Chapter 8
Dynamic Altitude Synchronization Using
Graph Theory

8.1 Introduction

The Q-structure proposed in Chap. 7 provides a promising avenue for formation
control of helicopters under a flexible and scalable framework. We presented a
kinematic control scheme that does not consider the dynamics of the helicopters,
and is useful for formation motion planning to determine the desired motion of the
helicopters. Dynamic formation control using Q-structures in which the helicopter
dynamics are directly taken into account in the formation control design can yield
better flight performance, but it is an open and challenging problem. In this chapter,
we take a different approach to solving the dynamic formation control problem, by
combining graph theory with adaptive neural networks.

We focus on the synchronized tracking problem of helicopters in vertical flight,
in which multiple helicopters track the same desired trajectory while the desired
trajectory is not accessible to all the helicopters in the team. The vertical fight mode
starts when the helicopter is at rest on the ground IGE (in ground effect). Then take-
off is started and the helicopter climbs. Vertical descent precedes landing. Since
the coupling between longitudinal and lateral-directional equations in this flight
regime is weak, it can be presented by single-input—single-output (SISO) models
with zero-dynamics to yield useful results [83, 102]. In the formation group, the
desired trajectory is not available to all the helicopters in the team, synchronized
tracking control is designed for each helicopter by using the information exchange
with its neighbors. The main contributions of the work are as follows:

1. The extended formation graph Laplacian, which contains a spanning tree which
the root helicopter can access for the desired trajectory, is proved to be positive
definite.

2. The neural approximation based control is designed for the purpose of syn-
chronized tracking of each helicopter by using the weighted average of its
neighbors’ states. All signals are proved to be bounded and the tracking errors
of all helicopters will converge to a neighborhood of the origin.
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3. A high gain observer is employed for each helicopter to estimate the unaccessi-
ble derivation of the states of both itself and its neighbors. It is shown that in this
case, the boundness of all the closed-loop signals are guaranteed.

8.2 Problem Formulation

8.2.1 Helicopter Dynamics

Consider the class of SISO helicopter systems described by

)'cj:xj_H, jzl,...,p—l
').CP = f(r)s'x) + g('xs r))(u + d)
n=q(x,mn)
R (8.1)
where x = [x1,...,x,]T € R and n € R""7 are the states of the system, u, y € R

the input and output, respectively, f : R"” — R an unknown smooth function,
and ¢ : R" — R is a partially unknown vector field satisfying certain properties,
which will be described shortly, g : R” — R is an unknown function with certain
properties, and d is the external disturbance in the input channel.

Assumption 8.1. The zero dynamics of system (8.1), given by 1 = ¢q(x,n), are
exponentially stable. In addition, ¢ (£, n) is Lipschitz in x, i.e., there exists positive
constants a, and a, such that

lgCe.m) —qO. )l < axllx|| +a4 V(x,n) € R (8.2)

Under the assumption that the zero dynamics are stable, by the converse Lyapunov
theorem, there exists a Lyapunov function Vy(n) which satisfies the following
Lyapunov inequalities for (x, n) € R":

yilinl* = Vo(n) < palin| (8.3)
Ve
=24(0.0) < [l (8:4)
n
1%
52| <l 55
n

where y1 , ¥2, A4, and A, are positive constants.
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Assumption 8.2. The external disturbance d is an uncertain bounded function d €
L. That is, there exists unknown positive constants o such that |d(f)| < ¢ < o0
where o can be arbitrarily large.

Assumption 8.3. There exist smooth functions g(x, 1) and a positive constant g >
0, such that g(x,n) > g(x,n,u) > g > 0,V(x,n) € U. Without loss of generality,
it is further assumed that the sign of g (x, 5, u) is positive ¥ (x, 1) € U.

Assumption 8.4. There exists a positive function go(x, n) satisfying |¢(x,n)/2g
(x,m)| < golx,m), ¥(x,m) € U.

Remark 8.1. The SISO representation considered in this chapter is valid for simple
operations involving the regulation or tracking of a single degree of freedom, such
as altitude tracking and pitch regulation, among others. The general nonlinear SISO
helicopter model can be described in [48]

X = f(x.u)
y = h(x) (8.6)

with some assumptions such as it can be input—output linearizable with strong
relative degree p < n, which can be described as (8.1). In addition, we will show that
the helicopter given in Sect.4.5.2, which will be used in the subsequent simulation
section, can be changed to (8.1) and satisfies the above assumptions.

8.2.2 Formation Control of Helicopters

We associate the helicopters with nodes in a graph and information exchange with
the graph edges. The Following definitions are useful for describing the formation.

Definition 8.2. [24] A directed graph G’ consists of a non-empty finite set V' of
elements called nodes and a finite set £’ C 1'% of ordered pairs of nodes called arcs,
where e = (v;,v;) € £ and v;,v; € V. The neighbors set of vertical v; is defined
as N/ ={v; e V| (vj,v;) €&’}

For the multiple agents tracking problem, we introduce a virtual agent vy, whose
motion follows the desired trajectory restrictively. And we define a non-empty set
Vo C V’, in which the elements can access the desired trajectory, i.e., vo € N},
iff v; € V. Then the extended formation graph can be described as G = {V, &},
where V = V' U {w}, and € = & U {(vo.v;)|vo € N;}. For all agents v; € ),
Nj = Nj U {vo}.

Definition 8.3. The weighted adjacency matrix of the extended formation graph
G, denoted as A*(G), is a square matrix of size [V|, with its elements A}, > 0 if
(vj,vi) € G, and is zero otherwise. Define a diagonal matrix A(G) with its elements
Ajj =3 A;k, and the normalized Laplacian of the graph is definedas L = 1 — A

with A = A7 A*,
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Definition 8.4. A spanning tree of a directed graph G’ is a directed tree formed by
graph edges that connect all the nodes of the graph. We say that a graph has (or
contains) a spanning tree if a subset of the edges forms a spanning tree.

Definition 8.5. A substochastic matrix is a square matrix with nonnegative entries
such that every row adds up to at most 1.

Definition 8.6. A directed graph is called weakly connected if there exits a node
which is globally reachable.

Definition 8.7. [92] If matrix L = ({;;) € R"TD*+D gagisfies the following
three conditions:

1. |ei,'|22j#i |€,gj|, (i=0,1,...,l’l);

2. J =1tk € N| |lgx| > Z:':Lj#k |4k} # @, where N = {0,1,...,n}, it also
means that there at least exists an i that satisfies [{;;| > > i |€ij|; and

3. For each i ¢ J there exists a sequence of nonzero elements of L with the form
Ziil, Eiliz» Ceey Zisk withk € J.

Then we say L is a diagonally dominant matrix with nonzero elements chain.

Property 8.8. [92] For a diagonally dominant matrix with nonzero elements chain
L = (£;;), we have the following properties:

1. L is a nonsingular matrix;

2.If B=1—D7'L, where D = diag{€iy,.... Ly}, Lii # 0, then p(B) < 1,
where p(B) is the spectrum of B; and

3. If Lisreal and {;; <0, {;; > 0, then L is an M -matrix.

Theorem 8.9. Consider the multiple agent synchronized tracking problem, if the
formation graph G' contains a spanning tree with its root v; € V,. Then the
normalized adjacent matrix A of the extended formation graph G is sub-stochastic,
and L = I — A is positive definite, which inverse is given by L™! = >"72 Al

Proof. By introducing the virtual agent vy, we know that Ay = & in the extended
formation graph G, as it does not accept any other agents’ information and follows
the desired trajectory strictly, and we also know that all the elements of the first row
of A are zero. Since G’ has a spanning tree and v; € {V} is the root, this means that
each agent has at least one neighbor, therefore the sum of any other row of A equals
to 1. According to Definition 8.5, we know that A4 is a sub-stochastic matrix.

It is clear that all the diagonal elements of L are 1, and all the row sums of A are
1 except the first row, this means L is a diagonal dominant matrix with the J = {0}
(Since the virtual agent is added, we start the row number from O corresponding to
the label of agents). Let us revisit that G’ has a spanning tree with v; € V) as the
root, this also means that there is a path from vy to any agent v; € V; therefore,
in the matrix L, for every element i # 0, there exists a sequence of nonzero
elements form ¢;;,,¢;;,, ..., ¢ o. Then L satisfies all the conditions of Definition
8.7. Since L isreal and £;; < 0,i # j, {;; = 1, According to Property 8.8, L is a
nonsingular M -matrix [92]. By using Gerschgorin disc theory, we also know that all
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Fig. 8.2 Sample graph and its Laplacian

the eigenvalues of L lie in the right part of the complex plane as shown in Fig. 8.1;
therefore, we can conclude that L is positive definite. Furthermore, it follows from
p(A) < 1 that lim; s A’ = 0. Then,

I-AT+A+ A4 )= +A+ A2+ ) —(A+ A+ A+ ) =T 8.7)

We obtain L™! = 372, A’. This completes the proof. O

Example 8.10. To demonstrate Theorem 8.9 clearly, take the sample graph shown
in Fig. 8.2 for example. Both v; and v3 can access the desired trajectory and G’
contains a spanning tree with 1 as its root. Take the node 5 for example, we can find
that in the Laplacian matrix L, there exists a sequence €54, €43, £32, £21, £10 7 0.

In this chapter, we studied the synchronized tracking problem of multiple
unmanned helicopters as follows:

Considering a group of helicopters, the desired trajectory of the team y,(¢) and
its derivations up to p-th order are bounded, and are only available to the helicopters
v; € V. For each helicopter, design a control, (1) using its own full states and its
neighbors’ full states and (2) using its outputs and its neighbors’ outputs, such that

lim [y;(1) —ya@)| =& i=1..N (8.8)
t—>00

where ¢ is a small positive constant.
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The desired trajectory y,(¢) is generated by the following reference model:

de = )2?4,'4_1, i = 1,...,,0—1

Xap = fa(xa,t)

Yd = Xdi1 (8.9)
where p > 2 is a constant index, x; = [X41,...,%q,]" € R” are the states of the

reference system, and y; € R is the system output.

Assumption 8.5. The reference trajectory y,(f) and its p-th derivatives remain
bounded, i.e., x; € 25 C R°, Vt > 0.

Assumption 8.6. The formation graph G’ of the helicopter group has a spanning
tree which the root helicopter can access for the desired trajectory.

The following lemma is useful for analysis of the internal dynamics of the
helicopter.

Lemma 8.11. [35] Denote positive constants a; = (Apay)/Aq and ar = (Apay) /A
If Assumptions 8.1 and 8.5 satisfied, there exists a positive constant Ty such that the
trajectories 1(t) of the internal dynamics satisfy

7l < aillx@)] + a2 (8.10)

8.3 Control with Full Information

In this section, we design the tracking control for each helicopter using the
full information of itself and its neighbors. The adaptive NN control scheme is
constructed for the synchronized tracking control. Since not all the helicopters can
access the information of the desired trajectory, the tracking control is designed
based on the relative states with its neighbors. Define the following error variables
for the helicopters:

L= Vil = Virs 2 =1 = Xi2— Virseeos  Zip = Z,(ﬁ) = Xijp— yi(f)

(8.11)
with

k k
v =Y ayyi). PO = ayyP®). k=1...p-1

JEN; JEN;
(8.12)
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where a;; is the element of the normalized adjacent matrix A of the extended
formation graph G.

Remark 8.12. In (8.12), we defined that the reference state of each helicopter is the
weighted average of its neighbors’ states. If the helicopter v; can access the desired
trajectory, the virtual agent vy is viewed as one of its neighbors, and 1 > a;o > 0.
While considering the pure tracking, we may choose a;o = 1 for better tracking
performance. In the synchronized tracking problem, if v; has other neighbors v; €
N, we prefer to choose a;o < 1 for better synchronization with its neighbors.

For each helicopter, we define vectors z;, and Z; as

Z,- = [Zi,l, ey Z,‘,p]T e RP

Z = [Zi,l, e, Z,‘,p_1]T € Rr1
and the filtered tracking error as
si = [AT 1]z (8.13)

where A = [A1, A2, ..., A,—]" is an appropriately chosen coefficient vector so that
zip = 0ass; = 0,ie., P+ /\p_lp"_z + -+ + Ay is Hurwitz. Then we have

Zi = A,2; + bs; (8.14)
0 1 .- 0
where A, = | * = |andb=10.....0.1]T.
o 0 ... 1 T_fz—’

—A1 —Ay e =y
The dynamics of s; are written as

§i= fixin) + g +d) +[0 ATz -y (8.15)

Consider the Lyapunov function candidate
Vi=—s5+—00, + —¢ (8.16)
i Y1

where §; = 6; — 0, and ¢; = ¢ — ¢ are the estimated errors of parameters and
the error bounded, respectively.
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Then,
. f 1 . 1 ~ = 1 _ .
Vi = _g_zsi2 + —sidi + —6i0 + —@i@i
2gi 8i Y2 Y1
.i ixiai+OATzl‘— (p)—|- i 20S;
=—(g0+g—2)s,»2+si(u,+d,-)_|_s’.f( i) +[0 A'Jzi — yi, + gi&
26; 8i
1 1.
o, bl + i (8.17)
V2 Y1

We use the parameter linearized NN to approximate the unknown nonlinear function

= (s 7 = _,® X .
Jixioninzi, yi(f)) = fiban)+0 Azz’ Yir T81805 \which can be described as
fi(Zi) = 0" pi(Z) + & (8.18)

where Z; = [x;, f)i,Zi,J’,-(f)]T-

Remark 8.13. The NN is constructed to approximate fi(xi,m,zi,yi(f)) =
S m)+0 ATE =y +gigosi

e on a whole, which avoids the possible singularity of
the direct approximation of g;.

Select the following control u; for each helicopter

A 1
u; = —Ql»T'g[/i —kiS,' — E(ﬁ,’S,’, i = 1, .. .,N (819)

where ¢; and 6; denote the estimate of @F = (0; + &)* and 0", respectively.
The update law of parameters are designed as

1 .
¢ =1 [—5(1 —w,)s} + Gl‘/’i:|

s
Il

(= Visi + 026)) (8.20)

By using the Using Young’s inequality, we have

STA 02, 5 03
— 0070, < —==16; 1> + =16
20, 6; < 2||1||+2||1”
~ A O1 .5 | 01 4
—019i Qi 5—790,' +?<Pi

A

_ 1, .,
i+ E&i)Si = -+ =8¢
(0i +&)si = 5 + sip
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Considering (8.19) and (8.20), the time derivation of V; in the closed-loop trajectory
can be written as

y 8i 2 2 = L, srp 1 ~
Vi=- = | si—kisi +si\& +di — @i | — 020, 0+ (1— i QiSi
(g0+2g,»2)sl 57+ s (8 + 2<p) 020, +2( wW,)Si PiS
_Ul¢i¢7i
1 1 1 0y, ~ 1 o1 .
< —is? + 5 + 55300 — 3520 — 2161+ 21671 + 50057 - 25
0_1 *2
+ 5 ®;
0'1 ~ (o)) (o3} 1
= —kist = 2g7 = 21617 + Zh0r1P + Do + 5 821)
Then,
Vi < —c1iVi + ¢ (8.22)
c1; = min{k;, Y207, Y101} (8.23)
T S T |
= 2p AP - 8.24
cu = 21671+ 2o 1P+ 5 (8.24)
Now define
2c
Q2 = gsi Isil < =2 } (8.25)
Cii
~ 202
4, = §(9i,<ﬂ: )16:1 < \/ g < \/—l} (8.26)
Q. = {(Sh 0:. Gi) ?zé,Té: + 71@2 = CZi} (8.27)

Since cy;, 01, 02, and k; are positive constants, we know that §2;;, £25, and £2.;
are compact sets. Equation (8.22) shows that V; < 0 once the errors are outside
the compact set §2.;. According to the standard Lyapunov theorem, we conclude
that s;, 6;, and ¢; are bounded. From (8.22) and (8.25), it can be seen that V; is
strictly negative as long as s; is outside the compact set §2,;. Therefore, there exists
a constant 77 such that for ¢t > T3, the ﬁltered tracking error s; converges to £2y;,
that is to say, s; < Bsi(ki, y1,v2.01.02, 07,97, €F) = \/2¢2i /cui.

Now we will show that all the hehcopters will track the desired trajectory
although only some of them can access the desired trajectory. Define the error
between i-th helicopter and the desired trajectory as y;(¢) = y;(t) — ya(t) =
¥i(t) — yo(t), and the auxiliary states of each helicopter & (t) = [AT 1]Y; with
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Y = [yi, yi(l), . yi(p_l)]T. The filtered error is denoted as & (1) = & (1) — &4 (1) =

& (1) —5o(2).
Using the fact that s; (1) = & (1) — 3 ;ep; @ij§; (), we have

& =6&—%
=Zaij§j+si—§0, i=1,...,N
JEN;
and in the vector form

E=Af+s5—&l (8.28)

where 1 = [1,..., 11T, s = [s0,s1,...,sx]", and 4 is the normalized adjacency
matrix of the extended formation graph. Note that the elements in the first row of A
are all equal to 0, and the other row summations of the matrix 4 are 1, and we have
[0,1,...,1]T = A[0,1,...,1]%. Then,

AE + 1) +s+[1,0...,0"& — &1
= AE+1[0,1,....1]" + s +[1.0...,0]T& — &1
= Af +s (8.29)

§

Under the Assumption 8.6, we know that L = (I — A) is an invertible matrix, and

we have B
E=L"'s (8.30)

Define vectors

Y=y .. v
Y=Ly T
X =[x x1 ... x|
X = [Xo,)zl,...,ip—l]T

wherer = [quj,quj,...,XNyj]T,Xj = Xj—de = Xj—y(()j)l,?,’ = Yi—Yd =
Y; — Y,. Then we have )

V=A,) + b (8.31)
where /fp =In;t1®4), and b = In+1 ®Db.
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Considering (8.29), the error dynamics can be written as

V=A,Y+bE=A4,Y+bL's (8.32)

Lemma 8.14. Define S; max = SUPp<; < Isi (@), Bs, = SUP, 7y |s; (1)) and Smaxi (t) =
max; Supo<,<, |5i (t)], then the following equations hold:

- ~ k
1Y) < koe ™ |I(O)] + A—‘; [N Anax (LY 4 N = 1] Smani (1)
- . N etoTi ko
PO = ke (19O + 5.1 + 12
0 0
where ﬁS(Z) = N/\max(L_l)smax,i (t) and IBST = N/\max(L_l) SupTlst Smax,i ([) with

constants Ay > 0 and ko > 0.

Proof. From (8.32) and the fact that A, is Hurwitz, we have
~ ~ - t - -
Iy = PO + / =951 15 dr
0
et || < koe ™"
Then,
t —_
V@) < ko™ |90 + [ e T L7 s | de
0

t
< koe ™ PO + kot [N Amax( L") s (1)] / " dr
0

e)»ol‘

< koe ™ | V(O)[| + koe™*" [N Amax (L") ] Smax.i (¢)

< koe | V(0)]| + ';—2 [N Amax (L") Smax.i (1) (8.33)

where A, (+) is the maximum eigenvalue of the matrix.
Noting the above equation and that

[ T
/ e~ ho(t=0) ”E(L_IS) H dr — / 1 e Ho(=1) HE(L_IS) ” dr
0 0

t
+ / = [5(L ") dr
T

1
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We have (8.33) as follows:

5 5 etTi _ eroto _ eroTl
1Y@ < koe ™ [V(O)]| + koe_l"tk—ﬂs(ﬂ) + koe ™' — 5 Px
0 0
. B etoTi ko
< koe " (1Y) + =——Bs(T) ) + —Bsr (8.34)
Ao Ao
This completes the proof. O

Now we will show that for a proper choice of the control parameters, the trajectories
of each vehicle do remain in the compact set. From the fact that L™!'s = ([AT 1] ®

1N+1))?, where X = [XT )Z;]T, we can see that ¥, = L7's — (AT ® Iy)X.
Therefore,
1X1 < 1X 1+ 1%l

< L+ JADIX ]+ 127 s

< (L4 [ADIVI + Amax (L7 5]
It follows from (8.34) and the fact that s; will converge to £2;, we know that ||)§ | <
k|l YO)|| + kpBs; + ke, YVt = Ty, withky = (1 + || A|)ko, ky = (ka/Xo) + 1 and
ke = ka(e*T /X0)Bs(T1). Hence,

IXOI < IXOI + [ Xa 1]
< kall VO + kpBoy + ke +c. Ve =T (8.35)

We now provide the conditions which guarantee X € 25, Yt > 0. Define the
compact set

Q0 := {XO) {X|IX O] <kl YOI} C 25, Amax (L) 50| < By7 }
and the positive constant

c* = sup {c [{X[IX]| < ka|VO)]| + ke + ¢, X(0) € 20} C 25} (8.36)
ceRT

We summarize our results for the full-state feedback case in the following theorem.

Theorem 8.15. Consider a group of helicopters dynamics (8.1) and the communi-
cation graph containing a spanning tree which the root helicopter can access for
the desired trajectory, with Assumptions 8.1-8.5, under the action of the control
(8.19) and parameters update law (8.20) for each helicopter. For initial conditions
X (0), 7(0), 6;(0) and @;(0) starting in any compact set, and the desired trajectory
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with its derivations up to p-th bounded, all closed signals of the system are Semi-
Globally Uniformly Ultimately Bounded (SGUUB), and the total tracking error of

the helicopters X converges to a neighborhood of the origin.

Proof. From (8.35), we know that the overall system state X (1) will stay in £2 ¢ for
all time. Furthermore, because the NN weights have been proven bounded for any
bounded éi (0) and ¢; (0), and due to Lemma 8.11, it can be seen that 7; is bound if
x; is bounded. As a result, the states of the internal dynamics of the helicopter will
converge to the compact set £2,, = {n; € R?|||n;|| < a1(y/2¢c2/c1 + | Xal]) + a2},
where a; = Apar/A, and a, = Apa, /A, are positive constants. Because the control
signal u; (¢) is a function of the weights é,- and ¢;, the states 7;, x;, and the filtered
tracking error s;, we know that it is also bounded. Therefore, we know that all the
closed-loop signals are SGUUB. This completes the proof. O

8.4 Control with Partial Information

From the definition (8.11) of reference states of each helicopter, we know that not
all of the helicopters can access the desired altitude and its derivation. For each
helicopter in the team, its reference output at time ¢ is the weighted average of its
neighbors’ outputs at the same time, and in the control design, each helicopter needs
to use its neighbors’ states yi(f) (t), k = 1,...,p, which are not easy for them to
access. In this section, we assume that each helicopter can only access its neighbors’
output information y;,, and use high observer to estimate y,-(f)(t), k=1,...,p.

In the following lemma, high gain observer used in [7] is presented, which will
be used to estimate the neighbors’ states.

Lemma 8.16. [35][102] Consider the following linear system:

Eﬁi=ﬂi+1 l=1,2,,,0—1

€Ty = =Yy — VaTlp—1 —*++— Vo172 — 71 + x(t) (8.37)

where € is a small positive constant and the parameters y; to y,— are chosen such
that the polynomial s° + s~ +.. .+ Yo—18+ 1 is Hurwitz. Suppose the states y(t)
and its first n derivatives are bounded, so that y) < @y with positive constants
wy. Then the following property holds:

)?(k) = % — )((k) = —Gé'(k), k=1,2,....,p (8.38)
€

where § := m, + Y17p—1 + -+ + Vo171 and £%® denotes the kth derivative of L.
Furthermore, there exist positive constants hy, and t* such that for all t > t* we
have |§'(k)| <hg,k=2,3,...,p
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Note that 75+ /€* asymptotically converges to ¢*), with a small time constant
provided that ¢ and its k derivatives are bounded. Hence, m;+1/€* fork = 1,....p
is a suitable observer to estimate the output derivatives up to the p-th order.

To prevent peaking [52], saturation functions are employed on the observer
signals whenever they are outside the domain of interest £2 as follows:

; - T, j -
n; =T (—_ / ) . mij > max ()
i j (Vi si i .0 ) €2

—1, for a < —1
a, for |a| <1 (8.39)

1, fora>1

¢(a)

Now, we revisit the control law (8.19) and adaption laws (8.20) for the full-state
feedback case. Via the certainty equivalence approach, we modify them by replacing
the partially available quantities with their estimates, which can be written as

N R
w = =0 Vi (Z;) — ki§; — 508, i=1....N (8.40)

And the update law of parameters is designed as

5 1 . .
i =N [—5(1 — )5 + 01%}

>
I

—2(= Vi + 026)) (8.41)

where y1, y», 01 and 0, are positive constants, and

0, if |¢i| < M,
o, = O o= My (8.42)
1, otherwise
where M, is a designed positive constant.
Select Lyapunov function candidate
1 1 ~px 1
Vie= —s2 4+ —0%0, + — 3?2 8.43
i 2S,+2y2,1+2y1, (8.43)

And the following lemma is useful for handling the terms containing the estimation
errors.
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Lemma 8.17. There exist positive constants F;; which are independent of €;, such
that for t > t*, the estimate yl(r), i=1,...,N, k=1,...,p, satisfy the following
inequalities:

k ~(k k
55 = 150 — %) < e Fu (8.44)

Since s; is the linear combination of ¥; and Y;, j € N;, we know that there exist
positive constants G;; which are independent of ¢; such that |5;| < €; G;.

Taking the time derivative of V; along the closed-loop trajectory and using the
property ¥; (2 ) —vi(Z;) = €Y, where V; is a bounded vector function [30], we
have

. A A 1, . _
Vie = ( g + go) —kis} — kisi§i — 5i0/ i (Z;) — S PisiSi + s5i(di + &)

2g2
*T 1z gy
45,0 Y (Z;) + 949»+—<pq0
V2 Y1
ki ki _ 1 1 1 N N .
< —gs,-z + 5s,2 — 2go,s,s, + 2<p,s + 2(,0, —5i08 i (Zi) + 5:0* i (Z1)

o a1
+8:079:(Z;) — 02070, — 01@: 01 + 5
For the term —s?@; — 5;5:¢; + §7¢;, we have

— 570 — $i5: @i + 852G = 5i(si @i + 5iGi — 5i01)
€Gislsi@i| + G2 @i| + €Gislsigi|

1 1 1
—(s,-2 + 2G5 1P + —GZG“(/J, —e2G2 4 =52

<
—_ 2 LS 2 1
+5 észs(pt
= S + GZst(pt _GZst(pt
2 22 ~2 3 2
= s+ G0+ 50 (8.45)

For the term —s; éiTl/f,' (Z,-) + 5:0*Ty (Z) + 5 éiTl/f,' (Zi), we have

—si 0Ty (Z:) + 5:0" TV (Zi) + 507y (Z0)

—5i 08w (Z;) — ;05" (Z0) + s:0° T (Z) + 508w (Z))
E,éTI//, (Z) —_ E‘S,'G»*Tllft,'

I A

—9T9 + 61G2 [ 1 + —S + 6,’2||1//n‘||2||6’,‘*||2 (8.46)
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Then,

. 1 - ~
Vies—i(ki—z)s,?— Lomg, - D + —GZGIZS%Z e,Gz s |12

2 1
2 2
N ll” + 02, w2 3,5 01 k 1
—6; —€;Gj - - 8.47
+ TR0+ (6Ch+ 5 )t - S 45 (B4D)
Then,
Vie < —C1ieVie + Caic (8.48)
. 1
Clie = min % E(ki —2),(y2— Do, )’101} (8.49)
2 2
A i [ +O-
Coie = G,23</J,2 —ész I 1> + %H@fll2 (8.50)
2 2 U] kj 2 1
pYer I
+ (461 s 2 ) (pl 2 El + 2
Now define
2 ie
Q0 = {si Isi] < ] = } @8.51)
Clie
2 re 2 le
16—{(9,,@ |9||<,/ - ,/ = } (8.52)
O’ ~
¢ie = {(Suenf/’:) k, S; 7 9 ?(,0, < Cz,e} (8.53)

Since cyje, 01, 02, and k; are positive constants, we know that £2;., 2, and £2,;,
are compact sets. Equation (8.48) shows that Vie < 0 once the errors are outside
the compact set §2,;. According to the standard Lyapunov theorem, we conclude
that s;, éi, and ¢; are bounded. From (8.48) and (8.51), it can be seen that V, is
strictly negative as long as s; is outside the compact set §2,;.. Therefore, there exists
a constant 7} such that for ¢t > Tj, the filtered tracking error s; converges to £2;;.,
that is to say, s; < Bsie, With Byie(ki, 1, y2, 01,02, 07, ¢F . €i) = /2¢2ie/Clie.

We can conclude the following theorem.

Theorem 8.18. Consider a group of helicopters dynamics (8.1) and the com-
munication graph containing a spanning tree with the leader as the root, with
Assumptions 8.1-8.5, under the action of the control law (8.40), parameters update
law (8.41), and the high gain observer (8.37), which is turned on at time t*
in advance. For initial conditions X (0), 7(0), 6;(0) and ;(0) starting from any
compact set, and the desired trajectory with its derivations up to p-th bounded,
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all closed signals of the system are SGUUB, and the total tracking error of the
helicopters X converges to a neighborhood of origin.

Proof. We have concluded that s; will converge to a compact set £2;;,, then follow-
o7l

ing Lemma 8.17, it can be concluded that || V|| < koe™*" (||J7(O) Il + A—O,BS (Tl)) +
% By, and from (8.35), we can find that || X || is also bounded. Following the same
procedure in the full-state feedback control, we can complete the proof. O

Remark 8.19. It is shown in (8.50) that the smaller c;;, might be obtained by
choosing a smaller o; and o0, which may lead to a smaller tracking error.
Nevertheless, from (8.52) it can be seen that the smaller o; and 0, may cause large
NN weight and disturbance compensation errors. If o7 and o, are chosen to be very
large, it will lead to a large tracking error. Hence, the parameters o and o, should
be adjusted carefully in practical implementations.

8.5 Simulation Study

In this section, we consider the synchronized altitude tracking of 6 X-cell 50
helicopters whose communication graph is shown in Fig. 8.2. The dynamics of the
helicopter can be written as follows as in Sect.4.5.2

L=0

& =ao+ a1ty + axt? + (613 +asls — vas + 06§4) G

&y = a7 + agts + (agsin&y + a10)82 + am

b= s

(s = an + anly + aitisingy + anls — Ku (8.54)
where £ denotes altitude (m), ¢, the height rate of the altitude rate (m/s), {3 the
rotational speed of the rotor blades (rad/s), {4 the collective pitch angle (rad), {5 the
collective pitch rate (rad/s), a, = 111.69s72 the constant input to the throttle, and
u the input to the collective servomechanisms.

Let y be the altitude ;. By restricting the throttle input to be constant, we obtain

a SISO in which u is the only input variable forcing the output y to track a desired
trajectory y,, which is generated by

B 150.056
T 5% 4 12.653 + 64.1952 + 154.355 + 150.056

Yd Pies (8.55)

where
hief(t) = 5.5—0.5sint (8.56)



212 8 Dynamic Altitude Synchronization Using Graph Theory

altitude of helicopters [ft]

0 5 ) 10 15
time [s]

Fig. 8.3 Altitude of all helicopters with output feedback control

The nominal values for constants K; and a; are given to be: K| = 0.25397s72,
ap = —17.67m/s2, ay =ar = —0.1872, a3 = 531 x 107, a4 = 1.5364 x 1072,
as = 2.82X10_7,06 = 1.632x 10_5,07 = —13.928_2, ag = —0.7 S_z, a9 = djp =
—0.0028, a1, = 434.88 S_z, ap, = —800 S_z, a3 = —0.1and a4 = —65 s2.

It can be shown that the system has strong relative degree 4 as in Sect.4.5.2.

The control parameters are chosen as A = [64,48, 12, ki = 3, i =
1,...,6, while the NN parameters for each helicopter are chosen as o7 = 0.05,
y1 = 1,00 = 0.01, y» = 100. For high gain observer, we choose ¢; =

008, y) = 4, » = 6,3 = 4, m = 0.1, ;3 = 0.15, 7y = 0.025.
The saturation limits of the control are £400 mrad. The initial conditions are
£1(0) = [4.3,0.0,95.3567,0.222,0.0]", £,(0) = [4.8,0.0,95.3567,0.3,0.0],
£3(0) = [5.9,0.0,95.4,0.22,0.0]7, £4(0) = [6.2,0.0,95.3567,0.3,0.0]T, ¢5(0) =
[6.8,0.0,95.3567,0.22,0.0]%, £6(0) = [7.4,0.0,95.4,0.21,0.0]T, 6; (0) = 0, and
¢:(0) = 0 for each helicopter.

Simulation results are shown in Figs. 8.3-8.6. From Fig. 8.3, we can find that
good tracking performance is achieved for each helicopter by the proposed control.
The tracking performance for full-state and output feedback cases are similar for the
choice of ¢; made. The initial errors of all helicopters are sufficiently reduced and
the altitude trajectories all lie in close proximity of the desired sinusoidal trajectory.
Meanwhile, the internal dynamics and the NN weights are all bounded, as shown in
Figs. 8.5 and 8.6. From Fig. 8.4, we can find that the control input of the helicopters
are bounded, both in the full-state feedback and the output feedback cases.
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Fig. 8.6 Internal state response under full-state (solid) and output (dash-dot) feedback control.
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(d) Internal state of helicopter 4, (e) Internal state of helicopter 5, (f) Internal state of helicopter 6
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8.6 Conclusion

In this chapter, we studied the synchronized tracking problem of multiple heli-
copters in vertical flight mode. Under the condition that the Laplacian matrix of the
extended formation graph, which contains a spanning tree which the root helicopter
can access for the desired trajectory, by using the weighted average of its neighbors’
states as its reference signal, through neural network based approximation, the
adaptive tracking control law has been designed for each helicopter. By using high
gain observer to reconstruct the unavailable states, an extension has been made to
the output feedback case where both the helicopter’s states and its neighbors’ states
are not available for control design. It has been shown that the tracking errors of
each helicopter converge to adjustable neighborhoods of the origin for both cases,
although some of them do not access the desired tracking trajectory. Simulation
results have shown the effectiveness of the approach presented.
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