Chapter 3
Centers of Mass

3.1 First Moment

Figure 3.1 shows a set of n points P;, {S} = {P1, P2, ..., Py} = {Pi}i=12...n. The
position vector of a point P; relative to an arbitrarily selected reference point O is
rp;, where rp, = r;. A scalar s; can be associated with P; as for example the mass m;
of a particle situated at P;. The first moment of a point P; with respect to a point O is
the vector M; = s; rp,. The scalar s; is called the strength of P;. The strengths of the
points P; are s;, i = 1,2, ..., n and are n scalars, having the same dimension, and
associated with one of the points of {S}.

The centroid of the set {S} is the point C with respect to which the sum of the first
moments of the points of {S} is equal to zero. The position vector of C relative to a

point O is rc. The position vector of P; relative to C is r; — rc¢. The sum of the first
n

moments of the points P; with respect to C is Z s;(r; —r¢). If C is the centroid of

i=1

n n n
Zsi(ri —rc) = Zsiri —rc Zsi =0.
im1 i=1 i=1

{S} then

The position vector r¢ of the centroid C is given by

n
E N v
i=1

rc = -

>

i=1

If >, s; = 0 the centroid is not defined. The centroid C of a set of points of given
strength does not depend on the choice of the reference point O.
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Fig. 3.1 Set of points and
centroid of a set of points

3.2 Center of Mass of a Set of Particles

The center of mass of a set of particles {S} = {P1, P2, ..., Pp} = {Pi}i=12....n 18
the centroid of the set of points with s; = m;, i = 1,2, ..., n, where m; is the mass
of the particle P;. The position vector of the center of mass, C, of the system with n

particles is
n n
Smr S
i=1 i=1
rc=—, =" (3.1
2. m
i=1

where M is the total mass of the system.

3.3 Center of Mass of a Body

The position vector of the center of mass C, Fig.3.2, of a body of mass m and
volume V relative to a point O is

Fig. 3.2 Center of mass of
a volume V
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/ / / rdm
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The mass of a differential element of volume dV is dm = p dV where p is the density
of a body (mass per unit volume). The orthogonal cartesian coordinates of C are

[ e [

xC—W, yc—m, zc /{/pdv.

The center of mass of a body is the point at which the total moment of the body’s
mass about that point is zero. If the mass density p of the body is the same at all
points of the body, the body is uniform and the coordinates of the center of the mass

o [ fffoa fffea

rc = (3.2)

(3.3)

Xe=—F77 YC = , iC= - (34
e e ]
v v v
For a uniform curve p = p; = m/L is the mass per unit of length and
/xdl /ydl /zdl
xc = & L L (3.5)

,» Y = , 2C = )
/dl /dl /dl
L L L

where L is the length of the curve. For a uniform surface p = p; = m/A is the mass

per unit of area and
//di //ydA //sz
A A A
Xc = » YC = sy IC= ——F 77—
/E/E
A A A

where A is the area of the surface.

(3.6)
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The method of decomposition is used to locate the center of mass of a composite
body:

1. divide the body into a number of simpler body shapes, which may be particles,
curves, surfaces, or solids; Holes are considered as pieces with negative size,
mass, or volume.

2. locate the coordinates xc;, yc;, zc; of the center of mass of each part of the body;

3. determine the center of mass using the equations

Zn:/xdT Zn:/ydT Zn:/sz
=17 =17 =17

Xc=—— Y= W= (3.7)
> [or > [ > [or
=177 =177 =177
where 7 is a curve, area, or volume. Equation (3.7) can be simplify as
n n n
sz,- Ti Z)’Ci Ti ZZC,' Ti
xe = T, yo = = 2= (33)

- n n ’ n >
2.7 2.7 2.7
i=1 i=1 i=1

where 7; is the length, area, or volume of the ith object.

3.4 First Moment of an Area

A planar surface of area A is shown in Fig. 3.3. The first moment of the area A about

the x-axis is
M, = //y dA. (3.9)
A

The first moment about the y-axis is

M, = //x dA. (3.10)

A

The first moment of area gives information of the shape, size, and orientation of the
area. The coordinates xc and yc of the center of mass of the area A are calculated
with
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Fig. 3.3 Planar surface of 1
area A Yy A

mdA

Yo

Q
\ K

//di
A _My
XCc = N =
:—A =
yc A

The location of the center of mass of an area is independent of the reference axes
employed. If the axes xy have their origin at the centroid, O = C, then these axes
are called centroidal axes. The first moments about the centroidal axes are zero.
The center of mass of an area with one axis of symmetry is located along the axis
of symmetry. The axis of symmetry is a centroidal axis and the first moment of
area must be zero about the axis of symmetry. If a body has two orthogonal axes
of symmetry the centroid is at the intersection of these axes. For surfaces as circles,
rectangles, triangles, the center of mass can be determined by inspection.

1 (3.11)
My (3.12)
e .

3.5 Center of Gravity

The center of gravity is a point which locates the resultant weight of a system of
particles or body. The sum of moments due to individual particle weight about any
point is the same as the moment due to the resultant weight located at the center of
gravity. The sum of moments due to the individual particles weights about center of
gravity is equal to zero. Similarly, the center of mass is a point which locates the
resultant mass of a system of particles or body. The center of gravity of a body is the
point at which the total moment of the force of gravity is zero. The coordinates of
the center of gravity are
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J[frosar J[[owsar [ ansav

///d ///d ///—d

If the acceleration of gravity g is constant throughout the body, then the location of
the center of gravity is the same as that of the center of mass. The acceleration of
gravity is ¢ = 9.81 m/s” or g = 32.2 ft/s>.

xc = (3.13)

3.6 Theorems of Guldinus-Pappus

Theorem 1 Consider a planar generating curve and an axis of revolution in the plane
of this curve Fig. 3.4. The axis of revolution does not intersect the curve. It can only
touch the generating curve. The surface of revolution A developed by rotating the
generating curve about the axis of revolution equals the product of the length of the
generating L curve times the circumference of the circle formed by the centroid of
the generating curve yc in the process of generating a surface of revolution

A =2mycL. (3.14)

Proof Alengthelementd! of the generating curve is considered as shown in Fig. 3.4.
For a revolution of the generating curve about axis of revolution, x-axis, the length
element d/ describes the area

dA =2 mydl.

Generating curve

Axis of

"> revolution

T

Fig. 3.4 Surface of revolution
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For the total surface of revolution developed the area is

A=2m /ydl:ZwyCL,

where L is the length of the curve and yc is the centroidal coordinate of the curve.
The circumferential length of the circle formed by having the centroid of the curve
rotate about the x-axis is 27yc. The surface of revolution A is equal to 27 times the
first moment of the generating curve about the axis of revolution. For a composite
generating curve the following formula is used

A=2r (ZLin,.), (3.15)

where yc; is the centroidal coordinate for the i line segment L;. The generating
curve is composed of simple curves, L; and the axis of revolution is the x-axis.

Theorem 2 A generating planar surface A and an axis of revolution located in the
same plane as the surface is considered in Fig.3.5. The volume of revolution V
developed by rotating the generating planar surface about the axis of revolution
equals the product of the area of the surface times the circumference of the circle
formed by the centroid of the surface yc in the process of generating the body of
revolution

V =27mycA. (3.16)

The axis of revolution does not intersect the generating surface. It can only touch the
generating plane surface as a tangent at the boundary.

Generating plane surface

revolution

Fig. 3.5 Volume of revolution
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Proof The volume generated by rotating an element dA of the plane surface, A is
shown in Fig. 3.5, about the x-axis is

dV =2nydA.

The volume of the body of revolution formed from A is

V=2r / ydA =2 myc A.
A

Thus, the volume V equals the area of the generating surface A times the circum-
ferential length of the circle of radius yc. The volume V equals 2 7 times the first
moment of the generating area A about the axis of revolution.

The areas and center of mass for some practical configurations are shown in
Fig.3.6.

3.7 Examples

Example 3.1 Find the length and the position of the center of mass for the homoge-
neous curve given by the Cartesian equation y = b +/x¢ m, where a = 3, b = 2 and
0<x<Im.

Solution The differential element of the curve, dl = /1 4 (dy/dx)Z, is given in
MATLAB by:

syms X real

a = 3;

b = 2;

v = b*sqgrt(x"a);
dy = diff(y,x);
dl =sqgrt(l+dy"2);

oe

dl = (1+ (dy/dx)"2)70.5
$ 0O<x <1

The MATLAB statement int (£, x, a, b) is the definite integral of £ with
respect to its symbolic variable x from a to b. The length of the homogeneous curve
is:

L = eval(int(dl,0,1));
and the coordinates of the center of mass C are:

My=eval (int (x*d1l,0,1)) ;
xXC=My/L;
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triangle
To = b/3

101

yo="h/3
A=0bh/2

semiparabola
xe =3a/8
yo =4h/5
A=2ah/3

semicircle

To = 0

yo =4r/(3)
A=m1r%)2

quartercircle a
zo =4r/(3m)
yo =4r/(37)
A=nr?/4

semielipse

To = 0

Yo =4b/(3m)
A=mab/2

quarterelipse
o =4a/(37)
- yo = 45/(3)
_y(’_l_ A=mab/4

O To

Fig. 3.6 Coordinates of center of mass, x¢ and yc, and area A

Mx=eval (int (y*dl,0,1));
yC=Mx/L;

The numerical values for the length and the centroid are:

L = 2.268 (m)
xC = 0.575 (m)

parabolic spandrel
y=ka?

zc =3a/4
yo = 3h/10
A=ah/3
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yC = 0.952 (m)
The MATLAB statements for the graphical representation are:

% plot the curve and CM
xf=1;
xn 0:xf/100:xf;
yn = b*sgrt(xn. a);
axis ([0 1 0 11)
plot(xn,yn, '-b’, 'LinewWidth’, 2)
hold on
plot (xC,yC, o', '"MarkerSize’,12, ...
'MarkerEdgeColor’, 'k’, ...
r
)

'MarkerFaceColor’, 'r’)
text (xC,yC, '’ C’,'FontSize’,18
title('y=f(x)=2 x"{3/2}")

and the results are depicted in Fig.3.7.

Example 3.2 A homogeneous circle is given by the Cartesian equation x*> +y> = r2,

where r = 1 m. (a) Find the length of the homogeneous circle. (b) Find the length
and the position of the center of mass for the homogeneous semi-circle, —1 < x <1
and 0 < y < 1. (c) Find the length and the position of the center of mass for the
homogeneous quarter-circle, 0 <x < land 0 <y < 1.

y=f(x)=2 X2

0.6 4

0.4 g : .

0.2 E

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 3.7 Example 3.1
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Solution (a) The parametric equations for the circle are:

syms r t real

X = r*cos(t);
v = r*sin(t);
% 0 < t < 2*pi
S r >0

The differential arc length is calculated in MATLAB with:

dx = diff(x,t);

dy diff(y,t);

% dl = ((dx/dt) "2+ (dy/dt)”"2)70.5 dt
dl = (dx"2+dy”2)70.5;

dl = simplify(dl);

and the result is:
dl = abs(r) dt
The length of the circle is given by:
L = int(dl,t,0,2*pi);
and the MATLAB result is:
L = 2*pi*abs(r)
(b) For the semi-circle the length and the center of mass are:

Ls = int(dl,t,0,pi);
Mys = int(x*dl,t,0,pi)
xCs = simplify (Mys/Ls) ;
Mxs = int(y*dl,t,0,pi);
yvCs = simplify (Mxs/Ls)

7

The results are:

Ls = pi*abs(r)
xCs = 0
yCs = (2*r)/pi

(c) For the quarter-circle the length and the center of mass are:

Lg = int(dl,t,0,pi/2);
Myg = int(x*dl,t,0,pi/2);
xCq simplify (Myqg/Lq) ;
Mxg = int(y*dl,t,0,pi/2);
vCg simplify (Mxqg/Lqg) ;

and the MATLAB results are:

103
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Lg = (pi*abs(r))/2
xCg (2*r) /pi
yCa (2*r) /pi

3 Centers of Mass

The MATLAB statements for the semi-circle and the quarter-circle graphical repre-

sentation are:

rn=1;

% plot the semi-circle and CM
figure(l)

xCsn = subs(xCs,r,1);

yCsn = subs(yCs,r,1);

tn = 0:pi/18:pi;

Xn = rn*cos(tn);

yn = rn*sin(tn);

axis manual

axis equal

hold on

grid on

sa = 1;

axis ([-sa sa -sa sal)

plot (xn yn,’—b’,’LlneWidth’,Z)

text (0, " O','fontsize’,14)

line([-sa,sal, [0,0], 'Color’, "k’

line([0,0], [0, sa],’Color’,’k’)

plot(XCsn yCsn, ‘o’ , ‘MarkerSize’
'MarkerEdgeColor’
'MarkerFaceColor’

(o)

figure(2)

xCgn = subs (xCqg,r,1);
vCgn = subs(yCqg,r,1);
tn = 0:p1/18:pi/2;

xn = rn*cos(tn);

yn = rn*sin(tn);

axis manual

axis equal

hold on

grid on

sa = 1;
axis ([-sa sa -sa sal)

plot (xn, yn "-b’, 'Linewidth’, 2)

text (0, ' O','fontsize’,14)
[0, sa] [0,0],"Coloxr’,'k")
line([0,0],[0,sal, 'Color’, k")

(
(
line(
(
(

plot Xan vCan, ‘o’ , 'MarkerSize’

% plot the quarter-circle and CM

12, 0.0,
R,

')

1121
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'MarkerEdgeColor’, 'k’,
'MarkerFaceColor’,’'r")
text (xCgn,yCgn,’ C’,’'FontSize’,18)

The graphics are depicted in Fig.3.8.

Example 3.3 A homogeneous quarter-astroid (one cusp) is given by the Cartesian
equation X234 y2/3 = a?3, wherea = 1mand 0 < x < 1 . Find the length and
the position of the center of mass for the homogeneous given curve.

Solution The parametric equations for the astroid are:

syms t real

a=1; % (m)

X = a*cos(t)"3;

y = a*sin(t) "3;

% 0 < t < pi/2 - gquarter-astroid

The differential arc length, d/ = \/ (dx/dn)? + (dy/d1)?) dt,is calculatedin MATLAB
with:

dx = diff(x,t);

dy = diff(y,t);

% dl=((dx/dt) "2+(dy/dt)"2)70.5 dt
dl = (dx"2+dy"2)70.5;

dl = simplify(dl);

and the result is:
dl = (3*(sin(2*t)"2)"(1/2))/2
The length of the quarter-astroid is given by:

L int(dl,t,0,pi/2);
L = double(L);

and the MATLAB result is:

L = 6*a/4
L =1.500 (m)

For the quarter-astroid the length and the center of mass are:

My int (x*dl,t,0,pi/2);
xC = My/L;

xC = double (xC) ;

Mx = int(y*dl,t,0,pi/2);
vC = Mx/L;

yC = double(yC) ;
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semi-circle

i i i i i i i

-1 08 -06 -04 -02 0 02 04 06 08
X (m)

—_

quarter—circle

0.8 1

06 @

0.2 -

i i i i i i i

1 1 1
-1 08 -06 -04 -02 0 02 04 06 08
x(m)

—_

Fig. 3.8 Example 3.2
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and the MATLAB results are:

xC = 0.400 (m)
yC = 0.400 (m)

107

The MATLAB statements for the semi-circle and the quarter-circle graphical repre-

sentation are:

tn = 0:pi1/18:pi/2;
xn = a*cos(tn)."3;
yn = a*sin(tn).” 3;
sa = 1;

axis ([0 sa 0 sal)

plot (xn, yn '-b’, 'Linewidth’, 2)
text (0, " O’,'fontsize’,14)
line([O sa] [0,0], 'Color’, k")
line([0,07, [O sal], ‘Color’, k")
plot(xC vC, 'o’, 'MarkerSize’,12,
"MarkerEdgeColor’
'"MarkerFaceColor’

The graphics are depicted in Fig.3.9.

quarter—astroid

y (m)

')

Fig. 3.9 Example 3.3
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Example 3.4 A homogeneous circular helix is given by the Cartesian equation
x=acost; y=asint; and z = ht,

where a = 1 m is the radius of the helix and 2 7 & is the pitch of the helix, 7 = 1 m.

Find the length and the position of the center of mass for the spatial homogeneous
helix.

Solution The differential arc length for the spatial curve is

dl = \/(dv/dn)? + (dy/dn? + (dz/dr)? de

and is calculated in MATLAB with:

syms a h t real
X = a*cos(t);

v = a*sin(t);

z = h*t;

dx = diff(x,t);

dy = diff(y,t);

dz = diff(z,t);

$dl=( (dx/dt) "2+ (dy/dt) "2+ (dz/dt)"2)"0.5 dt

dl = (dx"2+dy"2+dz"2)70.5;

The MATLAB result for the differential arc length is:
dl = (a”2 + h™2)7(1/2) dt

The length of the helix is calculated with:

tf = 6*pi;
L = int(dl,t,0,tf);

and the coordinates of the center of mass are:

xC = int(x*dl,t,0,tf)/L;
yvC = int(y*dl,t,0,tf)/L;
zC = int(z*dl,t,0,tf)/L;

The numerical results are:

L = 26.657 (m)
xC = 0.000 (m)
vyC = 0.000 (m)
zC = 9.425 (m)

The MATLAB statements for the helix graphical representation are:

tn = 0:p1/50:tf;
plot3(sin(tn),cos(tn), tn)
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z (m)

Fig. 3.10 Example 3.4

plot3 (xC,yC,zC, ...

‘o’ ,'MarkerSize’,12, ...
'MarkerkEdgeColor’, 'k’,
'MarkerFaceColor’, 'r’)

and the graphics are depicted in Fig.3.10.

Example 3.5 A homogeneous spatial curve is given by the Cartesian equation

kt

x = ae cos t (m); y=ae

sin ¢t (m); and z = ae’ (m),

where a = 2 and k = 1. Find the length and the position of the center of mass for
the spatial homogeneous curve for ¢ € [0, 3].

Solution The differential arc length for the spatial curve is

di = \/ (dx/d0)? + (dy/dn)? + (dz/dr)? dt

and is calculated in MATLAB with:

syms t real

a=2; k=1;

x = a*exp(k*t) *cos(t);
v = a*exp(k*t)*sin(t) ;
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z = a*exp(k*t);
dx = diff(x,t);
dy = diff(y,t);

dz = diff(z,t);
dl = (dx"2+dy"2+dz"2)"70.5;

The MATLAB result for the differential arc length is:
dl = 2*37(1/2)*exp(t) dt
The length of the helix is calculated with:

tf = 3;
L = int(dl,0,tf);

and the numerical value is . = 66.114 (m). The coordinates of the center of
mass are:

xC = int(x*dl,t,0,tf)/L;
yC int (y*dl,t,0,tf)/L;
zC = int(z*dl,t,0,tf) /L;

The numerical values for C are:

xC = -15.590 (m)
vC = 10.778 (m)
zC = 21.086 (m)

The MATLAB statements for the curve graphical representation are:

tn = 0:pi/100:tf;

xn = a*exp(k*tn).*cos(tn) ;
yn = a*exp(k*tn) .*sin(tn) ;
zn = a*exp(k*tn);

ht = plot3(xn,yn, zn) ;

hold on

plot3 (xC,yC,zC, ...

‘o’ ,'MarkerSize’,12, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColoxr’,’'r"’)
text (xC,yC, zC, ' C’,'FontSize’,18)
grid on

axis square

and the graphics are depicted in Fig.3.11.
Example 3.6 Find the coordinates of the mass center for a homogeneous planar plate

located under the line of equation y = bx/a from x = 0 to x = a. For the numerical
application selecta = b =1 m.
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40

Fig. 3.11 Example 3.5

Solution The differential element of area is dA = dx dy and the area of the figure is

a bx/a a bx/a

:A/dxdyzo/o/dxdyzo/dxo/dy

/dx b = /(bx/a)dx - {bxz/(2a)}z — ba)2.
0

0

The MATLAB program for the area is given by:
syms X vy a b real

f = b*x/a;
xf = a;
Ay = int(1l,y,0,£f);

Area = int(Ay,x,0,xf);

The first moment of the area A about the y axis is

a bx/a bx/a

M, = /di //xdxdy—/xdx/dy

/ xdx g = / x (bx/aydx = / (bx*Ja)dx = bd*/3.

0 0
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The x coordinate of the mass center is xc = M,/A = 2a/3
MATLAB program for xc is :

first moment of area about y-axis
My = int(x dx dy) where

O<x<xf and O<y<f

Qvy = int(dy) ; O<y<f
vy = int(1,y,0,f);

My = int(x Qyy dx) where O<x<xf
v = int (x*Qvy,x,0,xf);
% centroid xC = My/Area
xC = My/Area;

o° o° o°

o

o° 10

=

3 Centers of Mass

= 0.667 m. The

The y coordinate of the mass center is yc = M, /A, where the first moment of the

area A about the x axis is

a bx/a a bx/a

Mx=/ydA=//ydxdy=/dX/ydy
A 0 0 0 0

y o ybxja %o o 2 4 2
b b b
:://dx [X—] :t/n——ifdx:z — xzdx::——ﬁ.
2] 2a 242 6
0 0

0

The coordinate yc is

My b
=—=-=0.333m.
yc 1 3 m

The MATLAB program for yc is :

Oxy = int(y,y.,0,£f);
% Mx = int(x Qxy dx) where O<x<xf
Mx = int (Qxy,x,0,xf);

yC = Mx/Area;

The MATLAB statements for the graphical representation are:

1s = {a,b};

In = {1,1};

xfn = subs(xf,1ls,1n);
xCn =

(
subs (xC,1s,1n) ;
vCn = subs(yC,1ls,1n);

sa = 1.5;

axis ([0 sa 0 sal)

hold on, grid on

xxX = 0:.1:xfn;

fx = subs(f, {a,b,x},{1,1,xx});
plot (xx,fx,’'--’, 'Linewidth’, 2)
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1.5

0.5

Fig. 3.12 Example 3.6

hold on

area(xx, fx, '"FaceColor’, 'b’, ...
'EdgeColor’, 'k’,
'LinewWidth’, 2)

hold on

plot (xCn,yCn, ...

'o’,'MarkerSize’,12, ...

'MarkerEdgeColor’, 'k’, ...

'MarkerFaceColor’,’'r’)

xlabel ('x’), ylabel(’'y’)

text (xCn,yCn, 'C’, 'fontsize’,14, ' fontweight’, 'b")

and the graphic is shown in Fig.3.12.

Example 3.7 Find the coordinates of the mass center for a homogeneous planar plate
located under the curve of equation y = A sin(kx) from x = 0 tox = 3 7/(4 k). For
the numerical application use A = 1.5 mand k = 0.75 m~!.

Solution The differential element of area is dA = dx dy and the area of the figure is

37m/(4k) Asin(kx) 37w/(4k) A sin(k x)
Area=/dxdy= / / dxdy = / dx / dy
A 0 0 0 0
37w/(4k) 37/(4k)

= / dx y}sin = / Asin(k x)dx.
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The MATLAB program for the area is given by:

syms x y A k real
$ f(x) = y(x) = A*sin(k*x);
f = A*sin(k*x);
0 < x < x£f
f = (3*pi/4)/k;
Area = int(dx dy) where
O<x<xf and O<y<f
Ay = int(dy) where O<y<f
4 int(1,y,0,f);
Ay = A*sin(k*x)
Area = int (Ay dx) where O<x<xf
Area = int(Ay,x,0,xf);

o

00 o0 ¥ P 0P o0 X

and the result is:

The first moment of the area about the y—axis is

37/ k) A sin(kx)

3 Centers of Mass

A sin(k x)

My:A/di:/ [ rwa= [ e [ w

0 0
37/(4k) 37/(4k)

= / xdx{y}gsm(kx)= / Ax sin(k x)dx,

0 0

With MATLAB the first moment of the area about the y—axis is:

Qvy = int(l,y,0,f);
My = int(x*Qyy,x,0,xf);

and the symbolic result is:

The x coordinate of the mass center is xc = My /Area:

0
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The first moment of the area A about the x—axis is

37/(4k) A sin(kx) 3mw/(4k) A sin(k x)
Aﬁ=/&wh=(/ / ydxdy = /ﬁdx / ydy
A 0 0 0

3m/(4k) Asi 3m/(4k)
2 sin(k x) 2 .2
A k
_ / w Y _ / sin“( x)dx.
2 4y 2
0 0

The first moment of the area about the x—axis in MATLAB is calculated with:

Oxy = int(y,y.,0,£f);
Mx = int (Qxy,x,0,xf);

and the symbolic result is:

yC = 0.627 (m)

The MATLAB statements for the graphical representation are:

A =1.5; % m
k =0.75; $ m”(-1)
sa = 4;

axis ([0 sa 0 sal)
hold on, grid on
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xx = 0:.1:xfn;

fx = A*sin(k*xx);

plot (xx, fx, '--', 'LinewWidth’, 2)

hold on

area (xx, fx, "FaceColor’, 'b’, ...
'EdgeColor’, 'k’, ...
'LineWidth’, 2)

hold on

plot (xCn,yCn, ...

‘o’,'MarkerSize’,12, ...

'MarkerEdgeColor’, 'k’, ...

'MarkerFaceColor’,'r’)

xlabel (’x (m)’), ylabel(’y (m)’)

text (xCn,yCn, ’ cr, ...

'fontsize’, 14, ' fontweight’, 'b’)

and the graphic is shown in Fig.3.13.

Example 3.8 Find the coordinates of the centroid of the region bounded by the

curves y1 (x) = x/4 and y>(x) = /2 (x — 3),x1 < x < x2, as shown in Fig.3.14. All
coordinates are in meters.

Solution The two curves will have two intersection points calculated in MATLAB
with:

syms X y real
vl = x/4;
y2 = sqrt(2*(x-3));

35+

251

Fig. 3.13 Example 3.7
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region bounded by y1 and y2

T T T T T T

y(m)

Fig. 3.14 Example 3.8

sol = eval(solve(y2-yl));
if sol(2) > sol(1l)
x1l = sol(1l); x2 = so0l(2);

else

x1l = s0l(2); x2 = sol(l);
end

vll = subs(vyl,x,x1);

v1l2 = subs(vyl,x,x2);

The x values of the intersection points are:

x1 = 3.351 (m)
x2 = 28.649 (m)

The graphic shown in Fig. 3.14 is plotted with:

axis equal

gl=ezplot(yl, [0,x2+5])

set(gl, ’‘Color’, 'r’,’'LineWidth’, 3)

hold on

g2=ezplot(y2, [0,x2+51])

set (g2, ’‘Color’, 'b’,’'LineWidth’,2)

hold on

line([x1 x1]1,([0 y111,...
"Color’, 'k’, 'Linewidth’,1, ...
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'Marker’,’.’, 'LineStyle’,'-")
hold on
line([x2 x21,[0 y12]7,
"Color’,'k’, 'Linewidth’,1,
'Marker’,’.’, 'LineStyle’,'-")
hold on
grid on
title(’region bounded by yl and y2')
xlabel (‘x(m) '), ylabel(’'y(m)"’)

The area of the region is calculated with:

X y2 V2(x=3)
oo fusr=f Jaw fur
X1y x/4

X2

_ / (V2 =3) — x/4) dx
X
The command in MATLAB for calculating the area is:
A = double(int(int(1l,y1l,vy2),x1,x2));
and the numerical result is:
A = 21.082 (m"2)

The first moment of the area about the y—axis is

X2 Y2
M, /di //xdxdy—/xdx/dy
X1 Y1
X2 X2
=/xdx o =/x (\/2(x—3)—x/4) dx
X1 X1

With MATLAB the first moment of the area about the y—axis and the x coordinate
of the mass center xc = M, /A are:

Qvy = int(1l, vy, v1, v2);
My = int(x*Qvy, x, x1, x2);
xC = eval (My/A) ;

and the result is:
xC = 14.000 (m)

The first moment of the area A about the x—axis is
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X2 Y2 X2

2
sz/ydAz//ydxdyz dx/ydy
A Y1

X1 Y1 X1
2 2y R 2
1
Jolg]ipes- 2l
2 ) 16
X1 X1

The first moment M, and yc are calculated in MATLAB with:

Oxy = int(y, vy, v1, v2);
Mx = int(Qxy, x, x1, x2);
vC = eval (Mx/A) ;

and the result is:
vC = 4.000 (m)

Example 3.9 Find the position of the center of mass the region defined by
OABDEF as shown in Fig.3.15, where EF = DB=a=4mand AB=DE =b =
2 m. The material is homogeneous.

Solution
The region is bounded by the lines of equations y;(x) = 2b for 0 < x < a,
y2(x) = b for a < x < 2 a and the x—axis. The area of the region is given by

Fig. 3.15 Example 3.9
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a 2a a 2a

A:A1+A2=/y1dx+/y2dx=/(2b)dx+/bdx
0 0

a a

=2ba+ab=3ab="24m>

The first moment of the area about the y—axis for the composite region is

a 2a a 2a
My=/di=/xy1dx+/xy2dx=/2bxdx+/bxdx.
A 0 a 0 a

With MATLAB the first moment of the area about the y—axis and the x coordinate
of the mass center xc = M, /A are:

syms X a b real

sl = {a,b};
sn = {4,2};
vl = 2*b;
v2 = b;

Al = int(yl,x,0,a);
A2 = int(y2,x,a,2*a);

A = Al+A2;
Mx1l = int(x*yl,x,0,a);
Mx2 = int(x*y2,x,a,2%*a);

xCl = Mx1/Al;
xC2 = Mx2/A2;
xC = (Mx1+Mx2) /A;

The results are:

xC = 3.333 (m)

The first moment of the area about the x—axis is calculated with the general formula
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X2

M, =05 /yz(X)dx,

X1
and for A = A| + A it results

a 2a

M, = My, + M,, =O.5/y12dx+0.5/y22dx

0 a
2a

a
=05 /(2b)2dx+0.5 /bzdx.
0 a
The first moment M, and y¢ are calculated in MATLAB with:

Myl = 0.5*int(yv172,x,0,a);
My2 = 0.5*int(y272,x,a,2*a);
My = Myl + My2;

vCl = Myl/Al;

yvC2 = My2/A2;

vC = (Myl+My2) /A;

and the result are:

yC = 1.667 (m)

Example 3.10 Find the volume of the frustum of a cone, shown in Fig.3.16, where
h = 2 mis the height, R = 2 m is the radius of large base, and r = 1 m radius of
small base. The material is homogeneous.

Solution The formula for calculating the volume is:

b
V=r / F2(x)dx
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Fig. 3.16 Example 3.10

where y = f(x) is the generating equation of the planar curve. For the frustum of a
cone the generating equation is

—r)x

(R
)’:f(x):f:T-Fr,

and the MATLAB program is;

syms R r h x real

f = (R-r)*x/h+r;
V = pi*int(£72,x,0,h);
1s {R,r,h};

In = {2,1,2};

fn = subs(f,1ls,1n);
Vn = subs(V,1ls,1n);

The results are:
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Fig. 3.17 Example 3.11

Example 3.11 Find the volume and surface area of the complete torus of circular
cross section of radius » = 1 m as shown in Fig.3.17 where b = 2 m.

Solution The torus is generated by revolving the circular area of radius r through
360° about the x—axis. With the first theorem of Guldinus-Pappus, the surface of
revolution is § = 27w yc L, where L = 2 mr is the length of generating circle and
yc = b is the centroid of generating circle

S=2nb27mr=4n"br=78.957 m*.
The second theorem of Guldinus-Pappus gives the volume of revolution V = 2 7 ycA,
where A = 7 r? is the area of generating circular surface and yc = b is the centroid
of generating circular surface

V=2rbrr?=2n"br* =39.478 m’.
The equation of the generating circle is

¥4+ -b>—rr=0.

The volume of the torus can also be calculated with the formula
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b r
V=7r/f2(x)dx=7r/(f22 — fHdx,

where

fi=b—Vrr—x>and o =b+Vr* —x2,

and the MATLAB program is:

syms b r x real
f1 = b-sqgrt(r"2-x"2);

£2
v

= b+sqgrt(r"2-x"2) ;
= pi*int (£f2°2-f17°2,%x,-r,r);

3.8 Problems

3.1

32

33

34

3.5

3.6

3.7

3.8

39

3.10

3.11

3.12

3.13

Locate the centroid of the uniform wire bent in the shape shown in Fig.3.18.
For the numerical applicationuse r = Il m,a =2 m, and b = 1.75 m.

Find the location of the centroid C of the uniform area shown in Fig. 3.19 where
a=04m,b=0.8m,and c = 0.6 m.

Find the location of the centroid of the area shown in Fig. 3.20. For the numerical
application use r = 0.1 mand 7 = 0.2 m.

Determine the location of the centroid of the uniform area shown in Fig.3.21.
For the numerical application use a = 0.2 m, » = 0.25 m, and ¢ = 0.27 m.
Find the location of the centroid of the uniform area shown in Fig.3.22. For
the numerical application use a = 0.6 m, b = 0.4 m, and ¢ = 0.3 m.

Locate the centroid of the volume shown in Fig.3.23, where r = 0.5 m, and
h = 1.2 m. The material is homogeneous.

Locate the centroid of the volume shown in Fig.3.24, where r = 0.3 m, and
h = 0.9 m. The material is homogeneous.

Locate the centroid of the homogeneous volume shown in Fig. 3.25, where R =
0.6m,r =04 m,a=0.5m,and b = 0.6 m. The material is homogeneous.
Locate the centroid of the volume shown in Fig.3.26, where R = 0.7 m,
r=04m,p =0.5m,a = 0.4m,and b = 0.5 m. The material ishomogeneous.
Find the centroid of the volume depicted in Fig.3.27, where r = 25 mm,
a =200 m, b = 100 mm, and r = 15 mm. The material is homogeneous.
Find the centroid of the volume shown in Fig.3.28, where a = 200 mm,
b = 150 mm, and r = 30 mm. The material is homogeneous.

Find the centroid of the volume shown in Fig.3.29, where a = 400 mm,
b =200 mm, and ¢ = 100 mm. The material is homogeneous.

Find the centroid of the volume shown in Fig.3.30, where a = 100 mm,
b = 125 mm, ¢ = 150 mm, and ¢ = 25 mm. The material is homogeneous.
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Fig. 3.18 Problem 3.1

Fig. 3.19 Problem 3.2 b I

A

A

\/

Fig. 3.20 Problem 3.3
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Fig. 3.21 Problem 3.4
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Fig. 3.22 Problem 3.5
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Fig. 3.23 Problem 3.6
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Fig. 3.24 Problem 3.7

Fig. 3.25 Problem 3.8
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Fig. 3.26 Problem 3.9

Fig. 3.27 Problem 3.10
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Fig. 3.28 Problem 3.11
Fig. 3.29 Problem 3.12

Fig. 3.30 Problem 3.13
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3.14 Find the coordinates of the centroid of the region is bounded by the curves
y = xand y = 4/x where 0 < x < 1. All coordinates may be treated as
dimensionless.

3.15 Determine the coordinates of the centroid of the region is bounded by the
curves y = x2 and y = 4/x where 0 < x < 1. All coordinates may be treated
as dimensionless.

3.9 Programs

3.9.1 Program 3.1

% example 3.1

% center of mass of a curve
clear all; clc; close all;
syms X real

a = 3;

b = 2;

v = b*sgrt(x"a);

dy = diff(y.x);

dl =sqgrt(l+dy”2);

% ds = (1+ (dy/dx)”2)70.5

% 0<x < 1
L = eval(int(dl,0,1));
My=eval (int (x*d1l,0,1));

xC=My/L;
Mx=eval (int (y*d1l,0,1));
vC=Mx/L;

fprintf ('L = %4.3f (m) \n’, L)

m) \n’, xC)

(
fprintf ('xC = %4.3f
( m) \n’, yC)

(
fprintf ('yC = %4.3f (
% plot the curve and CM
xf=1;
xn = 0:xf£/100:x£f;
yn = b*sgrt(xn. a);
axis ([0 1 0 11)
plot(xn,yn, '-b’, 'LinewWidth’, 2)
hold on
plot (xC,yC, o', 'MarkerSize’,12, ...

'MarkerEdgeColor’, 'k’,
'MarkerFaceColor’,’'r")
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text (xC,yC, "’ C’, 'FontSize’,18)
title('y=f(x)=2 x"{3/2}")
grid on

xlabel (‘x(m) ")
ylabel (’y(m) ")

(o)

% end of program

3.9.2 Program 3.2

oe

example 3.2

center of mass

circle (Cartesian equation)
x"2+y"2=1

semi-circle

quarter-circle

clear all; clc; close all;
syms r t real

o o0 o0 oP

oe

oe

parametric equation

X = r*cos(t);
v = r*sin(t);
% 0 < t < 2*pi
$r >0

dx = diff(x,t);

dy = diff(y,t);

% arc length

% dl = ((dx/dt) "2+(dy/dt)"2)70.5 dt

[N}
=
I

(dx"2+dy~2)"0.5;

dl = simplify(dl);

fprintf('dl = %s dt \n’, char(dl));
L = int(dl,t,0,2*pi);

fprintf (‘'L = %s \n’, char(L))
fprintf ('\n’);

% semi-circle

Ls = int(dl,t,0,pi);
Mys = int(x*dl,t,0,pi);
xCs = simplify (Mys/Ls);
Mxs = int(y*dl,t,0,pi);
)

yvCs = simplify (Mxs/Ls
fprintf(‘Ls = %$s \n’, char(Ls))

131



132

fprintf ('xCs = %s \n’, char(xCs))
fprintf ('yCs %s \n’, char(yCs))
fprintf ('\n’);

% quarter-circle

Lg = int(dl,t,0,pi/2);

Myqg = int(x*dl,t,0,pi/2);

xCqg = simplify (Myq/Lq) ;

Mxg = int(y*dl,t,0,pi/2);

vCg simplify (Mxqg/Lq) ;
fprintf(‘'Lg = %$s \n’, char(Lqg))
fprintf ('xCqg = %$s \n’, char (xCq))
fprintf (‘yCg = %s \n’, char (yCq))

rn=1;
% plot the semi-circle and CM
figure(1l)

xCsn = subs(xCs,r,1);

yvCsn = subs(yCs,r,1);

tn = 0:pi/18:pi;
xn = rn*cos(tn);
yn = rn*sin(tn);
axis manual
axis equal

hold on

grid on

sa = 1;
axis ([-sa sa -sa sal)

plot (xn,yn, —b’,’LineWidth',Z)

text (0,0, ', ' fontsize’,14)
[-sa, sa],[0,0],’Color’,’k’)
line([0,0],[0,sal, 'Color’, k")

(
(
line(
(
(

plot szn yCsn, ‘o’ , 'MarkerSize’,12,

'MarkerEdgeColor’, 'k’,
'MarkerFaceColor’,'r’)

text (xCsn,yCsn, ’ C’,'FontSize’,18)
title(’'semi-circle’)

xlabel ("x(m) ")

ylabel ('y(m) ")

% plot the quarter-circle and CM

figure(2)
xCgn = subs(xCq,r,1);

3 Centers of Mass



3.9 Programs

vCgn = subs(yCqg,r,1);

tn = 0:p1/18:pi/2;

Xn = rn*cos(tn
yn = rn*sin(tn
axis manual
axis equal
hold on

grid on

sa = 1;
axis ([-sa sa
plot (xn, yn '-b
text ( o,
line (

line(
plot(Xan vCan,

text (xCgn, yCan,
title(’quarter-

xlabel ('x(m) ")
vlabel (‘y(m) ")

0,
[0, sa] [0,
[0,0]1,([0,sa], "Coloxr’,'k")

) ;
) :

-sa sal)

*, 'LinewWidth’, 2)
"fontsize’,14)
0], 'Color’, k")

'o’, 'MarkerSize’,12,
'MarkerEdgeColor’, 'k’,
'MarkerFaceColor’, 'r’)
" C’','FontSize’,18)
circle’)

% end of program

3.9.3 Program 3.3

o

example 3.3
quarter-astr
astroid=hypo
T(2/3)+y” (2
clear all; clc
syms t real

P o

oe

oid (one cusp)
cycloid with 4 cusps
/3)=a"(2/3)

; close all;

I

’

- guarter-astroid

"2+ (dy/dt)"2)70.5 dt

2)70.5;

a=1; % (m)

X = a*cos(t)”3
vy = a*sin(t)”3
$a >0

% 0 < t < pi/2
dx = diff(x,t);
dy = diff(y,t);
% dl=((dx/dt)
dl = (dx"2+dy”
dl = simplify(

dl);
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int(dl,t,0,pi/2);
double (L) ;

L = int(dl,0,pi/2);
My = int(x*dl,t,0,pi/2);
xC = My/L;

xC = double (xC) ;

Mx = int(y*dl,t,0,pi/2);
vC = Mx/L;

yvC = double(yC) ;

[
Il

o

fprlntf( L = %4.3f (m)\n L)
fprintf ('xC = %$4.3f (m)\n’, xC)
fprintf ('yC = %$4.3f (m)\n vC)
fprintf('\n’);

% plot and CM

tn = 0:p1/18:pi/2;
xn = a*cos(tn)."3;
yn = a*sin(tn).”3;

axis manual
axis equal
hold on
grid on

sa = 1;
axis ([0 sa 0 sal)

plot (xn, yn '-b’, 'LinewWidth’, 2)

text (0, ' O','fontsize’,14)
[o, sa] [0,0], 'Color’, 'k")
line([0,07, [O sal], 'Color’, 'k")

(
(
line(
(
plot(xC vC,'o’, 'MarkerSize’,12,
'MarkerEdgeColor’, 'k’ , ...
'MarkerFaceColor’, 'r’)
text (xC,yC, "’ C’, 'FontSize’,18)
title(’'quarter-astroid’)
xlabel ('x(m) ")
ylabel ('y(m) ")

% end of program

3.9.4 Program 3.4

$ example 3.4
% three-dimensional helix
clear all; clc; close all
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syms a h t real

% circular helix

% radius a and pitch 2*pi*h
% cartesian coordinates

= a*cos(t);

a*sin(t);

= h*t;

NOKOX
I

dx = diff(x,t);

dy = diff(y,t);

dz = diff(z,t);

$dl=( (dx/dt) "2+ (dy/dt) "2+ (dz/dt)"2) 0.5 dt
dl = (dx"2+dy"2+dz"2)70.5;

dl = simplify(dl);

fprintf(’dl = %s dt \n’, char(dl));
fprintf('\n’);
% dl =(a”2 + h"2)"°(1/2)

oe

numerical data a=h=1 (m)

= cos(t);

= sin(t);

= t;

dl=(diff (x) "2+diff(y) "2+diff(z)"2)"70.5;

N KX

tf = 6*pi;

L = int(dl,t,0,tf);
L = double(L) ;

xC = int(x*dl,t,0,tf)/L;
xC = double (xC) ;

yvC = int(y*dl,t,0,tf)/L;
yvC = double(yC) ;

zC = int(z*dl,t,0,tf)/L;
zC = double(zC) ;
fprintf (‘'L = %4.3f (m)

\n’, L)
fprintf('xC = %4.3f (m)\n’, xC)
fprintf (‘yC = %$4.3f (m)\n’, yC)
fprintf('zC = %4.3f (m)\n’, zC)
fprintf('\n’");

% plot helix

tn = 0:p1/50:tf;
plot3(sin(tn),cos(tn), tn)
hold on

plot3 (xC,yC,zC, ...

‘o’ ,'MarkerSize’,12, ...
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'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’,'r’)

text (xC,yC, zC, ' C’,'FontSize’,18)
xlabel ('x(m)
vlabel (‘v (m)
zlabel (’z(m) "’
grid on

axis square

’
’

)
)
)

% end of program

3.9.5 Program 3.5

$ example 3.5

clear all; clc; close all;
syms t real

a=2; k=1;

x = a*exp(k*t) *cos(t);

v = a*exp(k*t) *sin(t);

z = a*exp(k*t);

dx = diff(x,t);

dy = diff(y,t);

dz = diff(z,t);

$dl=( (dx/dt) "2+ (dy/dt) "2+ (dz/dt)"2) 0.5 dt
dl = (dx"2+dy"2+dz"2)"0.5;

dl = simplify(dl);

fprintf(’dl = %s dt\n’,char(dl))

tf = 3;
L = int(dl,0,tf);
L = double(L);

xC = int(x*dl,t,0,tf)/L;
xC = double (xC) ;

yvC = int(y*dl,t,0,tf)/L;
yC = double(yC) ;

zC = int(z*dl,t,0,tf)/L;
zC = double(zC) ;
fprintf ('L = %4.3f (m)

\n’, L)
fprintf ('xC = %$4.3f (m)\n’, =xC)
fprintf('yC = %$4.3f (m)\n’, yC)
fprintf('zC = %$4.3f (m)\n’, zC)

3 Centers of Mass
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fprintf('\n’);
% plot the curve

tn = 0:p1/100:tf;
xn = a*exp(k*tn).*cos (tn) ;

yn = a*exp(k*tn).*sin(tn) ;
zn = a*exp(k*tn) ;

ht = plot3(xn,yn, zn);

hold on

plot3 (xC,yC,zC, ...

‘o’ ,'MarkerSize’,12, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’,’'r’)

text (xC,vyC, zC, ' C’,'FontSize’,18)
xlabel (’'x(m)
vlabel ('y(m)
zlabel (’z(m) "’
grid on

axis square

’
7

)
)
)

% end of program

3.9.6 Program 3.6

(o}

% example 3.6
clear all; clc; close all
syms X vy a b real

$ f(x) = y(x) = b*x/a;
f = b*x/a;

$ 0 < x < xf

xf = a;

% Area = int(dx dy) where

% O<x<xf and O<y<f

% Ay = int(dy) where O<y<f

Ay = int(1,vy,0,f);

% Area = int(Ay dx) where O<x<xf
Area = int(Ay,x,0,xf);

oe

first moment of area about y-axis
My = int(x dx dy) where
O<x<xf and O<y<f

oe

oe



% Qyy = int(dy) ; O<y<f

Qyy = int(1l,y,0,f);
% My = int(x Qyy dx)

My = int(x*Qyy,x,0,xf);

centroid xC
xC = My/Area;

o° 0P o°

oe

o0 10

= My/Area

first moment of area about x-axis
Mx = int(y dx dy) where
O<x<xf and O<y<f

Oxy = int(y dy) ; O<y<f
xy = int(y,y.,0,f);
Mx = int(x Qxy dx)

Mx = int (Qxy,x,0,xf);

yC = Mx/Area;

1ls = {a,b};
In = {1,1}; %

xfn = subs (xf
xCn = subs (xC
vCn = subs (yC
fprintf ('xf =
fprintf (’'Area
fprintf ('My =
fprintf ('xC =
fprintf (‘Mx =
fprintf ('yC =
sa = 1.5;

(m)
,1s,1n);
,1s,1n);
,1s,1n);

%s = %4.3f

%4.3f

axis ([0 sa 0 sal)

hold on, grid
xx = 0:.1:xfn

fx = subs(f,{a,b,x},{1,1,xx});

plot (xx, fx, '--', 'LinewWidth’, 2)

hold on

area (xx, fx, 'FaceColor’,'b’, ...
"EdgeColor’, k", ...

on

7

'LineWidth’, 2)

hold on

plot (xCn,yCn, ...

‘o’ ,'MarkerSize’,12, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’,’'r’)

where 0O<x<xf

where 0O<x<xf

m~3)\n’,char (Mx))
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(m)\n’,char (xf),double(xfn))
%s (m"2)\n’,char (Area))
(m~3)\n’,char (My))
%$s = %4.3f (m)\n’,char (xC),double(xCn))
(m”

(m)\n’,char (yC) ,double(yCn))
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xlabel(’x (m)’), ylabel(’y (m)"’)
text (xCn,yCn, ’ Cc’, 'fontsize’,14, ' fontweight’, 'b")

% end of program

3.9.7 Program 3.7

% example 3.7
clear all; clc; close all
syms x y A k real

f(x) = y(x) = A*sin(k*x);
= A*sin(k*x);

0 < x < x£f

xf = (3*pi/4)/k;

Hh o°

o

% Area = int(dx dy) where

% O<x<xf and O<y<f

% Ay = int(dy) where 0O<y<f

Ay = int(1,y,0,f);

% Ay = A*sin(k*x)

% Area = int(Ay dx) where O<x<xf
Area = int(Ay,x,0,xf);

% first moment of area about y-axis
% My = int(x dx dy) where

% O<x<xf and O<y<f

% Qyy = int(dy) ; O<y<f

Qyy = int(1l,y,0,f);

% My = int(x Qyy dx) where 0O<x<xf
My = int(x*Qvyy,x,0,xf);

xC = My/Area;

first moment of area about x-axis
Mx = int(y dx dy) where

O<x<xf and O<y<f

Oxy = int(y dy) ; O<y<f
xy = int(y,y,0,£f);

Mx = int(x QOxy dx) where 0O<x<xf
Mx = int (Qxy,x,0,xf);
vC = Mx/Area;

o° o o°

oe

0 1O
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oe

A =1.5; % m
k =0.75; $ m™(-1)

oe

xfn = subs(xf,{A,k},{1.5,0.75});
xCn = subs(xC,{A,k},{1.5,0.75});
yvCn = subs(yC,{A,k},{1.5,0.75});
Arean = subs(Area, {A,k},{1.5,0.75});

fprintf ('xf =
fprintf ('\n"’)
fprintf ('Area = ')
pretty (Area)
fprintf('\n")
fprintf ('My = ')
pretty (My)

fprintf ('\n")
fprintf ('xC = ")
pretty (xC)
fprintf('\n")
fprintf ('xC =
fprintf ('\n"’)
fprintf ('Mx =
pretty (Mx)
fprintf('\n")
fprintf ('yC = )

pretty (yC)

fprintf (‘\n")

fprintf ('yC = %4.3f (m)\n’,double(yCn))

$s = %4.3f (m)\n’,char(xf),double(xfn))

$4.3f (m)\n’,double(xCn))

A =1.5; % m
k =0.75; $ m”(-1)
sa = 4;

axis ([0 sa 0 sal)

hold on, grid on

xx = 0:.1:xfn;

fx = A*sin(k*xx) ;

plot (xx,fx, '--', 'LinewWidth’, 2)

hold on

area (xx, fx, "FaceColor’, 'b’, ...
'EdgeColor’, 'k’, ...
'LineWidth’, 2)

hold on

plot (xCn,yCn, ...

‘o’ ,'MarkerSize’,12, ...

'MarkerEdgeColor’, 'k’, ...

'MarkerFaceColor’,’'r’)
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xlabel(’x (m)’), ylabel(’y (m)"’)
text (xCn,yCn, ’ cr,...
'fontsize’, 14, ' fontweight’, 'b’)

Q

% end of program

3.9.8 Program 3.8

$ example 3.8

clear all; clc; close all
syms X y real

vl = x/4

v2 sgrt(2* (x-3))

o°

o

vl = x/4;
y2 = sqrt(2*(x-3));

sol = eval (solve(y2-yl));
if so0l(2) > sol(1l)
x1l = sol(l); x2 = sol(2);

else

x1l = so0l(2); x2 = sol(1l);
end

y1ll = subs(yl,x,x1);

y1l2 = subs(yl,x,x2);

axis equal
gl=ezplot(yl, [0,x2+5])

set(gl, ’‘Color’, 'r’,’'LineWidth’, 3)
hold on

g2=ezplot(y2,[0,x2+5])

set (g2, ’‘Color’, 'b’,’'LineWidth’,2)
hold on

line([x1 x11,[0 y11],...
"Color’,'k’, 'LineWidth’,1, ...
'Marker’,’.’, 'LineStyle’,'-")

hold on

line([x2 x21,[0 y12],...
"Color’, 'k’, 'Linewidth’,1, ...
'Marker’,’.’, 'LineStyle’,'-")

hold on

grid on
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title(’'region bounded by yl and y2')
xlabel ('x(m) '), ylabel(’'y(m)"’)

% Area = eval (int(abs(y2-v1l),x,x1,x2))
A = double(int(int(1,vy1l,vy2),x1,x2));

Qvy = int(l, vy, y1, v2);
My = int(x*Qyy, x, x1, x2);
xC = eval (My/A);

Oxy = int(y, vy, v1, v2);
Mx = int(Qxy, x, x1, x2);
yC = eval (Mx/A) ;

plot (xC,yC, ...

‘o', 'MarkerSize’,6, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’,’'r’)

text (xC,yC, '’ cr, ...
'fontsize’, 14, ' fontweight’, 'b’)

text(x1,0,’ x_1',...
"fontsize’, 14, 'fontweight’, 'b’)
text (x2,0,’ x_2',...

'fontsize’, 14, ' fontweight’, 'b’)

fprintf('x1l = %4.3f (m)\n’,double(xl))
fprintf('x2 = %4.3f (m)\n’,double(x2))
fprintf (‘A = %4.3f (m"2)\n’,double(a))
fprintf ('xC = %4.3f (m)\n’,double (xC))
fprintf (‘yC = %4.3f (m)\n’,double(yC))

(o)

% end of program

3.9.9 Program 3.9

% example 3.9

clear all; clc; close all

f = £(x)

A = int(f,x,a,b)

xC = int(x*f,x,a,b) /A

yC = 0.5*int (£72,x,a,b) /A

0@ o o°

o

syms X a b real
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sl = {a,b};

sn = {4,2};

vl = 2*b;

v2 = b;

Al = int(yvl,x,0,a);

A2 = int(y2,x,a,2*a);

A = Al+A2;

Mxl = int(x*yl,x,0,a);
Mx2 = int(x*y2,x,a,2%*a);
Mx = Mxl + Mx2;

xCl = Mx1/Al;

xC2 = Mx2/A2;

xC = (Mx1+Mx2) /A;

Myl = 0.5*int(y172,x,0,a);
My2 = 0.5*int(y2"°2,x,a,2*a);
My = Myl + My2;

yCl = Myl/Al;

yC2 = My2/A2;

vC = (Myl+My2) /A;

An = subs(A,sl,sn);

xCn = subs(xC,sl,sn);
vCn = subs(yC,sl,sn);
xCln = subs (xCl,sl,sn);
yvCln = subs(yCl,sl,sn);
xC2n = subs (xC2,sl,sn);
vC2n = subs(yC2,sl,sn);

fprintf (‘A = *)
pretty (A)
fprintf (’\n’")

fprintf (A

fprintf('\n")
fprintf ('My = ')
pretty (My)

= %4.3f (m"2)\n’,double(An))
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fprintf('\n")
fprintf ('xC
pretty (xC)
fprintf ('\n’")
fprintf ('xC =
fprintf('\n’")
fprintf (‘Mx =
pretty (Mx)
fprintf ('\n’")
fprintf ('yC =
pretty (yC)
fprintf('\n")
fprintf ('yC =

%$4.3f (m)\n’,double(xCn))

")

$4.3f (m)\n’,double(yCn))

an = subs(a,sl,sn);
bn = subs(b,sl,sn);
XA = 2*an; vA = 0;
xB = XA; vB = bn;
XD = an; vD = vyB;
xE = xD; vE = 2*bn;
xF = 0; vF = vE;
% axis square

sa = 8;

axis ([0 sa 0 sal)
hold on, grid on

line ([0 xA], [0 yAl, ...
"Color’,'k’, 'LineWidth’,1, ...

'Marker’,
hold on

.’ ,'LineStyle’,"'-")

line([xA xB], [yA yB], ...
"Color’,'k’, 'LineWidth’,1, ...

'Marker’,
hold on
line([xB xD]

"Color’,

'Marker’,
hold on

7
’

./, 'LineStyle’,'-")

[yB yD], ...

’, 'LinewWidth’,2, ...
., ’LineStyle’,"-")

line([xD xE], [yD yE], ...
"Color’,'k’, 'LineWidth’,1, ...

'Marker’, .

hold on

", 'LineStyle’,'-")

line([xE xF], [YyE yF], ...

3 Centers of Mass
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"Color’,'b’, 'LineWidth’,2, ...
'Marker’,’.’, 'LineStyle’,'-")
hold on
line ([0 xF], [0 yF],...
"Color’, 'k’, ’'Linewidth’,1, ...
'Marker’,’.’, 'LineStyle’,'-")

plot (xCn,yCn, ...
‘o’,'MarkerSize’,8, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’,’'r’)

text (xCn,yCn, ’ cr,...
'fontsize’, 14, ' fontweight’, 'b’)

plot (xCln,yCln, ...

‘o', 'MarkerSize’,6, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’, 'b’)

text (xCln,yCln, ' ci’,...
'fontsize’, 14, ' fontweight’, 'b’)

plot (xC2n,yC2n, ...

‘o', 'MarkerSize’,6, ...
'MarkerEdgeColor’, 'k’, ...
'MarkerFaceColor’, 'b’)

text (xC2n,yC2n, ' cz2’, ...
'fontsize’, 14, ' fontweight’, 'b’)

xlabel ('x(m) '), ylabel(’'y(m)"’)
text (xA,vA, "’ A, ...
'fontsize’, 14, ' fontweight’, 'b’)
text (xB,yB, ' B, ...
"fontsize’, 14, ' fontweight’, 'b’)
text (xD,vyD, ’ D', ...
'fontsize’, 14, ' fontweight’, 'b’)
text (XE,vyE, ' B, ...
'fontsize’, 14, ' fontweight’, 'b’)
text (xF,vF, "’ B,
"fontsize’, 14, ' fontweight’, 'b’)
text (0,0, o', ...

'fontsize’, 14, ' fontweight’, 'b’)

Q

% end of program
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3.9.10 Program 3.10

o

example 3.10

% frustum of a right-circular cone
% volume of a frustum of a cone

% h height

% R radius of large base

% r radius of small base

clear all; clc; close all
f = y(x)
% V = pi*int(f£72,x,a,b)

syms R r h x real

f = (R-r)*x/h+r;

o

oe

dv = pi £72 dx

<

= pi*int(£°2,x,0,h);

% centroid
% xC = int(x*pi*f”"2,x,0,h)/V;

%
(@]
1

int (x*pi*f"2,x,0,h) /V;
simplify (xC) ;

%
(@]
I

fprintf (‘v = ")
fprintf ('\n")
pretty (V)
fprintf(’'\n’")
fprintf ('xC = ')
fprintf('\n’")
pretty (xC)
fprintf('\n")

1ls = {R,r,h};

In = {2,1,2};

fn = subs(f,1ls,1n)
Vn = subs(V,1ls,1n)
xCn= subs(xC,1ls,1n

7

) ;

volume of thin disk differential element
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fprintf (‘v = %4.3f
fprintf ('xC = %4.3f

gl = ezplot(fn, [0,2]);
set (gl, 'Color’, 'b’, 'LineWidth’, 2)

grid on

Q

3.9.11 Program 3.11

o°

example 3.11
torus volume

o0 00 o0 o°

o

clear all; clc;
= f(x)

o

£
Y

oe

syms b r x real

~

f1
f2

b-sgrt(r
b+sgrt(r

oP o

oe

S =2 piyCL

o 00 00 0P o

oe

yC = b;

A = pi*r"2;

Vg = 2*pi*yC*A;
L = 2*pi*r;

S = 2*pi*yC*L;

% end of program

2-
~o-

x"2+(y-b) "2-r"2=, b>0

torus can be generated by revolving
the circular area of radius r
through 360 deg. about the x-axis
close all

pi*int (f72,x,x1,x2)

"2);

x
x"2);

V = pi*int(f272-f1"°2,x%, -r,
fprintf ('V = %s \n’,char(V

r);
)

)

theorems of Guldinus-Pappus

surface of revolution

L length of generating curve
yvC centroid of generating curve

V = 2 pi yC A volume of revolution
A area of generating plane surface
yvC centroid of generating plane surface

(m~3)\n’,double(Vn))
(m~3)\n’,double(xCn))
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fprintf('\n")
fprintf ('Vg = %s \n’,char(Vg))
fprintf ('\n"’)
fprintf(’S = %s \n’,char(S))
fprintf ('\n")

(o)

% end of program
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