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Preface

Inventory management is a critical factor which accounts for the success or failure
of modern businesses in nearly all kinds of industries. As a fundamental problem
in stochastic inventory control, the newsvendor problem has been studied since
the eighteenth century in the economic literature and it has been widely used to
analyze supply chains with fashionable and perishable products. Starting from the
1950s, newsvendor problem has been extensively studied in operations research and
extended to model a large variety of real-life problems. The simplest and most
elementary version of the newsvendor problem is an optimal inventory stocking
problem in which a newsvendor needs to decide how much newspaper to order for
the future demand, where the future demand is uncertain and follows a stationary
distribution. The newspaper becomes obsolescent at the end of the day and the
newspaper’s cost-revenue structure is known. The newsvendor then determines its
optimal order quantity by either maximizing the expected profit or minimizing
the expected cost and an analytical closed-form solution exists. This classical
newsvendor problem has been extended in many different ways and nowadays, a
search in major research portals will find at least thousands of papers related to this
problem and every year, tens to hundreds of related papers are still being published
in major journals on operations research and management science. Despite the
abundance of both classical and new research results, there is an absence of a
comprehensive reference source that provides the state-of-the-art findings on both
theoretical and applied research on the newsvendor problem. As a result, I organize
this Springer’s handbook with a goal of consolidating many latest research findings
and applications of the newsvendor problem into an edited volume. I believe that
this handbook will be a pioneering text focusing on the newsvendor problem.

The handbook is organized into two parts, namely (1) models and extensions
and (2) applications of the newsvendor problem. I am very pleased to see that this
handbook has generated a lot of new research results with valuable insights into the
following topics:

e A Timely Review on the Multi-Product Newsvendor Problem
e A Multi-Product Risk-Averse Newsvendor with Law Invariant Coherent Mea-
sures of Risk



vi Preface

* A Copula Approach to Inventory Pooling Problems with Newsvendor Products

e Repeated Newsvendor Games with Transshipments

e Cooperative Newsvendor Games

e An Economic Interpretation for the Price-Setting Newsvendor Problem

* Newsvendor Models with Alternative Risk Preferences within Expected

 Utility Theory and Prospect Theory Frameworks

* Newsvendor Problems with VaR and CVaR Consideration

e A Two-Period Newsvendor Problem for Closed-Loop Supply Chain Analysis

e The Remanufacturing Newsvendor Problem

* Inventory Centralization in a Newsvendor Setting when Shortage Costs Differ

e Production Planning on an Unreliable Machine for Multiple Items Subject to
Stochastic Demand

* Analysis of the Newsvendor Problem Under Carbon Emissions Policies

e Optimal Decisions of the Manufacturer and Distributor in a Fresh Product Supply
Chain Involving LongDistance Transportation

e A Newsvendor Perspective on Profit Target Setting for Multiple Divisions

e A Portfolio Approach to Multi-Product Newsvendor Problem with Budget
Constraint

I would like to take this opportunity to show my hearty gratitude to Fred Hillier
and Matthew Amboy for their kind support and advice along the course of carrying
out this book project. I sincerely thank all the authors who have contributed their
decent research to this handbook. I am indebted to the anonymous reviewers who
reviewed the manuscripts and provided me with constructive review comments.
T also acknowledge the editorial assistance of my research students Dr Pui-Sze Chow
and Ms Hau-Ling Chan and the funding support of the Research Grants Council of
Hong Kong under grant number PolyU 5424/11H (General Research Fund). Last
but not least, I am grateful to my family, colleagues, and students, who have been
supporting me during the development of this important research handbook.

Kowloon, Hong Kong Tsan-Ming Choi
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Part I
Models and Extensions



Chapter 1

The Multi-product Newsvendor Problem:
Review, Extensions, and Directions for Future
Research

Nazli Turken, Yinliang Tan, Asoo J. Vakharia, Lan Wang, Ruoxuan Wang,
and Arda Yenipazarli

Abstract In this paper, we review the contributions to date for the multi-product
newsvendor problem (MPNP). Our focus is on the current literature concerning
the mathematical models and the solution methods for the multi-item newsvendor
problems with single or multiple constraints, as well as the effects of substitute and
complementary products on the stocking decisions and expected profits. We present
some extensions to the current work for a stylized setting assuming two products
and conclude with directions for future research.

Keywords Multi-product newsvendor ¢ Complementary products ¢ Effects of
substitute ¢ Single constraint * Multiple constraints ¢ Future research

1.1 Introduction

The single-item newsvendor problem is one of the classical problems in the
literature on inventory management (Arrow et al. 1951; Silver et al. 1998) and the
reader interested in a comprehensive review of extant contributions for analyzing the
problem is referred to Qin et al. (2011). In this paper, we focus on the multi-product
newsvendor problem (MPNP) which can be framed as follows. At the beginning of a
single period, a buyer is interested in determining a stocking policy (Q;) for product
i(i=1,...,n)to satisfy total customer demand for each product. For each product i,
the customer demand is assumed to be stochastic and characterized by a random
variable x; with the probability density function f;(-) and cumulative distribution

N. Turken ¢ Y. Tan » A.J. Vakharia (><) « L. Wang ¢ R. Wang ¢ A. Yenipazarli
Department of Information Systems & Operations Management, University of Florida,
Gainesville, FL 32611-7169, USA

e-mail: nazli.z.turken @warrington.ufl.edu; tanyinliang@ufl.edu; asoov@ufl.edu;
lan.wang @warrington.ufl.edu; rxwang @ufl.edu; arda.yenipazarli @ warrington.ufl.edu
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function F;(-). The quantity Q; is purchased by the buyer for a fixed price per unit
v;. Assuming no capacity restrictions on the purchase quantity and zero purchasing
lead time, an order placed by the buyer with the supplier at the beginning of a period
is immediately filled. Sales of the product occur during (or at the end of) the single
period and for each product i: (a) if Q; > x;, then Q; — x; units which are left over at
the end of the period are salvaged for a per unit revenue of gil; and (b) if Q; < x;,
then x; — Q; units which represent “lost” sales cost B; per unit. Assuming a fixed
market price of p;, then the actual end of period profit for the buyer stemming from
the sales of each product i is:

(01 xi) = {Pixi—ViQi+gi(Qi—xi) if Qi > x; (1.1

piQi —viQi — Bi(xi— Qi) if Qi <x;i’

Since the buyer cannot observe the actual end-of-period profit when making his
decision at the beginning of the period, the traditional approach to analyze the
problem is based on assuming a risk neutral buyer who makes the optimal quantity
decision at the beginning of the period by maximizing total expected profits. These
profits are:

0;
E[m(Qi)] = /0 [pixi —viQi + i(Qi — xi)] fi(xi)dx;

+ /w [piQi —viQi — Bi(x; — 0;)] fi (x;)dx;
O;

= (pi—gi)i — (vi — 81)Qi — (pi — & + B))ESi(Q)), (1.2)

where E[-] is the expectation operator, U; is the mean demand for product i, and
ES;(Q;) represents the expected units short assuming Q; units are stocked and can
be determined as [4, (x; — Q;) fi(xi)dx;. Based on this, the buyer’s expected profits
for the MPNP are:

E[IT(01..0.)] = 3 Elm(0)]

i=1
= 3 (i — i)t — (vi— )0 — (pi— g + BJESHQ)].  (13)

i=1

Note that (1.1) is separable in each product i. Given that (1.2) is strictly concave
in Q, it follows that the first order conditions (FOCs) for optimizing (1.2) are
necessary and sufficient to determine the optimal value of Q;. Based on this, the
optimal stocking quantity for each product i (Q7) is set such that:

w _ Pi—VvitBi
F(Of) =22 "¢ 1.4
Q) pi—g8i+Bi 4

!For obvious reasons, it is generally assumed that g; < v;.
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and the corresponding total profit for the buyer is:

n

U010 00 = 3. | (i e~ (i3 [ i) 19

i=1

Our focus in this chapter is on reviewing and extending the current literature
related to the MPNP. To start with, Sect. 1.2 reviews the current contributions for
analyzing the MPNP with one or more stocking constraints. In Sect. 1.3, we review
prior work which focuses on product substitutability in the context of the MPNP.
Extensions of the MPNP for complementary/substitute products are described in
Sect. 1.4 and finally, in Sect. 1.5, we conclude with directions for future research.

1.2 Buyer Stocking Constraints

1.2.1 Single Constraint

The general problem in this setting is to optimize the total profit in (1.5) subject to
the following constraint:

iSiQiSSa (1.6)
i=1

where s; is the storage space or the resource coefficient required per unit of product i
and S is the total available storage space or resource. Since (1.3) is strictly and jointly
concave in the decision variables, Q;s, and the constraints are linear, one approach
to solving this problem would be to start with the solution to the unconstrained
MPNP and substitute this solution in the constraint. If the constraint is not violated,
then we have an optimal solution. Of course, the issue that needs to be considered
is how to solve the problem when the constraint is violated with the solution to the
unconstrained MPNP.

Hadley and Whitin (1963) proposed a Lagrange multiplier technique and a
dynamic programming solution procedure for finding the optimal order quantity
in this setting. The Lagrangian for this context is:

L(Qi,A) =E[r(Q1,-,0n)] — 24 (iSiQi_S>- (1.7)
=

Since (1.7) is strictly and jointly concave in the decision variables, the FOCs are
necessary and sufficient to obtain an optimal solution. These FOCs are:

dL

57 = 18i —vilF(Q7) +[1 = F(Q)]lpi —vi+Bi] = Asi, (1.8)
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JdL 2
= =Y 50;—S. (1.9)
900 5
Setting (1.8) equal to 0, the optimal stocking quantity for each product Q is:
i —Vvi—Asi+B;
Q;:F;I(w), (1.10)
pi—8&i+Bi

where A > 0.

In some practical situations, the optimal QF will tend to be very small and
any attempt to use the above procedure and round the results (to obtain integer
values of Q) could lead to considerable deviations from optimality. To handle
this situation, the authors propose a dynamic programming-based procedure but
of course, this method is not easily applicable when the number of products ()
is significantly large.

Nahmias and Schmidt (1984) introduced several heuristic methods to solve the
MPNP with a single constraint where the lagrange multiplier, A, is not easy to
evaluate. They also included an interest rate, /,which is used in determining the
carrying charge per period for the average inventory. Hence, the expected profit
including the interest rate can be shown as:

E[mi(Qi)] = (pi+0.5Ivi—gi)pti — [(1 = I)vi — &i] Qi — (pi +0.51c; — gi + Bi) ESi(Qi).
(1.11)
The optimal quantity then becomes:

Di— (1 +0.51>V,’+Bi—/lsi
pi+0.5Ivi—g;+B; '

Qi =F! (1.12)

Guessing an appropriate value of A, computing the corresponding values of Q;
and subsequently adjusting the value of A depending on (1.12) is very time
consuming. Thus, four different heuristic methods were introduced. Heuristic 1
finds the solution to the unconstrained problem and adjusts these values until the
constraint is satisfied. In heuristic 2, the critical point of the demand distribution is
scaled to fit the given volume. Finally, heuristics 3 and 4 are proposed based on the
Taylor expansion series of #;(1) = @~ (a; — b;A) and the corresponding As could
be calculated as follows:

S Uisi+ V2 Y S,'(Cl,‘ —-0.5)0,—S
vV 27‘62;[:1 b,’GiVi '

The procedures listed in this paper are mostly useful for the continuous values of
Q;s and are thus appropriate for moderate-to-high demand items.

Lau and Lau (1996) were among the first to observe that using Hadley and
Whitin’s approach may lead to infeasible(negative) order quantities for some of
the considered products when the constraint is tight. They based their work on
the classical expected cost minimization problem that was introduced by Hadley
and Whitin, where (v; — g;) is the unit overage cost and (p; — v; + B;) is the unit

Ai= (1.13)
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underage cost. By rearranging terms of (1.8), we can find the expected net benefit
of the marginal unit of product i (EBMUj) at Q; as:

EBMU; = [pi—vi+Bil[1 = F(Q})] = [vi— &l F(Q;)- (1.14)
Note that EBMU /s; is analogous to the A;. Lau and Lau introduced a procedure to
handle distributions with strictly positive lower bounds as well as distributions with
long left tails.

Abdel-Malek et al. (2004) developed the exact solution formulae for uniformly
distributed demand and presented a generic iterative method (GIM) when the
demand distribution is general. The author considered the total budget as the
resource constraint (37, v;Q; < Bg). Different from most of the work in the
literature, the author assumes there is a leftover cost (disposal fee), where a salvage
value is usually considered. In general, if the budget is abundant, the problem could
be solved by the unconstrained solution, yet if the budget is tight, we need to apply
the Lagrangian-based approach to solve the problem. The value of A is crucial to
solve the problem and the author discusses how to address this under specific and
general demand distributions. The formula for A when the demand is uniformly
distributed between a; and b; can be written as:

N
Z(Cix;f) — BG

h= : (1.15)

> (bi—ai)(vi)/ (pi+hi)

i=1

where h; is the holding cost. The closed-form expression when the demand is
exponential:

() i=
he! == . (1.16)

The proposed GIM finds the optimum under uniform distribution and near optimum
for other general distributions. GIM first finds the solution without the constraint and
checks whether the constraint is satisfied. If the constraint is satisfied, the solution
is optimal, if not, a solution that satisfies the constraint is found. Next, the error
is estimated, if this is at an acceptable level, the optimal solution is found. As
an extension to this paper, Abdel-Malek and Montanari (2005a) also defined the
thresholds to help the decision maker in recognizing the tightness of the budget
constraint, which can avoid infeasible order quantities by removing products with
low marginal utilities. The following equations determine the thresholds depending
on the available budget and demand patterns:

Threshold 1:

n n
(1) (1) [ pi—VvitBi #
B, = )» v F — | = > vi0;. 1.17
G 2 L] <pz_g1+Bl> 1:21 lQl ( )
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Threshold 2:
2 7 i— (07 +1)vi+B;
D Nl (e LR | (118)
i=1 pi—8i+Bi
where 6~ = min(_; ,)(6;) and notice that 6; is the marginal utility at the lower

limit of the feasible amount of the product to be ordered and could be calculated as
follows:

_ pi+Bi—(pi—gi+Bi)Fi(0)
Vi

0;

~1. (1.19)

Once the thresholds are defined, the solution procedure for each of the resulting
cases can be implemented as shown in the following.

Case 1 B(Gl) < Bg. In this case, the budget is abundant and the budget constraint is

redundant, so we can obtain the optimal solution from the unconstrained problem.
i —VitBi

_ pizvitB) (1.20)
(pi—g&i+Bi)

Case 2 B(GZ) <Bg < B(Gl). In this case, we can relax the nonnegativity constraint and
use the Lagrange method to get the optimal solutions.

pi—(0+1)vi+B;

Rlen =P T

(1.21)

Case 3 Bg < B(Gz). In this case, as mentioned before, the nonnegativity constraints
should be added to the model to avoid the infeasible solution. Furthermore, one or
more products will have an order quantity of zero.

To determine the optimal order quantities, one needs to compute the marginal
utilities of each product by using (1.19) first and rank them in ascending order.
Begin with excluding the product (set order quantity to zero) from the top of the
list and continue the exclusion process until the updated budget threshold is less
than the previous budget. B¢ ;) is the updated budget threshold as well as the lower
bound of budget required for including item i in the list, which is expressed by:

n/
_ pi—(ei—i—l)v,'-l-Bi
Bgi= Y viF; ! < Bg. 1.22
“ PR ( pPi—8i+Bi ¢ (122)

n' is the updated number of items on the list. Once this point is reached, the
problem becomes tractable again and we can apply the Lagrangian method without
nonnegativity constraint to get the optimal solutions.

Several researchers incorporated nonnegativity constraints on the decision vari-
ables in their approaches. Erlebacher (2000) developed optimal and heuristic
solutions for the classical problem. The first optimal solution refers to the event
where each item has a similar cost structure and the demand for each item is from a
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similar distribution. The second case is when the demand for each item follows
a uniform distribution. The first heuristic (H1) is optimal when all of the items
have a similar cost structure and similar shaped demand distribution and requires
only the mean and variance of each demand distribution and the cost data. The
second heuristic (H2) is optimal when the demand is uniformly distributed for each
item. The third heuristic (H3) is a modification of (H1) to account for general cost
structures based on the form of (H2). The authors use computational experiments to
show that (H2) is the most effective one, especially at higher levels of capacity.
Zhang et al. (2009) developed a binary search method to obtain the optimal solu-
tion. They defined the marginal benefit function as r;(x;) = (v — B; + (&#W),
where 7;(x;) is a nondecreasing function of x,, when x; > 0 and its inverse is a
strictly increasing function of r; when 1 — =t < r;(x;) < 0. The authors find that
the optimal solution to the constrained problem is the same as the unconstrained
optimal solution when the budget constraint is not binding and is less than the
unconstrained optimal solution when the budget constraint is binding. If there are
nonzero optimal solutions, their marginal benefits should equal each other. When

the budget constraint is binding, the optimal solution is xg**>, and (%) = ri(xi)
is the marginal benefit at xl(**). Zhang and Hua showed that 1 — % < ) <0

and r**) can be found using a binary search between these values. The algorithm
they developed first finds the solution to the unconstrained problem and assesses
whether the optimal value leads to a binding budget constraint. If this solution does
not satisfy the condition, a binary search procedure is applied. This algorithm can
provide an optimal or a near optimal solution to MPNP under any general demand
distribution and it can also provide a good approximate solution under discrete
demand distributions.

Zhang and Du (2010) studied the MPNP with a capacity constraint, where the
products can be outsourced to an external facility at a higher cost. They considered
zero-lead time (ZO) and nonzero lead time (NO) strategies. In ZO strategy, the
manufacturer makes the decision for the in-house production quantity in the first
period, and in the second period, after the demand is realized, the manufacturer
outsources the remaining demand with zero lead time. There are no lost sales
in this case. In the NO strategy, the manufacturer makes the decision for the in-
house production quantity and the outsourcing quantity in the first period. In this
strategy, if the demand exceeds the in-house production and outsourcing, there will
be backorders or lost sales. The NO strategy assumes that there is no difference in
arrival times of the products whether they are outsourced or produced in-house or if
a time difference exists, it is assumed that there is no cost to receiving the product
earlier than required.

It is assumed that each product has a deterministic production capacity and
a random demand. The demand distributions are approximated to exclude the
negative values allowing the following assumptions: Fj(x) = 0 for all x < 0,
and F;(0) > 0. The expected profit function for the ZO strategy consists of the
revenue of product i, salvage value of the excess of product i, less the outsourcing
and in-house production cost of product i. This model can be viewed as a
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parameter-adjusted single-constraint newsvendor model, and can be solved using
the methods developed by Zhang et al. (2009). Similarly, the expected profit
function of the NO strategy can be written as m = Y1 [(pi — vi)Yit (pi — di)Zi —
(pi—gi) f0m+zi17i(xi)dxi, where d; is the cost of outsourcing one unit, ¥; and Z;
are the decision variables for in-house production and outsourcing, respectively.
By analyzing the partial derivatives and the KKT conditions, it is evident that
the constrained optimal solution for in-house production will always be smaller
than the unconstrained optimal solution for in-house production when there is no
outsourcing (¥;* < Y). The optimal outsourced quantity will also be less than the
unconstrained problem solution and the maximum value it can take is Z—Y*. If the
unconstrained optimal in-house production quantity does not exceed the available
capacity, everything will be produced in-house. If the unconstrained optimal in-
house production quantity exceeds the available capacity, the limited capacity must
be fully utilized. Finally, the optimal solutions can be designed in a way that there
exists only one product that utilizes both sources of production,and for every other
product only one source of production is used. The results are that ZO strategy
outperforms the NO strategy when outsourcing costs are equal and managers should
try to find a ZO option with low implementing costs to achieve the maximum profit.

Moon and Silver (2000) presented dynamic programming procedures for MPNP,
where the budget is represented as the total value of the replenishment quantities.
In this paper, the decision variable is the order-up-to level, S;. There is an inventory
level of /; at the beginning of period i, a fixed ordering cost of A;, and a variable cost
of GI'(S?). Initially, it is assumed that there is enough budget to permit each item
to be ordered at its optimal. The authors formulate the problem as a minimization
of fixed and variable costs C (S;), and decide the ordering rule to be: order up to
S;, if I < s} where GI'(s}) = A; + GF (S¥). Moon and Silver, then introduced a
restricted budget W and developed a dynamic program to find the optimal order-
up-to level. This dynamic program first tries to solve the single period model with
a fixed ordering cost for each item separately and defines P to be the set of items
that are profitable to order and reaches to an optimum when the ordering cost is
within the budget. This solution method will become time consuming if the number
of items or the number of budget constraints are high. Hence, the authors developed
two heuristic algorithms. The first one, is a greedy allocation algorithm. At each
step, the algorithm reduces the budget until a feasible solution is reached and any
remaining budget is filled in a reverse greedy manner. The second algorithm, a two-
stage heuristic, tries to assign the budget proportionally to the items in P.

The authors also considered the distribution-free model and assumed that
the distribution of the demand belongs to the class F cumulative distribution
functions with mean p; and variance sz. This approach requires finding
the most unfavorable distribution in F for each S. Then, the objective
function becomes mings, ) maxpep) Xt Cf (Si). The authors rewrite the

cost function as Zf":lGIfV(Si)+A(i)l(Si>Ii) using the proposition from Gallego
and Moon (1993) indicating that a distribution satisfying E[D; — S;]t <

%{\/[(6,2)+ (Si—pu?)? — (Si— w;)} can always be found. In this cost function,
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W denotes a worst case distribution function of the demand. The optimal solution
can be found through backward recursive equations. The use of this distribution-
free solution is justified when the expected value of additional information
(EVAI) = ¥, CN(SY) — 3, CN(SV) is low. They mentioned two heuristics
can also be modified to solve the distribution-free approach; however, this has not
been studied in this paper.

Shao and Ji (2006) studied the multi-item newsvendor problem where the
demand is fuzzy. They defined the profit for product i to be:

e J im0 i10: < x 1.23
S (xi,xi(&)) {(p,'—gi)xi_(vi—gi)Qi) if Qi > x; (129

and the total profit as F(x,X(&)) = X7 f(xi,xi(&)) subjected to a budget con-
straint. They adopted the credibility theory and defined the credibility of a fuzzy
event as Cr(x; > p) = 3[Pos(x; > 0;) + Nec(x; > Q;)], where Pos(x; > Q;) =
supu>o;M(u) and Nec(x; > Q;) = 1 — supy<g,it(u). The maximum expected profit
of the newsvendor problem (MEP) is E[F(Q*,x;)] when E[F(Q*,x;)] > E[F(Q,x;)]
holds for all feasible Q. In the cases where a confidence level, o, is set as a
safety margin, a-maximum profit is F, where max(F|Cr(F(Q*,x;)) > F) > a) >
max(F|Cr((Q,x;) > F > o). The most maximum profit (MMP) is F(Q*,x;), when
Cr((Q*,xi) > Fy) > Cr((Q,x;) > Fy) where F, is the predetermined profit. The
authors formulate three models to represent the problem. The first one, the expected
value model, maximizes the expected value operator of the fuzzy event with
nonnegativity and the budget constraints. The second one, chance constraint model,
maximizes o — M P subject to credibility, nonnegativity, and budget constraints. The
third model, dependent chance programming, maximizes the credibility not less than
the predetermined profit with budget and the nonnegativity constraints. In this paper,
a hybrid intelligent algorithm combining fuzzy simulation and genetic algorithm is
introduced and numerical examples are provided to display the performance of this
algorithm with the three different models mentioned.

Lau and Lau (1988) studied an MPNP, where the objective is to maximize the
probability of a given target profit. They assumed that the shortage cost is zero
and also showed that any problem with g; > 0 can be converted to another one
without salvage value. The objective is to maximize Pr = Prob(Total Profit >
Target Profit(T) ). They consider three different approaches to find the optimum;
use simulation to find Qs and repeat to find the maximizing Pr for different pairs
of Q7s, derive an expression for Pr and use a “hill-climbing” method to find Q}s or
analytically solve for the FOCs of Pr. They execute approach 2 and 3, and perform
some numerical studies for specific demand distributions. In the first case, they
define T, as (p1 —vi)i1 + (p2 — v2) 2, and the target profit as T,which is set to
be 7,,,0.5T,,, or 0.25T,,. The products are assumed to have identical parameters and
demand distributions. Lau proved previously in a single product model that

Qi =T/(p—v). (1.24)
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In order to find the optimum, they first find the Qj that satisfy (1.24) for the single
item case. The results show that when Q; = Q; the individual and global optimal
values are the same. Otherwise, if P; < Py, the optimal for individual products
do not give the global optimum. If P; > P; and Q; # Q;, a reward policy can be
implemented to drive the subordinates to achieve the maximum global probability.
The authors applied this procedure for normally distributed demands as well. While
deriving the mathematical expression for Pr in approach 3, they introduced two
different situations. Situation B happens when p;Q; > T + v Q1 + v2 Q> for both

products and Situation A happens if p;Q; > T +v1Q; + v20> holds for one product,
and p;Q; < T +v1Q1 + 20> holds for the other.

e Situation A

Range 1: 0 <x; <L; where L; = (T +viQ; +v202 — p202)/p1- We know that
the profit from product 2 is pQ2 — v,Q»; thus, product 1 must contribute
T — (p202 —v,05). If the demand is in this range, Pr; = 0.

Range 2: L; < x; < Q. In this range, the profit from product 1 is pjx; —v{Q;
and the profit from product 2 is T — (p;x; —v1Q1). Hence, the probability
of achieving T when the demand is in range 2 is: Prp = ngll Sile)[1 —
FZ(T+V1Q1+V2Q2*P1X1 )]dx;.

P2

Range 3: Q) <x; <. In this range, the profit from product 1 is constant, (p; —
v1)Q1, and the profit from product 2 is T — (p; — v;)Q;. Thus, the probability
of achieving 7 when the demand is in range 3 is: Pr3 = [o fi(x1)[1 —

Fz( T+V1Q1+;§Q2*P1Q1 )]dx1

e Situation B

Range 1: 0 <x; <L, where L, = (T +v101 +v,0)p;1. Hence,
Pri = Jy? fil)[1 — B PO B s,
Range 2: L; < x; < oo, In this range, the probability of achieving T is:

Pry =1—-F(Ly).

The authors then derive the optimal ordering quantities assuming that the
parameters for both items are equal and the demand follows a uniform distribution.
Finally, they consider the case where the selling prices of each item is different.
They found using approach 2 that if p; < p,, then Q] > Q3 when T is small and
07 < Q;whenT >T,,.

Vairaktarakis (2000) mentioned in his paper, “.....along with the traditional risk
averse attitude, the managers render minimax regret approaches very important in
identifying robust solutions, i.e., solutions that perform well for any realization
of the uncertain demand parameters.” Based on this, he presents a number of
minimax regret formulations for the multi-item newsvendor problem with a single
budget constraint, when the demand distribution is completely unknown. Demand
uncertainty is captured by means of discrete and continuous scenarios.

In discrete demand scenarios, let D5(i) be the collection of all possible demand
realizations for item i, i = 1,2,...,n. Then, the solution to any of the multi-item
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problems that will be stated below must be n-tuple in D5(1) x D5(2) x ... x D3(n).
We consider three different objective functions.

* Absolute robustness. This approach attempts to find an n-tuple of order quantities
that maximize the worst case profit over all possible demand realizations.

max min Z 7i(Qi,d;)
(n) i=1

(Q1..-0n)EDS (1) xDS(2) x...x DS (n) (dy...dn)EDS(1)x DS (2)x...x DS (n
s.t. ZC,‘Q,' <W.
i=1

* Robust deviation. This formulation provides a solution that minimizes the
maximum profit loss due to demand uncertainty. The objective function is:

min max
(01..0n)EDS (1) DS (2) % ... x DS (1) (dy ...dw)EDS (1) x DS (2) % ... x DS (1)

n n
X z mi(di,d;) — mi(Qi,d;) st 2 ciQi <W,
i=1

i=1

where m;(d;,d;) — m;(Q;,d;) stands for the profit that could be realized if there
was no demand uncertainty less the profit made for the order quantity Q;.

* Relative robustness. This minimizes the relative profit loss per unit of profit that
could be made if there was no demand uncertainty.

min max
(Q1.--00)EDS(1)xDS(2) x...x DS (n) (dy ...dn) DS (1) x DS (2) ... x DS ()

< dlvd (Qla l) C . .
; r(dndy) s.t. ;C,ngw.

In the continuous demand scenario, the demand in (1.4) is bounded by D and D.
Then the minmax problem becomes:

max min 2717, Qi,d))

Qi dE[D,,D] —1

This problem can be reduced to a continuous knapsack problem, and solved by
the proposed algorithm in this paper. Then, the optimal quantity is:
(vi—gi)D+ (pi —vi+Bi)D

= . 1.25
¢ pi—&i+Bi (12
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Similarly, Choi et al. (2011) considered a risk-averse MPNP under the
law-invariant coherent measures of risk. They have shown that for heterogeneous
products with independent demands, increased risk aversion leads to decreased
orders, and derived closed-form approximations for the optimal order quantities.
Also, they have shown that risk-neutral (maximize the expected profit) solutions
are asymptotically optimal under risk aversion as the number of products tends to
be infinity. This result has an important business implication: companies with many
products or product families with low demand dependence need to look only at
risk-neutral solutions even if they are risk averse. For a risk-averse newsvendor with
dependent demands, they showed that in a two-product model with positively depen-
dent demands, the optimal order quantities are lower than for independent demands,
while for negatively dependent demands, the optimal order quantities are higher.

In another paper where risk was taken into consideration, Ozler et al. (2009)
consider a single-period MPNP, where a retailer determines the optimal order
quantities of N different products having stochastic demand. Furthermore, they
integrate risk considerations (i.e., the risk of earning less than a desired target profit
or losing more than an acceptable level due to demand uncertainty) through a Value
at Risk (VaR) approach. VaR is a measure of downside risk and is defined as the
probability of earning lower than the target profit value is less than or equal to a
threshold probability value.

In order to illustrate the approach, the authors first derive a compact expression
for the distribution of the profit for two products with a joint demand distribution,
and explicitly derive the VaR constraint in terms of the decision variables Q
and Q. The formulated problem turns out to be a mixed-integer programming
formulation with a nonlinear objective function under mixed linear and nonlinear
constraints. They analyze the conditions for the feasibility of this problem and
present a mathematical programming formulation that determines the optimal order
quantities. The authors also consider a correlated demand structure, and by solving
the two-product problem, they show that the expected profit is higher when two
products with negatively correlated demands are used under a VaR constraint. On
the other hand, when the VaR constraint is ignored, demand correlations have no
impact on the expected profit.

The authors also attempt to extend the procedure outlined for the two product
case to more than two products. In this line, they develop an approximation
method in case where there are N products with independent, normally distributed
demands. They utilize the central limit theorem to determine the distribution of
profit approximately and express VaR constraint by using the normal approximation.
Similar to the two-product setting, they analyze the feasibility conditions and
present a mathematical programming approach that yields optimal order quantities.
The case of the MPNP with a correlated demand structure is left for future research.

Mieghem and Rudi (2002) introduce a class of models called newsvendor
networks, which allow for multiple products, multiple processing, and storage points
and investigate how their single-period properties extend to dynamic settings. Such
a model provides a parsimonious framework to study various problems of stochastic
capacity investment and inventory management, including assembly, commonality,
distribution, flexibility, substitution, and transshipment.
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Consistent with the previous multidimensional newsvendor models, the
newsvendor networks are defined by a linear production technology, which
describes how inputs (supply) is transformed into outputs of fill end—product
demand, a linear financial structure, and a probability distribution of end—product
demand. This paper continues by incorporating multiple storage points into the
multidimensional newsvendor model.

We describe the features of a newsvendor network briefly. Before the demand is
realized, a set of “ex-ante” activities are performed on the inputs and their results are
stored in “stocks” or inventories. After the demand is realized, “ex-post”activities
process stocked inputs into demanded outputs using resources. In addition to being
constrained by demand, the sales or the output rate is also constrained both by
input stock levels and by the resource capacities, denoted by vectors S and K.
The ex-ante activities generate the cost vector, v; the ex-post activities generate
the marginal value vector p — v; the units carried over to subsequent period incur
a holding cost h. Let cx denote per unit capacity investment cost and x denote the
flow units. For example, activities 3 and 2 deplete stocks 1 and 2, respectively, and
consume Resource 2’s capacity at a rate of a~! and 1; activity 1 depletes stock
1 and consumes resource 1. Hence, the inventory constraints are: x; + x3 < S
and x, < S5, while the capacity constraints are x; < K; and x, + o 'y < K.
Newsvendor networks are thus about three decisions: capacity investment decisions
K, input inventory procurement decisions S, and activity decisions x(K,S, D).

The objective is to maximize the expected operating profit, which is the net value
from processing minus the shortage penalty cost and holding cost:

M(K,S)=E — )X —B(D—Rpx)" —h(S—Rgx)"
(K.$)=E  _max [(p=v)X—B(D—Rpx)" ~h(S—Rsx)"].

where Rg and Rp are input—output matrices, and A is the capacity consumption
matrix. The set of feasible activities are constrained by supply S, demand D, and
capacity K:

X(K,S$,D)=x<0:Rsx <S,Rpx <D,Ax <K.
The expected firm value to be maximized is :
V(K,S)=TI1(K,S) —vS — ckK.

This paper presented single period optimality conditions and showed that they
retain their optimality in a dynamic setting, so that a stationary base-stock policy is
optimal. Besides, it also shows that as in most inventory settings, lost sales are more
tractable in newsvendor networks than backlogging. The discussion suggests that
the culprits are discretionary activities or joint ex-post capacity constraints, both of
which make the order-up-to levels of inputs dependent on backlog in a nonlinear
manner.



16 N. Turken et al.
1.2.2 Multiple Constraints

Similar to the MPNP with a single constraint, the MPNP with multiple constraints
has also been investigated by a few researchers. Ben-Daya and Raouf (1993)
first presented an analytical solution procedure for a two-constraint multi-item
newsvendor problem in which all items’ demands are uniformly distributed. Lau
and Lau (1995) presented a Lagrangian-based numerical solution procedure of a
multi-item newsvendor problem with multiple constraints. Their proposed solution
procedure is an adaptation of the “Active Set Methods” which consists of two basic
components:

e Component A. For a given subset W(called the “working set”) of all the resource
constraints, component A solves the equality-constrained problem:

Max ) E[m(Qi)]

N
i=1

N
S.t. r,»,jQigRj,j:I,Z,...M, (1.26)

i=1

where r; ; is the coefficient of resource j of item i and Ris the amount available
of resource j.

e Component B. This is the procedure for defining and updating the working set
W for each altered component A. This component A and component B cycle is
repeated until the optimal condition is met. The authors provide mathematical
details and numerical examples to validate this method.

Lau and Lau (1997), in the sequel of their earlier works, proposed a three-
step procedure that used subjective probability elicitation to supplement whatever
empirical data is available to construct demand distribution functions. Since the
typical multi-item newsvendor problem solution procedure requires many repeated
evaluations of the demand’s inverse cdfs’, the authors suggest using Tocher’s general
“inverse cdf” to fit the distribution function:

F'(P)=D
:a—l—bp—i—cpz—i-ot(l—p)zln(p)—i—ﬁpzln(l—p), (1.27)

where five parameters (a,b,c,o, and ) could be determined by least-squares fitting.
Similar to the normal distribution, F 1(P) has a negative tail, which is eliminated
by using the following modification:

F,;' = D = max[0,F; ' (P)]. (1.28)

Abdel-Malek and Areeratchakul (2007) and Areeratchakul and Abdel-Malek
(2006) developed an approximate solution procedure to deal with this type of
problem. It is based on a triangular presentation of the areas resulting from integrals
that are included in the objective function, which facilitates expressing the objective
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function in quadratic terms. One can solve this problem using familiar linear
programming packages. The authors have shown that the objective function can
be expressed in the following quadratic form:

N
MaxZ =Y, (453 + BVxi+ ), (1.29)
-1

where expressions A i') , BE') ,and Ci(') are constants to be determined for each product
according to its demand probability distribution. In order to get the quadratic form
above, we first need to approximate the integral of the cumulative distribution
function using triangular approach as:

/O " F(D)dD; ~ %(x,» — ) (Al — 1), (1.30)

where x; — x;; is the length of the triangle base, F(x;) = A;(x; — x;;) is the height
of the triangle with respect to x;, and A; represents the slope of the triangle. For
more details about these parameters under different distribution functions, readers
can refer to the paper.

Abdel-Malek and Montanari (2005b) discussed a solution procedure for the
MPNP with two constraints. The methodology in the paper is based on analyzing the
dual of the solution space as defined by the constraints of the problem. In order to
avoid infeasible (negative) solutions, the authors propose that we begin by defining
the possible regions of the dual of the solution space. The corresponding solution
method is selected based on the area which the resource point is in. Finally, the
authors present two numerical examples to illustrate the application of the proposed
approach; the first one considers the case where only one of the constraints is
binding, and the second one analyzes the case where both constraints are binding.

In addition to the methods mentioned above, Niederhoff (2007) utilized the
separability of the objective function and used convex separable programming to
minimize the expected cost and calculate the optimal order quantities. Due to
the properties of the piecewise linear approximation method, this problem can
be studied without any specific distribution. This method also provides sensitivity
analysis which can give us some important insights.

1.2.3 Other Constrained MPNP Approaches

In addition to the classical constrained approaches, several authors focused on the
applications of the MPNP to address specific issues. Khouja and Mehrez (1996)
formulated a MPNP under a storage or budget constraint such that progressive
multiple discounts are offered to sell excess inventory. They provided different
algorithms depending on whether the optimal order quantities are large or small.
The authors assumed that there is a perfect and positive correlation between the
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demand at the jth discount price and the demand at the nondiscount price. If the
demand for the product at the nondiscount price is high, then discounting the price
of the product results in a proportionally high additional demand. Observations on
the solution to the constrained problem show that storage (or budget) constraint
in an MPNP reduces the service levels (i.e., probability of satisfying demand)
and order quantities of all products, when compared to the corresponding levels
for the unconstrained problem. Furthermore, the numerical examples that compare
multiple and single discount solutions indicate that using multiple discounts instead
of discounting just once to the salvage value may result in a different optimal
solution.

Shi and Zhang (2010), Shi et al. (2011) and Zhang (2010) investigated the MPNP
with supplier quantity discounts and a budget constraint, and the effect of these two
features on the optimal order quantities. In this line, Zhang presented a mixed integer
nonlinear programming model to formulate the problem. The proposed Lagrangian
relaxation approach is demonstrated by means of numerical tests. Finally, the
problem is extended to multiple constraints, including space or other resource
limitations. It is assumed that suppliers provide all-quantity discounts, and the
newsvendor faces uncertain demand for multiple products. Besides, the probability
density function for each product is assumed to be given.

To solve the problem, the authors use the Lagrangian heuristic and present
methods to find upper and lower bounds, as well as an initial feasible solution.
They relax the budget constraint (instead of discount constraints that potentially
give a tighter dual bound) as it results in a classical newsvendor subproblem
with discount constraints. The computational results indicate that the algorithm is
extremely effective for the newsvendor model with supplier quantity discounts and
a budget constraint (in terms of both solution quality and computing time). The
computational results for the multi-constraint case also indicate that the proposed
approach performs well for the problems with multiple constraints.

In a different extension, Chen and Chen (2010) developed a multi-product
newsvendor model under a budget constraint with the addition of a reservation
policy. Reservation policies reduce the demand uncertainty of newsvendor-type
products. Under the reservation policy studied in this paper, a discount rate is offered
to consumers in order to induce them to make a reservation and buy in advance.
The authors propose a general algorithm, namely the MCR algorithm, which finds
the optimal order quantity and the discount rate necessary to maximize the total
expected profit under the budget constraint. In order to illustrate the efficiency of
the proposed algorithm, MCR, they solve a numerical example and compare the
classical multi-product budget-constraint newsvendor model (CMC model) with
the multi-product budget-constraint newsvendor model with the reservation policy.
Numerical results show that the total expected profit obtained from the MCR is
greater than that of CMC. This is tied to the reservation policy proposed in the
model. The difference between the profits of these two models is treated as the value
of information. Thus, we can conclude that the decision to adopt the reservation
policy depends on the trade-off between the information value and the cost incurred
to establish the willingness function and extra-demand functions.
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Aviv and Federgruen (2001) address the multi-product inventory system problem
with random and seasonally fluctuating demands. Moreover, they extend the anal-
ysis to a multi-echelon problem, two stages specifically. This paper contributes to
the literature on delayed product differentiation strategies and makes an assumption
that “Demands in each period follow a given multivariate distribution with arbitrary
correlations between items.” In addition, “....as in virtually all inventory models, the
demands in different periods are independent and their distributions are perfectly
known.” Unsatisfied demand is backlogged; each cost component of a product is a
function of the product’s inventory position(including inventory on hand, blanks
being transformed into units of the final product and minus the backlogs). The
objective is to minimize expected discounted cost over a finite or infinite horizon
or to minimize the long-run average value.

To include all the cost components, this paper defines a expected value of costs
for jth item in a period of type k as

—k ; k+1;1F
Gj_oc/Ehj<[yj—df—dl’]?“...—dj 4 )
oy ([ds a4 a3 +),

where y; is the inventory position of item j at the beginning of a period, d’]? is the
demand at period k for item j, /; is the holding cost, and o/ is the discount factor.
The model can be formulated as a Markov Decision Process with countable state
space S = {(x,k), x is integer, k = 1,...,K} and finite action sets A(x,k) = {y: x <y
and 2§-:1 yj < 25:1)5 i+ b*}. To solve this problem, the authors propose a lower-
bond approximation and heuristic strategies. In the case of a 2-stage echelon, i.e.,
production has positive lead time, they simply modified R¥(.), which is the one-
step cost function in a single-item model, and introduced the system-wide echelon
inventory position of blanks.

Chung et al. (2008) considered the items with short life cycles or seasonal
demands. They developed a two-stage, multi-item model incorporating the reac-
tive production that employs a firm’s internal capacity. Reactive capacities are
preallocated to each item in preseason stage and cannot be changed during the
reactive stage. The objective is expected profit maximization. A simple algorithm
for computing optimal policies is presented. This paper aims to help managers
understand how employing internal capacity during reactive stage can reduce the
impact of the poor demand forecasts. Without fixed costs, the optimal production
vector for the reactive stage is a simple function of the production vector, Q, for
the preseason stage and the capacity allocation vector, Z, for the reactive stage. By
analyzing the KKT conditions, the optimal solution and the Lagrange multiplier, 1,
can be determined.

Casimir (2002) used MPNP to determine the value of incomplete information.
He focused on the value of information in three newsvendor models: the basic
model with no constraints, the model with budget or capacity constraints, and the
model with substitutability. The value of incomplete information is considered in the
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form of product-mix information and global information. Product-mix information
implies total demand is unknown, but the distribution over products is known
exactly. In this case, the overall optimal order quantity is determined initially,
and then the optimal order quantity for each single item is determined from the
actual value. In the case of global information, total demand is known, but its
distribution over the products is unknown. Then, the optimal order quantity for each
individual item with the given total demand has to be determined. Here, the authors
compute the value of incomplete information by comparing the expected profits of
the two cases, and do not consider the performance criteria. Besides, rather than
the computation of optimal order quantities, results are computed numerically to
provide a research framework for the value of information. Their assumptions are:
(1) demand is normally distributed, (2) demand for different items is independent,
(3) the salvage value for unsold items is zero, (4) there is no penalty for unmet
demand, (5) price, cost, average demand, and standard deviation of demand for all
products are the same, (6) for the model with budget constraint, only two items are
considered, (7) analyzing substitutability, only a two-item newsvendor problem is
considered, and it is assumed that the customer takes a single unit of the substitution
product, and (8) substitutability is assumed to be symmetric.

In the model without additional complications, it is shown that the value
of product-mix information increases with the number of items, whereas the
value of global information decreases with the number of items. The value of
both product-mix information and global information decreases with a budget
constraint. Furthermore, the value of perfect information also decreases with a
budget constraint. The probability of substitution decreases the value of product-
mix information such that it is zero with complete substitution, and increases the
value of global information so that it is equal to the value of perfect information
with complete substitution.

Finally, Zhang and Hua (2010) consider a system where the products are
procured from the supplier with a fixed-price contract. Under this procurement
strategy, the retailer does not order enough products to avoid the risk raised from
demand uncertainty (i.e., lower realized demand). The authors here apply a portfolio
approach to MPNP under a budget constraint, where the retailer’s procurement
strategy is designed as a portfolio contract. In this case, each newsvendor product
can be procured from the supplier with dual contracts: a fixed-price contract and an
option contract. The retailer can lower the inventory risk by utilizing the flexibility of
the option contract. On the other hand, it in turn results in additional costs compared
to fixed-price contracts, since unit reservation and execution cost of option contract
is typically higher than unit cost of a fixed-price contract. In the paper, the objective
is to maximize the total expected profit of the retailer through determining the
optimal order quantities of products procured with portfolio contracts. The authors
consider a single-period model and assume that the retailer sells n products with
independent and stochastic demands. All demands are considered to be nonnegative.
The portfolio contract consists of a fixed-price contract and an option contract. In the
fixed-price contract, the retailer pays a unit fixed cost for each product he procured
from the supplier. In the option contract, to reserve certain order quantity, the retailer
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prepays a unit reservation cost up-front. Then, the retailer pays an execution cost for
each unit purchased up to the option reservation level. The retailer loses the initial
payment if he does not exercise the option. Related to those, it is further assumed
that:

» The total cost of option contract (reservation plus execution cost) is larger than
the cost of fixed-price contract.

* The reservation cost of option contract is smaller than the pure procurement cost
of the fixed-price contract.

Following the problem formulation, the authors establish the structural properties
of the optimal solution (e.g., the concavity of expected profit function) and propose
a polynomial solution algorithm of o(n) order. The main advantage of the proposed
algorithm is that it does not depend on a specific demand distribution and it
is applicable to general continuous demand distributions. Finally, they conduct
numerical studies and sensitivity analysis to show the efficiency of the proposed
algorithm, as well as compare three procurement contracts: fixed-price contract
(FC), option contract (OC), and portfolio contract (PC). It is evident that the
newsvendor model with PC, generates significant improvement compared to FC
and OC models. Furthermore, it is shown that following the increase in the available
budget, the performance gap between FC and PC models decreases, while the gap
between OC and PC increases.

Vaagen and Wallace (2008) study risk hedging in fashion supply chains. They
consider two states of the world: Statel when a variant of a product becomes
popular and the others go out of fashion, and State2 is when the reverse happens.
In this paper, Vaagen and Wallace provide a portfolio building decision model
under uncertainty by combining The Markowitz and the newsboy models into a
stochastic optimization model. This model tries to minimize the profit risk using
semi-variance. The results of the different scenarios show that hedging portfolios
gives any company a competitive advantage. We can also conclude that the uncertain
information such as demand estimates and trend information for a certain group of
products are not as important in the fashion industry as it is in other industries.
The best approach in this case is to define and release hedge portfolios. This model
can be extended to include substitutability, which is discussed by Cheng and Choi
(2010).

1.3 Substitute Products

Retailers often offer product substitutes to prevent customer loss. This substitution
can be perfect, partial, or downward. Most of the early works used two-way
substitution and introduced heuristics to find the optimal order quantities. Recent
works, however, focus more on one-way substitution. This type of substitution arises
in real life, for example, in the semiconductor industry; a higher capacity chip can
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be used to satisfy demands for lower capacity chips. Current literature in this stream
can be classified as those focusing on one-way substitution or two-way substitution.

1.3.1 One-Way Substitution

Bassok et al. (1999) concentrated on full downward substitution among the various
structures of substitution. Considering that there are N products and N demand
classes, full downward substitution implies that excess demand for class i can be
satisfied using stocks of product j for i > j. The authors discuss a two-stage profit
maximization formulation for the multi-product substitution problem. In the first
stage, the orders are placed (before demands are realized) , and in the second stage
the products are allocated to demands (after demand is observed) (i.e., allocation
problem). The authors assume that there are N products and N demand classes,
and the demands for each class are stochastic. The order, holding, penalty, and
salvage costs are assumed to be proportional, and the revenue is linear in the
quantity sold. It is further assumed that the substitution cost is proportional to the
quantity substituted. Delivery lags and capacity constraints are ruled out. Finally,
it is assumed that the revenue earned for each unit of satisfied demand in class i
depends only on i and not on the type of product j used to satisfy the excess demand.
The authors assume that: (a) it is more profitable to satisfy unmet demand of class i
than of class j, for i < j; (b) the effective salvage value of product i is not less than
that of product j, for i < j; and (c) the substitution of product i for demand class j
is profitable.

Let /(X) be the maximum single period profits and P(%,y) be the expected
single period profits when the starting inventory before placing the order is X and

after ordering is raised to y. Then, I(¥) = max(7 > X)P(¥,Y). Let d =
(dy,...,dy) be a vector of realized demands. Define F(j) =Fio. n(di,...,dN)
as the joint distribution of demands from class 1 to N. Let G(Y, j) be the profits

for a given stock level, 7, and the realized demand, 7 Let w;j be the quantity of
product j allocated to the demand class j. Then

P(¥, ) —_ick()’k_xk)—F/I;N G(7, d)ar(d), (1.31)
k=1 M

where:
i

N N N
G(Y, 7) = max 2 2 ajiwji + Z SiVi — Z TTiu;.
1 i=1 i=1

Ll,’,V,’,Wj,’ i—1 j:
Subject to

i N
ui+ Y wip=difori=1,...,N,vi+ Yy wj=yifori=1,...,N. (1.32)
j=1 i=1
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The authors present a greedy algorithm for the allocation problem, and give a
new and compact notation of writing the first differentials of the profit function
with respect to stock levels. They prove that given a starting inventory level, the
allocation algorithm will maximize profits in G(7,7) In addition, the profit
function P(?,?) is proven to be concave and submodular. They also propose
an iterative algorithm to compute the order points for a two-product problem, and
develop bounds on the optimal order points. Finally, they present a computational
study for the two-product problem and show that the benefits of solving for the
optimal quantities, when substitution is considered at the ordering stage, are higher
with high demand variability, low substitution cost, low profit margins, high salvage
values, and similarity of products in terms of prices and costs.

Smith and Agrawal (2000) have analyzed the impact of retail assortments on
inventory management and customer service. They focused on product variety
in retailing environment, where the customers can often be satisfied by one of
several items, e.g., light colors of T-shirts in apparel. In this paper, they develop
a probabilistic demand model for items in an assortment that capture the effects of
substitution and provide a methodology for selecting item inventory levels so as to
maximize total expected profit, subject to given resource constraints. Because of
substitution, the inventory levels for products in an assortment must be optimized
jointly.

They consider inventory policies that reinitialize at the start of each fixed cycle,
assuming lost sales occur if there is a stockout before the end of the cycle.
The authors also analyze several illustrative numerical examples to demonstrate
the insights, such as, substitution effects can reduce the optimal assortment size,
and policies of ignoring substitution effects can be less profitable than those that
explicitly incorporate substitution effects. Similarly, Shah and Avittathur (2007)
studied the effects of retail assortments on inventory control. Different from
Smith,he defined a demand cannibalization and substitution index and assumed the
demand to be a Poisson process (similar to Anupindi et al. 1998). The numerical
results showed that when the fixed cost and salvage value of a customized product
is high and its incremental profits are low, it is not feasible to carry customized
products.

In addition, Smith and Agrawal (2000) also studied a “static’” substitution model.
They assumed that the choice by the customer is independent of the current
inventory levels and the customer does not accept a second choice. Mahajan and
van Ryzin (2001) used a choice process based on a utility that is assigned by the
customer to each product. This utility is interpreted as the net benefit to the customer
from purchasing or not purchasing a product. In this case, the information available
to the retailer is only the probability of a sample path @ = {U;, : t +1,...,T},
where T is the number of customers. The number of sales is dependent on the
initial inventory level and the sample path. The authors then introduce a sample
path gradient algorithm to obtain the optimal results.
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Dutta and Chakraborty (2010) studied the newsboy problem with one-way
substitution where the demand is fuzzy. The membership function of demand of
product i is represented as:

Li(x):lega &SXSD,
Hp, ) =\ Rilx) = gfgi, D; > x> D, (1.33)
0, otherwise,

where the demand is D; = (Di,D;,D;). The fuzzy objective function is complex
and the concavity proof is difficult; therefore, Dutta and Chakraborty developed
an algorithm to find the optimal order quantity. They defined four situations of
demand in relation to the Q* and run the complete procedure for each one of these.
They ran some numerical examples to provide validation for their method and made
recommendations for further research to include salvage value and holding cost as
well as two-way substitution.

Considering a stylized scenario for two products, without a loss of generality,
assume that product 1 substitutes for product 2 one-to-one, and if there is a
substitution, this item is sold at the price of product 2. We also assume that the
selling price of the substituted item is higher than the cost of the substitute as well
as its salvage value. Then the actual end of period profit for the buyer is:

2
Case 1. 'El[p,-xi —v;i0i+8i(0i —x)] ifx; <0150 <02

i=

2
Case 2. p1Q1 + paxs — '21 viQi+82(02—x)—Bi(x1 — Q1) ifx;>0Lxy <0

iz
2
Case 3. prx1+p2Q2 — ‘21 viQi+ paMin(x2— Q2,01 —x1) ifx; <QLixy >0
iz
+81(01 —x1 = (22 = Q2)|" = Ba[xa — Q2 — (01 —x1)|*

2
Case 4. '21 piQi —viQi — Bi(xi — Qi) ifx; > 0Lix > 0»
i

(1.34)

and based on this, the expected profit function is:

E[r(01,0,)] = E | [piMin(x1,01) + poMin[x2, 02 + (Q1 —x1) "] —viQ1 — 20,

+81[01 —x1— (22— 02) " +82(Q2 —x2) " = Bi(x — Q1) "

—Bxa— 0, — (01 —x) )"

01 oo
=pi UO xlfl(xl)dM-F/Q1 Qlfl(xl)dxl}

O oo
+ UO xzfz(xz)dxz+/Q 02 f2(x2)dxz
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Q1 o
+/o /Qz(Ql—xl)f(xlaXZ)dedxl}
01 O
- 101 =202+ g1 {/ / (@1 —x1)f(x1,%x2)dxadx
o Jo

01+02—x2 01+02
+/0 /Q (Q1+02—x1 _XZ)f(xla)CZ)dxzdxl]
. JO,

oo

03
+gz/0 (Qz—xz)fz(xz)dxz—Bl./ (x1 — Q1) f1(x1)dxy

[}

- B, [/QT /Qj(xz — 02) f1(x1,x2)dxpdx;

Q1 e
+ / / (x1+x0—-01— Qz)f(xhxz)dxzdm} . (1.35)
0 JO1+0x—x

Cai et al. (2004) used a similar expected profit function as above and proved that
it is concave and submodular. Using this property, the optimal order quantities can
be found by setting the derivatives with respect to Q; and Q, equal to zero. If we
define G(Q1,02) = 2" [27927 f(xy,x2)dxadxy, the following holds:

. (p2+B2) —g1) . (p1+B1) —vi
G = 1.36
Fl(Q1)+(P1+Bl)—(P2+Bz) (01,03) (p1+Bi1)— (p2+B2)’ (1.36)
Fa(y) + B8\ G o)~ (07,03 | = 2B g )
(p2+B2) —g2) (p2+B2) — &2

F;(Q7) represents the probability of all of the demand for item i being sat-
isfied when the stock level is QF. G(Q},0Q3) is the probability that the total
demand is satisfied given that item 1 was substituted for item 2. F(Q7,03%) =

OQ' f0Q2 Sf(x1,x2)dx,dx; is defined as the probability that the demand for each item
is satisfied without any substitution. Finally, F>(Q3) + G(Q7,05) — F(Q7,05) is the
probability that all of the demand for item 2 is satisfied using either of the items.
Cai et al proved four different properties of the optimal order quantities. Property 1
shows that as the unit price of item i increases, Q7 decreases and Q; increases and,
evidently Q5 decreases as the unit price of item 2 increases. Property 2 states that
when the price of each item increases, their respective optimal quantities decrease.
Conversely, the increase in price of item 1 decreases the optimal quantity for item 2.
Property 3 states a similar argument related to salvage cost. Property 4 indicates that
the optimal order quantity of each item is linearly related to their respective mean
demands. Property 5 states that the variance of item i affects the optimal quantity of
item j reversely. In this paper, the authors showed that the expected profits and the
fill rate can be improved by using substitution.
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Table 1.1 Notations for two-way substitution

Symbol Meaning

R Review period

L; Replenishment lead time

Li+R; Replenishment cycle

fi(x0) Density function of demand over the replenishment
cycle for product i

Bi Parameter that satisfies, 0; = ;0]

r Inventory holding cost

S; Order up-to level

K; Safety factor, S; = X; + K;0;

0<o<1 Probability that a costumer will substitute j for a unit
of i

Suluo) Density function of standard normal distribution

G, (k) Tabulated function of the standard normal distribution

1.3.2 Two-Way Substitution

Unlike the one-way substitution, in two-way substitution case, each of the items can
be used to supply the demand for another one. This only occurs when the demand
for one item is higher than the quantity ordered and the demand for the substitute
item is lower than the quantity ordered. McGillivray and Silver (1978) and Parlar
and Goyal (1984) assumed whenever substitution is possible, there is a probability
that a customer will accept a substitute product. In Parlar’s case, this probability
was between 0 and 1, whereas it was fixed for McGillivray. In McGillivray’s paper,
the demand, x; , is assumed to be normally distributed with a mean of X; and a
standard deviation of 0; = B;01. The order up to level is given as S; = x; + K;0;
and the expected shortage per replenishment cycle is ESPRC; = 0,G,(K;). The unit
variable costs and shortage cost of the substitutable, items are also assumed to be
identical. This assumption is justified by the fact that in reality when two items are
substitutable they will have similar prices. Different levels of substitutability were
considered in the paper. The notation used in their paper is shown on Table 1.1.

We know that G, (k) = [ (uo — k) fu(uo)dug, and % = —P,>(K;). By setting
the partial derivative of ETRC with respect to K; to 0, we find that P, > (K;*) = 1%
for i = 1,...,N. Using the standard normal property f,(uo) = Pu>(uo) + Gu(uo),
ETRC can be reduced to:

1 N
ETRC(K},K;,..,K}) = EDszrJr o1Bfu(K*) Y. Bi. (1.38)
i=1

If we assume that there is full demand transferability and all items are perfect
substitutes of each other, a;; = 1, a shortage happens only when the total demand for
all items is smaller than the total stock up-to level. The total shortage and on-hand
inventory decrease the same amount by the transfer sales; therefore, the total net
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stock stays the same as the general case. Consequently, the expected total relevant
costs with perfect substitution is:

ETRC,(K},,K}5,...K}") = %Dszr—i— 01By\/ Y B2 fu(K"). (1.39)
The minimum cost equation is the same as the single item newsvendor model
with the demand equivalent to the total demand of substitutable item problem.
The savings from the substitutability can be expressed as ETRC(K{,K5,...K;) —
ETRCG; (I(Z*I’I(I*Z’ K;,). Given (1.38) and (1.39) , the maximum possible savings
will occur when substitutability, a;j, is equal to 1. Thus,

=0oiB( X Bi— /2B ) fu(K*)), and K} = ... =Ky =K* = ==L
\/ 2 B?
(1.40)

In addition to these results, the authors (through a numerical analysis for a two
item model) show that when both items are substitutable to each other, the potential
savings increase when K* increases. In the case of one way substitution, where
a2 =0 and ap; = 1, the optimal policy is to stock item 1 only. This theorem also
holds when 0 < aj» < 1 and ap; = 1. There is no analytic expression for ESPRC
when both items are partially substitutable to each other. Hence, McGillivray and
Silver simulated a two-item inventory problem with substitutability. As a result,
they demonstrated that when substitutability levels are between 0 and 0.75, the
model acts as an independent item inventory control problem. Furthermore, a cost
penalty larger than 20% of the MPS only occurs when one of the items is a perfect
substitute of the other. For the case of partial substitutability, a heuristic approach
was developed and tested.

In relation to the heuristic approach, the expected transferred demands were
defined as E(T»1) = ap  ESPRC, and E(Ty;) = a;pESPRC, for items 1 and 2,
respectively. This approach tries to find the optimal values for K and § using
PMZ(K[*) = Rvr/[B(1 — aj,-) + ajier] and S; = [x; + ajl-GjGu(Kj)] + K;o; for i # j
i=1,...,N. This two-item model can also be extended to include multiple items
and it is computationally straightforward.

Netessine and Rudi’s paper Netessine and Rudi (2003) examines the optimal
inventory stocking policies for a given product line under the notion that consumers
who do not find their first-choice product in the current inventory might substitute
a similar product for it (consumer-driven substitution). Namely, there is an arbitrary
number of products and each consumer has a first choice product. If this product is
out of stock, the consumer might choose one of the other products as a substitute.

Let o;; denote the probability that a customer will substitute j for a unit of i. The
demand vector, D = (Dy,...,Dj), follows a known continuous multivariate demand
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distribution with positive support. In the centralized inventory model, the expected
profit of the company who manages n products is:

= Ez [pimin <D[+Z(Xij(Dj —Qj)+aQi>

J#i

n
—viQi+g&i (Qi_ <D,’+Z(X{j(Di_Qj)+>> ] .

J#
The demand vector for i is Df = Di+¥;; 04j(Dj — Q;) ", where the superscript
S indicates that the effect from substitution has been accounted for. In other words,
D? is the sum of the first-choice demand and demand from substitution. It is
conventional to define u; = p; — v;, the unit underage cost; and o; = v; — g;,the unit
overage cost. This paper proves that the first-order necessary optimality conditions
of the centralized problem are given by:

Pr(D; < Q5) — Pr(D; < QY < DY)

Ui

Ui+o;j S _ ~C c
o Pr(DS < O\ D; > 0F) = .
+§‘l.u,'—|—0,- ij r( j Q, i Ql) Ui+ o;

In the decentralized inventory model, the profit for each firm i is:
M =E [wD; —u(D; — Q)" —0; (Qi —Df)] ,i=1,..n.

This paper also shows that any Nash equilibrium is characterized by the
following optimality conditions:

Pr(D; < @) — Pr(D; < D! < D§) =

u; + o;

After comparing the optimal ordering quantity O and Qfl, the paper finds that:
there exist situations when Qf > Q;j for some i, it is always true that Qf < Q;j for
at least one 7, suppose that all the costs are independent and identically distributed,
and the consumers are equally likely to switch to any of the (N — 1) products for all
i, j. Then QS < Q¢ for all i.

Nagarajan and Rajagopalan (2008) took a different approach and assumed the
demands of products to be correlated. They defined the total demand to be D, and
the demand portions of the products to be p, (1 — p). Without loss of generality, D
is set to be 1, and the optimal order quantities for product 1 and 2 differ from the
general newsvendor solution by (1 — ). This indicates that the higher the fraction
of substitution, the lower the inventory levels. In the case of asymmetric costs and
random total demand, a fixed proportion, ¥, of the customers looking for item i
when it is depleted will purchase the substitute and (1 — %) of them will not make a
purchase. If we let ¥ = max{(p; +B;) — (hi+2c¢;)/(pj+hj+Bi),1},i,j=1,2,i#j
then, if 33 < 7, the “partially decoupled” inventory policy is optimal. It is evident
that when product 2 is priced higher, the optimal base stock for product 1 is lower.
Especially, in the case of high enough p, and A, this base stock level can be
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below the mean or even close to zero. This means that the risk-pooling effect of
substitution reduces the inventories of both products. This effect is more apparent
for the inventory of the lower priced product. The authors show that this method can
easily be applied to the n-product and multi-period model.

Focusing on a stylized two-product setting, the end of period profit for the buyer

are:
2
Case 1. ;[pixi —iQi+gi(Qi —xi) ifx; <01 <0
Case 2. p1Q1 + paxp — iviQi + piMin(x; — Q1,02 — x2) if x; > Qlyx, <0
+£2((Q2 —x2) l—:Exl =0T = Bi[(x1 = Q1) = (%2 —x)]"
Case 3. p1x;+ p2Qr — i viQi + paMin(x2 — 02,01 — x1) ifx; <QOlyxo >0
+81[(Q1 —x1) l—:Exz — Q)" = Ba[(x2 = 02) — (@1 —x1)]*
Case 4. ip,-QifviQifBi(x,-fQi) if x> 0lixy > Q)

i=1

(1.41)

and based on this, the expected profit function is:

E[r(Q1,Q)] = E

[p1Min(x1,01) + paMin[x2, 02 + (@1 —x1) "] = vi01 — 120>

+81[01 —x1 — (2= 02)T]" + 82(02 —x2) " = Bi(x1 — Q1)
—Bs[x — 0, — (O1 —X1)+]+]
01 00
=D [/0 lel(xl)dx1+/Q 01 /1 (x1)dx
Q1 fe
+ /0 /Qz(Qz—xz)f(xhxz)dxsz]
)3 00
+ 2 [/0 Xzfz(xz)dxz-i-/Q 02 f2(x2)dxs
Q1 fe
+/0 /QZ(Ql—M)f(thz)dxsz}
01 O
— 101 =202+ g1 [/0 /o (Q1 —x1)f (x1,x2)dx1dxz
01+0—x2 rO1+0>
+ / / (Q1+ 02 —x1 —x2) f(x1,x2)dx1dxp
0

%)

01 O
+ & UO /o (Q2 —x2) f (x1,x2)dxadx;
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01+0—x1 01+
+/0 /Q (Q1+Q2—X1—xz)f(x1,X2)dX2dX1]

1

— B [/;/;(n — Q1) f(x1,x2)dx1dx2
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0)3
+ /0 (x1+x2— 01 _Q2)f(x17x2)dx2dxl]

01+02—x2
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Q1 fe
+ / / (x1+x2— 01 —Qz)f(xhxz)dxzdxl} -
0 01+02—x;
(1.42)

Pasternack and Drezner (1991) proved that this function is concave and showed
that the optimal quantities can be found using a specific distribution and parameters.
Assuming that the revenue from substitution is different from the revenue from
regular sales, the authors also explored the effect of substitution on the order
quantities and showed that for a given revenue of #, for each product 2 that is
substituted for product 1:

P> 0and 2 <0, (1.43)

and a similar result holds for product 1. This result implies that if the revenue
from substitution of one product increases, the optimal order quantity for the
other product will decrease and the substitute product will increase. The authors
analytically solved the case for the one-way substitution and reached similar
insights. In addition, the authors explored the effect of substitution on the total
inventory levels and observed that when the revenue from substitution increases,
the optimal quantity of the substitutable product increases faster than the substitute.

Rajaram and Tang (2001) studied the same problem but allowed the substitution
parameter to be anywhere between 0 and 1. The heuristic they presented explores
how the demand variation and correlation as well as the substitution affect the
expected order quantities and expected profits. Khouja et al. (1996) used Monte
Carlo simulation to find the optimal order quantities. Six events are defined to
represent this model. First event is when the demand for each item is less than
its order quantities. Second event is when the demand for each item is equal to or
higher than its order quantities. The third and the fourth events are when the demand
for item 1 is greater than the order quantity, and the excess quantity of item j is
sufficient or insufficient, respectively. Similar case holds for the fifth and the sixth
events. They define the upper and lower quantity bounds for each item and prove that
the optimal quantities will be between these two values. The first property, which
aids the proof of Lemma 1, states that it is more profitable to sell customers one unit
of i than to sell #; quantity of item j. They define the lower bounds to be Q% and QF,
where Fi(X; = Q%) ~ 1 and F>(X, = Q%) ~ 1 holds. Lemma 1 indicates that the
optimal solution will always be higher than the lower bound. In order to prove this,
three scenarios that violate lemma 1 are considered. They show that for each of the
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cases, the expected profit increases when the solution is equal to or higher than the
lower bound. They define upper bounds to be QY and QY, where F3(X3 = Q}) ~ 1
and Fy(Xy = OY) = 1, X3 = X1 +11 (X2 — O%) and X4 = X2 +12(X; — QF). Using
similar arguments to lemma 1, they prove that the optimal solution is lower than the
upper bound. Stricter upper bounds can be found assuming X; and X, are normally
distributed; consequently, X3 and X4 can be assumed to be normally distributed.
They prove that any optimal solution will be less than QY and QY , where QY
and QI; are the solutions to the newsvendor problems with demands X3 and Xj.
Numerical tests were run to gain insights to the problem. As a result, it was found
that as #; increases, Q] increases and Q, decreases. This can be explained by the
decrease in the effective cost of underestimating item 2. Consequently, the demand
for item 1 increases and the demand for item 2 decreases.

The assumptions for this paper are: (1) demand is normally distributed, (2)
demand for different items is independent, (3) the salvage value for unsold items is
zero, (4) there is no penalty for unmet demand, (5) price, cost, average demand, and
standard deviation of demand for all products are the same, (6) for the model with
budget constraint, only two items are considered, (7) analyzing substitutability, only
a two-item newsvendor problem is considered, and it is assumed that the customer
takes a single unit of the substitution product, and (8) substitutability is assumed to
be symmetric.

In the model without additional complications, it is shown that the value
of product-mix information increases with the number of items, whereas the
value of global information decreases with the number of items. The value of
both product-mix information and global information decreases with a budget
constraint. Furthermore, the value of perfect information also decreases with a
budget constraint. The probability of substitution decreases the value of product-
mix information such that it is zero with complete substitution, and increases the
value of global information so that it is equal to the value of perfect information
with complete substitution.

1.4 Extensions

In this final section, we describe two recent extensions for handling the uncon-
strained MPNP for the case of substitute products. The first extension examines the
case where the demand is price dependent. This is a common situation that arises in
practices that customers substitute a different product when the price of the desired
product has increased. For example, the supermarkets stock two different brand
shampoos with same price and similar quality. If one of the products has increased
their price, the price sensitive customers will choose the product with the lower
price. The second case addresses the situation where demand is quantity dependent.
This is reasonable in reality because an increase in shelf space for a product attracts
more customers to buy it due to its visibility and popularity. Conversely, low stocks
of certain goods (e.g., perishable food) might leave the impression that they are not
fresh. In both cases, we present the results for a stylized scenario for two products.
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1.4.1 Price Linear Demand

Carrillo et al. (2011) analyze the stocking decision under price linear demand for
substitutive products. The demand function for product i(i = 1,2) is:

Xi=a;—bipi+sp;+&, (1.44)

where q; is the market share for product i, b; represents the price elasticity of demand
for product i, and s is the symmetric price-based substitution effect parameter. &; is
defined as a continuous random variable with probability density function f(-) and
cumulative distribution function F(-) in the range of [—d;,d;] with mean y; The
profit for each product is:

oy pixi—viQi+gi(Qi—xi) if Qi >x;
Qi) = {PiQi_ViQi_Bi(xi_Qi) if Qi <x;i ' (143)

Let z; = Q; — a; + b;pi, the expected profit for each product i is:
21
E[II(z1,22,p1,p2)] = {/d [p1(a1 —bip1+sp2+ &) +gi(z1 —81)]f(81)d81}
v —d]

+ {/dl [p1(a1 —b1p1+sp2+2z1) + Bi(z1 — 81)]f(81)d81}

21
—vi(ay —bip1+sp2+21)

+{/Z; [pZ(az—b2P2+Sp1+82)+g2(22_32)]f(82)d82}

d
+ {/ [p2(as —bopr +sp1+22) + Ba(z2 — 82)]f(82)d82}

—va(az —bapr +sp1 +22)
2

=Y { (pi —vi)(ai—bipi) — (vi— gi)zi

i-1
d; d;

—(pi— i) {/z (Ei—Zi)f(gi)dgi_”i} }"‘Bi/z (zi—&)

x f(&)dei+sp1(p2—v2) +sp2(p1 —vi). (1.46)

The FOCs are:

QE[I]

a—zl:_v1+g1F(Z1)+(pl+Bl)[1_F(Zl)]’ (1.47)
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OE[IT
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a—zz:_V2+32+(p2+32)[1_F(Z2)]7 (1.48)
JE[I b @
LLIpYS [m_m} _/ (&1 —21)f(€1)de; +25ps — sva+ 1y, (1.49)
ap1 2b; vzl
JE[I b B
[ ]: ) w_pz _/ (&2 —22)f(&2)der +2spy — svi + to. (1.50)
ap2 2by 2

The second-order conditions are:

J*E[IT)
9z
J’E[I]
J’E[I]
dz19p1
J*E[IT)
dz19p>
J*E[I)
02202
J’E[I]
d220p1
J’E[M]
Ip19dp:

= (gi— pi—B))f(z) fori=1,2, (1.51)
= —2b; for i=1,2, (1.52)
= 1-F(z), (1.53)
=0, (1.54)
= 1-F(z), (1.55)
—0, (1.56)
= 2s. (1.57)

We can’t prove that the Hessian is strictly concave without the specific value for

parameters.

For specific values of z; and z;, (1.49) and (1.50) are strictly and jointly concave
in pq and p;. Since it was assumed that b; > s for j =1,2.,(1.52) and (1.57) indicate
that |H;| < 0 and |H>| = 4b;by — 4s*> > 0. Thus, for given values of z; and z,, the
optimal prices can be determined by solving the following simultaneous equations
(obtained by setting the FOCs in (1.49) and (1.50) equal to 0):

—2b1p1+2sp>

2sp1 —2bapo

d
= M@ —estender v — @ tb) . (158

21

d.
= / 2(82 —2)f(&)de; +svi — (ar +bova) — . (1.59)

22
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The solution to this set of equations is:

bouy + suy
== < 1.60
pi(z1,22) 2bibr =) (1.60)
biuy + suy
= 1.61
p2(21,22) by — ) (1.61)

where u; = (a1 + blcl) — f;fl (81 - Zl)f(gl)dgl —scr + Wy and up = (a2 + szz)
— J % (&2 — 22) f(£2)der — sc1 + pta.

Then the following algorithm could determine the optimal prices, stocking
quantities, and the corresponding optimal profit:

1. Setz; = —d; —0.01; zp = —d» — 0.01; Profit =0; m; =my =0, p1; = p1 =0;
pr=p2=0andz;; =25, =0.

2. z21=71+0.01.If z; > d}, goto 6.

.22=2+001.Ifzp > d>, go to 2.

4. Compute p1(z1,2z2) using (1.60) and p>(z1,22) using (1.61). Set p1; = p1(z1,22)
and py; = pa(z21,22)-

5. Compute E[I1(z1,22, p1s, p2:) using (1.46). If Profit > E[I1(z1,22,p1r,P2)]> g0
to 3, else set Profit = E[I1(z1,22, p1s, P2 210 = 215 220 = 223 M1 = 1, M2 = Py
and go to 3.

6. The optimal market prices are: py* = m; and py* = my; the optimal stocking
quantities are: g% = ay —bymy + smy +z1;, and go*x = ap — bymy +smy + 2o, and
associated optimal profit is Profit.

W

1.4.2 Quantity Linear Demand

The demand function for quantity linear demand of producti (i = 1,2) is
X = a;i+biqi — sq; + &, (1.62)

where g; represents the relative market share for product i, b; is the quantity elasticity
of demand, and s is the symmetric quantity-based substitution effect parameter. Also
&; is defined as a continuous random variable with probability density function f(-)
and cumulative distribution function F(-) in the range of [—d;,d;] with mean ;. The
profit for each product is:

i

E[I(z1,22,91,92)] = {/d.[l’t(aﬂrbiqt‘—SPj+8i)+gi(Zi—8i)]f(€i)d8i}

d;
+ {/z [pi(a,' +biqi —sq;+ Zi) +Bi(Z,’ — 8i)]f(8i)d8,}
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—vi(ai +biqi — 59+ zi)
= (pi—vi)(ai+biqi —sq;) — (vi— gi)zi + (pi — gi) i

'di

_(pi_gi+Bi)/ (& —zi) f(&)de;, (1.63)
Jzi

where z; = ¢q; — (a,' + biqi — qu). The total profit is E[H(ZI,ZZ,ql,qz)] = E[Hl)]

+ E(IT)]
The FOCs are:
JE[IT
a{[[ I (pi — 8i)bi+ (gi —vi) + (pi — &+ Bi)[1 = F(z;)] (1 = b;) +

—s{(pj—8&j)+(pj—gj+Bj)[1 —F(z))}. (1.64)

The second-order conditions are:

92
812»?] = —(pi—8i+B)(1=b:)*f(z) = (pj— 8+ B))s* f(2)), (1.65)

J*E|I]
dq199>

=—(p1—81+B1)(1=b1)sf(z1) — (p2— g2+ B2)(1 = b2)sf(z2). (1.66)

From the Hessian Matrix, |H;| < 0, |Ha| = ujua[(1 — b1)(1 — ba) — s%]* > 0,
where u; = (p; — gi+ Bi)f(yi). Since the objective function is strictly concave, we
can obtain the solution for this problem from the FOCs (i.e., by setting them equal
to 0 and simultaneously solving for the decision variables).

1.5 Conclusions and Directions for Future Research

In this paper, we have reviewed and critiqued the literature to date for the MPNP. As
is obvious, the majority of prior research has focused on determining the optimal
stocking policy for the constrained MPNP. More recent work on exploring the
impact of substitutability has also been undertaken and in this setting, we present
two possible extensions of the MPNP for price and quantity substitution effects.
For both these cases, we show that optimal solutions can be obtained through
either a search process (for price substitution) or a structural analysis (for quantity
substitution). Here we point out a few areas where further research is needed.
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1.5.1 Price-Dependent Demand

Previous researches on MPNP assume the independence of price and market
demand. Recent work has mitigated this issue by addressing the joint ordering and
pricing problem in the MPNP framework. But most of these works only consider
single budget constraint, while in practice the retailer may face multiple resource
constraints. So it would be interesting to extend the study to consider the problem
with multiple constraints. Due to the complexity of the problem, high quality
heuristics procedures are anticipated to find good solutions.

1.5.2 Multiple Suppliers

Nearly all the models in this chapter assume single supplier. However, in practice,
retailers may face several suppliers when making the merchandise decision. It would
be interesting to incorporate multiple suppliers into MPNP, especially under price
competition between potential suppliers and availability of several supply options.
We see many opportunities for future research to help bridge this gap.

1.5.3 Product Substitution

Incorporating the substitution effects can have a significant effect on profitability.
However, most previous studies on the substitution effects of the MPNP only
focus on two products substitutability. It would be interesting to extend the
analysis in a more generalized case. This extension requires a better understanding
of interdependencies among the demands for related products. So an empirical
investigation of the generalized substitution effects in customer decision making
will also be an attractive future research area.

1.5.4 Risk and Hedging

The classical newsvendor problem is based on the assumption that most of the
supply chains are risk neutral. The research on risk-averse supply chains has
been considered by several authors. However, these papers focused on independent
demand. As an extension, price and quantity-dependent demands can be considered.
The hedging problem has been tackled by Vaagen and Wallace in the fashion
industry, this research could be extended to other industries with different sales
behavior. Also, the pricing strategies for these hedging portfolios could be examined
to identify policies that further reduce profit risk.
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Chapter 2
A Multi-item Risk-Averse Newsvendor with Law
Invariant Coherent Measures of Risk

Sungyong Choi

Abstract [ consider a multi-productrisk-averse newsvendor under the law-invariant
coherent measures of risk. I first establish a few fundamental properties of
the model regarding the convexity of the problem and the symmetry of the
solution, and study the impacts of risk aversion and shift in mean demand to the
optimal solution with independent demands. Specifically, I show that for identical
products with independent demands, increased risk aversion leads to decreased
orders. For a large but finite number of heterogenous products with independent
demands, I derive closed-form approximations for the optimal order quantities. The
approximations are as simple to compute as the classical risk-neutral solutions. I
also show that the risk-neutral solution is asymptotically optimal as the number
of products tends to be infinity, and thus risk aversion has no impact in the limit.
For a risk-averse newsvendor with dependent demands, I show that positively
(negatively) dependent demands lead to a lower (higher) optimal order quantities
than independent demands. Using a numerical study, I examine the convergence
rates of the approximations and develop additional insights on the interplay between
dependent demands and risk aversion.
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2.1 Introduction

2.1.1 Motivation

The multi-product newsvendor model is a classical model in the inventory control
literature. In this model, there are multiple products to be sold in a single selling
season. On the one hand, when demand exceeds supply for any product, the
excessive demand is lost. On the other hand, when supply exceeds demand, the
excessive inventory is sold at a loss. The firm’s objective is to determine the optimal
order quantity for each product so as to maximize a certain performance measure.
This model finds its applications in many manufacturing, distribution, and retailing
firms that handle short life cycle products.

The literature of the multi-product newsvendor model has mainly used risk-
neutral performance measures as an objective function. For example, the company
optimizes the expected average profit or average cost per product. Under these
objective functions, the model is decomposable and one can consider each product
separately as multiple single-product newsvendor models, unless resource con-
straints are imposed nor demand substitution is allowed. Under risk-averse objective
functions, however, the model is generally not decomposable. One needs to consider
all products simultaneously, as a portfolio.

Below, I first review the literature of risk-neutral multi-product inventory models
by ways products interact. Then, I review the literature of risk models and its recent
applications in supply chain inventory management.

Hadley and Whitin (1963) consider a multi-product newsvendor model with
storage capacity or budget constraints, and provide the solution methods based
on Lagrangian multiplier. Porteus (1990) presents a thorough review of various
newsvendor models. Veinott (1965) considers the dynamic version of the multi-
product inventory models in a multi-period setting, with general assumptions in
demand process, cost parameters, and lead times. Conditions under which myopic
policy is optimal are identified. Ignall and Veinott (1969) and Heyman and Sobel
(1984) extend the work by identifying new conditions for the myopic policy in
models with risk-neutral assumption, see Aviv and Federgruen (2001), Decroix
and Arreola-Risa (1998), Evans (1967), and Federgruen (1984) for exact analysis
and approximations. Other than resource constraints, multi-product newsvendor
models are also studied under demand substitution, where unsatisfied demand of
one product can be satisfied by on-hand inventory of another product. I refer to
van Ryzin and Mahajan (1999) for a review on multi-item inventory systems with
substitution.

My aim is to replace the risk-neutral performance measure by measures taking
risk aversion into account. Such a model is generally not decomposable, and one
needs to consider all products simultaneously, as a portfolio. In this paper, I lay
the foundations of the multi-product newsvendor model under coherent measures
of risk and derive its basic properties. They provide insight into the impact of risk
aversion on the multi-product newsvendor with either independent or dependent
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demands. Moreover, I study asymptotic properties of the solution as the number of
products tends to infinity and develop simple yet accurate approximations of risk-
averse solutions, which allow fast computation of large-scale problems.

Below, I first review the literature of risk measures and their recent applications
in supply chain inventory management. Then, I summarize my model and main
results.

2.1.2 Risk Measures

The risk-neutral inventory models provide the best decision on average. This
may be justified by the Law of Large Numbers. However, one cannot always
rely on repeated similar chances. The first few outcomes may turn out to be
very bad and entail unacceptable losses. Schweitzer and Cachon (2000) provide
experimental evidence suggesting that inventory managers may be risk-averse for
high-value products. Because of these reasons, attempts to overcome the drawbacks
of the expected value optimization have a long history and there exist four typical
approaches to model decision making under risk. They are expected utility theory,
stochastic dominance, chance constraints, and mean-risk analysis. These approaches
are related and consistent to some extent.

The expected utility theory of von Neumann and Morgenstern (1944) derives,
from simple axioms, the existence of a nondecreasing utility function, which trans-
forms in a nonlinear way the observed outcomes. The decision maker optimizes,
instead of the expected outcome, the expected value of the utility function. In
the maximization context, when the outcome represents profit, risk-averse decision
makers have concave and nondecreasing utility functions.

The second approach is based on the theory of stochastic dominance, developed
in statistics and economics (see Lehmann 1955; Hadar and Russell 1969 and
references therein). Stochastic dominance relations are partial orders on the space
of distributions, and thus allow for pairwise comparison of different solutions. An
important feature of the stochastic dominance theory is its universal character with
respect to utility functions. More specifically, the distribution of a random outcome
V is preferred to random outcome Y in terms of a stochastic dominance relation if
and only if expected utility of V is preferred to expected utility of ¥ for all utility
functions in a certain class, called the generator of the relation. In particular, the
second-order stochastic dominance corresponds to all concave nondecreasing utility
functions, and is thus well suited to model risk-averse preferences. For an overview
of these issues, see Miiller and Stoyan (2002) and Levy (2006). Unfortunately, the
stochastic dominance approach does not provide a simple computational recipe. In
fact, it is a multiple criteria model with a continuum of criteria. Therefore, it has
been used as a constraint (see Dentcheva and Ruszczynski 2003), and also utilized
as a reference standard whether a particular solution approach is appropriate (see
Ogryczak and Ruszczyniski 1999; Ruszczyniski and Vanderbei 2003).
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Table 2.1 A counterexample

to show problems of Policy 1 Policy 2

mean-variance models “Bad” Stake (0.5) -1 -1
“Good” Stake (0.5) 1 3
Mean () 0 1
Variance (62) 1 4
Absolute semi-deviation (o7) 172 1
Standard semi-deviation (o) 1/V2 V2
—u+1-0? 1 3
—u+1-0 12 0
—-u+1l-0, 1 / \ﬁ \ﬁ —1

The third approach specifies constraints on probabilities of unfavorable events.
Prékopa (2003) provides a thorough overview of the state of the art of the
optimization theory with chance constraints. Theoretically, a chance constraint is a
relaxed version of the stochastic dominance relation of the first-order, and thus it is
related to the expected utility theory, but there is no equivalence. In finance, chance
constraints are known under the name of Value-at-Risk (VaR) constraints. Chance
constraints sometimes lead to nonconvex formulations of the resulting optimization
problems.

The fourth approach, originating from finance, is the mean-risk analysis. It
quantifies the problem in a lucid form of two criteria: the mean (the expected value
of the outcome), and the risk (a scalar measure of the variability of the outcome).
In the maximization context, one selects from the universe of all possible solutions
those that are efficient: for a given value of the mean they minimize the risk, or
equivalently, for a given value of risk they maximize the mean. Such an approach
has many advantages: it allows one to formulate the problem as a parametric
optimization problem, and it facilitates the trade-off analysis between mean and risk.

In the context of portfolio optimization, Markowitz (1959) used the variance of
the return as the risk. It is easy to compute, and it reduces the financial portfolio
selection problem to a parametric quadratic programming problem. One can, how-
ever, construct simple counterexamples that show the imperfection of the variance
as the risk measure: it treats over-performance equally as under-performance, and
more importantly it may suggest a portfolio which is stochastically dominated by
another portfolio. Table 2.1 below summarizes a defect of mean-variance models.
In Table 2.1, let me consider two policies, policy 1 and 2, defined at the two
equally likely events, “Bad” and “Good.” Then, policy 2 is stochastically bigger than
policy 1. Here, both —u + 07 and —ut + 0> are coherent risk measures. Then, with
these two risk measures, policy 2 is preferred to policy 1, which shows consistency
with stochastic dominance relations. However, with a mean-variance model, policy
1 may be preferred to policy 2 implying contradiction to stochastic dominance.

To overcome the drawbacks of the mean-variance analysis, the general theory
of coherent measures of risk was suggested by Artzner et al. (1999) and extended
to general probability spaces by Delbaen (2002). For further generalizations, see
Follmer and Schied (2002, 2004), Kusuoka (2003), Ruszczynski and Shapiro
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(2005) and Ruszczyfiski and Shapiro (2006a). Dynamic version for a multi-period
case were analyzed, among others, by Riedel (2004), Kusuoka and Morimoto
(2004), Cheridito et al. (2006) and Ruszczynski and Shapiro (2006b). In this
theory, an integrated performance measure is proposed, comprising both the mean
and variability measures, and four axioms (Convexity, Monotonicity, Translation
Equivariance, and Positive Homogeneity; see Sect. 2.3 for a precise definition) are
imposed. Coherent measures of risk are extensions of the mean-risk analysis. It is
known that coherent measures of risk are consistent with the 1st and 2nd order
stochastic dominance relations (see Shapiro et al. 2009).

More specifically, in a multi-product newsvendor problem, these four axioms
have following implications to guarantee consistency with intuition about rational
risk-averse decision making. Thus, by satisfying the axioms, a coherent risk measure
has certain attractive features, as compared to these measures, making it worth
considering. First, Convexity axiom means that the global risk of a portfolio should
be equal or less than the sum of its partial risks. Thus, this axiom is consistent
with diversification effects. Second, Monotonicity axiom is consistent with the first-
order stochastic dominance relation. Third, Translation Equivariance axiom means
that adding a constant cost is equivalent to increasing the vendors performance
measure by the same amount. On the contrary, adding a constant gain is equivalent
to decreasing the vendors performance measure by the same amount. Therefore,
by excluding the impact of constant gains or losses, fixed parts can be separated
equivalently from the vendors random performance measure at every possible state
of nature. Lastly, Positive Homogeneity axiom guarantees that the optimal solution
does not change to rescaling of units.

Among the four axioms aforementioned, expected utility models and coherent
risk measures share the properties of convexity and consistency with stochastic
dominance. In addition, the coherent risk measures satisfy the axioms of Translation
Equivariance and Positive Homogeneity. However, under expected utility theory,
these two axioms typically do not hold; see, e.g., the exponential utility function in
Howard (1988).

For inventory systems where the initial endowment effect is significant, i.e.,
when the initial wealth could affect the decision of a risk-averse manager, or
when constant demand for some products could affect order quantities of other
products, an expected utility model may be preferred to a model with a coherent
risk measure, because the latter ignores the endowment effect. In newsvendor
models, where inventory managers are mainly concerned about the overage and
underage costs associated with random demand, and in other problems, where risk
is primarily associated with uncertainty, coherent risk measures may capture risk
preferences better. The following arguments speak in favor of coherent measures of
risk: (1) Translation Equivariance allows them to properly rank risky alternatives by
excluding the impact of constant gains or losses (see Artzner et al. 1999). (2) The
Positive Homogeneity axiom ensures that their attitude to risk will not change when
the unit system is changed (e.g., from dollars to cents). More importantly, this axiom
indicates no diversification effect when demands are completely correlated. To see
this, it is well known that the subadditivity property, p(X +Y) < p(X) + p(Y),
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implies p(nX) < np(X). However p(nX) < np(X) would imply diversification
effect even when the random demands are completely correlated. To avoid this
counter-intuitive effect, it is left with p(nX) = np(X) which is the Positive
Homogeneity axiom.

Several modifications and extensions of coherent measures of risk have been
suggested in the literature, including convex measures of risk, insurance risk
measures, natural risk statistic, and tradeable measures of risk. I point out that all
these risk measures ignore the initial endowment effect, implying consistency with
Translation Equivariance.

Follmer and Schied (2002) consider convex measures of risk, in which the
Positive Homogeneity axiom is relaxed. Again, in my context, this may lead to a
diversification effect when demands are completely correlated; it may also lead to
counterintuitive effects of changing risk attitudes when the outcomes are rescaled,
by changing the currency in which profits are calculated, or by considering the
average profit per product.

The other three risk measures do not satisfy the convexity axiom in general.
They are based on the reality of financial markets where noncoherent risk measures,
such as VaR (Value-at-Risk), are widely used. Wang et al. (1997) suggest insurance
risk measures which are law invariant, and satisfy the axioms of conditional state
independence, monotonicity, comonotone additivity and continuity. Heyde (2006)
propose the natural risk statistics, which is also law invariant, and in which the
convexity axiom is required only for comonotone random variables. Ahmed et al.
(2008) show that such a risk measure can be represented as a composition of a
coherent measure of risk and a certain law preserving transformation, and thus the
insights into models with coherent measures of risk are relevant for natural risk
statistics. Pospisil et al. (2008) propose tradeable measures of risk. They argue
that the proper risk measures should be constructed by historically realized returns.
When compared to the coherent measures of risk, these risk measures appear to be
much more difficult to handle, due to nonconvexity and/or nondifferentiability of
the resulting model. I shall see that even in the case of coherent measures of risk the
technical difficulties are substantial.

2.1.3 Risk-Averse Inventory Models

In recent years, risk-averse inventory models have received increasing attention
in the supply chain management literature. Table 2.2 classifies the literature by
inventory models and risk measures. Because there is no research so far directly
applying stochastic dominance to this field, I drop it from the table.

Most work to date dealt with single-product inventory models. For newsvendor
models, research focused on finding the optimal solution under a risk-averse
measure, and studying the impact of the degree of risk aversion (among other model
parameters) on the optimal solution. A typical finding is that as the degree of risk
aversion increases, the optimal order quantity tends to decrease.
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For single-product but multi-period dynamic inventory models under risk
aversion, the literature focuses on characterizing the structure of the optimal
ordering or pricing policies and quantifying the impact of the degree of risk aversion
on the optimal polices. Chen et al. (2006) review results in this direction.

For multi-product risk-averse newsvendor models, Tomlin and Wang (2005)
study how characteristics of products (e.g., profit margin, demand correlation), re-
source reliability and firm’s risk attitude affect the preference of resource flexibility
and supply diversification. Under a downside risk measure and Conditional Value
at Risk (CVaR), they show that for a risk-averse firm with unreliable resources, a
supply chain can prefer dedicated resources than a flexible resource even if the cost
of the latter is smaller than the former.

Newsvendor networks are studied by van Mieghem (2007), with many products
and many resources under mean-variance and utility function approaches. The
networks feature resource diversification, flexibility (e.g., ex post inventory capacity
allocation) and/or demand pooling. The paper addresses the question of how the
aforementioned operational strategies reduce total risk and create value. It shows
that a risk-averse newsvendor may invest more resources in certain networks than
a risk-neutral newsvendor (i.e., operational hedging) because such resources may
reduce the profit variance and mitigate risk in the network. Among the three
networks, the dedicated one is mostly related to my model. In this network, there
are two products with correlated demand. The author characterizes the impact of
demand correlation on the optimal order quantities in two extreme cases of complete
positive or negative correlation. A numerical study is conducted to cover cases other
than the extreme ones.

Finally, Agrali and Soylu (2006) conduct a numerical investigation on a two-
product newsvendor model under the risk measure of CVaR . Assuming a discretized
multi-variate normal demand distribution, the authors studied the sensitivity of
the optimal solution with respect to the mean and variance of demand, demand
correlation, and various cost parameters. Interestingly, the report shows that as the
demand correlation increases, the optimal order quantities tend to decrease.

For multi-echelon or multi-agent models, so far all papers consider single-
product and single-period models. Lau and Lau (1999) study a manufacturer’s
pricing strategy and return policy under the mean-variance risk measure. Agrawal
and Seshadri (2000b) introduce a risk-neutral intermediaries to offer mutually
beneficial contracts to risk-averse retailers. Tsay (2002) studies how a manufacturer
can use return policies to share risk under the mean-standard deviation measure.
Gan et al. (2004) study Pareto-optimality for suppliers and retailers under various
risk-averse measures. Gan et al. (2005) design coordination schemes of buyback
and risk-sharing contracts in a supply chain under a Value-at-Risk constraint. For
a review of the literature on risk aversion in capacity investment models and on
operational hedging, see van Mieghem (2003).
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2.1.4 My Model and Main Results

This paper considers a multi-product risk-averse newsvendor using a law-invariant
coherent risk measure (see Sects. 2.2 and 2.3). As I argued in Sect.2.1.2, coherent
risk measures can be more attractive than the expected utility theory in the multi-
product newsvendor problem due to their properties of Translation Equivariance and
Positive Homogeneity.

The model presents a considerable challenge, both analytically and computa-
tionally, because the objective function cannot be decomposed by each product and
one has to look at the totality of all products as a portfolio. In particular, one has
to characterize the impact of risk aversion and demand dependence on the optimal
solution, identify efficient ways to find the optimal solution, and connect this model
to the financial portfolio theory. While Tomlin and Wang (2005) study a two-product
system under CVaR, their focus is on the design of material flow topology and thus
is different from mine.

I should also point out that in most practical cases where this model is relevant
(either manufacturing or retailing), firms may have a large number of heterogenous
products. Due to the complex nature of risk optimization models, they become
practically intractable for problems of these dimensions. Thus, it is theoretically
interesting and practically useful to study the asymptotic behavior of the system as
the number of products tends to infinity and obtain fast approximation for large-size
problems.

This work contributes to literature in the following ways: I first establish a few
fundamental properties regarding the convexity of the model and the symmetry
of the solution for the model in Sect. 2.4, and study the impacts of risk aversion
and shift in mean demand to the optimal solution with independent demands in
Sect.2.5. T then consider large but finite number of independent heterogenous
products, for which I develop closed-form approximations in Sect.2.6 which are
exact in the single-product case. The approximations are as simple to compute as
the risk-neutral solutions. I also show that under certain regularity conditions, the
risk-neutral solutions are asymptotically optimal under risk aversion, as the number
of products tends to be infinity. This asymptotic result has an important economic
implication: companies with many products or product families with low demand
dependence need to look only at risk-neutral solutions, even if they are risk-averse.

The impact of dependent demands under risk aversion poses a substantial
analytical challenge. By utilizing the concept of associated random variables, I
prove in Sect. 2.7 that in a risk-averse two-product model with positively dependent
demands the optimal order quantities are lower than for independent demands,
while for negatively dependent demands the optimal order quantities are higher.
Using a sample-based optimization, I conduct in Sect. 2.8 a numerical study, which
demonstrates that the approximations converge quickly to the optimal solutions
as the number of products increases. It also provides additional insights into the
impact of dependent demands. Specifically, I identify counterexamples to show that
increased risk aversion can lead to greater optimal order quantities for strongly
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negatively dependent demands. In Sect.2.9, I summarize the paper and compare
the multi-product risk-averse newsvendor model to the financial portfolio problem.

2.2 Problem Formulation

Given products j = 1,...,n, let x = (x1,x2,...,%,) be the vector of ordering quan-
tities and let D = (Dy,...,D,) be the demand vector. I also define r = (ry,...,r,)
to be the price vector, ¢ = (cy,...,c,) to be cost vector, and s = (s1,...,5,) to be

the vector of salvage values. Finally, let f;(-) and F;j(-) be the marginal probability
density function (pdf), if it exists, and the marginal cumulative distribution function
(cdf) of Dj, respectively. Denote F;(§) = 1 — Fj(&).

Setting ¢; = ¢; —s; and 7; = r; — 5, I can write the profit function as follows:

n
(x,D) =Y M;(x;,D;), (2.1
j=1
where

Hj(x]',Dj) = —Cjx; +I_’jmin{Xj,Dj}
:(r,—c,)x,—(r,—s,)(xj—D,)+, J:177n7 (22)

with (x)T = max{x,0}. 1 assume that the demand vector D is random and
nonnegative. Thus, for every x > 0 the profit I1(x,D) is a real bounded random
variable.
The risk-neutral multi-product newsvendor optimization problem is to maximize
the expected profit:
max E[[1(x,D)]. (2.3)
x>0
This problem can be decomposed into independent problems, one for each product.
Thus, under risk neutrality, a multi-product newsvendor problem is equivalent to
multiple single-product newsvendor problems. However, as I have mentioned it in
the introduction, this formulation is inappropriate, if one is concerned with few (or
just one) realizations and the Law of Large Numbers cannot be invoked.
Under a coherent risk measure, the optimization problem of the risk-averse
newsvendor is defined as follows:

minp [[1(x,D)], 2.4

x>0

where p|-] is a law-invariant coherent measure of risk, and I1(x, D) represents the
profit of the newsvendor, as defined in (2.1). It is worth stressing that problem (2.4)
cannot be decomposed into independent subproblems, one for each product. Thus,
it is necessary to consider the portfolio of products as a whole.
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2.3 Coherent Measures of Risk

I present a formal definition of the coherent measures of risk following the abstract
approach of Ruszczyriski and Shapiro (2005, 2006a). Let (€,.%) be a certain
measurable space. In my case, € is the probability space on which D is defined. An
uncertain outcome (in my case, I1(x,D)) is represented by a measurable function
V 1 Q — R. T specify the vector space 2 of possible functions; in my case it
is sufficient to consider 2 = Z,.(Q,.%,P), which is the space of all bounded
measurable functions on [0,1]. Indeed, for a fixed order quantity x, the function
o — I(x,D(w)) is bounded. For any V and Y € &, I write V = Y if V > Y almost
surely (or with probability 1).

In the minimization context, a coherent measure of risk is a function p : 2 — R
satisfying the following axioms:

Convexity: p(oV+(1—a)Y) <oap(V)+ (1 —a)p(Y), forall V.Y € & and all
o €10,1].

Monotonicity: IfV,Y € Z andV =Y, then p(V) <p(Y).
Translation Equivariance: Ifac RandV € &, thenp(V +a) =p(V)—a.
Positive Homogeneity: If > 0andV € &, then p(tV) =1p(V).

A coherent measure of risk p(-) is called law invariant, if the value of p(V)
depends only on the distribution of V, that is, p(V;) = p(V») if V; and V;, have
identical distributions. It implies that only the distribution matters, but not particular
realizations. This axiom may look so natural. However, each random variable is
actually defined by probability distribution as well as the field of events with a
sigma-algebra structure. Although all practical risk measures are all law invariant,
it is theoretically possible to construct a non law-invariant risk measure. From
now on, without loss of generality, “coherent risk measures” actually mean “law-
invariant coherent risk measures” unless mentioned explicitly. For more details of
mathematical properties of law invariance, see Acerbi and Tasche (2002), Delbaen
(2002) and Kusuoka (2003).

Important examples of law-invariant coherent measures of risk are obtained from
mean-risk models of form:

p(V) = —E[V]+Ar[V], 2.5)

where A > 0 and r[-] is a variability measure of the random outcome V. Popular
examples of r[-] are the semideviation of order p > 1:

1
op[VI=E[{(E[V]-V)"}"]", (2.6)
and weighted mean-deviation from quantile:

V] = gleiﬁE[maX((l —B)n-=V),B(v—-m)l, Be(O1). @27



52 S. Choi

The optimal 1 in the problem above is the f3-quantile of V. Optimization models
with (2.6) and (2.7) were considered in Ogryczak and Ruszczynski (1999, 2001,
2002). In the maximization context, from the practical point of view, it is most
reasonable to consider 8 € (0,1/2], because then rg[V] penalizes the left tail of
the distribution of V much higher than the right tail.

The equation p[-] defined at (2.5), with r[-] = o,,[-] and p > 1, is a coherent
measure of risk, provided that A € [0,1]. When r[] = rg[-], (2.5) is a coherent
measure of risk, if A € [0,1/f]. All these results can be found in Ruszczyfiski and
Shapiro (2006a).

The mean-deviation from quantile rg[] is connected to the Average Value-at-
Risk (AVaR), also known as expected shortfall or CVaR in Rockafellar and Uryasev
(2000), as follows:

1 n 1
AVaRg (V) = %)g{n ﬁE (n—=V)"] } =-E[V]+ 5p V). (2.8)
All these relations can be found in Follmer and Schied (2004), Ogryczak and
Ruszczynski (2002) and Ruszczynski and Vanderbei (2003) (with obvious adjust-
ments for the sign of V). The relation (2.8) allows me to interpret AVaRg (V)asa
special case of the mean—risk model where r[V] is a deviation from quantile in (2.7)
with A = 1/f.

One of the fundamental results in the theory of law-invariant measures is the
theorem of Kusuoka (2003): For every lower semicontinuous law-invariant coherent
measure of risk p[-] on £ (Q,. %, P), with an atomless probability space (Q,.7 ,P),
there exists a convex set M of probability measures on (0, 1] such that

1

p[V]= sup | AVaRg[V]u(dp). (2.9)
neH b

Using identity (2.8), I can rewrite p[V] as follows:

1
pIV=—EV]+ sup [ ZrplV]u(ap). 2.10)
0

This means that every problem (2.4) with a coherent law-invariant measure of risk
is a mean—risk model, with the variability measure

1
1
<alV)= sup 0/ 57slVIu(ap). @.11)

To illustrate the impact of scaling (the unit system) on risk measurement, I
compare solutions of a single-product risk-averse newsvendor model under the
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Table 2.3 The impact of rescaling on solutions—a coherent measure of risk, entropic exponential
utility function, and a mean—variance model

Unit of profit measurement

1 Dollar 30 Cents 10 Cents 3 Cents 1 Cent
Coherent 20.7824 20.7824 20.7824 20.7824 20.7824
Entropic exponential 20.7786 17.0952 12.2944 7.2879 4.8568
Mean-variance 20.7918 17.6962 14.4454 11.4197 9.5603

coherent risk measure with (2.5) and (2.7), the entropic exponential utility function
%lnE {e’ln(’“m} and the mean-variance model. The entropic exponential utility

function is an example of a convex measure of risk which is not coherent and is
equivalent to an exponential utility function by a certainty equivalent operator.

I select parameters for each risk measure so that they have the same optimal
solution when the unit of profit measurement is one dollar. Specifically, I set r = 15,
¢ = 10, and s = 7 (in dollars) for all three risk measures. Demand follows a
lognormal distribution with 4 =3 and ¢ = 0.4724. This demand distribution is used
in all instances. For the coherent measure of risk, I set  =0.5and A = 4; = 0.2.
By the sample-based LP method, the optimal solution is #8241 = 20.7824. For the
entropic exponential utility function model, defined as

1 4
min -~ InE [e*’b“@m} . (2.12)

I set Ay = 0.0072, which results in a sample-based solution £842 = 20.7786. For the
mean-variance model, defined as

min —E [TI(x; D)] + A3Var [II(x; D)] . (2.13)

x>0

I set A3 = 0.0037, which results in a sample-based solution £843 =20.7918. Then I
change the unit of r (price), ¢ (cost) and s (salvage value) from dollar to 30 cents, 10
cents, 3 cents and 1 cent while keeping all other parameters unchanged. My results
are summarized in Table 2.3.

As one can see from this table, while the numerical solution under a coherent
measure of risk is invariant with respect to the unit system, it varies significantly
under other risk measures.

2.4 Basic Analytical Results

In this section, I prove two fundamental results for a multi-product risk-averse
newsvendor model. As I do not assume independent demands for the two results
in this section, Propositions 1 and 2 hold true both in independent and dependent
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demands. These two Propositions also take a role of key intermediate steps for
further analysis in Sects. 2.5-2.7.

Proposition 1 (Convexity of the Model). Ifp[] is a coherent measure of risk, then
p[I(x,D)] is a convex function of x.

Proof. 1 first note that I1(x,D) = X}_, T1;(x;,D;) is concave in x. That is, for any
0<oa<1andall xandy,

M(ox+ (1 —a)y,D) > all(x,D)+ (1 — a)II(y,D) forall D.
Using the monotonicity axiom, I obtain

p[(ox+ (1 —a)y,D)] < p[all(x,D) + (1 — o)I1(y,D)]
< ap[I(x,D)]+ (1 - a)p[I1(y,D)].

The second inequality follows by the axiom of convexity. O

Proposition 1 shows the convexity of my model. It means the convexity preserves
in a risk-averse model as well as in a risk-neutral model. Observe that I did
not use the axiom of positive homogeneity, and thus Proposition 1 extends to
more general models (e.g., convex measures of risk). I next prove the intuitively
clear statement that identical products should be ordered in equal quantities under
coherent measures of risk.

Proposition 2 (Symmetry of the Solution). Assume that all products are identi-

cal, i.e., prices, ordering costs, and salvage values are the same across all products.

Furthermore, let the joint probability distribution of the demand be symmetric, that

is, invariant with respect to permutations of the demand vector. Then, for every law-

invariant coherent measure of risk p|-], one of the optimal solutions of problem (2.4)
A

is a vector with equal coordinates, )ElfA = )€2RA =...=iRA

Proof. An optimal solution exists, because with no loss of generality I can assume
that x is bounded by some large constant, and p [[1(x, D)] is continuous with respect
to x (see Ruszczynski and Shapiro 2006a).

Let me consider an arbitrary order vector x = (x1,...,x,) and let P be an n x n
permutation matrix. Then, the distribution of profit associated with Px is the same
as that associated with x. There are n! different permutations of x and let me denote
them x',...,x"". Consider the point

!
I

i=1

T
It has all coordinates equal to the average of the coordinates x;. As the joint
probability distribution of D1,D»,...,D, is symmetric, the distribution of T1(x’, D)
is the same for each i. By Proposition 1 and law invariance of p[-] I obtain
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!

pIII(D)] < 1 3 pITICY, D) = plfi, D).

S

This means that for every plan x, the corresponding plan y with equal orders is
at least as good. As an optimal plan exists, there is an optimal plan with equal
orders. ad

Note that Proposition 2 only requires symmetric joint demand distribution, but not
independent demands.

2.5 Analytical Results for Independent Demands

In this section, I assume demand independence and provide two analytical results
(impact of degree of risk aversion and impact of shift in mean demand) for the multi-
product newsvendor model under coherent risk measures. First, to study the impact
of the degree of risk aversion, let me first focus on a specific variability measure—
the weighted mean-deviation from quantile, given by (2.7). The corresponding
measure of risk has the form,

p[V]=—E[V]+Arg[V]. (2.14)
By (2.8), I can write
p[V]=—(1—AB)E[V] + ABAVaRg[V]. (2.15)
I consider the problem
min { —E[[1(x,D)] + Arg[I1(x,D)] } . (2.16)

x>0

Proposition 3 (Monotonicity of the Solution with a mean-deviation from
quantile). Assume that all products are identical and demands for all products are
iid (independently and identically distributed) and have a continuous distribution.
Let £RA1 be the solution of problem (2.16) for A = A > 0, having equal coordinates.
If Ay > Ay then there exists a solution £8%2 of problem (2.16) for A = s, having
equal coordinates and such that xRA2 < ARA', j=1,....n

For the proof of Proposition 3, refer to Choi et al. (2011). Then, my goal is to extend
the monotonicity property to all law-invariant coherent measures of risk. Observe
that my assumption about continuous distribution of the demand implies that the
probability space is nonatomic. Consider the problem

min {—E[I1(x,D)] + A 4 (I1(x,D)]}, (2.17)

x>0

where 5 4 [V] is given by (2.11).
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Proposition 4 (Monotonicity of the Solution with every coherent measure
of risk). Assume that all products are identical and demands for all products
are iid and have a continuous distribution. Let 21 be the solution of problem
(2.17) for A = Ay > 0, having equal coordinates. If Ay > A| then there exists a
solution £842 of problem (2.17) for A = s, having equal coordinates and such that

(RA> _ RA| .
< j=1,..n

Proof. As in the proof of Proposition 3, each function x ~— rg[I1(x,D)] is non-
decreasing, for every B € (0,1). Then the integral over 8 with respect to any
nonnegative measure U is nondecreasing as well. Taking the supremum in (2.11)
does not change this property. Therefore, Proposition 4 holds true also for the mean—
risk model with the risk r[-] = > 4[] O

Finally, I discuss the impact of the shift in mean demand on the optimal order
quantities under general coherent measures of risk.

Proposition 5 (Impact of the Shift in Mean Demand). Assume that all products
are identical and demands for all products are iid except that u; = E[D;], j =
Looon If iy > [y > -+ > ly, then 834 > $54 > . > §RA,

Proof. Consider the demand vector D; = D; — f1; + 1. As it has identical and iid
components, by Proposition 2 there exists an optimal order vector ¥ with equal
coordinates: ¥| =X, = - - - = X, for the risk-averse multi-product newsvendor with D
as the demand vector. I can interpret the demand D as a sum of the random demand
D and a deterministic demand vector & with coordinates 7; = u; — ;. If £ > 0, then
by the Translation Equivariance axiom, it is easy to see that X = X+ & is the solution
of the problem

minp [I1(x. D))

for every coherent measure of risk p[]. O

2.6 Asymptotic Analysis and Closed-Form Approximations

2.6.1 Asymptotic Optimality of Risk-Neutral Solutions

In this section, I study the asymptotic behavior of the risk-averse newsvendor model
when the number of products tends to infinity. I assume heterogenous products with

independent demands.
I start from the derivation of error bounds for the risk-neutral solution. Consider a
sequence of products j = 1,2,..., with corresponding prices r;, costs ¢, and salvage

values s;. I assume that s; < ¢; < r;, and that all these quantities are uniformly
bounded for j =1,2....
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Consider the risk-neutral optimal order quantities
§N=51<§),j:1gw“ (2.18)
I assume that the following conditions are satisfied:
(i) There exist x™" > 0 and x™® such that
A< N <M =12,
(i1) There exists Oy, > 0 such that
Var [min (£N,D))] > o, j=12,....

My intention is to evaluate the quality of the risk-neutral solution £RN in the
risk-averse problem

(2.19)

1 n
~ 2. T0(x;,Dj) -
j=1

Observe that in problem (2.19) I consider the average profit per product, rather
than the total profit, as in problem (2.4). The reason is that I intend to analyze
properties of the optimal value of this problem as n — e and I want the limit of
the objective value of problem (2.19) to exist. Owing to the Positive Homogeneity
axiom, problems (2.19) and (2.4) are equivalent.

I denote by p, the optimal value of problem (2.19). I also introduce the following
notation,

. A I 1 . >
u}.‘N =E [mm(x?N,Djﬂ ) M = 0 2 rj“.}'{N’
j=1
RN)? = Var [min (&8N, D; SR JEPENE
(Gj ) = ar[mln(j ) j)}v Sn_nzz j(Gj ) ’

Finally, I denote by ./ the standard normal variable. Then, I will show asymptotic
convergence of risk-neutral solution to the true risk-averse solution.

Proposition 6 (Asymptotic Convergence of Risk-Neutral Solution with Error
Bound). Assume that p|-] is a law-invariant coherent measure of risk and the space
(Q,.Z,P) is nonatomic. Then

n

1 .
~ 2 I(E,D))
ni=

p
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For the proof, refer to Choi et al. (2011). Asymptotically, the difference between
the optimal objective value (the first term of the right-hand side of (2.20)) and the
value obtained by using the risk-neutral solution (the term in the left-hand side of
(2.20)) disappears at the rate of 1/+/n. Such difference can be considered as the
error bound of a risk-neutral solution given as an “o0” function of 1/4/n. Thus, for a
firm dealing with very many products having independent demands, the risk-neutral
solution is a reasonable sub-optimal alternative to the risk-averse solution.

2.6.2 Adjustments in the Mean-Deviation from Quantile Model

In this section, I develop close-form approximations to the optimal risk-averse
solution when the number of products is moderately large. My idea is to use the
risk-neutral solution as the starting point, and to calculate an appropriate correction
to account for risk aversion.

I first consider the mean-deviation from quantile model in which the measure
of variability is defined at (2.7). Recall that the corresponding mean-risk model
in (2.14) is equivalent to the minimization of a combination of the mean and the
Conditional Value-at-Risk, as in (2.15). I then consider the general coherent risk
measure in Sect.2.6.3. I finally discuss several iterative methods that are based on
the approximations in Sect. 2.6.4.

I use the notation Z!! = %2 _, Fjmin(x;,D;) (with x as a subscript to stress the
dependence of Z! on x). Using (2.1) and (2.2), I can calculate the average profit per
product as follows:

D)Z%éﬂj(xj', _—%i xj—i-Z”
Thus,
PINCeD)) = | 3 0+ (<EIZ2]+ 21y(27)
_1s Cix; v -1)- X 1 —-7ZhHt
- nj:l J J+ <E[Zx](a’ﬁ 1) )Lﬁlr}]lea]R {n ﬁE [(n Zx) }}> :

(2.21)
Let me denote 7] to be the maximizer in (2.21), among 1 € R, at a fixed x. 7] is the
B-quantile of Z". To take the partial derivative of p[I1(x,D)] with respect to x;,
consider two cases.

Case (i): ) < 527:1 Fix;.
Assuming that the quantile 7} is unique and differentiating (2.21), I observe again
that



2 A Multi-item Risk-Averse Newsvendor with Law Invariant. . . 59

9x; n

dp[M(x,D ci Fi(AB—1 Fil N
WD _ & K= Dy, )~ B pigzz < )y > 7).
(2.22)
Here I used (Bonnans and Shapiro 2000, Theorem 4.13) to avoid differentiating with
respect to 1.
Let me analyze the last term on the right-hand side in (2.22) for j = 1,2,...,n:

PH{Z; <A} n{D; > x;}] =P[Z; < |D; > x;|P[D; > x}]

1 & . TiXj
=P |- Femin(x, Dy) < i — 2L | -P[D; > x)). (2.23)
[y n
Suppose x; > Xmin, j = 1,2,...,. Owing to conditions (i) and (ii), exactly as in

Sect.2.6.1, for large n the random variable Z! is approximately normally distributed
with the mean fi, = %27:1 7;u; and the variance §2 = ,712 i1 7?6}, where [t; =
E[min{x;,D;}] and sz = Var(min{x;,D;}). Under normal approximation, the f3-
quantile of Z} can be approximated by f) ~ fi, + zg5,, where zg is the -quantile

of the standard normal variable. Similarly, ﬁ Zz?é Tk min(xg, Dy) is approximately
: 1 \yn = : 1 no 2.2 :

normal with mean —— >/ 2 M and variance mzk £iTkO% - Using these ap-

proximations and denoting by .4 the standard normal random variable, I obtain:

~

_x-] ply - —Fi(xj — 1)) + 287/ 2he 7 O7

1 :
P|= Y Femin(x, Dy) < i — 2L
nk#J n

\/ 2k 707

S —7(xj — 1))

= — =L
\/n—l’)/nj p

(2.24)
where ¥,; = 4/ ﬁ 2iAj F]% sz. As 7,% sz is uniformly bounded from above and below
across all products, I conclude that ¥,; is bounded from above and below for all j
and n.

This estimate can be put into (2.23), and thus (2.22) can be approximated as
follows:

Ip[(x.D)] ¢, FPID; > x]

ox; n n

x[AB—1-AP < T ) (2.25)
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My next step is to approximate the probability on the right-hand side of (2.25). To
this end, I derive its limit and calculate a correction to this limit for a finite n. When
n — oo, I have

Pl < (2.26)
and thus
dp[M(x,D)] S
a—xj — Z(Cj — rj]P’[Dj > x]']).
This means that the conditions of the risk-averse solution
dp[M(x,D
oplllxD)] _ i=12,....n, (2.27)
ax]'

approaches that of the risk-neutral solution in (2.18). Thus the risk-neutral solution
will be used as the base value, to which corrections will be calculated.

I can estimate the difference between the probability in (2.26) and 8 for a
large but finite 7, by assuming that x is close to £XN. Thus, Uj is close to qu =

E[min{£XN,D;}] and o; is close to o = \/ Var(min{#%N, D;}). Considering only
the leading term with respect to 1/4/n — 1, I obtain

—7j ( RN — R )
Pl < —L "4,
VTR N
where \/ T XkA) rk Gk ) . The last probability can be estimated by the

linear appr0x1mat10n derived at zg. Observing that P[.#" < zg] = B and that its
derivative at z = zg is the standard normal density at zg, I get

]P[JV<_7$LN_“§ )—I—Zﬁ ~ B -5,
— 1y
with
SRN _ e 2 7y (N ) i=1,....n (2.28)

nj /_n_ /_n — an )

These estimates can be substituted to (2.25) for the derivative and yield

ap[ﬁ(an)]NC/ rj RN ) )
T >+ ( 1+18,) P[D; > xj]. (2.29)
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Using the above approximations of the derivatives in (2.27), I obtain the first-order
approximation of the risk-averse solution:

FAPR _ -1

i i 1,2

Cj .
RN, | =12,...,n. 2.30
Fj(l—S}fJN/'L)] ! " (230

Clearly, this approximation of £4FR is increasing in n, decreasing in A, and tends to
the risk-neutral solution as n — co. Similar to the analysis in Sect. 2.6.1, the error

bound of this approximation in (2.30) is given as follows:

. _n(n(so)

_ 3/2
< o, <o(1/n7). (2.31)

It implies that as the number of products increases, the convergence rate of my
approximate solution to the risk-averse solution in (2.31), O(1/ n3/ 2), is much faster
than the rate of the risk-neutral solution in (2.20), O(1/n'/?).
N | —
Case (ii): ) = ;27:1 Fix;.
I have

pINGD) = 1 3 &+ (E[z;z](w -1)

Jj=1

1 & 1 1 & n
_/’Lﬁ ;;rij—EE ;erjxj—zx
J= J=

Taking derivative with respect to x; yields,

%9(:1))] B %[Ej-i-’_’j)“(l —B)+7PD; > x}(A(B—1)—1)].

Equating the right-hand side to 0, I get

RA_ 1 [ Gi+TiA(1—B)
=5 () 2

Note that the solution in Case (ii) is an exact solution and free of the number of

products, n. Clearly, if A =0, )??A = )??N . As A increases, )??A is decreasing. For

any0 <A <1/B, )??A is well defined.

It should be emphasized that Case (i) is more important, because for large n the
distribution of Z is close to normal and for a small 3, the B-quantile of Z? tends to
be smaller than % 2;5:1 7;xj, for the values of x of interest.
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Consider the special case of identical products. With a slight abuse of notation,
let c;j=c, rj=rand s; = s for all j =1,2,...,n. In Case (i), the first-order
approximation of the risk-averse solution yields:

dp([(x, D)]

1 =T+ > x](68NA — 1),

with ,
SRN _ e B N
" V2 Vn— 168N

where £N, ufN and 6N are the counterparts of )??N, /JjRN, and GJRN, respectively.
Equating the right hand side to 0, I obtain

(2.33)

)?APR_F1<;), i=1,....n. 2.34
o Gy ) " (239

Here, (2.34) is similar to (2.30) except that the terms ¢;, 7; and 5,5-N are now identical
for all j. In Case (ii), (2.32) reduces to

RA cH+FA(1—P)
A8 =A l(f(IM(l—B)))'

In the special case of a single-product problem, by (2.22) in Case (i) I obtain

dp([[(x, D)]

L = S+ F(AB— DPID > - PAP[{Z < A}N{D >},

where Z, = min(x,D). Observe that in Case ()P[{Z,<A}N{D>x}] =
P(Z, < D > x]P[D > x] = 0. Therefore, LD — &4 728 — DPD > x].
This yields the exact solution of the single product problem

This special case solution is the same as the solution obtained by Gotoh and Takano
(2007). To determine whether Case (i) or Case (ii) applies, one can compute £84 for
both cases, and then compute 7} to check the case conditions.

2.6.3 General Law-Invariant Coherent Measures of Risk

So far my analysis focused on a special risk measure, weighted mean-deviation from
quantile, given in (2.7). I now generalize the results to any law-invariant coherent
risk measure p|-].
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Consider problem (2.17) where 5 4[V] is given by (2.11). By Kusuoka theorem,
for nonatomic spaces, every law-invariant coherent measure of risk has such repre-
sentation. Thus, I focus on Case (i) solution only. Then (2.21) can be replaced by

1

pl(D) = 13 a4 sup @nﬂaﬁ—n
niz ned

~apmax{n- & [(n-2)°]} ) u(ep).

Suppose the maximum over .# is attained at a unique measure {i (this is certainly
true for spectral measures of risk, where the set .# has just one element). Similarly
to (2.29),

MQQJFQ 1+A/5RN PD; > x]. (2.35)
9x; n o n

I denote here the quantity given in (2.28) by S%N (B), to stress its dependence on f3.

Let me approximate (I by the measure RN, obtained for the risk-neutral solution
#RN. Equating the approximate derivatives in (2.35) to zero, I obtain an approximate
solution:

FAPR _ -1 . j=12,...n.  (2.36)

S (1—1/ 5RN ) ARN( dp))

Again, §8N(B) 1 0 as n — oo, and thus ;X increases in n and approaches the

risk-neutral solution x?N. This is con51stent with Proposition 6 and the analysis in
Sect.2.6.2.
In the special case of identical products, the approximate solution is

PR = f! o =120, (237

where SRN is defined at (2.33).
In the single-product problem, I obtain
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1
~apmax{n-gE[n-207)} ) u@p). @39
neR B
Assuming that {1 is the unique maximizer in (2.38), I obtain

_ 1
PN o [ (1~ 1)BID > 5]~ AP ((Z, < 1) 1 {D > x}) A(4B)
0

Similarly to the model with mean-deviation from quantile case, P[{Z, < f1}N
{D>x}|=P[Z, < {}|D > x]P[D > x] = 0. Thus,

_ 1
PO _ O/ ((AB ~ VE[D > x) f(ap)

1
—G4F| —142 sup /ﬁn(dﬁ) P[D > 1.
0

Therefore, the closed-form exact solution for general coherent measures of risk is
given by:

2.6.4 Iterative Methods

So far, I discussed approximations based on expansions about the risk-neutral
solution £RN. But exactly the same argument can be used to develop an iterative
method, in which the best approximation known so far is substituted for the risk-
neutral solution. I explain the simplest idea for the approximation developed in
Sect.2.6.2; the same idea applies to general coherent measures of risk discussed
in Sect. 2.6.3.

The idea of the iterative method is to generate a sequence of approximations
£V, v=0,1,2,.... Iset %) = RN Then I calculate £(") by applying (2.30). In the
iteration v = 1,2, ..., Tuse £(") instead of £RN in my approximation, calculating:
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=5 [min{57.0,}] - of" = fvar(mn (5.2,

(v) 1 v) P W) e—zlzs/z Fj (A§'V) o j(v))

J— —2 - o

Ynj _\/n—lkgtjrk{(ck )} ’ 6nj - \/E my(v) ’ ]—1,...,11.
nj

Finally, (2.30) is applied to generate the next approximate solution £+ and the
iteration continues.

The iterative method is efficient if the initial approximation £ s sufficiently
close to the risk-averse solution. This is true when the risk aversion coefficient Kk =
AB is close to zero or the number of products is very large. I must point out that the
iterative method does not guarantee convergence to the optimal risk-averse solution.
One reason is that my approximation in (2.30) may result in infeasible solutions as

Cj . . .
the term —7,- - n(;))o can be negative or greater than 1 (due to approximation). When

this occurs less likely, one can say that the approximation is more stable. Generally,
the approximation is more stable for larger number of products and smaller k. To
improve stability, I propose a more accurate method called the continuation method.
In this approach, I apply the iterative method for a small value of k, starting from
the risk-neutral solution. Then I increase « a little, and I apply the iterative method
again, but starting from the best solution found for the previous value of k. In this
way, I gradually increase x, until I reach the risk aversion coefficients which are of
interest (usually, between 0 and 1). The stability of the iterative and continuation
methods is summarized in Sect. 2.8.2.

2.7 Impact of Dependent Demands

In this section, I provide some insights on the impact of dependent demands. Due
to significant analytical challenges, I focus on a two-product system and the mean-
deviation from quantile model.

Under the risk-neutral measure, dependence of product demands has no impact
on the optimal order quantities. However, under risk-averse measures, it can
greatly affect the optimal order decisions for the newsvendor. Intuitively, positively
(negatively) dependent demands entail larger (smaller) variability and thus increase
(decrease) risk, as compared to independent demands. Thus, one tends to decrease
(increase) the order quantity in case of positively (negatively) dependent demands
relative to the case of independent demand.

To characterize the impact of demand dependence on the optimal order quan-
tity under the coherent risk measure, I utilize the concept of “associated” ran-
dom variables. Consider random variables Di,D,,...,D,, denote vector D =
(Dy,Ds,...,D,). The following definition is due to Esary et al. (1976); see Tong
(1980) for a review.
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Definition 1. The random variables Dy,D;, ...,D, are associated, if Cov[f(D),
g(D)] > 0, or; equivalently, E[f(D)g(D)] > E[f(D)|E[g(D)], for all nondecreasing
real functions f,g for which E[f(D)],E[g(D)] and E[f(D)g(D)] exist.

Lemma 1. (i) Any subset of a set of associated random variables is associated.

(ii) If two sets of associated random variables are independent of each other; their
union is a set of associated random variables.

(iii) Nondecreasing (or nonincreasing) functions of associated random variables
are associated.

(iv) If Dy,Dy,...,Dy are associated, then for all (y1,y2,...,y,) € R"

P{D| <y1,D2<y2,...,Dp <y,} > II,_ | P{Dy <y},
P{D,| > y1,D2 > y2,...,Dp >y, } > I,_\P{Dy > yi}.

I refer to Tong (1980) for proofs.

Association is closely related to correlation. By (Tong 1980, p. 99), a set of multi-
variate normal random variables is associated if their correlation matrix has the
structure / (Tong 1980, p. 13) in which the correlation coefficient p;; = y;y; for
all i # j and 0 < y; < 1 for all i. This means that I can represent the demands as
having one common factor:

Di=vDo+A;, i=1,...,n,

where Dy and A;, i = 1,...,n, are independent. A special case is the bi-variate
normal random variable with a positive correlation coefficient.

Consider a system with two identical products and a solution with equal
coordinates. Let Z, = min{x, D, } + min{x, D, }. Clearly, I1(x,D) = —2¢x +7Z, and

p(Il(x,D)) = 2ex+7p(Zy), (2.39)

p(Z) =E(Z)(AB ~ 1)~ ABmaxyex {n— FEIN—Z)"]}. (240

Let 7] be the maximizer. If 1] is not an atom of the distribution of Z,, similar to
Case (i) analysis in Sect. 2.6.2, I obtain

dp (Zx) _dE[Zx] dE[(ﬁ _Zx)+]
o MPEDRATERT

where 1) is the B-quantile of Z, and fj < 2x. Because the first term depends only
on the marginal distributions of the demands, I focus on the second term, which is
affected by the dependence of D and D». I have

dE[(R-2)"]_

dx .

2
P{Z, <A} N{D; > x}|=—2P[min{x,D,} < f) —x,D; > x].
J=1

(2.41)
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Consider three cases of (D1, D), with the same the marginal distributions of D
and D,. In case 1, (D1, D;) are associated random variables, and I use fjp to denote
the B-quantile of the corresponding Z,; In case 2, (D;,D,) are independent with f);
as the f-quantile of Z;; In case 3, (D, —D,) are associated random variables with
fiy as the B-quantile of Z,. I also let x5, xj, and x}, be the optimal order quantities
in cases 1, 2, and 3, respectively.

Proposition 7 (Impact of Demand Correlation). If flp < 7l < iy < 2x, then
xp < x7 < xy. (2.42)
That is, positively (negatively) dependent (Dy,D;) results in smaller (larger)

optimal order quantities than independent (Dy,D;).

Proof. 1 first consider associated (Dy,D;). I have

Plmin{x,D,} < filp —x,D > x]
=P[D; < flp —x,D; > x]
=P[D| >x] —P[D2 > flp —x,D; > x] <P[D| > x] —P[Dy > fip — x|P[D; > «]
=P[Dy < flp —x|P[D; > x] < P[D; < fiy — x|P[D; > x].

The first inequality follows by Lemma 1 part (iv). The second inequality follows
by flp < 7);. Note that the last term corresponds to independent (D;,D;). Thus,
by (2.41), associated (D, D,) have the derivatives dp(Z,)/dx at least as large as
independent (Dy, D,), which implies that x5 < xj.

I then consider associated (D, —D,). I obtain

P[D, < fly —x,D1 > x] = P[—D, > —fly +x,D;1 > x|
>P[—D; > —fiy + x|P[Dy > x]
=P[D, < fijy —x|P[D; > x] > P[D, < fjy — x]P[Dy > x].

The first inequality follows by Lemma 1 part (iv). The second inequality follows
by fl < fly. Note that the last term corresponds to independent (Dy,D;). Thus,
by (2.41), associated (Dy,—D;) have the derivatives dp(Z,)/dx no larger than
independent (D;,D;), which implies that x; < xj,. O

The condition fip < 1)y < iy holds when ¥; = min{x, D} and ¥» = min{x,D,}
follow bivariate normal distribution and 3 < 0.5. One can approximate the joint
distribution of ¥; and Y, very closely by bivariate normal when (D;,D;) follow
bivariate normal and x is set to cover most of the demand, which is very likely in
practice when the underage cost r — ¢ is much greater than the overage cost ¢ — s.
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2.8 Numerical Examples

The objective of this section is twofold. First, I study the accuracy and the
convergence rates of the approximations. Second, I provide insights (in addition
to the analysis in Sects.2.5-2.7) on the impact of demand dependence and risk
aversion. I first introduce the sample-based optimization method.

2.8.1 Sample-Based Optimization

In all examples considered, I apply sample-based optimization to solve the resulting
stochastic programming problems. I generate a sample D' D?,... . DT of the
demand vector, where

D' =(dy,doss...,du), t=1,....T.

Then I replace the original demand distribution by the empirical distribution based
on the sample, that is, T assign to each of the sample points the probability p, = 1/T.
It is known that when 7' — oo, the optimal value of the sample problem approaches
the optimal value of the original problem (see Shapiro 2007). In all my examples, I
used T = 10,000.

For the empirical distribution, the corresponding optimization problem (2.16)
has an equivalent linear programming formulation. For each j =1,...,n and =
1,...,T, Iintroduce the variable w;, to represent the salvaged number of product j
in scenario ¢. The variable u, represents the shortfall of the profit in scenario ¢ to the
quantile 1. It is also convenient to introduce the parameter k¥ = A 3 to represent the
relative risk aversion (0 < x < 1). I obtain the formulation

n T T
1
max  (1—x) Y, | (rj—cj)x;j—(rj—s;) X, piwjr +K<n—32p,u,>
=1 =1 =1
(2.43)
n
subjectto Y [(rj—cj)xj— (rj—sjwje] +u, >n, t=1,....T,
j=1

xj—dy<wj, j=1,...,n; t=1,....T,
wi;=>0, j=1,...,n; t=1,....T,
M[ZO, t:17...,]‘7

x;>0, j=1,...,n
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To explain this formulation, suppose the order quantities x; are fixed. Then wj; =
(xj—dj)" and u; = (n —I1(x,D"))" are optimal, and I maximize with respect to 1)
the last term in problem (2.43), that is,

1 + —
max {n - EE [(n—TI(x,D))"] } = —AVaRg [II(x,D)].

In the last expression, I used (2.8). Therefore, (2.43) is equal to (1 — x)E [T1(x,D)] —
KAVaRg IT(x,D)].

2.8.2 Accuracy of Approximations

In this section, I assess the accuracy of the closed-form approximations of Sect. 2.6.
I first consider identical products, then nonidentical products.

For identical products, I assume that all products have identical cost structure,
and iid demands. I set r = 15, ¢ = 10, and s = 7. I set the demand distribution of
each product to be lognormal with y = 3 and o = 0.4724 (to achieve the desirable
coefficient of variance (cv) of 0.5). Thus, the mean and standard deviation of each

demand are ef+9°/2 = 22 46 and e#*+°/2. | /(e — 1) = 11.23. Because the joint
demand distribution is invariant with respect to the permutations of the demand
vector, there exists an order vector with equal coordinates, which is optimal for the
model.

I choose the number of products, n, to be 1, 3, 10, and 30, and I study the
impact of the number of products on the gap between the sample-based LP solutions
and the approximate solutions (generated by the iterative method with v = 3, see
Sect. 2.6.4). The sample-based LP solutions can take hours to solve, especially for
large n and T. For instance, with n = 30 and a sample size of 10,000, the running
time by CPLEX 9.0 at an Intel Pentium 4 PC is 32,607 s for identical products and
50,889 for heterogenous products. In contrast, the approximate solution can be
obtained within one or two seconds. I use § = 0.5, that is, I am concerned with the
shortfall below the median.

In my numerical study of identical products, I set the optimal order quantities
for different products to be identical by Proposition 2. In model (2.43), all variables
x; are replaced by a single variable x. The corresponding results are illustrated in
Fig. 2.1, where on the horizontal axis I display the relative risk aversion parameter
Kk = AJ. The term “exact,” “numerical,” and “approximation” represent the solution
obtained by the exact calculation, the sample-based LP, and the closed-form
approximation, respectively.

Figure 2.1 shows that my analytical solution is very close to the numerical
solution when n = 1. This is obvious as my solution is exact for the single-
product case (here, the case ) = x is valid). In the case of a three-product
model, the approximation does not work well, which is quite understandable as
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Fig. 2.1 Identical products with independent demands—Approximate or exact solutions vs.

”

sample-based solutions. The terms “exact,” “numerical,” and “approximation” refer to exact
solutions, solutions of the sample-based model, and closed-form approximations, respectively

the approximation is based on the Central Limit Theorem. As the number of
products increases, my approximations become more accurate and the gap becomes
negligible when n > 10. I also observe that the order quantities decrease as the
degree of risk-aversion increases, which confirms Proposition 3; and as the number
of products increases, the error of the risk neutral solution decreases (consistent with
Proposition 6).

For independent but heterogenous products, I tested the accuracy of the ap-
proximations on 30 randomly generated problems, 10 for each number of products
n=3,10,30. At each value of k =0.2,0.4,0.6,0.8, 1, I calculated the sample-based
LP solution and an approximate solution by the continuation method with v = 1.
My numerical study shows that the continuation method is much more stable and
accurate than the iterative method with v = 1, especially for smaller numbers of
products, when the difference between risk-neutral solution and risk-averse solution
is larger (e.g., k is larger). For n = 30, both methods work very well.

For each instance in which the continuation method can generate a feasible
solution, I compute the absolute percentage error of the approximate solution
relative to the sample-based LP solution, which is defined by the absolute difference
between the approximate solution and the sample-based LP solution over the
sample-based LP solution. For comparison, I also compute the absolute percentage
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Fig. 2.2 Heterogeneous products with independent demands—The average percentage error of
the approximate solutions and risk-neutral solutions

error of the risk-neutral solution relative to the sample-based LP solution. Then for
each value of n and «x, I compute the average and maximum percentage error over
all the solutions generated. The average (and maximum) percentage errors of the
risk-neutral solutions and of the solutions obtained by the continuation method are
displayed in Figs. 2.2 and 2.3, respectively).

In all cases, in terms of the average and maximum errors, my approximation
outperforms the risk-neutral solution. Furthermore, in most cases, the improvement
brought by the approximation is significant. Often, the approximation cuts the error
of the risk-neutral solution by 3—6 times, although only one step of the continuation
method was made at each k. Second, I observe that the approximation is quite
accurate for all cases of n = 10 and n = 30. However, the approximation does not
work well for n = 3, which is similar to what I observed in the identical products
case. Finally, I observe that the average and maximum errors of the risk-neutral
solutions are decreasing in n, as established in Proposition 6.

2.8.3 Impact of Dependent Demands Under Risk Aversion

I first consider a simple system with two identical products, then a system with
two heterogenous products. The numerical results here are obtained by the sample-
based LP.
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Fig. 2.3 Heterogeneous products with independent demands—The maximum percentage error of
the approximate solutions and risk-neutral solutions

I choose the following cost parameters for the system with two identical products:
rr=r,=15,¢; =c; =10 and s; = s, = 7. [ assume that demand follows bivariate
lognormal distribution, which is generated by exponentiating a bivariate normal
with the parameters y; = tp = 3, 01 = 02 = 0.4724 and a correlation coefficient
of —1,—0.8,—-0.6,...,1. Thus, the mean and standard deviation of each marginal
distribution are 22.46 and 11.23 respectively with cv = 0.5. The numerical results
are summarized in Fig. 2.4.

Consistent with my analysis in Sect. 2.5, risk aversion reduces optimal order
quantities for independent or positively correlated demands, relative to the risk-
neutral solution. But interestingly, this observation may not hold for strongly
negatively correlated demands, where increased risk aversion can result in a greater
optimal order quantity. To explain the intuition behind these counterexamples, let
me consider two identical products with perfectly negatively correlated demands,
D; and D,. A larger order quantity, Q, increases negative correlation between the
sales min(Dy, Q) and min(D;,Q), and thus leads to smaller variability of the total
sales min(Dy, Q) + min(D,, Q). Choi (2009) also studied a special case of a two-
identical product system with bivariate uniform distribution and perfectly negative
demand correlation. As a result, a closed-form optimal solution is obtained which is
an increasing function of degree of risk aversion.

Figure 2.4 also shows that consistent with my analysis in Sect. 2.7, negatively
correlated demands result in higher optimal order quantities than independent
demands under risk aversion, while positively correlated demand leads to lower
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optimal order quantity under risk aversion. Indeed, the impact of demand correlation
is almost monotonic with small deviations due to random sample errors.

These observations imply that if the firm is risk-averse, then demand dependence
can have a significant impact on its optimal order quantities. They agree with
the intuition that stronger positively (negatively) correlated demands indicate
higher (lower) risk, and therefore lead to lower (higher) order quantities. More
interestingly, while in most cases, the order quantity decreases in the degree of risk
aversion, it can increase when the demands are strongly negatively correlated.

For heterogenous products, I consider a simple system with two products and
the following parameters: r; = 15,¢; = 10,51 =7 and r, = 30,¢, = 10,5, = 4.
The demand is bivariate lognormal generated by exponentiating a bivariate normal
with uy = up = 3, o1 = 0.4724, 0>, = 1.26864 and a correlation coefficient of
—1,—-0.8,—-0.6,..., 1. The marginal demand distributions of products 1 and 2 have
means 22.46 and 44.913, standard deviations 11.23 and 89.826, and cv’s 0.5 and 2,
respectively. Intuitively, product 1 is less risky and less profitable than product 2.

My numerical study shows that for product 1, the impact of demand correlation
is similar to that for identical products; see Fig.2.5. For product 2, however, the
optimal ordering quantity always decreases in k but not in correlation, see Fig. 2.6.

The implication is that for heterogenous products, the impact of demand
correlation under risk aversion can be very different in each product. Specifically, as
the firm becomes more risk-averse, it should always order less of the more risky and
more profitable products. However, for the less risky and less profitable products,
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while it should order less when demands are positively correlated, it may order more
when demands are strongly negatively correlated.
For more details on the numerical study, see Choi (2009).

2.9 Conclusions

The multi-product newsvendor problem with coherent measures of risk does not
decompose into independent problems, one for each product. The portfolio of
products has to be considered as a whole. My analytical results focus on the impact
of risk aversion and demand dependence on the optimal order quantities. I analyze
the asymptotic behavior of the optimal risk-averse solution. Then I derive (2.30)
and (2.36) for general law-invariant coherent measures of risk, which are simple
and accurate approximations of the optimal order quantities for a large number of
products with independent demands. My numerical study confirms the accuracy of
these approximations for the numbers of products as small as 10, and enriches my
understanding of the interplay of demand dependence and risk aversion.

It is perhaps appropriate to conclude this paper by comparing the multi-product
risk-averse newsvendor problem (2.4) to the risk-averse portfolio optimization
problem. In a portfolio problem, one has n assets with random returns Ry,...,R,
and the objective is to determine investment quantities xy, ..., X, to obtain desirable
characteristics of the total portfolio return P(x,R) = Rjx; + -+ + Ryx,. In the
classical mean-variance approach of Markowitz (1959), the mean of the return
and its variance are used to find efficient portfolio allocations. See also Elton
et al. (2006). In more modern approaches (e.g., Konno and Yamazaki 1991; Miller
and Ruszczynski 2008; Ruszczyniski and Vanderbei 2003) more general mean—risk
models and coherent measures of risk are used, similarly to problem (2.4). There
are, however, fundamental structural differences which make the multi-product
newsvendor problem significantly different from the financial portfolio problem.

The most important difference is that the portfolio return P(x,R) is linear with
respect to the decision vector x, while the newsvendor profit I1(x, D) is concave and
nonlinear with respect to the order quantities x. This leads to the following different
properties of the problems.

e The risk-neutral portfolio problem has no solution, unless the total amount
invested (e.g., to 1) is restricted, in which case the optimal solution is to invest
everything in the asset(s) having highest expected returns. On the contrary,
the risk-neutral newsvendor problem always has a solution, because of natural
limitations of the demand.

e The effect of using risk measures in the portfolio problem is a diversification
of the solution, which otherwise would remain completely nondiversified. In
the newsvendor problem the use of risk measures results in changes of the
already diversified risk-neutral solution, by ordering more of products having
less variable or negatively correlated demands and less of products having more
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variable or positively correlated demands. Products are unlikely to be eliminated
because of risk aversion, because very small amounts will almost always be sold
and thus they introduce very little risk.

e In the portfolio problem, independently of the number of assets considered,
the risk-neutral solution remains structurally different from the risk-averse
solution. On the contrary, in the newsvendor problem the risk-neutral solution
is asymptotically optimal under risk aversion, when the number of independent
products approaches infinity.

Finally, it is worth stressing that the nonlinearity of the newsvendor profit IT(x, D)
is the source of formidable technical difficulties in the analysis of the composite
function (2.4), which involves two nondifferentiable functions.
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Chapter 3
A Copula Approach to Inventory Pooling
Problems with Newsvendor Products

Burcu Aydin, Kemal Guler, and Enis Kayis

Abstract This study focuses on the inventory pooling problem under the
newsvendor framework. The specific focus is the change in inventory levels when
product inventories are pooled. We provide analytical conditions under which an
increase (or decrease) in the total inventory levels should be expected. We introduce
the copula framework to model a wide range of dependence structures between
pooled demands, and provide a numerical study that gives valuable insights into
the effects of marginal demand distributions and dependence structure on inventory
pooling decisions.

Keywords Copula approach ¢ Inventory pooling ¢ Multiple sources * Total
inventory levels ¢ Sklar’s Theorem

3.1 Introduction: Inventory Pooling Problem

We study the inventory pooling problem using the classic newsvendor framework.
The newsvendor problem occurs when for a given item, the inventory level is
decided before the realization of the demand. Therefore, the optimal inventory
level needs to be decided based on the distribution of the stochastic demand D.
Unsold items at the end of the period are typically assumed to be either discarded or
salvaged. The solution of the newsvendor problem is well known: a quantile of the
demand distribution depending on price and cost of the item is the stock level that
is optimal in terms of profit.

The pooling problem occurs when the decision makers have the option to
combine inventories for an item that serves multiple demand sources. The pooling
could be in the form of determining one physical inventory holding location
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that will serve multiple locations, setting up quick transshipment modes between
different inventory locations (therefore allowing to plan inventories together), or
even designing two products so that they are substitutable if the need arises. This
effort has a clear reward: It is a well-known fact in the literature that pooling always
leads to higher profits. (see, for example, Corbett and Rajaram 2006). However, the
optimal inventory levels in the system may increase or decrease after pooling.

Our paper primarily focuses on the change in optimal inventory levels when
demands from multiple sources are pooled. The change in inventory levels is an
important decision factor. Contrary to common intuition, pooling may result in
a decrease or increase in total inventory levels. The pooling decision may bring
additional costs that depend on the targeted inventory level. The costs could be
due to adjusting warehouse capacities, redesign costs, etc., and profits may include
reduced stock-out rates and therefore higher customer satisfaction. These should
be carefully weighed together with the profit increase due to pooling. Furthermore,
after the pooling decision is made, adjusting the inventory levels to the new optimal
levels is important in achieving higher profits. The new optimal levels depend on the
demand for the product in each channel, and how these channels affect each other.
We investigate how pooled inventory levels are affected by marginal distributions of
product demands and the dependence structure between them.

The question we tackle in this paper is mentioned, though not solved, by Corbett
and Rajaram (2006):

Most of this literature in inventory pooling, ..., focuses on the impact of pooling on expected
profits. A related, but usually more intractable problem, concerns the effect of pooling
on optimal inventory levels. We do not consider that question here, though some work,
including Eppen (1979), Erkip et al. (1990), and Van Mieghem and Rudi (2002) do address
that issue under more restrictive distributional assumptions than ours. So far, the work
related to pooling of inventories has generally lacked a formal mechanism for assessing
the impact of dependence on the value of pooling when demands are nonnormal. Whenever
dependence has been explicitly included, it has generally been in the context of bivariate or
multivariate normal demands.

Other previous studies on the subject handled certain cases where the demand
distributions of the channels and their relationship can be explained by well-
known multi-variate distributions. Often independent and identically distributed
(IID) demand is assumed. For example, Gerchak and Mossman (1992) assume IID
exponentially distributed marginals, and Yang and Schrage (2009) studies IID right-
skewed marginals. This approach provides mathematical tractability. In real-life
applications, however, product demands are neither identical nor independent. In
this paper, we take up this problem and show that the theory of copulas provides a
powerful and tractable yet rigorous framework to address the effect of relaxing both
independent and identical demand assumptions on the optimal pooled inventory
levels. They also allow us to analyze a very wide range of different dependence
structures that may not fit into any of the well-known multi-variate distributions.

The details of the model we consider are as follows. The cost of stocking each
unit is ¢. For each demand unit that can be satisfied from inventory, a revenue of p is
made. Unsatisfied demand is lost as well as the overstocked items. The objective is
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to decide the inventory level Q that will maximize the expected total profit. It is well
known that the optimal inventory level is a quantile of the demand distribution, i.e.:

F! (pT—C) = arngaX{pED [min(D, Q)] — cQ}, 3.

where F(.) is the distribution function of demand.

In the stylized inventory pooling problem, two identical items with uncertain
demands, D and D», are considered. These items have the same unit profit and unit
stocking cost. The decision maker has two options: Keeping a dedicated inventory
to satisfy the demand of each item, or holding a single inventory for the aggregate
demand, D; + D,. It has been shown that pooling is a better option; however, one
still needs to decide on the optimal inventory levels. In the first option, the optimal
inventory in the system can be shown to be F; !(t) + F, '(t), where F(.) is the
marginal distribution function of D; and ¢ := % is defined as the margin ratio. It is
easy to see that this quantity is independent of the dependence structure between the
demands. On the other hand, the optimal pooled inventory level, Fljrlz(t), depends
not only on the marginal demand distributions but also on the dependence structure
between Dy and D, (where Fy3(x) := Pr(D; + Dy < x)).

From a practical point of view, the manager knows pooling is a better option, but
he needs to decide whether to keep more or less total inventory as a result of that
decision. If pooling requires higher levels of total inventory, we say that pooling
effect is positive. Similarly, pooling effect is negative when pooled inventory level is
lower than the dedicated inventory. In other words, we define the pooling effect as

Fh) —F () —F ).

3.2 Literature Review

The inventory pooling problem has been studied extensively in the operations
management literature. For many of these studies, the main focus has been the profit
comparison under various settings. A smaller number of studies take up the problem
of determining the pooled inventory levels.

The earliest and most well-known reference on the pooling problem is Eppen
(1979). This study considers the pooling problem when product demands are jointly
distributed with multi-variate normal distribution with a known covariance matrix.
He shows that the centralized system brings cost savings, and the magnitude of these
savings depend on the correlation: the lower the dependence, the higher the savings.

Since Eppen (1979), costs and benefits of inventory pooling are investigated
under various other settings. See Gerchak and He (2003) and Alfaro and Corbett
(2003) for recent reviews.

Netessine and Rudi (2003) focus on the inventory centralization problem for
substitutable products. Substitution is the technical equivalent of pooling when
full substitution without stock out penalties are allowed. They show that, when
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substitution is allowed, it is possible that the optimal inventory levels may increase
for some items that are being pooled. However, they give results on the levels of
individual items, and they do not provide any result on the total inventory level of
the items being pooled under centralization.

Erkip et al. (1990) takes up a similar question: the centralization of inventory
ordering policies under the newsvendor framework. They investigate the effect of
correlation between normally distributed demands of items that can be centralized.
They conclude that “the effect of correlation can be highly significant, resulting
in significantly larger amounts of safety stock for optimal control compared to the
no-correlation case.”

In their 2003 paper, Gerchak and He investigate the effect of demand variances
on the pooling savings. They provide a framework in which an increase in demand
variability always increases the savings achieved by combining these demands.
They do not require the demand distributions to be independent for their result to
hold. However, they do not study how the combined inventory levels are affected by
variability.

Alfaro and Corbett (2003) ask an interesting question: if the inventory levels are
not optimal in a current setting, would pooling still bring savings? They investigate
the profits coming from pooling under nonoptimal inventory levels, and com-
pare this to the benefit of optimizing the separate inventory levels rather than pooling
them. They find conditions under which it is better to optimize the inventory levels
of dedicated setting, and conditions where pooling only will be more profitable.

In inventory pooling literature, the effect of dependence on the optimal inventory
levels has been studied assuming multi-variate normal demands. Corbett and
Rajaram (2006) use copulas to model the dependence structure between demands.
As noted by the authors, they focus on the impact of pooling on expected profits.
This focus is particularly essential as the results of superiority of pooling rely
critically on the ability to find the optimal inventory levels.

The small number of studies that focus on the pooled inventory levels provide
examples in which pooling leads to higher inventory levels contrary to the earlier
intuition. For example, Pasternack and Drezner (1991) show that this comparison
depends on the transfer revenue. Transfer revenue is the profit that comes from
the substitution of one product when the other’s inventory is depleted. Their cost
structure for the substituted amount is different than the original costs; therefore,
their results are not directly comparable to the studies where pooling is understood
as full substitution, where costs do not change if parts are substituted.

Gerchak and Mossman (1992) conclude that, contrary to the prevalent intuition,
pooling may lead to higher inventory levels when demands are IID with an
exponential distribution and price per unit and the ratio of cost of underage to cost
of overage is sufficiently low. They show this using a numerical counterexample
where the demands have exponential distribution. However, they do not provide
any generalized findings in terms of providing analytical conditions or distributions
which would imply higher pooled inventory levels.
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In a recent paper, Yang and Schrage (2009) define the case in which pooling
increases inventory levels as “inventory anomaly.” They focus on IID right-skewed
demand distributions as marginals. They claim that for any two IID right-skewed
demand distributions, there exists a range of the margin ratio % where pooling

leads to higher inventory levels. Moreover, for any newsvendor ratio P=¢>0.5,a
right-skewed distribution of IID marginals that leads to higher pooled inventory
levels exist. Their result is important in the sense that they describe certain
conditions where the “inventory anomaly” can be expected.

Our paper attempts to provide a much more general framework, where the level
of pooled inventory can be found under any demand distribution and dependence
structure through the use of copulas. Our numerical analysis provides examples of
some well-known copulas and marginal distributions that can be used.

3.3 Comparison of Inventory Levels

In this section, we explore a qualitative question: How does the sign of pooling
effect change as the margin ratio ¢ varies? The following Proposition sheds light
into this question:

Proposition 1. Let P(t) = Fjrlz(t) — F'(t) — F5 (). Assume that P(t) has a
unique root ty in (0, 1). Then, 1y is a threshold such that the pooling effect is negative
att if and only if t > 1.

Proof of Proposition 1 follows from Theorem 1 of Liu and David (1989).
The proposition stipulates that if P(z) has a unique root in (0,1), then pooling
effect can only change sign from negative to positive as ¢ increases, the critical
threshold being #y. This threshold depends on both the marginals and the dependence
structure of joint demand distribution. However, we can characterize this value
under certain settings. First, it is easy to verify that for multi-normal family of
demand distributions, this critical threshold is always 0.5. That is, regardless of
specific parameters that describe a multi-normal demand, pooling leads to a lower
inventory level if and only if margin ratio is higher than 0.5. One can extend this
“detail-free” threshold result to other distributions from the same family.

Proposition 2. If (Dy,D,) follows a distribution in the elliptical family," then
pooling leads to lower inventory if and only if the margin ratio is higher than 0.5.

The proof of this proposition follows trivially from Theorem 6.8 of McNeil et al.
(2005).

IThe elliptical family includes well-known distributions such as Normal, Laplace, Student-t,
Cauchy, and Logistic among others.



86 B. Aydin et al.

For the next result, we use the following definition:

Definition 1. A distribution function F is regularly varying at minus infinity with
tail index o > 0 if,
F(—tx)

Y 0 4
tgg F0) =x Vx > 0.

The next proposition shows that if the distribution of demand is regularly varying,
then the sign of pooling effect depends on the tail properties of the demand
distribution.

Proposition 3. Assume that the tail probability of the joint demand distribution to
be negligible compared to those of marginal demand distributions. Moreover, let Dy
and D are identically distributed with regularly varying distribution functions with
the same tail index o. There exists a threshold 0 < to < 1 such that if the margin
ratio t is greater than or equal to t( then:

e The pooling effect is negative if o« > 1.
e The pooling effect is positive if 0 < o < 1.

The proof is from Theorem 10 of Jang and Jho (2007).

It is possible to have 7y = 0 which implies that pooling leads to higher inventory
for all margin ratios. For example, when demands are IID with Pareto distributions,
which has infinite mean, then the threshold becomes 0.

Having established some conditions for positive and negative pooling effect and
that pooling may lead to either higher or lower inventory levels, we next investigate
the effect of characteristics of the demand uncertainty on inventory levels. With
multiple products, we need to study the effect of the marginal demand distributions
as well as the dependence structure between these demands. Toward this end, copula
representation provides a unified and rigorous approach for which we provide a
short overview.

3.4 Brief Overview of Copula Theory

The joint distribution of demand is critical in understanding the behavior of optimal
pooled inventory levels. There are two components of a joint distribution: the
marginal distributions of each demand source, and the dependence between these
demand sources. In order to study the effect of these components independently,
we introduce the copula theory.” Copulas join the univariate marginal distributions
of individual random variables to arrive at the joint distribution function for these
variables.

2Nelsen (1999) provides an excellent general introduction to the theory of copulas.
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Definition 2. A d-dimensional copula C(uj,...,uy) is a distribution function on
[0,1]¢ with standard uniform marginal distributions.

McNeil et al. (2005) shows that a function C with the following properties is a
copula:

1. C(uy,...,uy) is increasing in each component u;.
2.C(1,..., Lu1,..., 1) =uforall i € {1,....d}, u; € [0,1].
3. Forall (ay,...,aq), (by,...,bg) in [0,1]¢ with a; < b;, we have:

2 2
Z e Z (_l)ll+'.'+1dc(uli1 IR a“did) > Oa
=l ig=1

where uj;y =ajanduj, =b; forall j € {1,...,d}.

Sklar’s Theorem shows that when the marginal distributions are continuous, then
the copula is unique.

Theorem 1 (Sklar’s Theorem). Ler F(xj,xs,...,X,) be an n-dimensional joint
distribution with continuous marginals Fy (x1), ..., Fy (x, ). Then the joint distribution
has a unique copula representation given by

F(x1,%0,...;%0) = C(F1 (x1)y ey Fu (X)) (3.2)

Sklar’s Theorem provides a powerful technique that enables the separation of
marginal distributions from the dependence structure. Since one can fix or vary
the marginals and the copula separately, a rich class of stochastic models can be
constructed. Copula-marginal representation of the joint distribution of a set of
random variables has been used in a variety of application areas from decision and
risk analysis to finance.

Some of the most commonly used examples of the copula include the prod-
uct, Gaussian, and Archimedean family copulas. The product copula models the
independent marginals case. The most commonly used multi-variate distribution,
Normal, can be uniquely represented by normal marginals and a Gaussian copula.

Three important copulas within the Archimedean family are Gumbel, Clayton,
and Frank. An important property that can be modeled using some Archimedean
family copulas is the asymmetry around the mode. With these copulas, the
dependence structure varies along the different section of the distribution tails. Two
copulas that have this property are Gumbel and Clayton. Gumbel distribution is
given by:

Cou(tt1 ooy tty) = e~ ()t (i) )0

and Clayton copula is given by:

-0
n

Ce(uy,...,uy) = <1—n—|—2ui1/6> .
-1
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Gumbel copula could be used when the dependence is higher in the right tail, and
Clayton could be used when the dependence is higher in the left tail. Clayton copula
exhibits higher dependence in the left tail. Finally, the Frank copula is given as:

ot =1
CF(Ml,...,M,,) = loga (m + 1)

Frank copula is symmetric; it exhibits dependence on both tails. In our numerical
analysis, we will focus on these three Archimedean copulas. The most important
shape qualities of the popular Gaussian copula is already carried by the Frank
copula. Moreover, Frank copula can represent negative dependence structures as
well.

While all of these copula functions represent different two-dimensional struc-
tures, they can be compared through a summary scalar of dependence. One such
scalar used commonly is called Kendall’s 7. For a joint distribution, Kendall’s 7 is
independent of the marginals and only depends on the copula. It varies between
[—1,1], while —1 represents perfect negative correlation, O represents lack of
correlation and 1 represents perfect positive correlation. Given a two-dimensional
copula function, the associated Kendall’s T can be found through the following
formula:

1 1
1:4/0 /0 Cu,v)dC(u,v) — 1. (3.3)

This formula can be found in Kaas et al. (2009).

Other scalar measures of dependence also exist. Out of those, we do not use
Pearson’s r, since it only measures linear dependence and is not a robust measure of
nonlinear dependence cases. Spearman’s p and Blomqvist’s 3 are two others that are
also common and can measure nonlinear dependence. These could have been used
instead of Kendall’s 7. However, our numerical results would have come out very
similar; therefore, we limited our analysis to Kendall’s 7 only. A wide discussion of
these measures can be found in McNeil et al. (2005) and Nelsen (1999).

3.5 Numerical Analysis

In this section, we independently study the effect of identical versus nonidentical
and symmetric versus asymmetric marginal demand uncertainties, as well as
different types of copulas with varying forms and levels of tail dependence. Our
focus is to investigate whether a unique threshold exists beyond which pooling leads
to higher inventory levels, the value of this threshold, and the magnitude of the
pooling effect. We connect our observations to managerial insights and complement
the existing work on optimal pooled inventory levels.
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The first factor in determining the inventory levels is the marginal distribution
of each demand source. To understand the effect of skewness in marginal demand
sources, we use the beta family. The support for the standard beta family is [0, 1];
hence, the optimal total inventory level is always between 0 and 2. To study the
effect of left or right skewness in the marginal demand, we use f3(2,8), and 3(8,2),
respectively; we keep the variance fixed by only exchanging the two parameters of
the distribution. The case with equal parameters (3(5,5)) represents the distribution
example where the density is symmetric at both tails. Many sources use Normal
distribution for this purpose which cannot model skewed cases. Another setting we
will investigate is when the marginals are not identical.

The knowledge of marginal distributions is sufficient to determine the optimal
dedicated inventory level. However, the optimal pooled inventory level also depends
on the dependence structure. To understand the effect of dependence structure
independent of the level of dependence, we fixed Kendall’s 7 to four different values
(0,0.2, 0.5, and 0.8) and computed the corresponding copula parameters using (3.3)
for the copula families used. For the Frank copula that allows negative correlation,
we followed the same procedure on the negative side as well as the positive side.

Figure 3.1 depicts the main copula functions that we will be using in our analysis:
Gumbel, Clayton, and Frank. All of the these can model strong dependence as well
as weak dependence.

Comparing the graphs of different copulas under the same Kendall’s 7 in Fig. 3.1,
we can see that similar levels of “correlatedness” can exist in very different
dependence structures. As Kendall’s 7 increases, the densities tend to concentrate
around the 45° line. Gumbel copula is appropriate to model cases in which it
is slightly more likely that high-level demands are correlated (i.e., higher the
dependence on the right top quadrant). Clayton copula models cases where low-level
demands are more correlated, perhaps due to unfavorable market conditions that
affect all demand sources (i.e., higher the dependence on the left bottom quadrant).
Frank copula, on the other hand, shows a more dispersed structure and models cases
where dependence is similar in high and low level demands (i.e., it is symmetrical
at both tails).

The combined affect of marginals and copulas is what drives the magnitude and
sign of the pooling effect at any margin ratio. We will not give the joint density
plots of all the marginal-copula pairs that will be used in the numerical analysis, but
for illustrative purposes, the density plots belonging to Gumbel copula are given in
Fig.3.2. Other density plots reveal similar observations, so they will be omitted to
save space.

To illustrate how both the pooled inventory level and the sum of dedicated
inventory levels change under margin ratio, we present Fig. 3.3. This graph gives the
intuition on how the dedicated and also pooled inventory levels change when margin
ratio changes; i.e., when risk taking is more or less costly. We see that while the
total dedicated inventory level steadily rises with respect to the margin ratio, pooled
inventory level is more robust when margin ratio is medium and more sensitive
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7=0.2 7=0.5 =08

Gumbel Copula

Clayton Copula

T=0.2 7=0.5 =08

Frank Copula

T=-0.2 T=-0.5 T=-0.8

Fig. 3.1 Example dependence structures between two dependent random variables represented as
contour plots of their copulas. Three Archimedean copula functions, Gumbel, Clayton, and Frank
are shown. Lighter shades represent the areas with higher density, and darker shades represent
areas with lower density. The function parameters are selected such that the copulas depict the
dependence structures under Kendall’s 7 = 0.2, 0.5, and 0.8 for positive dependence cases (first
three rows), and Kendall’s 7 = —0.2, —0.5, and —0.8 for negative dependence with Frank copula
(fourth row)
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Fig. 3.2 The density
functions of joint
distributions obtained by
combining Gumbel copula at
three different Kendall’s T
levels, and three different
marginals (8(2,8), B(5,5),
and 3(8,2)). On top row and
the leftmost column, the plots
of marginal densities used are
given. The fop panel shows
six different combinations of
these marginals under the
Gumbel copula with
Kendall’s T = 0.2. Middle
panel shows the same
combinations under Gumbel
copula with T = 0.5, and
bottom panel is T = 0.8. The
effect of higher dependence
can be seen from top to
bottom: higher dependence
concentrates the mass around
its center, and reduces
dispersion. The effect of
nonsymmetry of Gumbel
copula also becomes visible
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Fig. 3.3 The graph of dedicated (dashed purple line) and pooled inventory levels (solid blue line)
where the horizontal axis represents the margin ratio. Product demands are identically distributed
with Beta where o = 2 and 3 = 4. Their dependence structure is given by Frank copula with
parameter oo = 100 (Kendall’s T = —0.43 for this parameter). The horizontal axis changes from 0

to 1 where 0.5 threshold is marked with a vertical gray line

when margin ratio is either too small or too high. The effects seen on this graph
are consistent with the behaviors we observe in Figs. 3.4—3.7. Similar graphs under
different copulas and marginals contain similar trends with respect to the shape of
inventory level curves, so they will not be presented here.

3.5.1 Effect of Marginal Demand Distribution

The skewness of the marginal demand distribution affects both the threshold and
the magnitude of pooling effect. First, the threshold #y may be either less or greater
than the critical value 0.5 as the skewness changes. In general, left skewness in
any marginal tends to increase the threshold, while right skewness has the opposite
effect. This means that when a demand source is more likely to be low than high,
then pooling leads to higher inventory for even smaller levels of the margin ratio.
This follows from the fact that left skewed distributions concentrate the mass to
lower left area of the joint distribution density, while right skewed ones concentrate

on the upper right area.
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Pooling Effect (%)- Gumbel Copula
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Fig. 3.4 The plots of percentage pooling effect on inventory levels under Gumbel copula.
The marginal distributions are, from rop down, B(2,8), B(5,5), and B(8,2), and from left to
right, B(2,8), B(5,5), and (8,2). These represent left-skewed, symmetrical, and right-skewed
marginals. The common legend for subplots is given on the fop-left corner

For two identical right-skewed marginals, it is clear from the plots that pooling
effect is positive for small values of ¢. This is consistent with the result of Yang and
Schrage (2009) on the existence of positive pooling effect for two IID right skewed
distributions with small #. Our numerical results extend this finding to nonidentical
marginal demands. We find that as one of the marginals changes from left skewed to
right skewed while keeping the other one fixed, the threshold decreases, implying a
positive pooling effect over a larger set of margin ratio. We also observe that the left
skewness of marginals increases the threshold. Finally, we find that the case with
one demand marginal being left-skewed and the other being right-skewed leads to
similar results to the case wherein both marginals are symmetric around the mean.
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Pooling Effect (%) - Clayton Copula

Legend

Kendall's 7
=0
T=2 —
T=.5 ——
T=8 —

Densities of
D, & D, —

hod A Aol

0 0.5 1
margin ratio = (p—¢)/p

Pooling Effect (%)
Lo o

L
5

|
s

BOX| BOL

Fig. 3.5 The plots of percentage pooling effect on inventory levels under Clayton copula.
The marginal distributions are, from rop down, (2,8), B(5,5), and B(8,2), and from left to
right, B(2,8), B(5,5), and B(8,2). These represent left-skewed, symmetrical, and right-skewed
marginals. The common legend for subplots is given on the fop-left corner

The magnitude of the pooling effect decreases as marginals change from being
left skewed to right skewed, for any or both of the marginals. When both of the
marginals are left skewed we observe that pooling changes the inventory levels most,
especially when margin ratio is small.

3.5.2 Effect of Dependence Structure

A comparison across the different copulas gives us interesting insights into seeing
the effect of dependence structure, apart from the level of dependence itself, on the
inventory levels.
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Pooling Effect (%) - Frank Copula
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Fig. 3.6 The plots of percentage pooling effect on inventory levels under Frank copula with
positive Kendall’s . The marginal distributions are, from rop down, (2,8), B(5,5), and 3(8,2),
and from left to right, 3(2,8), B(5,5), and B(8,2). These represent left-skewed, symmetrical, and
right-skewed marginals. The common legend for subplots is given on the top-left corner

We start with some general conclusions that can be drawn from Figs. 3.4-3.7.
First, a stronger dependence measured by a high Kendall’s 7 leads to a pooling effect
that is smaller in absolute value. This is expected, as we know that for co-monotone
demand distributions, the sum of quantiles of individual demand distributions is
equal to the quantile of the sum of the two demand distributions, implying no
pooling effect.
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Pooling Effect for Frank Copula t=0.8
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Fig. 3.7 The plots of percentage pooling effect on inventory levels under Frank copula with
negative Kendall’s 7. The marginal distributions are, from rop down, 3(2,8), B(5,5), and B(8,2),
and from left to right, $(2,8), B(5,5), and 3(8,2). These represent left-skewed, symmetrical, and
right-skewed marginals. The common legend for subplots is given on the top-left corner

3.5.2.1 Gumbel Copula

For the high-dependence case (T = 0.8), we see that pooling does not have a strong
effect on inventory levels for most margin ratios. This is consistent with previous
knowledge. One exception is when the margin ratio is very low: for any marginal
density combination, low margin ratios result in positive pooling effect. Another
observation is that as the dependence decreases, the threshold value increases,

implying a positive pooling effect for even smaller values of margin ratio when
dependence is high.
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3.5.2.2 Clayton Copula

Compared to Gumbel copula, we find two important differences. First, the Clayton
copula implies a higher threshold value #y compared to Gumbel, given everything
the same. Second, this threshold value increases as the dependence increases. This
observation is in stark contrast to the one with Gumbel copula. Recall that Clayton
copula shifts density toward the left tail of the joint distribution, which is the
underlying reason behind these differences.

3.5.2.3 Frank Copula

This copula can cover both the positive and negative dependence cases. The
threshold value 7y is more robust to the skewness of the marginals as compared
to the first two copulas. This is due to fact that Frank copula’s tail dependencies are
symmetric. The effect of this symmetry can also be seen across the pooling effect
lines at different 7 levels.

One case deserves a detailed discussion. When Kendall’s 7 = 0.8, we find that
the threshold value is not unique. In Fig. 3.8, we plot the percentile pooling effect
for all six marginal distribution combinations. On the top of the figure, we plot the
regions of the pooling effect where it is positive or negative. For any combination,
we find that pooling requires higher inventory levels in two different disjoint regions
of the margin ratio. Hence, the uniqueness of the threshold value is not valid for this
particular copula when there is very high dependence. We should point out that the
magnitude of pooling effect is quite small in this case, since co-monotonicity leads
to no pooling effect.

With the Frank copula, one can model negative correlation which provides
additional insights. As expected, negative correlation can lead to significant pooling
effects, especially when the margin ratio is high or low. When demands are highly
negatively correlated, the pooled inventory level (which depends on the sum of these
two random variables) is robust against the margin ratio. However, the dedicated
inventory levels are small for low margin ratios, and high for high margin ratios.
Hence, we see that pooling effect is significantly positive for lower ratios and
significantly negative for high margin ratios.

3.5.2.4 Kendall’s T Versus Pooling Effect

Finally, we address how the magnitude of the pooling effect varies with model
parameters. In particular, we investigate whether the optimal pooled inventory level
varies monotonically with the dependence. Under normality, we know that it does.
Under general dependence structures, however, monotonicity of pooled inventory
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Pooling Effect (%) - Frank Copula

Legend

15 Kendall's 7

. = 0
— 0 T=-2 —
S -5 —
< 5 N r7 .5
3 7= -8 —
g o
El Densities of
S D &D,
~

-15

0 0.5 1
margin ratio = (p-c)/p

od bl | N\ | bad ot

Mot | W[ dotdt | N | ot hod

Fig. 3.8 The plots of percentage pooling effect on inventory levels under Frank copula with
Kendall’s T = 0.8. The pooling effect for different marginal distribution combinations, f3(2,8),
B(5,5), and B(8,2), are depicted in different colors. Top figure shows the regions where pooling
effect is negative or positive

level with respect to dependence does not hold. Figure 3.9 presents the pooled
inventory levels under different copulas with identical normal marginals compared
to dedicated inventory levels, under three different margin ratios.

Figure 3.9 clearly shows the importance of margin ratio. For a low margin ratio,
we see that all three copulas we tried show higher inventory levels compared to
dedicated. For high margins, the opposite seems to be the most common trend. For
mid-range margin ratios, Clayton copula shows the most variation as the Kendall’s
T changes.
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Fig. 3.9 The total inventory
levels under three different
margin ratios, varying with
respect to dependence
(Kendall’s 7). Top panel gives
the low margin case with

t = 0.2, middle panel is the
medium margin case with

t = 0.5, and the bottom panel
is the high margin case with

t =0.8. The gray line
indicates dedicated inventory
level, red is the pooled
inventory level under Gumbel
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3.6 Conclusion

We investigate the optimal inventory levels after pooling to determine whether the
manager should increase inventory levels after a switch to pooling. We show that one
has to understand the true underlying dependency structure between the individual
demand sources, as well as the uncertainty within each demand source, to determine
the right level of inventories. In order to understand the effect of each factor, we use
copula theory to separate the effect of demand source uncertainty and dependencies
between these demand sources, and study the interactions in between, as well as the
effects of these interactions on the inventory levels.

We find that the sign of pooling effect depends on the margin ratio: It is positive
if and only if margin ratio is higher than a threshold, under certain conditions.
This threshold depends on the marginal demand distributions as well as the copula
that joins them. Through numerical studies, we investigate these relationships and
conclude that tail dependencies and the strength of dependency are the main factors
that affect this threshold. Finally we show that pooled inventory levels are not
necessarily monotone with respect to the level of dependence. This is especially
true for copulas with asymmetric tail dependencies.

There are open questions that requires further research. In this paper, we focus on
the unimodal distributions. If the marginals of the demand distributions are bimodal,
then pooling effect is expected to be stronger around these modes, especially if these
modes are closer. We also assume that one can estimate the true copula structure
underlying the data. When the quality of this estimation is not high or it is not
available at all, one will need to consider all possible dependence structures given
the limited information, and come up with upper and lower bounds of true optimal
inventory levels. Incorrect estimation of the dependence might also cause setting
incorrect inventory levels.

In this paper we consider the case with two products. However, the copula
framework is able to handle any number of marginals. Therefore it is possible
to easily extend the results of this paper to case with arbitrary finite number of
products. Our conjecture is that, when the marginals are identical, the results of the
multi-item case will be similar to our results when the two marginals are identical.
When they are not identical however, the relative shapes of marginals is critical in
determining the inventory levels. We leave these questions to future work.

Product characteristics are critical in determining pooled inventory levels. This
paper covers the case with perfectly substitutable products. When products are not
perfectly substitutable, then pooling effect will be smaller. At the extreme case when
pooled products are uniquely different from each other, no pooling will be possible.
Hence a deeper understanding of moderate levels of substitutability is required to
investigate those situations. Finally, another assumption in this paper is that the
products are financially identical: They have the same revenue and cost per unit.
When this assumption is not valid, one will need to have a fulfilment policy as to
which demand source to satisfy when there is insufficient inventory. This policy
structure would determine the pooling inventory levels and in turn the efficiency of
pooling.
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Chapter 4
Repeated Newsvendor Game
with Transshipments
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Abstract We study a repeated newsvendor game with transshipments. In every
period n, retailers face a stochastic demand for an identical product and inde-
pendently place their inventory orders before demand realization. After observing
the actual demand, each retailer decides how much of her leftover inventory or
unsatisfied demand she wants to share with the other retailers. Residual inventories
are then transshipped in order to meet residual demands, and dual allocations are
used to distribute residual profit. Unsold inventories are salvaged at the end of
the period. While in a single-shot game retailers in an equilibrium withhold their
residuals, we show that it is a subgame-perfect Nash equilibrium for the retailers
to share all of the residuals when the discount factor is large enough and the
game is repeated infinitely many times. We also study asymptotic behavior of the
retailers’ order quantities and discount factors when n is large. Finally, we provide
conditions under which a system-optimal solution can be achieved in a game with n
retailers, and develop a contract for achieving a system-optimal outcome when these
conditions are not satisfied. This chapter is based on Huang and Sosi¢ (European
Journal of Operational Research 204(2):274-284,2010).
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4.1 Introduction and Literature Review

As the intensity of the business competition grows, retailers and distributors want to
achieve more flexibility and become more responsive to their customers. However,
fulfilling the demand is a challenge given the high uncertainty of the market,
the limited capacity, and the tight budget constraints. In many such situations, it
is worthwhile for the distributors to form alliances that will share substitutable
inventory or services. Such cooperation is even more beneficial when products have
short life/sales cycles, become obsolete fast, face long suppliers’ lead times, and
customer’s demands that are hard to predict. Examples of such products are apparel,
pop music, and high-tech products, among others.

Many retail chains implement transshipments or inventory sharing (we will
use both terms in this article) among their stores. For example, Takashimaya, a
Japanese department store chain, adopts inventory sharing policies among its stores
by allowing sales persons to search on their PDAs the inventories held by other
branches when the product is not held in stock at their location. The requested
product is received the following day. In this way, Takashimaya manages to optimize
the inventory within specialized shops. Similar policies are implemented in Music
Millenium, Guess, and others.

While inventory sharing within a company is, intuitively, feasible and profitable,
it is worthwhile to mention that similar practices happen among independent parties
as well. iSuppli.com markets itself as the “collaborative ground” and is trying to
build up a network of unrelated parties that need the same electronic components.

When inventory sharing is introduced into the system, various questions need to
be addressed:

1. Inventory Decision: One of the merits of inventory sharing is the reduction
of the overstocking cost, because inventory-sharing parties usually hold less
inventories.! An important question here is, to what extent are the inventory
positions going to be reduced?

2. Transshipment: When multiple retailers participate in transshipments, how to
allocate the inventory among them? The transshipping pattern can be either
determined a priori by a contract (i.e., the retailer with surplus inventory may
select where her inventory is going), or a posteriori according to some objective
(i.e., maximize the total profit of all retailers).

3. Profit Allocation: How are the profits generated from transshipments allocated
among the retailers? For example, there may be a flat-rate price for each unit
transshipped, or the total profit can be divided evenly among all participating
retailers.

4. Sharing Decision: How much of their leftover inventories or unsatisfied demands
are the retailers willing to share with others? Are they going to put all their

"For some exceptions, see Yang and Schrage (2009), which show that the inventory levels
can increase after centralization when demand follows right-skewed distributions, or when the
newsvendor ratio is low.
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leftovers (inventories or demands) on the table, or strategically withhold some of
them? This decision may depend upon initial inventory position, transshipment
policies, or profit allocation.

5. Time Horizon: Is inventory sharing a one-time event, or an activity in which the
retailers will be engaged repeatedly? In the latter case, are the unsold inventories
carried over to the next period, or salvaged at the end of the period?

Many of these questions have been addresses by the researchers in various combi-
nations, as inventory sharing has been a subject of extensive research work. One
stream of research focuses on inventory decisions. Parlar (1988) develops a game-
theoretical model for substitutable products in which leftover inventory and unmet
demand are matched through customer-driven search. This implicitly means that
the party that holds the excess inventory receives the entire profit from inventory
sharing. The paper proves that a first-best outcome (that is, a system-optimal
solution) can be achieved in a two-retailer game. Wang and Parlar (1994) analyze
a similar problem with three retailers. They find that the core of the game can be
empty, and thus inventory sharing between sub-coalitions of players may occur.
Lippman and McCardle (1997) consider an environment with aggregated stochastic
industry demand, which has to be divided among different firms. They study
the relationship between initial demand-sharing rules and equilibrium inventory
decisions, and they determine conditions for a unique equilibrium.

Another stream of research analyzes transshipment of inventories. Among more
recent papers, Dong and Rudi (2004) examine the impact of horizontal transship-
ments between the retailers on both the retailers and on the manufacturer, while
Zhang (2005) generalizes their results. Rudi et al. (2001) and Hu et al. (2007) study
decision making in decentralized systems and the significance of transshipment
prices in local decisions. Wee and Dada (2005) consider a one-warehouse n-retailer
system in which the retailers can receive inventory from the warehouse and from
the other retailers. They analyze the impact of the number of retailers and demand
correlation on transshipment decisions. Zhao et al. (2005) study a model in which
the retailers determine both a base-stock policy (for inventory stocking) and a
threshold policy (for inventory sharing) prior to demand realization. Shao et al.
(2011) study a supply chain which is both vertically and horizontally decentralized.
They show the importance of the transshipment price in determining whether firms
benefit or lose from transshipment, and investigate how the control of the parameters
of the transshipment decision affects firms’ transshipment incentives.

If the retailers agree to share their residuals, a decision has to be made as to
how to allocate the additional profit generated through transshipment of inventories.
This decision can be made jointly by the retailers, or it can be, for instance, chosen
by a manufacturer whose products they are selling, or a trade association, or a
larger organization to which the retailers belong. Clearly, different allocation rules
will have different impacts on the retailers’ stocking quantities, on the amount of
inventories shared among retailers, and on the profit levels realized in the system.
Ideally, the retailers would want to choose an allocation rule that would maximize
the additional profit from transshipments. In order to achieve this goal, it is sufficient
that the allocation rule:
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(a) Induces participation of all retailers.
(b) Motivates the retailers to share all of their residuals with others.

We will call condition (a) the full participation condition, and condition (b) the
complete sharing condition. Anupindi et al. (ABZ 2001) and Granot and Sosi¢
(G&S 2003) develop a multistage model for a problem in which n independent
retailers face stochastic demands for identical products. In the first stage, before the
demand is realized, retailers unilaterally determine their stocking quantities. After
the demand is realized and the retailers fulfill their own demands with inventories
on hand, some retailers are left with unsatisfied demand, while others have
leftover supply. The retailers at this point cooperatively determine a transshipment
pattern for distribution of residual inventories among themselves. The additional
profit generated through transshipments (which we call residual profit) is divided
according to an allocation rule specified at the beginning of the game. ABZ
formulate a two-stage model for this problem and implicitly assume that the retailers
share all of their residuals with the others. Thus, the complete sharing condition
is automatically satisfied. They propose a core allocation rule based on the dual
prices for the transshipment problem (referred hereafter as dual allocations; for
detailed description, see Sect. 4.2), which satisfies the full participation condition.
ABZ point out that dual allocations, in general, do not induce a first-best solution.
When the retailers are allowed to withhold some of their residuals, G&S show
that dual allocations may not be able to induce complete sharing of the residual
supply/demand. This may, in turn, reduce the residual profit. On the other hand,
monotonic allocation rules (such as the fractional rule and the Shapley value) satisfy
the complete sharing condition, but these rules, in general, do not belong to the
core, and thus they violate the full participation condition. Consequently, some
retailers may form inventory sharing subcoalitions, which, in turn, may result in
a reduced residual profit. Notice that all of the above conclusions hold in a myopic
framework. If the retailers are farsighted and consider possible further reactions of
their inventory-sharing partners to their actions, So$i¢ (2004) shows that complete
inventory sharing among all retailers is a stable outcome when the residual profit is
distributed according to the Shapely value allocations.

In this work, we study the extension of the above one-shot game from G&S to
a repeated setting, in which each retailer faces her demand over several periods.
In each period, the three-stage model corresponds to that described in the one-
shot game. We want to point out that we are interested in studying the impact
of the repeated interactions on the retailer’s decisions in the second stage (how
much of their residuals they want to share with others) and on selecting their
partners for inventory-sharing (possible formation of subcoalitions). As a result,
we continue to assume the newsvendor framework, in which unsold inventories
are salvaged at the end of each period and no demand is backlogged. This setting
is common, for example, for fashion goods or high-tech items. In addition, we
assume that the retailers in each period sell a product with identical characteristics
(demand distribution, cost, and price). This is a simplifying assumption, which
nevertheless may approximate many real-life situations, in which items with similar
characteristics are sold in different periods. For instance, every season apparel
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manufacturers introduce new collections. One can presume that items that fall into
same categories (t-shirts or other casual clothing, business suits, or trendy items
made by the same company) will have similar demand characteristics in different
years. A similar conclusion can be made for Christmas toys (say, different versions
of Barbie or Elmo dolls), music (new CDs released by Prince, Lady Gaga, or Carrie
Underwood), etc. In the high-tech industry, new hard disk drives or new processors
are introduced on a regular basis to replace the previous generation of corresponding
products. As the technology advances and the models with better performance reach
the market, one can assume that the new product will have demand and price similar
to the original demand and price of the product that it is replacing. Note that our
model also covers some instances in which the prices change in different periods—
we discuss this in more detail in Sect. 4.3.

As mentioned earlier, when the retailers cooperatively generate additional profit,
they have to decide how to distribute it among themselves. In our model, we assume
that the retailers apportion this extra income according to the dual allocations. These
allocations are based on the dual solution of the linear programming problem (4.1)
used to determine the optimal shipping pattern for residuals, and are, therefore, easy
to compute. For detailed description of the model and dual allocations, please see
Sect.4.2. As shown by ABZ, dual allocations are in the core of the corresponding
game, which makes the coalition of all players stable, because no players (or
subsets of players) benefit from a defection, and hence dual allocations satisfy
the full participation condition. Thus, if each retailer shares all of her residuals,
the profit from inventory sharing is maximized. However, if players are allowed to
withhold some of their residuals, G&S show that players will not share all of their
leftover inventory/unmet demand, which, in turn, reduces the profit obtained through
inventory sharing. Note, however, that these results hold in a one-shot setting, where
players do not consider future interactions. Now, in a repeated game, we want to
address the following questions:

1. When the retailers interact repeatedly, what is the impact of the length of the
time horizon on the retailers’ decisions, and is it possible to induce the retailers
to share all of their residuals with dual allocations?

2. Under what conditions can a first-best solution be achieved without additional
enforcement mechanisms, and what type of contracts can induce system-optimal
decisions when these conditions do not hold?

The answers to the first question are obtained through standard game-theoretical
tools. We show that dual allocations induce the retailers to withhold residuals when
the game is played a finite number of times. On the other hand, the retailers in
the infinite-horizon model may be induced to share all of their residuals when they
put enough weight on their future payoffs. As the number of retailers increases,
calculation of the lower bound for the value of the discount factor that induces
the complete sharing of residuals becomes intractable. However, we are able to
obtain some asymptotic results for a large number of players. We also demonstrate
that a complete sharing of residuals may be induced when the punishment (that is,
nonsharing of inventories) is not enforced over an infinite horizon.
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In answering the second question, we provide a condition for achieving a first-
best outcome, and develop a contract that leads to a first-best outcome when some
retailers’ optimal stocking decisions differ from the system-optimal ones.

The structure of this article is as follows: we briefly introduce the one-shot
inventory sharing game in Sect.4.2, and in Sect.4.3 we extend this model to a
repeated setting. In Sect. 4.4, we develop some asymptotic results for the retailers’
ordering quantities and lower bounds on discount factors that induce complete
sharing of residuals for large number of players. In Sect. 4.5, we derive conditions
for achieving a first-best outcome without additional enforcement mechanisms,
while in Sect. 4.6 we develop a contract that induces a first-best solution in a more
general setting. We conclude in Sect.4.7. Longer proofs are given in a technical
appendix.

4.2 One-Shot Inventory-Sharing Game

Each period in our repeated game corresponds to the three-stage inventory-sharing
model from G&S and can be described as follows. We use N = {1,2,...,n} to
denote a set of retailers who are selling an identical product. We assume that
the retailers face independent random demands, D;, and that each retailer knows
the distribution of her demand, F;, and its density, f;. After demands are realized
and each retailer satisfies her own demand from inventory on hand, the retailers
can share their residuals—Ileftover inventories or unsatisfied demands. The total
profit from transshipments—residual profit—has to be divided among the retailers
according to an allocation rule agreed upon by all of them before the game begins.
We assume that there are no capacity constraints and that the game begins with zero
inventory. The three stages are modeled as follows:

Stage 1: Before demand D; is realized, each retailer independently makes her own
ordering decision, X;, contingent upon the demand distribution and the allocation
rule that will be used to distribute the residual profit.

Stage 2: After demand is realized, each retailer decides how much of her residuals
she would like to share with others. Let H; = max{X; — D;,0} and E; =
max{D; — X;,0} denote the total leftover inventory and unsatisfied demand for
retailer 7, respectively. We will use bold letters to denote vectors, that is, (I:I7 E) =
(Hy,...,Hy,Ey,...,E,). We denote the retailers’ sharing decisions (amounts of
residual supply/demand that retailer i decides to share with the other retailers)
by H; and E;, respectively. It is straightforward that H; and E; must satisfy
0<H; <H,0<E; <E;.

Stage 3: The shipping pattern for leftover inventory that maximizes the residual
profit is determined. The resulting residual profit is then distributed among the
retailers according to the allocation rule determined before the first stage takes
place (in this article, we assume that the retailers use dual allocations). Any
inventory left at the retailers is salvaged.
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Let r;, ¢, and v; denote, respectively, the unit retail price, cost, and salvage value
for retailer 7, ¥;; and #;; denote the amount of stock shipped and the unit cost of
transshipment from retailer i to retailer j. We assume that r; > r; —t;;, that is, each
retailer satisfies her own demand first, and v; —t;; < v;, that is, the retailers do not
benefit from salvaging unsold items at other locations.

We next present some results from G&S (2003). The transshipment pattern in
the third stage, given demand realizations and retailers’ sharing decisions, can be
solved through linear programming. Let R(X,D,H,E) denote the residual profit
from the transshipments; as the retailers sharing decisions, (H,E), depend on the
actual residual values, (I_{,E), this profit is a function of the retailers’ order sizes
and demand realizations, X and D. The optimal shipping pattern, R*(X,D,H,E),
can be determined by solving the following linear programming problem.

n

R*(X,D,H,E) = mélx Z (rj—v,'—l‘,‘j)Y,‘j, (4.1a)
ij=1
subject to: 27:1Y1‘j <H; i=1,2,...,n, (4.1b)
27:1Y'j-i§Ei i=1,2,...,n, (4.1¢c)
Y;; >0 iL,j=12,...,n. (4.1d)

We denote the allocation of residual profit to retailer i by ¢f(X,D,H,E). If A;
and y; denote the dual prices corresponding to the constraints (4.1b) and (4.1c¢),
respectively, then (pl-d(X,D,H,E) = AH; + WE;, and the profit for a retailer, i, can
be written as:

P{(X,D,H,E) = rimin{X;,D;} + viH; — ciX; + ¢/ (X,D,H,E).

Given the stocking quantity decisions and demand realizations, X and D, the
retailers in the second stage of the game make their sharing decisions according
to the Nash equilibrium (NE), which we denote by (H¥P EX:P). Thus, they must
satisfy the following inequalities:

P(X,D,HP EXP) > P{(X, D, H,, HY" B, EXD),

VHiSHia EiSEia i= 1,2,...,”,

where X—j= (xl 3 X5 ey X195 Xit 1y - - ,xn).
Finally, the first-stage NE ordering decisions, X9, must satisfy

XY 2 TG, X),
where J4(X) = E[P4(X,D,HXP EXP)] is retailer i’s expected profit when retailers’

ordering decisions form vector X. Huang and Sosi¢ (2010a) provide conditions for
existence of the NE in ordering quantities, X9, for this game. As we are primarily
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interested in the effects of repeated interactions on players’ decisions, in what
follows we assume that these conditions are satisfied and that the NE exists.

We also mention, as benchmarks, two related models—the game without trans-
shipments and the centralized model. If the retailers do not share their residuals,
each retailer’s profit can be described as

Pil (X,‘,D,') =r; min{Xi,D[} +v;H; — ciX;,

with the expectation J} (X;) = E[P}(X;,D;)]. Superscript 1 denotes the model in
which each retailer acts individually. The optimal ordering decision, Xil, corre-
sponds to the newsvendor solution. In the centralized model, in which a single
decision maker optimizes the profit of the entire system, the total system profit can
be written as

n
P'(X,D) = 2 rimin{X;,D;} + viH; — cX;+R* (X,D),
i=1

with the expectation J"(X) = E[P"(X,D)]. Superscript n denotes that n retailers
participate in inventory sharing. The optimal ordering amount for this model, X",
maximizes the total system profit and is referred to as a first-best solution.

4.3 Repeated Inventory-Sharing Game

In this section, we study the inventory-sharing game in a repeated setting. When the
retailers do not expect future interactions with their inventory-sharing partners, dual
allocations preclude them from formation of subcoalitions, but may also provide an
incentive for some (or all) of them to withhold a portion of their residuals (which
may increase their allocations). The main topic of our interest is to study the impact
of repeated interactions on the retailers’ sharing decisions in the second stage. Our
repeated game is modeled identically in every period, following the steps described
in the one-shot model. The goal of each retailer is to maximize her total discounted
profit, and we consider both a finite and an infinite horizon. A solution concept
commonly used in this setting is subgame perfect Nash equilibrium (SPNE)—a
solution in which players’ strategies constitute a NE in every subgame of the original
game.

We assume that unsold inventories are salvaged at the end of each period and that
inventory level at the beginning of each period is zero. If we allow the retailers to
strategically increase their orders in one period and transfer a portion of inventory to
the next period, the result would be a significantly more complicated model that is
beyond the scope of this work. In addition, when making her decision, each retailer
knows the entire history of previous decisions for all retailers. While this assumption
may be rather strong, it is not uncommon in the repeated-game setting to assume
that all players know the entire history (see, for instance, Bagwell and Staiger 1997;
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Haltiwanger and Harrington 1991; Rotemberg and Saloner 1986). We feel that such
an assumption may be appropriate, say, for settings in which the retailers belong to
a larger organization, or within a trade association.

G&S (2003) show that the retailers who share inventory only once withhold some
of their residuals. By using standard game-theoretical tools, it can be easily shown
that the same is true when the game is repeated a finite number of times; hence, we
state our next result without a proof.

Proposition 1. Complete sharing is not achieved if the inventory-sharing game
with n retailers is repeated a finite number of times.

We next consider an infinitely repeated game and introduce the Nash reversion
strategy (NRS), which can be described as follows: each retailer completely shares
her residuals until one or more of them deviate by withholding some of their
residuals. From that moment on, no residuals are shared in the subsequent periods
by any of the retailers. We show that this strategy is an SPNE.

Let P; and Xj; denote the profit and the ordering quantity of retailer i in period ¢,
respectively; we use similar notation for her shared and actual residuals in period ¢,
Hy, Ej; and Hjy, E;,. The retailers’ decisions are based on previous histories, ;| =
{X;, Hy, El};;i, that include stocking quantities and shared residuals in all periods
preceding 7. Thus, we write (X;, Ej;,Hy )(h;—1) to denote that (X;, E;;, H; ) depends
on h;_y. We let (h—1); = (X;, H;, E;) denote the retailers’ decision in period /.
Recall that Xid and Xl-1 denote the optimal stocking quantities in one-shot games
with dual allocations and without transshipments, respectively, and that § denotes
the discount factor. The following result can be shown through the application of
the folk theorem.

Theorem 1. Suppose that an inventory sharing game with n retailers is repeated
infinitely many times. Then, there exists 8, € (0, 1) such that the NRS, in which

(X[d7Hil7Eil) l.ft = 1 or (htfl)l = (Xd7ﬁ7E)7
(Xitinthil)(hlfl): VlZl,,t—l
(Xil ,0,0) otherwise,

constitutes a SPNE of the infinitely repeated game whenever 6 > 6.

The lower bound for the discount factor, 6, can in practice be difficult to
evaluate, so in Sect.4.4, we explore in more detail its asymptotic behavior. We
illustrate our result with the following numerical example.

Example 1. Suppose that n = 3, all three retailers face two-point demand which can
achieve 0 with probability 0.5 and 10 with probability 0.5, and ¢;=3.7;r;=10; v; =1,
i=1,2,3;t;;=1,1i,j=1,2,3,i # j. When the retailers share their inventory and
distribute the residual profit according to dual allocations, their individual stocking
quantities decrease from 10 to 7, and the corresponding expected profits increase
from 18 to 22. The discount factors that induce complete residual sharing by all
retailers satisfy 6 > 6; = 0.93.
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4.3.1 Finite Punishment Period

The NRS represents the belief that “once the trust is lost, it is lost forever.” However,
one can object that infinite punishment may not be credible, because besides
punishing the defecting retailer, it hurts the punishers as well. Hence, we consider
a “milder” strategy in which punishment lasts only for a finite number of periods
before the retailers recover from the “bad memories” and return to cooperation. In
this framework, only the history of the past k periods, 4~} = {X¢, H, ET}’T;L "
has an impact on retailers’ decisions.

Theorem 2. Suppose that an inventory sharing game with n retailers is repeated
infinitely many times. Then, there exists k;, € N such that Vk > k, there is a 6, (k)
such that the strategy in which

(X3 Hy Ey)  ift=1or (K ) =(X'0,0)V=1,....k
(Xis, Eiy,Hyp) (W} )= or (W~ )—1=(X¢,H,E)
(x1,0,0) otherwise,

constitutes an SPNE of the infinitely repeated game whenever 8 > 6, (k).

The proof is again obtained through the application of the folk theorem. If a
player, j, considers a deviation from (XJ‘-J'7 HjEj), any momentary gain is canceled
by future reduction in payoffs when the discount factor is large enough and the
punishment is carried over an appropriate number of periods. During the punishment
period, each retailer plays her optimal strategy for noncooperative setting, so a
possible defection cannot increase her profits, while at the same time it prolongs
the length of the punishment.

Theorem 2 implies that it is not necessary to impose infinite punishment to induce
the retailers’ cooperation. Intuitively, a longer punishment horizon requires lower
discount factors—punishment that lasts only a few periods is effective only when
the retailers’ discount of the future is negligible. We illustrate this with the following
example.

Example 2. Suppose that n = 3, all three retailers face two-point demand which can
achieve 0 with probability 0.5 and 10 with probability 0.5, and ¢;=3.7;r;=10;v;=1,
i=1,23:t;j=1,i,j=1,2,3,i # j. We have shown in Example 1 that §§ = 0.93
when the punishment is enforced over an infinite horizon. The value of 65 (k) as a
function of k is depicted in Fig. 4.1. Note that, as k increases, 85 (k) approaches 95

4.3.2 Alternative Strategies for Achieving SPNEs

Note that strategies other than the NRS described in Theorem 1 can also lead to
SPNEs. One such strategy can be defined as follows: let X4*~1) be the optimal
order quantity for decentralized system with n — 1 retailers under dual allocations.
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1 85*(k)
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If a player, j, deviates from (X Hj;,Ej;) when 1 =i, the remaining players follow

strategy (X; din=1) JHy Ey),i # j,t > f, while retailer j adopts (X},0,0),t > If
a cooperating player, say [/, deviates after a defection has already occurred, the
punishment restarts and retailer / is excluded from future inventory sharing. Unlike
the previous case (described in Theorem 1), the payoffs for the defecting player
and for the cooperating players differ during the punishment period, and we need
to consider them separately while checking if conditions for a SPNE are satisfied.
When the discount factor is large enough, it can be shown that this strategy defines
a SPNE, and that it leaves cooperating retailers with a larger payoff (during the
punishment phase) than the strategy described in Theorem 1. However, observe that
when the threat of punishment works, it is never actually carried out.

4.3.3 Decreasing/Increasing Costs and Prices

We would also like to mention that our model can be applied to some situations in
which the costs and prices change in different periods. Let superscript ¢ denote the

values of costs/prlces in period ¢, and suppose that /H = prf,v”rl = pvi,¢ f“ =
pcl,z‘f;rl pt; j, for some p > 0. If p < 1, the parameters decrease with time, and

our results hold if we replace 6 with 5= pO.1If p > 1, the parameters increase over
time, and our results will hold whenever 6 < 1, that is, when 1 < p<dl

4.4 Asymptotic Behavior for Large n

In this section, we consider the optimal retailers’ ordering quantity and discount
factors for large values of n. All proofs are given in the Appendix.
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Fig. 4.2 ¢, for different values of the critical fractile ¢ = ===

r
r—v

We say that the retailers are symmetric if they face the same demand distribution
F;, cost ¢;, retailer price r;, and salvage value v;, along with equal transportation
costs in both directions, #;; = ;. In this part of the analysis we focus on symmetric
retailers, so we omit indices from notation.

Our next result provides a characterization of the lower bound for the discount
factors that induces complete sharing in the NRS described in Theorem 1, ;.

Theorem 3. [n an inventory-sharing game with n symmetric retailers facing strictly
increasing and independent distribution functions, there is an M > 0 such that ;' is
decreasing in n for n > i, where i = min{n € Z : nX4 > M}.2

Thus, with enough retailers participating in inventory sharing, o, is
decreasing in n. Note that in many real-life situations this number can be as low
as two or three. As the number of retailers increases, it is more likely for an
individual retailer to benefit from inventory sharing and she is willing to participate
in transshipments when she discounts her future payoffs more. We illustrate in
Fig.4.2 the behavior of §; for discrete demand that can achieve two values, 0
or 10, with equal probabilities. The two-point format of this distribution is the
reason why we observe some “jumps” in the value of 6 for small n. We fix r,v,
and ¢, and change the value of ¢ to obtain different values of the critical fractile,
q = (r—c)/(r—v). The values of §; are equal for “symmetric” critical fractiles

2If D has a finite support with upper bound D, then M = D.
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Fig. 4.3 X¢ for different values of the critical fractile g = =

(g and 1 — g). As the number of retailers increases, ;" shows a decreasing trend,
and converges to a positive value. In addition, the discount factor that induces
complete sharing increases as the critical fractile moves further from 0.5. When the
critical fractile is close to 0.5, the ordering quantities at each retailer are close to
the mean demand, and each retailer is more likely to benefit from transshipments.
As the critical fractile moves further below (resp., above) from 0.5, each retailer
orders less (resp., more), which leads to constant undersupply (resp., oversupply)
and makes cooperation less useful. Therefore, cooperation is less beneficial and a
larger 0 is needed to incentivize the retailers.
We next characterize the retailers’ ordering quantity, X9.

Proposition 2. In an inventory-sharing game with n symmetric retailers and
strictly increasing distribution function F (-), the asymptotic behavior of the equi-
librium ordering quantity can be described by

)

u, if =0 or ——£ < F(u) < =<
land(n): sup{x: F(x) < =<} if F(u) > =<,
n—soo

inf{x: F(x) > =2} if F(u) < =L

Thus, when the cost of transshipment is not too high and the margin r — ¢ is not
too low, the retailers will order the mean demand value. Once again, we conduct
numerical analysis with a two-point demand distribution to explore the behavior of
the optimal ordering quantities and illustrate it in Fig. 4.3. One can note that in this
case the optimal order quantity converges to the mean demand value, and the values
corresponding to different critical fractiles are symmetric with respect to the line
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X4 = u. We note that the convergence is faster for the value of the critical fractile
closer to 0.5. Due to the special nature of our demand (two-point), we may see that
the optimal order quantity can exhibit some jumps initially, but eventually starts
monotonic convergence toward its limit.

While in the previous case we assumed that = 1 and have changed the values of
¢ to manipulate critical fractile, we now fix the value of ¢ and look at the impact of
changes in the transshipment cost. Figure 4.4 depicts two sample cases: the graph on
the left looks at the low product cost (¢ = 3.7), while the graph on the right looks at
the high product cost (¢ = 7.3). In both cases, the changes in the transshipment cost
determine the limiting quantity. With both low and high product cost, the limiting
order quantity corresponds to the mean demand when the transshipment cost is low.
However, as the transshipment cost increases, inventory sharing is less likely to
occur, and the limiting order quantity moves away from the mean value—with low
product cost, it moves up, and with high product cost, it moves down, which is
consistent with the results from Proposition 2. When the high transshipment cost
makes inventory sharing prohibitive (¢ > 5), each retailer facing high product cost
(low critical fractile) orders zero, while each retailer facing low cost orders 10,
which coincides with their ordering quantities without transshipments.

An immediate corollary of Proposition 2 characterizes the relationship between
the retailers’ optimal ordering quantities in models with and without transshipments:
while the asymptotic ordering quantity may go below (resp., above) the mean
demand value when the cost ¢ becomes large (resp., small), it will never go below
(resp., above) the ordering level without transshipment.

Corollary 1. In an inventory-sharing game with n symmetric retailers and strictly
increasing distribution function F(-), the following relationships hold when n is
large:

1. Whent > 0: if F(u) > =<, then X' < X%(n) < p; if F(u) < ==L, then p <
X4(n) <X

2. When t = 0: if F(u) > =<, then X' < X%(n) = p; if F(u) < =5, then X' >
X4(n) = p.
The results obtained so far help us in determining asymptotic behavior of o,

when 7 is large.

Theorem 4. [n an inventory-sharing game with n symmetric retailers and strictly
increasing distribution function F(-), 8; — 0% > 0. More specifically, let M be as
defined in Theorem 3, and let & (x) = [ yf(y)dy and p(x) = pmax{x, M —x}. Then,

p(1) e r—e—p e N
p(W)+(r—c—tF (u)u+E () —(r—)EXT) if =2 <F(u)<=“ort=0;
p(x9) . .
* p (XD +1E(XD)—(r—v)E(XT)? if F(u) > —= and
& = X9 =sup{x: F(x) < =<};
2 i F() < 2 and

PXD)+1(EXN)—p)—(r—v)(E(XT)—p)’

X9 =sup{x: F(x) > ==L}
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Fig. 4.4 X9 for different values of the transshipment cost with low and high product cost

Theorem 4 can be used to evaluate the limiting values of discount factors
that induce complete sharing of residuals. An illustrative analysis is given in the
following example.
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Example 3. Suppose that n — oo, all retailers face demand uniformly distributed on
[0,10], and » = 10;v = 1;r = 1. We consider different values of ¢, which lead to
different values of the critical fractile g = (r —c)/(r —v), and obtain the following
results:

q 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
65 0935 0.871 0.830 0.807 0.800 0.807 0.830 0.871 0.935

4.5 Achieving a First-Best Solution

Unfortunately, even if the retailers share all of their residuals, it is not easy to
coordinate the system (except in some special cases that we discuss below) without
some additional incentives, because some retailers may see a reduction in their
individual profits as a result of ordering system-optimal quantities. We first discuss
the cases under which a first-best outcome can be achieved without additional
coordinating mechanisms, and then discuss what happens when this is not the case.
Note that even when the retailers share their entire residuals, the maximum
system profit is not achieved unless the retailers order the amount optimal for
the centralized model, X", in each period. Thus, although the full participation
and complete sharing conditions are satisfied, dual allocations may, in general,
result in inefficiencies. We, therefore, start by analyzing the conditions under which
decentralized stocking quantities, x4, may coincide with the centralized ones, X".
We first assume that the retailers are symmetric. Then, there is an equilibrium in
which all retailers order the same quantity, X! = X4, Vi, and J¢(X9) = J4(X9), Vi.
If we consider the centralized system, there is an equilibrium in which all retailers
order the same quantity, X/ = X", Vi. Because the centralized model maximizes the
expected profit, J*(X") > nJ4(XY), and it is optimal for symmetric retailers to order
at the first-best level, X4 = X”. We formalize this analysis in the following result.

Proposition 3. [f n retailers in the repeated inventory-sharing game are symmetric
and 8 > 6, a first-best solution can be achieved through dual allocation.

Proposition 3 says that it is sufficient to have symmetric retailers to achieve a first-
best outcome. This condition may be satisfied if, for instance, all retailers belong
to the same organization; hence, they face the same costs/prices, and cover similar
territories. However, in many realistic cases, this condition may not hold. Thus,
we want to find more general conditions under which a first-best outcome can be
achieved. Recall that the expected profit for retailer i is

Jd(X) = r;E[min{X;,D;}] — c¢:X; + V,‘E[FI[] + E[(p,d(X)]

1
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The total expected profit for the system of retailers is then J"(X) = ¥,J4(X). The
optimal ordering strategy for the centralized model, X", satisfies the following first-
order conditions:

oI (X)

JE[g;(X)] n JE[p_;(X)]
oX;

X; 0X;

=ri—c¢i—(ri—vi)F(X;) +

=0 Vi, (4.2)

while the optimal order of an individual retailer in the decentralized system, Xid,
satisfies

2I3(X)
0X;

JE[pi(X)]
0X;

=ri—Ci— (V,‘ — v,‘)F,'(X,') + =0 Vi 4.3)

Equations (4.2) and (4.3) give us a sufficient and necessary condition for a retailer
in the decentralized system with an arbitrary number of retailers to order a system-
optimal quantity.

Proposition 4. If the expected total profit for the system of retailers, J"(X), is
unimodal in X, the sufficient and necessary condition for achieving a first-best
solution is

9E[p-i(X;, X"))] .
X, =0 Vi 4.4)
For example, when n = 3, one can evaluate that the retailers with D; ~ U[0, 100];
i=1,2,3; p1p=pa = p3 =6, and py; = p3; = p13 = 8 satisfy the above
condition, and a first-best outcome can be achieved. However, through various
numerical experiments we were able to observe that even small differences among
parameters of different retailers may prevent us from coordinating the system. One
of our analytical results is given in the following proposition.

Proposition 5. Ifn retailers face i.i.d. demand distributions and differ only in their
material costs (that is, ri =rj =rv; =vj=vt;j =t;; =t fori,j € {l,...,n}), a
first-best outcome cannot be achieved.

We conducted a numerical analysis to study what is the impact of retailers’ diversity
on efficiency losses; as in Proposition 5, we assume that the retailers differ only in
their cost, and study the impact of the mean and standard deviation of material cost,
of the number of retailers, of the retail price, and of the salvage value. Although the
system cannot be coordinated, we observe that the efficiency losses are rather small,
even with a very few retailers. Some of our results are depicted in Fig. 4.5.

Our analysis indicates that, as expected, the efficiency improves as the standard
deviation of cost decreases, and as the number of retailers increases. Additional
simulations, in which we fix either the mean value of the cost, ¢, or the salvage value,
v, while we vary the other parameter, indicate that the efficiency also improves with
the increase of the critical fractile, which can be partially observed in Fig.4.5. On
one hand, as the decrease of the mean product cost, ¢, translates into larger profit
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Fig. 4.5 Efficiency losses for different levels of differentiation among retailers

margin, benefits from transshipments are increased; on the other hand, the increase
in the salvage value, v, hedges off the risk in demand uncertainty. In either case, the
retailers’ decisions become closer to those of the centralized system.

4.6 A Contractual Mechanism that Induces a First-Best
Solution

In Sect. 4.5, we have shown that a first-best solution can be achieved if condition
(4.4) is satisfied. However, when this condition is not satisfied, the retailers’
individually optimal decisions may lead to significant efficiency losses. Achieving
a first-best solution in a decentralized system may not be possible in many realistic
situations without the use of some additional enforcing mechanisms.>

In what follows, we assume that the discount factors satisfy & > 9, (hence,
complete sharing is achieved), and develop a contract that leads to system-optimal
order quantities without any additional constraints. Although the total system profit
increases if the retailers order a first-best solution, the profit of some retailers may
decrease so that they need to be induced to cooperate by some type of side payments.

3 Note that in our repeated-game setting we were able to achieve X¢ as a SPNE, by utilizing the
fact that J¢(XP) > J! (X}'). Unfortunately, J¢(XC) can be greater or smaller than J; (X/'), hence a
first-best ordering quantity cannot, in general, be obtained as a SPNE.
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In addition, in order to prevent those retailers from defection in the future, deviations
from the contract should be penalized. Thus, our contract consists of the following
parts:

1. Retailer i’s ordering strategy, X, and her residual-sharing amount, Ej;, H;, in
every period. When a retailer orders inventory and shares residuals as prescribed
by the contract, she is included in cooperation (inventory sharing) in the next
period. If she breaks the contract and orders a different quantity or shares a
different amount in period #, she is excluded from cooperation in all subsequent
periods, t +1,1+2,...

2. Discretionary transfer payments at the end of each period. A retailer, i, who
breaks the contract in period r makes a positive payment, d;. This value is
distributed among the retailers who have followed the contract, >;d;; = 0.

3. Contract activation bonus, B;, upon signing the contract. This one-time bonus can
be positive or negative, with }; B; = 0. The retailers who benefit from cooperation
are those that may be required to have a negative activation bonus in order to
induce participation of retailers who would individually prefer not to order a
first-best quantity.

We will refer to this contract as the eviction contract because the most severe
punishment for a defecting retailer is her eviction from the inventory-sharing
system. Changes in the cooperative behavior of the system can be described
through coalition structures, in which cooperating retailers belong to a coalition.
Each time a retailer is evicted, the remaining retailers form a new inventory-
sharing system and completely share residuals in this reduced system. Thus, if
none of the retailers has ever defected, the system operates as the grand coalition.
We assume that the retailers who are evicted do not form new inventory-sharing
groups. This implies that each evicted retailer constitutes a one-member coalition.
In other words, suppose that the current system is described by coalition structure
Z ={51,5,...,8—ks1}. Then, |S;j| =1 for n— k coalitions, and |S;| = k for
some coalition S;. We will use Z to denote a coalition structure in which exactly
one coalition has k members, while the remaining n — k coalitions consist of a
single retailer. Thus, Z" denotes the grand coalition, while Z I denotes the coalition
structure with no inventory sharing. Clearly, the system-optimal stocking quantity
in state Z" is X", while X! maximizes the system profit under state Z'. We denote
by X* the system-optimal stocking quantities for coalition structure Z*. For an
arbitrary coalition structure, Z, we denote the system-optimal order quantity by X?.

In order to induce a system-optimal solution, the eviction contract requires the
retailers to order system-optimal quantities and share all of their residuals. Thus,
given a coalition structure, the orders placed and residuals shared by the retailers in
period ¢, we can determine the coalition structure in period ¢ + 1 as follows:

7k, if X, =X*H, =H,E =E;
Zii1(Z, X, B, B |2, =78 = {0 7% if (X3 = XX Hy = Hy  Ejy = Eyy) does
not hold for / coalition members in Z;.
4.5)
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Now, the eviction contract can be described by
(Xl(ﬁlfl)7 Hl(ﬁtfl)uE[ (ﬁtfl)udl (ﬁ[)7 B)u

where h; denotes the history up to period 7, h, = {Z;,X;,H, E:}_,

Recall that we use Jld to denote the expected profit for retailer i under dual
allocations when all retailers participate in inventory sharing. We now introduce
some additional notation. We denote by JiZ (X,H,E) the expected profit for i under
coalition structure Z, and by J%(X,H,E) the expected total system profit under
coalition structure Z. The following theorem describes how a first-best solution can
be achieved through an eviction contract. Its proof is given in the Appendix.

Theorem 5. Suppose that all retailers participate in inventory sharing and J"(X)
is unimodal. Then, the eviction contract (X;(h;_1), H;(h,_{),E;(h, 1), d;(h;), B) is
a contract that induces a first-best solution if the retailers’ ordering strategies, X,
are given by

X, (h,_, |z =7*) = X*,

all coalition members share their entire residuals, the evicted members share
nothing, the discretionary transfer payments are

s 3, (AR i€ 1
d,’,(ﬁ,): Z[jfﬁ(hr) 1 ( Jl( 1)) f
Au (ht) i€ Izia

where

o 1
Ai(hy) = &

= {i:Ay(hy) >0} and I7 = {i:Ay(h) <0},

|7 (x%) = 84! (x!)] = I (X L, ),

and the one-time contract activation bonus is given as

5 s 2 X Tk (~A) i €K™
A; i€K+,

where

A= I 15 (JHXY) —J(X™), K* ={i: A >0} and K~ ={i:A; <0}.

Despite its seemingly complex structure, the contract is actually quite simple to
implement: at the beginning of their cooperation, the retailers who strictly benefit
from the contract compensate the retailers whose profit is reduced (as a result of
ordering system-optimal quantities) through the activation bonus B;. In addition,
the retailers agree that in the case of any defection, all benefits should be forfeited
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and allocated among the retailers who suffer a loss after such an action.* Thus, there
is no incentive for any retailer to defect from the strategy which prescribes ordering
system-optimal quantity, sharing entire residuals, and receiving dual allocations.
The transfer payment is zero as long as the retailers follow the contract—it serves
as a threat that prevents them from defection.’> One could, alternatively, develop
a contract in which retailers whose profit decreases after ordering system-optimal
quantity receive compensations for their losses at the end of every period. This type
of contract would not require activation bonuses, but may lead to more complex
implementation, as the payments need to be calculated and exchanged at the end of
every period (in our contract, this happens only if there was a defection in a given
period).

Note that the eviction contract works not only for dual allocations, but also
for any other allocation rule that induces full participation and complete residual
sharing, but not a first-best inventory decision. This can be easily confirmed by
observing that the proof does not depend upon any pre-specified allocation rules.

4.7 Concluding Remarks

In this work, we study a repeated inventory-sharing game with n retailers in
which the retailers distribute the profit from transshipments according to the dual
allocations. Each retailer faces stochastic demand and salvages all unsold inventory
at the end of each period. Using the standard tools from the theory of repeated
games, we show that the use of NRS induces complete sharing in an SPNE of an
infinitely repeated game (providing that the discount factor of future payoffs is large
enough), while the retailers always withhold residuals if the game is repeated a
finite number of times. We also show that complete sharing can be an SPNE even
if the punishment is not executed over an infinite horizon but instead lasts only
for a finite number of periods. Clearly, shorter punishment periods require larger
discount factors, and a punishment that lasts only a few periods will induce complete
sharing only with the retailers whose discounting of the future periods is very small.
In addition, we provide some analytical results for the asymptotic behavior of the
retailers’ ordering quantities and the lower bounds on discount factors that induce
complete sharing for large number of players.

4The amount of transfer payments d; < O (realized when a player benefits from a defection)
removes from a retailer all possible gains from that defection. A; > 0 (which leads to d; > 0)
implies that a retailer observes a loss as a result of someone’s defection (and is, therefore,
compensated from payments of those who benefit); this retailer receives a fraction of total transfer
payments proportional to her loss as compared to the total losses observed by the system.

5In the whole contract lifetime, the discretionary transfer payment happens at most . — 1 times, as
the number of inventory-sharing retailers is reduced from » to 1.
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While there can be a significant difference in optimal profits generated by
decentralized retailers and those generated in a centralized system, a decentralized
model will result in a system-optimal outcome if the retailers are symmetric. As
this condition may not be satisfied in many cases, we derive another condition,
(4.4), that leads to a first-best outcome. When this condition is not satisfied, we
develop a contract that induces the retailers to order a first-best quantity whenever
the complete sharing condition holds.

We note that our model assumes that all leftover inventory is salvaged at the
end of each period. The reason for this is twofold. On one hand, because we were
mainly interested in studying the impact of repeated interactions on the retailers’
sharing decisions in the second stage, a more complex model in which the retailers
are allowed to carry inventory from one period to another would lead to a more
complicated model that is beyond the scope of this work. On another hand, such
situations do occur in industries where products have short life cycles, long lead
times, and unpredictable demands, like apparel, Christmas toys, and high-tech
electronic components. Retailers in these industries are often open to inventory-
sharing agreements with others.

Our inventory-sharing model may require a neutral third party for its
implementation—monitoring of residuals, making effective transshipment
decisions, and allocation of profits among the members. While this is easily realized
within a trade association or when the retailers belong to a larger organization, it
might be more difficult to execute when the retailers are independent. It is, therefore,
interesting to observe emergence of companies such as iSuppli Corp., which act as
neutral intermediaries among independent entities and, at the same time, improve
the market’s efficiency.

When dual allocations are used in one-shot setting, the retailers withhold their
residuals, and our aim was to study if this property persists when the retailers interact
repeatedly. Note, however, that many of our results can be extended to alternative
allocation rules (though some extensions may require certain modifications in proofs
and results).

Appendix

Proof of Theorem 3. In order to prove this theorem, we first introduce the following
notation: let F™(y) = P{Y", D; <y}, F"(y) = P{L ¥ D; <y}, and E[D;] = p.
Note that F™(y) = F™ (). We will also need the following lemmas.

Lemma 1. In an inventory-sharing game with symmetric retailers facing strictly

increasing and independent distribution functions, a retailer defecting from strategy
(XY, H;, E;) maximizes her benefit from defection if she orders X{.

Proof of Lemma 1. If we have n symmetric retailers, the dual price of retailer i’s
residual will be either O or p, depending on the amount she is sharing with the others.
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For example, if Y, i i(E = H j) =k > 0, the retailers other than i need k additional
units of products. Then, retailer i will receive p per unit if 0 < H; < k, while she
will get nothing otherwise. More formally, retailer i’s total expected profit when she
orders X; and other retailers order X4 ; is given by

J(X;1X4,) = rE[min{X;, D;}] + vE[H;] — cX;

+p f"*l ((n —xdy k)/;((}(,- — ) f (u)dudk

—k
X;+k

+p f”*l((n—l)xd—k)/(u— ) f (u)dudk,

Xi

where f"~'((n —1)X4 +y) is the probability density when the residual demand
(resp., inventory) for the remaining (n — 1) retailers is y > 0 (resp., (—y) > 0), and
its first derivative is given by

V1) (GXL) = r—c = (r=v)F(X)
4 [IFOO = FOG= 1 ((n= DX +K) i
0
—p [P0 = FOOL (= DX k) dk
0
—p/k [f(xi—k)f"*l ((n—l)xd+k)
0
— Xt k) ! ((n —1)x4- k)} dk. 4.6)
Retailer i can increase her profit if she deviates whenever her dual price
is zero. In other words, she maximizes her profit if she withholds part of her
residual inventory/demand to make it lower than the total residual demand/inventory

from other retailers. Under this kind of strategy, her total expected profit will be
increased to

JE(X;1X9,) = rE[min{X;, D;}] + vE[H]] — cX;

+p /f” ! X9+ k) / (7/( u) f(u)dudk

#p [ (- nxe =) [ ?175 X)) (u)dudlk

+p /kf” 1 )Xd+k) (X; — k)dk

+p /Okf”’l (n—1)x%— k) (1 — F(X;+k)]dk,
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and its derivatives are
(FE) (XXE)) = r—c = (r=v)F(X;)
+p [ IR0 —F— ) (= 1DX+) 0k

oo

—p/()[F(Xl-+k)—F(Xl-)]f”*1 ((n—l)Xd—k) dk, (4.7

() (X[XL) = —tf(X) —p /O i 706 = ) (0= )X k)
+ 4R (= )X k) [ ak <. (4.8)

Because all demands follow an identical distribution, it follows from (4.6) and (4.7)
that

() — (9] (xix?)

:p/()lzo{f(Xi—k)f”*I ((n— 1)Xd+k) — fXit k) ((n— l)Xd—k)} dk

n
=E|X;—Di| Y Dy=(n-1)X"+X;

m=1

:”_I(Xi—xd).
n

Recall that X9 = argmaxJ4(X;|X¢,), and consequently (J9)' (X9[X9,)) = 0. This
implies

Y (X)) = ) (X)) + [ (XX = () (X))

n—

1
=0+ (x¢—x%=o.

Since Jldef(X,'|X‘L) is a concave function, the optimal ordering decision when player
i defects, X', should satisty (J%) (X4f|X9 )) = 0. Thus, X% = X9, and a retailer

contemplating a defection maximizes her profit if she orders at the decentralized
optimal level. O

Lemma 2. In an inventory-sharing game with n symmetric retailers and strictly
increasing demand distribution function, the expected profit for each retailer,
J4(X%(n),n), is increasing in n, where X%(n) is the NE ordering decision for each
retailer in the decentralized system.
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Proof of Lemma 2. Consider a game with n+ 1 symmetric retailers, and let .%
be any n-members subset of these retailers. In terms of cooperative game theory,
the value of the coalition . corresponds to the profit generated by its members;
because the retailers are symmetric, it can be written as V} =nJd (X, n), where
J4(X, n) denotes the expected profit generated by an arbitrary retailer in a game with
n symmetric retailers under dual allocations. However, in an (n + 1)-retailer game
with dual allocations, each retailer will receive a payoff J4(X, n+ 1). Because dual
allocations belong to the core, we must have nJ4(X, n+1) >V}, = nJ9(X, n). It is
then straightforward that J¢ (X%(n+1),n+1) > J4 (X%(n),n+ 1) > J¢ (X9(n),n).
O
We can now prove the theorem. Consider the model with n symmetric retailers
and suppose that there were no prior defections. That is, each retailer orders X¢ and
shares her entire residuals. Recall that we have shown in Lemma 1 that defecting
retailers maximize their profit if they order X¢ and deviate in the amount they
share with others. Under demand realization D, let F’f'ef(Xd, D, n) denote the highest
payoff that retailer i can generate if she defects in a game with n players, while
the other retailers cooperate, and recall that P?(X4,D,n) is her profit in the current
period if she shares all of her residuals. After defection, she will receive J;(X;) in all
subsequent periods. Thus, a possible deviation by player i is deterred if her discount
factor satisfies

pidef(deDvn) + %Jl(xl) < %Jtd(xdvn) +Pid(XdaDan)7VD7 (49)

where Jf(Xd,n) denotes the payoff that retailer i receives when 7 retailers use dual
allocations, order X9, and share their entire residuals. It is easy to verify that (4.9)
holds whenever

1
I (X n)—J; (X))
supp { P (X9,D,n)— P (X9,D.n)}

8> 8= (4.10)

Note that the upper bound of the extra profit that one can get out of deviation,
supp {P*(X4,D,n) — P4(X4,D,n)}, can be obtained by comparing two cases:
(1) the extra profit generated when D; = 0 and the total residual demand of the
remaining retailers is slightly below X¢; and (2) the extra profit generated when
D_; =0 and D; is slightly above nX¢. In the first case, this profit is pX¢; in the
second case, this profit would be p(n—1)X d assuming that demand can achieve
values above nX9. However, note that in most real-life situations there is an M > 0
such that P(D; > M) is negligible (if demand distribution has a finite support
with upper bound D, then M = D), and the maximum benefit from defection
is p(M — X4). Let us denote # = min{n : nX% > M}. Then, whenever n > A,
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it implies that supp {P%!(X4,D,n) — P4(X9,D,n)} = max{pX?, p(M — X9)}, and
(4.10) corresponds to

pmax{X9 M — x4}
pmax{Xd M — X4} +J4(Xd n) - Ji(X;)

6> 5,",1 =

Because the players are symmetric, let 8, = J; ,. Since J;(X;) does not depend on n
and we showed in Lemma 2 that J¢(X9,#) increases with n, 8, is decreasing in .
Finally, let §; = 6,. O

Proof of Proposition 2. When each retailer orders X9, the total expected profit for
each of them can be determined by

J(XY) = rE[min{X¢, D}] + vE[H] — cX¢

+p/OZf(Xd —k) {1 — 1 (Xd—i- Lﬂ dk

n—1

+p /kf(Xd—kk)F”’l (Xd— L) dk
JO

n—1

=(r—c)X4=(r—v)

Xd
XF(x") - /0 yf(y)dyl

+p./0°l:f(Xd—k) {1 — ! (X"+L1>} dk

k

+p /kf(Xd +k)Frt <Xd - —> dk.
Jo n—1

If we let 6% = Var[D;], then by the central limit theorem (CLT) we have

1 & o?
tim 5 5oV (.70
Suppose first that X¢ > . Then, we have lim, ..[1 — F"1(X9 + %)] =0

and lim,, .. /771 (X4 — £-) = 1; hence, the derivative of J(-|X4,) evaluated at X9
becomes

J(XYX9) = r—c— (r—v)F(XY) = p+ pF(X%) = —(c —v) +1[1 — F(X%)],

which is a decreasing function of X¢. Thus, if t = 0 or F(u) > 1 — e =k,
then J (X d4/x4,) <0 for any X¢ € (u,0), and the retailer maximizes her profit by
choosing X4 — u™. Otherwise, X¢ = inf{x : F(x) > "L} is an optimal solution
within (1,c).
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If X4 < 1, limy o1 — F71 (X9 4 £ = 1 and limy, e £ (X4~ £5) = 0,
The derivative of J(-|X¢ ) evaluated at X¢ becomes

J(XYX9) = r—c— (r—v)F(XY) + pF(X%) = (r— ¢) —tF(X9),

which is again a decreasing function of X¢. In this case, if F(u) < —<ort=0,

then J (X 41x9,) > 0 for any X¢ € (co, 1), and the retailer maximizes her profit by
choosing X4 — p~. Otherwise, X¢ = sup{x : F(x) < =<} is an optimal solution
within (—oo, 1t).

From the above, we can conclude that whenever F (1)
retailer should select X4 — p1. Otherwise, because “——2

is also a global optimum whenever F(u) & [——2, =<]. 0

[—£, =] ort =0, the

€ t
< =<, any local optimum

Proof of Corollary 1. Suppose first that ¢ > 0. If F(u) > =<, it follows from
Proposition 2 that lim, . X%(n) = sup{x : F(x) < =<} This implies that F (X9) <
€ < F(u), hence X 4 < . On the other hand, when there is no cooperation among
the retailers, the optimal ordering level X! can be determined by the newsvendor
model, F(X!) = - Recall that we assume p = r —v —1t > 0, which implies
r—v > t, therefore F(X') < F(X%),and X! < X9.

If, on the other hand, F (1) < “$=2 then lim,,_,.. X% (n) = inf{x: F(x) > ==L},
This implies that F(u) < ——£ < F(Xd), hence u < X¢. Consequently, F(X') =
> = = F(XY), s0 X > X9

When t = 0, each retailer orders the expected demand value, and the result is
straightforward. a

Proof of Theorem 4. Recall that the lower bound of §, satisfies

B pmax{X? M —x9}
— pmax{X4,M — X9} + 94X, n) — Ji(X;)

_ p(XY) :
" PO I %) i

In addition, in the model without cooperation, each retailer’s profit is maximized at
X'=F""(2£), and equals

Tyl (o X! (e 1
I = =) [ 9Oy = (r=vEX). @12

If X9 = p, it follows from the CLT that

. k . k 1
lim1—F"' x4+ = lim F" ' x9— =,
n—yeo n—1 n—eo n—1 2
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which implies

J?(Xd,n) = (r—c)Xd —(r—v)

x9P(ch) - | §f<y>dy]

+p/01:°f(xd —k) [1 — -t (Xd + Ll)] dk

—i—p/kf(Xd—i-k)F”’l (Xd — L) dk
0

n—1
u

=== (=) [uF @) - [3r0)0]

0

s -
+2 Uokf(u —k)dk+ /Okf(u + k)dk]
u
— [r=c—tF(ula+1 [ ()
0
=[r—c—tF(u)|u+1&(p). (4.13)
By substituting (4.12) and (4.13) into (4.11), we obtain

5 — p(K)
T op)Fr—c—tF(u)]p+1&(u) — (r—v)E(X!)

If X9 = sup{x: F(x) < 5} < u, we have lim, .. 1 — F" (X4 + %) = 1 and

t
limy, oo F7 1 (X9 — £y =

P 0, hence

Jid(Xd,n) = (r—c)Xd —(r—v)

X9Fxd) - [ §f<y>dy]

+p./0/:°f(Xd—k) {1 — 1 (Xd—kLl)} dk

> R k
+p/kf(Xd +k)Frt <xd - —> dk
0

n—1

= (=~ () |[X )~ [ 370
0

+p./0/:)f(Xd —k)dk

Xd
= t/O yf(y)dy

= rE(x9). (4.14)
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By substituting (4.12) and (4.14) into (4.11), we obtain

& p(X?) .

T p(X) +1E(XY) = (r—v)E(X1)
Finally, if X =inf{x: F (x) > ==L} > u, we have lim, .. | —F" ! (X94+ -£) =0
and lim,, .. F"~1 (X9 — %) =1, hence

Jid(Xd,n) = (}’—C)Xd— (r—v)

Xd
XF(x?) - ./Oyf(y)dy]

+p/01§°f(xd—k) [1 — ! (Xd—kN—li 1)] dk

- pn—1 [ yd k
'C o0
= (r=eX* = (r=) [XF () = [ 3/ ()ay| +p /Okf(Xd +R)dk
Xd
= pu+t/yf(y)dy
Jo
= pu+1&(xY). (4.15)
By substituting (4.12) and (4.15) into (4.11), we obtain
5 — p(X?) '
T pXY) +pu+tE(X9) — (r—v)E(X1) O

Proof of Proposition 5. Retailers have the same demand distribution F(-), price,
r, salvage value, v, transshipping cost, #, and unit profit from transshipment, p =
r—v—t. Denote X = ¥;Xj, X; = ¥;;X; and let /" the p.d.f of mD;. It can be
verified that

a']ld a‘]n - n—1 ~ n—1
G- Sr = | KGR O Rk = p R R (X Rk
dX; IX; Jo 0

= pE[Xi—Di|X = D] f"(X).
Denote O; = (3—€ — %) |x». Achieving first best requires O; = 0 for all i. However,
for any i # j,

0i—0; = pf"(X)E[X]' =X} +D;—Di|D = X]
=pf"(X) [ X=X} +E[D;—D;|D=X]|
= pf"(X) (X = X}).
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It therefore requires X;" = X7', Vi, j. This is obviously not true given that each X;"
has to satisfy its FOC with a different ¢;:

or
ox"

1

=r—ci+(r—v)FX/")+pPr{D;<X]',D>X"} —pPr{D; > X]',D < X"}
=0. O

Proof of Theorem 5. The eviction contract described in Theorem 5 will be an optimal
contract if it satisfies the following constraints:

1. Participation constraint—each retailer is better off if she adopts the contract.

2. Early adoption constraint—each retailer prefers to adopt the contract in the
current period than in the later period.

3. Continuation constraints—each retailer is better off if she does not deviate in any
period.

We now show that the eviction contract satisfies all three constraints.

PARTICIPATION CONSTRAINT: If retailer i adopts the contract in period 1, her
infinite horizon discounted payoff is given by

e 1
Bi+ Y 8 Xn) = Bit =X
Zi IR (X7 s (X7).

If the contract is not adopted and each retailer orders the individually optimal
quantity (under the dual allocation rule), her payoff is

- 1
¥ 8P = (XY,
=1 -9
The participation constraint is satisfied if
B; P X" > ———J(XY)
1-96 1-6" '

First, suppose that A; > 0, which implies B; = 5 [J2(X9) — J2(X™)]. In other
words, retailer i’s profit is larger if the retailers orde XY, and she receives a positive
bonus to compensate for ordering X". Then,

LX) — XY (X = — (XY,

1 n n
Bit ——=JI(X") = —— =% =%

1-9; 1-9;

and hence i is not better off if she does not adopt the contract.
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Now, suppose that A; < 0—that is, retailer i’s profit is larger if the retailers order
X" and she gives a side payment to other retailers to induce their acceptance of
the contract. Observe that J"(X") > J*(XY), which implies ¥; A; < 0. This further
means that 0 < Y+ A; < Y- (—Aj) and

Y+ (—A))
o< =— 22 1. 4.16
T kAT 1o
Now,

. 1 ny _ 1 nyd nxn 2K+(_Aj) 1 n
Bit 5 N (X") = T UIXY) — I (X)) x Sl + =5 (X)
1 n/wd nn 1 nxny _ 1 n(yd

Z—5[J(X) Ji(X)]‘*‘mJ(X) —1_51(X)

where the inequality follows from (4.16). Thus, the participation constraint is
satisfied for all i.

EARLY ADOPTION CONSTRAINT: If the contract is adopted in period ¢ = 2 instead
of in period t = 1, the retailers order X¢ in period 1, and retailer i realizes the payoff

JHXY + 6B+ Y, 8 X" = JH(X) + 6B + %J"(X")
=2 -

The early adoption constraint holds if

Bi+ ;J{’(X") >JHX)+ 6B+ ——=

T~ JiH(X™).

1—6

First, suppose that A; > 0, which implies B; = 1%(% [J7(X4) —J7(X™)]. Then,

JNXY) + §:B; +%J"(X") JHxd) + LS[ n(xd) — J,»”(X")]—F%J"(X”)
1 n
=15/ X))
and
Bit —— (x")zL[J"(xd) JHXY] 4 — g (xm) = 1 n(xd),
=5 5 i [ -5

Hence, retailer i does not benefit from late adoption of the contract.
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Next, when A; <0, then J}! (X9) — JI'(X") <0, and (4.16) implies
By —r(x) — (n(x) + 58+ —2gnxm
R A -6

Dkt ( j)
Sk A Aj

> T (X9) = JP(X") + 7 (X") = T (X) = 0.

= VI (X%) = (X")] (X" = IR (X

Thus, retailer i prefers to adopt the contract in the first period.

CONTINUATION CONSTRAINT: We now want to show that a retailer never benefits
from defecting. Recall that Z; denotes the coalition structure in period ¢, and suppose
that retailer i orders a quantity different from Xf’ and/or withholds some of her
residuals. As a result, she pays a penalty, d;, in period ¢, and is excluded from
inventory sharing in all subsequent periods. We denote, with slight abuse of notation,
X (ﬁt—l) =X, Ht(ﬁz—l) =H,, E, (ﬁt—l) =K, dit(ﬁt) =dj, and Ay (ﬁt) = A;. Then,
retailer i’s discounted payoff starting from period ¢ is given by

5;
J (XI;HtvEI)+dlt(Xt7HlvEl) 1_6J1(X11)
The continuation constraint holds if
i
Jiz’(X,,H,,Et)—I—d,-t(X,,H,,E,)+—6J (X; ) 1 SJiZ'(XZ')
—O;

If i € I, then Ay <0, and dy = L5 [J,.Zf (X%) — 87! (X})} —JA (X, H, Ky,
Thus, i receives a payoff

5

1
J (X¢,Hy , E) + ﬁ [Jizt (XZ’) — 5,’-][1 (Xil)} — JiZ’ (X:,H K ) + ﬁj’l (Xil)
- —0;
L 7 ez
— J4 (X4
g/ x),
and i does not benefit from defection.
Now, suppose i € 1,7, and consequently A;; > 0. This implies
1
5 [/ XP) = 8} ()] I (X HLE) > 0. .17)
— 0

Notice that

ZA,'; = Z{ﬁ {JZ'(XZ') 6iJi1(Xil)} —JiZt(Xthf’Ef)}

SO X)) (X)) X)X B ) 2 0,
— 0
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where the inequality holds because X% with complete residual sharing maximizes
the system profit when the state is Z, and systems with inventory-sharing retailers
generate higher profit than systems without inventory sharing. As a result, Y, it Aj >

3 (=4j), and

)y
0< 2 (Z4n) <1 (4.18)
Zy Jjit
Thus, retailer i receives a payoff
1 Y- (=4j)
TP BB+ [J7(XP) = 8} ()| =7 (X B B o S
16 th+ Aj
5 1
+mJ (X)) <JA (X, Hy Ey) + =5 {JiZt (X7) - 8] (Xil)} —J(X,, H,, )
Oy = L a
1-6"'"" 1-6" ’
where the inequality follows from (4.17) and (4.18). As a result, i prefers not to
defect in any period. O
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Chapter 5
Cooperative Newsvendor Games: A Review
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Abstract In this survey, we review some of the main contributions to the
cooperative approach of newsvendor situations. We show how newsvendor
situations with several retailers can be modeled as a transferable-utility cooperative
game and we concentrate on one solution concept: the core. First, we examine
the basic model and then we consider several variations that are of interest from a

theoretical and an applied viewpoint.
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5.1 Introduction

In recent years, many companies have started to employ cooperation strategies
to improve their service offerings, reduce costs, and increase profit margins.
Several collaborative actions have been reported in various industries including
pharmaceutical, fashion, automobile, and post-sales support (see Anupindi and
Bassok 1999; Chen and Zhang 2009; Chen 2009, for their motivating examples).
The main driver of these collaborative activities is the cost benefit due to economies
of scale and risk pooling, which can be achieved in several operations including
logistics, purchasing, and inventories. Among them, inventories have a special
importance because in many supply chains they constitute a big portion of the
overall investment and resources. Benefits of physical pooling of inventories have
been long studied mainly for intercompany operations. Recent developments in
information technologies and logistic networks allowed firms to further exploit the
benefit of physical pooling of inventories by virtual pooling in which the stocks are
kept locally but can be transferred to satisfy demand (see Anupindi et al. 2001). This
opened new opportunities for independent firms to reduce inventory-related costs by
cooperation and (physical or virtual) inventory centralization. One typical example
is seen in the automobile industry. Car dealers often cooperate by transferring stocks
if a fellow dealer cannot satisfy a customer’s request from his/her own stock. This
way, they can increase revenues as well as improve customer satisfaction.

Before any collaboration can be established, probably the first decision that firms
need to make is the allocation of anticipated costs and benefits among themselves.
This allocation should be considered advantageous by all the firms to motivate them
to cooperate. Finding such an allocation might be a nontrivial task even though
collaboration usually improves total costs and revenues. In a two-party situation, the
answer would be easy. Any allocation improving the firms’ stand-alone profit will
be considered as a win—win case. However, if more firms are involved, they want to
know that it is not more advantageous for them to cooperate in a smaller group rather
than joining the big group. Existence of such an allocation is crucial for the stability
of the cooperation. This problem can be studied using cooperative game theory (also
called coalitional game theory), which provides, among others, the core as a popular
solution concept. The core is the set of allocations upon which no coalition can
improve. Depending on the characteristics of the game, core allocations may exist
or may fail to exist, i.e., the core can be empty. In this survey, we review the papers
studying inventory cooperation using newsvendor models in combination with the
core as solution concept for the allocation problem of anticipated benefits.

The newsvendor model is probably the most celebrated model in inventory
literature and it is used extensively to study inventory centralization and cooperation.
Newsvendor models are used especially for products with high perishability or
short life cycles. Initial applications appeared in the fashion industry and were then
extended to other industries with decreasing life cycles, such as high tech. Moreover,
because of their ability to capture the basic tradeoffs regarding inventory-related de-
cisions, newsvendor models and their extensions became backbone models to study
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effects of inventory centralization—namely cost reduction and profit increase—in
many decentralized supply chain systems. Inventory cooperation and allocation of
benefits has been a subject of inventory literature for a long time. Early papers
studied slightly different models and approaches to the problem. Eppen (1979) was
one of the first to consider the effect of centralization for a multilocation newsvendor
problem. His approach is not game theoretic. Parlar (1988) used noncooperative
game theory to analyze a simple inventory model with two retailers and studied what
happens when they decide to cooperate. Wang and Parlar (1994) considered a three-
player noncooperative model and provided conditions for cooperation. Gerchak
and Gupta (1991) proposed different cost allocation rules in centralized inventory
systems. In response to their article, Robinson (1993) proposed the use of the
Shapley value to allocate costs.

In the last decade, cooperative game theory and the core concept became a
mean for studying this problem. This part of the literature is the focus of our
review paper. Hartman (1994) introduced the newsvendor centralization game that
will be described in Sect.5.3. Hartman and Dror (1996) proposed three desirable
criteria for cost allocation rules: stability (core of a related cooperative game),
justifiability (consistency of benefits with costs), and polynomial computability.
They showed that common allocation procedures may fail to satisfy all three criteria,
and they proposed a rule that meets all three. Hartman et al. (2000) showed that the
newsvendor game is balanced (i.e., the core of such a game is nonempty) in some
interesting cases, such as normally distributed demands. Miiller et al. (2002) showed
that any finite newsvendor game is balanced whenever the random demand vectors
has finite mean. This result was independently obtained by Slikker et al. (2001) and
generalized to other settings by several authors. For instance, Slikker et al. (2005)
proved balancedness for games with transshipment costs. Montrucchio and Scarsini
(2007) proved that the core is nonempty also for newsvendor games with infinitely
many players. Ozen et al. (2008) dealt with balancedness for games with several
warehouses. Chen and Zhang (2009) developed a stochastic programming duality
approach to find a core element of these games.

Game theoretical analysis of inventory centralization, supply chain cooperation
as well as competition is extensive in the literature. The reader is referred to Cachon
and Netessine (2004) and Leng and Parlar (2005) for a comprehensive survey of
applications of game theory to supply chain management. For a review of inventory
centralization games of deterministic and stochastic models, see Fiestras-Janeiro
etal. (2011). Dror and Hartman (2011) extended this review with a specific focus on
joint replenishment games and newsvendor realization games. For a comprehensive
review of game theoretical models of supply chain management, see Nagarajan and
Sosic¢ (2008).

The paper is organized as follows. In Sect. 5.2, we introduce some basic concepts
in cooperative and noncooperative game theory. In Sect. 5.3, the fundamental results
for the basic newsvendor game are presented. Section 5.4 deals with several exten-
sions, such as large games, games with multiple warehouses, nonlinear costs, etc.
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5.2 Preliminaries on Game Theory

5.2.1 Cooperative Games

In this section we provide some basic concepts of cooperative game theory. We refer
the reader to Peleg and Sudhélter (2007) for an extended treatment of this subject.

Consider a finite set N = {1,...,n} of players and a function v : 2V — R,
called characteristic function, such that v(&) = 0. We call 4 = (N,v) a (finite)
cooperative game with transferable utility (or simply TU game). A subset S C N is
a coalition and v(S) is the worth that coalition S can achieve by itself. The worth
of the coalition can be transferred among its players and this justifies the name. The
set N is often called the grand coalition. When there is no risk of confusion we will
denote the game by v rather than (N, v).

Given a coalition S, the subgame (S, Vs) is the game with grand coalition S and
characteristic function vg such that vs(T) = v(T) for T C S.

An allocation is a vector g € RV such that ¥,y it; = V(N). Such a vector is a
possible way to split the worth of the grand coalition among all players efficiently,
that is, without any leftover.

The core of the game (N, V) is defined as

core((N,v)) := {u eRV: Y > v(S) forall SCN, and Yy = v(N)} .
= ieN

If an allocation is not in the core, then it is not stable, because there exists a coalition
S such that v(S) > ;s 1. This coalition will therefore have an incentive to deviate
and achieve v(S) by itself rather than join the grand coalition and obtain only
YiesMi- '

Call ¢ the i-th vector of the canonical basis of R” and define 5 := ¥, .ge’. A map
K :2V — [0,1] is called balanced if

K(S)eS = e,
se2N\ (o}

A game (N, V) is called balanced if for every balanced map k, we have

Y k(S)v(S) < V(N).

Se2N

The above condition considers the situations where the players can form
subcoalitions (i.e., every balanced map represents a situation where each player i
forms coalition S with i € § x(S) fraction of his time), and checks whether the
players, if they organized themselves via these subcoalitions with corresponding
weights, can do better than the grand coalition.
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Theorem 5.2.1 (Bondareva 1963; Shapley 1967). Let (N,v) be a TU game.
Then, core((N,V)) # & if and only if (N, V) is balanced.

A game (N, V) is called totally balanced if it is balanced and each of its subgames
is balanced as well.

Another solution concept for cooperative games was proposed by Shapley
(1953). Consider a game (N, V) and a bijection 6 : N — {1,...,n}. If players arrive
in the order 6(1),0(2),...,0(n) (i.e., player i arrives on position o (i)), denote by
po (i) the set of players that precede i in 0, i.e.,

poli) ={jeN:a(j) <a(i)},

and call mi;(v) the marginal contribution of player i, i.e.,

ma(v) = v(po(i) U{i}) = v(ps(D))-

The Shapley value ¢ of the game (N, V) assigns to player i her average marginal
contribution, where the average is taken over all possible permutations o'

It can be shown that the above expression can be written also as

o= 3 BRI 0 i) - sy,

SCN:igS
A game (N, V) is called convex (or supermodular) if
v(S)+v(T) <v(SNT)+v(SUT) forall S,T CN. 5.1

It can be proved that for the case considered here of finite games (5.1) is
equivalent to

V(T U{i}) = v(T) > v(SU{i}) — v(S) forallie Nand all S C T C N\ {i}. (5.2)

Hence, for convex games, the marginal contribution of any player to any coalition
is greater than her marginal contribution to a smaller coalition. Convex games are
well known for having several nice properties related to the structure of the core and
solution concepts. For example, Shapley (1971) and Ichiishi (1990) showed that the
marginal vectors of a game are the extreme points of the core if and only if the game
is convex. Moreover, the Shapley value of a convex game is the barycenter of its
core and hence it is always in the core.

In Sect.5.4.1, we will consider games with infinitely (possibly uncountably)
many players. This more general setting requires a richer structure and some
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technical details have to be settled precisely. A cooperative game is now defined
as ¥ = (I,%,v), where [ is the set of players, % is a c-algebra of subsets of / (the
feasible coalitions), and v : € — R is a function such that v(&) = 0. To emphasize
the difference between finite and infinite games, we now use the symbol / rather
than N to denote the set of players. Note that with I = N and & = 2, this definition
covers the definition of a finite cooperative game as well.

A map u: % — R is called additive if u(AUB) = p(A) + u(B) for every
A,B € € with ANB = & and countably additive if u(U? A;) = ¥, 1(A;) for
every A1,As,... € ¢ withA;NA; = & wheni# j.

The concept of allocation in the finite setting is generalized in a straightforward
way to the infinite setting by considering bounded additive maps t : 4 — R. The
collection of these maps is denoted by ba(%). The core of a game V is the set

core(v) ={ueba(?): u(S)>v(S)forallSe € and u(l) =v(I)}.
The game v is exact if its core is nonempty and

v(S)= min u(S), foreverySeE.

uecore(v)

Exact games, introduced by Schmeidler (1972), are a special subclass of the class
of totally balanced games. They have the property that for every coalition S there
is an element y in the core such that p(S) = v(S). This implies in turn that its
restriction [ lies in the core of the subgame (S, V). Clearly this property gives rise
to a tight connection between the form of the game and its core. Note further that
convex games are obviously exact. Therefore, exact games can also be viewed as a
intermediate class between totally balanced games and convex ones.

A version of Theorem 5.2.1 holds also for positive infinite games, as proved by
Schmeidler (1967) and Kannai (1969). An extension to bounded (not necessarily
positive) games can be found in Marinacci and Montrucchio (2004, Theorem 4.1).

5.2.2 Noncooperative Games

In this section, we provide some basic concepts of noncooperative game theory that
will be used in Sect. 5.4.4.

A game in strategic form is a tuple A = (N,Y,u) where N = {1,...,n} is a finite
set of players, Y = X;cnY; is the Cartesian product of strategy sets Y¥; of playeri € N
and u = (u;)icn is the vector of payoff functions u; : ¥ — R of player i € N. In
this game, every player i selects a strategy y; € ¥; simultaneously. As a result of
these strategic decisions, each player i receives a payoff u;(y) where y = (y;)ien is
the strategy profile played by the players. For any S C N and any strategy profile
y € Y we will write ys = (yi)ics and y = (ys,yn\s)- A strategy profile y* € Y is
a Nash Equilibrium if u;(y*) > ui(yi,y;‘v\{i}) for all i € N and all y; € ¥;. Under a
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Nash equilibrium strategy, none of the players can increase his utility by a unilateral
deviation in his strategy. A strategy profile y* €Y is called a strong Nash equilibrium
(see Aumann 1959) if there is no T C N and yr = (yi)ier € XicrY; such that
ui(yT,y;‘v\T) > u;(y*) for all i € T with the inequality being strict for at least one
player i € T. Therefore, under a strong Nash equilibrium, no group of players can
increase their payoffs simultaneously by deviating collectively. The set of all strong
Nash equilibria of A is denoted by . (A).

5.3 The Basic Model

5.3.1 The Newsvendor Problem

We introduce the newsvendor problem in an abstract setting that will prove suitable
for the analysis of the game. Let (Q,.%,P) be a probability space, i.e., Q is the
set of states of the world, .# is a o-algebra of subsets of  and P is a probability
measure on .%. All random variables in this paper are assumed to be integrable, i.e.,
elements of L' (Q,.%,P). In case there is no ambiguity about the probability space
(Q,.7,P), we write L' instead of L' (Q,.7 P).

A newsvendor has to decide how many newspapers to stock in order to face an
unknown demand, knowing that no replenishment is allowed. If she faces a demand
x and orders a quantity y, then she obtains a profit

px—cy if x<y,

(5.3)
(p—c)y if x>y,

y(xy) = pmin{r.y) — v = {

where c is the unitary cost that the newsvendor incurs for buying a newspaper
from the publisher and p is the unitary gain for selling a newspaper to a customer.
Obviously, p > c.

If the newsvendor faces random demand X € L' she has to find an order quantity
y that maximizes E [y (X,y)]. The operator IT : L' — R, defined by

yeR

represents the expected profit for a newsvendor who orders the optimal amount of
newspapers.

It is not difficult to prove that the maximizer in (5.4) is a (p — ¢)/p-quantile of
the distribution of X, that is y* € argmaxE [y (X,y)] if

p—c
p

Fx(s) < < Fx(t), foralls <y* <t, (5.5)
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where Fy is the distribution function of X. Therefore, ITy, (X) can be rewritten as

My () =(p—cly’ ~p [ Feudu (5.6)

u<y*

5.3.2 The Simple Newsvendor Game

In this section, we introduce the simplest model of newsvendor games. In order to
do so, we first introduce a newsvendor situation as I' = (N, (X;)ien, ¢, p), where:

1. N={1,...,n} is the set of retailers

2. X; € L' is the random demand of retailer i

3. c is the unitary cost for ordering from the warehouse
4. p is the unitary selling price for the retailer

For a coalition S C N, let X(S) := Y,;csX; be the aggregate random demand. The
expected optimal profit of S is ITy,(X(S)), where ITy is as defined in (5.4). So
all coalitions have the same anonymous profit function and face the same type of
maximization problem, the only difference being the random demand that they face.
Define v : 2V — R as follows:

v (8) = My (X (S)) forall S C N.
The game (N, V') is called the newsvendor game, corresponding to newsvendor

situation I.

Theorem 5.3.1 (Miiller et al. 2002; Slikker et al. 2001). Every newsvendor game
has a nonempty core.

This result was obtained independently in the two papers. Miiller et al. (2002)
actually considered costs instead of profits. In fact, instead of (5.3) they considered

the function
cly—x if x<y,
x(x,y)Z{( ) .
(p—c)x—y) if x>y,

and referred to ¢ as “unit holding cost” and p — ¢ as “unit penalty cost for unsatisfied
demand”. Subsequently, they defined the cost game ¢! : 2V — R by:

" (8) =T, (X(S)) for all S C N.

It is straightforward to check that
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for all § C N. That is, the two games differ by a factor —1 and an additive game;
hence, from a game theoretical point of view, they are similar. As recognized by
Slikker et al. (2001), substitution of variables combined with the addition of an
appropriate additive game can prove useful in incorporating additional features
while keeping the game under investigation strategically equivalent to the original
game. In this way, Montrucchio and Scarsini (2007) considered a setting with
unitary gains, unitary costs as well as penalty costs for not ordering enough.

As each subgame is a newsvendor game in itself, total balancedness, i.e.,
nonempty cores for the game and all its subgames, follows naturally. A similar
remark holds for other results in this chapter as well.

The following result determines an allocation that is always contained in the core.

Theorem 5.3.2 (Chen and Zhang 2009; Montrucchio and Scarsini 2007). If I
is a newsvendor situation such that X; has a continuous distribution for every i € N,
then p € core((N,vl')), where

w=p [ Xap
X(N)<y*

forevery i € N and y* is a (p — ¢)/ p-quantile of the distribution of X (N).

Montrucchio and Scarsini (2007) proved the result constructively for general
newsvendor games (not necessarily finite). Chen and Zhang (2009) used stochastic
programming duality to find an allocation in the core of a large class of inventory
games (see Sect. 5.4.3). For the basic newsvendor game the two approaches give the
same result.

Notice that in Theorem 5.3.1 the only assumption is that X; € L' for every
i € N, in particular no assumption is made about the dependence structure of
(X;)ien- When some assumptions are made, stronger results can be obtained. This
happens, for instance, when the vector (X;)ieny is comonotonic. The reader is
referred, for instance, to Puccetti and Scarsini (2010) for results and references about
comonotonicity.

Definition 5.3.3. Given a random vector X = (X;)ien, its support supp(X) is the
smallest closed set A C R” such that P(X € A) = 1. A random vector (X;)ien is
comonotonic if supp(X) is totally ordered, i.e., for all x,y € supp(X), either x < y or
y < x (in the natural component-wise order on R").

Proposition 5.3.4 (Miiller et al. 2002). If I" is a newsvendor situation such that
(X)ien is comonotonic, then core((N,v!")) is a singleton.

When the demands of all the retailers are comonotonic, they all move in the same
direction, which implies that no hedging is possible. Proposition 5.3.4 shows that in
this case the core consists of only one possible allocation of profits.

Proposition 5.3.5 (Miiller et al. 2002). If I" is a newsvendor situation such that
forall S C N and for all i € S the function s — E[X;|X (S) = s] is increasing, then
forall u € core((N,v)), we have ; < (p — ¢)E(X;) forall i € N.
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In the cost model studied by Miiller et al. (2002) Proposition 5.3.5 has a more
readable meaning. It just says that if E[X;|X (S) = s] is increasing in s, then all cost
allocations in the core are positive.

Definition 5.3.6. A random vector (X;)ieny is exchangeable if its distribution
function is invariant with respect to permutations, i.e., for every permutation 7 of
{1,...,n} and every (xy,...,x,) € R", we have

P(Xl le,...,Xn an) = ]P)(Xl gx,,(l),...,X,, §xﬂ(n>).

Proposition 5.3.7 (Miiller et al. 2002). If I" is a newsvendor situation such that
for some vector a € RN the random vector (X; — a;)ien is exchangeable, then there
exists a € core((N,vl')) such that w; < (p — ¢)E(X;) forall i € N.

Note that in Propositions 5.3.5 and 5.3.7 the statement that “u € core((N,v'))
is such that y; < (p — ¢)E(X;) for all i € N” is equivalent to the statement that the
corresponding element in the (anti-)core of (N, c¢") is nonnegative.

As we mentioned in Sect. 5.2, convexity is an important property of cooperative
games. Regarding newsvendor games, convexity suggests that the marginal benefit
of inventory pooling is increasing with the size of the coalition. Though newsvendor
games have nonempty cores, in general they are not convex. Counterexamples
can be found even in very simple settings (see, for instance, Ozen et al. 2011,
Examples 3.1 and 3.2). The demand distribution of the retailers and the optimal
fractile are two important factors that affect the convexity of newsvendor games.
Ozen et al. (2011, Examples 6.1) showed that even newsvendor games with
independent, symmetric, and unimodal demand distributions need not be convex.

The following proposition provides sufficient conditions for the convexity of a
newsvendor game.

Proposition 5.3.8 (Montrucchio and Scarsini 2007; Ozen et al. 2011; Slikker
et al. 2001). The newsvendor game (N,v') is convex if one of the following
conditions holds:

1. (X;)ien are independent, symmetric, and unimodal distributed random variables
andc=p/2.

2. (X;)ien are independent normal distributed random variables.

3. (Xi)ien are exchangeable multi-normal distributed random variables.

Proposition 5.3.8 states that under some realistic assumptions the newsvendor
game turns out to be convex, a very nice property of TU games as we discuss
in Sect.5.2.1. First of all, these games are convex if demand is independent,
symmetric, and unimodal distributed and ¢ = p/2, which means that the retailers
profit margin is 100%. Secondly, they satisfy convexity under independent normal
demand distributions regardless of the profit margin that the retailers work with.
Finally, convexity extends to situations with identical and positively correlated
normal demand distributions.



5 Cooperative Newsvendor Games: A Review 147

5.4 Extensions

5.4.1 Large Games

In many situations, it is useful to consider newsvendor games with a large number
of retailers. These games are often computationally complex, whereas an infinite
approximation of them can be easier to handle. This is why Montrucchio and
Scarsini (2007) considered newsvendor games where the set of retailers is large,
possibly uncountable. In order to define these games properly we first adjust the
concept of newsvendor situations to this setting. A large newsvendor situation is a
tuple I'' = ((1,%), (Xs)sew ¢, p), where:

1. I is a (possibly uncountable) set of retailers and %’ is a o-algebra of subsets of /.

2. X5 € L' is the joint random demand of coalition S € €’; for all ® € €2, the map
S — Xs(w) is additive on &, that is, Xs, s, (-) = X, (-) + X5, (+) for two disjoint
coalitions 1,5, € €.

3. c is the unitary cost for ordering from the warehouse.

4. p is the unitary selling price for the retailer.

Note that with I = N, € = 2V, and Xg = YicsX; for all S C N, this definition
covers the newsvendor situations with a finite retailer set as well.
For S € ¢, consider the joint random demand X for coalition S. The expected

optimal profit of S is ITy(Xs), where Iy is again as defined in (5.4). Define v
¢ — R as follows:

VvI'(8) = My (Xs) forall S € %.
The game (N, v’ ’> is called the large newsvendor game, corresponding to newsven-
dor situation I'".
Theorem 5.4.1 (Montrucchio and Scarsini 2007). If I'! is a large newsvendor

situation such that

/|X5| dP <K forall S €€ and some K >0, (5.7)

I
then the newsvendor game (I, v'") is totally balanced.
Moreover; if the aggregate demand X has a continuous distribution, then |l €

core((I, vr’>), where | : € — R is defined as

u@) =p[ Xedp (5.8)
X <y*

forall S € €, and where y* is a (p — ¢)/ p-quantile of the distribution of X;.

Notice that condition (5.7) is automatically satisfied when the map S — Xg is
countably additive.
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As in the finite case, stronger results can be obtained by assuming some particular
dependence structure of the random demand.

Proposition 5.4.2 (Montrucchio and Scarsini 2007). IfI"! is a large newsvendor
situation such that X; and Xs are comonotone for all coalitions S € €, then the

N
newsvendor game (I,v'") is exact.

In many situations with many retailers, the influence of each one of them is
negligible. This can be expressed by assuming that the random demand vector is
nonatomic. The next theorem establishes that in such a nonatomic setting, when the
aggregate demand has a continuous distribution, the core of newsvendor games is a
singleton.

Theorem 5.4.3 (Montrucchio and Scarsini 2007). IfI"! is a large newsvendor sit-
uation such that random demand vector (Xs)sc¢ has a Radom-Nikodym derivative

and such that X; has a continuous distribution, then core((I, v l>) is a singleton,
given by (5.8).

5.4.2 Multiple Warehouses

In the newsvendor games covered so far, a complete consolidation of stocks is
assumed and all retailers face the same purchasing cost ¢ and selling price p. Several
extensions of this simple cost structure are considered in the literature. The model
of Ozen et al. (2008) presents such an extension with multiple warehouses.
Consider a distribution system with n retailers and m warehouses. Every retailer i
faces a stochastic demand and sells a single product. As in the standard newsvendor
problem, retailers have to decide on order quantities for one or more warehouses,
before the stochastic demand is realized. After the stochastic demand is realized,
stocks that are available at the warehouses are allocated to the retailers to satisfy
the demand. Formally, a newsvendor situation with warehouses is a tuple I'" =

(N,W,(Zi)ien, (Xi)ien, (ew)wew s (fwi)wew.ien, (Pi)ien), where!

1. N={1,...,n} is the set of retailers.

2. W ={1,...,m} is the set of warehouses.

3. Z; C W is the nonempty set of warehouses related to retailer i.
4. X; € L' is the random demand of retailer i.

5. ¢y > 0 is the unitary cost for ordering via warehouse w.

"We remark that in Ozen et al. (2008) there is no explicit unitary cost for ordering via a warehouse,
as it is assumed to be incorporated in the transportation costs. With all orders being sent to the
retailers, as prescribed by the admissible allocations in MS below, the two models are equivalent.
Formally, the models coincide by setting unitary transportation costs from warehouse w to retailer
iin Ozen et al. (2008) equal to ?wi = fwi+tcw.
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6. fwi > 0 is the unitary transportation cost from warehouse w to retailer i.
7. pi > 0 is the unitary selling price for the retailer i.

Each retailer i can order goods from the set of warehouses Z;. Since Z; C W, this
model covers two extreme cases:

(a) Every retailer orders only from one warehouse, i.e., |Z;| =1 foralli € N.
(b) Every retailer can use all warehouses, i.e., Z; =W forall i € N.

Forming coalition S C N, the retailers are allowed to use any warehouse in Zg :=
UiesZi. This generalizes several models studied earlier in the literature and covers
a broad range of situations in which the reallocation of the orders can take place in
different locations between the supplier and the retailers. For example, the situation
with W = {1}, Z; =W, and f}; =0 for all i € N, and p; = p represents the simple
newsvendor model as described in Sect. 5.3.2. Alternatively, a situation with W =N
and Z; = {i} for all i € N represents a system in which the retailers keep local stock
and cooperate through lateral transshipment as studied in Slikker et al. (2005).

Consider a coalition S C N. Let x° = (x;)es be a realization of the random vector
X5 = (X;)cs. Before the realization of the random vector X%, the retailers in the
coalition jointly choose an order vector ¢ from the set

05 :={qg € R"|g,, = 0 forall w € W\ Zs and ¢,, > 0 for all w € Zs}.

The cost of placing this order is

=Y cwgd. (5.9)

weWw

After observing the realization x° of X5, the players in S decide on an allocation
AS of joint orders from the set

M3 (g%): = {AS ERT|Y A =g, forall w € Zg

icS

and A3, =0ific N\Sorwe W\ZS} .
The revenue created at each retailer is

H'(A] ) ==Y, Amfw,—f—p,mm{ Y ASx ,} (5.10)

weZg weZg

Hence, the coalition’s total revenue is given by

AS S z Hl

iceS
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Lemma 5.4.4 (Ozen et al. 2008). Let ' be a newsvendor situation with ware-
houses and let S C N be a coalition. For any ¢° € Q5 and demand realization vector
x5, there exists an allocation AS* € M5(g%) that maximizes total revenue RS (-, x5).

We refer to RS(A5*,x%) as r(¢%,x%), which is the maximum total revenue that
coalition S can achieve by allocating the available stocks optimally. Then, the
expected profit function of coalition S is defined by

©°(¢°) =E[ (¢°, X%)] - C(¢°).

Theorem 5.4.5 ((")zen et al. 2008). Let I'" be a newsvendor situation with ware-
houses and let S C N be a coalition. There exists an order vector qs’* that maximizes
the expected profit function 5 ().

Let I'" be a newsvendor situation with warehouses. According to Theorem 5.4.5,
we can define v : 2V — R by

v (S) = max 75(¢%) forall SC N.
qSEQS

The game (N, v!") is called the newsvendor game with warehouses, corresponding
to ™.

Introducing multiple warehouses into the model, can create some externalities.
Although the retailers may prefer not to use a specific warehouse if they act alone,
this warehouse may be used if they cooperate, for example, because of a strategic
position of this warehouse somewhere between the retailers. Moreover, the core of
general newsvendor games can shrink when more warehouses are introduced into
the system as shown by Ozen et al. (2008, Example 3). However, the following
theorem shows that the core of a newsvendor game with warehouses is never empty.

Theorem 5.4.6 (Ozen et al. 2008). Every newsvendor game with warehouses has
a nonempty core.

5.4.3 A Stochastic Programming Duality Approach

Chen and Zhang (2009) studied a cost game related to a newsvendor network with
warehouses I and developed an alternative approach by formulating their game
via a two-stage stochastic program. Denote X5(®) = (X;(®));cs. Then

v (8) = max (- D cqu+E[r5(q,XS(-))]>, (5.11)

weZzS

st qy>0, weZb. (5.12)
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Here, ¢ = (qw),,czs- For every g and @, we have

r(¢,X’(w)) = max <ZP:‘S:’((D) -> fwiAwi(a))> ; (5.13a)
icS i€SwezS
st.si(w) < Y Ayi(w), i €5, (5.13b)
weZS
s,-(a))gXi(a)), iGS, (5.13¢)
aw— D Awi(0) =0, we Z°, (5.134d)
ieS
Avi(@),si(0) >0 weZSies. (5.13¢)

Here, s;(®) denotes actual sales at retailer i and A,,;(®) is the quantity transferred
from warehouse w to retailer i. The first constraint states that total sales cannot
exceed the initial allocation, while the second constraint states that sales cannot
exceed demand. The last constraint implies that warehouses don’t keep inventory
and all ordered units should be transferred to the retailers. Thus, in the second stage
of this model, we determine the allocation of ordered products that maximizes the
revenue after the demand is observed, while in the first stage, we determine the
order quantity, which maximizes the expected profit of the coalition. Denote by
o;(w), Bi(w), and y, (@) (0 € Q, i € S, w € Z5), the dual variables associated with
constraints (5.13b)—(5.13d) . Then, the dual of above two-stage stochastic program
can be written as

min E
=

ZXi(-)ﬁf(-)] (5.14)

st.E[p ()] > —cy, weZ®
(o)
0(0) +Y(®) < fri, i€SWEZ ®EQ
0i(0),Bi(w) >0, ieS we.

Results of Rockafellar and Wets (1976) on strong duality of stochastic linear
programs provide the following corollary.

+Bi(w) > pi, i€S,weQ

Corollary 5.4.7 (Chen and Zhang 2009). Let I be a newsvendor situation with
warehouses. Then for any coalition, S C N, v(S) is equal to the optimal value of
(5.14).

Suppose that ((¢; (@))ien,we, (B (®))ien vea: (¥ (®))wew,vca) is an opti-
mal solution of the dual (5.14) with § = N and define

vi = E[Xi(-)B7 ()] foralli € N. (5.15)
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Theorem 5.4.8 (Chen and Zhang 2009). Let I be a newsvendor situation with
warehouses. Then (N,v"") is balanced and the vector (y;)icn, defined by (5.15), is
in the core.

The advantage of the duality approach of Chen and Zhang (2009) is that it provides
a constructive proof of core nonemptiness by identifying one element in it. Using
a duality approach, Chen and Zhang (2009) also derived a closed-form expression
of a core element for the standard newsvendor games in Sect. 5.3. If demand has a
continuous distribution, their closed-form expression results in the allocation rule in
Theorem 5.3.2, which is shown by Montrucchio and Scarsini (2007) for newsvendor
games with finitely and infinitely many number of players.

5.4.4 Core and Profit Allocation per Demand Realization

We remark that newsvendor games with warehouses consider the profit of all
possible coalitions in expectation. Therefore, the core contains stable allocations
of joint profit in expectation, which would be the main criterion of a retailer to
join the grand coalition. However, for real-life application, one needs to translate a
stable allocation of expected joint profit into a mechanism that allocates the realized
profit at the end of the day. Ozen et al. (2008) studied this issue in a noncooperative
game setting in which the retailers strategically choose the coalition they want to
join, the contract they want to sign to allocate joint profit, and the order vector after
joining the coalition. Let therefore I"" be a newsvendor situation with warehouses
and recall that Q1) denotes the set of order vectors of retailer i. Let 05 = x ;01
be the collection of order vectors of retailers in coalition S. Note that QS is different
from QS because in this noncooperative setting every player chooses her own order
vector even if she belongs to a coalition.

Consider coalition S C N. Let 'S denote the set of realizations of random vector
XS, Let a8 : Q5 x Y5 — R™ " be a recourse action function, which determines an
allocation of total orders for any demand realization x5 of X* and any order profile
g% € O5. We call a recourse action function a’ feasible if for all 75 € O and every
realization x5 of X5,

a2 eM | 3 q |-
=
The set of all feasible recourse action functions for coalition S is denoted by 7.
Let 75 : {(g,m,x5) ‘ Ged, Sers,me M5 (Sies@i)} — RS be a monetary
transaction function that allocates the profit made by the coalition S among its

members. We call a monetary transaction function 75 efficient, if for all §° € Q5,
every realization x5 of X5 and every recourse action m® € M3(3,¢ g?), we have

N 75(g° m’ x5 = —C (qu> +R5(m5 x5).
€S icS
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The set of all efficient monetary transaction functions of coalition S C N is denoted
by &5.

Definition 5.4.9. An admissible contract for coalition S C N is a pair (a5, 75)
consisting of a feasible recourse action function @ € <75 and an efficient monetary
function 75 € &5. The set of all admissible contracts for coalition S C N, is denoted
by €5 ie., €5 :={(a,7t)|la € &5;7 € £5}.

Definition 5.4.10. A profit-sharing contract for coalition S C N is a pair (a®, 7°) €
@5 such that, for all §° € Q5 and every realization x° of X5,

a5(g%,x%) €  argmax {R%(m,x")}
meMS( Zsci,-s x5)
i€

and there exist A; > 0 for all i € S such that ;¢ A; = 1 and for all qS € QS, x5 of X8
andm® € M (3e5 G}, x°)

(g%, m’,x%) = A (—C(Zq‘f) +RS(mS,xS)> :

icS

Briefly, profit-sharing contracts are admissible contracts that choose the optimal
allocation of total orders for each demand realization and divide the total profit
proportionally according to preset rates among the coalition members. Under profit-
sharing contracts, it is all players’ interest to increase the total profit as they get a
fixed percentage of it, and hence these contracts induce strategies that maximize
total expected profit by the players. The set of all profit-sharing contracts for
coalition § C N is denoted by J35.

Consider a coalition S C N and an admissible contract ¢S = (a5, %) € €5. Then,
the expected payoff of player i € S in contract ¢S for order profile §° € Q5 is
denoted by

(@%) = B[ (%, a5 (@, X%), X)),
Now, we can define the associated noncooperative game by A = (N,(T;)ien,
(Ki)ien), where T; and K; : x;eyT; — R represent the extended strategy space
and payoff function of retailer i € N, respectively. For each i € N, the extended
strategy space T; is defined by

T;:={(S,c,q)|SC N withi€ S,c€¢5 and g€ Q'}

and for every t = (S},¢},q) jen € X jenT), the payoff function K; is given by

1

K1) — I (g5%) ifS;=S;and ¢;=c; forall j €S,
l it (g')  otherwise,

where ¢5% = (¢/) jes;-
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In this game in strategic form, a coalition can only be formed if all the players
in a contract agree upon it. If a coalition is formed, recourse actions are taken
and the profit is shared as described in the contract by its recourse action function
and its monetary transaction function. The players that do not form a coalition are
considered as if they worked alone. The following theorem shows that the set of
payoff vectors resulting from strong Nash equilibria coincides with the core.

Theorem 5.4.11 (Ozen et al. 2008). Let I'Y be a newsvendor situation with
warehouses and A = (N, (T;)ien, (Ki)icn) the related game in strategic form. For
all'y € core((N, V™)), there exists ty € ./ (A) such that (K;(ty) )icn = y. Moreover;
(Ki(tN))ieN S core((N, er>)f0r allty € y(A)

The proof of this theorem shows how to construct a strong Nash equilibrium that
results in a specific core element using profit-sharing contracts.

Proposition 5.4.12 (Ozen et al. 2008). Let I be a newsvendor situation
with warehouses and let y € core((N,vI'")). Consider a strategy profile ty =
(N, pN,qi)ien, such that pV € BN with A; = y; /v(N) foralli € N and 3 ;e qi = ¢"*%,
where gN* is the optimal order vector of the grand coalition. Then, K;(ty) = y; for
allie Nandty € (A).

Therefore, the profit-sharing contract as constructed in Proposition 5.4.12 allocates
the realized total profit efficiently and, in expectation, each retailer gets a stable
allocation.

Hartman and Dror (2005) studied realization games defined by characteristic
function v(S, ®) = —C(g*S) +r5(¢*5,X5(w)), for each demand scenario @. They
showed that the core of these games can be empty. Dror et al. (2008) considered
a repeated cost-allocation scheme for dynamic realization games based on some
rules proposed by Lehrer (2002) and they proved that the cost subsequences of the
dynamic realization game process converge almost surely to the core of the expected
game. This is the case even when the one period realization games have an empty
core in general, as in Hartman and Dror (2005).

5.4.5 Nonlinear Costs and Revenues

The newsvendor situations with warehouses studied so far assume linear costs
and revenues. Several extensions of this cost structure have been studied in the
literature. Chen (2009) considered newsvendor situations with warehouses and
pricing. Such a situation can be modeled as a tuple I'™? = (N, W, (Z;)ien, (04)ien,
(Bidiens (kw)wew, (fwi)wew.ien, (t:)ien, (P, )ien, (P;)ien), where N, W, (Z)ien, and
(fwi)wew,icn are as before and

1. oy and B; are nonnegative random variables such that the demand for retailer
i € N equals X;(0) = Bi(@) — oi(w) - p; for all @ € Q and p; € [p,, p;].
2. ky, : Ry — R is the cost function for warehouse w.
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W

. t; is the unit penalty cost for unsatisfied demand for retailer i € N.
4. p, and p; are the lower and upper bounds for the pricing decisions of retailer
i€N.

Different from the multiple warehouse model in Sect. 5.4.2, retailers have to decide
upon their selling prices, thereby determining their demand. Moreover, to avoid
technicalities, it is assumed that €2 is finite. Chen (2009) distinguishes two types of
models, the postponed pricing model and the nonanticipative pricing model. In the
postponed pricing model, every retailer i € N decides upon his selling price p;(®)
after realization of the true state of the world w € €2, whereas in the nonanticipative
pricing model the pricing decision is made before realization of ®.

In order to define the corresponding cooperative games let S C N. Let ¢° € Q5
be a joint order vector, AS € M5(¢%) an allocation of this joint order and p5 =
(pi(®))ics.oca € RS be a vector of postponed pricing decisions. The coalition’s
total revenue in state of the world o is

K5(4%,p*(0), 0)

:z< S AS fui+ pi(@ mm{ Y AL Bi(o i(w)pi(w)}

IS\ weZg weZg

—t;max 1 fi(®) — -3 A0 (5.16)
WEZg
where p%(@) = (pi(®))ics. As in Sect.5.4.2 we can find, for every @ € Q, an
allocation AS* () € M5(¢5) that maximizes (5.16). The expected profit function
of coalition S is defined as

7(¢°p%) =E[K (4™ ().p°().)] = 2, kwl(a)-

wew

The general newsvendor game with warehouses and postponed pricing is given by
the characteristic function vf" "’ 2N 5 R, defined by

vi"()=  max 7545 p) forall SCN.
g5€08 pSerS 4
In the nonanticipative pricing model the corresponding cooperative game v2F "
defined in a completely analogous way, the only difference being the fact that the
selected prices do not depend upon @, i.e., p5 = (p;)ics € RS.
The first result considers linear cost functions.

Theorem 5.4.13 (Chen 2009). Let I'"P = <N, W7 (Z,‘),'eN, (OC,‘),‘E[\/, (ﬁ,’),’eN, (kw)weW7
(fwi)wewien: (ti)ien, (P,)ien, (Pi)ien) be a newsvendor situation with warehouses
and pricing, such that the cost functions are linear, i.e., for every w € W there is a
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constant c,, such that k,(q) = c,q for every g € Ry.. Then (N,vi™") and (N,v}"")

both have a nonempty core.

The following theorem considers newsvendor situations with one warehouse and
nonlinear cost functions.

Theorem 5.4.14 (Chen 2009). Let TP = <N, W7 (Z,‘),'eN, (OC,‘),‘E[\/, (ﬁ,’),’eN, (kw)weW7
(fwi)wew,ien, (t1)ieN (Bi)i€N7 (P:)ien) be a newsvendor situation with warehouses

and pricing, such that |W| =1 and such that, for every w € W, the cost function ki,
satisfies the following three properties:

1. g ky(q)/q is nonincreasing
2. ky, is lower semicontinuous
3. kw(q) — oo if g —> oo

Then (N, v{ wP) has a nonempty core. If moreover there exists constants f,,,w € W,
such that f,,;i = f, for every w € W and i € N, and a constant t such that t; =t
for every i € N, i.e., the transportation and penalty costs do not depend upon the
retailers, then (N,v}"") has a nonempty core as well.

We remark that this theorem considers situations with a single warehouse and
symmetric revenue functions. This result does not hold for games with multiple
warehouses even under concave cost functions. In a counterexample, Chen and
Zhang (2009) showed that the core of these games with concave ordering cost can
be empty. On the other hand, they still managed to show that the core of the game is
nonempty if the solution of the dual problem satisfies certain sufficient conditions.
A second generalization of newsvendor games with warehouses considers
the revenue side. Ozen et al. (2009) considered a general framework to
study cooperation under uncertainty. This framework covers the general
newsvendor situations with warehouses. Such a situation is a tuple I'" = (N, W,
(Z)ien, (Xi)ien, k, (H;)ien) where N, W, (Z;)ien, and (X;);en are as before and

1. k:RY — R is a positively homogeneous convex function.

2. H: RV x it — Ris for every [ € N a function such that H;(-,x;) is concave for
every x; € i}, As before, the set Y1} denotes the set of realizations of random
variable X;.

In order to define the corresponding cooperative game again let S C N, let ¢° € 0%
be a joint order vector, and let A5 € M5(¢%) be an allocation of this joint order. The
coalition’s total revenue in state of the world @ is

RS (A5, @) = Y Hi((ASwew . Xi(0)). (5.17)
€S

For every @ € €, let allocation AS* (@) € M5(g®) be a maximizer of (5.17). The
expected profit function of coalition S is defined as

7°(¢°) =E[R3 (A% (), )] = k(g").
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The general newsvendor game with warehouses is given by the characteristic
function vI™*" : 2V — R, defined by

v (8) = max #5(¢°) forall S C N.
L]SEQS

Theorem 5.4.15 (Ozen et al. 2009). Every general newsvendor game with ware-
houses has a nonempty core.

5.4.6 Other Results on the Core

Several other aspects of cooperative newsvendor games are studied in the literature.
For instance, Hartman and Dror (2003) studied the cost game among the retailers
with normally distributed and correlated individual demands. In their game, the
value of a coalition is a function of the covariance matrix and each coalition can
manipulate the correlations to minimize costs. They use a greedy approach and
the nucleolus, which is a one-point solution concept for TU games introduced
by Schmeidler (1969) that always selects a core element whenever one exists, as
solution. Burer and Dror (2011) extended their analysis and provided a closed form
solution for this optimization problem and the nucleolus of the game.

Hartman and Dror (2005) studied newsvendor cost games with nonidentical
holding and penalty costs. After showing that the core of these games might be
empty, they derived the conditions under which such a game will be subadditive.

Ozen et al. (2012a) studied newsvendor games with delivery restrictions. In their
model, every retailer poses a constraint on the allocation of the joint orders to
guarantee supply if their realized demand is high. After showing that the core of
these games is nonempty, they investigated whether the core of these games satisfies
certain monotonicity properties under dynamic system parameters.

Ozen et al. (2012b) considered an extension of general newsvendor games, in
which the allocation of the joint orders takes place after the retailers receive a
demand signal and update their forecasts (not necessarily after demand realization).
They studied two types of cooperation. In the first type of cooperation, the retailers
allocate the joint order after sharing their updated forecasts. In a counterexample,
it has been shown that collaboration with forecast sharing can harm the coalition
if the retailers have asymmetric forecasting capabilities. In these cases, stability of
the grand coalition is not guaranteed. However, if the retailers possess symmetric
forecasting capabilities, the core of the associated game is nonempty. In the second
type of cooperation, the retailers enroll in joint forecasting activities by sharing
market information and the joint order is allocated using the joint forecasts. For
the related games, the core is nonempty.
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5.4.7 Other Approaches and Related Models

Finally, we review some papers studying other (partial) cooperative models of
decentralized distribution systems.

Anupindi et al. (2001) studied a two-stage model where in the first stage the
retailers decide on the order quantities noncooperatively, whereas, in the second
stage, they cooperate by sharing their excess demand or supply through lateral
transshipment. They showed that the second stage cooperative game has a nonempty
core and a core allocation can be derived using dual prices of the transshipment
problem. Moreover, they showed that a profit-allocation mechanism based on these
dual prices can coordinate the system by inducing the retailers to order system
optimal quantities.

Anupindi et al. (2001) assumed that retailers share all of their available excess
demand or supply with other retailers in the second stage. Granot and Sosi¢ (2003)
relaxed this assumption by introducing an intermediate stage to the model, in which
retailers decide noncooperatively on how much of their excess demand or supply
to share with other retailers. They showed that a core allocation mechanism may
not induce the retailers to share their entire excess amounts, which reduces system
profit. On the other hand, the Shapley value and the fractional rule have this property
but they are not necessarily in the core.

Dror and Hartman (2007) studied cost allocation in a multiple product inventory
system, when consolidation of shipments is possible. They constructed a cooperative
game and showed conditions for the core to be nonempty and then examined the
sensitivity of these conditions to the parameters of the model.

Recently another stability concept, namely farsighted stability (Chwe 1994),
has received attention in several papers. Different from the core concept, which
only considers immediate deviations from the grand coalition, farsighted stability
considers further deviations that the players can take as a reaction to a previous
deviation. Hence, a farsighted player would consider these further deviations that
can take place before deciding to deviate from the grand coalition. If the outcome of
these series of deviations is not beneficial, the player would not deviate in the first
place even if it improves his position temporarily, i.e., in myopic sense. Building
on the results of Anupindi et al. (2001) and Granot and Sosi¢ (2003), Sosi¢ (2006)
studied the Shapley value, which does not necessarily result in core allocations.
Sosi¢ (2006) showed that the Shapley value allocations are stable in farsighted
sense. Kemahlioglu-Ziya and Bartholdi (2011) considered a group of retailers who
share a common supplier who keeps separate stock for each retailer and bears all
of the inventory risk. They investigated the cooperative game, in which the players
can form inventory-pooling coalitions instead of keeping separate stocks and hence
increase total profit. They proposed a mechanism based on the Shapley value and
showed that its allocation is stable in farsighted sense. Finally, they focus on the
retailers’ collusion against the supplier, which, contrary to intuition, turns out to be
not always profitable for the retailers.
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Hanany and Gerchak (2008) studied newsvendor cooperation in a non-TU
(nontransferable utility) game framework. In their model, the retailers negotiate
on the inventories they want to keep and their entitlements on these inventories
in a shortfall situation. Therefore, they cooperate only exchanging inventories but
not money. They study the outcome of this cooperation under the Nash bargaining
solution and for different risk profiles of the retailer, i.e., risk neutral and risk averse.

Techniques similar to the ones described in this survey have been applied by
Anily and Haviv (2010) to a queueing model where servers may improve the
efficiency of the system by pooling their service capacities.

5.5 Conclusion and Future Research

In this survey, we reviewed the papers studying inventory cooperation using
newsvendor models and focusing on the core concept. The fundamental question is
whether the anticipated benefits can allow a stable collaboration to be formed. This
question is answered affirmatively by studying the core of the associated games for
the basic newsvendor models and the extensions we discussed here. However, there
are several questions that are open for further study.

Although it has been shown (by either identifying a core element or showing that
the game is balanced) that the core of cooperative newsvendor games is nonempty,
not much has been done on how one of these core allocations should or would
be selected. It would make an interesting research direction to investigate the
characteristics (e.g., computational complexity or other fairness arguments that the
retailers might ask for) that the core elements or other know solution concepts (e.g.,
the nucleolus and the Shapley value) satisfy.

In the analysis of retailers’ cooperation, it is assumed that there exist binding
agreements between the retailers once they form a coalition (which is a main
assumption in cooperative game theory). However, this type of collaboration would
involve coordination of participants’ actions and sharing of private information in a
cooperative fashion. Although economical benefits might be enough to motivate the
retailers to participate in these actions, there might be other factors or mechanisms
that might lead to this type of collaboration. One such example is given by Ozen
et al. (2008), which is also reviewed in Sect. 5.4.4. They showed that a profit-sharing
contract with the rates determined by a core allocation can induce the retailers
to coordinate their actions and form the grand coalition. There might be other
classes of contracts with similar properties. Moreover, proper penalty and review
strategies can be devised as the retailers are in a committed long-term cooperation
(see e.g., Ren et al. 2010). Finally, there might be other sociological mechanisms in
effect. For example, even in the absence of any incentive compatible mechanism,
it has also been argued in the literature (see Maskin and Riley 1984; Crawford and
Sobel 1982; Crawford 1998) that effective information sharing and coordination
can be achieved through cheap talk if the parties share enough common interests.
In another example paper, Ozer et al. (2011) studied the role of trust in supply
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chain cooperation. Detailed modeling of retailers’ interactions and further analysis
of incentive mechanisms in this cooperative context would make an interesting
research direction.
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Chapter 6

Inventories and Stock-out Costs
in the Price-Setting Newsvendor:
An Economic Interpretation

Miguel Ampudia and Michael A. Salinger

Abstract According to the Lerner rule, a firm’s profit-maximizing price under
certainty can be characterized with just two parameters: marginal cost and the
elasticity of demand. Salinger and Ampudia (Salinger, M. A., & Ampudia, M.
(2011). Simple economics of the price-setting newsvendor problem. Managament
Science, 57, 1996-1998.) showed that in the most basic version of the price-setting
newsvendor (i.e., with no inventories or stock-out costs), the Lerner rule applies
with suitable modifications to the definition of marginal cost and the elasticity of
demand. This chapter extends that result to the more general version of the price-
setting newsvendor problem that allows for stock-out costs and for unsold output to
have some residual value as inventory. This extension suggests that the Lerner rule
characterization can be a unifying framework for a wide variety of extensions to the
price-setting newsvendor problem.

Keywords Newsvendor problem ¢ Demand uncertainty * Mark-ups ¢ Invento-
ries * Lerner relationship

6.1 Introduction

In the simplest version of the newsvendor problem, a firm must choose its price
and output while facing uncertain demand. Output is completely perishable, so
the firm cannot carry forward any excess product to be sold in future periods, and
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unsatisfied demand imposes no cost other than the opportunity cost of a foregone
profit opportunity. This version of the problem—henceforth, the “simple version”—
can bring essential features of the solution into sharp relief. But, as is clear from
the vast literature on extensions to the problem,! the need to commit to both price
and output in the face of demand uncertainty is present in a far wider set of
circumstances than the assumptions underlying the simple version.

A striking feature of the existing literature on the newsvendor problem is that
while it contains technically correct solutions for a wide range of extensions, it has
lacked a simple characterization of the solutions. Recently, however, Salinger and
Ampudia (2011) have provided such a characterization for the simple version by
generalizing the Lerner rule under certainty (Lerner 1934) to allow for uncertain
demand. Under certainty, a firm’s profit-maximizing price depends on just two
factors, marginal cost and the elasticity of demand. Salinger and Ampudia show
that the same formula applies in the simple version with suitable generalizations of
the relevant elasticity and marginal cost. Specifically, they show that the relevant
elasticity is the elasticity of the average quantity sold” with respect to price and that
the relevant marginal cost is the expected marginal cost of an expected unit sold (as
distinct from the marginal cost of a unit produced).’

In this chapter, we show that the generalized Lerner relationship can serve as a
unifying principle for characterizing and understanding how generalizations to the
simple version affect the solution. Specifically, we derive the generalized Lerner
relationship that accounts for two of the most thoroughly analyzed extensions of
the problem. We allow for the possibilities that unsold output retains some residual
value (presumably as inventories) and that the firm incurs a cost of unsold output in
addition to the opportunity cost of the lost sale.* These “stock-out costs” reflect a
loss in reputation that presumably affects future demand.’ Inventory and stock-out
costs affect the solution through the expected marginal cost of an expected unit sold.

ISee Porteus 1990, Petruzzi and Dada 1999, 2009, and Khouja, 1999, for excellent reviews on
these and other variants of the newsvendor problem.

2 As we discuss in more detail below, the elasticity of the average quantity sold with respect to price
reflects a weighted average over demand states, with the probabilty of selling all output being the
weight for the demand state in which consumers demand exactly the quantity produced.

3As is discussed in more detail below, both factors reflect specific assumptions about how price
changes in conjunction with changes in output.

4There are other possible extensions. For example, we maintain the assumption that the newsven-
dor is risk neutral and therefore seeks to maximize expected profits. Other possible extensions
include allowing for an objective function other than expected profit maximization (Arcelus
et al. 2012; Wang et al. 2009; Choi and Chiu 2010; Yang et al. 2011) and uncertainty in costs
(Tang et al. 2011).

SThey could also reflect direct costs to the extent that the firm has an obligation to supply.
For example, a store that advertises a good at particular price might have an obligation to
satisfy demand in some way; and doing so might prove costly. Stock-out costs are likely to be
particularly important in extending newsvendor analysis to oligopolistic industries. See Krishnan
and Winter 2007. For an empirical estimate of stock-out costs, see Matsa 2011.
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They do not affect the relevant elasticity (and, therefore, the mark-up over marginal
cost).

The result might be surprising at first. To the extent that uncertainty in demand
affects the optimal price, it necessarily affects either marginal cost or the mark-up
over marginal cost. Inventory costs and stock-out costs are associated with output
the firm does not sell. One normally associates marginal cost with the cost of output
the firm does sell. Thus, one might expect the effect of unsold output to enter the
price through the mark-up. But the Lerner rule under uncertainty reveals the sense
in which the cost of unsold output can be part of the marginal cost that enters the
optimal pricing formula.

One of the long-standing puzzles in the literature on the price-setting newsvendor
is the different qualitative effects of additive and multiplicative uncertainty on the
optimal price (Mills 1959; Karlin and Carr 1962). Salinger and Ampudia resolve
this puzzle for the simple version by showing how the form of uncertainty affects
the two factors needed to characterize the optimal price. Holding the probability of
satisfying all demand constant, additive uncertainty is fixed with respect to which
price—output combination the firm chooses. As a result, additive uncertainty does
not affect the marginal cost of an expected unit sold. It does, however, increase the
elasticity of the average quantity sold with respect to price, so it lowers the optimal
mark-up over marginal cost. In contrast, multiplicative uncertainty increases the
marginal cost of an expected unit sold but does not affect the elasticity of the average
quantity sold with respect to price or the mark-up. As we show in this chapter,
the resolution of the uncertainty puzzle that the generalized Lerner rule reveals
for the simple version holds for the extensions considered here. This further
demonstrates the power of the generalized Lerner rule to serve as a unifying
principle behind solutions to different versions of the problem.

6.2 The Model

In the price-setting newsvendor problem with inventories and stock-out costs, a firm
must choose both its price and output before observing random demand. The firm
incurs a constant unit cost, ¢, for each unit it produces. Each unit it produces but
does not sell has a salvage value, v. In the simple version, v = 0. If v = ¢, then
the firm suffers no penalty from producing earlier than necessary (in which case,
the problem is no longer within the newsvendor category). A disposal cost implies
v<0. The firm also incurs a stock-out or shortage cost, cs, for each unit demanded
that it cannot supply.
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6.2.1 The Quality Transformation

The standard approach to solving the price-setting newsvendor problem is to make
the quantity produced and the price the two choice variables. While valid, this
approach is not the most useful for assessing the effect of the elasticity of demand on
the solution. Any measure of the sensitivity of demand to price must hold the state
of demand constant.® In the standard formulation, the derivative of the quantity sold
with respect to price does not hold the state of demand constant and therefore does
not reflect just the sensitivity of demand to price.

Following Salinger and Ampudia, we instead use a “quality factor transfor-
mation,” which is a generalization of the “stocking factor transformation.” In
the price-setting newsvendor literature, the “stocking factor” refers to an amount
(either absolute in the case of additive uncertainty or a percentage in the case of
multiplicative uncertainty) by which production exceeds “deterministic demand.”’
A stocking factor approach to the solution is to substitute the stocking factor for the
quantity produced as a choice variable. Given additive (multiplicative) uncertainty,
the additive (multiplicative) stocking factor determines the probability of being
able to satisfy all demand, which is a dimension of quality. Salinger and Ampudia
generalize the approach by making the probability of satisfying all demand a
choice variable.® That approach is equivalent to the stocking factor approach for
the cases of additive or multiplicative uncertainty, but does not require any specific
assumption about the form of uncertainty.’

To implement this approach, let Q(¢e,p) be the inverse cumulative distribution
function for the quantity demanded conditional on p, where p is price and € is
a random variable uniformly distributed between 0 and 1 with dQ/de > 0 and
d0Q/dp < 0.9 Let x be output. The firm sells x if Q(¢, p) > x and Q(&,p) otherwise.

Let € be the probability that x is sufficient to satisfy all demand. The equation
that implicitly defines £* is:

x=0(e",p). ©6.1)

Using (6.1) to substitute for x and defining the expected quantity the firm sells,
Q(¢e*,p), and average demand, D(p), as:

6+Constant” can refer to a single state of demand or an average across a distribution of states.
7See Ernst 1970, Thowsen 1975, Petruzzi and Dada 1999, Petruzzi et al. 2009.

8Salinger and Ampudia refer to this as a “general stocking factor approach.” Because the stocking
factor typically refers to a physical quantity, “quality transformation” is a better characterization
of the approach.

9See also Raz and Porteus (2006) fractile approach, which is a discrete approximation to the
generalized stocking factor approach.

10The assumption that € is uniformly distributed is a consequence of Q(g, p) being an inverse

cumulative distribution function. It does not impose any particular form of the distribution function
itself.
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O(e".p) = 0(e"p) (1-&)+ [ 0(ep) e 62)
0

_ 1
Dip) = | Qle.p)de. (63)
The expected profit function is:
E[n]=(p—c)0(e",p)— (c—v)[Q(e",p) — O(&". p)] — cs[D(p) — O(€", p)]. (6.4)

In (6.4), the first term is expected sales multiplied by the margin between price and
the direct cost of producing the units sold. It resembles the profit function under
certainty except that the expected quantity sold substitutes for the deterministic
quantity sold (and produced). The second term, the expected cost of unsold output,
is the expected quantity of unsold output multiplied by the cost per unit of unsold
output. The third term is the expected cost of unsatisfied demand, estimated as the
expected quantity of unsatisfied demand multiplied by the cost per unit of unsatisfied
demand.

6.2.2 First-Order Conditions

The first order conditions for profit maximization are:

JE 20(g*, d 20(&*, d ,
ag[ir]:(l’—c) Q(geg*p)_(c ){ Q(gg* p) Q(gi*p)}ﬂs Q(gg*p) 0
(6.5)
aE[ﬂ:] — N o* _ (?Q(S*,p) _ _ aQ(g*up) _aQ(g*ap)
R | o)
dD(p) _90(e".p)
o | - } 0 (6.6)
Because anii’p):(l .s)aQE 2) (6.5) implies:
gr= PTG ©6.7)
p—V+cCs

which is the familiar condition for the critical fractile in the classic (i.e., with fixed
prices) newsvendor problem with inventory and stock-out costs.

Equation (6.6) is the basis for the generalized Lerner Index and, as a result, merits
detailed examination. Because it is the partial first order condition with respect
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to p holding €* constant, the quantity produced (x) changes as p changes. More
precisely, the change in output associated with a price change reflects the derivative
of demand with respect to price in the state of demand associated with the critical
fractile. Because it reflects the simultaneous change in price and output determined
by the associated change in demand, this first order condition corresponds more
nearly to the first order condition under certainty that gives rise to the Lerner
relationship. However, except in the special case of additive uncertainty (which
we discuss below), the effect of price on demand varies across states. Since the
change in output has to be geared to a single state, the amounts of unsold output and
unsatisfied demand and the associated costs vary across states.

The first two terms in (6.6) are the derivative of the first term in (6.4). The first
term is the effect of a change in price on revenue holding expected quantity constant.
The second term is the margin between price and direct production cost on the
change in the expected quantity sold. Together, they resemble the derivative of the
profit function with respect to price under certainty except that expected demand
and its partial derivative with respect to price substitute for deterministic demand
and its derivative.

The third term in (6.6) is the derivative of the second term in (6.4), which
reflects the expected cost of unsold output. The term reflects the sense in which
the cost of unsold output is part of the marginal cost of an expected unit sold. The
Lerner rule under certainty is a reformulation of the firm’s optimal choice of output.
Under certainty, however, a change in output is necessarily accompanied by a price
reduction dictated by the demand curve. Because of the quality transformation, (6.6)
captures simultaneous changes in price and quantity. The rate at which output varies
with price is driven by demand in the critical fractile. Because the sensitivity of
demand to price can vary across states, the decision to lower price and increase
output along the critical fractile can change the expected amount of unsold output.
This change in unsold output associated with a change in output is a component of
the marginal cost of a unit sold to be added to the direct cost of a unit sold.

The fourth term in (6.6) reflects the marginal cost of unsatisfied demand. It is a
component of marginal cost for the same reason that the cost of unsold output is part
of marginal cost. To the extent that the sensitivity of demand to price in the high-
demand states is different than in the critical fractile, a simultaneous change in price
and output along the critical fractile changes the expected amount of unsatisfied
demand and must therefore be included as a marginal cost of an expected unit sold.

6.2.3 Deriving the Lerner Condition

Under certainty, the Lerner condition follows from two basic principles. First,
at the profit-maximizing output, marginal revenue equals marginal cost. Second,
(everywhere), marginal revenue equals p(1 + 1/1), (where, 1 is the elasticity
of demand). Equation (6.1) follows from equating this alternative expression for
marginal revenue to marginal cost.
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The same principles apply under uncertainty, with one qualification. The standard
definition of marginal revenue is the additional revenue from selling one more unit
of output (taking account of the price reduction needed to do so). The standard
definition of marginal cost is the incremental revenue from producing an extra unit.
Under certainty, the quantity produced equals the quantity sold, so distinguishing
between an additional unit sold and an additional unit produced is unnecessary. But
under uncertainty, the distinction matters.

As when demand is certain, at the optimal quantity produced with uncertain
demand, the expected marginal revenue from an additional unit produced equals
the expected marginal cost of an extra unit produced. However, since the production
of an extra unit does not necessarily entail the sale of an extra unit, the expected
marginal revenue from an additional unit produced has to reflect the expected
increase in the quantity sold, which might be different from 1. Similarly, under
uncertainty, at the optimal price and quantity produced, the marginal expected
revenue from an additional expected unit sold equals the expected marginal cost of
an expected unit sold. However, whenever an extra unit produced does not generate
an extra expected unit sold, the additional quantity produced needed to sell an
additional unit on average is different from 1. The marginal cost of an additional unit
sold has to reflect the actual additional production associated with an extra expected
unit sold. In summary, at the optimum under uncertainty, marginal revenue equals
marginal cost on both a consistent per unit produced and a consistent per unit sold
basis; but, the marginal revenue from an additional unit sold does not necessarily
equal the marginal cost of an extra unit produced.

The standard definitions of marginal revenue and marginal cost are both with
respect to changes in quantity. Equation (6.6) is a partial first order condition with
respect to price. One can transform it into a condition on changes in quantity by
dividing it by either dQ (¢*,p) /dp or dQ (e*,p) /dp. Because the objective is to
characterize the optimal price, which is revenue per unit sold, the former is more
convenient:

_ (c—v) Jd0(e*,p) o BQ_(&‘*,[)):| T {dD(p) . aQ(E*J’)

(e",p) dp ap dp op
= p-—Sc+ = =0.
0. "\ 90(e",p)
dp dp
(6.8)
Letting na = M(;%Q(e’i’m, the first two terms of (6.8) can be written as

p (1 + 1/ n A), which is the expected additional revenue from an additional expected
unit sold. The term in brackets is the expected marginal cost of an expected unit
sold. It is the sum of two terms. The first is ¢, the direct marginal cost of an extra
expected unit sold. The second is a fraction that reflects the marginal cost of both
unsold output and unsatisfied demand. Because both marginal revenue and the direct
production cost of sold output is on a per expected unit sold basis, the marginal costs
of unsold output and of unsatisfied demand must also be on a per expected unit sold
basis in order to be comparable. The numerator of the fraction reflects changes in the
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quantities produced, demanded, and sold associated with price changes. Dividing
these costs by the derivative of the expected quantity sold with respect to price puts
these marginal cost factors on a per expected unit sold basis.

Letting C(€*, p) be the term in brackets in (6.8) (i.e., marginal cost of an expected
unit sold given that the firm changes output with price to preserve the probability of
being able to satisfy all demand), then (6.8) implies:

p—C(&",p) _ _L. 6.9)
p LJN

Equation (6.9) is the generalization of the Lerner relationship to the price-setting
newsvendor problem with inventories and stock-out costs.

6.3 Special cases

As described in the introduction, the different qualitative effects of additive and
multiplicative uncertainty in the “simple price-setting newsvendor” problem arise
because of their different effects on the marginal cost of an expected unit sold and
the elasticity of the average quantity sold with respect to price. In this section,
we demonstrate that the insight still applies with the more general version of the
problem.

6.3.1 Additive Uncertainty

With additive uncertainty, Q(€,p) = g(p) + @ (g), where ¢(p) is a deterministic
demand function and @(¢g) is an inverse cumulative distribution function. As a
result, %ﬁ;p) = WW, which implies that the term in brackets of (6.8) reduces
to ¢, the marginal cost of producing an additional unit. The cost of unsold output
remains a cost of doing business, but it is a fixed cost in that when the firm lowers
price and increases output so as to hold the probability of being able to meet all
demand constant, the amount (and therefore the cost associated with) unsold output
does not change.
Also,
p

I 6.10
=T dle) (10

where @ (e*) = @(e*)(1 —&*) + f(f* @(e)de. Thus, consider a mean-preserving
spread of the distribution around £* so that that both low demand states and stocked-
out states become more probable. Because the slope of the demand curve is constant
across states, the change in the distribution of demand does not affect the slope of
the average quantity sold with respect to price. It does, however, lower the average
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quantity sold because the additional probability of the high demand states does not
generate additional sales whereas the additional probability of low demand states
results in lower sales.

As a result, the elasticity of the average quantity sold with respect to price
increases. In turn, the increase in the average elasticity reduces the optimal mark-up
of price over marginal cost.

6.3.2 Multiplicative Uncertainty

With multiplicative uncertainty,

0(e,p) = q(p)¥(e), (6.11)

where ¢(p) is a deterministic demand function and ¥(¢€) is an inverse cumulative
distribution function with E[¥(€)] = 1. Equation (6.11) implies:

o(e",p) =q(p)¥ ("), (6.12)
O(e".p) =a(p) [#(e)(1 - &) + [ ¥(e)de] =a(p)P(e),  (613)
and,

WED) _ iy {Wm eyt [ -me)de] —¢()PE). 614

Also, since E[¥(g)] =1,

D(p) =q(p)- (6.15)

Using (6.13) and (6.14), the elasticity of the average quantity sold with respect
to price (1n4) is:

_pd(p)P(e") _ pd'(p)
a(p)¥(e*)  qlp)

Equation (6.16) implies that at a given price, the elasticity of the average quantity
sold with respect to price is independent of the distribution of ¥(g), which in turn
implies that a mean-preserving spread of ¥(€) around €* would not alter the mark-
up of the optimal price over the bracketed term in (6.8), which is the marginal cost
of an expected unit sold.

Turning attention to that bracketed term, (6.12)—(6.15) imply that it reduces to:

Na (6.16)

(c=v)[P(e*) = P(e")] +es[l —P(e)]
c+ ) . 6.17)
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Since the only effect of a mean-preserving spread around €* on (6.17) would be
a reduction in ¥(&*), increased multiplicative uncertainty raises the marginal cost
of an expected unit sold by increasing both the unsold output and unmet demand
components of marginal cost.

6.4 Conclusions

The generalized Lerner rule characterization of the solution to the simple version
of the price-setting newsvendor extends to a more general setting and the extension
demonstrates the power of this characterization to serve as a unifying principle for
understanding solutions to variants of the problem. In addition to those cited in the
introduction, a particularly important extension would be to place the price-setting
newsvendor explicitly in a market setting.'!

Under certainty, the Lerner rule is simply a restatement of the principle that the
profit-maximizing output for a firm is where marginal revenue equals marginal cost,
recognizing that the firm needs to cut prices to sell extra output. If the firm does not
have to cut price at all, it gets the entire price as marginal revenue from an additional
unit sold. More generally, the (perhaps negative) fraction of the price that it retains
as marginal revenue depends on how much it has to cut price to stimulate demand,
and that in turn depends on the elasticity of demand.

The Lerner rule generalizes to the price-setting newsvendor because much of the
same logic applies, but uncertainty about demand adds a complication. The Lerner
rule reflects how the firm optimally picks the feasible price—quantity combinations
along a demand curve. But the increase in demand due to a price decrease varies
across states, so the question arises as to how to assess the relevant price—quantity
trade-off.

A key part of the solution lies with the critical fractile. Holding price constant,
the critical fractile is the demand state that determines the optimal output. Thus, in
the analysis of whether increasing output by a unit increases expected profits, it is
useful to think of the associated price cut as being determined by the demand curve
defined by the critical fractile. But, to the extent that the (absolute) sensitivity of
demand to price varies across demand states, that price reduction can generate a
change in demand that is different from the change in output, which in turn affects
both the amount of unsold output and unsatisfied demand.

' While the Lerner rule under certainty and the extensions to uncertainty developed here apply
to any firm provided that the demand parameters and uncertainty are understood as those facing
the individual firm, explicitly modeling the link between market demand uncertainty and the
uncertainty facing an individual firm would greatly extend the scope for practical application.
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Appendix
Second Order Conditions and Comparative Statics

The second order conditions for a maximum are:

PE[] _ 00" p) | P0ep) 20" p)

op? dp p opr ap?
R0, p)  [9%0(e.p)
+v e 22 —/ e de
[ 9%0(e:p) 90 (¢*,p)
s*
Q2E (M) *E[M] [d2E[M]]°
el { 31788*} =0 (A2
where:
J%E [IT 20 (p,e*
and
9°E [M] 90 (p,ex)

dpde ==& =2

Let Ex.. denote second derivatives. The comparative statics for price with respect to
cis:
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and
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Chapter 7

Newsvendor Models with Alternative Risk
Preferences Within Expected Utility Theory
and Prospect Theory Frameworks

Charles X. Wang, Scott Webster, and Sidong Zhang

Abstract Newsvendor models are widely used in the literature, and usually based
upon the assumption of risk neutrality. Recently there is a growing body of literature
that attempts to use alternative risk preferences rather than risk neutrality to describe
the newsvendor decision-making behavior. In this chapter, we provide an overview
of newsvendor models with alternative risk preferences within the expected utility
theory and prospect theory frameworks and identify some directions for future
research.

Keywords Expected utility theory ¢ Prospect theory ¢ Risk aversion ¢ Loss
aversion * Newsvendor model ¢ Behavioral operations management

7.1 Introduction

The single-period newsvendor model is one of the fundamental models in inventory
management. In the classical newsvendor model setting, a newsvendor who sells a
short life-cycle product with uncertain demand must decide how many products to
order before the season begins. If realized demand is higher than the initial order
quantity, the newsvendor will face lost sales, whereas if realized demand is lower
than the initial order quantity, the newsvendor will liquidate all unsold products
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at a lower salvage value. With the current business trends of shortening product
life-cycles, increasing product variety, and frequent new product introductions, the
single-period newsvendor model has been applied to a large variety of products,
including books, consumer electronics, food, fashion apparel, personal computers,
and toys, etc.

The classical newsvendor model is based upon risk neutrality, meaning that
a manager will place an order to maximize the expected profit or minimize the
expected cost. However, in practice, there is much evidence that managers’ inven-
tory decisions are not always consistent with profit maximization. For example,
Fisher and Raman (1996) observe that a fashion apparel manufacturer orders
systematically less than the profit-maximizing order quantity; Patsuris (2001)
reports that despite the bad economy in 2001, many retailers continue to order
more unnecessary supply; and Schweitzer and Cachon (2000) have designed two
experiments to test the newsvendor’s risk preferences and they find subjects’ order
decisions systematically deviate from profit maximization. Therefore, studying
newsvendor models with alternative risk preferences is important.

Recently, we have seen two growing bodies of literature that attempts to use
alternative risk preferences to describe newsvendor decision biases from the risk-
neutral newsvendor. First, within the expected utility theory (hereafter, EUT)
framework in the field of classical economics, some researchers have studied the
risk-averse newsvendor problem (e.g., Agrawal and Seshadri 2000; Eeckhoudt
etal. 1995; and Wang et al. 2009). Second, within the prospect theory (hereafter, PT)
framework in the field of behavioral economics, some researchers have studied the
loss-averse newsvendor problem (e.g., Wang and Webster 2007, 2009; Wang 2010).
As far as we know, there is a lack of unified framework for the newsvendor models
with alternative preferences within these two frameworks. In view of this, the main
purpose of this chapter is threefold: (1) we summarize the key research findings
in newsvendor models with risk-averse and loss-averse preferences within EUT
and PT frameworks and explain associated newsvendor decision biases; (2) we
provide fairly comprehensive surveys of related newsvendor models within EUT
and PT frameworks; and (3) we identify some directions for future research on the
newsvendor models with alternative risk preferences within and beyond EUT and
PT frameworks.

This chapter is organized as follows. In Sect. 7.2, we provide brief overviews of
EUT and PT frameworks within which we introduce our definitions of risk aversion
and loss aversion for studying the newsvendor problem. In Sect. 7.3, we study a
general newsvendor model with the risk-averse preference in EUT and provide a
survey of related research. In Sect. 7.4, we consider a general newsvendor model
with the loss-averse preference in PT and provide a review of related research.
Finally, in Sect. 7.5, we offer our concluding remarks and suggest opportunities
for future research on the newsvendor problem with alternative risk preferences.
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7.2 Overviews of Expected Utility Theory
and Prospect Theory

In Sect. 7.2.1, we provide an overview of the EUT framework and introduce
the definition of risk aversion. In Sect. 7.2.2, we provide an overview of the PT
framework and introduce the definition of loss aversion.

7.2.1 Risk Aversion in EUT

EUT is concerned with choices among risky prospects with uncertain outcomes. It
may be traced back to Bernoulli (1954) in response to the famous St. Petersburg
paradox. Later, the development of EUT with a set of appealing axioms on
preference by von Neumann and Morgenstern (1944) provided the basis for most
subsequent analysis of decision-making behavior under uncertainty. Today, EUT
is one of the fundamental theories in classical economics and applied fields such
as finance, marketing, and operations management. For example, the classical
newsvendor model is based upon risk neutrality, one of the risk preferences in EUT.
We refer interested readers to Schoemaker (1982) for a comprehensive review of
EUT.

According to EUT, risk preferences could be classified into three main categories:
(1) a decision maker is risk averse if he prefers the expected monetary payoff over a
lottery; (2) a decision maker is risk loving if he prefers the lottery over its expected
monetary payoff; and (3) a decision maker is risk neutral if he is indifferent between
alottery and its expected monetary payoff. Since the risk-neutral newsvendor model
is well known in the literature and the risk-taking newsvendor model is very rare,
we are more interested in the risk aversion preference in EUT. Below we introduce
a formal definition of risk aversion in EUT.

Definition 1 (Risk Aversion). Let U(W) be the decision maker’s utility function
over the final wealth level W where U (W) is twice differentiable. Then the decision
maker is risk averse if the following two assumptions hold:

AL:U'(W) >0 forall W.
A2: U"(W) <O forall W.

Assumption A1l implies that U(W) is a strictly increasing function of W, meaning
that more wealth is desirable. Assumption A2 implies the diminishing marginal
utility of wealth, i.e., a dollar that helps us avoid poverty is more valuable than a
dollar that helps us become very rich. Assumptions Al and A2 are commonly used
to describe the risk aversion preference in EUT (see, e.g., Arrow 1971; Pratt 1964).1

'Within the EUT framework, a risk-neutral decision maker’s utility function U(W) satisfies
U'(W)>0and U”"(W) =0 for all W (i.e., a linear utility function), whereas a risk-loving decision
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We let r(W) = —U"(W)/U’ (W) denote the well-known Arrow-Pratt measure
of absolute risk aversion (Arrow 1971; Pratt 1964), which measures the insistence
of an individual for more-than-fair bets. Risk-averse utility functions in EUT are
commonly classified into three categories of absolute risk aversion: (1) decreasing
absolute risk aversion (DARA), which states that as an individual becomes wealth-
ier, he will be less risk averse (e.g., logarithmic, mixed exponential, and power
utility functions), (2) increasing absolute risk aversion (IARA), which states that
as an individual becomes wealthier, he will be more risk averse (e.g., quadratic
utility function), and (3) constant absolute risk aversion (CARA), which states
that an individual’s degree of risk aversion is independent of the wealth level (e.g.,
exponential utility function). DARA, IARA, and CARA utility functions have been
used to study the risk-averse newsvendor problem in the literature.

7.2.2 Loss Aversion in PT

In contrast with EUT that is commonly used in classical economics and applied
fields to describe rational decision-making behavior under uncertainty, recently we
have seen a fast development of behavioral economics that incorporates cognitive
and psychological factors to describe irrational decision-making behavior under
uncertainty. Probably the most well-known theory in behavioral economics is
Kahneman and Tversky’s (1979) prospect theory. PT states that people are (1)
more sensitive to changes to a reference point (e.g., wealth) rather than absolute
changes (i.e., reference dependence); (2) more averse to losses than attracted to
same-sized gains (i.e., loss aversion); and (3) risk averse in the domain of gains
and risk loving in the domain of losses (i.e., diminishing marginal sensitivity to
changes with respect to the reference point). We refer interested readers to Bowman
et al. (1999), Kahneman and Tversky (1979), and K&bberling and Wakker (2005)
for comprehensive discussions of PT.

Unfortunately, the general form of PT often makes the newsvendor model
intractable. In view of this, we focus on a simplified piecewise-linear form of PT
defined below, and for simplicity, we refer to such a piecewise-linear PT utility
function as loss aversion.

Definition 2 (Loss Aversion). Let U(W) be the decision maker’s utility function
over the final wealth level W and let W, be the reference wealth level. The decision
maker is loss averse if U (W) is in the following piecewise-linear form:

UW) = {W_WO w=Wo (7.1)

A(W—Wo), W < Wy,

maker’s utility function U(W) satisfies U'(W) > 0 and U” (W) > O for all W (i.e., a convex utility
function).
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Fig. 7.1 Risk aversion versus urw)
loss aversion
Loss Aversion

~~~~~~~~~~~~~~~~~~~~~ Risk Aversion

MW W

where A > 1 is defined as the loss aversion coefficient, and a higher value of A
implies a higher degree of loss aversion.

We note that the piecewise-linear loss-averse utility function defined above
captures two key properties of PT (i.e., reference dependence and loss aversion),
but it does not preserve the diminishing marginal sensitivity property of PT. Due
to its simplicity, it has been commonly used by researchers in economics, finance,
marketing, and operations management (e.g., Barberis and Huang 2001; Bell and
Lattin 2000; Genesove and Mayer 2001; Wang and Webster 2009).

Figure 7.1 below shows the shapes of risk-averse (Definition 1) and loss-averse
(Definition 2) utility functions to be used for our analyses of the newsvendor models
in Sects. 7.3 and 7.4. In summary, loss aversion stems from behavioral economics
and can be traced to the work of Kahneman and Tversky’s (1979) prospect theory.
It is distinguished from risk aversion in EUT by the presence of a reference point
Wy that determines whether an outcome is perceived as a loss or a gain, and by an
abrupt change (kink) in the slope of the utility function at the reference point Wj.

7.3 Risk-Averse Newsvendor Models in EUT

In Sect. 7.3.1, we introduce our notation, assumptions, and other preliminaries based
upon the classical risk-neutral newsvendor model. In Sect. 7.3.2, we consider a
newsvendor model with an alternative risk-averse preference in EUT and summarize
its key research findings. Finally, in Sect. 7.3.3, we provide a survey of related risk-
averse newsvendor models.

7.3.1 The Classical Newsvendor Problem

In the classical newsvendor model setting, the newsvendor orders Q units of a short
life-cycle product at a unit cost ¢ from a supplier before the selling season begins
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and sells the product at a unit retail price p > ¢ during the selling season. Demand
X is stochastic with PDF f(x) and CDF F(x) defined over the continuous interval /
=10, <><>).2 As with most of the newsvendor models, we assume F(x) is continuous,
differentiable, invertible, and strictly increasing over 1. We let F(x) = 1 — F(x) be
the tail distribution. If realized demand x is higher than Q, then a unit shortage cost
s is incurred on x — Q units. While it is typical to assume s > 0 in the newsvendor
literature, to be more general, we also allow the shortage cost s to be negative (¢ —
p < < 0). In other words, the case of s > 0 may account for a goodwill cost due to
a stockout, whereas the case of s < 0 corresponds to situations where x — Q units can
be purchased and sold after demand is realized at a lower unit margin of —s instead
of p — c¢.? If realized demand x is lower than Q, then the newsvendor salvages Q — x
units of unsold products at a unit value v < c¢. The newsvendor has the following
payoff function:

m(x,Q) =px+v(Q—x)—cQ x<Q

(7.2)
T (x,0) =pQ—cQ —s(x—Q) x>Q.

77.7()6, Q) = {

If the newsvendor is risk neutral, then there exists a unique optimal order quantity
OV that satisfies the following first-order condition:

(p+s—c)F(QV)—(c—v)F(Q") =0. (7.3)

For a risk-neutral newsvendor, the first term in (7.3) is the marginal benefit in
expected profit if one more unit is ordered whereas the second term is the marginal
cost in expected profit if one more unit is ordered. After conducting the comparative-
statics analysis, the risk-neutral newsvendor’s optimal order quantity is increasing
in the selling price p, shortage cost penalty s, and salvage value v, but decreasing in
the purchasing cost c. Since we are more interested in the newsvendor models with
alternative risk preferences rather than risk neutrality, we refer interested readers to
Khouja (1999), Lee and Nahmias (1990), Petruzzi and Dada (1999), Porteus (1990),
and Qin et al. (2011) for comprehensive reviews of the risk-neutral newsvendor
model and its extensions.

2To simplify analysis, we assume I = [0, o). We refer interested readers to Wang et al. (2009) and
Wang and Webster (2009) for newsvendor analyses based upon a more general demand assumption
of I = [a,b] where a =0 and b > a.

3For example, Eeckhoudt et al. (1995) consider a newsvendor who is allowed to obtain additional
newspapers at a cost ¢” satisfying ¢ < ¢’ < p. Thus, the newsvendor is still able to make money
from replenishment orders to satisfy unmet demand (i.e., the shortage cost penalty is s =c’ — p €
(C =P 0))
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7.3.2 The Risk-Averse Newsvendor Problem

Consider a newsvendor with a risk-averse utility function U(W) defined by
Definition 1. After mapping the newsvendor’s payoff function (7.2) into the
risk aversion utility function U(W), we can express the risk-averse newsvendor’s
expected utility function as follows:

oo

Q
EW(r(X.0)) = [U(r (. Q)f(0)ds+ [Ulm (. Q) x)dr. (7.4
0 0

The newsvendor will select an optimal order quantity QF to maximize the expected
utility function E[U(m(X,Q))]. After taking the first and second derivatives of
expression (7.4) with respect to Q, we get:

dE[U(n(X,0))]/dQ = (P+S—C)/U’(7r+(x,Q))f(X)dx
0

Q
(c—v /U’ ) f(x)dx (7.5)
0

and

PE[U(r(X,Q))]/dQ?
oo 0
p+s—c2/U” i (x, Q) f (x)dx + c—vz/U” —(x,0))f (x)dx
0 0

—(p+s5—)U'(m(Q,Q))F(Q) — (¢ —v)U'(n-(Q,0))F(Q) <0. (7.6)

From (7.5) and (7.6) we see that dE[U (n(X,0))]/dQ > 0, dE[U (n(X,°))]/dQ <
0, and d’E[U(%(X,Q))]/dQ? < 0 for all Q € (0,). Therefore, the risk-averse
newsvendor’s optimal order quantity QF € (0,e0) is unique and satisfies the
following first-order condition:

I OR
(p+5=¢) [ U, 0N F )~ (e =v) [ U'(r (.0 () dx=0. (77
oF 0

From (7.3) and (7.7), we can see some differences between the risk-neutral and risk-
averse newsvendors’ optimal order quantities. For the risk-averse newsvendor, the
first term in (7.7) is the marginal benefit in expected utility due to an increase in
the initial order quantity whereas the second term is the marginal loss in expected
utility due to an increase in the initial order quantity. In other words, given that
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there is an underage with a probability of F(QR), if one more unit is ordered, then
a unit underage cost ¢, will be saved. However, in contrast with the risk-neutral
newsvendor, there is also a decrease in the marginal utility of underage U'(m)
through a wealth effect, i.e., the diminishing marginal utility if the newsvendor is
richer (by U”(W) < 0). Similarly, given that there is an overage with a probability
of F (QR ), if one more unit is ordered, then a unit overage cost ¢, will be incurred,
and the decrease in wealth will be accompanied by an increase in the marginal utility
of overage U'(m_) through a wealth effect.

We next use a numerical example to illustrate the results in the risk-averse
newsvendor model analyzed above. We assume demand is uniformly distributed
between [0, 100] and fix the newsvendor’s purchasing cost at ¢ = $100. For
simplicity of analysis, we let s = v = Wy = 0 (i.e., the newsvendor’s salvage value,
shortage cost, and initial wealth are zero). Finally we assume the newsvendor has a
CARA (exponential) utility function U(W) = 1 —e~"", where r > 0 is the constant
coefficient of absolute risk aversion.

After mapping the demand and utility functions into the risk-averse newsvendor’s
expected utility function (7.4) and plugging in the parameters, we can rewrite (7.4)
as follows:

(10— Q)(1 —e"(P100)  pg 4 (e~170 — 1)e1070
100 100rp

ElU(r(X,0))] =

Similarly, after applying some algebraic manipulations to the first-order condition
(7.7), the risk-averse newsvendor’s optimal order quantity QF satisfies the following
first-order condition:

p—100 1\ _or 1
100 — — e 7Y - — =0.
< 100 ( QR) + rp ¢ rp

Figure 7.2 below gives us an example which shows the newsvendor’s expected
utility with respect to the order quantity Q when selling price p = $200. It shows
that the newsvendor’s expected utility drops abruptly in the order quantity Q when
the newsvendor is becoming more risk-averse (e.g., r = 0.01). Similarly, Table 7.1
below reports the risk averse newsvendor’s optimal order quantities under various
values of the selling price p and the coefficient of absolute risk aversion r. Note that
the case of r = 0 corresponds to the classical newsvendor model based upon risk
neutrality.

7.3.3 Related Risk-Averse Newsvendor Models

There is a large body of research on the risk-averse newsvendor problem in EUT.
In this subsection, we mainly focus on newsvendor models with risk-averse utility
functions in EUT and defined by Definition 1. We do not strictly organize those
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—e—1 = 0.00001
—a— 1 = 0.0001
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r=0.01
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Fig. 7.2 Risk-averse newsvendor’s expected utility with respect to the order quantity under
various risk aversion coefficients r

Table 7.1 Risk-averse newsvendor’s optimal order quantities under various selling
price p and coefficients of absolute risk aversion r

P r=0 r =0.00001 r=0.0001 r=10.001 r=0.01
$200 50 49 40 14 3
$400 75 72 49 12 2
$600 83 80 47 9 1
$800 88 83 44 8 1
$1,000 90 85 40 7 1
$2,000 95 87 28 4 1
$4,000 98 83 18 2 0
$10,000 99 60 9 1 0
$40,000 100 24 3 0 0
$100,000 100 11 1 0 0
$400,000 100 4 0 0 0
$4,000,000 100 0 0 0 0

papers in the order of their publication time. Rather, we prefer to discuss more
closely related papers together. We also note that we may omit some papers due

to the limit of our knowledge of this part of literature.

As far as we know, Baron (1973) is the first to investigate a “newsvendor”
type of decision-making problem under risk aversion. He shows that an increase
in risk aversion (i.e., a higher value of the Arrow-Pratt measure of absolute risk
aversion, r(W)) will decrease the optimal order quantity. However, as pointed out in
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Eeckhoudt et al. (1995), Baron (1973) does not consider the newsvendor problem,
per se, even though his analysis of a piecewise-linear payoff function bears the
newsvendor form.

Eeckhoudt et al. (1995) extends Baron (1973) to a newsvendor model setting in
which the newsvendor is allowed to obtain additional newspapers if the initial order
quantity is insufficient to cover demand, and the newsvendor still makes money
from replenishment orders. This assumption corresponds to the case of a negative
shortage cost (s < 0) in our general newsvendor model setting in Sect. 7.3.2. Similar
to Baron (1973), they find that a risk-averse newsvendor will order strictly less
than a risk-neutral newsvendor, and the optimal order quantity decreases as the
newsvendor becomes more risk averse. They also investigate the comparative-static
effects of changes in price and cost parameters. They find that in contrast with the
risk-neutral newsvendor model, the effects of selling price p and initial purchasing
cost ¢ on the risk-averse newsvendor’s optimal order quantity are ambiguous,
meaning that a risk-averse newsvendor’s optimal order quantity may not increase in
p and decrease in ¢ as predicted by the risk-neutral newsvendor model. In addition,
they investigate the comparative-static effects of changes in the independent additive
background risk and mean-preserving demand risk on the risk-averse newsvendor’s
optimal order quantity.

Wang et al. (2009) extends Eeckhoudt et al. (1995) to a more general newsvendor
model setting that allows for both positive and negative shortage cost. They derive
the risk-averse newsvendor’s optimal order quantity, but their main purpose is to
characterize the relationship between a risk-averse newsvendor’s optimal order
quantity and selling price. For most commonly used CARA, TARA, and bounded
DARA utility functions in EUT, they prove that a risk-averse newsvendor’s optimal
order quantity will decrease in selling price p if p is above a threshold price. For
example, consider the numerical results in Sect. 7.3.2. From Table 7.1, we see
that if the newsvendor is a little risk averse (e.g., ¥ = 0.0001) and selling price
p is relatively low (e.g., p < $400), then the optimal order quantity is increasing
in selling price. However, as the selling price becomes higher (e.g., p > $600),
the optimal order quantity begins to decrease in selling price and approaches zero
when selling price is very high (e.g., p = $4,000,000). In other words, the quantity
that maximizes the newsvendor’s expected utility at » = 0.0001 is 40 when the
opportunity cost of a lost sale (p — ¢) is only $100, but when the opportunity cost is
very high at $3,999,900, the newsvendor’s optimal order quantity does not increase,
and in fact, goes to zero. As pointed out in Wang et al. (2009), such a counterintuitive
result may be attributed to a limitation of EUT (Arrow 1971; Rabin 2000), i.e., risk
aversion within the EUT framework implies that people are approximately risk
neutral when economic stakes are small.

Next we briefly review other extensions of the risk-averse newsvendor problem.
Agrawal and Seshadri (2000) investigate a risk-averse newsvendor model in which
the selling price and order quantity decisions are made jointly. They find that a risk-
averse newsvendor will charge a higher price and order less than the risk-neutral
newsvendor if the demand distribution has the multiplicative form of relationship
with price. Also, the risk-averse newsvendor will charge a lower price if the demand
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distribution has the additive form of relationship with price, but the effect on the
quantity ordered depends on the demand sensitivity to selling price. Gaur and
Seshadri (2005) consider a risk-averse newsvendor who hedges inventory risk when
demand is correlated with the price of a financial asset. They show that a risk-averse
newsvendor will order more inventory if he or she hedges the inventory risk. Keren
and Pliskin (2006) consider a special risk-averse newsvendor model under uniform
demand and derive the optimal order quantity in a closed form. Chen et al. (2007)
extend Bouakiz and Sobel (1992) by studying a multi-period inventory model
under risk aversion as well as multi-period models that coordinate inventory and
pricing decisions. Van Mieghem (2007) studies resource diversification, flexibility,
and/or demand pooling decisions in newsvendor networks featured with many
products and many resources. He shows that a newsvendor with a general risk-
averse utility function in EUT (and also under the mean-variance criteria) may
invest more resources in certain networks than does a risk-neutral newsvendor.
Sévi (2010) investigates a risk-averse newsvendor model with an independent
multiplicative background risk and identifies conditions under which an introduction
of the multiplicative background risk will decrease the risk-averse newsvendor’s
optimal order quantity. Choi and Ruszczynski (2011) consider a multi-product risk-
averse newsvendor model with a CARA utility function. They establish a few
basic properties for the newsvendor solution. One interesting result they find is
that an increase in risk aversion does not always lead to a lower order quantity
when demands of multiple products are strongly negatively correlated. Colombo
and Labrecciosa (2012) consider the pricing decision for a risk-averse seller with
a fixed supply. Demand uncertainty stems from random consumer valuations of
the product. They show that if the distribution of consumer valuations exhibits an
increasing generalized failure rate (IGFR) property, then the risk-averse seller will
charge a lower price than a risk-neutral seller.

We wish to note that we focus on newsvendor models with risk-averse utility
functions in EUT. An alternative approach to modeling risk aversion is mean-
variance analysis (MV) due to Markowitz (1959), which has become a standard
analytical tool for portfolio optimization. MV specifies a decision maker’s objective
as a function of the mean and variance of a performance measure such as profit. The
MYV framework is less precise and general than the EUT framework because the
measure of “utility” depends on only two moments of the probability distribution
of profit rather than the entire distribution, but as an important consequence, the
framework generally affords greater analytical tractability and can be more readily
implemented (e.g., mean and variance can be estimated even if the distribution is
unknown). In addition, under certain conditions (e.g., normally distributed returns
and CARA utility) MV and EUT are equivalent (i.e., return the same optimal
decisions). MV has recently drawn much attention from researchers in operations
management, especially with respect to the newsvendor problem, we refer interested
readers to Anvari (1987), Chen and Federgruen (2000), Choi et al. (2008a, 2008b),
Chung (1990), Gan et al. (2004), Lau (1980), Martinez-de-Albéniz and Simchi-
Levi (2006), Van Mieghem (2007), Wei and Choi (2010), and references therein for
this part of literature.
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Finally, there are other risk-averse newsvendor models within other frameworks
such as coherent measures of risk (e.g., Chen et al. 2009; Choi and Ruszczynski
2008) and value at risk (VaR, e.g., Gan et al. 2005). We refer interested readers to
Choi et al. (2011) for a recent survey of related papers.

7.4 Loss-Averse Newsvendor Models in PT

In Sect. 7.4.1, we consider a newsvendor model with an alternative loss-averse
preference in PT and summarize its key research findings. In Sect. 7.4.2, we provide
a survey of related loss-averse newsvendor models.

7.4.1 The Loss-Averse Newsvendor Problem

Consider a newsvendor with a loss aversion utility function U (W) in PT and defined
by Definition 2. For simplicity of analysis, we assume the newsvendor’s reference
wealth level Wy = 0. Similar analysis could be extended to the case of Wy # 0.
Following Lemma 1 in Wang and Webster (2009), we define ¢;(Q) = ( %)Q and

¢ (0) = (p+m> Q as the loss-averse newsvendor’s two breakeven quantities of
realized demand, where if x < ¢(Q) or x > ¢g2(Q), then the newsvendor faces a
loss (i.e., realized profit is negative) and if ¢1(Q) < x < ¢2(Q), then the newsvendor
faces a gain (i.e., realized profit is positive). After mapping the newsvendor’s payoff
function (7.2) into the loss aversion utility function (7.1), we can express the
newsvendor’s expected utility E[U (n(X,Q))] as follows:

E[U(r(X,0))] = E[r(X,0)]

q1(0) o
+2-1| [ mworwis [ o |. 08
0 72(0)

In expression (7.8), the term [; Q) g (x,Q)f(x)dx could be defined the expected
overage loss meaning that the newsvendor earns a negative profit if realized demand
is lower than ¢1(Q) and the term [~ o) 7+ (x, Q) f(x)dx could be defined as the
expected underage loss meaning that the newsvendor earns a negative profit if
realized demand is higher than ¢, (Q). The loss-averse newsvendor’s expected utility
is the expected profit plus the total expected underage and overage losses, biased by
a factor of A — 1. If A = 1, then the newsvendor is risk neutral and the second term
in (7.8) drops out.
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After taking the first and second derivatives of E[U (m(X, Q)] in (7.8) with respect
to Q and applying some algebraic manipulations, we get:

dE[U(n(X,0)]/dQ = (p+5—¢)[F(Q) + (A — 1)F(42(Q))]
—(c=V)[F(Q)+ (A —1)F(q:1(Q))] (7.9)

and

¢*E[U(n(X,Q)]/d0*

(w—v)*f(q:1(9)) + (p+5—w)f(42(0)) .

p—v s

—(p+s—w)f(Q)—(A-1)
(7.10)

From (7.9) and (7.10), we see that dE[U(7(X,0))]/dQ > 0, dE[U(7(X,°))]/
dQ < 0, and d*E[U(n(X,Q))]/dQ? < 0 for all Q € (0,). Then the loss-averse
newsvendor’s optimal order quantity Q“ € (0,e0) is unique and satisfies the
following first-order condition:

(p+s—c)F(Q") = (c—v)F(Q") + (A= 1)[(p+s—c)F(q2(Q"))
—(c=V)F(q1(Q")] =0. (7.11)

From (7.11), we see that the first two terms reflects the classical risk-neutral
newsvendor trade-off between the overage and underage costs. However, it is the
third term (A — 1)[(p + 5 — ¢)F(q2(Q")) — (c —v)F (g1 (Q")] in (7.11) that causes
the difference between the risk neutral and loss averse newsvendors’ optimal order
quantities. Define (p+ s —c)F(g2(QF)) as the loss-averse newsvendor’s marginal
underage loss and (c — v)F(q1(QF)) as the loss-averse newsvendor’s marginal
overage loss. Then the third term in (7.11) reflects another type of tradeoff due
to loss aversion. More specifically, it shows that if the loss-averse newsvendor’s
marginal underage loss is lower than the marginal overage loss, then loss aversion
will lead to a larger order quantity than the risk-neutral newsvendor, whereas if
the loss-averse newsvendor’s marginal underage loss is higher than the marginal
overage loss, then loss aversion will lead to a smaller order quantity than the risk-
neutral newsvendor.

We next use exponential and normal demand distributions to illustrate our results.
Figure 7.3 illustrates the loss-averse newsvendor’s optimal order quantity for the
choice of fixed parameters {p = 1, ¢ = 0.5, v = 0}, and an exponential demand
distribution f(x) = 0.01e %1%, As it shows, if shortage cost is low (s < 4 to
be exact), then the loss-averse newsvendor will order less than the risk-neutral
newsvendor. In addition, the more loss-averse, the less the newsvendor’s optimal
order quantity. We also observe that if s = 0, then the loss-averse newsvendor only
orders 71%, 56%, and 47% of the risk-neutral newsvendor’s optimal order quantity
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Fig. 7.3 Loss-averse newsvendor’s optimal order quantity under exponential distribution

for L =2, A =3, and A = 4, respectively. However, if shortage cost is high (s > 5
to be exact), then the loss averse newsvendor will order more than the risk-neutral
newsvendor. In addition, the more loss averse, the more the newsvendor’s optimal
order quantity. We also observe that if s = 8, then the loss-averse newsvendor
orders 100.4%, 100.5%, and 100.7% of the risk-neutral newsvendor’s optimal order
quantity for A =2, A = 3, and A = 4 respectively. In summary, if shortage cost is
low, then the loss-averse newsvendor orders significantly less than the risk-neutral
newsvendor; if shortage cost is high, then the loss-averse newsvendor orders slightly
higher than the risk-neutral newsvendor.

Similarly, Fig. 7.4 illustrates the loss-averse newsvendor’s optimal order quantity
for the choice of fixed parameters {p = 1, ¢ = 0.5, v = 0}, and a normal demand
distribution with mean 100 and standard deviation 25. As it shows, if shortage
cost is low (s < 1 to be exact), then the loss-averse newsvendor will order less
than the risk-neutral newsvendor. In addition, the more loss averse, the less the
newsvendor’s optimal order quantity. We also observe that if s = 0, then the
loss-averse newsvendor orders 99.31%, 98.16%, and 98.05% of the risk-neutral
newsvendor’s optimal order quantity for A =2, A = 3, and A = 4, respectively.
However, if shortage cost is high (s > 2 to be exact), then the loss-averse newsvendor
will order more than the risk-neutral newsvendor. In addition, the more loss-averse,
the more the newsvendor’s optimal order quantity. We also observe that if s = 8§,
then the loss-averse newsvendor orders 102.01%, 103.10%, and 103.80% of the
risk-neutral newsvendor’s optimal order quantity for A =2, A =3, and A =4
respectively. In summary, if shortage cost is low, then the loss-averse newsvendor
orders slightly less than the risk-neutral newsvendor; if shortage cost is high, then
the loss-averse newsvendor orders slightly higher than the risk-neutral newsvendor.
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Fig. 7.4 Loss-averse newsvendor’s optimal order quantity under normal distribution

Based upon these two numerical examples, we could classify short life-cycle
products into two broad categories: the low-shortage-cost product and the high-
shortage-cost product. We could list computers, food, and shirts as examples of
low-shortage-cost products and airline meal, hotel rooms, and travel package as
high-shortage-cost products. For example, in the airline industry, the cost per meal
varied between $2 and $12 but the per meal shortage cost could be around $120
(Goto et al. 2004). For high-shortage-cost products, a loss-averse newsvendor will
order more than the risk-neutral newsvendor, whereas for low-shortage-cost prod-
ucts, a loss-averse newsvendor will order more than the risk-neutral newsvendor.

7.4.2 Related Loss-Averse Newsvendor Models

Compared to the large body of research on the risk-averse newsvendor prob-
lem within the EUT framework, there is much less research on the loss-averse
newsvendor problem within the PT framework. As far as we know, Schweitzer and
Cachon (2000) and Wang and Webster (2007, 2009) are among the first studying the
loss-averse newsvendor problem.

Schweitzer and Cachon (2000) conduct two experiments to test the newsvendor
problem with alternative risk preferences, including risk neutrality, risk aversion,
and risk-loving preferences in EUT, and loss aversion in PT, among others. In their
analysis of a loss-averse newsvendor problem without a shortage cost (i.e., s = 0),
they find that a loss-averse newsvendor’s optimal order quantity is less than a risk-
neutral newsvendor and decreasing in the loss aversion level A.
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Wang and Webster (2009) study a more general loss-averse newsvendor problem
with a positive shortage cost (s > 0). They establish necessary and sufficient
conditions under which a loss-averse newsvendor will order (less) more than a
risk-neutral newsvendor and the loss-averse newsvendor’s optimal order quantity
will increase (decrease) in the loss aversion level A. They also show that a loss-
averse newsvendor’s optimal order quantity may increase in purchasing cost and
decrease in selling price, which can never occur in the risk-neutral newsvendor
model.

Wang and Webster (2007) study a decentralized supply chain setting in which
a single risk-neutral manufacturer is selling a perishable product to a single loss-
averse retailer facing uncertain demand.* They investigate the role of a gain/loss
sharing provision for mitigating the loss aversion effect, and design a distribution-
free gain/loss sharing-and-buyback contract that can coordinate the supply chain.

Wang (2010) extends the loss-averse newsvendor problem to a game setting
where multiple loss-averse newsvendors are competing for inventory from a risk-
neutral supplier. They show that under the proportional demand allocation rule by
the supplier, there exists a unique Nash equilibrium order quantity in the loss-averse
newsvendor game. They also find that if loss aversion effect is strong enough (i.e.,
A is large enough), then the total order quantity of the loss-averse newsvendors in
the decentralized supply chain will be less than that of an integrated supply chain.
This result contrasts sharply with the result in the risk-neutral newsvendor game in
which the total order quantity of the risk-neutral newsvendors in the decentralized
supply chain will be more than that of an integrated supply chain due to demand
stealing effect (see e.g., Lippman and McCardle 1997 and Cachon 2003).

Finally, Geng et al. (2010) consider a single-period newsvendor model with a
general PT utility function and exponential demand and characterize the optimal
inventory decision. Shen et al. (2011) study a loss-averse newsvendor-like manu-
facturer who purchases a component from a supplier under a wholesale price-only
contract and an uncertain spot purchase price. They find that the purchasing decision
of the loss-averse manufacturer differs from those of risk-neutral and risk-averse
manufacturers.

7.5 Conclusions and Future Research

In this chapter, we investigate newsvendor models with alternative risk preferences
within the EUT and PT frameworks. Based upon a general newsvendor model
setting, we characterize the optimal order quantities of risk-averse and loss-
averse newsvendors and discuss associated decision biases from the risk-neutral
newsvendor model. We also provide surveys of related risk-averse and loss-averse

4Wang and Webster (2009) and Wang and Webster (2007) are based upon Chap. 3 and 4 of
Wang’s (2003) doctoral dissertation.
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newsvendor models in EUT and PT. We believe that studying newsvendor models
with alternative risk preferences are becoming important.

There are two worthwhile directions for future research related to the newsvendor
problem with alternative risk preferences. First, most of the newsvendor research
is based upon analytical models with assumed risk preferences from classical or
behavioral economic theories. As a result, those theoretical newsvendor models only
tell managers what actions they should take if their risk preferences are consistent
with model assumptions, but little is known about the real risk preferences of the
managers making newsvendor decisions. Therefore, there is a need to test the risk
preferences of managers by experiments (e.g., Becker-Peth et al. 2011; Bolton and
Katok 2008; and Schweitzer and Cachon 2000) or by surveys of managers about
their risk preferences when they are making newsvendor decisions (e.g., Corbett
and Fransoo 2007). Second, in addition to risk preferences within EUT and PT
frameworks, there is a need to study the newsvendor problem with alternative
risk preferences and objectives such as regret theory (e.g., Engelbrecht-Wiggans
and Katok 2008), fairness (e.g., Cui et al. 2007; Loch and Wu 2008), bounded
rationality (e.g., Su 2008), and achieving a profit and/or revenue target (He and
Khouja 2011; Lau and Lau 1988; Yang et al. 2011). We refer interested readers to
Bendoly et al. (2006), Gino and Pisano (2008), and Loch and Wu (2007) for detailed
surveys of other behavioral frameworks.
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Chapter 8
Newsvendor Problems with VaR and CVaR

Consideration

Werner Jammernegg and Peter Kischka

Abstract In this chapter, we consider approaches to express the risk preferences
of a newsvendor by means of the risk measures value at risk (VaR), conditional
value at risk (CVaR), and the mean-CVaR rule, which usually is defined as a
convex combination of expected profit and CVaR. With these risk measures the
decision maker can exploit risk-averse or risk-neutral behavior. In addition, we
introduce a more general mean-CVaR measure where also risk- taking behavior
can be expressed. The overall goal of the paper is a comparative analysis of these
risk measures in the newsvendor framework. On the one hand VaR, CVaR and
the (general) mean-CVaR, measures are used as objective functions to derive the
respective optimal order quantity. Extensions of the basic models are reviewed. On
the other hand the risk measures, especially VaR, are constraints of the model. We
first review models with the expected profit as objective. Then the general mean-
CVaR measure is taken as objective function and a service constraint and a loss
constraint are added. In this framework, the risk attitudes of the newsvendor can
be deduced from the characteristics of a product together with the specified service
target and loss target.
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8.1 Introduction

Historically, in inventory management the newsvendor model is formulated with the
objective to maximize the expected profit. Later on important streams of research
suggest, e.g., to maximize the expected utility of profit (see Eeckhoudt et al. 1995)
or to use the mean-variance objective (Lau 1980; Choi and Chiu 2012). There is
some critique from a theoretical and/or from an empirical point of view on these
(and other) approaches and there are still new suggestions for objective functions
in the literature (see, e.g., Gao et al. 2011). Another early objective function is the
probability to exceed a specific target profit (Lau 1980); this approach is closely
related to the value at risk (VaR) measure which is a central concept for this chapter.

VaR and CVaR (conditional value at risk) are risk measures originating in the
theory of finance. They are used in the newsvendor context to express and to
formulate the risk attitudes of the decision maker. The CVaR measures the expected
profit falling below a quantile level of the profit distribution known as VaR. In
literature, these risk measures are not only used as objective functions but also
as constraints. CVaR is a coherent risk measure, which is an important decision-
theoretical feature (see, e.g., Artzner et al. 1999); this property does neither hold for
VaR nor for the mean-variance measure.

A more general class of risk measures are the so-called mean-deviation rules. An
example is of course the mean-variance measure. Recently, the CVaR is also used
as a deviation measure in inventory management. Usually, a convex combination
of the expected profit and the CVaR for a specified quantile level is considered;
then the mean-CVaR model is coherent. In this framework, risk-neutral as well as
risk-averse attitudes of the decision maker can be expressed. In general, this means
that the optimal order quantity of a risk-averse newsvendor is smaller than that of
a risk-neutral, profit-maximizing decision maker. In the sense of Fisher (1997) this
seems reasonable for functional products with focus on cost minimization. But for
innovative products, the focus should be on high levels of product availability where
a risk-taking behaviour—the random profit is preferred to the expected profit—is
more appropriate. Thus, a general mean-CVaR measure is used where the decision
maker can exploit risk-averse, risk-neutral, as well as risk-taking behavior. For a
recent review of newsvendor models including risk preferences of the decision
maker, we refer to Li et al. (2011), Sect. 1.1 and Qin et al. (2011).

The overall goal of this chapter is a comparative analysis of VaR, CVaR, and
mean-CVaR as objectives and as constraints, respectively, in newsvendor models.
We start the analysis with preliminaries stating the notation and the basic results
of the classical, risk-neutral newsvendor model in Sect. 8.2. In Sects. 8.3-8.5,
the risk measures are used to formulate the objective function. Beside the basic
model we refer to some extensions, e.g., concerning multi-product and price-setting
newsvendor models. The third section is devoted to the VaR objective and the related
objective to maximize the probability of exceeding a specified target profit. Then
the CVaR criterion is presented in Sect. 8.4 and the CVaR-optimal order quantity
is derived. In the fifth section mean-deviation rules are discussed, especially the
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mean-CVaR objective. We present the optimal order quantity depending on the risk
parameters and compare in a numerical example the profit functions and the optimal
order quantities of risk averse, risk-neutral, and risk-taking decision makers.

In Sect. 8.6, some risk measures are used as constraints. E.g., to avoid low
profits or even high losses. First, VaR is used as constraint when the objective is
to maximize expected profit. Then a general model is formulated using the general
mean-CVaR measure of Sect. 8.5 as objective function. In addition, two constraints
are added. The loss constraint is a specific VaR—constraint which is specified
by an upper bound for the probability to result in losses. Moreover, the service
constraint defines a lower bound for the cycle service level, i.e., the probability not
to run out of stock. Here, the optimal order quantity is given by a two-sided control
limit policy depending on the risk parameters. The characteristics of the product
together with the loss target and the service target provide information to specify
the risk preferences of the inventory manager with respect to the product under
consideration.

In Sect. 8.7, we discuss some recent generalisations concerning the mean-CVaR
rule as objective function. Finally, the basic intentions of the chapter are summarized
in Sect. 8.8.

8.2 Preliminaries

We introduce our notation for the classical single-product newsvendor model.

Let X denote the random demand with nonnegative support and let p,c,z be the
per unit selling price, purchase cost, and salvage value, respectively. We assume
p>c>z.

Let y be the order quantity. Then the random profit is given by

gnX)=(p—c)y—(p—2)(y—X)" (8.1)

with (y — X)" = max (y — X,0).
Let F denote the distribution function of X; we assume that F ! exists. It is well
known that the solution of

max E(g(y, X)) (8.2)
is given by
v =F"" (—p_c>. (8.3)
P—z

Even if F is invertible the distribution function F, of the profit (8.1) has a point
of discontinuity at (p — ¢)y, more precisely (Jammernegg and Kischka 2007, see
Fig. 8.1)

_JF(EER) i< (p—c)y
Fy(1) = { ( . p ) for (> (p—c)y’ (8.4)
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We have
F(y) =sup{F (1)t < (p—c)y}. (8.5)

In the following, we consider risk measures as objectives or constraints for the
classical newsvendor model. Extensions of the basic model, e.g., by including
shortage cost or price-dependent demand, are mentioned in the respective sections.

8.3 Value at Risk Criterion

8.3.1 General Definition

Let Z be some profit variable with distribution function Fz and let o € [0, 1].
The value at risk of Z is

VaR (Z) = inf{z|Fz(z) > o} . (8.6)

If F is continuous at zg and strictly increasing in a neighborhood of zy we have
for oo = F(z0)
VaRy(Z) = E; (a). (8.7)

The VaR is a widespread measure of risk in finance: The probability that the profit Z
is below VaR, (Z) equals the prescribed a. Note that in decision theory, -VaR often
is denoted as a measure of risk whereas VaR is denoted as a preference functional.

8.3.2 Newsvendor Model With VaR Objective

Let g(y,X) be the profit in the newsvendor model (see (8.1)).
From (8.4) and (8.5), immediately follows:

For o < F(y) : VaRa(g(v,X)) = F; ' () = F ' (a)(p —2) — (¢ —2).

Y (8.8)
For o > F(y) : VaRe(g(y.X)) = (p— ).
Moreover, for oo < F(y) : P(g(y,X) < VaRy(g(3, X)) = a.
The newsvendor problem with the objective VaR is given by
max VaRg (g(,X)). (8.9)
y

This objective can also be interpreted as the maximization of the probability to
achieve a given target (see (8.11) and (8.12) and the following discussion).

As can be seen from (8.8), VaRy is an increasing linear function in y for y <
F~!(e) and a decreasing linear function in y for y > F~! (). Thus, the VaR-optimal
order quantity y*(o) is given by
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Fig. 8.1 Distribution functions of profit for VaR newsvendor (dotted line), expected demand
newsvendor (dashed line), and classical newsvendor (solid line)

argmaxVaR(g(y,X)) =y* () = F (). (8.10)
y

Note that the optimal solution is independent of p, c, z; it only depends on F and
the prescribed o. In Chiu and Choi (2010), a price-setting newsvendor problem
is considered with the value at risk as objective function. There the optimal order
quantity depends on the stochastic part of demand and on the optimal price only
via c. Another (single-period) inventory model with VaR objective is discussed in
Tapiero (2005).

We illustrate the previous analysis by comparing the distribution functions of
the profit for the classical newsvendor, the VaR newsvendor, and the newsvendor
ordering the expected demand. The random demand is exponentially distributed
with expected demand E(X) = 100 units; furthermore, p = 10, ¢ = 6, z =5, and
o =0.5.

Depending on the respective optimal order quantity y for the different objectives
in Fig. 8.1, the intervals of possible profits [(z — ¢)y, (p — ¢)y] are shown.

Compared with the classical newsvendor, the probability of resulting in loss
is just about half the amount for the VaR newsvendor. But on the other hand,
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the maximum VaR profit is only 277 currency units whereas that of the classical
newsvendor is 643 currency units. This trade-off is a significant explanation why an
inventory manager in praxis often pursues the pull-to-center strategy, i.e., they order
the expected demand (the maximum expected demand profit is 400 currency units).
In addition, small order quantities result in low levels of customer service which
in any case is not advantageous for products with high profit value; remember that
y*(e) is independent of p, ¢, and z.

Up to now the value « is prescribed and the corresponding profit for an order
quantity y is computed, which is to be maximized. Alternatively, one can prescribe
a target profit B and look for an order quantity such that the probability of exceeding
B is maximized. The seminal paper of this approach is Lau (1980). The formal
problem and its solution is

maxP(g(y.X) > B) (8.11)
y

B
argmax P(g(y,X) > B) =y*(B) = . (8.12)
y p—c
Note that the optimal solution is independent of F and z. In case of positive shortage
cost, the optimal order quantity depends also on the demand distribution (Lau 1980,
p. 531).
The corresponding maximal probability is

P(g(y"(B),X) = B) = 1 = F(y"(B))
P(g(y"(B),X) <B) = F(y"(B)).

Note that (see (8.4))
P(g(y"(B),X)<B)=1.

There are also models where the target profit B is not assumed to be fixed but
depends on the order quantity y; an example is the expected profit E(g(y, X)) (see
Parlar and Weng 2003). Shi and Chen (2007) show that for objective (8.11) the
wholesale price contract is Pareto-optimal which does not hold for the expected
profit criterion. For a price-setting newsvendor, in addition to a target profit, a target
revenue is considered leading to a model with two objective functions (see Yang
et al. 2011).

The approaches (8.9), (8.10) and (8.11), (8.12) are closely related.

Define for a given satisfying profit B

)

Then from (8.10), we have
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and therefore
VaR(g(y*(B),X)) = (p—c)F (&) = B.
Conversely, for a given o define
B:=(p—c)F Ya).

Then from (8.12), we have

and therefore

P(g(y*(a),X) = B) = 1-F(y"(B)) =1 —a.
Summarizing, from the results obtained so far it is evident that the optimal VaR
order quantity is independent of the selling price, the purchase cost, and the salvage
value whereas the optimal order quantity for the target profit newsvendor does

not depend on the demand distribution. The risk measures used in the following
objective functions do not result in optimal decisions that show these deficiencies.

8.4 Conditional Value at Risk criterion

8.4.1 General Definition

There are different possibilities to define the conditional value at risk (see, e.g.,
Acerbi and Tasche 2002; Rockafellar and Uryasev 2000).

For 8 € [0, 1], the generalized (lower) inverse function of the distribution function
F7 of a random variable Z is defined by

F(B) = inf{lFy(z) > B} (0<B<1)
F3(0) = im F; (B).

The conditional value at risk of Z given o € [0,1] is

o

CVaRy(Z) = % / F3(B)dB. (8.13)

0

Alternatively, the CVaR, can be defined by the generalized upper inverse function.
From Rockafellar and Uryasev (2000), we have

CVaRy(Z) = sup <t - lE(t - Z)+> . (8.14)
R o
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Iftr, ! exists, we have
CVaRy(Z) =E(Z|IZ<F,'())
=E(Z|Z < VaRy(2)). (8.15)

Note again that in decision theory -CVaR often is denoted as a measure of risk
whereas CVaR is denoted as a preference functional.

8.4.2 Newsvendor Model With CVaR Objective

For Z = g(y,X), we have (see Jammernegg and Kischka 2007, p. 108)
F'(B) . B<F()
F;(B)=F/(B)=+ for
2} =5B) {(P—C)y B=F(y)

and therefore:

Fora < F(y): CVaRq(g(»,X)) = % / g(y,x)dF (x)
0

= —(p—3) / dF(x) — (c—2)y. (8.16)

0

¥y
Foro > F(y): CVaRy(g(y,X)) =% ./g(y,X)dF(X)ﬂL(p—C)y(OC—F(y))
0

y
= (=2 | [xF@—yF0) | +(p-0
0 (8.17)

CVaRy, is monotonically increasing in ¢ (see, e.g. (8.14)) and therefore
CVaRe(g(y,X)) < CVaR;(g(y,. X)) = E(8(3, X))

Since the CVaR,, of a constant equals the constant the expected value E(g(y,X)) is
preferred to CVaR (g(y,X)), and therefore for any o < 1 the preference functional
CVaR, represents a risk-averse behavior; ¢ is sometimes called “degree of risk
aversion” (see, e.g., Chen et al. 2009).

Now the order quantity is derived that maximizes CVaR:

m)fGCVaRa(g(y,X)). (8.18)
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Several authors consider the CVaR,, as objective function (see, e.g., Gotoh and
Takano 2007; Gao et al. 2011). The CVaR measures the expected profit falling
below a quantile level of the profit distribution. From (8.16) and (8.17), the solution
of (8.18) can be derived:

* _ —C
argmax CVaR (803 X)) = vevar (0) = F 1@%). (8.19)

As can be immediately seen, the CVaR order quantity (8.19) is only a fraction of
the optimal order quantity y* of the classical risk-neutral newsvendor given in (8.3),
especially for small values of . The higher the degree of risk aversion is, i.e., the
smaller the ¢, the smaller is the order quantity (8.19).

Note that the optimal order quantity converges to F~!(c) as z — c. This implies
that the decision maker will not order the maximal demand even if P(g(y,X) <0) =
0. If the newsvendor can realize almost the same salvage value z for leftover products
as the purchasing cost ¢, then the maximal profit (p —¢)F~!(«) is achieved. Of
course the order quantity y(.y,g (0) is smaller than the order quantity y*(ct) of a
VaR-newsvendor (see (8.10)) for all p, ¢, z.

The basic model with CVaR objective has been extended in several ways. Chen
et al. (2009) consider the price-setting newsvendor with CVaR criterion. Xu (2010)
analyzes this model with the possibility of emergency procurement, i.e., in a dual
sourcing context where the newsvendor has a second ordering opportunity during
the regular selling season if demand turns out to be larger than the first order
quantity. Furthermore, the optimal solution is derived for positive shortage cost (Xu
and Chen 2007). There are models for supply chain coordination using CVaR as
objective function (see Yang et al. 2009). Also multi-product newsvendor models
with CVaR objective have been investigated (see, e.g., Tomlin and Wang 2005; Choi
etal. 2011).

8.5 Mean-CVaR Criteria

8.5.1 Convex Combination

Mean-deviation rules, e.g., the mean variance approach, are well known in portfolio
theory. Gotoh and Takano (2007), Gao et al. (2011) and others consider mean
deviation rules in the newsvendor context assuming that the deviation is measured
by the CVaR of the profit.

The objective function is a convex combination of expected profit and CVaR

YE(8(y,X)) + (1 —7)CVaRy(g(y, X)) (8.20)

with y € [0,1].
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Note that for y = 1, the classical newsvendor problem is given. For y < 1, the
objective function describes risk averse behavior, i.e., the expected profit E(g(y, X))
is preferred to g(y,X). For y = 0, we have the CVaR newsvendor of Sect. 8.4.

Of course, the degree of risk aversion increases the smaller y and/or the smaller
o; a small y gives a high weight to the risk measure CVaR, a small o gives a high
weight to high losses.

The solution of the above objective function is a special case of the approach in
Sect. 8.5.2.

8.5.2 A General Mean-CVaR Criterion

In Jammernegg and Kischka (2007), a generalization of objective function (8.20) is
provided. Consider first a profit variable Z with invertible distribution function Fz.
Let B denote a target profit and let o := Fz(B). Then E(Z|Z < F, ' (o)) and E(Z|Z >
F, ! () are conditional expected values of “bad” or “good” profits, respectively.
Let A € [0, 1] be a weight of these expected profits (pessimism parameter).

Then the objective function is

AE(Z|Z < F; ' (0)) + (1~ ME(Z|Z > F; (@),

For the profit variable g(y,X) in the newsvendor model, we use the generalized
inverse of F' introduced in Sect. 8.4.1 and replace the conditional expected values

o 1

Aé/F;(ﬁ)dﬁJru—A)E/F;(ﬁ)dﬁ. 8.21)

0 o
This can be rewritten as (Jammernegg and Kischka 2007, p. 100)

1-2 A—a
mE(g(an))‘F mCVaRa(g(y,X)). (8.22)

Note that for oc > A, the objective function describes a risk-taking behavior, i.e., the
random profit g(y,X) is preferred to E(g(y,X)):

%E(g(y,X)) + /}:—ZCVaRa(E(g(y,X))

=E(g(»X)) < %E(g(y,X)) + %CV&Ra(g(y,X))-

For o0 = A, o0 < A, risk-neutral and risk-averse behavior, respectively, prevails.
The objective functions (8.18) and (8.22) are consistent with dual utility theory.
Dual utility theory as developed by Yaari (1987) is based on the idea that the
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probability of a bad result is judged differently from the same probability of a good
result. Whereas in expected utility theory the monetary results are transformed with
a utility function, in dual utility theory the probabilities of the monetary results are
transformed. In Jammernegg and Kischka (2005), it is shown that for every pair
(a,A) with0 < or < 1,0 < A < 1 there exists a transformation of probabilities such
that the objective function (8.22) is consistent with the axioms of dual utility theory.

Maximizing the objective functions (8.21) or (8.22), we get (Jammernegg and
Kischka 2007, p. 101)

p—z 1-Ap-z p—z

yi(o,A) = for . (8.23)
(P A>L2=c
p—27A ~p—z

Note that a risk-averse (risk-taking) decision maker orders less (more) than a
risk-neutral decision maker. For a demand distribution with bounded support, the
maximal demand is ordered as z — c. This is in contrast with a related conclusion
for the CVaR criterion in Sect. 8.4.

For A = 1, the solution for the objective function in Sect. 8.4 is given. For A > o,
the objective function (8.20) with y = % is given. If A = @, i.e., y =1, we have
the special case of the classical risk-neutral newsvendor (8.2) and (8.3).

In the following, we compare the optimal order quantities and values of the
objective functions. In Fig. 8.2, the graphs for the following objectives are shown:
CVaR, VaR, expected profit, and risk taker with A = 0. The data are the same that
have been used for the profit distributions in Fig. 8.1, especially o = 0.5.

As already mentioned before, Fig. 8.2 shows that the CVaR newsvendor is
dominated by the VaR newsvendor also with respect to the expected profit if the
respective optimal quantities are ordered. Therefore, CVaR, is sometimes called a
relatively conservative criterion. Figure 8.2 also shows that the expected profit curve
is quite flat around its maximum; this is typical for many operations management
models, think, e.g., of the economic order quantity model. Thus, a slight deviation
from the optimum only leads to a small decrease of the expected profit; the optimal
expected profit of the classical risk-neutral newsvendor is about 239 currency units
(y* = 160 units) whereas for the most risk-taking newsvendor with y*(0.5,0) = 230
units the expected profit would be 220 currency units, a reduction in profit of about
8%. High order quantities result in high levels of customer service but also lead to
a high probability to end up with a loss. Of course the opposite is true for low order
quantities. We will come back to this trade-off between conflicting performance
measures when dealing with constrained newsvendor models.

The following extensions of models using the mean-CVaR criterion consider
the objective function (8.20). Like in the previous section there are multi-product
newsvendor models (Choi et al. 2011) and models with positive shortage cost
(Ahmed et al. 2007; Xu and Chen 2007). In a recent paper, the newsvendor not
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Fig. 8.2 CVaR-, VaR-, expected profit- and risk taking (1 = 0)-objectives and optimal order
quantities

only decides the order quantity but also adopts a weather hedging strategy. Using
the mean-CVaR criterion, the weather-derivative hedging can increase the order
quantity and can improve the expected profit as well as the CVaR-profit (Gao
et al. 2011).

8.6 Constraints

In this section, first we present a single-product newsvendor model with a VaR
constraint, where the objective is to maximize the expected profit. Then we
introduce a model with a loss constraint and a service constraint. The loss constraint
specifies an upper bound for the probability resulting in loss, i.e., it is a special
version of the VaR constraint where the target profit is equal to zero. In the service
constraint, a lower bound for the cycle service level is prescribed.
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8.6.1 VaR Constraint

Remember that for order quantity y, the maximum profit is (p — ¢)y and the
minimum profit is (z — ¢)y. Let B be some target profit (see Sect. 8.3.2) and let
1 be some probability with

P(g(y,X)<B)<m. (8.24)

If the quantity y is ordered, the probability that the profit is not higher than the target
profit B is at most 7).

Consider the following newsvendor problem with a so-called VaR-constraint
(Gan et al. 2005):

max E , X
ax E(g(3,X)) (8.25)
s.t.P(g(y,X) <B) =F,(B) <n.
Using (8.4) we can rewrite the constraint (8.24) as follows:
71 _ _
0<y< F (n)p-2)-B (8.26)

c—Z

Of course an admissible solution only exists if B < F~!(n)(p —z).
Remember that y* denotes the solution of the classical newsvendor (see (8.3)).
Then the solution of (8.25) is given by

y* y*SFil(n)(p—Z)—B

y(o,B)=1< F'(n)(p—z)—B for Ffl(n)c(;iz)—B' (8.27)
c—z vz

Cc—2Z

This result can be found in Gan et al. (2005), Ozler et al. (2009), and Zhang
et al. (2009). Gan et al. (2005) use this result to derive a coordinating contract
between a risk-neutral supplier and a retailer with a VaR constraint. In Yang
et al. (2007), the optimal order quantity is derived for the newsvendor model with
positive shortage cost if the cost target is fixed or given by the expected cost. Ozler
et al. (2009) extend this model to a multi-product newsvendor problem with VaR
constraint. In Zhang et al. (2009), instead of a VaR constraint a CVaR constraint is
proposed. Furthermore, they use this framework for multi-period inventory models.

8.6.2 A Mean-CVaR Criterion With Service
and Loss Constraints

In this section, we extend the approach of Sect. 8.6.1 in two ways (Jammernegg
and Kischka 2011). First we use the general objective function (8.22); note that for
o = A, the risk-neutral case of the above Sect. 8.6.1 is included.
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Second we assume that the optimal order quantity is chosen according to
some constraints given by performance measures. E.g., such constraints are also
considered in Sethi et al. (2007) and Ozler et al. (2009). Contrary to these papers,
we simultaneously use internal and external performance measures. It is intuitively
clear that these measures may collide and there is no admissible solution. In the
following we discuss the set of admissible solutions and give the optimal order
quantity under the constraints.

As internal performance measure we use the probability of loss, i.e., we consider
the VaR-constraint (8.24) with B = 0:

P(g(y,X) <0)<n. (8.28)

From (8.26), it is clear that admissible solutions fulfilling (8.28) always exist.

As external performance measure, we use the cycle service level which is defined
as the probability to fulfill demand, i.e., for order quantity y the cycle service level
is given by F(y):

y>F1(§). (8.29)

Constraint (8.29) states that the cycle service level at least must be §.
Combining (8.28) and (8.29), the set A of admissible solutions is given by

c—2Z

A= {yIFl(S)SyS M}. (8.30)

Denoting the profit value of the product pv = g, we have the following condition

for the existence of an admissible order quantity:

F~'(n)
A£D < prv>1 F1(5)"
Thus, the higher the profit value of the product the more likely is the existence
of an admissible solution. Moreover, a solution exists the larger is the prescribed
acceptable probability of loss 11 and/or the smaller is the prescribed cycle service
level 8.

There is no existence problem if either the internal or the external performance
measure is considered. This can be easily seen if the probability of loss 7 = 1 and the
cycle service level 0 = 0, respectively. For n > §, an admissible solutions always
exists. Of course, this specification is not plausible from an economic point of view.
For the relevant case, 11 < 0 (8.30) represents the problem of considering internal
and external performance measures simultaneously.

The optimal order quantity is the solution of the following constrained model
(see (8.22), (8.30)):

-1 A—a
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Table 8.1 Risk preferences for profit value pv, demand distribution F' and target
values 0 and 1 (Jammernegg and Kischka 2011)

pv<1— 771((;’1})) pv=1— ::11((;})) pv>1— 771((;’1}))
pv<d A=0 A=0 If A # @, risk-taking
pv=38 A=0 A={F71(5)}, A # @, risk-neutral

risk-neutral or risk-taking
pv>06 IfA#Q,risk-averse A # @, risk-neutral A # @, all risk
or risk-averse preferences

Solving (8.31) gives the optimal order quantity of an inventory manager who may
have some special kind of risk preferences depending on the relation of o, A (see
Sect. 8.5.2) and simultaneously tries to fulfill some constraints concerning internal
and external performance measures.

From Jammernegg and Kischka (2007), we know that the objective function
(8.22) is a concave function of y. Therefore, if an admissible solution (see (8.30))
exists, there exists also an optimal solution of (8.31) which we denote by (o, 1).
Moreover, from the concavity we can conclude
(1) Y (e, A) < F1(8) = §(a, A) = F(6)

1 1
@) (o, 4) > Jyéﬂam o

@) F1(8) <y (0, 4) < 520 = (e, A) =y (e, 4).

E.g., if—for given a, l—the optimal unrestricted solution y*(a, 1) (see (8.23))

would exceed Fligz) , then the solution of the restricted problem is the right corner
of the set of admissible solutions (see (8.30)). Since y*(¢t,A) is increasing in o and
decreasing in A, we see that this situation is more probable for A < a, i.e., for a
risk-taking inventory manager.

8.6.3 Deduction of Risk Parameters From Specified
Target Values

Using the general mean-CVaR objective function (8.31) in Jammernegg and
Kischka (2011), it is shown that every admissible solution y € A is optimal with
respect to some (@, A )-combination, i.e., some risk attitude. From the monotonicity
properties of y*(ot, A1), we can deduce consistent risk attitudes from the prescribed
performance measures. Thus, the newsvendor must not be able to specify the risk
parameters. Instead the risk preferences can be derived from the target values for the
probability of loss 1 and for the cycle service level 8. The results are summarized
in Table 8.1.

A product is characterised by its profit value pv, its demand distribution F, the
loss target and the service target. For these product characteristics Table 8.1 shows
whether an admissible solution exists and in the positive case the associated risk
preferences of the newsvendor are noted.
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If the loss target is low and the service target is high with respect to the profit
value and the demand distribution then no admissible order quantity exists; this
is described by the upper left area in Table 8.1. Contrary, in any case admissible
solutions exist if both target values 17 and 6 are not very challenging for the specific
product. In Table 8.1, this is represented by the lower right area. Especially for
products with high profitability pv the decision maker can exploit any risk attitude.

If both constraints are fulfilled as equalities then the only admissible solution
is the optimal order quantity (8.3) of the classical, riskneutral newsvendor which is
represented in the centre of Table 8.1. Finally, in the boxes at end of the off-diagonal
one constraint is dominating provided an admissible order quantity exists. The upper
right corner characterizes a high service target for the product; here the newsvendor
shows risktaking behavior. If the loss constraint is dominating the decision maker is
arisk averter. This situation is shown in the lower left corner of Table 8.1

In Fig 8.3 we use the data of the examples in Figs 8.1 and 8.2 to illustrate the
findings of Table 8.1 for fixed cycle service level 6 = 0.6 and different probabilities
of loss 1. Here, the vertical lines denote the corresponding boundaries of the
admissible sets. Since the profit value of the product is pv = 0.8 the last row of
Table 8.1 is relevant. If 7 = 0.1 and 1 = 0.2 then pv < 1 —F~'(n)/F~!(pv)
holds. As can be seen from Fig 8.3 for the low probability of loss n = 0.1 the
loss constraint (upper bound) is smaller than the service constraint (lower bound);
thus, no admissible solution exists. For 7 = 0.2 admissible solutions exist, but
the newsvendor in any case is a risk averter (remember that the optimal risk-
neutral order quantity y* is 160 units). If in addition to the predetermined cycle
service level 6 = 0.6 the probability of loss 1 = 0.3 is not very challenging, too,
then pv > 1 —F~'(n)/F~'(pv) holds, i.e. the existence of admissible solutions
is guaranteed. From the lower right area in Table 8.1 we know that in this case
the decision maker can exploit any risk preference. From Fig. 8.3 we see that
the newsvendor is a risk averter if the chosen order quantity is from the interval
[91.6, 160] in contrast, for an order quantity in the interval [160, 178.4] risk-taking
behavior is expressed. As indicated before the classical risk-neutral newsvendor
orders 160 units of the product.

The relationship of the product characteristics and the implied risk preferences
may not match with the basic intentions of the responsible inventory manager. Then
the findings from Table 8.1 also can be used to reposition the product. According to
Fisher (1997) for a functional product it could be reasonable to increase the profit
value by reducing the purchasing cost, e.g. by renegotiating the supply contract in
place or to lower the loss constraint. Innovative products are characterized by high
profitability. Thus, a high level of product availability is necessary to fulfil the entire
demand in order to generate as much revenue as possible. Of course, in this case the
service target should be increased. Especially for innovative products the demand
distribution should be updated as soon as additional relevant information becomes
available to make it less variable, e.g. by reducing its coefficient of variation.
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Fig. 8.3 CVaR-, expected profit- and risk taking (A = 0)-objectives and admissible order quanti-
ties for probabilities of loss n = 0.1 (dotted line), n = 0.2 (dashed line) and 11 = 0.3 (solid line)

8.7 Spectral Risk Measures

So far we have considered approaches to formulate the risk preferences of a
newsvendor by means of the risk measures VaR, CVaR, and mean-CVaR either as
objective function or as constraint. Furthermore, we have presented some reasonable
extensions of these basic models.

In this concluding section, we will consider some rather new developments in the
theory of risk measures, which are also relevant for the newsvendor model. VaR and
CVaR originated in the theory of finance. Because of lacking subadditivity and other
deficiencies, the VaR risk measure is criticized and the focus is now on coherent risk
measures like CVaR and the convex mean-CVaR measure.

Remember that the presented objective functions can be seen as negative risk
measures; e.g., —CVaRy(g(y,X)) is a coherent risk measure; this holds also for
(8.2) and (8.20). A special subset of the coherent risk measures is the class of
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spectral risk measures (Acerbi 2002). It can be shown that every spectral risk
measure p is of the form

p(2) =~ [ F;(B)o(B)p. (832

where F; is the generalized inverse of the random variable Z (see (8.13)) and ¢
denotes the so called risk spectrum, i.e.:

(p:[O,l]—>R+

1
/ (B)dp =1 (8.33)
0

¢ is monotonically decreasing.

Conversely, every function ¢ fulfilling (8.33) defines a spectral risk measure (8.32).
The objective functions (8.2), (8.18), (8.19), and (8.20) all can be derived from a
spectral risk measure; e.g., with

11—
op)= {7 o V2 =

we have for the corresponding risk measure p

—p(g(»X)) =YE(g(y, X))+ (1 — 7)CVaRy (g(». X)),

which is the mean-CVaR measure (8.20) (Brandtner 2011).
In general, we have for the newsvendor problem with a spectral risk measure p

max —p (g(3,X))

argmax—p (X)) =y (p) = (@1 (222) ),

pP—z

where ® denotes the primitive of ¢ (Fichtinger 2010).

With the risk spectrum ¢, the quantiles of Z, i.e., in the newsvendor context the
quantiles of the profit distribution F, can be weighted. With a special risk spectrum,
e.g., the exponential risk spectrum, special kinds of risk aversion can be modeled
(Fichtinger 2010; Brandtner 2011).

Spectral risk measures are also a subset of the set of convex risk measures
(Follmer and Schied 2002); first applications of convex risk measures to the
newsvendor problem are given in Brandtner (2011).
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8.8 Summary

In this chapter, we considered the single-product newsvendor model where the risk
preferences of the decision maker were expressed by the risk measures VaR, CVaR,
and (general) mean-CVaR. With the general mean-CVaR measures it is possible to
describe not only risk-averse and risk-neutral but also risk-taking behavior. These
risk measures were included in the newsvendor model as objective functions and
as constraints. The basic intention of the paper are comparative analyses of the risk
measures with respect to their impact on the distribution functions of profit as well
as on the respective optimal order quantities and optimal profits.

For the presented basic models, we reviewed the literature and referred to
extensions, e.g., multi-product models and models with price-dependent demand.
Finally, we briefly described spectral risk measures where CVaR and mean-CVaR
are special cases. A deeper analysis of these risk measures seems to be a promising
stream for future research for newsvendor models with risk preferences.
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Chapter 9

Production and Remanufacturing Strategies
in a Closed-Loop Supply Chain: A Two-Period
Newsvendor Problem

Marc Reimann and Gernot Lechner

Abstract Effective and efficient closed-loop supply chain processes can consti-
tute a significant competitive edge for companies. However, the integration of
forward and reverse processes poses some challenges both on the supply side—
e.g., availability of remanufacturable products—and on the demand side, e.g.,
cannibalization between new and remanufactured products. In this paper a two-
period newsvendor-type approach is presented. The model is used to characterize the
optimal production and remanufacturing policies. The main emphasis is on studying
supply side interactions, in particular, the link between production and sales of new
products and the resulting subsequent supply of used products. Further, the issue
of storing excess production is addressed. The relationship between inventory and
remanufacturing decisions is quantified.

Keywords Closed-loop supply chain ¢ Remanufacturing policies ¢ Two-period
newsvendor ¢ Remanufacturable products ¢ Inventory carryover

9.1 Introduction

Over the last few years the design of closed-loop supply chain operations has
attracted increasing attention in several industries including prominently, e.g.,
automotive or consumer electronics (Guide et al. 2006; Olugu et al. 2011). The
term closed-loop refers to the fact that forward processes and reverse production or
logistics processes are dealt with in an integrated fashion. The reverse processes may
include some or all of the following stages: product acquisition, quality grading,
repair, remanufacturing, recycling, or disposal (Guide and Van Wassenhove 2009).
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In this paper, we study the production decisions of a firm for a single product with
uncertain demand that can be supplied through manufacturing brand new products
or remanufacturing returned cores from sales in previous periods. Specifically our
model explicitly captures the fact that the supply of returned cores depends on manu-
facturing and supply decisions for brand new products in the past. Together with the
demand uncertainty, this link gives rise to two interesting intertemporal phenomena.
First, by increasing the supply in early periods the firm increases the availability of
returned cores in the future. As remanufacturing returned cores is more efficient
than producing brand new products this gives rise to reduced cost in later periods.
However, this effect comes from an increase in first period cost and the trade-off has
to be balanced. Second, given the demand uncertainty excess production in early
periods not only increases the availability of returned cores in the future but also
increases the overage in the early periods. Keeping this overage in stock for sale in
future periods also influences the demand for remanufactured products. Thus, while
the existence of both stocking excess production and remanufacturing returned cores
should increase the incentives for excess production in early periods the two supply
options are also to some extent substitutes and the main interesting question is under
what conditions remanufacturing takes place at all and under what conditions it is
the exclusive supply option chosen.

To answer these questions a stochastic single-product two-period model is
formulated and analyzed. In a first step, the optimal remanufacturing policy is
determined assuming that keeping inventories is not an option. This case can also
be interpreted as a situation where the second period corresponds to the life cycle of
a new generation of the product, e.g., smartphones, video game consoles. In such a
setting, the stocked first period product could not be used toward the satisfaction of
the second period demand (at least not without some rework). Then, this model is
extended by allowing inventories and the main structural properties of this extended
model are also analytically derived. Particularly, it is shown that when inventory cost
is sufficiently small, no remanufacturing may take place even though returned cores
are available. This setting can be observed, e.g., in the printer cartridge market.

The remainder of the paper is organized as follows. Section 9.2 presents
related research and places the current model with respect to the existing scientific
literature. Section 9.3 deals with the formal model definition and the theoretical
results. The model is extended to include the possibility of inventories in Sect. 9.4.
Section 9.5 concludes the paper with a short summary and an outlook on extensions
of the presented work.

9.2 Related Work

We will split the discussion of the existing research in two parts. In the first
part, we will cover the works on related topics in terms of product returns and
remanufacturing, while in the second part we will focus on some of the recent
works on two-period newsvendor models. Note that in neither part the review is
meant to be exhaustive but rather should give a rough overview of some of the
recent developments in these areas.
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9.2.1 Product Returns and Remanufacturing

As mentioned in the introduction, there is a growing body of literature dealing
with reverse logistics and closed-loop supply chains. There is a stream of literature
dealing with game-theoretic models for analyzing competition and supply chain
coordination in remanufacturing settings. A two-period model is used in Ferguson
and Toktay (2006) to study possible competition on the remanufacturing market.
They develop strategies on how to prevent a remanufacturing market entry of a
competitor by collecting used items or collection and remanufacturing. Supply
chains with different coordination mechanisms are studied in Bhattacharya et al.
(2006) and Li et al. (2011). In Bhattacharya et al. (2006), the results show that
the option to remanufacture increases order quantities and profits. It also leads
to a higher service level for customers due to increased product availability.
A higher cost difference between new and remanufactured products results in
increased order quantities. In Li et al. (2011), a supply chain is studied under three
different coordination settings (Stackelberg case, Nash case, inaccessible return
information case). A retailer is confronted with stochastic demand and orders from
a supplier who produces new and remanufactures used products. In the Nash case
with simultaneous decisions concerning the manufacturing/order quantities, the
quantities and profits are the lowest of the three cases.

Our model is most closely related to the stream of research dealing with (the
quality of) product returns and the relationship between new and remanufactured
products. The quality of product returns may be highly heterogeneous and there
are several models that analyze the acquisition and/or grading process in reman-
ufacturing. In a very simple setting without the possibility to grade goods before
acquisition, in Galbreth and Blackburn (2006) the optimal acquisition quantity of
used cores is shown to exceed the demand for remanufactured products. As reman-
ufacturing cost depends on core quality, this strategy enables the remanufacturer
to select only the high quality returns for actual remanufacturing and scrap the
low quality returns. In Ferguson et al. (2009), the return of cores is given and a
grading system is in place that categorizes these returns according to their quality.
The decisions are how many cores of a particular quality class to remanufacture
immediately, how many cores of a particular class to store for later remanufacturing,
and how many cores to scrap. One of the main results is that the company always
remanufactures the exact demand in each period. Moreover, the optimal strategies
are intuitive in that it can be never optimal to store lower quality cores when
higher quality ones are available. Analogously, it can be never optimal to scrap
higher quality cores before all lower quality cores are scrapped. While these two
(and related papers) provide insight into the acquisition and supply process for
remanufacturing, they ignore the link with new products.

This link is addressed in Guide and Li (2010) where the influence of product
and market characteristics on the potential cannibalization of new product sales by
remanufactured products is derived through an empirical, field research. The main
finding is that for the studied commercial product there seemed to be a potential
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for cannibalization, while for the consumer product the risk of cannibalization
was small. The relationship between new and remanufactured products for demand
satisfaction is also studied analytically in Ferrer and Swaminathan (2006, 2010),
Inderfurth (2004), Kelle and Silver (1989), Li et al. (2010), Shi et al. (2011), Teunter
and Flapper (2011), Wei et al. (2011), Zhou et al. (2011), and Zhou and Yu (2011).

In Li et al. (2010) and Wei et al. (2011), the focus is on the solution approach.
InLietal. (2010), a dynamic programming approach is developed for a multi-period
production planning model including manufacturing, remanufacturing, and disposal
decisions. The structure of the optimal control consists of two order-up-to levels for
remanufacturing and manufacturing, respectively, and a threshold inventory level
above which returned products are disposed of. Robust optimization is applied to an
inventory-production planning model with remanufacturing and uncertain demand
and supply of used products in Wei et al. (2011). Some numerical examples underpin
the effectiveness of the approach and show the sensitivity of the key parameters
concerning the solution. Particularly, holding and shortage costs are shown to have
the strongest influence on the optimal production and remanufacturing decisions.

In Inderfurth (2004), a single-period, combined manufacturing/remanufacturing
and inventory control problem is presented. The same capacity is used by man-
ufacturing and remanufacturing processes, and stochastic demands for new and
remanufactured products as well as stochastic returns of used products are consid-
ered. Downward substitution allows substitution of remanufactured items by new
products but not vice versa. A main result is that the optimal solution deviates
from the newsboy solution, particularly by a decreased inventory level of the
remanufactured product and higher production of new products. In Shi et al. (2011),
a stochastic model for deciding optimal production and remanufacturing quantities
for a product portfolio is presented. Product demands are independent, for each
product new and remanufactured units are perfect substitutes, the returns are of
unknown quality and the amount of returned cores is a function of their acquisition
price, which is also a decision variable. Even for the single-period case studied,
the problem is hard to solve for larger sizes and so a Lagrangian relaxation-
based approach is presented to obtain near-optimal solutions. The optimal strategy
will always include (some) remanufacturing. The optimal acquisition and reman-
ufacturing policies of a model with uncertain quality of returns are determined
in Teunter and Flapper (2011). Considering stochastic demand, optimal newsboy-
like solutions are derived and consequences of demand uncertainty are explored.
Higher demands result in an increased optimal quantity of acquired cores and larger
optimal remanufacturing-up-to levels. The value of quality information decreases
when the demand uncertainty increases.

None of the above-mentioned papers addresses explicitly the link between
previous sales and returns of used products. One of the first papers focusing on
this link is Kelle and Silver (1989), where the case of planning reusable containers
is considered. Returns are stochastic but depend on past sales, and due to loss
sometimes new containers must be acquired. In Zhou et al. (2011), the different
quality of returns is considered in a single-product, finite multi-period inventory
model with stochastic demands. As a result, it is shown that the optimal policy for
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manufacturing, remanufacturing, and disposal has a simple form, represented by
a sequence of constant control parameters. Numerical examples show significant
cost reductions compared to two heuristics (pull policy with sorting, pull policy
without sorting). In Zhou and Yu (2011), dynamic pricing allows to influence the
uncertain supply of used products and random customer demands in a production—
remanufacturing model. An exogenous selling price results in a simple policy,
whereas considering the selling price as endogenous decision variable leads to an
indecomposable state-dependent solution. In this case, the selling price decreases
and the acquisition price increases with rising inventory of serviceable products but
both decrease when the aggregate inventory level increases.

In Ferrer and Swaminathan (2006, 2010), the optimal supply quantities of new
and remanufactured products are analyzed in similar settings as in our model. The
case of perfect substitutability between new and remanufactured products is dealt
with in a deterministic setting in Ferrer and Swaminathan (2006). Using a price-
dependent demand function, it is shown that the possibility of remanufacturing
induces the OEM to reduce early period prices for new products to stimulate
sales and consequently provide a larger supply of returned cores for possible
remanufacturing in later periods. Moreover, it is shown that in the given setting
remanufacturing in later periods will always take place, either as an exclusive
supply or jointly with the production of new products. In Ferrer and Swaminathan
(2010), the model is extended to deal with imperfect substitutability of new and
remanufactured products and the equilibrium prices and quantities of new and
remanufactured products are derived under a simple demand competition setting.
It is shown that in this setting, there may be market constellations where no
remanufacturing takes place. As in Shi et al. (2011), the optimal strategy will always
include (some) remanufacturing.

Our model differs from these approaches by the combined consideration of the
following problem characteristics:

e Uncertain product demand

e Manufacturing and remanufacturing decision making, i.e., a closed-loop view

e Explicit link between sales in earlier periods and subsequent availability of
returns for remanufacturing

* No market clearing and the possibility to store excess production for future use

9.2.2 Two-Period Newsvendor Models

In terms of our modeling approach, we follow a line of research utilizing variants
and extensions of newsvendor-type models. Particularly, there is a recent interest
in two-period newsvendor models for studying different types of flexibility for
satisfying uncertain demands of product portfolios (see, e.g., accurate response
in Cattani et al. 2008; Chung et al. 2008; Reimann 2011a; Zhang and Du
2009 and postponement strategies in Granot and Yin 2008 or Reimann 2011b).
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All of these models extend the classical newsvendor model by allowing (some)
production after the demand revelation, i.e., during the selling season. In Cattani
et al. (2008), the optimal levels of preseason and selling season capacity are
determined under the assumption that the selling season capacity can be allocated to
the different products upon demand realization. Contrary to that, the selling season
capacity has to be pre-allocated to the different products before the selling season
in Chung et al. (2008). The two settings are systematically compared in Reimann
(2011a) to study the value of flexibility induced by delayed capacity allocation.
Slightly deviating from the setting in these three studies, in Zhang and Du (2009)
the value of outsourcing for supplementing limited in-house capacity is studied in
two settings. In one setting, both in-house production and outsourcing decisions
take place prior to the selling season. In the other setting, outsourcing can be used
as an emergency option upon demand realization. Price and order postponement
strategies to enhance effectiveness are studied in Granot and Yin (2008). Price
postponement refers to the possibility of setting the price in reaction to the demand
information, while order postponement is similar to the above-mentioned strategies
and corresponds to adjusting supply quantities in response to demand revelation.
Finally, in Reimann (2011b) accurate response and postponement strategies are
combined in that prior to the selling season some standard component is produced,
while during the selling season this standard component is then customized to the
observed product demands.

In all of these models, the first period is only a preparatory phase and there is no
demand in this period. Moreover, the possibility to utilize selling season capacity,
i.e. to make decisions under certainty greatly enhances profitability and reduces the
preseason production under uncertainty. In contrast to that, our current model deals
with demands in both periods. Moreover, the first period demand and consequently
the first period sales will influence (some of) the second period supply, namely, the
one for remanufacturing. Consequently, it may be optimal to increase first period
supply. In the remainder of the paper, we will show under which conditions this is
the case.

9.3 The Model

We consider a two-period model. The manufacturer offers new products in the first
period and has the opportunity to offer new and remanufactured products in the
second period. Remanufactured products are made from customer returns of period
1 sales. The core collection yield is denoted by 7, i.e., a fraction 0 < y < 1 of the
units sold in period 1 are available for remanufacturing in period 2.

New and remanufactured products are perfect substitutes. The price in period
t = 1,2 is given by p;, while the production cost for new products is ¢; < p;.
The cost savings associated with remanufacturing is 6 > 0, i.e., remanufacturing
a collected core incurs cost of ¢, — 0 in period 2. Demand D; in both periods is
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uncertain with known probability density and cumulative distribution functions fp,
and Fp,, respectively. Throughout we will assume that the demand distributions are
continuous and twice differentiable. Let d; denote a demand realization in period ¢.

The expected sales quantity in the first period is a function of the first period
production decision of new products g; and denoted by Sp,(¢1). It is given by
Sp,(q1) = J"" u fp, () du+ g1 [1 — Fp,(q1)]. Given the core collection yield y
defined above, ySp, (¢1) units will be returned by customers and are available for
remanufacturing in the second period. However, the manufacturer may decide not
to remanufacture all of them, and its remanufacturing decision variable is given by
G>» < vSp,(q1). Moreover, the manufacturer can decide to manufacture ¢, units of
new products in period 2. Summarizing the total supply in period 2 is given by
g> + g» and the associated expected sales are Sp, (G2 + 92).

For formulating our intertemporal optimization problem, let us assume that
second period cash flows are discounted with a factor 0 < 8 < 1. Then the objective
of maximizing expected profits 7 is given by

Jmax m= —c1q1+p1Sp, (1) +B [—c2(g2+G2) + 8 G2+ P2 Sp, (g2 + §42)], (9.1)
1:92:92

while the constraints are
4> < vSp,(q1), (9.2)
q1,92,42 > 0. 9.3)

Clearly, the constraints are convex and it is easy to verify that the objective
function is concave. Consequently, the optimal solution is obtained by solving the
set of KKT optimality conditions.

The structure of the optimal solution is summarized by the following result.

Proposition 1. Depending on the shadow-price Ag of the remanufacturing con-
straint (9.2), the three possible production scenarios are given by

1. Ag = 0 (Exclusive, but limited remanufacturing in period 2):
a1 = Fp, (P and g, = ) (2=272) and g5 = 0
2. 0 < Ag < B8 (Exclusive, full remanufacturing in period 2):

1 = Fp (P28 ) and g, = vSp, (1) = F@I(W) and q» =0

P1+Y AR
3. Ag = B (Full remanufacturing and new production in period 2):
—_ - ) N — —c A
q1 = FDII(%) and §> = ySp, (q1) and ¢ = F,! (P2) — 4
Proof. All proofs are given in Appendix. O

The optimal scenario and the associated production and remanufacturing quan-
tities can be obtained easily through line-search for the optimal Ag. Note that
in the first case, the first period decision corresponds exactly to the well-known
unconstrained, single-period newsvendor solution. There is no new production
in period 2 and total second period supply is through remanufacturing. The
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second period supply quantity corresponds again to the unconstrained, single-period
newsvendor quantity, this time subject to the remanufacturing cost (¢, — 8). Finally,
in that scenario not all the collected cores are remanufactured.

In the second scenario, first period production exceeds the newsvendor quantity
and all the returned cores are remanufactured and offered to the market in the second
period. However, there is still no new production in period 2.

In the third scenario, there is again excess production in period 1 and all the
returned cores are remanufactured and offered to the market in the second period.
However, this supply is insufficient and consequently supplemented by new produc-
tion. In this third scenario, the total supply in the second period corresponds exactly
to the unconstrained, single-period newsvendor quantity under the manufacturing
cost ¢y, i.e., the quantity that would also be produced if remanufacturing was not
possible.

Thus, an interesting observation is that while in scenarios 2 and 3 there is excess
period 1 production, it goes along with a reduction of the optimal total supply in
period 2 compared to scenario 1. The excess production in period 1 is used only to
narrow the gap between the optimal unconstrained remanufacturing supply and the
optimal supply associated with the more costly new production.

Note that this result is in line with the results in Ferrer and Swaminathan (2006)
where for the deterministic, but price-dependent demand case lower prices (and con-
sequently larger supply quantities) in early periods are found when remanufacturing
possibilities exist. An interesting new result provided by our approach is the link
between excess production in period 1 and the remanufacturing quantity decision.
Whenever excess production in period 1 occurs, this implies that all the returned
cores are used for remanufacturing.

Using the results given by Proposition 1, the three different scenarios can be
characterized as a function of the core collection yield y and the remanufacturing
cost savings 6. This is shown in the following lemma.

Lemma 1. The existence of excess period 1 production and new production in
period 2 is characterized by the following conditions.

(a) Excess period I production occurs whenever

M) 9.4)

NV —1
YSp, (a1 ") < Fp, ( 2

Assuming uniform demand distributions Dy ~ U (ay,by) and D, ~ U (az,b)
excess period 1 production occurs whenever

;_2%] - {E[Dz] +(b2—a) G B ;%)”
9.5)

P2
6>
by —ap

N =

Y{E[Dl] — (b1 —a1)
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(b) New production in period 2 occurs whenever

—C
¥Sp,(q1) <FD21<%>. (9.6)

Assuming uniform demand distributions Dy ~ U(ay,by) and Dy ~ U(ay,b;)
new production in period 2 occurs whenever

- D) - [+ (e (- )| >0

b — 2
< |2 -4 a —;’—‘ 9.7)

gy~ [ea + - (3-2)] 7P

— IfYE[Dy] - [E[Dz] +(by—a) (5 - —)} <0

6>0.

Part (a) of Lemma 1 states that excess production in period 1 can only be optimal
when the expected collection yield associated with the newsvendor quantity qll\IV
is insufficient to cover the optimal unconstrained remanufacturing supply in period
2. This once again highlights the link between excess production in period 1 and
reduced supply in period 2 described above. According to the second part (b) of
Lemma 1 new production in period 2 can only occur when the collection yield
associated with the optimal first period production is insufficient to cover even the
optimal supply quantity associated with new production. It is easy to verify that the
second part of Lemma 1 is more limiting on 7y than the first. Whenever 7 is large,
i.e. condition (9.4) is violated, remanufacturing does not influence the first period
decision and there is no excess production in period 1. We are in scenario 1. When
Y is at an intermediate level, i.e. (9.4) is satisfied but (9.6) is violated, we are in
scenario 2, while scenario 3 occurs for small values of y which satisfy (9.6).

This provides an interesting insight into the strategic relationship between the
collection efficiency/effectiveness and the manufacturing decision. Investing in
a better return rate (e.g., by increasing the price paid for collected cores, or
by improving the logistics network for collecting cores) reduces the necessity
to produce excessive units in early periods just to ensure sufficient supply of
remanufacturable cores in later periods.

For the special case of uniform demand distributions the lemma also provides
explicit bounds on the remanufacturing cost savings §. We first observe that when
expected second period demand or demand uncertainty (given by the gap (b, —a))
increases, both excess period 1 production and new production in period 2 are more
likely. When the market expands, i.e., in the early phases of the life cycle, it pays to
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provide a base for capitalizing on the remanufacturing opportunities. In the extreme
case when YE[D1] — [E[Ds] + (b — a2) (3 — 2)] < 0 new production in period 2
occurs for all 6 > 0. Moreover, in that case the right-hand-side of condition (9.5)
is smaller than zero and hence excess production occurs whenever 6 > 0. This can
be easily understood. Observe first, that YE[D;] is the maximum possible expected
sales quantity when ¢; = b;. Observe further, that E[D;] + (b, — az)(% - ;—22) is
the minimum second period production corresponding to the newsvendor quantity
associated with the cost of new production. Both excess production in the first period
and new production in the second period need to take place if the returned cores
induced by the maximum quantity produced in the first period are insufficient to
satisfy the minimum second period production quantity.

Finally we also observe the inverse relationship between the core collection yield
v and the remanufacturing cost savings 6. When ¥ increases, the savings associated
with remanufacturing need to be larger to induce additional excess production.
Analogously, 8 needs to be smaller, i.e., the cost savings need to be smaller to
induce new production in period 2 when the core collection efficiency increases,
i.e., 7. In both cases, the increased returns from the same first period sales quantity
reduce the necessity of costly actions like excess production in period 1 and new
production in period 2.

9.3.1 Illustrative Example

Let us consider a small illustrative example to support the theoretical findings above.
For reasons of simplicity, we will assume that market prices and production costs
are constant and given by p; = p» = p = 10, ¢; = ¢, = ¢ = 8. The discount factor
B =0.9. First period demand is given by a uniform distribution Dy ~ U (ay,b;) with
a) = 25 and bl =175.

The main aim of the numerical study is to analyze variations in the core collection
yield 7, the remanufacturing cost savings &, and the expected second period demand
E[D;] on the supply strategy and expected profitability.

For comparison, we will consider a base case setting, where D, ~ U(25,75),
y=0.5, and 6 = 1. Figures 9.1-9.3 all show the first period production of new
products g1, the second period production of new products g, and the second period
remanufacturing of returned cores §,. Further, for ease of explanation the figures
also show the optimal single-period newsvendor quantity qIIW and the available
supply of returned cores ySp, (¢q1).

Figure 9.1 focuses on variations of y from 7 = 0.05 to y =1 in steps of 0.05. We
first observe that there is excess period 1 production, i.e., g; > qIIW for the entire
range of y. Thus, we are never in case 1 described above in Proposition 1. This
can also be seen from the fact that §, = ySp, (q1), i.e., all the returned cores are
remanufactured. Moreover, except for the situation y = 1 there is new production
g2 > 0 implying that we are in case 3, while for y = 1 we are in case 2.
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Fig. 9.1 Supply quantities under varying core collection yield y

Looking at the general effect of ¥, we observe some intuitive results. When the
core collection yield increases, remanufacturing increases and second period new
production falls. Expected profits increase almost linearly from 115.53 to 145.64
when 7y goes from 0.05 to 1. However, compared to variations in 6 and E[D;], the
profit effect of variations in y is quite moderate.

Finally, we observe an interesting and at first sight counterintuitive phenomenon.
When 7 increases g first increases, and then drops again for y = 1. When y increases
the same level of excess production yields a larger amount of returned cores. Thus,
we would expect that costly excess production should go down. However, this is
only true when ¥ increases from y = 0.95 to v = 1 in which case no more new
production in period 2 takes place. For smaller values of 7, the core collection yield
and excess first period production move in the same direction to enable an extra
reduction of the more costly new production in period 2.

The impact of variations in & between 0 = 0 and 0 = ¢, in steps of 0.5 are
shown in Fig.9.2. Here we observe very similar behavior as under variations of
Y. When § increases, and consequently remanufacturing gets less costly excess
first period production increases, remanufacturing increases and new production in
period 2 decreases. When 6 = 0, we obtain a special—and trivial—case. When
remanufacturing yields no cost advantage, the two periods are decoupled and
the optimal decision in both periods is to supply the unconstrained single-period
newsvendor quantities ¢)'¥ and ¢)", respectively. As the base case is stationary
both in terms of demand and cost structure, we observe g1 = ¢ = ¢)\¥ = g5V
Finally, we observe a steep expected profit increase of about 120.75% between the
cases of 6 =0 and 8 = 8. Specifically, the expected profit rises almost linearly from
114.00 when there is no cost difference between new and remanufactured products
(6 =0), to 251.65, when the returned cores could directly be resold without any
remanufacturing cost (i.e., § = 8).
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Figure 9.3 shows the effects of different levels of second period demand. More
precisely, we let D, ~ U(ap,b;), where a, varies from 0 to 50 in steps of 5 and
by = ap 4 50. Here we observe all three cases as described by Proposition 1. When
second period demand is very small, i.e., E[D,] = 25, we are in case 1. There is no
new production in period 2, no excess production in period 1 and not all the returned
cores are remanufactured. Supplying the unconstrained single-period newsvendor
quantity in period 1 is sufficient to ensure enough returned cores for satisfying the
very low second period demand. For E[D,] = 30, there is still no new production
in period 2, but all returned cores are remanufactured and first period production
is already excessive. Thus, even on declining markets, excessive production and
remanufacturing may be optimal when the decrease in demand from one period
to the next is not too severe. Further, when E[D;] > 35 full remanufacturing is
supplemented by new production in period 2 to ensure sufficient second period
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supply. Finally, with increasing second period demand expected profits increase
roughly linearly from 80.25 in the case of E[D,] = 25 to 174.61 when E[D;] = 75.

9.4 Inventory Carryover

In the previous section we have assumed that second period supply can only come
from one of two sources, namely, production of new products or remanufacturing of
returned cores in period 2. However, due to the demand uncertainty and pronounced
through excess production in period 1, there may be unsold units of the product at
the end of period 1. These could be carried over and used for demand satisfaction
in period 2. This may not be a reasonable setting when the two periods correspond,
e.g., to life cycles of two generations of a product. However, when the life cycle
of a single product generation is considered inventories can play an important
role. The interesting question is how these inventories will influence the optimal
remanufacturing decision.

To answer this question, we will extend our model to deal with the possibility of
inventory carryover. Given first period production ¢; and sales Sp, (¢1), there is an
expected inventory level Ip, (g ) of unsold units at the end of period 1 which is given
by Ip,(q1) = g1 — Sp,(q1). The manufacturer may be able to keep (some of) these
excess units for sale as new products in period 2. The associated per-unit holding
cost is given by A. To avoid the case where holding can never be optimal (which
would take us back to our previous model), we assume that 4 < 3 ¢,. Further, to
avoid the case where producing and holding units beyond the maximum demand in
period 1 can be optimal we assume that ¢; +h > f ¢;.

Holding excess production from period 1 is at the discretion of the manufacturer
and the decision variable denoting the amount held is /;. Clearly, I; < Ip,(q;). The
total supply in period 2 is given by I} + §»> + g2 and the associated expected sales
are Sp, (h+ g2+ q2).

The modified model is given by

max 7 = —ciq1+p1Sp,(q1) —hl
q1.92,42:11

+B [—c2(q2+@2) +0 G2+ p2Sp, (It + g2+ @2)] 9.8)

while the constraints are

G2 < vSp,(q1), 9.9)
I < Ip,(q1), (9.10)
q1,92,42,11 = 0. (9.11)

As in the previous section, the model can be easily shown to be well behaved.
The relationship between inventory and remanufacturing as supply sources is
summarized in the following result.



232 M. Reimann and G. Lechner

Proposition 2. There is a threshold holding cost h* = 3 (c; — 8) such that, if h > h*,
remanufacturing is the primary supply for satisfying second period demand, while
inventory as a secondary and new production as a third supply are only used to fill
demand if necessary.

Specifically, depending on the shadow-price Ag of the remanufacturing con-
straint the possible production scenarios are given by

1. Ag = 0 (Exclusive, but limited remanufacturing in period 2):
q1=Fp, 1(”lplcl)andq2 l(mp;?rs) andl; =0and g =0

2.0< 7LR < h—B(c2— 6) (Exclusive, full remanufacturing in period 2):
q1 = Fﬁl(%) and §> = ySp, (q1) = Fp, 1(%) and I = 0 and
q2 =

3. A = h— B(ca — 8) (Full remanufacturing and limited use of inventory in
period 2):

— —c h— -0 ~

q :FDll(mle:;r(}z/(fB([ii?é))))) and §> =ySp,(q1) and I, = ('Bg; )— g2 and
g2=0

4. h—B(cy —8) < Ag < B (Full remanufacturing and full use of inventory in
period 2):

- —c1+yA o
01 = Fp, G S ) and 42 = vSp, (q1) and Iy = Ip, (q1) and g2 = 0

5. Ag = B (Full remanufacturing, full use of inventory, and new production in
period 2):

- ey 1yps R
q = FDII(%) and g = ySp,(q1) and Iy = Ip,(q1) and g =
by (2 B22) =g 1.

If h < h* inventory is the primary supply for satisfying second period demand,
while remanufacturing as a secondary and new production as a third supply are
only used to fill demand if necessary.

Specifically, depending on the shadow-price A; of the inventory constraint the
possible production scenarios are given by

6. A; = 0 (Exclusive, but limited use of inventory in period 2):
qlell(”‘PC')andll (ﬁg; "y and G, = 0 and g» = 0

7.0< A <B(c2—0)—h (Excluszve full use of inventory in period 2):
@1 = Fp, (B=t) and Iy = Ip, (q1) = Fp, (P32 and G, = 0 and g2 = 0

8 Ay = B(ca — 8) — h (Full use of inventory and limited remanufacturing in
period 2):
q1 = Fl;ll(mié’('c;i'(s)ih ) and I} = Ip,(q1) and §» = FD2 (M) I and
q2 =

9. B(ca—06)—h <A < B cy—h (Full use of inventory and full remanufacturing
in period 2):

c h—PB(ca—6)+A, A
q1 = Fpll( i+yf;iylg(cf,(52)+}3]t}g) and Iy = Ip,(q1) and 42 = ySp,(q1) and

q=0
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10. Ay = B co — h (Full use of inventory, full remanufacturing, and new production
in period 2):
q1 = Fﬁl(%) and I = Ip,(q1) and > = ySp,(q1) and g2 =

Fp, (P22) = 4o — I,

The results in Proposition 2 can be summarized as follows. The possibility of
keeping inventories never increases the first period excess production and never
decreases total second period supply. Both effects can be easily understood. First
period excess production not only leads to increased sales but also leads to increased
overages. While increased sales induce increased core collection for possible
remanufacturing, overages can be used directly as a second period supply. Thus, for
the same first period production, the total available units for second period supply
are larger when inventories are kept. Consequently, the same second period supply
can be achieved with smaller first period excess production.

Further, remanufacturing may not take place at all. The conditions for this as
well as excess period 1 production and new production in period 2 are given in the
following lemma.

Lemma 2. The existence of excess period 1 production, no remanufacturing, and
new production in period 2 is characterized by the following conditions.

(a) Excess period I production occurs whenever

— Ifh>h*
_ —c+0
7Sy () < Fp, (”Zp—j> 9.12)
- Ifh<h*
- —h
Ip, (1) < Fp, (%) : 9.13)
(b) No remanufacturing takes place whenever
. _ —c+ 6
W<t andIp,(q1) > Fp, (pzp—22> (9.14)
(c) New production in period 2 takes place whenever
_ —c
YSp,(q1) +1Ip, (q1) <FD;(%>. 9.15)

This is independent of the level of holding costs h.

Looking first at these results for 2 > h* we observe that the condition for
excess period 1 production is identical to the one presented in Lemma 1. Moreover,
remanufacturing will always take place as it is the primary supply option in period
2. Finally, the condition for new production in period 2 is more strict than the one
given in Lemma 1. When inventories are possible, new production in period 2 can
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only occur when the sum of the collected cores and the inventory level associated
with the optimal first period production is insufficient to cover the optimal supply
quantity associated with new production. As the most costly new production only
occurs when both inventory and remanufacturing are fully utilized, this condition
also applies for 4 < h* and is actually independent of the level of holding cost.

Turning now to the results for 2 < h*, the decision on excess period 1 production
depends on whether or not the actual level of inventory from the unconstrained
single-period newsvendor quantity in period 1 is sufficient to optimally supply the
second period. Remanufacturing may not take place when inventory cost is low and
the level of inventory exceeds the optimal second period supply associated with
remanufacturing. From condition (9.14), we can see directly that remanufacturing
is more likely when the associated cost savings & or the second period price p;
increase, or the second period cost ¢, decreases. Also an increase in second period
demand will lead to more remanufacturing. The effect of first period characteristics
is more implicit through the value of Ip, (¢1). Ip, (¢1) increases when the first period
demand variance or service level (i.e., the optimal first period supply) increases. The
latter increases when first period price increases or cost decreases. Consequently, in
these cases it is more likely that no remanufacturing will occur.

Assuming uniform demand distributions, it is possible to derive closed-form
expressions for the conditions on excess period 1 production, new production in
period 2, and the occurrence of remanufacturing similar to those presented in
Lemma 1. However, these expressions are more complex (third degree polynomials)
and yield little explicit insight. Thus, we will now again turn to the numerical
analysis of our illustrative example.

9.4.1 Illustrative Example

To show the effects of the possibility to keep inventories of unsold new production
in period 1, we will return to our numerical setting from Sect. 9.3.1 and extend it by
varying the holding cost /& between 0 and 7.2 in steps of 1.2.

The results are shown in Fig.9.4 for the basecase y = 0.5, 6 = I, and
E[D,] = 50. Figure 9.4 provides the same information as Figs.9.1-9.3 and
additionally shows the available and utilized inventory at the end of period 1
Ip,(q1) and I;, respectively. Let us first consider the settings that apply under
different levels of 4. In the numerical example 4* = 3 (c; — §) = 6.3. Thus, only for
very high holding cost, in our case & = 7.2, remanufacturing is the primary second
period supply, while in all the other cases inventories are the primary second period
supply. Second, the case & = 7.2 implies that the manufacturer is indifferent between
new production in period 2 and keeping unsold period 1 production in inventory
for sale in period 2. Thus, while the figure shows some level of utilized inventory
for h = 7.2, the expected profit, optimal first period production g; and optimal
level of remanufacturing ¢, are identical to the results from the base case without
inventory. Keeping this in mind, we observe some interesting effects. As expected,
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Fig. 9.4 Supply quantities under varying holding cost /

reducing the holding cost increases the expected profit, in particular, from 129.61
when i = 7.2 to 161.07 in the case of & = (. Thus, whenever keeping inventories
is possible and economically viable (i.e., the manufacturer is not indifferent to its
utilization) the manufacturer increases its efficiency. The interesting fact is that
this is achieved with increasing excessive new production in period 1. Thus, the
manufacturer is willing to give up more and more period 1 profit in exchange for
reduced cost in period 2. Finally, looking at period 2 supply one observes that
remanufacturing and inventory complement each other in substituting the more
costly new production in period 2. Thus, with decreasing holding cost /4 both the
level of remanufacturing and the utilized inventory increase continuously.

To see whether this observation from the base case holds true in general and
to study the effects of the possibility to store unsold period 1 production more
thoroughly let us perform similar sensitivity analysis as in Sect.9.3.1. To keep
the unit gains from inventory at a comparable level with the remanufacturing cost
savings we set 1 = 1.2 for the following experiments.

Tables 9.1-9.3 show the results of varying 7y, 0, and E[D;] under both the model
without inventories and the model with inventories. Note that for the model without
inventories, the tables reproduce the results from Figs. 9.1-9.3, respectively.

Concerning the relationship between inventories and remanufacturing, we first
observe from Table 9.1 that the result discussed above does not hold in general.
When 7 is small, /; and g, both increase with increasing core collection yield. This
is in line with the findings from above. However, when 7 is large inventories start to
drop as 7y increases further, while g, keeps increasing. This happens when g, = 0.
In that case—as described above—g starts to fall. While this fall translates directly
into a fall in available and utilized inventory, the increasing core collection yield
outweighs the reduction in ¢; and §; increases.

Comparing in more detail the cases with and without inventories, we find that
profits increase in both cases when 7y increases. More interestingly, the gap between
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Table 9.1 Supply quantities and expected profits with and without inventories under varying core
collection yield y and holding cost h = 1.2
Core collection yield y
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
T w/oinv. 11553  117.07 118.62 120.17 121.73 123.29 124.86 12644 128.02 129.61
w/ inv. 130.97 13295 13493 136.92 13892 140.92 14292 14494 14695 14897
g1 w/oinv. 35.18 35.36 35.53 35.71 35.88 36.05 36.22 36.39 36.56 36.72
w/ inv. 50.28 50.55 50.82 51.08 51.34 51.58 51.83 52.07 52.30 52.53
g»  w/loinv. 33.29 31.57 29.84 28.09 26.33 24.55 22.76 20.96 19.15 17.33
w/ inv. 26.42 24.07 21.71 19.35 16.97 14.58 12.18 9.78 7.37 4.95

g wloinv. 1.71 3.43 5.16 6.91 8.67 10.45 12.24 14.04 15.85 17.67
w/ inv. 2.19 4.40 6.62 8.86 11.10 13.35 15.62 17.90 20.18 22.48
I w/oinv. — - - - - - - - - -
w/ inv. 6.39 6.53 6.67 6.80 6.94 7.07 7.20 7.33 7.45 7.58
Core collection yield y
0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

m  w/oinv. 131.20 132.80 13441 136.02 137.63 139.25 140.88 14251 144.15 145.64
w/ inv. 151.00 153.03 154.85 156.25 157.24 157.86 158.14 158.16 158.16 158.16
g1 w/oinv. 36.89 37.05 37.21 37.37 37.53 37.69 37.84 38.00 38.15 37.65
w/ inv. 52.75 52.97 51.57 50.12 48.71 47.30 45.92 45.41 45.41 45.41
g2 w/oinv. 15.49 13.64 11.78 9.91 8.03 6.14 4.24 2.32 0.40 0.00
w/ inv. 2.52 0.08 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
g wloinv. 19.51 21.36 23.22 25.09 26.97 28.86 30.76 32.68 34.60 36.05
w/ inv. 24.78 27.09 28.93 30.67 32.31 33.86 35.31 35.83 35.83 35.83
I w/oinv. — - - - - - - - - -
w/ inv. 7.70 7.82 7.06 6.31 5.62 4.97 4.38 4.17 4.17 4.17

the expected profits with and without inventory increase first and then decreases.
Thus, the gain from the possibility to hold inventories is largest when 7 is around
0.5. Further, first period excess production is much larger when inventories are
possible. This is clear as excess production increases expected sales and expected
inventory at the same time. Another interesting finding is that for small levels of 7y,
remanufacturing is larger with inventories, while for large values of y the opposite is
true. This can be understood by the fact that for 2 = 1.2 inventories are the primary
supply and their utilization reduces the need for remanufacturing. Particularly,
for large 7y there are no longer all returned cores used for remanufacturing when
inventories are possible.

Looking at Table 9.2, we observe some more interesting facts. The positive
effect of increasing remanufacturing cost savings 0 is actually pronounced by the
possibility of keeping inventories, as indicated by the widening gaps between the
expected profits with and without inventories. Concerning the relationship between
I and g, we observe the same effect as already discussed for variations of 4. When
J increases, both remanufacturing and utilized inventories increase throughout.

Finally, looking at Table 9.3 we find that expected second period demand has
the strongest impact on new production in period 2 g,. While I; and §; also increase
when the second period market size increases, once expected second period demand
exceeds expected first period demand the additional demand is met exclusively
through new production. Thus, in that case the cost savings associated with keeping
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Table 9.2 Supply quantities and expected profits with and without inventories under varying
remanufacturing cost savings 6 and holding cost 7 = 1.2

Remanufacturing cost savings &
0.5 1 1.5 2 25 3 3.55 4

m  wloinv. 121.73  129.61 137.63 145.79 154.07 16247 17098 179.59
w/ inv. 138.92 14897 159.14 169.41 179.76  190.19 200.69 211.24
q1 w/oinv. 35.88 36.72 37.53 38.30 39.05 39.76 40.44 41.10

w/ inv. 51.33 52.53 53.62 54.59 55.49 56.31 57.07 57.76
q»  w/oinv. 17.65 17.33 17.02 16.73 16.46 16.21 15.97 15.75
w/ inv. 5.87 4.95 4.10 3.33 2.61 1.94 1.32 0.75

G wloinv. 17.35 17.67 17.98 18.27 18.54 18.79 19.03 19.25
w/ inv. 22.20 22.48 22.71 22.92 23.10 23.25 23.39 23.51

I w/oinv. - - - - - - - -

w/ inv. 6.93 7.58 8.19 8.76 9.29 9.80 10.28 10.73

Remanufacturing cost savings &
4.5 5 5.5 6 6.5 7 7.5 8
m  wloinv. 18831 197.11 206.01 21498 224.04 233.17 24238 251.65
w/ inv. 221.85 23250 243.17 253.86 26457 27530 286.05 296.81
q1  wloinv. 41.74 42.35 42.94 43.50 44.05 44.58 45.09 45.59
w/ inv. 58.40 58.83 59.12 59.39 59.65 59.90 60.15 60.38
q»  wloinv. 15.53 15.33 15.14 14.96 14.79 14.63 14.47 14.33
w/ inv. 0.22 0.00 0.00 0.00 0.00 0.00 0.00 0.00
g wloinv. 19.47 19.67 19.86 20.04 20.21 20.37 20.53 20.67
w/ inv. 23.62 23.69 23.74 23.78 23.82 23.86 23.90 23.93
I w/oinv. — - - - - - - -
w/ inv. 11.16 11.45 11.64 11.82 12.01 12.18 12.35 12.51

inventories and remanufacturing do not outweigh the first period profit decrease due
to increased excess production.

When looking at §,, we observe a similar effect as discussed above for variations
of v. When expected second period demand is small, §, is smaller in the model
with inventories than in the model without inventories. This effect is reversed
when the expected second period demand increases—and in our numerical case
exceeds E[D;] = 35. The driver for this is again that for small expected second
period demand not all of the returned cores are used. Specifically, we observe,
e.g., for E[D;] = 25 that the optimal second period supply in both models is 15.
Without inventories this comes exactly from remanufacturing, while in the model
with inventories this supply is split between inventories and remanufacturing. The
most interesting observation is that even though the market is clearly declining—
from E[D;] = 50 to E[D,] = 25—there is significant increased excess production in
period 1 when inventories are possible. Yet this still leads to a considerable increase
in expected profits.
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Table 9.3 Supply quantities and expected profits with and without inventories under varying
expected second period demand E[D,] and holding cost & = 1.2

Expected second period demand E[D;]

25 30 35 40 45 50
T w/o inv. 80.25 93.04 102.61 111.61 120.61 129.61
w/ inv. 90.66 104.16 117.66 129.91 139.97 148.97
q1 w/o inv. 35.00 35.93 36.72 36.72 36.72 36.72
w/ inv. 45.41 45.41 45.55 48.99 52.49 52.53
92 w/o inv. 0.00 0.00 2.33 7.33 12.33 17.33
w/ inv. 0.00 0.00 0.00 0.00 0.00 4.95
42 w/o inv. 15.00 17.37 17.67 17.67 17.67 17.67
w/ inv. 10.83 15.84 20.66 21.62 22.48 22.48
I w/o inv. - - - - - -
w/ inv. 4.17 4.16 4.22 5.75 7.56 7.58
Expected second period demand E[D;]
55 60 65 70 75
T w/o inv. 138.61 147.61 156.61 165.61 174.61
w/ inv. 157.97 166.97 175.97 184.97 193.97
q1 w/o inv. 36.72 36.72 36.72 36.72 36.72
w/ inv. 52.53 52.53 52.53 52.53 52.53
Q2 w/o inv. 22.33 27.33 32.33 37.33 42.33
w/ inv. 9.94 14.95 19.95 24.95 29.95
7 w/o inv. 17.67 17.67 17.67 17.67 17.67
w/ inv. 22.48 22.48 22.48 22.48 22.48
I w/o inv. - - - - -
w/ inv. 7.58 7.58 7.58 7.58 7.58

9.5 Conclusion

In this paper, we have presented a stochastic single-product two-period newsvendor
model to analyze the optimal production and remanufacturing decisions of a
firm under uncertain demand. Our model extends previous research by jointly
considering demand uncertainty, the possibility of keeping inventories of first period
production and the fact that the supply of returned cores depends on manufacturing
and supply decisions for brand new products in the past.

We analytically derive conditions on the optimality of strategies like excessive
first period production, new production in period two, and remanufacturing. Using
a numerical analysis we present sensitivity analysis, of the results with respect
to model parameters like core collection yield, remanufacturing cost savings, and
second period expected demand.

One of our main results is that contrary to some findings in the existing literature
remanufacturing may not take place when costs for storage are relatively low.

Further we find that depending on the particular characteristics of the scenario
studied, inventories and remanufacturing may either be substitutes or complements.
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The former effect is observed when the core collection yield 7y is large, while the
latter effect occurs when core collection yield 7y is small.

Finally, a third interesting observation is that excess first period production first
increases and then decreases when the core collection yield y increases. This is
due to two opposite effects. First an increase in y lowers the level of excess first
period production necessary to obtain the same level of returned cores. Second,
an increase in returned cores enables increased remanufacturing to substitute the
more costly new production in period 2. Obviously, the latter effect explains the
increase in excess new production in period 1 for small levels of ¥ when new period
2 production is necessary to achieve a sufficient second period supply. The former
effect takes over, when the level of remanufacturing is already sufficient to substitute
all new production in period 2.

Our work can be extended in several interesting directions. First, the core
acquisition process seems to be an interesting area to study in detail. Following some
models in the literature the amount of returned cores can be linked to an acquisition
price function.

Second, in the same context it should be promising to include the quality of
returned cores to allow for a more comprehensive analysis of the remanufacturing
profitability. Third, following some of the literature, an extension toward a setting
where manufacturers compete for the market of new and/or remanufactured prod-
ucts is interesting to focus on the strategic decisions whether and how to set up the
closed-loop supply chains under different market environments.

Appendix

Proof of Proposition 1. Let AR correspond to the lagrangian multiplier of the
remanufacturing constraint, while 192 and 192 correspond to the lagrangian mul-
tipliers of the nonnegativity constraints for g, and §,, respectively. Note that we do
not need the nonnegativity constraint for first period production ¢g; since this will
be trivially g; > 0 due to our assumption p; > ¢ and the nonnegativity of demand.
Then the system of Karush-Kuhn-Tucker (KKT) conditions is given by

—c1+ (p1+A%y) [1 = Fp, (1)) =0, 9.16)
—Bea+Bp2[l —Fp,(q2+42)] + A7 =0, ©.17)
—Bea+BS+Bp2[l—Fpy(q2+d2)] — AR+ A% =0, (9.18)
AR (G2 —vSp, (q1)] =0, (9.19)
4> <vSp,(q1), (9.20)
@A =0, 9.21)
—q2 <0, (9.22)

A" =0, (9.23)
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—42 <0, (9.24)
A€ >0, 9.25)
A2 292 > 0. (9.26)

Case 1. Exclusive, but limited remanufacturing in period 2:

This case implies that 292 = 0 and A%> > 0. Further, since §, < ySp,(q1) it
follows from (9.19) that AR = 0.
Consequently, (9.17) leads to

B(p2—c2) +A%

, 9.27
Bp2 ( )

Fp, (QZ) =

while (9.18) leads to
B(pp—c2+06) pr—cr+90

Fp, (G>) = = . 9.28
Dz(QZ) ﬁpZ P ( )

From (9.27) and (9.28), we obtain 192 = 3 § > 0. Finally, (9.16) leads directly
to

—C
Fp, (q1) = %. (9.29)

This completes the proof of case 1.
Case 2. Exclusive, full remanufacturing in period 2:

In this case, A€ > 0 whereas 192 = 0 and 192 > 0. While (9.17) again gives rise
t0 (9.27), (9.18) now yields

_ _ 2R
FDz(éz):ﬁ (p2 ?;6) A , (9.30)

which—together with (9.27)—gives

AR=B5—22. (9.31)
Since A92 > 0, the upper boundary AR < B & follows directly. Finally, (9.16)
leads directly to

—cp+ AR
Fp, (q1) = %’. (9.32)

This completes the proof of case 2.

Case 3. Full remanufacturing and new production in period 2:
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This case is induced by AR > 0 as well as 172 = 192 = 0. Then, (9.17) yields

—C —C
Foy(gr ) =P (”szz )2 o (9.33)

while (9.18) once again gives rise to

B(p2—co+8)—AR
Bp2

and (9.16) leads to (9.32). From (9.33) and (9.34), it follows that AR = 8 § and as a
result (9.32) can be rewritten as

(9.34)

Fp,(q2+G2) =

et yB8
Fo, (41) = %, 9.35)

which concludes the proof of this third case.
O

Proof of Lemma 1. The proof of (9.4) follows directly from Proposition 1 and
its proof. Consider the case AR = 0. In that case, we observe from (9.29) that
the optimal first period decision corresponds to the well-known single-period
newsvendor quantity, denoted by qllw. Moreover, the optimal second period supply
comes exclusively from remanufacturing and is given by (9.27). We will denote this
quantity by §5'**. Since AR = 0, this second period supply is unconstrained, which
implies that §3** < ySp, (¢\'V). On the other hand, whenever AR > 0 we know from
(9.19) that g, = ySp, (q1). Further, from (9.32) we observe that g; > qu\IV which
implies that Sp, (1) > Sp, (¢}V), while (9.30) yields ¢, < §®*. These conditions
jointly hold only if §3"* > ySp, (qllw) which concludes the proof of this part of
Lemma 1.

The proof of (9.6) follows directly from the proof of case 3 in Proposition 1.
To prove (9.5) and (9.7), we need to consider the explicit formulae of Sp, (¢1) and
Fp, !(g;) associated with the uniform demand distributions. The expected sales are

_ 2 . . . —
given by Sp, (q1) = g1 — éq(})lf;)” The supply quantity is given by ¢; = FDtl(q,) =
ar+ (by — a;) Fp,(q¢ ). The rest is achieved by simple algebra. m|

Proof of Proposition 2. Let AR and A! correspond to the lagrangian multipliers of
the remanufacturing and inventory constraint, respectively. Further let 2!, 192 and

A% correspond to the lagrangian multipliers of the non-negativity constraints for 7y,
q» and ¢y, respectively. Note that we do not need the nonnegativity constraint for
first period production g; since this will be trivially g; > 0 due to our assumption
p1 > c1 and the nonnegativity of demand. Then the system of KKT conditions is
given by

—c1+(pr+ ARy = AN [1=Fp, (1) + A" =0, (9.36)
—h+Bpa[l—Fp,(g2+G+1)]— A"+ A" =0, (9.37)
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—Ber+Bpa[l —Fp,(q2+G+1H)]+ A7 =0, (9.38)
—Ber+BE+Bpa[l—Fp,(g2+ G +1)] - AR+ 2% =0, (9.39)
AR (g2 —vSp, (1)) =0, (9.40)
G2 < vSp, (q1): (9.41)
A =1+ Sp, (q1)] =0, (9.42)
I < q1— Sp, (q1), (9.43)
@ A" =0, (9.44)
—q2 <0, (9.45)
QA2 =0, (9.46)
—42 <0, (9.47)
LA =0, (9.48)
~I, <0, (9.49)
A€ >0, (9.50)
A2 2% )0 > Q. 9.51)

Case 1. Exclusive, but limited remanufacturing in period 2:

This case implies that 192 =0, 192 > 0,and A" > 0. Further, since §» < ¥Sp, (¢1)
it follows from (9.41) that AR = 0. Finally, A! = 0 since ; =0 < g — Sp, (¢1)-

Consequently, (9.36), (9.38), and (9.39) lead again to (9.27), (9.28), and (9.29)
while (9.37) gives rise to

_ Bpr—h+ AN
B p2 '

From (9.28) and (9.52), it follows that 4 = 8 (c; — 8) + A1, Since A" > 0, this
implies that 2 > 3 (¢, — ) which concludes the proof of this part.

Fp,(42) (9.52)

Case 2. Exclusive, full remanufacturing in period 2:

In this case, A¢ > 0 whereas A =0, 192 =0, 192 > 0 and A/t > 0. Once again
the first part of the proof is identical to the proof of case 2 in Proposition 1. Further,
(9.37) again gives rise to (9.52). Thus, from (9.30) and (9.52) we get

AR=h—B(c;—8)— A >0, (9.53)

which implies & > 3 (c; — §) and completes the proof of case 2.

Case 3. Full remanufacturing and limited use of inventory in period 2:
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This case is induced by AR >0, 192 > 0 as well as A' = 192 = A = 0. In this
case, (9.36) gives rise to (9.32), while (9.38) leads to

B (p2—c2) +/V’2.

Fpy(g2+1) = B (9.54)
From (9.39), we obtain
Foy(Ga+1) =P (pz_cﬁzlj; §)—a% (9.55)
and (9.37) gives rise to
Fop(ga 1) = P gzp; (9.56)

Together, (9.54)~(9.56) yield AR = h— B (c; — 8) and AR > 0 implies that
h > B (c; — 6) which concludes the proof of this part.

Case 4. Full remanufacturing and full use of inventory in period 2:

In this case AR > 0, AT > 0 and 122 > 0 while 192 = A/t = 0. Consequently,
from (9.36) we obtain

p1—c+ARy

ARy AL ©.57)

FD] (QI)
From (9.38) and (9.39) we once again obtain (9.54) and (9.55), respectively.
Equation (9.37) now gives

Bpr—h— KI

9.58
B p2 ©%)

FDz(qz+11)

From (9.54) and (9.55), we get AR = B 6 — 192 which—due to 192 > O—implies
AR < B 8. Moreover, from (9.55) and (9.58) we obtain AR =/ — 8 (c; — &) + AL
Since A! > 0, it follows that AR > h— 3 (¢ — &), which concludes the proof of this
case.

Case 5. Full remanufacturing, full use of inventory and new production in period 2.

This case is characterized by AR > 0 and A' > 0, while 192 = 192 = A1t = 0. As
in case 4 above, (9.36) gives rise to (9.57). From (9.37), we get

Bpr—h—A!

9.59
B p2 .59

Fp,(q2+G¢2+1) =
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(9.38) yields

Fos(at- gt 1) = PP2=) _ P22 (9.60)

B p2 P2

while (9.38) gives

B(pr—ca+8)—AR
B p2 '

From (9.60) and (9.61), we get AR = 8 §. Further from (9.59) and (9.60), we
obtain A! = B ¢, — h which implies & < 8 ¢, since A! > 0. Finally, note that using the
expressions for 2! and AR and our assumption ¢; +h > B¢z we get 0 < Fp, (¢1) < 1
which concludes the proof of case 5.

Fp,(q@2+ g2+ 1) =

9.61)

Case 6. Exclusive, but limited use of inventory in period 2:

This case implies that A92 > 0, A92 > 0 and A/t = 0. Further, since 0 = §, <
¥Sp, (¢1) it follows from (9.19) that AR = 0. Finally, A! = 0 since I; < g1 — Sp, (q1)-
Consequently, (9.36) leads again to (9.29). Further, (9.37) gives rise to

Bp:—nh
Fp, ()= , 9.62
Dz( 1) ﬁ P2 ( )
(9.38) yields
B (p2—c2) +A%
p,(}) = ——F——F—— 9.63
p,I1) B (9.63)
and from (9.39), we obtain
—cy+8)+ A%
Fi (1) = PAP2= 2 T8 T A (9.64)

B p2

Finally, together (9.62) and (9.64) imply that 1 = 8 (¢ — §) — A92. Since 192 >0,
this implies that 7 < f (¢, — §) which concludes the proof of this part.

Case 7. Exclusive, full use of inventory in period 2:

In this case, AR = /1 =0 while A >0, 192 > 0, and 192 > 0. Thus, (9.36) gives

P1L—¢C1
F = .
D, (ql) p] _ A,I, (9 65)

while (9.37) leads to

Bpr—h-A!

9.66
B p2 (©.00)

FDz(Il)
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From (9.38) and (9.39), we obtain once again (9.63) and (9.64), respectively.
As a result, it follows from (9.64) and (9.66) that A! = 8 (c; — 8) —h — A%2. Since
A% > 0, this gives the upper bound of A!. Further, by rewriting this term we get
h=B(cy—8)— Al — A% Clearly, this implies that 7 < 8 (c; — §) which concludes
the proof of this case.

Case 8. Full use of inventory and limited remanufacturing in period 2:

In this case, AR = A/t = 192 = 0 while ' > 0 and 122 > 0. From (9.36), we once
again obtain (9.65) while (9.37) leads to

Fp,(Ii +@2) = [3192[3——;12—&', (9.67)
(9.38) yields
Fp, (I +§») = W (9.68)
and from (9.39) we obtain
Fo, (I +d2) = W. (9.69)

From (9.67) and (9.69), we get A! = B (¢ — 8) — h. Since A! > 0, this implies
that & < 3 (c; — &) which concludes the proof of this case.

Case 9. Full use of inventory and full remanufacturing in period 2:

This case is identical to case 4. From (9.54) and (9.58), we get Al =
B ¢y —h— A4, which given that 192 > 0 yields the upper bound on A!. Further,
from (9.55) and (9.58) we obtain A = B (c; — 8) — A+ AR which—given that
AR > 0—directly yields the lower bound on A! and concludes the proof of this case.

Case 10. Full use of inventory, full remanufacturing, and new production in
period 2:

This case and its proof is identical to case 5.
O

Proof of Lemma 2. For h > h*, the proof of (9.12) is identical to the proof of
the first part of Lemma 1. For & < h*, consider the case Al = 0. In that case,
we observe from (9.29) that the optimal first period decision corresponds to the
well-known single-period newsvendor quantity, denoted by qIIW. Moreover, the
optimal second period supply comes exclusively from inventory and is given by
(9.62). We will denote this quantity by I!"*. Since A' = 0, this second period
supply is unconstrained, which implies that /™ < g; — Sp, (¢)V). On the other
hand, whenever A' > 0 we know from (9.42) that I, = ¢; — Sp, (¢1). Further, from
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(9.65) we observe that ¢; > ¢V which implies that Sp,(¢1) > Sp, (¢}V). Since
at most the complete additional production can be sold we get ¢; — Sp, (q1) >
¢V — Sp, (¢\V). Further, (9.66) yields I; < I/, These conditions jointly hold
only if I"™ > g — Sp, (¢)VV) = Ip, (¢}"V) which concludes the proof of this part
of Lemma 2.

Let us now turn to the proof of condition (9.14). From the proof of Proposition
2, we know that no remanufacturing can only occur if & > h*. Whenever h < h*, we
observe from (9.28) and (9.62) that I]"* > §7'**. From case 7 of Proposition 2, we

know that whenever inventory is fully used I; = F, ' (BPZE—;;M) =Ip,(q1) < I™.

From case 8 of Proposition 2, we observe that remanufacturing occurs as soon as
Amax

A'> B (c2 — 8) — h which implies that the associated inventory level Ip, (q1) < 45

Thus no remanufacturing occurs whenever Ip, (¢1) > §5'**

The proof of (9.15) follows directly from the proof of case 5 of Proposition 2.
O
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The Remanufacturing Newsvendor Problem
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Abstract As companies have synchronized and streamlined their traditional supply
chains to improve customer service while reducing costs, many firms have begun
to consider the impact of end-of-life unit flows on their overall profitability. Many
companies have begun to accept end-of-life items from their customers for corporate
social responsibility or customer service reasons, and they must develop processes
to handle this large volume of units. Some firms have chosen to capture value from
these flows by remanufacturing them and selling the units in a secondary market.
The quality of the end-of-life items acquired from customers, however, is quite
variable, and some items may not be in good enough condition to remanufacture.
Thus, the items must be inspected either one by one (discrete) or in a batch to assess
their condition. We have developed newsvendor models to assist firms in making
the inspection decision to yield maximum expected profit when faced with a fixed
number of end-of-life items. Both inspection processes generate the same target
inventory level to sell in the secondary market. We examined the difference between
the batch and discrete inspection processes using simulation and found that the batch
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10.1 Introduction

Traditional supply chain management initiatives tend to focus on improving the
“forward” supply chain, which consists of the flow of goods and services down-
stream from suppliers to manufacturers, distributors, retailers, and ultimately end
users. Over the past decade, however, many firms have begun to consider the reverse
flows that inevitably occur from retailers and customers back to the manufacturers.
These reverse flows are so significant that the Supply-Chain Council amended its
existing Supply Chain Operations Reference (SCOR®) model processes of plan,
source, make, and deliver in the early 2000s to include an additional basic supply
chain process: return.

Reverse supply chain flows occur for a number of reasons. A major source of
these flows is the products that customers return because of damages, shipping
errors, buyback agreements, or customer service policies. Manufacturers have
always had to deal with these returned items, and the volume of returned products
can be quite significant depending on the industry. It is estimated that consumer
returns in the United States represents approximately 6% of a firm’s revenue, and
the return rates can vary from 10% for many companies to over 40% for catalog and
Internet retailers (Horvath et al. 2005; Rogers and Tibben-Lembke 2006). The costs
associated with transporting, inspecting, and processing returns can be significant
as well; for some products, the cost can be $150 or more per unit (Wyld 2004).
Firms can even realize some hidden costs associated with returned items such as
poor warehouse space utilization and higher taxes on inventory (Mannella 2003).
Not surprisingly, many companies traditionally viewed their return operations as a
cost center and designed their operations to process these items at the minimum
possible cost.

In recent years, end-of-life items have become another prominent reverse flow
in the supply chain for many manufacturers. In some instances, such as in Europe
after the European Union adopted the Waste Electrical and Electronic Equipment
(WEEE) legislation, companies are forced by governments to collect these end-
of-life items and dispose of them in ways other than simply depositing them
in a landfill (Mollenkopf 2006). In countries, such as the United States, that
have not legislated manufacturer responsibility for end-of-life items, innovative
companies are accepting or proactively acquiring end-of-life items with the goal
of capturing value. This value could come through enhancement of the company’s
brand as being “sustainable” or “eco-friendly” or from more tangible processes such
as remanufacturing or materials reclamation that increase the firm’s profitability
(Drake and Ferguson 2008).

Firms seeking to create value from their reverse supply chain flows must develop
an efficient way to inspect and process their incoming items quickly and effectively.
Depending on the quality of the items received, which can vary greatly for end-of-
life items, the company has a set of viable disposal options. It is critical for firms to
be able to direct specific units to the most appropriate disposal option that generates
the maximum value possible given the unit’s condition. Some of these options such
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as donations to charitable organizations, recycling, or reclaiming materials from the
product have limited value potential; whereas, reconditioning or remanufacturing
the product and selling it in a secondary market could bring significantly more value.
A portion of the returned items will ultimately end up in a landfill if there are no
other viable alternatives (Rogers and Tibben-Lembke 1999).

For items with particularly short life cycles such as many consumer electronics
goods, the speed of quality assessment and remanufacturing can be crucial in
maximizing the value that companies can capture in the secondary market for
refurbished or remanufactured goods. Blackburn et al. (2004) estimate that the
value of these short-life-cycle items can fall by more than 1% per week, and this
rate can increase as the product reaches the end of its useful life. They note that
Hewlett-Packard notebook computers spend approximately 18 weeks in transit and
refurbishing before they reach the secondary market; thus, the computers have lost
20% or more of their potential value due to this delay (Guide et al. 2005). The time-
sensitive value of short-life-cycle products also suggests that firms only have one
reasonable opportunity to supply the secondary market with remanufactured units
of a particular model or style. This factor led us to model inventory decisions in this
environment with the newsvendor framework.

While some firms such as Bosch tools have proactively installed counters,
sensors, or data loggers in their products to help their personnel assess the quality of
an end-of-life item quickly and easily, the quality inspection process for reverse
flows can be costly for many companies (Krikke 2001). The products’ quality
themselves can be highly variable, from like-new to unsalvageable. If the inspection
process is costly and difficult, firms may want to limit the number of units that they
inspect to avoid these large expenses as well as a result of the variability in the
quantity of high-valued, remanufacturable units that the process yields.

In this chapter, we model the firm’s inspection decision when faced with a fixed
quantity of returned items. We determine the optimal inspection policy under batch
and discrete assessment processes to maximize expected profit that the firm earns
in the secondary market. The next section discusses our models in the context of
relevant literature. Section 10.3 develops the two models, and Sect. 10.4 provides
some simulation results on several numerical examples. The chapter concludes with
some conclusions and discussion of future research possibilities.

10.2 Literature Review

The models we develop in this chapter are related to several distinct bodies of
literature. The models are adaptations and extensions of the classic newsvendor
models for single-period inventory control decisions. One such model is that by
Mostard and Teunter (2006), which extends the traditional newsvendor model to
include the possibility of receiving items returned by customers that are in good
enough condition to resell in the primary market. Khouja (1999) provides a review
of almost 100 newsvendor models and classifies the extensions to the classic model
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into 11 categories where one or more of the original assumptions have been relaxed
or modified. Our model fits into several of these categories including models that
consider multiple products and models with random yield.

There is a broad class of newsvendor models that generate single-period ordering
or production quantities for multiple products subject to a set of constraints. These
constraints often represent budget or capacity limitations (e.g., Abdel-Malek et al.
2004; Abdel-Malek and Montanari 2005; Abdel-Malek and Areeratchakul 2007;
Ben-Daya and Raouf 1993; Erlebacher 2000; Lau and Lau 1995; Lau and Lau
1996; Moon and Silver 2000; Niederhoff 2007; Vairaktarakis 2000). Our models
do include multiple products (remanufacturable units, nonremanufacturable units,
and items that the company chooses not to inspect) with capacity constrained by the
total end-of-life items available, but we consider random yield as well because the
quality of the inspected units is variable.

A related model by Grubbstrom (2010) models the newsvendor problem using a
compound demand process. Customers arrive according to a renewal process, and
their quantity demanded when they arrive follows a second independent demand
distribution. This model includes two demand distributions just as our model does,
but our one source of uncertainty is remanufacturing yield rather than customer
arrivals.

Another class of inventory models considers random production yield. Yano and
Lee (1995) provide a review of many of these models. There have been a few
studies that have treated random yield in a single-period newsvendor context such
as those by Noori and Keller (1986), Inderfurth (2004), and Rekik et al. (2007).
Yang et al. (2007) use the active set method and Newton’s method to determine
the optimal quantities to order from multiple suppliers each with its own random
yield. These models, however, have not considered a capacitated environment as our
model does. Ketzenberg et al. (2006) develop single- and multiple-period models for
remanufacturing quantity decisions with random yield. The firm has the additional
option of purchasing new units from a reliable supplier to meet demand, which is
not an option in our model. They also assume that all returns are remanufactured,
whereas our major decision variable is the number of returned items to inspect and
consider for remanufacturing. The one model that does consider capacity limitations
as well as random yield is that of Abdel-Malek et al. (2008). This model considers
the problem faced by farmers or gardeners who have to determine the quantity
of each product to plant in a given amount of farm land to minimize total cost
(including lost revenue for demand that is not satisfied). Both the demand and
the yield of each product is randomly distributed according to general probability
functions. Our models differ from Abdel-Malek et al. (2008) in the decision and
cost structures and in the fact that we consider both discrete and batch inspection
decisions.

Our models are also related to a body of literature containing closed-loop supply
chain inventory models. The models in these studies often simultaneously consider
the tradeoffs between new production and remanufacturing operations to satisfy
current demand. They also focus on the decisions related to the acquisition of end-
of-life items that can be remanufactured through various incentive mechanisms.
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See, for example, Savaskan et al. (2004), Aras et al. (2006), Bakal and Akcali
(2006), Debo et al. (2006), Ferrer and Swaminathan (2006), Galbreth and Blackburn
(2006), Mukhopadhyay and Ma (2009), and Ahiska and King (2010). These models
treat a broader problem than ours does by looking at the interaction between new
and remanufactured products in the market. Bhattacharya et al. (2006) develop
a particularly relevant closed-loop newsvendor model for a retailer ordering new
products from a manufacturer as well as remanufactured products from a prior
product generation. They consider multi-period decisions and investigate channel
coordination efforts among all three firms involved. They also assume that the
new and remanufactured products are perfect substitutes in the consumer demand
market. Our models apply to products that have a clear secondary market that is not
a strong substitute for new items in the traditional market. We consider a separate
demand for remanufactured products that is distinct from that of new products.
Many of these models also assume that the remanufacturer has the ability to acquire
as many end-of-life units as it wants; our model addresses a fixed supply of end-of-
life items.

Inventory and production decisions for remanufacturing operations have become
popular research topics in the past fifteen years. Many inventory models such as
Teunter (2001), Mahadevan et al. (2003), Atasu and Cetinkaya (2006), and Tang
and Teunter (2006) have been developed in recent years to accommodate reman-
ufacturing operations, but these have focused on multiple-period, ongoing policies
and not the single-period newsvendor-type decisions that are most appropriate for a
short-life-cycle product market.

10.3 The Remanufacturing Newsvendor Models

Suppose that a firm has acquired Q end-of-life items. History has shown that
p (where p € [0,1]) proportion of the units are of high enough quality to be
remanufactured effectively. The firm can inspect the quality of an end-of-life units
at a cost of ¢;j per unit, and each unit is assumed to have a p percent chance of being
remanufacturable. The inspection process in this model can accurately identify the
quality of the end-of-life items, and the firm chooses to remanufacture all units of
requisite quality. The unit cost of remanufacturing is ¢, and the remanufacturing
process produces no defects or waste. The main decision variable in the model is k,
the number of units to inspect (where k < Q).

Demand for remanufactured units in the secondary market is probabilistic
with cumulative distribution function F(x) and probability density function f(x);
remanufactured units sold in the secondary market yield a revenue of r per unit.
We assume that the remanufacturing operation is a profitable one, meaning that
the revenue obtained from selling a remanufactured unit is larger than the cost of
inspecting and remanufacturing (i.e., » > ¢j + ¢;). Any remanufactured units that are
not sold in the secondary market at the end of the selling season have a salvage
value of s; per unit. End-of-life items that have not had their quality inspected
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Table 10.1 Summary of model notation

Parameter Description

r Unit revenue for remanufactured item sold in secondary market
Cr Unit remanufacturing cost

G Unit inspection cost

51 Salvage value of unsold remanufactured unit

52 Salvage value of end-of-life item that was not inspected

s3 Salvage value of nonremanufacturable end-of-life item

(0] Supply of end-of-life items available for inspection

k Number of end-of-life items to be inspected (decision variable)

number Q — k units and have a salvage value of s, per unit. Units that have been
inspected and were found to be unsuitable for remanufacturing have a salvage value
of s3. As the value of these leftover units is dependent upon their utility and potential
attractiveness in a salvage market, we assume that remanufactured units are the most
valuable followed by units that have not been inspected (because they still hold the
possibility that they could turn out to be remanufacturable); thus, s; > s > s3. This
notation is summarized in Table 10.1.

When considering the decision of how many units to inspect, the firm has two
general options available. It could decide on a fixed number of units to inspect before
any inspections are performed and then remanufacture whichever units turn out to
be of high enough quality. This would be appropriate if the inspection process is
long or if all of the units can be inspected at once. We denote this situation as
batch inspection. In other circumstances, however, it may be possible for the firm
to inspect the end-of-life units one at a time and decide when to stop the inspection
process based on the results of the previous inspections. We refer to this decision
environment as discrete inspection because the firm decides whether to inspect each
unit sequentially. We analyze each situation in the remainder of this section.

10.3.1 Batch Inspection Model

Under a batch inspection environment, the firm must determine the optimal number
of end-of-life units to inspect before inspecting any of the units. As a result, we
can analyze the inspection decision in a traditional newsvendor framework by
developing the expected profit function and finding the value of k € [0,Q] where
the first derivative equals zero. The firm’s expected profit function for the batch
inspection decision is:

k k
1) = r| [ srac pk(1 = FpR))| 1 [ ok oo
+52(Q— k) + s3(1 — p)k — cik — c,pk, (10.1)

where pk represents the expected number of remanufacturable end-of-life units that
are identified through the inspection process, (1 — p)k is the expected number of
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nonremanufacturable units, and Q — k is the number of units that are not inspected.
Taking the first derivative and setting it equal to zero yield the following critical
ratio which represents the optimal batch inspection quantity:

P(r—Cr)+53(1—P)—S2—Ci}
p(r—s1) '

ke {k . F(pk) = (10.2)

We can use the structure of the critical ratio to determine minimum and maximum
values of p for which this quantity is optimal. The numerator of the fraction must
be greater than or equal to zero for the equation to have a solution. Thus, we have

min _ 2G5 (10.3)

r—cr—s3
For values of p less than p™P", the optimal decision is for the firm to refrain
from inspecting the quality of any of the end-of-life items. In this case, the
likelihood of finding items of high enough quality to be remanufactured is too
small in comparison with the given cost and revenue parameter values to support
a remanufacturing operation.

The critical ratio must also be less than or equal to one in order for the equation in
(10.2) to have a solution. Setting the numerator less than or equal to the denominator
yields
max _ 2+ Ci—83

. (10.4)
S1—Cr— 383

p
For values of p greater than p™®*, the firm’s optimal strategy is to inspect all Q of
the end-of-life items that it has available. This is also the case if the value of £* in
(10.2) happens to be larger than Q.

10.3.2 Discrete Inspection Model

In the discrete inspection environment, the firm is able to inspect the quality of end-
of-life units one by one; thus, the firm can stop the inspection process whenever
it has the total number of units that it wants to remanufacture. In response to the
structure of the decision environment, we analyze the optimal inspection decision
using an iterative framework.

Suppose that you already have k remanufacturable units as a result of previous
inspections and you want to decide whether or not to inspect one additional unit.
The firm earns a marginal profit of s, from salvaging the unit with an unknown
quality level. An inspection can yield two possible outcomes: a remanufacturable
unit or a nonremanufacturable unit. If the inspection process finds that the unit
is not remanufacturable, the firm earns a marginal profit of s3 — ¢;. If the unit is
remanufacturable, on the other hand, that unit could either be demanded in the
secondary market for revenue r, or it could not sell in the market and would
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only return salvage value s;. Thus, the expected marginal profit if the unit is
remanufacturable is

E[ITR™] = [ — (¢;+¢,)]P(D > k+ 1)+ [s; — (ci+¢,)]P(D < k+1). (10.5)

Combining these two possible expected marginal profit values, we can express the
expected profit from inspecting the next end-of-life item as

EWT™1) = {[r— (e c)IP(D = k+ 1)+ [s1 = (ci-+c,)
P(D<k+1)}p+{ss—ci}(1—p). (10.6)

We can rewrite the expected marginal profit from inspecting the additional unit in
(10.6) as

E[IT™PY) =7 —¢; — ¢,p, (10.7)
where 7 = [rP(D > k+ 1)+ s1P(D < k+ 1)]p + s3(1 — p) represents the expected
marginal revenue depending on the uncertain outcome of the inspection process and

the demand for the remanufactured item in the secondary market. The firm should
inspect the additional unit if

F—ci—crp > 5. (10.8)

Formally, the firm should stop the inspection process when either of the following
two situations occur:

1. F<sy+ci+erp.
2. k = Q, which means that there are no more end-of-life items to inspect.

By rearranging the terms algebraically, we can write the first condition above as a

critical-ratio-type expression:

p(r—c)+s3(1—p)—s1—c;
p(r—si) '

P(D<k+1)=F(k) > (10.9)

Note that the critical ratio for the discrete inspection process in (10.9) is identical
to that of the batch inspection process developed in (10.2). The only element
that differs between the two optimal inspection quantities is the argument of the
cumulative distribution function of demand in the secondary market. The arguments
both represent the number of remanufacturable units that the firm would like to have
to sell in the secondary market. In the batch inspection process, however, the firm
can only make its decision on the number of items to inspect (k) with the hope
of having pk units to remanufacture. In the discrete inspection environment, the
firm knows exactly how many remanufacturable units that it currently has when it
makes the decision about whether or not to inspect the next unit. These two optimal
quantities may look different at first glance, but they are identical in that the firm
wants to have the same quantity of remanufacturable units to sell in the secondary
market.
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10.4 Numerical Examples

The fact that the optimal inspection policy has the same target number of remanu-
facturable units in both batch and discrete inspection environments prompted us to
investigate the behavior of the profit function in each scenario to see if the inspection
structure has an impact on a firm’s profit from remanufacturing operations. We built
a simulation model in Crystal Ball (a spreadsheet add-in) to examine the firm’s profit
under batch and discrete inspection processes. This simulation model uses the same
demand values and inspection results to compute profit realizations for batch and
discrete inspections. The only part of each realization that differs is the inspection
policy, which means that all observed differences in profit are attributed to the policy
itself and not any other form of variation.

This section presents and discusses the results of two simulation studies per-
formed with the base model. These two studies are not intended to provide a
comprehensive analysis of the two inspection policies’ performance overall; the
goal is merely to illustrate that the two inspection processes generate different
behavior in the profit function. A structured, comprehensive simulation analysis
(to be completed in future research) is required to fully assess the impact of the
inspection policy on the firm’s expected profit. The two simulation studies are
distinguished by their values of p to evaluate performance under high quality end-
of-life items (p = 0.75) and low quality end-of-life items (p = 0.35). We ran 10,000
replications of each model to limit the standard error of our results. Demand in the
secondary market was assumed to follow a normal distribution with mean 30 and
standard deviation of 10, and the firm had Q = 100 end-of-life items that could be
inspected. Table 10.2 provides the common revenue and cost parameter values used
throughout the study.

Figures 10.1 and 10.2 display the results of the two simulation studies. In both
scenarios, the batch inspection process yields a higher average profit than the
discrete inspection process does, and this difference is statistically significant with a
p-value less than 0.001. This may seem counterintuitive because discrete inspection
allows the firm to react to the results of previous inspections whereas the batch
inspection process requires that the firm make an irrevocable decision to inspect
a fixed number of end-of-life items before seeing the results of any individual
inspections.

The batch process has a higher average profit in both scenarios because it
allows the firm to take advantage of favorable effects of randomness in some
selling seasons. In the discrete environment, the firm will never have any more
remanufacturable units to sell in the secondary market than the number prescribed

Table 10.2 Summary

of simulation model

parameter values r 50 S 5
cr 8 K 3
ci 3 53 1

Parameter ~ Value  Parameter  Value
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Fig. 10.1 Simulation results for batch and discrete inspection process with p = 0.75

by the critical ratio. The inspection process stops at this point (if the firm is
maximizing expected profit). In the batch inspection environment, the firm tries to
have the same number of remanufacturable units, but the actual number of units
available to sell in the secondary market could easily be larger or fewer depending
on the uncertain outcome of each inspection. If the firm lucks out and identifies a
large number of remanufacturable units, and that happens to coincide with a large
amount of demand in the secondary market, the firm will earn a large profit. The
firm does not have the inventory to take advantage of large amounts of demand in
the secondary market under the discrete inspection environment; thus, the upper
bound of potential profit is smaller than in the batch case.

The same situation can occur at the other end of the demand spectrum. In
periods where demand in the secondary market turns out to be low, it is possible
for the firm in the batch environment to happen to identify only a small number
of remanufacturable units. The firm would not have the large amount of leftover,
remanufactured inventory at the end of the selling season that it would in the
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Fig. 10.2 Simulation results for batch and discrete inspection process with p = 0.35

discrete environment. The discrete inspection process almost always yields the
critical ratio-specified number of remanufacturable units; the only way that the firm
has a different number of remanufacturable units available is if it runs out of end-
of-life items to inspect before it reaches the desired amount.

10.5 Conclusions and Future Research

In this chapter, we have developed a newsvendor inventory model to guide the
inspection decision for remanufacturers with a fixed number of end-of-life items
at hand. We analyzed the optimal inspection decision under both batch and
discrete inspection environments, and we found that the target inventory level
for the secondary market was identical for both inspection processes. Through a
simulation study, we found that the batch inspection process yields a higher average
profit compared with the discrete inspection process. This result is somewhat
counterintuitive because the discrete process allows the firm to base the inspection
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decision for each individual unit on the history of previous inspections to that point;
whereas, the batch inspection process requires that the firm decide to inspect a fixed
number of units before observing any results. The batch process has a higher average
profit because it gives the firm a chance to have a large number of remanufactured
items to sell in the secondary market when demand happens to be high and vice
versa; the discrete process, on the other hand, yields approximately the same number
of remanufactured items in every selling season. A more complete simulation study
under various problem parameter values (such as demand variance and the cost
values) is required in the future to capture a full understanding of the relative
performance of the two different inspection policies.

This study is the first in what could be a series of research studies related
to inventory control for remanufactured items in the short-life-cycle market. A
natural next step would be to relax the assumption in this study that the firm
has a given number of end-of-life items available and consider an endogenous
acquisition decision within the model. Depending on the proportion of high-quality
items available as well as the acquisition cost, the firm may want to obtain more or
fewer end-of-life items in the first place to maximize expected profit. It would also
be interesting to investigate the efficacy of different pricing mechanisms to acquire
the end-of-life items. If the remanufacturing firm was a subsidiary of the same
company that originally manufactured the item, it may be possible to incorporate the
remanufacturing operation into the initial production planning models for new items
to create a comprehensive closed-loop supply chain model. One final extension to
the base models in this chapter would be to introduce defects into the inspection or
remanufacturing processes to analyze how the optimal inspection decision would
change in response to increased process variability.
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Chapter 11

Inventory Centralization in a Newsvendor
Setting When Shortage Costs Differ: Priorities
and Costs Allocation

Niv Ben-Zyvi and Yigal Gerchak

Abstract Risk pooling is a practical managerial tool which can reduce the
consequences of the uncertainty involved in a system. In operations management,
it is often achieved by consolidating a product with a random demands into one
location, which is known to be beneficial. The basic assumption that underlies most
previous research is that the cost parameters (overage and underage cost per unit)
of all populations are identical, and therefore are equal to those of the centralized
system. But in many contexts, underage cost per unit is not independent of the
type of customer. This work generalizes the centralized inventory model so that
one group of retailers differs from another in the underage cost per unit. In such
a system, the proper allocation of the centralized inventory among the groups is a
challenge. When the inventory is not allocated optimally, the expected cost of the
centralized system may exceed that of the decentralized one. We define a priority
rule for allocating the pooled inventory and prove that giving absolute priority to
the population whose underage cost is higher (“preferred population”) is optimal.
Under this policy, we model the pooled inventory system with priorities and prove
its advantage over the un-pooled system. We then prove the advantage of the pooled
inventory system with absolute priority from each retailer’s point of view, meaning
that the core of the cooperative inventory game is not empty. Thus, with appropriate
cost allocation, it is better to join the pool even if you were to become a low-priority
customer. Finally, we introduce a pooled inventory model where the inventory is
allocated according to each retailer contribution to the system, which is defined as
the number of units it produces and deposits in the central warehouse. We use game
theory concepts to model this system where each player’s strategy is the number
of units it contributes to the system. We prove the existence and uniqueness of the
Nash equilibrium and characterize each player’s strategy according to it.
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11.1 Introduction

Risk pooling, or statistical economies of scale, is a pervasive property which
underlies major economic activities such as banking and insurance. In the field of
Operations Management, such a benefit is known to be derived from strategies like
postponement (delayed differentiation), product substitutability, and assemble-to-
order systems with component commonality (e,g., Gerchak and Henig 1989). But
the most basic and best- known manifestation of risk pooling in operations is the
centralization of inventories when demands are random. Eppen (1979), Chen and
Lin (1989), Cherikh (2000), Gerchak and He (2003), and others proved the benefits
of such centralization under various assumptions, and explored the determinants of
these benefits. Note that pooling can be achieved by physical pooling of inventory,
virtual pooling, or product substitution (e.g., Anupindi et al. 2001). For the intuition
behind the benefits of pooling, see Sobel (2008). Note that the inventory level can
increase or decrease as a result of pooling (Gerchak and Mossman 1992, Sect. 3,
Yang and Schrage 2009).

These observations take the system (social) point of view. Yet it is plausible that
the distributed system consists of several firms, which are considering as to whether
centralizing their inventories will be beneficial to all of them, as they intend to
remain independent regardless. That is, whether there always exists an allocation of
the pooled system costs’ which is lower than each firm’s stand-alone costs. Miiller
et al. (2002) answered that question in the affirmative, by proving that the core of
this cooperative game is never empty.

All these works assumed that the unit shortage cost is the same for all firms.
But such may not be the case in practice. For example, if a hospital and adjacent
pharmacy are to centralize their stock of some medical equipment or materials,
a shortage of an item means something quite different at the hospital and the
pharmacy. Differential shortage costs raise issues of stock rationing, priorities, and
a question, of whether a prospective low-priority partner can be enticed to join such
shared inventory arrangements. These are the issues explored here. Since our focus
is on comparisons of schemes, we do not really need to estimate the shortage cost
parameters (just their relative magnitudes). Thus, the thorny issue of defining and
estimating shortage costs is not central to our work.

Deshpande et al. (2003) consider an inventory system with continuous rationing
to demand classes. Anupindi et al. (2001) assume that each player keeps its own
inventory, giving itself priority over it, and if excess occurs there is a transshipment
game. That setting is related to our last, “contribution,” scheme. Also related is work
by Slikker et al. (2005), but they assume transferable utility (TU), while we do not.
Hanany and Gerchak (2008) analyze a nontransferable utility model solved via Nash
Bargaining.
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Assemble-to-order systems with component commonality actually allocate com-
ponents for each realization of demands, so that revenue will be maximized. That
has similarity to allocating by shortage cost, but the stochastic program it translates
to cannot be solved analytically, so insights are hard to obtain. Our approach is
analytical.

We first show that if differential shortage costs are ignored by the centralized
system when it allocates stock in case of shortage, the system costs can be higher
than the decentralized systems’ costs. Thus to guarantee improvement, priorities,
which depend on the shortage costs, need to be set. One extreme approach, common
in various service systems, is giving absolute priority (AP) to the firm with higher
shortage costs. A less extreme class of policies is to allocate based on the ratios of
shortage costs, either directly or according to a function of these ratios. We show that
these always bring about an improvement over the decentralized system. Various
properties of such systems are explored.

An interesting question is whether the low priority firm always gains from
centralization, without the high priority firm subsidizing them “too much.” We show
that there exists a linear cost-sharing scheme which, for some range of shares,
improves the situation of both firms vis-a-vis decentralized systems. That is, the
core of this allocation game is not empty.

Finally, we explore a centralized system which is based on a very different
principle. Here the centralized stock consists of stocks which the individual firms
“contributed.” In case of shortage, each firm is allocated up to its share of
contribution. We characterize the Nash equilibrium of this game.

11.2 Pooling Without Recognizing Differences
in Shortage Costs

Consider two markets, with random demands X and Y, with demand distributions
F and G, respectively. The unit production cost c is the same in both markets. From
what we know about the Newsvendor problem, if the unit shortage cost b is also the
same in both markets, the total optimal inventory level will be

0" X)+Q'(Y)=F""! <b7_c>+01 (b;"), (11.1)

and the costs

00+ =b [ xf@drs [ ygy. A1)
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When the inventories are pooled, the combined demand, X 4 Y, will be denoted by
Z, and its distribution by H. The optimal pooled quantity is Q*(X +Y). Thus, the
pooled inventory is

Q'(X+Y)=H (”T_C> (113)
and
O (X+Y)=b / z-h(z)dz. (11.4)
(i)

The well-known advantage of the pooled system can be written as
O (X+Y)<¢"(X)+¢"(Y). (11.5)

(Eppen 1979; Chen and Lin 1989; Gerchak and He 2003). This and all our other
results also hold for n markets.
Now, if the unit shortage cost is market specific, we will have

by — by —
0y +0y =F ' [ XS ) 1ot (=5, (11.6)
bx by
and
0+ 07 =bx- [ fdvby- [ y-g(dy (11.7)
0y Gy

As the pooled system does not use any priorities, a plausible assumption is that, in
case of shortage, it allocates proportionally to the relative demand realizations, x

and y; that is, X receives Qyy - x—iy , making its shortage
(x+y— Qxay) — (11.8)
xX+y— C— .
Yy X+v) "7 y

and similarly for Y.
So the total shortage cost will be

bx-{<x+y—Qx+y)-)%y}+by-{<x+y—Qx+y)-)%y}. (11.9)

Define b = %ﬁ”, as the average shortage cost weighted according to the
realizations. Then the total shortage costs can be written as

b-(x+y—Qxiy). (11.10)

It is difficult to analyze such systema .
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A simpler way to average the shortage costs is to use the mean demands rather
than realized demands. That is,

7o bx - ux + by - Uy

b (11.11)
! Ux + Hy
Then the problem can be solved explicitly:
* -1 EIJ —¢
Oiry =H | — |, (11.12)
by
and, as in (11.4),
O (X +Y)=by / z-h(z)dz. (11.13)

1 Zufzr
" <5u )

One can construct an example where the total cost of the pooled system (which
ignores the differential shortage costs) is higher than the sum of the separate
markets’ costs. Suppose that both demands are independent and exponentially
distributed with Ax = 0.5 and Ay = 0.1, respectively. Let by = 30 and by = 2, and
¢ = 1. Then ¢*(X) + ¢*(Y) = 25.734. If the allocation is by demand realization,
we have ¢*(X +Y) = 26.4. If we allocate by weighting the shortage costs by the
expected demands, we obtain ¢*(X +Y) = 31.203. So, in this example, pooling
without recognizing the differential shortage costs is not worthwhile using either
method.

Not surprisingly then, we look for a system that gives priority to demands from
markets with higher shortage cost.

11.3 Pooling with Priorities

Assume that by > by. Then absolute priority (AP) allocates to market X first, and
only if any inventory is left to Y. A less extreme priority scheme which reflects
the differential shortage costs is one that allocated to market X a fraction bxbfby of
available inventory (if needed); the rest is available to market Y. Thus if, say, by is
twice as large as by, market X will be allocated 2/3. Let ap be “Alpha-priority” (see
below).

One way to parameterize allocation schemes which are intermediate between the

above two is

bx ¢ bx “
(m) . Qap(X+Y), to X, and |:1 — (bx+by) : Qogp(X‘f’Y) to Y,
(11.14)
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where ¢ is a “priority” parameter on [0,1]. The larger the o, the lower the priority.
It can be proved that o = 0, i.e., an absolute priority to X, is socially optimal.
We will thus analyze a system with absolute priority!.

11.3.1 Absolute Priority

Under AP, if x < Q4p(X +Y), market X will have no shortage, while market ¥’s
shortage will be (y — (Qap(X +Y) —x))". If x > Q(X +Y), market X will have a
shortage (x — Q(X 4 Y)), and market Y will have a shortage y. Thus,

Ox1v(Q)

, {C’QX+Y +by -Exy (Y — (Qx+y — X)) |X < Ox1v,Y > Ox iy — 2 }
= min,
Grer +by -P(X > Qxyy)-Ey (Y)+bx - Ex (X — Ox1y)"

=ming, ., § ¢-Ox4y +by - // (y=(Qx+y —x)) -1 (x,y) dxdy

X< Oxiy
Y2 Oxiy —X

oo

by F(Oxoy)E(Y)+ by - / (r— Oxay) - f(X)dx b, (11.15)

Ox+y

where #(x,y) is the joint density of Xand Y.
For independent demands, the above becomes

Ox+v (Ox+v)
Ox+y oo
—ming,, e Qeartby [ [ (- (@) g0 flx)dvdx
x=0 y=0x4y—x
+by-F (Qx+v)E(Y)+ bx - / (x=Oxy)-f(x)dx p . (11.16)

Ox+y

For the expected costs and optimality condition expression for an arbitrary o, and independent
demands, see Appendix.
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Since
azd, (Q) Ox+y
T _ (b by f(Qxer) +by- [ gl@xiy =) fa
aQX+Y x=0

as by > by that is positive so the expected cost function is convex. The unique
optimum is the solution of the FOC

(bx —by)-Fx(Qx+y)+by-H(Qx1y) =bx —c. (11.17)

This optimality condition can be shown to generalize the simpler cases we men-

tioned. If by = by = b, we have H(Qx1y) = P(X +Y < QOx1y) = }%, which is the

pooled solution with identical shortage costs. If by =2 0, we have F(Qx+y) = b),‘);c,

as in a single-market newsvendor solution. One can show that the quantity in the

pooled system is increasing in both by and by, as we would intuitively expect.
Under AP, pooling is beneficial:

Proposition 1. Under AP

Ox-y(AP) < ox + ¢y

Proof. See Appendix.
Also, in a pooled system AP is always better than no priority (NP), where the
shortage cost is weighed by the realized values.

Proposition 2.
Ox 1y (AP) < ¢x .y (NP).
Proof. See Appendix.

11.4 Do Both Markets Benefit from Pooling with AP?

While pooling with AP was shown to be beneficial socially, it is not yet clear if or
when the low-priority market benefits from the arrangement. If market X approaches
market ¥ proposing to pool their inventories whereby X will have AP, should Y
agree?

For pooling with equal shortage costs it has been proved by Miiller et al. (2002)
that the core of such a game is not empty. That is, there is a way to allocate the costs
of the pooled system so that both markets will benefit, in agreement with intuition.
With AP to the more lucrative market, the situation is less clear.

We now assume that each market pays for a fixed share of the production costs,
Y a share 0 andX a share 1 — 6. The reason we allocate only the production costs is
that, unlike the shortage costs, they will be clear-cut and noncontroversial. But each
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market will also “carry” its shortage costs. We will then ask if there always is a range
of shares which makes pooling with AP better, in expectation, for both markets than
nonpooled systems. Note that 68 does not affect the solution Q%_ , of the pooled
system. Denoting the cost allocated to market X as ¢x.y(X), we have

oo

G ()= (1-0) - Oy tbx- [ (x=Qhy) fWdx,  (1L18)
Oy
while in the unpooled system its costs are

oo

<P§§(X)=c-Q§+bx-/(x—Q§)-f(x)dx. (11.19)
Ox

Clearly, if the low priority market’s share 6 is sufficiently high, the arrangement
will be attractive to the high priority market. In particular, ¢5 , , (X) < ¢ (X). If 6 is
sufficiently low, the high priority market will not participate in the pooling. Let Oy
be the break-even point. The situation is reversed for the low priority market. Now,
one can show that for 6 = Oy, (the breakeven point of the high priority market)
0y (Y) > ¢xy(Y). Thus, the core of this game is not empty. In fact, even if 6 is
slightly higher than 6, the low priority market will still benefit. Thus, the core is
arange of shares from O,;, upward to some point.

We are unable to say much about the upper end of the core in the general model.
To obtain some concrete insight, we derive it for uniformly distributed independent
demands.

Example 1. Let X and Y be independent and uniform on [0,1]. It can be shown that
their convolution is

_1n2 —11<0<
70 o<1
and thus
) 2 /5, 1<0<2,
Q:

by —bx—++/b%>+b%—2byc
b;‘ L , O<l1.

Also Q < 1iff 35 > 1.If £ < 1, then ¢y =2— /55 > 1.
Since X < 1, then F(Q;‘HY) = 0. Thus, the third term in (11.16), as well as the
fourth, equal zero.
Thus, here
0" e
PX+Y)=c-Q"+by- / / (= (2" —x))-g(y) - f(x)dydx,

x=0y=0*—x
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and thus it can be shown that at optimum for Z—C < 1, we have

. 1 /2c
Oxyy =2c <1 —g\/ b_> :
The case 2

by > 1 is more complex, and will not be pursued.
When the markets operate separately, we have, for our example,

1 ¢
F_eof1o2. =
oy C( ) by)
<[y |

(PY_C 2 bX .

Consider the case 2—5 < 1. The costs share of the low priority market is

¢;+Y<Y>—e.c.<2_ %)*(% /—z[)_y>

It follows that Y will benefit from pooling if

and

Market X’s share in the costs is

by

Oxy(X)=(1-6)-c- (2— 2)

which means that it will benefit if

2 1
2-JEo141.2
0> >

2%

The lower bound on 6 can be shown to be indeed smaller than the upper bound.

271



272 N. Ben-Zvi and Y. Gerchak

Thus, in this case the core is

2-c 1 ¢ 1 ¢ 1 2-c
L=\ taayg =25 =3V
0< ————— <0<

2c 2-c
2— /% 2, /%

This core is not empty.

11.5 Allocation According to Contribution to Inventory

Here we view the system in a different, and rather unusual, manner. We envision
a centralized inventory which is created by the individual firms. Each decides on
the quantity it will contribute to the joint stock. The decisions are simultaneous.
Then, if there is a shortage, each will receive an allocation proportional to its relative
contribution. There are no imposed priorities. Thus we have a noncooperative game,
somewhat related to the model of decentralized transshipment by Rudi et al. (2001),
and Hanany et al. (2010), and we seek its Nash equilibrium.

Assume that the firms produce/contribute Qx and Qy, respectively. In case of
shortage, firm X is allocated QXQny of the stock, and firm Y, ﬁ Essentially,
each firm is first allocated its contribution, or as much as it requires, whichever is
less, and then any excess from another firm, if it exists and is needed. The firms are
aware of that when they choose their contributions.

Given Qy, firms X’s cost function is

¢x(Ox,Qy) = cOx +bxE{(X—0x)"} P(Y > Qy)
+bxE{(X+Y—-0x—0y)"|X>0x,Y<Qy}. (1120

Assuming independence that can be shown to equal

=

dx(0x,Qr) = c-Ox +bx -G(Qy)- / (x—0Ox) - f(x)dx
x=0x

oo

(0,4
+bX'/ / (x+y—0x—0y) f(x)-g(y)dxdy, (11.21)

y=0x=0x+Qy—y

and similarly for ¢y, given Qyx.
Differentiating each cost function (which is convex) with respect to its strategy,
we obtain the best-response functions

Oy
(i) c—bx-E(Q*;)ﬂQx)—bx-/F<Qx+Q§—y)-g<y>dy=0 (11.22)
y=0
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Ox

(i) c=by-F(Q3)-G(Qr) ~br+ [ G(Qi+0r—2)f(x)dr=0. (1123
x=0

The Nash equilibrium obtained by solving these equations can be shown to exist

and is unique. We shall prove uniqueness:
We use a contraction-mapping argument (e.g., Cachon and Netessine 2004). Now,

Oy
. 0y bx - [ f(Qx+Qr—y)-g(y)dy
an __90xdQy _ y=0 <0
d0y 2205 — “ ’
0% bx-G(Qy) f(Ox)+bx- | f(Ox+Qr—y) g(y)dy
y=0
(11.24)
which is not surprising, as there is a “free rider” situation here.
Also,
90% } ‘ 90y
< 1and <1 (11.25)
‘ a0y J0x

That establishes that the response functions are contractions.

It can be shown that % > 0, which is intuitive, and 3% < 0, which occurs since
firm Y knows that with high shortage cost firm X will contribute a large amount, so
Y itself need not contribute much.

One can show that the amounts contributed in the Nash equilibrium are lower
than in the decentralized system. That is consistent with observations made by others
about inventory games with substitutable products.

11.6 Concluding Remarks

Risk pooling underlies many types of arrangements in the financial sector (banks,
insurance companies) as well as in various operational settings. The benefits in some
of these settings were explored before, but mainly for systems where customers are
treated equally. But customers are not always, nor should they be from a social
perspective, treated equally. The waiting costs of one population may be higher
than the other’s. Or, one class of customers has more power. In such settings an
important issue is whether, or when, the would-be low priority customer class will
still benefit from the pooled arrangement,. That is, whether the core is nonempty.
These and related issues were explored here. We also considered a setting where
the customer classes choose their “contributions” to the pooled inventory, and, in
case of shortage, are allocated units in proportion to their relative contribution.
We establish the existence and uniqueness of a Nash equilibrium in that model
and characterize it. We wish to note that the setting-up of schemes like AP, or
contribution-based allocation, do not require the knowledge of actual shortage
costs. Thus, the conceptually and practically difficult task of estimating these
nebulous costs is not encountered at this phase.
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Table 11.1 Shortage allocation

Shortage

Centralized system with Decentralized

absolute priority system

X Y X Y
x<QOx y<Q¢ O < 0 0
x<Qx y=20Qr 0 < 0 y—0r

x+y<QOx+0y

x<Qx y=Qr 0 y—(0x +0Qr —x) <

IN

=
<
|

©
=

y—0y

xX+y>0x+0y

x>Qx y>Qy O y—(Ox +0Qr —x) < x—-0x y—0Oy
x < Qx + 0y

x>0y y>Qr x—(Ox+Qy) v < x—-0x  y—0
x> Qx + 0y

x> Qx y<Qr 0 0 < x-0x O
x+y<Ox+0y

=x<Q0x+0y

x20r  y<Qy 0 i:EQQXX*QY_x)S < x—0¢ 0
x+y>0Ox+0y

x< QOx + 0y

x> Qx y<Qr x—(Ox+0Qy) v < x-0x O
x> 0x+0y

= x+y>0x+0y

Further research could address the extension from two to n populations. The
notion of priority needs to be expanded to deal with that case. Dependencies among
group demand magnitudes also should be explored. A multi-period model with
inventory carry over would also be of interest. A different direction is to derive
entitlements (as well as stocks) in the form of Nash Barganing Solutions (Hanany
and Gerchak 2008).

The model which assumes that the parties make inventory contributions, ought to
be explored further. The existence of a nonempty core will be of a particular interest.

Appendix

Proof of Proposition 1. Let Qx and Qy be the optimal respective quantities in the
decentralized system. Now suppose that the centralized system will hold a quantity
of Ox + Qy (that is not optimal, but if we show that a centralized system holding
that amount has lower costs than the decentralized system, the optimal centralized
system costs will be even lower). We now show that for a demand realization (x,y)



11 Inventory Centralization in a Newsvendor Setting When Shortage Costs Differ... 275

Table 11.2 AP vs. NP

Expected shortage costs

Realizations Expected shortage cost with AP with NP

x+y < 0Oyp 0 0
x+y>0npx< Onp bx-0+by - (x+y—0Ohp) =by-(x+y—0Oxp) E'()H-y_Q;vp)
X+y>Oupx>0np bx-(x—Qp)+by-y b-(x+y—0xp)

the magnitude of shortage in the centralized system will be smaller than in the
decentralized for each of the two groups (Table 11.1).

Now, since production costs are equal and the shortage of population X as well as
the total shortage are lower, it follows that the costs of the centralized system with
AP are lower than the decentralized system. As that is the case for a nonoptimal
centralized stock, it is a fortiori the case for the optimal stock.

Proof of Proposition 2. Let Qyp be the optimal quantity in the no-priority system,
and assume that the AP system stocks the same amount (which is not optimal)
(Table 11.2). Then the expected shortage costs of the two systems for various
demands realizations are

In the second case, since b > by the expected shortage with AP is clearly lower.
In the third case, the difference between the expected costs with AP and NP is

(bx - (x— Qkp) +by-y) — (b- (x+y— Qkp)) = %'Qﬁp'(by—bx),

<0
>0

which is clearly negative. Thus then expected costs with AP is lower than with NP
for all demand realizations.

Arbitrary Priority

It can be shown that for independent demands, and denoting 8 = bx /(bx + by ), we
obtain the following expected costs function:

(1-B*)0x+y Y i
cxXOxqy+bxx [ (x+y—0xyy) % f(x) x g(y)dxdy
y=0

x=0x4y—y
¥

Fhx x G((1=B*) x Ox4y) % [ (x—=B%*X Oxiy) X f(x)dx
7 (X +Y) =min B0y ¥ e
+by x JO Qf (x+y = QOx+r) X f(x) x g(x)dxdy
y=Lx+y—X v
+by x F (B* x Ox1y) % ( ﬁf) (= (1=B%) x Ox1y) x g(y)dy
y=(1-B%)0x+y
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The optimality equation becomes

(1-B%)-Ox+y B*Ox1y
c—bx- / F(Qxyy —y)-g(y)dy—by- / G(Qx 1y —x)- f(x)dx
y.:() x.:O

—F(B%-Ox+4y)-G(1=B*) - Quiy-(bx-B*+by-(1-B%)) =0.
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Chapter 12
Planning Production on an Unreliable Machine
for Multiple Items Subject to Stochastic Demand

David Kletter

Abstract We develop an extension of the classical newsvendor model that
incorporates multiple items, setup times, and an unreliable machine. This model
is motivated by applications at metal stamping plants where machine reliability is
a key source of uncertainty. Given a fixed production schedule, a finite horizon,
and a known demand distribution, we formulate an extension of the newsvendor
model, derive important properties of this model, and exploit these properties
to provide a solution algorithm that determines the cost minimizing production
quantities. Finally, we present three simple extensions to the model: (1) a method
for rescheduling within the planning horizon, (2) an extension to evaluate whether
or not to purchase the option to run overtime within the planning horizon, and (3) an
extension that permits the modeling of a machine that operates at a different speed
depending on the part being produced.

Keywords Multiple items ¢ Setup times ¢ Unreliable machines ¢ Cost
minimization ¢ Solution algorithm ¢ Rescheduling

12.1 Introduction

In this chapter, we develop extension of the classical newsvendor model. We model
a single, unreliable machine that repetitively produces a set of parts in batches
subject to shortage and overage (inventory-holding) costs. Our model makes the
following assumptions. First, we assume that there is only a single demand point
for all parts, and that it occurs at the end of a finite production horizon. Second,
the demand for each part is a random variable with a known distribution, where
the uncertainty in the demand quantity is not resolved until the demand point.
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Lastly, we assume a fixed production sequence. Under these assumptions, our model
determines an optimal production quantity for each part. The development of this
model is motivated by applications at metal stamping plants (Kletter 1994). This
model could be used as part of a manufacturing control system, embedded in a
software tool that would receive data in real time from the shop floor and assist
plant management in decision making.

This chapter is structured as follows. Section 2 presents a review of the literature.
A model is then formulated in Sect. 3 as an extension of a classical newsvendor
problem. In Sect. 4, we derive properties of the objective function that are exploited
to develop a solution algorithm, presented in Sect. 5 and that takes advantage of the
special structure of the model. In Sect. 6, we show numerical results from exercise of
the model. Finally, in Sect. 7, three extensions to the model are presented, including
the incorporation of options to run overtime.

12.2 Literature Review

We briefly review the literature that is related to our model. We will divide our
literature review into two parts: those that model the problem of planning production
quantities on an unreliable