Chapter 5
Conventional RLS Adaptive Filter

5.1 Introduction

Least-squares algorithms aim at the minimization of the sum of the squares of the
difference between the desired signal and the model filter output [1,2]. When new
samples of the incoming signals are received at every iteration, the solution for the
least-squares problem can be computed in recursive form resulting in the recursive
least-squares (RLS) algorithms. The conventional version of these algorithms will
be the topic of this chapter.

The RLS algorithms are known to pursue fast convergence even when the
eigenvalue spread of the input signal correlation matrix is large. These algorithms
have excellent performance when working in time-varying environments. All these
advantages come with the cost of an increased computational complexity and some
stability problems, which are not as critical in LMS-based algorithms [3,4].

Several properties related to the RLS algorithms are discussed including mis-
adjustment, tracking behavior, which are verified through a number of simulation
results.

Chapter 16 deals with the quantization effects in the conventional RLS algorithm.
Chapter 17 provides an introduction to Kalman filters whose special case can be
related to the RLS algorithms.

5.2 The Recursive Least-Squares Algorithm

The objective here is to choose the coefficients of the adaptive filter such that the
output signal y(k), during the period of observation, will match the desired signal
as closely as possible in the least-squares sense. The minimization process requires
the information of the input signal available so far. Also, the objective function we
seek to minimize is deterministic.
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Fig. 5.1 Adaptive FIR filter
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The generic FIR adaptive filter realized in the direct form is shown in Fig.5.1.
The input signal information vector at a given instant k is given by

x(k) = [x(k) x(k —1)...x(k — N)]" (5.1
where N is the order of the filter. The coefficients w; (k), for j = 0,1,..., N,

are adapted aiming at the minimization of a given objective function. In the case of
least-squares algorithms, the objective function is deterministic and is given by

k
£1(k) =Y ATE)
i=0
k
=YW dl) —x" (wk)] (5.2)
i=0

where w(k) = [w, (k) wi(k)...wy(k)]T is the adaptive-filter coefficient vector and
&(i) is the a posteriori output error! at instant i. The parameter A is an exponential
weighting factor that should be chosen in the range 0 << A < 1. This parameter
is also called forgetting factor since the information of the distant past has an
increasingly negligible effect on the coefficient updating.

It should be noticed that in the development of the LMS and LMS-based
algorithms we utilized the a priori error. In the RLS algorithms &(k) is used to

IThe a posteriori error is computed after the coefficient vector is updated, and taking into
consideration the most recent input data vector x(k).
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denote the a posteriori error whereas e (k) denotes the a priori error. The a posteriori
error will be our first choice in the development of the RLS-based algorithms.

As can be noted, each error consists of the difference between the desired signal
and the filter output, using the most recent coefficients w(k). By differentiating
£4 (k) with respect to w(k), it follows that

gL (k)
awk)

k
=2 () [di) - xT (iyw(k)] (5.3)
i=0

By equating the result to zero, it is possible to find the optimal vector w(k) that
minimizes the least-squares error, through the following relation:

0

k k
=Y @)X (ywik) + Y A Tx(i)d (i) =
i=0 i=0 :

0
The resulting expression for the optimal coefficient vector w(k) is given by

k 1k
w(k) = [Z Ak_ix(i)xT(i):| > AKTIx(i)d (i)

i=0 i=0

= R} (k)pp (k) (5.4)

where Rp (k) and pp, (k) are called the deterministic correlation matrix of the input
signal and the deterministic cross-correlation vector between the input and desired
signals, respectively.

In (5.4) it was assumed that Rp (k) is nonsingular. However, if Rp (k) is singular
a generalized inverse [1] should be used instead in order to obtain a solution for w(k)
that minimizes £¢ (k). Since we are assuming that in most practical applications the
input signal has persistence of excitation, the cases requiring generalized inverse
are not discussed here. It should be mentioned that if the input signal is considered
to be zero for k < 0 then Rp (k) will always be singular for k < N, i.e., during
the initialization period. During this period, the optimal value of the coefficients
can be calculated, for example, by the backsubstitution algorithm to be presented in
Sect. 9.2.1.

The straightforward computation of the inverse of Rp (k) results in an algorithm
with computational complexity of O[N?]. In the conventional RLS algorithm the
computation of the inverse matrix is avoided through the use of the matrix inversion
lemma [1], first presented in the previous chapter for the LMS-Newton algorithm.
Using the matrix inversion lemma, see (4.51), the inverse of the deterministic
correlation matrix can then be calculated in the following form
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Algorithm 5.1 Conventional RLS algorithm

Initialization
Sp(—=1) =41

where § can be the inverse of the input signal power estimate
pp(—1) = x(=1) = [00...0]

Dofork >0:

_ 1 1y — Spk=DX®XT ()Sp k—1)
SD(k) - )L[SD(k 1) A+XT(k)SD(k71)X(k) ]

pp (k) = App(k — 1) + d(k)x(k)
w(k) = Sp(k)pp (k)
If necessary compute
y(k) = w" (k)x(k)
e(k) = d(k) — y(k)

Sp(k — Dx(k)x" (k)Sp (k — 1)
A+ xT (k)Sp(k — Dx(k)

Spk) = Rp' () = [sp(k —1- ] 55)

The complete conventional RLS algorithm is described in Algorithm 5.1.
An alternative way to describe the conventional RLS algorithm can be obtained
if (5.4) is rewritten in the following form

k k—1
[Z )Lk‘ix(i)xT(i)] w(k) = A [Z xk—f—lx(i)dm} +x(kyd(k)  (5.6)

i=0 i=0

By considering that Rp (k — 1)w(k — 1) = pp(k — 1), it follows that

i=0

k
[Z lk—ix(i)xT(i):| w(k) = App(k = 1) + x(k)d (k)

= ARp(k — Dhw(k — 1) + x(k)d (k)

k
= [Z Aix()xT () — x(k)x” (k)}
i=0

x w(k — 1) + x(k)d (k) (5.7)

where in the last equality the matrix x(k)x” (k) was added and subtracted inside
square bracket on the right side of (5.7). Now, define the a priori error as

e(k) = d(k) —x" (k)w(k — 1) (5.8)

By expressing d(k) as a function of the a priori error and replacing the result in
(5.7), after few manipulations, it can be shown that

w(k) = w(k — 1) + e(k)Sp (k)x(k) (5.9)
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Algorithm 5.2 Alternative RLS algorithm

Initialization
Sp(—=1) =41
where § can be the inverse of an estimate of the input signal power
x(—=1) =w(=1)=[00...0]"
Do fork >0
e(k) = d(k) — x" (k)w(k — 1)
¥ (k) = Sp(k — Dx(k) .
_1 N (o1 AR(5!
Sp(k) = HiSo(k = 1) = )
w(k) = w(k —1) + e(k)Sp (k)x(k)
If necessary compute
y(k) = w" (k)x(k)
s(k) = d(k) — y(k)

With (5.9), it is straightforward to generate an alternative conventional RLS
algorithm as shown in Algorithm 5.2.

In Algorithm 5.2, ¥ (k) is an auxiliary vector required to reduce the computa-
tional burden defined by

¥ (k) = Sp(k — 1)x(k) (5.10)

Further reduction in the number of divisions is possible if an additional auxiliary
vector is used, defined as

¥ (k)

k)= —————— 5.11
¢ (k) v Gox) (5.11)
This vector can be used to update Sp (k) as follows:
1
Sp(k) =+ [Sotk = 1) =y (k)" (k)] (5.12)

As will be discussed, the above relation can lead to stability problems in the RLS
algorithm.

5.3 Properties of the Least-Squares Solution

In this section, some properties related to the least-squares solution are discussed
in order to give some insight to the algorithm behavior in several situations to be
discussed later on.
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5.3.1 Orthogonality Principle

Define the matrices X(k) and d(k) that contain all the information about the input
signal vector x(k) and the desired signal vector d (k) as follows:

x (k) M2x(k—=1) - AED2x(1) A 2x(0)
x(k=1) AYV2x(k—=2) - A%D2x0) 0

x(k'—N))ul/zx(k.—N—l)--- 6 6
= [x(k) A x(k —1)... A*x(0)] (5.13)
d(k) = [d(k) A'2d(k — 1) ... A2 ©0)]" (5.14)

where X(k) is (N + 1) x (k + 1) and d(k) is (k + 1) x 1.
By using the matrices above defined it is possible to replace the least-squares
solution of (5.4) by the following relation

X)X (kyw(k) = X(k)d(k) (5.15)

The product X (k)w(k) forms a vector including all the adaptive-filter outputs
when the coefficients are given by w(k). This vector corresponds to an estimate of
d(k). Hence, defining

¥(k) = X ()w(k) = [y(k) A2y = 1) A2y©]  (5.16)
it follows from (5.15) that
X)X (kyw(k) — X(k)d(k) = X(k)[y(k) —d(k)] = 0 (5.17)
This relation means that the weighted-error vector given by

&(k)

A2k — 1)

e(k) = : = d(k) — y(k) (5.18)
A¥126(0)

is in the null space of X(k), i.e., the weighted-error vector is orthogonal to all row
vectors of X(k). This justifies the fact that (5.15) is often called normal equation. A
geometrical interpretation can easily be given for a least-squares problem solution
with a single coefficient filter.
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Example 5.1. Suppose that A = 1 and that the following signals are involved in the
least-squares problem

d(1)=[?ﬂ X() =[1 —2]
The optimal coefficient is given by
xx"mwn =0 -2 1| w
— X(Dd(1) —
-0 -}y

After performing the calculations the result is

w(l) = —%

The output of the adaptive filter with coefficient given by w(1) is

_1
y(l) = [ 12}

X(y(1) —d(D)] = [1 2] [__(:5}

Note that

=0

Figure 5.2 illustrates the fact that y(1) is the projection of d(1) in the X(1) direction.
In the general case we can say that the vector y(k) is the projection of d(k) onto the
subspace spanned by the rows of X (k). O

5.3.2 Relation Between Least-Squares and Wiener Solutions

When A = 1 the matrix ﬁR p (k) for large k is a consistent estimate of the input
signal autocorrelation matrix R, if the process from which the input signal was taken
is ergodic. The same observation is valid for the vector klﬁp p (k) related to p if the

desired signal is also ergodic. In this case,
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Fig. 5.2 Geometric X
interpretation of least-squares
solution
2.0
1.5
\
v e(D)
\
\
1.0
d(1)
5
y(1)
: : : : -
-0.5 0.5 1.0 1.5 X
i
0.5 |
x(1) |
[
[
-1.0 }
[
[
[
-1.5 |
[
[
\
20 f e ‘
\
\
\
\
\\
: 1
R = lim —— Hx! (i) = 1i Rp(k 5.19
koo k + 1 i=ox(’)x @) = Jim R ®) (>.19)
and
: 1
= lim —— )d(i) = lim —— k 5.20
p kin;ok+1izox(l) @ kin;ok+1pD() ( )
It can then be shown that
w(k) = Ry (k)pp(k) =R7'p = w, (5.21)
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when k tends to infinity. This result indicates that the least-squares solution tends
to the Wiener solution if the signals involved are ergodic and stationary. The
stationarity requirement is due to the fact that the estimate of R given by (5.19)
is not sensitive to any changes in R for large values of k. If the input signal is
nonstationary Rp (k) is a biased estimate for R. Note that in this case R is time
varying.

5.3.3 Influence of the Deterministic Autocorrelation
Initialization

The initialization of Sp(—1) = I causes a bias in the coefficients estimated by the
adaptive filter. Suppose that the initial value given to Rp (k) is taken into account in
the actual RLS solution as follows:

k . k , Ak
> A x()xT (ywik) = [Z Aeix()x” (i) + ; 1] w(k)
i=— i=0
= pp (k) (5.22)

By recognizing that the deterministic autocorrelation matrix leading to an unbiased
solution does not include the initialization matrix, we now examine the influence
of this matrix. By multiplying Sp(k) = R}'(k) on both sides of (5.22), and by
considering k — o0, it can be concluded that

k+1

where w, is the optimal solution for the RLS algorithm.
The bias caused by the initialization of Sp (k) is approximately
k+1

k) —w, ~ —
wk) —w 3

Sp(k)w, (5.24)

For A < 1, it is straightforward to conclude that the bias tends to zero as k tends to
infinity. On the other hand, when A = 1 the elements of Sp (k) get smaller when the
number of iterations increase, as a consequence this matrix approaches a null matrix
for large k.

The RLS algorithm would reach the optimum solution for the coefficients after
N + 1 iterations if no measurement noise is present, and the influence of the initial-
ization matrix Sp(—1) is negligible at this point. This result follows from the fact
that after N 4 1 iterations, the input signal vector has enough information to allow
the adaptive algorithm to identify the coefficients of the unknown system. In other
words, enough information means the tap delay line is filled with information of the
input signal.
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5.3.4 Steady-State Behavior of the Coefficient Vector

In order to understand better the steady-state behavior of the adaptive-filter
coefficients, suppose that an FIR filter with coefficients given by w, is being
identified by an adaptive FIR filter of the same order employing an LS algorithm.
Also assume that a measurement noise signal n(k) is added to the desired signal
before the error signal is calculated as follows:

d(k) = wlx(k) + n(k) (5.25)
where the additional noise is considered to be a white noise with zero mean and
variance given by o2

Given the adaptive-filter input vectors x(k), for k = 0, 1, ..., we are interested

in calculating the average values of the adaptive-filter coefficients w; (k), for i =
0,1,..., N. The desired result is the following equality valid for k > N.

E[w(k)] = E {[X(k)XT ] X(k)d(k)}
= E{[X0X" (0] XWX k)w, + n(k)|

—E {[X(k)XT(k)]‘1 X(k)XT(k)wo} —w, (5.26)

where n(k) = [n(k) A\'?n(k — 1) An(k —2) ... A*/?1(0)]” is the noise vector,
whose elements were considered orthogonal to the input signal. The above equation
shows that the estimate given by the LS algorithm is an unbiased estimate when
A<l
A more accurate analysis reveals the behavior of the adaptive-filter coefficients
during the transient period. The error in the filter coefficients can be described by
the following (N + 1) x 1 vector
Aw(k) = w(k) —w, (5.27)
It follows from (5.7) that
Rp(k)w(k) = ARp(k — D)w(k — 1) + x(k)d (k) (5.28)
Defining the minimum output error as
e, (k) = d(k) —x" (k)w, (5.29)
and replacing d (k) in (5.28), it can be deduced that

Rp (k) Aw(k) = ARp (k — DAw(k — 1) + x(k)e, (k) (5.30)
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where the following relation was used
Rp(k) = ARp(k — 1) + x(k)x” (k) (5.31)
The solution of (5.30) is given by

k
Aw(k) = 218 ()Rp (—1) Aw(=1) + Sp (k) Y - A 'x(i)e, (i) (5.32)
i=0

By replacing Rp(—1) by 51 I and taking the expected value of the resulting
equation, it follows that

k+1

A
E[Aw(k)]="

k
E[Sp (k)] AW(=1)+E [sp(k) Zxk‘fx(f)eo(i)] (5.33)

i=0

Since Sp(k) is dependent on all past input signal vectors, becoming relatively
invariant when the number of iterations increase, the contribution of any individual
x(7) can be considered negligible. Also, due to the orthogonality principle, e, (i)
can also be considered uncorrelated to all elements of x(7). This means that the last
vector in (5.33) cannot have large element values. On the other hand, the first vector
in (5.33) can have large element values only during the initial convergence, since as
k — oo, Akt 5 0and Sp (k) is expected to have a nonincreasing behavior, i.e.,
R (k) is assumed to remain positive definite as k — oo and the input signal power
does not become too small. The above discussion leads to the conclusion that the
adaptive-filter coefficients tend to be the optimal values in w, almost independently
from the eigenvalue spread of the input signal correlation matrix.

If we consider the spectral decomposition of the matrix E[Sp (k)] (see (2.65)),
the dependency on the eigenvalues of R can be easily accounted for in the simple
case of A = 1. Applying the expected value operator to the relation of (5.19), we
can infer that

R—l

E[Sp(k)] ~ )

(5.34)

for large k. Now consider the slowest decaying mode of the spectral decomposition
of E[Sp (k)] given by
T
Umin Dmi
SDpec = T (5.35)
(k + 1)/Xmin
where Ay is the smallest eigenvalue of R and q,,,;, is the corresponding eigenvector.
Applying this result to (5.33), with A = 1, we can conclude that the value of the
minimum eigenvalue affects the convergence of the filter coefficients only in the
first few iterations, because the term k + 1 in the denominator reduces the values of
the elements of Sp, ..
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Further interesting properties of the coefficients generated by the LS
algorithm are:

e The estimated coefficients are the best linear unbiased solution to the identifi-
cation problem [1], in the sense that no other unbiased solution generated by
alternative approaches has lower variance.

 If the additive noise is normally distributed the LS solution reaches the Cramer-
Rao lower bound, resulting in a minimum-variance unbiased solution [1]. The
Cramer-Rao lower bound establishes a lower bound to the coefficient-error-
vector covariance matrix for any unbiased estimator of the optimal parameter
vector w,,.

5.3.5 Coefficient-Error-Vector Covariance Matrix

So far, we have shown that the estimation parameters in the vector w(k) converge
on average to their optimal value of the vector w,. However, it is essential to analyze
the coefficient-error-vector covariance matrix in order to determine how good is the
obtained solution, in the sense that we are measuring how far the parameters wander
around the optimal solution.

Using the same convergence assumption of the last section, it will be shown here
that for A = 1 the coefficient-error-vector covariance matrix is given by

cov [Aw(k)] = E [(w(k) —w,) (w(k) —w,)" ] = 0, E[Sp (k)] (5.36)

Proof. First note that by using (5.4) and (5.15), the following relations are verified

w(k) —w, = Sp(k)pp (k) — Sp(k)Sp' (k)w, (5.37)
= [X()XT (k)] X (k) [d(k) — X7 (k)w, ] (5.38)
= [X()X" (k)] X(k)n(k) (5.39)

where n(k) = [n(k) A'?n(k — 1) An(k —2) ... A*2n(0)]7.
Applying the last equation to the covariance of the coefficient-error-vector it
follows that

cov[Aw(k)] = E {[X(0X" (0]~ X (k) Efn(kn” (R)IXT (k) [X(6)XT ()] '}
= E {07Sp (k)X(k) AX" (k)Sp (k)}

where
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)Lk
For A = 1, A =1, it follows that

cov[Aw(k)] = E [0,Sp (k)X (k)X (k)Sp (k)]
= E 0280 (k)Rp(K)Sp (k)]
=0, E [Sp(k)] O
Therefore, when A = 1, the coefficient-error-vector covariance matrix tends to
decrease its norm as time progresses since Sp(k) is also norm decreasing. The

variance of the additional noise n (k) influences directly the norm of the covariance
matrix.

5.3.6 Behavior of the Error Signal

It is important to understand how the error signal behaves in the RLS algorithm.
When a measurement noise is present in the adaptive-filtering process, the a priori
error signal is given by

e(k) = d' (k) —w! (k — D)x(k) + n(k) (5.40)

where d’(k) = wl'x(k) is the desired signal without measurement noise.
Again if the input signal is considered known (conditional expectation), then

Ele(k)] = E[d' (k)] — E [w" (k — )] x(k) + E[n(k)]
= E[w] —wl]x(k) + E[n(k)]
= En(k)] (5.41)

assuming that the adaptive-filter order is sufficient to model perfectly the desired
signal.
From (5.41), it can be concluded that if the noise signal has zero mean, then

Ele(k)] = 0
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It is also important to assess the minimum mean value of the squared error that is
reachable using an RLS algorithm. The minimum mean-square error (MSE) in the
presence of external uncorrelated noise is given by

Emin = E[e’(k)] = E[e, (k)] = E[n°(k)] = o, (5.42)

where it is assumed that the adaptive-filter multiplier coefficients were frozen at their
optimum values and that the number of coefficients of the adaptive filter is sufficient
to model the desired signal. In the conditions described the a priori error corresponds
to the minimum output error as defined in (5.29). It should be noted, however, that
if the additive noise is correlated with the input and the desired signals, a more
complicated expression for the MSE results, accounting for the referred correlation.

When employing the a posteriori error the value of minimum MSE, denoted by
&min,p, differs from the corresponding value related to the a priori error. First note
that by using (5.39), the following relation is verified

Aw(k) = Sp (k)X (k)n(k) (5.43)

When a measurement noise is present in the adaptive-filtering process, the a
posteriori error signal is given by

e(k) = d'(k) —wl (k)x(k) + n(k) = —Aw! (k)x(k) + e, (k) (5.44)
The expression for the MSE related to the a posteriori error is then given by
§(k) = E[£*(k)]
= Ele;(k)] = 2E[x" (k) Aw(k)e, (k)] + E[Aw (k)x(k)x (k) Aw(k)]
(5.45)

By replacing the expression (5.43) in (5.45) above, the following relations follow
§(k) = E [e;(k)] = 2E [x" (k)Sp (k)X (k)n(k)e, (k)]
+E [AWT (k)x(k)x" (k) Aw(k)]

2
Oy

n

oy —2E [x" (k)Sp (k)X (k)] (_) + E [Aw" (k)x(k)x" (k) Aw(k)]

0
= o, —2E [x" (k)Sp(k)x(k)] o7 + E [Aw" (k)x(k)x" (k) Aw(k)]
= Eminp + E [AW (k)x(k)x" (k) Aw(k)] (5.46)

where in the second equality it was considered that the additional noise is uncorre-
lated with the input signal and that e,(k) = n(k). This equality occurs when the
adaptive filter has sufficient order to identify the unknown system.
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Note that &minp related to the a posteriori error in (5.46) is not the same as
minimum MSE of the a priori error, denoted in this book by £q;,. The last term,
that is E[AwWT (k)x(k)x” (k)Aw(k)], in (5.46) determines the excess MSE of the
RLS algorithm.

It is possible to verify that the following expressions for &ninp are accurate
approximations

1 —2E [x"(k)Sp (k)x(k)]} o}
1 =2t [E (Sp(k)x(k)x" (k))]} oF

{
{
:{1—2&[%1}}@3
1—A

- {1 —2(N +1) [ o, (5.47)

1+A+AZ+---+A’<}}

In the above expression, it is considered that Sp (k) is slowly varying as compared
to x(k) when A — 1, such that

E [Sp(k)x(k)x" (k)] ~ E [Sp (k)] E [x(k)x" (k)]
and that by using (5.55)

E [Sp(k)x(k)x" (k)] ~ 11_—Akk+11
Equation (5.47) applies to the case where A < 1, and as can be observed from
the term multiplying N + 1 there is a transient for small k& which dies away when
the number of iterations increases.” If we fit the decrease in the term multiplying
N + 1 at each iteration to an exponential envelop, the time constant will be #
Unlike the LMS algorithm, this time constant is time varying and is not related to
the eigenvalue spread of the input signal correlation matrix.

Example 5.2. Repeat the equalization problem of Example 3.1 using the RLS
algorithm.

(a) Using A = 0.99, run the algorithm and save matrix Sp (k) at iteration 500 and
compare with the inverse of the input signal correlation matrix.
(b) Plot the convergence path for the RLS algorithm on the MSE surface.

“The expression for &y, can be negative, however, & (k) is always non-negative.
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Solution. (a) The inverse of matrix R, as computed in the Example 3.1, is given by

R — 0.45106 [1.6873 0.7937}

0.7611 0.3580
0.7937 1.6873

0.3580 0.7611

The initialization matrix Sp(—1) is a diagonal matrix with the diagonal
elements equal to 0.1. The matrix Sp (k) at the 500th iteration, obtained by
averaging the results of 30 experiments, is

0.0078 0.0037
00) =
S(500) [0.0037 0.0078:|

Also, the obtained values of the deterministic cross-correlation vector is

P (500) = [95.05}

46.21

Now, we divide each element of the matrix R™! by

1— kk—i—l
——— =99.34
1—A
since in a stationary environment E[Sp (k)] = l_l;,f_H R™!, see (5.55) for a

formal proof.
The resulting matrix is

1 R — 0.0077 0.0036
99.34 0.0036 0.0077
As can be noted the values of the elements of the above matrix are close to the
average values of the corresponding elements of matrix Sp (500).

Similarly, if we multiply the cross-correlation vector p by 99.34, the result is

94.61
99.34p = [47 31}

The values of the elements of this vector are also close to the corresponding
elements of p,, (500).

(b) The convergence path of the RLS algorithm on the MSE surface is depicted
in Fig.5.3. The reader should notice that the RLS algorithm approaches the
minimum using large steps when the coefficients of the adaptive filter are far
away from the optimum solution. O
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Fig. 5.3 Convergence path of the RLS adaptive filter

5.3.7 Excess Mean-Square Error and Misadjustment

In a practical implementation of the recursive least-squares algorithm, the best
estimation for the unknown parameter vector is given by w(k), whose expected
value is w,. However, there is always an excess MSE at the output caused by the
error in the coefficient estimation, namely Aw(k) = w(k) — w,. The mean-square
error is (see (5.46))

£0) = mnp + E {[w(k) = wo) x(k)x" () [wik) — w,]
= Eminp + E [AW (k)x(k)x" (k) Aw(k)] (5.48)

Now considering that Aw; (k), for j =0, 1,..., N, are random variables with zero
mean and independent of x(k), the MSE can be calculated as follows

E(k) = Eminp + E [AW (K)RAW(K)]
= &minp + E {tr [RAW(K) AW (k)]}
= Eminp + tr {RE [Aw(k)AW (k)]}
= &minp + tr {Recov [Aw(k)]} (5.49)
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On a number of occasions it is interesting to consider the analysis for A = 1
separated from that for A < 1.

Excess MSE for A =1

By applying in (5.49) the results of (5.36) and (5.19), and considering that

N +1 N +1
min,p — l—2—— min — 1-2 2
Smin.p ( k+1)g ( k+1)%

for A = 1 (see (5.42) and (5.47)), we can infer that

. N+17 , 2
£k) = [1 2k+1}on +t {RE[Sp ()]} 07

N +1 R™! )

=(1-2——+41tr [R for k

[ k+1+r( k+1):|a" or K — 00

N+1 N+1

= 1—2—+ + o2 for k — oo
k+1 k+1
N +1

=(1— * )anzfork—>oo
k+1

As can be noted the minimum MSE can be reached only after the algorithm has
operated on a number of samples larger than the filter order.

Excess MSE for A <1

Again assuming that the mean-square error surface is quadratic as considered in
(5.48), the expected excess MSE is then defined by

Aé(k) = E[AW (k)RAw(k)] (5.50)

The objective now is to calculate and analyze the excess MSE when A < 1. From
(5.30) one can show that

Aw(k) = ASp(k)Rp(k — 1)Aw(k — 1) + Sp (k)x(k)e, (k) (5.51)
By applying (5.51) to (5.50), it follows that

E[Aw" (k)RAW(k)] = p1 + p2 + p3 + ps (5.52)
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where

p1 = A2E [Aw" (k — DRp(k — 1)Sp (k)RS p (k)Rp (k — D) Aw(k — 1)]
p2 = AE [Aw" (k = DRp (k — D)Sp (k)RS (k)x(k)e, (k)]

p3 = AE [x" (k)Sp (k)RSp (k)Rp (k — 1) Aw(k — 1)e, (k)]

ps = E [x" (k)Sp(k)RSp (k)x(k)e2(k)]

Now each term in (5.52) will be evaluated separately.

1. Evaluation of p;
First note that as k — oo, it can be assumed that Rp (k) ~ Rp(k — 1), then

p1 ~ A E[AW (k — HDRAw(k — 1)] (5.53)

2. Evaluation of p,
Since each element of Rp (k) is given by

k
rag (k) =Y A x(—i)x(l - j) (5.54)
=0

for0 <i, j < N.Therefore,

k
Elray ()] =Y ATE[x( —i)x(l = j)]
1=0
If x (k) is stationary, r(i — j) = E[x(I —i)x(l — j)] is independent of the value /,
then
L= i =)

Elrgij(k)] =r( —Jj) i ~ 1o (5.55)
Equation (5.55) allows the conclusion that
1 1
ERp(k)] ~ —E [x(k)x" (k)] = —R (5.56)
1-1 1-21
In each step, it can be considered that
1
Rp (k) = ﬁR + AR(k) (5.57)

where AR(k) is a symmetric error matrix with zero-mean stochastic entries that are
independent of the input signal. From (5.56) and (5.57), it can be concluded that

Sp(k)R ~ (1—2) [I— (1 — HR'AR(K)] (5.58)
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where in the last relation Sp (k) AR(k) was considered approximately equal to
(1—-V)R'AR(k)

by using (5.56) and disregarding second-order errors.

In the long run, it is known that E[Sp (k)R] = (1 — 1)L, that means the second
term inside the square bracket in (5.58) is a measure of the perturbation caused by
AR(k) in the product S (k)R. Denoting the perturbation by Al(k), that is

AI(k) = (1 — )R'AR(k) (5.59)
it can be concluded that
p2 ~ A(1 =) E {Aw" (k — 1) [I— AI" (k)] x(k)e, (k) }
~ A(1—2)E [AwW" (k — 1)] E[x(k)e,(k)] =0 (5.60)

where it was considered that Aw’ (k — 1) is independent of x(k) and e, (k), AI(k)
was also considered an independent error matrix with zero mean, and finally we
used the fact that x(k) and e, (k) are orthogonal.

3. Following a similar approach it can be shown that

p3 ~ A(1 = 2)E {x" (k) [I— AL(k)] Aw(k — 1)e, (k) }
~ A(1 =) E [x" (k)e, (k)] E [Aw(k —1)] = 0 (5.61)
4. Evaluation of py4
ps = E [x" (k)Sp(k)RSp (k)RR 'x(k)e2 (k)]

~ (1= A)2E {xT (k) [I — AL(k)]? R—lx(k)} Emin (5.62)

where (5.58) and (5.29) were used and e, (k) was considered independent of x(k)
and AI(k). By using the property that

E {x" (k)[I - AI(O)PR™'x(k)} = tr E {[I — AL(k)’R™'x(k)x” (k)}

and recalling that AI(k) has zero mean and is independent of x(k), then (5.62) is
simplified to

ps = (1 = 1)’ L+ E[AP(K)] min (5.63)

where tr[-] means trace of [-], and we utilized the fact that E{R™'x(k)x” (k)} = L
By using (5.53), (5.60), and (5.63), it follows that

E[AWT (k)RAW(k)] = AE[AW! (k — DRAwW(k — 1)]
+(1 = 0% {IT+ E[AP(K)]}min (5.64)
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Asymptotically, the solution of the above equation is
1—A )
foe = 770 {1+ E[AP®)]} i (5.65)

Note that the term given by E[AI?(k)] is not easy to estimate and is dependent
on fourth-order statistics of the input signal. However, in specific situations, it is
possible to compute an approximate estimate for this matrix. In steady state, it can
be considered for white noise input signal that only the diagonal elements of R and
AR are important to the generation of excess MSE. Even when the input signal is
not white, this diagonal dominance can be considered a reasonable approximation
in most of the cases. From the definition of AI(k) in (5.59), it follows that

E[Arj; (k)]

2 112
EIAT, (0] = (1= 0=

(5.66)

where 02 is variance of x (k). By calculating AR(k) — AAR(k — 1) using (5.57),
we show that

Ar,-i(k)=1Ar,-,<(k—1)+x(k—i)x(k—i)—r,-i (567)

Squaring the above equation, applying the expectation operation, and using the
independence between Ar;; (k) and x (k), it follows that

E[Ar}(k)] = VE[Arf(k— D]+ E {[x(k —i)x(k—i)— ri,-]z} (5.68)

Therefore, asymptotically

1
2 2 2
E [Ar”(k)] = maxz(k_i) = maxz (569)
By substituting (5.69) in (5.66), it becomes
E[AR ()] = =2 On _1-2 (5.70)
T 202 1+ ’
02
where L = —%5 is dependent on input signal statistics. For Gaussian signals,

GRS

K =2[5]
Returning to our main objective, the excess MSE can then be described as

1—-A 1-A
Eexc - (N + 1)1 +)L (1 + 1+)LK:) Emin (5~71)
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If A is approximately one and KC is not very large, then

1-2
Eexc = (N + 1)H—Aé§-min (5.72)

this expression can be reached through a simpler analysis [6]. However, the more
complete derivation shown here can give more insight to the interpretation of the
results obtained by using the RLS algorithm, mainly when A is not very close to
one.

The misadjustment formula can be deduced from (5.71)

S exc

B gmin

M

1—A 1—A
_(N+1)1+A(1+1+AIC) (5.73)
As can be noted, the decrease of A from one brings a fourth-order statistics term
into the picture by increasing the misadjustment. Then, the fast adaptation of the
RLS algorithm, that corresponds to smaller A, brings a noisier steady-state response.
Therefore, when working in a stationary environment the best choice for A would
be one, if the excess MSE in the steady state is considered high for other values of
A. However, other problems such as instability due to quantization noise are prone
to occur when A = 1.

5.4 Behavior in Nonstationary Environments

In cases where the input signal and/or the desired signal are nonstationary, the
optimal values of the coefficients are time variant and described by w, (k). That
means the autocorrelation matrix R(k) and/or the cross-correlation vector p(k)
are time variant. For example, typically in a system identification application the
autocorrelation matrix R(k) is time invariant while the cross-correlation matrix p(k)
is time variant, because in this case the designer can choose the input signal. On the
other hand, in equalization, prediction, and signal enhancement applications both
the input and the desired signal are nonstationary leading to time-varying matrices
R(k) and p(k).

The objective in the present section is to analyze how close the RLS algorithm
is able to track the time-varying solution w, (k). Also, it is of interest to learn
how the tracking error in w(k) affects the output MSE [5]. Here, the effects of
the measurement noise are not considered, since only the nonstationary effects are
desired. Also, both effects on the MSE can be added since, in general, they are
independent.

Recall from (5.8) and (5.9) that

w(k) = w(k — 1) + Sp (k)x(k)[d (k) — x" (k)w(k — 1)] (5.74)



5.4 Behavior in Nonstationary Environments 231

and
d(k) = x" (k)yw,(k — 1) + e/ (k) (5.75)

The error signal e, (k) is the minimum error at iteration k being generated by the
nonstationarity of the environment. One can replace (5.75) in (5.74) in order to
obtain the following relation

w(k) = w(k — 1) + Sp (k)x(k)x" (k)[w,(k — 1) — w(k — 1)] + Sp (k)x(k)e,, (k)
(5.76)
By taking the expected value of (5.76), considering that x(k) and e/ (k) are
approximately orthogonal, and that w(k — 1) is independent of x(k), then
E[w(k)] = E [w(k — D] + E [Sp(k)x(k)x" (k)] {w, (k — 1) — E[w(k — D]}
(5.77)

It is now needed to compute E[Sp(k)x(k)x” (k)] in the case of nonstationary
input signal. From (5.54) and (5.56), one can show that

k
Rp(k) =Y A'R() + AR(k) (5.78)
=0

since E[Rp(k)] = Yb_,A*~'R(/). The matrix AR(k) is again considered a
symmetric error matrix with zero-mean stochastic entries that are independent of
the input signal.

If the environment is considered to be varying at a slower pace than the memory
of the adaptive RLS algorithm, then

Rp (k) ~ ﬁR(k) + AR(k) (5.79)
Considering that (1 — A)||R™!(k)AR(k)|| < 1 and using the same procedure to
deduce (5.58), we obtain
Sp(k) ~ (1 =R (k) — (1 —1)’R7'(k)AR(K)R™ (k) (5.80)
it then follows that
E[wk)] = E [wk — 1)] + {(1 —ME [R—l(k)x(k)xT (k)]
— (1= A)2E [R_l(k)AR(k)R_l(k)x(k)xT (k)]} (wolk —1) — E [w(k — D]}

~ Ewk—1D]+ (1 =1 {w,(k —1)— E[w(k — D]} (5.81)

where it was considered that AR(k) is independent of x(k) and has zero expected
value.
Now defining the lag-error vector in the coefficients as
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lw(k) = E[w(k)] — w,(k) (5.82)
From (5.81), it can be concluded that
lw(k) = Mw(k — 1) —w,(k) + w,(k — 1) (5.83)

Equation (5.83) is equivalent to say that the lag is generated by applying the optimal
instantaneous value w, (k) through a first-order discrete-time filter as follows:

L =" (5.84)
z—A

The discrete-time filter transient response converges with a time constant given by
T=—" (5.85)

The time constant is of course the same for each individual coefficient. Note that
the tracking ability of the coefficients in the RLS algorithm is independent of the
eigenvalues of the input signal correlation matrix.

The lag in the coefficients leads to an excess MSE. In order to calculate the
MSE suppose that the optimal coefficient values are first-order Markov processes
described by

Wo (k) = Aww,(k — 1) + nw (k) (5.86)

where nw (k) is a vector whose elements are zero-mean white-noise processes with

variance avzv, and Aw < 1. Note that A < Aw < 1, since the optimal coefficients

values must vary slower than the filter tracking speed, that means = A < #
—Aw

The excess MSE due to lag is then given by (see the derivations around (3.41))

Slag [lT (k)RlW(k)]
{tr [Rlw (k)i (k)]}
tr {RE [lw ()l ()]}
tr {A E [l (O (k) ]}
N
—Zhﬂﬁﬂ (5.87)

i=

|
oy

For Aw not close to one, it is a bit more complicated to deduce the excess MSE
due to lag than for Ay =& 1. However, the effort is worth it because the resulting
expression is more accurate. From (5.84), we can see that the lag-error vector
elements are generated by applying a first-order discrete-time system to the elements
of the unknown system coefficient vector. On the other hand, the coefficients of the
unknown system are generated by applying each element of the noise vector ny (k)
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to a first-order all-pole filter, with the pole placed at Ay. For the unknown coefficient
vector with the above model, the lag-error vector elements can be generated by
applying the elements of the noise vector ny (k) to a discrete-time filter with transfer
function

_ —(z—1)z
H(z) = =G Tw) (5.88)

This transfer function consists of a cascade of the lag filter with the all-pole filter

representing the first-order Markov process. The solution for the variance of the lag
terms /; can be computed through the inverse Z-transform as follows:

EUP(0) = 3= HOHE oh d (5.89)

The above integral can be solved using the residue theorem as previously shown in
the LMS algorithm case.

Using the solution for the variance of the lag terms of (5.89) for values of Ay < 1,
and substituting the result in the last term of (5.87) it can be shown that

¢ tr[R]og (1—)& 1—)Lw)
e N W+ A a0+ %) \T+ A 1T+ iw
N +1 -2 1-2
(N + Dowor ( - W) (5.90)
w2 A1+ A5 \T+4 1T+ 2Aw

where it was used the fact that tr[R] = Z?LO A = (N + 1)o2, for a tap delay
line. It should be noticed that assumptions such as the correlation matrix R being
diagonal and the input signal being white noise were not required in this derivation.

If A = 1 and Aw ~ 1, the MSE due to lag tends to infinity indicating that the
RLS algorithm in this case cannot track any change in the environment. On the other
hand, for A < 1 the algorithm can track variations in the environment, leading to an
excess MSE that depends on the variance of the optimal coefficient disturbance and
on the input signal variance.

For Aw = 1 and A = 1, it is possible to rewrite (5.90) as

2

N +1 o} 5.91
Elag ( + ) ( l) ( )
The total excess MSE accounting for the lag and finite memory is given by
1—2 OwO?2
~ (N +1 i W 5.92
Etolal ( + )|:1+A§mm+2(1_k):| ( )

By differentiating the above equation with respect to A and setting the result to zero,
an optimum value for A can be found that yields minimum excess MSE.
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1__ﬂW%

20y,
Aopt = W (5.93)

In the above equation we used o0, = \/Sm_m Note that the optimal value of A
does not depend on the adaptive-filter order N, and can be used when it falls in an
acceptable range of values for A. Also, this value is optimum only when quantization
effects are not important and the first-order Markov model (with Aw & 1) is a good
approximation for the nonstationarity of the desired signal.

When implemented with finite-precision arithmetic, the conventional RLS
algorithm behavior can differ significantly from what is expected under infinite
precision. A series of inconvenient effects can show up in the practical
implementation of the conventional RLS algorithm, such as divergence and freezing
in the updating of the adaptive-filter coefficients. Chapter 16 presents a detailed
analysis of the finite-wordlength effects in the RLS algorithm.

5.5 Complex RLS Algorithm

In the complex data case the RLS objective function is given by
k k

g1k =Y A e(@)P = D A5 d ) — w (i)x(k)?

i=0 i=0

k
=Y AT d@) —w! ()x(0)] [d* () —w ()x* (k)] (5.94)

i=0

Differentiating £¢ (k) with respect to the complex coefficient w* (k) leads to>

9 (k)
aw*(k)

k
=A@ ) — W ()% (k)] (5.95)
i=0

The optimal vector w(k) that minimizes the least-squares error is computed by
equating the above equation to zero that is

3 Again the reader should recall that when computing the gradient with respect to w* (k), w(k) is
treated as a constant.
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Algorithm 5.3 Conventional complex RLS algorithm

Initialization
Sp(—=1) =41

where § can be the inverse of the input signal power estimate
pp(—1) = x(=1) = [00...0]

Dofork >0:

_ 1 _ 1y Spk—=DXEXA ©)Spk—1)
SD(k) - )L[SD(k 1) A+XH(k)Sp(k71)X(k) ]

pp(k) = App(k — 1) + d*(k)x(k)
w(k) = Sp(k)pp (k)
If necessary compute
y(k) = w' (k)x(k)
e(k) = d(k) — y(k)

k k
= O Ix@x (ywik) + Y AKTIx(i)d (i) =

i=0 i=0
leading to the following expression

k ok

i=0 i=0

=R} (k)pp (k) (5.96)

The matrix inversion lemma to the case of complex data is given by

1

SD(k) — RBl(k) — _ [SD(k _ 1) _ SD(k - l)x(k)XH(k)SD(k - 1)

A+ x4 (k)Sp (k — D)x(k)

T } (5.97)

The complete conventional RLS algorithm is described in Algorithm 5.3.
An alternative complex RLS algorithm has an updating equation described by

w(k) = w(k — 1) + ¢*(k)Sp (k)x(k) (5.98)

where
e(k) = d(k) —wH (k — D)x(k) (5.99)

With (5.98), it is straightforward to generate an alternative conventional RLS
algorithm as shown in Algorithm 5.4.
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Algorithm 5.4 Alternative complex RLS algorithm

Initialization
Sp(—=1) =41
where § can be the inverse of an estimate of the input signal power
x(—=1) =w(=1)=[00...0]"
Do fork >0
e(k) = d(k) — w' (k — D)x(k)
Y(k) =Spk — l)X(k)
_1 ﬂ(k)l/f *)
Sp(k) = 5[Sp(k — g (k)x(k)]
wk)=wk—1)+ e*(k)SD (k)x(k)
If necessary compute
y(k) = w" (k)x(k)
e(k) = d(k) — y(k)

5.6 Examples

In this section, some examples illustrating the performance of the conventional RLS
algorithm are discussed.

5.6.1 Analytical Example

Example 5.3. Assume that an adaptive filter of sufficient order is employed to
identify an unknown system of order N, and produces a misadjustment of 10%.

Assume the input signal is a white Gausssian noise with unit variance and 02 =
0.001.

(a) Compute the value of A required by the RLS algorithm in order to achieve the
desired result when N = 9.

(b) For values in the range 0.9 < A < 0.99, which orders should the adaptive filters
have?

Solution. (a) The desired misadjustment expression as per (5.73) is

A 1—-2
M =0.1= 1 1 = 10a(l1+2
(N + )1+A(+1—|—AK) 0a(1 4+ 2a)

where a = 1 ey %~ and K = 2. By solving this equation we obtain

1 1
1+ /14002

2

a =

where the valid solution is
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(b)
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!
a= (—1 + V17 0.08) — 0.0098076

then solving for A

l1—a
A= = 0.980507
14+a

By employing the simplest expression of (5.72) we obtain
-5 1-1072
3 = NFD)

= = =0.98
M -2
1+ Nt+D 1410

where M is the misadjustment.
Since from (5.73)

Lo _LI=An =40 (14 2a)
N+l M1+ T+a) = a4
for A = 0.90, a = 0.052631578

1
— =0.5817
N +1

so that N = 0.7190 and as a result only one coefficient can be employed in the
adaptive filter. For A = 0.99, a = 0.005025125,

—— = 0.05075
N +1

sothat N = 18.7 and as a result 19 coefficients can be employed in the adaptive
filter.

Using the simplest expression for M, derived from (5.72), the results are
almost the same, since

N=M——-1
1-A
for A = 0.90, N = 0.9 meaning that only an adaptive filter with one coefficient
would be able to achieve the desired misadjustment for this value of A. For
A =0.99, N = 18.9 meaning that adaptive filters up to order 18 would be able
to achieve the desired misadjustment for this value of A. O
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Fig. 5.4 Learning curves for RLS algorithm for eigenvalue spreads: 1, 20, and 80; A = 0.99

5.6.2 System Identification Simulations

In the following subsections, some adaptive-filtering problems described in the last
two chapters are solved using the conventional RLS algorithm presented in this
chapter.

Example 5.4. The conventional RLS algorithm is employed in the identification of
the system described in the Sect. 3.6.2. The forgetting factor is chosen as A = 0.99.

Solution. In the first test, we address the sensitivity of the RLS algorithm to the
eigenvalue spread of the input signal correlation matrix. The measured simulation
results are obtained by ensemble averaging 200 independent runs. The learning
curves of the mean-squared a priori error are depicted in Fig.5.4, for different
values of the eigenvalue spread. Also, the measured misadjustment in each example
is given in Table 5.1. From these results, we conclude that the RLS algorithm is
insensitive to the eigenvalue spread. It is worth mentioning at this point that the
convergence speed of the RLS algorithm is affected by the choice of A, since a
smaller value of A leads to faster convergence while increasing the misadjustment
in stationary environment. Table 5.1 shows the misadjustment predicted by theory,
calculated using the relation repeated below. As can be seen from this table the
analytical results agree with those obtained through simulations.

1—2 1—2
M_(N+1)1H(1+1Hic)
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Table 5.1 Evaluation of the

. Misadjustment
RLS algorithm 1 -
-~ Experiment Theory
1 0.04211 0.04020
20 0.04211 0.04020
80 0.04547 0.04020

Table 5.2 Results of the finite-precision implementation of the RLS algorithm

§(k)o Elllaw(K)o|’]
No. of bits Experiment Theory Experiment Theory
16 1.566 1073 1.500 1073 6.013 1073 6.061 1073
12 1.522 1073 1.502 1073 3.128 1073 6.261 107
10 1.566 1073 1.5321073 6.979 107 9.272 1073

The conventional RLS algorithm is implemented with finite-precision arith-
metic, using fixed-point representation with 16, 12, and 10 bits, respectively. The
results presented are measured before any sign of instability is noticed. Table 5.2
summarizes the results of the finite-precision implementation of the conventional
RLS algorithm. Note that in most cases there is a close agreement between the
measurement results and those predicted by the equations given below. These
equations correspond to (16.37) and (16.48) derived in Chap. 16.

22 o2 " 2A(1—2)

(N + I)U%VU§
2A0(1 = Q)

_ 2 P )
Ell|Aw(k)o|] ~ (1=X)(N +1)62+02 (N +1)03

Ek)o ~ Emin + 07 +

For the simulations with 12 and 10 bits, the discrepancy between the measured
and theoretical estimates of E[||Aw(k)o||*] are caused by the freezing of some
coefficients.

If the results presented here are compared with the results presented in Table 3.2
for the LMS, we notice that both the LMS and the RLS algorithms performed
well in the finite-precision implementation. The reader should bear in mind that the
conventional RLS algorithm requires an expensive strategy to keep the deterministic
correlation matrix positive definite, as discussed in Chap. 16.

The simulations related to the experiment described for nonstationary environ-
ments are also performed. From the simulations we measure the total excess MSE,
and then compare the results to those obtained with the expression below.

1—21 1—21 (N + ogo? (I—A I—Aw)
exc ~ N 1 1 K min - -
5 N+ )1+A( +1+)t )S +Aw(1+12)—k(1+k%‘,) 1+2 142w
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An attempt to use the optimal value of A is made. The predicted optimal value, in
this case, is too small and as a consequence A = 0.99 is used. The measured excess
MSE is 0.0254, whereas the theoretical value predicted by the above equation is
0.0418. Note that the theoretical result is not as accurate as all the previous cases
discussed so far, due to a number of approximations used in the analysis. However,
the above equation provides a good indication of what is expected in the practical
implementation. By choosing a smaller value for A a better tracking performance is
obtained, a situation where the above equation is not as accurate. O

5.6.3 Signal Enhancement Simulations

Example 5.5. We solved the same signal enhancement problem described in the
Sect. 4.7.3 with the conventional RLS and LMS algorithms.

Solution. For the LMS algorithm, the convergence factor is chosen max/5. The
resulting value for p in the LMS case is 0.001, whereas A = 1.0 is used for the RLS
algorithm. The learning curves for the algorithms are shown in Fig. 5.5, where we
can verify the faster convergence of the RLS algorithm. By plotting the output errors
after convergence, we noted the large variance of the MSE for both algorithms. This
result is due to the small signal-to-noise ratio, in this case. Figure 5.6 depicts the
output error and its DFT with 128 points for the RLS algorithm. In both cases, we
can clearly detect the presence of the sinusoid. O

5.7 Concluding Remarks

In this chapter, we introduced the conventional RLS algorithm and discussed various
aspects related to its performance behavior. Much of the results obtained herein
through mathematical analysis are valid for the whole class of RLS algorithms to be
presented in the following chapters, except for the finite-precision analysis since that
depends on the form the internal calculations of each algorithm are performed. The
analysis presented here is far from being complete. However, the main aspects of the
conventional RLS have been addressed, such as: convergence behavior and tracking
capabilities. The interested reader should consult [7-9] for some further results.
Chapter 16 complements this chapter by addressing the finite-precision analysis of
the conventional RLS algorithm.

From the analysis presented, one can conclude that the computational complexity
and the stability in finite-precision implementations are two aspects to be concerned.
When the elements of the input signal vector consist of delayed versions of the same
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Fig. 5.5 Learning curves for the (a) LMS and (b) RLS algorithms

signal, it is possible to derive a number of fast RLS algorithms whose computational
complexity is of order N per output sample. Several different classes of these
algorithms are presented in the following chapters. In all cases, their stability
conditions in finite-precision implementation are briefly discussed.
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Fig. 5.6 (a) Output error for the RLS algorithm and (b) DFT of the output error

For the general case where the elements of the input signal vector have different
origins the QR-RLS algorithm is a good alternative to the conventional RLS
algorithm. The stability of the QR-RLS algorithm can be easily guaranteed.
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The conventional RLS algorithm is fully tested in a number of simulation results
included in this chapter. These examples were meant to verify the theoretical results
discussed in the present chapter and to compare the RLS algorithm with the LMS
algorithm.

The LMS algorithm is usually referred to as stochastic gradient algorithm
originated from the stochastic formulation of the Wiener filter which in turn deals
with stationary noises and signals. The RLS algorithm is derived from a determin-
istic formulation meant to achieve weighted least-squares error minimization in a
sequential recursive format. A widely known generalization of the Wiener filter
is the Kalman filter which deals with nonstationary noises and signals utilizing a
stochastic formulation. However, it is possible to show that the discrete-time version
of the Kalman filtering algorithm can be considered to be a generalization of the
RLS algorithm. In Chap. 17 we present a brief description of Kalman filters as well
as its relationship with the RLS algorithm.

5.8 Problems

7k

1. The RLS algorithm is used to predict the signal x (k) = cos %~ using a second-
order FIR filter with the first tap fixed at 1. Given A = 0.98, calculate the output
signal y (k) and the tap coefficients for the first ten iterations. Note that we aim
the minimization of E[y?(k)].

Start with w’ (—1) = [1 0 0] and § = 100.

2. Show that the solution in (5.4) is a minimum point.

Show that Sp (k) approaches a null matrix for large k, when A = 1.

4. Suppose that the measurement noise n(k) is a random signal with zero-
mean and the probability density with normal distribution. In a sufficient-order
identification of an FIR system with optimal coefficients given by w,, show that
the least-squares solution with A = 1 is also normally distributed with mean
w, and covariance E[Sp (k)o?2].

5. Prove that (5.42) is valid. What is the result when n(k) has zero mean and is
correlated to the input signal x (k)?

Hint: You can use the relation E[e?(k)] = E[e(k)]* + o*[e(k)], where o%[]
means variance of [-].

6. Consider that the additive noise n(k) is uncorrelated with the input and the
desired signals and is also a nonwhite noise with autocorrelation matrix R,,.
Determine the transfer function of a prewhitening filter that applied to d’ (k) +
n(k) and x(k) generates the optimum least-squares solution w, = R™!p for
k — oo.

7. Show that if the additive noise is uncorrelated with d’(k) and x(k), and
nonwhite, the least-squares algorithm will converge asymptotically to the
optimal solution.

8. In Problem 4, when n(k) is correlated to x (k), is w, still the optimal solution?
If not, what is the optimal solution?

e
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9.

10.
11.

12.

13.
14.

15.

16.
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Show that in the RLS algorithm the following relation is true
E1(k) = A&7 (k — 1) + e(k)e(k)

where e (k) is the a priori error as defined in (5.8).

Prove the validity of the approximation in (5.80).

Demonstrate that the updating formula for the complex RLS algorithm is given
by (5.98).

Show that for an input signal with diagonal dominant correlation matrix R the
following approximation related to (16.28) and (16.32) is valid.

E{Ng, (kx(K)x" (k)eov [Aw(k = 1o x(K)x" (k)Ng, ()}
~ oéna;‘tr {cov [Aw(k —1)p |} 1

Derive (16.35)-(16.37).

The conventional RLS algorithm is applied to identify a 7th-order time-varying
unknown system whose coefficients are first-order Markov processes with
Aw = 0.999 and avzv = 0.033. The initial time-varying system multiplier
coefficients are

w! = [0.03490—0.01100—0.068640.223910.556860.35798 —0.02390 —0.07594]

The input signal is Gaussian white noise with variance 02 = 1 and the

measurement noise is also Gaussian white noise independent of the input signal
and of the elements of ny (k), with variance 0> = 0.01.

(a) For A = 0.97, compute the excess MSE.

(b) Repeat (a) for A = Agp.

(c) Simulate the experiment described, measure the excess MSE, and compare
to the calculated results.

Reduce the value of Aw to 0.97 in Problem 14, simulate, and comment on the
results.

Suppose a 15th-order FIR digital filter with multiplier coefficients given below
is identified through an adaptive FIR filter of the same order using the
conventional RLS algorithm. Consider that fixed-point arithmetic is used.

Additional noise : white noise with variance o2 =0.0015
Coefficient wordlength: b. = 16 bits
Signal wordlength: by = 16 bits
Input signal: Gaussian white noise with variance 02 = 0.7

A = Aopt

wl'=1[0.0219360 0.0015786 —0.0602449 —0.0118907 0.1375379
0.0574545 —0.3216703 —0.5287203 —0.2957797 0.0002043 0.290670
—0.0353349 —0.0068210 0.0026067 0.0010333 —0.0143593]
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17.

18.

19.

20.

21.

22.

(a) Compute the expected value for ||Aw(k)o||* and & (k)¢ for the described
case.

(b) Simulate the identification example described and compare the simulated
results with those obtained through the closed form formulas.

(c) Plot the learning curves for the finite- and infinite-precision implementa-
tions. Also, plot E[||Aw(k)||?] versus k in both cases.

Repeat the above problem for the following cases

(a) 02 = 0.01,b, = 9bits, by = 9 bits, 62 = 0.7, 1 = Agp.

(b) 62 =0.1,b, = 10bits, by = 10 bits, 02 = 0.8, 1 = Aep.
= 0.8, = Aop-

(©) anz = 0.05, b, = 8 bits, by = 16 bits, o=
In Problem 17, compute (do not simulate) E[||Aw(k)o||*],€(k)o, and the
probable number of iterations before the algorithm stop updating for A =
1,A=0.98,1=0.96,and A = Aqp.

Repeat Problem 16 for the case where the input signal is a first-order Markov
process with Ax = 0.95.

A digital channel model can be represented by the following impulse response:

Ll ST N

[-0.001 —0.002 0.002 0.2 0.6 0.76 0.9 0.78 0.67 0.58
0.45 03020120060 —02 —1 —2 —1 0 0.1]

The channel is corrupted by Gaussian noise with power spectrum given by
S@)? = ']

where ¥’ = 107", The training signal consists of independent binary samples
(-1, 1).

Design an FIR equalizer for this problem and use the RLS algorithm. Use a
filter of order 50 and plot the learning curve.
For the previous problem, using the maximum of 51 adaptive-filter coefficients,
implement a DFE equalizer and compare the results with those obtained with
the FIR equalizer. Again use the RLS algorithm.
Use the complex RLS algorithm to equalize a channel with the transfer function
given below. The input signal is a four QAM signal representing a randomly

generated bit stream with the signal-to-noise ratio Z—X; = 20 at the receiver

end, that is, X(k) is the received signal without taking into consideration the
additional channel noise. The adaptive filter has ten coefficients.

H(z) = (0.34— 0.27) + (0.87 4+ 0.43 )z + (0.34 — 0.21 )z 2

(a) Use an appropriate value for A in the range 0.95-0.99, run the algorithm
and comment on the convergence behavior.
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23.

24.

25.
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(b) Plot the real versus imaginary parts of the received signal before and after
equalization.
(c) Increase the number of coefficients to 20 and repeat the experiment in (b).

In a system identification problem the input signal is generated from a four
QAM of the form

X(k) = xre(k) + ]xim(k)

where X (k) and xiy (k) assume values 1 randomly generated. The unknown
system is described by

H(z) =054+027 4+ (—0.1 +0.4,)z7' +(0.2-0.4,)z2+ (02 +0.7))z>

The adaptive filter is also a third-order complex FIR filter, and the additional
noise is zero-mean Gaussian white noise with variance o> = 0.3. Using the
complex RLS algorithm run an ensemble of 20 experiments, and plot the
average learning curve.

Apply the Kalman filter to equalize the system
0.19z
H =
© =09

when the additional noise is a uniformly distributed white noise with variance
af = 0.1, and the input signal to the channel is a Gaussian noise with unit
variance.

Assume for a sufficient-order system identification application with an accept-
able misadjustment of about 20%. Consider that the input signal is a Gaussion

white noise.

(a) Calculate the appropriate value of A required by the RLS algorithm in order
to achieve this goal considering an unknown system with eight coefficients.

(b) Calculate the value of u for the affine projection algorithm with L = 3.

(c) If the unknown system consisted of a first-order Markov process with o2 =
4crv2V and with eight coefficients, what would be &, considering kw = 1
in (4.134) and Aw ~ 1?
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