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Degenerate and singular parabolic equations have been the subject of exten-
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issues and the problems that still remain open, and its aim is to introduce a
novel set of tools and techniques that provide a better understanding of the
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This work was partially supported by NSF grant DMS-0652385, and by
FAR-funds of the University of Pavia. The monograph was written while U.G.
was visiting Vanderbilt University during his sabbatical leave: the warm hos-
pitality of the Department of Mathematics of VU is gratefully acknowledged.

Nashville, USA Emmanuele DiBenedetto
Pavia, Italy Ugo Gianazza
Florence, Italy Vincenzo Vespri

July 2011

xiii






1

Introduction

1 The Classical Harnack Inequality
In [82], paragraph 19, page 62 the German mathematician C.-G. Axel von
Harnack formulates and proves the following theorem in the case N = 2.

Theorem 1.1 (Harnack Inequality) Let u be a nonnegative harmonic
function in an open set E C RN. Then for all x € B,(v,) C Br(z,) C E

(RiT)N_Z g;:u(%) s u@) < <R]i T>N_2 gi—: u(x,),  (1.1)

where Br(z,) = {r e RN : |z —x,| < R}.

The estimate above is scale invariant in the sense that it does not change for
various choices of R, when r = ¢R, ¢ € (0, 1) are fixed. Moreover it depends
neither on the position of the ball Bg(x,), nor on w.

The proof is so simple that it is worth reporting it here. Set p = |z —
Zo|, and choose R’ € (r,R). Since u is continuous in Bg/(z,), the Poisson
representation formula for harmonic functions can be applied, yielding

R/2 _ p2

-N
w(y)|z —y|~ "V do(y), 1.2
sl UL ) (12)

u(z) =

where wy is the area of the unit sphere in RY, and do denotes the surface
measure on OB/ (x,). Since
2 _ 2 2 _ 2 2 _ 2
R p < R p < R p 7
R+ = Jo—yl¥ = =¥

(1.3)

combining (1.2)—(1.3), and using the mean value characterization of harmonic
functions, we have

R/ N-—2 R/_p R/ N-—2 R/+p
<R’+p) Rt p i) su@) < (R/_p) T, @) (14)

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 1
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2 1 Introduction

Letting R’ — R and realizing that the bounds are monotone in p, proves (1.1).

In its modern version, currently used in the theory of partial differential
equations, the Harnack inequality for harmonic functions is given the following
“mean value form.”

Theorem 1.2 Let N > 2 and let E C RN be an open set. Then there exists
a constant v > 1, dependent only on the dimension N, such that

vt sup u<u(w,) <7 inf wu, (1.5)

By(x,) Br(zo)

for every nonnegative harmonic functionu : E — R, and for every ball B, (x,),
such that Ba,(x,) is contained in E.

Although the proof seems to indicate that the Harnack inequality is an almost
trivial consequence of the Poisson representation formula, such an estimate,
in either of its two forms (1.1) and (1.5), has a whole host of important
consequences, and we list the main ones here.

A nonnegative harmonic function in RY is constant (Liouville Theorem).
If u : Br(0)\{0} — R is harmonic, and satisfies u(z) = o(|z|>~ ") for
x — 0, then 4(0) can be defined in such a way that u : Bg(0) — R is
harmonic (Removable Singularity Theorem).

e If a sequence of functions which are harmonic in a bounded domain F C
RY and continuous on E converges uniformly on the boundary 0F, then
it also converges uniformly in F to a harmonic function (Harnack’s First
Convergence Theorem).

o Let {u,} be a sequence of harmonic functions in a connected open set
E C RN, If {u,} is monotone increasing and there exists a point z, € E
such that the sequence {u,(z,)} is convergent, then {u,,} is uniformly con-
vergent on every compact subset of F to a harmonic function v (Harnack’s
Second Convergence Theorem).

e The Harnack inequality plays a fundamental role in the construction of
solutions to the Dirichlet Problem for the Laplace equation using Perron’s
method (for more details see, for example, [43], Chapter 2, § 6).

Things become more involved when we move from the elliptic to the
parabolic setting. In the following by a caloric function, we mean a non-
negative solution u to the heat equation

uy — Au =0

in some open set 2 ¢ RN+,
It is not obvious what the analog of (1.1)—(1.5) for caloric functions could
be. If we consider the function

2

1
——exp - fort >0
F(J?,t): Art 4t
0 for x #0 and t <0,



1 The Classical Harnack Inequality 3

it is nonnegative and caloric in R? — {(0,0)}, but there is no positive constant
v satisfying
vy lsup I’ < I'(1,0) < yiréfl”
B

where
B={(z,t) eR?*: (z—1)*+¢> < i}.

Indeed I'(1,0) = 0, whereas supg I" > 0.
The first parabolic Harnack-type estimate was established independently
by Hadamard ([80]) and Pini ([127]).

Theorem 1.3 Let E be an open set in RY and for T > 0 let Er denote
the cylindrical domain E x (0,T]. Let u be a caloric function in Ep and for
(zo,t,) € Ep consider a cylinder

Bay(2,) X {to — 4p*,to + p*} C Er.

Then there exists a constant vy depending only upon N, such that

7 sup u(e,to — p?) < ul2o,ts). (1.6)
By (zo)

Both Hadamard’s and Pini’s proofs are based on local representations of so-
lutions in terms of heat potentials, thereby paralleling the initial approach of
Harnack.
As for nonnegative harmonic functions, the original statement of Hadamard’s
and Pini’s inequality can be given the equivalent “mean value form” ([52])
vt osup u(e,to — p?) < u(zo,to) <y inf )u(~,t0 + p?). (1.7)

By (@) o(To

A counterexample of Moser ([121]) shows that the “waiting time” from t, — p?
to t, and from t, to t,+p? is needed for (1.7) to hold. Indeed such an inequality
“at the same time level t,” would be false for caloric functions.

It is immediate to see that, as a consequence of the Harnack inequality, a
caloric function which is strictly positive in a point cannot vanish.

Also a bounded caloric function in ¢ < 0 is constant ([152], p. 236). However,
unlike nonnegative harmonic functions in RY, caloric functions in ¢ < 0 as such
(i.e., nonnegative) need not be constant. As a counterexample, the function

u(x,t) = exp(x + t)

is caloric in R? and nonconstant. This shows that a single bound (either from
above or from below) is not sufficient for a Liouville-type theorem to hold.

For a more thorough discussion of the Harnack inequality for caloric func-
tions, and in particular its relevance in the context of Parabolic Potential
Theory, we refer the reader to the recent paper [103], whence the previous
example with I is taken.



4 1 Introduction
2 Quasilinear Coercive Elliptic and Parabolic Equations

The results of the previous sections are not limited to the prototype examples,
respectively of the Laplace and the heat equation.

In a series of seminal papers, Moser ([121, 122]) considers nonnegative
solutions to linear, parabolic equations in divergence form, with measurable
and bounded coefficients, namely,

ug — div(as;(x, t)Dju) = 0, (2.1)

where
MEP < aij(z, 1)6€5 < Alg? (2.2)

for almost all (x,t) € Er and all £ € RY for two constants
0< A< A

In ([121, 122]) it is shown that nonnegative, weak solutions to these equations
satisfy the Harnack estimate (1.7).

The positive parameter \ is defined as the modulus of ellipticity of (2.1).

Moser’s methods are only measure-theoretical, and based on the notion
of “ellipticity” and “parabolicity,” more than possible local representations.
The analysis of his proofs reveals that the linearity is immaterial, and that
essentially the same arguments apply as well to nonnegative weak solutions
to quasilinear equations of the form

uy — div A(z, t,u, Du) =0 weakly in Er (2.3)

where the function A : Er x RN*! & R is only assumed to be measurable
and subject to the structure conditions

. 2
{A(J;,t,u, Du) - Du > X Dul (2.4)

|A(z,t,u, Du)| < A,

where A and A are given positive constants ([10, 148]).

In the context of parabolic equations (2.3), with a full quasilinear structure
not necessarily given by (2.4) (see for example (3.3) below), the function A is
called the principal part of the partial differential equation.

The constants A and A in (2.4) could be replaced by nonlinear functions
of (z,t,u, Du). The partial differential equation in (2.3) is coercive and non-
singular, if there exist two positive constants A, < A; such that

Ao < M, t,u, Du) and  A(z,t,u, Du) < A;.

In such a case, the nonlinear function A(z, ¢, u, Du) is still referred to as the
modulus of ellipticity of the partial differential equation in (2.3).

Harnack estimates have been at the core of understanding the local be-
havior of solutions to coercive, nonsingular elliptic and parabolic equations
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of second order. In particular they imply the local Holder continuity of solu-
tions and constrain their asymptotic behavior through Liouville-type theorems
([78, 79, 91]). In addition they play a central role in investigating the local
structure of free boundaries ([69, 25]), and the boundary behavior of solutions
in terms of Wiener-type criteria ([72, 110, 83, 89, 65, 114, 115]). For further
details on the subject, we refer to the survey paper [88] and its long list of
references.

3 Degenerate and Singular Parabolic Equations

A parabolic partial differential equation of the type (2.3) is termed degenerate
if the modulus of ellipticity A(x, ¢, u, Du) tends to zero at points of its domain
of definition; whereas it is termed singular if A(z,t,u,n) tends to infinity at
points of Er x RV Such a behavior is either prescribed or intrinsic.

It is prescribed if the coeflicients of the equation exhibit such a degenerate
or singular behavior. In such a case the set of degeneracy or singularity is
known a priori and the issue is that of investigating the behavior of possible
solutions, near those given points, in terms of the behavior of the coefficients.
Examples are in [95, 96, 97]. This is a very interesting, active research field,
but we will not deal with it here.

It is intrinsic if the vanishing or blowing up of the modulus of elliptic-
ity occurs through the solution or its gradient. In this case the degener-
acy/singularity set on one side, and the behavior of the solutions on the other,
are mutually intertwined. This monograph investigates this class of equations
by focusing on local solutions to equations of p-Laplacian type and of porous
medium type.

3.1 Quasilinear Equations of p-Laplacian Type

Let E be an open set in RV and for T > 0 let E7 denote the cylindrical
domain E x (0,T].
The quasilinear equation (2.3) is of p-Laplacian type if it is subject to the
structure conditions
{A(w,uu, Du) - Du > Co|Dul?

Az, t,u, Du)| < Cy|Dufp-t P> L (3.1)

where C, and C; are given positive constants.

No regularity is assumed on the function A : Er x RVt & RY other than
being measurable and subject to the structure conditions (3.1). A solution is
meant weakly in the sense

u € Cloc(0,T; L (E)) N LY (0, T; WLP(E)).

loc
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A precise definition of the functional spaces in (3.1) is in § 4 of the Prelim-
inaries, and the notion of weak solution is in § 1 of Chapter 3. The prototype
parabolic p-Laplace equation is

uy — div|DulP?Du =0 weakly in Ep, p> 1. (3.2)

The modulus of ellipticity of this class of equations is A = |Du[P~2. For p > 2
such a modulus vanishes if the gradient Du vanishes, and the equation is
degenerate on the set [|[Du| = 0]. For p € (1,2), the modulus of ellipticity
A = A =|Dul|P~? = oo when |Du| — 0, and the equation is singular on the
set [|Du| = 0].

We are interested only in local solutions, with no reference to possible
boundary or initial data.

3.2 Quasilinear Equations of Porous Medium Type

The quasilinear equation (2.3) is of porous medium type if it is subject to the
structure conditions
A(z,t,u, Du) - Du > Com|u|™ Y Dul?
{AGrseo Do 2 Compa-nu m>0 (3
where C, and C] are given positive constants.

No regularity is assumed on the function A : Ep x RNT1 — RY other than
being measurable and subject to the structure conditions (3.3). A solution is
meant weakly in the sense

u € Cloc(0,T; LE(E)) and |u|™ € L. (0,T; W2(E)).

loc loc

The prototype of this class of equations is the porous medium equation
uy —mdiv|u/"'Du=0 weakly in Er, m > 0. (3.4)

The modulus of ellipticity of this class of equations is A = |u|™~!. For m > 1
such a modulus vanishes if u vanishes, and the equation is degenerate on the
set [lu| = 0]. For 0 < m < 1, the modulus of ellipticity A = A = |u|™"! — oo
when |u| — 0, and the equation is singular on the set [|u| = 0].

We are interested only in local solutions in the indicated functional spaces,
and irrespective of possible boundary or initial data.

3.3 Aim of the Monograph

The importance of these classes of degenerate and/or singular partial differen-
tial equations stems both from their intrinsic mathematical interest, and their
central role in the modeling of a host of nonlinear phenomena, such as thin film
dynamics ([35, 44, 46]), non-Newtonian fluid mechanics and flow in porous me-
dia ([8, 13, 18, 19, 100, 20, 112, 113, 125, 105, 15, 16, 34, 118, 140]), elasticity
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and science of “smart materials” ([81, 33, 87, 23, 118, 134, 85]), and emerging
issues in biomathematics and biophysics related to degenerate and/or singular
diffusion of molecules on cell surfaces ([1, 4, 12, 14, 24, 111, 132, 139, 138]).

Notwithstanding the modeling, this monograph is solely mathematical in
nature. Its aim is to introduce a novel set of tools and techniques in Analysis,
for a better understanding of the notion of degeneracy and/or singularity in
partial differential equations.

Perhaps the most crucial property is the “expansion of positivity” of non-
negative solutions to these degenerate or singular parabolic equations (Chap-
ter 4). If one such solution is positive at some time level, in a measure-
theoretical sense, then the positivity expands in space at some further time,
driven by the intrinsic geometry of these equations.

The monograph builds on some recent advances of the theory ([48, 49, 50,
51, 55]), that are suggesting novel ways of interpreting the notion of degener-
acy and singularity.

The degeneracy and/or singularity limits the degree of regularity of so-
lutions to such equations. For example, local solutions to (3.2) are no more
regular than C’llo’f, whereas local solutions to (3.4) are no more than C_.
Similar results hold for solutions to the quasilinear equation (2.3) with either
the structure conditions (3.1) or (3.3). The theory in this respect is mature
and we refer to [41, 62, 149] for an account.

However, a more refined insight is afforded by a possible Harnack inequal-
ity satisfied by nonnegative solutions to such equations. While a Harnack
inequality for linear equations implies Holder continuity, the converse is in
general false.

For degenerate and singular parabolic equations the theory is at its incep-
tion, due to the inherent measure-theoretical difficulties generated by their
lack of coercivity: as we said above, A can either tend to zero or to infinity.
However, while only a handful of such estimates are known ([39, 59, 60, 49]),
whenever available they bear the same wealth of consequences as for nonde-
generate equations. For example, for parabolic equations of p-Laplacian type,
with full quasilinear structure, they imply the local and boundary Holder con-
tinuity of solutions and permit one to precisely describe their behavior in the
vicinity of their zero set (moving boundary).

4 Parabolic Harnack Estimates. The Role of the
Structure

The Harnack inequality of Moser for nonnegative solutions to elliptic equations
(2.1) for uy = 0 was extended almost verbatim to nonnegative solutions to
elliptic equations (2.3) for u; = 0, even for a principal part A satisfying the
structure conditions (3.1) for all p > 1 ([141, 147]). However, an extension to
nonnegative solutions to parabolic equations (2.3) with the structure (3.1) was
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possible only for p = 2 ([10, 148]). The full structure (3.1) revealed serious
difficulties and it remained open.

At almost the same time as Moser proved the Harnack inequality for solu-
tions to (2.1)—(2.2), Ladyzhenskaya, Solonnikov and Ural’tzeva established, by
means of DeGiorgi-type measure-theoretical arguments, that weak solutions
to the elliptic versions of (2.3)—(2.4) with u; = 0, are Holder continuous for
all p > 1, whereas the analogous result for parabolic equations was possible
only for p =2 ([101, 102]).

Neither Moser’s nor DeGiorgi’s ideas, nor Nash’s approach [123] seemed
to apply when p # 2.

Thus, vis-a-vis the Harnack inequality, there was a disconnect between the
elliptic and parabolic theory.

It turns out that the parabolic theory is markedly different. Indeed the
Harnack inequality (1.7) is false even for nonnegative solutions to the proto-
type equation (3.2). A series of counterexamples is in § 3 of Chapter 4, and
§ 1.3 of Chapter 5.

Notwithstanding some partial results ([39, 59, 40]), the issue of the Harnack
inequality for nonnegative solutions to equations of the type (2.3), with the full
quasilinear structure (3.1), and for all p > 1, while raised by several authors
([10, 148, 101, 41}), remained open.

Recently considerable progress has been made on this issue ([49, 51, 52, 98])
to the point that for all p > ]\2,—% the theory is reasonably complete.

This monograph is a systematic and self-contained account of this new
theory, whose main points we outline below.

4.1 Degenerate Equations of the p-Laplacian Type for p > 2

Nonnegative, local weak solutions to (2.3)—(3.1) for p > 2, satisfy the parabolic
Harnack inequality in some intrinsic form. Precisely, there exist positive con-
stants v and ¢ depending only on N and p > 2, and the structure conditions
in (3.1), such that (Chapter 5)

71 sup w(a, to — 0p") < w(zo, to) <y inf u(z,t, + 0p7), (4.1)
Bp(xo) By (zo)

for all intrinsic parabolic cylinders

p—2

Buip(z0) X (to — 0(4p)?, to + 0(4p)") 0= (m) (4.2)
contained within the domain of definition of the solution. Notice that the
“waiting time” 0pP is “intrinsic” to the solution itself. The constants v and ¢
tend to infinity as p — oo and they are “stable” as p — 2. Thus by formally
letting p — 2 one recovers the classical Harnack inequality (1.7) for caloric
functions. The proof is based only on measure-theoretical arguments, bypass-
ing any notion of maximum principle and parabolic potentials as in [39, 59].
Its significance is in paralleling Moser’s measure-theoretical approach, in dis-
pensing with Hadamard’s and Pini’s potential representations.
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The approach of [49, 52] differs substantially from the classical ideas of
Moser ([121, 122]) in that no properties of BMO spaces are used, nor cover-
ing arguments, nor cross-over estimates. Moreover the Harnack inequality is
shown to imply the Holder continuity of the solution.

The techniques are flexible enough to apply by minor changes to local,
weak solutions to equations of the porous medium type (2.3) with the structure
condition (3.3) for m > 1. Moreover the arguments, being only measure-
theoretical, hold the promise of a wider applicability.

Of special notice is the measure-theoretical Lemma 3.1 of the Preliminar-
ies. While disconnected from partial differential equations, it affords power-like
dependences on the measure of the positivity set of a solution to degenerate
parabolic equations (Proposition 7.1 of Chapter 5). This is a vast improvement
with respect to the DeGiorgi method where the dependence is exponential.

4.2 Singular Equations of the p-Laplacian Type for 1\2,]_:1 <p<2

Let u be a nonnegative weak solution to (2.3)-(3.1) for N_+1 < p < 2. The

value p, = N +1 is called critical and we refer to p, < p < 2 as the supercritical
range of the parameter p.

Any such nonnegative solution satisfies an intrinsic Harnack estimate in
the “mean value form” (4.1)—(4.2) (Chapter 6).

The positive constant v depends only on p, N and the structural constants
appearing in (3.1), whereas ¢ can be taken to be 1. The constant -y can be pre-
cisely traced as a function of p, and it is “stable” as p — 2. As a consequence,
letting p. < p — 2 in (4.1), one recovers the classical Harnack estimate for
caloric functions in the “mean value” form (1.7).

Thus (4.1) holds seamlessly as the parameter p goes from p < 2 (singular
equations) to p = 2 (heat equation) to p > 2 (degenerate equations).

The constant, however, deteriorates as p — p.; specifically v(p) — oo, and
(4.1)—(4.2) lose meaning for p = 1\2,—11

A more intriguing fact, however, is that any such solution satisfies, in
addition, a family of Harnack inequalities that are simultaneously forward in
time, backward in time, and elliptic. Precisely, there exist positive constants
~ and J, depending only on p, N and the structural constants in (3.1), such
that

7t sup u(-,7) < ulwo,t,) <y inf u(-,0) (4.3)
Bﬂ(xo) Bﬂ(xo)
for all
to — 0[u(20,0)]> PP < 1,0 < to + S[u(wo, 1)) P pP (4.4)

and for all parabolic cylinders of the form (4.2) contained in the space-time
domain of definition of the solution.

When 7 = 0 = ¢, the inequality takes the “elliptic” form (1.5) of non-
negative harmonic functions. Thus such an estimate defies the role of time,
in parabolic Harnack estimates, as identified by Moser [121]. In particular, it
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is false for caloric functions (p = 2), and accordingly the constants v(p) and
d(p) deteriorate as p. < p — 2.

It turns out that these constants also deteriorate as p — p. = 1\2,—1_?_[1
Therefore (4.3)-(4.4) cease to hold for p = p, and it raises the question of
what is causing such a behavior.

From a technical point of view, the value p, = N +1 enters as the limiting
Sobolev exponent associated with the prototype equation (3.2). Nevertheless
the range N +1 < p < 2 is optimal for a Harnack estimate to hold. A series of
counterexamples are in § 1.3 of Chapter 6, showing that if 1 < p < N +1’ no
Harnack estimate is possible in any of the forms (4.1)—(4.2), nor (4.3) for any
value of 7, o in the range (4.4).

The proofs are measure-theoretical, and potentials do not play any role.
As such they are flexible enough to apply to a large class of singular equations
including porous medium type equations (2.3) with the structure conditions

(3.3 )for( N)+ <m<1.

While building on the results of [41], this monograph explores the issue
of Harnack inequality for nonnegative solutions to these degenerate or sin-
gular parabolic PDEs, which in [41] was established only for the prototype
equations, satisfying some sort of a comparison principle.

An effort has been made to make it self-contained and, at the same time,
not to duplicate known facts. Whenever possible, the results of [41] are recalled
without proof or new proofs have been given. In the interest of completeness
we have also reproduced proofs of known facts, for which a clear trace to the
literature could not be made. Examples include the local Holder continuity
of nonnegative, weak solutions to singular porous medium type equations,
the forward-backward L] . estimates, and the LT -L{° estimates for these
solutions (Appendices A and B). These facts, widely used, do not have a
precise trace in the literature.

4.3 Outstanding Issues

The main issues emerging from these investigations regard the singular case
1 < p < 2 and more specifically the critical and subcritical range 1 < p < 1\2/11
of the parameter p. While some possible forms of Harnack-type inequalities
are in Chapter 6, the picture is not entirely understood.

First one might ask what is the “structural” reason for a diminished role of
the time when p < 2, as evidenced by the forward-backward-elliptic Harnack
inequality (4.3)—(4.4).

It might appear as though the PDE is exhibiting a more “elliptic” nature,
since the modulus of ellipticity | Du[P~2 — oo as |Du| — 0. On the other hand,
the principal part of the equation is coercive in its own topology of Wlo’f , that
is,

A(x,t,u,n) M > 00‘77|pa
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for a.e. (z,t) € Er, and for all (u,n) € RN+ with C, a positive parameter:
this suggests a diffusion phenomenon occurring within a topological setting
intrinsic to the PDE.

This is the main guiding idea of this monograph; that is, these degener-
ate/singular diffusion processes, in terms of a Harnack estimate, behave like
the heat equation, provided one reads them in their own time-intrinsic geom-
etry, which in turn generates a “pointwise metric.” A recent account of the
various directions and applications of this idea is in [149].

This point of view, however, might not be sufficient to understand the
local behavior of solutions to these PDEs, especially as p transitions from the
supercritical range p, < p < 2 to its critical and subcritical values 1 < p < p,.

For critical and subcritical 1 < p < p,, the behavior of solutions is rather
intriguing. First, unlike the case p > p,, weak solutions need not be bounded
([41], Chapter V). However, locally bounded solutions are locally Hélder con-
tinuous, irrespective of 1 < p < 2 ([41], Chapter IV), whereas nonnegative
solutions, even if bounded, do not satisfy a Harnack inequality in any of the
forms indicated above.

The issue is deeper than a Harnack estimate per se. As an example observe
that the Barenblatt similarity solution of the prototype equation (3.2) is well
defined for all 1\2,—1_?_71 < p and ceases to exist for p = 13—51 ((21.1)—(21.2) of
Chapter 6). The Barenblatt solution can be regarded a p-parabolic potential.

Thus the critical value p, which enters in the proofs in a more or less
technical fashion, seems to be the dividing line between existence and nonex-
istence of the p-potentials. On the other hand, a second value p,. = 1\2,—1_?_[2,
naturally linked with the critical Sobolev exponent, discriminates between
locally bounded and unbounded solutions.

Understanding the structural reasons for this behavior remains a major
challenge, and it might shed light on unexplored mathematical structures and
physical behavior of systems modeled by these equations.



2

Preliminaries

1 Poincaré and Sobolev Inequalities

Let E be a bounded domain in RY with boundary F. If f € LY(E) for some
1 < ¢ < o0, denote by || f|lq,E the LY(E)-norm of f over E. We also write || f||4
whenever the specification of the domain F is unambiguous from the context.
The function f € LL _(E) if || f|lq,x < oo, for all compact subsets K C E. For

loc

f € CHE) denote by Df = (fz,,. .-, fzy) its gradient and set

Iflhpie = I fllp.e +1Df

The spaces W1P(E) and WLP(E) for p > 1 are defined as

|p,E~

WYP(E)  the completion of C*(E) under || - ||1 .z
WLP(E) the completion of C°(E) under || - ||1 p:5-

Equivalently W1P(E) is the Banach space of functions f € LP(E) whose
generalized derivatives f;, belong to LP(F) for alli=1,..., N.

A function f € Wl})f(E) if || f]l1,p:x < oo for every compact subset K C E.

Let W1°°(E) denote the Banach space of functions f € L*°(FE) whose
distributional derivatives f,, € L*°(E), for i =1,..., N.

The space VVIECOO (E) is defined analogously.

Theorem 1.1 (Gagliardo—Nirenberg [71, 124]) Let v € WYP(E) for
some p > 1. For every s > 1 there exists a constant C depending only on
N, p, q, and s, and independent of E, such that

[[v

0.2 < ClDvl} vl 5 (1.1)

where a € [0,1] and p,q > 1, are linked by

(L1 1_1+1*1
“\s g N p s
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and their admissible range is

if N=1, a €0 q € [s,0];

=)
> pts(p—1) 0

qG[s,NN—z)] ifsgﬂ,
if 1<p<N, «a€l0,1],

qe [ 5] if 52 2
2f1<N§p, aG[O,%), qG[S,OO).

Corollary 1.1 Let v € WYP(E), and assume p € [1,N). There ezists a
constant v = (N, p) such that

_ b
=N

[vllg.e < IDvlpe,  where  q (1.1
The boundary OF is piecewise smooth if it is the union of finitely many por-
tions of (N — 1)-dimensional hypersurfaces of class C1:*, for some A € (0, 1).

If OF is piecewise smooth, functions v in W1P(E) are defined up to OF
via their traces denoted by v | oE"

Theorem 1.2 Let OF be piecewise smooth. There exists a constant C' depend-
ing only on N,p and the structure of OF such that

[v

lg.08 < Cllvllwie(m),
where
ge [, B2L) if1<p<N
q € [1,00), if p=N.

If OF is piecewise smooth, the space W}P(E) can be defined equivalently as
the set of functions v € W?(E) whose trace on dF is zero.

Remark 1.1 The embedding inequalities of Theorem 1.1 and Corollary 1.1
continue to hold for functions v in W?(E), not necessarily vanishing on 0E
in the sense of the traces, provided OF is piecewise smooth and

/Ev(ar)dar =0.

In such a case the constant C' depends on s, p, ¢, N and the structure of OF.
However, it does not depend on the size of E, and in particular it does not
change by dilations of F.
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2 Cuts and Truncations of Functions in W'?(E) and
Their Embeddings

Let k be any real number and for a function v € W1P(E) consider the trun-
cations of v given by

(v k) = max{(v— k);0}
(v —k)- =max{—(v—k);0}.

Lemma 2.1 (Stampacchia [144]) Let v € WYP(E). Then (v — k)+ €
WYP(E) for all k € R. If in addition the trace of v on OF is essentially
bounded and

|V||o,0m < M for some M >0,

then (v —k)x € WHP(E) for all k > M.

Corollary 2.1 Let v; € WYP(E) fori=1,...,n € N. Then
w = min{vy,...,v,} € WHP(E).

For a function v defined in F and real numbers k < £, set

[v>{ ={x € Ev(x)>{}
[v<k]={z € Elv(z) <k}
[k <v<l]={zeElk<v(z) <}

For p > 0 and y € R, denote by B,(y) the ball of radius p centered at y,
and by K,(y) the cube of edge p, centered at y and with faces parallel to the
coordinate planes. If y is the origin, let B,(0) = B,, and K,(0) = K,,.

For a Lebesgue measurable set A C RV denote by |A| its measure.

Lemma 2.2 (DeGiorgi [36]) Let v € W (K,(y)), and let k < £ be real
numbers. There exists a constant v depending only on N,p and independent
of k,l,v,y, p, such that

N+1
p

=Rl >l <

|Dvl|dz. (2.1)

Remark 2.1 The conclusion of the lemma continues to hold for functions
v € WH(E) provided E is conver. It can be used for balls B,(y).

The embedding (1.1)" of Corollary 1.1 gives a majorization of the L4(E)-norm
of u solely in terms of the L?(E)-norm of its gradient. This is possible because
u vanishes on JF in the sense of the traces.

A Poincaré-type inequality bounds some integral norm of a function u €
WLP(E) in terms only of some integral norm of its gradient, provided some
information is available on the set where u vanishes.
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Proposition 2.1 Let E ¢ RN be bounded and conver and let ¢ € C(E)
satisfy

0<@<1, andthe sets[p > k] are convex for all k € R,.
Let v € WYP(E) and assume that the set
E=v=0N[p=1]

has positive measure. There exists a constant C' depending only on N and p
and independent of v and ¢, such that

1

» ' N v
</ <p|v|pd$> < C%(/ <p|Dvpdx) . (2.2)
E || E

Remark 2.2 Inequality (2.1) follows from this by applying (2.2) with p =1
and p = 1 to the function

~ fmin{v, ¢} -k ifv>k
Y=o if v <k

By Lemma 2.1 such a function is in WH1(E).

3 A Measure-Theoretical Lemma ([48])

Ifu e C(F)and u(y) = 1forsome y € E, for every o € (0, 1) there exists a ball
B,(y) C E,such that uw > 1—o in B,(y), with p being determined by ¢ and the
modulus of continuity of . A similar statement valid for measurable functions
follows from the Severini-Egorov theorem ([142], [64]), where, however, one
cannot, in general, quantify the size and shape of the neighborhood of y where,
roughly speaking, u is near 1. The following measure-theoretical lemma can
be regarded as a quantitative version of the Severini-Egorov theorem, for
functions u € W,"1(E).

loc

Lemma 3.1 Let u € WH(K),) satisfy

lullwrae,y < 9oVt and - |fu>1]] > ol K|

for some v >0 and o € (0,1). Then, for every § € (0,1) and 0 < A < 1 there
existy € K, and ¢ = e(, 8,7, \,N) € (0,1), such that

[u>AlN Kep(y)] > (1= 0)| Kep(y)]-

Roughly speaking the lemma asserts that if the set where u is bounded away
from zero occupies a sizable portion of K, then there exist at least one point
y and a neighborhood K.,(y) where u remains large in a large portion of
K.,(y). Thus the set where u is positive clusters about at least one point
y € K.
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Proof 1t suffices to establish the lemma for v smooth and p = 1. For n € N
partition K into nV cubes, with pairwise disjoint interior and each of edge
1/n. Divide these cubes into two finite subcollections Q* and Q~ by

QieQ" = |u>1nQ; > 5alQ;l
Q:eQ = |[’LL>1]0QZ|§%C¥|QZ‘
and denote by #(Q™) the number of cubes in Q™. By the assumption

S > UnQl+ X > 10Qi > alKi| = an®Q
Q;€QT QieQ~

where |Q| is the common measure of the ;. From the definition of Q*

o <y 2100 o [>1N00Q
Q,eQt Q5 Q/cQ- Qi
<#(Qh) + ( N —#(Q")).
Therefore o
#(QF) > n?. (3.1)

2—«

Fix 0, A € (0,1). The integer n can be chosen depending on «,d, A, v, and N,
such that

llu>ANQ;|>(1-19)|Q; forsome Q; € Q. (3.2)
This would establish the lemma for ¢ = 1/n. Let Q € Q7 satisfy
lu>ANQ[<(1-9)Q] (3.3)

We will show that for such a cube, there exists a constant ¢ = ¢(d, A\, N) such
that

1
ullw1(q) > ac(d, A\, N)—— oy (3.4)
From the assumptions
14+ A
eNnQ=oQ  amd |fu>—]0@)> Fal

For fixedz € [u < A|NQand y € [u> (1+X)/2]NQ,

ly—z|
el —u@) = [ Due+m) s

where
n=-"——  for z#y.
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Let R(xz,w) be the polar representation of dQ with pole at x, for the solid
angle w. Integrate the previous relation in dy over [u > (14+X)/2]N@Q. Minorize
the resulting left-hand side, by using the lower bound on the measure of such
a set, and majorize the resulting integral on the right-hand side by extending
the integration over ). Expressing such integration in polar coordinates with
pole at x € [u < AN Q gives

1— R(z,n) ly—z|
oll=2) Q| < / / rN1 / |Du(x + tn)|dt dr dn
4 nj=1Jo 0

R(z,n)
< NY2|| / | Du(z + tn)|dt dn
|n|=1J0

Du(z)|
= NN/2 / | dz.
|Q‘ 0 |Z—$|N_1 Z

Integrate now in dx over [u < A\] N Q. Minorize the resulting left-hand side by
using the lower bound on the measure of such a set, and majorize the resulting
right-hand side, by extending the integration to ). This gives
ad(l =) 1
— 0| < , 3 —d
e 1 < el | s

< ORI [[ullwq)

for a constant C'(N) depending only on N, thereby establishing (3.4).
If (3.2) does not hold for any cube Q; € Q*, then (3.3) and hence (3.4) is
verified for all such @;. Adding over such cubes and taking into account (3.1),

Oé2

2_QC(5,)\,N)H§ HUHWLI(IQ) <7. u
Remark 3.1 Following the various steps of the proof, the dependence of the
reducing parameter € on the measure-theoretical parameter «, and on the
constant v appearing in the assumptions of the lemma, can be traced to be

of the form ,

(0%
e=B1— 3.5
. (3.5)

for a constant B > 1 depending on 4, N, and A and independent of a.

4 Parabolic Spaces and Embeddings

For 0 < T < oo let Ep denote the cylindrical domain E x (0,7]. The space
L™(E7) for g,r > 1 is the collection of functions f defined and measurable

in E7 such that
e = ([ ([ 151002) 7)< .
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Also f € LET(Er), if for every compact subset K C E and every subinterval

[t1,t2] C (0,T] . )
/t (/K|f\qdw)gd7'<oo.

Whenever ¢ = r we set L?Y(Er) = LY(Er). These definitions are extended in
the obvious way when either ¢ or r is infinity.

We introduce spaces of functions, depending on (z,t) € Ep, that exhibit
different behavior in the space and time variables. These are spaces where
typically solutions to parabolic equations in divergence form are found.

Let m,p > 1 and consider the Banach spaces

V™P(Er) = L>(0,T; L™(E)) N LP(0, T; W'P(E))
VyP(Er) = L= (0, T3 L™(E)) N LP(0,T; W, (E))

both equipped with the norm

[ollvms(mr) = esssup [[v(, ) |lm,e + | Dvl[p,£r-
0<t<T
When m = p, set VPP(Erp) = VP(Er) and VPP(Ep) = VP(E7). Both spaces
are embedded in LY(Er) for some ¢ > p. In a precise way we have

Proposition 4.1 There exists a constant v depending only on N, p, m such
that for every v € V,""P(Er)

//ET [v(z, t)|%dx dt < 1 //ET |Dv(z, t)|Pda dt)

% (4.1)
esssup/ lv(x,t) \mdx
0<t<T
where
_ N+m
q=7p N
Moreover
[vllg,pr < Yl[vllvme(Ey)- (4.2)

Remark 4.1 The multiplicative inequality (4.1) and the embedding (4.2)
continue to hold for functions v € V"P(Er) such that

/ v(z,t)de =0 for a.e. t € (0,7)
B

provided JF is piecewise smooth. In such a case the constant v depends also
on the structure of F, but not on its size.

The next corollary follows from Proposition 4.1 by taking m = p and by
applying Holder’s inequality.
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Corollary 4.1 Let p > 1. There exists a constant v depending only on N
and p, such that for every v € VP(ET),

R
loll? 5y < ATl > 017 0] -
When m = p, Proposition 4.1 takes the form

Proposition 4.2 There exists a constant v depending only on N and p such
that for every v € VP(Er),

[v

lg.riEr < VIV[lve(Er),

where the numbers q,r > 1 are linked by

1 N N
ropg p*
and their admissible range is
if N=1, q € (p,oc], r € [p?, 00);

f1<p<N, qepgL], relpod;

if1<N<p, qelpo), re (&, ol

We conclude this section by stating a parabolic version of Lemma 2.1 and
Corollary 2.1 concerning the truncated functions (v — k).

Lemma 4.1 Let v € V™P(Er). Then (v — k)x € V™P(Er) for all k € R.
Assume in addition that OF is piecewise smooth and that the trace of v(-,t)
on OF is essentially bounded and

esssup ||[v(,t)||co,08 < M for some M > 0.
0<t<T

Then (v —k)y € VI™P(Er) for all k > M.

5 Some Technical Facts

5.1 A Lemma on Fast Geometric Convergence

Lemma 5.1 Let {Y,,} forn = 0,1,..., be a sequence of positive numbers,
satisfying the recursive inequalities

Y1 < CVMYHT
where C,b > 1 and a > 0 are given numbers. If
Y, < C*l/abfl/oﬁ,

then {Y,} — 0 as n — oo.
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5.2 An Interpolation Lemma

Lemma 5.2 Let {Y,} forn=0,1,..., be a sequence of equi-bounded positive
numbers satisfying the recursive inequalities

Y, <Cb"Y, 11,

where C,;b > 1 and « € (0,1) are given constants. Then

Y, < < ch)a.
< (s

Remark 5.1 The lemma turns the qualitative information of equi-bounded-
ness of the sequence {Y,,} into a quantitative a priori estimate for Y5,

5.3 Steklov Averages

Let v € LY(Er) and let 0 < h < T. The Steklov averages vp,(-,t) and vy, (-, t)
are defined by

1 t+h

—/ v(-,7)dr  for t € (0,7 — hl,
Vp = h t

0, for t>1T — h.

1 t

—/ v(,7)dr for t e (h,T],
. by

0, for ¢ < h.

Lemma 5.3 Let v € LY"(Er). Then, as h — 0, vy, — v in LY (Ep_.) for
every € € (0,T). If v € C(0,T; LY(E)), then vp(-,t) — v(-,t) in LI(E) for
every t € (0,T —¢) for alle € (0,T).

A similar statement holds for v;. The proof of the lemma is straightforward
from the theory of LP spaces.

6 Remarks and Bibliographical Notes

The proofs of the multiplicative embedding of Theorem 1.1 and the embed-
dings of Theorem 1.2, are in a number of monographs ([102, 114, 5, 42]).
The best constants in (1.1) are traced by Talenti [146].
Theorem 1.2 is due to Sobolev and Nikol’ski [143]. The dependence of the
constant C of the structure of OF is traced in [42].
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Poincaré first stated and proved the inequality that was later named after
him in [128]; he then gave a second and more refined proof in [129].

A thorough treatment of Sobolev inequalities and their connection with
Harnack-type estimates is in [136].

In the context of partial differential equations, the truncations (v — k)4
were introduced by Bernstein ([17]) and effectively used by Stampacchia
([144]) and DeGiorgi ([36]).

The proof of Lemma 2.1, on the truncations (v— k)4, is in [144]. A simpler
proof is reported in [76].

Inequality (2.1) is due to DeGiorgi [36] and it is referred to as a “discrete”
isoperimetric inequality. A continuous version is in [67].

The proof of Proposition 2.1 is in [101] and it follows essentially DeGiorgi’s
proof of Lemma 2.2.

A version of the measure-theoretical Lemma 3.1 was first established in
[63] for u € WhP(K,) and p > 1. Such a limitation on p was essential to the
proof. The proof presented here, taken from [48], removes such a restriction
and is simpler.

The parabolic spaces V™P(Er) and V,™P(Er) are generalizations of the
spaces V2(Er) introduced in [101]. The generalizations are introduced to track
down the notion of degenerate and singular parabolic equations. The embed-
dings of § 4 of these spaces are established in [41].

The proof of Lemma 5.1 on fast geometric convergence is in [36] and re-
ported in [102, 101]. A simpler proof is in [41].

The interpolation Lemma 5.2 is taken from [26, 27].

In a series of papers published at the beginning of the 20th century, Steklov
studied completeness problems, making a large use of integral averaging of
functions. This later prompted the use of the term Steklov averages.
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Degenerate and Singular Parabolic Equations

1 Quasilinear Equations of p-Laplacian Type

Let E be an open set in RV and for 7' > 0 let E1 denote the cylindrical do-
main E x (0, T]. Consider quasilinear, degenerate or singular parabolic partial
differential equations of the form

uy — div Az, t,u, Du) = B(x,t,u, Du) weakly in Erp (1.1)

where the functions A : Ep x RV 5 RN and B: Ep x RYTL 5 R are only
assumed to be measurable and subject to the structure conditions

A(z,t,u, Du) - Du > Co|Dul? — CP
|A(x,t,u, Du)| < C1|DulP~t + CP~1 a.e. in Ep (1.2)
|B(x,t,u, Du)| < C|DulP~* 4+ CP

where p > 1, C, and C are given positive constants, and C is a given non-
negative constant. When C' = 0 the equation is homogeneous.
The homogeneous prototype of such a class of parabolic equations is

u; — div(|DulP>Du) =0, p>1, weaklyin Ep. (1.3)
A function
u < CIOC (07 T7 L%OC(E)) N L{)oc (07 T7 I/I/’lpr(E‘)) (14)

is a local, weak sub(super)-solution to (1.1) if for every compact set K C E
and every subinterval [t1,t2] C (0, 7]

/ up dx
K

to to
+/ / [ — wpr + A(, t,u, Du) - Dy|da dt
t1 t1 K

. (1.5)
< (2)/ / B(z,t,u, Du)pdx dt
t1 K
for all nonnegative testing functions
E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 23
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@ € W2(0,T5 L*(K)) N LY

loc loc

(0,75 Wy P (K)). (1.6)

This guarantees that all the integrals in (1.5) are convergent.

Our focus will be on Harnack estimates satisfied by nonnegative weak
solutions in the interior of Ep. For this reason we will only be interested in
local solutions irrespective of any boundary or initial data.

The partial differential equation (1.1) is degenerate when p > 2 and sin-
gular when 1 < p < 2, since the modulus of ellipticity |Du|P~2 respectively
tends to 0 or to +oo as |Du| — 0.

When p = 2, the equation is nondegenerate, and its theory is reasonably
complete ([101]). In the following particular care will be devoted to the sta-
bility of the various statements and estimates for p ~ 2.

1.1 An Alternate Formulation in Terms of Steklov Averages

It would be technically convenient to have a formulation of weak solutions that
involves us. Unfortunately weak solutions to (1.1)—(1.2), whenever they exist,
possess a modest degree of regularity in the time variable and, in general, u;
has a meaning only in the sense of distributions.

The following notion of local weak sub(super)-solution involves the discrete
time derivative of w and is equivalent to (1.5)—(1.6).

Fix t € (0,T) and let h be a positive number such that 0 <t <t+h <T.
In (1.5) take t; =t, ta = t+ h and choose a testing function ¢ independent of
the variable 7 € (¢, ¢+ h). Dividing by h and recalling the definition of Steklov
averages we obtain

/ (uh,t@‘i' [A('r?TauvDu)]h D(p)dﬂf

e (1.7)

< (Z)/ [B(z, T,u, Du)]pe dx
Kx{t}

for all 0 < ¢t < T — h and all nonnegative ¢ € W2P(K). To recover (1.5), fix
a subinterval 0 < t; < to < T, choose h so small that t5 + h < T, and in
(1.7) take a testing function as in (1.6). Such a choice is admissible, since the
testing functions in (1.7) are independent of the variable 7 € (¢,t + h) but
may be dependent on t. Integrating over [t1,?2] and letting h — 0 with the
aid of Lemma 5.3 of the Preliminaries gives (1.5).

1.2 On the Notion of Parabolicity

The structure conditions (1.2) are not sufficient to characterize parabolic par-
tial differential equations. For example, the principal part

Du

A(x,t,u,Du) = Dupfz(Du— —)
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satisfies the first of (1.2) for all p > 1. However, its modulus of ellipticity
changes signum at |Du| = 1, and the equation transitions from “forward”
parabolic to “backward” in time.

Definition:

The partial differential equation in (1.1) is parabolic if it satisfies the structure
conditions (1.2) and in addition, for every weak, local sub(super)-solution
u, the truncations +(u — k)1, —(u — k)_, for all k € R, are weak, local
sub(super)-solutions to (1.1), in the sense of (1.5)—(1.6), with A(x,t,u, Du)
and B(z,t,u, Du) replaced respectively by

Az, t,k+(u—k)x,£D(u—k)1),

B(z,t,k+ (u—k)x,£D(u—k)x).
To clarify the connection between sub(super)-solutions and parabolic struc-

tures, we derive some sufficient conditions on A(z,t,u, Du) for such a notion
of parabolicity to be enforced.

Lemma 1.1 Assume that for all (z,t,u) € Ep x R
Az, t,u,n)-n>0 forall neRY. (1.8)
Then (1.1)-(1.2) is parabolic.

Proof Let u be a local weak subsolution to (1.1), and in (1.7) take the testing
function

(un —k)+

( Kate? where € > 0, and ¢ > 0 satisfies (1.6).
Up — 4

Integrate in dt over [t1,t2] C (0,7) and let first h — 0 and then € — 0 to
obtain

/ (u— k) sl t)da
e t

+ / : /K[—(u —k)ror + Az, t,k+ (u—k)y,D(u—k)y) - Dpldzdt

to
§/ / B(z,t,k+ (u—k)1,D(u—k)y)pdxdt

t

~ limin ©[ ALtk (u—k)y, Dw—k)) Du—k)s
li fs/ / (=) 1o pdzdt.

Thus (u— k)4 is a weak, local subsolution. If u is a weak, local supersolution,
the same argument shows that —(u — k)_ is a weak, local supersolution. M
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Henceforth we will assume that the principal part A(x,t, u, Du) satisfies
(1.8) so that (1.1)—(1.2) is parabolic.

One checks that the assumptions of the lemma are verified for example by
equations with principal part

div A(z,t,u, Du) = [|Du|p*2 (aij(xj)um + f(x7t)|1;)—x’|)}
u xj
where f is bounded and nonnegative, and the matrix (a;;) is only measurable
and locally positive definite in FErp.

1.3 Dependence on the Parameters {p, N, C,,C;1} and Stability

The set of parameters {p, N, C,, Cy} are the data, and we say that a generic
positive constant v = ~v(p, N, C,, C1) depends only on the data, if it can be
quantitatively determined a priori, only in terms of these parameters.

The constant C' > 0 is also a datum of the equations. However, all our
estimates will only involve {p, N, C,, C1}, while C' will appear as an alterna-
tive. This is further illustrated in the energy estimates of Proposition 2.1 and
Remark 2.2 following it, and in Lemmas 3.1 and 4.1, and Remarks 3.1 and
4.3 following them.

A positive constant v depending only on the data is “stable” as p — 2 if
there exists a positive constant v(2, N, C,, C71) such that

lim v(p, N, C,, C1) = (2, N, C,, C1). (1.9)
p—2

We will show that all our estimates are stable as p — 2. As a consequence,
the classical theory for nondegenerate equations can be recovered from these
degenerate and singular equations, by letting p — 2.

2 Energy Estimates for (u — k)1 on Cylinders
(ya 3) + Q,:E(H) C ET

In the following Q;E(H) denote the “forward” and “backward” parabolic cylin-
ders of the form

Q, (0) = K, x (=0p",0], Q;(0) =K, x (0,0p"], p>1 (2.1)
where 6 is a positive parameter that determines their length relative to pP.
The origin (0,0) of RV*1! is the “upper vertex” of @, and the “lower vertex”
of QF(0). If 0 = 1, write Q= (1) = QF. For a fixed (y,s) € RN denote by

(4,5) + @y (6) = K, (y) x (s — 07, 8
(y,5) + Q, (0) = Ky(y) x (5,5 + 0p"]

cylinders congruent to Q;E(H) and with “upper vertex” and “lower vertex”
respectively at (y, s).

(2.2)
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Proposition 2.1 Let u be a local, weak sub(super)-solution to (1.1)-(1.2) in
Er, in the sense of (1.5)—(1.6).

There exists a positive constant v = ~(p, N,C,, C1), such that for every
cylinder (y,s) +Q, (0) C Er, every k € R and every piecewise smooth, cutoff
function ¢ vanishing on 0K ,(y), and such that 0 < ¢ <1

ess sup /K ( )(u — k)%CP(x, t)dr — / (u—k)2CP(x, s — OpP)dx
p\Y

s—0pP<t<s K, (y)

e // \D(u— k)acPda dr
(y,5)+Qp, (0)

p _ 2
<v//y P [(uw— k)5 |DCP + (u—k)LICG|] dedr

+—vcwb//’ o Dz + (= K] Crdr
(y,9)+Qp,

(2.3)

where C, and C are the constants appearing in the structure conditions (1.2).
Analogous energy estimates hold for “forward” cylinders (y,s) + Q7 (0) C
Er.

Proof After a translation we may assume (y,s) = (0,0). In (1.5) take the
testing function ¢ = +(u — k)+(¢? and integrate over K, x (—0pP,t], with

€ (—6p?,0]. The use of such a test function is justified, modulus a standard
Steklov averaging process, by making use of the alternate weak formulation
(1.7):

+ // ur(u—k)x(Pdxdr
K, x(—0pP,t]

+ // A(z,7,u, Du)D[(u — k)£ (Pldx dr
K, x(—0pP,t]

< :I://K B(x,7,u, Du)(u — k)£ P dx dr.

p X (—=0pP,t]

As for the first term
:I:// ur(u—k)x(Pdrdr = = // [(u— k)3],CPdxdr
K,x(— 9p1’t K, x(—0pP,t]

/ / u—=k dea:dT——// (u —k)2¢P ¢ da dr
0pP dr K,x(—0pP,t]

>5/<w—u@uwm—§/< RGP, 007 )

e v
Qp (0)

The second integral is transformed and estimated as
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+ // A(z,7,u,Du) - D[(u — k)+(P|dx dr
X (—0pP t]
= // +A(x,7,u, Du) - D(u — k)£ (Pdx dr
K,x(—0pr,t]

:I:p// (u — k)P Az, 7,u, Du) - D¢ dx dr
K,x(—0pr,t]

>0, // — k)4 |PCPda dr
K,x(—0pP,t]

- CP //_(O)X[(u—k)i>0]<pdxd7

e // ID(u— k)£ [P~ (u— Ky 2P~} DC|da dr
K,x(—0pr,t]
—pCP~t // (u — k)P Y D¢|dx dr.
0 (0)
By Young’s inequality

pCy / / D(u — K2~ (u — k)P~ DC|da dr
K,x(—0pP.t]

< %// |D(u — k)4 |P¢Pdx dr
K, x(—0pP,t]
// Ve | D¢|Pda dr

pCP~1 //_(0 (u—k)£CP~ | D¢|dx dr

<fy// (u—k i|DC|pd$dT—|—Cp// (u—k)o>0/CPdz dT.

Combining these terms

and

+ // A(z,7,u,Du) - D[(u — k)+(P]dx dr
K,x(—0pr,t]

> ] ID(u — k)£ |CPde dr
K, x(—0pP,t]

v // (u— kY| DCPd dr — 5C7 // (ks 0GPz .

Finally



3 A DeGiorgi-Type Lemma 29

:I:// B(x,7,u, Du)(u — k)+(Pdx dr
K,x(—0pP.t]
< c// ID(u— B)s [P~ (u — )uCPdadr
K, x(—0pr,t]
+C? // (u—k)s(Pdxdr
K, Xx(—0pP,t]

<% 2l ID(u — k)< |P¢Pda dr
K, x(—8p7 1]
—|—'pr// (u—k de:rdT—i—Cp// X[(u—k) 1 >0)C"dx dT.

Combining the previous estimates and recalling that ¢t € (—6p”, 0] is arbitrary
establishes the proposition. [ |

Remark 2.1 Because of the application of Young’s inequality, the constant
v =~(p) — oo, either as p — oo or as p — 1. However, 7 is stable as p — 2.

Remark 2.2 The proof traces the dependence of the constant v on the pa-
rameters {p, N, C,,C1} and leaves explicit the dependence on C.

3 A DeGiorgi-Type Lemma

Local, weak sub(super)-solutions to (1.1)—(1.2) in Er are locally bounded
above(below) in Er ([41], Chapter V). For a fixed cylinder (y, s) + Q5,(0) C
Er, denote by pi and w, nonnegative numbers such that

[y > esssup u, po < essinf w, W >y — .
(¥,5)+Q5,(0) (¥,8)+Q5,(0)

Denote by & € (0,1] and a € (0, 1) fixed numbers.

Lemma 3.1 Let u be a locally bounded, local, weak supersolution to (1.1)-
(1.2) in Er. There exists a number v_ depending on the data {p, N,C,,C1}
and the parameters 0, &, w, a, such that if

|[u < pe +Ewl N[y, 5) + Qz,(0)]] < v-1Q2, ()], (3.1)

then either
Cp > min{l, éw} (3.2)
u>p- +akw ae in [(y,5)+Q,0)]. (3.3)

Likewise, if u is a locally bounded, local, weak subsolution to (1.1)-(1.2) in
Er, there exists a number vy depending on the data {p,N,C,,C1} and the
parameters 0, £, w, a, such that if
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[[u> py — &l N [(y, 5) + Qo (O)]] < v |Q,(0)], (3.4)

then either (3.2) holds true, or

u<py —alw ae in [(y,5)+Q, ()] (3.5)

Remark 3.1 The constants v4 are independent of C', and the latter enters
into the statement only via the alternative (3.2).

Proof We prove first (3.1)—(3.3). We may assume (y, s) = (0,0) and for n =
0,1,..., set

P =p+ 2%, K,=K,, Qun=FK,x(—0p,0]. (3.6)

Apply (2.3) over K,, and @, to (u — ky)_, for the levels

1—a
27l

kn = p_ +&uw where En =al + g (3.7)

The cutoff function ¢ is taken of the form ((x,t) = (1(x)2(t), where

1 in Kn+1 1 2n+1
G = |DG| < =
0 in RN — K’n, Pn — Pn+1 P
(3.8)
¢ 0 for t<=bp ¢ 1 op(n+1)
2= 0< (o < <
1 for t>—0p" 4 0(ph — ph 1) 0pr
The energy inequality (2.3) with these stipulations yields
ess sup / ( ) CP(x, t dm—I—// )_([Pde dr
—0ph <t<0
2nP p
<’Y— (u—k dde—l— (u — kp)? dzdr
+C" // X[u<k |+ (= En)? )dm dr (3.9)
2P (Ew)P

T (1 (L) o) < mln

ey 1
<20 (L ) <l @

provided éw > Cp, and p < C~!, which we assume. By the embedding Propo-
sition 4.1 of the Preliminaries
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// (1 — k) —¢P R dadr < //n ID[(u — kn)_C]|Pda dr

%
X ( ess sup / [(u—kn)—C(%t)]zdl")
—0ph <t<0J K,

np 2\1 V" Nip
<0 [ 2 (r+ E0)] 7 < mineu

Estimate below

N+2

J[[ =k asar > (CL8E) T < kil o

and set

v < kal N Q|
|@nl
Then
R 0 NF (PN
ntl = 1—a) V2% \ (Cw)2? 0 "
where
b= 2K RN+D+p] (3.10)

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided

(fw)*P
Y, <y 3 (3) (1 — )V 0 (3.11)
)

(16T

The proof of (3.4)—(3.5) is almost identical. One starts from the energy
inequalities (2.3) written for the truncated functions

(u—ky)t with kp = py — Epw
for the same choice of &, as in (3.7). By the definition of p4 one estimates
(u—kn)t < &w.

This validates estimates in all analogous to (3.9) with the same functional de-
pendence on £w. The same arguments, with the proper changes in the meaning
of the symbols, lead to (3.11) written for v, and conclude the proof. Thus
vy depends on the parameters £, w, and a the same way as v_ does. [ |
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For later use we rewrite the expression of vy to serve for all p > 1, in a
form that traces the functional dependence on the indicated parameters

v [y

vy =v = 'y*l(l —
[1+0(w)r=2] ">

(3.12)

for a quantitative constant v = v(p, N, C,,C7) > 1, independent of a and &.

Remark 3.2 In Lemma 3.1 the statement relative to (3.1)—(3.3) is given in
terms of p_ and &w. As a matter of fact, as the proof clearly shows, when
dealing with the lower truncations (u — k)_ for nonnegative functions, all
the estimates depend only on k > 0, without any further assumption on it.
Correspondingly in (3.12) the quantity v_ will depend on 6kP~2.

4 A Variant of DeGiorgi-Type Lemma Involving “Initial
Data”

Assume now that wu is a nonnegative, local, weak supersolution to (1.1)—(1.2)
in Er. Assume in addition that some information is available on the “initial
data” relative to the cylinder (y,s) + Q;rp(ﬂ), say for example

u(z,s) > &M for ae. x € Kop(y) (4.1)

for some M > 0 and £ € (0, 1]. Then, writing the energy inequalities (2.3) for
(u—k)_, for k < EM, over the cylinder [(y, s) —I—Q;I)(H)], the integral extended
over Ky, at the time level t = s, vanishes in view of (4.1). Moreover, by taking
cutoff functions ((z,t) = (1(z) independent of ¢, also the integral involving
(¢, on the right-hand side of (2.3), vanishes. We may now repeat the same
arguments as in the previous proof for (u — &, M)_, over the cylinders Q;',

where 1
—a
&n =al + on 3 Q: = K, x (0,0(2p)"].

We are led to an analog of (3.9) without the term in (---) on the right-hand
side, with @, replaced by Q;, and with Y,, replaced by

o l<&MNQy]

t Qi
provided EM > Cp and p < C~1. Proceeding as before

- ~b™ 0 ¥ ~ 142
Yn+1 S (1 — a) ,)(NN+2) <(£M)2p) Yn N

for the same value of the parameter b as in (3.10). This in turn implies that
{Y,} — 0 as n — oo, provided
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- 2-p
YO S 1/0%

(4.2)
for a constant v, € (0,1) depending only on the data and a, and independent
of &, M, p, and 6. We summarize.

Lemma 4.1 Let u be a nonnegative, local, weak supersolution to (1.1)-(1.2)
in Er. Let M and & be positive numbers such that both (4.1) and (4.2) hold.
Then either

Cp > min{l, {M} (4.3)

or
u>alM  ae in K,(y) % (s,s+60(2p)"].

Remark 4.1 Both Lemmas 3.1 and 4.1 continue to hold for cylinders whose
cross sections are balls.

Remark 4.2 Both Lemmas 3.1 and 4.1 are based on the embedding Propo-
sition 4.1 of the Preliminaries, and the energy estimates (2.3), whose constant
dependence is indicated in Remark 2.1. Therefore these lemmas hold for all
p > 1, including a seamless transition from the singular range p < 2 to the
degenerate range p > 2, but with constants that deteriorate as either p — oo
orp— 1.

Remark 4.3 The constant v, in (4.2) is independent of C, and the latter
enters into the statement only via the alternative (4.3).

5 Quasilinear Equations of the Porous Medium Type

Let E be an open set in RV and for T > 0 let E7 denote the cylindrical do-
main F x (0, T]. Consider quasilinear, degenerate or singular parabolic partial
differential equations of the form

ug — div A(x,t,u, Du) = B(z,t,u, Du) weakly in Ep (5.1)

where the functions A : Er x R¥NT! - RN and B : Er x RVt & R are only
assumed to be measurable and subject to the structure conditions

A(z,t,u, Du) - Du > Com|u|™ | Dul? — C?|u|™ Tt
|A(z,t,u, Du)| < Cym|u|™ | Du| + Clu|™ a.e.in Ep  (5.2)
|B(z,t,u, Du)| < Cm|u|™ | Du| + C?|u|™

where m > 0, C, and C are given positive constants, and C is a given
nonnegative constant. When C' = 0 the equation is homogeneous.
The homogeneous prototype of this class of parabolic equations is

ug — divm|u|/™ 'Du=0, m >0, weaklyin Er. (5.3)



34 3 Degenerate and Singular Parabolic Equations

A function

m+1

u e CIOC(O,T; leoc(E))’ |U 2 € L120C

(0, T;WE2(B)) if m>1

loc

(5.4)
u € Cloc(0,T; LTHE)), |ul™ e L2 (0, T;WLA(E)) if 0<m <1

loc loc loc

is a local, weak sub(super)-solution to (5.1) if for every compact set K C E
and every subinterval [t1,t2] C (0,T]

/ up dx
K

to to
+/ / [ — wpr + A(z, t,u, Du) - Dy|da dt
t1 t1 K

b (5.5)
<) [ [ BetuDiedd
t1 K
for all nonnegative testing functions
i € Wi (0, T5 LK) 01 Lige (0, W 2(K)) . (5.6)

This guarantees that all the integrals in (5.5) are convergent.

Our focus will be on Harnack estimates satisfied by nonnegative weak
solutions in the interior of Er. For this reason we will only be interested in
local solutions irrespective of any boundary or initial data.

The partial differential equation (5.1) is degenerate when m > 1 and sin-
gular when m < 1, since the modulus of ellipticity |u|™~! respectively tends
to 0 or to +o0 as |u| — 0.

When m = 1, the equation is nondegenerate, and its theory is reason-
ably complete ([101]). In the following particular care will be devoted to the
stability of the various statements and estimates for m ~ 1.

Remark 5.1 Further discriminants on the structure conditions between the
degenerate case m > 1 and the singular case 0 <m < 1 are in § C.5 and C.9
of Appendix C. Here we have preferred to present a unified treatment.

5.1 An Alternate Formulation in Terms of Steklov Averages

It would be technically convenient to have a formulation of weak solutions that
involves wu;. Unfortunately weak solutions to (5.1)-(5.2), whenever they exist,
possess a modest degree of regularity in the time variable and, in general, u;
has a meaning only in the sense of distributions.

The following notion of local weak sub(super)-solution involves the discrete
time derivative of w and is equivalent to (5.5)—(5.6).

Fix t € (0,T) and let h be a positive number such that 0 <t <t+h <T.
In (5.5) take t; = t, to = ¢t + h and choose a nonnegative testing function
 independent of the variable 7 € (t,¢ + h). Dividing by h and recalling the
definition of Steklov averages we obtain
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/ (uh,t@‘i' [A('r?TauvDu)]h D(p)dﬂf

e (5.7)

<) [ B Dled
Kx{t}

for all 0 < ¢t < T — h and all nonnegative ¢ € W1 2(K). To recover (5.5),
fix a subinterval 0 < t; < t5 < T, choose h so small that to + h < T and in
(5.7) take a testing function as in (5.6). Such a choice is admissible, since the
testing functions in (5.7) are independent of the variable 7 € (¢,t + h) but
may be dependent on t. Integrating over [t1,t2] and letting h — 0 with the
aid of Lemma 5.3 of the Preliminaries gives (5.5).

5.2 On the Notion of Parabolicity

The structure conditions (5.2) are not sufficient to characterize parabolic par-
tial differential equations. For example, the principal part

D
A(x,t,u, Du) = m|u|™ " Du — |u\mﬁ
u

satisfies the first of (5.2) for all m > 0. However, its modulus of ellipticity
changes signum at [Du| = L|u|, and the equation transitions from “forward”
parabolic to “backward” in time.

Definition:

The partial differential equation in (5.1) is parabolic if it satisfies the structure
conditions (5.2) and in addition, for every weak, local sub(super)-solution
u, the truncations +(u — k), —(u — k)_, for all k € R, are weak, local
sub(super)-solutions to (5.1), in the sense of (5.5)—(5.6), with A(x,t,u, Du)
and B(z,t,u, Du) replaced respectively by

Az, t,k+(u—k)x,£D(u—k)1),

B(x,t,k+ (u—k)x,£D(u —k)+).

Lemma 5.1 Assume that for all (z,t,u) € Ep X R

Az, t,iu,n)-n >0 forall neRY. (5.8)
Then (5.1)-(5.2) is parabolic.
Proof Same as in Lemma 1.1. [ |

Henceforth we will assume that the principal part A(x,t, u, Du) satisfies
(5.8) so that (5.1)—(5.2) is parabolic.

One verifies that the assumptions of the lemma are verified for example
by equations with principal part
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div A(z, t,u, Du) = (\u|m_1aij(x,t)uxi + f(z, t)|ul™ Ya, ) ,
| Du|/ x;

where f is bounded and nonnegative, and the matrix (a;;) is only measurable
and locally positive definite in Er.

5.3 Dependence on the Parameters {m, N, C,, C1} and Stability

The set of parameters {m, N, C,, C1} are the data, and we say that a generic
positive constant v = v(m, N, C,,C7) depends only on the data, if it can be
quantitatively determined a priori, only in terms of these parameters.

The constant C' > 0 is also a datum of the equations. However, all our
estimates will only involve {m, N, C,, C1}, while C will appear as an alterna-
tive. This is further illustrated in the energy estimates of Propositions 6.1, 9.1
and Remarks 6.2, 9.2 following them and in Lemmas 7.1, 8.1, 10.1, 11.1 and
Remarks 7.1, 8.3, 10.1, 11.3 following them.

A positive constant v depending only on the data is stable as m — 1 if
there exists a positive constant v(1, N, C,, C7) such that

limlfy(m,N, C,,C1) =~(1,N, C,, C1). (5.9)
m—»

We will show that all our estimates are stable as m — 1. As a consequence,
the classical theory for nondegenerate equations can be recovered from these
degenerate and singular equations, by letting m — 1.

6 Energy Estimates for (v — k)+ on Cylinders
(y,s) + Qf(@) C Er for Degenerate Equations (m > 1)

Introduce cylinders Qf(&) and their translated (y, s) + Qpi(e) as in (2.1) and
(2.2) with p = 2.

Proposition 6.1 Let u be a local, weak solution to (5.1)-(5.2) for m > 1,
in Er, in the sense of (5.5)—(5.6). There exists a positive constant v =
y(m, N, Co,C1), such that for every cylinder (y,s) + Q,(0) C Er, every
k € R, and every piecewise smooth cutoff function ¢ vanishing on 0K,(y),
and such that 0 < ( <1
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ess sup / (u — k)3LC* (x,t)dx
s—0p?<t<s JK,(y)

—/K (u—k)i(z(x,s—(‘)pQ)dx

p(y)
+C, // lu|™ " D(u — k)+|*¢Pda dt
(v.9)+Q; (0)

<[ (w— k)2CIG|dr dt
(y,8)+Q, (0)

T / / ™ (u — k)2 | D¢ dt
(y,5)+Q, (0)

" ’ycz /_/( )+Q_(9) ‘u|m+lx[(u_k)i >O]<2dx dt
Y,s o

(6.1)

Analogous estimates hold in the “forward” cylinder (y, s) + Qj(@) C Erp.

Proof After a translation we may assume (y,s) = (0,0). In (5.5) take the
testing function

pr = E(u—k)x

over K, x (—0p?,t], where —0p? < t < 0. The use of +(u— k)4 in this testing
function is justified, modulus a standard Steklov averaging process, by making
use of the alternate weak formulation (5.7). This gives

+ // ur(u— k)£ Cdx dr
Kpx(—0p2,t]

+ // A(z,7,u,Du) - D(u — k)+dx dr
Kpx(—0p2,t]
:|:2// (u—k)+A(z,7,u, Du) - D¢ (dx dr
K, x(—0p2,t]
=+ // B(z,7,u, Du)(u — k)+ (*dx dr.
K, x(—0p2,t]

Transform and estimate these integrals, to get

j:// ur(u— k)t Cdrdr
K,x(—0p2,t]

1 1
— 5/}{ (u—k)i(z(x,t)dx—i/[{p (u—k)i(z(x, —sz)dx

P

—// (u— k) CI¢r | da dr.
Q; ()

P

From the first structure condition (5.2) it follows that
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j:// A(z,7,u,Du) - D(u — k)x ((dxdr
K, x(—0p2,t]

> [ ul" Dl — k) dr
K,x(—0p2,t]
- C2 // ~6) ‘u|m+1c2 X[(u—k)i>0]dx dr,

and from the second condition in (5.2) and Young’s inequality it follows that

2‘ // (u—k)+A(z,7,u, Du) - D¢ dx dr
K,x(—0p2,t]
<20 [[ ™ (k)£ D(u — k) [¢| DClde dr
K,x(—0p2,t]

+2C //Q_(e) ul™(u — k)= DCX (umk) o >0)d dT

< Gom /] (™ D(u — k)£ P dr
4 K,x(—0p2,t]

)// ™ (u — k)2 | D¢ 2da dr
5 (0)
+C2 // |u‘m+1<2X[(U_k)i>0]dl'dT.

Q, (0)

Finally, the third condition of (5.2) implies
’// B(x, 7, u, Du)(u — k) Czd:ch‘
K,x(—0p2,t]
Com m—1 2,2
< Gom [u™D(u — ka2 dr

4 Kpx(—0p2,1]

) C? // ju ™ — k)Lde dr
o (0)

coet [ / (el d.

Combining these estimates, and taking the supremum over t € (—6p%, 0]
proves the proposition. [ |

Remark 6.1 The constant v = v(m, N, C,,C1) — 00, as m — 00, but it is
stable as m — 1.

Remark 6.2 The proof traces the dependence of the constant v on the pa-
rameters {m, N, C,, C1} and leaves explicit the dependence on C.

Remark 6.3 The inequalities (6.1) continue to hold for the truncations (u —
k)4 (resp. for (u—k)_), if u is a nonnegative, local, weak, sub(super)-solution
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to (5.1)—(5.2) in E7. It suffices to observe that, in such a case, the test function
+(—)p+ is nonnegative (nonpositive), and it can be used in the corresponding
formulation (5.5) of sub(super)-solutions.

7 A DeGiorgi-Type Lemma for Nonnegative
Sub(Super)-Solutions to Degenerate Equations (m > 1)

Local, weak sub(super)-solutions to (5.1)-(5.2) in Ep are locally bounded
above(below) in E7 ([7]). For a cylinder (y,s) + @,,(0) C Er denote by iy
and w, numbers satisfying

[y > esssup  u, - < essinf w, W=y — f_.
[(3,5)+Q3,(0)] [(y,5)+Q3,(0)]

Since the degeneracy occurs at u = 0, we will assume at the outset that

p— = essinf w=0 sothat w=puy.
(4,5)+Q2,(0)

Denote by € and a fixed numbers in (0, 1).

Lemma 7.1 Letu be a nonnegative, locally bounded, local, weak supersolution
to (5.1)-(5.2) form > 1, in Ep. There exists a positive number v_, depending
on 0, w, & a and the data {m,N,C,,C1}, such that if

[u < &N [(y, s) + Qa,(0)]] < v—[Q3,(0)], (7.1)

then either
Cp>1 (7.2)
u > afw a.e. i (y,s) +Q, (0). (7.3)

Likewise, if u is a nonnegative, locally bounded, local, weak subsolution to
(5.1)-(5.2) for m > 1 in Ep, there exists a positive number vy, depending on
w, 0, &, a and the data {m, N, C,, C1}, such that if

0> 1y — €910 [(95) + Q5, O] < v+ 15, (0)]. (7.4
then either (7.2) holds, or
u < py — alw a.e. in (y,8) +Q, (0). (7.5)

Remark 7.1 The constants vy are independent of C, and the latter enters
into the statement only via the alternative (7.2).

Proof Assume (y,s) = (0,0) and introduce the sequence of cubes {K,} and
cylinders {@Q,} as in (3.6) with p = 2 and a cutoff function on @,, of the form
C(x,t) = (1 (2)(2(t) defined as in (3.8) with p = 2.
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7.1 Proof of (7.1)—(7.3)

Introduce the sequence of truncating levels {k, } defined as in (3.7) with y_ =
0. The energy estimates (6.1) on @, for (v — ky)_, give

sup / (u — kn)? P (x, t)dx

—0p2 <t<0 n

+c// m=1|Dl( — ky)_C]|2d dr
S’Y—Q // kg+1+§ki)><[u<kn]d.ﬁd7

+702 // X[u<kn]d$ dr

<~ Eal (fw)m“ (1 + u < k] N Qyl

1
o)l
2n
+ fp—mw)m*l(omznu < k] O Q.

Therefore, if (7.2) is violated,

sup / (u— kn)Q_(Q(x, t)dx

—0p2 <t<0 n

+c// W™ D{(u — kn)_ |2z dr
< 22n (gw)m+1<1+0(£:ﬁ)|[u<kn}ﬂQn\.

To estimate the left-hand side from below we keep u away from zero by intro-
ducing the function
— 1
v=max{u; tafw}. (7.6)

Then estimate below

/ (u— kp)2C(z, t)de > / (v — kn)? (% (, t)d.

n n

Also we estimate below
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(%mlgwml// _(]|Pdxdr
// "HD(v = kn)~C]|*dx dr
://Qm[u U Dl k)] Pdwdr
e [ @k Dgdedr
// " D[(u ~ kn)-()Pdx dr

+7—(€w )" [ < ka] N Qul-

Observe that, by the definition (7.6) of the truncated function v, the two sets
[v < k] and [u < k] coincide. Then setting

|@nl

and combining these estimates gives
2 2
sup / (v—Fkn)2C*(z,t)dx
—0p%2<t<0J K,
+ (Ew)™™ 1// (v — kp)_]Pdx dr (7.7)
22n n

< (@S () (14 W) 4]

where
1

(7.8)

Apply Holder’s inequality and the embedding Proposition 4.1 of the Prelimi-
naries, and recall that ( =1 on @41, to get

(1;_+?)2(fw)2|14n+1| < // (v — ky)? dx dr
2 Qn+1
N

: <//n[(”_k”)—ﬂ2wdxdf> RVNE
<’7 // gl dxdT)

8 ( ey / [(”—kn)—dz(x,t)dx> N“|A |~

70p$1.<t§0 n
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for a constant v depending only on N. Combining this with (7.7) gives

247 A(a) 2(m—1)

1 2
|[Ap+1| < “Ym(fw) N2 (1 + W) Ay |12,
In terms of Y,, = I‘S:‘I this can be rewritten as
24nA 1 0 m—1 2
Yy < 2@ (1+6(6) N) Yl

(1—a)? (9(50.))’”71) NT2

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided
Ntz X
Al {(1 - a>2] B e 0E )

~ @l ~ [ 14 R

Y,

For later use we rewrite the expression of v_ to serve for all m > 1, in a form
that traces the functional dependence of v_, on the indicated parameters

N+t2 m—115
I ,y—la(m—l) ,j' (1 _ a)N+2 [9(5&)) ] s (79)

[+ 6(6w)m1]

for a quantitative constant v = v(m, N, C,,C1) > 1, independent of a and &.

Remark 7.2 In Lemma 7.1 the statement relative to (7.1)—(7.3) is given in
terms of £w, assuming p— = 0. As a matter of fact, as the proof clearly shows,
when dealing with the lower truncations (u — k)_ for nonnegative functions,
all the estimates depend only on k& > 0, without any further assumption on
it. Correspondingly in (7.9) the quantity v_ will depend on k™~ 1.

7.2 Proof of (7.4)—(7.5)
Introduce the sequence of truncating levels
kp = py — & with &, asin (3.7),

and write down the energy estimates (6.1) on @Q,,, for (u — ky)+, to get
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sup /(u— )3z, t)da

—0p2 <t<0

+C// " HD[(u — kn)4C]Pda dr

2271
R ——
+~C? // X sk d dT

2 1
< L
2n

. e THHCP)?|[u < kn] N Q-

Therefore, if (7.2) is violated,

sup /K (u— kn)f_(jz(ar, t)dx

—0p2 <t<0

e // W™ Dl(u — k) o ()2 dr
22 — 1

To estimate below the second integral on the left-hand side, take into account
the domain of integration [u > k,| N Q. This gives

//n“mlDKu—kn)+C]2dm
= // kn) €2 dx dr.

Setting
A
Ap=u>k,)NQ, and Y, = Q"|,
and combining these estimates gives
sup / (u— ky)3 P (2, t)da
—0p2 <t<0 n
e / / k)1 ] 2de dr (7.10)

22n 1
<9AE) gt (1 - W) Al

where
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A©) = =g

Apply Hélder’s inequality and the embedding Proposition 4.1 of the Prelimi-
naries, and recall that ( =1 on @41, to get

— (Ew)?|Apya| < // Zdxdr
() -

<// u— kn)4 C)? = dmd7'> e | Ay, \N+2
< // k)40 dodr)

(g /Kf(“‘knud?(x,t)dx)N%”Anmz

—0p2 <t<0

for a constant v depending only on N. Combine this with (7.10) to get

24nA(£) g 2<1\/N+7J:”2+1)
<y—" (X

2(m—1)

1 2
X(gw) 2 <1+W)|An‘l+m-

In terms of Y,, = I‘S:‘I this can be rewritten as

2 A(E) [pp \ IR (L+0(60)™ ) 14 xy
Yo < ’Y(l — a)g (gw) (9(£w—)m—l) = 'S .

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided

27132

Y, = | A,] < {(1 —a) } 9—(N+2)
Qo] YA€)
N
fw\NHmal (0(6w)™ )7 def
(&) _
M (]_ + 0(£w)m*1) 2

For later use we rewrite the expression of v in the special case when

6= ()™,

that is, the relative length of the cylinders (y,s) + Q;,t(e) is of the order of
(fw)' ™.

Then for all m > 1, the functional dependence of v, on £ and a is

(1-a?]7
1—-a 2
_ A1 N+m+1
v U] e

for a quantitative constant v = y(m, N,C,,C7) > 1, independent of a and

&.
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8 A Variant of DeGiorgi-Type Lemma, for Nonnegative
Supersolutions to Degenerate Equations (m > 1),
Involving “Initial Data”

Continue to denote by (y, s) + Q1 () “forward” cylinders with bottom center
at (y, s) as defined in (2.1)—(2.2) with p = 2.

Assume now that some information is available on the “initial data” rela-
tive to the cylinder (y,s) + Q;rp(e) C Ep, say for example

u(x,s) > &M for a.e. x € Ky,(y) (8.1)

for some M > 0 and € € (0,1]. Then

Lemma 8.1 Letu be a nonnegative, locally bounded, local, weak supersolution
to (5.1)-(5.2) for m > 1, in Er. Let a € (0,1) and suppose that (8.1) holds
true. Then there exists v, € (0,1), depending only on a and the data, such
that, if

[u <EM]NQ3,(0)] < W@zp( B (8.2)
then either
Cp>1 (8.3)
or

u>alM in Ky(y) % (s,s+6(2p)"].

Proof Assume (y,s) = (0,0) and for n = 0,1,..., construct sequences of
cubes {K,} as in (3.6), and “forward” cylinders {Q*} and levels {&,} by

1—a
27L

Qr—;— = K, x (07 9(2P)2L 5 = af + g
Let also ((z,t) = {(x) be a cutoff function independent of ¢, vanishing outside
K,, and satisfying the first of (3.8). Finally let

v = max {u; %agM}.

Thus v is defined as in (7.6) with M replacing w. Apply the energy estimates
(6.1) for (u — ky)— with k, = &, M, over the “forward” cylinders @, and the
indicated choice of (. Observe that the second integral on the left-hand side
of (6.1), extended over the “bottom” of @;', vanishes in view of (8.1). Also,
the integral involving (; vanishes, because of our choice of cutoff function (.
The various terms can now be transformed and estimated exactly as in the
proof of Lemma 7.1 with the obvious changes in the symbolism. The most
noticeable change is that, due to the vanishing of (;, all the terms containing
the factor 6! are not present. This leads exactly to (7.7) over the cylinder
7, with w replaced by M, with the same value of A(a) as given in (7.8), and
with the term in (- --) containing the factor =1, replaced by one. Setting
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A7
Qnl’

the estimate (7.7) with the indicated changes and in the current context, takes
the form

At =v<&MINQ, and Y, =

sup / (0 — € M)? (2,£)¢3 () dx
0<t<0(2p)?
+ (EM)™ 1// _(]|Pdxdr

22n
< 7A@ (€M) A,
Starting from this inequality, proceed now exactly as in the proof of Lemma 7.1
following (7.7), to arrive at
2471/1( )

AT — (&M

‘ n+1 77(1—@) (g )
In terms of Y,, = |A;7|/|Q;"| this can be rewritten as

24" A(a 11 w2 1t v
Y1 < ’Vﬁ [9(§M) 1] N¥2y,  NEE

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided
[AF| _ [lu < &M]NQ5,(0)]

Y, = =
Q7| \Q;rp( )\
1—a —(N+42)? 1
<|5x } * e
:ef Vo -
O(EM)m—1

Remark 8.1 Both Lemmas 7.1 and 8.1 continue to hold for cylinders whose
cross sections are balls.

Remark 8.2 Both Lemmas 7.1 and 8.1 are based on the energy estimates
(6.1) and the embedding Proposition 4.1 of the Preliminaries, which continue
to hold in a stable manner for m — 1. Therefore these results are valid for all
m > 1, including a seamless transition to m = 1.

Remark 8.3 The constant v, in (8.2) is independent of C, and the latter
enters into the statement only via the alternative (8.3).

9 Energy Estimates for (u — k)_ on Cylinders
(y,s) + Qf(@) C Er for Singular Equations (0 < m < 1)

Introduce cylinders Q;E(H) and their translated (y, s) + Qf(&) as in (2.1) and
(2.2) with p = 2.
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Proposition 9.1 Let u be a nonnegative, local, weak supersolution to (5.1)-
(5.2) for0 < m < 1, in Er, in the sense of (5.5)-(5.6). There exists a positive
constant v = y(m, N,C,,C1), such that for every cylinder (y,s) + Q, (0) C
Ep, every k > 0, and every nonnegative, piecewise smooth cutoff function ¢
vanishing on 0K ,(y),

ess sup / (u— k)23 (x, t)dx
s—0p2<t<s JK,(y)
+Cokm*1// |D[(u — k)_(]|*dx dt
(y:5)+Q, ()

<ok [ (w—k)-Cla,s —pP)do (9.1)
K,(y)

+ vk // X[u<k)§|Gt|dz dt
(y,8)+Qp (0)

4k / / Ntucii®(Co. C1, C.C, DC)de dt
(y,8)+Q, (0)

where
P(C,,C1,C, ¢, DC) = (C*¢* + CFIDCI?)CyH + Co| DS + mC?¢? + C¢|D¢|.

The constant v(m,N,C,,C1) — oo as m — 0, but is stable as m — 1.
Analogous estimates hold in the “forward” cylinder (y,s) + Q/ (0) C Er.

Proof After a translation we may assume (y,s) = (0,0). Having fixed k& > 0,
in the weak formulation (5.5) take the test function

o= _(um _ km)_ C2
over the cylinder
Qi = K, x (—0p° 1] for —60p*<t<0.

The use of such a ¢ as testing function is justified, modulus a standard Steklov
averaging process, and in view of the notion (5.4) of weak supersolution. Es-
timating the various terms separately we have

J - k)
/K/ ™ sm) ds¢2(a, )
- [ p / m_ sm) dsc2(z, —0p?)da
—2//t/ " ) dsCCrda dr
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Since m € (0,1) estimate
k
/ (k™ — s™)pds > Smk™ 1 (u— k)2

Also .
/ (K™ — s"™)ypds < E™(u—k)_.

//,, = (u™ = k") _urPdr dr

> Lt /K (u— k)% (2, t)dx

P

Therefore

- k;m/ (u—k)_C*(x,—0p)dx
Kﬂ
_ gpm / (u— k)_C|Co|da dr-
Next
/ A(z,7,u, Du) - D[—(u™ — k™) _(*]dx dr
Qt
> Co // D™ — k™) _*¢2dx dr
— mC? // u2mX[u<k]C2dardT
Yo / Du™|(u™ — k™) | D¢|da dr
Qt
— QC// u™(u™ — kE™)_(|D¢|dx dr
> %/ |D(u™ — k™) _|*¢?dx dr
2 JJa
— k2m // X[u<k]Pa(Co, C1,C, ¢, D¢)dx dr
where

®4(Co, C1,C, ¢, DC) = CF|DCPCy + C¢|DS| +mC? (2.
Finally
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/ |B(z, 7, u, Du)|(u™ — k™) _(*dx dr

Q+
< C// |Du™|(u™ — k™) _(Pdx dr

+C? // u™(u™ — k™) _C*dx dr
< _// |D(u )_|*¢dx dr

v / Ninei)®s(Cor C, ) dr
Q:
where
dsb(Cov Ca C) = 02(00_1 + 1)<2

Combining these estimates and taking into account that ¢t € (—6p?, 0] is arbi-
trary, gives

Lmgm=t esssup/ (u— k)23 (x, t)dx
—0p2<t<0J K
CO m m 22
+ =2 ID(u™ — k™)_|2¢2dz dt
4 JJoz e
< g / (u— k)_C(w, ~0p*)dx
Kﬂ
+ L2m // X[u<k] (@a + st)da? dt
o (0)
+ 2k // X[u<k] C|Ct|dz dt.
Qy (0)

Since m € (0,1)

//;( |D(u™ — E™)_|2¢*dx dt

> m2E2m=1) // )22 da dt.
p<9)

Combining these estimates and dividing by mk™ ! yields
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ess sup / (u— k)2 3 (z, t)dx
—0p2<t<0 /K,
C
+ "—mkmﬂ// ID(u — k)_ |2C2du dt
4 30

<

k;/K (u—k)_¢*(x,—0p°)dx

P

1
L / / Ntuct) (Ba + B)da di
m 5 (0)

2
+ =k // X[u<k|C|Gt|dz dt.
m Q5 (0)

Recalling the definition of @, and @, proves the proposition. [ |

3=

Remark 9.1 The constant v = (m, N,C,,C;) is stable as m — 1, but
deteriorates as m — 0.

Remark 9.2 The proof traces the dependence of the constant v on the pa-
rameters {m, N, C,, C1} and leaves explicit the dependence on C' through the
explicit expression of @.

10 A DeGiorgi-Type Lemma for Nonnegative
Supersolutions to Singular Equations (0 < m < 1)

Local, weak sub(super)-solutions to the singular equations (5.1)—(5.2) for 0 <
m < 1, in Ep, are locally bounded above(below) in Er (Proposition B.4.1
of Appendix B). For a cylinder (y,s) + Q5,(f) C Er denote by py and w,
numbers satisfying

[y > esssup u, p— < ess irlf U, W=t — .
[(y,5)+Q5,(0)] [(y:8)+Q2,(0)]

Since the singularity occurs at u = 0, we will assume at the outset that

p— = essinf w=0 sothat w=puy4.
(4,5)+Q3,(0)

Denote by € and a fixed numbers in (0, 1).

Lemma 10.1 Let u be a nonnegative, locally bounded, local, weak supersolu-
tion to the singular equation (5.1)-(5.2) for 0 <m < 1, in Ep. There exists
a positive number v_, depending on 0, w, &, a and the data {m,N,C,,C1},
such that if

|[u < &N [(y, 5) + Qa,(0)]] < v-[Q3,(0)], (10.1)

then either
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Cp>1 (10.2)

or
u > afw a.e. in (y,s) +Q, (0). (10.3)

Remark 10.1 The constant v_ is independent of C, and the latter enters
into the statement only via the alternative (10.2).

Proof Assume (y, s) = (0,0). Introduce the sequence of cubes { K, } and cylin-
ders {Q,} as in (3.6) with p = 2 and a cutoff function on @,, of the form
C(x,t) = ¢1(x)(2(t) defined as in (3.8) for p = 2, and the sequence of trun-
cating levels {k,} defined as in (3.7) with u_ = 0. Write down the energy
estimates (9.1) on @y, for (v — k,)_. The first term on the right-hand side
vanishes because of the choice of cutoff function (. Set

A
|@nl

With this notation, and by virtue of the structure of the cutoff function ( as
defined in (3.8), the second term on the right-hand side of (9.1) is majorized
by

Ap=u<ky,NQ@, and Y,=

2
by A

If (10.2) is violated, then

22n
QS(COa 017 Ca C? ‘DCD < rYp_Q
Combining these remarks in (9.1), and taking into account that k, < w,
gives

sup /K (u — kn)2 % (x, t)dx

—0p2 <t<0

+ Cyp(bw)™™ 1// _(]Pdx dr (10.4)

<rZs <5w>m+1(1+W)| il

Apply Holder’s inequality and the embedding Proposition 4.1 of the Prelimi-
naries, and recall that ( =1 on Qp41, to get

(2n+1) (Ew)?|Appa] < //Qﬂ+1 o b dodr
//“[(u_k")_q“dwdT)NN“Anm
=7 // [(u = kn) -] dxdq-)

X ( sup /K [(u—kn)_C]z(x,t)dar)

—0p2 <t<0

2
N+2

| A, | 752
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for a constant v depending only on N. Combine this with (10.4) to get
an

(1—a)?p?

In terms of Y;, this can be rewritten as

24n (1+9(£w)m—1) 142

N+2
Ly, TV

(1—-a)? (g(gw)mﬂ) N+2

2(m—1)

(gw) " (14

2
|[Ans1] < ‘An‘1+N+2-

aET)

Y1 <7

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided

N+42 N
2

Y, = | 4o < {(1 - a)2] o 9—(N+2) (G(gw)mil) def -

- — N+2 V_.
‘Qo| vy (1+9(£w)m—1)T

For later use we rewrite the expression of v_ for 0 < m < 1, in a form that
traces the functional dependence on the indicated parameters

N

2

[0(¢w)™ ] (105)
[1+ f(Ew)m—1]"" ’

v = ,y—l(l . a)N+2

for a quantitative constant v = v(m, N, C,, C1) > 1, independent of a and &.

Remark 10.2 In Lemma 10.1 the statement relative to (10.1)—(10.3) is given
in terms of £w, assuming p— = 0. As a matter of fact, as the proof clearly
shows, when dealing with the lower truncations (u—k)_ for nonnegative func-
tions, all the estimates depend only on &k > 0, without any further assumption
on it. Correspondingly in (10.5) the quantity v_ will depend on k™~ 1.

11 A Variant of DeGiorgi-Type Lemma, for Nonnegative
Supersolutions to Singular Equations (0 < m < 1),
Involving “Initial Data”

Continue to denote by (y, s) + Qj(&) “forward” cylinders with bottom center
at (y, s) as defined in (2.1)—(2.2) with p = 2.

Assume now that some information is available on the “initial data” rela-
tive to the cylinder (y,s) + Qgp(e) C Er, say for example

u(z,s) > &M for a.e. x € Koy(y) (11.1)

for some M > 0 and € € (0,1]. Then

Lemma 11.1 Let u be a nonnegative, locally bounded, local, weak supersolu-
tion to the singular equations (5.1)-(5.2) for 0 <m < 1, in Er. Let a € (0,1)
and suppose that (11.1) holds true. Then there exists v, € (0,1), depending
only on a and the data, such that, if
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[u <EM]NQ3,(0)] < W@zp( B (11.2)
then either

Cp>1 (11.3)

or
u>atM in K,(y) x (s,s 4+ 60(2p)?].

Proof Assume (y,s) = (0,0) and for n = 0,1,..., construct sequences of
cubes {K,} as in (3.6), and “forward” cylinders {Q+} and levels {&,} by

1—a

QI = Ky x (070(2p)2}’ En =al+ on

¢.

Let also ((z,t) = ((x) be a nonnegative, piecewise smooth, cutoff function
independent of ¢, vanishing outside K, and satisfying the first of (3.8). Apply
the energy estimates (9.1) for

(u—kn)  with &, = &M

over the “forward” cylinders @, and the indicated choice of (. Observe that
the first integral on the right-hand side of (9.1) is extended over the “bottom”
of Q;F, and it vanishes in view of (11.1). Also, the integral involving ¢; vanishes,
because of our choice of cutoff function (. The various terms can now be
transformed and estimated exactly as in the proof of Lemma 10.1 with the
obvious changes in the symbolism. The most noticeable change is that, due
to the vanishing of ¢, all the terms containing the factor §~! are not present.
This leads exactly to (10.4) over the cylinder @;', with w replaced by M, and
without the term in (---) containing the factor 6~ !. Setting

AL
Qul’

the estimate (10.4) with the indicated changes and in the current context,
takes the form

A =u<&EMINQT  and Y, =

sup / (u = kp)? (2, t)C*(x)dx

0<t<6(2p)?

+ Co(EM)™ 1// )_(]Pdx dr

22n
< 7—(€M)m+1 AL -

Starting from this inequality, proceed now exactly as in the proof of Lemma 10.1
following (10.4), to arrive at

4n

MLJSVHéLT—@M)

2(nz 1)

A |
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In terms of Y,, = |A;}|/|Q;"| this can be rewritten as

4n

T [P T

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided

Y1 <7

Af lu < EM]NQ3,(0))

Y, = =
QF] Q3,(0)]
M}M —vepr_ L
<{ y 2 R
def Vo
~ e -

Remark 11.1 Both Lemmas 10.1 and 11.1 continue to hold for cylinders
whose cross sections are balls.

Remark 11.2 Both Lemmas 10.1 and 11.1 are based on the energy estimates
(9.1) and the embedding Proposition 4.1 of the Preliminaries, which continue
to hold in a stable manner for m — 1. Therefore these results are valid for all
0 < m < 1, including a seamless transition from the singular range m < 1 to
the nonsingular range m = 1. The various constants deteriorate as m — 0.

Remark 11.3 The constant v, in (11.2) is independent of C, and the latter
enters into the statement only via the alternative (11.3).

Remark 11.4 A result analogous to (7.4)—(7.5) holds for nonnegative sub-
solutions to these singular equations. The statement with the full proof will
be given in § B.6 of Appendix B.

12 Remarks and Bibliographical Notes

Weak formulations such as (1.7) and (5.8) in terms of Steklov averages are
in [101] for nondegenerate versions of (1.1)—(1.2) for p = 2, or (5.1)-(5.2)
for m = 1. In the generality afforded by these equations, it is not expected
that u; € L .(Er). This, however, might occur for the homogeneous proto-
type equations (1.3) or (5.3). For local weak solutions to the homogeneous

p-Laplacian equation (1.3) for p > 2, it is shown in [107] that u; € Lﬁ? (ET).
In [28] it is shown that u; € L (Er) for all max{2; 1\2,—1_?_[2} < p <2, extended

loc
in [2] for all p > 1\2,—12 and in [22] for all 1 < p < 2.
For the homogeneous, prototype porous medium equation (5.3), for m >

1, it is shown in [9] that for nonnegative solutions to the Cauchy problem

uy € LL (RN x RY). For (ng—fzh < m < 11it is shown in [60] that nonnegative
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solutions to boundary value problems are locally analytic in the space variables
and as a consequence u; € L2 (Er).

A more general notion of parabolicity can be given in terms of the mono-
tonicity of the principal part with respect to the gradient Du. The function

RN 57 — A(z,t,u,n) is monotone at (z,t,u) € Er x R, if
<A(:E,t7u,771) — Az, t,u,n2),m — 772> >0 forall ny,m € RV, (12.1)

Then (1.1)—(1.2) is parabolic if A(z,t,u,0) =0 and n — A(z,t,u,n) is mono-
tone at all (x,t,u) € Ep xR. The condition (1.8) requires only the monotonic-
ity at n = 0. The monotonicity requirement (12.1) is natural in the existence
theory. It permits one to apply Minty’s lemma [116] to identify the weak limit
of the principal part when (1.1) is approximated by a sequence of regular-
ized problems ([101]). We will consider singular homogeneous equations with
monotone principal part in Chapter 7.

The energy inequalities of § 2 and § 6 for the truncations (u — k)+ are
modeled after analogous ones for nondegenerate equations appearing in [101].
These in turn are parabolic version of analogous “elliptic” energy estimates
for such truncations introduced by DeGiorgi [36], following Bernstein [17].
The main difference is in a careful tracking of the space-time geometry to be
accounted for in the method of intrinsic geometry introduced in [41] and [149].

Analogous considerations hold for Lemmas 3.1-4.1, 7.1-8.1, and 10.1-11.1.
In these a careful analysis is effected to trace the connection between degen-
eracy or singularity and the geometry of the cylinders Q;t(e). The parameter
0 will track the degeneracy and/or singularity of these equations. Versions of
these lemmas appear in [41, 37, 47].



4

Expansion of Positivity

1 Time and Space Propagation of Positivity

The FEzpansion of Positivity is a property of nonnegative supersolutions to
elliptic and parabolic partial differential equations, that is at the heart of any
form of Harnack estimate. Roughly speaking, it asserts that information on
the measure of the “positivity set” of u at the time level s, over the cube
K,(y), translates into an expansion of the positivity set both in space (from
a cube K,(y) to Ka,(y)), and in time (from s to s+ 0p?, for some suitable 6).

Such an expansion involves some unavoidable technical arguments. To con-
vey the main ideas we will present it first in § 2 in the context of nondegenerate
(p = 2 or m = 1), homogeneous equations. Then we will present it separately
for degenerate (p > 2 or m > 1) and singular (1 <p < 2o0r 0 <m < 1)
equations with full quasilinear structure. In all cases one first “propagates” a
positivity information at some time level s on a cube K,(y) to further times,
within the same cube. Then one expands the positivity set in the space vari-
ables from K,(y) to Ka,(y).

The first step of time propagation of positivity is technically common to
all cases and we present it here in a unified fashion.

Henceforth in this section assume that u is a nonnegative, local, weak
supersolution in Er to (1.1)-(1.2) of Chapter 3, for some p > 1.

Most of our arguments and proofs are based on the energy estimates and
DeGiorgi-type lemmas of § 2-4 of Chapter 3. According to the discussion in
§ 1.3 and Remarks 2.2, 3.1, and 4.3 of Chapter 3, a constant v depends only
on the data if it can be quantitatively determined a priori only in terms of
{p, N, C,,C1}. The constant C' appearing in the structure conditions (1.2) of
Chapter 3, enters in the various statements only via some alternatives.

For (y,s) € Ep and n,m € N, introduce the “forward” and “backward”
cylinders

(y,s) + Q1 (mb)
(Y, 8) + Q. (M)

np(Y) X (5,5 +mbp”]

K
Kunp(y) x (s —mbp", s].

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 57
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-1584-8 4,
© Springer Science+Business Media, LLC 2012
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These differ from the cylinders Q;,t(e) introduced in (2.1)-(2.2) of Chapter 3,
in that their cross section K,,,(y) and their height §mpP are permitted to vary
independently. In what follows it will be assumed that (y,s) € Er and p > 0
are such that (y,s) + pr(mﬁ) C Er.

Lemma 1.1 Assume that for some (y,s) € Er and some p > 0
[u(-s) = MIN K,(y)| > o|K,(y)|

for some M >0 and some a € (0,1). There exist § and € in (0,1), depending
only on the data {p, N, C,,C1}, and «, and independent of M, such that either

Cp > min{l, M}

or
M]NK,(y)| > Lo|K il 0" 1.1
[u(+t) > eM] N K, ()] > SalK,|  forall t€ (s,s+5L5] (L)
Proof Assume (y,s) = (0,0) and for £ > 0 and ¢ > 0 set
Ap p(t) = [u(-t) < k] N K,.
The assumption implies
[Anrp(0)] < (1 = )| Kyl (1.2)

Write down the energy inequalities (2.3) of Chapter 3, for the truncated func-
tions (u — M)_, over the cylinder K, x (0,0pP], where § > 0 is to be chosen.
The cutoff function ( is taken independent of ¢, nonnegative, and such that

1
(=1 on Kq_4),, and [D¢<—
op

where o € (0,1) is to be chosen. Discarding the nonnegative term containing
D(u — M)_ on the left-hand side, these inequalities yield

J.

(u — M)? (z,t)dx < / (u — M)?* (x,0)dz

Ky
v
+ / / (u— M)? dx dr
(op)P Jo K,

0"
+ WC”’/ / [Xu<m) + (u— M)P |dxdr
0 K,
2

(1=o)p

SMQ{(l—a)—k'ye Zﬁ +’y(minﬁ€M})p0Mp2}Kp
SMQ{(l—a)—kQ'yw\ijz}\Kp\
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for all ¢ € (0, 0pP], where we have enforced (1.2), and provided that Cp < M,
C < p~!. The left-hand side is estimated below by

/ (= MY (2, t)dz > / (= M2 (2, t)dz
Ka-o)p

K(l_ﬁ)pﬂ[u<6M]
> M2(1 - 6)2|A6M,(170)p(t)‘

where € € (0, 1) is to be chosen. Next estimate

[Aent,p (O] = [Aert,(1-0)p () U (Aers,p (1) — Aenr,(1-0)p ()]
<NAamr, -0y ()] + [Kp — K(1-0),
< ‘AeM,(lf(r)p(t” + NU‘KI)"

Combining these estimates gives

1
A < — M)>? No|K
A ol0) < 37— [ M+ Nl
1 2 9
< — (1 — —OMP No||K,|.
_(1_6)2[( a)+—0 + No||K,|

Choose @ = §M?2~P and then choose

J1-32a +1
«a 1 1 aP
= — <l-Y———~-q (=———. 1.3
g 8N7 €S . %a 8a 23p+4nyP ( )
This proves the lemma. [ |

Remark 1.1 The proof is based on the energy inequalities (2.3) of Chapter 3,
whose constant dependence is indicated in Remark 2.1. Therefore the constant
0 = 0(p) deteriorates either as p — 1 or as p — oo, but it is stable as p — 2,
with seamless transition from the singular range p < 2 to the degenerate range
p> 2.

Remark 1.2 If p = 2, one takes # = § and the interval in (1.1) becomes
independent of M.

2 The Expansion of Positivity for Nondegenerate,
Homogeneous, Quasilinear Parabolic Equations

Let u be a nonnegative, local, weak supersolution in Er to (1.1)—(1.2) of
Chapter 3, with p =2 and C' = 0.

Proposition 2.1 Assume that for some (y,s) € Er and some p > 0

[u(,s) > MINE,(y)] > | K,y(y)] (2.1)
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for some M > 0 and some « € (0,1). There exist constants n and § € (0,1)
depending only on the data {N,C,,C1}, and «, such that

u>nM ae in Koy(y) x (s+ 30p%, s+ 6p%]. (2.2)

Proof Assume (y,s) = (0,0). The number o > 0 being fixed, let ¢ and € be
the numbers claimed by Lemma 1.1 for p = 2. The conclusion of the lemma
implies that

[u(-,t) > eM] N Kap| > a4 N|Ky,|, forall t € (0,5p°). (2.3)

Lemma 2.1 For every v € (0,1) there exists €, depending only on the data
{N,C,,C1}, § (and hence o), and v, such that

[u < &, M) N QL (6)] < v|QF,(6)|. (2.4)

Thus the set [u < €, M] in the cylinder QF (6) can be made arbitrarily small,
provided €, is chosen accordingly. The main tools of the proof are the estimate
(2.3) of the measure of the sets Acns4,(t) for all ¢ € (0,5p?), and the discrete
isoperimetric inequality of Lemma 2.2 of the Preliminaries.

Proof Write down the energy estimates (2.3) of Chapter 3 over the cylinder
Qi (6) U Qg (8) = Kg, x (=6p%,6p%)
for the truncated functions

1
(u—Fk;)—  for the levels k; = EGM, for j=0,1,....

The nonnegative, piecewise smooth, test function ¢ is chosen so that it van-
ishes outside Kg, and for t < —dp?, and

1 1
— +
C— 1 on Q4p(6)7 ‘DC‘ S E, and 0 S Ct S W

The first term on the left-hand side is discarded since it is nonnegative, and
the second vanishes because of our choice of test function. The term involv-
ing |D(u — k;)—| is minorized by extending the integration over the cylinder
Qip(é), which is the set where ( = 1. The terms containing C' on the right-
hand side are eliminated since C' = 0. These remarks give the inequalities

//Q+ [Pl ki) P

B 2
S’V/ AS U |DC| +C7)d1'd7— (2.5)

< 76p2k2( + 522)\K8 |

< ’Yk?|K4p‘



2 The Expansion of Positivity for Nondegenerate, Quasilinear Equations 61

for a new constant v depending only on the data {N,C,, C;}.
Apply the discrete isoperimetric inequality of Lemma 2.2 of the Prelimi-
naries to the levels

ﬁzkj:ﬁ and k:k‘j+1:

57 for j=0,1,...

€
2j+1
and take into account (2.3) to obtain

8%y
K| A s an(0)] < —p/ Du(-,1)|da.
KapNlkjp1<u<k;]

Integrate this in dt over (0,5p?) and set

5p?
4] = |[u < k5] 1 QF(8)] = / A, (7)]dr.

Then the previous inequality yields

kjr1]Aj] < 7/0// |Duldx dr
Q ﬂ[k]+1<u<k]]

<’Vp<// |D(u—kj)|2dxd7> |Aj — Ajia]®
Q1 (9)
Q1,8 (145] = 14;411) 7

where we have used the energy estimates (2.5). Next divide by kj11 = %kj,
and square both sides to obtain the recursive inequalities

A < 9215, (6)] (141~ |Ajial)  for j=0,1....

Add these inequalities for j = 0,1,..., j.—1 where j, is a positive integer to be
chosen. Minorize the terms on the left-hand side by their smallest value | A;, |2
and majorize the right-hand side with the corresponding telescopic series. The
indicated estimations yield

o0

Ju—1
’< ,ZO [Ajl? < (29)%194,0)] ZO (1451 = [Aj411)
Jj= Jj=
< (29)%1Q4,(8) .

Jxl Ay,

From this
|45, < —= \/— 1Q1,(0)]. (2.6)
Thus having fixed v € (0,1), one can choose j. so large that
u<e,MINOF (6 2
H & M] Q4p( )’ v, for 7 <v and €, = 6. [ |

1Q1,(0)] Vie = 2
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Proof (of Proposition 2.1, Concluded) Apply Lemma 3.1 of Chapter 3 over
the cylinder ijp(é) in the version of (3.1)—(3.3), with p_ = 0 and {w = ¢, M
and a = 1. Choose v from (3.12) of Chapter 3 and observe that since p =
2 (nondegenerate equations), the number v is independent of €, M. It only
depends on the data {N, C,, Cy} and §, which itself has been determined and
fixed in terms of the data {N,C,,C1} and «. Such a v being fixed a priori
only in terms of the data, choose j, € N by the indicated procedure, so that
the assumptions of Lemma 2.1 are verified. Then Lemma 3.1 of Chapter 3
implies that

u(z,t) > Se,M ae. in Ky, x (16p°,6p%).
Thus the conclusion holds with n = %e,,. |
Remark 2.1 If in (2.1) one has a = 1, the condition reads
u(,8) > M ae. in K,(s) (2.7)

which is of the same form as the “initial datum” of (4.1) of Chapter 3.
Lemma 4.1 of Chapter 3 then translates that bound below to later times
over smaller cubes. Proposition 2.1, however, is stronger, as it translates such
“initial conditions” into a positivity information at later times and over a
larger cube.

3 Some Counterexamples for Degenerate and Singular
Equations

Let now u be a nonnegative, local, weak supersolution to the prototype equa-
tion (1.3) of Chapter 3 in some cylindrical domain Er, for some p # 2. If u
is bounded below on some cube K,(y), say for example as in (2.7), then the
analog of Proposition 2.1 would be that

u(,s+0p") >nM ae in Ko,(y) (3.1)

for constants ¢ > 0 and 1 € (0,1) depending only on the data {p, N, C,, C;},
and independent of w. It turns out that if p # 2, no constants § and 7 can
be determined a priori only in terms of N and p for which (2.7) would imply
(3.1).

3.1 A First Counterexample for p > 2

Consider the one-parameter family of nonnegative functions defined in the
whole R x R

p=1 —o\E=
u(z,t;c) = Al —x +ct)?™>  where A= = (p 1) . (3.2)
=



3 Some Counterexamples for Degenerate and Singular Equations 63

One verifies that such a u(-, -; ¢) is a weak solution to the homogeneous proto-
type p-Laplacian equation in the whole R x R, for all ¢ > 0, and is constructed
by seeking solutions in the form of traveling waves. Fix

(y,s): (%(1_6)’())’ pZ%(l—&)

and let
Ky(y) = {le — 11 —) < L1 —2)}.

At time 0pP the bound below (3.1) is possible for some 7 > 0, however small,
only if
2P 1—3¢

0> c Aoy

Thus for (3.1) to hold for some 7, the constant 6 must depend on the parameter
¢, and hence on the solution u(-, -; c).

t
-1
t= ”’c
Ka,(y) u>0
B s+ 607 = 315y
u=20
; s=0
/ '
Yy = 155 Kp(y)7 pP= 1;€

Fig. 3.1. The Traveling Wave Solution

3.2 A Second Counterexample for p > 2

Consider the Barenblatt solution to the parabolic p-Laplacian equation for
p>2in RNV x Rt ([13]):

1 x| \ 7517 =2
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where

_(LyFrp=2 _
vp—(x) 0 A=Ne-2+p (3-4)

The moving boundary is the sphere centered at the origin and radius R, (t)
given by

and set

| ‘ p2+p1 _ (1_€)pp +(1_3€)T5%
T2 i '
27p

One verifies that 1
1
u(-,8) > —er=2 in B,(y).

If the expansion of positivity (3.1) were to hold for some § > 0 depending
only on N and p, then points on the ball Ba,(y), at time s + §pP should be
within the support of u(-, s 4+ dp?). That is,

[yl +2p < Rpn(s + 6p").

From this and the expression of R,,(-) one computes

p=1 p=1
1 31—¢e)» —(1—-3¢)» N(p=2)
s :

p=1 p=1

N=29D71 (1 _ )5 (1 - 3¢)"

If ¢ is sufficiently small, the right-hand side is a positive factor of sV(®P—2)/2
and hence ¢ grows with s.

i

3.3 A Family of Counterexamples for 1 < p < 2

When 1 < p < 2, nonnegative solutions to the prototype equation (1.3) of
Chapter 3 in some cylindrical domain Ep, might vanish identically in finite
time. That is, there might exist a finite 7' > 0 such that

u(,t)=0 in E forall ¢t>T.
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s+ dp*

p—1

Ap=1L
L=y * |$‘/\

Fig. 3.2. The Barenblatt Solution

If F is a bounded domain with smooth boundary 0F and w is the solution
to the initial-boundary value problem, with bounded initial data and ho-
mogeneous Dirichlet data on OF, this extinction phenomenon occurs for all
1 < p < 2 and the extinction time 7" can be estimated in terms of the initial
datum ([41], Chapter VII § 2, and also [60]).

If E=R" and u is the solution to the Cauchy problem with smooth and
compactly supported initial datum, this phenomenon occurs for 1 < p < 1\2,—171
([41], Chapter VII § 3, and also [60]).

It is apparent that for a cylinder K,(y) x (s, s+ dpP) such that u(-,s) >0
on K,(y), the expansion of (3.1) does not hold true if s + dpP exceeds the
extinction time 7.

If N =1, a family of such solutions can be constructed semi-explicitly, by
separation of variables. Consider the boundary value problem

g — (Juz|P " 2ug)e =0 in [Jz| < 1] x [t > 0]
u(=1,t) =u(l,t) =0 (3.5)
u(-,0) = T77 X (-1 1)
where X (+) is a nonnegative solution to
— (I X'P72X"Y = puX in (0,1) (3.6)
X(-1)=X(1) =0,

for some p > 0. Whence such an X (+) is constructed, a solution to (3.5) is

u(e, ) = [T — (2 — p)ut] =7 X (1.

A construction procedure for nonnegative solutions to (3.6) is in § 8.1.
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3.4 The Expansion of Positivity in Some Intrinsic Geometry

These examples raise the natural question, whether a version of the expansion
of positivity still holds, in some form, for supersolutions to equations (1.1)-
(1.2), and (5.1)—(5.2) of Chapter 3 for p # 2, or for m # 1. Such a result
would pave the way to a Harnack inequality when p # 2, or m # 1.

It turns out that the expansion of positivity continues to hold for these
degenerate and singular equations, but in a time-intrinsic geometry.

In the next sections we make precise the notion of intrinsic geometry and
state and prove the expansion of positivity in such a geometry, respectively
for degenerate equations (p > 2 or m > 1) and singular equations (1 < p < 2
or0<m<1).

4 The Expansion of Positivity for Degenerate
Quasilinear Parabolic Equations (p > 2)

Throughout this section let u be a nonnegative, local, weak supersolution to
(1.1)~(1.2) of Chapter 3 in Er, for p > 2. For (y,s) € Er, and some given
positive number M, consider the cylinder
br—2 »
Kgp(y) X (878 + Wép }, (41)
where b, 1, 6 are the constants given by Proposition 4.1, and p > 0 is so small
that it is included in Er.

Proposition 4.1 Assume that for some (y,s) € Er and some p > 0
|[u(-5) > MINEy(y)| > o|Ky(y)| (4.2)

for some M > 0 and some « € (0,1). There exist constants n and § in (0,1)
and y,b > 1 depending only on the data {p, N, C,,C1}, and «, such that either
~Cp > min{l, M}, or

u(,t) >nM  ae in Kap,(y) (4.3)
for all times
—bp_2 LopP —p—2 opP 4.4
= <t < . .
ST =S e @d)

Remark 4.1 The cylinder in (4.1) is “intrinsic” to the supersolution itself,
since its height depends on the lower bound M in (4.2). The conclusion (4.3)—
(4.4) is analogous to the conclusion (2.2) of Proposition 2.1, except that the
time is rescaled by a factor (nM)2?~P. In this sense Proposition 4.1 is an
“intrinsic” expansion of positivity.
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Remark 4.2 The constants 7, J, 7, and b are stable as p — 2 and therefore
the statement of Proposition 2.1, valid for the nondegenerate case p = 2, can
be recovered from Proposition 4.1 by letting p — 2. This stability of v, n, and
b will be established in § 6.

Remark 4.3 The proposition transforms the measure-theoretical informa-
tion (4.2) into the pointwise expansion of positivity (4.3). The proof below
shows that the functional dependence of  on the measure-theoretical param-
eter « is of the form )

n=n,aB ad (4.5)

for parameters 17,, B,d depending only on the data {p,N,C,,C1}. Such a
dependence will be improved in Proposition 7.1 of Chapter 5.

4.1 Structure of the Proof

Assume (y, s) = (0,0) and let € and ¢ be the numbers claimed by Lemma 1.1.

Following the proof for the nondegenerate case p = 2, one seeks to con-
vert the information (1.1) originating from Lemma 1.1, into an estimate of
the type of (2.4) of Lemma 2.1. The proof could then be concluded, as in
the nondegenerate case, by an application of Lemma 3.1 of Chapter 3. The
conclusion of this lemma holds, provided the number v can be chosen so small
as in (3.12) of Chapter 3 with w replaced by €, M. If p = 2, such a choice can
be made independent of (¢, M). If p > 2, the number v can be determined
in terms only of the data if @ is chosen to satisfy (e, M)?~2 = 1. Thus the
smaller is €, the longer is the cylinder QL(Q). Therefore an information of
the form of (1.1) would need to be derived over a large cylinder.

This is precisely the main difficulty of the proof. It is overcome by intro-
ducing a suitable change of the time variable, and the function u for which a
version of (1.1) continues to hold over “large times.”

4.2 Changing the Time Variable
We may assume (y,s) = (0,0). The assumption (4.2) implies
[[u(-,0) > cM]NK,| > a|K,| forall o <I. (4.2)

The conclusion of Lemma 1.1 continues to hold, with the same parameters e
and 6, if one replaces M by oM, and yields

Hu(.7(0]§5/f$) > 60’M} ﬂKp‘ > la|lK,| forall o <1.

For 7 > 0 set

and



68 4 Expansion of Positivity

T

def er— 72

w(a,r) € S (3p7) 7 u(a,
Then for all 7 > 0

e
T Mp—2

5#") (4.7)
e’ M
‘ {U<a Wfspp) > 661)—%2} ﬂKp‘ > la|K,|
which, in terms of w(+, 7), means
lw(:,7) > ko) N K,| > La|K,| forall >0,

where
el c(5p7)7%2. (4.8)

From this

| Kap — [w(-,7) < ko]| > %OA_N|K4,,| for all 7 > 0. (4.9)

4.2.1 Relating w to the Evolution Equation

Since u > 0, by formal calculations

= p—1 1 72 1
wr = <e (5pp) ) ’U,t+p—e (5p1’)p—2u
(4.10)

(ep - (6pP) P2 ) B [divA(m,t,u,Du) + B(z,t,u, Du)]
= div A(ar, T,w, Dw) + B(J:, 7, w, Dw)
where
A:(ExRY) xRN 5 RY
B:(ExRY) xRV*L 4R
satisfy the structure conditions

A(x T, w, Dw) - Dw > Co|Dw|P —
|A(w 7,w, Dw)| < Cy|Dw|P~! + Cp ! a.e.in B x RT,
|B(x,7,w, Dw)| < C|Dw|P~! + CCP~?

where C,, C1, and C are the constants appearing in the structure conditions
(1.2) of Chapter 3, and

C(r)y=C

A; (5pP) 7. (4.11)

The formal differential inequality (4.10) can be made rigorous by starting from
the weak formulation (1.4)—(1.7) of Chapter 3, by operating the corresponding
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change of variables from t into 7, and by taking testing functions ¢ > 0. We
will use (4.10) in space-time domains contained in Kg, x R*.

Write the energy estimates for (w — k)_, of the type of (2.3) of Chapter 3,
over cylinders Q;’p(e) C E x R, as defined in (2.1)—(2.2) of Chapter 3, with
bottom center at (0,0), and in the new variables (x, 7). Precisely

ess sup / (w — k)2 ¢P(x, 7)dx + // |D(w — k)_¢|Pdz dr
0<7<6(8p)? J Ks, Q:,(6)

<7//Q (0 [(w = B)2IDCIP + (w — k)2 ||| dadr
+riCleteer }p// X[(w—k)->0)S" dxd7-+701’// (0) — k)P.(Pda dr

for a nonnegative, piecewise smooth cutoff function that vanishes on the para-
bolic boundary of Qgp(G). Choose ¢ to be one on the cylinder

Quy(0) = Ky x ((4)70, (8p)"0]

and such that 1

~ 04p)
With these choices, the previous energy inequalities yield

// |D(w — Ek)_|Pdz dr
940(9)

~kP 1
= Tapyp! o0 (1 + s +

1
\DC\SZP and  [¢r| <

(4.12)

cop+ Ll

4.3 The Set Where w Is Small Can Be Made Small Within Q4,(6)
for Large 6

Lemma 4.1 Let (4.2) hold and let k, be defined by (4.8). For every v > 0,
there exist €, € (0,1) depending only on the data {p, N,C,,C1} and «, and
0 = 0(k,,€,) depending only on k,, €, and the data, and v = ~(0) depending
only on 6 and the data, such that either

~v(0)Cp > min{l, M}

or

[fw < €,ko] N Qup(0)]| < v[Qap(0)]-

Proof Write down the energy inequalities (4.12) for the level k; and the pa-
rameter 6 given by

. 2]’* -2
kj:ﬁko for j=0,1,...,5. and gzka,:p:<k—o) ’
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where j. € N is to be chosen depending only on the data {]Z, N,C,,Cq}.
The term involving C' is estimated by the definition (4.11) of C(7) and the
definition (4.8) of k,. Thus

{¢ [9(82;]} SO ﬁ(j*,data)z’<%)p.

Therefore, if
M > 7(js, data)Cp,

the last term is majorized by an absolute constant depending only on the data
{p, N,C,,C1} and the previous inequality yields

// Dlw— k) Pdedr < 2510, 0) (4.13)
94,,(9) ( )

for a constant v depending only on the data {p, N, C,, C1}, and independent
of j.. Set

Aj(T) = [w(~,7‘) < kij] N K4p, Aj = [w < kij} n Q4p(9)

0(8p)?
4] = / A (r)\dr.

0(4p)?

By Lemma 2.2 of the Preliminaries

so that

Nt
(ks — byl Ay ()] < [ Duld
’ a a ‘K‘lp —4; ( )| K4pﬁ kjp1<w(-,7)<kj]
for all 7 € (6(4p)?, 6(8p)P]. For all such 7, applying (4.9)
24N
kil A (r)) < =P p/ | Dw|dz.
a
KapNlkjr1<w(-,7)<k;]

Integrate this in dr over (6(4p)?,0(8p)?) and majorize the resulting integral
on the right-hand side by Holder’s inequality, and by means of (4.13), to obtain

1
1 -
3kl Ajl < “YP(// \lepdwdT) A = Ayl
Aj—Ajp

<on([[ 1D k) Pdedr)’ 14 - A
Qup(0)
< Ykj|Qup(0) 7 |Aj — Ajia] T

From this, by taking the ;;%1 power of both sides, we arrive at the recursive
inequalities
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[Aj1 |77 < 7] Qup(0)| 7T |A) — Ay

for a quantitative constant v depending only on the data {p, N, C,, C;} and
«, and independent of j.. Now add these for j = 0,1,...,j. — 1, and majorize
the sum on the right-hand side by the corresponding telescopic series. This
gives , ,

(e = DIAL 7T <71Qup(6)777.
Rewriting this as

|Aj,

(1) 12w

proves the proposition for the choices

p=1
€, = ; and v = <l> " (4.14)

4.4 Expanding the Positivity of w

The measure-theoretical information in (4.9), valid for all 7 > 0, will be
expanded in the space variables over the cube K3, for “times” 7 sufficiently
large.

Lemma 4.2 Let (4.2) hold. There exist v € (0,1) and y(v) > 1, that can be
determined a priori only in terms of the data {p, N, C,,C1} and «, such that
either

v(v)Cp > min{l, M}

or
U}(', T) >

D=

(6p)P (8p)" } (4.15)

(evko)P=2" (€vko)P2

where €, is the number claimed by Lemma 4.1 corresponding to v.

evko  a.e. in Ko, x (

Proof Apply (3.1)—(3.3) of Lemma 3.1 of Chapter 3 to w over the cylinder
Qup(0) = (0,7) + Q4,(0)  for 7. = 6(8p)".

The parameter éw is replaced by €,k, and p— > 0 is neglected. Taking into
account (3.12) of Chapter 3, and choosing a = % gives

w(z,T) > %eyko for a.e. (z,7) € [(0,7) + Q;p(e)]

provided M > ~(e,)Cp and

|[w < evko] N Qup(6)] < 41 <1) N+2 [9(6,/]60)1772}%
N [

|Q4p(9)| 2 1+ e(euko)p_2] p-;N -

Choosing now v from (4.14) determines €, and therefore 6 quantitatively.
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4.5 Expanding the Positivity of u

Return to the definitions (4.6)—(4.8) of 7, w, and k,. As 7 ranges over the
interval in (4.15), e?—2 ranges over

4 vy
b 3 exp L < f(r) < exp L defy,
(p—2)[e,edr—2]P—2 (p—2)[epedr=2]p~2

where b; and by are constants that can be determined a priori only in terms
of the data {p, N,C,,C4}, and are independent of p, M, and u. Translating
Lemma 4.2 in terms of u and ¢ gives

veM
u(x,t) > el def nM  forae. z€ K,
2bo
for all times
pr—2 L5 p o< D—2 5
a2 =S G
for a suitable b depending only on the data {p, N,C,, C1}. ]

5 The Expansion of Positivity for Singular Quasilinear
Parabolic Equations (1 < p < 2)

Throughout this section we let u be a nonnegative, local, weak supersolution
to (1.1)—(1.2) of Chapter 3 with 1 < p < 2, and let the cylinder

(y:5) + Quop(OM*™7) = Kugp(y) x (s,5+ OM* 77 p?]

be contained in Er.

Proposition 5.1 Assume that for some (y,s) € Er and some p > 0
[u(-;8) = M0 K,(y)| = alKp(y)] (5.1)

for some M > 0 and some « € (0,1). There exist constants 7, §, and € in
(0,1) and v > 1 depending only on the data {p, N,C,,C1}, and «, such that
either

vCp > min{l, M}

or
u(-,t) >nM  ae in Kop(y) (5.2)

for all times
s+ (1—e)dM?*PpP <t <s+6M>PpP. (5.3)
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Remark 5.1 The proposition transforms the measure-theoretical informa-
tion (5.1) into the pointwise expansion of positivity (5.2). The proof below
shows that the functional dependence of 7 on the measure-theoretical param-
eter « is of the form

0 = 100 271/ exp(—ypaP2 /o), (5.4)

for parameters 7,, 71,72 depending only on the data {p, N, C,, C1}. It is not
known whether the dependence can be improved to be power-like, as in the
degenerate case p > 2, for the general singular equations (1.1)—(1.2) of Chap-
ter 3.

Proof Assume (y,s) = (0,0), and let ¢ and € in (0, 1) be the numbers claimed
by Lemma 1.1 depending only on the data {p, N, C,, C;} and a. The conclu-
sion of the lemma is that either yCp > min{l, M}, or

[u(-,t) > eM] N K,| > 2a|K,| forall t € (0,6M> PpF]. (5.5)

5.1 Transforming the Variables and the Equation
Let p > 0 be so that

Q16p(M*P) = Kyg, x (0,6M? PpP] C Er. (5.6)
Introduce the change of variables and the new unknown function

x . t—O6M?Ppp
z=—, =

1 r
P —e = W7 v(z,T) = Mu(m,t)e%r« (5.7)

This maps the cylinder in (5.6) into K16 % (0, 00) and transforms the equations
(1.1)-(1.2) of Chapter 3 into

_ _ 1
vy —div, A(z,7,v,D,v) = B(z,7,v,D,v) + 5V (5.8)

weakly in Kjg x (0,00), where A, and B are measurable functions of their
arguments, satisfying the structure conditions

A_(z,T,v, D.v) - D,v > 6Co| D vfP — 6CP
|A(2,7,v, D.v)| <0C|Dv|P~" 4 6CP! (5.9)
|B(z,7,v,D,v)| < §pC|D v|P~t + §pCCP~1

a.e. in Kig X (0,00), where C, and C; are the constants in the structure
conditions (1.2) of Chapter 3, ¢ is the number claimed by Lemma 1.1, and

C=0C(7) :p%efp.

In this setting, the information (5.5) becomes
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Hv(~,7’) > ee?7] OK1’ > la|lKy| forall 7€ (0,400). (5.10)
Let 7, > 0 to be chosen and set
kozee%ﬁ, and kj:%ko for j=0,1,..., 7,
where j, is to be chosen. With this symbolism (5.10) implies
[[v(-,7) > k) N Kg| > %a8_N\Kg| for all 7 € (15, +00) (5.11)
and for all j € N. Introduce the cylinders

Qr, = Ks x (1o + k27, 7, + 2k277)
Q;_o = K16 X (TO,TO + ka_p>

and a nonnegative, piecewise smooth, cutoff function in @’  of the form

C(z,7) = (1(2)C2(7), where

o 1 in KS 1

Cl_{o in RN_KIG ‘DCl‘Sg

0 for <7, 1
CQ—{ for 7> 7, + k2P OSCQ’TSW.

Write down the energy estimates (2.3) of Chapter 3, for (v—Fk;)_ over @/ , and
for the indicated choice of cutoff function ¢. These are derived by taking —(v—
k;)—CP as a testing function in the weak formulation of (5.8). Discarding the
nonpositive contribution of the right-hand side, coming from the nonnegative
term ﬁv, standard calculations give

// (v —kj)_C|Pdzdr

<7/// v = k) ADCP + (0= k)2 G dzdr

+ ’VCYP(TO + ng—p) // X[(v—kj)—>0]dz dr
Q%

+vCppp// (v —k;) dzdr,

where v = 4/0, the constant 4 depends only on {p, N,C,,C1}, and 0 is the
parameter claimed by Lemma 1.1, and appearing in the transformed structure
conditions (5.9). From this

P 2—-p
_pdzd7'<fyk Q- M_i_cppp_
| .

Ky
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Taking into account the expressions of C' and k,, estimate

CP (7, + 2k27P) - 2j*p2p R
kf - Mp
Suppose for the moment that j, and k, have been chosen, and set

k2P

Y(ur To) = 2T (5.12)

Therefore either M < v(j., 7,)Cp, or the previous inequality yields
// kj)-|Pdzdr < 4vK%|Q-, | (5.13)

for a constant v depending only on the data {p, N, C,,C:1}, and ¢.

5.2 Estimating the Measure of the Set [v < k;] Within Q-

Set
Ai(r) =[v(-,T) < kj] N Kg, Aji=v<k]NQs.
By Lemma 2.2 of the Preliminaries, and (5.11)
(V)
[Ks = A (T)] J Kok 1 <o(-m) <)
() /
« KgNlkjy1<v(-,7)<kj]

A

(kj — kjp1)|Ajra(7)] < |Dvldz

IN

|Dvldz

for all 7 > 7,. Integrate this in dr over (7, + k27P, 7, + 2k27P), majorize the
resulting integral on the right-hand side by the Holder inequality, and use
(5.13) to get

ﬁ|Aj_~_1| < ~(data, a) // |Dv|dz dr
2 Aj—Ajta

< 7(data, a)(// |Du|Pdz dT) A~ AT
Aj—Ajp
~(data, a) (// kj)_|P dsz)p|Aj—Aj+1p;l

p—1
< (data, o, 0)k;|Qr, |7 |A; — Aja| T

Taking the 1% power yields the recursive inequalities

_p _1
|Aj 1|77 < y(data, @, 8)|Qr, |77 [A; — Ajil-
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Add these inequalities for j = 0,1,...,j« — 1, where j, is an integer to be
chosen, and majorize the sum on the right-hand side by the corresponding
telescopic series. This gives

(G — DA, |77 < y(data, a,0)|Qx, |77

Equivalently

V(daté,aﬁ))T_ (5.14)

< kN Qrl <1Qr|  where v = (T2

Taking into account (1.3), the constant « in (5.14) can be traced to be of the
7(data)
ap+2

form v =

5.3 Segmenting Q,,

Assume momentarily that j, and hence v have been determined. By possibly
increasing j. to be not necessarily integer, without loss of generality we may
assume that (2“2)2*1’ is an integer. Then subdivide @, into (27+)2~? cylinders,
each of length k5", by setting
Qn=Ksx (1, + k2P + nk;jz.:p, To+ k2P 4 (n + 1)kj2:p)
for n=0,1,...,(27%)*7?7 — 1.
For at least one of these, say @, there must hold

H'U < k'j*} an‘ < V|Qn‘

Apply Lemma 3.1 of Chapter 3 to v over Q,, with

po=0, w=ky., a=3 0=FK"7"

It gives
v(z, 70 + k2P + (n+ 1)kj2~:p) > %kj* a.e. in Ky
provided
<k ]NQy _
w <2 N:pfj/o(data) = .
|Qnl

Choose now j., and hence v, from this and (5.14). Summarizing, for such a
choice of j,, and hence v, there exists a time level 7; in the range

To+ k2P <7 < 7T, +2k27P (5.15)

such that

To_ (s
v(z,71) > 0,e77  where 0, = €270,

Remark 5.2 Notice that j, and hence v are determined only in terms of the
data and are independent of the parameter 7,, which is still to be chosen.
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5.4 Returning to the Original Coordinates

In terms of the original coordinates and the original function u(x,t) this im-
plies

T1—To d_ef

u(s,t1) > ooMe™ 2= M, in Kup,,

where the time ¢ corresponding to 71 is computed from (5.7) and (5.15).
Apply now Lemma 4.1 of Chapter 3 with M replaced by M, and £ = 1 over
the cylinder

(tl, 0) + ij(e) = K4p X (tl,tl + 9(4p)p] .

By choosing
0 =v,M>P where v, = v,(data)

the assumption (4.2) of Chapter 3 is satisfied, and the lemma yields

1M, = Lo, Me™ 5
: 27 in Ko, (5.16)
2

To

__2
oo 2= M

for all times
t) <t <ty +v,M2P(4p)P. (5.17)

If the right-hand side equals 6M2~PpP, then (5.16) and the conclusion (5.2)
will hold for the time ¢t = §M?~PpP. The transformed 7, level is still unde-
termined, and it will be so chosen as to verify such a requirement. Precisely,
taking into account the change of variables (5.7)

SMP>PpPe™™ = GM>7PpP — ¢ = I/Oo—g_pM2_p(4p)Pe_(Tl—To)

which implies
6

-
4vy,o5 P

To

This determines quantitatively 7, = 7,(data). The proof of Proposition 5.1 is
now completed by inserting such a 7, on the right-hand side of (5.16) and in
(5.17). In particular (5.16) holds for all times

ty = 6M* PpP — y, M27P(4p)P <t < SM*PpP.
From the previous definitions and transformations one estimates
t1 <(1-—- 6)5M27ppp7 where e=¢ To 27,

Notice that once j. and 7, are fixed, then the constant v in (5.12) is also
defined, only in terms of the data {p, N,C,,C4} and a.

Remark 5.3 As it will be apparent in the next chapters, the Harnack in-

equality has different formulations, respectively when ]\2[—11 < p < 2 and

1 <p< 1\%—51 It is remarkable, however, that the expansion of positivity

holds with the same statement in the full singular range 1 < p < 2.
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Remark 5.4 It might seem that two approaches for the degenerate case p >
2 and the singular case 1 < p < 2 are similar, based as they are on an
exponential-type change of variable, respectively (4.6)—(4.7) and (5.7). The
two phenomena, however, are markedly different.

In the degenerate case, starting at time level s, the transformation itself
chooses the final time level, as indicated in (4.4), in terms of the lower bound
M. In the singular case, the final time level §M27PpP is fixed in terms of M, as
indicated in (5.3). The structural constants only determine how the original
time interval shrinks, about the upper limit, which remains fixed.

6 Stability of the Expansion of Positivity for p — 2

The proof of Proposition 4.1 for the degenerate case p > 2 shows that the
constants b and 7 in (4.3)—(4.4) depend on p as (see § 4.5)

hp—2 kp—2
b%GXP(%p_Q} 77%@@(—%713)
for constants vy, 7y, h, k all larger than 1, depending only on the data
{N,C,,C1}, and independent of p. Thus the ratio (b/n)?~2 that determines
the “waiting time” needed to preserve and expand the positivity, deteriorates
as p — oo. However, it is stable as p — 2 and (4.4) remains meaningful for p
near 2. On the other hand, n(p) — 0 as p — 2 and (4.3) becomes vacuous.

Likewise, in the proof of Proposition 5.1, for the singular case 1 < p < 2,
the change of variables (5.7) and the subsequent arguments, yield constants
that deteriorate as p — 2.

Nevertheless the conclusions of both Proposition 4.1, for p > 2, and Propo-
sition 5.1 for 1 < p < 2, continue to hold with constants that are stable as
p — 2, in the sense of (1.9) of Chapter 3. This is the content of the next
proposition.

Proposition 6.1 Let u be a nonnegative, local, weak solution to (1.1)-(1.2)
of Chapter 3 for p > 1 in Ep. Let

5p”
Ksp(y) x (s,s+ W] C Er

and assume that for some (y,s) € Er and some p > 0
[u(-,s) = M] N K,(y)| = o K, (y)]

for some M > 0 and some « € (0,1). There exist constants v, > 1, 8, ox, 1«
in (0,1), depending only on the data {N,C,,C1} and «, and independent of
(y,$), p, M, and p, such that if |p — 2| < o, then either

vCp > min{l, M}
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or
u(z,t) > nM  for all z € Kap,(y)
for all
Ls5pp §pP
2
s+ = <t<s-+ =k

Remark 6.1 The constants ., d, 0., and 7, are stable as p — 2, in the sense
of (1.9) of Chapter 3.

6.1 Proof of Proposition 6.1

Assume that (y,s) = (0,0) and let ¢(p) and §(p) be the constants correspond-
ing to a, claimed by Lemma 1.1. The lemma does not distinguish between
p>2and 1< p<2and it implies

[u(-,t) < eM]N Kyp| > 047N |Ky,|, forall ¢ e (0,6M*Pp?). (6.1)

By Remark 1.1 the constants ¢(p) and §(p) are stable as p — 2. The proof
now proceeds for p near 2 irrespective of the degeneracy (p > 2) or singularity
(1 < p < 2) of the partial differential equation. For this reason we denote by
|p — 2| the proximity of p to 2 from either side.

Lemma 6.1 For every v* € (0,1) there exist constants o*, €,» € (0,1) and
v« > 1, depending only on the data {N,C,,C1} and a and independent of u,
M, p, and p, such that for all |p — 2| < o, either

~¥+Cp > min{l, M}

or
[ < e M] A QY (8M>7P)] < 1] Q4 (63> 77)].

Proof Write down the energy inequalities in (2.3) of Chapter 3, for (u —k;)—,
over the cylinder
Qg (6M>77)

for a nonnegative, piecewise smooth, cutoff function ¢ that equals one on
Qip((SMz_p), and such that

1 1
|D¢| < v and |G] < S
The levels k; are taken as
eM . . . .
kj = o> for j=0,1,...,j. where j, € N is to be chosen.

The first term on the left-hand side is discarded and the integral involving
D(u — kj;)— is minorized by extending it over ij(éMz’p), which is the set
where ¢ = 1. The right-hand side is majorized in a standard fashion and gives
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C

J

ka 2l o+
// |D(u— kj)—|Pdx dt < y—L27P=2l|QF |11+ +CPpP|.
of, (6312=7) op?
Assume momentarily that j. has been chosen in terms only of the data and
«. Then either M < C27+p, or the previous inequality yields

p
D(u— k) [P dt < 3 9ilp=21|Q+ |
QF (sM2-p) ! B 75013 4
4p

The number j, will be chosen shortly depending only on the data {N, C,, C1}
and «, and independent of u, M, p, and p. Assuming momentarily that such
a choice has been made, choose . € (0,1) so that j.|p — 2] < 1 for all
|p — 2| < 0. This yields the energy estimates

// \D(u—kj),|pdxdt<
Qi (6M2-7)

for a constant v depending only on the data {N,C,,C;} and independent of
u, M, p, and p, provided M > Cr,p for 7, = 27+,

Starting from these energy estimates, the proof can now be concluded as
in the proof of Lemma 2.1 valid for nondegenerate equations. Precisely, set

kP
Zijonem* ) (62)

Ay = [u < k] 0 QL (M)

and proceed as in that context by making use of (6.1) and (6.2), to arrive at
the analog of (2.6)

|Aj,

< (1) 7 e e (6:3)

for a constant v depending only on the data {N, C,,C;} and independent of
u, M, p, and p. Choosing

€ = 2% and vt = (—)T (6.4)
proves the lemma. u

To conclude the proof of Proposition 6.1, apply Lemma 3.1 of Chapter 3, with
_=0,{=¢€,a= %, w=M, 60 =6M?*"P and p replaced by 2p. The lemma
yields
u>te, M in Ky, x (36p7,6p7),
provided

[u<e-]NQL(OM>P) |4 |

Y, = - _
|Qi, (60277)] Qi (0M277))|

Here the number v* is chosen from (3.12) of Chapter 3 for p > 1. For p > 2
compute
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v o<1 [6M2P (e, M)P~2] %
o> ’V(data) [1 + (5M2_p(€y*M)P—2} N:—p
1 [5617—221'*(2—17)]% .
= ="

~ A(data) [1 4 ger-224.2-p)] 5"

Stipulate to choose |p — 2| < o, and then o, so small that 27-P=2 € (1,2).
Then, from (6.3)—(6.4) choose j. so large as to satisfy this requirement. The
calculations for 1 < p < 2 are identical starting once more from (3.12) of
Chapter 3. [ |

The argument is a hybrid between the nondegenerate case of § 2 and the
degenerate case of § 4 and the singular case of § 5. It mimics the degenerate
or singular case in that the length of the cylinders is of the order of M?2~P
thereby abiding to the notion of intrinsic geometry. If a lower bound of the type
€y« M = €277+ M is sought, then the intrinsic geometry required by Lemma 3.1
of Chapter 3 would require a cylinder of length (e,M)?~P, relative to pP.
However, because of the indicated choices 65:2 ~ 1 if p = 2. Roughly speaking
the partial differential equation, while degenerate or singular, for p ~ 2 is
“mildly degenerate or singular,” and it transitions from its nondegenerate
regime p = 2 to its degenerate regime p > 2 or singular regime 1 < p < 2, in
a stable manner.

7 The Expansion of Positivity for Porous Medium Type
Equations

Throughout this section let v be a nonnegative, local, weak supersolution to
(5.1)—(5.2) of Chapter 3 in Erp, for m > 0. For (y,s) € Er, and some given
positive number M, consider the cylinders
bm—l
(np)m=t
Kiop(y) x (8,8 + M ™™p?] for 0<m <1

Ks,(y) x (s,s+ 6p% for m>1

where b, §, n are the constants given by Propositions 7.1 and 7.2, and p > 0
is so small that they are both included in Ep. The results of the previous
sections are based solely on the following technical tools: (i) Lemmas 3.1 and
4.1 of Chapter 3, (ii) the discrete isoperimetric inequality of Lemma 2.2 and
the embedding Proposition 4.1 of the Preliminaries, and (iii) the change of
variables introduced respectively in (4.6)—(4.7) for the degenerate case p > 2
and in (5.7) for the singular case 1 < p < 2.

For porous medium type equations Lemmas 3.1 and 4.1 of Chapter 3 have
their exact counterpart respectively in Lemmas 7.1 and 8.1 for m > 1, and in
Lemmas 10.1 and 11.1 for 0 < m < 1 of Chapter 3.
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The discrete isoperimetric inequality and the embeddings of the Prelimi-
naries are facts of Classical Analysis, independent of partial differential equa-
tions. Therefore the expansion of positivity effect continues to hold for these
equations, by essentially the same proof, whence one introduces changes of
variables analogous to (4.6)—(4.7) for the degenerate case m > 1 and to (5.7)
for the singular case 0 < m < 1. Below we outline the main differences in the
proofs by distinguishing the degenerate case m > 1 from the singular case
0<m<1.

7.1 Expansion of Positivity When m > 1

The starting point is a time propagation of positivity similar to Lemma 1.1.

Lemma 7.1 Assume that for some (y,s) € Er and some p > 0
[u(,5) = M]N K,(y)| > alKy(y)|

for some M >0 and some a € (0,1). There exist § and € in (0,1), depending
only on the data {m, N, C,, C1} and o, and independent of M, such that either
Cp>1, or

B 2

p
[[u(-,t) > eM]N K,(y)| > %a\Kp(yﬂ for all t € (s,s + Mm—l]
Proof Same as in Lemma 1.1 by minor changes. We may assume
5= O‘—s’
~210 N2
with € as in Lemma 1.1. [

Proposition 7.1 Assume that for some (y,s) € Er and some p > 0
[u(- s) = M] N K,(y)| = oK, (y)]

for some M > 0 and some o € (0,1). There exist constants b > 1, §,n € (0,1),
depending only on the data {m,N,C,,C1} and «, and independent of (y,s),
p, M, such that either Cp > 1, or

u(',t) Z 77M mn K2p(y)

for all times

bmfl bmfl

1¢ 2 2
e T e

The constants b, 6, n deteriorate as m — oo, but they are stable as m — 1.

s+

Proof Assume (y,s) = (0,0) and let € and § be determined as in Lemma 7.1.
The proof is almost identical to that of § 4 by means of the change of variables
o1 4
w(x, T) def 67(5/)2)%15(%5 + Mc;n_lépz),
modulo the obvious changes in symbolism. The stability analysis of the con-
stants for m = 1 is carried out as in § 6. ]
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7.2 Expansion of Positivity When 0 < m < 1

The starting point is a time propagation of positivity similar to Lemma 1.1.

Lemma 7.2 Let 0 <m < 1 and assume that for some (y,s) € Ep and some
p>0

[u(-8) = M0 K,(y)| = alKp(y)]
for some M >0 and some a € (0,1). There exist § and € in (0,1), depending

only on the data {m, N, C,, C1} and o, and independent of M, such that either
Cp>1, or
1 dp?
u(-,t) > eM]NK,(y)| > 5a|K,(y)|  forall t € (s s+ A= 1}

Proof Assume (y, s) = (0,0), and consider the cylinder
QF (M) = K, x (0,6M " p?]

where 6 € (0,1) is to be chosen. In the weak formulation (5.5) of Chapter 3,
take the test function

p=—"-M")_¢
where © — ((x) is a nonnegative, piecewise smooth cutoff function in K,

which equals one on K(;_,), and such that [D¢| < (op)~'. Proceeding as in
§ 9 of Chapter 3 and enforcmg the condition C'p < 1 gives

M
/ / (M™ — s™)  ds¢?dx < / / — ™) dsC?dx
K, Ju(z,t) (z 0)

Mm+1

+ Y[ K|

for all times 0 < ¢ < §M'~™p?. Enforcing the assumptions of the lemma,
estimate

M
M™ — ™), dsC?dr < —— M™ (1 — a)|K
Jo Lo )dsCde < "M (1L - )| K|

M M
/ / (M™ — s™), ds¢?dx > / / (M™ — s™), ds dx
K, Ju(z,t) Kai—oypNu<eM] Ju(z,t)

m m+1 m
(1= T M A 1 ()]

Therefore proceeding as in the proof of Lemma 1.1

1 m+19
[ Aens,p(t)] < 1 cmit (1- )—I—W—— +NU]|K |

From here on, conclude as in the proof of Lemma 1.1. [ |
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Proposition 7.2 Let 0 < m < 1 and assume that for some (y,s) € Er and
some p >0
[u(-s) = M0 K,(y)| = alK,(y)] (7.1)

for some M > 0 and some o € (0,1). There exist constants €,9,m € (0,1),
depending only on the data {m,N,C,,C1} and o, and independent of (y, s),
p, M, such that either Cp > 1, or

u(-,t) =M in Kap(y) (7.2)
for all times
s+ (1—e)dM'"™™p? <t <s+oM'"™™p%
The constants €, §, i deteriorate as m — 0, but they are stable as m — 1.

Proof The proof is similar to that of § 5. Nevertheless, since the particular
structure of the energy estimates of § 9 of Chapter 3 brings about some dif-
ferences, here we present the full proof. The arguments below show that the
functional dependence of 1 on the measure-theoretical parameter « is of the
form

0= 1002771/ exp(—y2a227/"), (7.3)

for parameters 7,, 71,72 depending only on the data {m, N,C,, C1}. It is not
known whether the dependence can be improved to be power-like, for the
general singular equations (5.1)—(5.2) of Chapter 3. [ |

7.2.1 Transforming the Variables and the Equation

Assume (y,s) = (0,0), let 6 and € be as determined in Lemma 7.2, and let
p > 0 be so that

Qi6p(SM*™™) = Kyg, x (0,6 M p?| C Er.
Introduce the change of variables and the new unknown function

x . t=6MITmp?
z=—, =

1 T
P —e = W’ ’U(Z,T) = Mu(x,t)el—M. (74)

This maps the cylinder Q16,(6M'~™) into K16 x (0,00) and transforms the
equations (5.1)—(5.2) of Chapter 3 into

1
1—m

vy —div, A(z, 7,0, D,v) = B(z,7,v, D,v) + v (7.5)
weakly in Kjg x (0,00), where A, and B are measurable functions of their
arguments, satisfying the structure conditions

A(z,7,v,D.v) - Do > mdCov™ D v|* — 6C*p™H!
|A(2, 7,0, Dv)| < méCrv™ D, v| + 6Cov™
|B(z,7,v, D,v)] < mdCv™ D v| + 6C?v™
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a.e. in K6 x (0,00). Here C,, and C are the constants in the structure condi-
tions (5.2) of Chapter 3, ¢ is the number claimed by Lemma 7.2, and C' = pC.
In this setting, the information of Lemma 7.2 reads

[v(,7) > ceT=m| NKy| > ia|Ky| forall 7€ (0,+00).

Let 7, > 0 to be chosen and set

o 1
ko =€ceT=m, and kgz;ko for j=0,1,..., s,

where j. is to be chosen. With this symbolism
[[v(-,7) > k) N Kg| > %QS*N\K8| for all 7 € (75, +0) (7.6)
and for all j € N. Introduce the cylinders

QTU = Kg X (To + k})_mv’ro + Qk;_m)
Q;.o = K16 X (TO,TO + Qkéim)

and a nonnegative, piecewise smooth, cutoff function in Q7 of the form

¢(2z,7) = C1(2)¢2(7), where

o 1 in Kg 1
Cl_{o in RN — Ky DG < 5,

o= 0 for 7 <m, 1
271 for 7T, kT =

In the weak formulation of (7.5), analogous to (5.5) of Chapter 3, take as test
function
—(" = k") over Q)

To?

for the indicated choice of cutoff function (. Performing calculations in all
analogous to the ones of § 9 and 10 of Chapter 3, yields

//Q |D(v — kj)—|Pdz dr < 2vk7|Q, | (7.7)
for a constant v depending only on the data {m, N, C,,C1}, and ¢.

7.2.2 Estimating the Measure of the Set [v < k;] Within Q-

Set
Ai(r) =[v(-,7) <kjlNKs and A;=[v<k]NQ.

By Lemma 2.2 of the Preliminaries, and (7.6)
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_ ) /

|K8 - AJ(T)‘ Kgﬂ[k}j+1<v(-,‘r)<k}]‘]
WNﬁ/

@ TRkt <v(,7)<ky]

A

(kj = kjp1)|Ajra(7)] < |Dvldz

IN

|Dv|dz

for all 7 > 7,. Integrate this in dr over (7, + k}=™, 7, + 2k}~™), majorize
the resulting integral on the right-hand side by the Holder inequality, and use
(7.7) to get

k.
| Aj11] < y(data, @) // |Dv|dz dr
2 Aj=Aj

1
3
< v(data, a)(//A ) |Dv|?dz d7'> |A; — A2
i=Aj

2
< 7(data, a)(// |D(v — kj;)—|*d> dT) |A; — Ajﬂ\%
< y(data, a, 0)k;|Qr, 7| A; — Aj1a]2.
Taking the square yields the recursive inequalities
|Aj+1 ‘2 < ’Y(dataa «, 5)|Q7‘o ‘ |AJ - Aj—i—l ‘

Add these inequalities for j = 0,1,...,7. — 1, where j, is an integer to be
chosen, and majorize the sum on the right-hand side by the corresponding
telescopic series. This gives

(.7* - 1)‘Aj* ‘2 < V(data’ a, 5)|QTO ‘2'
Equivalently

L ('y(daté, a, 6))%’

v < kj*} NQr| <v|Qr| where j

(7.8)

7.2.3 Segmenting Q.

Assume momentarily that j, and hence v have been determined. By possi-
bly increasing j. to be not necessarily integer, without loss of generality we
may assume that (27+)!=™ is an integer. Then subdivide Q,, into (27)1=™
cylinders, each of length k;:m, by setting

Qn=Ks X (To+ k™™ +nk; ™, 7o+ k)™ + (n+ 1)k;-™)

for n=0,1,...,(2)1"™ — 1.

For at least one of these, say @, there must hold

H'U < k'j*} an‘ < V|Qn‘
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Apply Lemma 10.1 of Chapter 3 to v over @, with é&w = k;,, a = %, and
0= k;jl:m This gives

v(z, 7o+ kS (n+ 1)k1 ™) > 1k;.  ae. in Ky,
provided Cp < 1 and

o< ks 0Ol g-v425 (data) =
Qul

Choose now j., and hence v, from this and (7.8). Summarizing, for such a
choice of j,, and hence v, there exists a time level 7, in the range

To+ k™ < <71, 2k (7.9)

such that ) ‘
v(z,11) > o,eT-m  where o, =2 U=t

Remark 7.1 Notice that j, and hence v are determined only in terms of the

data and are independent of the parameter 7,, which is still to be chosen.

7.2.4 Returning to the Original Coordinates

In terms of the original coordinates and the original function u(x,t) this im-
plies

u(s,t1) > ooMe™ A def M, in Ky,

where the time ¢; corresponding to 71 is computed from (7.4) and (7.9). Apply
now Lemma 11.1 of Chapter 3 with M replaced by M, and £ = 1 over the
cylinder

(0,£1) + Q3 () = Kup x (t1,t1 + 0(4p)°].

By choosing
0 =v,M:™™ where v, = v,(data),

the assumption (11.1) of Chapter 3 is satisfied, and the lemma yields

T1—To

u(-,t) > 1M JMe™ 1=m
(82 fam in Ko, (7.10)
2%006 =m® M
for all times
t <t <ty +v,MIT(4p)% (7.11)

If the right-hand side equals 6M*~™p?  then (7.10) and the conclusion of
Proposition 7.2 hold for the time ¢t = §M '™ p2. The transformed 7, level is
still undetermined, and it will be so chosen as to verify such a requirement.
Precisely, taking into account the change of variables (7.4)



88 4 Expansion of Positivity
MM pPe ™ = M — 1y = VOU;_li_m(4ﬂ)2e—(ﬁ—To)

which implies
6

=
16v,0," ™

To

e

This determines quantitatively 7, = 7,(data). The proof of Proposition 7.2
with 0 < m < 1 is now completed by inserting such a 7, on the right-hand
side of (7.10) and in (7.11). In particular (7.10) holds for all times

ty = 0M " p? —u, M (4p)? <t < SMPTpR.
From the previous definitions and transformations one estimates

t1 <(1-— 6)(5M17m027 where &= To72¢°,

8 Remarks and Bibliographical Notes

Proposition 2.1 was first established in [40]. The main idea is in realizing that
the classical theorems of [36, 101] can be read in an “expanding fashion,”
instead of a “shrinking one,” as originally conceived by DeGiorgi.

The notion of expansion of positivity is related to the so-called growth
lemmas, introduced by Landis ([104]). Based on these lemmas, Landis gave
alternative proofs of the results by DeGiorgi ([36]) and Moser ([120]), on
the Holder regularity and Harnack inequalities for solutions to second-order
elliptic equations in divergence form. This approach is flexible enough as to
adapt to equations in nondivergence form ([93, 94, 135], see also [3]).

For the homogeneous prototype degenerate equations (1.3) and (5.3) of
Chapter 3, the expansion of positivity was realized in [39, 59] by means of
comparison with suitable subsolutions.

In the full generality of Proposition 4.1, this expansion effect was estab-
lished in [49], including the analysis of stability of the various parameters,
either as p — 2 or as m — 1. The proof we present here is a simpler,
more streamlined version of that in [49]. Some measure-theoretical lemmas are
avoided, and the statements are shown to hold in the more general assump-
tions (2.1), (4.2), (5.2), with any « € (0,1] instead of o = 1 as established in
49, 51, 54].

In the context of singular equations (1 < p < 2 or 0 < m < 1) the proof of
Proposition 5.1 was first given in [31] and reported in [41], Chapter IV, § 5. The
proof is rather involved and not intuitive. The proof we present here follows an
idea of [51] and [54]; it is more direct, being based on geometrical ideas. Both
proofs require p > 1 and m > 0. The restriction is not only technical in view
of the geometrical significance of the homogeneous, prototype equation (1.3)
of Chapter 3 for p =1 even in the elliptic case ([117]), and the homogeneous
equation (5.3) of Chapter 3 for m — 0 ([35, 44, 45]).
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8.1 Solving (3.6)

Seek convex, symmetric about = 0, smooth solutions. For these (3.6) is
transformed into

X' = —(2%1)5(0— LuX?)7,  in (0,1) (8.1)
X'(0)=0, X(1)=0

for positive parameters C' and p. In general this problem cannot be solved
explicitly. However, one can show that solutions actually exist, by studying
their qualitative behavior. By setting

k=%
W
K% Pup v C?Pupip v
yoanoen <2<p— 1)) - <2p—1<p— 1))
_ X(2)
Y(y) = K

problem (8.1) can be rewritten as

Y =—(1-Y?)7 i (0,0)
Y'(0)=0, Y(a)=0.

The parameter dependence is now transferred into «. Because of the two-
point condition for a first-order differential equation, the problem may appear
overdetermined. By standard ODE’s theory, the family of solutions to the
Cauchy problem

Y = —(1-Y?)?,  Y(0)=0 (8.2)

behave as in Figure 8.3 below. Such a Cauchy problem does not have a unique
solution, and Yj,in, Yimaz represent the minimal and the maximal solutions,
respectively. Now Y, intersects the Y = 0 axis at y;,,¢. By properly choosing
the pair (C, i), one may realize a = y;n¢. There exist co! possible choices
for (C,p), that realize such a condition, and hence there exists an infinite
number of functions X that solve the original boundary value problem. This
is expected, as (3.6) is the 1-D case of the nonlinear eigenvalue problem

—div(|Dw|P2Dw) = pw, in E

w|aE =0.

By the results of [73], such a problem admits infinitely many solutions.
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Y - 1 Ymam

Yint Yy

Ymin

Fig. 8.3. Qualitative Behavior of the Solution to (8.2)
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The Harnack Inequality for Degenerate
Equations

1 The Intrinsic Harnack Inequality

1.1 The Mean Value Form of Moser’s Harnack Inequality

Let u be a continuous, nonnegative, local, weak solution to the homogeneous,
nondegenerate version of (1.1)—(1.2) of Chapter 3 in some domain Er, where
p = 2 and C' = 0. Such solutions satisfy the Harnack inequality of Moser
([121, 122]), which we present in various forms. Fix (2,,%,) € Er and p > 0
and construct the cylinders

Q,T(xmtO) = Ky(20) X (Lo, to + p°]
@ (Toyto) = Kp(xo) X (to — P’ to).

The first has bottom “vertex” at (x,,t,) and the second has top “vertex” at
(zo,t,). Assume that p is so small that fop(xo,to) C Er. Fix o0 € (0,1) and
inside Qpi(wo, t,) construct the two subcylinders

jp = Kop(2o) x (to + (0p)* to + Pz}

op = Kop(xo) X (to — pzvto - (Up)z}~

There exists a constant y(o) depending only on the data {N,C,,C;} and o,
and independent of (z,,t,) and p, such that

supu < y(o) inf u. (1.1)
Q5p Q%,

The two cylinders Qj,tp are separated along the time axis by a distance of
2(op)?, and the constant v(o) — oo as ¢ — 0. However, (o) is stable as
o — 1. Other than the indicated separation between Q;p and @, ,, there is
great freedom in choosing these cylinders. For example, one could take o =~ 1,
keep ij fixed, and choose @), with its top “vertex” at (z,,%,). This would

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 91
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-1584-8 5,
© Springer Science+Business Media, LLC 2012
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keep it separated by a distance (op)? from Q2 ,- By possibly modifying the
form of the constant -, this would imply

w(To,to) <7y inf )u(~,t0 + p?). (1.1)*
p(ZTo

Likewise one could take o ~ 1, keep @), fixed, and choose Q;fp with its bottom

“vertex” at (Z,,t,). This would keep it separated by a distance (op)? from

Q,,- By possibly modifying the form of the constant v, this would imply

7 sup (e, te — p?) < ulwo,ty). (L.1)~
Kp(zo)

The inequalities (1.1)* are “forward” and “backward” in time. They could be
combined to yield

7t sup u(e,ty — p?) < ulzo,t,) < inf )u(-,to + %) (1.2)

Kp(zo) Ky(zo

for a constant v depending only on the data {N,C,,C;} and independent of
(z0,t,) € Ep and p > 0, provided fop(xo, to) C Erp.

We call this the mean value form of the Harnack inequality for nonnegative
solutions to nondegenerate parabolic equations. The terminology is suggested
by the mean value property of harmonic functions. The latter implies that the
value u(x,) at one point x, of a nonnegative harmonic function u, controls
its maximum and minimum in a ball centered at x, ([43], Chapter II, § 5).
The point (z,,t,) can be, roughly speaking, regarded as the “center” of the
cylindrical domain @ (2o,t,) U Q) (20,1,)-

1.2 The Intrinsic Mean Value Harnack Inequality for Degenerate
Equations

Let u be a continuous, nonnegative, local, weak solution to the degenerate
equations (1.1)—(1.2) of Chapter 3 in some domain Er, for p > 2. It is known
that these solutions are locally bounded in E7 ([41], Chapter V), which hence-
forth we assume.

Fix (2,,t,) € Er such that u(z,,t,) > 0 and construct the cylinders

(Torto) + Q1 (A)  where 6= (L)piz (1.3)
05 Lo 4p U(SL’m to) .

and c is a given positive constant. These cylinders are “intrinsic” to the solu-
tion since their length is determined by the value of u at (z,,t,). Cylindrical
domains of the form K, x (0, p?] reflect the natural, parabolic space-time di-
lations that leave the homogeneous, degenerate, prototype equation (1.3) of
Chapter 3 invariant. The latter, however, is not homogeneous with respect to
the solution u. The time dilation by a factor u(wz,,t,)> 7 is intended to re-
store the homogeneity, and the Harnack inequality holds in such an intrinsic
geometry, as precisely stated in the following theorem.
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Theorem 1.1 Let u be a continuous, nonnegative, local, weak solution to the
degenerate equations (1.1)-(1.2) of Chapter 3, in Er. There exist positive
constants ¢ and ~ depending only on the data {p, N, C,, C1}, such that for all
intrinsic cylinders (zo,t,) + pr(e) as in (1.3), contained in Er, either

~Cp > min{l, u(x,,to)}
or

71 sup ule,te — 0pP) < u(zo,t,) <y inf )u(-,to +6pP). (1.4)

Kp(wo) p(To

Thus the form (1.2) continues to hold for nonnegative solutions to the de-
generate equations (1.1)—(1.2) of Chapter 3, although in their own intrinsic
geometry, made precise by (1.3). In analogy with (1.2) and (1.1)*, we call
intrinsic, “forward” and “backward” Harnack inequalities, the right and left
inequalities in (1.4).

t
inf wu(-,t, +0p"
o ( ")
to + 0p®
to
777777777777777777777777777777777 u(mm to) >0
to — 0p”
sup u(sto — 0p")
Kp(xo)
| Zo
T

Fig. 1.1. Mean Value Harnack Inequality

Remark 1.1 The constants v and c¢ deteriorate as p — oo in the sense that
~v(p), c(p) — oo as p — oo. However, they are stable as p — 2 in the sense of
(1.9) of Chapter 3. Thus by formally letting p — 2 in (1.4), one recovers the
classical Moser’s Harnack inequality in the form (1.2).
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Remark 1.2 Most of our arguments are based on the energy estimates and
DeGiorgi-type lemmas of § 2-4 of Chapter 3 and the expansion of positivity of
Chapter 4. According to the discussion in § 1.3 and Remarks 2.2, 3.1, and 4.3
of Chapter 3, a constant v depends only on the data if it can be quantitatively
determined a priori only in terms of {p, N, C,, C1}. The constant C' appearing
in the structure conditions (1.2) of Chapter 3, enters in the statement of
Theorem 1.1 only through an alternative.

Remark 1.3 The constants 7 in (1.4) and ¢ in (1.3) are quantitatively con-
nected. The first quantifies the upper bound in (1.4) and the constant ¢
in (1.3) quantifies the “waiting time” for an intrinsic Harnack estimate to
hold. The proof will determine these constants quantitatively only in terms
of {p, N,C,,C1}. Whence they are determined, one may choose a smaller c,
and hence a shorter “waiting time” provided the constant v is chosen to be
larger (§ 2.4).

Remark 1.4 The theorem has been stated for continuous solutions, to give
meaning to u(x,,t,). While it is known that local, weak solutions to (1.1)—
(1.2) of Chapter 3, for p > 2, are locally Holder continuous ([38, 41, 75]), the
theorem continues to hold for almost all (z,,t,) € Ep and the corresponding
cylinders (z,,t,) + pr(ﬁ) C Ep. The intrinsic Harnack inequality, in turn,
can be used to prove that these local solutions, irrespective of their signum,
are indeed locally Holder continuous within their domain of definition. This
will be shown in § 4.

1.3 Significance of Theorem 1.1

The inequality (1.4) is “intrinsic” in that the waiting time from ¢, to t, + 6p?
depends on the solution at (z,,t,). Such an intrinsic dependence is a conse-
quence of the intrinsic expansion of positivity of Chapter 4, and it cannot be
removed. Indeed (1.4) is false in a geometry where 6 is a constant independent
of u(z,,t,). This can be verified for the Barenblatt solution (§ 3.2 of Chap-
ter 4), by the same arguments as in § 3.2 of Chapter 4. This effect is not due
to the moving boundary of the Barenblatt solution, delimiting its support.
Rather, it is structural to these degenerate equations as shown by the family
of functions, parametrized by T' € R,

e, 1) = C(V,p) (1) (15)

defined in RY x (—oo, T), where

C(N,p) = {;(%)plrlz and A=N(p—2)+p. (1.6)

One verifies that this solves the prototype equation (1.3) of Chapter 3 for any
p > 2, and it can be constructed by separating the variables. Fix p > 0 and
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to < T — (8p)?, so that the cylinders (z,,t,) + fop(l) are contained in the
domain of definition of w, for all z, € RY. Then letting x, — 0 by keeping ¢,

and p fixed, shows that (1.4) fails if the geometry is not intrinsic, that is, if
0=1.

2 Proof of the Intrinsic, Forward Harnack Inequality in
Theorem 1.1

Fix (z,,t,) C Ep, assume that u(x,,t,) > 0, and construct the cylinders
(Toyto) + pr(e) C Er as in (1.3), where the constant ¢ > 1 is to be deter-
mined. The change of variables

— t—1
ro DT (g, )2l
p pr
maps these cylinders into Q*, where
Q+ = K4 X (0,4pcp_2], Q_ - K4 X (_4[)617—270}_

Denoting again by (x,t) the transformed variables, the rescaled function

1 tp?
v(z,t) = T )u<xo + px,to + w2 )p72)

is a bounded, nonnegative, weak solution to
vy — div A(z,t,v, Dv) = B(x,t,v, Dv) (2.1)
weakly in Q = QT U Q~, where A and B satisfy the structure conditions
A(z,t,v,Dv) - Dv > C,|Dv|P — CP

|A(z,t,v, Dv)| < Cy|Do[P~t 4 CP! a.e. in Q (2.2)
|B(x,t,v, Dv)| < Cp|Dv|P~t + CpCP~1
where o
S (2.3)
w(xo, to)

and C,, Cy, and C are as in (1.2) of Chapter 3. Moreover v(0,0) = 1.
The theorem is a consequence of the following

Proposition 2.1 There exist constants v, € (0,1), v1,7v2 > 1, that can be
quantitatively determined a priori only in terms of the data {p, N,C,, Ci},
and independent of u(x,,t,), such that either

Y2Cp > min{l, u(x,, )}

or
v(571) > Yo in K.
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2.1 Proof of Proposition 2.1

For 7 € [0,1), introduce the family of nested cylinders {Q; } with the same
“vertex” at (0,0), and the families of nonnegative numbers {M,} and {N-},
defined by

Qr = K, x (=7,0], M; = supv, Ny =(1- T)_ﬁ,
Qr

where 8 > 1 is to be chosen. The two functions [0,1) > 7 — M,, N, are
increasing, and M, = N, = 1 since v(0,0) = 1. Moreover N, — oo as 7 — 1
whereas M, is bounded since v is locally bounded. Therefore the equation
M, = N, has roots and we let 7, denote the largest one. By the continuity of
v, there exists (y, s) € Q,, such that

o(y,s) = M, = N, = (1 —7,)~% 9 ap. (2.4)

Moreover
(y,s)+Q, C QLT, C Qq, where 7 = 1(1—7,). (2.5)

Therefore by the definition of M, and N

sup v < sup ’USQ’B(l—T*)_’B def -

(y,8)+Qr Qi
2

The parameter 7, and hence the upper bound My, is only known qualitatively,
and S has to be chosen. The arguments below have the role of eliminating the
qualitative knowledge of 7, by a quantitative choice of (.

2.1.1 Local Largeness of v Near (y, s)

The largeness of v at (y, s) as expressed by (2.4), propagates to a full space-
time neighborhood nearby (y, s). To render this quantitative, set

1 3 1
_ 1 _ B §2B+1
=logmr 0TI
T 9B+1
Lemma 2.1 Either C > 1, or
v > $M]N[(y,s) + Q (MZP)]| > v|Q, (M27P)] (2.6)
where
N(p—2)
P

_( 1—a )N+p 13
TG (e
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Proof Assume that C' < 1. If (2.6) is violated, apply Lemma 3.1 of Chapter 3,
over the cylinder

(y.5) + Q (MI7P) = Ky (y) x (s = MZ™Pr7, 5]

in the form (3.1)(3.3), for the choices py = w = M, and § = MZ7", to
conclude that

o(y, ) < M.(1—af) = 31— 7)™,
contradicting (2.4). ]
Remark 2.1 The indicated expressions of &, a, and v imply that v(5) de-
pends on the data and 3, but is independent of 7., and is stable as p — 2.
Such a constant will be made quantitative whence /3 is chosen, dependent only

on the data. We continue to denote by v such a constant, keeping in mind its
dependence on 3.

Corollary 2.1 Either C > 1, or there exists a time level
s—Mf*prp§§§s
such that
[v(-,3) > sM] N K, (y)] > v] K, |. (2.7)
2.2 Expanding the Positivity of v

Starting from (2.7) apply the expansion of positivity of Proposition 4.1 of
Chapter 4 to the weak solution v to (2.1)—(2.2), with 1M and r given by
(2.4)—-(2.5) and o = v. Then, taking into account the expression (2.3) of C,
either

r
w(Zo,to) < ’y*C'pM (2.8)«
or
v(,t) > nM in Ko (y) (2.9).
for all ¢ in the range
Tt p?
— * 1 » — *— D
5+ —(U*M)p_2 50,77 <t <5+ (n*M)p_zé*r = S,. (2.10).

Remark 2.2 The constants {7, b., dx, 7} in (2.8),—(2.10), depend on the
data {N,p, C,,Cy} and B, through the constant v(3) in (2.7). However, they
are independent of the constant C'in (2.3), as discussed in Remark 1.2. These
constants are also independent of M and r. The parameter [ is still to be
chosen.
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The expansion of positivity implies in particular
[v(:; 84) > M| N Kor(y)| = [Kor|. (2.11)

Therefore the expansion of positivity of Proposition 4.1 of Chapter 4 can be
applied again, starting at the time level s, with M replaced by (n.M), p = 2r,
and a = 1. It gives that either

2r

u(zo,t0) < VOpn*M (2.8)1
or
v(+t) > n(n.M) in Ky (y) (2.9)1
for all ¢ in the range
Si + LlcS(zr)p <t< s+ La(%yg = 5. (2.10);
[n(nM)Jp=22 [n(nM)]p=2

Remark 2.3 The constants {v,b,d,n} in (2.8);—(2.10); are different from
the set of constants {., bx, dx, 7. } in (2.8),—(2.10),. They depend on the data
{N,p,C,,C1} but they are no longer dependent on . By the expansion of
positivity of Proposition 4.1 of Chapter 4 these parameters depend only on
{N,p,C,,C1}, and the measure-theoretical lower bound « in (4.2) of Chap-
ter 4. Such a measure-theoretical lower bound in the current context is a = 1,
as provided by (2.11). The parameter § is still to be chosen.

Starting from (2.9); the expansion of positivity can now be applied again with
M replaced by n(n.M), and p replaced by 4r, and o = 1 to yield that either

4r
U(J?o,to) S ’chm (28)2
v(,t) (M) in Kso(y) (2.9)2

for all ¢ in the range

bp72 15(4 )p bp72
5 504r) <t<s1+ 77—
(2 (n. M)Jp=2 2 [n?(n M)]P—2
for the same set of parameters {~,b,d,n} as in (2.8);—(2.10);. These parame-
ters depend on {p, N, C,, C1} but they are independent of 3.
The process can be iterated to yield that either

S1 + 5(4T)p = S9 (210)2

2nr
u(zo,t0) < vCp P

7" (n.M) 2.8)x

v(t) =" (M) in Koy (y) (2.9)n
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for all ¢ in the range

bp72 1 n,.\p
a2 20 S
b2

[ (. M)JP—2

Sp—1 1
(2.10),,

< Sp—1+ 0(2"r)P = sp,.

2.3 Proof of Proposition 2.1 Concluded

Without loss of generality we may assume that (1 — 7,) is a negative, integral
power of 2. Then choosing n so that 2"*1r = 2, the cube K»(y) covers the
cube K centered at = 0, and

o(,t) = 0" (M) in Ky,

for all ¢ in the interval (2.10),. For the indicated choice of n, and the values
of M and r given by (2.4)-(2.5)

n.(8) .27 n.(8)

n*M:n —
1" (n. M) (i Ty Rk A

where
Yo = 27n.(B). (2.12)

To remove the qualitative knowledge of 7, and hence n, choose 3 from 281 = 1.
Notice that such a choice is possible, since by Remark 2.3 the parameter 7 is
independent of 8. This makes v, quantitative. The time level s,, is computed

from )
pP— n 2P N j
Sp = Sy + ————0rF ( ) .
(n« M)P—2 J; np—2

Therefore the range of ¢ for which (2.9),, holds, can be estimated as

S+ v $0(2"r)P <t <s. + L 26(2"r)".
[ (s M) P2 2 [ (n. M2
From the previous choices one estimates
Se+71 <t <s.,+4% where y; = (i)p—zg.

o

By choosing 7. even smaller if necessary, we may insure that 4; > 1 so that
s« + 71 > 0 and hence
"M =3N (2.13)
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is included in the times for which (2.9),, holds.

From Remark 2.3 it follows that b and 1 do not depend on 7, and hence
the assumption of possibly taking 7, smaller is justified.

Finally, from the indicated choices of n and J the alternatives (2.8).—(2.8),

can be rewritten as u(z,,t,) < v2Cp for v = 'YJO* ) [ |

2.4 On the Connection Between v and c

Examine now the connection between the constant v that quantifies the bound
above in (1.4) and the constant ¢ in (1.3) that quantifies the “waiting time”
for the forward, intrinsic Harnack estimate to hold.

The constant 7 is generated by Proposition 2.1 and v = 7, with -, given
by (2.12) in terms of 8 and 7, (8). The “waiting time” is determined by (2.13).

Following Remark 2.2, the set of constants {v,b,d,n} are independent
of {7u,bs,0x,m«}. Whence the parameter S has been chosen the latter are
quantitatively determined.

Having determined 3 and hence 7., one may repeat the proof with the
choice of a smaller n.. In view of the indicated independence of {+,b,d,n}
from the parameters {7.,b«,d«, 7.}, the process yields the same functional
dependence as in (2.12)—(2.13).

Thus the “waiting time” can be made larger by choosing a smaller 7,,
provided the constant v is made larger as quantified by (2.12).

3 Proof of the Intrinsic, Backward Harnack Inequality in
Theorem 1.1

Fix (z,,t,) € Er, assume u(x,,t,) > 0, and let (z,,t,) + pr(G) as in (1.3).
Seek those values of t < t,, if any, for which

u(To,t) = 2yu(xo, to) (3.1)

where v is the constant in the intrinsic, forward estimate (1.3)—(1.4), which
by the results of the previous section, holds for all such intrinsic cylinders. If
such a t does not exist

w(o,t) < 27yu(To,to) for all t € (t, — 0(4p)?, to). (3.2)
We establish by contradiction that this in turn implies

sup u(-,t, — 0pP) < 27%u(w,,t,). (3.3)
Kﬁ(xO)

If not, by continuity there exists =, € K,(x,) such that

Wy, to — 0pP) = 27%u(z0, t,).
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Apply the intrinsic, forward Harnack inequality in (1.3)—(1.4) with (z,,%,)
replaced by (x.,t, — 0pP), to get

w(xy,to — 0pP) <~ iI(lf )u(',to —0pP 4+ 0.p") (3.4)

p T
where
c p—2
(e
u(xs, to — OpP)
Now z, € K,(z.) and, since v > 1 and p > 2,

" 9p+9 Py ( c )P72p+( c )p72p
oI T Nt T et 7))

=to (W)pzﬁp + (2721)1772 (u(x: t0)>p2pp

=t — 1= (29%)*77] (;t))Hp” < to.

U(J?o, o

Therefore from (3.2) and (3.4)
29%U(Toy to) = U(Tus ty — OpP) < yu(To,to — OpP + 0.0F) < 27°u(w0,t,).

The contradiction establishes (3.3).

3.1 There Exists t < t, Satisfying (3.1)

Let 7 < t, be the first time for which (3.1) holds. For such a time

ﬁ)’ﬂpp - (27;3—2 <u(a:oc to) )P—?pp’ (3.5)

Indeed, if such inequality were violated, by applying the intrinsic, forward
Harnack inequality in (1.3)—(1.4) with (x,,%,) replaced by (z,,7) would give

t0—7>(

2vu(xo,to) = u(To, ) < YU(0, o).

Set

5= lo - (27;—2 (u(wc to))p_Qpp ’

From the definitions, the continuity of w and (3.5)
T<s <t and w(xo, 8) < 2yu(xo, to).
We claim that
u(y, s) < 2vu(zo,t,) for all y € K,y(z,). (3.6)

Proceeding by contradiction, let y € K,(z,) be such that
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u(y, 3) = 27“(33(” to)'

Apply the intrinsic, forward Harnack inequality in (1.3)—(1.4) with (z,,%,)
replaced by (y, s) to obtain

. c p—2
u(y, s) < ’VKIH(EJ)U(-, s+0spP), where 05 = ( ) )

Using the definition of s and 65 one computes
s+ 050" =t,.
Therefore, since y € K,(z,)

2yu(zo, to) = u(y,s) < vKin(g)u(-,to) < yu(o, to).
P

The contradiction implies that (3.6) holds true. Summarizing the results of
these alternatives, either (3.3) holds or (3.6) is in force. The proof is now
concluded by using the arbitrariness of p and by properly redefining v. H

4 The Intrinsic Harnack Inequality Implies the Holder
Continuity

The intrinsic Harnack inequality of Theorem 1.1 can be used to establish
that local, weak solutions u to (1.1)—(1.2) of Chapter 3, in Ep, are locally
Holder continuous in Ep, irrespective of their signum, and permits one to
exhibit a quantitative Holder modulus of continuity. These solutions are lo-
cally bounded ([41]) in Er. To streamline the presentation and symbolism,
we assume that u € L*°(Er). Let

F:aET—EX{T}

denote the parabolic boundary of E7, and for a compact set K C Er introduce
the intrinsic, parabolic p-distance from K to I" by

def . p=2 1
p—dist(K; ) = (1fr)1£K (|w—y|+\|u\|o§7ET\t—s p).
(y,s)el”

Theorem 4.1 Let u be a bounded, local, weak solution to (1.1)-(1.2) of Chap-
ter 3. Then u s locally Hélder continuous in Er, and there exist constants
v > 1 and a € (0,1) that can be determined a priori only in terms of the data

{p, N, C,,C1}, such that for every compact set K C Er,

T2| + HUHOO ET\tl — b7 )a

|71 —
1) = ulwa, t2)] < (
u(@1, 1) — u(@2, t2)| < 7l|ul|oo, &7 b~ dist(K; T)

for every pair of points (x1,t1), and (x2,t2) € K.
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Proof Fix a point in E7, which up to a translation we take to be the origin
of RN*1. For p > 0 consider the cylinder

Q= K, x (—P2’0]
with “vertex” at (0,0) and set

ps = supu, ugziélfu, wo:%scuz,uj—,u;.

*

With w, at hand, construct now the cylinder of intrinsic geometry

p—2
Qo = K, x (—0,p",0]  where 0, = (i)

Wo
and c is a constant to be determined in terms only of the data {p, N, C,, C1,C},

and independent of u and p. If w, > ¢p, then @, C Q.. Theorem 4.1 is then
a consequence of the following.

Proposition 4.1 There exist constants ¢,y > 1, and €,§ € (0,1), that can
be quantitatively determined only in terms of the data {p,N,C,,C1}, and
independent of uw and p, such that, if w, > cp, setting p, = p and

C

p—2
Wn = 5wn71, 0, = <_) s Pn = EPn-1, Qn = Q;n (en)

Wn,

forn € N, we have Qn1+1 C @y, and either

C
oscu < dy—p, or oscu < Wy,.
Qn € n
Proof We exhibit constants ¢, ¢, ¢ depending only on the data {p, N, C,, C1},
such that if the statement holds for n, it continues to hold for n 4+ 1. Thus
assume @, has been constructed and that the statement holds up to n. Set

wh = supu, i, = infu, and P, = (0, —%GprL).

Qn Qn

The point P, is roughly speaking the “mid-point” of @,. The two functions
(M, — u) and (v —m,,) are nonnegative weak solutions to (1.1) of Chapter 3
in Q.. Either of these satisfies the intrinsic Harnack inequality with respect
to P, in @, if its “intrinsic waiting time”

<uz—Z(Pn)>p_2pﬁ’ . (u<Pn>C—u;>p_2pﬁ

is of the order of 0,,pP. At least one of the two inequalities

wh —u(Py,) > iwn, u(Pp) — py, > iwn
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must hold. Assuming the first holds true, apply the intrinsic, forward Harnack
inequality of Theorem 1.1. By possibly modifying the constant ¢ appearing in
(1.3) that determines the “waiting time,” either

0P > (i~ u(P) > pon (4.1)
. inf  (ub —u)> l(;ﬁ' —u(P,)) > iw (4.2)
0y, 00 " T Ty '
Choosing

1 1 _p-2
0= (1—- — — 5 7
( 4’}/) and € 45

one verifies that 41 C Qip (05) C Q. Then if (4.1) occurs,
2pn

4y
osc u < CH for A= —.
geeus YPn+1, Y B
If (4.2) occurs, then
1
NI > sup U+ —wp.
Qn+1
From this, subtracting infq, ., u from both sides
> 42
w 0SC U + —wn,.
"= Qn+1 4’}/ "
Thus
os¢ U < dwp = Wpt1- [ ]

Qn+1

Proof (of Theorem 4.1 Concluded) From the construction of Proposition 4.1
it follows that

4
oscu < Clpn + wy,.
n g
By iteration

oscu < 6"w, + 4yCe™ 1 p,.

n

Let now 0 < r < p be fixed. There exists a nonnegative integer n such that

e"p<r<eTp
This implies
T\ Ine
(n+1)>1n (—) ,
) P
~d\p/ |Inel’
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1 7\ X1 Cyrr
oscu < —wo<—) —1—47—(—)p,
Q@n o p e\p

that is,
oscu < Oy (wo + p) (t)
p

n
where

1
C, = 5 + 47% and o =min{ay, 1}.

To conclude the proof, we observe that since w,, < w,, the cylinder Q,.(6,) is
included in @,,, and therefore

Culwo +0)(%)"
osc u < Cy(wy + (—) .
Qr(0o) P P

Statements of Holder continuity over a compact set now follow by a standard
covering argument. |

5 Liouville-Type Results

The Harnack inequality, while local in nature, has global implications. For
example, harmonic functions defined in RY and with one-sided bound are
constant. This, known as the Liouville theorem, is solely a consequence of the
Harnack inequality. As such it extends to solutions to homogeneous, elliptic
partial differential equations in RN with one-sided bound.

This property does not extend to nonnegative solutions to the heat equa-
tion in RV x R. A one-sided bound on these solutions does not imply that
they are constant. The function

R xR > (2,t) = u(z,t) =1

is nonnegative, satisfies the heat equation in R x R, and is not constant. The
Liouville theorem continues to be false for nonnegative solutions to degenerate
p-Laplacian type equations. The function constructed in (3.2) of Chapter 4
solves the homogeneous, prototype p-Laplacian equation (1.3) of Chapter 3
in R x R, is nonnegative, and nonconstant. It is then natural to ask what
kind of global properties are implied by the intrinsic Harnack inequality of
Theorem 1.1.

Henceforth we let u be a solution to the degenerate (p > 2), homogeneous
(C = 0) equations (1.1)—(1.2) of Chapter 3 in the semi-infinite strip

Sy =RN x (—00,T) for some fixed T € R.
If u is bounded above (below) in S, set

M = supu, (m = infu)
St St
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and for points (y,s) € S for which M > u(y, s), (u(y, s) > m, respectively)
construct the intrinsic, backward p-paraboloid(s)

Pu(y, s) = {(w,t) €S |t—s< _(m)p—z‘x _ y‘p}

(Pm@,s) —{@tesr|t-s< —(m)”_ﬂw—w})

where ¢ is the constant in the intrinsic Harnack inequality (1.3)—(1.4).

5.1 Two-Sided Bounds and Liouville-Type Results

Proposition 5.1 If u is bounded above and below in St, then u is constant.

The proof is an immediate consequence of the following lemma:

Lemma 5.1 Let u be bounded below (above) in St. Then for all z € RY

lm u(z,t) = glfu, ( lim wu(z,t) = sup u),
T

t——o0 t——o0 S

and the limit is uniform for x ranging over a compact set K C RN such that
K x {7} is included in a p-paraboloid P, (y,s), (Pu(y,s), respectively), for
some T < s.

Proof Having fixed £ > 0, there exists (ye, Sc) € St, such that

5
u(xe,te) —m = 5

where ~ is the constant in the intrinsic, backward Harnack inequality in (1.4).
Applying such inequality to (u —m) gives

m<u(y,s) <m-+e, forall (y,$) € Pn(ye,Se).

Now, for any # € RY, the half-line [t < T] x {z} enters the p-paraboloid
Py, (ye, sc) for some t. ]

Proposition 5.2 Let u be bounded below in St and assume that

supu(-,s) = My < +oo  for some s <T.
RN

Then u 1s constant in Ss.
Proof We may assume m = 0. The assumption implies
0 <u(y,s) < Mg <oo forall yeRN.
By the backward, intrinsic Harnack inequality in (1.3)—(1.4),
0<u<yM, in P,(y,s) forallyc RY.

Hence 0 < u < yMj in Sy, and by Proposition 5.1 w is constant in Ss. [ |
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Remark 5.1 In the statement of Theorem 1.1 it is required that pr(e) is
contained in Er. As a matter of fact, the proof of such a theorem shows that,
once the constant ¢ of (1.3) has been determined, there is no need to have
further room above, and it is enough to assume that t, + 0p” < 7. On the
other hand, the need of extra room below t, is not a merely technical fact,
and such an assumption cannot be removed.

5.2 Two-Sided Bound at One Point, as t — co

It has been observed that a one-sided bound on w is not sufficient to infer
that u is constant in Sp. Such a conclusion, however, holds if u has a two-
sided bound as indicated by Proposition 5.1. The explicit solution (1.5)—(1.6)
blows up as t — T, and suggests that if u is defined in the whole RY x R,
a condition weaker than a two-sided bound might imply that u is constant.
The next proposition is in this direction; it asserts that it suffices to check
the two-sided boundedness of u at a single point y € RV, for large times, to
conclude that u is constant.

Proposition 5.3 Let u be defined and bounded below in RN x R. If

lim u(y,s) =a for somey € RY and some o € R,
s——+00

then u is constant.

Proof Assume m = 0, and « > 0. There exists a sequence {s,} — oo, such
that for all arbitrary but fixed € > 0, there exists n. € N such that

a—e<uly,sp) <a+e forall n>n..

Fix s > s,_, and define a sequence of radii {p,}, such that

( ; )p_2 ¢ |:( )(a +6>p_2:|%
" — ’I’L: — n = n —
s a—+e P s P s s c

By the intrinsic, backward Harnack inequality in (1.3)—(1.4)

sup u( Sp — (m)prﬁ) < yu(y, sn) < y(a+¢)

which we rewrite as
supu(, s) < y(a+e).
K

Pn

Now let n — oo by keeping s > s,,_ fixed. Then p,, — oo and the previous
inequality implies

supu(-, s) = My < v(a+e).

RN

The conclusion now follows from Proposition 5.2, since s > s,,_ is arbitrary.l
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Remark 5.2 Assuming a > 0 for simplicity, the same argument continues
to hold, if there exists a sequence {(yn,5,)} C RY x R and s € R, such that

Sy — +00,
e (S
Sn— 8= lynl?,
«@

and limy, s 4 oo u(Yn, $n) = Q.

6 Subpotential Lower Bounds

The homogeneous, prototype equation (1.3) of Chapter 3 admits the family
of Barenblatt-type subsolutions

v

Lpl@ By, o) = skip(t) 1= bwp) <|;_(ty)|)_ ] -

where v > N, k and p are positive parameters and
S(t) = kP=2pr =2 (¢t — 5) + p* t>s

1 -2
e A =vp-2)+p

b(v,p) = 1
(v,p) Ppm

One verifies that for v = IV, the functions 'y, are exact solutions to the pro-
totype, degenerate, homogeneous equation (1.3) of Chapter 3 for all &k, p > 0
(see also § 3.2 of Chapter 4), whereas for v > N they are subsolutions. In-
formation on the behavior of nonnegative solutions to the prototype equation
(1.3) of Chapter 3 can be derived by comparing them with I, ,. For example,
if u(-,s) > k in the ball B,(y), then the positivity of u expands over the balls

& —y| < b(v,p)”"F S (1)

at later times ¢. Moreover u does not decay faster than t=*/* for ¢t > 1 ([41],
Chapter VI). One verifies that as p — 2
kp” @ — yf?
FV .T,t; ;S _>F1/ J?,t; ,S) = 00— €X ——j|
A3 2 B b0 ) = G P L ) 1 2

pointwise in RN x [t > s]. For v = N the latter are exact solutions to the heat
equation and one verifies that for v > N they are subsolutions. In this sense
the functions I}, , for v > N are subpotentials.

Given the general quasilinear structure of (1.1)—(1.2) of Chapter 3, the
functions I, are not subsolutions to these equations in any sense. Moreover
no comparison principle holds. Nevertheless the “fundamental subsolutions”
I, , drive, in a sense made precise by Proposition 6.1 below, the structural
behavior of nonnegative solutions to these degenerate, quasilinear equations.
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The content of Propositions 6.1-6.2 is that these weak solutions are, locally,
bounded below by one I',, for some v > N, and thus they do not decay in
space, faster than these “subpotentials.”

Proposition 6.1 Let u be a continuous, nonnegative, local, weak solution to
the degenerate (p > 2), homogeneous (C = 0), quasilinear equations (1.1)-
(1.2) of Chapter 3, in Ep. There exist positive constants v, < 1 and v1 > 1,
depending only on the data {p, N,C,,C1} and the constants ¢ and vy appear-
ing in the Harnack inequality (1.3)-(1.4) of Theorem 1.1, such that for all
(Zoyto) € Ex such that u(ze,t,) > 0, and all (z,t) € Er with

Kgjg—a,|(xo) CE, and 0<t—t,< ﬁto, (6.1)
we have
|z — 2P iy
u(z,t) > vou(xo, to {1— [ } } . 6.2
(2, 1) = You( ) M W(To, to)P 2(t — t,) n (6.2)

Proof Fix (z,t) as in (6.1) and consider the line segment ¢, through (x,,t,)
and (x,t)
o y—mo=T—"(s—t), to<s<t,

and the p-paraboloid with bottom vertex at (z,, t,)

c p—2
P, s—to =0y —x,P, where 6 = (—) )
u(To,to)
By (6.1) ¢, C Ep. If £, does not intersect P, at points other than (z,,t,),
then (6.2) follows from the intrinsic, forward Harnack inequality (1.3)—(1.4).
Let then ¢, intersect P, at (z1,t1) with |21 — 2,| < |z — z,|, and

|1 — ‘P*I :<u(x07t0)>p_2 t—1o
e ¢ |z — 2,

t—t, =(;)le1 — af?.
w(o,to)

Iterating this procedure gives a finite number of points (z;,t;), with j =
1,...,n,such that t, <t; <--- <t, <tand

LE)\P2 t—t
|21 — a7 :<u(x], J)) -

c |z — x|
t t ( 5 )p_2| i o
T T (1) A

and where (2, t,) is the first point not overcoming (z,t). Using the intrinsic,
forward Harnack inequality of Theorem 1.1,

U($j,tj)§’yu($j+17tj+1), jZO,-..,TL—l,
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provided the cylinder

Cc

. p—2
(wj,t5) + Qap; (0;)  with 6; = ( )) and pj = |xj41 —

u(zj, 1
is contained in E7. This is the case if
tj — (4pj)P0; > 0
which, in view of (6.3), is verified if
ty —4P(tjp — ;) 2 0.

This last inequality holds true by the last of (6.1). A similar argument for the
space variables guarantees the inclusion of

(l'j,tj) + Q4p]. (Qj) C Er.
We infer that
u(zj,t;) >y u(xo,t,) for j=1,...,n—1. (6.4)

From this and (6.3) it follows that

n—1
|z — 20| = ZO |zj+1 — ;]
-7:

1

1 t—t, \p-1 il -
- ( —O>p U (g, )i

cp—2 |aj — .To‘ =0 (6 5)
t—to \7oT [ u(To,to)\ BT L, _pm2 .
T
|z — | c J;J (’7 )

B ( t—t, )ﬁ(u(wo,to))ﬁ%ﬁl—q"

|z — x| ¢

where g = 'y_ﬁ%f. Then, combining (6.4) written for j = n and (6.5), gives

. 1
(“(x"’t”))mzq"zp%( |z — 0|P ))”‘1’

u(o,to) w(To, to)P2(t — t,

whenever the right-hand side is positive. Here

n= (5 -1 (e ) ©9)

The previous inequality is rewritten as

W(Zn,tn) > u(2o,t,) {1_%< |z — a,|P )>pilr_;.

w(o,to)P2(t — t,
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If (xn,tn) = (x,t), this is (6.2) with v, = 1. Otherwise, a further application
of the intrinsic, forward Harnack inequality (1.3)—(1.4) gives

u(w,t) > 771u(xnvtn)
thereby establishing (6.2) with v, = min{1, y~1}. [ |

The result of Proposition 6.1 can be improved to include an estimate of the
decay in time of these solutions, provided w is a local solution in the whole
half-space

Seo = RY x (0,00)
which, for the remainder of this section, we assume.

Proposition 6.2 Let (z,,t,) € Soo and assume that u(z,,t,) > 0. Then for
all z € RN and all t > 4t, > 0, we have

ety 2 (O )T e

where

a=lInvy, Yo =27,

Yo and 1 are the constants claimed in Proposition 6.1, and y is the constant
appearing in the Harnack inequality (1.3)—(1.4) of Theorem 1.1.

Proof Let k be that positive integer for which
(1+0)t, <t <(1+0)2t, for some fixed 0 < o < 3

L

prg)
and let T = (14 0)*%,. Since the time 7 satisfies (6.1), the estimate (6.2) holds
for it, which we rewrite explicitly as

o) 2 a1 - (YR oy

Next apply the intrinsic forward Harnack inequality (1.3)—(1.4) for the time
levels t; = (1 + 0)’t,, for j =0,...,k — 1, and by keeping z, fixed. The in-
equality is intrinsic and the “ending times” t;,1, starting from ¢;, are realized
by a proper choice of p;. This implies

u(To, to) < Y u(z,, 7),
that is,

to In~vy/In(140)
) w(To, to)-

w(zo, ) > (—

to )ln v/ In(1+0)
pa

w(xo, to) > (?
On the other hand,
t—1>14+0) 2> (1+0)2(t—t,).

Combining these estimates in (6.8) proves the proposition. ]
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Remark 6.1 The constants ¢ and «y of Theorem 1.1 are stable as p — 2.
Thus letting p — 2 in (6.7), and taking into account the structure (6.6) of the
constant ; and the expression of v gives

2
U(SL’, t) > &ou(xoa to) (E)a exp ( - 5’1 M)
t t—t,
for constants 4, and 47 depending only on the data {N,C,,C;} in the struc-
ture conditions (1.2) of Chapter 3 for p = 2. Thus for p — 2 we recover the
classical result of Moser ([121]), for nonnegative solutions to nondegenerate
(p = 2), linear, parabolic equations with bounded and measurable coefficients.

7 A Weak Harnack Inequality for Positive
Supersolutions

Local, weak supersolutions to the degenerate (p > 2) equations (1.1)—(1.2) of
Chapter 3 in Ep, need not be continuous, and if nonnegative, they do not,
in general, satisfy a Harnack estimate. Nevertheless they satisfy a weak, or
integral, form of the Harnack inequality as expressed in the following theorem.
To convey the main ideas, the theory is presented for homogeneous equations
for which C = 0. The extension to nonhomogeneous equations C' # 0 is
achieved by the usual alternative that negating C'p > 1, forces Cp < 1.
Throughout, for y € E, let p > 0 be so small that K6,(y) C E.

Theorem 7.1 Let u be a nonnegative, local, weak supersolution to the de-
generate (p > 2), homogeneous (C = 0) equations (1.1)-(1.2) of Chapter 3
i Ep. There exist positive constants ¢ and v, depending only on the data
{p,N,C,,C1}, such that for a.e. s € (0,T)

/ do<o( =) 44 it aulo) (r.)
u(x, s)dr <c + inf w(-,t 7.1
Ky(y) (@2) T—s 7 Kan(w)

for all times
s—l—%@pp <t <s+0pP

6 = min {02*2% , (]{( » u(z, S)dw)z_p}. (7.2)

The proof of Theorem 7.1 rests on the following improved version of the
expansion of positivity for p > 2.

where

Proposition 7.1 Let u be a nonnegative, local, weak supersolution to the
degenerate (p > 2), homogeneous (C =0) equations (1.1)-(1.2) of Chapter 3
in Ep. Assume that for some (y,s) € Ep and some p > 0

|[u(-, 5) > MIN K,y (y)| > o K,(y)] (7.3)
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for some M > 0 and some o € (0,1). There exist constants 1,,0 in (0,1) and
b,d > 1 depending only on the data {p,N,C,,C1}, and «, such that

u(-t) > nM a.e. in Koo(y), where n. =n,a, (7.4)

for all times

b2 b2

1
H0P <t < -
PSS s

TR

op? (7.5)

provided
b2

(n.M)P=2

This improves Proposition 4.1 of Chapter 4 in that the functional depen-
dence of the shrinking parameter 1 on the measure-theoretical parameter «
is power-like as opposed to an exponential form, as indicated in (4.5) of Re-
mark 4.3 of Chapter 4. Such a power-like dependence is made possible by the
measure-theoretical Lemma 3.1 of the Preliminaries.

Ks,(y) x (s,s+ §pP| C Er.

8 Proof of Proposition 7.1

Assume (y,s) = (0,0). By Lemma 1.1 of Chapter 4 there exist § and € in
(0,1), depending only on the data {p, N,C,, C1}, and «, and independent of
M, such that

5p1’2]

[u(-t) > eM]NK,| > La|K,)| brdlte(ajﬁ:—

(8.1)
The dependence of § and € on « is traced in (1.3) of Chapter 4. Next, write
down the energy estimates (2.3) of Chapter 3 for (u — M)_, over the pair of
cylinders

L = e (]

The nonnegative, piecewise smooth, cutoff function ( is taken to be equal to
one on Q, vanishing on the parabolic boundary of @', and such that

0<¢G <

4P 4
< m7 |D¢| < ;

The resulting energy estimates are
4p+1
C, // |Du|Pdx dt < ~y——MP|Q|.
on[u<M] dpP

The change of variable
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x t (M —u)y

y:;7 T:—5M27ppp7 w M

maps Q into @ = K x (4,1], and the previous estimate yields
2

.
J[[purayar < ol (32)

where v is a constant that depends only on {p, N, C,, C; }, and we have taken
into account the dependence of § on « given by (1.3) of Chapter 4. In terms
of z=(1—w)/e, (8.1) reads

[2(,7) > 1JN K| > 1o forall 7e(L,1]. (8.3)

From (8.2)-(8.3) it follows there exists 71 € (3,1], such that

/K|Dz(~,ﬁ)|dy§ T and (o) > 10K > e (84)
1 P

€

By Lemma 3.1 of the Preliminaries, applied with § = \ = %, there exist
Yo € K1, and ¢, that depend only on {p, N,C,,C1} and «, such that

|[’LU(',T1) <1— 1€ ﬂKE(yO)’ > L Ke(yo)|-

The functional dependence of € on the measure-theoretical parameter a, and
on the constant appearing on the right-hand side of (8.4), is traced in (3.5) of
the Preliminaries. Also the functional dependence of € on the parameter « is
traced in (1.3) of Chapter 4. Hence

4p+1

e=B,la ", €= zq (8.5)

o=

for an absolute constant B, > 1 depending only on the data {p, N,C,, C1}
and independent of «. Returning to the original variables gives a time ¢; in
the range
szpéépp <ty < M?*PSpP
where
|[u(-,t1) > %eM] ﬂKEp(a:o)| > %|K5p(aro)|.

This measure-theoretical information plays the same role as (4.2) in Proposi-
tion 4.1 of Chapter 4, with « being replaced by an absolute constant, and p
being replaced by €p. By the same proposition

u(z,t) > SenM  for ae. z € Kocp(z,) (8.6)
for all times
’ R, v
1+ Waé(ep) <t <t + W&(ep)
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where 77 and ¢ are the constants 1 and  claimed by Proposition 4.1 of Chap-
ter 4, corresponding to the value % of the parameter . As such, these pa-
rameters are absolute numbers depending only on the data {p, N, C,, C;} and
independent of the value « as appearing in (7.3).

The expansion of positivity is now repeated starting from (8.6) with M
replaced by %eﬁM and o = 1, and continued, at each step with a = 1. This
implies that the constants 77 and J can be taken to be the same at each
repetition of the expansion process, and yields

u(-,t) > Len" M for ae. € Konep(z,)

for all times

o(ep)P.

-2 -2

15 P -
)p72 25(€p) St<tp1+ (%6’17”M)p72

th1+———"—
net (%eﬁ"M

To realize the expansion of positivity to the cube K», take

Me=2 = n=1+lne mz =— nzl—i—logés%.
n

Hence recalling the functional dependence of ¢ and € on the parameter a as
given in (8.5), yields the existence of 1, € (0,1) and d > 1 depending only on
the data and independent of «, such that (7.4)—(7.5) hold. [

9 Proof of Theorem 7.1 by Alternatives

By a translation and dilation of the space and time variables, we may assume
y = 0 and p = 1. Consider the cylinder Kg x (0,77] where T3 > 1 is to be
chosen, and assume without loss of generality that it is contained in Er.
The proof of Theorem 7.1 unfolds along two alternatives. Either in the
cylinder Ky x (0,1] there exist a time level ¢, and a k > 1, such that

L 1
[[u(-to) > k'] N K| > k_%‘K” (9.1)

or such inequality is violated for all £ > 1 and all ¢, € (0,1). Here d > 1 is
the constant claimed in (7.4) of Proposition 7.1.
If some k > 1 and t, € (0,1) exist, satistying (9.1), by Proposition 7.1

u(-,t) > nok% a.e.in Ky

for all times
b2 br—2 5
(nok%)p72 (nok%)p72 .
By possibly reducing 7,, if needed, we may assume, without loss of generality,
that

to+ 30 <t <t,+
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pp—2 pp—2
14+ ——3i6 < —4.
,’75 22 7710) 2

Hence we conclude that if (9.1) holds true for some k£ > 1 and some ¢, € (0,1),
then
u(-,t) >n, aein Ky x (14311, T (9.2)

where we have set

T = 5(%)%2. (9.3)

If no k> 1 and t, € (0,1) exist satisfying (9.1), then

|[u(-,t) > k3] N K| < k%lfﬁ\ (9.4)

for almost every time ¢ € (0, 1] and all levels k& > 1. Set

and compute
/ u?(x,t)de = O’/ 57 H[u > s] N K|ds
K 0
1
= 0/ 57 Hu > s] N Ky|ds
0 e 9]
+ O’/ 57 Hu > s] N Ky|ds (9.6)
1
1 e N
< {a/ s”ilds—i—a/ s sT @ ds || Ky |
0 1
= {1 —I—a/ 37(’71} | K| = 2| K.
1

The next step in the proof is in transforming this absolute bound of the
L?(K,) integral of u(-,t), uniform in ¢ € (0,1), into an absolute bound of the
Li-norm of u over the cylinder K; x (0,1), for some ¢ > 1.

10 A Reverse Holder Inequality for Supersolutions

Raising the integrability of u is achieved by Moser’s method ([120]). A stan-
dard application of this method proves the following lemma.

Lemma 10.1 Let u be a nonnegative, local, weak supersolution to the degen-
erate (p > 2), homogeneous (C = 0) equations (1.1)-(1.2) of Chapter 3 in the
cylindrical domain

K x (tl,tg)
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where K is a cube in RN. Then for all ¢ < 0 with ¢ # —1,
p 1 2 1
—— su wlte pdx—i—/ / DulPu= 1P de dt
ST, fe e [ 1pua
wm) e
< (—) uP~ITE | DolPdx dt 10.1
Comin{L, 1}/ Sy, S 1P 10-1)

ta
P 14e 1 0P
e /t /K“ (min{l, E[J1+e) ot )ﬁxdt’

for every test-function

@ € W2 (ty,t2; L*(K)) N LP (ty, ty; WP (K))
provided u > v in K X (t1,t3) for some v > 0.

This, in turn, permits one to establish the following reverse Holder inequality.

Lemma 10.2 Let u be a nonnegative, local, weak supersolution to the de-
generate (p > 2), homogeneous (C = 0) equations (1.1)-(1.2) of Chapter 3
m

Ql = K1 X (0, 1)

and assume that v > 1 in Q1. For all q in the range

P
—2<qg<p—-1+—
P ¢<p-l+y

and all s given by

s=p—2+ <1+£)7(n+1)

N (g—(p—2), n=12,...

there is a positive constant 7y, depending only on the data {p, N,C,,C1}, and
q and s, such that

</oa/1< uqagg;alt)m < (W/OI/K usdxdt)%m (10.2)

for alla € (3,1).

Proof For n € N set

1 1-(1-a) -
Po = 1, pj =41 YT T o=t

1 —2-(n+1) j=0,1,...,n+1,
K; = Kpj? Q; = Kpj X (O,pg] = Qp_1(1)~

For the pair of cylinders ); and @41, choose nonnegative, piecewise smooth,
test functions ¢;, that equal 1 on @;41, vanish on the conjugate parabolic
boundary of @Q;
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9"Q; = 0Q; — K; x {0},
and such that
j+1 (j+1)

2 (i
PP LT
| <'0J|*’y(1—a) - (‘3t ~ (L—a)

By the embedding Proposition 4.1 of the Preliminaries

8
// udx dt < ’y// (u%go;’ )*Pdx dt
Qj+1 j
a B NS \W
<'y// upgoj |pd:rdt< sup / (upcpf)(“*) d:v) ,
K

0<t<pl JK;

(10.3)

for « € R, 5 > p, and k > 1. Choose

plp—1+¢)

= 1+e¢

a=p—1+¢, k=14

)

where ¢ € (—1,0). By (10.1)

. B
sup / (ugsojP)(Nfl)Ndx: sup / u1+6¢§d1,
K; K.

0<t<py 0<t<py

v —1+e 1+
< P |p
_|5|1’(1—|—5)(//]_u Dgpﬂdwdt—i—//@ju

// \pdxdt
:// **1)p|Du|p ﬂda:dt—i—// |D i [Pdx dt
==Ly | DulPda dt —// P Dy P dit )
v <// p—1+e p // 1+e agoj‘ )
< U Dy;|Pdx dt + U —=|dzdt).
Combining these estimates gives
// P~ RO R) g di
Qjt1
e ( P1HE| D Pdr di // 1
[|5|P(1+5) //qu [Deslrdndi + qu

Since u > 1, thanks to the assumptions on ¢;,

: %‘daxdt)

and

e %’dwdt)}pr%.
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// WP E+OHE) o dt < ( y27P // uP— 1 d dt) %.
Qiir “\|elP(1+¢)(1 —a)p

Now set
h:1+%, e =hi(eo+1)—1, aj=p—1+gj,
where
—l<e,<—-14~" and j=0,...,n.
Since

p—l+%+h€j=p—l+5j+1

these choices yield

72Jp
// Wt dg dt < ( // O‘dedt
Qi1 le;P(1+¢€;)(1 —a)P

for j =0,1,...,n. Choose

co=—1+h"""(q—(p—2)), = Qo =8, Qui1=q.
This choice implies the estimate
1 1 hP

S0 te) Jellte) G-1+Z - giGs—(p-2)

Then setting
1

p-1+%—a)s—(p-2)5
the previous inequality yields

5P9ip
/ / uCH da dt < e / / u® dz dt
Qj+1 1 — a

From this, by iteration

~p E;H—llh n—1 i pntl
// wldx dt < {L} I op(n—j)h’* (// w’dx dt) .
Qni1 (1—a)p j=0 .

;i/

"d\»—\

n+1 h
p n n
pY W = L =) = (V) (7 - 1)
-7:
n pntl pntl

Thus

)< s )™
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11 A Uniform Bound Above on the L] -Integral of
Supersolutions

Lemma 11.1 Let u be a nonnegative, local, weak supersolution to the degen-

erate (p > 2), homogeneous (C' = 0) equations (1.1)-(1.2) of Chapter 3 in

Q1 = K3 x (0,1), satisfying (9.6). Then, for all g in the range
p-2<q<p-1+2 (11.1)

there exists a constant vy, depending only on the data {p, N,C,,C1}, and g,

such that
()P
/ / uldx dt < 7.
0 K

3
4

Proof The supersolution v = u + 1 satisfies the assumptions of Lemma 10.2.
Moreover by (9.6)

/ v (t)de <y forall te(0,1) (11.2)
K1

for an absolute constant  depending only on the data {p, N,C,,C1}, and
with o given by (9.5). Pick numbers

§<s<r<1 and set Qg = K, x (0,1].

Let ¢ be a nonnegative, piecewise smooth, cutoff function on K, such that

1
0<p<1, p=11in K, | D] < .

r—s

By (11.2), and the embedding Proposition 4.1 of the Preliminaries, applied as
in (10.3) with

-2
a=p—2+o, B:p—(p +U), K=1+ bo

o N(p—-2+o0)’
// VP2 R g dt

s

< 'y// |D(vp712)+a go)pdxdt< sup / v”(w,t)dm)
. o<t<1JK,

< 7// D" ) Pdz dt.
Q.

By Lemma 10.1 with e = —1 + o, and (11.2)

s
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// \D(vp_i” o)|dx dt
Qr

gv( sup / v“(w,t)dm—i—// vpfzﬂf\Dcp\pdxdt)
0<t<1JK, Qr

< 'y(l +// vp_2+”\Dcp\pdxdt).
Qr

By Young’s inequality

1

1 p
VP2 | Dop|Pda dt §2—// VP20 R g di
v r

()

Combining the previous estimates yields

// ,Up72+a(1+%)dx dt

s

e
-2 r—s

T

T

p+ N(p—02+0)

p+ N(p—2+o0)

By the interpolation Lemma 5.2 of the Preliminaries

1
// vp_2+”(1+%)dacdt§7.
0 JK;

An application of (10.2) concludes the proof. [ ]

12 An Integral Bound Below for Supersolutions

The previous argument provides a uniform bound above on the L?-norm of
supersolutions. Here we establish a lower bound on the L'-norm of u.

Lemma 12.1 Let u be a nonnegative, local, weak supersolution to the degen-
erate (p > 2), homogeneous (C' = 0) equations (1.1)-(1.2) of Chapter 3 in
Q1 = Ky x (0,1) satisfying (9.6). There exists a constant v, depending only
on the data {p, N, C,,C1}, such that, for all0 < 7 < (%)p,

T 1 £
/ / |DulP~tde dt < 7o THE
0 JK

p
=—r 1
TTAINp-D

where
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Proof The supersolution v = u + 1 satisfies the assumptions of Lemma 10.2,
and hence the conclusion of Lemma 11.1 holds for it. By Hoélder’s inequality

// ‘Du\p_ldxdt:// | Dol Ly~ (5 () 555 g gy
0 K% 0 K%

(5)? p—1 T 1
< (/ ) / \Dv|pv*1*€dxdt) : (/ / v(”’l)““)dwdt)p.
0 K% 0 K%

The second integral is estimated by Holder’s inequality and Lemma 11.1, as

T 1
(// U<P*1><1+€>dxdt)”
0o JK;
8
1+e

£ (%)p 5 1+2¢ 1 £
T2z (/ / p@P=D(+28) 7, dt) ! < yTR T
0 K

7
8

=

<rT

for an absolute constant v depending only on the data {p, N, C,, Cy }. The first
integral is estimated by means of Lemma 10.1, with a proper test function ¢,
and gives

p

()" ()
/ |Du|Pv~ 1" dx dt < 'y/ / VvPT17¢ | Dp|Pdz dt
0 0 K%

(&F
+’7/ / ,Ul—s
0 K

7
8

dp
Xl dx dt.
&‘w

The proof is concluded by a further application of Lemma 11.1 and of Holder’s
inequality. [ |

Lemma 12.2 Let u be a nonnegative, local, weak supersolution to the degen-
erate (p > 2), homogeneous (C' = 0) equations (1.1)-(1.2) of Chapter 3 in
Q1 = K1 x (0,1), satisfying (9.6). Assume that

/ u(z,0)dz > 2¢,
K

1
2

for some positive constant ¢, depending only on the data {p, N,C,,C1}. There
exists a time T € (0, (%)p} depending only on the data {p, N, C,,C1} and c,,
such that
inf t)dx > c,.
L ., M@ 2 e

ooler

Proof Take a piecewise smooth, cutoff function ¢ in K R such that

0<p<1 =1 in Ki, [Dypl<8.

1
2
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Since w is a supersolution, using ¢ as test function in the weak formulation of
(1.1)-(1.2) of Chapter 3, for any ¢ € (0, (2)]

J,

u(x,t)go(a:)dxz/ u(z,0)p(x)dr

Ks
(87
—Cl/ / | Du|P~ Y| De|da dt.
0 K%

The proof is concluded by means of Lemma 12.1. ]

5
8

13 Proof of Theorem 7.1

Having fixed (y, s) € Er, set

M = u(zx, s)dx,
Kp(y)

and assume that M > 0. Introduce the change of variables

r—Y —92 t—s U
— t— MPT —— - —.
* 20 ' P’ YTTM
Then v is a supersolution in the cylinder
T
Ky X {O,MH—S}
pp
and
][ v(x,0)dx = 1. (13.1)
K

1
2

Let T} be the number defined in (9.3). By taking 7, even smaller if necessary,
we may assume that 77 > 1. Let now T5 > 0 to be chosen and assume that

T _
MP*2p78 > max{Ty; Ty} > 1 (13.2)

so that

T_
K1 % (0,1) € Kg x (O,MP*QpTS].

If there exist k& > 1 and ¢, € (0, 1) satisfying (9.1), then (9.2) for v and the
indicated rescaling proves the theorem. If (9.1) is violated for all £ > 1 and
all t € (0,1), then by Lemma 11.1

t
// v(z,t)idedt <y forall 0<t<(2)"
0 JK;
8
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for some ¢ > 1 in the range (11.1). Moreover, by (13.1) and Lemma 12.2,
there exists ¢, = 2~V and

0<T<(2)

depending only on the data {p, N, C,, C1}, such that

/ v(z,t)dz > ¢, forall t € (0,7).
K

5
8

These two inequalities imply that there exists a time level t; € (0, 7) at which
simultaneously

/ v(x,t1)dx > ¢, and v(x,t)de dt < 7.
K

5 Ks
8 8

From this

5 (I%(/K v(ar,tl)qdardt)%

5
8

and one verifies that o depends only on the data {p, N,C,,C1}. These are
precisely the assumptions of the expansion of positivity Proposition 7.1 and
yield the existence of constants 7., d, € (0,1) and b, > 1 depending only on
the data and «, such that

v(-,t) > nuc, ace. in Ko,(y), where n. = n,a, (13.3)
for all times
o by
t 4+ — 530 <t <t + ———6..
(neco)P=2 2 (naco)P~?
Set
b2
T2 = W . (13.4)

By taking ¢, or 7, smaller if needed, one may insure that t; + %Tg > 1, and
(13.3) holds for all times



14 A Consequence of Theorem 7.1 125

1
1+§T2<t<T2.

If Ty < Ty, then a further application of the expansion of positivity Proposi-
tion 7.1 implies the bound below (13.3), with new constants, still depending
only on the data, for all times ¢ as in (9.2). If T}y < T5, a similar argument
holds. Thus we conclude that either the bound below (9.2) or the bound be-
low (13.3), can be made to hold, by a suitable modification of the bounding
constants, within a common interval of time

1+%T* <t<T., where T,=max{Ty;T>}.

Returning to the original coordinates, proves Theorem 7.1 if (13.2) is in force.
On the other hand, such a condition being violated, coincides precisely with
the conclusion of Theorem 7.1. [ |

Remark 13.1 Combining the result of Theorem 7.1 with L°°-bounds for
nonnegative subsolutions (see [41], Chapter V), provides a different proof of
Theorem 1.1. The proof of Theorem 1.1 as presented here, does not require
distinct sup and inf estimates.

14 A Consequence of Theorem 7.1

If w is defined in the strip
Sy =RY x (0,7,
then Theorem 7.1 can be sharpened to the following.

Proposition 14.1 Let u be a nonnegative, weak supersolution to the degen-
erate (p > 2), homogeneous (C' = 0) equations (1.1)-(1.2) of Chapter 3 in
St. There exists a constant v depending only on the data {p, N,C,,C1}, such
that for all (y,s) € S, and p > 0, and 6 > 0 such that s +60 < T,

[ st a{ (5)7 4 () Gty oy

where X is as in (1.6), and
Q=Kup(y) x (s+ 16, s+0).
Proof Assume (y,s) = (0,0), and introduce the change of variables
v(x,t) = u(hpz, (hp)"1),

where h > 1 is to be determined. By this rescaling

I,

u(z,0)dx :][ v(x,0)dx < hN][ v(x,0)dx. (14.2)
Ki/n K,

P
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We may assume that

(hp)ry 7
]{(lv(x,O)dx>20{ L ] ,

(14.3)

where c is the constant given by Theorem 7.1, otherwise there is nothing to

prove. From (7.1)—(7.2)

hp)P\ 7=3
f, oo = () e
where
Q* = K4 X (1 + %T*7T>k)
and

1 2= T
T, = P2 (5]{( v(x,O)dw) : < W’

in view of (14.5). From this, (14.4) yields
][ v(x,0)dx < 2vinf u.
K1 Q*

The time 6 in (14.1), being fixed, choose h from

P \2

1 -2
0 = T.(hp)?, thatis, hP=c>""P o (—][ v(x,O)dm)p .
K1

By (14.2), this choice of h yields

0 1 p=2
/\ > 271)_ _
ht>c 7 (2]{< u(z, O)dx) .

P

]{( u(z,0)dz > 20(%)1)%2,

P

We may assume

(14.4)

(14.5)

otherwise there is nothing to prove, and this guarantees h > 1. In terms of u,

from (14.2) and (14.5)
h_N][ u(z,0)dr < 2v inf u,
K, Qn,o

where
Qno = Kunp x (30.,0).

Observe also that

infv = inf w.
« Qhn.o

From this, the definition of h, and (14.5)

(14.6)
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= 9" () (L veo) .
< (@)™ (5) (i) o

Combining (14.6) and (14.7), and recalling that @ C Qp, ¢ since h > 1 proves
the proposition. [ |

15 Equations of the Porous Medium Type

The intrinsic Harnack inequality (1.3)—(1.4) and its consequences, including
the Holder continuity of solutions, Liouville-type results, and subpotential-
type estimates, have counterparts for nonnegative, local, weak solutions to a
large class of quasilinear degenerate parabolic equations that include equations
of the porous medium type. We use the latter class to draw similarities in the
statements and outline differences in the proofs.

Henceforth in this section we let u be a continuous, nonnegative, local,
weak solution to the degenerate (m > 1) equations (5.1)—(5.2) of Chapter 3,
in Ep. It is known that these solutions are locally bounded in Ep, which from
now on we assume ([7]).

Continue to denote by prc (0) and (y,s) + Q;E(H) the cylinders introduced
in (2.1)-(2.2) of Chapter 3, with p = 2.

15.1 The Intrinsic Harnack Inequality

Fix (z,,t,) € E7 such that u(z,,t,) > 0 and construct the cylinders

(o, to) + Q;t(e) where 6= (ﬁ)m_l (15.1)

xO?

and c is a given positive constant. These cylinders are “intrinsic” to the solu-
tion since their length is determined by the value of u at (x,,t,).

Theorem 15.1 Let u be a continuous, nonnegative, local, weak solution to the
degenerate equations (5.1)-(5.2) of Chapter 3. There exist positive constants
¢ and vy depending only on the data {m,N,C,,C1}, such that for all intrinsic
cylinders (xo,1t0) + fop(a) as in (15.1), contained in Er, either

~vCp >1
or

71 sup ul,te — 0p%) < u(wo,t,) <y inf ul(-t, + 0p%). (15.2)
K,(zo) Kpy(zo)
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Thus the form (1.2) continues to hold for nonnegative solutions to the de-
generate equations (5.1)—(5.2) of Chapter 3, although in their own intrinsic
geometry, made precise by (15.1). In analogy with (1.2) and (1.1)*, we call
intrinsic, “forward” and “backward” Harnack inequalities, the right and left
inequalities in (15.2).

Remark 15.1 The constants v and ¢ deteriorate as m — oo in the sense that
~v(m), c(m) — oo as m — oco. However they are stable as m — 1 in the sense
of (5.9) of Chapter 3. Thus by formally letting m — 1 in (15.2) one recovers
the classical Moser’s Harnack inequality in the form (1.2).

Remark 15.2 The proofs are based on the energy estimates and DeGiorgi-
type lemmas of § 6-8 of Chapter 3 and the expansion of positivity of § 7 of
Chapter 4. According to the discussion in § 5.3 and Remarks 6.2, 7.1, and 8.3
of Chapter 3, a constant v depends only on the data if it can be quantitatively
determined a priori only in terms of {m, N, C,, C1 }. The constant C' appearing
in the structure conditions (5.2) of Chapter 3, enters in the statement of
Theorem 15.1 only through an alternative.

Remark 15.3 The theorem has been stated for continuous solutions, to give
meaning to u(x,,t,). While it is known that local, weak solutions to (5.1)—
(5.2) of Chapter 3, for m > 1, are locally Hélder continuous ([37, 47]), the
theorem continues to hold for almost all (x,,t,) € Er and the corresponding
cylinders (z,,t,) + pr(e) C Er.

15.1.1 Significance of Theorem 15.1

The Harnack inequality (15.1)—(15.2) is “intrinsic” in that the waiting time
from t, to t, + 0p? depends on the solution at (x,,t,). Such an intrinsic de-
pendence is a consequence of the intrinsic expansion of positivity of § 7 of
Chapter 4, and it cannot be removed. Indeed (15.2) is false in a geometry
where 0 is a constant independent of u(x,,t,). This can be verified for the
Barenblatt solution, of the degenerate (m > 1) homogeneous, prototype equa-
tion (5.3) of Chapter 3 in RY x R+

1

I (2,t) = tiﬂ [1 — b(N, m)('t%'ﬂ:”, t>0 .
b(N,m) = NQ(X[L—W;AD A=N(m-1)+2.

Arguing as in § 3.2 of Chapter 4, one verifies that I" fails to satisfy the expan-
sion of positivity of § 7 of Chapter 4, unless the geometry is “intrinsic.” By the
same calculations one also verifies that it fails to satisfy the Harnack inequal-
ity of Theorem 15.1, unless 0 reflects the intrinsic geometry of the equation
as indicated in (15.1). Further counterexamples include the one-parameter
family
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m—1 m,l—l \x\z ml—l
(BT e
u(, ) 2mA T—t - (=o0,T)
where A is as in (15.3). This satisfies the homogeneous, prototype equation
(5.3) of Chapter 3, and is the counterpart of (1.5)—(1.6). By similar arguments
one verifies that it fails to satisfy the Harnack inequality of Theorem 15.1 if

0 is independent of u. Finally the family of traveling wave solution,

1

u(z,t) = Az, +bt —z)7"", where A= b,

is the counterpart of (3.2) of Chapter 4 and by similar arguments, is a coun-
terexample to a Harnack inequality and expansion of positivity in geometries
that are independent of the solution itself.

15.1.2 On the Proof of Theorem 15.1

The proof of Theorem 1.1 is based on the energy inequalities (2.3) of Chap-
ter 3, the DeGiorgi-type Lemmas 3.1-4.1 of Chapter 3, and the expansion
of positivity of Chapter 4. Now all these technical tools are available for the
porous medium type equations and are provided in § 5-8 of Chapter 3 and
§ 7 of Chapter 4. With these at hand the proof parallels that of Theorem 1.1
almost verbatim.

Fix (z,,t,) C Ep, assume that u(z,,t,) > 0, and construct the cylin-
ders (x,,t0) + fop(G) C Er as in (15.1), where the constant ¢ > 1 is to be
determined. The change of variables

T —x, m_1t— 1o

T — 5

t — u(zo,t,)
P P

maps these cylinders into Q*, where
QT = Ky x (0,427, Q™ = Ky x (—=42¢710].

Denoting again by (x,t) the transformed variables, the rescaled function
tp? )
u(we, to)m1

v(x,t) = To + p,to +

1
w(xo, to) b (
is a bounded, nonnegative, weak solution to
vy — div A(z,t,v, Dv) = B(x,t,v, Dv)
weakly in Q = QT U Q~, where A and B satisfy the structure conditions

A(z,t,v,Dv) - Dv > mCov™ | Dv|* — C2p™H!
|A(x,t,v, Dv)| < mCyv™ Du| + Co™ a.e.in @
|B(z,t,v, Dv)| < mCv™ | Dv| + C?v™
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where B
C = Cp,

and C,, Cy, and C are as in (5.2) of Chapter 3. Moreover v(0,0) = 1.

The theorem is then a consequence of a fact similar to Proposition 2.1,
whose proof relies solely on the indicated technical tools. The proof can now
be followed and completed with the obvious changes in language and symbol-
ism.

16 Some Consequences of the Harnack Inequality

16.1 Holder Continuity

The methods leading to the intrinsic Harnack inequality of Theorem 15.1 can
be used to establish that local, weak solutions u to the degenerate (m > 1)
porous medium type equations (5.1)—(5.2) of Chapter 3, in Er, are locally
Holder continuous in E7, irrespective of their signum, and permit one to ex-
hibit a quantitative Holder modulus of continuity. These solutions are locally
bounded ([7]) in Ep. To streamline the presentation and symbolism, we as-
sume that u € L*°(Er).
Let
I'=0Er — Ex{T}

denote the parabolic boundary of Ep, and for a compact set K C Ep introduce
the intrinsic, parabolic m-distance from K to I" by

. def . m-1 1
m—dist(K; 1) = inf (Iw—y|+IIUIlo§,ETlt—S\2)-

(y,s)er

Theorem 16.1 Let u be a bounded, local, weak solution to the degenerate
(m > 1) porous medium type equations (5.1)-(5.2) of Chapter 3. Then u is
locally Holder continuous in Er, and there exist constants v > 1 and « € (0,1)
that can be determined a priori only in terms of the data {m,N,C,,C1,C},
such that for every compact set K C Erp,

m—1 1
21 — x| + [lull g, [t — tof 7\
w(zxy,t1) — ul(xa, ta)| < v||lu ( — )
| ( 1 1) ( 2 2)|—’7H HOO,ET m—dlSt(K;F)

for every pair of points (x1,t1), and (x2,t2) € K.

Proof Fix a point in E7, which up to a translation we take to be the origin
of RN*1. For p > 0 consider the cylinder

Qe _ Kp % (_p27(m71)e,0}

where € € (0, 1) is to be determined, and set
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,uj:supu, i, =infu, wo:oscu:,uj—,u;.

With w, at hand, construct now the cylinder of intrinsic geometry

Qo = K, x (—wl™™p? 0].

If w, > p¢, then @, C Q.. Theorem 16.1 is then a consequence of the following:

Proposition 16.1 There exist constants v > 1, and ¢,e,6 € (0,1), that can
be quantitatively determined only in terms of the data {m,N,C,,C1} and
independent of uw and p, such that, if w, > p¢, setting p, = p and

Wn, :5wn717 Pn = EPn—1, Qn :Q;n(w}lfm% fOT ’17,:0,].,...

we have Qpni1 C Qn, and either

C
oscu < dy—pp, or oscu < Wy,.
Qn € n
The proposition is established by induction. Thus assume @),, has been con-
structed and that the statement holds up to n. Set

fh = supu, p, = infu, P, = (0,=5y), Sn=3wp "p2.

The main difference with the proof of Proposition 4.1 is that the two functions
(uf —u) and (u — p,, ), while nonnegative, need not be weak solutions to the
porous medium type equations (5.1)—(5.2) of Chapter 3 in @,,, and hence
one cannot claim that they both satisfy the intrinsic Harnack inequality in
subdomains of (),,. However, it can be shown that at least one of them does
satisfy the intrinsic Harnack inequality with respect to P,,, and this will suffice
to establish the proposition. This is done by the same techniques of proving the
Harnack inequality. We refrain from further elaborating on the modifications
needed, since Theorem 16.1 is known from the literature ([47]). [ |

16.2 Liouville-Type Results

The Liouville-type results of § 5 are possible since if u is a local weak solution
to the homogeneous (C' = 0), degenerate (p > 2), p-Laplacian type equations
(1.1)~(1.2) of Chapter 3 with C' = 0, then u + const is a solution to a similar
equation, with the same modulus of ellipticity. This is no longer the case
for solutions to the porous medium type equations, and as a consequence
Liouville-type statements hold in a rather restricted form.

Proposition 16.2 Let u be a nonnegative, local, weak solution to the degen-
erate (m > 1), homogeneous (C' = 0) equations (5.1)-(5.2) of Chapter 3 in

S =RN x (=00, T)  for some fizred T € R,
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and let infg, uw = 0. Then for all z € RN

lim w(z,t) =0,

t——o0

and the limit is uniform for x ranging over a compact set K C RN such that
K x {7} is included in a (y, s)-paraboloid

P(y,s) = {(:c,t) €Sr|t—s< _(u(;,s))m_l|$_y|2}

for (y,s) € St such that u(y,s) > 0, for some 7 < s.
Proof Analogous to the first part of Lemma 5.1. |

Proposition 5.1 still holds true for solutions to porous medium type equations.

Proposition 16.3 If u is bounded above and below in St, then u is constant.

Proof Set
m=infu, M =supu, w,=M —m.
ST St
Fix t, < T and assume after a translation that ¢, = 0. The proof uses the form
of the Holder continuity as expressed in Proposition 16.1, over a sequence of
nested cylinders @,, with “vertex” at (0,0). Notice that, by the definition of
Wwo, the requirement
oscu < W,
is always satisfied, and hence the condition w, > p¢ does not have to be
enforced. Applying Proposition 16.1 recursively, starting from p = e~"R for
R > 0 fixed, gives
osc u < 8"w,
KrX(—wh™™R2,0]

for all n € N. Let R — oo for n fixed and then let n — oo. [ |

16.3 Subpotential Lower Bounds

The prototype equation (5.3) of Chapter 3 admits the family of subsolutions

where v > N, k and p are positive parameters and
S(t) = k™ prm=D(t — 5) 4 p* t>s

v(m—1)

bvm) = SN

A=v(im—1)+2.
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One verifies that for v = N, as in (15.3), the functions I, ,,, are exact solutions
to the homogeneous prototype porous medium equation, for all k,p > 0,
whereas for v > N they are subsolutions. Decay estimates of the type of § 6
can be established, with no major change and we summarize them in the
following proposition.

Proposition 16.4 Let u be a nonnegative, local, weak solution to the degen-
erate (m > 1), homogeneous (C = 0) equations (5.1)-(5.2) of Chapter 3 in
Er. There exist positive constants v, < 1 and 1 > 1, depending only on
the data {m,N,C,,C1} and the constant ¢ and ~y appearing in the Harnack
inequality (15.1)-(15.2) of Theorem 15.1, such that for all (z,,t,) € ET, such
that w(z,,to) > 0, and all (x,t) € Ep with

Kgjp—z,|(xo) CE, and 0<t—t,< 4%250,

we have

(@.6) > (o to) {1 — 7 [Ty

u(zx,t) > vou(x,, — .
Yo oy lo Al U(I‘o,to)m_l(t—to) "

A decay estimate similar to that of Proposition 6.2 can be stated and proved

analogously.

17 A Weak Harnack Inequality for Positive
Supersolutions

Local, weak supersolutions to the degenerate (m > 1) equations (5.1)—(5.2)
of Chapter 3 in Ep, need not be continuous, and if nonnegative they do not,
in general, satisfy a Harnack estimate. Nevertheless they satisfy a weak, or
integral, form of the Harnack inequality as expressed in the following the-
orem. The theorem is stated for homogeneous equations for which C' = 0.
The extension to nonhomogeneous equations C' # 0 is achieved by the usual
alternative that negating C'p > 1, forces Cp < 1.
Throughout, for y € E, let p > 0 be so small that K6,(y) C E.

Theorem 17.1 Let u be a nonnegative, local, weak supersolution to the de-
generate (m > 1), homogeneous (C = 0) equations (5.1)-(5.2) of Chapter 3
in Ep. There exist positive constants ¢ and vy, depending only on the data
{m,N,C,,C4}, such that for a.e. s € (0,T)

2 1
][ u(z, 8)dx < c( p ) "4y inf (-t
Kp(y) T-s

K4n(y)

for all times
s+%9p2 St§s+9p2

6 = min {cl_mTp_z i , <]{(,,(y) u(, S)da?)lim}.

where
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The proof closely follows the one for Theorem 7.1. Perhaps the most significant
difference is in Lemmas 11.1-12.1, where u+1 remains a supersolution to the p-
Laplacian, and not for the porous medium equation. This can be overcome, by
assuming that supersolutions at hand can be approximated by supersolutions
locally bounded away from zero.

If u is defined in the strip Sz = RY x (0, 7], then Theorem 17.1 can be
sharpened to the following.

Proposition 17.1 Let u be a nonnegative, local, weak supersolution to the
degenerate (m > 1), homogeneous (C = 0) equations (5.1)-(5.2) of Chapter 3
in Sp. There exists a constant vy depending only on the data {m,N,C,,C1},
such that for all (y,s) € St, all p >0, and 0 > 0 such that s +60 < T,

]{mw u(e,s)dz <+ (%f) — (%)N [Kir(lfo)u(-, 5+0)] 7}

where X\ is as in (15.3).

18 Remarks and Bibliographical Notes

Moser’s inequality is given in the form (1.1). The same form was given earlier
by Hadamard [80] and Pini [127]. The form (1.1) for nonnegative solutions
to elliptic equations appears in Landis [104] and for nonnegative solutions to
parabolic equations in Krylov and Safonov [94]. The mean value form (1.2),
while elementary, does not seem to be present in the literature.

The intrinsic, forward Harnack inequality of Theorem 1.1 was first estab-
lished in [39] for the prototype equations (1.3) and (5.3) of Chapter 3, and
later extended to equations of the form

Uy — (|Du|p_2aij (a:)ux)% =0

in [30]. Another proof is in [32]. The proof of the intrinsic, forward Harnack
inequality for nonnegative solutions to (1.1)—(1.2) of Chapter 3 with their
full quasilinear structure has been established in [49], both for p-Laplacian
and porous medium type equations. A different proof of the same result for
homogeneous equations (1.1)—(1.2) is in [98], using a parabolic degenerate
version of the Krylov-Safonov covering Lemma [94]. The proof in [49] makes
no use of covering arguments. Recently there have been extensions to parabolic
equations with coefficients in the Kato classes [109], or when the degeneracy
depends also on Muckenhoupt-type weights [145]. The proof we present here
is an unpublished simpler version of [49], where some measure-theoretical
facts have been eliminated and the simpler, more streamlined version of the
expansion of positivity of Chapter 4 has been used.

The intrinsic, backward Harnack inequality of Theorem 1.1 and its proof
are taken from [52]. The lower bound in terms of the supremum of the solution
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at a previous time can be useful in studying the boundary Harnack inequal-
ity for the homogeneous equations (1.1)-(1.2) of Chapter 3. Results in this
direction, for linear parabolic equations with bounded and measurable coeffi-
cients, are due to Salsa ([137]). See also [25], Chapter XIII, and the references
therein.

The Holder continuity of locally bounded solutions to (1.1)—(1.2) of Chap-
ter 3, with p > 2, was first established in [38] and reported in [41]. Local
solutions are locally bounded ([41]). The Holder continuity of solutions to ho-
mogeneous systems of the form (1.3) was established in [47]. This contribution
contains also a proof of the Holder continuity of solutions to homogeneous,
porous medium type equations. A new approach to Holder continuity based
on the expansion of positivity of Chapter 4 is in [75].

These continuity estimates were used in the proof of the intrinsic Harnack
inequality in [39]. Here the approach is reversed: the Harnack inequality is es-
tablished without any assumption on the modulus of continuity of solutions,
and the Holder regularity is then deduced from it. It should be pointed out,
however, that this is an “interior” statement. A boundary modulus of conti-
nuity, under proper assumptions on JF and the boundary data, is in [41]. We
do not know of a proof by which an interior Harnack estimate would yield a
boundary modulus of continuity of solutions to these degenerate equations.

The use of the Harnack inequality to prove Liouville-type results for so-
lutions to linear, nondegenerate, parabolic equations with principal part, in
nondivergence form, is due to [78, 79]. Extensions have been given to a wide
class of equations; see [91] for the case of hypoelliptic operators, still remaining
within linear and nondegenerate classes.

Liouville-type results for solutions to degenerate equations as those in
(1.1)-(1.2) of Chapter 3 appear to be new, and are taken from [56]. In par-
ticular, Propositions 5.2-5.3 seem to be new even in the context of the heat
equation. The following is a further strengthening of Proposition 5.2.

Proposition 18.1 Let u be bounded below in St and assume that

supu(-,s) = My < oo for some s < T.
RN

Then u is constant in St.

Proof By Proposition 5.2 u is constant in Sy, and we may take such a constant
to be zero. Now consider the Cauchy problem for the homogeneous, degenerate
equations (1.1)-(1.2) of Chapter 3 in the strip RY x (s, T") with “initial datum”
u(+,s) = 0. Since the principal part n — A(z,t,u, Dn) is monotone at the
origin (Lemma 1.1 of Chapter 3), such a problem admits only one nonnegative
solution. Thus v = 0 in the whole St. [ |

Remark 18.1 It is not claimed here that, in the generality placed on the
principal part A(z,t,u,n), the solution to the indicated Cauchy problem is
unique. For this to occur, one would need a rather precise control on the
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growth of x — u(x,t) as x| — oo, and the monotonicity of the map (u,n) —
A(x,t,u,n). This is stronger than the monotonicity of n — A(x,t,u,n) stated
in (12.1) of the Remarks and Bibliographical Notes of Chapter 3. The issue
has been addressed in several contributions ([57, 32, 99, 6]).

The uniqueness statement used in the proof of Proposition 18.1 holds only
because the initial datum is zero and n — A(x,t,u,n) is monotone at the
origin. The method relies on the techniques developed in [41], Chapter XI.

Corollary 18.1 Let u be bounded below (above) in St. Then either u is con-
stant, or for allt < T,
lim wu(z,t) = 400 (—o0).
|z|— o0
Remark 18.2 The explicit solutions in (1.5)-(1.6) and in (3.2) of Chapter 4
exhibit the behavior indicated by Corollary 18.1.

The subpotential lower bounds of Propositions 6.1 and 6.2 were proved in
[50] with a slightly different approach. They represent an extension of the
analogous result proved by Moser for linear parabolic equations [121].

The results of Proposition 6.1 were proved in [74], using a Control Theory
approach. Starting from a Hamilton—Jacobi differential inequality, and relying
on Control Theory arguments, in [11] similar lower bounds are proved for a
class of homogeneous degenerate and singular equations, satisfying the com-
parison principle, and which include the porous medium and the p-Laplacian
equations. The proof depends in a fundamental way on the Aronson-Bénilan
estimate [9], and hence on the comparison principle. No such principle holds
for equations with the full quasilinear structure.

18.1 Weak Harnack Estimates

The idea of proving the weak Harnack inequality by first showing that the
expansion of positivity holds with a power-like dependence on the quantity «
introduced in (4.2), was originally used in [61] in the context of Q-minima,
and functions in elliptic DeGiorgi classes. It has then been adapted to the
parabolic p-Laplacian when p > 2 in [98]. In both cases the main technical
tool is a proper version of the Krylov—Safonov covering lemma ([94, 93]). In the
parabolic case, there is the extra difficulty that the covering lemma must have
an intrinsic feature. Here we made no use of covering arguments, and used
a different approach, namely, relying on the measure-theoretical Lemma 3.1
of the Preliminaries. The approach to the second alternative in the proof of
Theorem 7.1 is analogous to a similar argument in [61], adapted by [98] to the
parabolic case. Proposition 14.1 was first proved for solutions to the prototype
equation (1.3) of Chapter 3 in [41], later extended to solutions to homogeneous
equations (1.1)—(1.2) of Chapter 3 in [98].

Similar results for nonnegative supersolutions to the degenerate (m > 1),
porous medium type equations (5.1)—(5.2) of Chapter 3, namely, Theorem 17.1
and Proposition 17.1, in the indicated generality, seem to be new.
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The Harnack Inequality for Singular Equations

1 Supercritical, Singular Equations

Let u be a continuous, nonnegative, local, weak solution to the singular equa-
tions (1.1)—(1.2) of Chapter 3 in Er, for p in the supercritical range

pe= 25 <p<2 (1.1)

Fix (2,,t0) € Er such that u(z,,t,) > 0 and construct the cylinders
(o, o) + Q;E(H) where 0 = [u(w,,t,)]* 7. (1.2)

These cylinders are “intrinsic” to the solution since their length is determined
by the value of v at (x,,t,). Cylindrical domains of the form K, x (0, p?] reflect
the natural, parabolic space-time dilations that leave the homogeneous, sin-
gular, prototype equation (1.3) of Chapter 3 invariant. The latter, however, is
not homogeneous with respect to the solution w. The time dilation by a factor
[u(z,,t,)]?P is intended to restore the homogeneity, and the Harnack inequal-
ity holds in such an intrinsic geometry, as made precise in Theorems 1.1-1.2
below. The first theorem establishes an intrinsic, mean value Harnack inequal-
ity in a form similar to Theorem 1.1 of Chapter 5, for degenerate equations
(p > 2). This Harnack estimate is stable as p — 2. The second theorem estab-
lishes a “time insensitive” mean value Harnack inequality, valid for all times
t ranging in a neighborhood of t,. This inequality is unstable as p — 2. By
counterexamples, it will be shown that for 1 < p < neither of these
theorems holds.

2N
N+1°

1.1 The Intrinsic, Mean Value, Harnack Inequality

Local weak solutions to (1.1)—(1.2) of Chapter 3, for p in the supercritical
range (1.1), are locally bounded and locally Holder continuous within their
domain of definition ([41], Chapters IV-V). Having fixed (z,,%,) € Er, and
cylinders (z,,t,) + Q;E(G) as in (1.2), set

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 137
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-1584-8 6,
© Springer Science+Business Media, LLC 2012
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sup u(z,t,) =M (1.3)
Kp(zo)
and require that
(To, to) + Qi (M>™P) C Er. (1.4)

Specifically it is required that

OM(To,to) = [(To, o) + Qgp(M2_p)] U [(2o, to) + Qgp(MQ_p)]

. . (1.5)
= Kgp(zo) X (to = MTP(8p)" 1 + M77P(8p)°] C Er.

The upper bound M is only known qualitatively, and accordingly it does not
play any role in the proof, other than to insure that (x,,t,) + Qgtp(MQ—P) are
contained within the domain of definition of u.

Theorem 1.1 Let u be a continuous, nonnegative, local, weak solution to the
singular equations (1.1)-(1.2) of Chapter 8 in Er, for p in the supercritical
range (1.1). There exist constants € € (0,1) and v > 1 depending only on the
data {p, N, C,,C1}, such that for all intrinsic cylinders (xo,t,) + Qgtp(a) as
in (1.2), for which (1.4) holds, either

Cp > min{1, u(z,,t,)}

or
-1 2—p p
~ sup u(~,t0 —eu(xo,to)" Pp ) < u(z,,t,)
K o
<~ inf u('vto + eu(xo, to) —ppp>_
Ky (wo)
Thus the form (1.2) of Chapter 5, valid for nonnegative solutions to nonde-
generate equations (p = 2), continues to hold for nonnegative solutions to

supercritically singular equations, although in their own intrinsic geometry.

Remark 1.1 The intrinsic geometry enters here in two stages. First, it de-
termines the cylinders (z,,t,) + Qgtp(a), then the constant ¢ determines the
relative “waiting time,” within the cylinders (z,,t,) + Qsip(G) for the intrinsic
Harnack estimate to hold. The proof will determine the constants v and €
quantitatively, only in terms of the data {p, N,C,,C;}. Whence these con-
stants are determined, the intrinsic Harnack inequality (1.2)—(1.6) continues
to hold for a smaller € provided we take a larger v, and y(e) — oo as e — 0. In
all cases it is required that (1.4)—(1.5) be in force. The various constants, how-
ever, are dependent only on the data {p, N,C,,C;} and are all independent
of M.

Remark 1.2 The constants v and e deteriorate as p — p, in the sense that

Y(p),elp) ™t =00 as p— 225

However, they are stable as p — 2 in the sense of (1.9) of Chapter 3. Thus
by formally letting p — 2 in (1.6) one recovers the classical Moser’s Harnack
inequality in the form (1.2) of Chapter 5.
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Remark 1.3 The proofs are based on the energy estimates and DeGiorgi-
type lemmas of § 2-4 of Chapter 3 and the expansion of positivity of § 5-6 of
Chapter 4. According to the discussion in § 1.3 and Remarks 2.2, 3.1, and 4.3
of Chapter 3, a constant v depends only on the data if it can be quantitatively
determined a priori only in terms of {p, N, C,, C1}. The constant C' appearing
in the structure conditions (1.2) of Chapter 3, enters in the statement of
Theorem 1.1 only through an alternative.

Remark 1.4 The theorem has been stated for continuous solutions, to give
meaning to u(x,,t,). The intrinsic Harnack inequality, in turn, can be used to
prove that these local solutions, irrespective of their signum, are indeed locally
Holder continuous within their domain of definition. This will be shown in § 10.

Remark 1.5 The intrinsic form of (1.6) is false in a time geometry inde-
pendent of u(z,,t,), as it can be verified for the family of counterexamples
collected in § 3.3 of Chapter 4.

¢ 57" sup u(-,0) < u(@o,to) <7 inf u(-,7)
Kp(l'o) Kp(zo)

to + €u(to, to)> P pP /

to ‘ ,,<— w(To,to) >0

to — Eulo,to) 7 p"

To x

Fig. 1.1. Time-Insensitive Mean Value Harnack Inequality

1.2 Time-Insensitive, Intrinsic, Mean Value, Harnack Inequalities

Theorem 1.2 Let u be a continuous, nonnegative, local, weak solution to the
singular equations (1.1)-(1.2) of Chapter 8 in Er, for p in the supercritical
range (1.1). There exist constants € € (0,1) and 5 > 1, depending only on the
data {p, N, C,,C1}, such that for all intrinsic cylinders (xo,t,) + Qgtp(a) as
in (1.2), for which (1.4) holds, either

Cp > min{l, u(x,,t0)}
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or

71 sup u(,0) < u(wo,ty) <7 inf u(-,7) (1.7)

K,(zo) Kpy(zo)

for any pair of time levels o, 7 in the range

to — Eu(Toyto)? PP < 0,7 <ty + Eu(To,t,)2 PpP. (1.8)

The constants € and 5~ ' tend to zero either as p — 2 or as p — 1\2,—1_?_[1

Both right and left inequalities in (1.7) are insensitive to the times o, 7, pro-
vided they range within the time-intrinsic geometry (1.8). For 0 = 7 = ¢, the
theorem yields

Corollary 1.1 (The Elliptic Harnack Inequality) Let u be a continu-
ous, nonnegative, local, weak solution to the singular equations (1.1)-(1.2)
of Chapter 3 in Er, for p in the supercritical range (1.1). For all intrinsic
cylinders (xo,t,) + Qgtp(e) as in (1.2) for which (1.4) holds, either

Cp > min{l, u(x,, )}

or

771 sup ule,ty) <ulwo,t,) < inf u(-,t,) (1.9)
Kp(zo) Kp(xo)

for the same constant 5 as in Theorem 1.2.

Thus, the right and left inequalities in (1.7) are simultaneously forward, back-
ward, and elliptic Harnack estimates. Inequalities of this type, and in par-
ticular (1.9), are false for nonnegative solutions to the heat equation ([121]).

This is reflected in (1.7)—(1.9), in that the constants € and ¥~! tend to zero

as p — 2. It turns out that these inequalities lose meaning also as p tends to

the critical value 1\2,—11 as discussed below.

1.3 On the Range (1.1) of p

The range of p in (1.1) is optimal for the intrinsic, forward in time Harnack
estimate (1.2)—(1.6) to hold. Consider the Cauchy problem
u; — div|DulP2Du =0 in RY x RT
N(2 -
u(vo) =Uo € LS(RN)v §= ( p)
p

for 1 < p < p« and u, > 0. Solutions exist and become extinct, abruptly, after
a finite time T'. Specifically, there exists a time 7" that can be determined a
priori in terms of p, N, and ||u,||s g~ , such that ([41], Chapter VII, § 3)

u(,t) >0 for t<T and wu(,t)=0 for t>T.

Pick (z,,t,) € RN x (0,T) where t, is so close to T as to satisfy
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T—t, <87t
and choose p > 0 so large that
w2, to)> P (8p)P =T — t,.
For such a choice
(o, to) + Qsip(e) CRY xRt for 6 as in (1.2).

However, the intrinsic, forward Harnack estimate (1.2)—(1.6) fails.

When 1 < p < 1\2,—11 also the elliptic version (1.9) fails, as shown by the

following counterexample:

u(x,t) = DA(Q-gjg)pl}2p£21il§%f_i (1.10)
2N

N+2’

1<p< A=N(p—2)+p.
This is a nonnegative, local, weak solution to the prototype p-Laplacian equa-
tion in RN x R. Such a solution is unbounded near x = 0 for all t < T and
finite otherwise. Therefore (1.9) fails to hold for cubes centered at the origin.
For 1 < p < p, the mere notion of weak solution is not sufficient to insure
its local boundedness ([41], Chapter V, § 5). The weak solution (1.10) is indeed
unbounded near x = 0. However, the lack of a Harnack estimate is not due
to the possible unboundedness of the solutions. Consider the two-parameter
family of functions

N+2 oON _ N
u(w,t) = (T —t) " (a+blz|¥-2) 2
(1.11)

N>2  p=35%5<p.

where ¢ > 0 and T are parameters, and

N+2

b= o) = 32 ()

They are nonnegative, locally bounded, weak solutions to the prototype p-
Laplacian equation in RY x R and they do not satisfy the Harnack estimates
of Theorems 1.1-1.2. The same occurs for the critical value p = p, as shown
by the following counterexample. The function

u(a,t) = (o5 4 )7 -
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is a nonnegative solution to the prototype p-Laplacian equation in RV x R,
and one verifies that it fails to satisfy the Harnack estimate in any one of the
forward, backward, or elliptic form.

These remarks raise the question of what form the Harnack estimate might
take for p in the subcritical range 1 < p < p,. This issue will be addressed in
§ 11-15.

2 Main Components in the Proof of Theorems 1.1 and
1.2

The proofs of Theorems 1.1 and 1.2 are intertwined. In either case the key
inequalities to establish are the right-hand side estimates in (1.6) and (1.7).
The left estimates will follow from these by geometrical arguments (§ 5). In
all all cases the proofs involve in an essential way the number

A=N(p—2)+p.

The requirement that p be in the supercritical range (1.1) is equivalent to
requiring that A > 0. The main components of the proof are the expansion
of positivity for quasilinear, singular equations of § 5-6 of Chapter 4, and an

Lllochfg’c Harnack-type estimate valid for A > 0, which we present next.

Theorem 2.1 Let u be a nonnegative, local, weak solution to the singular
equations (1.1)-(1.2) of Chapter 3 in Er, for p in the supercritical range
(1.1), so that A > 0. There exists a positive constant v depending only on the
data {p, N,C,,C1}, such that for all cylinders

Kop(y) x [s—(t—s),s+(t—s)] C Er

either
1

ij>nﬁn{1,<t_s)i$} (2.1)

pP

or
b2
X

Y .
sup u < —( inf / u(x, T dx)
Koxlst]  (t— )% \2a—t<r<t J, () )

t— s\
+( ﬁ)) .

The constant v = ~y(p) — oo as either p — 2 or p — 1\27_1_5\_[1

(2.2)

Remark 2.1 Starting from K, the solution u is required to exist in a larger
neighborhood Kj,(y) and for times comparably larger and smaller than s.

The proof of Theorem 2.1 will be given in Appendix A. Assuming it for the
moment, we proceed to prove the right-hand side Harnack estimate of The-
orem 1.2. The analogous statement for Theorem 1.1 will be established in
§7.
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3 The Right-Hand-Side Harnack Estimate of
Theorem 1.2

Fix (zo,t,) € Ep, determine the intrinsic cylinders (x,,%,) + Qgtp(a) as in
(1.2), and assume that (1.4)—(1.5) hold. Assume in addition that

Cp <min{l, u(x,,t0)} (3.1)

where C' is the constant in the structure conditions (1.2) of Chapter 3.

Proposition 3.1 Let u be a continuous, nonnegative, local, weak solution
to (1.1)—(1.2) of Chapter 3 for p in the supercritical range (1.1). There exist
positive constants € and 7, that can be determined quantitatively, a priori only
in terms of the data {p, N,C,,C1}, such that

t,) <7 inf wu(-t 3.2
u(To,to) < VK%O)“( ) (3-2)
for all times
to — €U(To, to)> PP <t <ty u(x,,t,)2 PpP. (3.3)
The constants € and 4~ tend to zero either as p — 2 or as p — 1\2,—1_?_71
Introduce the change of variables and unknown function
— 4o t— to
2 x, t—= s, v=—2 (3.4)
P U(xo,t0)? PpP u(xo,to)
This maps the cylinder Qaq(2o,t,) in (1.5) into
M NP M 2P
O = Ks X (— <—) 8?, (—) 8p]. 35
8 w(xo, to) w(To, to) (3:5)
Relabeling by x,t the new coordinates, v is a weak solution to
vy —div A(z,t,v, Dv) = B(x,t,v,Dv) in  Qu. (3.6)

Taking into account (3.1), the transformed functions A and B satisfy the
structure conditions

A(x,t,v, Dv) - Dv > C,|Dv|P — 1

|A(z,t,v, Dv)| < Ci|[DvfP~t +1 (3.7)
|B(z,t,v, Dv)| < |[Dv[P~ +1

where C, and C are the constants appearing in (1.2) of Chapter 3. Establish-
ing Proposition 3.1 consists in finding positive constants € and 7, depending
only on the data, such that

v(-t) >51 in Ky forall t € [—¢¢. (3.8)
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4 Locating the Supremum of v in K;

For 7 € (0,1) introduce the family of nested expanding cubes {K .} centered
at the origin, and the increasing families of positive numbers

M, = supw, N,=(1-7)75, (4.1)

T

where (3 is a positive parameter to be fixed later. By the definition, M, = N,
and as 7 — 1, N; — oo, whereas M, remains finite. Therefore the equation
M, = N, has roots. Denoting by 7, the largest root

M, =(1-7)" and M,<N, foral 7>r,.

Since v is continuous, the supremum M., is achieved at some T € K, . Choose
€ (0,1) from

=

3

1-7) P =4(1-7)"" ie, 7=1-4"

|

(1 —7).

Set also

ol -4 -n). (4.2)

For these choices, Ks,(Z) C K7, M7z < Nz, and
supv(-,O) = (1 - T*)iﬁ = ’U(.f‘,O) S sup U(',O)
K., Ko (T)
<supwv(-,0) <4(1—7,)7".
K-

The information on 7, is only qualitative. By using the parameter § we will
eliminate such a qualitative dependence from our arguments. The qualitative
information on M plays no role in this process. It only insures that the cylinder
Om(xo,t,) is within the domain of definition of u. Because of this interplay
between qualitative and quantitative information, our quantitative arguments
below are devised not to depend on 3, M, and p.

5 Estimating the Sup of v in Some Intrinsic
Neighborhood About (Z, 0)

Consider the cylinder centered at (T, 0)

Qar = [(7,0) + Q2,.(6.)] U [(%,0) + Q3,.(6.)]
= Ko, (Z) x (—0.(2r)P,0.(2r)]

where
0, = (1 —7)PCP), (5.1)



5 Estimating the Sup of v in Some Intrinsic Neighborhood About (Z,0) 145

Such a cylinder is included in the box Q¢ introduced in (3.5) since
0.2r) = (1 —7.) PEP (A — 475 (1 = 1)
7,0) \27P M 2
< (1— ) Bem _ (ME0) NP M\
<=0 = () = )

U(l'o,to Lo,y lo

Lemma 5.1 There exists a positive constant 1, depending only on the data
{p,N,C,,C1}, and independent of 3, M, and p, such that

supv < (1 — 7'*)75.

T

The constant y1 — 00 as p — 2 and as p — psx.

Proof Apply (2.2) of Theorem 2.1 to the function v, solution to (3.6)—(3.7),
over the pair of cylinders @, C Q2,. Apply it first for the choice

s=0 and t=0.(2r)"
and apply it again, for the choice
s = —0.(2r)? and t=0.

Taking into account the structure conditions (3.7), and the definition (5.1) of
0., the condition (2.1) is always violated. Therefore Theorem 2.1 with these
stipulations gives

(p=2)
Qr K2T(i)

<X +275) 1 - )P = (1 — )P, ]

» L1
v(z, O)da:) S50

Introduce next the cylinder
Qr(60,) = K. (%) x (—00,1P,50,77] C Qo

where § € (0,1) is to be chosen.

Lemma 5.2 There exist numbers 0§, ¢, and o in (0,1), depending only on the
data {p, N, C\,,C1}, and independent of 3, M, and p, such that

[[v(-,t) > &(1 — T*)*BH > a|lK,| foral te [—59*7"1’, gﬁ*rp] (5.2)

where 0, is defined in (5.1). The constants &, ¢, and a tend to zero either as

p— 2 or as A\ — 0, that is, as p tends to the critical value 1\2,—_1:1

Proof Apply (2.2) of Theorem 2.1 to the function v, solution to (3.6)-(3.7),
over the pair of cylinders Q1,(66x) C Qr(d0,), for the choices s = 0 and
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t = 66,rP. Taking into account the structure conditions (3.7), and the def-
inition (5.1) of ., the condition (2.1) is always violated. Therefore for all
t € [—00.17,00,17]

(1—7) =o(@,0) < sup v(-0)
K%T(i)

< V(I—ngﬁ ~ (][rv(a:,t)dx>§
+7(20)75 (1 —7.) P,

Choose § from

7(25)ﬁ < and set o =27y, 3=

N |

For such choices, the constants §, 72, and 73 depend only on the data
{p, N, C,,C1}, and are independent of 3. Then for all ¢ € [—d0,.rP, 60,.rP]

N(p-2)

R (f rv(x,wdx)i.

From this for ¢ € (0, 1)
1 1 — Ty _ﬂM D
—(1-r)P< ( TN)(Z—p)_A <][ v(x,t)da:) §
V3 27 x

P
A

To prove (5.2) choose

>

B 1 1 < 1 >
X = — and set a=—|—
273 7\ 273

6 Expanding the Positivity of v

The information provided by Lemma 5.2 is the assumption required by the
expansion of positivity Proposition 5.1 of Chapter 4 for all
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—60,7P < 5 < 60,17,
Apply then this expansion of positivity to v with
p=r, M=¢1-7)""
and for s ranging in the indicated interval. It gives
v(-,t) > ne(l —1,) 77 in K. (7) (6.1)
and for all times
—00,7P + (1 — €)M PrP < t < 56,17 (6.2),

for constants d,e € (0,1) depending only on the data {p, N,C,,C1} and the
constant « in (5.2), which itself is determined only in terms of the data
{p, N, Co, Cl}

Apply again Proposition 5.1 of Chapter 4 with p = 2r, and M replaced by
nM, and for all s ranging in the interval (6.2);. It gives

v(-,t) > n*e(l — 1)~ in Ky () (6.1)2
for all times
—00,7F + (1 — )6 M?7PrP 4 (1 — e)d(nM)* P(2r)P <t < 60.7P.  (6.2)2

Notice that the constants e, §, 1 claimed by Proposition 5.1 of Chapter 4
depend only on the data {p, N, C,, C1 } and the number « in (5.1) of Chapter 4.
In view of (6.1);, such a constant « is one. Therefore the numbers ¢, J, n
determined by this second application of Proposition 5.1 of Chapter 4, starting
from (6.1); and leading to (6.1)2 and (6.2)2, can be taken as equal to those
in (6.1)1—(6.2)1, originating from (5.2). After n iterations, this process gives

v(-,t) > n"e(l — 1)~ in Koni1, (6.1),,
for all times
_ n—1 . _
=00, + (1 —2)d > (77]M)2_p(2]r)p <t < 00,77, (6.2),
§=0

Recall the definition (4.2) of r and choose n so large that
1< 2% <2 which implies (1 —7,) ' >2""2(1—477).

Since 7, is only known qualitatively also n is qualitative. We remove such
a qualitative dependence for a suitable choice of § as follows. Taking into
account the lower bound in (6.1),, and the previous choice of n

n"e(l — )P > 2281 — 475)F (28"
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Choose f so large that
n2f =1 and set =721 - 47%)@

Finally, by choosing ¢ even smaller if necessary, we may insure that

Z(l —&)5(n’ M) P(27r)P < 1660,rP
=0
Thus
v(-,t) >~71! in K (6.3)

for all times B B
—200,77 <t < 66,7r". (6.4)

As indicated earlier the information on 7, is only qualitative and as such, the
range of times in (6.4) is qualitative. However, from the definition (4.2) of r
and (5.1) of 0,

%59*7“1’ = + 5( [i) (1—7)" 5(2717)(1 —7,)P
1

22 5(1—

provided 8 > p/(2 — p), which we may assume by possibly taking 1 smaller if
necessary. Thus (6.3) holds for all times ¢ € (—€, €) and establishes (3.8), and
hence the right-hand-side estimate (3.2)—(3.3) of Proposition 3.1.

7 Proof of the Right-Hand-Side Harnack Inequality of
Theorem 1.1

The estimates in the proof of Theorem 1.2 deteriorate as p — 2 and as p —
1\2,—1_?_[1. Stable estimates for p — 2 required in the proof of the right-hand-side
inequality of Theorem 1.1 can be derived as in § 6 of Chapter 4 by almost
identical arguments. As remarked in that context, there exists o € (0, 1), that
can be determined a priori only in terms of { N, C,, C1}, and independent of p,
such that for |p—2| < 0., the expansion of positivity for nonnegative solutions
to the class of equations (1.1)-(1.2) of Chapter 3, behaves as if these equations
were neither degenerate nor singular.

Henceforth we let 0. be the number claimed by Proposition 6.1 of Chap-
ter 4 and let |p — 2| < o.. With such a restriction at hand, a “forward,”
intrinsic Harnack inequality can be derived for nonnegative, local, solutions
to these equations, by the same arguments as in § 2 of Chapter 5, both for
the degenerate case p > 2 and for the singular case p < 2.

Having fixed (z,,t,) € E7 such that u(z,,t,) > 0 construct the cylinder

('rmto) + Qétp(a) C Er
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as in (1.2). Introduce the change of variables (3.4) which maps (z,, to)—i—QSip(H)
into QF, and define a function v which solves (3.6)(3.7) in Qg U Qg . Notice
that no assumption of the type (1.3)—(1.5) is made in this context.

For 7 € [0, 1), introduce the family of nested cylinders {Q; } with the same
“vertex” at (0,0), and the families of nonnegative numbers {M;} and {N;},
defined by

Q; = K; X (_7_7 0]7 M; = supv, N: = (1 - T)iﬂ
Qr

where 8 > 1 is to be chosen. Notice that unlike in (4.1), where M, was defined
as the supremum of v in the cube K, at time level ¢t = 0, here M, is defined
as the supremum of v in the full cylinder Q). Thus the proof departs from the
arguments of § 3—6 and follows instead the proof for the degenerate case p > 2
in § 2 of Chapter 5. In particular no use is made of the L] . — LS. estimates of
Theorem 2.1, with the goal of generating constants that are stable as p — 2.

Let 7. be the largest root of the equation M, = N,, and let (Z,f) € Q,

be a point where v achieves its maximum M, . Consider the cylinder
_ = 1 Fo1 y -
Qo=[lz—z|<3(1-7)] x (f-3(1—7),f C Qui14r)
From the definitions

v(Z, 1) =M, =(1—-7)"" <supv

Qo
< sup v< N%(Hu) =251 —7,)7".
Q%(Prw)
Set
r=1i1-m1), and Mg =2°(1—-71)""

and consider the cylinder with “vertex” at (z,1)
(@,1) + Q; (M3 ") = K, (z) x (£— M3 17 1. (7.1)

This can be taken as the starting cylinder in the proof of the “forward,”
intrinsic Harnack inequality (1.3)—(1.4) of Theorem 1.1 of Chapter 5, provided
its geometry is “intrinsic,” that is, if

sup v < Mg.
(#,5+Qr (M377)

This occurs if (Z,1) + Q- (M;_p) C Q,, or equivalently if
26(R=P)(1 — 7,)7BAE=P)(1 — )P = 2P, (7.2)

Assuming this inclusion for the moment, proceed as in the proof of the “for-
ward,” intrinsic Harnack inequality (1.3)—(1.4) of Theorem 1.1 of Chapter 5.
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The proof will determine quantitatively the constants € € (0,1) and v > 1 by
a quantitative determination of the parameter S depending only on the data
{p,N,C,,C1} and stable as p — 2.

Condition (7.2) does not enter in the determination of 5. It is needed only
to insure that (z,%) + Q. (M ;717 ) possesses the correct intrinsic geometry,
and is contained within the domain of definition of v. Having determined f,
the condition (7.2) is satisfied by choosing p so close to 2 as to insure that
B(2 — p) = p — 1. The right-hand-side Harnack inequality (1.2)—(1.6) then
holds with constants e and ~ stable for

lp—2| <ow =min{o,, (1-0.)3""}. (7.3)
To establish the right-hand-side inequality of Theorem 1.1 assume first that

2N
N+1

<p<2—0.. (7.4)

and proceed as in the proof of Theorem 1.2. This will produce constants (p)
and &(p) that deteriorate as p — 2. For p in the range

2— 0 <p<2 (7.5)

proceed as above, to establish the inequality with constants that are stable as
p— 2.

Remark 7.1 We stress that for p in the range (7.5) no use has been made of
Theorem 2.1, whose constant v(p) — oo as p — 2. Also the qualitative infor-
mation of (1.3)—(1.5) is not needed. Indeed, whence 3 has been determined,
the number o, can be quantitatively chosen so small to insure (7.2) and hence
that the cylinder in (7.1) is contained within the domain of definition of v.

7.1 On the Functional Relation v = v(€)

For p in the range (7.4) the proof of the right-hand-side, intrinsic Harnack
inequality (1.2)—(1.6) is a particular case of the right-hand-side inequality
(1.7)—(1.8) of Theorem 1.2. Having fixed p in such a range and having deter-
mined €(p) and 5(p), the inequality continues to hold for any smaller € for the
same constant 7.

For p in the range (7.5), the proof of the Harnack inequality departs from
the arguments of § 3-6 and follows instead the proof for the degenerate case
p > 2 in § 2 of Chapter 5. As pointed out in Remark 1.3 and § 2.4 of that
chapter, the constants ¢ and v have a functional dependence, made quanti-
tative by (2.12)—(2.13) of Chapter 5. Following the same arguments of § 2.4
of Chapter 5, and taking into account that p < 2, we conclude that, having
determined € and +, the parameter € can be taken to be smaller, provided
is taken larger, following their functional dependence.
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8 Proof of the Left-Hand-Side Harnack Inequality in
Theorem 1.2

Having fixed (x,,t,) € Er construct the intrinsic cylinders (z,,t,) + Q;tp(G)
as in (1.2), and assume that (1.3)—(1.5) are in force, with p replaced by 2p.
Let now z, € K, be a point where u(-,t,) attains its maximum, and construct
cylinders

(T4, t0) + Q;E(e*) where 0, = [u(w.,t,)]> 7 P.

These cylinders are intrinsic and the analogues of (1.3)—(1.5) are satisfied.
Hence by the right-hand-side Harnack inequality (3.2) of Proposition 3.1, and
assuming that (1.3) holds, one has

sup u(-to) < Fu(wo,to)- (8.1)
Kp(io)

Apply Theorem 2.1 over the cubes K ,(xo) C Kp(x,) for the time levels
to — €u(x0,t0)2*ppp <s<t,— %€u(xo,to)2*ppp
<ty <t <ty tEu(wo,ty)? PpP

so that
Teu(wo, to)> PpP <t — s < 2eu(wo, to)> PpP.

With these choices, either
Cp > min{l, e 7 u(z0,to)}

or

for all o in the range (1.8). The proof is concluded by suitably redefining the
various constants and the the radius p. ]

9 Proof of the Left-Hand-Side Harnack Inequality in
Theorem 1.1

Assume u(z,,t,) > Cp, and let € and v be the constants appearing on the
right-hand-side Harnack inequality (1.2)—(1.6) of Theorem 1.1. By the argu-
ments of § 7 these constants are stable as p — 2. For p in the range (7.3)
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the left-hand-side inequality (1.6) of Theorem 1.1 follows from the left-hand-
side inequality (1.7) of Theorem 1.2 as established in the previous section.
The proof, however, uses Theorem 2.1 whose constant v(p) — oo as p — 2.
Below we will give a proof for p in the range (7.5) which is independent of
Theorem 2.1, and with constants that are stable as p — 2. The proof is based
on applying the right-hand-side Harnack inequality of (1.6) at points in a
neighborhood of (z,,t,). For each such point one would have to verify the
analogues of the qualitative requirements (1.3)—(1.5). However, as discussed
in Remark 7.1, for p in the range (7.5) such requirements are not needed. Set

=ty —eu(xo,to)? PpP.
Let o € (0, 1) to be chosen, consider the cube K,,(x,), and introduce the set
Uo = Kap(xO) N [u(, 1) < yu(wo,t,)].

Since u is continuous, U,, is closed. The parameter « will be chosen, depending
only on 7, such that U, is also open. Then if U, is not empty, it coincides with
K,,, thereby establishing the left-hand-side Harnack inequality in (1.2)—(1.6),
modulo a suitable redefinition of p and e.

Assume momentarily that U, is not empty, and fix z € U,. Since u is
continuous, there exists a cube K. (z) C Kq,(%,) such that

u(y,t) < 2vu(wo,t,) forall y € K. (2). (9.1)
For each y € K.(z) construct the intrinsic p-paraboloid
Ply.t) = (It — | = euly, H)* Plo —y/"].
If (zo,t,) € P(y,t), by the right-hand-side Harnack inequality in (1.2)—(1.6)
u(y, ) < yu(zo, to)
and hence y € U,,. This occurs if
eu(y, 1)*ly — zol” < €(27)* Pulo, t0)*Ply — wo|” < €ulao, to) P ",

that is, if
—2
ly — x| < ap, where «a= (27)%.

The right-hand-side Harnack inequality can be applied since, in view of (9.1),
the cylinder

(y,) +Q5,(0)  with 6 =u(y,t)*"

can be assumed to be contained in Er.
It remains to show that U, # (). Having determined «, consider the cylinder

Kap(xO) x (t,t+ VO(’W(xOvtO))zip(aP)pL
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where v, € (0,1) is to be chosen, depending only on the data {p, N, C,, C;}.
Such a cylinder crosses the time level ¢, if

to — €u(To,t6)2 PP 4 Vo (Yo, t0)) 2 P (ap)? > to.
Recalling the value of «, this occurs if
VoY PP > = €< 1,202

which, by reducing e if necessary, we assume. Note that such a reduction of e
is possible by increasing v accordingly, as discussed in § 7.1. If U, = (), then

u(+,t) > yu(zo,to) In Kap(xo).
Apply Lemma 4.1 of Chapter 3, with 2p replaced by ap, and with
a= %a §=1, M= 'Vu(xo,to), 0= Vo('yu(xo,to))zip

where v, is the number in (4.2) of Chapter 3. For such a choice of 0, (4.2) is
satisfied and the lemma yields

u(w,to) > 2yu(wo,to) forall z € K%ap(xo).

Computing this for z = x, gives a contradiction if v > 2, which without loss
of generality we may assume. The proof is concluded by suitably redefining
the various constants and the radius p. |

10 Some Consequences of the Harnack Inequality

10.1 Local Holder Continuity

The forward, intrinsic Harnack inequality (1.2)—(1.6) of Theorem 1.1 can be
used to establish the local Holder continuity of local, weak solutions to (1.1)—
(1.2) of Chapter 3, irrespective of their signum, provided p is in the singular,
supercritical range (1.1). In particular a theorem in all similar to Theorem 4.1
of Chapter 5 holds true, with essentially the same proof.

However, it is known that locally bounded solutions to these equations are
locally Holder continuous in Er for all p > 1 ([41]). A more precise connection
between Harnack estimates and Holder continuity will be discussed in § 14,
where the Holder continuity will be derived from a weaker form of a Harnack
inequality, valid for all 1 < p < 2.

10.2 A Liouville-Type Result

Let u be a continuous, local, weak solution to the homogeneous (C' = 0)
singular equations (1.1)-(1.2) of Chapter 3, in RY x R, for p in the singular,
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supercritical range (1.1). Assume further that u has a one-sided bound, say
for example either u < k or u > h for constants k or h.

It was observed in § 5 of Chapter 5 that in the degenerate (p > 2) and
nondegenerate (p = 2) case, such solutions do not, in general, satisfy a Liou-
ville property analogous to that for harmonic functions with one-sided bound.
It was also proved that a two-sided bound was needed for a Liouville property
to hold. In the singular, supercritical range (1.1), the situation is different,
due to the elliptic form (1.9) of the Harnack inequality.

Proposition 10.1 Let u be a continuous, local, weak solution to the homo-
geneous (C = 0) equations (1.1)—(1.2) of Chapter 3, in RN x R, for p in
the singular, supercritical range (1.1). If u has a one-sided bound, then it is
constant.

Proof Let u be bounded below and let m denote its infimum in RY x R.
Then v — m is a nonnegative solution to the homogeneous (C' = 0) equations
(1.1)-(1.2) of Chapter 3, whose infimum in RY x R is zero. By the Harnack
inequality (1.9), for any p > 0

V(Zo,to) < ”yKir(li )v(-,to).

Now let p — +oo and deduce that v(z,t,) = 0 for all z € RY. The left-
hand-side, intrinsic Harnack inequality (1.2)—(1.6) now implies that v = 0.
|

Remark 10.1 The proposition is false for 1 < p < ]\Qf—fl, as evidenced by

the counterexamples in § 1.3. The functions in (1.11) for p subcritical, and
in (1.12) for p critical, are nonnegative, not identically zero, weak solutions
to the prototype p-Laplacian equation, in RV x R. However, these explicit
solutions are all unbounded in every half-space

Sr=RYN x (=00, T) for all fixed T € R.

This raises the issue as to whether solutions to the singular (1 < p < 2),
homogeneous (C' = 0) equations (1.1)-(1.2) of Chapter 3, with two-sided
bound in some half-space S, are constant in Sp, for p in the whole singular
range 1 <p < 2.

Proposition 10.2 Let u be a solution to the singular (1 < p < 2) homoge-
neous (C = 0) equations (1.1)-(1.2) of Chapter 3. If u is bounded above and
below in some half-space St, then u is constant in St.

Proof The proof is almost identical to that of Proposition 16.3 of Chapter 5.
|
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11 Critical and Subcritical Singular Equations

Let u be a nonnegative, local, weak solution to the singular equations (1.1)—
(1.2) of Chapter 3 in Ep, for p in the critical and subcritical range

1<p<p.=35. (11.1)

By the examples and counterexamples of § 1.3 a Harnack estimate in any of
the forms (1.6)—(1.9), fails to hold when p is in the range (11.1). Nevertheless,
for p in such a range, a different form of a Harnack estimate holds with
constants depending on the ratio of some integral norms of the solution u. Fix
(o,to) € Ep and p such that K4,(z,) C E, and introduce the quantity

0= [s (]ég(%) u(l(.,to)dx)%r_p (11.2)

where ¢ € (0,1) is to be chosen, and ¢ > 1 is arbitrary. If § > 0, assume that
(-rmto) + Qgp(9) = KSp(xo) X (to - 9(8p)pvto] C Er

and set )
(Ficy oy 170 to)dr)”

(Fisy oy 07 Coto = 697 (11.3)

1
M, = ( sup ][ uq(-,s)dx> ‘.
to—0pP<s<toJ K

2p

o =

S

where 7 > 1 is any number such that
AM=N(p-—2)+rp>0. (11.4)

Theorem 11.1 Let u be a nonnegative, locally bounded, local, weak solution to
the singular equations (1.1)-(1.2) of Chapter 3, for 1 < p < 2 in Er. Introduce
0 as in (11.2) and assume that @ > 0. There exist constants € € (0,1), and
v, B > 1, depending only on the data {p,N,C,,C1} and the parameters q,r,
such that either

Cp>min{l, M,, M,} (11.5)
or
inf u>~"to? sup U (11.6)
(%o,t0)+Q5 (36) (@o,t0)+Qp (0)

where o is defined in (11.3), ¢ > 1 and r > 1 satisfies (11.4). The constants
e — 0, and vy, — oo as either A\, — 0 or \, — 0.

Remark 11.1 The estimate is vacuous if § = 0. This does occur for certain
solutions to (1.1) of Chapter 3 for t, larger than the extinction time ([60]).
An explicit example is in (1.11).
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Remark 11.2 Inequality (11.6) is not a Harnack inequality per se, since o
depends on the solution itself. It would reduce to a Harnack inequality if
o > 0, > 0 for some absolute constant o, depending only on the data. This,
however, in general is not the case, in view of the counterexamples of § 1.3.
Further comments in this direction are in Remark 14.1.

Remark 11.3 Inequality (11.6) actually holds for nonnegative solutions to
(1.1)~(1.2) of Chapter 3 for all 1 < p < 2, provided r > 1 satisfies (11.4).
For supercritical p one has A = A\; > 0, and (11.4) can be realized for r = 1.
However, for A > 0 the strong form of a Harnack estimate holds (Theorems 1.1
and 1.2). Therefore (11.6), while true for all 1 < p < 2, is of significance only
for the critical and subcritical values in (11.1). In this sense (11.6) can be
regarded as a “weak” form of a Harnack estimate valid for all 1 < p < 2.
Nevertheless, (11.6) is sufficient to establish the local Holder continuity of
locally bounded, weak solutions to (1.1)-(1.2) of Chapter 3, irrespective of
their signum, as we show in § 14.

12 Components of the Proof of Theorem 11.1

The first is the expansion of positivity presented in Proposition 5.1 of Chap-
ter 4, which holds for nonnegative, local solutions to the singular, quasilinear
parabolic equations (1.1)—(1.2) of Chapter 3, for all 1 < p < 2.

12.1 L] —Ly> Harnack-Type Estimates for » > 1 Such That
Ar >0

Theorem 12.1 Let u be a nonnegative, locally bounded, local, weak solution
to the singular equations (1.1)—(1.2) of Chapter 3, in Er, for 1 <p < 2, and
let r > 1 satisfy (11.4). There exists a positive constant 7y, depending only on
the data {p, N,C,,C1}, and r, such that either

t—s\7
Cp>min{1,Mr7 ( 8)2 } (12.1)
pp
or .
sup u < L}\,(/ u'(x,2s — t)dx) n
Kp(y)x[57t] (t - 5)T K2p(y) (12 2)
t— s\
+ ’Yr( P ) )
for all cylinders
Kop(y) x [s — (t—s),s+ (t — s)] C Er. (12.3)

The constant v, — oo if either A\, — 0 or \. — co.
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Remark 12.1 The values of u in the upper part of the cylinder (12.3) are
estimated by the integral of u on the lower base of the cylinder.

Remark 12.2 Theorem 12.1 assumes that w is locally bounded, and turns
such a qualitative information into the guantitative estimate (12.2) in terms
of the L] . integrability of u(:,¢). A discussion on the local boundedness of
solution to these singular equations is in § 21.3.

12.2 L} . Estimates Backward in Time

Proposition 12.1 Let u be a nonnegative, local, weak solution to the singular
equations (1.1)-(1.2) of Chapter 3, in Er, for 1 < p < 2, and assume that

uw € L (Er) for some v > 1. There exists a positive constant v depending

only on the data {p, N,C,,C1} and r, such that either
Cp > min{l, M,},

where .
-

M, = ( sup ][ ur(:r,s)dx) ,
7<s<tJ Ko,

or

t—7)" 1%
sup / u"(x, s)dr < 'y/ u"(x, 7)dr + 7[( )\T) ] T (124)
T<s<t Kp(y) K2p(y) P

for all cylinders
Kap(y) x [1,t] C Er.

The proof of Theorem 12.1 and Proposition 12.1 will be given in Appendix A.
Here we assume them and proceed to establish Theorem 11.1.

13 Estimating the Positivity Set of the Solutions

Having fixed (z,,t,) € Er, assume it coincides with the origin, write K,(0) =
K ,, and introduce the quantity € as in (11.2), which is assumed to be positive.
Assume moreover that (11.5) is always violated, that is,

Cp <min{l, M, , M,}.

Apply (12.4) for r = ¢, y = 0, and s € (—0p?,0]. Using the definition (11.2)

of 0 gives
I,

for all ¢ > 1 and all 7 € (—6p?,0], for a constant 7, depending only on the
data {p, N, C,,C1} and ¢. Choosing ¢ from

ul(-,0)dx < ”yq/

uq(~,7')dx+”yq€q/ u?(-,0)dx,
KQ;,

P K,
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Yqe? < %
yields

J.

for all 7 € (—0pP,0]. Next apply the sup-estimate (12.2) over the cylinder

wi(-, 7)dx > é/ u?(-,0)dz (13.1)
27 Jk,

2p

Ko, x (= 360p7,0]

with 7 > 1 such that A\, > 0, to get

olon (4p) )3 N
sup u < w <][ ur(', —epp)dx> A + ,Yrgzip
Kap X (—56p7,0] (QPP)T"' Kap

o1
< N2-p) (][
g Ar g K, 2
1 1
’}’;‘5(1 + —Tp) (][ ’U,q(', O)dl') ‘
oex K,

for a constant /. depending only on the data {p, N, C,, C1 } and r. One verifies
that 4/ — oo, as either A\, — 0 or A\, — co.

Assume momentarily that 0 < ¢ < 1 so that in the round brackets con-
taining o, the second term dominates the first. In such a case

1 1
sup u < /—(][ uq(~,0)da:> v def M, (13.2)
K, x(—$0p7,0] €O VK,
where
N(2-p)
;€ Ar
27,
From this

oM = (]{{ uq(~,0)dx>%. (13.3)

P

Let v € (0,1) to be chosen. Using (13.3) and (13.1) estimate

(€'aM)? < 2N+1'7q][ wi(-, 7)dx
Kgp

< 2N+ly, ][ wl(-, T)dx —|—][ wl(-, T)dx
Kaopnju<von) Kapnju>voMm)

[[u(-,7) > voM] N K>,
|K2p|

< 2V (o M)T + 2V 1 M1

for all 7 € (—46pP,0]. From this
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[[u(-,7) > voM] N Kyp| > ac?|Ks,|, (13.4)
where
el — 4 2N+1,7
a=——r-0/H"

2N+1,7q

forall r € (—%Qpp, 0]. By choosing v € (0, 1) sufficiently small, only dependent
on the data {p, N, C,,C:} and 7,, we can insure that o € (0,1) depends only
on the data {p, N,C,,C1} and ¢, and is independent of 0. We summarize:

Proposition 13.1 Let u be a nonnegative, locally bounded, local, weak solu-
tion to the singular equations (1.1)-(1.2) of Chapter 3, for 1 < p < 2. Fiz
(To,to) € Er, let Kip(zo) C E, and let 6 and o be defined by (11.2)-(11.3)
for some € € (0,1). For every r > 1 satisfying (11.4) and every q > 1, there
exist constants e,v,a € (0,1), depending only on the data {p, N,C,,C1} and
q and r, such that

[[u(-,t) > voM] N Kap(zo)| > ac?| K|

for all t € (t, — 30pP,t,).

13.1 A First Form of the Harnack Inequality

The definitions (11.2) of § and the parameters ¢’ and « imply that

I\ 2—p
0 = e(voM)>~P where € = %(i) .
v

N|—

By Proposition 5.1 of Chapter 4 with M replaced by voM and « replaced
by ac?, there exist constants 7 and ¢ in (0,1), depending on the data
{p,N,C,,C1}, and a, 0, and €, such that

u(-,t) > nlac?, e)vaM in Ky,(z,),

for all times
tE (to — 1007 + (v M)2 7 (20)7 , 1]

where ¢ includes the quantity 1 — e of Proposition 5.1 of Chapter 4. Without
loss of generality, we can assume that this time interval contains (¢, — %Opp, to)-

Proposition 13.2 Let u be a nonnegative, locally bounded, local, weak solu-
tion to the singular equations (1.1)—-(1.2) of Chapter 3, for 1 < p < 2. Fix
(o,t0) € BT, let K4p(2x,) C E, and let § and o be defined by (11.2)-(11.3)
for some € € (0,1). For every r > 1 satisfying (11.4) and every q > 1, there
exist constants €,0 € (0,1), and a continuous, increasing function o — f(o)
defined in R and vanishing at o = 0, that can be quantitatively determined
a priori only in terms of the data {p, N,C,,C1} and q and r, such that

inf w(t)> f(o) sup u, (13.5)
Kap (o) (20,t0)+Q2p(10)
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for all
te(to— 16007, t,]

provided (To,t0) + Qs,(0) C Er.

Remark 13.1 The form of the function f(-) is given in (5.4) of Chapter 4,
for constants depending only on the data, ¢ and r.

Remark 13.2 The function f(-) depends on 6 only through the parameter £
in the definition (11.2) of 6.

Remark 13.3 The inequality (13.5) is a Harnack-type estimate of the same
form as that stated in § 1, where, however, the constant f(o) depends on the
solution itself, through o defined in (11.3), as a proper quotient of the L
and Lj . averages of u, respectively, at time ¢ = ¢, on the cube K,(z,), and

at time ¢ = t, — 6p? on the cube Ky,(x,).

Remark 13.4 The inequality (13.5) has been derived by assuming that 0 <
o < 1. If ¢ > 1, the same proof gives (13.5) where f(o) > f(1), thereby
establishing a strong form of the Harnack estimate for these solutions. As
shown in § 1.3, such a strong form is false for p in the critical, and subcritical
range 1 <p < 1\2,—11

It turns out that (13.5) is actually sufficient to establish that any locally
bounded, possibly of variable sign, local, weak solution to the singular equa-
tions (1.1)—(1.2) of Chapter 3 for 1 < p < 2, is locally Holder continuous
in Ep. In turn, such a Hélder continuity permits one to improve the lower
bound in (13.5) by estimating f(-) to a power of its argument, as indicated in
(11.6).

14 The First Form of the Harnack Inequality Implies the
Holder Continuity of u

Let u be a locally bounded, local, weak solution to the singular equations
(1.1)—(1.2) of Chapter 3, for 1 < p < 2, in Ep, possibly of variable sign. Let

0€(0,1), C,A>1, Rw>0

and for a fixed (z,,t,) € Er construct the sequences

R, = R, Rn:%; Wo =W, Wpt1 =0w, for n=0,1,2,...

and the cylinders

Qn = Kg, (z,) x (to — (%)2_17]%27%} for n=1,2,....
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Following Theorem 4.1 and Proposition 4.1 of Chapter 5, the solution w is
Holder continuous at (x,,t,) € Er if the constants § € (0,1) and A,C > 1
can be determined a priori depending only on the data {p, N,C,,C1}, and
independent of v and (x,,t,), such that

Qni1 CQyCQ, CEr and essoscu < wy,

n

for all n = 0,1,.... We will show that (13.5) permits one to construct such
sequences for an arbitrary (x,,t,) € Ep.

Having fixed (z,,t,) € Er, assume it coincides with the origin of RV*+!
and for p > 0 set

R,=4p and Q= Ki, x (—(4p)?,0], (14.1)
where p is so small that ) C Er. Set also

u;ﬁ' =esssupu, M, = esgcginfu, Wo = ,uj — W, = esscﬁ)sc U.
Q

Since u is locally bounded in Ep, without loss of generality we may assume
that w, < 1 so that

Qo def Ky, % (— (w—g)z_p(élp)p,()} CQC Er and essoscu < w,

o

for a number A > 1 to be chosen. Now set

,u+ = esssup u, u~ = essinfu, W = €SS 0SC U,
Qo Qo

and introduce the two functions defined in @,

v+:/¢+—u, v =u—u .

Without loss of generality we may assume that

pt = Twe > + Fwo. (14.2)

Indeed otherwise w < %wo and thus passing from @ to any smaller cylinder
the essential oscillation of v is reduced by a factor %, and there is nothing to

2
prove. Then either
[v-(,0) = %WO] NEK| > %‘Kp‘ or
(14.3)
[0+ (-,0) > Jwo] N Kp| > 51K,
Indeed by virtue of (14.2)

[u<pt — 3w NK, D fu<p™ + w,] N K,
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Therefore, if the first of (14.3) is violated, then
[u < ¥ — qwo] VK| > 5|K,|.

Compute and estimate the values 64, as defined by (11.2), relative to the
functions vy, over K, at the time level ¢ = 0. Assuming the first of (14.3)
holds,

1
wld > —/ u(-,0) — p~ ) de
2R, )
1 / _ 1 rwo\¢
> L [0, 0) — oz > & (22
‘Kp‘ K,N[v—>fwo] 2 ( 4 )

Therefore, if the first of (14.3) holds,

2%”(40110 )2_ppp <0_pr < (%)2_73/)? for 4," =¢, (144)

and we have the inclusion

Wo \27P
Ky, % (—0_pP,0] C Ky, x (— (A—) pp,o]
Similar estimates hold for 6 if the second of (14.3) is in force. By the structure
conditions (1.2) of Chapter 3 both vy are solutions to (1.1)—(1.2) of Chapter 3
for the same constants C, and C; and hence the Harnack-type inequality
(13.5) holds for either v_ or vy, i.e.,

inf vy > f(ox) sup oy, (14.5)
Qap(§0+) Q2,(50+)

where o4 are defined as in (11.3) for vy. By virtue of (14.4), which holds for
either 6_ or 4, and Remark 13.1, the function f(-) can be taken to be the
same. Assume now that the first of (14.3) holds true. Then as shown before,

1 1 w
v (-, 0)de > — vl (z,0)dz > = (=2)%.
]{g 1Ko Jrpn(o> 2e,] 2( 4 )
On the other hand,
][ vl (z, —0_pP)dx < w),
K4p
and therefore recalling the definition (11.3) of o_

1002 (o) ] 10

for 6 € (0,1) depending only on the data {p, N, C,,C1}, ¢ and r. This and
(14.5) imply
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inf ve > (1-90) sup v
Kapx(—560p7,0] Kapx(—50p7,0]
from which

essQoscu < w1 = dwy,
1

where

2-p

Qi =K, x (- (%) .0 and A=2Y14t A, (14.6)
This and (14.4) determine A depending only on the data {p, N, C,, C1 }, ¢ and
r. Taking into account (14.1), the cylinder Q; is determined from @, by the
indicated choice of A and for C = 4. A similar argument holds if the second
of (14.3) is in force. This process can now be iterated and continued to yield:

Proposition 14.1 Let u be a locally bounded, local, weak solution to the sin-
gular equations (1.1)-(1.2) of Chapter 3 for 1 < p < 2, in Ep. There exist
constants v > 1 and ¢, € (0,1), depending only on the data {p, N,C,,C1}, q
and r, such that for all (x,,t,) € Er, setting

M= esssup u for (2o,t0) + QR(1) C Er,
(Tosto)+QR (1)

we have

€o M 2717
€55 0SC u < ﬁM(ﬁ) . where Oy = <_)
(@osto)+Q; (O11) R A

for all 0 < p < R, and all cylinders

(Torto) +Q, (Oar) C (w0, t0) + QR(1) C Er.

Remark 14.1 Returning to Remark 11.2, the previous arguments show that
either o4 or o_ are bounded below by an absolute, positive constant o,. Thus
(14.5) implies that either y™ —wu or u—pu~ satisfy a strong form of the Harnack
inequality. By the remarks of § 1.3, a strong form of the Harnack estimate
does not hold simultaneously for 4™ —u and u — ™.

15 Proof of Theorem 11.1 Concluded

Assume (7,,t,) coincides with the origin of R¥*! and determine v and « as
in § 13. We may assume that

[u(-,0) < voM] N K,| > 0.

Indeed, otherwise (13.4) would hold with ac? = 1 and the proof could be
repeated leading to (13.5) with f depending only on the data {p, N,C,,C1}
and independent of o. Moreover by (13.2)
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sup u <M
K?px(féeppao]

with @ given by (11.2). Since u is locally Holder continuous, there exists 1 €
K, such that
u(z1,0) = voM.

Using the parameter A claimed by Proposition 14.1, construct the cylinder
with “vertex” at (z1,0)

(71,0) + Q. {(VZMY_I)TP} C Ka, x (— 260p",0].

In the definition (11.2) of § and the choice (14.4) and (14.6) of the parame-
ter A, such an inclusion can be realized by possibly increasing A by a fixed
quantitative factor depending only on the data, and by choosing r sufficiently
small. Assuming the choice of r has been made, by Proposition 14.1

(e, t) — u(@1,0)] < 7M(£)€°

for all

@@ X @o+ar [(“50)

From this ~
u(z,t) > tvoM  for all (z,t) € Q1,

provided r is chosen to be so small that

¥y /ryc 1 . a v\

—(—) =—, thatis, r=c¢e10%p, where ¢ = (—7) .

vo \p 2 2y
Therefore by Proposition 5.1 of Chapter 4

M)\2-P
u>nlveM) in (21,0)+ Qs [(%) (27“)”}

for an absolute constant n € (0,1). This process can now be iterated to give

u>n"(voM) in (21,0) + Qgn, [(M)H(W?‘)p}

for all n € N. Choose n as the smallest integer for which
. 4
2"r > 4p, thatis, n > log, (—1)
€10 <0
For such a choice

)

for some g = S(data). ]

u > 'yaBM in Qgp{(
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16 Supercritical, Singular Equations of the Porous
Medium Type

Let u be a continuous, nonnegative, local, weak solution to the singular equa-
tions (5.1)—(5.2) of Chapter 3 in Er, for m in the supercritical range

m. = 82 <m < 1L (16.1)

Fix (2,,t0) € Er such that u(z,,t,) > 0 and construct the cylinders
(Toyto) + Qpi(H), where 0 = [u(z,,t,)] ™. (16.2)

These cylinders are “intrinsic” to the solution since their length is determined
by the value of u at (z,,t,). Cylindrical domains of the form K, x (0, p?] re-
flect the natural, parabolic space-time dilations that leave the homogeneous,
singular, prototype equation (5.3) of Chapter 3 invariant. The latter, however,
is not homogeneous with respect to the solution w. The time dilation by a fac-
tor [u(zo,t,)]1 ™™ is intended to restore the homogeneity, and the Harnack in-
equality holds in such an intrinsic geometry, as made precise in Theorems 16.1
and 16.2 below. The first theorem establishes an intrinsic, mean value Har-
nack inequality in a form similar to Theorem 15.1 of Chapter 5, for degenerate
equations (m > 1). This Harnack estimate is stable as m — 1. The second
theorem establishes a “time-insensitive” mean value Harnack inequality, valid
for all times t ranging in a neighborhood of ¢,. This inequality is unstable
as m — 1. By counterexamples, it will be shown that for 0 < m < (N_T2)+,
neither of these theorems holds.

16.1 The Intrinsic, Mean Value, Harnack Inequality

Local weak solutions to (5.1)—(5.2) of Chapter 3, for m in the supercritical
range (16.1), are locally bounded and locally Hélder continuous within their
domain of definition (Appendix B, § B.5 and § B.8). Having fixed (z,,t,) €
Er, and cylinders (z,,%,) + Qf(&) as in (16.2), set

sup u(z,t,) =M (16.3)
KP(xO)
and require that
(T, to) + QF,(M'™™) C Er. (16.4)

Specifically it is required that

Qua(or to) = (o, to) + Q) (M'™™)]U (w0, o) + Qi (M*™™)]

16.5
= Ks,(wo) X (to — M*™™(8p)% t, + M ™ (8p)?] C Er. (16:5)

The upper bound M is only known qualitatively, and accordingly it does not
play any role in the proof other than to insure that (x,,t,) + Qgtp(./\/llfm) are
contained within the domain of definition of u.
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Theorem 16.1 Let u be a continuous, nonnegative, local, weak solution to the
singular equations (5.1)-(5.2) of Chapter 3 in Er, for m in the supercritical
range (16.1). There exist constants € € (0,1) and v > 1 depending only on
the data {m, N, C,,C1}, such that for all intrinsic cylinders (x,,1,) +Q§tp(9),
for which (16.4) holds, either

Cp>1

or

41 sup u(-7to — eu(xo,to)kmpz) < u(xo,to)

Kp(wo) (16.6)

<~ inf )u('ato + €u(x07to)1_mp )

n(xo

Thus the form (1.2) of Chapter 5, valid for nonnegative solutions to nonde-
generate equations (m = 1), continues to hold for nonnegative solutions to
supercritically singular equations, although in their own intrinsic geometry.

Remark 16.1 The intrinsic geometry enters here in two stages. First, it de-
termines the cylinders (z,,t,) + Qsip(e), then the constant ¢ determines the
relative “waiting time,” within the cylinders (z,,t,) + Qgtp(ﬁ) for the intrinsic
Harnack estimate to hold. The proof will determine the constants v and e
quantitatively, only in terms of the data {m, N,C,,C1}. Whence these con-
stants are determined, the intrinsic Harnack inequality (16.2)—(16.6) continues
to hold for a smaller €, provided we take a larger v, and y(¢) — oo as € — 0.
In all cases it is required that (16.3)—(16.5) be in force. The various constants,

however, are dependent only on the data {m, N, C,,C1} and are all indepen-
dent of M.

Remark 16.2 The constants v and e deteriorate as m — m, in the sense
that

y(m),e(m)™' =00 as m — %
However, they are stable as m — 1 in the sense of (5.9) of Chapter 3. Thus by
formally letting m — 1 in (16.6) one recovers the classical Moser’s Harnack

inequality in the form (1.2) of Chapter 5.

Remark 16.3 The proofs are based on the energy estimates and DeGiorgi-
type lemmas of § 9-11 of Chapter 3 and the expansion of positivity of § 7 of
Chapter 4. According to the discussion in § 5.3 and Remarks 9.2, 10.1, and 11.3
of Chapter 3, a constant vy depends only on the data if it can be quantitatively
determined a priori only in terms of {m, N, C,, C1 }. The constant C' appearing
in the structure conditions (5.2) of Chapter 3, enters in the statement of
Theorems 16.1 and 16.2, only through an alternative.

Remark 16.4 The theorem has been stated for continuous solutions, to give
meaning to u(x,, t,). The Holder continuity of nonnegative solutions will be
proved in § B.6-B.13 of Appendix B.
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Remark 16.5 The intrinsic form (16.6) depends on the intrinsic expansion
of positivity of Chapter 4, and it cannot be removed. Indeed (16.6) is false in
a time geometry independent of u(z,,t,). This can be verified for the family
of examples and counterexamples collected in § 3.3 of Chapter 4, properly
adapted for porous medium type equations. Explicit examples of solutions
to porous medium type equations are collected in [150], and are discussed in
§ 16.3.

t '"y*l sup u(-,0) <u(xo,to) <7 inf wu(-,7)
Kp(xzo) Kp(@o)
to + Eu(zo, to) 1" p? /
Lo , o <— w(To,to) > 0
to — €u(xo,to)17ﬁ/p2
To x

Fig. 16.2. Time-Insensitive Mean Value Harnack Inequality

16.2 Time-Insensitive, Intrinsic, Mean Value, Harnack Inequalities

Theorem 16.2 Let u be a continuous, nonnegative, local, weak solution to the
singular equations (5.1)—(5.2) of Chapter 3 in Er, for m in the supercritical
range (16.1). There exist constants € € (0,1) and ¥ > 1, depending only on
the data {m, N, C,, C1}, such that for all intrinsic cylinders (zo,t,) + Qgtp(ﬁ)
as in (16.2), for which (16.4) holds, either

Cp>1

or

77t sup u(-,0) < u(xo,to) <7 inf w(-,7) (16.7)

K,(zo) Kpy(zo)
for any pair of time levels o, T in the range
to — (o, to) M p? < 0,7 <ty + €u(zo, to) TP (16.8)

The constants € and 5~ ' tend to zero as either m — 1 or m — %
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Both right and left inequalities in (16.7) are insensitive to the times o, 7,
provided they range within the time-intrinsic geometry (16.8). For o0 = 7 = ¢,
the theorem yields

Corollary 16.1 (The Elliptic Harnack Inequality) Let u be a continu-
ous, nonnegative, local, weak solution to the singular equations (5.1)—(5.2) of
Chapter 8 in Er, for m in the supercritical range (16.1). For all intrinsic
cylinders (xo,t,) + Qgtp(e) as in (16.2), for which (16.4) holds, either

Cp>1

or

771 sup ul,te) S ulwo,t,) <4 inf u(-t,) (16.9)
Kp(zo) Kp(xo)

for the same constant 5 as in Theorem 16.2.

Thus, the right and left inequalities in (16.7) are simultaneously forward, back-
ward, and elliptic Harnack estimates. Inequalities of this type, and in partic-
ular (16.9), are false for nonnegative solutions to the heat equation ([121]).
This is reflected in (16.7)—(16.9), in that the constants € and 4! tend to zero
as m — 1. It turns out that these inequalities lose meaning also as m tends
to the critical value % as discussed below.

16.3 On the Range (16.1) of m

The range of m in (16.1) is optimal for the intrinsic, forward in time Harnack
estimate (16.2)-(16.6) to hold. Consider nonnegative weak solutions to the
Cauchy problem

w— Au™ =0 in RY xRT
N(1—m)

u(+,0) = u, € L*(RY), 5= 3

for 0 < m < m, and u, > 0. Solutions exist and become extinct, abruptly,
after a finite time T'. Specifically, there exists a time T, that can be determined
a priori in terms of m, N, and ||u,||s g~ , such that ([41], Chapter VII, § 11,
and [59])

u(-,t) >0 for t<T and wu(,t)=0 for t>T.
Pick (x,,t,) € RY x (0,T) where ¢, is so close to T as to satisfy
T —t, <8 %t
and choose p > 0 so large that

(o, to) "™ (8p)2 =T — t,.
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For such a choice
(o, to) + Qgtp(ﬁ) CRY xRT  for 6 as in (16.2).

However, the intrinsic, forward Harnack estimate (16.2)—(16.6) fails.
When 0 < m < (N_T2)+ also the elliptic version (16.9) fails, as shown by
the following counterexample.

1
2\)\|m) = (T — t)jr”"
1—-m

u(r,t) = ( | |%
'CL' —1m

(16.10)

0<m<%, A=N(m-—-1)+2.
This is a nonnegative, local, weak solution to the prototype porous medium
equation in R x R. Such a solution is unbounded near z = 0 for all t < T
and finite otherwise. Therefore (16.9) fails to hold for cubes centered at the
origin.

For 0 < m < m, the mere notion of weak solution is not sufficient to insure
its local boundedness ([41], Chapter V, § 11 and [59]). The weak solution
(16.10) is indeed unbounded near x = 0. However, the lack of a Harnack
estimate is not due to the possible unboundedness of the solutions. Consider
the two-parameter family of functions

(2,t) = (T )% ‘x‘z -5
u(x,t) = —t)y (a—l——)
daN (16.11)
N > 2, m = U}’V—fzh < Mg,

where a > 0 and T are parameters. These functions are nonnegative, locally
bounded, weak solutions to the prototype porous medium equation in RY x R
and they do not satisfy the Harnack estimates of Theorems 16.1 and 16.2.
The same occurs for the critical value m = m, as shown by the following
two-parameter family of counterexamples. The functions

N+1
u(z,t) = (a\x\Z + kezN‘“) * N>3, m= % (16.12)
for positive parameters a and k, are nonnegative solutions to the prototype
porous medium equation in RY x R, and one verifies that they fail to satisfy
the Harnack estimate in any one of the forward, backward, or elliptic form.

These remarks raise the question of what form the Harnack estimate might
take for m in the critical and subcritical range 0 < m < m,. This issue will
be addressed in § 19-20.
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17 On the Proof of Theorems 16.1 and 16.2

The proof of these theorems follows the arguments of § 3-9. These arguments
in turn depend on the number

A=N(m—1)+2. (17.1)

The requirements that m be in the supercritical range (16.1) is equivalent to
requiring that A > 0. The main components of the proof are the expansion of
positivity for quasilinear, singular equations of the porous medium type, as
presented in § 7 of Chapter 4, and an L] ~L{° Harnack-type estimate, valid
for A > 0, analogous to Theorem 2.1, which we state next.

17.1 An L} —L2° Harnack-Type Estimate

loc loc

Theorem 17.1 Let u be a nonnegative, local, weak solution to (5.1)-(5.2) of
Chapter 3 for m in the supercritical range (16.1). There exists a positive con-
stant v depending only on the data {m, N, C,, C1}, such that for all cylinders

Kop(y) x [s—(t—s),s+(t—s)] C Er

either
Cp>1

or

>

Y .
sup  u < —( inf / u(x, T dx)
Kowxlst]  (t— )% \2a—t<r<t [, () )

1

n (t — 5) Tom
0
02

where X is defined in (17.1).

Theorem 17.1 will be established in Appendix B. Assuming it for the moment,
we proceed to indicate the minor changes in the proof, along § 3-9.

17.2 The Right-Hand-Side Harnack Estimate of Theorem 16.2

Fix (zo,t,) € Ep, determine the intrinsic cylinders (x,,%,) + Qgtp(a) as in
(16.2), and assume that (16.3)—(16.5) hold. Assume in addition that

Cp<1 (17.2)

where C' is the constant in the structure conditions (5.2) of Chapter 3.

Proposition 17.1 Let u be a continuous, nonnegative, local, weak solution
to (5.1)-(5.2) of Chapter 3 in Quq, for m in the supercritical range (16.1).
There exist positive constants € and 7, that can be determined quantitatively,
a priori only in terms of the data {m, N, C,, C1}, such that
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wW(To, to) <7 inf u(-,t)

for all times

to — €u(To, to) T p? <t <ty 4 eu(zo, t,) "™ P2,

The constants € and 3~ ' tend to zero, as either m — 1 or m — %

Introduce the change of variables and unknown function

T — T, t—t, U
r— , bt —— V= — .
P u(zo,to)t =" p u(Zo,to)

This maps the cylinder Qaq(2o,t,) in (16.4) into

Qu=kx (- () Gpe) %)

Relabeling by z,t the new coordinates, v is a weak solution to
vy —div A(z,t,v, Dv) = B(x,t,v,Dv) in  Quq. (17.3)

Taking into account (17.2), the transformed functions A and B satisfy the
structure conditions

A(m,t,v,Dv) - Dv > mCov™ Y Dv|? — o™
|A(z,t,v, Dv)| < mCyv™ | Dy| 4+ v™ (17.4)
|B(z,t,v, Dv)| < mv™ | Dv| 4+ o™

where C, and C are the constants appearing in (5.2) of Chapter 3. Establish-
ing Proposition 17.1 consists in finding positive constants € and 7, depending
only on the data, such that

v(-t) >51 in Ky forall t € [—¢¢.

The proof of this inequality involves the partial differential equations (17.3)—
(17.4) only through Theorem 17.1 applied to the local solution v, and the
expansion of positivity of § 7 of Chapter 4, applied to the same local solution
v. The remaining arguments are based on measure-theoretical considerations,
and harmonic analysis, independent of the particular partial differential equa-
tion at hand. They can be repeated almost verbatim as in § 3-9.

18 Some Consequences of the Harnack Inequality

18.1 Analyticity of Nonnegative Solutions

If the equation is homogeneous (C' = 0), and A is locally analytic in all its
arguments, within its domain of definition, then nonnegative weak solutions
are locally analytic in the space variables and at least Lipschitz continuous in
time, as made precise by the following proposition.
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Proposition 18.1 Let u be a nonnegative, local, weak solution to the singu-
lar, homogeneous (C = 0) equations (5.1)-(5.2) of Chapter 8 for m in the
supercritical Tange (16.1). Assume moreover that A, whenever well defined,
is a locally analytic function of its arguments. Fix (x,,t,) € Erp, such that
u(zo,to) > 0, and construct cylinders (z,,1t0) + Qgtp(a) as in (16.2), which in
addition satisfy (16.3)-(16.5).

Then there exists a positive constant v, depending only on the data
{m,N,C,,C1} and independent of u, such that for every multi-index c,

‘Dau(xo,toﬂ <

Moreover for every nonnegative integer k,

ak 2k+1 k! 2 -
Wu(xmto) < %[u(%’to)]l (1=m)k

Proof By Theorem 16.2
0 <7 u(zo,t,) < ulz,t) < Fu(wo,to)
for all (z,t) in
K (70) X (to — @u(mo, o) "™ p? | to + €u(wo,t,) " p?).

Therefore in such a cylinder the equation is no longer singular or degener-
ate. The proposition now follows from the classical results of Friedman [70]
(see also [90]). The structural assumptions (5.2) of Chapter 3 insure that the
matrix (A; ;) is positive definite. [ |

The conclusion of Proposition 18.1, for all multi-indices o and for & = 1,
continues to hold for points (z,,t,) € Er such that u(z,,t,) = 0. For this
it suffices to apply Proposition 18.1 to a sequence of local approximations
{un}nen of u, each satisfying the equation, and bounded below in a neighbor-
hood of (z,, o).

18.2 Holder Continuity

As already noticed in Remark 16.4, locally bounded, weak solutions to the
porous medium type equations (5.1)—(5.2) of Chapter 3, in Ep, irrespective
of their signum, and for all m > 0, are locally Holder continuous in Erp.
However, such a regularity cannot be directly derived from the intrinsic
Harnack inequality of either Theorem 16.1 or Theorem 16.2. Known proofs of
Holder continuity of a solution u from the Harnack inequality, are based, one
way or another, on applying the Harnack estimate to the functions u+ & for a
suitable constant & ([49, 51, 119, 120, 121], and also § 4 of Chapter 5). On the
other hand, if u is a solution to the prototype porous medium equation (5.3)
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of Chapter 3, then u — k, for a nonzero constant k, is not a solution to the
same equation. Therefore there is no guarantee that either u—k or k—wu would
satisfy the Harnack estimate. Even if this approach were viable, it would be
limited to singular equations for m in the supercritical range (16.1), since,
as discussed in § 16.3, the Harnack inequality is no longer valid for m in the
critical and subcritical range 0 < m < %

These remarks suggest that for the singular porous medium type equations
(5.1)—(5.2) of Chapter 3 the issues of the local Holder continuity of its local,
weak solutions, and that of the Harnack inequality for its local, nonnegative,
weak solutions are separate and neither implies the other.

However, the same methods leading to the Harnack estimates of Theo-
rems 16.1 and 16.2 can be used to establish the local Holder continuity of
locally bounded, weak solutions to these singular equations, irrespective of
their signum, and for all m > 0. They also permit one to exhibit a quanti-
tative Holder modulus of continuity. The results being local, assume without
loss of generality that u € L*°(Er). Let

I'=0Er — Ex {T}

denote the parabolic boundary of E7, and for a compact set K C Er introduce
the intrinsic, parabolic m-distance from K to I" by

def . m—1 1
m —dist(K; ') = (lltI)ng <|a: =yl + lull g, It — 3\2)

(y,s)er

Theorem 18.1 Let u be a bounded, local, weak solution to the singular porous
medium type equations (5.1)—(5.2) of Chapter 3, for 0 < m < 1. Then wu is
locally Hélder continuous in E7, and there exist constantsy > 1 and a € (0, 1)
that can be determined a priori only in terms of the data {m,N,C,,C1} and
C, such that for every compact set K C Er,

|1 — 22| + ||U||00ET|751 — o2 )f’

) oo ) <l
[u(z1,t1) — ul@2, t2)| < ¥|ulloo,r = dist (K 1)

for every pair of points (x1,t1), and (z2,t2) € K.
For a fixed (x,,t,) € Er and fixed numbers

0€(0,1), b>1, Rw>0
construct the numbers

R
R,=R, R,=

o Wo =W, Wpt1 =0w, for n=0,1,2,...

and the cylinders

Qn = Kg, (2,) X (to —wp TR, for n=1,2,....
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The function w is Holder continuous at (z,,t,) € Er if there exist constants
0 € (0,1) and b > 1, independent of v and (z,,t,), such that

Qni1 CQr CQ, CEr and essoscu < wy, (18.1)
for all n = 0,1,.... Having fixed (x,,t,) € Er, assume it coincides with the
origin of R¥*! and for p > 0 set

Ro=p and Q=K,Xx (—p2,0],
where p is so small that Q C Ep. Set also

uj =esssupu, [, = enginfu, Wo = ,uj — U, = essQoscu.
QR

Since u is locally bounded in Erp, without loss of generality we may assume
that w, <1 so that

Q. =K, x (—wol_me,O CQCEr, and essoscu < w,.

Thus (18.1) holds for n = 0. Methods analogous to those leading to the
Harnack inequality, and indeed more general as to include the whole singular
range 0 < m < 1, permit one to determine numbers b > 1 and § € (0,1)
depending only on the set of data {m, N,C,,C;} and C, and independent of
w and (x,, t,) for which (18.1) holds for all n. A complete proof of the Holder
continuity of nonnegative solutions to (5.1)—(5.2) of Chapter 3 in the whole
range 0 < m < 1 will be given in § B.6-B.13 of Appendix B. A consequence
of the previous arguments is:

Proposition 18.2 Let u be a locally bounded, local, weak solution to the sin-
gular equations (5.1)—(5.2) of Chapter 8 for 0 < m < 1, in Ep. There exist
constants ¥ > 1 and ¢, € (0,1), depending only on the data {m,N,C,,C1}
and C, such that for all (x,,t,) € Er, setting

M= esssup |u] for (%o, t0) + QR(1) C Er,
(xmtO)""QE(l)

we have

€SS 0SC u < 7M<£) ’ where Oy = MY™
(Zorto)+Q; (Oar) R

for all 0 < p < R and all cylinders

(o, to) + Q, (O01) C (w0, t0) + QR(1) C Ex.
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18.3 A Liouville-Type Result

Proposition 18.3 Let u be a nonnegative, continuous, local, weak solution
to the homogeneous (C = 0), singular equations (5.1)—(5.2) of Chapter 3, in
RN x R, for m in the singular, supercritical range (16.1). Then u is constant.

Proof For T € R denote by St the half-space
Sr=RYN x (=00, T] for some T € R

By (16.6)
0 <infu <wu<supu < oco.
St St
Therefore u is quantitatively bounded above and below in Sp. The proof is
now concluded as in Proposition 16.3 of Chapter 5 by making use of the form

of the Holder continuity as expressed by Proposition 18.2. ]
Remark 18.1 The proposition is false for m = 1 as discussed in § 5 of
Chapter 5.

Remark 18.2 If u is a solution to the prototype porous medium equation
(5.3) of Chapter 3, then u— k, for a nonzero constant & is not a solution to the
same equation. For this reason the proof of Proposition 18.3 does not permit
to replace the assumption of v being nonnegative, with v having a one-sided
bound.

Remark 18.3 The proposition is false for 0 < m < %, as evidenced by
the counterexamples in § 16.3. The functions in (16.11) for m subcritical, and
in (16.12) for m critical, are nonnegative, not identically zero, weak solutions
to the prototype porous medium equation, in RY x R. However, these solutions
are all unbounded in every Sp. This raises the issue as to whether solutions
to the singular (0 < m < 1), homogeneous (C' = 0) equations (5.1)—(5.2) of
Chapter 3, with two-sided bound in some half-space Sy are constant in Sp,
for m in the whole singular range 0 < m < 1.

Proposition 18.4 Let u be a solution to the singular (0 < m < 1) homoge-
neous (C = 0) equations (5.1)-(5.2) of Chapter 3. If u is bounded above and
below in some half-space St, then u is constant in St.

Proof The proof is almost identical to that of Proposition 16.3 of Chapter 5.
|

19 Critical and Subcritical Singular Equations of the
Porous Medium Type

Let u be a nonnegative, locally bounded, local, weak solution to (5.1)—(5.2)
of Chapter 3 for m in the critical and subcritical range
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0<m<m, =82e <1, (19.1)

By the examples and counterexamples of § 16.3 a Harnack estimate in any of
the forms (16.6)—(16.9) fails to hold when m is in the critical and subcritical
range (19.1). Nevertheless a different form of a Harnack estimate holds for
m in such a range, with constants depending on the ratio of some integral
averages of the solution u. Fix (z,,t,) € Er and p such that K4,(z,) C E,
and introduce the quantity

1.1-m

0= H]{g(%) uq(~,t0)dx) ] (19.2)

where ¢ € (0,1) is to be chosen, and ¢ > 1 is arbitrary. If § > 0, assume that

(o, to) + Q5,(0) = Kgp(wo) X (to — 0(8p)%, 1] C Er

and set

o
S

>
M

(F o 1)

o= T (19.3)
(fK4p(xn) u” (-, to — 0p2)dw) '
where 7 > 1 is any number such that
Ar=N(m—1)+2r>0. (19.4)

Theorem 19.1 Let u be a nonnegative, locally bounded, local, weak solution
to the singular equations (5.1)-(5.2) of Chapter 3, for 0 <m <1 in Ep. In-
troduce 0 as in (19.2) and assume that 6 > 0. There exist constants € € (0,1),
and 7y, 8 > 1, depending only on the data {m,N,C,,C1} and the parameters
q,r, such that either

Cp>1

or
inf uw>y"toP sup u, (19.5)

(To,to)+Qp (£0) (Tosto)+Q; (6)

where o is defined in (19.3), ¢ > 1 and r > 1 satisfies (19.4). The constants
e — 0, and 7,3 — oo as either A\, — 0 or \, — 0.

Remark 19.1 The estimate is vacuous if = 0. This does occur for certain
solutions to (5.1) of Chapter 3 for ¢, larger than the extinction time ([59, 60]).
An explicit example is in (16.11).

Remark 19.2 Inequality (19.5) is not a Harnack inequality per se, since o
depends on the solution itself. It would reduce to a Harnack inequality if
o > o0, > 0 for some absolute constant o, depending only on the data. This,
however, cannot occur since a Harnack inequality for solutions to (5.1)—(5.2)
of Chapter 3 does not hold, as shown by the counterexamples of § 16.3.



20 On the Proof of Theorem 19.1 177

Remark 19.3 Inequality (19.5) actually holds for nonnegative solutions to
(5.1)-(5.2) of Chapter 3 for all m > 0, provided r > 1 satisfies (19.4). For
supercritical m one has A = A1 > 0, and (19.4) can be realized for r = 1. How-
ever, for A > 0 the strong form of a Harnack estimate holds (Theorems 16.1
and 16.2). Therefore (19.5), while true for all 0 < m < 1, is of significance
only for the critical and subcritical values in (19.1). In this sense (19.5) can
be regarded as a “weak” form of a Harnack estimate valid for all 0 < m < 1.

20 On the Proof of Theorem 19.1

The first component of the proof is the expansion of positivity presented in
Proposition 7.2 of Chapter 4, and valid for all 0 < m < 1.

20.1 L} —L7° Harnack-Type Estimates for » > 1 Such That
Ar >0

Theorem 20.1 Let u be a nonnegative, locally bounded, local, weak solution
to the singular, porous medium type equations (5.1)-(5.2) of Chapter 3, in Er,
for 0 <m < 1, and let r > 1 satisfy (19.4). There exists a positive constant
v depending only on the data {m,N,C,,C1}, and r, such that either

Cp>1

or 2

Vr . B

sup u< —A< u'(z,2s — t)dw)
K, (y)x[s.t] (t —s)> MKz () 1 (20.1)
n (t — s) T—m
Vr
2

for all cylinders
Kop(y) x [s—(t—s),s+ (t —s)] C Er.
The constant 7, — oo if either \, — 0 or A\, — oo.

The theorem, which will be established in Appendix B, assumes that u is
locally bounded, and turns such a qualitative information, into the quantitative
estimate (20.1) in terms of the L], integrability of u(-,t). A discussion on the
local boundedness of solutions to these singular equations is in § 21.5.

20.2 L}, Estimates Backward in Time

Proposition 20.1 Let u be a nonnegative, local, weak solution to the singular
equations of the porous medium type (5.1)-(5.2) of Chapter 3, in Ep, for
0 < m < 1, and assume that uw € L] (Er) for some r > 1. There exists

loc
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a positive constant vy depending only on the data {m,N,C,,C1} and r, such
that either

Cp>1
or

t—1) T
sup / UT(JT,S)daj S ’Y/ ur(x,T)dx + ry|:( )\T) :| 1
7<s<t JK,(y) K2p(y) P

for all cylinders
Kgp(y) X [T, t} C Er.

The proof of Theorem 20.1 and Proposition 20.1 will be given in Appendix B.
Here we assume them and indicate how to establish Theorem 19.1.

20.3 Main Points of the Proof

With these two facts at hand, the proof now follows the same steps as the
proof of Theorem 11.1. The first is in establishing a weaker form of (19.5).

Proposition 20.2 Let u be a nonnegative, locally bounded, local, weak solu-
tion to the singular porous medium type equations (5.1)—(5.2) of Chapter 3,
for 0 <m < 1. Fiz (zo,t0) € Er, let Ki,(x,) C E, and let § and o be defined
by (19.2)-(19.3) for some ¢ € (0,1). For every r > 1 satisfying (19.4) and
every q > 1, there exist constants £,0 € (0,1), and a continuous, increasing
Junction o — f(o) defined in RY and vanishing at o = 0, that can be quan-
titatively determined a priori only in terms of the data {m,N,C,,C1}, ¢ and
r, such that
inf w(-,t) > f(o) sup u,
Kap(wo) (Toto)+Q2o(10)
for all
te(to— 100, to),

provided (To,t0) + Qs,(0) C Er.

The proof of this proposition follows the same arguments as those in § 13, mak-
ing use of Theorem 20.1 and Proposition 20.1. The arguments are measure-
theoretical and not linked to a specific partial differential equation. The equa-
tion only enters in establishing Theorem 20.1 and Proposition 20.1, and in
the expansion of positivity of Proposition 7.2 of Chapter 4.

Application of such an expansion of positivity shows that the function f(-)
can be taken of the same form as given in (7.3) of Chapter 4, for constants
depending only on the data, ¢ and 7.

The next step in the proof is in improving the dependence on o so that
f(o) can be replaced by o for some 3 > 0 depending only on the data
{m, N, C,,Cy}. This is realized by making use of the Hélder continuity of u
in the form stated in Proposition 18.2 (see also the proof in Appendix B).
The technical arguments to this end are in § 15, which, being independent
of any partial differential equation, apply to any function with the indicated
properties.
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21 Remarks and Bibliographical Notes

For nonnegative solutions to the prototype, homogeneous equation (1.3) of
Chapter 3, intrinsic Harnack inequalities in the forward form (1.2)—(1.6), and
the elliptic form (1.9), were established in a series of contributions ([39, 59,
60]), collected and reorganized in [41]. The parameter p was in the supercritical
range (1.1) and only the right-hand sides of (1.6) and (1.7) were established.
These proofs, one way or another, are based on the comparison principle, by
comparing locally the solutions to the homogeneous prototype p-Laplacian
equation with either the explicit Barenblatt solutions with pole at (z,,t,)

[y, b 20, to) = _;O)&V[UFCI,(%)”]% (21.1)
with
c, = (;)7¥ A=N(p—2)+p. (21.2)

as in [41], or with some suitably constructed subsolution as in [59].

The right-hand-side estimates of Theorems 1.1 and 1.2, for the full quasi-
linear structure of the singular equations (1.1)—(1.2) of Chapter 3, and p in the
supercritical range (1.1), were established in [51]. The left-hand-side estimates
and thus the complete mean value form of these intrinsic Harnack inequalities
were proved in [52].

The functions in § 1.3 to serve as counterexample to a Harnack estimate
for critical and subcritical p were constructed by adapting similar procedures
of [126, 77], for the porous medium equation.

The first proof of Theorem 2.1 for the homogeneous, singular, prototype p-
Laplacian equation (1.3) of Chapter 3 is in [41]. The proof adapts to singular
(I < p < 2) equations with the full quasilinear structure of (1.1)—(1.2) of
Chapter 3, and as such is established in [51]. Here it is reported in Appendix A
for completeness and in view of its importance. The proof actually holds for all
1 < p < 2, provided the local weak solutions v at hand are locally bounded.
This is the case for p in the supercritical range (1.1) as established in [41]
Chapter V. If p is subcritical, weak solutions might become unbounded and
the boundedness of u© must be postulated. Further remarks on boundedness
and unboundedness of weak solutions are in § 21.1.

The technique in § 4 of locating the supremum of v through the numbers
M, and N; follows an idea of Landis ([104]). Our approach, however, departs
from [104], in that the sup is located at a single time level, as opposed to within
an entire parabolic cylinder. This permits one to generate, in conjunction with
Theorem 2.1, a Harnack estimate insensitive to time. The remainder of the
proof in § 5-7 is taken from [51]. The techniques of § 8-9 leading to a mean
value form of the Harnack inequality are taken from [52].

The Liouville-type Propositions 10.1 and 10.2 seem to be new in the lit-
erature, and are taken from [56].
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21.1 About Theorem 11.1

For the prototype p-Laplacian equation (1.3) of Chapter 3, a result similar to
Theorem 11.1 is in [22]. The arguments make extensive use of the comparison
principle, by comparing the solution with either the solution to a suitable
Cauchy problem or with the solutions to a boundary value problem in bounded
cylindrical domains, with homogeneous data on its lateral boundary. For the
latter a fine analysis of the solutions is in [60], and applied in [22].

Harnack estimates are unrelated to maximum and comparison principles
and are more linked to the structural properties of elliptic and parabolic equa-
tions, as made precise by the pioneering work of Moser [119, 120, 121, 122]
and Nash [123], and refined in [10, 141, 147, 148, 66].

However, independently of the maximum principle, the significance of the
Harnack-type estimates (11.6) and (13.5) is not entirely understood. While
valid for all 1 < p < 2, it does not transition seamlessly from the subcritical
range 1 < p < ]\Qf—fl, across the critical value p = 1\2,—11, to the supercritical
range ]\2[—11 < p < 2, where a strong form of the Harnack inequality holds
(Theorem 1.1). Perhaps the most significant consequence is the Holder conti-
nuity of the solutions established in § 14 and taken from [53]. Harnack-type
estimates with coefficients depending on the solution itself do not, in gen-
eral, imply the Holder continuity of the solutions. It is the specific form of
o as introduced in (11.2)—(11.3), and its measure-theoretical interpretation,
that permits one to establish that local solutions are indeed locally Holder
continuous (§ 14 and [53]).

The form of ¢ is not uniquely defined. For example, one could take r > 1
and g > 1 arbitrarily large, provided A\, > 0. Also by taking ¢ = 1 and using
the Harnack-type inequality (2.2) in the L] . topology (see also (A.1.2) of
Appendix A), one could estimate

][ u(, to)de > '70][ u(+,t, — 0pP)dx
K, (zo) Ky, (o)

for a constant v, depending only on the data {p, N,C,,C1}, for the same
quantity € introduced in (11.2). Then o could be given the form

][ (- to — 0pP)dx
K%p(xn)

g = T

<]€< (@ )ur(.’to_app)dx)?

Thus the ratio of the two integral averages making up o is effected at the
same time level ¢, — 6p”. Recently Fornaro and Vespri [68] have found that
for the singular equations (1.1)—(1.2) of Chapter 3, which in addition satisfy
the comparison principle, the two integral averages making up o can be taken
over cubes of equal radius. This class of equations includes for example

Ar
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up — (ai; (a:,t)\Du\p_qui)xj =0 weakly in Er,

where the coefficients a;; are only locally bounded and measurable, and the
matrix (a;;) is locally elliptic in Ep. For this class of equations o could be
taken of the form

][ u(-,to — 0pP)dx
K,(x,)

(]i (@ )ur(.’to - gpp)dw)%

The interest in this form is that if p > 1\2,11, then r can be taken to be r =1

and hence ¢ = 1. This in (11.6) of Theorem 11.1 would recover the strong
form of the Harnack estimate of Theorem 1.1 for supercritical p > 1311 The
transition, however, is not seamless, since for r = 1 and A\, = 0 the quantity
o in (21.3) is not defined, and in addition the constants in Theorem 11.1

deteriorate as A, — 0.

o= (21.3)

21.2 On the Weak Harnack Inequality

The weak Harnack inequalities of Chapter 5, § 7-14 and 17 are not known to
hold for singular equations, neither in the supercritical, nor in the critical and
subcritical range of the parameters p and m.

It is not even clear what form such inequalities should have, and whether
they transition seamlessly from the subcritical to the supercritical range, or
not. For the prototype equations (1.3) and (5.3) of Chapter 3 partial results
are in [22] and [21], respectively.

21.3 On the Boundedness of Weak Solutions

Theorem 12.1 has been stated in a unified way for all p € (1,2]. The theorem
merely turns the qualitative information that u is locally bounded, into the
quantitative estimate (12.2). Its proof, however, reveals two critical values of
p:

1< = 385 <p<pe= 525 <2.

When p is larger than its least critical value p,., that is, when

p > max {1 (21.4)

’ N+2

the integrability condition u € Lj_ . with A, > 0 is a consequence of the notion
of weak solution. Indeed by the parabolic embedding of Proposition 4.1 of the
Preliminaries,

N+2
we Ly (Er) with m= T+p and A, > 0. (21.5)
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For p in the range (21.4), the proof of Theorem 12.1 only uses the energy
estimates of Proposition 2.1 of Chapter 3, and the indicated local integrability
condition (see Appendix A). Thus for p > p.., local, weak solutions to (1.1)—-
(1.2) of Chapter 3, in Erp, with no further requirement, are locally bounded
in Ep, with a quantitative estimate provided by (12.1)—(12.2). In particular
no local boundedness is required. This is the content of Theorem 3.1 of [41],
Chapter V, § 3. When p is in the sub-sub-critical range

1<p<pu =25, for N>3, (21.6)

the local boundedness of a local, weak solution to these singular equations is
not guaranteed by the mere notion of weak solution. The function in (1.10)
is an explicit example of a weak, unbounded solution to the homogeneous,
prototype p-Laplacian equation (1.3) of Chapter 3. This raises the issue of
formulating sufficient conditions on solutions to these singular equations to
be locally bounded.

The proof of Theorem 12.1 uses the energy estimates of Proposition 2.1
of Chapter 3, and the local integrability v € Lj, (E7), with A, > 0. When
p is in the range (21.6) the latter is not a consequence of the notion of weak
solution as in (21.5) and it must be postulated.

For p in such a sub-sub-critical range, the proof of the theorem also in-
volves an interpolation procedure that requires that u be at least qualitatively
locally bounded (see Appendix A). Therefore Theorem 12.1 could be regarded
as a sufficient condition to boundedness, provided u can be locally approx-
imated by locally bounded, weak solutions to equations similar to (1.1) of
Chapter 3, with possibly smooth principal part A and lower order terms B,
satisfying uniformly the structure conditions (1.2). If these approximating so-
lutions are uniformly in Lj _, by Theorem 12.1 they are uniformly locally
bounded. Then, by the results of [41] Chapter IV, they are uniformly Holder
continuous, and hence (12.2) is preserved in the limit. Thus, modulo the indi-
cated local approximation, the local boundedness of u is insured by the inte-
grability u € L], _(Er) for some r > 1 satisfying (11.4). This is the content of
Theorem 5.1 of [41], Chapter V, § 5-(i). The possibility of approximating these
weak solutions by locally bounded ones, depends, in general, on the form of
A and B, and is related to their local uniqueness or “uniqueness in the small”
([102], Chapter 1).

21.4 On the Two Critical Values p.. = ]341\_]2 < ]\2,]_:1 = P«

The interplay between the numbers A\, and p.. and p, is not completely
understood. The largest of them (p.) discriminates between Harnack estimates
and lack of them and existence and nonexistence of the Barenblatt p-potentials
(21.1). The smallest of them (p..) discriminates between boundedness and
unboundedness of solutions.
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no Harnack

no Harnack Harnack

2N 2N
1<p§p**:N+2<p§N+1:p*<p§2
[y

unbounded boundedness

A better understanding of these connections might come from a more refined
notion of weak solution. Attempts in this direction are in [58].

21.5 Singular Equations of the Porous Medium Type

For nonnegative solutions to the prototype singular, porous medium equation
(5.3), and m supercritical, the right-hand-side, intrinsic, Harnack inequality
(16.6) was first proved in [59] by means of comparison principles. For general
quasilinear singular equation Theorems 16.1 and 16.2 were established in [51].

The L ~LgS estimates of Theorem 17.1, while paralleling similar facts for
the p-Laplacian type equations, in the full generality of quasilinear, singular
parabolic equations, do not seem to appear in the literature. We have collected
them in Appendix B.

The analyticity of solutions for supercritical m, and in the context of the
prototype porous medium type equation was observed in [60], and in the
context of fully quasilinear equations in [51].

The Liouville-type Propositions 18.3, while restricted to nonnegative so-
lutions, and 18.4 seem to be new in the literature.

21.5.1 On the Holder Continuity

Locally bounded, weak solutions to the porous medium type equations (5.1)—
(5.2) of Chapter 3, in Ep, irrespective of their signum, and for all m > 0, are
locally Hélder continuous in Ep. For m > 1 a formal proof is in [47]. For the
singular case 0 < m < 1 this fact follows from analogous proofs for singular
p-Laplacian type equations ([41], Chapter IV, § 15, and [31, 59]). However,
the literature does not have a formal, independent proof of this fact, dedicated
to local weak solutions to singular, porous medium type equations, with full
quasilinear structure. For completeness, in § B.6-B.13 of Appendix B, we
have included a self-contained formal proof for nonnegative solutions to such
singular equations.

21.5.2 On Theorem 19.1

An estimate similar to (19.5) is in [21] for nonnegative solutions to the pro-
totype equation (5.3) of Chapter 3, by means of maximum and comparison
principles. The arguments in [21] and [22] for the prototype p-Laplacian and
porous medium equations are conceptually and technically similar. In § 21.1
we have already observed that maximum and comparison principles are un-
related to Harnack-type estimates.
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The Li Ly, estimate of Theorem 20.1, in the context of the porous
medium type equation, and with full quasilinear structure, appears to be
new. Local weak solutions to these equations for m in the range (19.1) need
not be locally bounded. An explicit counterexample is in (16.10). A sufficient
condition for a local solution u to be locally bounded is that u € L] (Er),
where r > 1 satisfies A, > 0. The number \,, defined in (19.4) is analogous to
the number A in (17.1). If A > 0, that is, if m > m,, then local solutions are
locally bounded. If A < 0, that is, if m < m,, the mere notion of local weak
solution u does not guarantee its local boundedness. The latter is restored
if, in addition to the notion of solution, one requires that u be sufficiently
integrable, as to guarantee A, > 0.

21.5.3 Remarks on the Local Analyticity of These Solutions

Let u be a nonnegative, locally bounded, local, weak solution to the homo-
geneous (C' = 0), porous medium type equations (5.1)—(5.2) of Chapter 3,
for m in the critical and/or subcritical range (19.1). Fix (z,,%,) € Er and
assume that u(x,,t,) > 0. If A is analytic in all its arguments, within its
domain of definition, then w is analytic at (z,,t,) in the space variables, and
at least Lipschitz continuous in time. The radius of convergence r,_(o) of the
space-expansion of u(-, t,) at x, depends on ¢ and r,, (o) — 0 as ¢ — 0. This
can be made quantitative, exactly as in Proposition 18.1 with the constant ~
depending on ¢ and such that v(o) — oo as 0 — 0. Proposition 18.1 holds
also for solutions to the following boundary value problem:

ug — Au™ =0 in BT,
u|8E = Oa
u(-,0) = u, € L' (E),

where E is a bounded domain in RY with boundary of class C?, and
(NN_—fz)Jf < m < 1. Thus there seem to be at least two critical values of m,
that discriminate between different behaviors of solutions,

0 <y = B2 <, = B2 <,

21.6 On the Two Critical Values 0 < m,, < m, <1

The interplay between the numbers A, and m., and m, is not completely
understood. The largest of them (m.) discriminates between Harnack esti-
mates and lack of them and existence and nonexistence of the Barenblatt
m-potentials with pole at (x,,%,)

1 |z — 20|*\ 7T
I(z,t;x0,ty) = —— (1 + (N, m) —— 21.7
( ) (HO)T( (V. m) =) (21.7)

with
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N(1—m)

BN M) = =

A=N(m—1)+2. (21.8)
Considerations analogous to those of § 21.3 imply that if m > (AJIV_EQ)JU then
weak solutions are locally bounded, even though, if nonnegative, they might
not satisfy the Harnack inequality. Indeed, due to the definition of solution we
assumed in § 5 of Chapter 3, when m.. < m < m, the integrability condition
u € L" with A\, > 0 is automatically satisfied by the parabolic embedding
of Proposition 4.1 of the Preliminaries. For porous medium type equations,
as for p-Laplacian equations, one can directly say that the smallest of them
(M) discriminates between boundedness and unboundedness of solutions.

no Harnack

no Harnack Harnack

——— N _ —_——~
0<m§m**:%<m§%:m*<m§1
—_————

unbounded boundedness
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Homogeneous Monotone Singular Equations

1 Monotone Structure Conditions

We restrict our attention to parabolic equations of the type of (1.1)—(1.5) of
Chapter 3 which are singular (1 < p < 2), homogeneous (C = 0), and with
structure conditions that insure existence and uniqueness of basic Dirichlet
boundary value problems in cylindrical domains E7 for a bounded open set
E c RY with smooth boundary dF. Specifically, let E be a domain in RV
and consider quasilinear, singular parabolic partial differential equations of

the form
uy —div Az, t,u, Du) =0 weakly in Ep (1.1)

where the function
Er x Rx RN 3 (z,t,2,n) = A(z,t,z,n)

is only assumed to be measurable and subject to the structure conditions

A(z,t,2,m) -1 = Colnl? . N
{IA(x,t,z,nM <Oyt &M Er xR xR, (1.2)

where 1 < p < 2, and C, and C; are given positive constants. The principal
part A is required to be monotone in the variable 1 in the sense

(A(%tvzﬂh) - A(xvt,Z’UQ)) ’ (771 - 772) >0 (13)

for all variables in the indicated domains and Lipschitz continuous in the
variable z, that is,

|A(377t’21777) - A(l‘,t,Zz,?’]” < A|Z1 - Z2|(1 + |,'7‘p71) (14)

for some given A > 0, and for the variables in the indicated domains. A
prototype example is

up — (ag;(z,t)|DufP~?u,,) =0 weakly in Ep (1.5)

Tj
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where the matrix (a;;) is only measurable and positive-definite in E7.

The notion of local solution to (1.1)—(1.4) is the same as that to (1.1)—(1.5)
of Chapter 3.

Let now E be a bounded open set in RY with smooth boundary OF, fix
T > 0, and consider the boundary value problem

u € C(0,T; L*(E)) N LP(0, T; W'P(E))

uy —div A(z, t,u, Du) =0 weakly in Ep
u(t) | =9 1) € LP(0,T; W' ™7 (9E))
u(-,0) = u, € L*(E).

(1.6)

With these specifications, the Dirichlet data g(-,t) on OF for a.e. t € (0,7
are taken in the sense of the traces of functions in W1P(E) and the initial
datum wu, is taken in the sense of continuous functions in ¢ with values in
L*(E).

The existence of solutions to (1.6) has been discussed under a number
of different assumptions (see, for example, [108, 86]). For continuous bound-
ary value problems, under suitable approximation conditions, the existence of
solutions can be deduced from their regularity properties as in [131].

Proposition 1.1 Let A satisfy the structure conditions (1.2)-(1.4). Then the
boundary value problem (1.6) has at most one solution.

Proof For € > 0 let H.(-) be the approximation to the Heaviside function

1 for s > ¢;

H.(s) = for 0 <s<e; (1.7)

0 for s < 0.
If w and v are two weak solutions to (1.6), in their respective weak formulation

take the test function H.(u — v) and subtract the expressions so obtained to
get

(u—v) 4 (z,t)
/E (/0 H.(s)ds ) da
+/0 /EHQ(U — U) [A(x,T,u,Du) — A(x,T,u,Dy)] . (Du _ Dv)dxdT
— /Ot /E Hé(u — U)(A(ZL',T,U,D’U) — A(.’E,T,U,D’U)) - (Du — Dv)dz dr

for all ¢t € (0,T). The second term on the left-hand side is discarded by the
monotonicity (1.3) of A. As e — 0, the first term tends to
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/E(/O(uu)+(x,t) Hg(s)ds)dx—>/E(u_v)+($,t)dx7

for all ¢t € (0,T). The term on the right-hand side is estimated by making use
of the Lipschitz continuity (1.4), to yield

t
’ / / Hl(u—v)(A(z,t,v, Dv) — A(z,t,u, Dv)) - (Du — Dv)dz dr
0 JE
A t
< —/ / (u —v)(1 4 |Dv[P~Y)|Du — Dv|dz dr
€ Jo JEnpo<u—v<e]
t
SA/ / (1+ |Dv[P~Y)|Du — Dv|dzdr — 0 as € — 0. [ ]
0 JEN[0<u—v<e]

Corollary 1.1 (Weak Comparison Principle) Let A satisfy the struc-
ture conditions (1.2)-(1.4). Let w; for i = 1,2 be weak solutions to (1.6)
corresponding to initial and boundary data u,; and g; in the indicated func-
tional classes. If

Uo1 S Up2 a.e.in B and g1 < g2 a.e in OE x (0,T),
then w1 < wug a.e. in Er.

In what follows we take p in the supercritical range

<p<2. 1.8
N+1 P (1.8)
The more stringent structure conditions (1.2)—(1.4) on A afford a wider spec-
trum of techniques, including the comparison principle, yielding some im-
provements to the theory. Below we discuss one such improvement.

1.1 A Less Constrained Harnack Inequality

The intrinsic Harnack inequalities of Theorems 1.1 and 1.2 of Chapter 6 re-
quire that the intrinsic cylinders (z,, to) +Q;t(9) defined in (1.2) of Chapter 6
are well within the domain of definition of the solution. This is quantified by
the requirements (1.3)—(1.5) of the same chapter. As indicated in that con-
text, the various constants of the Harnack inequalities and the structure of
the proof are independent of M and the indicated requirements have only
the role of stipulating that the arguments are carried within the domain of
definition of u. Now in some applications, the Harnack estimate might need
to be applied repeatedly at a point (x,,t,), and in a sequence of neighboring
points. Applications of this kind include subpotential lower bounds similar to
those of § 6 of Chapter 5. For this kind of results to hold, the “interior” re-
quirements (1.3)—(1.5) of Chapter 6 would have to be verified at a given point
(%0, to) and at a sequence of points (z;,t;) other than (x,,t,). This makes the
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procedure cumbersome and unclear to implement. For this reason it would be
desirable to have a Harnack estimate for intrinsic cylinders

uo,to) > 0, (2o, to) + Q5,(6) C Br, 0 = [u(zo,to)]" " (1.9)

with no further reference, albeit qualitative, to the quantity M in (1.3) of
Chapter 6. The homogeneous structures of (1.1)—(1.4) permit one to establish
such a form of a Harnack estimate.

2 The Intrinsic Harnack Inequality

In all statements below let u be a continuous, nonnegative, local, weak solution
to the singular equations (1.1)—(1.4) in E7, for p in the supercritical range
(1.8). Moreover for a fixed (z,,t,) € Er and p > 0 construct intrinsic cylinders
of the form of (1.9).

Theorem 2.1 (The Intrinsic, Mean Value, Harnack Inequality) There
exist constants € € (0,1) and v > 1 depending only on the data {p, N,C,, C1},
such that

'7_1 sup u(-,to — eu(xovto)2_ppp) < u(wo,t,)
Kplwo) (2.1)

< inf u(-,to + eu(zo,to)>"PpP).
WKP(%)( (To,t0)"""p")

The constants e,y~* — 0 as p — but they are stable as p — 2.

N+17

Theorem 2.2 (Time-Insensitive, Intrinsic, Mlean Value, Harnack In-
equalities) There exist constants € € (0,1) and 7 > 1, depending only on the
data {p, N,C,,C1}, such that

71 sup u(-,0) < u(zo,to) <7 inf wu(-,7) (2.2)
K,(zo) Ky(zo)

for any pair of time levels o, 7 in the range
to — (Lo, to)2 PP < 0,7 <ty + Eu(To,t0)2 PpP. (2.3)
The constants €, 7~ — 0 either as p — N+1 or asp— 2.

Comments on these theorems can be formulated as in § 1.1-1.3 of Chapter 6.
In all cases the key inequality to establish is the right-hand-side estimate
n (2.3), as the remaining ones follow from this by stability estimates and
geometrical arguments. We state and prove independently such a right-hand-
side estimate, to stress its independence of the requirements (1.3)—(1.5) of
Chapter 6.
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2.1 The Right-Hand-Side Harnack Estimate of Theorem 2.2

Proposition 2.1 There exist constants € € (0,1) and 7 > 1, depending only
on the data {p, N, C,,C1}, such that

w(To,to) <7 inf wu(-,t 24

(o, o) <7 ot (1) (2.4)

) ‘ _ . 2N

for all times t in the range (2.3). The constants €, 7~ — 0 either asp — T

or as p — 2.

The new element of the proof is a novel form of the expansion of positivity
based on the comparison principle, afforded by the new structures (1.2)—(1.4).

The proof continues to use the Ll —~LgS Harnack-type estimate given in The-

orem 2.1 of Chapter 6, valid for

A=Np—-2)+p>0, i.e., for o <p<2 (2.5)

3 Proof of Proposition 2.1

Introduce the change of variables and unknown function

- t—t
zZ —r _x xoa T = 20 1) v = = (31)
P u(zo,t0)* P pP u(zo,t0)

which maps
[(@0,t0) + QF,(0)] U [(20,t0) + Q5, ()] into Qs = Kg x (—87,87].
Relabeling by x,t the new coordinates, v is a weak solution to
vy —divA(z,t,v,Dv) =0 in Qs, (3.2)

where the transformed function A (z,¢, v, Dv) satisfies the same structure con-
ditions (1.2)—(1.4) with the same constants C, and C;. Establishing the propo-
sition consists in finding positive constants € and 7, depending only on the
data {p, N, C,, C1}, such that

v(-,t) >5"1  in Ky for all t € [—¢¢. (3.3)

The change of variables (3.1) is identical to the one in (3.4) of Chapter 6.
The latter, however, was effected within the cylinder Qaq(z,,t,) introduced
in (1.3)—(1.5) of the same chapter.
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3.1 Largeness of v in Q1

For 7 € (0,1) introduce the family of nested expanding cubes {K,} centered
at the origin, and the increasing family of positive numbers

M, =supv and N,=(1- T)_B

-

exactly as in (4.1) of Chapter 6, where 5 > 0 is a parameter to be chosen.
Proceeding exactly as in § 4 of that chapter, and using the same notation,
locate a point z € K, such that

v(#,0)=1—-7)""  sup v(-,0)<4(1—7,)""
K2r (@) (3.4)
2r=(1-4"%)(1-7), 6.=(1—-7)"

We stress that 7, is only known qualitatively, and the parameter 3 is to be
chosen. Proceeding as in § 5 of Chapter 6, the next step in the proof is to
identify an intrinsic cylinder Q2 centered at (Z,0) where the supremum of v
is of the same order as (1 — 7.)~”. The height of such an intrinsic cylinder is
0.(2r)P, with r and 60, given by (3.4). Hence @2, would be included within
the domain of definition of v if

0.2r =(1—7,) PCP(1-4F)1-n)P <L

This is realized by choosing
p
= —. 3.5
R (35)
In the context of the proof in § 4-6 of Chapter 6, for singular equations with
general quasilinear structure, the parameter 5 was left free. Moreover, by
construction

0,27 = (1 — T*)fﬁ(zfp)(l — 4_%)(1 -1 )P < (u( Mt ))2—1)

Zoslo
where M was introduced in (1.3) of Chapter 6. Hence, by virtue of the re-
quirements (1.3)—(1.5) of that chapter, the inclusion of Q9, within the domain
of definition of v was guaranteed irrespective of the choice of 3.
In what follows the parameter § is fixed as in (3.5). However, we will

continue to denote it by 8 to trace its role, as opposed to the role of § in the
context of the proof in § 4-6 of Chapter 6.

Lemma 3.1 There exists a positive constant 1, depending only on the data
{p,N,C,,C1}, and independent of B and p, such that

supv < (1 — 7'*)75.

r

2N

The constant y1 — o0 as p — 2 and as p — NI
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Proof Identical to Lemma 5.1 of Chapter 6. ]

Lemma 3.2 There exist numbers 8, ¢, and a in (0,1), depending only on the
data {p, N,C,,C1}, and independent of § and p, such that

[o( 1) = &1 = 7)) > | K, | (3.6)
for all times
t € [=00.7, 60.17]  where 6, = (1 —7,) PP (3.7)

with B fized by (3.5) and r defined by (3.4). The constants §, ¢, and o tend
to zero either as p — 2 or as p — ]\2,—%

Proof Identical to Lemma 5.2 of Chapter 6. ]

3.2 Expanding the Positivity of v

The information provided by Lemma 3.2 is precisely the assumption required
by the expansion of positivity of Proposition 5.1 of Chapter 4 for all times in
(3.7). Apply then this expansion of positivity to v with

p=r and M=¢1-7)"" with g= ﬁ
and for s ranging in the indicated interval. It gives
v(t) >ne(l—7.)" 77 in Ko (Z) (3.8)
and for all times
—00,7P + (1 — )M PrP < t < 56,17 (3.9)

for constants d, &, and ¢ in (0,1) depending only on the data {p, N,C,, C;},
and the constant a, which itself is determined only in terms of the data.

The parameter ¢ being fixed by Lemma 3.2, the number § can be chosen
even smaller, if needed to insure that the range of ¢ in (3.9) includes negative
values of time. For example, by choosing § = ¢ and taking into account the
definitions of M, 6., and r in (3.4), one computes

0017 + (1= )SM2 77 =~ (1= =z ) 31— (1 )] < ..

4 p
A smaller § in (3.9) would generate a smaller 7 in (3.8), whose choice we
assume has been made. By these choices, and due to the definitions of 8,, r,
M and the value (3.5) of 3, the size of the time interval in (3.9) does not
depend on 7y, and can be taken to be

6, <t <6, (3.10)
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for a positive constant d. depending only on the data {p, N,C,,C;}. Notice
that having determined ¢, as indicated, the lower bound (3.8) continues to
hold with the same constants, for ¢ in the range (3.10) for a further reduced
O

In § 6 of Chapter 6, with 5 kept as a free parameter to be chosen, the lower
bound (3.8) was iterated n times by repeated application of the expansion of
positivity of Proposition 5.1 of Chapter 4. This would give

v >en"(1—7,)"? over intrinsic cylinders of radius 2"(1 — 7).
Then n and 8 were chosen so that
2"(1—-7,)=4 and n2°=1

to yield the lower bound in (6.3)—(6.4) of Chapter 6.

Since the parameter § has already been chosen in (3.5) this procedure
cannot be applied here. We will use instead a novel form of the expansion of
positivity based on the comparison principle, which expands the positivity of
w over an intrinsic cylinder of radius of the order of 1, at once in a single step.

3.2.1 Expanding the Positivity of v to Full Cube K; by the
Comparison Principle

Consider the boundary value problem

w € L®(—0,,1; L2(K4())) N LP(=6,, 1; WP (K4(%))),
wy — div Az, t,w, Dw) =0, in K4(Z) x (=64, 1],

w |8K4(i): 0, (3.11)

B 5(1 — T*)_N, T € K2r(§7)a
’w(ﬂ?, —(5*) - {87 x € K4(i’) - K2T(E)'

Conditions (1.2)—(1.4) allow us to apply Theorems 1.1 and 1.2 of [108], Chap-
ter 2: this insures that a solution to (3.11) indeed exists. Such a solution w is
unique by Proposition 1.1.
The function v is larger than w on the parabolic boundary of Ky X (—0d., 1].
Indeed
w(-,t) <wv(,t) on OK(z) for all t € (—4,,1]

and for t = —4, on K4(T),

P

V(e =8.) —w(-, =8.) 2 ne(l — 1)~ 77 —pe(l —7) ™Y
ne(l— ) N[(1—7)" 75 —1]>0

v

since A > 0. Therefore, by the comparison principle

v>w in Ky(T) X [—04, 1].
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To prove Proposition 2.1, it suffices to determine constants 4 and €, depending
only on the data, such that

w(x,t) >751 in Ky forall t e [—€, €.

Up to a translation assume Z = 0. By Proposition A.1.1 of Appendix A, for
all t € [—0., 4]

/ w(z, —d,)dx < 7/ w(z, t)dr + 627"
K1

Ko

and by the definition of w(-, —d.)

1 \N
/ w(x, —04)dx = ncv, where v, = (1 - == ) .
K1 47

The choice of §, can be made as to satisfy

_1
6277 = Sy nev,. (3.12)
This is obvious if the constant d, in (3.10) exceeds the right-hand side of
(3.12), by taking a smaller ¢,. If the constant J, in (3.10) is less than the
right-hand side of (3.12), one can take a smaller 1 as to satisfy (3.12), and for
such an 7 (3.8) would continue to be in force. For such a choice of d.,

QN%%U(Q\ < / w(z,t)dz  for all t € (—16,,16,).
Y Ko

Next, from Theorem 2.1 of Chapter 6, applied with y = 0, s = 0, t = %5*,

and p = 2, we estimate

sup w < Y
Kax[-46..46.]

>z

» 1
(Meve)X + 70577 = ynev,

where we have taken into account the choice (3.12) of ., for . depending

only on the data. For all ¢t € (—%5*, %5*) estimate

/ w(x,t)da:ﬁ/ w(z,t)dx
Ko KaN[w(-t) < 3xz 2572

+ / w(x, t)dx
Ka[w(- ) pxbg 222

+2 v
nev, _ nev,
< 21\7%70|K2|+7*776V0|[w(.7t) 2 2N1+2 ,YO]OK2"
Combining these inequalities yields
1NCV, 1

|N K| > a|Ks|, where a = ———

w 'at > !
lwl,?) 2 goes ¥ 4y7. | Ko |
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for all ¢ € [~40.,£6.]. By the expansion of positivity of Proposition 5.1 of
Chapter 4

2_
w(z,t) > 537 T iy K,(z) forall t € [—€ ¢
Y
for a sufficiently small € depending only on the data {p, N, C,, C;}. [ |

The proof of the left-hand-side inequalities in Theorems 2.1 and 2.2, as well
as the stability of these estimates as p — 2, is identical to that of Theorems 1.1
and 1.2 of Chapter 6, as presented in § 89 of that chapter.

4 Subpotential Lower Bounds

Return to the Barenblatt solutions to the prototype p-Laplacian equation,
introduced in (3.3)—(3.4) of Chapter 4. While introduced in the context of
degenerate equations (p > 2), they are well defined also for p < 2 provided

A>0 = FH<p<2, (4.1)

that is, if p is in the singular supercritical range (4.1). For p in such a range
we rewrite the Barenblatt solution with “pole” at (x,,t,) as

1 lo — 0| \ 7217 52
o tioto) = e [LH G (0 4.2
with .
INpg=12—
c, = (—) LTl A=N@p-2) +p. (4.3)
A P
As p — 2 this converges pointwise to the heat potential with pole at (z,,t,):
) 1 *'f?mf‘Q
F(J?,t,xo,to) = We (t—to)

In this sense the Barenblatt solutions (4.2)—(4.3) are the p-potentials of the
prototype p-Laplacian equation (1.3) of Chapter 3. In view of (4.1), these p-
potentials cease to exist for p in the critical and subcritical range 1 < p < 1\2,—1_?_’1
Thus the intrinsic Harnack inequalities of Theorems 2.1 and 2.2 cease to hold
precisely when these p-potentials cease to exist.

These p-potentials drive, in the sense made precise by Proposition 4.1
below, the structural behavior of nonnegative solutions to the singular, ho-

mogeneous, quasilinear equations (1.1)—(1.4).

Proposition 4.1 Let u be a nonnegative, local, weak solution to the singular
equations (1.1)—(1.4) in Erp, with p in the supercritical range (4.1), and let
€ and ~y be the constants in the intrinsic Harnack inequality (2.1) of Theo-
rem 2.1. For every (z,,t,) € Ep such that u(z,,t,) > 0, and all (x,t) in Ep
with
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Kigjp—a,)(xo) CE  and 0 <t—t, <e8 P, (4.4)
we have
u(z,t) [ 2-p (| — 20| \ 2T 52
—— L > v |1+ yu(z,, to p—l(—) } , 4.5
w(wo,te) = i ) (t—t,)> (4:3)
where

. -1 2-p 1
Yo =min{l, v} and = (yr-1 —1)er-1.

Proof Fix (z,t) as in (4.4) and consider the line segment ¢, through (z,,t,)
and (z,t)

T —
t—1o

and the p-paraboloid with bottom vertex at (z,, t,)

l, Y— Ty = (s—to), to<s<t

P, s —t, = eu(w,, tO)Q*p\y — x,|P.

By (4.4) ¢, C Ep. If £, does not intersect P, at points other than (z,,t,),
then (4.5) follows from the intrinsic, forward Harnack inequality (2.1). Let
then ¢, intersect P, at (r1,t1) with |21 — 2,| < |z — x,|, and

1 t—1,
eU(Zo,t0)27P |2 — 20|

w1 — zoP T =

t) — to =€u(To, to)P 2|z — 20|P.
Iteration of this process gives a finite sequence of points (x;,t;), with j =
1,...,n,such that t, <t; <--- <t, <t, and
1 t—1o
eu(w;, t;)° P |z — x| (4.6)

tivr =t = (), t;)* Plajia — oyl

2541 — 2P =

and where (z,,,t,) is the first point not overcoming (z, t). Using the intrinsic,
forward Harnack inequality of Theorem 2.1,

w(zy, t;) < yu(mjpr,tj41), j=0,...,n—1,
provided the cylinder
(25,t;) + Qsp, (0;)  with 0; =u(z;,t;)*7" and p; = 2541 —
is contained in Ep. This is the case if
tj — (8pj)P0; =0

which, in view of (4.6), is verified if
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]P
t; — ?(tj+1 —tj) > 0.

This in turn holds true by virtue of the last of (4.4). A similar argument for
the space variables guarantees the inclusion of

(), t5) + Qsp,(0;) C Er.
We infer that

u(xjvtj) > 7_j u(xmto)~ (4.7)
This and (4.6) imply
n—1
‘.’E - xo| > ZO ‘xj+1 —.’Ej‘
-7:

=) B @)
<‘£:t;o\)ﬁ(eu(wn,1tn)2 >7nz( ) K
B (;:t;o)H(eu(a:n,ltn)%p)p_lq(l:z )

where ¢ = 'yﬁ%i. From this

q(evvc(acn,tn)2 Pyt (F—))Pl >1

t—1t,)7

v

q"+
On the other hand, (4.7) written for j = n gives

(u(xmtn))% > g
w(o,to)

Combining these estimates proves the proposition if (x,,t,) = (z,t). This,
however, can be assumed without loss of generality, by a possible further
application of the Harnack inequality, and by possibly slightly modifying the
constant 7 if needed. ]

Remark 4.1 Notice that (4.5) gives the same decay in the space variables as
the Barenblatt “fundamental solution” of (4.2).

Remark 4.2 An estimate of the decay of u in time can be derived by con-
sidering the sequence

to=5>0, t1=(140)s, ..., th(l—I-O')kS:T,
with 0 < o < & 337+ A repeated application of the forward Harnack inequality
(2.1) for sufficiently large s yields

Invy/In(140)
s> ! u(0, s).

u(0,7) > (—

T
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Remark 4.3 The proof of (4.5) hinges on applying the Harnack inequality
(2.1) of Theorem 2.1 in intrinsic cylinders (x;, ;) +Q@sp, (¢;). The only require-
ment for the Harnack estimate to hold is that these cylinders be contained
within the domain of definition of the solution u. Part of the proof is to verify
such inclusion at each jth step.

The Harnack inequality (1.6) of Theorem 1.1 of Chapter 6 holds for non-
negative solutions to singular equations (]\2[—11 < p < 2) with full quasilinear
structure such as (1.1)-(1.2) of Chapter 3. However, for such general struc-
tures, Theorem 1.1 of Chapter 6 requires the further inclusion (1.3)—(1.5).
As remarked in that context, this requirement is only qualitative as all con-
stants and all arguments are independent of the number M. If such qualitative
assumptions could be removed from Theorem 1.1 of Chapter 6, then the sub-
potential lower bounds of Proposition 4.1 could be extended to nonnegative
weak solutions to supercritical singular equations with full quasilinear struc-
ture. Such an extension would be of significance as these general quasilinear
equations do not satisfy any form of the comparison principle and thus their
solutions are not comparable to the Barenblatt potentials (4.2)—(4.3). This is
the case for the degenerate case p > 2 as presented in § 6 of Chapter 5.

5 Monotone Structures for Singular Porous Medium
Type Equations

Consider parabolic equations of the type of (5.1)—(5.6) of Chapter 3 which are
singular (0 < m < 1), homogeneous (C' = 0), and with structure conditions
that insure existence and uniqueness of basic Dirichlet boundary value prob-
lems in cylindrical domains E7 for a bounded open set £ C RY with smooth
boundary JF. Specifically, let E be a domain in RY and consider quasilinear,
singular parabolic partial differential equations of the form

ug — div Az, t,u, Dlu|™ 'u) =0  weakly in Er (5.1)
where the vector-valued function
Er x Rx RN 3 (z,t,2,n) = A(z,t,z,n)

is only assumed to be measurable and subject to the structure conditions

Az, t,z,n)-n > Coln|? . N
P .e. Er xR xRY, 5.2
{A<x7t,z,n><cln| a.e.in By (5.2)

where C, and C are given positive constants. The principal part A is required
to be monotone in the variable 7 in the sense

(A(xvt’zanl) - A(.T,t,Z,’l]g)) : (771 - 772) >0 (53)

for all variables in the indicated domains and Lipschitz continuous in the
variable |z|™ 1z, that is,



200 7 Homogeneous Monotone Singular Equations
[A(z, T, 21,m) — Az, 1, 29,m)] < A‘\lem_lm =zl n)  (5.4)

for some given A > 0, and for the variables in the indicated domains. A
prototype example is

uy — (m aij(x,t)\u|m_1uxi)xj =0 weakly in Erp (5.5)

where the matrix (a;;) is only measurable and positive-definite in E7. The
notion of local solution to (5.1)—(5.4) is the same as that to (5.1)-(5.6) of
Chapter 3.

Here we require a stronger notion of solution; precisely, weak sub(super)-
solutions are also required to be in the class

we WhH0,T; LL.(E)). (5.6)

loc

Let now E be a bounded open set in R"Y with smooth boundary OE, fix T > 0,
and consider the boundary value problem

u e C,T; L™ (E)) nWh(0,T; L*(E))
[ul™ € L*(0, T; WH*(E))
uy — div A(z, t,u, Dju|™ 'u) =0  weakly in Ep (5.7)
™, t) |, p= g(t) € L2(0,T; W2 (E))
u(-,0) = u, € L™H(E).
With these specifications, the Dirichlet data g(-,t) on OF for a.e. t € (0,7,

are taken in the sense of the traces of functions in W12(E) and the initial
datum wu, is taken in the sense of continuous functions in ¢ with values in
L™H(E).

The existence of solutions to (5.6)—(5.7) has been discussed under a num-
ber of different assumptions (see, for example, [108, 86, 133]). For continuous
boundary value problems, under suitable approximation conditions, the exis-
tence of solutions can be deduced from their regularity properties as in [131].

Proposition 5.1 Let A satisfy the structure conditions (5.2)-(5.4). Then the
boundary value problem (5.7) has at most one solution.

Proof If w and v are two weak solutions to (5.7), in their respective weak
formulation take the test function

H.§) with €= |uf™ "u— o™

where H.(-) is the approximation to the Heaviside function introduced in
(1.7), and subtract the expressions so obtained to get
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/t/(u—v)THg(f)dxdT

0 E
t

+/ /Hg(g) [A(z,7,u, Dlu|™ 'u) — A(z,7,u, D|v|™ "v)] - D¢ da dr
0 E

t
:/ /H;(f)(A(x,T,v,D\U\mflv)—A(x,T,u,D|v|mflv)) - DEdx dr
0o JE

for all ¢ € (0,T). The second term on the left-hand side is discarded by the
monotonicity (5.3) of A. As e — 0, the first term tends to

/ot /E(u ~V)rdvdr = /E(“ —v)4(z,t)dz,

for all t € (0,T). The term on the right-hand side is estimated by making use
of the Lipschitz continuity (5.4), and is majorized by

A t
—/ / £(1 + |DJw|™ Yo|)|D€|dx dr
€ Jo JEN[o<t<e]

¢
SA/ / (1+ |DJo|™ Y0|)|D€|dzdr — 0 as € — 0. (]
0 JENjo<e<e]

Corollary 5.1 (Weak Comparison Principle) Let A satisfy the struc-
ture conditions (5.2)-(5.4). Let u; for i = 1,2 be weak solutions to (5.6)-
(5.7) corresponding to initial and boundary data u,; and g; in the indicated
functional classes. If

Uo1 S Up2 a.e.in B and g1 < g2 a.e in OE x (0,T),
then w1 < ug a.e. in Er.

In what follows we take m in the supercritical range

-2

N <m<lL (5.8)

The more stringent structure conditions (5.2)—(5.4) on A afford a wider spec-
trum of techniques, and permit one to improve the theory in several directions.
Here we mention one such improvement.

5.1 A Less Constrained Harnack Inequality

The intrinsic Harnack inequalities of Theorems 16.1 and 16.2 require that
the intrinsic cylinders (z,,t,) + Qf(@) defined in (16.2) of Chapter 6 are
well within the domain of definition of the solution. This is quantified by the
requirements (16.3)—(16.5) of the same chapter. As indicated in that context,
the various constants of the Harnack inequalities and the structure of the proof
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are independent of M. However, this would make cumbersome applying the
Harnack inequality to a sequence of points (z;,t;) and radii p;, for each of
which the requirements (16.3)—(16.5) of Chapter 6 would have to be verified.
Applications of this kind include subpotential lower bounds similar to those
of § 16.3 of Chapter 5. The structure conditions (5.2)—(5.4) permit one to
establish a Harnack estimate for intrinsic cylinders

u(anto) >0, (xmto) + Qétp(e) CEr, 0= [u(xmtO)]l_m (5'9)

with no further reference, albeit qualitative, to the quantity M in (16.3) of
Chapter 6.

6 The Intrinsic Harnack Inequality

In all statements below let u be a continuous, nonnegative, local, weak solution
to the singular equations (5.1)—(5.4) in Ep, for m in the supercritical range
(5.8). Moreover for a fixed (z,,t,) € Er and p > 0 construct intrinsic cylinders
of the form of (5.9).

Theorem 6.1 (The Intrinsic, Mean Value, Harnack Inequality) There
exist constants € € (0,1) and~y > 1 depending only on the data {m, N, C,, C1},
such that

471 sup u(~,to — eu(aco,to)lfmpz) < u(xo,to)

Ko (o) (6.1)

<7 dnf ulsto+eul@oto) 0.

p(Zo

The constants €,7~' — 0 as m — %, but they are stable as m — 1.

Theorem 6.2 (Time-Insensitive, Intrinsic, Mlean Value, Harnack In-
equalities) There exist constants € € (0,1) and 7 > 1, depending only on the
data {m, N, C,, C1}, such that

571 sup u(-,0) <u(wo, to) <7 inf u(-,7) (6.2)

K,(zo) Kpy(zo)
for any pair of time levels o, T in the range
to — Eu(To to) TP < 0,7 <ty Eu(To, to) TP (6.3)

The constants € and 3~ tend to zero as either m — 1 or m — (N_T2)+
Comments on these theorems can be formulated as in § 16.1-16.3 of Chapter 6.
In all cases the key inequality to establish is the right-hand-side estimate in
(6.3), as the remaining ones follow from this by stability estimates and geo-
metrical arguments. We state independently such a right-hand-side estimate,
to stress its independence of the requirements (16.3)—(16.5) of Chapter 6.
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6.1 The Right-Hand-Side Harnack Estimate of Theorem 2.2

Proposition 6.1 There exist constants € € (0,1) and 7 > 1, depending only
on the data {m,N,C,,C1}, such that

u(zo,to) <7 inf wu(-,t) (6.4)

p(Zo

1

for all times t in the range (6.3). The constants €,7~' — 0 either as m —

%orasmﬁl,

The new element of the proof is a novel form of the expansion of positivity
based on the comparison principle, afforded by the new structure (5.2)—(5.4).
The proof continues to use the L —~LgS Harnack-type estimate given in The-

orem 17.1 of Chapter 6, valid for
A=N(m—-1)+2>0, ie,for T2 oo (6.5)

The remaining arguments are essentially identical to those of § 3 with the
obvious modifications. In particular, conditions (5.2)—(5.4) insure that the
analog of (3.11) in this context has indeed a solution (see, for example, [133,
86]). Such a solution w is unique by Proposition 5.1.

6.2 Subpotential Lower Bounds

Return to the Barenblatt solution to the prototype porous medium equation,
introduced in (15.3) of Chapter 5. While introduced in the context of degener-
ate equations (m > 1), such a solution is well defined also for m < 1, provided
(6.5) holds. For m in such a range we rewrite the Barenblatt solution with
“pole” at (x,,t,) as

T80, 10) = ——— (14 B(N, m)M) = (66)
(t—1to)> (t—1to)>
with
b(N,m):NQ(]lv—;l;n), A=N(m—-1)+2. (6.7)
As m — 1 this converges pointwise to the heat potential with pole at (z,,t,):
I'(z,t;20,t,) = ;eflzgmfo‘?
(t—to,)N/2

In this sense the Barenblatt solutions (6.6)-(6.7) are the m-potentials of
the prototype porous medium equation (5.3) of Chapter 3. In view of (6.5),
these m-potentials cease to exist for m in the critical and subcritical range
0<m< % Thus the intrinsic Harnack inequalities of Theorems 6.1
and 6.2 cease to hold precisely when these m-potentials cease to exist. These
m-potentials drive, in the sense made precise by Proposition 6.2 below, the
structural behavior of nonnegative solutions to the singular, homogeneous,
quasilinear equations (5.1)—(5.4).
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Proposition 6.2 Let u be a nonnegative, local, weak solution to (5.1)-(5.4)
with m in the supercritical range (6.5), and let € and v be the constants in the
intrinsic Harnack inequality (6.1) of Theorem 6.1. For every (x,,t,) € Er
such that u(z,,t0) > 0 and all (x,t) in Ep with

€
—t,

Kigjp—z,(®o) CE  and 0<t—1t, < 2

we have

u(z,t)
w(To, to)

(@, to) ™2 — x0|2) e
b

2%<1+71 -
o

where
Yo =min{l, 7'} and v = ("™~ 1)e

The proof is almost identical to that of Proposition 4.1. Remarks analogous
to Remarks 4.1-4.3 apply to these porous medium type equations. [ |

7 Remarks and Bibliographical Notes

The idea of using the comparison principle to establish Harnack estimates for
solutions to degenerate and/or singular equations appears first in [30] in the
context of equations of the porous medium type. The proofs of Propositions 1.1
and 2.1 are adapted from [30]. The subpotential lower estimates of § 4 are
taken from [51]. Further discussion on sub(super)-solutions to homogeneous,
monotone, parabolic p-Laplacian equations is in [92].



8

Appendix A

A.1 An L -Form of the Harnack Inequality for All
p € (1,2)

Proposition A.1.1 Let u be a nonnegative, local, weak solution to the sin-
gular equations (1.1)-(1.2) of Chapter 3, for 1 < p < 2, in Ep. There exists
a positive constant y depending only on the data {p, N,C,,C1}, such that for
all cylinders Ko,(y) x [s,t] C Er, either

1

Cp>min{l, €} where €= (pr_ps)ﬂ (A.1.1)
or
sup / u(z, 7)dr <~ inf u(x, 7)dx + 'y<t _AS) = (A.1.2)
s<T<t S Ky (y) ST K2 () P
where

A=N(p—2)+p.
The constant v = ~(p) — oo either asp — 2 or as p — 1.

For A > 0, the parameter p is in the singular, supercritical range (1.1) of
Chapter 6, and if A < 0, p is in the singular, critical and subcritical range (11.1)
of Chapter 6. However, the Harnack-type estimate (A.1.2), in the topology of
Li ., holds true for all 1 < p < 2 and accordingly, A could be of either sign.

A.1.1 Auxiliary Lemmas

Lemma A.1.1 Let u be a nonnegative, local, weak supersolution to the sin-
gular equations (1.1)-(1.2) of Chapter 3, for 1 < p < 2, in Ep. There exists
a positive constant y depending only on the data {p, N,C,,C1}, such that for
all cylinders K,(y) x [s,t] C Ep, and all o € (0,1), either (A.1.1) holds, or

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 205
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-1584-8 8,
© Springer Science+Business Media, LLC 2012
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t
/ / 77 (u + €)” 7| DulP¢Pdw dr
s Kop(y)

1
v (t—s\* Ny2EH
<y () e

where € is defined by (A.1.1), and

S= sup/ u(z, 7)dx.
Ky (y)

s<T<t

The constant y(p) — oo as either p — 1,2.

Proof Assume (y, s) = (0,0), fix o € (0,1), and let  — () be a nonnegative,
piecewise smooth cutoff function in K, that vanishes outside K, equals one
on K,,, and such that

1
D¢l < -
(L—0o)p
In the weak formulation (1.5) of Chapter 3 take the test function
Qo =—tr (u+ 6)17%(:1) for some € > 0,

modulo a Steklov averaging process. This gives
2 _ t
—pco/ / 77 (u+ €) 7| DulPPda dr
p 0 JK,
P l&/n op—1
< — b u+e) 7 (z,t)(Pdx
5 —1) Kp( )77 (2,1

t
+p01// T%(u—|—6)17%|Du|p_1cp_1|DC|dwdT
0 JK,

9_ t
+ pCp// T%(u—l—e)*%gjpdwdT
p 0 JK,
t
—|—Cp// T%(u—l—e)l_%gz’dxdT
0 /K,
t
+pC’°‘1// 75 (u+ €)' 5PV DC|dw dr
0 /K,

t
—I—C'// T%(u—i—e)l*%\Du\p_l(jpdardT.
0o JK,

From this, by repeated application of Young’s inequality
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t
// 7o (ute)” %|Du|p(pdxd7§'yt%/ (u+ )27 (z,t)(Pdx
0 K K

P o

t
+7//KT%(u+e)p—%(|Dg|p+cp<p)dxd7

—I—WC"’/ / %u—i—e b (Pda dr

where 7 = ~y(data) tends to oo either as p — 2 or as p — 1. By Holder’s
inequality

yts / (u+)*'F (z,t)¢Pdx
K

P

op—1
[C) »
Syt%plmpp ( sup / u(x,T)dx—i—e(Qp)N)
K

0<7r<¢t

-1

1
t\? 2p-1
Sw(;) (S+ep™)" 7.
Next,

t
7// T%(u+6)P*E(\DQP+Cpgp)dxd7-
0 JK,

P P »
1+Cp // Tp u+ep2(u+e) U dedr

1—0'Ppp

1 P p=
§7M< )e” 25 sup / (u+ €)? 5 da

(L—o)r \pP o<r<tJK

1+Cppp( ) of t\7 Ny22EL
s
<Gy ) x) (8 +en”)

Finally,

t
Cp// T%(u—l—e)*%(jpdardT
0 JK,
Co\' [t paf t\w ap=1
SW(?) (i) (7)) (™7

Combining these estimates,

t
/ / T%(u—i- 6)7%|Du|p§pdxd7
o /K,

P (Cp)? AR Ny 22
< B P pP— - P
< 2o e+ (L)) () s
To prove Lemma A.1.1, choose € as in (A.1.1) and stipulate that C' violates
the first of (A.1.1). ]
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Lemma A.1.2 Let u be a nonnegative, local, weak supersolution to the sin-
gular equations (1.1)—(1.2) of Chapter 3, for 1 < p < 2, in Ep. There exists
a positive constant v depending only on the data, such that for all cylinders
K,(y) x [s,t] C Er, and all 0 € (0,1), either (A.1.1) holds, or

1

1 [t t—s\25
_/ / \Du\pfldxdT S 58 + 'V(p) — < )\S)
pJs S [02(1 —o)p]2=r * P

for all 6 € (0,1). The constant v(p) — oo as either p — 1,2.

Proof Continue to assume that (y,s) = (0,0) and that C violates (A.1.1). By
Hoélder’s and Young’s inequalities,

// |DulP~ 1dxd7—// T (ut€)” %%muw*l}

p—1 2p—1

[7’ % P (ute)r » }da:dT

p—1

// %u—l—e |Du|pala:al7')T
// T Yu+ €)? Pdde);

< —( t ) (S-l—e )zple
ST —op T\ g
P t Nz
< 0pS + =51 -1 <_/\) " u
27 (1—0o) 2> P

A.1.2 Proof of Proposition A.1.1

Assume (y, s) = (0,0) and for n =0,1,2... set

n o1 ~ + ~
Pn = Zl gpy K,=K,,; Pn = Pn T Pntl 20n+17 K, =K;,
j=

and let z — (,(x) be a nonnegative, piecewise smooth cutoff function in K,

that equals one on K,,, and such that | D(,| < 2"*2/p. In the weak formulation
of (1.1)—(1.2) of Chapter 3 take ¢, as a test function, to obtain

/ u(w,ﬁ)(ndacg/~ u(z, 72)(pdx

n n +2 7—2
[Cl-i-(Cp)]‘/ / |Du|p’1dxd7‘
T1 Ky

on N (%)p_l [1+(Cp)] (%) -
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for any two time levels 71 and 72 in [0, ¢], where € is defined in (A.1.1). There-
fore, if C' violates the first of (A.1.1),

/ u(w,Tl)de/K u(x, mo)dx

n 2p

1
2 [t t\ 77
+L// | DulP~tdx dr 4 272 (—/\) .
P Jo JKk, P

As time level 19 take one for which

/ u(x, mo)dr = inf u(x, 7)dx def 7.
K2p 0<r<t sz

Also set
Sy = sup/ u(z, 7)dx.

0<r<t

n

Since 11 € [0,¢] is arbitrary, the previous inequality yields

1
on t t 3—p
Sp <T+ L/ / |DulP~Ydx dr 4 2" <—/\> .
P Jo JK, p

The term involving |Du| is estimated above by applying Lemma A.1.2 over
the pair of cubes

K, C Kny1 for which (1 —¢)=2"*2,

and for
5= ’77127“72507

where €, € (0, 1) is to be chosen. For these choices

gnt2 £\
(D™ dadr < e + (0o ()7
p Jo Jk, P

where b = 27" Combining these remarks gives the recursive inequalities

Sn < eoSn+1 + y(data, £,)b" {I—i— (pi’\)le}

From this, by iteration

S, < €S, + (data, £,) [z + (p%) f] ngll (cob)i.

Choose €, so that the last term is majorized by a convergent series, and let
n — o0. |



210 8 Appendix A
A.1.3 An Estimate for Supersolutions

Both the supporting Lemmas A.1.1 and A.1.2 are valid for supersolutions,
as stated. However, the proof of Proposition A.1.1 requires the full notion of
solution, since the pair (71, 72) is arbitrary, and in particular nonordered.

A parallel but weaker statement holds for supersolutions.

Proposition A.1.2 Let u be a nonnegative, local, weak supersolution to the
singular equations (1.1)—(1.2) of Chapter 3, for 1 < p < 2, in Ep. There
exists a positive constant v depending only on the data {p, N,C,,C1}, such
that for all cylinders Ka,(y) x [s,t] C Er, either (A.1.1) holds, or

t—s\ =5
sup / u(z, 7)dx < 'y/ u(z, t)dr + 7( /\S) ’ (A.1.3)
S<T<tJK,(y) Kap(y) P

where

A=N(p—2)+p.
The constant vy = ~(p) — oo either asp — 2 or as p — 1.

Proof A standard adaptation of the previous argument. [ |

A.2 L] —Li° Estimates
Proposition A.2.1 Letu be a locally bounded, local, weak sub(super)-solution
to the singular equations (1.1)-(1.2) of Chapter 3 for 1 < p < 2, in Ep, and
let ¥ > 1 such that

AM=N(p-—2)+rp>0.

There exists a positive constant vy depending only on the data {p, N,C,,C1},
such that for all cylinders K,(y) x [2s —t,t] C Er, either (A.1.1) holds, or

sup  u <7( a )AA< ! /t / u’“daxdT)%
> + >
Ky, () [5.] t—s) \pN(t—5) Jost Ji,0)

t—s ﬁ
+( ~ )
Proof The proof will be given for nonnegative weak subsolutions, the proof

for the remaining case being identical. Assume (y,s) = (0,0) and for fixed
o€ (0,1)and n=0,1,2,... set

l-0o l1-0o
pnzap—i- on P tn:—O't— n ta

Kn:Kpnv Qn:Kn X (tnvt)'

This is a family of nested and shrinking cylinders with common “vertex” at
(0,t), and by construction
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Qo=K,x (—t,t) and Qoo = K,, X (—0t,t).
Having assumed that u is locally bounded in Er, set

M = esssup max{u,0}, M, = esssupmax{u,0}.
Q

o oo

We first find a relationship between M and M,. Denote by { a nonnegative,
piecewise smooth cutoff function in @,, that equals one on @Q,,41, and has the
form ((x,t) = (1(x)(2(t), where

1 in Kpiq A
= < P EE—
G {o in RY — K, |D<1|_(1—0)p

0 for t<t, ontl
= Z < < —;
G {1 for t >ty 0SS (1—o)t’

introduce the increasing sequence of levels k, = k — 27"k, where k > 0 is

to be chosen, and in the weak formulation (5.1) of Chapter 3, take the test
functions (v — kp+1)+CP. The energy estimates (2.3) of Chapter 3 yield

sup /K [(u = kps1)+¢)° wTdﬂH—// [(u = kny1)4C)|Pda dr

tn <T<L

= (—W [1+(Cp)] // (u = kng1) da dr (A.2.1)

1_0 // — kny1) da:dT—i-“pr // Xty 1), 5042 dT.

A.2.1 Proof of Proposition A.2.1 for p in the Range
max{1, N+2} <p<2

This amounts to taking A, > 0 with r € [1,2]. Estimate

2(2-p)n
// — kpy1)} dedr < y—5— k;2 - // dxdT
// X[u>kny1)d2dT < 'y— // (u—k dxdT

Then the energy estimates (A.2.1) yield

sup / [(u - n+1)+§ x, 7' da? + // u — n+1)+d|pda:d7'
tn<t<tJK,

22" 1+ (Cp)P 1
< (1—0)1’( kD // % dxdr.

If condition (A.1.1) is violated, this implies further
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sup /K [(u = kny1)+C)? a:Tda:—i—// [(u — kpy1) s C]|Pdx dr

tn<T<t
ol ()l [ e
< 1= | Ydzd
S T =0yt L\ + + T AT.
The last term in [...] is estimated by stipulating to take
_1
t\ 77
k> (—) . (A.2.2)
pp

This gives the inequalities

sup /K [(u - n+1)+§ x, T dﬂ? + // u — n+1)+d|pda:d7'
22n

tn<T<t
1 — o // dar dr.

By Holder’s inequality and the embedding Proposition 4.1 of the Preliminaries

2N
// (1 = Eny1)2dadr < // [(w = kns1)4CP N da dr )”(N“’
Qn+1
-5
X[(u—Fknt1)+ >0]dx dT)
Qn
<o(/ / (- nﬂpcwdxdf) (

< sup /K 10— k), 7))

tn <7<t

1- p(IzVIYl—?)
< ( o, Xltumknrn) >0 dr)

(// (4 — k)2 dadr ) v TN
1_p(12VIX—2)
( X[(u—kn+1)+>0]dx dT) :
Qn

2n+1
// X[(u—kns1)s>0/d2 dT < // 2 dxdr
Ya diﬂdT—# u— kp)2dzdr.
1@l // ) (u = kn)

n

2
N+2

2n

7((1—a rt

3
p

X

Estimate

and set
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Then the previous recursive inequalities can be written more concisely as

n 2 2p
Y1 < ”b (pp )y
(1— a) 2(a-2)
where )
Q—pNXf2 >2 and b=220Fa%),

By Lemma 5.1 of the Preliminaries, Y,, — 0 as n — 400, provided k is chosen
from )
t\%
Y, = wdrdr =~vk»@ (1 _U)N+p<_>
Qo pP

For this choice

dat P\ 2 N
M, < W(—affv)ﬁ(p?) (# addr) "

(1 — o’) N(q—2) o
dat =3 (2=r) s
M, < —7( ap(aN)er) (ﬁ) QMII\)f(%r?) (# u” dx dT) =
(1—o)~as \ 1t Qo

From this, by Lemma 5.2 of the Preliminaries, and taking into account (A.2.2),
we conclude that

1

N - "
KéiliIfO,t]uS,y(%) " (]%[Ou’“dxdq—)A _1_7(; )2 5

A.2.2 Proof of Prop051ti0n A.2.1 for p in the Range

1 < p < max{1, N+2}

The requirement A, > 0 implies

r>22q:p¥.

B ) 2n<r ») B
(u kny1)idedr <~ (u " dxdr
2n(r 2)
// — n+1 2dedr < y // da:dT
// u>k 1

Taking these estimates into account and assuming that condition (A.1.1) is
violated, the energy estimates (A.2.1) yield

Estimate

L dxdr.
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sup /K [(u - n+1)+C x, 7' da? + // U — n+1)+<]‘pd$d7'

tn <7<t

i )P e () )] // vk dr

Assuming (A.2.2) holds, this implies

sup / [(u = kpy1) 1] dex—i—// [(u = kny1)+C][Pdxdr
tn<t<tJK,

277/"
< —
(l—aPtkr 2// L dxdr.
Y, \Q // L dxdr

Yo < ”UHOOQO 0n |// — kpt1) dwd7’>.

Applying the embedding Proposition 4.1 of the Preliminaries, the previous
inequality can be rewritten as

Set

and estimate

)

— bn 1 1+
< r—q (ﬁ) s N
Yn+1 = ’yHuHoqQo t (1 U)%(N+p) k(’“*z) N;rrp Y,
where b = 27V *_ Apply Lemma 5.1 of the Preliminaries, and conclude that
Y, — 0 as n — 400, provided k is chosen to satisfy

N
P

T r— Q), t r—9)Ntp
yo:ﬁ e dr = (1= o) Pl o, () TR,

which yields

N(r—q)
M (N+p)(r—2) % ! l %
Mo S Y D (pp) = ( ur da? dT) (=2 .
(1 — 0—) r—2 t Qo

The proof is concluded by the interpolation Lemma 5.2 of the Preliminaries.
|

Remark A.2.1 The proof shows that the boundedness of u plays a role only

when 1 < p < 1\%—52’ and one does not need to assume it a priori, when

2N
P> N1z
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A.3 Lfoc Estimates Backward in Time

Proposition A.3.1 Letwu be a locally bounded, local, weak sub(super)-solution
to the singular equations (1.1)—(1.2) of Chapter 3, in Er, for 1 <p < 2, and
assume that u € L] (ET) for some r > 1. There exists a positive constant -y,

depending only on the data {p, N,C,,C1} and r, such that either

Cp > min{l, M} (A.3.1)
where .
M+ = ( sup ][ u;(x,s)dar) ", (A.3.2)
T<s<tJ K, (y)
or

t—7) 1%
sup / uly (z, s)dx < ’y{/ uly (z, T)dx + {( )\7') }2 }
T<s<t JK,(y) Ka,(y) P

for all cylinders
Koy(y) x [1,t] C Er.

A.3.1 Proof of Proposition A.3.1

The proof will be given for nonnegative subsolutions, the proof for the re-
maining cases being similar. Assume (y,7) = (0,0), fix o € (0,1], and choose
¢ € C3°(K(144),) satisfying

0<(<1inKayoyp ¢=1in K, [D¢ <v(op)™" in Kite),

for a constant v depending only on N. Let M be a positive constant to be
chosen, and let ¢ be a parameter in the range

max{r—1,1} <g<r.
In the weak formulation (1.5) of Chapter 3 take
_ M q
fe with p)=wrt (U2 (433)

as testing function, modulo a standard Steklov averaging process. One verifies
that

(r— 1)%&”(%)(1 < f'(u) < W—z(%)q‘l,

Set

Flu) = /]; F(v)dv

and integrate over
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Qs = K(140), X (0,5] with s € (0,1]
to get
0= // F(u),CPdxdr + // A(x,7,u, Du) - Duf'(u)(Pdx dr
QS QS
+p// P f(u)A(x, T, u, Du) - D¢ da dr
Qs

—// B(z,7,u, Du) f(u)(Pdx dr
Qs
=T+ T+ T3+ T}

Since ( is independent of T,

n- |
K

Flu)(x, $)CP (x)dz — / Fu) (2, 0)CP (x)da.

(1+0)p Kato)p
Moreover,
Ty = // ()P A(z, 7,u, Du) - Dudz dr
Qs
> Co(r—1) // M|Du|p(:pda:d7'
Q. U
M -1
_qcr // ur—2(u)q Pz dr.
Qs u
Next,

73| gp// F @) [Ca|DulP~ 1| D¢| + €Y D[] v da d,
Qs
|T4| < C//Q |DulP~ f(u)¢Pdx dr + CP //Q fw)¢Pdxdr.
Combining these remarks,
f(u)
F Pd -1)C, —2|Du|P(Pdx d
/ R () [ B wupcraz ir

C
<Zlavop [ /Q D ¢

(Cp)pil p—1
e (1+Cp) //Q f(uw)CP~dx dr

_|_qop//Q ur—z(w)qilgpdxch

_|_

u

+/K F(u)(-,0)¢Pdx.

(1+o)p
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If condition (A.3.1) is violated, estimate

pCl p—1,p—1

—(1+4Cp) f(w)|DulP~*¢P dadr

P Qs
< —C M\Du\pcpdxah'

Qs U
Y r+p—2
—l—Uppp//su dx dr

for a constant v = y(r, p, Cy, C1). These remarks imply

/K F(u)(~,s)dw§/K Flu)(-,0)(Pd

P (1+0)p

gl r+p—2
+ ey // u" P dx dr

Y 1 Cp r—1
+— ey ((C )P // dx dr.

By elementary calculations and the Young inequality,

/ u"(+, 8)dx < 2r sup F(u)(-, s)dx +5M" | K|
K,N[u>M] 0<s<tJK,

for a constant ¥ = ¥(r,p, ¢, C,, C1). From this

sup ][ u' (-, s)de < 2r sup ][ F(u)(-,s)dx + (L+75)M" )
0<s<tJK 0<s<t
Choosing

3=

v Y AL S
M:[4r<1+w>ﬁ<oil?it7ip“(’ ) e

with M, given by (A.3.2), these inequalities yield

sup / ur(-,s)dxgll/ u"(-,0)dx
0<s<t JK, K

(A+o)p
+ O'pr // u"tP 2 dy dr (A.3.4)
(Cp)
Jpp ((C’p)p by p // "tdx dr.
Estimate
rtp—2 tr

il // u’““’*Qddegl( sup/ u’“(~,s)dw) ) (A)
oPpP oP \o<s<t K110y por

s
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To estimate the last term on the right-hand side of (A.3.4) assume that (A.3.1)
is violated, so that Cp < M,.. With this stipulation

gl p—1 (Cp)? r—1
e ((C’p) + T ) 0. " dadr

2
< —VMg’*l// u'dz dr
o'ppp

s

2 HEEE TN
< 1( sup / ur(-,s)dx> ( 5 ) .
0P \o<s<t K(i+o)p pr

From this

sup / u' (-, s)dx S’y/ u”(+,0)dx
K

Oss<tJK, Kato)p

r+p—2 tr

1
+l( sup / uT(-,s)dx) ’ ( ) )T.
TP N 0<s<t JK (140, per

Fix R > 0 and consider the sequence of radii

so that
Prnt1 = (1 + 0n)pn for On

Setting
Y, = Sup/ u' (-, s)dx
K

0<s<t

the previous inequalities yield

% r+p—2
T

tr
Y, < ’7/ ’LLT(,O)dZL'—i-’an( B ) YnJrl
Kar per

The proposition now follows from the interpolation Lemma 5.2 of the Prelim-
inaries. |

Remark A.3.1 The proof shows that the constant v depends on (r — 1) and
v(r) > o0 asr — 1.

Remark A.3.2 Theorems 2.1 and 12.1 of Chapter 6 follow combining Propo-
sition A.2.1 respectively with Propositions A.1.1 and A.3.1.
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A.4 Remarks and Bibliographical Notes

The idea of a Harnack-type estimate in the topology of Li. . appears first in
[31]. It is reported in [41] for solutions to the singular (1 < p < 2) proto-
type equation (1.3) of Chapter 3. A proof for singular equations with the full
quasilinear structure (1.2) of Chapter 3 is in [51].

For the prototype singular p-Laplacian equation, the local sup estimates
of § A.2 are essentially in [41], taken from [130]. The proof presented here
covers equations with the full quasilinear structure (1.2) of Chapter 3.

For homogeneous (C' = 0) singular equations, the backward in time esti-
mate of Proposition A.3.1 follows from standard energy estimates obtained
by taking the test function u”~¢? in the weak formulation (1.5) of Chap-
ter 3. For nonhomogeneous structures (C # 0), this method fails. The proof
we report here essentially follows an idea of Lieberman [106], based on intro-
ducing the test function in (A.3.3). The only difference with respect to the
approach of [106] lies in the conclusion, where the interpolation Lemma 5.2
was used, instead of the Gronwall Inequality as in [106]. The motivation is in
establishing estimates with constants independent of time.
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Appendix B

B.1 An L] -Form of the Harnack Inequality for All
m € (0,1)

Proposition B.1.1 Let u be a nonnegative, local, weak solution to the singu-
lar porous medium type equations (5.1)-(5.2) of Chapter 3, for 0 < m <
1, in Ep. There exists a positive constant v depending only on the data
{m, N, C,,C1}, such that for all cylinders Ko,(y) % [s,t] C Er, either Cp > 1,
or

Sup/ u(x, 7)dx <7y inf u(x, 7)dx
s<r<t JK,(y) ST J Koy (y)

N (t — 3) =
Y
P

(B.L.1)

where
A=N(m-—1)+2.

The constant v = y(m) — oo either as m — 1 or as m — 0.

For A > 0, the parameter m is in the singular, supercritical range (16.1) of
Chapter 6, and if A < 0, m is in the subcritical range (19.1) of Chapter 6.
However, the Harnack-type estimate (B.1.1) in the topology of Llloc7 holds
true for all 0 < m < 1 and accordingly, A could be of either sign.

B.1.1 An Auxiliary Lemma

The number 0 < m < 1 being fixed, choose
—im if 0<m<2
—3(1—m) if f<m<1.

One verifies that for such «, the numbers (m + «), (1 + «), and (m — «) are
all in (0, 1).

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 221
Springer Monographs in Mathematics, DOI 10.1007/978-1-4614-1584-8 9,
© Springer Science+Business Media, LLC 2012
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Lemma B.1.1 Let u be a nonnegative, local, weak supersolution to the sin-
gular equations (5.1)-(5.2) of Chapter 3, for 0 < m < 1, in Ep. There exists
a positive constant vy depending only on the data {m, N, Cy, C1}, such that for
all cylinders K,(y) x [7,t] C Er, all 0 € (0,1) such that K(14,),(y) C E,
either Cp > 1, or

t
/ / u™ Y D2 dx dr
T JKp(y)

< ng) Sm+a (t o 7_) pN(l—m—a) + ,y(a)S;-&-ap—aN

where

Sy = Sup/ u(-, s)dz.
T<8<t JK(140)0(Y)

The constant y(m) — oo either as m — 1 or as m — 0.

Proof Assume (y,7) = (0,0), fix 0 € (0,1), and let  — ((z) be a nonnegative
piecewise smooth cutoff function in K(;,,), that vanishes outside K1 4),,
equals one on K,, and such that

1
D¢ < —.
ap
In the weak formulation (5.5) of Chapter 3 take the test function ¢ = u®(?,
and integrate over Q = K(144), X (0,1], to obtain formally

0< 1+a //Q £u1+a<2d1’dT+/QA(£L’,T,U,DU)'D(’U,acz)d{bd’r

—/ B(z,7,u, Du)u®(*drdr = I + I + I5.

Qs

Assume momentarily that u®¢? is an admissible test function, and proceed to
estimating the various terms formally. Since 0 < 1 4+ « < 1, estimate

2 —aN ¢l
11| < T7a" NS

Next,

‘O“C // ™ Ly Y DufP¢Pde dr

1
+7()[+Cp (Cp)?] // e g

‘Q‘C // m—1 u I‘DU‘ Cded’T-i- g 2 (tpN)lfmfa
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where the conditions Cp < 1 and 0 < m + a < 1 have been enforced. Finally,
|15 < MCO // u™ Yu | Du2¢Cda dr + —712(02) SmtappN-—m=—a),
4 Q o°p

The lemma follows by combining the estimates. The use of u*¢? as test func-
tion can be justified using (u + €)*¢?, and then letting ¢ — 0. [ ]

Corollary B.1.1 Let u be a nonnegative, local, weak supersolution to the
singular equations (5.1)-(5.2) of Chapter 3, for 0 < m < 1, in Ep. There
exists a positive constant v depending only on the data {m,N,C,,C1}, such
that for all cylinders K,(y) x [s,t] C Er, all o € (0,1) such that K144),(y) C
E, either Cp > 1, or

1 t
—/ / (|A(w,7,u,Du)\ + |B(z, 7, u, Du)| p)dxdT
PJs K,(y)

¥ t—s Lm ot — S\ 3
<Isp(50) +08 (52)
g P P

Proof Assume (y, s) = (0,0), and let Q = K, x (0, t]. By the structure condi-
tions of A and B, and enforcing the requirement Cp <1

1t
—/ / (\A(x,T,u,Du)| + |B(z, 7, u, Du)| p)dde
pPJo JK,

< Z// um*1|Du|dxdT—|—l2// u™dx dr
pPJJQ pPeJIQ

for a constant v depending only on the data {m, N, C,, C;}. Estimate

%// umdxdTgyS?(piA).
Q

Next, by the previous lemma
; :
Z// u™ | Duldz dr < 2(// umfluo‘*1|Du|2dwd7) (// um*ad:rdT)
pJJQ Pl Q
- <7(0;)S:;“ VN +7(Q)S;§“pN;>
ap p

« (\/%le—réH»aS;”g"‘) . -

B.1.2 Proof of Proposition B.1.1
Assume (y,s) = (0,0) and Cp < 1. For n =0,1,2... set

L ~ pn+pn 1 7
pn=3 i Kn=Kp: o =g
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and let * — ¢, (x) be a nonnegative, piecewise smooth cutoff function in K,
that equals one on K,,, and such that | D(,| < 2"72/p. In the weak formulation
of (5.1)—(5.2) of Chapter 3 take ¢, as a test function, to obtain

/~ u(w,ﬁ)cndwg/~ u(x, 72)(,dx
K

n K’!L
2n+2

’/ /~ (|A(z, 7, u, Du)| + \B(w,T,u,Du)\p)dade’

1+m £\
= / u(@, 72)Cndz + 4%y n+1(p ) +28, 4 (?)2’

n

where

Sy = sup/ u(-, 7)dx.

o<r<tJK,
Since the time levels 7, and 75 are arbitrary, choose 75 one for which
/ u(-, mo)dr = inf / u(-, 7)dx def 7.
K, 0<r<t sz

With these notation, the previous inequality takes the form
nom t no 5" ty:
Sn <T+v4 n+1<p )"‘72 n+1 (?) :

By Young’s inequality, for all ¢, € (0,1)

1

Sn < eoSpa1 + 'y(data, so)b" [I—i— (pi/\) 1_777},

where b = 47 . From this, by iteration
t\ T el .
So < 1S, +~(data, &) [I+ (p—A) ] ODR
1=

Choose ¢, so that the last term is majorized by a convergent series, and let
n — 0. |

B.1.3 An Estimate for Supersolutions

Both the supporting Lemma B.1.1 and Corollary B.1.1 are valid for super-
solutions, as stated. However, the proof of Proposition B.1.1 requires the
full notion of solution, since the pair (71, 72) is arbitrary, and in particular
nonordered.

A parallel but weaker statement holds for supersolutions.
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Proposition B.1.2 Let u be a nonnegative, local, weak supersolution to the
singular equations (5.1)-(5.2) of Chapter 3, for 0 < m < 1, in Ep. There
exists a positive constant v depending only upon the data {m, N, C,, C1}, such
that for all cylinders Ko,(y) x [s,t] C Er, either Cp > 1, or

t— s\ =m
sup / u(z, 7)dr < ’y/ u(x, t)dx + ’y( /\S) ' (B.1.2)
s<r<t JK,(y) Kay(y) p

where

A=N(m—1)+2.
The constant v = ~v(m) — oo either as m — 1 or as m — 0.

Proof A standard adaptation of the previous argument. [ |

B.2 Energy Estimates for Sub(Super)-Solutions When
0<m<1

Proposition B.2.1 Let u be a local, weak sub(super)-solution to the singular

equations (5.1)-(5.2) of Chapter 3, for 0 < m < 1, in Ep and consider the
truncations

(u—Fk)y for k>0, and —(u—k)_ for k<DO. (B.2.1)
There exists a positive constant v = vy(m, N, C,, C1), such that for every cylin-

der (y,s)+Q, (0) C Er, every k as in (B.2.1), and every nonnegative, piece-
wise smooth cutoff function ( vanishing on 0K ,(y),

ess sup / (u — k)2.¢%(x, t)da
s—0p?<t<s J K,(y)

—/ (u— k)L (x,s — 0p*)dx
Kp(y)

+Com// lu|™ " D(u — k)+|*¢Pdx dt
(1:5)+Q5 (0)

<4 / / (1 — B)2C|C|d dt
(y,8)+Q, (9)
T / / ™ — £)2|DC de dt
(y,5)+Qp, ()

+FYC2 //( )+Q7(9) |u‘m+1X[(u—k)i>O]C2dl'dt.
Y,s 0

Analogous estimates hold in the “forward” cylinder (y,s) + Q% (0) C Er.

(B.2.2)
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Proof We assume (y, s) = (0,0) and establish the proposition for (v — k)4 for
k> 0.1In (5.1) of Chapter 3 take the testing function

o= (u—k) ¢

over

Q' =K, x (—0p°,t] where —0p*><t<0. (B.2.3)

The use of (u — k)4 in this testing function is justified, modulus a standard
Steklov averaging process. This gives

// t ur(u — k) Cdrdr

+ / o A(z,7,u,Du) - D(u — k) (dxdr
+2 / o A(z,7,u,Du) - D{(u — k)4 (dx dr
= / o B(x,7,u, Du)(u — k) (dx dr.
Transform and estimate these integrals separately, to get

// tuT(u — k) CPdxdr
1

= 5 A (’LL - k)i<2(1’,t)d{b - %/ (U - k)i_cz(gp, —sz)dw
- //t(“‘ k)2 ¢|¢ |da dr.

From the first structure condition (5.2) of Chapter 3 it follows that

P

/ A(x,7,u, Du) - D(u — k)4 (dx dr
Qt
> C,m // u™D(u — k) |*Cdr dr

—02 //Qt um+1C2X[(u,k)+>0]dath.

From the second condition in (5.2) of Chapter 3 and Young’s inequality it
follows that
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2‘ // (u—k)+A(x,7,u, Du) - D{ (dx dr
t
< 2Cym / / B)+1D(u — k)4 || DC|da dr
t

+2€// k) +CIDCIX (u—t), >01dx dT

< C’O_m// w1 D(u — k) |?¢da dr
// )2 | DC|2dx dr

+C2 //t um+1C2X[(u,k)+>0]dxdT.

Finally, the third condition of (5.2) of Chapter 3 implies

’ / B(z,7,u, Du)(u — k) 2dx dT‘
Qt

< Com // W™ YD (u — k), [2C2dz dr
c,)C? // dde
€0 [ W xmsy s i

Combining these estimates, and taking the supremum over t € (—6p?,0]
proves the proposition. |

Remark B.2.1 The constant v = vy(m, N, C,, Cy) is stable as m — 1, but it
tends to infinity, as m — 0.

B.3 A Different Type of Energy Estimates for
Sub(Super)-Solutions When 0 < m < 1

Proposition B.3.1 Let u be a local, weak subsolution to the singular equa-
tions (5.1)-(5.2) of Chapter 3, for 0 < m < 1, in Ep and consider the trun-
cations

(™ —E™)y  for k>0.

There exists a positive constant v = vy(m, N, C,, C1), such that for every cylin-
der

(y,8) + @, (0) C Er,

every k > 0, and every nonnegative, piecewise smooth cutoff function ¢ van-
ishing on 0K ,(y),
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1 me1
ess sup / (W™ — k™) Gz, t)de
Ky (y)

s—0p2<t<sTl +1

/ / — k™)dsC(w, 5 — 0p*)dx
Kp(y)

+ 7 // [D(u™ — k™)1 [*¢*dx dt

4 (¥,5)+Q5 (0)
= 7// WU a4 >0)C]Gelde dit
(y,8)+Q, ()
- 7// (u™ — k™2 D¢ da dt
(y,)+Q; (0)

(,9)+Q; (9)

Analogous estimates hold in “forward” cylinders (y,s) + Qf (6) C Er.

(B.3.1)

Proof Assume (y,s) = (0,0) and in the weak formulation (5.1) of Chapter 3
take the testing function

o= (u"— k™)

over ', defined as in (B.2.3). The use of (u™ — k™) in this testing function
is justified, modulus a standard Steklov averaging process. This gives

// ur(u™ — k™) Cdx dr
+ / [ A7 D) DO = K)ol i
+2 / o A(z,7,u,Du) - D¢ (u™ — k™)1 (dedr
_ /Qt Bz, ,u, Du)(u™ — k™), C2dx dr.

Transform and estimate these integrals separately, to get
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// ur(u™ — k™) Cdadr
(™ k)
> / / s"dsC?(x, t)dx

— k™)dsC?(x, —0p*)dx

/ / — k™) |Gl dr
- / (™ — k™) e, t)da
/ / — k™)dsC?(x, —0p*)dx
-2 / — k™) s uclClda dr.

From the first structure condition (5.2) of Chapter 3

/ A(z,7,u,Du) - D(u™ — k™) dx dr

Q
> C, // ) |2¢Cdx dr
— mC? //f u?™me? X[(u—k)+>0)dz dT.

From the second condition in (5.2) of Chapter 3 and Young’s inequality it
follows that

2‘ / 5 Az, 7,u, Du) - DC (1™ — K™Y, C da dr
<20, // R L (™ — K™Y, | DClda dr
+2c//tum(um k™Y, ¢| D¢ da dr
< _// — k™) 4 PCPda dr
+7(C // — k™2 | D¢ dr

+’ch //f u2m<2X[(u_k)+>0]d1'dT.

Finally, the third condition of (5.2) of Chapter 3 implies
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’ / B(z,7,u, Du)(u™ — k™) *dx dr
Qt

< Q// |D(u™ — k™), |2¢2da dr
02//f — k™) Cdadr
02 // X[u k)+>0](: dx dr.

Combining these estimates proves the proposition. [ |

Remark B.3.1 The constant v = v(m, N, C,, Cy) is stable as m — 1, but it
tends to infinity as m — 0.

B.4 LT —L2° Estimates

loc loc

Proposition B.4.1 Let u be a locally bounded, local, weak sub(super)-solution
to (5.1)-(5.2) of Chapter 3 for 0 < m < 1, and let r > 1 be such that

Ar = N(m —1)+2r > 0. (B.4.1)

There exists a positive constant v depending only on the data {m,N,C,,C1},
such that for all cylinders

K,(y) x [2s — t,1] C By

either Cp > 1, or

P2 N\ Ar 1 t Z
sup U:I:S'Y( ) r( / / urdxdT) "
Ky, ()X[s.1] t—s PN(t—5) Jos—s Jic,p)

1
N <t _ S) T—m
p? '

Proof The proof will be given for nonnegative weak subsolutions, the proof
for the remaining cases being identical. Assume (y,s) = (0,0) and for fixed
o€ (0,1)and n=0,1,2,... set

1—0 1—0
on “on_ Ps tn:—O't— on

Pn=0p+ t,

Kn:Kpnv Qn:Kn X (tnvt)'

This is a family of nested and shrinking cylinders with common “vertex” at
(0,t), and by construction
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Qo =K, x (—t,t) and Qo = K,, X (—0t,t).
Having assumed that u is locally bounded in Er, set

M = esssupmax{u,0}, M, = esssupmax{u,0}.
QO oo
We first find a relationship between M and M, . Denote by ( a nonnegative,

piecewise smooth cutoff function in @, that equals one on @, 11, and has the
form ((x,t) = (1(x)(2(t), where

1 in K,y A
— < _
G {0 in RNV — K, DG = (1-o0)p’
0 for t<t, 2n+l
= - < < —:
G2 {1 for t>tuyy OS2 ST oy

introduce the increasing sequence of levels

where k > 0 is to be chosen. Estimates (B.3.1) with (u™ — k)" ;) yield

m+1

m (x,7)dx

o | -k
<[] ot k)P

= 7 // uerlX[(u _k::'+1)+>0]CCde dr

n

+’Y// — ki +|DC| dxdr
—1—702// el +C dx dr

+ ’YC2 // Usz[(u7rz_k:Lr:+l)+>0]<2d£L' dr.
Qn

n

(B.4.2)

. (N—2)
B.4.1 Proof of Proposition B.4.1 for N+2+ <m<1

This amounts to taking A, > 0 with r € [1, 1\2,—12] In the estimations below
repeated use is made of the inequality

(n+1
|[u>kn+1}ﬂQn\§’y // u—kp)idrdr

valid for all s > 0. Then estimate
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m+1

n+1 22n
// kpi1) ™ (Crdadr < 71— // (u™ = kp') ™ dvdr
—0)

ml o2+ tyn k) m41
// w X k)4 >0)6Crda dT <y —m—— =) // kEn )™ dedr
2(24-m+l)n m m41

// kr)3|De)? dde<’y(1 77 e m// kn' ) ™ drdr
m—+41

N 27":;177.02
c // "X (um -k Ly sodrdr <y — pRE— // — k'), ™ dxdr.

Combining these estimates, and stipulating that Cp < 1, (B.4.2) yields
m m+
sup [(u — k)¢l

tn <7<t
+ [ / k) 1) e dr

1

- (z, 7)dx

722(771«#1)
< km 1 " dz dr.
—(1—0)%[ // W)y dedr
The last term in [- - -] is estimated by stipulating to take
1
t 1—m
= (1) e
p

With these stipulations, the previous inequality implies

1

/ (™ = K1) ¢ (@, 7) e
w [ Pl k) Pdrar (B.A4)

2(m+1)
m dar dr.
1 — o) 2t //n

By the Holder inequality and the embedding Proposition 4.1 of the Prelimi-

sup
tn <7<t

naries
m+1 m m+1 %77;;:1
// —kpy1) " dedr < [ sup / [(u™ = kpi1)+C] ™ (x,T)dm]
Qn+1 tn <7<t
m+1
// ‘D(um — :Ln+1 Jr‘ Cndfvd’r'f'// n+1 +2‘D<n| dx dr a
1_7n+1 2 nz m "L;n"l l_nql%
X |Qul r=u |Qn|// da:dT)

where
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2(Nm +m +1)
Nm '

// m) % 4 d
n X AT.
~ Q] R

Taking into account (B.4.4), in terms of Y;, the previous inequality becomes

Now set

bn p2 7Z+ Y1+2(m4;’1)
2 N(N+2)  (mAD(ma=—m=1) \ ¢ n )
1—0 Nam k am

Y1 <7

where 2(m+1) 2(m+1)
b — 2 m (1+ Ngm )

Now Y,, — 0 as n — +o0, provided k is chosen such that

N

Y, :][][ W e dr = (1 — o)Vt (12) P
. p

With this choice

< 1 p2 N(nL—lj;’+27n+2
M, =7 2(N+2) T
(1 _ 0) N(m—1)+2m+2

2
N(m—1)f2m+2
X (%7[ udexdT) " "

o

(B.4.5)

Set

n . n .
p=op+(l—0o)pd 27" t,=—0ct—(1—0o)t> 27",
i=1 i=1

Qn=K,, X (tn,t], = Qoo =K, x (—t,t], Qo= K,,x (—0t,t].
Writing (B.4.5) over the pair of cubes @,, and @1 gives

2(N+4+2)n

N(m—1)=2mI2 2(m+1—r) 2, — N
M - 72N(w 1)+2m+2 MN(m”l)+2;n+2 p_ N(m—1)+2m+2
n —= 2(N+2) n+1 t

(1 — o) NGa-DF2m2

2
N(m—1)f2m+2
X <][][ urdach) " "
o

By Lemma 5.2 of the Preliminaries, we conclude that

- b t
sup u < 72(N+2) A ][][ u"dx dT) tr (—2)
KqpX(—ot,t] (1 — o’) Kpx(—t,t]
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B.4.2 Proof of Proposition B.4.1 for 0 < m < N=2)¢

N+2
The requirement A, > 0 implies
" N2 qu:Q%'
Estimate
mt1 gn =Gt -
// k)™ dedr <9y //Q (u™ — k™) da dr
n=2m
// — knt1) dxd7<7kr T // v dzdr
pr=(m+1)
// um+1X[(um K, )+>O]daj dr < ryk;?"(—:-i-l) //Q (u™ km)m drdr

nrt= 2m

// u? X[(uM—an)+>0]dxdT <fy o // — k™) ’"dde

Taking these estimates into account and assuming that Cp < 1, the energy
estimates (B.4.2) yield

m+1

sup / (™ — 1) 4]

tn <7<t
+f / k)4 dr
<7(1—0) K )kr o T L (m+1) // -k, ’“d:vdT

Assuming (B.4.3) holds, this implies

(z,7)dx

sup / (™ — k) o) 5 (2, ) e

tn <T<t
// n+1)+<“ dz dr

y2"m
<(1—02tkT m+1) // da:dT
n d.’E d’T
-],
and estimate

Yoo < I3 (1 // ) dedr).

Set
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Applying the embedding Proposition 4.1 of the Preliminaries, the previous
inequality can be rewritten as

2 n
- b 1 1+Z
Yoy < WIIUIIOO,QO< 7 ) (1 o) 302 pr=rnE==S Ol

where b = 2" %> Apply Lemma 5.1 of the Preliminaries, and conclude that

Y, — 0 as n — 400, provided k is chosen to satisfy

N
2

Y, —][][ u"drdr = y(1 - o)V |ul| O F ( 7) RO ®

which yields

My <

t

2
[G=CEsDIeE=)
X <][][ urdxdT) o .
Qo

The proof is concluded by a further application of the interpolation Lemma 5.2
of the Preliminaries. [ |

N (r—gm) 2 N
M N+2)(r=(m+1)) (p )m

(1 - o)7 D

Remark B.4.1 The proof shows that the boundedness of u plays a role only
when 0 < m < (1}7\7—_"_22)4_7 and one does not need to assume it a priori, when
m> =2+

B.5 L{OC Estimates Backward in Time

Proposition B.5.1 Let u be a nonnegative, local, weak solution to the singu-
lar equations (5.1)-(5.2) of Chapter 3, for 0 < m < 1 in Ep, and assume that
uw € L, (Er) for some r > 1. There exists a positive constant v depending
only on the data {m,N,C,,C1} and r, such that either Cp > 1, or

1

t— —m
sup / u'(z, s)dx < 'y/ u” (z, 7)dx + y[ﬂ}
T<s<t JK,(y) K2, (y) pr

for all cylinders

Kgp(y) X [T, t} C Er.

The constant v — oo as r — 1.

Proof Assume (y,7) = (0,0), fix 0 € (0,1], and choose ( € C3°(K(110),)
satisfying

0<¢<1lin K(1+a)pa ¢=1in va |D<| < ’Y(Up)_l in K(1+a)p-
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In the weak formulation of (5.1) of Chapter 3, take u"~1(? as a test function,
modulo a standard Steklov averaging process. Integrating over Qs = K(144),%
(0, s] with s € (0,¢], gives

0= l// <2iu’“dxd7
r))g,  dr
+(r—1) / A(z,7,u, Du) - Duu""2¢*dx dr
Qs
+ 2/ A(z,7,u, Du) - D¢ Cu tdxdr
Qs
—/ B(z,7,u, Du)u""'(3dx dr
Qs
1
= ;T1 +(r = 1)1y + T3 + 1.
Since ( is independent of t,

= u"(x,8)C? (x)dx — u” (x 2(z)dz.
T‘/K @@ - [ w0

Kato)p

Next,
Ty > Com // u" "3 Dul*Cda dr — C? // u T dr dr
Qs Qs
Ty < 2// & [Cymu™ Y| Dul| DC| + Cu™ | DC||C da dr
Qs
|Ty| < Cm// | Dulu" 22 dx dr + C? // u" T dr dr
Qs s
Combining these estimates,
/ u”(z,8)¢%dx + (r — 1)Com // u™ 73| Dul*Cda dr
K(+0)p Qs
< m// u" 72| Du|¢(2C, | DC| + C¢)dx dr
Qs

+ [[ wrrmtgeeing + e e dr

s

r 2
—l—/K u”(x,0)¢"dx.

(A+o)p

By Young’s inequality, and assuming that Cp < 1,
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m// W2 Dyl (21| DC| + CC)da dr

s

<(r—1)C,m // u™ 73| Dul*Cda dr

v(rm, Co’Cl // r+m =1y dr.
Therefore

sup/ ur(x,s)darg/ u"(x,0)dx
K

0<s<t Kato)p

s

where v = (N, r,m,C,, C1). Estimate

N . r+7:—1 N(1—m)
u' T e dr S’yt( sup u’“(w,s)dw) P .
Qs 0<s<tJK

(A+o)p

Hence

Sup/ uT(x,s)dxg/ u"(x,0)dx
0<s<t JK, Kato)p

v/ t" T
+—2< 5 ) ( sup / u’“dm)
gmApT 0=s<t JK(140),

Now fix R > 0 and consider the sequence of radii

r+m—1

pm=R> 21 so that On = Pri1 = Pn >0 "2,
i=1 Pn

Setting

Y, = sup/ u'(z, s)dx,
0<s<tJK

Pn

the previous estimates yield the recursive inequalities
r n tT % r4+m—1
Y, < / u'(z,0)dx + ~2 (Tr) Y, .
Kar P

The proof is concluded by Lemma 5.2 of the Preliminaries.

utm dx dr,

237

Remark B.5.1 The proof shows that y(r) — oo as r — 1 and that the

condition » > 1 cannot be relaxed to r > 1.

Remark B.5.2 Theorems 17.1 and 20.1 of Chapter 6 follow combining

Proposition B.4.1 respectively with Propositions B.1.1 and B.5.1.
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B.6 A DeGiorgi-Type Lemma for Nonnegative
Subsolutions to Singular Porous Medium Type
Equations

For a cylinder (y, s) + @Q,,(0) C Er denote by i+ and w numbers satisfying

[y > esssup u, puo < essinf w, W=t — .
[(4.5)+Qs,(0)] [(4,5)+Q2,(0)]

Denote by € and a fixed numbers in (0, 1).

Lemma B.6.1 Let u be a nonnegative, locally bounded, local, weak subsolu-
tion to the singular equations (5.1)—(5.2) of Chapter 3, for0 <m < 1, in Er.
Assume that

w> . (B.6.1)

There exists a positive number v,, depending on w, 0, £, a, and the data
{m, N, C,,C1}, such that if

[u> py = &) N [(y,8) + Qo (0)]] < 4] @3, (0)],
then either Cp > & or

u < py — alw a.e. in (y,s)+Q,(0).

Proof Assume (y,s) = (0,0) and introduce the sequence of cubes {K,} and
cylinders {Q,,} as in (3.6) of Chapter 3 with p = 2, and a nonnegative, piece-
wise smooth cutoff function on @,, of the form ((z,t) = {1(x)(2(¢t) defined as
in (3.8) of Chapter 3 with p = 2. Introduce the sequence of truncating levels

1—a
2n

kn = py = &nw with €n = al + £,

and write down the energy estimates (B.2.2) over the cylinder @, for the
truncated function (u — ky,)+. Taking also into account (B.6.1), this gives

sup /K (u— k;n)icjz(ar, t)dx

—60p2 <t<0

+Cym // W™ D{(u — k) (| dz dr

22n wm—l 1
g p— 2 - 4
=T (&) //Q <(1 —gim 9)X[“>k"]dxd7

2 .
+’V(E) (gw)zw 1/\/@” X[u>kn]dxd7'
m—1

2n

2
< ’Vp—z(fw)z ~

g

1
ot ) [u > k] 01 Q|

L Cp\2, v e
+7p—2(?’)) ()20 |[u > k] N Qul.

1+
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Therefore, if Cp < &,

sup /K (u—kn)3 C*(z, t)dx

—0p2 <t<0

+Com// u™ Y D[(u — k) C]|Pdx dr
2n m—1

- 1
< 7—2(50.))2 q ('_‘} BT (1 + me_1>|[u > kn] N Qnl-

To estimate below the second integral on the left-hand side, take into account
that v < py and (B.6.1). This gives

u"™HD[(u — ky) (P dz dr
I,
> (Bw) ml// [(u = kn) ¢ dz dr.

Setting
An
Ap=u>k,NQ, and Y, = |,
|Qnl
and combining these estimates gives
sup / (u—ky)% P (2, t)da
—0p2 <t<0 n
omel // D[ — k)1 C[2da dr (B.6.2)
22n /wm—l 1
<y (Ew)? 1 A
<9 () gy (1+ g ) M

Apply Holder’s inequality and the embedding Proposition 4.1 of the Prelimi-
naries, and recall that ( =1 on Qp41, to get

— (Ew)?|Apya| < // tdrdr
(2 +1) Qn+1

(// = )+ (]2 NdxdT)NN A, |75
< // ko) s (P dedr) ™

x ( sup /K [(U — k‘n)-;-q2($, t)daj) BEE ‘A |N+2

—0p2 <t<0

for a constant v depending only on N. Combine this with (B.6.2) to get



240 9 Appendix B

2(m—1)

724n w NF2 1 14-2_
Apr| < (1 ) A
Al =g\ )1
In terms of Y,, = I‘ST‘I this can be rewritten as
(e e,

Y1 < (

1-— a)2(1 — 5)1_7” (awm71) N]X—2

By Lemma 5.1 of the Preliminaries, {Y,,} — 0 as n — oo, provided
Ntz N
R T e (R

= < = V. [ |
Qo AN (1+0wm—1)"7

Yo,

When
0=vwm, (B.6.3)

for some v € (0, 1), that is, when the relative length of the cylinders (y, s) +
Qpi (6) is of the order of vw'~™, then the functional dependence of v,, on v,
¢, and a is

N+42 N

v =9 (Lm0 (B6.4)

for a quantitative constant v = vy(m, N, C,, C7) > 1, independent of v, £, and
a.

B.7 A Logarithmic Estimate for Nonnegative
Subsolutions to Singular Porous Medium Type
Equations

Introduce the logarithmic function

H

=In" B.7.1
v =" [ (B.7.1)
where
H= esssup (u—k)y, and 0<c<min{l, H}
(y,5)+Q5 (6)
and for s >0

In" s = max{Ins,0}.

In the cylinder (y,s) + @, (0) take a nonnegative, piecewise smooth cutoff
function ¢ independent of ¢.
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Proposition B.7.1 Let u be a nonnegative, locally bounded, local, weak sub-
solution to singular porous medium type equations (5.1)-(5.2) of Chapter 3,
for 0 < m < 1 in Ep. There exists a constant 7y, depending only on the data
{m, N, C,,C1}, such that for every cylinder

(y,8)+Q,(6) C Er

and for every level k > 0,

s—0p2<t<s

Ssu 2U£L’ 2.’E i
p /Kp(y)wx )¢ (2)d

< /K s = 0 @)

+’Y// um_lw(u)\DC’2dardt (B.7.2)
(:5)+Q; (0)
+7C? / / u™ M) (u) ¢ dx dt

(¥:5)+Q5 (9)

C? H -
+ 7c2 (1 +In ?) // . +1)([(u—k)+>0142dac dt.
(y,8)+Q, ()

Analogous estimates hold for “forward” cylinders (y, s) + Qj((‘)).

Proof Take (y,s) = (0,0) and work within the cylinder Q' introduced in
(B.2.3). In the weak formulation of (5.1) of Chapter 3 take the testing function

o= o[ @)]¢? = 200/,

By direct calculation
[0 (W)]" =201 +¢)" € L.(Er)

which implies that such a ¢ is an admissible testing function, modulo a Steklov
averaging process. Since ¢ (u) vanishes on the set where (u — k)4 = 0,

//fur C2dxd7—/ 1/J2$t42dx—/ (07

The remaining terms are estimated by using the structure conditions (5.2) of
Chapter 3.



242 9 Appendix B
/ A(z,7,u, Du)-Dpdxdr
Qt
> 2mC, // (1 + ) u™  Dul?¢Pdx dr
Qt
— 207 // (1 + ) *u™ T P de dr
Qt
— 4mCy // u™ Y Dulyy' | D¢ |da dr
Qt
— 40// 'u™ | DC|dx d.
Qt
From this, by repeated application of Young’s inequality
/ A(z,7,u, Du)-Dpdxdr
Qt
> mC, // (1 4+ )Y ?u™ | Dul?¢?dx dr
—~C? // (14 ¢) ™ Cd dr

—7// Yu™ D¢ dx dr.
Qt

The forcing terms are estimated as
2// |B(x,7,u, Du)yy' (P|da dr
< QmC//t u™ | Dul(1 + )y Cde dr
+ 2072 / / tu%w’@dxm
<mcC, //,,(1 + )" 2™ | Dul*¢Cdx dr
+ ~C? //t u™ P da dr
+ ~C? //t(l + )™ P da dr.
By the definition of ¥ (u), estimate

wsm(%), w’sé

Collecting these estimates establishes the proposition.
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B.8 Holder Continuity

Let u € L*(E7), and denote by I' the parabolic boundary of Er,
I'=0Er — E x {T}.

For compact set K C FErp introduce the parabolic m-distance from K to I,
intrinsic to u, by

def
) =

m—1 1
_ Tia . : _ 2 _ o3
m — dist(K; I (ﬁltI)ng <|a: yl + vl |t 3\2)

(y,s)er

Theorem B.8.1 Let u be a nonnegative, bounded, local, weak solution to the
singular porous medium type equations (5.1)-(5.2) of Chapter 3, for 0 < m <
1 in Ep. Then u is locally Holder continuous in Ep, and there exist constants
v > 1 and a € (0,1) that can be determined a priori only in terms of the data
{m,N,C,,C1} and C, such that for every compact set K C Er,

m—1 1
|71 = 22| + [Jull g, [t — t2]? )a

t1) — ta)| <
Jues, 13) = (e, )] < Aulloeor ()

for every pair of points (x1,t1), and (x2,t2) € K.

B.8.1 Proof of Theorem B.8.1. Preliminaries
For a fixed (z,,t,) € Er and fixed numbers
0 €(0,1), b>1, R, w >0,

construct the sequences

R

RO:Ra Rn:b_n?

Wo =W, Wpt1 =0w, for n=0,1,2,...

and the cylinders
Qn=Kg,(z,) X (to - w}l_mRi,to] for n=1,2,....

The function u is Holder continuous at (x,,%,) € Er if the constants § € (0,1)
and b > 1 can be determined, independent of u and (z,,t,), such that

Qni1 CQL,CQ, CEr and essoscu < wy (B.8.1)

n

for all n = 0,1,.... Having fixed (z,,t,) € Er assume it coincides with the
origin of R¥*! and for R > 0 set

QRo = KRn X (_Rczno]a (B82)
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where R, is so small that Qr, C Er. Set also

ut =esssupu, p, =essinfu, w,=pul —p, =essoscu. (B.8.3)
QR, Ro Ro

Since w is locally bounded in Ep, without loss of generality we may assume
that w, < 1 so that

Qo= Kpr, x (—wl™™R2,0] C Qr, C Er (B.8.4)

and
essoscu < W,.

o

Thus (B.8.1) holds for n = 0. We will determine numbers b > 1 and § € (0,1)
depending only on the set of data {m, N, C,,C1} and C, and independent of
uw and (z,,1,) for which (B.8.1) holds inductively for all n.

B.9 The Induction Argument. Two Alternatives

Assuming (B.8.1) holds for n, remove the index n by setting w,, = w, and

2 =Rn,  Qn=Qxn(0) =Ky x (—04r°0], O=w'"",
and
+_ ot - — e
= puT =esssupu, n = = essinfu.
H H er(eg) H M oo d)

Lemma B.9.1 There exists a number v depending on the data {m, N, C,, Cy},
such that if

[u < 3w NQHO)] < v|Qr(8)], (B.9.1)
then either Cr > 1, or

u> tw ae. in Qi1,(0). (B.9.2)

Proof This is the content of Lemma 10.1 of Chapter 3 applied for £ =a = %
The number v is determined in (10.5) of Chapter 3, and because of the choice

of 6, it is determined a priori only in terms of the data {m, N,C,, Cy}. [ ]

The proof unfolds along two alternatives. The first is that (B.9.1) holds,
thereby providing the lower bound (B.9.2) for u, away from the singularity.
The second is that (B.9.1) fails, whose consequences are examined in § B.10—
§ B.12.

Taking into account the definition of ™ and w, from here on we assume
that

tw<pt —iw< dw. (B.9.3)
The left-hand inequality can be taken as holding in all cases. Indeed if it
did not, in any smaller cylinder contained in Q2,() the oscillation would be
reduced by a factor % and there would be nothing to prove. The right-hand
inequality coincides with (B.6.1), which we assume. The case when it fails will
be examined later.
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Lemma B.9.2 Let the assumption (B.9.1) of Lemma B.9.1 be violated. There
exists a time level s, in the interval

I’ <s< —%V9T2 (B.9.4)
such that
[u(-,s) < 3w N K| > $v|K,|. (B.9.5)
This in turn implies
[u(-,8) > pt = ] N K| < (1= 3v)|K,|. (B.9.6)

Proof Tf (B.9.5) does not hold for any s in the range (B.9.4), then

_1 2
svor

I < L] N Q(0)] = / I 5) < 2] A Ky |ds
—0r2
0
+/ [ur, s) < 2w N K, |ds
—1v6r2
<v|Qr(6)]-
This proves (B.9.5), and also (B.9.6), due to (B.9.3). [ |

B.10 A Uniform Time Control on the Measure of the
Level Sets

The next lemma asserts that a property similar to (B.9.6) continues to hold
for all time levels from s up to 0.

Lemma B.10.1 There exists a positive integer n, depending only on the data
{m,N,C,,C1} and the number v claimed by Lemma B.9.1, such that either

2" Cr > 1

or
[[ult) > it = SN K[ < (1= 307) K| (B.10.1)

for all times s <t < 0.

Proof Consider the logarithmic estimates (B.7.2), written over the cylinder
K, x (s,0), for the function (u — k)4 and for the level

k:,qu—%w.

The number ¢ in the definition (B.7.1) is taken as

w
¢= on+2’
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where n is a positive number to be chosen. Thus we take

H
¢(u):1n+{H_ [u— (ut — 1 w)]++2n—1+zw}

where

H = esssup [u— (ut — %w)]+.

K, x(s,0)

The cutoff function x — () is taken so that
(=1 on Kgy_g), for c€(0,1), and |D(| < (or)!

With these choices, the inequalities (B.7.2) of Proposition B.7.1 yield

/ W)z, )d < [ 92 (w) (o, 5)da
Kai_o)r

K,

v ’ 1
+m/ /rum Y(u)dx dr

:)) // mLp(u)da: dr (B.10.2)

+1¢* () {Hlnﬂ(w)%}

/ / (u k)4 >0] da?dT

P <nln2, [1+lnH(2 +2>_1} <~nln2.

for all s < t < 0. Estimate

To estimate the first integral on the right-hand side of (B.10.2), observe that
¢ vanishes on the set [u < p* — 2w]. Therefore using (B.9.6) of Lemma B.9.2,

/ V2 (u)(z, s)dx < n?ln? 2(1— 3v)| K|

The remaining integrals are estimated as

// W de dr < w2 K | < K
O"I" ( ) o

702// W de dr < (Cr)? 2| K,
s K, a

o (272 2 on+2 0 )
rYC ( w ) |:1 +Ind ( w ) j| / /K um+ X[(u—k)+ >0]d33 dr
s T

n g2 I
< (@O L7IK,.
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Assume momentarily that n has been chosen, and stipulate that
2"Cr < 1.

Then combining these estimates gives
/ P2 (u) (2, t)dr < n’In*2(1 — 1v)|K, | + \K \ (B.10.3)
Kai—o)r

for all s < ¢t < 0. The left-hand side of (B.10.3) is estimated below by inte-
grating over the smaller set

[U(,t) > :u+ - ﬁW] N K(lfa)r-

On such a set, since v is a decreasing function of H, estimate below

w

¥? > In? (%) = (n—1)%In2.

2n+1

Carry this in (B.10.3) and divide through by (n — 1)21n*2, to obtain

2
[u1) > 1 = 5251 N Kooy < () (1= W) 1K+ =55 1K)

for all s <t < 0. On the other hand,

[u1) > i — gg] N

< Hu(’t) > M 2n+2] ﬂK(l ) | + ‘K K(l a)r‘

<|[u(-t) > pt — 2n+2] NK(i—o)| + No|K,|.

Therefore for all s <t < 0,

no\2 ¥
[[uCo 1) > w7~ 2n+2]mK < Kn—l) (1_%V)+W+NU} .

To prove the lemma choose o so small, and then n so large, as to satisfy
(B.10.1) with n, =n + 2. [ |

Remark B.10.1 Since the number v is independent of w, r, and s, also n,
is independent of all these parameters.

Corollary B.10.1 Let v and n, be the numbers determined by Lemmas B.9.1
and B.10.1, respectively, depending only on the data {m,N,C,,C1}. Then
either 2"Cr > 1, or

[[u(-,t) > pt — 2j] NK,| < (1-37)|K,| (B.10.4)

for all j > ny, and for all times

—gvw' T <t < 0. (B.10.5)



248 9 Appendix B

B.11 The Second Alternative Continued

Motivated by the time range (B.10.5), introduce the cylinder
Q. (0.) = K, x (0.2, 0], 0, = Svw' ™. (B.11.1)

Lemma B.11.1 For every v. € (0,1) there exists a positive integer q., de-
pending only on the data {m,N,C,,C1} and v, such that either

21t O > 1

or
w

QMxtqx

[[u>pt - ] NQr(0.)] < ] Qr(62)]. (B.11.2)
Proof Set Q.(04) = @, and write down the energy estimates (B.2.2) for the
truncated functions

(u—kj)+ where k;j:/,é+—% for  j=n., ..., 0%+ qs,

over the pair of cylinders
Q and Q' = Ky, x (—vw' ™% 0].

The cutoff function ¢ is taken to be one on @, vanishing on the parabolic
boundary of @’, and such that

1

- 1-m
r

|D¢| < and 0<¢ < 0=w

vor?’

With these stipulations, and taking also into account (B.9.3), the energy es-
timates (B.2.2) take the form

m—1

2
T //Q D(u— ky)+ Pz dt < T2 [1+ (279 C)?] (;)_J) @l

v or?

for a constant v depending only on the data {m,N,C,,Ci}. Therefore if
27++4-Cr < 1, then

//Q D(u— k)4 [2de dt < V—Zz(%)z\@y (B.11.3)

Next, apply the discrete isoperimetric inequality (2.1) of Lemma 2.2 of Chap-
ter 3 to the function u(-,t), for ¢ in the range (B.10.5), over the cube K,, for

the levels
w

k:kj<€:k‘j+1 so that (f—k‘)zﬁ

Taking also into account (B.10.4) this gives
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w
F‘[u(,t) > kj+1} n K’r“
N+1
< gkl | Du|dx
fu(-t) < kj] N K| [kj<u(-,t)<kjy1]NK,
1
< 127”(/ [Du(-,)2dz)”
v [kj <u(-t)<kjp1]NKr
1
X |([U(,t) > kj] — [u(~,t) > k‘j+1]) N K»,"z .
Set .
Aj=lu>klNnQ = |[u(-,t) > k;] N K, |dt
—%1/97"2

and integrate in dt over the time interval (B.10.5). This gives

w ~y 3 1
24l < 2r( //(D2 (DG~ ky) Pawdt)” (14— [4;4]) .

Square both sides of this inequality and estimate above, the term containing
D(u — kj)4+ by the energy inequality (B.11.3), to obtain

g
4517 < —51QI(14;] = [441])-
Add these recursive inequalities for

jJ=ne+1Lne+2,... . n.+q. —1

where g, is to be chosen. Majorizing the right-hand side with the correspond-
ing telescopic series gives
N+ G —

1
2<y AP < 2P
j=n.+1 v

(Q* - 2) ‘An*+q*

From this

|An* +Gx

1 Y
< — /= 1Q].
< r*—ﬂ/w” Q)

The number v, being fixed choose ¢, from

1 gl
— = =, B.11.4
—\5 " ( )
in order to satisfy the thesis. [ |

To proceed, apply Lemma B.6.1 to the cylinder Q,(0.), with 6. given in
(B.11.1) and for the choices

1
T 9n.tq.”’

DO | =

T =2p, §
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The conclusion is that either
Qe ta Oy > 1

or
w

provided v, is chosen from (B.6.3)—(B.6.4) and then, in turn, ¢, is chosen from
(B.11.4).

B.12 The Induction Argument Concluded-(i)

The numbers v, vy, n., and ¢, being determined by the previous procedure,
we assume that the radius R, in (B.8.2) that starts the sequence of the R,, is
so small that

2" t=CR, < 1

so that this inequality continues to hold for all R < R,. If the assumption
(B.9.1) is violated, then by the arguments of the second alternative, (B.11.5)
holds true, which implies

+ w
- N +qx+1

provided (B.9.3) is in force. Since the left-hand inequality in (B.9.3) can be
always assumed, the right-hand inequality holds true if

B < w. (B.12.1)

This in turn coincides with (B.6.1) and guarantees that the arguments of the
second alternative are in force. Assuming (B.12.1) for the moment, subtracting

essinf u
Q%T((ﬂ)

from the left-hand side, and pu~ from the right-hand side, of the previous
oscillation inequality, gives

1
SBuGu = (1 - o)
2
Recalling the definition of 6, in (B.11.1), that 2r = R,,, and that w = w,,, this
implies
1

W1 = G%S oscu < 0w, where §=1
n+1

and
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1
Qn+1 = KRW,+1 X ( n+71an+1’ }

for Rpy1= an with b= \/E
b v

Assume next that the assumptions (B.9.1) of Lemma B.9.1 are verified, and
that (B.12.1) continues to hold. Then (B.9.2) implies

(B.12.3)

—essinfu < —%w.
Q%T(e)

Adding
esssupu
Q1,(0)
2
on the left-hand side and ™ on the right-hand side gives

w <

c>|cn

Thus recalling the definition (B.12.3) of Q,+1, one finds that (B.12.2) con-
tinues to hold also in this case. Thus the induction argument is completed
provided u~ satisfies the restriction (B.12.1).

B.13 The Induction Argument Concluded-(ii)

If (B.12.1) is violated for some index n, then
Ly > wn,  and  pt > 1w, (B.13.1)

The first of these implies that u is bounded below in @,, and therefore the sin-
gular porous medium type equations (5.1)—(5.2) of Chapter 3 are nonsingular
in Q. Thus v is Holder continuous in @, by classical theory ([101]).

To make this quantitative, assume first that (B.13.1) occurs for n = 0.
Then with pF and w, defined by (B.8.3), modify the construction of @Q, in
(B.8.4) into

Qr,(0) = Kg, x (—0R2,0] where 0= pf0=™

since without loss of generality we may assume p < 1. Introduce the change
of time variable and unknown function

_ lij(m_l)t

and  v(,,7) = ——F. (B.13.2)

This transforms Qg, (6) into

QRo = KR() X (_Rgao]
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and transforms the equations into
vy —div A(z, 7,0, Dv) = B(x,7,v,Dv) weakly in Qg,

where the functions A and B satisfy the structure conditions

A~(ar,7',v,Dv) -Dv > Cym|Dv|* — C?
|A(z, 7,0, Dv)| < 131=mCym|Dv| + C a.e.in Ep
|B(z,7,v, Dv)| < 13'=™Cm|Dv| + C?

for the same constants m > 0, C,, C1, and C as in the structure conditions
(5.2) of Chapter 3. Therefore the equation is nonsingular in Qg, and by
classical theory, there exist d, € (0,1) that can be determined a priori only
in terms of the data {m,N,C,,C;} and independent of R, and p}, and a
sequence of radii R, = 4™ "R, such that either

C,ujRn > 1

or
essoscv < J, ess0SC .
Ryt R,

Returning to the function u and the cylinder Qr,, this establishes the induc-
tion argument for the sequence of cylinders as in (B.8.1) for such a sequence
{R,}, since wy, < p,.

If (B.13.1) holds for some n > 0, then it is violated for the index n — 1,
and hence

Wi = Own_1 > B0t 4 > 126p,).

Introduce then the cylinder
Qn D Qn =K, x (—GnRiﬂ] where 6, = %5;;:(1*7").

Redefining p for such a cylinder either (B.13.1) fails or it does hold true.
If it fails, the induction argument is carried as in the previous sections. If
it continues to hold true, then introduce the change of variables similar to
(B.13.2) to transform the equation into a nonsingular one, to which classical
methods can be applied.

B.14 Remarks and Bibliographical Notes

The Harnack-type inequality (B.1.1) in the topology of Llloc, was first estab-
lished in [84], in the context of nonnegative solutions to the Cauchy problem
for the prototype porous medium equation (5.3) of Chapter 3. The proof pre-
sented in § B.1, in the generality of the quasilinear equations (5.1)-(5.2) for
0 < m < 1, is new. The approach is significantly different from the one in
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[84], and that for the analogous result of § A.1 for the singular p-Laplacian
equations.

The L, .—Ly;. estimates of § B.4, while essentially known as analogues
of the singular p-Laplacian equation ([41], Chapter IV), were not explicitly
present in the literature (see [151] for the case of homogeneous doubly nonlin-
ear singular equations). The one we present in § B.4 is the first complete formal
proof, in the context of the singular equations (5.1) with the full quasilinear
structure (5.2) of Chapter 3.

Analogous comments apply to the L] estimates backward in time of § B.5.
While essentially known they have not appeared formally in the literature, and
the one we present is the first formal proof in the quasilinear context.

The proof of the Holder continuity of nonnegative, locally bounded, local,
weak solutions to the singular porous medium type equations (5.1)—(5.2) of
Chapter 3, follows a modified version of the arguments of [31] reported in [41]
Chapter IV. While used in several contexts ([59, 60]) a formal, independent
proof does not appear in the literature. The proof of § B.6-§ B.13 fills this

gap.
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Appendix C

C.1 More General Structures

The theory developed in the previous chapters extends to equations (1.1) of
Chapter 3, with structure conditions more general than (1.2). For example,
these could be replaced by

A(z,t,u, Du) - Du > Cy|DulP — CPuP? — CP .
|A(z,t,u, Du)| < C1|DulP~t + CP~1yP~1 —|—~Cp*1 a.e. in Ep
|B(z,t,u, Du)| < C|DulP~! + CPuP~t + CCP~!

where p > 1, C, and C; are given positive constants, and C' and C are given
nonnegative constants. With these conditions, all results continue to hold
except that the alternatives in the statements of the main theorems take a
new aspect, namely,

either Cp>1 and Cp> u(x,,t,)

or the main result holds true.

The proof is almost identical except for the indicated alternative changes.
More significant are generalizations to equations where the constant C' in

the structure conditions (1.2) of Chapter 3 is replaced by suitable integrable

functions. Specifically consider parabolic equations in divergence form of the

type
uy — div Az, t,u, Du) = B(x,t,u, Du) weakly in Ep (C.1.1)
where the functions A and B are measurable and satisfy

A(z,t,u, Du) - Du > Co|Dul? — CPp,(x,t)
|A(z,t,u, Du)| < Cy|DulP~ + CP oy (x,t) a.e.in Er (C.1.2)
|B(x,t,u, Du)| < C|Du|P~" 4+ CPpq(x, )

E. DiBenedetto et al., Harnack’s Inequality for Degenerate and Singular Parabolic Equations, 255
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© Springer Science+Business Media, LLC 2012
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where p > 1, and C, and C} are positive constants, and C' is a nonnegative
constant. The nonnegative functions ¢; for ¢ = 0,1,2 are defined in Ep and
satisfy

p p

Po, 91", @3 € LY(Er), (C.1.3)
where
R Ko € (0,1] (C.1.4)
q - o N+p7 o ) . 1.

Notice that x, can be equal to one. In such a case the functions ¢; all belong to
L>(E7) and we are back to the framework studied in the previous chapters.

The notion of weak solution is the same as in § 1 of Chapter 3. The
statement that a constant v = v(data) depends only on the data, means that
it can be determined a priori only in terms of

P _p_
{vaa Ko, Co, C1, ”900’ 90{)_1 ) 905_1

|q,ET}. (C.1.5)

The constant C' appears only in the alternatives, but plays no role in deter-
mining the value of the various constants .

C.2 Energy Estimates for (u — k)4 on Cylinders
(y,s) + Q;t(e) C Er

The notation is the same as in § 2 of Chapter 3.

Proposition C.2.1 Let u be a local, weak sub(super)-solution to (C.1.1)-
(C.1.4) in Ep. There exists a positive constant v = ~y(data), such that for
every cylinder

(y,5) + @, (0) C Er,

every k € R, and every nonnegative, piecewise smooth function ¢ vanishing
on 0K ,(y)

ess sup / (u — k)2.¢P(x, t)da
Kp(y)

s—0pP<t<s

[ - RRC s - 6
K;,(y)

‘e, // D(u — k)ac|Pdz dr
(y,5)+Q, (0)

— k)2 |DcIP — 216 de d
<”//(y,s)+Qp<9) [(u— )2 DCP + (u— k)21, ] da dr

+~CP // (u—k)ECPdrdr
(¥,5)+Q, (6)

s N(+r)

+ycp(/ |Atp(7‘)‘d7’) A

s—0pP

(C.2.1)
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where C, and C are the constants appearing in the structure conditions

(C.1.2),

and
AE, (1) = [(u(t) — k)x > 0N K.

Analogous energy estimates hold for “forward” cylinders (y, s) —|—Q;‘ (0) C Er.

The proof is a straightforward generalization of the one given for Proposi-
tion 2.1 of Chapter 3.

C.3 DeGiorgi-Type Lemmas

Local, weak sub(super)-solutions to (C.1.1)—(C.1.3) in Er are locally bounded
above(below) in Er ([41], Chapter V). For a fixed cylinder

(y,8) +Q5,(0) C Er
denote by p+ and w, nonnegative numbers such that

[y > esssup  u, p— < essinf w, W >y — .
(9,5)+Q3,(0) (4,9)+Q3,(0)

Denote by ¢ € (0,1] and a € (0, 1) fixed numbers.

Lemma C.3.1 Let u be a locally bounded, local, weak subsolution to (C.1.1)-
(C.1.4) in Er. There exists a number vy depending on the data in (C.1.5),
and on the parameters 0, £, w, a, such that if

[u > py — €] N (y,s) + Q3,(0)] < vy Qs (0),

then either
N+p—(p—2)(1—ro)

C > min {1 (&) KN“’ } (C.3.1)
p pre

or
u<py —adw aein (y,8)+Q,(0).

Likewise, if u is a locally bounded, local, weak supersolution to (C.1.1)-(C.1.4)
in Er, there exists a constant v_ € (0,1) dependent on the same data and
parameters such that if

|[u < p— + &0 N (y, 8) + Qo (0)] < v-|Q,(0)],
then either (C.3.1) holds true, or

u>p-+aw ae in (y,5)+Q,(0).
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The constants v+ are independent of C', and the latter enters into the state-
ment only via the alternative (C.3.1). Their functional dependence on the
indicated parameters can be explicitly calculated as

N N 2 2 2—p
fy_phﬂo b_(pﬁﬂo ) (1 — a) I\LJ; (gwg
Ntp_ N °

p(1—ro) w)2—P\ o
() 0T

When £, = 1, this coincides with the same form as (3.12) of Chapter 3.

Ve =

C.3.1 A Variant of DeGiorgi-Type Lemma, Involving “Initial
Data”

Assume now that some information is available on the “initial data” relative
to the cylinder (y,s) + Q;rp(H), say for example

u(z,s) > &M for ae. x € Kop(y) (C.3.2)

for some M >0 and £ € (0,1]. Then

Lemma C.3.2 Let u be a nonnegative, local, weak supersolution to (C.1.1)-
(C.1.4) in Ep. Let M and £ be positive numbers such that (C.3.2) holds.
There exists a constant v, depending only on the data in (C.1.5) and a, and
independent of & and M, such that if

|[u < p- + &N (y,5) + Q3,(0)]
Q3,0

Vo

< N
(EM)P=20[1 + [(eM)p-20) "7 | 7=

)

then either
N+tp—(p—2)(1—ko)

C > min{l, (M) KNM }
p pe

or
u>alM  ae in K,(y) x (s,s+0(2p)"].

The proof of these two lemmas is analogous to Lemmas 3.1 and 4.1 of Chap-
ter 3. In those proofs use is made of the iteration Lemma 5.1 of the Prelimi-
naries. In the present context, because of the last term in the energy estimates
(C.2.1), this lemma has to be generalized into the following.

C.3.2 A Technical Lemma

Lemma C.3.3 Let {Y,} and {Z,} be sequences of positive numbers, satisfy-
ing the recursive inequalities
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Vo1 < COM(Y, e 4 Z1rye)

C.3.3
Zpi1 < CO"(Yy, + Z1T) ( )

where C,b > 1 and k,a > 0 are given numbers. If

Y, + Zr < (20)71%6_% where o =min{k, a},

then {Y,} and {Z,} tend to zero as n — oc.
Proof Set M,, =Y, + Z™% and rewrite the second of (C.3.3) as
Zyty < olrRptrn ppits, (C.3.4)

Consider the term in braces in the first of (C.3.3). If Z1** <V,,, such a term
is majorized by 2M 1T, If Z}** >V, then the same term can be majorized
by

Y1+a _|_ (Zl—‘rK,)l—‘rOz < Ml—i—()t.

Combining this with (C.3.4), we deduce that in either case
Mn—i—l < 201+Hb(1+n)nM71L+min{ﬁ ,a} ]

The proof is concluded by induction. [ |

C.4 Expansion of Positivity for Nonnegative Solutions to
(C.1.1)—(C.1.4)

In this more general context, Lemma 1.1 of Chapter 4 becomes:

Lemma C.4.1 Assume that for some (y,s) € Ep and some p >0
|[u(-, 5) > MIN Ky (y)| > o K,(y)] (C.4.1)

for some M >0 and some a € (0,1). There exist § and € in (0,1), depending
only on the data in (C.1.5), and «, and independent of M, such that either

(P=2)(1—ro)
1 MR
C > min {— , a0
p pree
or
1 59"
[[u(-,t) > eM]N K,(y)| > 5a|K,(y)| forall t € (s,s + 7z

This is the starting point for the proof of the expansion of positivity. Working
as in Chapter 4, with the obvious modifications, we have the corresponding
statements, both for p > 2 and for 1 < p < 2.
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Assume first that « is a nonnegative, local, weak supersolution to (C.1.1)—
(C.1.4) in Er, for p > 2. For (y,s) € Er, and some given positive number M,
consider the cylinder

p—2

Kgp(y) x (5,5 + (n?\/fwépp )

where §, 7, b are the constants given by Proposition C.4.1, and p > 0 is so

small that such a cylinder is included in Er.

Proposition C.4.1 Assume that (C.4.1) holds for some M > 0 and some
a € (0,1). There exist constants n and ¢ in (0,1) and 7, b > 1 depending only
on the data in (C.1.5) and «, such that either

(p=2)(1—ro)

(1 M MY TN
~C' > min q —, T o ,
P ot -2 P

or
u(-,t) >nM  ae in Kop(y)

for all times
bp—2 15 p—2
 lgp<t<sp—
Gz 2 S
Now let u be a nonnegative, local, weak supersolution to (C.1.1)—(C.1.4)

with 1 < p < 2, and let cylinder

s+ opP.

Kiep(y) % (s, 5+ 6M>7PpP]

be contained in Ep.

Proposition C.4.2 Assume that (C.4.1) holds for some M > 0 and some
a € (0,1). There exist constants n, §, and € in (0,1), and v > 1 depending
only on the data in (C.1.5) and «, such that either
. {1 Mo MR }
~C >min{ -, —, ——————— %,
p’p pre
or
u(-,t) >nM  ae in Kop(y)

for all times
s+ (1— 5)5M27ppp <t < s+ 0M*PpP.

When k, = 1 these statements coincide with the analogous ones in Chapter 4.
Relying on these propositions, the Harnack estimates of Chapters 5 and 6 can
be extended to nonnegative solutions to (C.1.1)—(C.1.4), both in the degener-
ate p > 2, and in the singular 1 < p < 2, range. The only significant difference
is in the alternatives, where one needs to take into account the presence of
the parameter s, € (0, 1].
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C.5 Equations of Porous Medium Type

Consider quasilinear evolution equations of the type
uy — div A(z, t,u, Du) = B(x,t,u, Du) weakly in Ep. (C5.1)

The functions A : Ep x RVt 5 RN and B : Ep x RV 1 — R are measurable
and satisfy

A(z,t,u, Du) - Du > mC,lu|™ "t Dul? — C?|u|™ ey, (z,t)
|A (2, t,u, Du)| < mCi|u|™ Y Du| + Clu|™p1(z, 1) (C.5.2)
|B(x,t,u, Du)| < mClu|™ | Du| + C?|u|™ps(z, 1)

for m > 0 and a.e. (z,t) € Ep. Here C, and C; are positive constants, and
C is a nonnegative constant. The nonnegative functions ¢;, i = 0,1,2, are
defined in Er and satisfy

Yo, ¥1, 3 € LY(Er)

where
L2
q (1= ro N+2’
Notice that k, can be equal to one. In such a case the functions ¢; all belong to
L>(E7) and we are back to the framework studied in the previous chapters.
The notion of weak solution is the same one, as discussed in § 5 of Chap-
ter 3. In the following the statement that a constant v = ~(data) depends
only on the data, means that it can be determined a priori only in terms of

ko € (0,1]. (C.5.3)

{0, Co, O, 00, 68, @B - | (C5.4)

The constant C' appears only in the alternatives, but plays no role in deter-
mining the value of the various constants .

C.6 Energy Estimates for (u — k)4 on Cylinders
(ya 3) + Q,:E(H) C ET

The notation is the same as in § 2 of Chapter 3. The next two propositions
discriminate between m > 1 and 0 < m < 1.

Proposition C.6.1 Let u be a local, weak sub(super)-solution to (C.5.1)-
(C.5.3) in Ex with m > 1. There exists a positive constant v = v(data), such
that for every cylinder

(y,8) + @, (0) C Er,

every k € R, and every nonnegative, piecewise smooth function ¢ vanishing
on 0K ,(y)



262 10 Appendix C

ess sup / (u — k)3 (w, t)dx
Kp(y)

s—0p2<t<s

- / (u—k)2C*(x,s — 0p?)dx
Kp(y)
+mC, // (™| D(u — k) o 2 dr
(y,5)+Q5 (6)

= ™ — W2IDC + (u — 1G] dedr
(y,8)+Q; (0)

+~C? //( oo lu|™ " (u — k)% de dr
Y,8)+Q,

" 702 /_/( V+Q5 () |u‘m+1[800 + SO% + @%]X[(u—k)i>0]c2d$ dr
;S P

where C, and C are the constants appearing in the structure conditions
(C.5.1). Analogous energy estimates hold for “forward” cylinders (y,s) +

Qy(0) C Er.

Proposition C.6.2 Let u be a monnegative, local, weak supersolution to
(C.5.1)-(C.5.3) in Er with 0 < m < 1. There exists a positive constant
~v = v(data), such that for every cylinder

(y,8) +Q, (0) C Er,

every k > 0, and every nonnegative, piecewise smooth function ¢ vanishing
on 8Kp(y);

ess sup / (u — k)22 (x,t)dx
s—0p2<t<s JK,(y)

— 7k (u—k)_C*(x,s — 0p*)dx
Kp(y)

+Cokm‘1// |D(u — k)_¢|*dx dr
(:5)+Q; (0)

< k2 // X[(u—k)_>01¢¢r|dz dT
(y,8)+Qp (6)

pmst [ /( N o G
Y,s P

N(1+r)
N+2

+702]<;m+1[/ ) |A,;p(7-)\d7'}
s—0p2

where C, and C are the constants appearing in the structure conditions

(C.5.2),
2

R = —Ko,

N
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and

A

fp(t) = [(u(,t) — k)= > 0] N K,.

Analogous energy estimates hold for “forward” cylinders (y, s) —|—Qj (0) C Er.

The proofs are a straightforward adaptation of those given for Propositions 6.1
and 9.1 of Chapter 3.

C.7 DeGiorgi-Type Lemmas

Local, weak sub(super)-solutions to (C.5.1)—(C.5.3) in Er are locally bounded
above(below) in Er ([7]). For a fixed cylinder

(y,8) +Qy,(0) C Er
denote by p+ and w, nonnegative numbers such that

[y > esssup  u, po < essinf w, W=t — .
(¥,5)+Q5,(0) (¥,8)+Q5,(0)

Since the degeneracy or singularity occurs at u = 0, we will assume at the
outset that

p— = essinf w=0 sothat w=p,.
(4,5)+Q3,(0)

Denote by & € (0,1] and a € (0, 1) fixed numbers.
Lemma C.7.1 Let u be a nonnegative, locally bounded, local, weak subsolu-

tion to (C.5.1)-(C.5.3) in Ex for m > 1. There exists a number vy depending
on the data in (C.5.4), and the parameters 0, &, w, a, such that if

[[u> py — &l N [(y, 8) + Qo (O)]] < v1|Q, (0)],

then either
(1—m)(1—ko)

C > min {1 , w} (C.7.1)
p pre
or

u<py —alw ae in (y,8)+Q,(0).

Lemma C.7.2 Let u be a nonnegative, locally bounded, local, weak supersolu-
tion to (C.5.1)—(C.5.8) in Ep, for m > 0. There exists a number v_ depending
on the data in (C.5.4), and the parameters 0, &, w, a, such that if

[w < €N (y,9) + Qs (0)] < v-1Q3,(0)],
then either (C.7.1) holds, or

u>alw ae in [(y,s)+ Q, (9)].
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The constants v+ are independent of C', and the latter enters into the state-
ment only via the alternative (C.7.1). The functional dependence of v+ on
these parameters can be explicitly calculated by setting

-2 [ a)z] e [(fml—m] =

72 0
Vy = 1 2(11\];_:20) 1;”’2 .
1 ( ) =
{ * O(Ew)m—t + f(Ew)m—T
Then 2N +mt1) o N2 .
vy = [W vy, and v_ = Ala) 2o v,
where

A(a):{ll B if me (0,1)

(ia)l i m > 1.

When «, = 1 these reduce to the functional dependences of § 7 of Chapter 3.

C.7.1 A Variant of DeGiorgi-Type Lemma, Involving “Initial
Data”

Assume now in addition that some information is available on the “initial
data” relative to the cylinder (y,s) + Q;’p(ﬂ), say for example

u(z,s) > &M for ae. x € Kop(y) (C.7.2)

for some M > 0 and & € (0, 1].

Lemma C.7.3 Let u be a nonnegative, locally bounded, local, weak superso-
lution to (C.5.1)-(C.5.3) in Ex, for m > 0. Let M and & be positive numbers
such that (C.7.2) holds. There exists a constant v, € (0,1) depending only on
the data in (C.5.4) and a, and independent of & and M, such that if

[ < pe +&wl N (y,s) + QF,(0)]
1Q3,(0)]

Vo

M™% [14+ (i)

<

2(1—ko) _ N42 )
N2

] Zro

then either (C.7.1) holds, or

u>alM  ae in K,(y) % (s,s+60(2p)"].
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C.8 Expansion of Positivity for Solutions to
(C.5.1)—(C.5.3)

In this more general context, Lemma 7.1 of Chapter 4 becomes:
Lemma C.8.1 Assume that for some (y,s) € Er and some p >0
|[u(-, 5) > MIN K,y (y)| > o K,(y)] (C.8.1)

for some M >0 and some a € (0,1). There exist § and € in (0,1), depending
only on the data in (C.5.4) and «, and independent of M, such that either

(m—1)(ko—1)

1 N+2
> min{—, —} (C.82)
p pree
or
1 dp?
[[u(-,t) > eM]NK,(y)| = 5a|K,(y)|  forall te (s,s + W}

This is the starting point for the proof of the expansion of positivity. Working
as in Chapter 4, with the obvious modifications, we have the corresponding
statements, both for m > 1 and for 0 < m < 1.

Assume first that « is a nonnegative, local, weak supersolution to (C.5.1)—
(C.5.3) in Ep, for m > 1. For (y,s) € Er, and some given positive number
M, consider the cylinder

bm—l

(nM)m=t

50|,

Kiy(y) x (s,5+
where §, 7, b are the constants given by Proposition C.8.1, and p > 0 is so
small that such a cylinder is included in Ep.

Proposition C.8.1 Assume that for some (y,s) € Er and some p > 0
(C.8.1) holds for some M > 0 and some o € (0,1). There exist constants
n and § in (0,1) and v, b > 1 depending only on the data in (C.5.4) such that

either
(m—1)(ko—1)

1 1 M~
70>min{—, -, }

2(1—r
P pret mrm—D pre

or
u(-,t) > M ae in Kop(y)

for all times
pm— 1 m—1

— <t <s b
(nM)m=12 (nM)m=1

2

s+ op=.
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Let now u be a nonnegative, local, weak supersolution to (C.5.1)—(C.5.3)
with 0 < m < 1, and let the cylinder

Kiep(y) % (s,8 4+ M " p?]

be contained in Er.

Proposition C.8.2 Assume that for some (y,s) € Er and some p > 0
(C.8.1) holds for some M > 0 and some o € (0,1). There exist constants
n, 0, and € in (0,1), and v > 1 depending only upon the data in (C.5.4) and
a, such that either (C.8.2) holds, or

u(,t) >nM  ae in Kop(y)

for all times
s+ (1 —e)dM'"™™p? <t < s+ M

When k, = 1, we recover the statements of Chapter 4 for both Proposi-
tions C.8.1 and C.8.2.

Relying on these propositions, the Harnack estimates of Chapters 5 and 6
can be extended to nonnegative solutions to equations (C.5.1)—(C.5.3), both
in the degenerate m > 1, and in the singular 0 < m < 1 range. The only sig-
nificant difference is in the alternatives, where one needs to take into account
the presence of the parameter s, € (0, 1].

C.9 Remarks and Bibliographical Notes

Parabolic equations with integrable lower order terms were extensively stud-
ied in [101], in the case of p = 2, m = 1. For degenerate (p > 2) and singular
(1 < p < 2) equations the theory of local regularity is in [41]. As discussed
in Chapter V of [41], the assumptions (C.1.3)—(C.1.4) are natural, to insure
both boundedness and local Holder regularity of solutions. If one knew that
solutions are already bounded, and does not need a quantitative statement
about their boundedness, more general assumptions could be made. In partic-
ular, the functions ¢; could be taken in proper L%"(Er) spaces, as discussed
in Chapters II-IV of [41]. The expansion of positivity of Chapter 4 and the
Harnack inequalities of Chapters 5 and 6, could be extended to this more
general setting, the difficulty being only technical. Analogous considerations
apply to porous medium type equations (C.5.1)—(C.5.3).

There is some dissymmetry between the structure conditions of p-
Laplacian type equations and porous medium type equations. The structure
conditions one gets by letting p — 2 in (C.1.2)—(C.1.4) coincide with those
given in [101], for nondegenerate equations. The latter, in the context of nonde-
generate equations, in [101] are shown to be optimal for the local boundedness
and the local Holder continuity of solutions.
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This is not the case, however, if one lets m — 1 in (C.5.2)—(C.5.3), and
it raises the question of whether a refinement of conditions (1.2) and (5.2) of
Chapter 3 is possible, so that they coincide when p — 2 and m — 1.

Suitable structure conditions for degenerate (m > 1) porous medium type
equations are

A(z,t,u, Du) - Du > mC,|u|™ Y Dul? — C?¢,(z,t)
|A(x,t,u, Du)| < mCi|u|™ ! Dul| + C\u|%g@1(x,t) (C.9.1)
|B(z,t,u, Du)| < mClu|™ | Du| + C2|u| ™z pa(x, 1),

where the functions ; satisfy (C.1.3)-(C.1.4). It turns out that nonnega-
tive local, weak solutions to these degenerate (m > 1) porous medium type
equations satisfy the expansion of positivity of Chapter 4 and the Harnack
inequality of Chapter 5. The proof is almost identical with the minor modifi-
cations due to the structure (C.9.1).

For singular (0 < m < 1) porous medium type equations, it is not known
whether the structural conditions (5.2) of Chapter 3, or (C.5.2)—(C.5.3) are
optimal for a Harnack estimate to hold. For 0 < m < 1 the conditions on
the lower order terms (those terms involving the alternative constant C) are
crucial in the proof of Proposition B.1.1 of Appendix B, which seems to be
the key point.

Rather than discriminating between m > 1 and 0 < m < 1 we have chosen
to use a unified approach.
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equation, 128, 168, 203

Harnack implies Hélder, 102, 153, 160,
180
Harnack inequality
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Classical form for harmonic functions,
1

Elliptic form for the p-Laplacian, 140

Elliptic form for the porous medium
equation, 168

Form when 0 < m < %, 176

Form when 1 < p < A%—fl, 155

Mean value form for harmonic
functions, 2

Mean value form when
W2 < m < 1, 166,

202
Mean value form when ;}—fl <p<2,
138

Mean value form when m > 1, 127

Mean value form when p = 2, 3, 91,
134

Mean value form when p > 2, 92

Time-insensitive mean value form
when &2k < < 1,167, 202

Time-insensitive mean value form
when 295 < p <2, 139, 190

Holder continuity for the porous

medium equation, 130, 135,
172-174, 183, 243-253

Lemma
Fast geometric convergence, 20, 258
Interpolation, 21, 214, 218, 219, 233,
235
Measure-theoretical, 16, 113
Liouville-type theorems
for the p-Laplacian, 105-108, 135, 153
for the porous medium equation, 131,
175
Logarithmic estimate, 240, 245

Monotonicity of the principal part, 55,
135, 187, 199

Notion of solution
for the p-Laplacian, 23, 256

for the porous medium equation, 34,
261

Parabolic embedding, 18, 30, 33, 41, 44,
46, 51, 81, 118, 120, 181, 185, 212,
214, 232, 235, 239

Parabolicity, 24, 35, 55

Poincaré inequality, 13, 15, 22

Regularity of u
for the p-Laplacian, 24, 54
for the porous medium equation, 34,
55

Sobolev
exponent, 11
inequality, 13, 22
spaces, 13
Stability of constants, 26, 29, 36, 38, 46,
47, 50, 54, 59, 67, 78, 79, 82, 84,
91, 93, 97, 112, 128, 137, 138, 148,
150, 165, 166, 205, 206, 208, 210,
218, 222, 225, 227, 230, 237
Stability of the expansion of positivity
for the p-Laplacian, 78
for the porous medium equation, 82
Steklov averages, 21, 22, 24, 34, 47, 54,
206, 215, 226, 228, 236, 241
Structure conditions
for the p-Laplacian, 23, 68, 73, 95,
143, 266
for the porous medium equation, 33,
84, 129, 171, 252, 261, 266, 267
Subpotential lower bounds
for the p-Laplacian, 108, 196
for the porous medium equation, 132,
203

Weak Harnack inequality
for 0 <m < 1, 181
for 1 <p<2, 181
for m > 1, 133
for p > 2, 112-127
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