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Analyzing Anomalous Diffusion in NMR
Using a Distribution of Rate Constants
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1 Introduction

There is a growing realization that relaxation and diffusion phenomena in complex
materials cannot be expressed simply in terms of sum of exponential decays,
each characterized by a single relaxation time or rate [8]. In nuclear magnetic
resonance (NMR) and in optical luminescence studies, single-exponential models
fail to describe the wide variety of relaxation times observed in synthetic and
biological materials [6, 11]. In luminescence decay, for example, the observed
relaxation spans many orders of magnitude – from nanoseconds to milliseconds
– and a wide distribution of rate constants is needed to describe the phenomena
[5]. In NMR relaxation experiments, the direct measurement of a distribution of T2
relaxation times from 1 to 1,000 ms is possible, but only for high signal-to-noise
data collected from bulk samples [10]. The same is true for so-called q-space NMR
diffusion measurements [1]. Our attention has been drawn recently to the success
of simple empirical fits to the NMR diffusion attenuation in pulsed field gradient
(PFG) studies [7], where both magnetic resonance imaging (MRI) and diffusion
distribution analysis are possible. In PFG, the signal attenuation caused by diffusion
can be measured for applied magnetic field gradients and the data fit to a simple-
exponential decay law:

S(b) = S0 exp(−bD), (22.1)
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where b is a measure of the applied gradient strength and duration, and D is the
effective diffusion constant, with units of mm2/s. For high b-value experiments
(b > 1,000s/mm2) in the brain, however, the data collected from both gray and
white matter do not follow a single exponential and have been simply fit using the
so-called, stretched-exponential decay law:

S(b) = S0 exp
[−(bDα)

α], (22.2)

where 0 < α < 1 and Dα is the fractional diffusion constant. A rationale for the
empirical function was recently provided using fractional calculus [6,11,14,18]. The
purpose of this chapter is to show that the stretching parameter, α , directly reflects
a “distribution” of many single-exponential relaxation rates. This analysis follows
closely the approach used by [3] in applying the stretched exponential and similar
functions to the time decay of optical luminescence signals.

2 Underlying Distributions

The exponential function (22.1) can also be written in a more general form. Let
I(b) = S(b)/S0, so we can write:

I(b) = exp

⎛

⎝−
b∫

0

w(u)du

⎞

⎠, (22.3)

where w(b) is a b-value-dependent rate coefficient, defined by:

w(b) =−dln I(b)
db

=− 1
I(b)

dI(b)
db

. (22.4)

In the simplest case, w(b) can be b-value independent with, for example, w(b) = D
and the decay is an exponential function as in (22.1). Equation (22.3) can be easily
generalized to fractional order as follows:

I(b) = exp(− [1 ∗w(b)]) = exp(− [kα(b)∗w(b)]) . (22.5)

Here, the ∗ symbol indicates the convolution operator and kα(b) is a monotonically
decreasing function that provides fading memory of earlier b-values. If we assume
that we can write kα(b) as a power law, kα(b) = bα−1/Γ(α), where Γ(α) is the
γ function, then (22.5) takes the form of a classical Riemann–Liouville fractional
integral [9], and we have:

I(b) = exp(−Iα
0 [w(b)]) . (22.6)
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Now in the case of w(b) = D, we find using either the properties of fractional
calculus or the Laplace transformation, that:

I(b) = exp [−bαD/Γ(α)] = exp
[−(bDα)

α], (22.7)

where Dα = D/Γ(1+α) is the effective diffusion constant and the diffusion decay
curve is a stretched-exponential function of b.

The relaxation function I(b) used to describe diffusion signal attenuation is
thus seen to span the range from a single exponential to a stretched exponential
depending upon the amount of memory included in the convolution; with longer
memory, additional, slower components of the response could be expected to
become more evident. Another way of spanning both long and short diffusion
components is to assume two or more single exponentials are present. This is the
usual approach to incorporate multi-compartmental and multi-component behavior.
Here we will take this idea to the extreme and assume a distribution of exponential
terms that can also be written as:

I(b) = L [ρ (kD)] =

∞∫

0

ρ (kD)e−bkDdkD. (22.8)

This relation is valid as long as the integral exists (i.e. ρ(kD) grows no faster than
an exponential) and shows ρ(kD) to be the inverse Laplace transform of I(b). The
function ρ(kD) is normalized, as I(0) = 1 implies:

∞∫

0

ρ (kD)dkD = 1. (22.9)

The integrand of (22.8), ρ(kD)exp(−bkD), can be seen as a particular diffusion term
in the distribution with kD viewed either as the corresponding diffusion coefficient
or as the rate constant for the process that proceeds with advancing b.

In previous work, we found that the stretched-exponential function is well suited
to describe signal attenuation caused by diffusion phenomena in gels, cartilage, and
brain tissue [11]. We now will show that the distribution of rate constants – the
probability density function – outlined above for a stretched-exponential function
is well suited to describe and characterize intrinsic properties of the complex
environment that water inhabits in each of these cases.

Recovery of the distribution ρ(kD) from experimental data is an ill-conditioned
problem [12]. In other words, a small change in I(b) can cause an arbitrarily
large change in ρ(kD). In general, high signal-to-noise is needed so that ρ(kD)
can be recovered from the experimental relaxation decay results. A simple form
of the inverse Laplace transform of a relaxation function can be obtained by the
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method outlined by [3]. Briefly, the three following equations can be used for the
computation of ρ(kD) from I(b):

ρ (kD) =
2
π

∞∫

0

Re [I(iω)]cos(kDω)dω (22.10)

ρ (kD) =− 2
π

∞∫

0

Im [I(iω)]sin (kDω)dω (22.11)

ρ (kD) =
1
π

∞∫

0

Re [I(iω)]sin(kDω)dω − Im [I(iω)] sin(kDω)dω . (22.12)

3 Anomalous Diffusion Model

The stretched-exponential model follows from a fundamental extension of the
Bloch–Torrey equation through application of the operators of fractional calculus
[11]. This promising model needs further investigation and study; however, like
models of [2] and of [7], it describes the anomalous diffusion behavior of signal
attenuation using a stretched-exponential function. The specific formula derived by
Magin et al. is:

I(b) = exp

[
−Dμ2(β−1) (γGzδ )2β

(
Δ − 2β − 1

2β + 1
δ
)]

. (22.13)

In this equation, γ is the gyromagnetic ratio for the water proton (42.58 MHz/T), Gz

is the spatial gradient in z direction, Δ is the time between the two gradient pulses,
δ is the gradient pulse duration, and D is the diffusion coefficient. In this model
there are also two fractional order-related parameters: μ , a space constant needed
to maintain consistent units and β , the order of the fractional calculus operator,
0.5 < β ≤ 1, which can be related to the complexity of the material.

For the case of β = 1, the classic expression for diffusion is recovered, that is:

I(b) = exp
[
−D(γGzδ )2 (Δ− δ/3)

]
. (22.14)

Using (22.13) the theoretical curves are plotted in Fig. 22.1, as I(b) versus the
gradient parameter b (where for Δ � Δ , b = (γGzδ )2δ ) for selected values of μ
and β . In this figure a gradient pulse sequence Gz,Δ , and δ is assumed with Gz

varying from 0 to 1,500 mT/m. We observe that as β decreases from 1.0 to 0.6, the
attenuation curves change from a simple exponential (a straight line on the semi-log
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Fig. 22.1 Normalized signal attenuation decay (22.13), plotted versus b, where b= (γGzδ )2Δ , for
selected values of β . In each curve, Gz increases from 0 to 1,500 mT/m while all other parameters
are fixed: D(1×10−3 mm2/s), Δ (50 ms), δ (1 ms), and μ(35μm)

graph) to heavy-tailed curved shape that strongly resembles the behavior recorded
in restricted diffusion – particularly at high b-values.

In Fig. 22.2, (22.13) is plotted for a series of μ-values ranging from 20 to 80μm
with β = 0.8. The Gz,Δ , and δ -values in Fig. 22.2 are the same as those used
in Fig. 22.1. Here we see that increasing the value of μ appears to increase the
contribution of restricted diffusion in the diffusion attenuation curve for a fixed
value of β . This behavior is evident when (22.13) is expressed either in terms of
a single-exponential decay, exp{−bDapI}, where the apparent diffusion coefficient
is expressed as:

DapI = D/((γGzδ )μ)2(1−β ), (22.15)

or when (22.13) is written as a stretched exponential, exp{−(bDF)
β}, where:

Dβ
F = D

(
Δ/μ2)1−β

. (22.16)

In addition, when μ =
√

DΔ , (22.13) corresponds with the “stretched exponential”
result, exp{−(bD)β}, considered by [2]. In the example plotted in Fig. 22.2 this
correspondence occurs for μ = 7.07μm. Overall, Figs. 22.1 and 22.2 show for
(22.13) a decrease in the apparent diffusion coefficient as the values of β decrease
and values of μ increase.
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Fig. 22.2 Normalized signal attenuation decay (22.13), plotted versus b, where b = (γGzδ )2Δ ,
with selected values of μ . In each curve, Gz increases from 0 to 1,500 mT/m while all other
parameters are fixed: D(1×10−3 mm2/s), Δ (50 ms), δ (1 ms), and β (0.8)

4 Anomalous Distribution Model

The stretched-exponential decay function was also recently used in the analysis of
single-molecule fluorescence, quantum dot luminescence, and in the fluorescence
lifetime imaging of biological tissues [6]. The determination of ρ(kD) for a given
I(b) amounts to finding the inverse Laplace transform of the stretched-exponential
decay function.

The result, first obtained by [15], and an equivalent integral representation found
by [3], is:

ρ (kD) =
1

πDF

∞∫

0

e
−uβ cos

(
βπ
2

)

cos

(
uβ sin

(
β π
2

)
− kDu

DF

)
du. (22.17)

In addition, a convergent power series for ρ(kD) is known:

ρ (kD) =
1

πDF

∞

∑
n=1

(−1)n+1

n!
sin(nβ π)

(kD/DF)
(1+nβ ) Γ(1+ nβ) . (22.18)

It can be seen that the asymptotic form of ρ(kD) is:

ρ (kD) =
Γ(1+β )

πDF

sin(β π)
(kD/DF)

1+β . (22.19)
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Fig. 22.3 A series of plots of the distribution of diffusional decay rates calculated using (22.18).
The β -values span the range from 0.5 to 0.95

We have calculated the distribution of diffusional rate constants ρ(kD) using
(22.18) for a range of β -values from 0.5 to 0.95, and the results are plotted in
Fig. 22.3. As the value of β approaches 1, the distribution appears to converge
toward a Dirac Delta function corresponding to a single-exponential function with
kD = D, whereas, as β approaches the value of 0.5, the distribution of diffusional
relaxation rates broadens and becomes more uniform. A similar broadening of
the distribution occurs for a fixed value of β as μ is increased, as is shown in
Fig. 22.4.

The stretched-exponential decay function is necessarily of an approximate
nature, as it implies an infinitely fast initial rate of decay. Super-exponential short-
time behavior results from the fat tail of the stretched-exponential distribution
[4]. Usually, one is, however, more interested in the long-time behavior, which is
governed by the shape of the distribution of rate constants near the origin. With this
aim in view, an exponentially attenuated modified form of the stretched-exponential
distribution was proposed [4]. The resulting decay law retains the original long-
time behavior but no longer suffers from the short-time problems of the original
distribution. Other well-behaved decay functions that encompass the exponential
function as a special case such as the compressed hyperbola have been proposed
and successfully applied to several problems where a continuous distribution of rate
constants was found to exist [16, 17].
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Fig. 22.4 A series of plots of the distribution of diffusional decay rates calculated using (22.18)
with β of 0.5. The μ-values span the range from 2 to 14μm

5 Experimental Results

Two diffusion-weighted MRI (DWI) experiments were carried out at 11.74 T
(500 MHz for protons) to illustrate applications of the stretched-exponential model
to characterized biological complexity. In first experiment, glass capillary tubes
were filled with Sephadex (Sigma-Aldrich, St. Louis, MO) gels type G-25, G-50,
and G-100, and placed in a 5 mm NMR tube filled with distilled water. Diffusion-
weighted images were acquired using a Stejskal–Tanner diffusion-weighted spin–
echo pulse sequence with the following parameters: TR = 1,000ms, TE = 60ms,
slice thickness = 1.5mm, Δ = 45ms, δ = 1ms, and 4 averages. The FOV was
0.6cm× 0.6cm, which for a matrix size of 64 × 64 corresponds to an in-plane
resolution of 94μm× 94μm.

In the second experiment, diffusion-weighted brain imaging was carried out on a
healthy human volunteer at the University of Illinois Medical Center. Axial images
were acquired with multiple b-values using a customized single-shot EPI. The key
data acquisition parameters were: TR = 4,000ms, TE = 96.6ms, slice thickness of
4 mm, slice gap of 3 mm, Δ = 42.6ms, δ = 32.2ms, and 4 averages. Diffusion-
weighted images were acquired with a maximum b-value of 3,300s/mm2.

The signal attenuation results from DWI for the two experiments (Figs. 22.5 and
22.6) was measured for selected regions of interest (ROI) at increasing b-values,
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Fig. 22.5 Normalized signal intensity plotted versus b, where b = (γGzδ )2Δ , for selected ROI in
samples of distilled water and Sephadex G-25, G-50, and G-100. The experimental data were fit to
the fractional-order model (22.13) to determine DF , β , and μ

Fig. 22.6 Normalized signal intensity plotted versus b∗, from (22.13) for selected ROI in white
matter, gray matter and cerebrospinal fluid for a human brain. The experimental data were fit to the
fractional-order stretched-exponential model. (22.13) for D, β , and μ , where b∗ = (γGz(δ )2(Δ −
((2β −1)/(2β +1))δ )
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Table 22.1 Diffusion and complexity measurement

DF ×10−3 mm2/s β (a.u.) μ(μm)

G-25 1.1±0.04 0.71±0.06 6.4±0.1
G-50 1.5±0.03 0.8±0.05 5.7±0.1
G-100 1.8±0.06 0.91±0.08 4.4±1.6
Distilled water 2.1±0.02 1.0±0.003 2.9±0.3
White matter 0.41±0.006 0.60±0.008 4.3±0.04
Gray matter 0.75±0.08 0.78±0.03 4.9±0.02
CSF 2.8±0.18 0.91±0.005 3.0±1.3

Fig. 22.7 Distribution of rate constants (probability density function) calculated using (22.18) for
the stretched-exponential relaxation function for (Sephadex G-25, G-50 and G-100, CSF, gray
matter, and white matter)

and the data fit to the stretched-exponential model (22.13) using the Levenberg–
Marquardt nonlinear least squares algorithm. A summary of the results is listed in
Table 22.1.

We have used (22.18) to calculate the distribution of diffusional rate constants
ρ(kD) for the data on Sepadex gels (Fig. 22.5) and for human brain tissue (Fig. 22.6).
The resulting distributions are plotted in Fig. 22.7. The results provide a graphic
depiction of the effect of the fractional-order parameter β to embed a wide range
of diffusion rates. As expected, the water and water-like cerebral spinal fluid (CSF)
have very narrow distributions while the Sephadex gels, beginning with the G-100
(largest pore size) fan out with decreasing G-number (effectively the gel’s molecular
exclusion value in kilodaltons). Interestingly, the gray matter distribution peaks
between the G-25 and G-50 Sephadex samples, while the white matter shows an
almost uniform distribution of diffusion rates.
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6 Discussion and Conclusions

In this work, we demonstrated that a stretched-exponential model describing anoma-
lous diffusion in disordered system can be employed with success to characterize the
diffusion results from the MR signal attenuation curves obtained from Sephadex
gels and biological tissue during DWI experiments. Moreover, the probability
density function of diffusional rate constants was found to describe and characterize
the complexity of gels and biological tissue in a manner consistent with the water
distribution inside the biological environments.

The general properties and conditions of the MR signal attenuation curves were
outlined for the MR signal in order to have a probability density function of rate
constants; it was concluded that the decay must be either exponential or sub-
exponential for all b-values, if ρ(kD) is to be a probability density function. The
use of the stretched-exponential model for analyzing MR signal attenuation curves
has been shown to provide excellent tissue discrimination [11, 18]. Even more
importantly, the stretched-exponential function not only describes the decay profiles
almost exactly but also derives from the more realistic decay model of continuous
distributions in biological tissue, rather than from an arbitrary assumption of single
or multiple discrete exponential decay components.

The heterogeneity parameter β is important because it enables the study of
mechanisms that cause a continuous distribution to broaden or narrow. Future work
on a variety of different tissue types and in different environmental conditions will
hopefully provide more insight in this matter. It is possible that the heterogeneity
parameter β is sensitive to the gradient direction, particularly in highly anisotropic
structures in the brain. This is expected because diffusion imaging of the brain has
revealed considerable anisotropy. In the present studies, diffusion gradients were
applied in only one direction to avoid averaging the data in more than one direction.
Results showed reduced μ in regions of human brain corresponding to the superior
sagittal sinus. This is thought to occur because of partial volume effects between
the relatively fast-diffusing CSF in the sinus and the slow-diffusing gray matter
parenchymal protons and white matter in between, so it is likely that μ can be
related to the porosity and tortuosity in biological tissue, and more specifically to
the heterogeneity of the biological tissue.

A stretched-exponential model that describes diffusion in a random disordered
system and fractal spaces was used to parameterize the diffusion and biological
complexity from diffusion-weighted MR signals. The model performed well on
data obtained from Sephadex gel type G-100, G-50, and G-25 as well as on data
from human brain tissues (white and gray matter) with different predicted diffusion
characteristics. This approach has potential to be applied in clinical studies and may
aid in monitoring the developmental as well as pathological changes to biological
tissues.
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