Chapter 17
Stochastic Recursive Sequences

Abstract The chapter begins with introducing the concept of stochastic random se-
quences in Sect. 17.1. The idea of renovating events together with the key results
on ergodicity of stochastic random sequences and the boundedness thereof is pre-
sented in Sect. 17.2, whereas the Loynes ergodic theorem for the case of monotone
functions specifying the recursion is proved in Sect. 17.3. Section 17.4 establishes
ergodicity conditions for contracting in mean Lipschitz transformations.

17.1 Basic Concepts

Consider two measurable state spaces (X, B~) and (Y, By), and let {£,} be a
sequence of random elements taking values in Y. If (£2,§, P) is the underlying
probability space, then {w : & € B} € § for any B € By. Assume, moreover,
that a measurable function f: X x Y — & is given on the measurable space
(X x YV, By x By), where By x By denotes the o-algebra generated by sets
A x B with AeBy and B € By.

For simplicity’s sake, by X and ) we can understand the real line R, and by B,
By the o-algebras of Borel sets.

Definition 17.1.1 A sequence {X,},n =0, 1, ..., taking values in (X, B+ is said
to be a stochastic recursive sequence (s.r.s.) driven by the sequence {&,} if X,, satis-
fies the relation

Xnt1=f(Xn, ) (17.1.1)

for all n > 0. For simplicity’s sake we will assume that the initial state X is inde-
pendent of {&,}.

The distribution of the sequence {X,, &,} on ((X x Y)*°, (Byx x By)™) can be
constructed in an obvious way from finite-dimensional distributions similarly to the
manner in which we constructed on (X', %3(") the distribution of a Markov chain X
with values in (X, ®B+) from its transition function P(x, B) = P(X|(x) € B). The
finite-dimensional distributions of {(X¢, &), ..., (Xk, &)} for the s.r.s. are given by
the relations
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P(X;eA;, & €B;;1=0,...,k)
k
=/ / P& edy, 1=0,.... 0 [ [1(/iXo, Y0, ..., y0) € A)),
Bo /B I=1

where f1(x, yo) := f(x, y0), fi(x, y0, -, y1) := f(fi—1(x, Y0, -+, Y1—1), Y1)-

Without loss of generality, the sequence {£,} can be assumed to be given for all
—00 < n < oo (as we noted in Sect. 16.1, for a stationary sequence, the required
extension to n < 0 can always be achieved with the help of Kolmogorov’s theorem).

A stochastic recursive sequence is a more general object than a Markov chain. It
is evident that if & are independent, then the X, form a Markov chain. A stronger
assertion is true as well: under broad assumptions about the space (X, *B '), for any
Markov chain {X,} in (X, Bx) one can construct a function f and a sequence of
independent identically distributed random variables {£,} such that (17.1.1) holds.
We will elucidate this statement in the simplest case when both & and ) coincide
with the real line R. Let P(x, B), B € B, be the transition function of the chain
{X,},and Fx(t) = P(x, (—00, t)) the distribution function of X{(x) (Xo = x). Then
if Fx’l(t) is the function inverse (in ) to Fx(¢) and o € Up,; is a random variable,
then, as we saw before (see e.g. Sect. 6.2), the random variable F’ x_l (o) will have the
distribution function Fy (¢). Therefore, if {o,} is a sequence of independent random
variables uniformly distributed over [0, 1], then the sequence X, | = F ;ﬂl () will
have the same distribution as the original chain {X,}. Thus the Markov chain is an
s.r.s. with the function f(x,y) = Fx_l (y) and driving sequence {«,}, o, € U 1.

For more general state spaces X, a similar construction is possible if the o-
algebra *B y is countably-generated (i.e. is generated by a countable collection of
sets from X’). This is always the case for Borel o-algebras in X = RY, d>1 (see
[22]).

One can always consider f(-, §,) as a sequence of random mappings of the space
X into itself. The principal problem we will be interested in is again (as in Chap. 13)
that of the existence of the limiting distribution of X, as n — oo.

In the following sections we will consider three basic approaches to this problem.

17.2 Ergodicity and Renovating Events. Boundedness
Conditions

17.2.1 Ergodicity of Stochastic Recursive Sequences

We introduce the o -algebras

§ . =ol&el <k <n),

F = olank<n)=F o
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3 = o{&; —00 < k < 00} =3’ioo’oo.

In the sequel, for the sake of definiteness and simplicity, we will assume the initial
value X¢ to be constant unless otherwise stated.

Definition 17.2.1 Anevent A € 3i +m»m >0, is said to be renovating for the s.r.s.
{X,} on the segment [n, n + m] if there exists a measurable function g : ymtl sy

such that, on the set A (i.e. forw € A),

Xn+m+l :g(sn»u-:%-n+m)~ (1721)

It is evident that, for w € A, relations of the form X, r4k+1 = 8k &n, - -+ Entm+k)
will hold for all £ > 0, where g is a function depending on its arguments only and
determined by the event A.

The sequence of events {A,}, A, € %ﬁ +m»> Where the integer m is fixed, is said
to be renovating for the s.r.s. {X,,} if there exists an integer ng > 0 such that, for
n > ng, one has relation (17.2.1) for w € A, the function g being common for all n.

We will be mainly interested in “positive” renovating events, i.e. renovating
events having positive probabilities P(A,) > 0.

The simplest example of a renovating event is the hitting by the sequence X,, of
a fixed point xo : A, = {X,, = x¢} (here m = 0), although such an event could be of
zero probability. Below we will consider a more interesting example.

The motivation behind the introduction of renovating events is as follows. After
the trajectory { Xg, &k}, kK < n+m, has entered a renovating set A € Si +m» the future
evolution of the process will not depend on the values { Xy}, k <n + m, but will be
determined by the values of &, &1, ... only. It is not a complete “regeneration” of
the process which we dealt with in Chap. 13 while studying Markov chains (first of
all, because the &, are now, generally speaking, dependent), but it still enables us
to establish ergodicity of the sequence X, (in approximately the same sense as in
Chap. 13).

Note that, generally speaking, the event A and hence the function g may depend
on the initial value Xg. If X is random then a renovating event is to be taken from
the o -algebra Si+m X 0 (Xp).

In what follows it will be assumed that the sequence {,} is stationary. The sym-
bol U will denote the measure preserving shift transformation of §*-measurable ran-
dom variables generated by {£,}, so that U&, = &1, and the symbol T will denote
the shift transformation of sets (events) from the o -algebra F E1(w) =& (Tw).
The symbols U"” and 7", n > 0, will denote the powers (iterations) of these transfor-
mations respectively (so that U L=y, T'=T; U and 7Y are identity transforma-
tions), while U ™" and T ™" are transformations inverse to U" and T", respectively.

A sequence of events {Ay} is said to be stationary if Ay = Tk A for all k.

Example 17.2.1 Consider a real-valued sequence

Xpi1 =X, +&)T, Xo=const >0, n>0, (17.2.2)
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where xT = max(0, x) and {£,} is a stationary metric transitive sequence. As we
already know from Sect. 12.4, the sequence {X} describes the dynamics of waiting
times for customers in a single-channel service system. The difference is that in
Sect. 12.4 the initial value has subscript 1 rather than 0, and that now the sequence
{£,} has a more general nature. Furthermore, it was established in Sect. 12.4 that
Eq. (17.2.2) has the solution

Xn+1= max(gn,n’ Xo + Su), (17.2.3)

where

n n
Sn :=§ &, Spx = max S, j, Sp,j = E &k, Sp,—1:=0
—1=j=k .
k=0 k=n—j

(17.2.4)
(certain changes in the subscripts in comparison to (17.2.4) are caused by different
indexing of the initial values). From representation (17.2.3) one can see that the
event

B, ={Xo+ S, <O,§n,n =0} e%ﬁ

implies the event {X,, 11 = 0} and so is renovating form =0, g(y) =0.If X,,4+1 =0
then

Xni2 = 81Gn. Ens1) =61 1. Xuts = 82(En. Enr1. En2) 1= (65, +Ens2) ",

and so on do not depend on Xj.
Now consider, for some ng > 1 and any n > nq, the narrower event

A, = {XO + sup Sn,j <0, En,oo ‘= sup S”’]' = 0}

Jj=no j=—1
(we assume that the sequence {£,} is defined on the whole axis). Clearly, A,, C B, C
{X,+1 =0}, so A, is a renovating event as well. But, unlike B,, the renovating
event A, is stationary: A, = T" Ay.

We assume now that E£y < 0 and show that in this case P(Ag) > 0 for sufficiently
large ng. In order to do this, we first establish that P(g(),Oo =0) > 0. Since, by the
ergodic theorem, So_ ; 2% o0 as j — oo, we see that Sp  is a proper random
variable and there exists a v such that P(Eo,OO < v) > 0. By the total probability
formula,

o0

0 < P00 <v) = P(S0,j-1 < Soj < v, sup(Sox = So,;) =0).

- k=)
j=0

Therefore there exists a j such that

P(sup(so,k —So.j) = 0) > 0.
k>
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But the supremum in the last expression has the same distribution as Sg . This
proves that p := P(Eo,oo = 0) > 0. Next, since Sp,; 45 —o0, one also has
sup = S0, 2% _ooask — oco. Therefore, P(sup;>y So,j < —Xo) - lask — oo,
and hence there exists an n¢ such that

P( sup Sp,;j < —Xo) >1— B.

Jj=no 2

Since P(AB) > P(A) + P(B) — 1 for any events A and B, the aforesaid implies that
P(Ag) = p/2 > 0.

In the assertions below, we will use the existence of stationary renovating events
A, with P(Ag) > 0 as a condition insuring convergence of the s.r.s. X, to a station-
ary sequence. However, in the last example such convergence can be established
directly. Let E&y < 0. Then by (17.2.3), for any fixed v,

P(Xy41>0) =P(Syn>0) +P(Sy 0 <v, Xo+ Sy > v),
where evidently
P(Xo+S,>v)— 0, P(S,,>v)1P(Spc0>0)
as n — oo. Hence the following limit exists

lim P(X, >v) = P(Eo,oo > v). (17.2.5)
n—>oo

Recall that in the above example the sequence of events A, becomes renovating
for n > ngy. But we can define other renovating events C,, along with a number m
and function g : R”*! — R as follows:

m :=ng, C,:=T"A,, g(yo, ..., ym) :=0.

The events C,, € 3?, 4 are renovating for {X,} on the segment [n,n + m] for all
n > 0, so in this case the n( in the definition of a renovating sequence will be equal
to 0.

A similar argument can also be used in the general case for arbitrary renovat-
ing events. Therefore we will assume in the sequel that the number no from the
definition of renovating events is equal to zero.

In the general case, the following assertion is valid.

Theorem 17.2.1 Let {&,} be an arbitrary stationary sequence and for the s.r.s. {X,}
there exists a sequence of renovating events {A,} such that

n
P( U A,-T—SAHS) -1 asn— o0 (17.2.6)
j=1
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uniformly in s > 1. Then one can define, on a common probability space with {X,},
a stationary sequence {X" := U" X} satisfying the equations X"T' = f(X",&,)
and such that

P{X; = X" forallk>n} -1 asn— cc. (17.2.7)

If the sequence {&,} is metric transitive and the events A, are stationary, then the
relations P(Ag) > 0 and P(Ugozo Ap) = 1 are equivalent and imply (17.2.6) and
(17.2.7).

Note also that if we introduce the measure m(B) = P(X° € B) (as we did in
Chap. 13), then (17.2.7) will imply convergence in total variation:

sup [P(X, €B)—n(B)| >0 asn— oo.
BeB x

Proof of Theorem 17.2.1 First we show that (17.2.6) implies that
oo
P(ﬂ{XnJrk;éUSXHkH}) —0 asn— o0 (17.2.8)
k=0

uniformly in s > 0. For a fixed s > 1, consider the sequence X ; =U"Xgqj. Itis
defined forj > —s, and

XS_SZXO: XS_S“=f(XS_S,$—s)=f(X0,$—s)
and so on. It is clear that the event
{x;= X for some j € [0, n]}

implies the event
{X+n+k=X),, forallk >0}.
We show that

n
P(U{ijXj.})—)l as n — oo.
j=1

For simplicity’s sake put m = 0. Then, for the event X ;1 = X ; 41 to occur, it suf-
fices that the events A; and 77°A ;¢ occur simultaneously. In other words,

n—1 n 00
U AjT_SAj+A~ C U{X] =X;} C ﬂ{XnJrk =X§l+k}-
=0 j=1 k=0

Therefore (17.2.6) implies (17.2.8) and convergence

P(X} #X!") >0 asn— o0
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uniformly in & > 0 and s > 0. If we introduce the metric p putting p(x, y) :=1 for
x #y, p(x,x) =0, then the aforesaid means that, for any é > 0, there exists an N
such that

P(p(X{. X[™) > 8) = P(o(X[, X[*) £0) <5
forn> Nandanyk >0,s > 0,i.e. X ’,f is a Cauchy sequence with respect to conver-

gence in probability for each k. Because any space X is complete with such a metric,

there exists a random variable X* such that Xy L Xkasn — oo (see Lemma 4.2).
Due to the specific nature of the metric p this means that

P(X] #X*) =0 asn— oo. (17.2.9)
The sequence X* is stationary. Indeed, as n — 00,

P(XM £ UXY) =P(X],, £UX}) + o) =P(X}, # X}71) +o(1) =o(l).
Since the probability P(X**! £ U X¥) does not depend on n, X**! = U X* as.
Further, X,,+k+1 = f (Xn+k, En+k), and therefore

Xip =U"f Xngks Enp) = f(X] &) (17.2.10)

The left and right-hand sides here converge in probability to X! and f(X*, &),
respectively. This means that X1 = £(X*, &).

To prove convergence (17.2.7) it suffices to note that, by virtue of (17.2.10), the
values X ,’(’ and X*, after having become equal for some &, will never be different for
greater values of k. Therefore, as well as (17.2.9) one has the relation

P(U{X,'g ;ﬁXk}) =P<U{Xk+n ;AXH”}) —0 asn— oo,

k>0 k>0

which is equivalent to (17.2.7).
The last assertion of the theorem follows from Theorem 16.2.5. The theorem is
proved. g

Remark 17.2.1 Tt turns out that condition (17.2.6) is also a necessary one for con-
vergence (17.2.7) (see [6]). For more details on convergence of stochastic recursive
sequences and their generalisations, and also on the relationship between (17.2.6)
and conditions (I) and (II) from Chap. 13, see [6].

In Example 17.2.1 the sequence X* was actually found in an explicit form (see
(17.2.3) and (17.2.5)):

X =T oo =S_upOS,£71. (17.2.11)
J=
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These random variables are proper by Corollary 16.3.1. It is not hard to also see
that, for X = 0, one has (see (17.2.3))

U™ Xpn 1+ XK. (17.2.12)

17.2.2 Boundedness of Random Sequences

Consider now conditions of boundedness of an s.r.s. in spaces X = [0, c0) and
X = (—o00, 00). Assertions about boundedness will be stated in terms of existence
of stationary majorants, i.e. stationary sequences M, such that

X, <M, foralln.

Results of this kind will be useful for constructing stationary renovating sequences.

Majorants will be constructed for a class of random sequences more general than
stochastic recursive sequences. Namely, we will consider the class of random se-
quences satisfying the inequalities

Xnp1 < (X +h(Xp, £)) 7, (17.2.13)

where the measurable function ~ will in turn be bounded by rather simple functions
of X, and &,,. The sequence {£,} will be assumed given on the whole axis.

Theorem 17.2.2 Assume that there exist a number N > 0 and a measurable func-
tion g1 with Eg1(&,) < 0 such that (17.2.13) holds with

g1(y) forx >N,

h(x,y) < 17.2.14
(.7 = g1(y)+N—x forx <N. ( )

If X0 < M < 00, then the stationary sequence
M, =max(M, N) + sup S,_1,j, (17.2.15)

e
where S, 1 =0and Sy, j = g1(&) +---+g1k—;) for j = 0, is a majorant for X,,.

Proof For brevity’s sake, put ¢; := g1(§), Z := max(M, N), and Z,, := X,, — Z.
Then Z,, will satisfy the following inequalities:

7 < (Zn+Z+§n)+_Z§(Zn+§n)+ forZ, >N — Z,
= N+t —Z <t for Z, <N — Z.

Consider now a sequence {Y,} defined by the relations Yy = 0 and

Yn+l = (Yn + é-n)+-
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Assume that Z, <Y,.If Z, > N — Z then
Znt1 < (Zn+ )" = Wn+ 8" = Yos.
If Z, < N — Z then
Zns1 <5 <Y+ )t =Y.

Because Zg < 0 =Y, it is evident that Z,, < Y,, for all n. But we know the solution
of the equation for Y,, and, by virtue of (17.2.11) and (17.2.13),

Xp—Z < sup Sy1,5-
jz=1

The theorem is proved. g

Theorem 17.2.2A Assume that there exist a number N > 0 and measurable func-
tions g1 and gy such that

Eg1(6,) <0, Eg2(6,) <0 (17.2.16)

and

g1(y) forx >N,
g1(y) +&(y) forx <N.

If Zo < M < 00, then the conditions of Theorem 17.2.2 are satisfied (possibly for
other N and g1) and for X,, there exists a stationary majorant of the form (17.2.15).

h(x,y) < (17.2.17)

Proof Weset g :=—Egi(§,) > 0andfind L > OsuchthatE(g2(§,); g2(§,) > L) <
g/2. Introduce the function

g =g1(») + &2(MI(g2(y) > L).

Then Egj(§,) < —g/2 <0 and

h(x,y) <gi1(y) + &MI(x =N)
<&M+ oM <N) —g()I(g20y) > L)
<&M+ LIx =N) <gi(») + (L +N—0)Ix <N)
<giM+(L+N-x)Ix=<L+N).

This means that inequalities (17.2.14) hold with N replaced with N* = N + L.
The theorem is proved. O

Note again that in Theorems 17.2.2 and 17.2.2A we did not assume that {X,,} is
an s.r.s.
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The reader will notice the similarity of the conditions of Theorems 17.2.2 and
17.2.2A to the boundedness condition in Sect. 15.5, Theorem 13.7.3 and Corol-
lary 13.7.1.

The form of the assertions of Theorems 17.2.2 and 17.2.2A enables one to con-
struct stationary renovating events for a rather wide class of nonnegative stochastic
recursive sequences (so that X = [0, 0co)) having, say, a “positive atom” at 0. It is
convenient to write such sequences in the form

X1 = (Xn +h(Xy, &))" (17.2.18)

Example 17.2.2 Let an s.r.s. (see (17.1.1)) be described by Eq. (17.2.18) and satisty
conditions (17.2.14) or (17.2.17), where the function # is sufficiently “regular” to
ensure that

Bz = {h(t. &) < —t}

t<T

is an event for any T . (For instance, it is enough to require %(¢, v) to have at most
a countable set of discontinuity points z. Then the set B, r can be expressed as
the intersection of countably many events () {h(t, §,) < —#}, where {#} form
a countable set dense on [0, T'].) Furthermore, let there exist an L > 0 such that

P(M, <L,Bn)>0 (17.2.19)

(M,, was defined in (17.2.15)). Then the event A, = {M, < L}B, [ is clearly a
positive stationary renovating event with the function g(y) = (h(0, y))*, m = 0.
(Ontheset A, € Sﬁ we have X, 11 =0, X,, 12 = h(0,£,51)" and so on.) Therefore,
an s.r.s. satisfying (17.2.18) satisfies the conditions of Theorem 17.2.1 and is ergodic
in the sense of assertion (17.2.7).

It can happen that, from a point ¢+ < L, it would be impossible to reach the
point O in one step, but it could be done in m > 1 steps. If B is the set of sequences
(&, - .., Enm) that effect such a transition, and P(M,, < L), then A, ={M,, < L}B
will also be stationary renovating events.

17.3 Ergodicity Conditions Related to the Monotonicity of f

Now we consider ergodicity conditions for stochastic recursive sequences that are
related to the analytic properties of the function f from (17.1.1). As we already
noted, the sequence f(x,&), k =1,2,..., may be considered as a sequence of
random transformations of the space X'. Relation (17.1.1) shows that X,,4 is the
result of the application of n + 1 random transformations f(-, &), k=0,1,...,n,
to the initial value Xo = x € X'. Denoting by £/** the vector £"+% = (&,, ..., £,44)
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and by fi the k-th iteration of the function f: fi(x, y1) = f(x, y1), fo(x, y1,y2) =
f(f(x,y1), y2) and so on, we can re-write (17.1.1) for Xy = x in the form

Xn+1=Xp+1(x) = fut1 (x’ %.6’),

so that the “forward” and “backward” equations hold true:

Frrr (6,80) = F(fu(x &71) 80) = ful £ (x, £0), &) (17.3.1)

In the present section we will be studying stochastic recursive sequences for
which the function f from representation (17.1.1) is monotone in the first argu-
ment. To this end, we need to assume that a partial order relation “>" is defined
in the space X'. In the space X = R? of vectors x = (x(1), ..., x(d)) (or its sub-
spaces) the order relation can be introduced in a natural way by putting x; > x; if
x1(k) = xo(k) for all k.

Furthermore, we will assume that, for each non-decreasing sequence x| < xp <
-+ <X, <...,there exists a limit x € X, i.e. the smallest element x € X for which
xi < x for all k. In that case we will write x; 1 x or limg_ o Xy =x.In X = R4
such convergence will mean conventional convergence. To facilitate this, we will
need to complete the space R¢ by adding points with infinite components.

Theorem 17.3.1 (Loynes) Suppose that the transformation f = f(x,y) and space
X satisfy the following conditions:

(1) there exists an xo € X such that f(xg,y) > xo forall y € Y,

(2) the function f is monotone in the first argument: f(x1,y) > f(x2,y) if x1 > x2;

(3) the function f is continuous in the first argument with respect to the above
convergence: f(x,,y) Y f(x,y) if x, 1 x.

Then there exists a stationary random sequence {X,} satisfying Eq. (17.1.1):
X"l =UX" = (X", &,), such that

U XpisN M X asn— oo, (17.3.2)

where convergence takes place for all elementary outcomes.

Since the distributions of X,, and U " X,, coincide, in the case where conver-
gence of random variables 71, 1 7 means convergence (in a certain sense) of their
distributions (as is the case when X = R<), Theorem 17.2.1 also implies conver-
gence of the distributions of X, to that of X 0asn — oo.

Remark 17.3.1 A substantial drawback of this theorem is that it holds only for a
single initial value Xo = xo. This drawback disappears if the point x¢ is accessible
with probability 1 from any x € X, and & are independent. In that case xg is likely
to be a positive atom, and Theorem 13.6.1 for Markov chains is also applicable.
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The limiting sequence X* in (17.3.2) can be “improper” (in spaces X = R it
may assume infinite values). The sequence X* will be proper if the s.r.s. X, satisfies,
say, the conditions of the theorems of Sect. 15.5 or the conditions of Theorem 17.2.2.

Proof of Theorem 17.3.1 Put

;K= fieps (%0, 8°71) = U™ freas (0, 5771 = U™ X (x0).

Here the superscript —k indicates the number of the element of the driving sequence
{£2)152 _ o such that the elements of this sequence starting from that number are used
for constructing the s.r.s. The subscript s is the “time epoch” at which we observe
the value of the s.r.s. From the “backward” equation in (17.3.1) we get that

v 5 = figs (F (00 Ekm), E231) = fews (w0, £531) = vk

This means that the sequence v, *

random variable X* € X such that

increases as k grows, and therefore there exists a

vs_k = U_ka+s(X0) +X° ask— oo.
Further, v ¥ is a function of éi;l. Therefore, X* is a function of £°3!:

X =G(E]).

—0o0
Hence
UX*=UG(})=G(& o) =X,

which means that {X*} is stationary. Using the “forward” equation from (17.3.1),
we obtain that

U;kil = f(fk_,_s(xo,&i;%]),és—l) = f(vs_fl_l’gs—l)'

Passing to the limit as k — oo gives, since f is continuous, that
~ —1
XA zfl(}(A 75&—1)'

The theorem is proved. O

Example 17.2.1 clearly satisfies all the conditions of Theorem 17.3.1 with X =
[0, 00), xo =0, and f(x,y) = (x + ).

17.4 Ergodicity Conditions for Contracting in Mean Lipschitz
Transformations

In this section we will assume that X" is a complete separable metric space with
metric p. Consider the following conditions on the iterations X (x) = fi(x, éé‘*l).
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Condition (B) (boundedness). For some xo € X and any § > 0, there exists an
N = Nj such that, foralln > 1,

P(p(x0. X (x0) > N)) =P(p(x0, fu(x0,]"")) > N) <.

It is not hard to see that condition (B) holds (possibly with a different V) as soon as
we can establish that, for some m > 1, the above inequality holds for all n > m.

Condition (B) is clearly met for stochastic random sequences satisfying the con-
ditions of Theorems 17.2.2 and 17.2.2A or the theorems of Sect. 15.5.

Condition (C) (contraction in mean). The function f is continuous in the first
argument and there exist m > 1, B > 0 and a measurable function q : R™ — R such
that, for any x1 and x3,

p(Fn (21, &0Y)s fn (22, 8071)) < g (€7 ) o1, x2),
m'Elng (") < —p <0.

Observe that conditions (B) and (C) are, generally speaking, not related to each
other. Let, for instance, ¥ =R, X9 >0, &, >0, p(x,y)=|x —y|,and f(x,y) =
bx + y, so that

Xn+l =bX, + Sn

Then condition (C) is clearly satisfied for 0 < b < 1, since

| f 1, y) = f(x2, )| = blx1 — xal.

At the same time, condition (B) will be satisfied if and only if EIn&y < co. Indeed, if
EIn&y = oo, then the event {In&; > —2kInb} occurs infinitely often a.s. But X, 41
has the same distribution as

n n
V"M X+ Y b e =b"""Xo+ Y explkInb + In&},
k=0 k=0

where, in the sum on the right-hand side, the number of terms exceeding exp{—k In b}

increases unboundedly as n grows. This means that X (n + 1) 2 o0 asn — 00. The
case EIn&p < oo is treated in a similar way. The fact that (B), generally speaking,
does not imply (C) is obvious.

As before, we will assume that the “driving” stationary sequence {£,}°2 _  is
given on the whole axis. Denote by U the respective distribution preserving shift
operator.

Convergence in probability and a.s. of a sequence of X'-valued random vari-

ables n, € X (i, BN n, M 25 n) is defined in the natural way by the rela-
tions P(o(n,,n) > 8) = 0 as n — oo and P(p(nk, n) > § for some k >n) — 0
as n — oo for any § > 0, respectively.
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Theorem 17.4.1 Assume that conditions (B) and (C) are met. Then there exists a
stationary sequence {X,} satisfying (17.1.1):

Xy x" — f(X",én)
such that, for any fixed x,

U™ Xpas(x) 25 X° as n— oo. (17.4.1)
This convergence is uniform in x over any bounded subset of X .

Theorem 17.2.2 implies the weak convergence, as n — oo, of the distributions
of X,(x) to that of X°. Condition (B) is clearly necessary for ergodicity. As the
example of a generalised autoregressive process below shows, condition (C) is also
necessary in some cases.

Set Y, := U" X,,(x0), where xq is from condition (B). We will need the following
auxiliary result.

Lemma 17.4.1 Assume that conditions (B) and (C) are met and the stationary se-

quence {q(éf}ﬁ"km_l)},fifoo is ergodic. Then, for any & > 0, there exists an ns such

that, for all k > 0,

supP(p(Y,H_k, Y,) <é foralln > ng) >1-6. (17.4.2)
k>0

For ergodicity of {q (& k’”+m_1)},fi_ oo It suffices that the transformation T™ is met-
ric transitive.

The lemma means that, with probability 1, the distance p (Y, 4+, Y5,) tends to zero
uniformly in k as n — oo. Relation (17.4.2) can also be written as P(As) < 8, where

As = (J {p(asa V) = 8.

n>=ngs

Proof of Lemma 17.4.1 By virtue of condition (B), there exists an N = N;s such
that, for all kK > 1,

Al

P(p(x0, Xk (x0)) > N) <
Hence
P(As) <8/3+P(As: p(x0,6,0) < N).

The random variable 6, ; := U 1=k X} (x0) has the same distribution as X (xo).
Next, by virtue of (C),

Ptk Yu) < p(fark (0. 65,_1): fu(x0.6)))
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< q(EZ0) 0 (fatkmm (x0, EZ0)s famm (x0, €507 1)
=q(E0) (U™ Xtk (x0), U™ Xp—m (x0)). (17.4.3)

Denote by B; the set of numbers n of the foom n =Im +s,1=0,1,2,...,
0 <s < m, and put

Aj :zlnq(é:;mm+m_l), j=12,....

Then, for n € By, we obtain from (17.4.3) and similar relations that

1
Pk Yn) < exp{ Do }p(U‘”—kXHs(xo), U™ X(x0)).  (17.4.4)
j=1

where the last factor (denote it just by p) is bounded from above:
p < p(xo, U™  Xpps (x0)) + p(x0, U™" X4 (x0)).
The random variables U ™" X j (xo) have the same distribution as X ;(xo). By virtue

of (B), there exists an N = Nj such that, for all j > 1,

8
P(p(x0. X (x0)) > N) < o

Hence, for all n, k and s, we have P(p > 2N) < §/(2m), and the right-hand side
of (17.4.4) does not exceed 2N exp{zlj:l Aj} on the complement set {p <2N}.

Because EA; < —mf < 0 and the sequence {A;} is metric transitive, by the er-
godic Theorem 16.3.1 we have

1
> xj<-mplj2

J=1

for all / > I(w), where [ (w) is a proper random variable. Choose /1 and /5 so that the
inequalities

I 5
—@ <Ins—In2N, Pl >h)<3

hold. Then, putting

Is :==max(l1, l»), ng :=mls, Af = U {0Yngk, Yn) = 8},

n>ng, n€ By

we obtain that

l
8
P(A5) <P(p >2N)+P(A5; p < N) < %+P<U{2NeXP{—ZM} 25})-

1>
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But the intersection of the events from the term with {/s > [(w)} is empty. Therefore,
the former event is a subset of the event {/(w) >[5}, and

m—1

. P4y =) P(4}) <6

s=0

8
P(45) = —

The lemma is proved. g

Lemma 17.4.2 (Completeness of X’ with respect to convergence in probability) Let
X be a complete metric space. If a sequence of X-valued random elements 1, is
such that, for any § > 0,

P, = SupP(,O(nrH—k, Nn) > 5) —0
k>0

as n — 0o, then there exists a random element n € X such that n LS n (that is,
P(o(n,, 1) >8) — 0asn — o0).

Proof For given ¢ and § choose ng, k =0, 1, ..., such that
SupP (0 (M tss M) > 27%8) <8275,
N

and, for the sake of brevity, put i := 1,, . Consider the set
o0

D:=(\Di Di:={wp(sr. 6 <270},
k=0

Then P(D) > 1 — 2¢ and, for any w € D, one has p({k4s(w), {x(w)) < §2k=1 for
all s > 1. Hence ¢ (w) is a Cauchy sequence in X" and there exists an n = n(w) € X

such that {x(w) — n(w). Since ¢ is arbitrary, this means that i 25 n as k — oo,
and

P(p(Zo.m) > 28) < P( U P (Ck+1, Sk) > 2"3)

k=0

<> P(p(ks1, &) > 2758) < 26
k=0

Therefore, for any n > ny,

P(p (1, n) > 38) <P(p (10, o) > 8) +P(p (20, ) > 28) < 3e.

Since ¢ and § are arbitrary, the lemma is proved. g
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Proof of Theorem 17.4.1 From Lemma 17.4.1 it follows that

supP(p(Yn+k, Y, > 8) —0 asn— oo.
k

This means that Y;, is a Cauchy sequence with respect to convergence in probability,
and by Lemma 17.4.2 there exists a random variable X° such that
Y, > X,
(17.4.5)
U™" Xt (x0) = U (U™ X5 (%)) = U Y — U X0 = X7

By continuity of f,
U™ Xpqs41(x0) = U_nf(XnJrs (xo0), §n+s)

= F(U™" Xpas (x0), &) —2> f(X°, &) =X

We proved the required convergence for a fixed initial value xq. For an arbitrary
x €C,={z: p(xg,z) < N}, one has

(U™ Xu(x), X°) < p(U™" X (x), U™ X, (x0)) + p(U ™" X, (x0), X°), (17.4.6)

where the first term on the right-hand side converges in probability to O uniformly
in x € Cy. For n = Im this follows from the inequality (see condition (C))

1
p(U™" X, (x), U™ X, (x0)) <Nexpiz } (17.4.7)

and the above argument. Similar relations hold for n =Im 4 s, m > s > 0. This,
together with (17.4.5) and (17.4.6), implies that

U™ Xpps(x) > X5 = U X°
uniformly in x € Cy. This proves the assertion of the theorem in regard to conver-
gence in probability.
We now prove convergence with probability 1. To this end, one should repeat
the argument proving Lemma 17.4.1, but bounding p(X°, U~" X, (x)) rather than

0 (Ynik, Yy). Assuming for simplicity’s sake that s = 0 (n is a multiple of m), we
get (similarly to (17.4.4)) that, for any x,

[
p(X°, U™ X, (x)) < p(x, UT"X?) exp{ ij}. (17.4.8)
j=1

The rest of the argument of Lemma 17.4.1 remains unchanged. This implies that,
for any § > 0 and sufficiently large ng,

P( U {p(X°. U X)) > 5}) <.

n=ns
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Theorem 17.4.1 is proved. g

Example 17.4.1 (Generalised autoregression) Let X = R. A generalised autoregres-
sion process is defined by the relations

Xnt1= G(é‘nF(Xn) + nn)v (17.4.9)

where F' and G are functions mapping R — R and &, = (&,, n,) is a stationary
ergodic driving sequence, so that { X} is an s.r.s. with the function

fEN=G. F@) +y), y=01.y»ey=R.

If the functions F and G are nondecreasing and left continuous, G (x) > 0 for all
x € R, and the elements ¢, are nonnegative, then the process (17.4.9) satisfies the
condition of Theorem 17.3.1, and therefore U~ X,,(0) 4 X* with probability 1 (as
n — 00). To establish convergence to a proper stationary sequence X*, one has to
prove uniform boundedness in probability (in ) of the sequence X, (0) (see below).

Now we will establish under what conditions the sequence (17.4.9) will satisty
the conditions of Theorem 17.4.1. Suppose that the functions F and G satisfy the
Lipschitz condition:

|G(x1) — G(x2)| < cglxi — xal, |F(x1) — F(x2)| < cplx) — x2l.
Then
| f(x1,&0) — f(x2,80)| < c|e0(F(x1) — F(x2))| < cregliollxi — x2l. (17.4.10)

Theorem 17.4.2 Under the above assumptions, the sequence (17.4.9) will satisfy
condition (C) if
Incger +Eln|gp| < 0. (17.4.11)

The sequence (17.4.9) will satisfy condition (B) if (17.4.11) holds and, moreover,
E(In |no|) " < oc. (17.4.12)

When (17.4.11) and (17.4.12) hold, the sequence (17.4.9) has a stationary majorant,
i.e. there exists a stationary sequence M, (depending on Xo) such that | X,| < M,
foralln.

Proof That condition (C) for p(x, x2) = |x; — x2| follows from (17.4.10) is obvi-
ous. We prove (B). To do this, we will construct a stationary majorant for |X,,|. One
could do this using Theorems 17.2.2 and 17.2.2A. In our case, it is simpler to prove
it directly, making use of the inequalities

|G| < |GO)] +cqlxl, |[F0)| < |[FO)| +crlxl,
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where we assume, for simplicity’s sake, that G(0) and F(0) are finite. Then
[ Xn411 = [GO) +calenl - [F(Xn)| + cglnal
<[GO)|+cgerltnl - 1Xnl +cclenl - [FO)] + cglnml = Ba| X 0)] + i,
where

Bni=cGcrltal 20, yu:=|GO)| 4+ cgltal - |FO)| +cglnml

Elng, <0, E(ny,)" <oo.
From this we get that, for Xo = x,

n n

n—1
| Xn1] < |x] /3J-+Z< I1 ﬂ,~)yn_z_1+yn,
0 =0

Jj= =0 \ j=n—I
o o (17.4.13)
o0
U™ Xt < Ixl [ ﬂj+2( I1 ﬂj)y—l—l + 70
j=—n 1=0 \ j=—

Put
0
o :=1n,3j, S[ZZZOlj.
j=—1

By the strong law of large numbers, there are only finitely many positive values
Sy — al, where 2a = Ea;; < 0. Therefore, for all / except for those with §; —al > 0,

0
l_[ ﬂj <€al.

j=—1

On the other hand, y_;_ exceeds the level [ only finitely often. This means that the
series in (17.4.13) (denote it by R) converges with probability 1. Moreover,

S=supSk > S,
k>0

is a proper random variable. As result, we obtain that, for all n,
U™ Xus1| < Ixle® + R+ 0,

where all the terms on the right-hand side are proper random variables. The required
majorant
M, = U”_l(|x|es + R+ )/0)

is constructed. This implies that (B) is met. The theorem is proved. g
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The assertion of Theorem 17.4.2 can be extended to the multivariable case
X=RI d>1,as well (see [6]).

Note that conditions (17.4.11) and (17.4.12) are, in a certain sense, necessary not
only for convergence U "X, (x) — X*, but also for the boundedness of X, (x)
(or of X9) only. This fact can be best illustrated in the case when F () = G(t) =t.
In that case, U " X, 45+1(x) and X**! admit explicit representations

s n+s s
U™ Xpps1 ) =x [] &+ [ tins—i-1+ns,
j=—n =0 j=s—I
o0 s
X =3 T g1+

1=0 j=s—I

Assume that EIn¢ > 0, n =1, and put

0
s:=0, zj :=In¢;, Z = Zz/'.

j=—I
Then
o0 o0
x1=1+2e2/, where ZI(Z;zO):oo
=0 =0

with probability 1, and consequently X' = oo and X,, — oo with probability 1.
If E[Inn]" =ocoand ¢ =b < 1 then

oo
X'=no+b) exply_;1+IInb},
=0

where y; =1Inn;; the event {y_;_1 > —[Inb} occurs infinitely often with probabil-
ity 1. This means that X' = oo and X,, — oo with probability 1.
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