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Hypergeometric Series

5.1 Introduction

The purpose of this chapter is to discuss two entries on page 200 and two on
page 327 in Ramanujan’s lost notebook. All four entries fall under the purview
of hypergeometric series. We begin with the two entries on page 200.

On page 200 of his lost notebook, Ramanujan offers two results on cer-
tain bilateral hypergeometric series. As we shall see, the second follows from
a theorem of J. Dougall [113]. The first gives a formula for the derivative
of a quotient of two particular bilateral hypergeometric series. Ramanujan’s
formula needs to be slightly corrected, but what is remarkable is that such a
formula exists! This is one of those instances in which we can undauntedly
claim that if Ramanujan had not discovered the formula, no one else, at least
in the foreseeable future, would have done so. Our proofs of these two formulas
first appeared in a paper by the second author and W. Chu [50].

We first state the second formula, which requires modest deciphering,
because of Ramanujan’s use of ellipses to denote missing terms. It will be
used in the proof of Ramanujan’s first formula on page 200.

Entry 5.1.1 (p. 200). Let o, B, 7, 0, and & be complex numbers such that
Re(a+ f+~v+96) > 3. Then

oo

Z £+ 2n
S e+ E+n) (B =& —n)I'(v+£+n) (0 =& —n)l'(a—n)
1
B+n)L'(y—n)T(6+n)
sin(mé) I'(a+B+v+6—3)
ala+y+&-DIB+6—E—D(a+B8-1DT(B+vy-1)
1
“Th+o-D)IGra—1)

X

(5.1.1)
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132 5 Hypergeometric Series

We secondly state a corrected version of Ramanujan’s more interesting
formula, i.e., the first formula. At the end of Sect. 5.4, we indicate the mistakes
in Ramanujan’s original formula.

Entry 5.1.2 (Corrected, p. 200). Define, for real numbers s and 6,0 < 0 <
27, and for any complex numbers «, B8, v, and 6 such that Re(a+8+v+4d) > 4,
0 (n+s)i6

e
ps(0) == Z o .
IN'a+s+n)'(B—s—n)l(y+s+n)[(0—s—n)

n=—oo

. (5.1.2)

Then

d ¢s(0) isin{r(s—1)} (2sin )a+ﬂ+7+6_4 ei(m—0)(a—Ft+y—0+2s+21)/2

0
do pi(0) T2 (a+B-DIB+y—)I(y+5—-1DI0+a—1)
(5.1.3)

On page 327 in his lost notebook [269], Ramanujan offers two beautiful
continued fractions connected with hypergeometric polynomials, which we
now offer.

Entry 5.1.3 (p. 327). Let

1
wla,x) = 5 5 5 .
x x x
1 — 1 —_— 1
{ +(a+1> }{ +<a+3> }{ +<a+5) }
(5.1.4)
Then, fora+1>0, b+ 1> 0, and s not purely imaginary,
. F(1+9)F<1+9)F(1+“+b)
| elaetv 0y —2vR 2 2 2
) J 2.2 =
0 1+s%x r 1+a r 14+0 r l1+a+b
2 2 2
1 la+1)(b+1)(a+b+1)s?
a+b+1+ a+b+3
2(a+2)(b+2)(a+b+2)s?
+ a+b+5 + -

Entry 5.1.4 (p. 327). If s = 1, the continued fraction in Entry 5.1.3 can be
written in the form

1 Ha+1)b+1)atb+1)  20a+2)(b+2)(a+b+2)
a+b+1+ a+b+3 + at+b+5 + e
1
=—1—-A1+ 414 — A1 A A5+ --+), (5.1.5)

a+b+1
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where ;
(a+t)(b+t)—abcos27r—
A = 2 (5.1.6)
a — abcos® —
(a+1+t)(b+1+1) — abcos® 5

If we set @« = (a+1)/2 and 5 = (b + 1)/2 and replace = with 2z, then
Entry 5.1.3 can be recast in the following form.

Entry 5.1.5 (p. 327). Let

1
Pla, ) == S 5 5 . (5.1.7)
x x T
{1+(2) }{”(m) }{1+<a+2> }
Then, for « >0, > 0, and s not purely imaginary,
> dv  T(a+35) T (B+35) T (a+p)
|| otenme3 2 G = VA i S ),
where
L1 2-120)(20)s2 2(2a 4+ 1)(28 + 1) (20 + 28)s
al) =3 So 51 + 2a + 28 +3
320 +2)(28 +2)(2a + 28 + 1) s> (5.1.8)
+ 20+ 26545 + o

These continued fractions are connected with the continuous Hahn poly-
nomials. In his Ph.D. thesis [318], J. Wilson found a remarkably general class
of orthogonal hypergeometric polynomials, in which all of the classical and
several additional polynomials can be expressed as special or limiting cases.
In particular, certain 3F5 polynomials with two free parameters, called the
continuous symmetric Hahn polynomials, were found by R. Askey and Wil-
son [16]. They are defined for all nonnegative integers n by

P, (x) := Py(z;, 8) :=i" 3F> <—n, ne 23:;?2; LA —ix ; 1) (5.1.9)

and are orthogonal with respect to the positive absolutely continuous weight
function

W (z) == | +iz) (B + ix)|?, (5.1.10)

where —oo < 2 < 00 and a, 3 > 0 or aw = § and Rear > 0.

In Sects. 5.7 and 5.8, we provide two entirely different proofs of Entry 5.1.3,
and in Sect. 5.9, we prove Entry 5.1.4. These proofs are due to S.-Y. Kang,
S.-G. Lim, and J. Sohn [175]. The first proof of Entry 5.1.3 is instructive,
because it relates Ramanujan’s result to Hahn polynomials and the moment
problem. The second proof is undoubtedly closer to Ramanujan’s approach
than the first, because it relies in the beginning stages on a theorem in
Ramanujan’s paper [255].
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5.2 Background on Bilateral Series

For every integer n, define

I'(a+n)
n = ———. 5.2.1
(@ = =5 (5:2.1)
The bilateral hypergeometric series ,H,, is defined for complex parameters
ai,as,...,ap and by, by, ..., b, by

With the use of D’Alembert’s ratio test, it can be checked that ,H, converges
only for |z| = 1, provided that [290, p. 181, Eq. (6.1.1.6)]

Re(b1+b2+~-~+bp—a1—a2—~-—ap)>1. (522)
The series ,H), is said to be well-poised if
a1+b1:a2+b2:~-~:ap+bp.

In 1907, Dougall [113] proved that a well-poised series 5 H5 can be evaluated
at z = 1. In order to state this evaluation, define

A1,A2, .., Qm | F(Ql)F(CLQ)F(am)
F{bl,bQ,...,bJ =TT () T(bn)

Then Dougall’s formula [290, p. 182, Eq. (6.1.2.5)] is given by

1+%a, b, c, d, e;
5H5[%a, 1+a—b,1+a—c,1+a—d,1+a—e;1}

_r 1-b1—-c¢,1—d,1—e,14+a—-b14+a—c,1+a—d,
o l1+a,1—a,1+a—b—c,1+a—-b—d,1+a—b—e,

l+a—e,1+2a—b—c—d—e
1+a—c—d,1—|—a—c—e,1+a—d—e}’ (5-2.3)
where for convergence, by (5.2.2),

1+Re(a—b—c—d—e)>0. (5.2.4)

We need one further result, namely, the bilateral binomial theorem. If a
and ¢ are complex numbers with Re(c — a) > 1 and if z is a complex number
with z = e, 0 < 6 < 27, then

] -0 2 D1 = )T(o)

= Sy P (5.2.5)
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It would seem that Ramanujan had discovered (5.2.5), but we are unaware
of any mention of it by him in his papers or notebooks. We remark that
the bilateral binomial theorem can also be recovered from another bilateral
hypergeometric series identity [11, p. 110, Theorem 2.8.2] due to Dougall [113],
namely,

" {Z b; 1} I1—a)l(1 b)) () (c+d—a—b—1)

, d; Ilc—a)(c—b)I'(d—a)l(d—Db) (526
where Re(c +d —a —b) > 1 for convergence. In fact, in the identity above,
first replacing b by dz and second, letting d — +o00, we derive (5.2.5) in view
of Stirling’s asymptotic formula for the I'-function.

The first appearance of (5.2.5) of which we are aware is in T.H. Koorn-
winder’s paper [187, p. 91 (middle of the page)] in 1994. When the second
author and W. Chu gave their proof of Entry 5.1.2 in [50], they used a formu-
lation of (5.2.5) given by M.E. Horn [164] in 2003. His original formulation is
incorrect, but it is corrected in the proof by J.M. Borwein, which follows the
statement of the problem, and indeed the correct version (5.2.5) was used by
Berndt and Chu in [50]. In addition to the proof accompanying the original
problem, another proof published on the aforementioned website [164] is by
G.C. Greubel.

In the sequel, we very often use the classical reflection formula

™

rz)ri-z=

et (5.2.7)

5.3 Proof of Entry 5.1.1

We show that (5.2.3) leads to a proof of Entry 5.1.1.
Proof. Let S denote the series on the left-hand side of (5.1.1). Define

0. sin{7 (8 — &)} sin{n(§ — &)} sin{ra} sin{wv}.

4

(5.3.1)

Using (5.2.7) and (5.3.1), we see that we can write S in the form

E+2n)I'1+&+n—PI(1+E&+n—-)I'(1+n—«a)
§=10% Z ENa+&+n) I (y+E+n)L(B+n)(6+n)

X F(ljl—n—ﬂy)
FA+&=B)I(1+E—8)I(1—a)(1—7)
Ila+ &Iy +I(B)I(S)
o~ (L4 38a(l—a)u(1+& - ﬁ)n( Dn(l+ €= 6)n

= Q¢

(5.3.2)
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Note that the series (5.3.2) is well-poised, and so we can invoke (5.2.3) with
a=&b=1—a,c=14+&(—-06,d=1—~,and e =1+ £ — §. Thus, for
Re(a+ 8+ v+ 0) > 3 for convergence, we deduce that

I(1—a)P(1+&— B -1 +E— )
I(a+I(B) (v +I(0)
. T@IBIHIE)
Taty+€-1I(B+0—¢—1)
" Ma+INB-HI' v+ I -+ B+v+6-3)
TA+OI0-6l(a+B-D)I(B+7- DI +0—-)I'6+a—1)
B sin(r§) N+ B+~v+ 06 —3)
Tl(atr+E—DI(B+o—€—1(a+B-1IB+y-1)
1
“Th+o-D)IG+a—1)

S = ¢

where we applied (5.2.7) five times, used the value of 2 from (5.3.1), and
simplified. O

5.4 Proof of Entry 5.1.2

We first replace the functions in Entry 5.1.2 by another pair with which it
is easier to work. With four applications of (5.2.7), we see that we can write
©s(0) in the form

7 esieHS(e)
2O = T T —T( T )T =5 (54.1)
where
Hy(0) = o, | PO TS 0F 8 ol (5.4.2)

a—+ s, v+ 8

Thus, we prove an analogue with ¢, and ¢, replaced by Hs and Hy, respec-
tively. At the end of our proof, we convert our result to (5.1.2).
For brevity, we introduce the notation

(I1=B+38)n(1—=050+s),
(Oz + S)H(FY + S)n -

<5>n =

In particular, we can then write

o0

1-F+s,1-0+s; ; in
H(0) = 21 a+s v+ s 60] B Z (s)ne™”.

n=—oo
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Proof. By the quotient rule for derivatives,

d Hs(0) (s—syio) _ A
@{mwf }—;mﬁﬁga (5.4.3)
where
A = e, (9) de{ e H,(0)} — ¥ Hy(0 d6‘ {enth )} . (5.4.4)

Using the notation above and in the previous paragraph and setting
k =m + n in the second equality below, we find that

A= Z (s —t+n—m) (s), (t)y, esTtTntm)io

m,n=—oo

=1 Z (s =t —k=+2n) (s} )p_p eTFRIE
k,n=—o0
o~ s 0 = s—t—k+2n
=1 Z (S—t—k) <t>k 6( +t+k) 0 Z ﬁ<8>n<k+t>—n
k=—o00 n=-—oo

(5.4.5)

Observe that the inner sum above is a well-poised 5 Hy, requiring that Re(a+
B+~+3d) > 3 for convergence. Thus, we can use (5.2.3) to obtain the evaluation

H 1—|—%(s—t—k) l—a—t—k, 1—8+s, 1—y—t—k, 1— 5—|—s,1
e s—t—k), ats, B—t—k, +s, O—t—k;

_r a+t+k, y+t+k, B—t—k, O—t—k
o 1+s—t—k, 1—s+t+k, at+y+s+t+k—1, f+d—s—t—k—1

a+s, (-8 ~v+s, O0—-s, a+f+7v+0-3
XF{ atB-1, B+y—1, ~v+6-1, s+a—1 | 46
Using the evaluation (5.4.6) in (5.4.5) and simplifying the expressions involv-
ing gamma functions and rising factorials, we find that

A—il a+t, B-—t, v+, 6—t

s—t,1—s+t,a+y+s+t—1,0+6—s—t—1

oI a+s, B—s,v+s,6—s,a+B+v+5—3

a+p-1,+y—-1,v+0—-1,04+a—-1

« pils+1)0 Z (s+t—B—06+2) Qikt (5.4.7)

it (s+t+a+vy—1)

We next apply Koornwinder’s bilateral binomial theorem (5.2.5) with
a=s+t—pF—-0+2and b = s+t+ a+y—1, subject to the condition
Re(a+ f+ v+ ) > 4. Thus,
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oo

Z (5+t—5_5+2)k6ik0
(s+t+at+y—1)

sTt—B-0+2 s

= st+t+a+vy—1;

k=—oc0
_ (_ew)?—a—v—s—t 1- eie)a+,8+'y+6—4

NNa+~y+s+t—1DIB+d—s—t—1)

I'a+B8+~v+d-3) '

(5.4.8)

Now substitute (5.4.8) into (5.4.7), use (5.2.7), and cancel common gamma
function factors to arrive at

A = (510 (_ew)Q*“*V*S*t (1 — ei®)athtrtd—d

xz’F[ a+s, B—s,v+s, d—s,a+t, B—t, v+t 6—1t ]

s—t,1—s+t,a+p8-1,0+v—1,v+d—-1,0+a—1

‘ sin{m(s — t)}(2sin g)a+ﬂ+7+6_4ei(”_9)(O‘_ﬂ+7_5+2s+2t)/2
s

a+s, B—s,v+s, d—s,a+t, B—t, v+t 6—t
F{ a+p-1,+y—-1,v+0—-1,0+a—-1 - (549

Lastly, substituting (5.4.9) into (5.4.3) and then reformulating the result
according to the relation (5.4.1) between ¢.(0) and H.(6), we derive the
identity

d { ©s(0) } i sin{m(s — t)} (2sin 9)a+ﬂ+7+6_4 eHm=0)(a—f+y—5+25+2¢)/2

2
dd Lo (0)) TR O (a+B - (B+y— DI (y+6—1DI66+a—1)"
which is (5.1.3). The proof is thus complete. O

Let ¢¢(0) = e ", (0). We end this section with Ramanujan’s rendition
of Entry 5.1.2 given by

%{zigz;} (5.4.10)

isin{rm(s — t)} |2sin §|*FIHITO il By —dt2s-20){(n-0)/24m[o/ (2m])

7RO (a+B-DIB+y—)I(v+o—1I(6+a—1)

Note that Ramanujan’s function ¢, () does not have the factor e in ¢, (6),
defined in (5.1.2). The second major difference between the two formulas is
in the exponent of e on the right-hand sides. One would guess that [z] in
Ramanujan’s exponent denotes the greatest integer less than or equal to .
The powers of 2sin(46) in both (5.1.3) and (5.4.10) are the same, except that
Ramanujan has absolute values around 2sin(%6‘). In conclusion, except for
multiplicative expressions of absolute value equal to 1, the other parts of the

formulas (5.4.10) and (5.1.3) are identical.
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5.5 Background on Continued Fractions
and Orthogonal Polynomials

Any set of polynomials {p,(z)} that is orthogonal with respect to a positive
measure satisfies a three-term recurrence relation

xpn(x) = O‘npn-i-l(x) + ﬁnpn(x) + ’ann—l(l'), (5.5.1)

where a.,, B,, and 7, are real and a,—17v, > 0, n = 1,2,.... Conversely,
Farvard’s theorem informs us that if a set of polynomials {p,(z)} satisfies
(5.5.1) with a,, 8,, and v, real and with ap_17, > 0, n = 1,2,..., then
there is a positive measure di)(z) such that [10, 17]

00 0, m #n,
d = e e 5.5.2
| p@pn@ o) = e, [ ason men 02
g om—1) o
We next review some basic properties of continued fractions. For the con-
tinued fraction
a1 ag (079

by + — =
L S P M

the nth approximant f,, is given by

_ a1 as an_.%
fn_b0+b1+b2+"'+bn = Vn

We call U,, and V,, the nth numerator and denominator, respectively, of the
continued fraction. If we define U_1 =1, V_1 = 0, Uy = by, and Vy = 1, then,
forn =1,2,3,..., the recurrence relations

bnUn—1+ anUy 2 = Un7 bnVi1+anVi 2= Vn7 (553)

are valid [312, p. 15], [218, p. 8]. Using the recurrence relations in (5.5.3)
and mathematical induction, one can easily deduce the following equivalence
transformation [312, p. 19].

Proposition 5.5.1. Let ¢ = 1 and ¢; # 0 for i > 0. Then the two continued
fractions

ai az as

by + — = 2
O By + by + by e

and
CpC101 C1C2a9 Ca2C303
Clbl + 02b2 + 03b3 + -

have the same sequence of approximants.

Cobo +
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The continuous symmetric Hahn polynomials P,(x), defined in (5.1.9),
satisfy a three-term recurrence relation [16]

2P () = an Pry1(z) + ¥ Pr—1(2), (5.5.4)

where

~ (n+28)(n+20+28-1)
2(2n+2a+28 - 1)

n(n+ 2« —1)
2(2n 4+ 2a+28 - 1)

and v, = . (5.5.5)

Hence, by (5.5.3) and Proposition 5.5.1, the continued fraction corresponding
to the orthogonal polynomials P, (z) with 49 = —1 is given by

1 am ave aavs
X(I):_E— r — x — T —--
1 12028 2-(20+1)(28+ 1)(20 + 28)
Tz —4xa+28+1) — z(2a + 263 + 3)
3. (20 +2)(26+2)(2a + 26 + 1) 550)
- 1(20 + 26+ 5) _— o

In other words, P,(z) is the nth denominator of x(x).
On the other hand, (5.5.2) along with (5.5.4) and (5.5.5) provides the
L?-norm of the continuous symmetric Hahn polynomials [16, p. 653], namely,

/OO (D)n(20)n(a+ B8 — %)n

€T, 2 r)axr =
Pl e W) dr = 6 o+ 25— et 5+

where

I

() (o + 5)I(B)I(B + 5) (o + B)
Ila+B+3) ’

where W (z) is defined by (5.1.10). The integral in (5.5.7) is a special case of
Barnes’s beta integral [22]. This particular evaluation was also established by
Ramanujan [255], [267, pp. 53-58], and R. Roy [273] using Fourier transforms
and Mellin transforms, respectively.

It follows from (5.5.7) that the normalized weight function of the contin-
uous symmetric Hahn polynomials P, (x) is given by

Wi = /700 W(x) de = /7 (5.5.7)

I(a+ B+ H|M(a+iz)[ (B +ixz)|?

W) = )Tt + DTGB + D+ B) (5:58)
Since [255], [267, p. 54]
(o, ) = % (5.5.9)

Entry 5.1.5 is equivalent to the following entry.
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Entry 5.5.1 (p. 327). For a >0 and 8 > 0,

C Wia(z)der 1 222)(28)s>  22a+1)(28+1)(2a + 2)s?

0 1+4s2x2_§+20¢+2ﬂ+1+ 2004+ 28+ 3 4o

Entry 5.5.1 gives a representation for the Stieltjes transform of the weight
function of the continuous symmetric Hahn polynomials in terms of a contin-
ued fraction. A more general continued fraction with five free parameters was
found by M.E.H. Ismail, J. Letessier, G. Valent, and J. Wimp [165]. Using
contiguous relations for generalized hypergeometric functions of the type 7 Fg,
they derived explicit representations for the associated Wilson polynomials
and computed the corresponding continued fraction.

5.6 Background on the Hamburger Moment Problem

Let {un}, 0 < n < oo, be a sequence of real numbers. The Hamburger moment
problem seeks to find a bounded, nondecreasing function ¢ (z) on the interval
(—00, 00) satistying the equations

an/ " dy(x), n=0,1,2,.... (5.6.1)

— 00

Throughout this section, it is assumed that a solution ¢ (z) of the Hamburger
moment problem (5.6.1) is increasing on an infinite number of points. If this
solution is unique, the moment problem is said to be determinate; otherwise,
it is indeterminate.

For any solution ¢ (x) of the moment problem (5.6.1), let

[(20) = /OO (@) (5.6.2)

)
oo 2—X

where z € H := {z : Im z > 0}. The following two lemmas show that there is a
one-to-one correspondence between the elements of a certain class of functions
to which I(z, 1) belongs and those in the class of solutions ¢ (z) of the moment
problem (5.6.1).

Lemma 5.6.1. [286, Theorem 2.1] The function I(z,v) is analytic, Im I(z, 1))
<0 on H, and

o0

I(z,%) ~ %, O<e<argz<m—e¢, 0<e<m/2 (5.6.3)
n=0

where iy, n >0, is defined by (5.6.1).
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Lemma 5.6.2. [286, Theorem 2.1] If F(z) is analytic, In F(z) < 0 on H,
and

fin

F(z) ~ sy O<e<argz<m—e¢, 0<e<mn/2 (5.6.4)
n=0

where i, n > 0, is defined by (5.6.1), then there exists a unique solution (x)

of the moment problem (5.6.1) such that F(z) = I(z,).

The integral I(z,)) is also closely related to a continued fraction.

Lemma 5.6.3. [286, Theorem 2.4] There exists a function F(z) such that
F(z) is analytic, Im F(z) < 0, and F(2) has a representation (5.6.4) if and
only if there exists an associated continued fraction

aq a1 ag
b0+b1+z—b2+z—b3+z—~-~
such that an, >0, n >0, b, €R forn >0, and
agp ai an
bitz—bytz =~ Fo(2) +2

(5.6.5)

F(Z)Zbo‘F

3

where Fy,11(2) is an arbitrary analytic function, Im F,,11(2) < 0, and F,,11(z)
=o0(z) as z — oo on H.

In fact, the nth approximant, say ¢,(z)/pn(2), of the continued fraction
(5.6.5) can be expanded in the form [286, p. 35]

z B I I
Y e
where p1j, 0 < j <2n —1, is defined in (5.6.1). (The definitions of !/, can be
found in [286, p. 35]. Because their definitions are somewhat complicated and
are not important in the present context, we do not give them here.) As we
have seen in Sect. 5.5, the denominators p,(z) comprise a set of orthogonal
polynomials of degree n by (5.5.3), and by (5.5.1) and (5.5.2) in Farvard’s
theorem. Moreover, the orthogonality relation

/ " pa(@)pm(a) dih(a) = {0’ m (5.6.7)

—oc0 hna m=mn,

(5.6.6)

is satisfied by the solution ¢ (z) of the moment problem (5.6.1), [286, p. 35].
Next, we state two lemmas that provide, respectively, a sufficient and a
necessary condition for a unique solution to the moment problem (5.6.1).

Lemma 5.6.4. [286, Theorem 2.9] The moment problem (5.6.1) is determi-

nate if
> Ipa(2)
n=0

diverges at a nonreal number z.
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Lemma 5.6.5. [286, Theorem 2.10] If the moment problem (5.6.1) is determi-
nate, then the associated continued fraction (5.6.5) converges for all complex
numbers z.

5.7 The First Proof of Entry 5.1.5

Using the lemmas in Sect. 5.6, we prove the following theorem.
Theorem 5.7.1. Let « > 0, 8 > 0, and let z be nonreal. Then

 Wal@)de 1 120)(28)  2(20+1)(26+1)(2a+28)
pmw oz~ 42(20428+1) - 2(20+253+3) —_—

— 00

where Wy(x) is defined in (5.5.8).

Since © W -
N—(x) dr = 22 3 N(x)z dz,
Coo R 0 A
Theorem 5.7.1 is equivalent to
° Wi(z) . 1 2(2a)(28) 2-2a+1)(28+1)(2a +28)
o 22—x2 " 222 — 420 +28+1) — 22(2a + 23+ 3)
3-2a+2)(28+2)2a+26+1) (5.7.1)
- 42+ 26+ 5) - o

from which Entry 5.1.5 or Entry 5.5.1 immediately follows after replacing z
by i/2s. Therefore, Theorem 5.7.1 implies that Theorem 5.1.5 holds for every
complex number s except when s is purely imaginary.

In order to complete the proof of Theorem 5.7.1, we need a lemma of
Stieltjes that gives the power series representation of a continued fraction of
the type in (5.6.5).

Lemma 5.7.1. [312, Theorem 53.1] The coefficients in the J-fraction

1 aq a9
b1—|—2’_b2—|—2_b3—|—2’_"'

and its power series erpansion

[e’e} —lnn
PR

n=0

are connected by the relations

Cprq = ko,pko,q + a1k pki,g + ara2ks pkag + - - -,
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where koo =1, krs =0 if 7 > s, and ky s, for s > r, is recursively given by
the matriz equations

koo 0 0 O --- by 1 0 0 --- kor k11 0 0
kor ku 0 O --- a by 1 0 --- koz k12 koo O

koz kiz koo O -+ | " | O ag b3 1 ---| = | ko3 ki3 ko3 k33 ---

Proof of Theorem 5.7.1. Note that the continued fraction in Theorem 5.7.1
is x(z) in (5.5.6), the continued fraction corresponding to the continuous sym-
metric Hahn polynomials P, (z). In the case of x(z), an, = ap—17, > 0 and
by, = 0 for n > 1. It is therefore easy to see that k;; = 0 when i+ j is odd, and
thus cap41 = 0 and co,, > 0. Let @,(2) be the nth numerator of x(z). Then
for positive real numbers co,, obtained from Lemma 5.7.1,

Qn(z) 1 ¢ Con—2 Can

Puz) 2z @t et e

Consider the moment problem
Cn = / 2" dyp(z) (n=0,1,2,...) (5.7.2)

for the sequence of real numbers ¢,, given above.
Observe that Py(fi) = 1 and that more generally, by the Chu—Vander-
monde theorem [11, p. 67, Corollary 2.2.3], Py, (8i) = 1 for n > 0. Hence,

o0

Z |P4n(ﬁi)|2

n=0

diverges, and thus the moment problem (5.7.2) has a unique solution Wi (x)
by (5.6.7) and Lemma 5.6.4. It now follows from Lemmas 5.6.1-5.6.3, Lemma
5.6.5, and (5.6.6) that the continued fraction y(z) converges to I(z,), for
every nonreal number z, where dy)(z) = Wy(z)dz. O

5.8 The Second Proof of Entry 5.1.5

Recalling the definition of ¢(a, z) from either (5.1.7) or (5.5.9), set, for t > 0,

D(a, B,t) := /000 (o, 2)p(B, x) cos(tz) dx. (5.8.1)

Then, with the use of the elementary evaluation, for > 0 and s > 0,

s
52 4+ 22’

/ cos(zt)e” 5 dt =
0
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the integral in Entry 5.1.5 can be rewritten in the form

/ (o, z)o(8, )( / e~/ (29) cos(xt) dt) dx

=5 et/ (29) </ o(a, ©)p(B, ) cos(tx) da > dt

_i Tt/ g
=5, g, B,t) d (5.8.2)

where we inverted the order of integration by absolute convergence.
Ramanujan [255], [267, p. 53] showed that by integrating termwise the
partial fraction decomposition of the integrand,

/Ooo ¢(a, ) cos(yx) do = g %sech%‘ (%

Hence, from the theory of Fourier cosine transforms,

), y > 0.

= nza (Y _ I'(a)
/0 sech (5) cos(zy) dy = /7 F(a——k%)(b(a’ x), x>0 (5.83)
Consequently,
pla,z) = % F(ﬁ(—z)i) /000 sech?® (%) cos(zy) dy. (5.8.4)

Applying (5.8.4) to (5.8.1), we deduce that

1 r Hr i

(ot = L L0 t3) TB+3)
™ I'(e) I

where T is the triple integral

T = / / / sech2°‘ sechw (2> cos(zy) cos(xz) cos(tx) dz dy dx.
(5.8.6)

Using the elementary trigonometric identity 2 cos(xy) cos(xz) = cos(y + z)z
+ cos(y — z)x, replacing —z by z in the integral involving cos(y — z)z, setting
u = y+ 2z in the second equality, inverting the order of integration with respect
to x and y, and then replacing —u by w in the integral over —oo < u < 0, we
find that

T = / / / sech%‘ sechw (2) cos((y + z)x) cos(tz) dz dy dx

= / / / sech%‘ sechw <%> cos(uz) cos(tz) dudy dz
+u

_ h2a Yy 2 (YT

2/0/0/036c 2<sec<2

+ sech?? (%)) cos(ux) cos(tx) du dx dy. (5.8.7)

T, (5.8.5)



146 5 Hypergeometric Series

Utilize the Fourier integral formula [305, p. 2]
/ cos(nx) d:E/ f(u) cos(ux) du = gf(n)
0 0

n (5.8.7) to deduce that

_ T[T e (Y 2p (Y +1 26 (Y1t
T 4/0 sech (2) (sech ( 5 )—i—sech 5 dy. (5.8.8)

In summary, so far, we have shown from (5.8.1), (5.8.5), and (5.8.8) that

1(a+3) I(B+3)
WP = 1T 1

& t —t
></O sech?® (%) (sechw (%) + sech?? (%)) dy.

The equality (5.8.9), which is a generalization of the integral of W (z) in
(5.5.7), was established also in [38, p. 226] as a consequence of Parseval’s
theorem, (5.8.3) above, and Legendre’s duplication formula. In [38, p. 226],
it was mentioned that M.L. Glasser [124] evaluated integrals like that on the
right side in (5.8.9). Glasser used contour integration, but we use the binomial
theorem and Euler’s beta integral below.

Using the elementary identity

2 (Yy+t 2 (Y=Y _ 25 (1t zﬁ(g)
sech (—2 )—i—sech (—2 sech 5 sech 5

1 2 1 28
(1 + tanh (%y) tanh (%y) ) + <1 — tanh (%y) tanh (%y))

and the binomial theorem in (5.8.8), we find that

(5.8.9)

oo

T = Zsech?” (z) - sech?et28 ( ) Z 25 2” tanh2" (£> tanh?" (2) dy.
2 2) J, 2 2

n=0

(5.8.10)

Setting v = tanh®(3y) in (5.8.10), we arrive at

oo 1
T= —sechm ( ) Z tanhQ" (;) / (1 —w)oth=1 yn=1/2 gy,
0 0

(5.8.11)

Using Euler’s beta integral B(x,y) = I'(x)I'(y)/I'(z + y), we deduce that
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T2t (PY S @Ban o0 (8 Lnt 5) (@ +B)
T = sech (2)2 ) tanh (2) F(a+2ﬁ+n+%) (5.8.12)

+ — (25)271(%)71 2n 3

atht >,§(2n)!(a+ﬁ+%)n tanh <5>
1

—Q)F(a: ﬂ)sechw (%) 2 Fy (@ﬁ + %;a +58+ %;tanhQ (%)) '

Set w = tanh (4t), so that

F(t) : = sech® (%) JF (B, B+ giat B+ o tank? (%))

1—w?\? 1 1 4uw?
:(m) 2F1(5,5+5;a+5+5;m>- (5.8.13)

Using the quadratic transformation [11, p. 128, Eq. (3.1.9)]

a a+1 4z >

F bja—b+1;2)=(1 T F —sa—-b+1;,—
2 1(0'; ya + 72) ( +Z) 2 1<2; 2 ya + 7(1+2)2

with z = w?, a =28, and b= — a + %, we find that
212 1 Lo o
F(t) = (1 -w) ol { —a+ 5+ 5,200+ 5+ 5507 ),

and using Pfaff’s transformation formula [11, p. 68, Theorem 2.2.5]

(L=2)*2F1 (a,b; ¢; 2) = 21 (a,c— b;¢; sz)

Witha:26,b:—a—l—ﬁ—i—%,c:a—i—ﬁ—i—%,andz:wz,weﬁndtha‘c
Ft) = oF (20,280 4+ 54 & (5.8.14)
— 241 ) ) 2,1.02—1 . (O

Therefore, by (5.8.12)—(5.8.14),

— ZF(%)F(Q +8)

1 . 2t
=2 TR (20,28;0+ B+ ~; —sinh® - ). 5.8.15
2F(o¢+ﬂ+%)2l< ot by ) (58:15)

4
From (5.8.5) and (5.8.15), we now see that

_ VET(a+ HIB+ HIe +5)
P(a, B,1) = 2 F(a)j—'(ﬁ)r(o‘i'ﬁ—’— 2)

1 t
X oF} (2a, 28;a+ B+ 3 sinh? Z) . (5.8.16)
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Then, it follows from (5.8.2) and (5.8.16) that

| VEL(a+ HIB+Dl{a+)
4s T(@) B (a+p+1)

o 1 t
X / o Fy <2a, 2804 B+ 55— sinh? Z) e V(29 gt (5.8.17)
0

Recall the continued fraction expansion of Stieltjes [297], [298, pp. 282-291],

o 1
/ o (a, b; %; — sinh? t) e dt
0

_1 l-ab-4 2-(a+1)b+1)(a+Db)-4
3-(a+2)(b+2)(a+b+1)-4
+ (a+b+5)z 4.0 Rez>0, (5.8.18)

from which, upon replacing ¢ by 4¢ and setting a = 2« and b = 23, we deduce
that, for s > 0,

/Oo o Fy <2a, 28,0+ B+ %; — sinh? 2) e t/(29) gy (5.8.19)
0
4 1-(20)(268) -4 2-(2a+1)(26+1)(2a +23) - 4
T 2/s+ 2a+28+1)2/s + (2a+ 28+ 3)2/s 4
By (5.8.17) and (5.8.19), we finally deduce that
e+ 3)I(B+3) I(e+h)
'SVTTR@  T®) Tarstd
1 2-1-(20)(28)s* 2 (2a+1)(28 + 1)(2a + 28)s?
<§+ (20 +28+1) + (200 + 23+ 3) + )

which completes the proof of Entry 5.1.5 for s > 0. By (5.5.7), Entry 5.1.5
holds for s = 0. Since both sides of Theorem 5.1.5 are even functions of s,
Theorem 5.1.5 is valid for all real s.

5.9 Proof of Entry 5.1.2

We use the recurrence relation (5.5.3) and induction to prove that for all
integers n > 1,

B 1 1-(a+1)(b+1)(a+b+1)
Ca+b+1+ a+b+3 + -
n-(a+n)(b+n)(a+b+n)
+ a+b+(2n+1)
1

= m(l — A+ A1 Ay — Ay A A+ -+ (1) A1 Ay -+ Ay) = Ry,

(5.9.1)

In
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where A,, is defined in (5.1.6). Entry 5.1.2 then readily follows from (5.9.1).
First, observe from (5.1.6) that

(a+t)(b+1t)

if ¢ is odd
_Ja+1+t)(b+1+41¢) ’
A= Hatb+?) if ¢ is even 0:9:2
, ven.
(@+b+i+1)(t+1)
From the recurrence relations (5.5.3), we find that
h_lq_a+b+1_R“
Us a+b+3 1
= — = = 1 — A = R s
f2 Vo (a+b+1)(a+2)(b+2) P 1) =R
b Us _3(a+b+3)°+2(a+1)(b+1)(a+b+2)
TV 3a+b+1)(a+b+3)(at2)(b+2)
1
= m(l — Al +A1A2) = R3,
i Us _ 3la+b+3)2a@+4)b+4)+2a+1)(b+1)(a+b+2)(a+b+7)
T 3a+b+1)(a+b+3)(a+2)(b+2)(a+4)(b+4)
1

= m(l - Al + A1A2 - A1A2A3) = R4.

Assume that (5.9.1) holds up to k. Then by (5.5.3),

Urr _ (a+b+(2k+ D))Uk +k(a+k)(b+E)(a+b+k)Uip—
Vier  (a+b+Qk+1)Wi+kla+k)b+k)(a+b+k)Vi 1’

S =

By the induction hypothesis, the numerator above equals

+b+ 2k +1 _
aa—i——é—f—l)(l_Al +A1A2++(—1)k 1A1A2Ak,1)Vk
k(a+ k)b + k) (a+ b+ k)
4
a+b+1
X(1—A1+A1 A+ + (—1)k_2A1A2 - -Ak_g)Vk_l.

Hence, we may write

1
a+b+1
(—1)k71A1A2 e A
a a+b+1
. k(a+k)(b+k)(a+b+k)Vi
(a+b+ 2k + 1)V +k(a+k)(b+E)(a+b+k)Vi1

Sror1 = (1— A+ A Ag+ -+ (1) 1A Ap - Ap )
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It therefore suffices to prove that

k(a+k)(b+k)(a+b+k)Vit

(@+b+ (2k+1))\Vi+k(a+k)b+k)(atb+k)Vis Ap (693)
We claim that
. {Vk_l(a+b+2k—1+(k—1)(a+b+k— 1)), if & is odd,
Vicila+b+2k—1+(a+k—-1)(b+k—1)), if k& is even.
(5.9.4)

We shall defer the proof of the claim above until the end of the proof (5.9.1).
Assuming the truth of (5.9.4) for the moment, let & be odd. Then the left
side of (5.9.3) is equal to

Ela+ k)b +k)a+b+k)Vis
((a+b+2k+ DVici{a+b+2k—14+(k—1)(a+b+k— 1)})

+k(a+k)(b+k)(a+b+k)Vi1
B k(a+k)(b+k)(a+b+k)
~ (a+b+2k+1)(ak +bk+k2) +k(a+k)(b+E)(a+b+k)
(a+k)b+ k) (a+k)b+ k)

= = :A,
atb+2k+1+@+k)b+k) (atl+k)b+l+k) "

as desired. When k is even, the left-hand side of (5.9.3) takes the shape

k(a+ k) b+ k)(a+b+k)Viy
((a—i—b—i—%—i—1)Vk_1{a+b+2k—1+(a+k—1)(b+k— 1)})
+k(a+k)(b+k)(a+b+k)Vi1
B k(a+E)(b+k)(a+b+Fk)
C(a+b+2k+1)(a+k)(b+Ek)+k(a+k)(b+k)(a+b+k)
B k(a+b+k)
C(a+b+E+1)(E+1)

which again is what we wanted to prove. It remains to prove the claim.
We can recast (5.9.4) in the equivalent form

= A,

(5.9.5)

Vi  J(a+Fk)(b+ k), if k is even,
Vicr | k(a+b+k), if k is odd.

We now prove (5.9.5). The first few instances of (5.9.5) are
Vo (a+2)(b+2)(a+b+1)

7 at+b+1 = (a+2)(b+2),

Vi  3a+2)(b+2)(a+b+1)(a+b+3)

Vo (a+2)(b+2)(a+b+1) =3latb+3),
Vit nb+a).
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Assume that (5.9.5) is true up to 2k. Then, by (5.5.3) and the induction
hypothesis,

Vary1  (a+b+ 4k + 1)V, 4 2k(a + 2k) (b + 2k)(a + b+ 2k) Vo_y

Vak Var
= (a+b+4k+1) + 2k(a + 2k) (b + 2k)(a + b + 2K) -

1
(a+ 2k)(b+ 2k)
= (2k+1)(a+b+ 2k + 1),

which is in agreement with (5.9.5). Assuming that (5.9.5) is valid up to 2k +1
and using (5.5.3) again, we find, upon the use of the induction hypothesis,
that

Voryo
Vokt1
= (a+b+4k+3)Vapsr + 2k + 1)(a+ 2k + 1)(b+ 2k + 1)(a + b+ 2k + 1)

Var

Vakt1
=(a+b+4k+3)+ 2k +1)(a+2k+1)(b+ 2k +1)(a+ b+ 2k + 1)

1
“ktDatbr2krl)

= (a+ 2k +2)(b+ 2k +2),

which again is in harmony with (5.9.5). This then completes the proof of
Ramanujan’s assertion in (5.9.1) and Entry 5.1.2. As mentioned in the intro-
duction, this proof is due to S.-Y. Kang.
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