Chapter 3
Contact Mechanics

Robert L. Jackson, Hamed Ghaednia, Hyeon Lee, Amir Rostami,
and Xianzhang Wang

Abstract Contact mechanics is a fundamental field of tribology and generally
refers to the interaction of solid surfaces. This interaction or contact can occur on
many different scales, ranging from nanoscale asperities up to tires on roads and
even contact between tectonic plates. This chapter reviews the basic technical
information available in predicting the contact area, pressure, stresses, and forces
that occur when surfaces interact. The chapter considers different geometries such
as spheres and wavy surfaces and also outlines how to consider elastic and plastic
deformation. The phenomena of creep and adhesion that are important for many
tribological applications, and especially biological contacts, are also discussed.
Finally, the chapter concludes by covering methods used to model the complicated
situation of contact between rough surfaces that contain many different geometrical
features.

Nomenclature

a Radius of circular contact area
A Area of contact

An Nominal or apparent area of contact
b Cylindrical contact half width

B Aspect ratio

C Critical yield stress coefficient

Cn Creep material constant

d Distance between the mean of the surface peaks and a material and
geometry dependent exponent

e Coefficient of restitution during impact
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Plastic strain (ratio of yield strength to effective elastic modulus)
Elastic modulus

Reduced or effective elastic modulus

Spatial frequency (reciprocal of wavelength)

Contact force

Height of sinusoidal surface from base and distance between the mean of
the surface heights

Scale or frequency number

Statistical contact integral

Hardness or normalized layer thickness

Length of cylindrical contact

Mass of impact sphere

nth spectral moment of the surface

Number of asperities or data points on surfaces

Average pressure over entire sinusoidal surface in contact
Average pressure for complete contact (elastic)

Average pressure for complete contact (elastoplastic)

Average pressure over entire asperity

Spherical contact force

Tangential load required cause sliding

Radius of cylinder or sphere or asperity tip

Yield strength

Time or layer thickness

Temperature

Velocity

Work of adhesion between surfaces n and m

Lateral surface coordinate

Distance between the mean of the surface peaks and mean of the surface
heights

Surface height at location x

Layer model parameter and statistical contact parameter
Exponential creep material constant and surface roughness parameter
Surface energy of surface n

Interfacial energy between surfaces n and m

Amplitude of the sinusoidal surface

Deflection of cylindrical or sinusoidal asperity surface
Strain

Adhesion parameter

Layer model parameter

Asperity wavelength or layer model parameter
Effective static friction coefficient

Areal asperity density

Asperity height distribution

Normal stress and RMS surface roughness
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Oy The RMS roughness of the asperity peak heights

v Poisson’s ratio

10} Deflection or interference of spherical contact
y Plasticity index

Subscripts

0 Initial or at t = 0

1,2 Property for material 1, 2, etc.
Critical value at onset of plastic deformation
cr Creep dependent parameter
a Elastic area
ep Elastic-plastic
max  Maximum

n Normal direction and nominal or apparent area of contact
p Elastic-plastic or elastic pressure integral

r Real area of contact

t Tangential

1 Introduction

Although friction and wear have been the subject of man’s thoughts and creations
since ancient times, the application of mechanics to contact problems probably first
began with Heinrich Hertz (see Fig. 3.1) in solving the problem of elastic deforma-
tion between contacting parabolic surfaces. Many have since applied this to the
contact of spherical surfaces. Many other well-known researchers have followed in
Hertz’s footsteps, including, but not limited to, Archard [1], Tabor [2], and Green-
wood, and Williamson [3]. However, K. L. Johnson [4] may be the most well-
known contemporary in the field and is the author of the seminal book on the
subject, “Contact Mechanics.”

Contact between solids is undeniably important because it is such a common and
critical occurrence in our daily lives, health, in industry, and even on the scale of
heavenly bodies and the universe. When two objects are brought together, their
matter may initially attract, but as they get closer and closer, the attraction will
eventually decrease and turn to repulsion which coincides with our intuitive
description of contact. Contacts can and do cause very high stresses between
objects that can cause failure in the form of fracture, yielding, surface fatigue,
and wear. Predicting these stresses with a great deal of resolution can also be very
difficult since surfaces are almost always significantly rough and possess a compli-
cated and perhaps unpredictable geometry. Within these complex interactions,
many phenomena such as friction, wear, and contact resistance are governed.
Nevertheless, significant progress has been made in solving these problems in a
practical manner, but still, many obstacles remain.
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Fig. 3.1 Heinrich Hertz

There are analytical methods which in some cases render closed form solutions
to contact mechanics problems. Numerical methods are also available which will
provide an approximate solution when a closed form solution is not possible. We
will concentrate mostly on existing analytical solutions to contact problems. How-
ever, methods such as finite elements and elastic superposition can be very power-
ful tools for contact problems that cannot be solved analytically.

In this chapter, we will begin our summary of some of these useful contact
mechanics tools by first discussing the contact of elastic smooth curved surfaces as
Hertz first described.

2 Single Peak Contact

2.1 Elastic Cylindrical Contact (Line)

Perhaps the most popular and widely used solution in contact mechanics is the
contact of two elastic axisymmetric and parabolic structures, first solved by
Heinrich Hertz (see Fig. 3.1), apparently while on his Christmas break over a
125 years ago [5]. Although the solution assumes a parabolic geometry, it can
provide a precise approximation of elastic contact between cylinders and spheres.
The Hertz solution assumes that the interference is small enough such that the
geometry does not change significantly and that the surface interactions are fric-
tionless and only repulsive.

When a cylinder contacts a flat surface, the contact area is initially a line until it
grows and becomes a rectangle. The same is also true when two cylinders come into
contact and their axes of symmetries are parallel. Therefore, cylindrical contacts are
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Fig. 3.2 Schematic of
the contact area between
a cylinder and a flat surface

Applied Force, F

Contact
Area

often referred to as line contacts. A cross section of a cylindrical contact is shown
in Fig. 3.2.
Hamrock [6] provides the solution to the deflection of an elastic cylindrical

contact:

F 47E RL

§=——|In -1 (3.1)
zE L F

and according to Johnson [4], the half contact width is (the contact area is the
cylinder length multiplied by twice the half width)

1/2
b:(%%) (3.2)
TT.

Note that £’ is often referred to as the equivalent elastic modulus and can be used
for the contact of many different surface geometries. E’ is given by (each surface is
denoted by subscript 1 and 2)

11—} 1-13

/

E E, E,

(3.3)

Similarly, R is often referred to as the equivalent radius of curvature and can be
used to consider the contact of two spheres with different radii of curvature, denoted
R; and R, here, and calculated by

1 1 1
——— 34
R R, +R2 S

Note that contact between a convex and concave surface can also be considered,
such as for the contact between a rolling element and a raceway in a bearing by
simply making the curvature of the concave surface negative in (3.4).

When the cylinders come into contact, the pressure follows a nearly parabolic
profile and is zero at the edge of contact and maximum at the initial or center
point of contact. The maximum normal stress of the cylindrical contact is of course
on the surface at the center of contact and is also the maximum contact pressure
given by
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2F
Pmax — m (35)

However, the stresses that are recognized to cause yielding, the shear stress and
von Mises stresses, are often maximum below the surface, as will be discussed next.

2.2 Elastic—Plastic Cylindrical Contact

If the force applied to a cylindrical contact increases enough, eventually the
material will fail or yield. This usually occurs below the surface, because as
mentioned previously, the maximum shear and von Mises stress are sometimes
located not on the contacting surfaces but at a depth below them. Green [7] provides
the following curve-fitted equations for the prediction of the initial yield or critical
point for cylindrical contact according to the von Mises yield criteria. For the case
of plane strain, the critical contact force to cause yielding is

F. aR(CS,)’

LA et 7 3.6
L E (5.6)
where C is a piecewise equation given by
1
C =——————— when v <0.1938 (3.7)
VIi+4v =1
C = 1.164 +2.975v — 2.906v> when v < 0.1938
In addition, the critical deflection and contact width are given by
2 !
CS 2E
Se=R[==*]|2ln| = | -1
£ ||7"\cs,
(3.8)
2R
b. = C:Sy
E

Note that v = 0.1938 also indicates a threshold where when v is greater than this,
the point of initial yielding occurs below the surface, and when it is less, the initial
yielding occurs on the surface. In addition, the case of plane stress can also be
predicted by simply setting v = 0.

Unfortunately, very little work has been performed on cylindrical contact once
the critical force has been surpassed and significant plastic deformation occurs.
Actually, the case of sliding cylindrical contact has been investigated using the
finite element method, but not the case of pure normal loading in a thorough manner
that can be easily applied [8].
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Fig. 3.3 Schematic of the
contact area between a
sphere and a flat surface

Applied Force, F

Contact
Area
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2.3 Elastic Spherical and Parabolic Contact

Similar to cylindrical or line contact, Hertz also solved the case of an axisymmetric
parabolic contact, which is often used to model spherical elastic contact (see
Fig. 3.3). Since a sphere initially contacts a surface only at a single point, this
case is sometimes also referred to as point contact. This is also probably the most
widely used contact model employed to describe single asperity contact occurring
between two rough surfaces, as will be discussed later. This widely used model
provides the contact force as a function of interference or deflection as

F= gE’\/E(w)”2 (3.9)

And the contact area, which is circular, is given as
A = 7Rw = nd® (3.10)

Note that £’ and R are calculated using the same methodology outlined for
cylindrical contact. It should also be noted that the maximum shear stress and von
Mises stress occurs below the center of the contact area. Figure 3.4 shows the
von Mises stress in a spherical contact as predicted by ANSYS™ finite element
software. As will be characterized next, this causes initial yielding to occur below
the surface. Similarly, surface fatigue can also initiate below the surface and allow
cracks to propagate to the surface and cause large wear particles to detach and leave
deep pits on the surface (i.e., pitting).

2.4 Elastic—Plastic Spherical Contact

Just as with cylindrical contact, when the contact force reaches a critical value, the
stress state will start to cause yielding within the sphere. There are many models
that have been devised to account for the plastic deformation in the sphere. Most
models also assume that the deformation is elastic-perfectly plastic, meaning there
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Fig. 3.4 The finite element
predicted von Mises stress
distribution in a spherical
contact in the elastic regime
(0* = 0.571)

is no hardening in the material. However, there is no known analytical solution to
this problem, and therefore, many previous models did not give the correct quanti-
tative predictions, such as the groundbreaking model by Chang, Etsion, and Bogy
(CEB) [9] and the work by Zhao, Maletta, and Chang [10] which attempted to
improve on the CEB model by using a continuous template to bridge between the
elastic and plastic regimes of deformation. Later, Kogut and Etsion [11] and
Jackson and Green [12] improved upon these models by using the finite element
method. Jackson and Green found the following equations for the prediction of
initial yielding in the sphere according to the von Mises yield criteria [12]:

2
W, = <M> R G.11)
2F
C = 1.295exp(0.736v) (3.12)
A =1 (CSyR>2 (3.13)
c 2F '
4 (R\*/C 3

We can then normalize the area, contact force, and displacement by these critical
values as
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w*¥=4.29 w*=100

Fig. 3.5 The finite element predicted von Mises stress distributions for two interferences

A*=A/A, F*'=FJF., o =o0/o

Once yielding occurs, the volume of plastically deforming material spreads and
surrounds an “island” of material near the center of contact that is under hydrostatic
stress and therefore not yet yielded according to von Mises stress criteria (see
Fig. 3.5). However, as the contact force is increased, eventually the entire surface
in contact yields. When this occurs, it is usually referred to as fully plastic contact.
Jackson and Green [12] found that the plastic deformation had a negligible effect
on the contact until approximately w* = 1.9@., which is now labeled as ;.
According to the finite element-based empirical model by Jackson and Green,
when the contact is effectively elastic (0 < w* < w;) the normalized contact
force and area from Hertz contact simplify to

Fr = (0")*? (3.15)

A" = o (3.16)

and once plastic deformation becomes more influential at 0} < w*

F = [exp(—%(a}*)l%)] (") +g—IS{y [1 —exp <—%(a)*)g)]a)* (3.17)

and the contact area is then

o\ 2
Ap =o' <—> (3.18)
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Fig. 3.6 Schematic showing how the pressure changes with the deformation of the sphere during
fully plastic contact

S,
B = 0.14exp (23 Ei) (3.19)

where H is the effective fully plastic contact pressure, sometimes referred to as the
hardness, which is given in updated form as

sﬂy —284— 0.92(1 — cos (n%)) (3.20)

Equation (3.20) captures the effect that large deformations of the sphere have on
the contact pressure. As the sphere deforms, it changes from the shape of a curved
contact toward a cylinder in contact with a flat (see Fig. 3.6). As this transition
occurs, the average pressure for fully plastic contact changes from a value of
approximately 2.8-S,, as found by Tabor [2], to S,.

Note that the Jackson and Green [12] equations are only valid up to a/R = 0.41.
However, recently, Wadwalkar et al. [13] used finite elements to find a model that is
valid for much larger loads and deformations until the contact radius nearly equals
the radius of the sphere. Note that in these cases of severe deformation, the sphere
actually begins to behave similarly to a barreling cylinder in compression. Addi-
tional studies have also considered how the sphere rebounds and what the residual
stresses are once the sphere is unloaded [14, 15].

As mentioned previously, Kogut and Etsion [11] also developed their own
empirical finite element model prior to Jackson and Green [12]. The model by
Kogut and Etsion is much more simple than the Jackson and Green model and
might be useful for a complex systems of equations. Even though the models do
agree in some ranges [16, 17], it must be emphasized that the model is limited to
small values of a/R and low interferences. In addition, the solution is piecewise and
noncontinuous at the boundaries. Using the same normalization scheme, the Kogut
and Etsion [11] model is given as follows:
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When
1<w <6 (3.21a)
Ay = 0.93(")"%°
Py = 1.03(w")"*?
When
6<w <110
Ajp = 0.94(w")"1*
* %11.263
Pyp = 1.40(a") (3.21b)

2.5 Spherical Indentation

In the elastic regime and at relatively small displacements, the contact of an
elastic—plastic sphere against a rigid flat (i.e., flattening) and the contact of a rigid
sphere against an elastic—plastic surface (i.e., indentation) are practically equiva-
lent. However, as the displacements increase, the two cases begin to diverge
[17]. Kogut and Komvopoulos [18] investigated elastic—plastic indentation and
found a similar behavior of the fully plastic pressure to that of Jackson and Green
[12]. This case is important for using indentation tests for the measurement of
material properties. Kogut and Komvopoulos [18] found that the pressure during
elastic—plastic indentation reached a maximum value that is less than the popular
value of 2.84-Sy as a function of E//Sy:

H E
— =0.201In (—) + 1.685 (3.22)
Sy SY

which is analogous to (3.20) for spherical flattening, rather than indentation, although
in terms of the material properties rather than the deformed geometry. Additional
equations are provided in [18] relating contact area and pressure to the penetration
depth, and readers are advised to obtain the paper for additional information.

2.6 Elastic 2-D Sinusoidal or Harmonic Wavy Surface

Westergaard [19] first solved the case of perfectly elastic two-dimensional sinusoi-
dal contact. From Westergaard’s work, p* is defined as the average pressure that
when applied to the surfaces yields complete contact (i.e., no gaps between the
surfaces). The average pressure required to obtain complete contact between the
surfaces can be calculated as
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p;D,elaxz‘ic = ﬂ'E/A/l (323)

Then, the contact area is related to the nominal pressure, p (including the regions
out of contact), by

A =L(2/x)sin " (5 /p*)"/? (3.24)

Note that the contact area of the 2-D wavy surface is rectangular, similar to
cylindrical contact, and might also be referred to as a “line” contact.

2.7 Elastic 3-D Sinusoidal or Harmonic Wavy Surface

Johnson et al. [20] characterized the contact of 3-D sinusoidal or harmonic surfaces.
They found that no closed form analytical solution appears to exist over all ranges
of deformation. First, they found that the average pressure to achieve complete
contact for 3-D sinusoidal surfaces differs from the 2-D case and is

Pip.etasiic = V27E A/ (3.25)

Then, using Hertz contact, they find the asymptotic solution to 3-D sinusoidal
contact at low loads is

23
i [3 ﬂ] (3.26)

A == |—
(AsGr), 78y

At high loads and when nearly all of the surfaces are in contact, Johnson
et al. [20] found that the contact area is

1 3 5
(AsGi)» -2 (1 - {1 —5*} ) 3.27)

Later, Jackson and Streator [21] fit an equation to these two asymptotic solutions
that also appeared to agree with the numerical data in Johnson et al. [20]. This fit is
given by

1.51 1.04

For 2 <08 A=), |1- 1% + (As),

A

(3.28)

For >0.8 A= (Ain),

SRS IR
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| — Eq.(29) = —Eq.(26) |
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Fig. 3.7 The predicted contact area during sinusoidal contact as a function of average pressure

However, it was also later suggested that this equation could be approximated by
the much more simple version here [22]:

A_(PYA(2_F
-)0G-3)

As shown in Fig. 3.7, (3.28) and (3.29) appear to agree well within most
ranges of pressure and differ by an average error of approximately 2.7 %. However,
at low pressures, (3.29) differs significantly from (3.28) by 30 % or more. Note that
at very low pressures, Hertz contact can be assumed and that (3.29) does not
asymptotically approach Hertz contact given by (3.26). Therefore, (3.29) does
not appear to be a good approximation at low pressures and has errors above 5 %

at approximately p_* <0.2.
P

2.8 Elasto-Plastic 3-D Sinusoidal Contact

Just as with spherical and cylindrical contact, as the contact force and pressure
continues to increase, eventually it will cause yielding. If yielding initially occurs
when only the tips of the sinusoidal surface are in contact, then it can still be
modeled by spherical contact. Adapting the same critical equations derived for
spherical contact for sinusoidal contact, the critical load and area are given by
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1 1 \?*/C 3
e ae) (59) o
2/ CS, \?

where C is given as by (3.12). Atlow loads, FF < F, and consequently small areas of
contact, it is acceptable to assume that any deformation of the asperities in contact will
behave perfectly elastically. However, as load increases to the critical value, plastic
deformation will initiate within the asperities. Using the finite element method,
Krithivasan and Jackson [23] developed empirical equations describing contacting
sinusoidal surfaces by adapting existing spherical and elastic sinusoidal models:

4151 104
A=(4,)[1- [p*] + (Asr), (ll;*) (3.32)

Pp

14
where

1 d

A(‘ T 317 2 T
Ap =2 — A 3.33
=2(5)" (5 7) a3

/ 0.11
E A

d=38-[=.=2 3.34
(53) a0

and p;, is the average pressure required to obtain complete contact between 3-D
sinusoidal surface and a rigid flat according to the analysis by Jackson et al. [24], giving

* ¥
P, 1 ) *
—=|— - 3.35
p* (4 ' A/Ar + 7 ( )

Jackson et al. [24] also analytically derive from the stresses for complete contact
between sinusoidal surfaces, and according to the von Mises yield criteria, that the
surface will deform elastically if its amplitude, A, is less than

pe = V2 Siex(3) (3.36)
3zEf

Likewise, when A > A, the surfaces deform elastic-plastically. It is very
interesting to observe that the exact analytically derived (3.36) is very similar in
form to (3.11) and (3.12) which were fit to a numerical solution. This gives greater
confidence in those fits. Equation (3.35) predicts that the average pressure during
heavily loaded contact can be much larger than the hardness, or three times S,. This
is due to the stress in sinusoidal contact becoming hydrostatic as complete contact
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Fig. 3.8 The pressure change in the plastically deformed contact of sinusoidal surfaces

is approached. As shown in Fig. 3.8, this is in contrast to that predicted during
spherical contact. In fact, the behavior is reversed. In elastic—plastic sinusoidal
contact, the pressure can become much larger than yield strength as the contact area
increases, while in spherical contact the contact pressure actually decreases toward
a value of yield strength multiplied by unity.

2.9 Impact of Spheres

The impact of surfaces is very important for a wide variety of circumstances. For
instance, it can be used to consider interactions in particulate flow, the performance of
a particle damper, or perhaps even the impact of a bearing element against a raceway.
Using (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), (3.15), (3.16), (3.17), (3.18), (3.19),
and (3.20), one can predict the energy lost in the impact of spheres due to
elastic—plastic deformations. Here, we define V', as the normalized velocity at the

vV [4wcP. . .
instant just before impact: ((Vl) = V—l and V., = Cg >.Usmg two different
¢ m

methodologies to describe the rebound of the spheres [14, 15] results in two sets of

equations that both appeared to compare well with experimental data. First, when the

elastic recovery predictions in Jackson et al. [14] are used, the following is obtained:
For 0 < V,* <1

e=1 (3.37)

For1 < V,” < 60

x 1\ 0.156
e=1-0.1In(V}) (V‘SQ 1)
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For 60 < (V;)" < 1,000

*

e =1-0.1In(60) — 0.11In (%) (Vi — 60)>¥5/%

These equations combine to create a continuous prediction of e in the range of
0< VI* < 1,000. When the results of Etsion et al. [15] are used to predict the
residual interference in the sequence to predict e, a good fit results from the
following equation:

For 1 < (V)"

A 9.5¢,
e=1-00361(S,/E) " In(vi)(vi—1)"* (3.38)

These equations may not be valid outside the ranges considered in deriving them
(0.0005 < S,/E' < 0.01 and 0.2 < v < 0.45). The effect of strain hardening was
also recently considered by Chaise et al. [25], who also confirmed the equations
above for the impact of elastic-perfectly plastic materials

2.10 Adhesion Between Single Peaks

Under some conditions, such as when surfaces are contaminated, very rough, or
relatively rigid, the effect of adhesion is negligible. However, for many other
cases when the surfaces are very clean, smooth, and relatively soft, adhesion can
play a very important role. Adhesion is simply the ability of surfaces in contact to
maintain a tensile pressure before being pulled apart. Small quantities of water or
fluid can also cause adhesion by forming a meniscus between the surfaces.

Surfaces in close vicinity tend to attract one another resulting in an adhesive
force. Various sources can originate adhesion such as chemical bonds and physical
forces. Examples of such sources for chemical bonds are ionic and covalent bonds
and for physical forces are van der Waals and meniscus forces. Adhesion should be
differentiated from cohesion when two identical materials bond together to form a
new single material. Cohesion is measured when a material is broken into two
different parts whereas if two surfaces (even made of the same material) are brought
together, the force acting in between is called adhesion. The adhesion force, like
the friction force, depends on the externally applied normal force. However, unlike
the friction force, the adhesion exists even when there is no applied normal force
on the surface. The force required to separate two adhered surfaces by the force of
adhesion is called the “pull off force.”

Adhesion happens in the interface of almost all materials and states of matter.
A common example of the effect of adhesive forces between liquids and solids is
the shape of a droplet on a surface. When the liquid/solid adhesive force is greater
than the cohesive force of the liquid, the droplet tends to spread on the surface, such
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as with water on glass. Whereas in the case of high liquid cohesion, droplet keeps a
spherical form on the surface and minimizes the solid/liquid interfacial area, such as
with oil on glass.

Molecules and atoms on the surface are the source of the adhesion. Therefore,
contaminants, adsorbents, and thin films on the surface impose a great impact on the
adhesive properties of a surface. Contaminants and adsorbents can dramatically
reduce the adhesion of a surface. The existence of a liquid film can also result in the
formation of a meniscus and affect the adhesion. Surface roughness decreases the
real area of contact, and therefore, rougher surfaces tend to have less adhesion. Low
stiffness, high normal load, creep, and other parameters that increase the real area of
contact will also promote adhesion. Temperature changes the energy level of
interfacial bonds and also the elasticity of the material which in turn can change
the adhesion characteristics of the surface.

Generally, adhesion of a surface depends on many chemical and physical aspects
of the surface and material which makes it difficult to calculate and characterize.
Parameters such as work of adhesion, surface free energy, and interfacial energy are
often used to avoid the complications of adhesion models [26]. The work of
adhesion (W;,) is the energy change per unit area required to separate two surfaces
(surface 1 and surface 2) from contact to separation by an infinite distance in a
vacuum. The work of adhesion for two identical surfaces (W) is called the work of
cohesion. The work of adhesion always has a positive value as the surfaces are
attracted to one another in the vacuum. Surface energy (y;) is the energy required to
increase the interfacial area of a media by a unit area. For liquids, y; is usually given
in force per unit length (which is of the same dimension as energy per area) and
referred to as surface tension. The surface energy of two immiscible liquids is called
the interfacial energy (y,,). Relations between these parameters are given in (3.39):

Wi =y +y—

In small-scale geometries where the surface to volume ratio increases, adhesion
is an important and may be a dominant force. The domination of adhesion at the
small scale was cited as one source of the contradictions observed between the
Hertz contact model and experiments in the early of 1970s [27]. The first attempt to
model adhesion between rigid spheres was carried out by Bradley [28], and the pull
off force was calculated. Since Bradley, many models have been developed for
spherical single asperity contact under certain assumptions. Johnson, Kendall, and
Roberts (JKR) [27] developed a contact model assuming the adhesive force inside
the contact area. Based on JKR, the radius of contact (a) when two spheres (R, R>)
with the elastic modulus, E, are compressed together under the applied load, F, is
given by

R
@ = z {F + 37RW 1, + \/ 6mRW 1F + (37RW,)* (3.40)
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where R = R; Ro/(R; + R,). Note that this equation predicts an area of contact for
the case even when no load is applied. The JKR model also predicts a pull off
force of Fy = — 37RW,/2, meaning that when the applied force equals to F, the
two surfaces suddenly jump out of contact.

Assuming the Hertz contact solution inside the contact region and the adhesive
force outside the contact area, Derjaguin, Muller, and Toporov [29, 30] developed
an adhesion model also known as the DMT model. Equation (3.41) presents the
radius of contact and pull off force according to this model:

3R
@’ = =—(F + 2zRW
2E 2) (3.41)

FS = —271'RW12

For a while it was thought that the DMT and JKR model are contradicting one
another until Tabor [31] shed light on the matter by proving the fact that the two
models are the limiting cases characterized by the Tabor parameter. Maugis [32]
and Carpick-Ogletree-Salmeron [33] bridge the gap between the two models by
introducing new assumptions and fitting equations.

Adhesion between rough surfaces can also be characterized using single asperity
models and approaches such as statistical or multiscale methods. Fuller and Tabor
[34] provided an adhesion parameter, 6, that qualitatively predicts the importance
of adhesion in rough surface contact and is given by

0, Lo (%) . (342)

‘" Wi \R
where o, is the RMS roughness of the asperity heights which will be defined later in
Sect. 3.2 when discussing statistical rough surface contact models. When 6, is greater
than 10, adhesion is usually considered to be negligible in the contact of rough
surfaces. In conclusion, adhesion can act as a helpful (a gecko walking on the wall)
or a destructive mechanism (micron-sized devices stuck together). Therefore, careful
study and understanding of it is of great importance in the area of contact mechanics.

2.11 Layered or Coated Single Peak Contacts

The ability to estimate the contact between a sphere and a thin-layered or
thin-coated foundation is practically of great interest since thin coatings are widely
used in industry. We will introduce the extended Hertz theory for circular point
contact of coated bodies developed by Liu et al. [35] in this section, but many other
cases of contact between layered surfaces are available in the literature. Liu
et al. [35] provide a model of this contact problem by modifying the Hertz contact
theory using a numerical analysis. As shown in Fig. 3.9, there is a coated layer on
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Fig. 3.9 Contact between a

sphere and coated surface BOdy 2 F R
Ey, v, a
S N A w
t E., v 0
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body 1, which is considered the substrate, and body 2 is the elastic sphere. In this
work the substrate (body 1) will be considered rigid (E;, = o0).
The original Hertz solution is modified by using an equivalent elastic modulus

(E" resulting in
1603E*?
F= “’T (3.43)

3/3FR

3.44
a5 (3.44)

a =

11 (1-13)
E—E—,T‘i‘Tz (3.45)

where o is the contact approach or interference, a is the contact radius, 7 is the
thickness of the coating, F' is the externally applied force, and R is the radius of the
sphere. An externally applied force can be obtained using (3.43), and the contact
radius and area is predicted by (3.44). The following procedure should then be
followed. First, calculate the value of each necessary parameter (A, k, E7, and H)
using (3.47), (3.48), (3.49), and (3.50). The subscripts “c,” “1,” and “2” stand for
material properties of the coating, body 1, and body 2, respectively. Then, the
equivalent elastic modulus of the layered surface is predicted by the fit equations
from Liu et al. [35]:

1 — (A + & + 4xa®H?)exp(—2aH) + Axexp(—4aH)

E,=E: 3.46
b 1 + 4aHxexp(—2aH) — Akexp(—4aH) (346)
A=4v. -3 (3.47)
K="/ (3.48)

E.
E: : 3.49
& 1 _ V2 ( )

H=". (3.50)
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Fig. 3.10 Curve of « as a function of H

In order to find w from a, use the Hertz contact theory (3.10). Next, obtain “o”
from Fig. 3.10 with the H calculated above. Now, we can obtain E] containing the
overall characteristics of body 1 from (3.45) with the parameters we have
calculated, and then, find E* using (3.44). Finally, the applied force will be
calculated using (3.43) with E*. In this way, the applied force and resulting
contact area on a circular point contact between a sphere and coated rigid
substrate is obtained.

Liu et al. [35] also developed the ways to obtain applied force for the case of a
circular point contact between a sphere and coated elastic substrate and an elliptical
point contact. These other cases are omitted due to limited space but can easily be
implemented from the original work.

An example of analysis for the contact between “aluminum” sphere and “glass”
substrate coated with polydimethylsiloxane (PDMS) using the Liu et al. [35]
model is presented next. The employed elastic modulus and Poisson’s ratio of
PDMS are approximately 615 kPa and 0.5, respectively. Also, the values of R and
t are 5 and 1 mm, respectively. The relation between @ and a is determined by
Hertz contact (3.10). To compare this model with the classical Hertz contact
theory, the forces obtained by the Liu et al. [35] model and the Hertz contact
theory are plotted in Fig. 3.11. The lines of “Hertz 1” and “Hertz 2” represent the
contact forces in elastic spherical contact situations obtained by (3.9). “Hertz 1” is
the prediction of the contact between an aluminum sphere (E = 73.1 GPa,
v = 0.35) and a glass substrate (E = 77.5 GPa, v = 0.2) without a layer. “Hertz
2” is the prediction of the contact between an aluminum sphere and an infinitely
thick PDMS layer. As expected, the layered model predicts forces between the two
limiting cases.
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Fig. 3.11 Comparison of the layered contact model to the limiting Hertz contact cases

2.12 Creep in the Contact of Single Peaks

Creep is a time-dependent phenomenon which causes a change in the stress and
strain in a material over time. In the contact between surfaces, creep causes a
change in the contact area and contact pressure over time. Creep isn’t an elastic
behavior, and there is no recovered creep strain or reversible behavior under
normal operating conditions, although elastic deformations are still recovered.
Temperature and the presence of certain chemical solutions are environmental
factors that may help some creeping materials to retrieve their initial shapes after
aperiod of time. Any material may suffer from creep if certain conditions are met. It
could be metals at high temperatures, polymers at room temperatures, and any
material under the effect of nuclear radiation. There exists a variety of tribological
applications that contact creep is of importance such as rail and wheel, MEMS RF
switches, magnetic tapes, and also natural and artificial joints in the human body.
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Different effects in contact between rough surfaces such as the rise in static
friction due to dwell time and the rise in dynamic friction due to velocity and the
friction lag and hysteresis can be described by the creep theory. The creep behavior
depends on properties such as temperature and the stress level to which the material
is exposed. Creep increases with temperature and is more dominant in materials that
are exposed to heat for a long period of time.

For analyzing the creep behavior of materials, usually two approaches have
been used in the literature. The first one is a classical approach [36] which is based
on a combination of springs and dashpots, and the second approach uses empirical
formulas which are based on experimental results to consider the effect of
different creep parameters [37, 38]. In this text, the second approach is considered.
Some of the empirical equations that have been used in creep modeling are listed
as follows:

Power Law [39]

&y = Co”" (3.51)
Exponential Creep Law [39]
éer = Cexp(fio) (3.52)
Garofalo Law [40]
& = Cysinh" (Cro0) (3.53)
Strain Hardening [39]
b = C1o©eCe (3.54)

Modified Time Hardening [39]

c
C16C21C3€7 4/T

Ecr (CE) (3.55)

In the above equations, ¢, is the creep component of the strain, ¢ is the nominal
stress in the material, T is the temperature, and all the constants C, C', §, n, and
C; (i =1 — 4) are creep parameters which are obtained by curve fitting to the
results of an accurate creep experiment.

It is suggested in [40] that the power creep law is only applicable to low stresses,
but for high stresses, the exponential creep law gives better predictions. In addition,
it is sometimes difficult to distinguish experimentally between the power and
exponential creep laws. Therefore, the Garofalo creep law (3.53) was introduced
which reduces to the power law for low stresses and to the exponential law for
high stresses [40].
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Only one case from two possible boundary conditions for analyzing creep will be
considered in this chapter. Constant interference (i.e., relaxation) and constant load
(i.e., creep) are the two possible cases, and only the first will be considered. Some
models (i.e., [42] and [37]) assume constant normal force instead of constant
displacement (i.e., [41]) for the contacting flat surface. The creep behavior of an
elastic-perfectly plastic hemispherical asperity in fully plastic contact with a rigid
flat surface, as analyzed by Goedecke and Mock [41], is discussed here. Fully
plastic contact means that material has reached the yield stress everywhere in
contact area.

We can write the following equation for the total strain tensor &,,,, which can be
separated into the creep, plastic, and elastic strain tensors:

lé‘tot = écr + épl + é'el (356)

As the creep strain increases, the elastic strain, &, decreases, and the total stress
reducesto o = C : &,, with C being the elasticity tensor." It is sufficient to formulate
the uniaxial creep law, ., (o), where ¢, and o denote the equivalent strain and stress
(von Mises stress), respectively. Using the Garofalo creep law with this model, as
used in numerical simulations by Goedecke and Mock [41], two distinct phases of
creep relaxation can be distinguished [37]. The asperity creeps with an accelerated
creep rate in the first phase, but in the second phase, the asperity creeps with a much
slower rate and no contact area change can be seen. It should be noted that the
inclusion of a time- or temperature-dependent material creep law is straightforward
as long as the hyperbolic sine dependence on stress is retained. In this case, the
constant C; becomes a time- and temperature-dependent function C,(¢#,T) and can be
included trivially in the equations describing the asperity behavior.

As mentioned before, in this model (Goedecke and Mock [41]) the contact
between a hemispherical asperity and a rigid flat is under a fixed interference
boundary condition 6 (Fig. 3.12). It is assumed that » = 1 in the Garofalo formula
(3.53) which corresponds to Persson’s creep theory [43]:

écr = Cysinh(Cao0) (3.57)

The creep constant C; in the Garofalo formula shows the characteristic time
scale in the creep process, and the results are presented with respect to this scaled
time:

EC
T=t/t = t# (3.58)

! In this notation, the colon (:) marks a reduction of the full tensor grade by 2; i.e., a multiplication
of a tensor of the fourth grade with a tensor of the second grade yields a tensor of second grade.
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Fig. 3.12 A hemispherical
asperity with radius

R before and after loading,
showing the contact radius
a, the displacement §, and

the load F/

In Fig. 3.13, the force F and the contact area A dependence on 7 for reference
parameters (set number 1 in Table 3.1) are shown. It can be seen that the contact
area change flattens and it remains constant after an initial rise of about 7 %. The
contact force, on the other hand, shows a steep initial reduction and a slowing creep
rate as time increases.

The finite element simulations include two steps: (a) displacing the rigid flat to
reach to a predefined interference 6 as shown in Fig. 3.12 and (b) creep relaxation at
this fixed interference. Jackson and Green [12] formulas can be used (see (3.11),
(3.12), (3.13), (3.14), (3.15), (3.16), (3.17), (3.18), (3.19), and (3.20)) to obtain the
state of the sphere before creep initiates (Step (a)). Using the Garofalo creep law
(3.53) and considering the fact that the total strain is constant at &y because of fixed
interference boundary condition, the following equation can be obtained for the
contact area as it changes in time due to creep:

2

A(t) = Ao {1 —(1=2v) (eo - Earotanh(—Cngt + é)ﬂ (3.59)
2

where Ay is the initial contact area before creep starts and £ is an integration

constant. So a time evolution law for the change in contact area (AA) is

AA(1,C2,6) _ AA(C,9)

2en ) SEERO 1~ 2c(py, poJarctanh{exp(—pie(t) + py)}] (3.60)
0 0

where

c(py,p,) = [2arctanh(exp(p,))] ' (3.61)

to set AA(t = 0) = 0. p; and p, are the fit parameters, and their values for the
example material properties listed in Table 3.1 are given as
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Fig. 3.13 Creep relaxation
of force (solid line) and
evolution of contact area
(dashed line) with respect to
normalized creep time in a
logarithmic (a) and
conventional (b) scale
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Table 3.1 Overview of parameter ranges used for simulation [36]

04 0.5

Run no. Varied parameter Range
1 None (reference) R = lmm, E = 200GPa, v = 0.33
oy = 400MPa, (C; = 10~ %~ 1)
C, = 10/6y, 6 = 1006,
2 Radius R 0.1 — 10mm
3 Interference & 256, — 6006,
4 Poisson’s ratio v 0.28 — 0.38
5 Yield stress oy 200 — 2000MPa
6 Young’s modulus E 70 — 300GPa
7 MCL parameters Cy, C» C,=103=-10"3% 1 C, =5 = 15/oy
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pp=27+5
and
py=—(1+£04)x 1073 (3.62)

The pressure rate or relaxation rate for the second step (b) is obtained from the
following equation:

2
p(p) = =) _ Aisinh(aip) (3.63)
i=1

The A; and a; are dependent on input parameters such as the fixed interference 6
and the asperity radius R and are obtained by curve fitting to accurate numerical or
experimental results. Extending (3.63),

—p = A;sinh(ayp) + Azsinh(ayp) (3.64)

where the constants A; and a; are obtained using the following empirical equations:
A 2.933 £0.076 0.001 +£0.010
(A2 ) B ECI{ ( —0.035 + 0.019> + Caoy (0.089 + 0.002) } (3.65)

ai 1 0.43 £0.14 0.57 £ 0.02

<a2) :H{<3.43:t0.23> +C26Y<O.85j:0.03>} (3.66)

The second case that is considered here is creep under the constant force

boundary condition as described by Brot et al. [38]. In reference [38], a polymeric

biomaterial is used to model the single hemispherical asperity, and they also used a

simplified form of the modified time hardening law (3.55) for their model because it

better predicts the experimental results for polymers. Since biomaterials are used

over a narrow range of temperatures, the temperature dependency can be ignored.

Therefore, by substituting the simplified form of (3.55) into a sum of the different
components of the strains, (3.56) gives

o

+C 169245 (3.67)

€ = Eelastic T Ecr =

ey

The above equation is called the simplified modified time hardening law
(MTH) where E is the linear elastic modulus of the polymer and the parameter

C is defined as

s Cy
C= 7((:3 1) (3.68)
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Brot et al. [38] found the following equations for the creep displacement and
creep contact area using (3.67), and by performing a parametric analysis to study
the effect of the various variables obtained the following

£\ (071C:+0.03)
a)zrr(t) - wcr(tr) (f) (369)
£\ (071C:+0.03)
Acr([) = C2”Ra)cr<tr) (t_> (370)

In the above equations, w.,(f) and A_(¢) are the time-dependent creep displace-
ment and creep contact area, respectively. It should be noted that @, (¢,) is the creep
displacement at a convenient reference time #,, R is the radius of the hemispherical
asperity, and C, and C5 are constants that are calculated by curve fitting the
equation to the experimental results. As shown by the equations, Brot et al. [38]
found a linear relation between the area evolution A.,(¢) and interference w,.(?).

2.13 Sliding and Tangentially Loaded Contacts

Ultimately, the goal of many of the contact models is to be able to predict friction
and wear between sliding surfaces. Unfortunately, no theoretical model of friction
or wear has been universally successful in making predictions based on the material
properties, surface geometries, operating conditions, etc. Nonetheless, we will
briefly introduce some of the concepts of sliding in contact mechanics here. Sliding
is essentially the application of a tangential load to a contacting asperity. Many
previous works have considered the effect of tangential load on the elastic contact
between a contacting sphere and a flat, and we suggest you look to these prior works
for more information [44—46]. The elastic—plastic contact of a sphere against a flat
surface has also been studied since Chang et al. [47] were first interested in
predicting the static friction between metallic surfaces. The concept is that two
asperities will bond together on the surface, and that the bond must be yielded by
the combined stresses induced by normal and tangential loading for sliding to
occur. An anomaly of this theory is that for very highly loaded surfaces on which
the contacts are yielded, no additional force is needed to induce sliding, and the
friction is theoretically nil. More recently, Brizmer et al. [48] used a finite element
analysis to predict the tangentional load, Q,,.., required to break the contact or
cause sliding between a sphere and a flat with a full stick condition initiated
between the surfaces and provide an empirical fit as

0 o\ 046
u=-—"2=0.26 coth (0.27 (—) ) (3.71)

Fl’l w('
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Fig. 3.14 Comparison of 1.000

two elastic-plastic models .
of the tangential loading of | = _____receee======"""""7
spheres against a rigid flat
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where F,, and @ are the normal preload and deflection before the tangential load is
applied, respectively. Be careful to note that this is not the conventional friction
coefficient, but the ratio of tangential to normal force for a single contact. Since
(3.71) is intended to consider single asperity contact in order to predict friction
between the surfaces, the full stick condition is intended to model the adhesive
bonding or cold welding that can take place between asperities on surfaces and is
believed to be one of the main sources of friction.

Alternatively, another finite element-based work characterized the lateral inter-
action of two spheres deforming in the elastic—plastic range [49]. This interaction
might be considered the plowing or abrasive mechanism in friction and wear, as
opposed to the adhesive mechanism. To isolate the plowing effect, the friction
between the interacting spheres was set to zero. From an extensive finite element
simulation, the following fit equations were found for average normal force,
average tangential force, and single contact friction averaged over the entire
interaction of the two spheres, respectively:

s y ]
Fo 5\" 1N\ v o
S =0.59 l(“’> (1 ~0.656 (g) ) (553) ] (3.72)

2y,
F, - 7 5 ) 2 v ?/3
S =45-10 [m (m> (113e,) (@) ] (3.73)

20/, ! 2
F SN o 113 0.56
p=—=763-10"7 ln<—> (_a) ) ( ey) —0.05 ( : )
F, o) N6/ 1-0656(c,) " \0.33

where e, is S,/E" and & is the interference between the interacting spheres. Note that
the fits are limited in applicability to 0.01 < 8/R < 0.025 and 1.66 x 107> < e,
< 22.5 x 107°. Since the fits presented by (3.71), (3.72), (3.73), and (3.74) repre-
sent the source of friction from two different mechanisms, it is possible to qualita-
tively compare the proportion of friction from the two mechanisms as shown in
Fig. 3.14. The results shown are for £ = 200 GPa,v = 0.33,0 = » = 0.1 pm, and

(3.74)
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R = 10 pm, and the yield strength is varied as shown. These values could represent
an asperity on a steel surface. The results of this comparison suggest that the
adhesive source of friction is much larger than the plowing portion. However, it
is possible that under certain conditions this might not be the case, for instance if the
surfaces are lubricated. In addition, it appears that for very soft materials that
the two curves would cross and reverse order. Then, it is also interesting to note
that the two mechanisms appear to be affected by the yield strength in opposite
ways. They may result in the effect of yield strength cancelling out. Another recent
paper uses a semianalytical method to also consider rolling motion [50]. Even more
recently, Mulvihill et al. [51] examined a similar case but included the effect of a
shear strength at the contact bond between the surfaces.

3 Rough Surface Contact

3.1 Background

All surfaces, if looked at the proper magnification, show some roughness or
deviation from being perfectly smooth. In some cases, this may mean considering
the atomic scale of the surface where roughness is inherent due to the particle-based
structure of matter. In contrast, some surfaces appear rough with no magnification
at all. Regardless of what scale the roughness appears, it will cause contact between
surfaces to begin at the peaks and difficult to accurately model. This roughness also
usually does not only appear at one scale but over many scales (see Fig. 3.15). This
results in the geometry of surfaces being very difficult to describe in detail.

Even though the roughness of surfaces is very difficult to describe, the contact
between rough surfaces governs many phenomena in our world, such as friction,
wear, thermal contact resistance, and electrical contact resistance. Therefore, it is
extremely important to be able to at least make reasonable predictions of the
pressure and real area of contact between two contacting rough surfaces. The real
area of contact between surfaces defines what solid material actually comes into
contact when two surfaces are pressed together. For example, if you asked most
people what the area of contact was between this textbook and a table is, they would
identify the rectangular profile of the book, which is commonly referred to as the
nominal or apparent area of contact. However, what’s actually in contact are only
the peaks or asperities on the surfaces of the book and the table. This results in the
pressures on these asperities being much higher than what is nominally applied to
the book.

Archard [1] was probably the first to model contact between rough surfaces by
the stacking of spheres of different sizes. He was the first to show that the real
contact area is often nearly linearly proportional to the contact force. This was later
confirmed by others such as Bush et al. [52] and Greenwood and Williamson [3]
and has important implications in explaining Amonton’s friction equation
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Fig. 3.15 Illustration of how surface roughness can appear at different magnifications and
therefore at different scales

(i.e., friction is independent of nominal area and dependent on normal load). If the
friction force is proportional to the real area of contact, then according to these
models, Amonton’s friction equation is explained.

In addition, it is extremely difficult, and perhaps even impossible, to measure the
actual or real area of contact between many surfaces under practical conditions.
This is because the individual asperity contact areas are not only often very small
but hidden between the surfaces. Some researchers have had some success with
acoustic [53], optical [54], electrical [55], and thermal measurements [56]. None-
theless, it is difficult to verify the various rough surface contact models in the
literature, and for these reasons, there are many of them. It would require another
book to describe all rough surface contact models and is impractical to review them
all here, but we will cover a few that we believe are the most practical and accurate.

If one attempts to consider the entire surface geometry, such as by meshing the
entire surface and solving the contact and deformation using finite elements, then
the method is considered to be deterministic. However, these models are not truly
deterministic because it is currently practically impossible to adequately include all
the detail of a rough surface. However, there are a few methods that have shown
promise in this area. There are many methods that also seek to improve the
computational efficiency via semianalytical approaches [57], multigrid methods,
or by solving the problem in the frequency domain [58, 59]. Samples of a rough
surface contact problem solved in the frequency domain using the method outlined
by Stanley and Kato [59] are shown in Figs. 3.16, 3.17, and 3.18. For generality,
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Fig. 3.16 A rough surface modeled using the FFT deterministic method for elastic contact (using
Stanley and Kato [59])
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Fig. 3.17 The pressure distribution of the rough surface shown in Fig. 3.16 solved by using the
FFT deterministic method for elastic contact

these figures are left without units. In Fig. 3.16, the initial geometry is shown.
In Fig. 3.17, the contact pressure is shown, and finally, in Fig. 3.18, the deformed
geometry of the surface is shown. It is easy to see in these figures how the peaks or
asperities are only in contact and incur high pressures.
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Fig. 3.18 The deformed profile of the rough surface shown in Fig. 3.16 solved by using the FFT
deterministic method for elastic contact

Since deterministic methods are very computationally expensive, many methods
have been developed by modeling the rough surface using different mathematical
models. The main methods are here categorized by the implemented mathe-
matical methodology as (1) statistical, (2) fractal, and (3) multiscale. Here, we
will discuss only the statistical and multiscale models in detail. This is partly due to
the fact that fractal-based models have been found to predict a nonphysical result:
zero contact area. It should be emphasized that all rough surface contact models
should be used with great care because they all make underlying assumptions about
the surfaces that are in contact.

Since rough surfaces possess very complicated geometries and appear “random”
in nature, it is logical to employ statistics to describe them. Greenwood and
Williamsons’ [3] seminal work first set the foundation for the statistical-based
modeling of rough surface contact. In their work the height of a surface, z, is
described by a Gaussian distribution as

b= (2n) " (g) exp {_o.s <;) 2} (3.75)

where o is the root mean squared (RMS) roughness of the surface, also commonly
referred to as the standard deviation, and o, is the RMS roughness of just the peaks
or asperities on the surface, since the asperities are what will come into contact
when a rough surface is pressed against another surface. Now, consider that if one
wishes to calculate the number of asperities that are taller than a height, d, one
would solve the integral:

N(d) = r/A,,/ @(2)dz (3.76)
d
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Now, consider if an opposing surface was a distance, d, away from the rough
surface. Then, the peaks that are above this height would actually be in contact with
the opposing surface. Therefore, to predict the area of contact between the surfaces, one
would sum the individual areas of each asperity. This can be accomplished with the
statistical model using the equation below provided by Greenwood and Williamson [3]:

A(d) = 11A,,/ A(z—d)g(z)dz 3.77)
d
Similarly, the total contact force can be calculated by
P(d) = qA,I/ P(z—d)p(z)dz (3.78)
d

but note that this model neglects the lateral interactions between asperities. In the
original Greenwood and Williamson model, the radius of curvature for all of the
asperities was assumed to be constant, but later, Bush et al. [52] and Whitehouse
and Archard [60] alleviated that assumption. Nonetheless, for simplicity this
assumption was still adopted by many subsequent works. The individual asperity
contact areas, A , and asperity force, P, can be predicted by many of the models
discussed earlier in this chapter (see (3.9), (3.10), (3.17), and (3.18)), and many
works have examined the effects of various asperity models, height distributions,
the effect of lateral asperity surface interaction, a deformable substrate, etc.
[9, 61-70]. However, in the original work by Greenwood and Williamson [3],
the asperities were assumed to always remain elastic so that Hertz contact could
be used. For many years, the model was only used by numerically integrating the
equations or simplifying the distribution. However, very recently an analytical
solution was found and is given as [71]

P o\ 1/2
== /3<§) J, (3.79)
n
A,
L=aped (3.80)

1 ) d*
1=\ = L e (%) (3.81)

Jp = % \/feﬁ/4 [(1 + GZ)K1/4(—0‘2/4) - “2K3/4(_“2/4”
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_T'(5/4)
P \/'2]/4

(03)"

ford* <0

INYE

Jp =

x @62/4[(1 +2)01a(C/4) + B+ a(C/4) +2 (134 (C/4) + 154 (/4))]

(3.82)

where I'(+) is the Gamma function, /(-) and K(-) are the modified Bessel functions of
the first and second kinds, respectively, and erfc(-) is the complementary error
function. Also note that “*” denotes a length normalized by oy, and the equations
use the definitions f = noR, d* = h* — y? , and a@ = d*/c}. In order to practically
implement the Greenwood and Williamson model and other statistically based
rough surface contact models, one must obtain the statistical parameters for the
contacting surfaces. McCool [72] provides a widely used spectral moment-based
approach. First, the spectral moments are calculated by

1SN [dz\?
my = NZ <E> (3.83)
_ —Z (dx2> (3.84)

and my is merely the mean squared roughness (¢2). For discrete rough surface data,
(3.83) and (3.84) can be calculated using the finite difference method. For
two rough surfaces in contact, the spectral moment of each surface is added
together to give the equivalent spectral moment used to calculate the statistical
parameters. As an example, for two identical surfaces the spectral moments would
merely be doubled. Then, the other required statistical quantities can be easily
calculated as

my

= 3.85
1 6\/§ﬂ' My ( )

e 0.5
R =0.375- (—) (3.86)

My
3.717-1074
2 __ 2

0y, —0 — T (387)

and from Front [73]
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v = 0.045944 (3.88)
nR
Greenwood and Williamson [3] also knew that the stresses in the asperities could
be very high and therefore they are very likely deforming in the elastic—plastic
range. To quantify the relative amount of the plastic deformation between
contacting surfaces, they derived the dimensionless plasticity index given by

w= /2 (3.89)

@

Recall that o, is the critical interference in spherical contact given by (3.11). One
then uses the average radius of the asperities on the surface (3.86). The plasticity
index can vary over several orders of magnitude. The meaning of y is qualitative,
and higher values signify relatively more plastic deformation of the contacting
asperities. Generally, it shows that plastic deformation increases with roughness
and decreases with yield strength. Note that the amount of plastic deformation also
depends on the force pressing the surfaces together. The transition from the elastic
to elastic—plastic regime of rough surface contact is said to occur at approximately
w=1. A similar prediction of the plasticity index was derived using the multiscale
stacked asperity contact model that is discussed next. If a high plasticity index is
calculated, it is recommended that a rough surface contact model that considers
plastic deformation is used, such as by including the elastic—plastic asperity models
in (3.17), (3.18), (3.19), (3.20), and (3.21) or by using the elastic—plastic multiscale
models described next.

3.2 Multiscale-Based Models

Initiated from Archard’s theory [1] many years ago, recently, the multiscale
modeling technique has become more popular [21, 56, 74-79]. Archard suggested
that the asperities of rough surfaces must be modeled as “protuberance upon
protuberance.” However, Archard first used spheres to model the scales of
asperities or protuberances, which is difficult to relate to actual surfaces. To some
extent, sinusoidal contact may be a more realistic depiction of surface asperity
contact, especially at high loads, than spherical contact. A fairly recent multiscale
rough surface contact model considering sinusoidal-shaped asperities is described
here [21, 78, 79]. In this model, the different scales of asperities on a surface are
characterized using a fast Fourier transform (FFT). Since the model needs an
iterative numerical algorithm to solve, a simplified version of the model is then
proposed which assumes that the real contact pressure is proportional to the
maximum ratio of the amplitude to the wavelength for the surface acquired
from FFT.
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The full iterative version of the model also has the assumptions:

1. Asperities are arranged so that asperities of smaller cross-sectional surface area
are located on top of larger asperities.

2. Each scale of asperities carries the same total load (i.e., the scales are in a
mechanical series).

3. The load is divided equally among all the asperities at each scale (i.e., in
mechanical parallel).

4. At each scale, the asperities deform according to a chosen contact model
irrespectively of any smaller scales.

Using these assumptions and Archard’s stacked asperity concept, the following
equations are derived that predict the real area of contact:

imax __
A, = (_171 A,m)An (3.90)
F =FnAi1 (3.91)

where A, is the real area of contact, F is the contact load, and A, is the nominal
contact area. Parameters A, and F, are the single asperity contact area and single
asperity contact force at a given scale level, respectively. The subscript i denotes a
scale or frequency level and i,,,,x denotes the highest frequency level considered.
The area of contact at a given frequency level is denoted by A;, and #; is the
corresponding areal asperity density. The parameters describing the surface topog-
raphy (such as A and ) are calculated from an FFT performed of the surface profile.
Then, the value of 7 is given by

n = 2f; (3.92)
where f; denotes the frequency (i.e., the reciprocal of wavelength).

The number of asperities at level I, N;, is given by

Ni =niAi—y (3.93)

Hence, the load on each individual asperity at level I, F,, is given by (note that
this is equivalent to (3.91))
- F
F = N, (3.94)
Using (3.94), one finds the contact area on each asperity at a given scale. Then,
any of the asperity contact models described earlier in this work can be used to find
the contact area of each asperity as a function of the force. In this way one could
include the effects of elasticity, plasticity, adhesion, sliding, and layered contact.
However, since (3.90) and (3.91) must be solved iteratively and can be complicated
to code, a closed form version of the multiscale is also provided and described in the
following paragraphs.
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3.2.1 Elastic Contact

Provided here is a simplified solution of the full multiscale model, which predicts
nearly the same trends as the full multiscale model. It first assumes that the surface
is constructed from a series of sinusoidal waves, with the small scales of roughness
being stacked onto the tips of larger scale asperities. Now, imagine that the average
pressure required to flatten the surface within the real area of contact must over-
come all the scales of roughness within the real area of contact. This average
pressure can easily be calculated from the average pressure needed to flatten a
sinusoidal surface as described earlier by (3.25). Since the real area of contact is
calculated by the contact force divided by this pressure, we have

a=r (3.95)
p

Then, the real contact pressure, P,, is equal to p*. p* is the pressure required to
flatten the sine wave on the surface with the maximum asperity aspect ratio (A/A) or
B,..x- Recall that A and A are the amplitude and wavelength of the sinusoidal
surfaces, respectively. B,,,, is found from the Fourier transform of a surface and
comparing all the amplitude to wavelength ratios over all known scales of the
surface. The real area of contact can be obtained then by substituting (3.8) into

(3.18) or

F

- 3.96
\/EﬂE B nax ( )

(A r ) elastic

which is a very simple and yet effective way to predict the real area of contact.
However, this equation does not include the effect of plasticity which is likely to
occur in the contact of rough surfaces.

3.2.2 Elastic—Plastic Contact

Consider that for sinusoidal surfaces the critical ratio between the amplitude and
wavelength is analytically derived as [79]

A. V28, o,
Y2y 3.97
PR (357

B, =
where the smaller yield strength S, from the surfaces in contact is used. Then, for
multiscale rough surface contact, if B,,,. < B,, the contact is elastic contact even
for very high loads, and (3.96) should be used. Alternatively, if B,,,. > B, then a
version of the model which considers elastic—plastic deformation should be used.
Since this ratio defines the existence of plastic deformation in a rough surface
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contact within the multiscale contact framework, an analytically derived multiscale
plasticity index is

Binax 3zE (A
= = — 3.98
Ve B, \/262/31/ : Sy (A) max ( )

Note that when this plasticity index is below unity, no plastic deformation should
occur, even when loaded to complete contact (i.e., no gaps between the surfaces).

However, in many cases the plasticity index will be well above unity, and so
plasticity must be considered. For multiscale elastic—plastic contact, (3.95) is
adjusted to

F

A= (3.99)
pep

Therefore, to calculate the real area for elastic—plastic multiscale contact, the
relatively simple equation next can be used:

25 _p 47
F \/ESve%" max
(Ar)elaxtic—pastic = \/Z]TE,B - 11 (3 100)

Just as (3.96) can easily be used for elastic contact, (3.100) can easily be
implemented to make a prediction of the real area of contact for rough surfaces in
contact and deforming in the elastic—plastic regime. These closed form versions of
the multiscale contact model are plotted in Fig. 3.19 as a function of B,,,, and the
real contact pressure normalized by the yield strength. The initiation of plastic
deformation as predicted by (3.97) is shown by a red line at P,/S, = 0.83 for a
Poisson’s ratio of v = 0.33. This threshold is found by simply substituting the
critical amplitude, B, into p*. Once this threshold is crossed, the pressure continues
to increase with B,,,,,, but at a more gradual slope. Nonetheless, the P,/S,, continues
to rise well past the ratio of 3, which for many years was considered the maximum
obtainable pressure in the contact of rough surfaces. It is clear that the pressure can
rise far past that, even in the typical range of engineering surfaces (also shown in
Fig. 3.19).

Actually, this increase in the real contact pressure well past the traditional limit
of 3-S, is also observed in a few papers which observe what is coined as “asperity
persistence.” The asperity persistence is the measured ability of asperities to resist
flattening even at very high pressures. As shown in the works by Childs [80], Uppal
and Probert [81], Demkin and Izmailov [82], and Pullen and Williamson [83], the
real contact pressure was sometimes measured to be as high as 6-10 - S, for
aluminum surfaces of 2.25 pm to 6 pm in average roughness. Since the original
surface data from these works was not readily available, this analysis is based solely
on the limited data in Table 3.2. From the typical proportions shown in Table 3.2, the
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Fig. 3.19 The real contact pressure as predicted by the multiscale rough surface contact model

Table 3.2 Example

Surface R, (um) Bave B ax
roughness values and B,,,,,
values for four surfaces 1 0.24 0.000257 0.000818
2 0.34 0.000181 0.00215
3 1.05 0.000525 0.00574
4 5.82 0.00182 0.00951

B,,.. values of these surfaces might be approximated as 0.006 (2.25 pm) and 0.01
(6 pm). Assuming aluminum to have approximate material properties of S,/
E'=0.001, it appears that the current model predicts the value of P,/S, for these
two surfaces to be at 6-10 - S, as shown in Fig. 3.19.

It is more difficult to predict the surface separation between rough surfaces using
the multiscale model approach. However, Wilson et al. [78] did show that reason-
able predictions could be made by simply summing the deformed height of each
scale in contact or

Imax

d:;(5>i

(3.101)

where § is the deformed height of each asperity scale. Wilson et al. [78] and Johnson
et al. [84] provide models to predict the surface separation for the contact of
elastically deforming sinusoids. If one wishes to consider the contact of two identical
surfaces, then the contact between them would be an axis of symmetry, and
therefore, the surface separation will be the double of that predicted by (3.101).
The multiscale model predicts that the surfaces will not come into significant contact
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until they are in much closer proximity than the statistical models. Likewise, once
the surfaces are in contact, the multiscale model predicts that the pressure will
increase much more quickly as the surface separation decreases (i.e., the contact
stiffness is much higher). This finding agrees with findings by Drinkwater et al. [85]
who made measurements of the contact stiffness using acoustic methods.

3.3 Scale-Dependent Properties

When rough surfaces come into contact, the asperity contacts can be very small,
even on the atomic scale. It is now well known that material properties can change
significantly with scale so that the bulk properties of a material are different than the
properties at the scale of contacting asperities. For instance, the yield strength of
bulk materials is usually much smaller than the yield strength of nanoscale pillars
[86] or nanowires [87]. One mechanism for this effect in metals is that as you reduce
the scale, you may go below the scale of features such as grains and reach a state
where the material is a stronger single lattice of atoms. Other material properties
such as electrical and thermal conductivity can also change with scale. The scale-
dependent properties can be included in the models of rough surface contact above
as shown in these published works [88—90]. Recent works have also shown that even
continuum-based models, if used in conjunction with an accurate material property
model can on average accurately capture nanoscale contact mechanisms [91].

4 Conclusions

Contact mechanics is clearly an important and useful part of tribology and general
science and engineering. It can help to predict the life and eventual failure on such
components as bearings, gears, and wheels. It can also be used to model the contact
between rough surfaces and then illuminate the mechanisms governing friction, wear,
surface fatigue, and contact resistance. It can be a powerful tool but should still be used
with caution, because predictions can often provide qualitatively accurate predictions
but have significant quantitative error, especially when considering the contact of
rough surfaces. Models exist not only to consider the normal contact of spheres and
other geometries but also can include tangential loading, adhesion, and surface layers.
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Exercises

. If a spherical shaped surface and a sinusoidal or wavy shaped surface with

identical material properties are both brought into contact with a flat surface,
and the contact force is continually increased, which shape will ultimately have
the highest contact pressure.

For a sphere with the following properties, determine if the sphere will yield.
Also determine the critical interference which will initiate yielding.

. A person throws a bowling ball in the air and it lands with a force of 1 kN on the

wooden lane. Assume that the bowling ball (diameter = 21.6 cm) properties
are £ = 300 GPa, v = 0.4 and the wood lane E = 1 GPa, and v = 0.25. Find
the maximum real area of contact and estimate the combined maximum deflec-
tion (interference) of the ball and wood during contact.

. Determine the maximum von Mises stress for a loaded sphere at z = 0.48a.

Solve these equations and then estimate if the sphere will yield if it has the
following properties:

R = 100um, E = 100GPa,v = 0.33,S, = 0.5GPa, and the load is 1 N.

. Solve the Greenwood and Williamson model using the assumption in class that

If the surface parameters are given as (y = 10”/m2, R = 20um, o = 0.2um,
E = 200GPa, v = 0.33, S, = 0.5 GPa), plot the curves of A,/A, versus d, W/E/A,
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Table 3.3 The MTH model  Mraterial C, Cs E [Mpa]

parameters for different

polymers PTFE 2 0.211 420
Delrin 1.101 0.278 3,100
Bakelite 1.695 0.232 2,500
Nylon-6 1.266 0.338 3,600
Polypropylene 1.607 0.173 1,520

versus d, and A,/A,, versus F/E/A,. Compare these results to results obtained from
the model by Green (2002) for the same surface parameters.

5. Assuming the material properties of a typical steel (E = 200 GPa, v = 0.33,
Sy = 0.5 GPa, p=7,850 kg/m?), find the smallest size sphere that will not deform
plastically under its own weight when set on a rigid flat surface.

6. Calculate the radius of contact under no applied load (ay), based on the JKR
model.

7. Calculate the radius of contact right before separation (a,) and write a; as a
function of a, (see problem 6).

8. Considering the creep process of the polymer Delrin in contact with a rigid flat
surface, calculate the creep displacement and contact area of the single asperity
of this polymer after 350 min under a constant force.

We know that after 600 min the creep displacement of the single asperity is
8 pm. You can use the parameters in Table 3.3 for required information.

9. In a compression testing, a soft metal sample would be flattening against rigid
flat surface (sapphire). The mechanical properties of the sample are as below:
E, = 12.74 GPa, E, = 345 GPa, v; = 0.4498, v, = 0.29, §, = 1.4 Mpa, E,,
E,, vy, v, are the elastic moduli and Poisson’s ratios of the sample and sapphire,
respectively. S, is the yield strength of the sample. The max value of ratio
amplitude/wavelength is B,,,, = 0.0011. Please calculate the real area when
load F = 300N is applied.

Solutions

1. The pressure in a sinusoidal contact should increase past that of a spherical
contact under heavy loads. Since the boundary conditions at the base of these
geometries are different, the sphere will become a pillar and the sinusoidal
surface will become two flat surfaces in contact.

2. The effective radius and elastic modulus for the contact is calculated as

/ 1 — 1/2 1 1 — 1/2 -
E = 1 - = 1.06GP
( E, " Ey > ¢

1 1 1

e 4 —0.108
R~ R R "

From F = %E’\/E((u)yz, the interference is 0.000167 m.
From A = 7Rw = 7m2, the contact radius is 0.00424 m.
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3. Use the following equations provided earlier in the book to predict the critical
contact force and interference:

C = 1.295exp(0.736v)

C = 1.651

¢ () |

100 10~%m \* /1.651 ~
= < . m) ( 71-500-106N/m2) = 0.0023N
112 - 10°N /m? 2

P, =

4
3
3

Clearly, the applied for 1 N is much larger than the critical force, and
therefore, the sphere will yield. In addition,

2
W, = (ﬂ) R = 0.013um
2

4. Find the paper by Polycarpou and Etsion for the full derivation. This in itself is
good practice.

5. Using the critical force equation given in the text and finding the force by
multiplying the volume of the sphere x density x gravitational constant to obtain

4 (R\*/C S 4n
Pe=2(=) (57-5,) ==R
3(z) (Ges) = 3w

1 e\
R:—(f,) (—Sy) = 0.186m
P8 \E 2

6. From the JKR model,

Solving for R,

R
& = : {F + 37RW 1, + \/67rRW12F + (377RW12)2}

Setting F = O results in

R
@ = z [F + 37RW 5 + \/6;1RW|2F + (3:7RW12)2}
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a=|=(6zRW1,)

;

7. Recall that the pull off force is
Fy = =3zRW1,/2

Substituting this into the JKR model,

3/R (3
a = ’ E <§ﬂRW12>

8. According to the information given in the problem,

R = 1mm
- (600) = 8um

From Table 3.3, for polymer Derlin,

C, = 1.101,C; = 0.278

350\ (071x0.278+0.03)
wer (1) = 8 X (@) =7.077um
350\ 0-71%0278+0.03
A (350) = 1.101 x 7 x 1000 x 8 x <500> = 0.02448mm*

9. First, we can calculate effective elastic modulus:

£ <1 S —v§>“ B (1 —0.4498% 1 —0.29?

—1
5+ S = 1.5322 x 10'°Pa
E, E, 12.74 x 10° 345 x 10

Then, critical ratio

V23S, . V2 14x10°
B.=——Fe" =

‘T3 EC T3x15322%100 " P04 = 1.8505 x 1079
T T 1. X

Compare to the value of B,
B,..x > B, it means elastic—plastic contact.
When F = 300N, the real contact area can be calculated by
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3
127E 5
LBW!(L\’ + 7 5
2
) = 7o v
'/ elastic—pastic m \/iSve
11
3
10 5
12xax 15322 %100 o0 0\S

7
300 — x 0.4498
V2 x 7% 15322 x 10" x 0.0011 | V2 x 1.4 x 10° x e

11
=2.5773 x 107> m?
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