2 Preliminaries

In this chapter we introduce a number of fundamental structures in general
spaces: topology, metric, norm, and scalar product. They are the natural
generalizations of the corresponding concepts in the Euclidean space IR".

The most detailed structure is given by a scalar product in a IK-vector
space, where here and throughout we take either IK = IR, i.e. IK is the set
of real numbers, or IK = C, i.e. IK is the set of complex numbers. For
a € IK we use the notation

Rea — i Ima for IK = C,
al == vVaa ith  a:=
o v {a for IK = IR,
and if o € € and for example

a >0, we implicitly assume that « € IR C C.

2.1 Scalar product. Let X be a IK-vector space. We call a map (x1,x2) —
(1, 2) x from X x X to KK a sesquilinear form if for all o € IK and for
all z, 21, 22,y,y1,y2 € X one has

(S1) (az,y)x =a(z,y)x
(z,ay)x =a(z,y)x ,
(82) (z1+22,y)x = (21, y)x + (22, ¥)x »

(g1 +y2)x = (@, y1)x + (7, y2)x

This means that (-1, «2)y is linear in the first argument and conjugate
linear in the second argument. Where no ambiguities arise, one can also write
(1, z2) in place of (z1, x2). The sesquilinear form is called symmetric
(also called a Hermitian form) if for all z,y € X one has

(83) (z,y)x=W.2)x (Symmetry).
A sesquilinear form is called positive semidefinite if for all x € X

(S4’) (z,z)y >0 (and then (z, z)y € R) (Positivity)
and positive definite if for all x € X

(S4) (z,2)y >0 andinaddition: (z,2z)y =0 <= z=0.
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10 2 Preliminaries

For Hermitian forms (z, z)y = (z,z)y is real-valued, and for positive
semidefinite Hermitian forms it is always nonnegative, in which case we define

lzllx =/ (z, 2)x -

A positive definite Hermitian form is also called a scalar product or inner
product, and then the pair (X, («1, *2) ) is called a pre-Hilbert space. If
this scalar product in the vector space X is fixed, then we also say that X is
a pre-Hilbert space.

The following lemma contains the fundamental properties of a scalar prod-
uct.

2.2 Lemma. Let (z1,22) — (21, 22)y from X x X to IK be a positive
semidefinite Hermitian form and |z|| := /(z, z) i for € X. Then it holds
for all x,y € X and all a € IK that

1) flex]l = laf- |z (Homogeneity),
2) [z, v)x| <zl -yl (Cauchy-Schwarz inequality),
3) llz+yll <zl + [yl (Triangle inequality),
@ llz+yl*+llz—yl* =2(lz1 + ly|*) (Parallelogram law).

Proof (1). |laz|? = (az, axr)y =oa(r, ar)y =at(z, z)y = la?z]?. O

Proof (2). Let z,y € X. It holds for o, 5 € IK \ {0} (we want to set o = |||

and § = |[y|) that
l=1* Iyl ((w,y)x>
——Z| = + —2Re | —=Z= |, (2-1)
a B al* 181 ap
and hence for a > 0 and 8 > 0, upon multiplying the inequality by a8 > 0,
that
B

(67

e 2
0< Y

2 2
2Re(z, y)x < =z +BIIyH ~

Setting o = ||z|| + ¢, f = ||y|| + € with € > 0 yields that

2 2
[z 1K1

2Re(z, y)x < (llyll +¢)- Iyl +e

+ (llzll +¢) -

2]l + ¢
<yl +e) -l + Ul + ) - Iyl -
As this holds for all € > 0, it follows that
Re(z, y)x < =] - llyll-
On replacing = with (z, y) & we obtain

2
(@ ) x [T < (@, y)x |-z - [lyll

and then cancelling in the case (v, y)y # 0 gives the desired result. If
(z, y)x =0, then the claim is trivial. O
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Proof (3). On recalling (2) we have

2 2 2
Iz +yl” = [l + [lylI” + 2Re (z, y) x
2 2 2
<z l” + gyl + 202 - [yl = (=l + [yl

O
Proof (4). The first identity in the proof of (3) was
le+yl* = l=l* + [lyl* + 2Re (, y)x -
Replacing y by —y yields, since (z, —y)y = — (z, y) , that
le = yI* = l2)* + ly|* — 2Re (=, y)x - (2-2)
Adding the two identities gives the result. O

2.3 Orthogonality. Let X be a pre-Hilbert space over IK and for x € X let
x|y == +/(x, z)y as in 2.1.

(1) Let z,y € X. If (z, y)x = 0, we say that x and y are perpendicular,
or that they are orthogonal vectors. Then

2 2 2
Iz =yllx = ll=lx +llylx  (Pythagoras’ theorem).

(2) If Y and Z are two subspaces (see 4.4(2)) of a vector space X, then the
sum

Y+Z:={y+zeX;yeYandz € 7}

is again a subspace. The sum is called a direct sum, and we write Y & Z =
Y+Z ifYNZ={0}. If X isa pre-Hilbert space, then the subspaces are
called orthogonal if (y, z)y = 0 for all y € Y and z € Z. Clearly it then
holds that Y N Z = {0} and we denote the subspace Y @ Z also by Y L Z.
The orthogonal complement of a subspace Y is defined by

Yti={zeX; (y,z)x =0forally € Y} (see also 9.17) .

It holds that Y N Y+ = {0}.
(3) For z,y € X \ {0} the Cauchy-Schwarz inequality 2.2(2) then reads

[v] <1 with ~:= (I, y) .
lzllx " llyllx / x
Here equality holds if and only if x and y are linearly dependent.
(4) If IK = IR, then in (3) there exists a unique
0 € [0,7] such that ~ = cos(f).

We call 6 the angle between = and y. It follows from (3) that x and y are
linearly dependent if and only if # = 0 or # = 7, and they are orthogonal if
and only if 0 = 7.
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Proof (1). The theorem of Pythagoras follows from (2-2). O
Proof (2). This essentially contains only definitions. O

Proof (3). If x and y are linearly dependent, it is obvious that |y| = 1. If
|v| = 1, then on setting o = ||z|| v, 8 = 7||y|| x, equation (2-1) becomes

x_yH2_2_2Re< (xay)X >_O
3 )

0<
a Izl x -yl x

which implies

r_Y
a B’
hence x and y are linearly dependent. a

Proof (4). By (3), the vectors z and y are linearly dependent if and only if

1 =|v| = |cos(#)|, which means § = 0 or § = . By (1), the vectors « and y

are orthogonal if and only if (x, y), = 0, which means cos(f) = 0, that is,

0=72. O
2

The standard example is the n-dimensional Fuclidean space IR"™. The
Euclidean scalar product and the Euclidean norm (for clarity these will
be denoted by special symbols) are defined by

n 1

xoy::Zmiyi and |x|::\/xo:c:(2xf)E
i=1

i=1

for v = (i), , € R", y=(vi);—;_, € R". In the complex space C" we
define correspondingly

1

zow::ZziWie@ and |z|:=+zez= (Zzwﬁ-)i clR
i=1

=1

for 2 = (2i);-y ., € €, w = (wi),_; , € C". The infinite-dimensional
analogue of Euclidean space is the sequence space (see 2.23).

A fundamental step in the development of functional analysis was the
introduction of norms x +— |||y that are not induced by a scalar product as
in 2.1, but are instead only characterized by the homogeneity and the triangle
inequality in 2.2.
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2.4 Norm. Let X be a IK-vector space. The pair (X, ||+]|) is called a normed
space if ||+|| : X — IR satisfies the following conditions for z,y € X and
ac K:

(N1) |lz[[ >0 (Positivity),
and: [[z]| =0 <= =0,

(N2) |laz| = |af - ||zl (Homogeneity),

(N3) Nz +yll <zl + [yl (Triangle inequality).

We then say that the map ||+|| : X — IR is a norm on X. If a norm ||+|| y :
X — IR is fixed on the vector space X, then we also call X a normed space.

Note that the property ( # =0 = |[|z|| =0 ) in (N1) follows indepen-
dently from (N2) on setting ae = 0 there. We call ||-|| a seminorm if we take
(N1) without the property ( ||z|| =0= 2 =0). It then follows from (N2)
and (N3) that the set Z := {z € X ; ||z]| = 0} is a subspace of X, and hence

T~y = x—yes

defines an equivalence relation “~” on X. Now let X be the set X together
with the equivalence relation

w:yin)? = T~y < zx—yeLL

Then all the vector space properties carry over from X to X, and (X, ||-||) is
a normed space (see remark). A common notation for the factor space or
quotient space X is X/Z.

Remark: Let X be an arbitrary set, with “~” an arbitrary equivalence

relation on X, and then let X be the set X with this equivalence relation,
that is, _
r=yinX <= z~yinX.

A map f: X — S to another set S is said to be well defined if
r=yinX = f(z)=f(y)inS. (2-3)

Hence, when defining a map on X , condition (2-3) always needs to be verified.
Similarly, given a map f : X — S, then this also defines a map from X
to S, if (2-3) is satisfied for f. Analogous results hold for maps defined on
eg. X x X.
In the case of a seminorm as discussed above, it can be easily shown that
this is satisfied for the maps (x,y) — z+y from X x X to X and (o, z) — ax
from IK x X to X, as well as for the map x — ||z from X to IR.

In Section 3 we will introduce the most important norms in spaces of con-
tinuous and integrable functions. These norms are derived from the following
norms in K".
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2.5 Example. For 1 < p < oo the p-norm on IK" is defined by

" 5
Z|xi|p for 1 <p < oo,
|2, = i=1

_Iax |2 | for p =0,

gouey

where x = (z;),_; _, € K". For p = 2 the Euclidean norm of r is |z|, =
|z|. Alternative notations for the maximum norm |z| are |z| . and
|2|.,,, While the sum norm |z|, is also denoted by |z|

~

sup’ sum”

Fig. 2.1. Unit spheres for p-norms in IR?

Proof. All of the norm axioms are easily verified, apart from the triangle
inequality in the case 1 < p < oo for n > 2. However, this follows from the
Holder inequality (proof to follow)

|x.y|§ ‘x|p|y|p’ (2_4)

for x = (z1,...,2n), y = (Y1,.-.,Yn), where p’ is the dual exponent to p,

i.e. it is defined by % + i =1.

Note: This inequality is a special case of the general Holder inequality in

3.18 for the counting measure on {1,...,n}. Here we give a different proof.
The inequality (2-4) can, for instance, be shown by induction, on em-

ploying the inequality for n = 2. To this end, let 2’ = (21,...,2p-1),

y = (y1,...,Yn—1) and observe that
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[z oyl <|2" o y/| +|zn] - yn]
<|2'l, -1yl +|zal - lya|  (induction hypothesis)

<[(a’ly aa] |10l JoaD)] Gnequality for n = 2)
= ‘x|p : |y|p’ .
The inequality for n = 2 follows immediately from the elementary inequality
1 / ;oL
arby + agbey < (a +db)p - (V) +05 )P for ay,as,b1,b2 >0. (2-5)

This holds trivially if one of the numbers is equal to 0. Otherwise, dividing
by a1b; and setting o := aba;?, f:= b5 by " yields the equivalent inequality

1 1 1 1
1+arB? <(1+a)p-(1+8)7 fora,3>0, (2-6)

—

11
which we will prove now. For fixed r := a? - 7" we have that

a=(rp ) = a2 g =),

since z% = p — 1. Then the inequality reads

—

1 1
L+r<op(B):=Q0+yB)r 1+8)*r,
and the right-hand side is minimal, if ¢’(8) = 0. Now
VO, LYol (8w )
L+4(8)  p'(1+5) P \1+8 14+4(8))’

since ¢'(8) = —v(p) - %. Hence ¢'(8) = 0 means § = ¢(8), and so § =,
a = r. This proves (2-6), and therefore the Holder inequality (2-5) follows.
On letting z; := |2; + yi|p_1, z = (21,...,2n), we have that

o (8) = o(B) - (p(

lz; +uil? < || zi + |yl 20

The Holder inequality then implies, since p’ - (p — 1) = p, that
|z +y[P < (|$i‘)i:1,...7n °z+ (|yi‘)i:1,,,,,n ez
—1
§|m|p|zlp’+|y|p|Z|p/:(|x‘p+|y|p)|x+y|£ ’
which yields [z +y[, < |z[, + [yl 0
We now interpret the norm ||z|| of  as the distance of the point = from
the origin 0 and replace ||z|| with a value d(z,0), where d : X x X — R is

a map for which only the triangle inequality has to hold. This notion of a
distance can be defined in arbitrary sets.
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2.6 Metric. A metric space is a pair (X, d), where X is a set and
d: X xX—>Rforal z,y,z € X

has the following properties:

(M1) d(zx,y) >0 (Positivity),
and: d(z,y) =0 <= z =y,

(M2) d(z,y) =d(y,z) (Symmetry),

(M3) d(z,y) <d(z,z)+d(z,y) (Triangle inequality).

We then call d(x,y) the distance between the points x and y. The map
d: X xX — IR is called a metricon X. If a metric dy : X x X — IR is fixed
on the set X, then we also call X a metric space. If (X, d) is a metric space
and A C X, then (A4,d) is also a metric space, with d restricted to A x A.

Without the property (d(z,y) = 0 = =z = y) in (M1) we call d a
semimetric. Then the factor space of X with respect to d is given as
follows: The properties of the semimetric imply that

x~y = d(x,y)=0

defines an equivalence relation “~” on X. Now let X be the set X equipped
with the equivalence relation

r=yin X = a~y < d(z,y) = 0.

Then (M3) implies that d is also well defined on X x X, and that (X, d) is a
metric space (see the remark in 2.4).

2.7 Fréchet metric. In vector spaces X, metrics d are often defined by
d(x,y) = oz —y) forzyeX,
where o : X — IR satisfies the following properties for all z,y € X:

(F1) g( ) >0 (Positivity),
o(x) =0 <= 2z =0,

(F2) ( ) = o(—x) (Symmetry),

(F3) o(z+vy) < o(x)+ o(y) (Triangle inequality).

A map ¢ : X — IR satisfying (F1)—(F3) is called a Fréchet metric. Any
norm z — ||z| on X is a Fréchet metric and hence defines the induced
metric d(x,y) := ||x — y||.

We begin with some elementary examples.
2.8 Examples of metrics.

(1) A bounded Fréchet metric on IK" that is not a norm is given by

for x € IK™.




2 Preliminaries 17

(2) Let —o0, +00 be two distinct elements that do not belong to IR. One
can then define a metric on IR U {£o0} by

d(z,y) == |g(z) —g(y)| for z,y € RU {Fo0},

where
-1 for x = —o0,
’ f
g(x) := T+ 7] or r € IR,
+1 for x = +o0.

(3) Let oo be an element that does not belong to IR"™. One can then define
a metric on R™ U {oo} by
d(z,y) = [Tstereo(T) — Tstereo(y)| -
Here
Ttereo : IR" U {00} — {y € R" x R=R""; [y - (0,3)[ =35 },

where the image is the ball B]f”nﬂ((O, 3)) with respect to the Euclidean
2

metric, is defined by

2
M for x € R™,

Tstcrco(x) = 1+ |1"
(0,1) for = oco.

Remark: The inverse Tsereo | is the stereographic projection, ie. y =
Tstereo () With |y — (0, %)| = % and y # (0,1) is given by

(I1-a)(0,1) +ay = (z,0) for an a € R.

Proof (1). The function ¢(s) := 37 for s > 0 satisfies

o(s) <p(5) for0<s<g5,

51 S92
$1+ 82) = + < p(s1) + (s for s1,s9 > 0.
90(1 2) 1+ 514 592 1+51+82_<p( 1) SD( 2) 1oz
Apply the above for s = |z +y| < |z|+ |y| =3, s1 = |z|, s2 = |y]. g

Proof (2) and (3). Use that g, resp. Tstereo, is injective and employ the triangle
inequality in IR, resp. R™ . O

With the help of the distance between two points we now define the
distance between two sets. As a special case we obtain the definition of balls
with respect to a given metric.
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2.9 Balls and distance between sets. Let (X, d) be a metric space. For
two sets Ay, Ay C X the distance between A; and A is defined by

dist(A41, Ag) := inf{d(:v,y) s x €A, y € Ay } ,

where inf) := oo (so that dist(A4,0) = o0). For z,y € X it holds that
d(z,y) = dist({z}, {y}). For z € X the distance from z to A C X is defined
by

dist(x, A) := dist({z}, A) = inf { d(z,y); ye A } )

For r > 0 the r-neighbourhood of the set A is defined by
B, (A) = {z e X ; dist(z,A) <r } ,

and B, (z) := B,.({z}) is called the ball around x with radius r or, alter-
natively, the r-neighbourhood of the point x. We have

B.(z)={yeX;dyuz)<r}.
The diameter of a subset A C X is defined by
diam(A) := sup { d(z,y) ; z,y € A } ,

if A# 0, and diam(()) := 0 (or make the convention that sup := 0). A set
A C X is called bounded if diam(A) < oo.

B, (A1)

dist(Ay, As

Fig. 2.2. Metric definitions in IR® with respect to z — |z|,

The concept of a ball plays an important role in definitions and proofs for
metric spaces. It can be used, for instance, to introduce the following notion
of an “open subset” (see 2.10). In functional analysis the concept of open
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sets is applied to function spaces. Depending on the chosen distance the
notion of open sets is different, therefore one obtains different results for the
considered class of functions. In 3.2, 3.3 and 3.7 this applies to function spaces
with respect to supremum norms, in 3.15 to function spaces with respect to
integral norms, and in 3.13 to function spaces equipped with distances that
are induced by a measure.

2.10 Open and closed sets. Let (X, d) be a metric space. For A C X the
interior of A (notation: intry (A) or intr (A) or A) is defined by

intr (4) := {z € X ; B.(z) CAforane >0} C 4,

and the closure of A (or the closed hull, notation: closx (A) or clos (A) or
A) is defined by

clos(A):= {ze€ X ; Bo(x)NA#Dforalle >0} D A.

It holds that z € clos (A) if and only if dist(x, A) = 0. Using quantifiers, the
above definitions can be written as

xeintr(A) <= Fe>0: B(x)\
xeclos(d) < Ve>0: B(z)Nn

or

reintr(4) <= Fe>0:VyeB(zr): yeA,

z€clos(A) <= Ve>0:3JyeB(zr): yeA.
A subset A C X is called open if intr (A) = A, and A C X is called closed
if clos (A) = A. The complement of a closed set is open and the complement
of an open set is closed. The boundary of A C X (notation: bdryy (A) or
bdry (A) or OA) is defined by

bdry (A) := clos (A4) \ intr (A4)
=clos (A) Nclos (X \ A) = bdry (X \ A4)

and, being an intersection of closed sets, is a closed set. We have
X =intr (A) Ubdry (A) Uintr (X \ 4) ,
where the union is disjoint.
We now consider on X only the class of open sets. This class is charac-

terized by the fact that arbitrary unions of open sets and finite intersections
of open sets are still open sets.

2.11 Topology. A topological space is a pair (X, T), where X is a set and
T is a system of subsets of X (the elements of T are called open sets), with
the following properties:
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(T1) VeT,XeT,
(T3) U,UseT — U NU€eT.

A topological space is called a Hausdorff space if in addition the following
separation axiom is satisfied:

(T4) For z1,29 € X with 1 # xo there exist Uy, Us € T
such that z1 € Uy, 22 € Uy, and U; NUs = (), the same with quantifiers:
Vx1,$2€X,$17é$21EUl,UQETZ.%‘leUl, zo € Us, UlmUQZQ).

A subset A C X is called closed with respect to T if X\ A € T, that is, with
respect to 7, the complement of an open set is closed, and the complement
of a closed set is open. We define for A C X (note the remark in 2.12 below)

intr(x, 7y (A) := {xEX; UCAforsomeUETwithaceU} C A,
closx ) (A):i={zeX; UnNA#PforalU e T withzeU } DA.

Alternative notations are intr (A) := intr(x 7 (A4) or A= intr(x 7 (A) and
clos (A) := clos(x,7 (A) or A := clos(x,7) (A). It holds that

A= intr(x 7 () <= AeT,
A= ClOS(X’T) (A) — X \ AeT.

If AcC X, then (A, 7T4) is a topological space with the relative topology
Ta={UNA; UeT}.

The following is the standard construction of a topology and it shows that
for a metric space the definitions of interior and closure in 2.11 (with respect
to a topology) and in 2.10 (with respect to a metric) are the same.

2.12 Proposition. Let (X, d) be a metric space and, on recalling the defini-
tion of the interior of a set in 2.10 (we write intr(x 4y (A) instead of intrx (A)),
let

T:={ACX; intrixq (A) = A}.

Then (X, T) is a topological space and, in particular, a Hausdorff space. We
call T the topology induced by the metric d.

Remark: For all subsets A C X it holds intr(x 4 (4) = intr(x,7 (4) and
ClOS(X’d) (A) = ClOS(Xﬂ*) (A)

Proof of the proposition. In order to show axiom (T3), let Ay, As € T and
x € Ay N Ay. Then intr(X)d) (A1) = A; and intr(X7d) (Ay) = A, with the
definition as in 2.10. Hence there exist €1, 2 > 0 such that B, () C 4; and
Be,(x) C As. Setting € := min(eq, e3) > 0 yields B.(z) C A; N A, and hence
A1 N Az € T. For the proof of (T4) let  # y. Then the triangle inequality
yields that



2 Preliminaries 21

B, (z) NB,(y) = 0 for r := 1d(z,y) >0,
and B, (z),B,(y) € T (see E2.2(2)). O

2.13 Definition. Let (X,7) be a topological space. A subset A C X is
called dense in X if clos (A) = X, and X is called separable if X contains
a countable dense subset. A subset A C X is called separable if the relative
topological space (A, T4) is separable. Hence, if (X,d) is a metric space, a
subset A C X is separable if the metric space (A, d) is separable.

2.14 Comparison of topologies. Let 77, T3 be two topologies on a set X.
We say that Tz is stronger (or finer) than 77, or equivalently that 77 is
weaker (or coarser) than T, if

TiCTs.

Let dy, d2 be two metrics on X and 77, T2 the corresponding induced topolo-
gies (see 2.11). Then the metric ds is said to be stronger (weaker) than d if
Ts is stronger (weaker) than 77. The metrics d; and ds are called equivalent,
if 71 = T3. Similarly, a norm is said to be stronger (weaker) than another
norm, and two norms are called equivalent if this holds for the induced
metrics, respectively.

2.15 Comparison of norms. Let ||+||; and ||+, be two norms on a IK-vector
space X. Then

(1) ||+l is stronger than ||-||, if and only if there exists a positive number
C such that
|zl < Cllz|l, foralzeX.

(2) The two norms are equivalent if and only if there exist positive numbers
c and C such that

lzlly < ll2ll, < Cllafl, foralleeX.

Proof (1). Let Bi(z) denote the balls and 7; the topologies with respect to
the norms ||+||;. Let 73 C 7. Since Bi(0) € 71 (see E2.2(2)), B{(0) is open
with respect to ||+||, and, in particular, 0 lies in the interior (with respect to
I+11) of B(0), ie.

B2(0) ¢ Bi(0)  for some ¢ > 0.
This means, for x € X, x # 0, that

ex
2||33||2

€
=—<g, therefore

<1,
2

H ex
1

2[j

2

. 2
that s ||, < =zl

Conversely, if the inequality in assertion (1) holds, then
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B2(z) C Bi,(z) forallz € X and r > 0.

Let A € 7T1. Then A = intrg, (A) with respect to 71, and for x € A there is
an € > 0 such that

Bl(z) C A, therefore BQ% (x) CA.
This proves that A € 5. m]
Proof (2). Apply (1) twice. O

2.16 Examples.

(1) The p-norms on IK"™ defined in 2.5 are pairwise equivalent, since for
1<p<

1

(2) The Euclidean norm and the Fréchet metric in 2.8(1) induce the same
topology on K", since for y € IK"

lyl < 20(y) if oly) < 5. ely) <yl
Hence, B‘é‘cmc(x) C Bromm(z) ¢ Bmetric(g) for 0 < r < 1.
(3) For open sets U C IR U {£oo} with respect to the metric in 2.8(2) it
holds that
reUNR <= Jer—cz+elCcU forane>0,
4o elU <— ]%,4—00] cU forane>0,
—0el < [—oo,—%[CU for an e > 0.
(4) For open sets U C IK"U{oo} with respect to the metric in 2.8(3) it holds
that
reUNK" <«— {yeK";|ly—xz|<etcU forane>0,
welU <= {yeK"; |y/>L}cU forane>0.

One of the most important concepts in analysis is the notion of a limit
and the resulting concept of continuity. Given a mapping f : X — Y between
Hausdorff spaces X and Y, then f is continuous at xp € X (see 2.17(4)
below) if

f(zg) = lim f(z) inY.

T—xQ

This is the well-known notion of continuity in the analysis of Euclidean spaces.
We now generalize this concept as follows: Given sets S, X, Y and mappings
p:S8 =X, f:5 =Y, we consider two points zg € X, yp € Y and the
question is whether the function values f(s) are “close to” yo if ¢(s) is “close
to” xg. In metric spaces we can define the notion of closeness with the help
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of balls around xy and yg, and similarly in topological spaces with the help
of open sets that contain zg and yq, respectively.

Usually we have that S C X and ¢(s) = s for s € S. But often this is
not the case. A nontrivial example is given in A3.17 (there S is a system of
sets with f(E) := |[v(E)| and ¢(F) := pu(FE) for E € S, hence X = IR and
Y =1R).

2.17 Convergence and continuity. Let S be a set, (X, Tx) and (Y, Ty)
Hausdorff spaces, and

p:5—=X, X, [f:5=Y, yev.
We say that
f(s) converges to yo in Y (with respect to Ty)
as p(s) goes to xp in X (with respect to Tx),
and use the notation
f(s) = yoinY as @(s) = zpin X,
if the following holds for all Uy C X, Vj C Y
x0 € Uy € Ty, There exists a U € Tx such that zg € U C Uy,
yo € Vo € Ty — e ' (U) # 0 and f(o '(U)) C Vp.
The conclusion states that for a U € Tx with xg € U C Uy it holds that
seS, p(s)eU = f(s)eW,
and that ¢(s) € U for at least one s € S. We have (see E2.4):

(1) Given zg, f, ¢, there exists at most one such yg € Y. Hence we write

Yo = lim f(S) )

e(s)—zo

and call yo the limit of f(s) as ¢(s) goes to .
(2) zp € clos (p(9)) and yo € clos (f(.9)).

(3) The most important special case is: S C X and ¢(s) = s for s € S.
Then, for points xy € clos (S) and yo € Y, the definition

f(x) 5 yoinY asz — xp in X, ie. yo = lim f(z),
T—To

is equivalent to

There exists a U € Tx such that g € U

VeTy, eV =
Yo and f(UNS)CV,

in words: For every open set V containing y, there exists an open set U
containing zg such that f(U N.S) is contained in V.
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(4) Ifin (3) in addition = € S, then it follows that yo = f(z¢), i.e.

f(zo) = lim f(z).

T—rT0

In this case f is called continuous at the point xg.

(5) If S = X, then f : X — Y is called a continuous map if f is continuous
at all points 2y € X. This is equivalent to

V€7§/ — f_l(V)ETXa

in words: The mapping f has the property that the inverse image of each
open set in Y is open in X.

2.18 Convergence in metric spaces. Let (X, dx) and (Y, dy) be metric
spaces and let AC X and f: A — Y.

(1) Let zp € clos (A) and yo € Y. Then
f) = yoinY asz — zg in X

if and only if:

For all € > 0 there exists a d > 0, such that

x €A dx(z,x9) <0 = dy(f(m),yo) <eg,
i.e. if and only if

dy (f(z),y0) = 0 as dx(z,29) > 0 (in R).
Using quantifiers this property can be written as:

Ve>0:30>0:Vaed: dx(z,z) <d=dy(f(z),y0) <¢.

(2) Let X = IK"U{oo} (equipped with the metric in 2.8(3)) and let A C IK"
be unbounded. Then co € clos (4), and x — oo in K" U {oo} means that
|z] = +o0 in R U {00} (equipped with the metric in 2.8(2)). Let y € Y.
Then

fx) > yinY as |z| = +oo
if and only if:
For all € > 0 there exists a § > 0, such that
r€A, |z]> 1 =dy(f(z),y) <e.
Using quantifiers this property can be written as:
Ve>0:36>0:Vazed: |z|>1=dy(f(z),y) <e.

(3) Let X = RU{+xoo} (equipped with the metric in 2.8(2)) and let A = IN,
ie. (yj)jelN with y; := f(j) is a sequence in Y. It then holds for y € ¥ that

y; —yinY as j — 400
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if and only if:
For all € > 0 there exists a k € IN such that
JEN, j> k= dy(y;,y) <e.
Using quantifiers this property can be written as:

Ve>0:3keIN:VjeN: j>k=dy(y;,y) <e¢.

(4) In metric spaces convergence is equivalent to sequential convergence,

that is, the convergence in (1) holds if and only if for all sequences (x;);
in A:

Tj = Topasj—>00 = dy(f(xj),yo)—>()asj—>oo. (2-7)

Proof (1). Use the fact that balls B.(yg) belong to the topology Ty induced
by dy and that

YeVeTy = B.y)CVforane>0.

Likewise in X, every Bs(xg) € Tx, and if g € U € Tx, then Bs(xzg) C U for
some 0 > 0. m|

Proof (2). Follows from (1), on noting that for 0 < ¢ < 1 for the ball B (o)
with respect to the stereographic projection the following is true:

2 €By(o0) = |z|>\0 P —1=26""

Proof (3). Similarly to (2), by choosing § < k < 1 + 1. O

O

Proof (4). Assume that (1) holds and that z; — zo in X as j — oo. Then
given € > 0, there exists a 6 > 0 such that dy(f(z),y0) < ¢ for x € A
with dx(x,x0) < J. Then (3) yields the existence of a k € IN such that
dx(zj,2z0) < 6 for j > k. Consequently dy (f(x;),y0) < €. This proves the
claim in (4).

Conversely, assume that the convergence statement in (1) is not true.
Then we have to negate the assertion

Ve>0:30>0:Vaed: dx(z,z) <d=dy(f(z),y0) <e.
The negation is:
Je>0:Vd>0: JxeA: dX(m,a:O)<5anddy(f(:c),y0)25.

Consequently there exist an € > 0 and, for §; := %, j €N, an z; € A such
that

dx<$j,$0) < (5]‘ and dy(f(l’j),yo) > €.

In particular, x; — x¢ in X as j — oo, but dy (f(z;),y0) > ¢ for all j € IN.
This contradicts (2-7). O
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2.19 Note. In 2.18(3) we identified sequences in Y with maps from IN to Y.
This can be generalized to arbitrary sets I and A. Here the notation (a;),.;,
with a; € A for i € I, defines a map i — a; from I to A. The set of all of
these maps is denoted by A’ and I is also called index set,
Al i ={(a;);e; s Viel : a; € A}.

In this book, I is usually a subset of IN. Examples are the sequence space
K™ in 2.23 and the set X™ in 2.24. In addition one can identify IK" with
K7} In general it is important to note that (@) is well distinguished
from the subset {a; € A; i € I} C A (relevant in e.g. 9.3).

The analysis of limits in metric spaces is often based on inequalities, which
we also call “estimates” or “bounds”; this is especially true in function spaces.
Usually performing the limit is not trivial and consists of a “nested limit”.

2.20 Note (Nested limits). We make the following remark on convergence
proofs. By a nested limit for sequences defined on IN we understand the
following. Let a; > 0, by ; > 0, ¢, > 0 for ¢, k € IN with the property

a; < b + Ck
N—— N——
S 0asi—oo —0ask—o0
for a fixed k

From this we deduce that (a;);cy is a null sequence, i.e.
a; —>0 asi—o0.

To see this, assume that the inequality a; < by ; + c; holds for ¢, k € IN, that
cp — 0 as k — oo and that for each £ € IN we have that by ; — 0 as i — oo.
For an arbitrary € > 0 we can then choose a k. € IN such that ¢, < e.
Moreover, for this k. there exists an i. such that b, ; < € for all i > ..
Hence we have that

a; <by i+cp. <2 foralli>i..

This proves that (a;);cqy is a null sequence.

This book contains many such limit considerations. A first example you
can find in the proof of 2.23(2). In these cases the detailed argumentation
will either be omitted, or dramatically shortened to something like:

First choose k large, then choose ¢ large.

Also nested limits with more than two indices are used.

One of the most important concepts in metric spaces is the
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2.21 Completeness. Let (X, d) be a metric space.

(1) A sequence (zy),cq in X is called a Cauchy sequence if
d(zg,x1) >0 as (k1) = (c0,00).

One usually writes k,1 — oo in place of (k,1) — (00, 00).
Remark: Here convergence of (k,1) € IN? C (IRU{=oc})? is understood with
respect to the product metric ds(a, b) := dy (a1, b1)+d1(az, bs) for a = (a1, asz)
and b = (by,bs) in (IR U {£00})?, where d; is the metric on IR U {£oc} as
defined in 2.8(2).
(2) If (zr)4en is @ sequence in X, then a point x € X is called a cluster
point of this sequence if there exists a subsequence (13, ),y (i-e. a sequence
(ki)jeny in IN with k; — 0o as @ — oo) such that x = lim;_, o 74, .
Remark: The set of all cluster points of a sequence (), in X is identical
to the closed set

m closx ({zx € X; k>m}) . (2-8)

melN

(8) The metric space (X, d) is called complete if every Cauchy sequence in
X has a cluster point in X.

Remark: Because every Cauchy sequence can have at most one cluster point,
this means that every Cauchy sequence in X has a limit in X.

2.22 Banach spaces and Hilbert spaces.

(1) A normed IK-vector space X is called a Banach space if it is complete
with respect to the induced metric.

(2) A Banach space X is called a Banach algebra if it is an algebra satis-

fying
lzyllx < llzlly - llylly forallzyeX. (2-9)

Here X is an algebra if a product (z,y) — zy € X is defined on X which
satisfies the associative law, the distributive law and a(zy) = (ax)y = z(ay)
for all o« € IK and all =,y € X. The algebra is called commutative if ry = yx
for all z,y € X.

(3) A pre-Hilbert space that is complete with respect to the induced metric
is called Hilbert space.

The basic example of a complete space is the space of real numbers IR,
where the axiom of completeness in IR is precisely the additional axiom com-
pared to the space of rational numbers @. From the completeness of IR one
can then deduce (see E2.6) that IR"™ and C" are complete (with respect to any
of the metrics introduced in 2.5 and 2.8). As the simplest infinite-dimensional
example we now consider
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2.23 Sequence spaces. We denote by IK™ the set of all sequences (defined
on IN) with values in IK:

]I{H\I = {m:(ml)zEIN ] :CZE]KfOI"iélN}.
The canonical unit vectors in IK™ are given by
e; :=(0,...,0,1,0,...) forielN.
/]\

i-th component
Then:

(1) The set IK™ becomes a metric space with the Fréchet metric

22 i_lzil for:z::(z,;)ie]NE]K]N.
1€IN
(2) Let 2% = (xf)ielN e KN and z = (T4);en € IK™. Then

o(zF —x) = 0 as k — oo

<= Foreveryi: (zF = z;as k — o0 ).

(3) The set IK™ equipped with this metric is complete.
(4) For z = (2;);cy € K™ we define

1

Iz, = (Z |xi|P)” € [0,00], if1<p< oo,

ieIN
H‘r”éOQ ‘= sup |IZ‘ € [0,00] 5
ielN
and consider for 1 < p < oo the set (for the case 0 < p < 1 see E4.11)
PIK) = {z e K" ; [|2], <oco}.

Then the set ¢P(IK) with the norm x — ||z, is a Banach space.
(5) If p = 2, then ¢?(IK) becomes a Hilbert space with the scalar product

(@, W)=Y 27 forz,y € *(K).
i€IN

Proof (1). Let go(s) := 1‘;“5‘ for s € IK. Then

22 QO xz Z

and hence p(x) is always finite. The triangle inequality for o follows as in
2.8(1). O
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Proof (2). Let 2%, € IK™ with o(z* —z) — 0 as k — oc. Then go(zF — ;) <
2io(x® — ) — 0 for all 4, and hence |;1ciC — xl| — 0 as k — oo. Conversely,
assuming that ¥ — z; as k — oo for all i yields that

~

—+0as j— oo

j
o(@® —z) < Y 27gp(af —m) + 277
=1

— 0 as k — oo for any j
Consequently, o(z% — ) — 0 as k — oc. O

Proof (3). If (xk)kelN

above, it follows that (mf)k LY Cauchy sequence in K for any ¢. Hence
there exist the limit

is a Cauchy sequence in ]K]N, then, similarly to the

z;:= lim zF  inIK.
k—oo

On setting x := (7;);cqy it follows from (2) that o(z* —2) — O as k — co. O

Proof (4). This is a special case of the more general result in 3.16 for the
counting measure on IN. Here we give a separate proof.

Let v = (24);eny and y = (¥i),en be in /P(IK) and for n € IN define
= (z1,.- s 2n), Y := (Y1, .-, Yn). It follows from 2.5 that

xn

2" +y" ], < ™|, +1y" ], < el + 1yl < oo
Letting n — oo this implies that z + y € ¢P(IK), with
[z +ylle < Nl + lylle -

Hence ¢P(IK) is a normed space. In order to show completeness, let (xk)kelN’
with z¥ = (if)ieﬂ\l € 7(IK), be a Cauchy sequence in (7(IK). As |27 — aj| <
la* = o' we have that (),

there exist x; := limp_ oo xf € K. This implies for n € IN in the case p < oo
that as [ — oo

n n
Do lai —al =D ol — | < la* =2l
i=1 i=1

are Cauchy sequences in IK, and hence

and so

n 1
(E |xffxi|p)p Slimsup”xkfxlﬂﬁ =g <0
i—1 l—00

for all n. Hence ¥ — 2 € (P(IK), and consequently = € /?(IK), and it holds
that ka _tzp < e = 0as k — oo. In the case p = oo we can argue
analogously. O

The set of real numbers IR may be defined as the completion of the rational
numbers Q. This procedure can be generalized to arbitrary metric spaces.
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2.24 Completion. Let (X, d) be a (not necessarily complete) metric space.
Consider the set X™ of all sequences in X and define

X = {z= (:Cj)jelN e XV, (xj)jeIN is a Cauchy sequence in X }
with the equivalence relation
(xﬂ')jelN = (yj)jE]N inX <= (d(acj7yj))je]N is a null sequence.

Then ()Z' , (Z) is a complete metric space, where d is defined by

d((xj)je]N ) (yj)Je]N) = jll{{olo d(xjvyj) .

Moreover, the rule J(z) := () <y defines an injective map J : X — X which
is tsometric, i.e.

d(J(z),J(y)) = d(z,y) forallz,ye X.

For (7)o € X it holds that g((xj)jelN,J(m,-)) — 0 as i — oo, and so
J(X) is dense in X.

Conclusion: The above shows that for any metric space (X, d) there exist a
complete metric space ()N( , J) and an injective isometric map J : X — X such
that J(X) is dense in X. It is then natural to identify elements z € X with
J(z) e X.

Proof. For & = (2;),cy and § = (¥i) ;e i X we have

ld(z,y5) — (i, yi)| < [d(xj,y5) — d(@i,y;) [+ (@i, y5) — d(zi, )|
<d(xj,x;) +d(yj,y;) (triangle inequality)

—0 ast,j— o0,

and hence there exists

d(@,y) = lim d(zi,y;) .-

Similarly, it follows for 7' = 72 in X and §* = §2 in X that
|d(22,y?) —d(z}l,y})| = 0 asi— oo

This shows that d : X x X — IR is well defined (sce the remark in 2.4).
Furthermore, it follows that d(%,7) = 0 if # = 7 in X, and the triangle
inequality carries over from d to d. Hence d is a metric on X. _

In order to show completeness, let (x’“) kEN be a Cauchy sequence in X,

where zF = (a:;?)jelN for k € IN. Given k € IN choose ji such that
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d(ak, ak) <+ fori,j > ji.

Then

d(z® 2l) < d(xkk,fc?) + d(x?, ;Ué) + d(xé—,xél)

1 1

< g+ for j > g,
1 1 (2-10)
1 d(z -

—>k—|—d( ,ac)—i—l as j — o0

—0 ask,l— oo

e (ol v
Hence we have that 2 := (mjl)lelN € X and

d(z!, 2™) « d(zk,25°)  as k — oo

1 .
< d(xfwxél) + d(xél,xfk) < 7 + d(mgl,a:?k) for k > j;

—0 ask,l—o0 (recall (2-10)).
The assertions on J are easily verified. ad

This means that every metric space that is not complete can be extended
to a complete space. Examples of completions are the space of Lebesgue
integrable functions in Appendix A3 and the Sobolev spaces in 3.27.

E2 Exercises

E2.1 Open and closed sets. If (X, 7) is a topological space, then it holds
for A C X that:

(1) X\ clos(A)=intr (X \ A).
(2) intr (A) is open, and clos (A) is closed.

8) AeT <= A=intr(A).

(4) X\AeT <<= A=clos(4).

Solution (1). From the negation of the definition of a closure in 2.11 it follows
for x € X \ clos (A) that there exists an U € T with x € U and UN A = §.

This means U C X \ A and U € T with z € U, and this is the definition of
a point x € intr (X \ A). O
Solution (2). Let T':={U € T; U C A, UnNintr (4) # 0}. On recalling the

definition of the interior of A we then have that

intr (A) C V := U UeT.
veT’
Moreover, x € U € T’ implies that U € T and x € U C A, and so = €

intr (A). Hence, intr (A) =V € T. The second claim now follows from (1).
O
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Solution (3). If A € T and « € A, then x € U := A with U € T, and so
A Cintr (A) C A. Conversely, A =intr (A) € T by (2). O

Solution (4). Follows from (3) on noting (1). O

E2.2 Distance and neighbourhoods. Let (X,d) be a metric space and
A C X. Then:

(1) dist(+, A) is a Lipschitz continuous function with Lipschitz constant < 1,
where equality holds if X \ A is nonempty.

(2) The neighbourhoods B, (A) for r > 0 are open sets. In particular, all
balls B,.(z) for x € X and r > 0 are open.

3) For rq,79 > 0, one has B, (B,,(A4)) C B,,+,(A), and equality holds if
1 2 1 2
X is a normed space.

Solution (1). Let z,y € X. Given € > 0 choose a € A such that d(z,a) <
dist(z, A) + . On employing the triangle inequality it then follows that

dist(y, A) — dist(x, A) < d(y,a) —d(x,a) + e < d(y,x) + €.
A symmetry argument then yields that
|dist(y, A) — dist(z, A)| < d(z,y) .

This corresponds to the definition of Lipschitz continuity in 3.7 with Lipschitz
constant < 1. If z € X \ A, then B.(z) N A = () for an € > 0, and hence
dist(z, A) is positive. Now choose for every € > 0 a y € A such that d(z,y) <
(1+ e)dist(x, A). It follows that

1
|dist(y, A) — dist(z, A)| = dist(z, A) > md(m,y) ,
which shows that the Lipschitz constant is equal to 1. a

Solution (2). Let x € B,.(A) and ¢ := r — dist(z, A) > 0. If y € Bs(x), then,
by (1),

dist(y, A) < dist(x, A) + d(z,y) < dist(z, A) +6 =r,
and so Bs(x) C B, (A). O

Solution (3). Let x € B, (By,(A4)), i.e. dist(z,B,,(A)) < 71. Then there
exists a y € By, (A) with d(z,y) < r1. It follows from (1) that
dist(z, A) < dist(y, A) + d(z,y) <72+ 71 .

Now let X be a normed space and € B, 1, (A). Then there exists ay € A
with ||z — y|| < r1 + r2. It follows for

T2
1+ 1o ’

zi=1=-s)z+sy, s:=

that
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lz=yll= A =s)lle—yll <r and [z —z] =s|z -y| <72,
and so z € B, (B, (4)). O

E2.3 Construction of metrics. Let ¢ : [0,00[ — [0,00[ be a continu-
ously differentiable strictly monotone function with 1)(0) = 0 and nonincreas-
ing derivative ¢'. Then
d is a metricon X = od is a metricon X .
Ezxzample:
t
t) i = ——.
V() 1+t

Solution. We have to verify the metric axioms in 2.6 for ¢y od. The axiom
(M1) is satisfied, since

Y(d(z,y) =0 <<= dz,y)=0 <<= z=y.
The axiom (M3) follows from

d(z,y)
Bd(z,y)) < (d(, 2) + d(z,y)) = b(d(z, ) + / (e, 2) + 1) dt

d(z,y)
< ¢(d(z,z)) + /O P () dt = (d(z, 2)) + ¢ (d(z,y)) -

E2.4 Convergence. Prove the assertions on convergence in 2.17.

Proof 2.17(1). Assume that f(s) — y1 and f(s) = y2 in Y as p(s) — zo with
y1 # y2. As Y is a Hausdorff space, there exist y; € V1 € Ty andy, € V5 € Ty
such that V4 N Vo = (). However, the definition of convergence yields that
there exists a Uy € Tx such that zg € Uy and f(ga_l(Ul)) C V4, and then
a Uy € Tx such that xg € Uy C Uy, 1 (Uz) # 0 and f(go_l(Ug)) C Vy. As
U, C U, it follows that f(go_l(Ug)) C VanVy =0, and so ¢~ 1(U) = 0,
which is a contradiction. a

Proof 2.17(2). For zy € Uy € Tx the definition of convergence gives that
0 1 Uy) # 0, ie. p(S)NUy # 0, and so ¢ € clos(p(S9)). In addition it
follows from the definition of convergence that for yo € Vi € Ty there exists
an s € S with f(s) € Vo, and so yo € clos (f(5)). O

Proof 2.17(3). Choosing Uy = X and V = V yields convergence in 2.17(3).
Conversely, set V' = Vy. Then if g € U € Tx with f(UNS) C V as in
2.17(3), it holds for U = U N Uy that

UNS 0 (since o € clos (5)) and f(UNS) C Vp.
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Proof 2.17(4). Let yo € V € Ty and then U as in 2.17(3). It follows from
xg € UNS that f(zg) € V. As Y is a Hausdorff space, this implies that

f(xo) = vo. 0

Proof 2.17(5). Let f be continuous, and V € Ty with zg € f~1(V). Since f
is continuous at xg, there exists a U € Tx such that zy € U and f(U) C V,
ie. v € U C f~4V). Hence f~1(V) € Tx. Conversely, let o € X and
f(xg) €V € Ty. Then xg € U := f~1(V) € Tx, which proves the continuity
of f in xg. a

E2.5 Examples of continuous maps.

(1) Let 71, T2 be two topologies on X. Then the identity Id : X — X,
defined by Id(z) := =z, is a continuous map from (X, 73) to (X,77) if and
only if 75 is stronger than 7.

(2) If (X,d) is a metric space, then d: X x X — IR is continuous.

(3) If (X, ||| is a normed space, then the norm is a continuous map from
X to IR.

(4) Let (+1, +2) be a scalar product on the IK-vector space X, let ||+|| be the
corresponding induced norm and consider the normed space (X, ||+||). Then
the scalar product is a continuous map from X x X to IK.

Solution (2). Use E2.2(1). O
Solution (3). This follows from (2) and the definition of the induced metric
in 2.6. a
Solution (4). Employ the Cauchy-Schwarz inequality 2.2(2). O

E2.6 Completeness of Euclidean space. The set IK" is complete with
respect to all of the metrics given in 2.5 and 2.8.

Solution. First show the completeness with respect to the co-norm in 2.5: If
(x’“)ke]N is a Cauchy sequence with respect to this norm, z* = (mf)i_L_ o
kgl kgl k

then‘a: — |< H:c H and so( )kelN
which means that there exist x; = limg_, o :c in IK (because IR and C are
complete, with the completeness of the latter followmg from that of IR?, which
is shown here). Hence |xf — xi| — 0ask — oo forevery i € {1,...,n}, which
implies that ka — acHoo — 0 as k — oco.

The completeness with respect to the other metrics then follows from the
results in 2.16. O

are Cauchy sequences in IK,

E2.7 Incomplete function space. Let I := [a,b] C IR be an interval with
a < b, and for n € IN let

n={f:I—=1IR; fisa polynomial of degree <n}.
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Then P = UnEIN Pn eqlﬂpped With
[ fllo = Sug)lf(:c)| for f € P
z€

is a normed space that is not complete.

Solution. The norm axioms are easily verified. Setting
C=Y g A=Y g
il il

we have that
sup | fn(z) — f(z)| >0 asn — oco.
xzel

Hence (fn),cn is @ Cauchy sequence in P. If g = lim,, o fr existed in P, it
would follow that |f(x) — g(z)| < || fn — 9|l — 0 asn — oo for all z € I,
and so g = f ¢ P, which is a contradiction. O

E2.8 On completeness. Let (X, d) be a metric space. Then:

(1) If (X,d) is complete and Y C X is closed, then (Y, d) is also a complete
metric space.

(2) fY € X and (Y, d) is complete, then Y is closed in X (as a subset of
the metric space (X, d)).

Solution (1). If (2*), - is a Cauchy sequence in Y, then it is also a Cauchy
sequence in X. The completeness of X yields that it has a limit x € X. As
Y is closed it follows that z € Y. ad

Solution (2). Let (mk)kE]N be a sequence in Y converging in X to z € X.
Since Y is equipped with the metric d, it is a Cauchy sequence in Y. The
completeness of Y yields that it has a limit y € Y. Now y must also be the
limit of the sequence in X, and sox =y €Y. a

E2.9 Hausdorff distance between sets. Let (X, d) be a metric space and
A:={A C X; A is nonempty, bounded and closed} .
The Hausdorff distance between A; € A and A; € A is defined by
di(Ay, Ag) :=1inf{e > 0; A; C B.(A43) and Ay C B.(A41)}.

Then dg is a metric on A, and for A, B € A we have

dg (A, B) = max (sup dist(a, B), sup dist(b, A)>
a€A beB

= sup |dist(z, A) — dist(x, B)|
reM

for any set M with AUBC M C X.
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Solution. If dg(Ay, As) = 0, then
A C ﬂBs(A2) =4, =A,,
e>0

and similarly As C A;. Moreover, dy is symmetric by definition. Given
Ay, A3, A3 € A and ¢ > 0, there exist numbers 1 > 0, €2 > 0 such that

e1 <dm(A1,A2) +0, A C B, (A2), A2 C B, (A1),
g < dp(Az, A3) + 96, Ay C B.,(A3), Az C B, (A2).

By E2.2(3),
A1 C Be, (Be,(A3)) C Bey e, (A3)
AS C Bsz (le (Al)) - le+s2 (Al) )
and hence

di(A1, As) <e1+e2 <du(Ar,A2) +dua(As, A3)+26 .

This shows that dy defines a metric.
Now let A,B € A, d:=dy(A, B) and

dmax := Max <sup dist(a, B), sup dist(b, A)) ,
acA beB

dsup = sup |dist(z, A) — dist(x, B)|.
zeM

Then dsup > dmax, on noting that
dgyp > sup |dist(z, A) — 0],
reB
and applying a symmetry argument. Moreover, dpy.x > d, as for 6 > 0 we

have that a
B C Bd;nax+5(A) )

and hence, by a symmetry argument, that dy.x + 0 > d. Furthermore, d >
dmax, since B C B.(A) and A C B.(B) implies that

dist(b,A) <e forbe B and dist(a,B)<e foraecA,

and so dmax < €. Finally, dmax > dsup, because for z € X and § > 0, there

exists a b € B such that
dist(x, B) > d(z,b) — 4.
Thanks to E2.2(1),
dist(x, A) — dist(z, B) < dist(x, A) — d(z,b) + 6 < dist(b, A) 4+ ¢,

and hence, by a symmetry argument, dsyp < dmax + 0. O
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