. In this case, (a, gray) the observed flow stress follows the isothermal stress–strain for the current specimen

temperature. (b) The resulting stress–strain curve in the adiabatic case is qualitatively different than the isothermal curve in the same ambient

conditions
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strains to be nearly completely converted to heat, i.e., b~1 [13]. Other work has found the conversion to heat of inelastic

strains below 10% in polymers to be considerably less complete, owing to the reversibility of the strain through viscoelastic

recovery [15–17]. However, the potential effect of adiabatic heating at small or intermediate strains has a diminishing effect

on the overall deformation response, as the overall strain energy is still limited at those strains. Thus, while the specimen

geometry plays a role in heat dissipation, plastic work heating generally needs to be considered at strain-rates exceeding

0.01/s and strains in excess of 15%.

In the present work, the confounding effect of adiabatic heating on the presumed test temperature was accounted for at

large strains by employing sudden strain-rate jumps to access an instantaneous value of the flow stress for elevated strain-

rates at a given jump strain, which is therefore obtained prior to measurable adiabatic heating from further plastic work

(Fig. 10.3).

Fig. 10.3 (a) Strain program for constant strain-rate compression testing (solid) and rate-jumps from the lower bound to the upper bound strain-

rate. (b) The expected result for ideal viscoplastic behavior, where the response after the strain-rate jump is indistinguishable from the isothermal

response at that strain-rate. All responses are drawn in (b) here with the ideal isothermal response, i.e., without specimen heating from plastic work.

(c) Adiabatic heating progressively lowers the flow stress after an increment of plastic work has been done, leaving the initial portion of the rate

jump response in agreement with the isothermal response at that rate. The corresponding experimental data are then in the form of the isothermal

locus of points on the jump response just prior to specimen softening

Fig. 10.4 Flow stress dependence on absolute temperature, with multiple strain-rates shown obeying the time-temperature equivalence in (10.1).

Data are represented by the flow stress at a given state, often at a certain strain (e.g., 20 %). To check for equivalence from the prediction of

(10.1), multiple tests are run at strain-rate/temperature states that are predicted to exhibit the same flow stress. For strain-rates greater than 0.01/s,

isothermal conditions are not guaranteed, and specimen heating can confound the comparison, unless strain-rate jump tests are employed
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Several of these rate-jump measurements were then synthesized to form a locus of the isothermal plastic deformation

response (Fig. 10.3c) up to large compressive strains at a constant supplied temperature and elevated (nominally adiabatic)

strain-rate. Thus, multiple equivalent states resulting in an identical flow stress at an arbitrary strain can be directly compared

though a construction of an experiment with a suitable interchanging of test temperature and strain-rate via the equivalence

relation (10.1, Fig. 10.4).

The purpose of the present work is to identify whether the empirical time-temperature formula (10.1) employed point-

wise in the literature is sufficient to enable prediction of the full isothermal stress–strain response at large strains and high

strain-rates in HDPE from equivalent quasi-static tests at suitably depressed temperatures. Further, this comparison was

undertaken over a wide range of temperatures to ensure that a single model fit is suitable for all equivalent temperature/

strain-rate conditions of interest.

10.2 Materials and Methods

Compression tests were conducted with cylindrical specimens 6.2 mm in diameter and height on an MTS 880 servohydraulic

load frame (MTS, Eden Prarie MN). The test specimens were machined from the same original stock employed in previous

work by the authors [12]. All specimens were measured with a micrometer prior to testing. The specimens were preloaded in

load control at 20 N. The tests were conducted in strain control at a computed true strain rate, and the strain was measured by

an extensometer during the test mounted directly on the compression stage. Load, displacement, and strain were recorded

both at regular time increments and at displacement increments of 0.001 mm. Data were computed as true stress and strain

assuming uniform incompressible deformation.

The test temperature was controlled through compression platens cooled by nitrogen exhaust from a liquid nitrogen filled

Dewar, and the temperature was controlled within +/�0.5 K of the target temperature through manual adjustment of the gas

flow rate. The specimens were loaded between optically flat tungsten carbide platens and were unlubricated. The lateral

surfaces of the specimen were insulated from the environment with a foam sleeve. Temperature equilibrium was achieved by

delaying testing until the displacement rate under a constant preload of 50 N was negligible (<1 mm/min). The temperatures

employed during testing were 20�C and �50�C for a maximum strain-rate of 1/s; test temperature was 20 K or 30 K

depressed for comparison isothermal quasi-static conditions at strain-rates of 0.01/s and 0.001/s, respectively. A limited

number of quasi-static tests were also conducted below �100�C on the cold platens. Additionally, quasi-static tests were

conducted immersed in a liquid nitrogen bath to challenge the modeled linearity of the temperature dependence of the

strength at extremely low temperatures.

The tests employed strain-rates of 0.01/s and 0.001/s for baseline isothermal quasi-static conditions (with the latter 10 K

cooler in each temperature condition) (Figs. 10.3 and 10.4). Lower strain-rates are impractical for the manual temperature

control scheme employed and added little insight to the experiment. A comparison of the deformation response between

these two presumably equivalent quasi-static conditions was used as an additional test for isothermality in these tests, as a

rate-dependent thermal softening would present as a divergence in the plastic hardening. To assess higher rate isothermal

conditions, strain-rate jumps from 0.01 up to a 1/s were conducted, at strains of 10%, 20%, 30%, and 40% (Fig. 10.3a). The

maximum strain-rate in a test was held until a true strain of 100% was achieved to prevent machine deceleration from

affecting the data at strains less than 50%. Care was taken to tune the load frame response to ensure that the strain-rate jump

occurred with negligible acceleration lag or error, which required the use of a 6 GPM servohydraulic valve in the system.

10.3 Results

Using the time-temperature equivalence relation noted above (10.1) and the equivalence parameter found from previous

work for each material (10.2 K/decade strain-rate), quasi-static near-equivalent conditions for both materials can be

directly compared to the results of the rate-jump tests by depressing the temperature by 20 K or 30 K for constant true

strain-rates of 0.01/s and 0.001/s, respectively (Fig. 10.4). A direct comparison of these quasi-static equivalent states and

the rate-jump loci shows generally good agreement for strains exceeding 10%. Thus, by isolating adiabatic heating from

the large strain deformation response through the use of strain-rate jumps, excellent agreement is obtained between the

isothermal quasi-static equivalent state and the isothermal rate-jump flow stress locus at 1/s without apparent overshooting

or undershooting of the isothermal response. Overshoot or undershoot of the jump condition (under isothermal conditions)
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has been identified as evidence of history dependence of the process, effectively breaking the presumption of general time-

temperature equivalence.

At 20�C, the deformation response in HDPE underwent thermal softening at a strain-rate of 1/s; the flow stress was

depressed by 3–5 MPa between 20% and 50% strain (Fig. 10.5a). The agreement between the equivalent quasi-static tests is

good. The jump locus also agrees well with the quasi-static isothermal equivalent states. The response at �50�C in HDPE

exhibits considerable softening, with the flow stress dropping approximately 10 MPa after each rate jump (Fig. 10.5b).

The 1/s response softens to the point that the flow stress is lower at large strains than that at 0.01/s—a hallmark of adiabatic

heating effects (Fig. 10.3c).

To test for increased temperature sensitivity of the flow stress below �80�C, quasi-static tests were conducted at further

reduced temperatures, including immersion in liquid nitrogen (Fig. 10.6). The temperature dependence of the strength is

clearly non-linear when taken to low temperatures, with the deviation occurring around �90�C (180 K).

Fig. 10.5 Deformation response of HDPE at a nominal temperature of (a) 20 �C and (b)�50 �C, including strain-rate jumps from 0.01/s to 1/s. In

gray are the predicted isothermal states equivalent to the nominal temperature at 1/s, with strain-rates of 0.01/s and 0.001/s. Good agreement

between the equivalent states and the isothermal jump locus is obtained

Fig. 10.6 The flow stress in HDPE at 20% strain is exponential with absolute temperature with a high degree of correlation for temperatures

substantially below themelting temperature (410K). However, there is apparently a breakdown in the exponential fit above room temperature (293K)

where the flow stress decreases linearly and drops to zero near the melt temperature. Note that for temperatures between 200 K (Tm/2) and 300 K, a

linear relation is approximate for many applications of interest, though this observation obscures a good interpretation of the overall data
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10.4 Discussion

The agreement of the isothermal deformation response at quasi-static and elevated strain-rates in HDPE, over a wide range

of plastic strains, extends the applicability of time-temperature equivalence techniques in these materials into the large strain

regime. This significantly improves the efficacy of time-temperature equivalence relations by enabling the translation

of continuous stress–strain curves obtained in the laboratory at quasi-static isothermal conditions into dynamic regimes of

behavior at substantially elevated strain-rates. The ability to shift experimental stress–strain curves is extremely valuable in

the development or evaluation of rate-dependent constitutive models, where model predictions of difficult-to-test extreme

mechanical conditions (e.g., large strains at high strain-rates) can be directly compared to time-temperature equivalent

conditions from laboratory data. Time-temperature equivalence holding over a wide range of strains and temperatures also

implies that one mechanism of temperature-dependence is active in general, which is also useful information for model

development.

It is also of note that the jump locus coincides directly with the equivalent state, apparently without substantial overshoot

or undershoot. In metals, such a disagreement is linked to the pinning or accumulation of dislocations (respectively), making

the rate-sensitivity a history dependent phenomenon. The rate-sensitivity in HDPE, and hence its time-temperature

equivalence, appears to be history-independent and therefore generally applicable. We had hypothesized that there would

be a history dependence in HDPE, as HDPE has thick crystal lamellae that are likely dominated by dislocation half-loops

[18] that are likely to interact and perhaps tangle than pure screw dislocations during dynamic loading, resulting in a path- or

history-dependence in plasticity. More work is warranted to elucidate the path-independence of the time-temperature

equivalence in polyethylenes, with attention to activation phenomena, while employing more complicated strain histories.

It has been observed in many materials that adiabatic heating effects are exacerbated at depressed temperatures, and the

results of this work are consistent with those observations. To hedge against this phenomenon, which could potentially lead to

heating even at 0.01/s, equivalent conditions at 0.01/s and 0.001/s both were compared to the isothermal rate-jump locus and

to one another. The agreement of both quasi-static strain-rates with the rate-jump locus strengthens the claim of equivalence

by collapsing three equivalent states, and clarifies that heating effects do not confound the 0.01/s data above �80�C.
The linear strength dependence on temperature implied by the equivalence relation (for log-linear strength—strain-rate

dependence) is likely sufficient for most mechanical conditions that could occur in the service of components, as extremely

low temperatures correspond to extremely high strain-rates. For instance, for a loading at a depressed temperature of �20 C

to be affected by the observed deviation from linearity of the strength, according to the non-linear strength model fit,

the strain-rate would have to exceed 105/s. Such a high strain-rate is unlikely to occur in most applications, making the

distinction largely academic. However, even if such conditions were a concern, strain-rates substantially exceeding 105/s the

response must also take into account shock wave and compressibility phenomena, and thus a refinement of the model would

be necessary to accurately predict such a deformation. Still, there is an indication that a general non-linear treatment of the

temperature dependence of the flow stress could be more consistent and physically motivated than the treatment in the

empirical equivalence model employed here and elsewhere.

10.5 Conclusion

This work demonstrated that the empirical time-temperature equivalence model proposed by Siviour [9, 10] is suitable for

the prediction the continuous deformation response of HDPE at elevated strain-rates from quasi-static data at depressed

temperatures above �80�C. Further, the effect of adiabatic heating, which was clearly evident at substantially depressed

temperature and strain-rates above 0.1/s, was successfully accounted for by assessing the isothermal deformation response at

elevated strain-rates by employing strain-rate jumps. Thus, the results of this work enable the predictive translation of quasi-

static stress–strain curves into equivalent dynamic mechanical conditions for a wide range of temperatures. Such a

translation enables the comparison of advanced constitutive model predictions of dynamic deformation response directly

with well-controlled laboratory data (with adiabatic heating taken into account), as experimental measurement of the

deformation response at large strains and high strain-rates is typically not feasible. Further work is warranted to clarify

large strain time-temperature equivalence for all temperatures in polyethylene and other polymers, with attention to the non-

linear dependence of flow stress on temperature and the mechanisms of temperature- and time-dependence implied by such

relationships.
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Chapter 11

New Thermo-Mechanical Modelling for Visco Elastic,

Visco Plastic Polymers

Noëlle Billon

Abstract A 3D Visco hyperelastic model is discussed and validated using a rich and rigorous data base obtained on PMMA

above Tg. Inelastic phenomena are accounted for as an evolution of internal variables assumed to be related to entanglements.

Inelastic strain-rate is deduced from energy balance between elastic and dissipative phenomenon. The concept allowing

introducing time effects in any rubber elasticity theory, is used with Edward-Vilgis’ model. Extended model allows

reproducing most of the visco-elastic phenomena in polymer: strain rate dependence, hysteretic effects and relaxation.

An accounting for temperature and strain-rate by an “a priori” uses of time temperature superposition principle is also

proposed. The three concepts result in an original and attractive model of high efficiency. This is demonstrated in the case

of PMMA.

Keywords Time-dependent behaviour • Large-strain • Polymers • Inelasticity • PMMA

11.1 Introduction

Modelling the mechanical behaviour of polymers is a nontrivial task due to its nonlinearity and the combination of visco-

elastic, visco-plastic, strain-hardening and damaging processes sometimes ruled by discrete relaxations and a high sensitivity

to temperature and strain-rate.

Usual macroscopic approaches that arbitrary decompose global deformation into three elementary components

(reversible-instantaneous (elastic part), or irreversible-not dependent upon strain-rate (plastic part) or irreversible-dependent

upon strain-rate (viscous part), respectively) whose contributions to global behaviour are combined, either in a parallel, or in

a serial manner, was extensively applied in that field. Mathematical writings were built up, either on the basis of 1D-model,

further extended to 3D case, or in the continuum thermodynamics frame [1, 2], in which global behaviour is ruled by energy

potentials and dissipation pseudo-potentials. Whatever the route is, basic assumptions were equivalent in the most rigorous

of those studies, despite of some mathematical differences. Nonlinearity was addressed at two levels:

• Important strain-hardening, often reproduced introducing various hyper-elastic reversible elements [3–17].

• Nonlinear viscous effects introduced through “non Newtonian pseudo plastic, Eyring or Carreau”—like elements or

through phenomenological accountings for disentanglement [17–23].

Coupled with the dependence upon strain-rate and temperature (in example [24, 25]), those approaches resulted in

numerous parameters that are not that easy to identify without specific protocol that pre-allocates one element or another to

one macroscopic phenomenon.

This study deals at promoting another concept thanks to the fact that it is possible to combine the general rubber hyper

elastic theory and some evolution of internal variables, potentially induced by microstructure alteration [26, 27], to model

time effects in the constitutive model. General goal is to model visco-hyper-elasticity of polymers above Tg without

arbitrary decomposition into “viscous” and “elastic” stresses or strains. Therefore, a hyper elastic model is extended to
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account for inelastic processes. Those latter are assumed to result in a kinetics of variation of internal variables that have to

be accounted for in the energy balance at any time and induce time effects in the writing.

Model is validated in its 1-D form using experimental observations on PMMA. However, it was developed in a much

more general 3D form, consistent with the large strain mechanical approach and with continuum thermodynamics [28, 29].

11.2 Theoretical

Let’s assume that above glass transition temperature any polymer can be modelled as an equivalent entangled network. So,

core of the behaviour is a hyper-elastic body whose energy is ruled by a strain energy density, W. As a first approach, an

incompressible material, being initially isotropic was considered. Then, the principal stresses, si (i ¼ 1, 2, 3), are related to

the principal elastic extension ratios, li
e, through (11.1).

si ¼ lei
@W

@lei
� P i ¼ 1; 2; 3ð Þ (11.1)

where P is an arbitrary pressure that is introduced due to incompressibility.

Additionally, W-potential depends on internal variables, among which temperature, T, some variables that reflect

the microstructure of the material (m1, m2, . . ., mn) and elastic extension ratios, li
e or the three elastic invariants

(Ie1 ¼ le1
2 þ le2

2 þ le3
2; Ie2 ¼ le1

2le2
2 þ le1

2le3
2 þ le2

2le3
2; Ie3 ¼ le1

2le2
2le3

2 ¼ 1).

During loading, microstructure of the material can vary due to disentanglement, crystallisation or crystalline

reorganisation etc., which results in evolution of associated m-variables. This represents a change in the energy of the

material that has to be compensated for thermodynamics principles to be obeyed. This is achieved partly by some local

elastic recovery in the network, @lrei @t= , which is the source of inelastic strain-rate, @lai @t= , in our model, i.e., the fraction of

elastic extension that has to be released to compensate change in energy due to microstructure processes. Assuming @mj @t=
to be the kinetics of the evolution of variable mj the concept is summarised in (11.2) assuming that principal elastic extension

ratios and principal inelastic extension ratios are collinear.

Xn
j¼1

@W

@mj

@mj

@t
¼ � 1

b0
X3
i¼1

@W

@lei

@lrei
@t

¼ 1

b0
X3
i¼1

@W

@lei

lei
lai

@lai
@t

� �
with b0 � 1 (11.2)

b0-parameter, express the fact that part of the released energy could be dissipated into heat (thermo mechanical coupling) or

stored via some permanent changes in the microstructure (plastic-like phenomenon). Model was derived totally in its 3D

form [28, 29] but in the case of uniaxial tension parallel to 1-axis, (11.2) is reduced to (11.3):

Xn
j¼1

@W

@mj

@mj

@t
¼ 1

b0
s
@ea

@t
with b0 � 1 (11.3)

where @ea
@t is the so-called inelastic strain-rate.

Due to its proved efficiency [10–16], we chose Eswards-Vilgis’ model as primary network (11.4). This model is based on

a Ball’s statistical approach. Chains are assumed to have a finite extensibility, ultimately controlled by one positive

parameter a, being 0 in the case of a Gaussian chain. Chains are linked by permanent nodes of density Nc per unit volume

and slip links (entanglements) of density Ns per unit volume. A positive “slipperiness factor”, Z, is ultimately defined and

related do the degree of mobility of slip links. A zero Z-value corresponds to permanent nodes. Initial Z-value is chosen

close to 0.2343 following [7].

W ¼ N�
s

2

Aa�

XalY�l
Z�l þ ln Y�l

� �þ ln Xalð Þ
� �

þ N�
c

2

1� a2ð Þ
Xal

Ie1 þ ln Xalð Þ
� �

Y�l ¼ 1þ �Ie1 þ �2Ie2 þ �3;Xal ¼ 1� a2Ie1; Z�l ¼ Ie1 þ 2�Ie2 þ 3�2;Aa� ¼ 1þ �ð Þ 1� a2
� � (11.4)
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where N�
s and N�

c are NskT and NckT, respectively, with k the Boltzmann’s constant and T, the absolute temperature.

Obviously, this model only allows reproducing hyper-elastic behaviours but is rather powerful despite of a few numbers of

parameters.

Time dependent effects can be introduced through the alteration of parameters. In example disentanglement could result

in an increase in Z. Hence, according to (11.3):

@ea

@t
¼ b0

s
@W

@�

@�

@t

� �
with b0 � 1 (11.5)

Obviously, rate of microstructure changes must be related to the energy that is available in the material. If one focus on

disentanglements, one can assume that the more stressed the slip-links the faster the processes. In consequence, this means

that that kinetics should probably depend on the elementary energy of the slip-link due to extension, fs (11.6).

f s ¼
Aa�

XalY�l
Z�l þ ln Y�l

� �þ ln Xalð Þ
� �

� 3
1� a2ð Þ
1� 3a2ð Þ þ ln 1þ �ð Þ

� �
þ ln 1� 3a2

� �
(11.6)

Than, if one assumes that disentanglement could result in: @�
@t ¼ = f sð Þ>0, behaviour is ruled by the functions =. Once

those functions are defined, an explicit scheme is adopted to calculate the evolution of the stress as a function of the strain-

rate. Figures 11.1 and 11.2 depict results obtained in two fictitious 0.01 and 0.001 s�1 uploading-unloading cycles and allow

illustrating and comparing effects of alteration of parameters. In those cases =-functions are arbitrary simple to give an

example of potential of the approach accounting for the fact that alteration kinetics is faster when energy increases, using as

less numerous parameters as possible (one to two, (11.7)).

= ¼ x exp f s � cð Þ � 1ð Þ if fs>c

= ¼ 0 if fs � c (11.7)

Figure 11.2b, for its part, demonstrates that, introducing the kinetics of microstructure modification makes it possible to

predict some sensitivity to strain-rate.

One has to emphasize that only a few numbers of parameters (5 to 6 per conditions) were necessary to obtain such a pretty

good efficiency in introducing time effects in constitutive model, which makes this model unique.

Following is devoted to a validation using experimental results obtains on a PMMA.

Fig. 11.1 Efficiency of themodel (11.5, 11.6 and 11.7) compared to initial EdwardVilgis’ (EV’s)model for uploading-unloading cycles at a constant

strain-rate 0.01 s�1. (a) Nc ¼ 0.1 Ns, a
2 ¼ 0 and C ¼ 0: (1) EV’s model; (2) x ¼ 0.01, b0 ¼ 1�; (3) x ¼ 0.01, C ¼ 0, b0 ¼ 0.5�; (4) x ¼ 0.1,

b0 ¼ 1. (b) 0.01 s�1, Nc ¼ 0.1 Ns, a
2 ¼ 0.001: (1) Initial potential; (2) x ¼ 0.03, C ¼ 0.01, b0 ¼ 1; (3) x ¼ 0.03, C ¼ 0, b0 ¼ 1; (4) x ¼ 0.03,

C ¼ 0.01, b0 ¼ 0.5. (b) Nc ¼ 0.1 Ns, a
2 ¼ 0 and C ¼ 0: (1); (2) x ¼ 0.01, b0 ¼ 1�; (3) x ¼ 0.01,C ¼ 0, b0 ¼ 0.5�; (4) x ¼ 0.1, b0 ¼ 1
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11.3 Experimentals

The material a poly methyl methacrylate (PMMA) ALTUGLAS V 825T provided by Arkema of average molar masses, Mn

and Mw, 40,434 and 93,000 g/mol, respectively. Material was processed as 4 mm-thick injection moulded plaques of

dimensions 10 cm � 10 cm. Gate was a through-the-width lateral gate and processing conditions were chosen according to

the state of the art. Resulting mechanical anisotropy in the plane of the plaques was found to be negligible.

DMTA analyses were performed in tension on 5 mm � 1 mm bars, to characterise the linear visco-elastic domain of the

material (maximum strain of 2 � 10�3). The a-transition temperature (chosen at themaximum value of the tangent of the loss

angle) ranged from 128�C to 146�C, for loading frequencies ranging from 0.3 to 31 Hz (132�C for a 1 Hz-frequency). Despite

of some discrepancy for higher frequencies, the time-temperature superposition principle could be applied.

Uploading (up to different levels of strain)-unloading or uploading (up to different levels of strain)-relaxation

experiments were performed in tension, exploring temperatures ranging from 100�C to 160�C and strain rates ranging

from 0.0001 to 0.01 s�1. Strain rates were chosen to reduce heat dissipation and overall experimental data base was designed

to characterise the material above but close to Tg. Experiments were conducted at constant strain rates. DIC allowed 3D

strain field analysis and, in consequence, measurements of local true strains in the necking zone. This 3D extensometer

allowed also concluding that the plaques were totally isotropic and that the volume strain remained close to zero in any case.

Consequently, this PMMA is an isotropic and incompressible material and can be modelled using our model.

In parallel, as expected, behaviour of PMMA exhibited a huge dependence upon strain-rate and temperature in the range

that was considered in this study. In a less classical manner, it was observed that equivalent strain-rate at reference

temperature was a relevant parameter to refer to experimental conditions.

11.4 Validation of the Model

The model described in the above sections could reproduce those experimental data, including uploading-unloading,

uploading- relaxation and DMTA results. Parameters of the model could be identified as a whole set, using inverse analysis

based on a “mean square” cost function between experimental and calculated stresses. Minimisation relied on the simplex

algorithm of the “fminsearch” MATLAB® function.

Fig. 11.2 Efficiency of the

model (11.5, 11.6 and 11.7)

compared to initial Edward

Vilgis’ model (EV’s model).

Uploading-unloading cycles

for two constant strain-rates,

0.0001 and 0.01 s�1. Nc ¼ Ns,

a2 ¼ 0.001, x ¼ 0.013,

C ¼ 0, b0 ¼ 1
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To model the increase in Z, i.e., disentanglement, a purely phenomenological approach was chosen (11.8).

@�

@t
¼ x exp f ps

� �� 1
� �

(11.8)

where x and p are parameters.

To introduce dependences upon temperature and strain-rate in a combined manner the classical WLF’s approach was

used to estimate one unique parameter per experimental condition, namely the equivalent strain-rate at a reference

temperature (chosen at 130�C), after experimental validation for such a route. It was then chosen to assume that

N�
s ;N

�
c ; x and b0 depend upon average equivalent strain-rate, according to the same type of equation (11.9).
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s
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x
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>>:
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>>:
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>>;

þ 2

N�
s1

N�
c1

x1
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0
1

8>><
>>:

9>>=
>>;
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1þ t1 aT=T0
e
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þ 2
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s2
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c2

x2
b

0
2

8>><
>>:

9>>=
>>;

1

1þ t2 aT=T0
e
:� ��2m2

(11.9)

In parallel to that, as the extensibility of the chains should be partly ruled by the level of cross linkage of the network,

a2 was assumed to be proportional toN�
c . Finally, p (power of the disentanglement factor), was found to linearly depend upon

strain-rate.

Finally, this phenomenological approach, combined with our novel model, allowed reproducing the behaviour of PMMA

from 0.01 to 0.0001 s�1, and from 120�C to 150�C (Fig. 11.3a) and potentially from 10�6 to 0.5 s�1 in terms of equivalent

strain-rate at reference temperature. It was also possible, using the same parameters, to reproduce both uploading-unloading

and uploading-relaxation experiments (Fig. 11.3b).

In addition, it was possible to reproduce linear visco elasticity as characterised using DMTA analysis, i.e. storage and loss

modulus observed for sinusoidal loading at low strain (10�3 in Fig. 11.4) using same type of model.

In conclusion, the new model made it possible to reproduce most of the visco-elastic characteristics of a rubbery PMMA

and their dependence upon temperature and strain-rate only defining a few number of parameters.

11.5 Conclusion

An new Visco hyperelastic frame in which mechanical behaviour is not decomposed into different components through an

“a priori” combination has been developed and validated. In this model inelastic phenomenon derives from the alteration of

internal variables related to the microstructure. Inelastic strain-rate is such as energy of the material remains constant, i.e.

energy necessary for changes in the microstructure is balanced by the release in elastic energy and other dissipative effects.

Fig. 11.3 Comparison between experiment (plain symbols) and model (hollow symbols) in the case of (a) uploading-unloading experiments: (1)
150�C and 10�3 s�1; (2) 130�C and 10�4 s�1; (3) 120�C and 2 � 10�4 s�1 and (b) uploading at 0.0001 s�1 relaxation at 130�C
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This concept allowed introducing time effects in the rubber elasticity theory, resulting in a visco hyper elastic, visco

plastic model consistent with continuum thermodynamics and obeying second principle by construction. The approach has

been illustrated with the Edwards Vilgis’ theory but could be extended to any other model.

Feasibility of accounting for temperature and strain-rate effects by an “a priori” uses of time temperature superposition

principle is clearly demonstrated in this study on the base of a rigorous experimental data base obtained for a PMMA.

Further works will be devoted to develop more physically based modelling.

To conclude, the model represents an attractive route for modelling time dependent behaviour of polymers over a wide

range of temperature and strain-rate up to of large strains.
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Chapter 12

Solution Approach for Coupled Diffusion-Reaction-Deformation

Problems in Anisotropic Materials

R.B. Hall, H. Gajendran, A. Masud, and K.R. Rajagopal

Abstract A capability to model oxidizing carbon-fiber polyimide matrix composites has evolved over the past number of

years at Air Force Research Laboratory [1]. Quoting [1] regarding a unidirectional non-woven fibrous layer, without cracks,

“The [finite element model] requires mesh sizes in the 1-mm scale and time increments in 1-s steps. A 200-h oxidation

simulation with 100-mm oxidation zone size typically requires problem sizes in the order of 100,000 degrees of freedom

(DOF) and 720,000 time steps.” Because of interest in a number of related problem classes including structural component

scales, desire to incorporate process restrictions offered by thermodynamics, and the possible involvement of finite

deformations, a mixture theory approach was developed by Hall and Rajagopal [2]. The theory is based on two constituents,

an anisotropic viscous fluid and an anisotropic hyperelastic solid, which react with each other. The model considers the

comparatively simple cases where conversions of species, including the associated masses, linear and angular momenta,

energies and entropies, are limited to interchanges between the original fluid and solid.

The theory of [2] can be reduced to seven partial differential equations (PDEs) in the unknown seven components of the fluid

and solid velocities and the temperature rate, ðvf ; vs; _yÞ. The state variables ðFs; rf ; rs; y;GÞ are the solid deformation

gradient, the fluid and solid partial densities, the temperature and the tensorial extent of reaction, the latter reflecting the mass

transfer between the constituents as a function of direction in the effective medium. The theory invokes the maximization of

the rate of entropy production, which involves a Lagrange multiplier that constrains the entropy production to meet the

restrictions imposed by the balance laws of continuum mechanics. Inherent in the described reduction are the following

assumptions, which render the Lagrange multiplier a single-valued function of the unknowns and state variables:

1. A single free energy function can replace those of the separate constituents, having separate components governing the

individual constituents.

2. Slow diffusion permits neglect of the squared relative kinetic energy terms ðvf � vsÞ � ðvf � vsÞ� �2
. We retain the

dissipation due to the drag force between the constituents, resulting from a combination of viscosity and tortuousity,

involving the relative velocity acting through a tensor expressing the drag force.

3. The reaction is slow enough to neglect the squared difference in the chemical potentials of the constituents, and the

product of the chemical potential difference with the (unsquared) relative kinetic energy term mentioned previously.

For purposes of developing solution techniques, the system is further reduced to 1-dimension, resulting in three PDEs in

the three unknowns ðvf1; vs1; _yÞ. It is assumed that the reaction proceeds in the x1-direction; it is noted that a unidirectional
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reaction process approximates observations of oxidation in polyimide composites [1]. The following kinematic assumptions

are made, where Xs is the reference position of a solid point, and x is the present position of a point of the mixture:

Fs
11 ¼

@x1
@Xs

1

6¼ 0; Fs
iJ ¼

@xi
@Xs

J

¼ 0; iJ 6¼ 11 (12.1)

vf2 ¼ vs2 ¼ vf3 ¼ vs3 ¼ 0 (12.2)

It is additionally assumed that the transverse components of the drag and body forces vanish.

The following Helmholtz free energy function is assumed, which corresponds to the 1-D representation of a transversely

isotropic thermoelastic solid permeated by a compressible inviscid fluid which reacts with the solid:

C½X1; t� ¼ As þ ðBs þ cs2Þðy� ysÞ � cs1
2
ðy� ysÞ2 � cs2y ln

y
ys

� �
þ 1

rsR

kf1
q
yp rf
� �q þ kf2r

f

( )

þ rs

r
1

rsR

1
2
ðlsR � lsyy=yRÞ þ ðmsTR � msTyy=yRÞ þ ðasR � asyy=yRÞ
þ 2 ðmsLR � msLyy=yRÞ � ðmsTR � msTyy=yRÞ
� �þ 1

2
ðbsR � bsyy=yRÞ

( )
ðEs

11Þ2 þ L

(12.3)

where L, given below, is a functional that reflects the influence of chemical dissipation on the free energy, see [2]; G0 is the

extent of reaction referred to the reference configuration; p and q are empirical exponents; Es is the solid Lagrangian strain;

r ¼ rf þ rs is the mixture density; and additional symbols are constants. (It is observed that the effective 1-D constants are

substantially fewer in number than those displayed, which result from reduction of a transversely isotropic model.)

L incorporates into the free energy a coupling of the solid strain and extent of reaction, as well as the rate of reaction. In

1-D the expression reduces to ( �K1 and A
0G
1111 are constants):

L ¼
ð
m
2
fðG0

11Þ
2 �K1E

s
11 þ 2 _G0

11A
0G
1111gdG0

11 (12.4)

For the 1-d deformation, for the case of rf<<rs, with Bs the left Cauchy-Green tensor of the solid, the solid and fluid

stresses are approximated by:

Ts � rs

rsR

 
1

2
fðls þ 2msT þ asÞðBs

11 � 3Þ þ 4msT þ ðas þ bs þ 4ðmsL � msTÞÞðBs
11 � 1Þg þ r

@L
@Es

11

!
Bs
11e1 � e1

� rrs
@L
@rs

I (12.5)

Tf � � r
rsR

kf1y
pðrf Þq þ kf2r

f
� 	

I� rrf
@L
@rf

I (12.6)

The full field theory has been developed in 1-d, and specific cases will be illustrated.
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Chapter 13

Effect of Crushing Method of Wasted Tire on Mechanical

Behavior on PLA Composites

Takenobu Sakai, Takuya Morikiyo, C.R. Rios-Soberanis, Satoru Yoneyama, and Shuichi Wakayama

Abstract Poly Lactic Acid (PLA) is one of the Biodegradable Materials which has excellent mechanical properties.

However, PLA is not wasted for the structural materials because of its brittleness. For improvement in the brittleness, the

wasted tire was chosen as the reinforcement. On the other hand, wasted tires are a huge problem in terms of health and

contamination due to bad disposal. There are many mechanisms to deal with this problem but they still have inconveniences.

In this study, we made the wasted tire powder reinforced PLA. The wasted tire powder was crushed by two ways. One is frost

shattering method, and the other is thermal shock process. The composites based on PLA were made with these two powders.

To investigate the effect of crush method of wasted tire, fracture mechanics were investigated. And the viscoelastic behavior

was investigated with the Dynamic Mechanical Analysis. And for impact tests, Split Hopkinson Pressure Bar tests were

carried out. As the results of static and impact test, thermal shocked powder composites have the good impact resistance.

Keywords Wasted tire • PLA • Composite • Visco-elasticity • Split Hopkinson pressure bar • Dynamic mechanical analysis

13.1 Introduction

From some decades ago, people were concerned that landfills were rapidly filling to the brim with smelly disposable diapers

and plastic junk. There seems to be less public debate on this today, but is assumed that the landfill issue remains largely

unresolved. In recent years, much attention has been focused on biodegradable and biocompatible polymers particularly

from an ecological point of view. The mechanical properties and degradation rates of biodegradable polymers, in general,

depend on their morphology or crystallinity as well as on their chemical structures [1].

Research in biodegradable polymers has gained considerable momentum in recent years due to the increasingly attractive

environmental, biomedical and agricultural applications. Current commercial biodegradable polymers are predominantly

limited to aliphatic polyesters, polyethers, poly(viny1 alcohol) and polysaccharides. Among these, the more important

synthetic biodegradable polymers are aliphatic polyesters, such as polylactic acid (PLA), polyglycolic acid (PGA), poly

(c-caprolactone) (PCL) and poly(hydroxy butyrate)(PHB) [2].

PLA is an important biopolymer with a great future. It can be extruded, molded and can also be oriented biaxially. All the

processes used for thermoplastics can be essentially used for processing of PLA. However, processing of PLA has certain

inherent problems. PLA picks up ambient moisture very rapidly and most of the problems experienced on PLA arise from

inadequate drying. Hence, PLA is required to be properly dried before processing. Because it is a condensation polymer,

presence of even a very small amount of moisture during melt processing cause degradation of polymer chains and loss of

molecular weight and mechanical properties.
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PLA has received much attention in recent years. They are synthesized from renewable resources and are biodegradable.

They are degraded by hydrolytic cleavage of the ester bonds to give lactic acid and its low molecular weight oligomers,

which can be metabolized by both soil and marine organisms [3]. PLA is synthesized from either lactic acid or its cyclic

dimer and is a biodegradable and biocompatible thermoplastic with a melting point around 180 ºC [4]. When exposed to

elevated temperatures, PLA is known to undergo thermal degradation, leading to the formation of lactide monomers. It has

been suggested that this property may be leveraged for the feedstock recycling of PLA [5].

From the environmental viewpoint, the compostable characteristics of PLA are well suited for many applications where

recycling, reuse and recovery of products are not feasible. Since the raw materials for PLA is based on agricultural feedstock,

the increased demand for PLA resins will create a positive impact on the global agricultural economy. Nevertheless, there

are a number of areas which still need to be improved, especially in applications where PLA is intended to be used as a

substitution for existing thermoplastics.

Blends of PLA with various non-degradable polymers have been investigated [6–8]. Some of these blends were found to

be immiscible, resulting in fairly poor mechanical properties [9]. To improve the properties of these biodegradable

polymers, blending and copolymerization techniques are extremely promising approaches. Additionally PLA has been

used as polymeric matrix in composite materials to develop partially biodegradable materials.

Used tires are a major problem in the world. Used tires that have completed their functional life cannot be used on

automobiles again. Until recently, they were either buried with other industrial waste in landfill sites or stockpiled in huge

dumps that could easily contain millions of tires [10, 11].

When piled, the tires attract rodents and some dangerous reptiles and also create stagnant pools of water, which create the

breeding grounds for mosquitoes. If the tire piles catch fire they are virtually impossible to put out. As they burn, the fire

emits a rank smell and toxic fumes. Their indiscriminate disposal causes blocking of drainage resulting in urban flooding

during the raining season [12, 13].

Currently, there are several means of recovery: reuse, rethreading, recycling, landfill engineering and energy recovery.

The scientific community’s efforts in finding ways to reduce tire waste has leaded to intense research on rubber that includes

the possibility of applying it in concrete, filler in natural rubber vulcanizates and blends with polymers [13–15].

Elastomeric part of the tire has been also analyzed and its powder was used to elaborate composite materials with good

mechanical properties [16]. It is an important issue to create new techniques to reuse waste materials such as tires. Tires are

classified as thermosetting materials since they present a high degree of crosslink that provide them of great resistant.

However they cannot be transformed to be used again. Therefore an option is to be used as fillers in the elaboration of tough

materials, conductive materials or semidegradable composites.

In this study, wasted tire and PLA were used to develop new materials such as high-impact composites. There are two

types of wasted tire powders as thermal shocked powder and frost shattered powder. The mechanical tests, such as DMA,

tensile test and Hopkinson bar impact test were carried out to characterize these materials and to evaluate the impact

resistance of each composite.

13.2 Materials

Wasted tire and PLA resin were used to make the composites. PLA resin (PLA polymer 2002D) was made by Cargill Dow

LLC. PLA was dried in the oven for 2 h at 70�C. The wasted tire was obtained from Mexican government, and they were

powdered with two ways as thermal shock process and frost shattering method. Methodology for tire reduction by thermal

and frost shattering techniques consist in applying a rapid change of extreme temperatures in short time as an alternative

process for reducing size particles in elastomeric pieces by the following stages:

1-a) Thermal shocked tire reduction

Small elastomeric pieces from tire were placed into a crucible and then heated in a furnace at 400�C during 10 min. After the

heating, samples are immersing immediately into liquid nitrogen (N2) for 15 min. When N2 is vaporized completely,

residues are pulverized manually in a pestle.

1-b) Frost shattered tire reduction

Small elastomeric pieces from tire were placed into liquid nitrogen (N2) for 5 min and then tire was mixed with rotary

blades.
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2) Powder is obtained and then used to elaborate the composite materials in the brabender 60 cc mixer.

Blends concentrations are shown in Fig. 13.1 that presents the schematics of the mixing and lamination processes.

The composite material obtained from the mixing machine is completely amorphous and homogeneous. It was observed

a good dispersion of the filler (wasted tire) into the polymer matrix (PLA). Formulations of the composite material were 10,

20 wt.% of filler.

3) The composite materials were placed in a mold to be pressed in order to get laminas.

Composite formulations from 10 and 20 wt.% followed the established process for making the laminas. Coupons were

obtained from these laminas to be characterized mechanically. The dimension of specimens is 130 � 15 � 4 (mm).

The specimens for Dynamic Mechanical Analysis (DMA) and tensile test were obtained from these laminas. The

specimens for Split Hopkinson Pressure Bar tests were placed in the special mold to be pressed.

13.3 Experimental Conditions

To understand the viscoelasticity of materials, Dynamic Mechanical Testing was carried out with the Rheometrics Solid

Analyzer RSA II (Rheometric Scientific Co., Ltd.). RSA II characterizes the viscoelastic properties of solid materials. In this

study, the 3-point bending method was used. A servo motor applies an oscillatory strain to the test specimen, and a

transducer measures the force required to effect the applied deformation. Heat gun controls the temperature in the

environmental chamber through forced convection of either vapor evaporating from liquid nitrogen or air passing over a

heating element. We performed strain, temperature, and frequency sweeps. We selected a strain (0.001) such that the

specimens deformed within the linear viscoelastic range. The temperature sweep tests varied T between 25 and 45�C (under

Tg) on frequencies of from 0.1 to 10 rad/s. stepping the temperature upwards in increments of 5�C. And thermal soaking

Fig. 13.1 Schematic drawing of b lending of the composite and lamination
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times of 3 and 6 min (for temperatures above and below ambient) minimized the effects of thermal transients. The dimension

of the specimen is 52 � 10 � 2 mm.

Tensile tests were carried out with the universal testing machine (Servo Pulsar, Shimadzu Co., Ltd.) at room temperature,

and crosshead speed was 0.5 mm/min. Strain gage was attached on the middle of specimen. The dimension of the specimens

is 13 � 75 � 3 mm.

To understand the effect of strain rate on the specimens, Split Hopkinson Pressure Bar tests were carried out. The

dimension of the specimen is F14 � 21 mm, and the dimensions of the input and output bars are F16 � 2,000 mm. Strain

gages were attached at the middle of input and output bars. The materials of input and output bars are S45C, and the lateral

wave speed is 5,150 m/s.

13.4 Results of Dynamic Mechanical Analysis

To know the basic visco-elastic behavior, we carried out the dynamic mechanical testing. We measured the phase lag of the

input and the response of strain and stress, and the tan d was calculated by storage modulus E0 and loss modulus E00 by
following equation.

E 0 ¼ s
e0

cos d (13.1)

E 00 ¼ s
e0

sin d (13.2)

tan d ¼ E0

E00 (13.3)

where, E0 is storage modulus, E00 is Loss modulus, E* is complex modulus, d is phase difference and tan d is loss tangent.

And, tan d shows the amount of energy absorption. Figure 13.2 shows the results of tan d of each specimen at 30�C. On low
angular speed, frost shattered powder composite have high tan d values, but on high angular speed, they have low tan d
values. And the other materials have similar tendency as frost shattered powder composite. That is, tan d has the dependency
on the angular speed on dynamic mechanical analysis. However, tan d of 20% of thermal shocked powder composite shows

little dependency on the angular speed. Therefore, 20% of thermal shocked powder composite has good capacity for the

energy absorption at 30�C.
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13.5 Tensile Properties of Composites

To understand the basic mechanical properties of the materials, tensile tests were carried out. Figure 13.2a shows the Stress-

Strain diagram of thermal shocked powder composites, and Fig. 13.2b shows the S-S diagram of frost shattered powder

composites. As shown in Fig. 13.2a, Young’s moduli and tensile strength were decreased with increasing powder contents.

Thermal shocked powder worked as filler of the materials. However, the tensile strain of composites were increased with

addition of the powder. Therefore, thermal shocked powder makes the composite more ductile. And as shown in Fig. 13.2b,

frost shattered powder worked as filler, too. The difference between thermal shocked powder composite and frost shattered

powder composited was observed in the maximum tensile strain (Fig. 13.3).

13.6 Split Hopkinson Pressure Bar Test

To consider the impact resistance, Split Hopkinson Pressure Bar tests were carried out. Figure 13.4 indicates the typical

oscilloscope records from the impact tests. The top trace gives the incident and reflected strain pulses, and the bottom trace

gives the transmitted strain pulse. As shown in this graph, the output bar’s response is much smaller than input bar’s. The

similar tendencies were observed on the other materials. Especially, frost shattered powder composites shows more decrease

in the output bar’s response. This is because that the specimens absorbed the energy when the materials were failure.

And the S-S diagrams were shown in Fig. 13.5. PLA resin and thermal shocked powder composites show the same S-S

behavior, but frost shattered powder composite show smaller strength than the other materials. These are same results as

static tensile behavior.

When thermal shocked powder was made, it was heated at 400�C and then degraded by heat treatment. However, frost

shattered powder was not affected the heat treatment, and frost shattered powder still has the tire (rubber) properties. On the

static and impact tests, the frost shattered powder behaved as the pore because tire’s properties were very poor. Therefore,

the static and impact strength are lower than other materials.
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13.7 Evaluation of Impact Resistance

As the results of DMA, thermal shocked powder composite has good ability for energy absorption. To evaluate the impact

resistance of the materials, the strain rate dependency for the materials’ strength was discussed. Generally, the material with

larger strain rate dependency on the mechanical strength has the good impact resistance. In this study, we compared about

the strain rate dependency on the strength. Table 13.1 shows the static strength, the strength at high-strain rate and the ratio

of static and strength at high-strain rate.

Thermal shocked powder composite’s value is higher than the other materials. This value shows the impact resistance,

therefore, Thermal shocked powder composite seems to be the highest-impact resistance.
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Table 13.1 Relationship

between static strength and

strength at high-strain rate
Static strength (MPa)

Strength at high-strain

rate (MPa)

Ratio between static

and impact tests

PLA resin 0% 42.2 100.9 2.40

Thermal shocked method 10% 34.4 90.3 2.63

20% 30.0 – –

Frost shattering method 10% 21.2 47.8 2.27

20% 17.6 37.18 2.19
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13.8 Conclusions

In this study, it came to be able to make two types of composites using wasted tire and PLA resin. One is thermal shocked

powder composite, and the other is frost shattered powder composite. And the static tensile, dynamic mechanical analysis

and Split Hopkinson Pressure Bar tests were carried out to evaluate the ability for impact response of the composites. As the

results of these tests, it was cleared that thermal shocked powder composites have the highest impact resistance.
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Chapter 14

Characteristic Length Scale Investigation on the Nanoscale

Deformation of Copper

Joshua D. Gale and Ajit Achuthan

Abstract Variation in the mechanical properties of copper subjected to severe plastic deformation (SPD) is studied

experimentally to understand the mechanics of nanoscale deformation. By varying the parameters of SPD process, a set

of samples with different levels of damage associated with plastic deformation is obtained. The distribution of the evolving

structural features, and possibly its type and nature, may vary according to the amount of damage induced in the sample. The

various levels of damage is introduced by varying the duration of electrochemical polishing on mechanically polished

samples and also by using surface mechanically attrition treatment (SMAT) technique. Mechanical properties such as

microhardness and nanohardness are then obtained in the sample surface. The surface deformation behavior near the indent

is also characterized by optical imaging. Based on the experimentally obtained correlations, the characteristic length scale of

deformation associated with indentation is discussed.

14.1 Introduction

Mechanical deformation history depending on its severity has a large impact on the properties of metal. Certain techniques

such as severe plastic deformation (SPD) have been shown to cause nanorecrystallization [1] and there is evidence to suggest

that the deformation mechanisms such as polishing also introduce microstructural changes [2, 3]. This change in microstruc-

ture has been shown to lead to an increase in desirable properties of the material such as hardness, strength, and toughness [4].

The large number of nanograins and grain boundaries inhibit the movement of dislocations, and at low temperatures this

strengthens the material. Through the use of various instruments such as micro and nanoindenters it is possible to determine

this material property change at the appropriate scale.

Indentation size effect (ISE) is an interesting phenomenon were the hardness of a material increases as the indentation

load is decreased. ISE has been widely theorized as being the result of geometrically necessary dislocations (GND) [5]. The

size effect has been correlated with the characteristic length scale associated with the indentation testing, such as the sample

grain size, sample thickness size as in thin films and indentation probe size. At the same time, some studies have attributed

the increase in hardness to certain other phenomena such as the effect of mechanical polishing and surface roughness [6].

The present study investigates the effect of deformation history on the hardness of copper through the use of two different

length scale instruments. Electrochemical polishing yielded the ability to control the thickness of a mechanically deformed

layer by varying the electrochemical polishing duration. Analysis of its properties at varying length scales were then studied

with both micro and nanoindentation testing. In addition, the interaction between a SPD produced deformation layer and a

polishing produced deformation layer were also studied. A SPD process called Surface Mechanical Attrition Treatment

(SMAT) [7, 8] is used in this study. SMAT is accomplished by impregnating kinetic energy by shot peening on the sample

surface. The cross-section of SMAT sample is expected to have a gradient in grain sizes and the amount of residual stress

through the thickness.

Initial results show the correlation between mechanical polishing and increased hardness readings at both the micro and

nanoscales. The difference in hardness behavior observed between micro-indentation and nanoindentation measurements
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has also been correlated with the length scale associated with these measurements. Significant difference in the deformation

behavior in terms of the density of slip planes on the surface near the intents between the regions those hardened by SMAT

and those are relatively far away from the SMAT surface were also observed.

14.2 Experiment

Bar Stock of 25.4 mm diameter 99.99% alloy 101 Copper Alloy was utilized in all cases. The bar was cut into 6 mm pucks,

polished and then annealed in a vacuum furnace at 700�C for 1 h. Polishing consisted of varying grits of silicon carbide

paper, 120, 340, 800, and 1200 grit respectively. After rough polishing, samples were diamond polished with a 3 and 1 um

Buehler Meta-Di diamond suspension. Annealing removed the effects of polishing and any prior mechanical deformation, as

well promoted grain growth up to an average size of 100 um. Two sets of samples were then created to study the effect of

nanoscale deformation.

14.2.1 Mechanically Polished Sample Preparation

Annealed samples described previously were exposed to various polishing levels. Two samples were used for repeatability at

each level of polishing. To establish a base condition of existing deformation all samples were first rough polished using the

earlier regime and fine polished with a 3 and 1 micron diamond suspension. Electrochemical polishing was then utilized and

time was varied as the independent variable. The samples were categorized according to their immersion time in an 85%

ortho-phosphoric acid bath with a steady state voltage of 1.5 V and a bath temperature of�10�C. Removal rate of material in

the bath was very low due to the high viscosity and resistance of the acid, so immersion times ranged from 30 to 900 min.

The longer time periods experiencing the largest amount of material removed. The time segments used were 30, 60, 180,

480, and 900 min, respectively. After immersion each sample was immediately dipped in distilled water and cleaned with

methanol to prevent post immersion etching.

14.2.2 SMAT Treated Sample Preparation

Post annealed samples were subjected to Surface Mechanical Attrition Treatment (SMAT) for 15 min. The SMAT process

was accomplished by using a dome shaped vacuum sealed refractory chamber attached to a Labworks Inc. LW-139-40

Electrodynamic Shaker System [9]. Each sample was clamped into the top of the dome refractory chamber and impacted

with ten 6 mm tungsten carbide balls at a frequency of 31 Hz. Further details on the SMAT process have been documented in

a previous article [9]. Tungsten balls were used in order to deter mechanical alloying of the balls into the specimen. After

treatment the samples were cross sectioned using a Buehler Isomet low speed saw with an HC 50 diamond wafering blade.

Each cross section was then placed in an epoxy resin and polished using the same technique as in the pre annealed state.

Electrochemical polishing was then utilized to remove unwanted effects from mechanically polishing the sample as

discussed for the non-SMAT samples. Again, the duration of electrochemical polishing was varied to analyze its effects

on indentation results.

14.2.3 Sample Testing

Microindentation test was used to examine the effect of hardness due to the polishing deformation layer, through the use of a

LECO M-400 Microindenter with a Knoop tip. A 25 indent rectangular pattern was used on the mechanically polished

samples. Whereas, the SMAT cross section samples were indented 50 times in a vertical pattern perpendicular to the treated

edge. The indents were produced with a force of 200 gf and a hold time of 15 s to account for thermal expansion and creep.

Post micro indentation samples were examined with an Olympus PME optical microscope and Joel SEM for slip line

characterization.
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Nanoindentation was carried out on the same samples that microindentation had been performed on. A Hysitron

Triboindenter 950 nanoindenter was used for indentation along with a Berkovich 150 nm tip. The mechanically polished

samples were indented with a 50 indent rectangular pattern on the polished face. The SMAT cross section of each sample

was indented a total of 50 times in a vertical pattern oriented laterally from the SMAT treated edge towards the interior

untreated edge. Each indent lasted 45 s with a 5 s hold time to account for creep and thermal expansion. This process was

repeated three times on each sample for validation of consistent results.

14.3 Results and Discussion

14.3.1 Non-SMAT Samples

Change in micro-hardness with electro chemical polishing duration is shown in Fig. 14.1. Around 25 indents were made on

each sample, and the indent number is shown as the x-axis to give an idea of variability in hardness from indent to indent.

The annealed sample has an average hardness of around 25 Kg/mm2, while polishing increased hardness on the surface to an

average of 45 kg/mm2. Thirty minutes of electrochemical polishing didn’t produce any significant change in hardness.

However, significant hardness change was observed when electrochemical polishing duration reached 60 min. The change

in hardness achieved was not as significant for 120 and 180 min of elector-polishing when compared to 60 min. Further

reduction in hardness was observed for samples with 480 min of electrochemical polishing. Though significant reduction is

obtained with 480 min of electro-polishing, these values were still significantly higher than the hardness of the annealed

samples.

The behavior of hardness variation with electro-polishing duration under nanohardness testing showed overall the same

trend as in microhardness testing (Fig. 14.2). A nanohardness value of approximately 0.85 GPa was obtained for annealed

samples which was increased to approximately 2.0 GPa due to mechanical polishing. Interestingly, this increase in hardness,

about 135%, is much larger than increase in hardness obtained in micro-hardness testing, which was about 80%. Similarly,

the significant reduction in hardness obtained in samples with 60 min of electrochemical polishing for microindentation was

not observed with the nanoindentation. Further increase in electrochemical polishing duration did show continuous

reduction of nanohardness with duration. Again, the nanohardness value of about 1.3 GPa obtained for samples subjected

to 480 min of electro-polishing was significantly higher than that of the annealed samples by about 53%.

The hardness values of the samples that were annealed after introducing mechanical polishing and various levels of

electro-polishing are shown in Figs. 14.3 and 14.4. The hardness values of these annealed samples, which are very close to the

original annealed values, show that the plastic deformation can be removed irrespective of various conditions of polishing

these samples had before annealing.

Fig. 14.1 Knoop hardness

results of micro indentation

on samples subjected to

various durations of

electrochemcial polishing.

Data is shown for about 25

indents in each case. As the

duration of electro-polishing

increases the hardness value

decreases from around

45 kg/mm2 corresponding to

mechanically polished sample
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Fig. 14.2 Nanoindentation

hardness results on samples

subjected to various durations

of electro chemical polishing.

Data is shown for around 25

indents in each case. As the

duration of electro-polishing

increases the hardness value

decreases from around

2.04 kg/mm2 corresponding to

mechanically polished sample

Fig. 14.3 Knoop hardness

values of samples annealed

after various levels of electro

chemical polishing. The

results show that the

mechanically induced plastic

deformation is completely

removed due to annealing

Fig. 14.4 Nanoindentation

hardness values of samples

annealed after various levels

of electrochemical polishing.

The results show that the

mechanically induced plastic

deformation is completely

removed due to annealing
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14.3.2 SMAT Samples

The micro-hardness values measured at the cross-section of SMAT samples were plotted against its distance from the SMAT

edge as shown in Fig. 14.5. The hardness values of these samples increased significantly when compared to annealed

samples. As expected increase in hardness is very high near the SMAT edge, as high as 155 kg/mm2, which is about 520%

increase in hardness. However, as distance from the SMAT edge increases this increase in hardness decreases exponentially,

with the majority of the reduction observed in the first 1 micron distance, followed by a gradual reduction between 1 micron

and 5 micron distances from the SMAT edge. The hardness of the mechanically polished samples that were not electro-

polished reduced to a value of 45 to 50 kg/mm2 approximately at locations beyond 5 micron distance from the SMAT

surface. This value is comparable to the hardness obtained in the mechanically polished non-SMAT samples. As the samples

were electrochemically polished the hardness values closer to the SMAT surface increased dramatically, while those

away from the SMAT surface decreased moving closer and closer to the annealed hardness values. The samples with

900 min of electrochemical polishing resulted in a hardness of approximately 30 kg/mm2, compared to 25 kg/mm2 of the

annealed sample.

The optical image analysis of the deformation near the indents of the micro-indentation tests shows significant difference

in the deformation behavior in the regions closer to the SMAT surface and away from the SMAT surface. A typical image

obtained near the SMAT surface is shown in as Fig. 14.6a, and the one taken away from the SMAT surface is as shown in

Fig. 14.6b. The optical image of a non-SMAT annealed sample is shown in Fig. 14.6c for comparison. Near the SMAT

surface, large amount of slip activity is visible compared to region far away from the SMAT surface. The relatively low slip

activity obtained at locations away from the SMAT surface is comparable with that of an annealed sample.

Fig. 14.5 Knoop hardness on the cross section of copper sample subjected to various conditions of polishing. Hardness on SMAT sample decrease

with the increase in the distance from the SMAT edge of the sample

Fig. 14.6 Optical images of the indents from the microindentation testing (a) near SMAT surface, (b) away from the SMAT surface and (c)

annealed (non-SMAT) sample
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14.3.3 Discussion

Overall, the results from the present study shows that mechanical polishing increases the hardness significantly at both the

microscale and nanoscale. This increase in hardness due to plastic deformation, induced by the mechanical polishing, can be

decreased by subjecting the sample to electro-polishing. A complete removal of the induced plastic deformation and recovery

of annealed hardness data was not achieved. This could require modifications in the current procedure of electrochemical

polishing.

The increase in micro-hardness due to mechanical polishing of non-SMAT samples was about 80% while the increase in

nanohardness of these samples was about 130%. This significant difference in the enhancement of hardness can be explained

based on the difference in the length scale of activation volume associated with the indentation. Since the activation volume

associated with the nanoindentation is much smaller than the activation volume associated with micro-indentation, the

corresponding defect density could be very high for nanoindentation. In other words, the activation volume associated with

the micro-indentation can go deeper than the volume affected by mechanical polishing, thereby resulting in relatively lower

hardness.

The increase in hardness observed on the SMAT samples has the effect of plastic deformation from both the mechanical

polishing and the SMAT. In the microindentation tests, in a region closer to SMAT surface the hardness can be considered as

independent of the polishing conditions. This could be attributed to the dominance of the effect of plastic deformation due to

SMAT relative to the effect of plastic deformation due to mechanical polishing. For the locations away from the SMAT

surface, the effect of SMAT decreases and hence, the effect of mechanical polishing dominates.

The significant slip activity near the SMAT surface observed using optical imaging highlights the difference in the

deformation mechanisms when compared to an annealed or non-SMAT region which represents relatively defect free

material volume. Though further investigation is required for understanding the actual micro/nanoscale deformation

mechanism underlying this phenomena, one possible scenario can be envisioned by considering the work-hardening and

the difference in the resistance to deformation of a material volume closer to the surface than the volume relatively deeper.

In the region where hardness in increased by SMAT, the ratio of the resistance to deformation of material volume in the bulk

relative to that at the surface might be larger due to larger work-hardening compared to an annealed sample. Hence the

contribution of surface in accommodating the indentation is larger in the hardened region which is realized through

significant amount of slipping.

14.4 Conclusion

The effects of severe plastic deformation on copper samples were investigated by introducing various levels of deformation

in this study. Various levels of plastic deformation were introduced by polishing the sample surface mechanically followed

by partial removal of this polishing effect by subjecting various duration of electro chemical polishing. Samples subjected to

surface mechanical attrition treatment (SMAT) were also investigated. Based on the study it was found that surface hardness

increases significantly in both the mechanically polished samples and SMAT samples. The amount of hardness attained

using severe plastic deformation was found to be a function of the characteristic length scale of the indentation itself. Study

of the cross-section of SMAT samples clearly shows variation in hardness with increase in distance from the SMAT surface.

Dominance of the effect of SMAT near the SMAT surface and the dominance of mechanical polishing away from the SMAT

surface were found. Optical imaging of the indent shows relatively larger slip activity near the SMAT surface compared to

region far from SMAT surface or annealed samples.

Acknowledgements The authors would like to thank Center for Advanced Materials and Processing (CAMP) at Clarkson University for the use

of their resources and facilities.

References

1. Fecht HJ, Ivanisenko Y (2007) Nanostructured materials, 2nd edn. William Andrew Publishing, Norwich, pp 119–172

2. Turley DM, Samuels LE (1985) The nature of mechanically polished surfaces of copper: polishing with fine diamond abrasives. Metallography

18(2):149–160

3. Turley DM, Samuels LE (1981) The nature of mechanically polished surfaces of copper. Metallography 14(4):275–294

98 J.D. Gale and A. Achuthan



4. Sanders PG, Eastman JA, Weertman JR (1997) Elastic and tensile behavior of nanocrystalline copper and palladium. Acta Mater

45(10):4019–4025

5. Nix WD, Gao H (1998) Indentation size effects in crystalline materials: a law for strain gradient plasticity. J Mech Phys Solids 46(3):411–425

6. Liu Y, Ngan AHW (2001) Depth dependence of hardness in copper single crystals measured by nanoindentation. Scr Mater 44(2):237–241

7. Lu J, Lu K (2003) Comprehensive structural integrity. Pergamon, Oxford, pp 495–528

8. Lu K, Lu J (2004) Nanostructured surface layer on metallic materials induced by surface mechanical attrition treatment. Mater Sci Eng A

375–377:38–45

9. Mao XY, Li DY, Fang F (2010) A simple technique of nanocrystallizing metallic surfaces for enhanced resistances to mechanical and

electrochemical attacks. Mater Sci Eng A 527(12):2875–2880

14 Characteristic Length Scale Investigation on the Nanoscale Deformation of Copper 99



Chapter 15

Rate-Dependent, Large-Displacement Deformation of Vertically

Aligned Carbon Nanotube Arrays

Y.C. Lu, J. Joseph, M.R. Maschmann, L. Dai, and J. Baur

Abstract Rate dependent mechanical response of the vertically aligned carbon nanotube arrays (VA-CNTs) has been

examined with large-displacement indentation tests. The VA-CNTs are observed to exhibit elastic deformation at small

displacement and then plastic deformation at large displacement. Under the cylindrical, flat-ended punch, the nanotube

arrays collapse plastically at positions of immediately beneath the indenter face. The plastic zone remains stable at large

displacement, because the stress/strain field under a flat cylindrical punch is relatively constant. From the normalized

indentation stress-displacement curve, the critical indentation pressure (Pm), a measure of collapsing stress of the CNT

arrays, is obtained. The speeds of the indenter have been varied, from 0.5 to 4 mm/s. The large displacement deformation is

influenced by the effective strain rate of the material. The critical indentation pressure increases with the increase with the

strain rates.

Keywords Carbon Nanotube • Strain Rate • Indentation • Large Displacement

15.1 Introduction

Vertically aligned carbon nanotube arrays (VA-CNTs) have received considerable attention lately due to their unique

structures and properties. The VA-CNTs can be grown from various seeded substrates via the chemical vapor deposition

(CVD) process. VA-CNTs grown on planar substrates have found applications in areas such as the electrical interconnects

[1, 2], thermal interface materials [3, 4], energy dissipation devices [4, 5], and microelectronic devices and microelec-

tromechanical systems [6]. VA-CNTs grown on rounded carbon fibers can be used for improving the fiber-matrix interfaces

in composites [7–10], and as flow or pressure sensors used on micro air vehicles (MAVs) [11].

The mechanical properties of these VA-CNTs have been investigated lately, mostly through the nanoindentation

technique. In this, an indenter of parabolic or three-face pyramidal shapes is pressed into the specimen to a shallow depth

(a few nanometers or microns) and then withdrawn from it, from which the indentation load-depth curves are obtained.

Following the standard Oliver-Pharr method, the modulus and hardness of the CNT arrays can be estimated. Most existing

studies have been limited to small strain, elastic type deformation of the CNTs [12–14]. The deformation behavior of the

VA-CNTs at large strain has drawn great interest recently. Uniaxial compressive tests have been conducted on CNT arrays

[15–17]. The CNT array was found to behave as an open-cell foam-like material. The stress–strain curve displays three
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distinct stages: a short elastic region, followed by a prolonged plateau region, and finally a densification region. Under

compression, the CNT arrays folded themselves in wavelike pattern. The wavelike folding has been observed to always

initiate at the bottom of the CNT arrays and then to propagate towards the top. This paper reported the rate-dependent, large-

displacement deformation of the VA-CNT arrays through indentation tests.

15.2 Experimentation

15.2.1 Materials

VA-CNTs were synthesized by low pressure chemical vapor deposition (CVD) of acetylene on 15 � 15 mm2 SiO2/Si wafers

[20]. A 10-nm thick Al layer was first coated on the wafers before the deposition of 3-nm Fe film in order to enhance the

attachment of grown nanotubes on the silicon (Si) substrate. The catalyst coated substrate was inserted into the quartz tube

furnace and remained at 450�C in air for 10 min, followed by pumping the furnace chamber to a pressure less than 10 mTorr.

Thereafter, the growth of the CNT arrays was achieved by flowing a mixture gases of 48% Ar, 28% H2, 24% C2H2 at 750
�C

under 10 ~ 100 Torr for 10–20 min. The length of the resultant aligned VA-CNTs could be adjusted by controlling the

deposition time and pressure. The VA-CNTs produced were multiwalled carbon nanotubes (VA-MWNTs) and had a narrow

uniform diameter distribution between 10 and 15 nm. The carbon nanotube density was approximately: d0 ¼ 1010–1011

tubes/cm2. The microstructure of the carbon nanotube samples were studied using scanning electron microscopy (SEM).

SEM was carried out at 15 kV using a field emission Hatachi S800 SEM unit.

15.2.2 Indentation Tests

Large-displacement indentation tests were performed on a conventional nanoindentation tester (Agilent Nano Indenter XP)

for rate-dependent experiments. A flat cylindrical tip geometry was used for the indenter, since the stress analysis under a tip

of this form had been extensively modeled [18, 19]. Compared to indenters of parabolic and three-face pyramidal shapes, the

contact area of a cylindrical flat indenter does not change with displacement, and the extent of the stress field scales with

the diameter of the indenter. The commercially-made indenter has a nominal diameter of 100 mm at the end. The resolutions

for load and displacement are 50 nN and 0.01 nm, respectively. The Agilent XP style actuator has a large travel distance up

to 1 mm thus could be configured for conducting large-displacement indentation tests. The continuous stiffness measure-

ment (CSM) function was used for large displacement indentation. The indenter was oscillated at a frequency of 50 Hz and

amplitude of 2 nm. For most experiments, the indenter was driven into the CNT samples to a depth of 150 mm (three times of

the indenter radius).

The large displacement indentation test has been a proved method for examining the plastic deformation of materials in

small volumes, and has been used on isotropic polymers [21–24], and oriented polymers [25, 26]. The test is run typically to

an indentation depth (d) greater than at least one indenter radius (d/a > 1), where a is the indenter radius. Under a

cylindrical, flat-ended punch, the deformation zone at large penetration becomes fully developed surrounding the indenter

and then remains relatively constant in size. Because of this stable plastic zone, the resultant load-depth curve at large

displacement is linear. The small, finite slope of the curve at large displacement arises from the frictional force on the lateral

surface of the indenter, due to the elastic compression from the surrounding materials. At some cases (brittle amorphous

polymers), the load–displacement curves at large strain exhibit a series of distinctive load-drops, which are due to the

microcracking formed in front of the indenter face [21].

15.3 Results and Discussion

15.3.1 Morphology of the VA-CNT Arrays

The surface morphology of the present nanotube specimens was examined by the SEM. Figure 15.1 shows the side and top

views of the specimen under various magnifications. As can be seen, the nanotubes are well-aligned perpendicularly to the
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substrate. The high magnification SEM image shows that the constituent individual nanotube is somewhat zigzag-like along

the nanotube length with some entanglements between the nanotubes as a result of the growth process. However, the

specimens have a quite smooth top surface suitable for the nanoindentation tests. No material pile-up is observed around

the indentation, indicating that the present nanotube array exhibits negligible strain hardening.

15.3.2 Large-Displacement Indentation Tests

The large-displacement deformation of the VA-CNTs has been recently examined through conventional axial compressive

test. Such test often requires special sample preparation technique. For example, the photolithography method is needed to

grow cylindrical CNT pillars to be fitted at small testing platens [13, 16]. Here we examined the large-displacement

deformation of the CNT arrays by conducting indentation directly on the as-grown samples. Under a cylindrical, flat-faced

indenter, the contact area does not change with depth. Thus, the indentation stress (P) is simply the force applied (Ltotal)

divided by the cross-sectional area of the indenter (pa2). The deformation under the indenter tip is clearly not uniform, and a

reasonable measure of the mean indentation strain under this type of indenter can be obtained following the suggestion by

Hill [27], in which the indentation depth (d) is normalized with respect to the diameter (2a).

Figure 15.2 shows a typical indentation stress-displacement curve of the vertically aligned carbon nanotube arrays. The

sizes (heights) of the specimens were chosen carefully to avoid the influence of rigid substrates. The present test was

Fig. 15.1 SEM images

showing the morphology

of the side surface of the

vertically-aligned carbon

nanotube array

(thickness ¼ 500 mm)
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conducted at a rate of 0.1 mm/s. By using a cylindrical geometry rather than a conical or three-faced pyramidal (Berkovich)

indenter, the applied stress measured by the indenter at this steady state is constant. The achievement of this steady state can

be observed in the stress-displacement curve. Two distinctive regimes can be observed in the indentation stress-

displacement curves of the CNT arrays: a short elastic region and a plateau-like region (Fig. 15.2). The plateau region

indicates the plastic collapses of carbon nanotubes beneath the indenter face. Such collapse allows the strain increase while

the stress stays approximately constant. A series of “load-drops” in the plateau regions is observed, which corresponds to the

folding of additional carbon nanotubes. If further penetration is permitted until all folding is completed, a third region would

appear: the densification region. In that region, the folding of all nanotubes under the indenter face has been completed and

the compression of the folded/collapsed materials has started. As a result, the stress would start to rise sharply. Alternatively,

the densification response can be observed by indenting a shorter specimen. Overall, the stress-displacement response of the

CNT arrays is identical to that of an open-cell foam-like material [15–17].

The normalized stress-displacement curve could then be used to estimate the critical indentation stress (Pm), which is a

measure of the collapsing stress of the foam-like CNT structure. The critical indentation stress, Pm, is then determined by

extrapolating the large-strain indentation stress-displacement curve back to zero displacement, where the frictional load

vanishes. The magnitude of Pm so obtained for the present CNT arrays is approximately 0.56 MPa, from Fig. 15.2. The same

CNT array has been tested under uniaxial compression using the same in-situ testing apparatus. The yield strength is taken as

the maximum stress at the peak: sy ¼ 0.48 MPa. A comparison with the indentation test shows that the critical value of the

indentation stress, Pm, is very close to the uniaxial yield stress (sy) for the CNT arrays: Pm/sy � 1.16. The critical indentation

stress (Pm) is proportional to the uniaxial yield stress (sy) for a material. The mean indentation contact pressure beneath an

indenter is larger than the uniaxial compressive yield stress of the material because of the confining pressure generated by the

surrounding elastically strained material in the indentation stress field. The ratio between the mean indentation pressure and

the uniaxial yield stress is referred as the constraint factor (C) [28]. For ductile metals, a value of C � 3 is generally

considered to be appropriate [28, 29]. For soft polymers, the value of C is slightly smaller [21–24]. For foam-like materials,

the value of C often approaches to unity [30–32]. For the foam-like CNT arrays with a plastic Poisson’s ratio near zero, the

large indentation has resulted in very little lateral spreading of the CNT fibers under the indenter. Thus, the constraint factor

becomes unity.

15.3.3 Strain Rate Dependent Effects

The mechanical properties of carbon nanotube arrays have been reported as rate-dependent, again due to their open-cell

foam-like structures [5, 17]. The CNT sample under a high speed impact loading has developed a much higher stress than

that under a low speed compression test [5]. The loss stiffness (modulus) of the CNT arrays increases as the frequency (rate)

increases [17]. The influence of strain rate on large displacement deformation of the CNTs was examined in the present

study. The speed of the indenter was varied from 0.5 to 4 mm/s. Figure 15.3 shows the indentation stress-displacement curves

obtained at various speeds. As expected, higher loading velocity has resulted in higher stress. As the indenter velocity
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changes, the strain rate in the penetrated material changes. The effective strain rate under a flat-faced indenter was estimated

using the approximation of Sargent and Ashby: _e ¼ v=
ffiffiffi
A

p
, where v is the indenter velocity and A the indenter cross-

sectional area [33]. The relationship between the critical indentation stress (Pm) and effective strain rate (_e) is seen in

Fig. 15.4. As strain rate increases, the stress required for nanotube collapsing also increases. In this experiment, the

beginning of the indentation stress-displacement curves at plateau regions are characterized with a few large “load

humps”. Those large load drops are resulted from the initiation of nanotube array folding/buckling. In some cases the

formation of folding/buckling can be so dramatic that the indenter head can momentarily lose contact with the specimen

[16]. It was observed that not all CNT samples exhibited such dramatic load drops. Therefore, the appearance of such load

humps may be random, depending upon the testing condition (loading speed), and the structure and properties of each

individual CNT sample being tested.
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15.4 Conclusions

Large-displacement deformation of the vertically aligned carbon nanotube arrays have been studied through indentation

tests. Under the indenter, the vertically aligned carbon nanotube arrays exhibit a transient elastic deformation at small

displacement and then plastic deformation at large displacement. The critical indentation pressure (Pm) can be extrapolated

from the indentation stress-displacement curve, which is a measure of the collapsing stress of CNT arrays. The magnitude of

Pm at the end of the indenter is approximately equal to the collapsing stress of the same carbon nanotube array under uniaxial

compression, indicating that there is negligible interfacial friction between the nanotubes and the indenter sidewall. The

large displacement indentation tests were performed at various indenter velocities. The critical indentation pressure (Pm) is

found to be proportional to the effective strain rate.
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Chapter 16

Characterization and Analysis of Time Dependent Behavior of Bio-Based

Composites Made Out of Highly Non-Linear Constituents

Liva Rozite, Roberts Joffe, Janis Varna, and Birgitha Nystr€om

Abstract The objective of this investigation is to predict mechanical behavior of bio-based composites and their

constituents by generalizing existing models to capture their time-dependent behavior. In order to identify and quantify

parameters needed for the modeling, extensive damage tolerance tests as well as creep experiments are carried out.

Keywords Bio-based composites • Time dependent behavior • Flax fibers • Regenerated cellulose fibers • Creep

16.1 Introduction

Currently there is compelling motivation from industries and society for development of materials from renewable

resources. Fairly recently a number of bio-based thermosetting resins and high quality natural fibers (e.g. flax, hemp)

became available which promoted development of entirely bio-based high performance composites for structural

applications. However, there are still weaknesses related to the natural fibers, such as limited fiber length, sensitivity to

moisture, temperature etc. But probably major drawback of these fibers is variability of their properties. Therefore, another

type of reinforcement with high cellulose content and of natural origin has attracted attention—regenerated cellulose fibers

(RCF). RCF are continuous and it is easy to arrange them into fabrics with stable orientation and geometry. But RCF are

highly non-linear and the performance of bio-based resins is also of similar kind. Therefore, performance of the composite

with such constituents is non-linear with presence of very significant vicsco-elastic/plastic component.

In the present study, new combinations of fibres and resins from renewable resources are used as constituent materials in

composites with an attempt to develop structural materials. Fibres made from regenerated cellulose and high quality spun

flax fibres are combined with two types of bio-based thermosetting resins.

Preliminary results from tests of composite laminates with RCF show that damage modes in these materials are very

similar to that of synthetic composites (like glass and carbon fiber composites). However, these results also show that stress-

strain curves for these materials are very non-linear and loading-unloading experiments demonstrate that the shape of the

stress-strain curve has the form of a hysteresis loop. Therefore, these materials have to be treated as highly non-linear with

presence of visco-elastic and/or visco-plastic effects.
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Luleå University of Technology, Luleå S-97187, Sweden
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Swerea SICOMP AB, Piteå S-94126, Sweden
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16.2 Mechanical Characterization

16.2.1 Materials

Two types of fibers were used in this study—regenerated cellulose fibers “Cordenka 700 Super 3” (Cordenka, Germany) and

unbleached high quality flax fibers produced by Linificio e Canapificio Nazionale, Spain, supplied by eXtreme in Italy.

Tribest and EpoBioX were used as bio-based resins. Tribest is acrylated, epoxidized soy oil based resin (Cognis, Germany).

As a curing agent 2.25% peroxide Benox L40LV (Syrgis Performance Initiators AB) was used. EpoBioX is epoxidised pine

oil based resin (Amroy, Finland). As a curing agent for EpoBioX Ca35Tg hardener with mixing ratio 100:27 was used.

Tribest resin and EpoBioX base are approximately 75% bio-based.

16.2.2 Composite Manufacturing

Fiber roving was winded on steel plates using a filament winding machine (two layers for unidirectional composites (UD)).

Afterwards fiber preforms were impregnated using vacuum infusion with resin heated to 50�C. Composites with Tribest

resin were cured for 8 h at 80�C. Composites with EpoBioX resin were cured for 2 h at 80�C. The final composite laminates

were with fiber volume fractions of approximately 40–50%.

16.2.3 Tensile Tests

16.2.3.1 Composite and Neat Resin

Composite plates were cut into rectangular shaped specimens and then polished (up to the 1,200 grit sand paper). Specimens

did not have end tabs but grinding paper (roughness 240) was used to wrap the ends of the specimens in order to prevent

material crashing in the grips.

Tensile tests of composites and neat resins were performed on Instron 3366 machine equipped with 10 kN load cell,

pneumatic grips and extensometer (Instron 2630-111) with a gauge length of 50 mm. Specimen was clamped in the grips

(25 mm from each end) in such a way that gauge length was set to 100 mm. In all quasi-static tensile tests the speed of the

tensile machine’s cross-head was 5 mm/min which roughly corresponds to a strain rate of 5%/min. Load and displacement

was registered by data acquisition unit and stored on PC. Tensile tests were performed at room temperature and relative

humidity (RT ~ 22�C, RH ~ 25%).

16.2.3.2 Cordenka Bundle

Tensile tests of Cordenka bundles were performed on Instron 4411 equipped with 500 N load cell and mechanical grips.

Every bundle was fitted with wooden end tabs by gluing bundle ends in between flat pieces of wood (Araldite 2011 two-

component epoxy resin was used as glue).

The average diameter of single Cordenka fiber is df ¼ 12.5 mm (this value is used to calculate stress). The number of

single fibers in the yarn is 1,350. The diameter and filament count were determined experimentally and verified from a

product data sheet supplied by manufacturer.

16.2.4 Creep Tests

16.2.4.1 Composite and Neat Resin

Tensile creep tests were performed using a creep rig with dead weights. Creep load is applied in steps and in every step k
stress is applied instantly at tk and kept constant for time interval tk+1–tk. The duration of strain recovery interval was at least
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five times longer than the loading interval. Creep strains (measured using extensometer) were recorded during the loading

and also during the following interval of strain recovery after load removal.

The irreversible strains at the end of the recovery period (if present) were analyzed as viscoplastic. All creep tests used for

determination of time and load dependence of viscoplastic strains were carried out in multiple steps over shorter time

intervals of 10, 20, 30 and 60 min.

16.2.4.2 Cordenka Bundles

Bundle specimens for creep tests were prepared in the same way as for simple tensile tests, but in this case specimens with a

gauge length of 100 mm were prepared. Creep tests were performed on Instron 3366 with same set-up as in simple tensile

tests.

16.2.5 Accumulation of Microdamage and Resulting Stiffness Degradation

After material has been subjected to high stress levels the elastic properties of the material may be degraded. The elastic

modulus dependence on the previously applied maximum strain/stress level was measured to evaluate the significance of

microdamage developing at high stresses.

16.3 Results and Discussion

It is important to be able to predict long term behavior of materials under investigation. One of the most general approaches

is thermodynamically consistent theory for nonlinear viscoelastic and nonlinear viscoplastic materials developed by

Schapery [1, 2]. The constitutive equation was further modified to account for microdamage in [3]. The final form of the

material model (for one-dimensional case) is

e ¼ d smaxð Þ e0 þ g1

Z t

0

DS C�C0ð Þ dðg2sÞ
dt

dtþ epl t; sð Þ
2
4

3
5 (16.1)

This model has been successfully applied to randomly oriented bio-based composites [4, 5] and continuous glass fiber

composites [6].

This model can be used to predict behavior of composite as well as constituents (fiber and/or resin). However, this

requires a great number of input parameters and, therefore a substantial number of experiments must be performed.

Considering that a huge variety of different compositions of constituents is possible, a more efficient way to predict the

behavior of composite would be based on constitutive modeling. This means that once constituents (fibers and resins) are

fully characterized, the long term properties for resulting composites can be analytically predicted based on this information.

16.3.1 Mechanical Behaviour of Regenerated Cellulose Fibers

Stress-strain curves for Cordenka bundles with and without twist are presented in Fig. 16.1. Average mechanical properties

are presented in Table 16.1. Stress-strain curves from loading-unloading tests of regenerated cellulose bundles are presented

in Fig. 16.2.

In Fig. 16.1 it is possible to distinguish two linear regions and one transformation region on the stress-strain curve. Both

fiber types of bundles exhibit similar trends, but stress-strain curves for twisted bundles are slightly shifted to the right on the

strain axis. This is somewhat different from the behavior of other manmade fibers (e.g. glass and carbon) where the load-

displacement curve has a bell-like shape and it can be used to identify parameters of Weibull strength distribution. In the case

of synthetic fibers, filaments in the bundle fail progressively and therefore failure of the bundle is not sudden as for Cordenka
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bundles. Thus it can be stated that strength of Cordenka fibers cannot be described by the Weibull strength distribution,

because these fibers are not brittle material for which this distribution was introduced. Moreover, in the case of twisted

bundles fiber are very tightly squeezed together and friction between fibers is very high.

Figure 16.2 shows well defined hysteresis loops, this is typical phenomenon for visco-elastic materials. The overall

behavior of specimens is similar to that in simple tensile tests, but bundles fail at significantly lower strains of 8%, whereas in

simple tensile tests bundles failed around 15%. Stress-strain curves for two tested bundles are almost identical which

indicates very good repeatability of experimental results.

16.3.2 Mechanical Behavior of Composites and Neat Resin

Stress-strain curves for neat Tribest resin are presented in Fig. 16.3. All experimental curves almost coincide with each other

showing excellent repeatability. At the beginning stress-strain curves show linear behavior, but after approximately stress

level of 3 MPa curves have non-linear trend.

Fig. 16.1 Stress-strain curves for regenerated cellulose fiber bundles with and without twist

Table 16.1 Average mechanical properties for fiber bundles

Bundle type Elastic modulus (GPa) Strain at maximum stress (%) Maximum stress (MPa)

Twisted 15.68 � 0.93 18.61 � 1.94 602.8 � 17.8

Without twist 23.71 � 2.51 14.45 � 0.82 633.2 � 45.1
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Fig. 16.2 Stress-strain curves from loading-unloading tests for twisted regenerated cellulose fiber bundles
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Stress strain curves for UD composites are presented in Fig. 16.4 (for more convenient comparison only part of the curves

is presented). It is obvious that glass fiber (GF) composites have higher stiffness than regenerated cellulose fiber composites.

GF composite curves are linear, whereas regenerated cellulose fiber composite exhibit non-linear behavior. Comparison of

stress-strain curves for GF and Cordenka fiber composites with the same matrix (Tribest) leads to conclusion that non-linear

behavior of composites is mostly defined by fibers. Stress-strain curves for composites with regenerated cellulose fibers but

different matrices have similar shape. Composite with EpoBioX has slightly higher modulus. Measured elastic modulus of

neat resin and composites are presented in Table 16.2.

16.3.2.1 Tensile Creep Tests

Several step creep tests for neat Tribest resin were performed at three stress levels: 4, 5 and 6 MPa (Fig. 16.5). Visco-plastic

strains for resin at stress levels 4 and 5 MPa are similar, however, increase of applied stress from 5 to 6 MPa doubles level of

visco-plastic strain.

Several step creep tests for Cordenka fiber bundles are presented in Fig. 16.6. At relatively low stress levels 50 and 100 MPa

viscoplastic and viscoelastic strains are low, but with increase of stress level amount of strain dramatically increases.

Several step creep test for GF/Tribest composite is presented in Fig. 16.7. As expected, GF composite exhibits linear

elastic behavior also in creep. There are no significant viscoelastic strains and even at high stress levels there are only very

small viscoplastic strains.
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Table 16.2 Measured

elastic modulus for nest

Tribest resin and composites

Material Elastic modulus (GPa)

Neat Tribest resin 0.53

Glass/Tribest UD 43.0

Cordenka/Tribest UD 15.0

Cordenka/EpoBioX UD 17.4

Flax/EpoBioX UD 22.0
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Several step creep tests for Cordenka/EpoBioX composites are presented in Fig. 16.8. It can be seen in Fig. 16.8 that

viscoplastic and viscoelastic strains at 160 MPa stress increases twice as much as at lower stress levels with 20 MPa stress

increase. This stress level is close to the point when slope of stress-strain curve from tensile tests of bundle is changing

(see Fig. 16.1). It is obvious that around this “transformation region” composites, similarly as in case of fibers, are behaving

differently than at lower stress levels.

16.4 Summary

The highly non-linear behavior of Cordenka bundles was demonstrated via quasi-static and creep tensile tests. At high

stresses (>150 MPa) Cordenka bundles exhibit very significant creep, whereas at low applied stress (<100 MPa) evolution

of strain during the creep test is not excessive and almost no residual strain has developed. Two types of bundles, with and

without twist, were tested. Bundles without twist perform slightly better than those with twist. Moreover, use of untwisted

Tribest

0

0.5

1

1.5

2

2.5

3

0 10000 20000 30000 40000 50000 60000

Time (s)

S
tr

ai
n 

(%
)

6 MPa
5 MPa
4 MPa

Fig. 16.5 Several step creep

test results for neat Tribest

resin

Fig. 16.6 Several step creep

test results for Cordenka fibers

bundles

GF/Tribest

0
0.05

0.1
0.15

0.2
0.25

0.3
0.35

0.4

0 10000 20000 30000 40000 50000 60000

Time (s)

S
tr

ai
n

 (
%

)

150 MPa
130 MPa
110 MPa
90 MPa

Fig. 16.7 Several step creep

tests results for GF/Tribest

composite

114 L. Rozite et al.



bundles is mush more beneficial for manufacturing of composites: fibers are dispersed more homogeneously throughout the

material.

Tensile tests of composites show that GF/Tribest behaves linearly with elastic modulus of 43 MPa. It should be noted that

this value is rather close to the stiffness of commonly used GF/Epoxy UD prepreg composite with high volume content of

fibers (value of 45–47 GPa has been reported). But the composites made out of Cordenka fibers with Tribest resin behave

non-linearly and show much lower stiffness. However, it should be noted that stiffness of Cordenka fibers is 3.6 times lower

than that of GF but stiffness of composite based on Cordenka fibers is only 2.9 lower than elastic modulus of GF composites.

This means (assuming similar volume fractions of fibers in GF and Cordenka laminates) that properties of Cordenka are well

utilized due to homogeneous fiber distribution and well controlled fiber orientation in the material.

There is small difference between stiffness of Tribest and EpoBioX resin based composites (with Cordenka fibers):

EpoBioX composite has 15% higher modulus than composite with Tribest. This of course can be explained by difference in

properties of matrix (stiffness of Tribest is <1 GPa, whereas stiffness of EpoBioX is 3.0–3.5 GPa) and possible small

deviations in fiber content.

Neat Tribest resin showed highly viscoelastic and viscoplastic response in creep tests, whereas GF/Tribest composites did

not creep at all. The strain developed in GF composite during the creep were 2.5 times smaller than for Cordenka composites

but it can be explained by difference in stiffness. In general, it can be stated that at small applied stresses (<100 MPa)

Cordenka composite does not exhibit extreme creep.

The results accumulated in this investigation facilitate understanding of behavior of composites with highly non-linear

fibers. It will promote development of these materials as well as help in validation of models for prediction of performance of

such composites. This knowledge will be further used to design materials with new compositions (and properties) tailored

according to the particular applications.
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Chapter 17

Combined Effects of Moisture and UV Radiation on the Mechanics

of Carbon Fiber Reinforced Vinylester Composites

Chad S. Korach, Heng-Tseng Liao, Derek Wu, Peter Feka, and Fu-pen Chiang

Abstract Fiber reinforced polymer resin composites are used in infrastructure, structural, and foam core sandwich structure

applications. When exposed to environmental factors degradation initiates in the composite matrix due to stress, radiation,

moisture and chemical effects, causing overall weakening. Combined exposure of UV radiation and moisture creates

synergistic degradation mechanisms. Here, accelerated aging of carbon fiber-reinforced vinylester composites is performed

using UV radiation and moisture exposure with environmental chambers to ascertain the effect on the composite mechanical

response over time. Composite coupons are characterized for mass and surface volume changes, and mechanical characteri-

zation is used to assess the effects of combined environments on strength. The significant physical and chemical mechanisms

of the composite performance loss for combined exposure conditions will be discussed in the context of accelerated aging.

Keywords Carbon fiber • Vinylester • Composites • Degradation • Moisture • Ultraviolet light • Accelerated aging

17.1 Introduction

Infrastructure and structural applications are increasingly moving towards the use of polymer composite materials for

components of structures and structural repairs. Polymer composites are attractive due to the high strength-to-weight ratio

and the corrosion resistance. Though polymer composite materials have been successfully used in application, the long-term

durability of the materials is still an open question, and effects wide-spread implementation. This is partly due to the

multitude of conditions composite materials can be exposed to in application [1]. The effect of environmental exposure of

vinylester resin composites has shown detrimental effects on long-term residual mechanical properties [2]. Combined effects

of ultraviolet radiation and moisture at elevated temperatures have shown an increased degradation of mechanical properties

for epoxy resin composites [3]. Similar combined exposures have not been addressed for vinylester resin composites, and

here the combination of UV radiation and moisture-temperature are studied for carbon fiber/vinylester composites.

17.2 Materials and Methods

17.2.1 Materials

Carbon-fiber reinforced vinylester unidirectional composite laminates (Graphtek LLC) were used for all experiments and

conditions. Composite laminate sheets with nominal thickness of 1.4 mm were machined using a diamond wet saw into two

sizes: (1) 12.5 � 77 mm (width � length) for flexural testing with two fiber directions [0�] and [90�], and (2) 25 � 152 mm

with [0�] fiber direction in the length for fracture testing. Two 5 mm notches were machined in specimen size (2) at the

midpoint of the length with a diamond saw to create double edge notch (DEN) fracture specimens.
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17.2.2 Exposure Conditions

Samples were exposed to ~800 h of combined and individual accelerated aging before characterization using two chambers:

(1) Moisture and heat in a Tenney Benchmaster BTRS temperature and humidity chamber, and (2) UV radiation/condensa-

tion in a Q-Lab QUV/se accelerated weathering chamber (Fig. 17.1). UV radiation simulates natural sunlight using

fluorescent UV bulbs at a 340 nm wavelength. Intensity is monitored by real-time UV irradiance sensors. Temperature is

controlled using a blower. Condensation is provided by water evaporation which condenses on the sample surfaces. Three to

five specimens per condition were placed in the chambers. Sample mass is monitored every 48 h with a precision balance by

removing specimens from the temperature and humidity chamber. Samples are blotted with sterile paper tissue (kimwipe) to

remove surface moisture if present and then immediately weighed.

One-half the samples are rotated between the two chambers every 24 h to create a combined effect between controlled

constant temperature and humidity and the cyclic UV radiation/condensation condition. The conditions in the chambers

remained constant for the duration of the exposure. In the temperature and humidity chamber, moisture was set at 85%

relative humidity (RH) and temperature at 35�C. In the QUV chamber, the UV radiation and condensation conditions cycled

every 3 h. For the UV cycle, the UV irradiance was set at 0.6 W/m2 at 60�C, and the condensation cycle was set at a

temperature of 50�C.

17.2.3 Surface Microscopy and Chemical Analysis

Composite coupons surfaces were examined by high resolution digital optical microscopy (Keyence VHX-500). Samples

were mounted beneath the microscope objective with two orientations to image the edges and surfaces. Specimens from all

exposure conditions as well as unconditioned samples were imaged. Fourier transform infrared (FTIR) photoacoustic

spectroscopy was performed on 1 � 1 cm samples cut from the unconditioned and exposed specimens. Absorption spectra

were obtained for wavenumbers from ~700 to 3,700 cm�1.

17.2.4 Mechanical Testing

Three point bending tests were performed on the composite samples following the ASTM D790 standard using a screw-

driven mechanical loading frame (TiraTest 26005) with a 0.5 kN load cell. The tests determined flexural strength and

modulus of the composites. Specimen sizes were 77 � 12.5 � 1.4 mm (L � W � H). Support geometry followed ASTM

D790, with the support span set for 60 mm resulting in a span/thickness ratio of ~43. A crosshead rate of 4.25 mm/min was

used to give a strain rate of 0.01 mm/mm/min.

Energy release rate was determined using the DEN specimens in a hydraulic mechanical loading frame (Instron 8501).

A gage length of ~102 mmwas used with the edge notches in the center of the gage. A crosshead rate of 2 mm/min was used,

Fig. 17.1 Environmental exposure performed in the laboratory (with accelerated aging chambers) (left, QUV/se ultraviolet radiation and

condensation chamber) (right, Tenney BTRS temperature and humidity chamber)
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and load at first failure was recorded. Tensile modulus of an un-notched specimen was measured with the recorded load and

instrumenting with strain gages to compute the tangent modulus.

17.3 Results and Discussion

17.3.1 Specimen Weight Changes as a Function of Duration

Mass changes of all samples have been tracked for the environmental chambers. The results indicate that samples exposed to

the conditions all had mass gain, which is due to moisture uptake. Only the large fracture specimens showed a significant

difference between the combined humidity-UV and constant humidity conditions. This observed phenomenon is being

investigated.

17.3.2 Surface Morphology

Surface changes due to environmental exposure of the composites were characterized by high-resolution microscopy

(Keyence VHX-500), to determine the effects on the vinylester resin. Images provided evidence of micro-cracking and

potential matrix erosion for samples exposed to combined UV conditions (Fig. 17.2). Surface cracking observed on the

edges was more extensive than on the surface. There was no micro-cracking observed for specimens exposed to only

constant humidity.

17.3.3 Chemical Changes Due to Exposure Conditions

Surface effects govern the environmental degradation of the composites and were characterized by photoacoustic FTIR, to

determine photodegradation processes of the vinylester resin. The vinylester spectrum was acquired for all specimen

conditions, with several peak magnitude and spectral changes identified by FTIR (not shown). Changes were most

prominent for the combined UV condition, with peak suppression at 3,040 cm�1 and 2,180 cm�1, and attenuation of

multiple peaks, most notably at 1,730 cm�1. The peak at 3,040 cm�1 is associated with the C-H bond on the benzene ring,

where side groups may be disrupted, and the peak at 1,730 cm�1 is related to changes in the carbonyl content. The O-H

stretching and carbonyl are indications of hydrolysis [4], and carbonyl an indicator of photodegradation.

Fig. 17.2 Optical microscopy of unexposed (left) and 768 h combined UV-moisture exposed (right) carbon fiber/vinylester composite edges;

micro-cracking observed in right image marked by arrows
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17.3.4 Mechanical Flexural Response

Samples exposed to 768 h of combined environments have been characterized by three point bending to determine flexural

modulus and residual strength (ASTM D790) [5]. Samples with [0�] and [90�] fiber orientations were characterized after

exposure. All exposure conditions showed an insignificant difference in the flexural modulus when compared to the

unconditioned specimens, and within experimental error (Fig. 17.3). Modulus results in the [0�] fiber direction (not shown)

were an order of magnitude larger than the [90�] fiber samples, due to the fiber driven versus matrix driven mechanical

response, respectively. Results showed the residual flexure strength to have minimal change within the experimental error for

the [0�] fiber direction samples when compared with the unconditioned samples (Fig. 17.4). The result is consistent with

previous data on carbon fiber/epoxy composites. Residual strength in the [90�] fiber direction demonstrated sensitivity to the

exposure conditions, with all conditions decreasing compared to the unconditioned control (Fig. 17.4). The conditions

involving the UV radiation exhibited the most significant reduction in the residual strength, decreasing by 21% for the

combined Humidity-UV case. The exposure to the UV radiation demonstrates a synergistic degradation effect which leads to

a decrease in the vinylester composite mechanical strength attributed to surface micro-cracking.

17.3.5 Fracture Strength

Energy release rate of longitudinal fractures for samples exposed to 768 h of combined environments were characterized

with the method of Nairn [6] that utilizes the shear-lag model. Samples were all 0� composites with double-edge notches

Fig. 17.3 Bendingmodulus of carbon fiber/vinylester composites determined from three point bending tests; 0� specimens (left), 90� specimens (right)

Fig. 17.4 Flexural strength of carbon fiber/vinylester composites determined from three point bending tests; 0� specimens (left), 90� specimens

(right)

120 C.S. Korach et al.



(DEN) machined across the fibers with a diamond saw. All exposure conditions showed a decrease in the energy release rate

compared with the unconditioned specimens (Fig. 17.5). To compute the energy release rate, the tensile modulus of an un-

notched specimen was measured by instrumenting with strain gages then computing the tangent modulus, which was found

to be 152 GPa. The combined exposures showed a decrease in the energy release rate of ~25% for the UV-Humidity

condition. This difference is attributed to the surface micro-cracking observed on the edges of the samples, which lead to a

more efficient path for crack initiation.

17.4 Conclusions

Carbon fiber-reinforced vinyleseter unidirectional composite laminates were characterized for their time-dependent

mechanical behavior as a function of exposure to UV radiation and temperature-humidity conditions. Samples were exposed

to two sets of conditions, one which exposed samples to continuous temperature and humidity, and a second where samples

were exposed to cyclic UV radiation and temperature-humidity conditions. Exposure to the condition containing UV

radiation which mimics naturally occurring sunlight was found to cause micro-cracking in the composite surfaces and

edges, and chemical changes in the vinylester matrix. Mechanically, samples were tested by three point bending in two fiber

orientations, 0� and 90�, where bending modulus was found unchanged, though flexural strength was found to decrease for

the 90� fiber orientation, the largest change occurring for the condition containing cyclic UV and moisture. The energy

release rate was computed for 0� DEN samples in tension, where the a decrease in energy release rate was found to occur for

the samples exposed to the environmental chambers, with the UV radiation and temperature-humidity case causing the

largest decrease.
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Chapter 18

Long Term Life Prediction of CFRP Laminates Under Wet Condition

Masayuki Nakada and Yasushi Miyano

Abstract A general and rigorous advanced accelerated testing methodology (ATM-2) for the long-term life prediction of

polymer composites exposed to an actual loading having general stress and temperature history has been proposed. The

tensile and compressive static strengths in the longitudinal and transverse directions of unidirectional CFRP under wet

condition are evaluated using ATM-2. The applicability of ATM-2 can be confirmed for these static strengths. The effect of

water absorption on the time and temperature dependence of these static strengths can be characterized by the viscoelastic

behavior of matrix resin.

Keywords CFRP • Life prediction • Water absorption • Time-temperature superposition principle

18.1 Introduction

Carbon fiber reinforced plastics (CFRP) are now being used for the primary structures of airplanes, ships and others, in which

the high reliability should be kept during the long-term operation. Therefore, it would be expected that the accelerated testing

methodology for the long-term life prediction of CFRP structures exposed under the actual environments of temperature,

water, and others must be established.

We have proposed a general and rigorous advanced accelerated testing methodology (ATM-2) which can be applied to

the life prediction of CFRP exposed to an actual load and environment history based on the three conditions. One of these

conditions is the fact that the time and temperature dependence on the strength of CFRP is controlled by the viscoelastic

compliance of matrix resin [1]. The formulations of creep compliance and time-temperature shift factors of matrix resin are

carried out based on the time-temperature superposition principle (TTSP). The formulations of long-term life of CFRP under

an actual loading are carried out based on the three conditions.

In this paper, the tensile and compressive static strengths in the longitudinal and transverse directions of unidirectional

CFRP under wet condition are evaluated using ATM-2. The applicability of ATM-2 and the effect of water absorption on

time and temperature dependence of these static strengths are discussed.

18.2 ATM-2

ATM-2 is established with following three conditions: (a) the failure probability is independent of time, temperature and

load history [2]; (b) the time and temperature dependence of strength of CFRP is controlled by the viscoelasticity of matrix

resin. Therefore, the TTSP for the viscoelasticity of matrix resin holds for the strength of CFRP; (c) the strength degradation

of CFRP holds the linear cumulative damage law as the cumulative damage under cyclic loading.

The long-term fatigue strength exposed to the actual loading where the temperature and load change with time can be

shown by the following equation based on the conditions (a), (b) and (c).
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log sf t0; T0;Nf ;R;Pfð Þ ¼ log sf0 t0
0; T0ð Þ þ 1

a
log � ln 1� Pfð Þ½ � � nr log

D� t0; T0ð Þ
Dc t00; T0ð Þ

� �

� 1� Rð Þ
2

nf log 2Nfð Þ þ n�f log 1� kDð Þ (18.1)

The first term of right part shows the reference strength (scale parameter for the static strength) at reduced reference time

t0
0 under the reference temperature T0.
The second term shows the scatter of static strength as the function of failure probability Pf based on condition (a). a is the

shape parameter for the strength.

The third term shows the variation by the viscoelastic compliance of matrix resin which depend on temperature and load

histories. nr is the material parameter. The viscoelastic compliance D* in (18.1) can be shown by the following equation:

D� t0; T0ð Þ ¼ e t0;T0ð Þ
s t0; T0ð Þ ¼

Ð t0
0
Dc t0 � t0; T0ð Þ ds t0ð Þ

dt0 dt0

s t0; T0ð Þ ; t0 ¼
ðt
0

dt
aT0

T tð Þð Þ; (18.2)

where Dc shows the creep compliance of matrix resin and s(t0) shows the stress history. t0 is the reduced time at T0, aTo
shows the time-temperature shift factor of matrix resin and T(t) shows the temperature history.

The fourth and fifth terms show the degradation by the cumulative damage under cyclic load. The Nf and R show the

number of cycles to failure and the stress ratio at the final step, respectively. nf and nf
* are the material parameters. The kD

shows the accumulation index of damage defined as the following equation based on the condition (c).

kD ¼
Xn
i¼1

ni
Nfi

<1; (18.3)

where ni and Nfi are the number of cycles and the number of cycles to failure at the loading of step i, respectively.
The procedure for determining the materials parameters in the formulation is illustrated in Fig. 18.1. In this paper, we

conduct the viscoelastic tests for matrix resin and the static tests for unidirectional CFRP. The master curves of static

strengths can be shown by simplifying (18.1) as

log sf t0; T0;Nf ;R;Pfð Þ ¼ log sf0 t0
0; T0ð Þ þ 1

a
log � ln 1� Pfð Þ½ � � nr log

D� t0; T0ð Þ
Dc t00; T0ð Þ

� �
(18.4)

where the viscoelastic compliance D* in (18.4) can be shown by the following equation assumed the stress history under

constant deformation rate loading (static loading) as the step loading shown in Fig. 18.2.

D� t0; T0ð Þ ¼ Dc t0 2= ; T0ð Þ (18.5)

Fig. 18.1 Procedure

of ATM-2
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18.3 Experimental Procedures

Unidirectional CFRP laminates which consist of carbon fiber T300 and epoxy resin 2500 were molded by autoclave

technique. The CFRP laminates were cured at 135�C for 2 h and then post-cured at 160�C for 2 h. The aging treatment

for post-cured specimen was conducted at 110�C for 50 h. TheWet specimens by soaking the aged specimen (Dry specimen)

in hot water of 95�C for 121 h for 1 mm thick specimen in longitudinal direction, 95�C for 144 h for 2 mm thick specimen in

longitudinal direction and 95�C for 121 h for 2 mm thick specimen in transverse direction were respectively prepared. The

water content of all of wet specimen was 1.9 wt.%

The dynamic viscoelastic tests for the transverse direction of unidirectional CFRP were carried out at various frequencies

and temperatures to construct the master curve of creep compliance for matrix resin. The static tests for typical four

directions of unidirectional CFRP were carried out at various temperatures to construct the master curves of static strength

for unidirectional CFRP. Longitudinal tension tests were carried out according with SACMA 4R-94. Longitudinal bending

tests under static and fatigue loadings were carried out according with ISO 14125 to get the longitudinal compressive static

strengths. Transverse bending tests were carried out according with ISO 14125 to get the transverse tensile static strengths.

Transverse compression tests under static and fatigue loadings were carried out according with SACMA 1R-94.

18.4 Results and Discussion

18.4.1 Viscoelastic Behaviour of Matrix Resin

The left side of Fig. 18.3a shows the loss tangent tan d for the transverse direction of unidirectional CFRP (Dry specimen)

versus time t, where time t is the inverse of frequency. The right side shows the master curve of tan dwhich is constructed by
shifting tan d at various constant temperatures along the logarithmic scale of t until they overlapped each other, for the

reduced time t0 at the reference temperature T0 ¼ 25�C. Since tan d at various constant temperatures can be superimposed so

that a smooth curve is constructed, the TTSP is applicable for tan d for the transverse direction of unidirectional CFRP. The
master curve of tan d for Wet specimens can be also constructed as shown in Fig. 18.3b. The TTSP is also applicable for tan d
under wet condition. The master curve of tan d is shifted to the left side by water absorption as shown in Fig. 18.3b.

The left side of Fig. 18.4a shows the storage modulus E0 for the transverse direction of unidirectional CFRP (Dry

specimen) versus time t. The right side shows the master curve of E0 which is constructed by shifting E0 at various constant
temperatures along the logarithmic scale of t using the same shift amount for tan d and logarithmic scale of E0 until they
overlapped each other, for the reduced time t0 at the reference temperature T0 ¼ 25�C. Since E0 at various constant

temperatures can be superimposed so that a smooth curve is constructed, the TTSP is applicable for E0 for the transverse

direction of unidirectional CFRP. The master curve of E0 for Wet specimens can be also constructed as shown in Fig. 18.4b.

The TTSP is also applicable for E0 under wet condition.
The time-temperature shift factor aTo(T) which is the horizontal shift amount shown in Fig. 18.5a can be formulated by

the following equation:

log aT0
ðTÞ ¼ DH1

2:303G

1

T
� 1

T0

� �
H Tg � T
� �þ DH1

2:303G

1

Tg

� 1

T0

� �
þ DH2

2:303G

1

T
� 1

Tg

� �� �
1� H Tg � T

� �� �
(18.6)

Fig. 18.2 Stress history under

constant deformation rate

loading (static loading) for

determination of the

viscoelastic compliance D*
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where G is the gas constant, 8.314 � 10�3 [kJ/(K•mol)], DH1 and DH2 are the activation energies below and above the glass

transition temperature Tg, respectively. H is the Heaviside step function.

The temperature shift factor bTo(T) which is the amount of vertical shift shown in Fig. 18.5b can be fit with the following

equation:

Fig. 18.3 Master curves of loss tangent for transverse direction of unidirectional CFRP

Fig. 18.4 Master curves of storage modulus for transverse direction of unidirectional CFRP

Fig. 18.5 Shift factors of storage modulus for transverse direction of unidirectional CFRP
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log bT0
ðTÞ ¼ b4 T � T0ð Þ4 þ b3 T � T0ð Þ3 þ b2 T � T0ð Þ2 þ b1 T � T0ð Þ þ b0

h i
H Tg � T
� �

þ b4 Tg � T0

� �4 þ b3 Tg � T0

� �3 þ b2 Tg � T0

� �2 þ b1 Tg � T0

� �þ b0 þ log
Tg

T

� �
1� H Tg � T

� �� �
(18.7)

where b0, b1, b2, b3 and b4 are the fitting parameters.

The creep compliance Dc of matrix resin was back-calculated from the storage modulus E0 for the transverse direction of
unidirectional CFRP using [3]

DcðtÞ � 1=EðtÞ; EðtÞ ffi E0ðoÞjo!2 pt= (18.8)

and approximate averaging method by Uemura and Yamada [4].

The master curve of back-calculatedDc of matrix resin is shown in Fig. 18.6. The master curve ofDc can be formulated by

the following equation:

logDc ¼ logDc;0ðt00;T0Þ þ log
t0

t00

� �mg

þ t0

t0g

� �mr
� �

(18.9)

where Dc,0 is the creep compliance at reduced reference time t00 and reference temperature T0, and t0g is the glassy reduced

time on T0, and mg and mr are the gradients in glassy and rubbery regions of Dc master curve. Parameters obtained from the

formulations for aTo(T), bTo(T), and Dc are listed in Table 18.1.

18.4.2 Master Curves of Static Strengths for Unidirectional CFRP

Figures 18.7 and 18.8 show the master curves of static strengths for longitudinal tension X, longitudinal compression X0,
transverse tension Y and transverse compression Y0 for Dry and Wet specimens of unidirectional CFRP obtained from the

Fig. 18.6 Master curves of creep compliance for matrix resin calculated from the storage modulus for the transverse direction of unidirectional

CFRP

Table 18.1 Parameters for master curve and shift factors of creep compliance for matrix resin

Dry Wet Dry Wet

T0 (
�C) 25 25 DH1 (kJ/mol) 155 150

Tg (
�C)] 110 65 DH2 (kJ/mol) 517 547

Dc0 (1/GPa) 0.337 0.351 b0 1.65E-02 0.150

t00 (min) 1 1 b1 3.81E-09 1.73E-08

t0g (min) 1.54E-06 2.34E-03 b2 �8.29E-07 �4.71E-06

mg 0.0101 0.0348 b3 6.64E-05 4.26E-04

mr 0.405 0.466 b4 �1.86E-03 �1.39E-02
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Fig. 18.7 Master curves of tensile and compressive strengths in the longitudinal direction of unidirectional CFRP

Fig. 18.8 Master curves of tensile and compressive strengths in the transverse direction of unidirectional CFRP
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strength data at various temperatures by using the time-temperature shift factors aTo shown in Fig. 18.5a. The solid and

dotted curves in these figures show the fitting curves by (18.4) using the master curves of creep compliance of matrix resin in

Fig. 18.6. The parameters obtained by formulation are shown in Table 18.2.

From Figs. 18.7 and 18.8, the static strengths of unidirectional CFRP decrease with increasing time, temperature and

water absorption. The time, temperature and water absorption dependencies of static strength of unidirectional CFRP are

different with the loading direction. Figure 18.9 shows the relationship between the static strength of unidirectional CFRP

and the viscoelastic compliance of matrix resin. The slop of this relation corresponds to the parameter nr in Table 18.2. The
slop depends on the loading direction while that changes scarcely with water absorption. It is cleared from these facts that

the time, temperature and water absorption dependencies of static strength of unidirectional CFRP can be determined by the

viscoelastic behavior of matrix resin.

18.5 Conclusion

A general and rigorous advanced accelerated testing methodology (ATM-2) for the long-term life prediction of polymer

composites exposed to an actual loading having general stress and temperature history has been proposed. The tensile and

compressive static strengths in the longitudinal and transverse directions of unidirectional CFRP under wet condition are

Table 18.2 Parameters for master curve of fatigue strength of unidirectional CFRP

X X0 Y Y0

Dry Wet Dry Wet Dry Wet Dry Wet

ss0 (MPa) 1,700 1,675 1,446 1,535 121 90.6 156 131

nr 0.0762 0.0528 0.316 0.356 0.387 0.371 0.0868 0.130

a 14.7 20.7 10.0 7.18 7.04 7.97 5.68 11.4

Fig. 18.9 Static strength of unidirectional CFRP versus viscoelastic compliance D* of matrix resin
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evaluated using ATM-2. The applicability of ATM-2 can be confirmed for these static strengths. The time, temperature and

water absorption dependencies of static strength of unidirectional CFRP can be determined by the viscoelastic behavior of

matrix resin.
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Chapter 19

Nonlinear Behavior of Natural Fiber/Bio-Based Matrix Composites

Roberts Joffe, Liva Rozite, and Andrejs Pupurs

Abstract The rising concern about the dependence on synthetic polymers and oil has motivated research on competitive

bio-based replacement materials. Some of the often considered bio-based thermoplastics are starch, polylactic acid (PLA)

and rather recently, lignin. These bio-plastics in combination with natural fibers (flax, hemp, wood) are used to manufacture

whole bio-based composites. Although there are certain direct benefits to use natural fibres in composites, their performance

is often very nonlinear. Moreover, properties of these materials are very sensitive to moisture and temperature. The behavior

of these composites has to be studied and mechanisms occurring during the loading must be identified. The effect of

temperature and relative humidity on mechanical behavior of natural fiber reinforced bio-based matrix composites subjected

to the tensile loading was investigated. Time dependent behavior of these materials is analyzed. Testing methodology is

suggested to identify sources of nonlinearities observed in stress-strain curves. It was found that microdamage accumulation

and stiffness reduction is significant for some of the composites but the major nonlinear phenomena are related to nonlinear

viscoelasticity and viscoplasticity. Material models accounting for these effects are proposed and their predictive capability

is demonstrated.

Keywords Bio-based composites • Viscoepastic and viscoplastic strain • Flax fibers • PLA • Lignin • Creep

19.1 Introduction

The lignin is one of the most common organic molecules found in nature, it accounts for more than one quarter of the

non-fossil organic carbon in various biomasses. This material is obtained in vast quantities worldwide as by-product

derivative in the pulp and paper industrial processes and it is often used as fuel to power paper mills. Only recently lignin

has been considered for applications in composite materials along with other known bio-based polymers. Whereas polylactic

acid (PLA) is used not only as neat polymer but also as thermoplastic matrix in composites. The PLA is biodegradable,

aliphatic polymer, which can be obtained from renewable resources, such as corn, sugarcane, by fermentation of sugar (in

various forms) and is mainly used in medical applications. Nowadays PLA is entering also the packaging market due to its

good barrier properties. When used in composites, in combination with reinforcement, such as various types of fibers, these

materials exhibit rather decent mechanical properties. In order to maintain advantages of natural origin of the bio-based

polymers, it makes sense to use natural fibers as reinforcement to develop wholly bio-based composites. Not only

ecologically friendlier material is obtained in this way but reinforcement with natural fibers such as wood or agrofibers

gives acceptable performance in terms of mechanical properties. The stiffness of some of the natural fibers (e.g. bast fibers)

in longitudinal direction is comparable to that of glass fibers (for example flax fibers have stiffness 50–100 GPa vs. 72 GPa

for E-glass fibers) [1–3]. Undoubtedly there are direct benefits of use of natural fibers in composites, such as light weight,

reduced wear on the processing equipment and lower impact on the environment. Nevertheless, there are also certain

disadvantages of bio-based materials, for example, their high sensitivity to moisture and temperature changes.
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Common processing methods and products of natural fiber composites include injection molding of packages, extrusion

of beams for decking, and compression molding of panels for automotive use.

Basic mechanical behavior of natural fiber composites (elastic modulus, strength, strain to failure, impact resistance etc.)

has been studied by numerous researchers, an overview of some results can be found in [4–6]. Whereas inelastic and time-

dependent properties are not as often considered, some work is done on polypropylene and starch reinforced with flax fibers

[7–9], also pulp fiber/formaldehyde composite is investigated [10]. These studies showed that in natural fiber composites the

mechanical properties of fibers and the matrix are inherently nonlinear and the composite exhibits complex time dependent

stress-strain behavior with loading rate effects and hysteresis loops. The phenomena dominating mechanical behavior may

also include evolving microdamage (cracks, debonds etc.) resulting in elastic properties degradation and development of

irreversible strains. Therefore, models for these materials should account for viscoelasticy and viscoplasticity accompanied

with microdamage.

Generally speaking, the viscoelastic behavior may be nonlinear with respect to stress. Moreover, the irreversible strains

even in a simple high stress creep test depend on loading time and the stress level.

This paper is intended as an overview of number of studies [11–13] on mechanical properties of the flax fiber based

composite with lignin and PLA matrices. The identified material models for the description of viscoelastic, viscoplastic and

stiffness reduction effects are presented here. Optimized set of experiments needed to determine the stress dependent

functions in the material model and reliable methodology for data reduction are briefly described.

19.2 Theoretical Background

The modeling approach used to predict behavior of materials used in this study is based on the theory of nonlinear

viscoelastic materials developed by Schapery and co-authors [14, 15]. More detailed description about derivation and use

of model for one-dimensional case is given in [11]:

e ¼ dðsmaxÞ e0 þ g1

ðt

0

DSðC�C0Þ dðg2sÞ
dt

dtþ eVPðs; tÞ
0
@

1
A (19.1)

where d(smax) accounts for microdamage, and the members in brackets are: (1) elastic strain e0; (2) the time dependent part

of the viscoelastic response (integral in equation); (3) viscoplastic component of strain eVP. Other functions/constants in
(19.1): DS(C)—transient component of the linear viscoelastic creep compliance which does not depend on the stress level;

g1 and g2 are stress dependent material properties; t—dimensionless time; C—“reduced time” (time normalized with shift

factor dependent on stress).

In order to obtain all constants/functions needed to perform modeling, the following tests have to be performed: (a)

tensile tests with loading/unloading program to obtain elastic properties of composites and also amount of microdamage

introduced by load application; (b) creep/recovery tests at different stresses and time intervals to evaluate viscoelastic

strains, obtain stress dependent material constants and estimate accumulation of viscoplastic strains as a function of time

and stress.

19.3 Experimental

19.3.1 Materials and Manufacturing of Specimens

Loose 1 mm long flax fibers supplied by Ekotex Kotonia were used as reinforcement for thermoplastic lignin and PLA

matrices. Specimens were produced and delivered by Tecnaro GmbH (Germany). The processing procedure was as follows:

(1) mixing of the raw materials: matrix, fibers, processing aids, flame retardants; (2) lignin based composite was directly

pelletized without heating to produce granules, while PLA based composite was compounded by extruder; (3) granules

processed in an injection molding machine in order to produce dog-bone specimens. The specimen thickness was about

3.8–3.9 mm, and width in working zone 10.0–10.1 mm (length of working zone �70 mm). Total length (together with

clamping part) of specimen was 150 mm and grip separation distance was 100 mm. Specimens were conditioned to obtain

materials with different moisture content, they were kept in desiccators at fixed relative humidity (RH) for 2–3 weeks before
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testing. The weight of specimens was regularly measured in order to ensure saturation of moisture uptake. Two RH values

were used for conditioning: 34% and 66%.

19.3.2 Simple Tensile Tests

Tensile tests were carried out on Instron 3366 testing machine equipped with 10 kN load cell and Instron extensometer with

50 mm base. Tests were performed in displacement controlled mode with the crosshead speed of 5 mm/min, which roughly

corresponds to strain rate of 5%/min. All the tests were performed at room temperature. Specimens were loaded until the

failure and load, displacement and axial strain were recorded during the test. Later on stress-strain curves were constructed in

Excel and the following values determined: (a) maximum stress sm and corresponding strain em (called ‘strain at maximum

stress’); (b) strain and stress to failure sf and ef; E(3) initial elastic modulus. Elastic modulus was determined in a

loading–unloading cycle with the maximum strain value slightly above 0.2%, expecting that no damage and other

irreversible phenomena will develop at such low strains. The elastic modulus was defined by the slope of the stress–strain

curve in the strain region of 0.05–0.2% strain.

19.3.3 Damage Accumulation in Tension

After specimen is subjected to high stress levels the elastic properties of composite may be degraded. The elastic modulus

dependence on the applied maximum stress was measured to evaluate the significance of microdamage developing at high

stresses. It consists of a sequence of steps each containing: (a) loading/unloading in low stress region for elastic modulus

determination, duration of this step is t1; (b) recovery for a time 5t1; (c) loading up to certain high strain level with following

unloading to almost zero stress, the duration of this step is t2; (d) recovery at almost zero stress level for decay of all

viscoelastic effects during time 5t2. Then the same sequence (a)–(d) was repeated for a higher level of applied maximum

strain in step c). The schematic representation of the damage accumulation cycle is shown in Fig. 19.1a.

19.3.4 Creep and Recovery

Tensile creep tests were performed using a creep rig with dead weights. In Fig. 19.1b the picture on the top represents the

load application sequence: creep load is applied in steps and in step kþ1 stress is applied instantly at tk and kept constant for

time interval tkþ1�tk. The bottom part of picture (Fig. 19.1b) shows creep strain during loading interval and also strain

recovery after load removal. The duration of strain recovery interval was at least five times longer than the loading interval.

Fig. 19.1 Schematic representation of loading-unloading tensile test (a) and multi-step creep experiment (b)
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Creep strains (measured using extensometer) were recorded during the loading and also during the following interval of

strain recovery after load removal.

The irreversible strains at the end of the recovery period (if present) are considered in analysis as viscoplastic (VP). Creep

tests used for determination of time and load dependence of VP-strains were in multiple steps over time intervals of 10, 20

and 30 min.

19.4 Results and Discussion

It should be noted that due to limitation of space only selected results are presented in this section, more details can be found

in [11–13].

The tensile stress-strain curves for flax/PLA (with 10 wt.% of fibers) and flax/lignin (with 30 wt.% of fibers) composites

conditioned at different relative humidity (RH ¼ 34 and 66%) are presented in Fig. 19.2. Since fiber content is higher in

lignin based than in PLA based composite, flax/lignin is stiffer than flax/PLA, although higher maximum stress was achieved

by PLA based material. Results show very significant influence of relative humidity (and resulting moisture content) on

mechanical performance of both materials. This influence is rather expected and similar for both, PLA and lignin,

composites: stiffness and strength is decreased with increased moisture content. Table 19.1 shows the average mechanical

properties of composites obtained at different moisture contents and temperatures (standard deviation is given in brackets).

These results show that temperature also affects mechanical properties of composites similarly to the moisture, the

properties are decreased.

Damage accumulation curves for PLA and lignin composites conditioned at RH ¼ 34% are shown in Fig. 19.3. It is

rather obvious that stiffness reduction is very small in PLA based composite, as a matter of fact, there is almost no decrease
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Fig. 19.2 Stress-strain curves for flax/PLA (a) and flax/lignin (b) composites conditioned at different relative humidity

Table 19.1 Average mechanical properties of composites conditioned at different relative humidity (RH ¼ 34% and 66%) and tested at different

temperature (T ¼ 22�C, 30�C and 35�C)
Flax/PLA Flax/lignin

RH (%) T (�C) E (GPa) emax (%) smax (MPa) E (GPa) emax (%) smax (MPa)

34 22 6.54 (0.41) 0.40 (0.01) 22.1 (1.2) 3.05 (0.11) 1.50 (0.05) 29.5 (1.0)

30 6.88 (0.14) 0.40 (0.02) 21.5 (1.9) 2.89 (0.20) 1.48 (0.02) 28.1 (0.2)

35 6.56 (0.28) 0.39 (0.02) 21.8 (0.7) 2.84 (0.14) 1.30 (0.05) 25.3 (0.4)

66 22 5.99 (0.16) 0.41 (0.01) 20.3 (0.1) 2.60 (0.24) 1.40 (0.03) 26.1 (0.2)

30 5.69 (0.13) 0.44 (0.03) 18.7 (1.1) 2.56 (0.10) 1.34 (0.03) 23.8 (0.3)

35 4.86 (0.48) 0.43 (0.02) 16.2 (3.0) 2.59 (0.19) 1.29 (0.03) 22.2 (0.3)
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of modulus at all, except for one specimen. On the other hand, in lignin based material the decrease of modulus with

increasing load is very significant. This means that damage accumulation will not affect strain calculated by (19.1) and the

d(smax) ¼ 1. However, damage effects cannot be neglected for flax/lignin composite. The micrograph which shows

microcracks in flax/lignin composite is shown in Fig. 19.4a, along with stiffness degradation for material conditioned at

RH ¼ 66%. The creep results for flax/PLA composite along with viscoplastic strains are presented in Fig. 19.5. The strain

development for flax/lignin composite during the creep tests at different stress levels and for different moisture contents are

presented in Fig. 19.6. As expected, material with higher moisture content exhibits more creep.

The results obtained in the presented experiments are used to obtained material constants and functions (see [11]) needed

for simulation of creep curves as well as stress-strain curves for the studied composites. The results of these simulations are

presented in Figs. 19.7 and 19.8.

Fig. 19.3 Reduction of stiffness for flax/PLA (a) and flax/lignin (b) composites conditioned at RH ¼ 34%

Fig. 19.4 Micrograph of flax/lignin composite (a) showing microdamage and reduction of stiffness (b) for this material conditioned at RH ¼ 66%
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Fig. 19.6 Creep results for flax/lignin composite for different relative humidity, 34% (a) and 66% (b)

Fig. 19.7 Simulation results for: (a) creep tests, (b) constant stress rate tensile test for flax/PLA
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Fig. 19.5 Creep results for flax/PLA composite (a) accumulation of viscoplastic strain (b)
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19.5 Summary

Comprehensive characterization of flax/PLA and flax/lignin composite mechanical properties in tension has been carried

out. Simple tensile tests, loading-unloading experiments as well as creep with recovery were done. The effect of moisture

and temperature on the mechanical performance of these materials has been demonstrated. As expected, moisture as well as

temperature have very strong effect on mechanical properties of bio-based composites. Stiffness and strength are reduced by

presence of moisture and development of strain in creep is significantly increased (roughly by 50% in flax/lignin composite).

The initiation (and accumulation) of micro-damage and its effect on material stiffness depends on the bio-polymer used in

composite. This is because the damage is in the form of matrix cracks and their initiation and propagation depends on fiber/

matrix adhesion as well as on ductility of polymer. It was shown that stiffness reduction in flax/PLA composite is very small

and therefore its effect on the performance of these composites can be neglected. However, stiffness was very significantly

affected (reduced by up to 55%) by loading (and resulting micro-damage) in flax/lignin composites. Higher moisture content

in lignin based material promoted larger drop in stiffness, modulus was reduced by 45% and 55% for the materials

conditioned at RH ¼ 34% and RH ¼ 66% respectively.

Input parameters obtained frommechanical characterization were used in simulations of creep curve and also stress-strain

curve in tension.
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Chapter 20

A Pressure-Dependent Nonlinear Viscoelastic Schapery

Model for POM

D. Tscharnuter, S. Gastl, and G. Pinter

Abstract The nonlinear viscoelastic behavior of POM was characterized in tensile and compression tests. Digital image

correlation strain measurements were used the determine the axial and transverse strain, thus providing the necessary data

for three-dimensional modeling. The nonlinear viscoelastic model of Schapery was chosen to describe the time-dependent

mechanical behavior. A parameter identification procedure using nonlinear optimization is presented. It is shown that the

Schapery model is capable of describing the nonlinear viscoelastic relaxation behavior in tension and compression.

20.1 Introduction

Polyoxymethylene (POM) is used in components such as gears, hinges or rolls, which may experience complex stress states,

including compression or bending, over extended periods of time during their service life. An accurate simulation of the

mechanical performance of such componentes thus requires amodel for the nonlinear viscoelastic behavior that can account for

general stress states. Thermoplastics exhibit a strong dependence on the hydrostatic pressure of the elastic properties [1], time-

dependence [2] and yield behavior [3, 4]. This effect can be analysed in compression tests (e.g. [5]), but in comparison to tensile

testing, compression testing requires a much greater effort in specimen preparation and care in conducting the experiments.

For a typical specimen height of 10 mm, a strain of 0.1% corresponds to a length change of 10 mm. This illustrates the high

precision requirements on the load transmission and specimen manufacture, in particular for precise measurements at low

strains. Due to the simplicity of tensile testing, mechanical characterization is often based on tensile testing and consequently

models are built on tensile data only. For a more generally applicable model, the effect of the hydrostatic pressure should be

accounted for.

The model of Schapery has been widely used to model the nonlinear viscoelastic behavior of polymers. Numerous studies

rely on 1d data and the Schapery model is taken in its 1d form. The model has been derived [6] and applied [7, 8] in a 3d

form, but its application is apparently somewhat limited by the lack of 3d data. In his pioneering work, Schapery presented

parameter identification strategies using creep and creep recovery tests [9]. In these methods, step loading is assumed to

simplify the model equation in order to obtain simple equations for calculating the model parameters. Nordin and Varna [10]

have discussed the errors that can arise from the step loading idealization and developed an improved method. When the

model is to be applied to arbitrary load histories, a technique to solve the model equation without assumptions on the type of

load history is needed. A general recursive strategy for this purpose has been developed for use in FE simulations [11]. In a

previous work [12], we have used such a recursive strategy within a nonlinear optimization algorithm for parameter

identification by fitting the model to experimental data. The generality of this method enables the use of an arbitrary set

of data without restricting mathematical assumptions that need to be satisfied in the mechanical tests.

With the aim of defining a model that can be applied in the tensile as well as the compressive regime, we investigate the

applicability of the 3d Schapery model for modeling the response to various uniaxial compressive and tensile load histories.

Digital image correlation is used for optical strain measurement to provide axial as well as transverse strains for a complete
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description of the stress-strain behavior. The paper is organized as follows. In Sect. 20.2 we give a brief account of the

experimental procedures. In Sect. 20.3, we introduce the pressure-dependent formulation of the model and the algorithm for

solving the model equation. Finally, we discuss optimization techniques for the determination of parameters in Sect. 20.4

and present results in Sect. 20.5.

20.2 Experimental

20.2.1 Material

The investigated polyoxymethylene is Tenac 3010 produced by Asahi Kasei. ISO 3176 type B specimens were injection-

molded.

20.2.2 Tensile Tests

Tensile relaxation tests were performed using an electro-mechanical testing machine (Zwick Z250; Zwick-Roell, Ulm,

Germany) equipped with an extensometer to control strain rate and target strain. Axial and transverse strain were measured

using the digital image correlation system ARAMIS (GOM mbH, Germany). Details are given in Ref. [13]. For this study,

the measurement was performed in 3d mode using 105 mm lenses. The true longitudinal strain et, l and transverse strain et, t
are calculated from the respective engineering strains, ee, l and ee, t by

et;l ¼ lnðee;l þ 1Þ (20.1)

and

et;t ¼ lnðee;t þ 1Þ (20.2)

The true stress is defined as

st ¼ F

A0

1

ð1þ ee;tÞ2
(20.3)

where F is the force and A0 the cross-sectional area of the unstrained specimens.

20.2.3 Compression Tests

Compression tests were carried out on an electro-mechanical testing machine (Instron 5500; Instron, Norwood, USA). The

setup utilizes a compression tool with highly accurate aligning bars and ball linings and polished compression plates.

The axial strain is controlled by an LVDT. This is setup is presented in detail elsewhere [14].

Compression specimens with a length of 10 mm were machined from the multipurpose specimens, thus the exact same

material is used for tensile and compression tests. Before each test a preload of 10 N was applied before zeroing the LVDT.

PTFE spray was used to lubricate the compression plates to reduce friction. To avoid the cumbersome calibration procedure

for 3d measurements in the confined space of the compression tool axial and transverse strain were measured with ARAMIS

in 2d mode using telecentric lenses (S5LPJ0625, Sill Optics, Germany). Compared to standard lenses telecentric lenses are

significantly less sensitive to out of plane-errors [15]. Despite this, the obtained lateral strain was fairly high, giving Poisson’s

ratio values in excess of 0. 5. The reasons for the erroneous transverse strain results have yet to be determined. We suspect an

effect of the non-rectangular specimen cross-section due the sink mark along the length of the specimen. Because of the

limited number of available compression specimens, this could not be investigated within this study. Instead, two stress

relaxation and two creep tests were analysed with a 3d setup with 50 mm lenses. The two optical setups yielded consistent

axial data, but much smaller lateral strain values were measured with the 3d setup.
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20.3 Schapery Model

In this section, we outline the Schapery model equation and the recursive solving method. The equations are expressed in

Voigt notation and summation is implied for repeated indices. The Schapery equation is written as

eiðtÞ ¼ g0D
ð0Þ
ij sjðtÞ þ @g1

@si
sj þ g1dij

� �Z t

0

DSjkðcðtÞ � cðtÞÞ dg2skðtÞ
dt

dt (20.4)

Here, D(0) is the initial and DS the transient compliance matrix and gi are nonlinearizing functions. The shifted time c is

defined by

cðtÞ ¼
Z t

0

1

as
dt (20.5)

with the nonlinearizing time-shift function as. We assume a Prony series is for transient part of the compliance. TheM-term

Prony series is expressed with inverse retardation times lðmÞ ¼ 1=tðmÞ as

DSjkðtÞ ¼
XM
m¼1

S
ðmÞ
jk 1� expð�lðmÞtÞ
� �

(20.6)

The compliance matrices S(m) reflect the material symmetry, see e.g. Ref. [8] for orthotropic material properties. For the

unfilled POM we assume isotropic behavior, i.e.

S
ðmÞ
jk ¼ JðmÞ

1 �nðmÞ �nðmÞ 0 0 0

�nðmÞ 1 �nðmÞ 0 0 0

�nðmÞ �nðmÞ 1 0 0 0

0 0 0 2ð1þ nðmÞÞ 0 0

0 0 0 0 2ð1þ nðmÞÞ 0

0 0 0 0 0 2ð1þ nðmÞÞ

0
BBBBBB@

1
CCCCCCA

(20.7)

where J(m) and n(m) are compliance and Poisson coefficients. Lévesque et al. [6] have introduced nonlinearizing functions

depending on the stress via invariants of the stress tensor. We follow this isotropic approach and account for the pressure

dependence by defining

gz ¼ gzðhðzÞðsÞÞ ¼ gz aðzÞI1 þ
ffiffiffiffiffi
J2

p� �
(20.8)

where z ¼ 0. . .3 indexes the nonlinearizing functions and z ¼ 3 refers to as. g0, g1, g2 and 1/as are chosen as polynomial

functions of h(z).
The model equation is efficiently solved using a recursive procedure based on a Prony series model for the compliance

[11]. The 2RA algorithm [16] is an algorithm of this type and will be used in this study. In what follows the superscript n + 1

denotes evaluation at time tn + 1, e.g. gnþ1
0 ¼ g0ðhð0Þðsðtnþ1ÞÞÞ. Substituting Eq. (20.6) into Eq. (20.4) gives

enþ1
i ¼ gnþ1

0 D
ð0Þ
ij snþ1

j þ gnþ1
1;ij

XM
m¼1

S
ðmÞ
jk gnþ1

2 snþ1
k � gnþ1

1;ij

XM
m¼1

S
ðmÞ
jk q

ðmÞ;nþ1
k (20.9)

where

g1;ij ¼
@g1
@si

sj þ g1dij (20.10)

and

q
ðmÞ;nþ1
k ¼

Z tnþ1

0

exp �lðmÞ cnþ1 � cðtÞ� �� � dg2ðtÞskðtÞ
dt

dt (20.11)
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This integral is split into integrals up to time step tn and from tn to tn + 1 to derive the recursive relation [16]

q
ðmÞ;nþ1
k ¼ q

ðmÞ;n
k expð�lðmÞDcnþ1Þ þ ðgnþ1

2 snþ1
k � gn2s

n
kÞUðmÞ;nþ1 (20.12)

The incremental reduced time is calculated by

Dcnþ1 ¼ cnþ1 � cn ¼ Dt
2

1

anþ1
s

þ 1

ans

� �
(20.13)

and

UðmÞ;nþ1 ¼ exp
�lðmÞDt
2 anþ1

s

 ! 1� exp
��lðmÞDt

2 ans

�

�lðmÞDt
2 ans

þ
1� exp

��lðmÞDt
2 anþ1

s

�

�lðmÞDt
2 anþ1

s

(20.14)

with Dt ¼ tnþ1 � tn.

20.4 Determination of Model Parameters

We examine nonlinear optimization techniques to identify the model parameters, specifically the compliance and Poisson

coefficients of the Prony series, the polynomial coefficients of the nonlinearizing functions, and the weights a(z) for the first
invariant of the stress tensor. The following procedure is the 3d formulation of the method we introduced in one dimension [12].

For the j-th test, the i-th strain component êðjÞ;ni is calculated using the experimentally measured stress history and

Eqs. (20.9)–(20.14) for all time points tn. The obtained values depends on the set of parameters,

êðjÞ;ni ¼ êðjÞ;ni ðJ; n; g0; g1; g2; 1=as; aÞ (20.15)

The bold symbols denote vectors of the parameters belonging to the symbol, e.g. g0 denotes the polynomial coefficients of

g0. For each test a measure of the error between the measured strain and the model strain is computed by

El ¼
XN
n¼1

X3
i¼1

eðjÞ;ni � êðjÞ;ni

� �2
(20.16)

where ei
(j), n is the measured strain at time tn of test l. The best set of parameters minimizes the total error

E ¼
X
l

El (20.17)

where the sum extends over all considered tests. Thus, in this least-squares problem, we seek the best fit of the model to

all input data from several tests. Constraints on the parameters are imposed due to physical requirements [6]. First, all

polynomial coefficients of the nonlinearizing functions are positive to enforce monotonic behavior. This ensures that the

material becomes more compliant with increasing stress in accordance with the experimentally determined material

response. The constant term of the polynomial equals unity for linear viscoelastic limiting behavior. Second, the Prony

series coefficients are positive to guarantee a monotonic time dependence. The retardation times l(m) were prescribed to

reduce the number of parameters for the optimization. Additionally, the constraints a(z) � 0 are imposed, which implies that

a negative hydrostatic stress leads to a less pronounced nonlinearity, which is consistent with the experimental observations.

Prior to the optimization of the viscoelastic parameters, the data points are mapped to 250 logarithmically spaced time points

by linear interpolation to provide an even contribution of all data points regardless of the rate of data acquisition.

A substantial number of optimization algorithms have been proposed [17], for a variety of problems and with varying

performance. In the context of parameter identification of material models, performance is not only determined by the

computational effort of the parameter identification, but also by the effort involved in understanding, implementing and
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applying the algorithm. The understanding of state-of-the-art algorithms may be hard and time-consuming work for

researchers or engineers of different fields, but when commercial software is used this effort is substantially reduced.

Implementation and application of the algorithm is facilited by manuals and examples. Several optimization algorithms are

e.g. provided by the MATLAB Optimization Toolbox (The MathWorks, Inc.) or the optimization tool LS-Opt (LSTC Inc.).

20.5 Results

20.5.1 Stress Relaxation in Tension and Compression

Stress relaxation tests in tension and compression were carried out with axial strains below 2.5% (Fig. 20.1), which was

identified as a limiting strain in a series of strain recovery tests performed as described in Ref. [18]. We emphasize that these

tests establish load limits for viscoelastic behavior only for the specific monotonic loading tested. Hence, we must assume

that no viscoplastic strain is generated during the stress relaxation. With regard to this consideration and the amount of

time needed to conduct experiments, the testing time was typically limited to 3 h or roughly 104 s.

20.5.2 Identification of Model Parameters from Relaxation Tests

In this study, we use the trust-region reflective algorithm (lsqnonlin, MATLAB) to find the best parameters. This algorithm is

local, i.e. it finds a minimum close to a starting guess for the parameters. In general, nonlinear optimization problems may

have several local minima and hence the choice of the initial value can be crucial for the success of the optimization. Finding

a suitable initial guess may require a number of parametric studies and trial and error-computations to establish rough values.

We choose fourth degree polynomials for the nonlinearizing functions g0, g2 and as and a quadratic polynomial for g1.
Including the pressure weights a(z), this amounts to 20 parameters for the nonlinear behavior. With this relatively large

number of parameters, many trial and error calculations are needed. Including a N-term Prony series, the total number of

parameters is 22 + 2 ∗ N. We found that optimization in this high dimensional parameter space does not lead to satisfactory

results. In the following section, we discuss a strategy using optimization runs in subspaces for finding a suitable minimum,

thus avoiding trial and error runs. We will use a data set of five tensile and five compression relaxation tests for the parameter

identification. As we formulate the model with stress as the independent variable, the strain controlled relaxation tests

constitute complex load histories.
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Fig. 20.1 Apparent tensile (left) and compressive (right) stress relaxation modulus for various strains. The legend refers to the mean strain in the

relaxation phase
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20.5.2.1 Identification of Linear Viscoelastic Parameters

As illustrated by the experimental data shown in Fig. 20.1, we do not observe linear viscoelastic behavior in the measured

strain range. Nevertheless, we treat the data from the lowest strain levels of 0.3% and � 0.25% as linear viscoelastic for

fitting the Prony series parameters. To fit the linear viscoelastic (LVE) model, we set the polynomial coefficients of the

nonlinearizing functions to zero. We prescribe the retardation times and optimize the remaining compliance and Poisson

parameters (Eq. 20.7). Three terms are sufficient for a good fit to the low strain data (Fig. 20.2). The parameters are given in

Table 20.1.

20.5.2.2 Identification of the Nonlinearizing Function Parameters

In the next step, we identify a preliminary nonlinear model by fixing the Prony series parameters to the previously obtained

LVE values and optimizing the values of the parameters of the nonlinearizing functions. As initial guess we choose

a(z) ¼ 0. 1 and zero values for all polynomial coefficients, i.e. we start from the LVE model. We refer to this model as

preliminary because even for the lowest strains the nonlinearizing functions are greater than unity by design, thus the use of

the LVE Prony series implies a small inconsistency. We obtain a nonlinear model with rather large errors (Figs. 20.3 and

20.4, Model #1).

20.5.2.3 Refining the Parameters

The preliminary model is built using the LVE prony series and an estimate for the nonlinearizing functions that was

determined by starting from the LVE model. This model can be improved by two additional optimizations, optimizing the

Prony series parameters and subsequently optimizing the nonlinearizing functions again. In the first step, the Prony series
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Fig. 20.2 LVE model fit to low strain data. Left: Axial strain. Right: Transverse strain. The legend refers to the mean strain during the relaxation

phase

Table 20.1 Prony series parameters

n t (s) J (MPa � 1) n (1)

1 1 3. 02e � 004 0. 40

2 1. 58e + 002 1. 84e � 005 1. 5e � 008

3 3. 98e + 003 6. 69e � 005 0. 49

4 1. 00e + 005 2. 35e � 005 0. 49
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parameters are adjusted to account for the non-unity nonlinearizing functions. In the second step, the nonlinearizing

functions are once again refined. The parameters of this improved model (Figs. 20.3 and 20.4, Model #2) are given in

Tables 20.2 and 20.3.

20.5.3 On the Uniqueness of the Parameters

We have mentioned before that there may be several minima in this optimization problem. Thus, a different choice of initial

values may lead to very different model parameters. For example, in the LVE model, Prony series with different numbers of

terms or different retardation times can yield practically identical fits to the input data. Thus, the parameters are not unique.

We have conducted a substantial number of trial calculations to find alternate solutions and we identified a different set of

parameters, which yields an improved fit to the relaxation data. The results of this model #3 are compared with model #2 in

Figs. 20.5 and 20.6 and the parameters are given in Tables 20.4 and 20.5.
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Fig. 20.3 Preliminary and improved nonlinear model: tensile relaxation
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Fig. 20.4 Preliminary and improved nonlinear model: compression relaxation
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Table 20.2 Model #2: polynomial coefficients of the nonlinearizing functions and the respective weights for the effect of the hydrostatic pressure

Degree 0(1) 1(MPa � 1) 2(MPa � 2) 3(MPa � 3) 4(MPa � 4) a(z)(1)

g0 1 1. 88e � 008 3. 08e � 004 9. 01e � 007 2. 49e � 007 1. 88e � 002

g1 1 7. 21e � 007 5. 19e � 004 2. 80e � 002

g2 1 5. 78e � 007 2. 26e � 013 1. 06e � 011 3. 13e � 007 7. 44e � 001

1/as 1 1. 42e � 013 7. 05e � 009 4. 67e � 004 1. 03e � 005 0. 00e � 000

Table 20.3 Model #2: prony series parameters

n t (s) J (MPa � 1) n (1)

1 1 2. 98e � 004 0. 43

2 1. 58e + 002 2. 08e � 005 0. 43

3 3. 98e + 003 4. 37e � 005 0. 44

4 1. 00e + 005 2. 00e � 004 0. 49
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Fig. 20.5 Nonlinear models: tensile relaxation
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Fig. 20.6 Nonlinear models: compression relaxation
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20.6 Conclusion

Uniaxial tensile and compression stress relaxation tests of polyoxymethylene at several strains were performed. Optical

strain measurement using digital image correlation provided the axial and transverse strain, which is essential for the

complete characterization of the deformation. The Schapery nonlinear viscoelastic model was formulated for a 3d isotropic

material. Based on the relaxation test data, a nonlinear optimization technique was used to identify the parameters of the

model. An optimization strategy based on searches in subspaces of the parameter space was presented and it was shown that

a good agreement between model and experiment could be achieved for both tension and compression.
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Chapter 21

Viscoelastic Creep Compliance Using Prony Series and Spectrum

Function Approach

Jutima Simsiriwong, Rani W. Sullivan, and Harry H. Hilton

Abstract The objective of this study is to compare the viscoelastic material property of a vinyl ester (VE) resin using (1)

the generalized 3-D viscoelastic constitutive equation with a Prony series representation and (2) a spectrum function model.

The Prony series representation of the Generalized Kelvin model (GKM) is used to determine the Prony series coefficients

through the linear least squares (LSQ) method. The Elastic-Viscoelastic Correspondence Principle (EVCP) and the Laplace

transform are used in the spectrum function approach, which utilizes a carefully selected distribution function that has the

potential to describe a wide range of materials. Short-term unidirectional tensile creep experiments are conducted at two

stress levels and at four temperatures below the glass transition temperature of the VE polymer. Experimental strains in both

the longitudinal and transverse directions and the applied stress are measured using the digital image correlation (DIC)

technique. The measured data is subsequently used to determine the creep compliance function for each test configuration.

The potential and limitations of each modeling approach are discussed.

Keywords Viscoelasticity • Constitutive viscoelastic relations • Spectrum function • Material property characterizations

• Creep

21.1 Introduction

The exponential Prony series representation has been widely used to describe the viscoelastic response and material functions

of polymers. An attractive feature of using the Prony series representation is that the viscoelastic functions can be easily

manipulated mathematically and used in a recursive algorithm for the convolution integral of the viscoelastic constitutive

relation [1–3]. Although most studies describe the behavior of time-dependent materials by a power law or a Prony series

representation, the spectral approach can also be used. In a spectrum representation, a continuous distribution function is used

to describe the viscoelastic behavior. Essentially, using a spectrum distribution is equivalent to using a series with an infinite

number of terms. In this study, the spectrum function approach to describe the behavior of time-dependent materials

developed by Sullivan [4–7] is explored. In [4], the analytical model for a spectral representation of linear viscoelastic

materials is developed using a carefully selected distribution function that mimics the behavior of viscoelastic materials.

The model is extended to include the flexure creep behavior of viscoelastic composite beams in [5] and also used in the

development of a viscoelastic continuum damage model for a polymer matrix composite subject to cyclic loading in [6].

In this study, the primary objectives are to study and compare the viscoelastic creep compliance functions of a vinyl ester

resin polymer (Derakane 441-400), obtained from the generalized 3-D viscoelastic constitutive equation with a Prony series

representation and the spectrum function model. An analytical methodology to determine creep compliance functions using

both approaches is given in Sect. 21.2 followed by experimental methods in Sect. 21.3. Section 21.4 discusses the results of

the experimental and analytical studies, and the advantages and limitations of each approach are presented in Sect. 21.5.
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21.2 Analytical Methodology

Although the most accurate representation of creep data is a plot of strain vs. time for various stresses and temperatures,

many theoretical and empirical models have been suggested for representing viscoelastic behavior and properties. In this

paper, the creep compliance of an isothermal linear viscoelastic material is obtained using the generalized 3-D viscoelastic

constitutive equation with a Prony series representation and a spectrum function model. A brief development of both

approaches is given in the following section.

21.2.1 Creep Compliance Analysis Using Prony Series Representation

The deformation response of different viscoelastic materials can be simulated by mechanical models comprising of linear

spring elements (Hooke) for elastic behavior and viscous damper elements (Newton) for viscous behavior. The Generalized

Kelvin model (GKM), uses a number of Kelvin elements connected in series to describe the creep compliance (C(t)) as [8]

CðtÞ ¼ C0 þ
XNpr
n¼1

Cn 1� exp � t

tn

� �� �
(21.1)

where Cn and tn are the Prony series coefficients and retardation times, respectively. One of the challenges of using a Prony

series representation is to determine the appropriate Prony series coefficients and relaxation (or retardation) times that

produce a good fit of the data. Several techniques to fit a Prony series representation to a linear viscoelastic constitutive

response from the experimental creep/relaxation data are found in the literature [1–3, 9–13]. Although the methods

developed in earlier years such as Schapery (1961) [9, 10] or Cost and Becker (1970) [12] present straightforward techniques

for determining the Prony series coefficients, these methods produce both positive and negative values. The negative

coefficients are physically unrealistic and create oscillations in the fitted curve [13]. However, the sign control method which

is based on the multidata method [12] uses mathematical constraints which allow only positive values for the Prony series

coefficients (longitudinal Cn). This technique also allows the user to select the retardation times in the evenly spaced log time

over the range of data, which simplifies the analysis to a linear system of equations. Once the retardation times are chosen,

the Prony series coefficients are obtained to optimally match the experimental data [11]. Due to the afore mentioned reasons,

the sign control method [11] is used.

First, the constitutive relation for an isothermal isotropic linear viscoelastic material with Prony series representation is

stated as [2]

eiiðtÞ ¼
X3
j¼1

C0
iijjsjjðtÞ þ

XNpr

n

Cn
iijj

tn

ðt

0

e�
t�t0
tn
@sjjðt0Þ
@t0

dt0

2
4

3
5þ

CNprþ1
iijj

tNprþ1

ðt
0

sjjðt0Þdt0
8<
:

9=
;: (21.2)

In (21.2) the first term describes the instantaneous elastic response, the second term represents the secondary viscoelastic

creep, and the long-time response is described by the last term. Since only short-term creep is considered here, the long-time

response is not considered and therefore, the last term in (21.2) is neglected. Additionally, the importance of including the

starting transients in the viscoelastic analysis is recognized. Therefore, the loading conditions for the loading phase and

the steady-state creep are described as [3]

s11ðtÞ ¼
f sðtÞ 0 � t � t1 (loading phase)

s0Hðt� t1Þ t � t1 (steady - state phase)

(
(21.3)

In (21.3) for the creep phase, the Heaviside unit step function is often used in the loading function description, but it does

not satisfy the physical interpretation of the actual loading phase, i.e., zero slope at t ¼ 0 and t ¼ t1. Therefore, the loading

condition in (21.4) is selected as it is mathematically admissible and physically realistic.

f sðtÞ ¼
XQ
q¼0

smtm 0 � t � t1 (21.4)
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The procedure to obtain creep compliances using the Prony series method which utilizes the linear least squares (LSQ)

method is shown in Fig. 21.1. Here, the loading function is first determined from the experimental stress and strain data.

By prescribing the approximate values for the retardation times (tn), the Prony series coefficients (Cii
n) are the only unknown

variables in the viscoelastic constitutive equation. Using the LSQ technique with the mathematical constraints imposed on

the Prony series coefficients, the linear system of equations is solved and the coefficients are determined. The analytical

creep strain is then calculated and compared to the experimental strain data [2].

21.2.2 Creep Compliance Analysis Using the Spectrum Function Method

The spectral approach used here, follows Sullivan’s model [7], in which a spectrum function is carefully selected to represent

a generalization of a discrete distribution inherent in a natural system. The spectrum function is used to develop the

fundamental material functions, which are later incorporated through the Elastic-Viscoelastic Correspondence Principle

(EVCP) to obtain the material response and properties. A thorough discussion of the spectrum approach used in this study is

given in [4, 7]; for completeness, a brief overview follows.

Fig. 21.1 Procedure to calculate creep compliance using Prony series representation
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The constitutive equation describing an anisotropic, linear viscoelastic material with multi-axial inputs and responses can

be written as

eijðtÞ ¼
ðt

�1
Cijkl ðt� t0Þ dsklðt0Þ

dt0
dt0 (21.5)

where Cijkl are the creep compliances and i, j ¼ 1, 2, 3. These creep compliances can be written as [14–16]

CijklðtÞ ¼ Cijkl0 þ a
ð1

0

’ijkl ðt0Þ 1� e
�t
t0

h i
dt0 Cijkl0 ¼ lim

t!0
Cijkl (21.6)

where j(t0) is the spectrum function, selected as

’ að Þ ¼ n

p 1þ n20a2
� � (21.7)

with material constants n and no having dimension of [1/s].

Using the spectrum function in (21.7), for the case of a constant one-dimensional loading, the strain (using EVCP and

Laplace transform) is given by the integral equation [4] as

e11ðtÞ ¼ so
Ee

þ m

p

ðt

0

e11ðt� t0Þcðt0Þd t0 (21.8)

where,

cðtÞ ¼
ð1

not

cosðz� notÞ
z

dz: (21.9)

In (21.8), so is the constant stress applied for creep loading. The two viscoelastic parameters n and no (which appear in

(21.8) and (21.9)) are determined from the experimental data and used to form all other time-dependent properties such as

compliances or moduli. The Volterra equation in (21.8) is solved through a numerical iterative technique [17] and the

resulting relaxation modulus from the spectral approach is determined as [4–7]

EðtÞ ¼ E0 1� m

2

� 	
þ m

p

ð1

n0t

sinðz� n0tÞ
z

dz

2
4

3
5; m ¼ n

no
(21.10)

Once the relaxation modulus is obtained, the creep compliance is determined through the interrelation of the linear

viscoelastic material functions, described by the convolution integral as [18, 19]

ðt

�1
Eðt� tÞCðtÞdt ¼

ðt

�1
EðtÞCðt� tÞdt ¼t (21.11)

The analytical inversion of (21.11) to obtain C(t) can be performed by using an appropriate numerical integration

technique. The range of the integral is divided into a finite number of subintervals, with the creep compliance function

assumed to be constant in each subinterval, so that (21.11) can be expressed in a recursive form as

XI

i¼1

CðtiÞ þ Cðti�1Þ
2

EðtI � tiÞ þ EðtI � ti�1Þ
2

ðti � ti�1Þ ¼ tI (21.12)
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The procedure to obtain the relaxation modulus using the spectrum function model is shown in Fig. 21.2. Following the

analytical analysis as described in (21.5, 21.6, 21.7, 21.8, 21.9, 21.10), the analytical strains in the longitudinal and

transverse directions are determined and compared to the experimental data.

21.3 Experimental Method

21.3.1 Materials and Specimen Preparation

Vinyl ester (VE) resins are commonly used as an alternative to epoxy or unsaturated polyester resins because of their

excellent toughness, as well as their improved fatigue and chemical resistance [20]. These resins are inexpensive and widely

used in structural applications for automotive parts. In this study, a thermoset VE resin, Derakane 441-400 by Ashland Co.,

with styrene content of 33 wt.% is selected. The curing agent and curing promoter are Cobalt naphthenate 6% solution

(North American Composites Co.) and methyl ethyl ketone peroxide, MEKP (U.S. Composites Inc.), respectively. The

curing promoter is used to facilitate the reaction between the VE resin and the hardener. To remove air bubbles trapped

during mixing, a combination of two air release additives, BYK-A 515 and BYK-A 555 (BYKChemie GmbH), are used. The

formulation, which is based on 100 parts of the resin or phr, is shown in Table 21.1.

At ambient temperature, the curing promoter and the air release agents are added to the VE resin. The mixture is then

blended manually before the curing agent (hardener) is added. Air bubbles introduced during mixing are removed by using a

vacuum pump operating at a pressure of 8–10 kPa. Themixture is then poured in amold that is sprayed with a semi-permanent

Fig. 21.2 Procedure to calculate creep compliance using the spectrum function model
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mold release agent (Frekote® by Henkel). The specimens are oven-cured under nitrogen atmosphere for 5 h at 60�C and

post-cured for 2 h at 120�C. A total of seven specimens are fabricated each time.

The mold and specimen configurations in this study are based on the ASTM D638 standard test method for tensile

properties of plastics [21]. The configuration and dimensions of the dog-bone specimen used in this study are shown in

Fig. 21.3. After specimen fabrication, a process of sanding and polishing is performed on each specimen using the Labopol-

2 Polisher machine.

21.3.2 Mechanical Instruments

An INSTRON Model 5869 compression/tension electromechanical testing system is used to conduct the tensile and creep

tests. A 50-kN load cell is mounted to the load frame to measure the applied load. To reduce specimen slippage, the grips of

the test specimens are wrapped with a small piece of sandpaper prior to being clamped in the wedge grips.

The digital image correlation (DIC) technique is used to obtain strain measurements through the LaVisionStrainMaster

system. This technique allows the user to obtain strains in both the longitudinal and transverse directions simultaneously,

thus eliminating the need to obtain the stress-time histories-dependent Poisson’s ratio in linear viscoelasticity [22]. The

selected camera system is a high resolution 14-bit charge-coupled device camera that has up to 16 million pixel spatial

resolution. The camera has a recording capacity of 29 frames/s. The images of the specimen are taken over the complete

duration of the test at the sample rate of 24 Hz. By comparing at least two images of the area of interest on the test piece at

two different times, the strain contours around microstructural and geometrical heterogeneities are quantified. In addition to

the DIC system, an axial extensometer with a gage length of 25.44 mm is used to verify the DIC-measured longitudinal

strain, as shown in Fig. 21.4.

21.3.3 Quasi-Static Tensile and Creep Tests

The ultimate tensile stress (su) is determined from uniaxial quasi-static tensile tests performed at the selected temperatures.

The tensile tests are conducted according to ASTM D638 at a constant strain rate of 0.001/s [21]. These tests are performed

at ambient temperature and at three elevated temperatures (40�C, 60�C, 80�C) lower than the glass transition temperature Tg

(120�C–130�C) of the VE resin [23]. The higher temperature tests are performed inside an environmental chamber with an

optical quality viewing window that is mounted to an electromechanical test system. Heating parameters are set and

monitored using a programmable controller with an accuracy to �0.5%.

Table 21.1 Formulation

components of test specimens
Ingredient Weight (g)

Derakane 441-400 (VE resin) 100

Cobalt naphthenate 6% (curing promoter) 0.20

BYK-A 515 (air release agent) 0.20

BYK-A 555 (air release agent) 0.20

MEKP (curing agent) 1.00

Fig. 21.3 Specimen

configurations
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Five tensile tests are performed at each temperature and the averaged values of the data are used. The ultimate tensile

stress and percent of elongation obtained from the quasi-static tensile tests are shown in Table 21.2. As expected, the results

indicate that at a constant strain rate, the deformation increases whereas the ultimate tensile stress of the VE polymer

decreases with increasing temperature.

Following the determination of the ultimate tensile stress su of the VE resin, constant-stress creep tests are performed in

accordance with ASTM D2990 [24] at two stress levels (60% and 70% su) and four temperatures (RT, 40�C, 60�C, 80�C).
The test matrix for the creep test is shown in Table 21.3. The constant stress is applied for 2 h, followed by 1 h of recovery. A

total of ten creep tests are conducted for each test configuration and the average strain values of ten tests are used to obtain

the creep compliance function.

21.4 Results

21.4.1 Longitudinal and Transverse Strains

The DIC creep strain histories for both the longitudinal and transverse directions for the VE polymer at constant stresses of

60% and 70% su and temperatures of 23.8�C, 40�C, 60�C are shown in Figs. 21.5 and 21.6, respectively. The primary creep

Fig. 21.4 Room temperature

tensile test setup

Table 21.2 Quasi-static

tensile test results
Temperature (�C) Ultimate tensile stress (su) (MPa) Elongation (%)

23.8 75 2.64

40 70.2 2.83

60 59> 3.0

80 46.4 4.1

Table 21.3 Test matrix for

creep test
Temperature (�C)

Stress level (MPa)

60% su 70% su

23.8 45 52.5

40 42.1 49.1

60 35.4 41.3

80 27.8 32.5
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and secondary (steady-state) creep stages are observed. As expected, at a constant holding stress, the creep deformation

increases as the temperature level increases. Since non-linear visocoelastic behavior was observed for the creep tests at

80�C, it has not been included in this study.

21.4.2 Prony Series

Using the measured strains in the longitudinal and transverse directions, the creep compliances are calculated using the

Prony series method, as outlined in Fig. 21.1. By applying the mathematical constraints to the Prony series coefficients and

the retardation times as shown in (21.13), a good quality of the LSQ fit is obtained. The number of Prony terms is chosen by

trial and error. As illustrated in Fig. 21.7, 30 Prony coefficients are selected as this number produced a good convergence of

the LSQ fit of the data.

Fig. 21.5 Comparison of creep strain in (a) longitudinal and (b) transverse directions at 60% su

Fig. 21.6 Comparison of creep strain in (a) longitudinal and (b) transverse directions at 70% su
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C1111ðtÞ> 0; C1122ðtÞ< 0

C0
1111 > 0; Cn

1111 > 0

C0
1122 < 0; Cn

1122 < 0

tn > 0 (21.13)

21.4.3 Spectrum Function

The measured strain data is also used in the spectrum function model to obtain the material constants n and n0 which are

subsequently used in (21.10) for each test configuration. The relaxation modulus as a function of time is then converted to the

creep compliance function using (21.12). The comparison of normalized creep compliance functions, C11(t), computed from

the Prony series method and the spectrum function model, and percent difference between the models are shown in

Figs. 21.8 and 21.9.

Once the creep compliances are obtained from both methods, the creep strain is computed using the constitutive relation

in (21.2). Figure 21.10 shows the computed and measured, longitudinal and transverse creep strain for the 60% su tests at the

various temperatures. Table 21.4 lists the percent errors in the longitudinal creep strain at 60% su between the Prony series

and spectrum methods and the measured data at discrete times for the three test temperatures.

21.5 Discussion and Conclusion

A comparison of the two approaches with regards to the determination of the creep compliance function is summarized in

Table 21.5.

For properly characterizing the viscoelastic behavior of the polymer in this study, a total of 30 Prony constants were

necessary. The number of parameters required by the spectrum approach is dependent on the choice of the spectrum function

and for the present work, the selected distribution function required only two parameters to represent the secondary creep

behavior. Analytically, a series formulation is proposed for the material functions when using the Prony series representa-

tion. In the spectrum approach, the modulus is developed from applying the correspondence principal to the elastic solution

and the time-dependent modulus is obtained from the Laplace inversion. Once the parameters have been obtained from the

Fig. 21.7 Comparison of

longitudinal strain at 70% su,

60�C with various numbers

of Prony series terms, N
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strain data, the material function is solved directly. The resulting creep compliance from each method is shown in Figs. 21.8

and 21.9, which show good agreement (less than 0.8% difference) between the two methods. The final comparison is

obtained when using the material functions in the constitutive equation to obtain the strain which is subsequently compared

to the experimental data. As seen by Fig. 21.10 and 21.11, both methods correlate well with the experimental data, with the

largest differences between the methods and the measured data being at the beginning of the creep tests. The initial

deviations between the two approaches and the experimental data can be due to the different starting conditions for the two

methods, i.e., starting transients are not included for the spectrum approach. Also, only two parameters are used for the

selected spectrum function; a more general function that includes additional parameters should improve the accuracy of the

prediction. During secondary creep, both techniques produce good agreement with the experimental data, which is

substantiated by the low percent error at discrete times listed in Table 21.4. Errors may also be due to (a) the inaccuracy

of the instantaneous modulus/compliance used in the models, (b) the approximate technique used for interconversion from

modulus to compliance, and (c) the use of averaged creep strain data. Ongoing work includes formulation of statistical

descriptions of the data due to the large scatter obtained in creep testing of viscoelastic polymers as well as including the

starting transients for both approaches.

Overall, the Boltzmann superposition principle provides the mathematical and physical modeling of viscoelastic behavior

and it is typically represented by the traditional Prony series approach which uses a finite number of discrete terms.

However, the spectrum function approach can also be used, which is essentially the series approach with an infinite number

Fig. 21.8 Comparison of normalized creep compliances, C1111, obtained from the spectrum function model and the Prony series representation for

creep tests at 60% su at (a) 23.8
�C, (b) 40�C, and (c) 60�C

Fig. 21.9 Comparison of normalized creep compliances, C1111, obtained from the spectrum function model and the Prony series representation for

creep tests at 70% su at (a) 23.8
�C, (b) 40�C, and (c) 60�C
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of terms. Mathematically, the Prony series approach is simpler as it mainly involves the LSQ technique whereas the

spectrum approach utilizes the Correspondence Principle and Laplace transforms and inversions. Although the Prony series

approach implements the history, it models the material functions in a general fashion, providing no information about the

specific forms of these functions. The spectrum method, as implemented in this study is a more physics-based approach in

that a distribution function which mimics viscoelastic behavior is utilized and fundamental material functions are developed

using the selected spectrum. Of the two methods, the inherent formulation of the spectrum approach facilitates descriptions

of statistical processes such as the scatter in the data encountered in creep experiments of viscoelastic materials. From the

results of this study, both methods are successful in describing the viscoelastic response of solids.

Fig. 21.10 Comparison of experimental and analytical creep strain in longitudinal direction at 60% su at (a) 23.8
�C, (b) 40�C, and (c) 60�C

Fig. 21.11 Comparison of experimental and analytical creep strain in (transverse direction at 60% su at (a) 23.8
�C, (b) 40�C, and (c) 60�C

Table 21.4 Comparison of the percent error of creep strain at 60 % su

Time (s)

60% su, 23.8
�C 60% su, 40C 60% su, 60

�C

% error e11 % error e22 % error e11 % error e22 % error e11 % error e22
Prony Spectrum Prony Spectrum Prony Spectrum Prony Spectrum Prony Spectrum Prony Spectrum

1,000 1.09 1.11 1.04 1.62 0.13 2.32 2.26 3.31 0.08 3.32 2.33 2.63

3,000 0.60 0.47 0.81 1.11 0.36 0.31 2.46 0.14 0.06 0.15 0.52 0.76

4,000 0.05 0.37 0.46 1.48 0.47 0.23 3.32 0.28 0.00 0.15 0.20 0.75

5,000 0.32 0.28 0.13 1.38 0.20 0.35 4.08 0.35 0.02 0.12 0.26 0.95

6,000 0.80 0.04 0.62 1.21 0.51 0.01 4.34 0.00 0.01 0.02 0.62 0.65

7,000 0.74 0.11 1.55 0.49 0.86 0.02 4.80 0.05 0.08 0.05 1.31 0.06
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Table 21.5 Comparison of Prony series and spectrum function for viscoelastic behavior representation

Prony series representation

eiiðtÞ ¼
P3
j¼1

C0
iijjsjjðtÞþ

XNpr

n

Cn
iijj

tn

ðt

0

e�
t�t0
tn
@sjjðt0Þ
@t0

dt0

2
4

3
5þ

CNprþ1
iijj

tNprþ1

ðt
0

sjjðt0Þdt0

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

Eq. 21.2

Spectrum function model

e11ðtÞ ¼ so
Ee

þ m

p

ðt

0

e11ðt� t0Þcðt0Þd t0

where cðtÞ ¼ Ð1
not

cosðz�notÞ
z dz

Eqs. 21.8 and 21.9

Parameters Number of

parameters

In this study, 30 retardation times, tn, and 30

Prony series coefficients, Cn are chosen

by trial and error to improve

the convergence and quality

of the LSQ fits

Two material parameters, n

and n0,

for selected spectrum

function (21.10)

Constraints Mathematical constraints for both

retardation time, tn,
and Prony series coefficients, Cn,

as shown in (21.13)

Specified by the selected function

Analytical Function
CðtÞ ¼ C0 þ PNpr

n¼1

Cn 1� exp � t
tn

� 	h i
Eq. 21.1 EðtÞ ¼ E0 1� m

2

� �þ m
p

Ð1
n0t

sinðz�n0tÞ
z dz

" #
Eq. 21.10

Mathematical

method

of solution

Solve analytically and LSQ

to experimentally data

Solve for Volterra integral of convolution iterative

method

Result Creep compliance, C(t) Relaxation modulus, E(t)
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Chapter 22

Viscoelastic and Viscoplastic Behavior of GF/VE [�45]s Laminates

J. Varna, K. Giannadakis, and R. Joffe

Abstract The nonlinear and time dependent stress-strain response of non-crimp fabric (NCF) [�45]s laminates in tension is

studied. Testing methodology is suggested to separate and quantify the effect on the inelastic response of damage

development, nonlinear viscoelastic effects and viscoplasticity. Material model based on Schapery’s work on viscoelasticity

and Zapas viscoplastic functional with added damage terms is used. Simulation is performed and validated with constant

stress rate tensile tests, identifying the nonlinear viscoelasticity and viscoplasticity as the major sources of the nonlinear

response.

Keywords Viscoplasticity • Viscoelasticity • Material model • GF non-crimp fabric

22.1 Introduction

Fiber composites in transverse tension and in in-plane shear present complex stress-strain behaviour, hysteresis loops and

loading rate effects [1–6]. In case of angle-ply laminates the nonlinear shear response is responsible for the non-linear

performance of the laminate. Several researchers have tried to describe the nonlinear shear response as combination of

elastic response and plasticity [1, 6]. In [6] the elastic response is changing due to compliance degradation and the plasticity

is for both shear and transverse stress. In [1] the plastic yielding of the matrix is included using Mohr-Coulomb criterion.

These approaches can be successful describing the stress-strain curves during monotonously increasing loading but they are

unable to deal with unloading and loading rate effects. The nonlinearity in tension in the transverse direction of the UD

composite was analyzed and material model was developed in [7] using Schapery’s model [8] for nonlinear viscoelastic

analysis. Authors used power lower for viscoelastic compliance and this seems to be the limitation to achieve good fitting.

One of the most complete analysis of strain development in angle ply [45/�45]s is given in [2] where the laminate’s

response to tensile load is simulated using laminate theory type of analysis based on UD composite material model which

accounts for all above phenomena except the effect of damage. Methodology for decoupled experimental analysis of damage

effect, nonlinear viscoelasticity and viscoplasticity in composites has been developed in [3–5] for short fibre composites

where nonlinear effects are pronounced.

The objective of this paper is to investigate the inelastic behaviour of a GF/VE [�45]s laminates. The sources of the

inelastic behaviour are analysed by studying the strain response in tensile tests and creep-strain recovery tests. The

significance of the following phenomena is quantified and included in the material model: (a) reduction of elastic properties

due to microdamage development in layers at high stresses; (b) viscoelastic composite material behaviour, which may be

nonlinear with respect to stress; (c) viscoplastic (irreversible) strain development with time at high loads; (d) nonlinearity of

the elastic response. In contrast to papers referred above the damage in the presented model is affecting not only the elastic but

also the viscoelastic and viscoplastic responses.
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22.2 Material

Knitted biaxial �45 glass fiber non-crimp fabric (surface weight 1,800 g/m2) was used as reinforcement in [45/�45]s
laminate. Bundle width was very large and therefore the bundle mesostructure, was difficult to be seen. The resin used was

bisphenol-A epoxy-vinylester, Dow Derakane 411-C50. Plates were manufactured using vacuum infusion with stiff mould

base and flexible top (polyamide film). After completed infusion the plates were in-mould cured at room temperature,

approximately 22�C for 12 h. Then, the specimens were subjected to a post-cure at 80�C for 9 h.

The material has high fibre content, fibers are homogeneously distributed and void content is rather low.

All experiments were performed at room temperature (22–23 C) and at a relative humidity (RH) of about 20–30%. For the

current experiments, an Instron 3366 equipped with a 10 kN load cell and a 50 mm Instron extensometer with �5 mm of

travel length was used. The elastic modulus was determined in a range between 0.05% and 0.2% of the axial strain during

increasing loading.

22.3 Material Model

The assumptions in the material model that includes the desired features are: (a) the viscoelastic and viscoplastic responses

may be decoupled, (b) although both, viscoelastic, eVE and viscoplastic,eVP strains are affected by micro-damage d smaxð Þ.
We rely on the model introduced using thermodynamic treatment by Schapery [8]. In one-dimensional case the model can be

written as

e ¼ dðsmaxÞ � e0 þ g1

ðt

0

DSðC�C0Þ dðg2sÞ
dt

dtþ eVPðs; tÞ
0
@

1
A (22.1)

In (22.1) integration is over “reduced time” introduced as,

c ¼
ðt

0

dt0

as
andc0 ¼

ðt

0

dt0

as
(22.2)

e0 represents the nonlinear elastic strain, DSðcÞ is the transient component of the linear viscoelastic creep compliance

DSðcÞ ¼
X
i

Ci 1� exp �c
ti

� �� �
(22.3)

In (22.3) Ci are stress level independent constants and ti are called retardation times, g1 and g2 are stress invariant

dependent material properties. as is the shift factor, which in fixed conditions is a function of stress only.

The viscoplastic strains eVP in angle-ply laminates develop at high stresses and they increase with time at fixed stress. For

manymaterials the development of viscoplastic strains may be described by a functional presented by Zapas and Crissman [9]

eVP s; tð Þ ¼ CVP

ðtt�

0

s tð Þ
s�

� �M

dt

8><
>:

9>=
>;

m

(22.4)

In (22.4) t
t� represents normalised time, CVP,M andm are constants to be determined, and t�, s�are characteristic time and

stress constants.
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22.4 Stiffness Degradation Due to High Stress

The function d smaxð Þin (22.1) was incorporated to account for microdamage. The values of this function depend on the

maximum (most damaging) strain/stress state experienced during the previous service life and its meaning is the reduced

elastic compliance of the composite

d smaxð Þ ¼ E0

E smaxð Þ (22.5)

where E0 is the initial elastic modulus and E smaxð Þ is the current elastic modulus. The elastic modulus and Poisson’s ratio

dependence on the previously applied maximum stress level was measured to evaluate the significance of the modulus

degradation.

The results are presented in Fig. 22.1 showing about 10% reduction of the elastic modulus. The reduction of the

normalized stiffness was fitted by

d smaxð Þ ¼ 1

1� 0:2
smax � s0

3s0

� �2
for smax > s0 s0 ¼ 30MPa (22.6)

For all specimens a small increase in Poisson’s ratio was observed. Acoustic events indicating formation of intra-laminar

cracks in layers at high loads were also detected.

22.5 Accumulation of Viscoplastic Strain

In the case of creep test at fixed stress sðtÞ ¼ s0 the integration in (22.4) is trivial and the VP-strain accumulated during the

time interval t 2 0; t1½ � is

eVP ¼ A
t

t�
� �m

A ¼ CVP
s0
s�

� �Mm
(22.7)

In other words, according to the model the VP-strains in creep test grow according to power law with respect to time and

with stress. According to (22.4) an interruption of the constant stress test for an arbitrary time ta has no effect on VP-strain

development: since stress during the unloaded state is zero, only the total time under loading is of importance. Hence, instead

of testing at stress s0 for time tS ¼ t1 þ t2continuously, one could perform the testing in two steps: (1) creep at stress s0 for
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time t1; unloading the specimen and measuring the permanent strain e1VP developed during this step (it has to be done after

the recovery of viscoelastic strains); (2) then the stress s0is applied again for interval t2and after strain recovery the new

VP-strain e2VPis measured which has developed during the second creep test. The sum of two viscoplastic strains

corresponding to two tests of length t1and t2 will be equal to the viscoplastic strain that would develop in one creep

experiment of length tS ¼ t1 þ t2.
This conclusion was used to construct the VP-test (development of VP-strains with time). A fixed level of stress was

defined and a sequence of creep and strain recovery tests were performed on the same specimen. The strain recovery time

after the load application was eight times the length of the loading step. The test was performed for several stress levels to

evaluate whether the shape of the time dependence is changing and how the strain values depend on the stress level.

According to the model (22.7), the time dependence is not stress level dependent, whereas the magnitude A is.

The viscoplasticity development is demonstrated in Fig. 22.2a. All tests corresponding to different stress levels can be

fitted with power function with the same exponent m. The A versus stress is plotted in Fig 22.2b.

22.6 Nonlinear Viscoelasticity

22.6.1 Data Reduction Methodology

Creep tests for viscoelastic characterisation lasted 40 min. After the load was removed, the sample was allowed to recover.

When the stress is removed, the strain recovery period begins according to s ¼ s HðtÞ � Hðt� t1Þ½ �, where HðtÞ is the

Heaviside step function.

The material model (22.1) may be applied separately to the creep interval t 2 0; t1½ �and to the strain recovery interval after
the creep test t>t1. The expression for strain development during the creep test is [6]

ecreep ¼ d smaxð Þ e0 þ g1g2s
X
i

Ci 1� exp � t

asti

� �� �( )
þ d smaxð ÞeVP s; tð Þ: 0<t<t1: (22.8)

The time dependence of strain in the recovery region follows expression

erec ¼ d smaxð Þ g2s
X
i

Ci 1� exp � t1
asti

� �� �
exp � t� t1

ti

� �( )
þ d smaxð ÞeVP s; t1ð Þ t>t1 (22.9)

Constants Ci i ¼ 1,. . ., I (stress independent), and e0, as, g1 and g2 (stress dependent) are found as result of fitting. The

retardation times tiin Prony series are chosen arbitrary, but the largest ti should be at least a decade larger than the length of
the conducted creep test and they are all spread more or less uniformly over the logarithmic time scale, typically with a factor

of about ten between them.
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The stress and time dependent VP-strains enter (22.8) and (22.9). The term eVP s; t1ð Þ is the VP-strain developed during

the creep test and it comes directly from the test as the last data point at the end of strain recovery. However, in the creep

strain expression in (22.8), the time dependence of the VP-strain during this test is required. It has to be subtracted from the

total strain during the creep test with the rest being a pure nonlinear viscoelastic strain.

In the first loading step for the specimen the expression is very simple and follows from (22.7).

eVPðtÞ ¼ eVP s; t1ð Þ t

t1

� �m
(22.10)

The steps to determine coefficients as, g1, g2 and e0 are summarized below:

1. Creep and strain recovery data in low stress region (expected linear response) assuming g1 ¼ g2 ¼ as ¼ 1 are used to

determine Ci by fitting simultaneously the reduced creep and strain recovery data using method of least squares (LSQ)

and (22.8), (22.9). Average values of Ci for all specimens are calculated.

2. Nonlinear viscoelastic analysis is performed using obtained Cm, tm and fitting (22.17), (22.18) to find as, g1, g2 and e0.
The following routine can be suggested: initial (small) value of as is assigned and then increased with a selected step.

For each value the method of LSQ is used to find the best g1, g2and e0. For each set of as, g1, g2 and e0 the misfit function

(sum of squares of deviations with test data) is calculated. The set of as, g1,g2 that gives the minimum of the misfit

function is considered as the best fit.

22.6.2 Creep Compliance

The viscoelastic compliance was calculated to check for linear/non-linear behaviour. Usually, the first indication of linear

behaviour is independence of compliance curves of stress level. However, differences may appear during recovery. If for a

higher stress level the creep compliance curve leaves the “common cloud” it is a proof of a non-linear behaviour at this stress

level. The results are presented in Fig. 22.3.

Analysing Fig. 22.3, we see that all creep levels between 20 and 40 MPa give approximately the same compliance curves

and they all belong to the “linear region”. It has to be noted that there is NO LINEAR region for this material. The values of

nonlinearity parameters in the “linear region” ARE NOT equal to 1. It becomes clear comparing creep and strain recovery

curves: the strain rate in recovery is much lower.

22.7 Validation

Simulations were performed using incremental form of the nonlinear viscoelastic part of (22.2) given in [3] and numerically

integrating (22.5) for VP-strains. Tensile tests using constant stress rate 1.5 MPa/min were performed reaching 75 MPa after

3,000 s. Experimental data from this test and simulations are shown in Fig. 22.4a.
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In Fig. 22.4b the significance of each term in the constitutive model in this test is demonstrated (the total strain is a sum of

elastic, visco- and visco-plastic responses). Until 50 MPa the viscoelastic and visco-plastic effects may be neglected.

At failure the three strain components have approximately the same significance, but the rate of increase of viscoplasticity is

the highest.

22.8 Conclusions

Effect of microdamage development, viscoelasticity and viscoplasticity on inelastic, time dependent behaviour of GF/VE

[45/�45]s angle-ply laminate was analyzed experimentally performing stiffness reduction and creep tests with strain

recovery. Testing methodology for stress dependent parameter identification in material model was suggested and verified.

The elastic response of the angle-ply laminate is slightly nonlinear.

Empirical material model based on Schapery’s nonlinear viscoelasticity and Zapas et al. viscoplasticity representation

was generalised by including effect of microdamage.

Numerical simulations of slow constant stress rate loading ramp were performed using the developed material model in

incremental form. It was found that the nonlinear viscoelasticity becomes very important at high stresses whereas

viscoplastic effects are the most important just before failure. Intralaminar cracking in off-axis plies was observed.

Simulations show that the effect of damage on the overall inelastic behaviour is rather limited.
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