Chapter 7
Burn-in for Repairable Systems

In the previous chapter, the emphasis was made on the burn-in procedures for non-
repairable items. If a non-repairable item fails during burn-in, then, obviously, it is
just scraped and discarded. However, an expensive, complex product or device
will not be discarded on account of failure of its part, but rather a repair will be
performed. Therefore, in this chapter, we deal mostly with repairable items. Note
that the contents of this chapter are rather technical and it can be skipped by a less
mathematically oriented reader.

After the survey provided by Block and Savits [3], there has been much
research on burn-in procedures, especially for repairable systems. These studies
include: (i) various reliability models which jointly deal with burn-in and main-
tenance policies; (ii) burn-in procedures for general failure model; (iii) a stochastic
model for the accelerated burn-in procedure.

7.1 Burn-in and Maintenance Policies: Initial Models

In this section, reliability models that jointly deal with burn-in and maintenance
policies will be considered. We describe properties of joint optimal solutions for
burn-in and replacement times for each of these models. Mi [10] was the first to
consider the joint optimization problem for determining optimal burn-in and
replacement times.

Let F(¢) be the distribution function of the absolutely continuous lifetime X. Mi
[10] studied an optimal burn-in and maintenance policy under the assumption that
F(¢) has a bathtub-shaped failure rate function. The following burn-in procedure
was considered.

Burn-in Procedure A

Consider a fixed burn-in time b and begin to burn-in a new device. If the device
fails before the burn-in time b, then repair it completely with the shop repair cost
¢y > 0, then burn-in the repaired device again, and so on. If the device survives
the burn-in time b, then it is put into field operation [10].
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238 7 Burn-in for Repairable Systems

We assume here that the repair is complete, i.e., the repaired device is as good
as new. Let the cost of burn-in be proportional to the total burn-in time with
proportionality constant ¢y > 0.

Let h(b) denote the total cost incurred for obtaining the device which survives
the burn-in procedure. Then, similar to Sect. 6.3, the mean cost E[h(b)] can be
obtained as

[PF(@)dt  F(b)
Fio) T CF®)

7.1.1 Model 1

For field operation, Mi [10] considered two types of replacement policies,
depending on whether the device is repairable or not. For a non-repairable device,
the age replacement policy is considered. That is, the device is replaced by a new
burned-in device at the time of its failure or ‘field-use age’ T, whichever occurs
first. Let ¢; denote the cost incurred for each failure in field operation and
Cq (O <y < cf), the cost incurred for each non-failed item which is replaced by a
new burned-in item at its field-use age 7. Then, by the theory of renewal reward
processes, the long-run average cost rate ¢(b, T) is given by

k(b) + Cbe(T) + Can(T)
7 Fy(t)dr

where F},(t) is the conditional survival function, i.e., F,(t) = F(b + t)/F(b) and
k(b) = EJh(b)]. Mi [10] have obtained certain results regarding the optimal burn-
in time b* and the optimal age T* which satisfy

c(b, T) =

b, T") = i b, T
v, T7) =, min (b, T)

However, there are several useful ‘hidden’ properties which can be found in the
proof of the corresponding theorem and, therefore, we reformulate the result as
follows.

Theorem 7.1 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

B, = {b >0: ub)r(oo) > Lk(b)},

Cr — Cq

where p(b) = [,° Fy(t)dt, and B, = [0,00)\By. Then properties of the optimal
burn-in time b*and of the optimal replacement policy T*can be stated in detail as
follows:
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Case 1. B; =[0,00),B; = ¢. Let T*(b) be the unique solution of the equation
T _
r(b + T)/F(
0

Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 11, is the value that
satisfies

Dar + F(Z(Z)T) = Cfc f%_kib). (7.1)

S

+
()

b+ T(b") = O<rnin (b + T*(b)).

b<n

Case 2. By = ¢,B, = [0,00). The optimal (b*, T*) = (b*, 00), where 0 <b* <1y,
is the value that satisfies

cr+ k(b*) . cr + k(b) .

W) 0ShEa u(d)
Case 3. By = ¢, B, = ¢. For b € By, let T*(b) be the unique solution of Eq.
(7.1). Furthermore, let bf € [0, #;] N By satisfy

b TN = _min (b + T°(b).

b < 1, be B

and b5 € [0, /] N B, satisfy

GHKB) _  tk)
aB3) e<hiben )
If

(o = )rlbi + T07) < T,

then (b*, T*) = (b}, T*(b})). Otherwise the optimal (b*, T*) is (b5, 00).

Proof The proof for a more general model is given in the proof of Theorem 7.4 in
this chapter and thus it is omitted. U

7.1.2 Model 2

For a repairable device, applying the same burn-in procedure as before, block
replacement with minimal repair on failures is performed in field operation. More
precisely, fix a T > 0 and replace the component at times 7, 27, 37, ..., with a
new burned-in component. Also, at each intervening failure, a minimal repair is
performed. Let ¢,, > 0 be the cost of a minimal repair, and ¢, > 0 be the cost of
replacement. In this case, the long-run average cost rate is given by
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b+T
c(b,T) :% k(b) + cn / He)de + ¢ |. (72)
b

The following theorem [10] provides the properties of optimal (b*, T*) mini-
mizing ¢(b, T).

Theorem 7.2 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

Bi=<¢b>0: /[r(oo) — r(t)]dt
b

1
>
cnF (D)

(¢, — cs)F(b) + ¢5 + co/F(t)dt ,

and By = [0, 00)\By. Then the properties of the optimal burn-in time b* and the
replacement policy T* can be stated in detail as follows:

Case 1. By = [0, 00), By = ¢.Let T*(b) be the unique solution of the equation

b+T b
1 _ _
Tr(b+ T) — r(t)dt = — (¢r — ¢)F(b) + ¢ + co | F(2)de|.
b/ cnF (D) 0/

(7.3)
Then, the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 1y, is the value

which satisfies

b+ Tb") = Og]ugln(b + T*(b)).
Case2. By = ¢, B, = [0, c0). The optimal (b*, T*) = (b*, 00), where b* can
be any value in [0, c0).
Case 3. By = ¢, B, = ¢. For b € By, let T*(b) be the unique solution of the
Eq. (7.3). Then, the optimal (b*, T*) = (b*, T*(b*)), where b* is the value which
satisfies

b* + T*(b*) = min (b + T7(D)).

b < t17 bEB[

Proof The proof for a more general model is given in the proof of Theorem 7.4 in
this chapter and thus it is omitted. O
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7.1.3 Model 3

In Model 2, Burn-in Procedure A is applied to repairable devices. In many cases,
because of practical limitations, products which fail during burn-in are just
scraped, regardless of whether the products are repairable or not. In this case, the
burn-in procedure A can be applied. However, an expensive, complex product or
device will not be discarded on account of failure of its part, but rather a repair will
be performed. Cha [4] proposed the following burn-in procedure.

Burn-in Procedure B

Consider the fixed burn-in time b and begin to burn-in a new component. On each
component failure, only minimal repair is done with shop minimal repair cost
csm > 0. Continue the burn-in procedure for the repaired component. Immediately
after the fixed burn-in time b, the component is put into field operation [4].

Note that the total burn-in time for this burn-in procedure is a constant b. For a
burned-in component, the block replacement policy with minimal repairs on
failures is adopted in field operation as it was in Model 2. Assume 0 < ¢, < 5,
then this means that the cost of a minimal repair during the burn-in process is
smaller than that of the complete (perfect) repair, which is a reasonable assump-
tion. Then, the long-run average cost rate is

1
c(b,T) = T(Cob + csuA(D) + c(A(D + T) — A(D)) + ¢). (7.4)
where A(f) = [;r(u)du. It can be shown that

cg(b, T) < ca(b, T), VO<b <00, 0<T < 00,

where ca(b, T) and cp(b,T) are the cost rate functions in Egs. (7.2) and (7.4),
respectively. This implies that

CB(bgv T;) < CA(bjh TX)’

where (b},T%) and (b}, Tj) are the optimal solutions which minimize c4 (b, T)
and cg(b, T), respectively. Thus, we can conclude that the burn-in procedure B is
always preferable to the burn-in procedure A when the minimal repair policy is
applicable.

Let (b*, T*) be the optimal burn-in time and the optimal replacement time that
minimize the cost rate Eq. (7.4). Then the properties of b* and T* are given by the
following theorem.

Theorem 7.3 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

Cﬂ'l

B =<¢b>0: /[r(oo) — r(t)]dr > i[c, + cob + cgmA(D)] 7,
b



242 7 Burn-in for Repairable Systems

and B, = [0, 00)\Bj. Then the properties of the optimal burn-in time b* and of
the replacement policy T* can be stated in detail as follows:

Case I. By = [0, 00), B, = ¢. Let T*(b) be the unique solution of the equation

m

b+T
Tr(b + T) — / HO)dt = ey + cob + conA(B)]. (75)
b

Then, the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 1, is the value
which satisfies

b* + T*(b*) = min (b + T*(D)).

0<b<n
Case2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, 0o), where b* can
be any value in [0, 00).

Case 3. By = ¢, B, = ¢. For b € By, let T*(D) be the unique solution of Eq.
(7.5). Then, the optimal (b*, T*) = (b*, T*(b*)), where b* is the value which
satisfies

b*+ T(b") = min (b + T"(b)).

b <t beB

Proof Clearly, b5 # oo, since cy(0c0, T) = oo for any 0 < T < oo. For any
fixed 0 < b < o0,

Ocy Cm 1
ﬁ = ﬁ{‘{’b(]—‘) — —m[Cr + C()b + CsmA(b)]}a

where

b+T
Y(T) = Tr(b+T) — r(r)dr.
/

Hence, 0c,/0T = 0 if and only if

WL (T) = [ + cob + comA(D)].

m

Note that, ¥,(0) = 0 and that ¥, (T)

strictly decreases if 0 <7 <1t — b
isaconstant ift; —b<T <t —b

strictly increases ift, — b < T
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Then define

Bl = {b>0:W(c0) / [r(o0c) — r()]dt > ~—[er + cob + csmA(b)]
b

m

and set B, = [0, 00)\B;.
Now, as in the proof of Theorem 2 in [10], the following three separate cases
are considered.

Case 1. By = [0, o0), B, = ¢.
Case 2. By = ¢, B, = [0, 00).
Case 3. By = ¢, B, = ¢.

Case 1 is equivalent to the condition that ¥(o0) =
for at least one b > 0. In particular, it occurs whe r(
T;(b) be the value which satisfies

f) [r(oc) — r(0]dr = o

00 and r(0) < oo. Let

&b, T3(b)) < exlb, T), VT # T3(b),
for all b > 0. Then for Case 2, it is easy to see that for all b > 0,
ca(b, T(b)) > ca(b, 0), VT > 0,

ie., T5(b) = oo, for b > 0 and c2(b, T5(b)) = cmr(c0).

For Case 1 and Case 3, it can be shown, as in Case 2, that for every b’ €
By, T;(b') = oo and (b, T5 (b)) = cur(o0). Moreover, for all b € By, the
following properties can be established:

(i) There exists 75 (b), which is the unique solution of Eq. (7.3).

(i) < b + T;(b) < o0.

(iii) c2(b, TS (b)) = cur(b + T;(b)).

(iv) For all ¥ € By,c2(b, T;(b)) = cur(b + T5(b)) < cur(c0) = (b, T;(V')).
(v) The optimal burn-in time b} satisfies: 0 < b} < ;.

Therefore, b5 € {b: 0 <b <1} N B; and b; is the value that satisfies:

by + Ti(b3) = min (b + T3(b)).

b <t beB

7.2 Burn-in Procedures for General Failure Model

In this section, we discuss the burn-in procedures for a general failure model that
was partly studied in the previous chapter. Recall that according to this model,
when the unit fails, the Type I failure and the Type II failure may occur with some
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probabilities. We assume that the Type I failure is a minor one and thus can be
removed by a minimal repair, whereas Type II failure is a catastrophic one and
thus can be removed only by a complete repair. Such models have been considered
in the literature (e.g., [1, 2]).

7.2.1 Constant Probability Model

In this model, when the unit fails, Type I failure occurs with probability 1 — p and
Type II failure occurs with probability p, 0 < p < 1. Cha [5] proposed the fol-
lowing burn-in procedure for this model.

Burn-in Procedure C

Consider the fixed burn-in time b and begin to burn-in a new component. On each
component failure, only minimal repair is done for the Type I failure with shop
minimal repair cost ¢y, 0 < cgy < ¢5, and a complete repair is performed for the
Type II failure with shop complete repair cost c,. Then continue the burn-in
procedure for the repaired component [5].

Cha [5] studied optimal burn-in and replacement policy for the burn-in pro-
cedures A and C under the general failure model defined above.

Note that the burn-in procedure A stops when there is no failure during the fixed
burn-in time (0, b] for the first time, whereas procedure C stops when there is no
Type II failure during the fixed burn-in time (0, 5] for the first time.

Note that, in field operation, the component is replaced by a new burned-in
component at the ‘field-use age’ T or at the time of the first Type II failure,
whichever occurs first. For each Type I failure occurring during field use, only
minimal repair is done.

Let Y}, be the time to the first Type II failure of a burned-in component with the
fixed burn-in time b. If we define G, () as the distribution function of Y}, and Gj(t)
as 1 — Gy(t), then G,(¢) is given by

Eb(l‘) =P, > t)

= exp{—/pr(b + u)du}
0

exp{—p[A(b + 1) — A(B)]}, Vr >0, (7.6)

where A(f) = fé r(u)du. Let the random variable N(b; T) be the total number of
minimal repairs of a burned-in component which occur during field operation after
the burn-in time b and in accordance with the replacement policy 7. Then, using
the results of Beichelt [2], it is easy to see that, when p # 0, the expectation of
N(b; T) is
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1

EIN(b; T)] = Ghl(t)//(l — p)r(b + u)dudG,(t) - Gy(t)
00

T
+ [ (1 = p)r(b + u)du - G,(T)
/

(5= 1) - ew(plA + 1) = AGID. ()

When p = 0 the expectation is given by
EIN(b; T)] = A(b + T) — A(D).

Let ¢ denote the cost incurred for each Type II failure in field operation and ¢,
satisfying 0 < ¢, < ¢y be the cost incurred for each non-failed item which is
replaced at field use age T > 0. Denote also by ¢, the cost of a minimal repair
which is performed in field operation. When p = 0 or p = 1, the burn-in and
replacement model discussed in this section reduces to that in [10] or [4]. Thus, in
the discussion below, we assume that 0 < p < 1. Then, using the results given by
Egs. (7.6) and (7.7), the long-run average cost rate functions for procedures A and
C are given by [5]

o ) [VF(r)de L F(b)
calb, T) = fOTE,,(t)dt( " F(b) "F(b)
. [(; - 1)(1 — exp{-plA(b + T) — A(b)}})} L eGy(T) + eGo(T)).
(7.8)
and
It
G(t)dt
_ 1 0 G(b) _
ce(b,T) = e | R Ca OB (p 1)<exp{pA<b>} n
1
+[ L 1)(1 ~ exp{—plA(b + T) - A(b)]})} T eGy(T)
+Ca_h(T))7
(7.9)

where c4(b, T) and cc(b, T) represent the cost rate for the burn-in procedures A
and C, respectively.
Cha [5] showed that

(i) cc(0,T; p) = ca(0,T; p), VO<T <o00,0<p<1,
(i) cc(b, T; p) < ca(b, T; p), VO<b<oo, 0<p <1,



246 7 Burn-in for Repairable Systems

where cs(b, T; p) and cc(b, T; p) are the cost rate functions cs(b, T) and
cc(b, T) when the Type II probability is p, 0 < p < 1. Then, from the above
inequalities, it can be concluded that the burn-in procedure C is always (i.e., for all
0 < p < 1) preferable to the burn-in procedure A when the minimal repair method
is applicable.

Now we discuss the properties of optimal burn-in and of optimal replacement
times. Note that the cost rate functions in Eqgs. (7.8) and (7.9) can be expressed as

1 1
cb, T) = m (k(b) + chI—) — l)(l — exp{—plA(b + T) — A(D)]})

IhG
+Cbe(T) + Caéb(T) ) ,

(7.10)

where k(b) is the average cost incurred during the burn-in process for each model.
The properties of the optimal (b*, T*) which minimizes the cost rate Eq. (7.10) are
given by the following theorem.

Theorem 7.4 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let

oo

Bi={b>0: pr(oo)/exp{—p[A(t) — A(D)]}dr — 1

b

1
en(t 1) + (¢ = ca)]

and B, = [0, c0)\Bj. Then the properties of the optimal burn-in time b* and the
replacement policy T* can be stated in detail as follows:

>

(ca + k(b)) ¢,

Case 1. By =[0,00),B; = ¢. Let T*(b) be the unique solution of the equation
b T
r(b +T) / exp{—p[A A(b)]}dt + exp{—p[A(b + T) — A(b)]} — 1
b
1
[Cm(}, - 1) + (Cf — ¢a)]

(Ca + k(b))

(7.11)
Then, the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < 1y, is the value
which satisfies b* + T*(b*) = 0<rr})ir<1 (b + T*(D)).
Sost

Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, o0), where
0 < b* < 14, is the value which satisfies
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Case 3. B = ¢, B, = ¢. For b € By, let T*(b) be the unique solution of the
Eq. (7.11). Furthermore, let b} € [0, 1;] N By satisfy

b+ THbY) =  min (b + T*(b)),

b* <t,beB

and b5 € [0, /] N B, satisfy

aw o+l ) ] = gl v (1) w0)

If
%G_Q+Q_4m@
+W@»gﬁ®k+%c—Q+M@}

then the optimal (b*, T*) = (b}, T*(b})). Otherwise the optimal (b*, T*) is
(b3, o0).

Proof The cost rate ¢(b, T) in Eq. (7.10) can be rewritten as

1

C(b, T) = m

(1) + 2 + a3 = 1)1 = exp{plate + 1) — A@)

+ el = exp{=p[A(b + T) — A(b)]}] )

(7.12)
where ¢; = ¢ — ¢, and ¢, = ¢,. Clearly, b* # oo since c(oo, T) = oo for
any 0 < T < 00.Then, for any fixed 0 < b < 0o, 0¢/0T = 0 if and only if

1
¥ (T) = a(cz + h(b)), (7.13)

where ¢; = [¢,(1/p — 1) 4+ ¢1] and

b+T

‘h@)zm@+43/ew¥mM@—A®Hm
b

+ exp{—p[A(b + T) — A(b)]} — 1.
Note that ¥,(0) = 0 and



7 Burn-in for Repairable Systems

248
strictly decreases if 0 <T<ty —b,
W,(T){ is a constant ify —b<T<1t —b,
strictly increases if b —b<T.
Define

T — o0

B, = {b >0: ¥y(o0) = lim Yu(T)

= prioe) [ ep{=la) — AG)ar =1 > e + h(b))}
b C3
and set B, = [0, 00)\By.

We consider now the following three separate cases.
Case 1. By = [0, oo)and B, = ¢. This is equivalent to the condition that

o0

Wi(ox) = pr(oo) [ exp{-plAG) ~ AW}~ 1 = oo
b

for at least one b > 0. In particular, it occurs when r(c0) = oo and r(0) < co. In
this case, Eq. (7.13) has a unique solution for all 5 > 0. which we denote by T*(b).
Furthermore, from the fact that ¥,(0) = 0 and the monotonicity of ¥;, we can
immediately see that ¥,,(7) <0, for all 0 < T < #, — b. This implies that the
unique solution T*(b) of Eq. (7.13) must satisfy 7*(b) > 1, — b for any given
b > 0. Thus, we have shown that

h < T(b) + b < (7.14)

As T*(b) satisfies Eq. (7.13),
b+ T (b)
prib+ ) [ eplplae) - A(e))ar
b (7.15)

é(cz + h(b)).

+ exp{—p[A(b + T"(b)) — A(b)]} — 1=
Combining Egs. (7.12) and (7.15), we obtain
c(b, T*(b)) = capr(b + T*(b)).

Thus, minimizing ¢(b, T*(b)) is equivalent to minimizing r(b + T%(b)) for
0 < b < o0.ByEq. (7.14), b + T*(b) > t,, so the problem of finding 5* mini-
mizing c(b, T*(b)) is equivalent to finding b* which satisfies

b+ T°(b) = min(b + T°(b)).
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The inequality b* < ¢; is now verified. To prove this inequality, it is sufficient
to show that (b + T*(b))/0b > 0 for all b > t;. From Eq. (7.15),

b+ T (b)
priv+ 7o) [ exp{-pA()}di -+ exp{-pA(b + T (1))
b | (7.16)
= exp{—pA(b)} {1 + 24 —h(b)}
C3 C3
Taking the derivative with respect to b on both sides of Eq. (7.16), we obtain
b+T*(b)
pr'(b + T"(b))(1+ T*’(b))/b exp{—pA(1)}dt — pr(b + T"(b)) exp{—pA(b)}

= exp(-pA(B)} - H(B) — expl-pA(B)}pr() (1 +2y éh(b))

> —exp{—pA(b)}pr(b) (1 n E—j T éh(b)),

(7.17)
since #/(b) > 0. Then, from the Inequality Eq. (7.17),
b+T*(b)

P+ TN T W) [ el-pAn

b (7.18)
> pr(b + T" (b)) exp{—pA(b)} — exp{pA(b) (1 + ? + Clh(b)> }
2 3
However, from Eq. (7.15),
1
pr(b + T°(b)) = :

S exp{=plA() — A@®)]}ar (7.19)

“ {1 — expl—plA(b + T (b)) — AD)]} + E—j + Cl—Sh(b)},

and by the bathtub-shaped assumption, if b > 7, it follows that

b+T*(b) b+T"(b)

pr(b) / exp{—p[A(r) — A(b)]}dr < / pr(t) exp{—p[A(r) — A(b)]}dt
b b

= exp{pA(b)}[— exp{—pA(D)}]5 """
= 1 — exp{—p[A(b + T*(b)) — A(b)]}
< 1.

(7.20)

Then, by combining Egs. (7.18, 7.19 and 7.20), we obtain
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b+ T*(b)
pr'(b + T*(b))(1 + T (b)) / exp{—pA(t)}dt > 0,
b

which implies that 8(b + T*(b))/0b > 0forall b > #,. Therefore, b* < 1, holds.
Case 2. By = ¢, B, = [0, 00). In this case, it can easily be shown that

1

Y, (T) < C—(cz + h(b)), VT >0,

3
which implies that Oc/0T < 0, forevery T > 0 forall fixed » > 0. Hence, for all
T >0andb >0

c(b, T) > ¢(b, )

1 1
:—CI+CQ+C(—_1>+hb:|,
ﬂ(b)[ "\p )
where p(b) is defined by

[e¢}

mmE/?m&wm@—Awmm
b
[ G(n)de

-~ )

G(b)

which is the MRL. Then, as follows from [2, 7], it is easy to see that u(b) strictly
decreases for all b > t, whereas the term

et en(5—1) + 1)

strictly increases as b increases. Therefore, the inequalities

¢(b, T) > ¢(b, 00), VT > 0, Vb >0,
> C([], OO), Vb > 11,

hold and, consequently, in this case, we have (b*, T*) = (b*, 00), 0 <b* <1
and b* + T* > t,. Also, the optimal burn-in time b* is the value which satisfies

c(b*, 00) = o Juin c(b, 00).
Case 3. By = ¢, B, = ¢.In advance, note that W(0c0) is strictly decreasing in b
for b > t; since

and the function
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1

—[ea + h(b)], (7.21)

s
strictly decreases as b T oo. Then, by similar arguments to those in [10], it can be
shown that oo cannot be in the closure B; and there exists 0 < s < oo such that
[s, 00) C By. If we set

p = inf{r: [t, c0) C B},
then, clearly, [, c0) C B,.

First suppose that < #;, therefore, obviously [f;, o) C B,. In this case, by
the arguments of Case 2, the set [¢, oo) cannot contain the optimal b*. Hence
b* < n.

Suppose now that § > #;. Since Wj(0c0) strictly decreases for b > #; and the
function in Eq. (7.21) strictly increases, the fact that f > 1 yields that [t, ) C
B;. Then, by the procedure described in Case 2, the relationship

be[ﬂ’ror;}’nT N Oc(b, T) = bem{ﬁlf;)c(b, o0) > ¢(f, 00)
holds, and, therefore, the set [f§, co) cannot contain the optimal b*. Also, for
b € [t1, B), by the similar arguments to those in Case 1, we can show that
o(b + T*(b))/0b > 0, for all t; < b < f, and therefore we can conclude that
b* <.

7.2.2 Time-Dependent Probability Model

In [6], the Constant Probability Model was further extended to the case when the
corresponding probabilities change with operating time. Assume now that, when
the unit fails at its age ¢, Type I failure occurs with probability 1 — p(¢) and Type
II failure occurs with probability p(¢), 0 < p(r) < 1.

In this model, we employ the same notations and random variables used before.
Also, note that if p(#) = p a.e. (w.r.t. Lebesgue measure), 0 < p < 1, the models
under consideration can be reduced to those of Mi [10] and Cha [4, 5]. Thus, we
only consider the set of functions P as the set of all of the Type II failure prob-
ability functions, which is given by

P =A{p(): 0 <p@) <1, Vi 200\{p() : p(t) =pae, 0<p<1}
It can be shown that
Go(1) = exp{—[Ap(b + 1) — Ay(B)]}, V1 >0
where A,(t) = [ip(u)r(u)du, and
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EIN(b: T)] = / Kb + 0 Gy(1)dr — Gy(T).

Then, considering both burn-in procedures A and C for this extended model, the
long-run average cost rate functions are given by

. b
ca(b, T) = m (|:c00/exp{—[A(t) — A(D)]}dr + clexp{A(D)} — 1}]

+ Cn [/ r(b + 1)Gy(t)dr — Gb(T):| + ¢rGy(T) + CaGb(T))v
0
(7.22)

where A(t fo )du, and

b
1
cc(b, T) = W ([coo/exp{[Ap(t) — Ay(b)] }dr

+ ¢, [exp{A,(b)} — 1] + csm/ (1 = p(2))r(r)exp{—[A, (1) — A,,(b)]}dt]

T

Cm /r(b + Z)Gb(l)dl — Gb(T):| + Cbe(T) + CaGb(T)> .

0

(7.23)

As before, it can be shown that

(i) cc(0,T; p(-)) = ¢al0, T; p(-)), YO <T < o0, p(-) € P,
(ii) cc(b, T; p(+)) < ca(d, T; p(+)), VO<b <00, 0<T < 00, p(-) € P,

which ensures the superiority of the burn-in procedure C when the minimal repair
method is applicable.
The cost rate functions in Eqgs. (7.22) and (7.23) can be rewritten as

| T
(b, T) = ( + Cm { f)dr — (T)] .
Gb(l)d ()/

+¢;Gyp(T) + caGp(T) >

OSH
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where k(b) denotes the average cost incurred during the burn-in process. Then,
under the following assumptions, the properties regarding the optimal burn-in time
b*and the optimal replacement policy 7" can be obtained.

Assumptions

1. The failure rate function r(¢) is differentiable and bathtub shaped with the first
change point s; and the second change point s;.

2. The Type I failure probability function p(f) is differentiable and bathtub

shaped with the first change point u; and the second change point u,.

Let t{ = max(sy, uy) and 7 = min(sy, u,) then #; < 1, holds.

4. (¢f — ¢cq) > e

(O8]

Theorem 7.5 Suppose that assumptions (1)—(4) hold. Let the set By be

Bi={b>0:c, / Ir(00) — r()] expl — [Ap() — Ap(b)] Ydt

+ ((cf —cq) — cm) p(00)r(co) / exp{—[A,,(t) - A,,(b)] }dt -1
b

> (ca+ k(b)) },

and B, = [0, 00)\By. Then the properties of the optimal burn-in time b* and
replacement policy T* can be stated in detail as follows:

Case 1. By = [0, 00), B, = ¢. Let T*(b) be the unique solution of the equation,

b+T
Cim / [r(b +T) t)]exp{f[A,,(t) — A,,(b)]}dt + ((cf —Cq) 7cm)
b

b+T

b+T)/ exp{—[Ap(1) — Ap(B)] Ydi—(1 — exp{—[Ap(b + T) — A,(B)]})
b
o + k(b)),

(7.24)
then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < ¢, is the value which
satisfies (b* + T*(b*)) = Oinbig (b + T*(b)).

sSbsth

Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, 00), where
0 < b* < t; is the value which satisfies
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(5 [(cf — Cm) + Cm / r(t) exp{—[A,(t) — A,(b")] }dr + k(b*)}

<

=, Smbig W 1) [(cf — ) + cm/ r(t) exp{—[A,(1) — A,(b)] }dr + k(b)],

where p(b) is given by

o0

uo) = [ esp{=[A00) — A, (6)]}ar. (7.25)

b

Case 3. By # ¢, By # ¢. Let T*(b), b € By, be the unique solution of the
Eq.(7.24) and p(b) be given by Eq. (7.25). Furthermore, let b7 € [0, ;] N By be
the value which satisfies

(b} + T*(b})) = min (b + T*(b)),

b<t,beB
and b5 € [0, 1] N B, be the value which satisfies

o0

1 * *
| @ e+ e / r(e) exp{~ [Ap(0) — Ap(B3)] bar + k(B3)

= h<rtr.1117163 ﬁ |:(cf — ) + c,,,/ r(t) exp{—[Ap(r) — Ay(b)] }dr + k(b)|.

If

enr (b + T°(67)) + ((cf — ca) — cm)p (b} + T°(6}))r(b + T*(b7))

oo

,U(Zﬁ) (¢f — em) + cm/ exp{ — Ap(bm}dl + k(b3)],

b3

then the optimal (6%, T*) = (b}, T*(b})). Otherwise, optimal (b*, T*) =
(b3, 00).

Remark 7.1 In this theorem, we assume that both r(¢) and p(¢) are bathtub-shaped
functions. Cha and Mi [7] investigated how this assumption can practically be
satisfied when a device is composed of two statistically independent parts (Part A
and Part B) in series. Assume that the failure of Part A causes a catastrophic failure,
whereas that of Part B causes a minor failure. The failure rate of the device is
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r(t) = n() + n(1)

and the probability of Type II failure p(¢) is given by

r(1)

PO = S0 n

where ri(t) and r,(t) are the failure rate functions of Parts A and B, respectively
(see [7] for a detailed discussion and several examples when r(¢) and p(¢) have
various shapes).

7.3 Accelerated Burn-in and Maintenance Policy

Burn-in is generally considered to be expensive and its duration is typically lim-
ited. Stochastic models for accelerated burn-in were introduced in the previous
chapter. In this section, we will discuss reliability models that jointly deal with
accelerated burn-in and maintenance policies. In [8], the burn-in and replacement
models 1, 2, and 3 of Sect. 7.1 were extended to the case when burn-in is per-
formed in an accelerated environment assuming the failure rate model described in
Sect. 6.4 of the previous chapter.

7.3.1 Model 1

We consider burn-in and replacement Model 1: the component is burned-in in
accordance with the burn-in procedure A under the accelerated environment. The
component that had survived burn-in is put into field operation. In field operation,
an age replacement policy is applied. We will use the notation of Sects. 6.4 and 7.1.

The corresponding long-run average cost rate is given by (see Sects.6.4 and 7.1)

B 1 . [V Fa(r)adr . Fu(b) . o F
cb, T) = fOTF;,(t)dt< Fb) + SFald) + ¢rFp(T) + an(T)>,
where
o '  Flalb) + 1)
Fy(t) = exp —O/r(a(b) +u)du | = Fa)

and Fa(t) = F(p(t)), VYt > 0.
Let b* be the optimal accelerated burn-in time and 7* be the optimal
replacement policy which satisfy


http://dx.doi.org/6.4
http://dx.doi.org/6.4
http://dx.doi.org/10.1007/978-1-4471-5028-2_6
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b, T*) = i b, T).
b, T7) = min_ c(b,T)

Then the properties regarding the optimal accelerated burn-in time b* and the
optimal replacement policy 7% are given by the following theorem [8], which is
similar in formulation to Theorem 7.1.

Theorem 7.6 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let the set By be

Bi={b>0:r(x0) / exp{—[A(1) = A(a(b))]}di— 1
a(b)
> p— cq + cslexp{A(p(b))} — 11

b
+co / exp{ -

0

Alp(t)) — /\(p(b))] }dr ,

and B, = [0, 00)\By. Furthermore, let a='(t;) > 0 be the unique solution of the
equation a(t) = t1. Then the properties of the optimal accelerated burn-in time b*
and replacement policy T* can be stated in detail as follows:

Case 1. By = [0,00), By = ¢. Let T*(b) be the unique solution of the equation

ab)+T

r(a(b) + T) / exp{—[A(t) — Ala(b))]}dr + exp{—[A(a(b) + T) — Ala(b))]} — 1
a(b)

b

L e + clexp{A(p®)} — 1] + co / exp{~[A(p(1)) — Alp(b))]}di].

Cr — Cq
0
(7.26)
Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < a~!(t;), is the value
which satisfies a(b*) + T*(b*) = . bmin | )(a(b) + T*(b)).
<b<al(n

Case 2. By = ¢, B, = [0, o). In this case, the optimal (b*, T*) = (b*, c0),
where 0 < b* < a~!(t;) is the value which satisfies

b
‘u(a(lb*)) [Cf’ 4 c‘[exp{/\(p(b*))} _ 1] + Co/exp{f[/\(p(l)) — A(p(b*))]}dt]
0

b
- Ogb";i‘}w,,)y(al(b)) ¢ + clexp{A(p(b))} — 1] + Co/exp{—[/\(P(t)) - /\(P(b))]}dt]7

0

where p(a(b)) is given by
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[o¢]

ua(b)) = / exp{—[A(1) — Ala(b)]} dr (7.27)

a(b)

Case 3. By # ¢, B, # ¢ Forb € By, let T*(D) be the unique solution of the Eq.
(7.26) and let p(a(b)) be given by Eq. (7.27). Furthermore, let b} €
[0, a(2;)] N By satisfy

alB) + T'B) =, min(a(b) + T(6)).

and
by € [0,a'(1)] N B,

satisfy

«
b3

m |:Cf + e fexp{A(p(b3))} — 1] + CO/ exp{=[A(p(1)) = A(p(b3) )]}dt]

0

¢r + clexp{A(p(b))} — 1] + CO/eXp{—[A(ﬂ(t)) - /\(P(b))]}dt]
0

min
b<al(y),beB, #(a(b))

If
(o — car(a(®}) + T"(0}) < (a(lb 5y |or + el {AlpE) 1
+co/exp{ (1) — A(p(p3))] }de|,

then the optimal (b*, T*) is (b}, T*(b})). Otherwise, the optimal (b*, T*) is
(b3, o0).

7.3.2 Model 2

We consider burn-in and replacement model 2: the component is burned-in by the
burn-in procedure C and the block replacement with minimal repair at failure is
applied to the component in field use.

In this case, the long-run average cost rate is given by

c(b, T) = ;( c

+cm[Ala(b) + T) — A(a(d))] + Cr).

(7.28)
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Then properties of the optimal b* and T* minimizing c¢(b, T) in Eq. (7.28) are
given by the following theorem [8]

Theorem 7.7 Suppose that the failure rate function r(t) is bathtub-shaped and
differentiable. Let the set By be

B ={b>0: [r(00) — r(r)]dt
a(b)
. b
> ler+eslexp{Alp(9))} - 1]+Co/exp{—[/\(9(t)) — Alp(D))]}dt| o,
0

B, = [0,0)\B; and a '(t) >0 be the unique solution of the equation
a(t) = t1. Then the properties of the optimal burn-in time b* and the replacement
policy T* can be stated in detail as follows:

Case 1. By = [0, ), By = ¢. Let T*(b) be the unique solution of the equation

a(b)+T

Tr(a(b) + T) — / r(r)de
a(b)

m

b
= ci ¢r + cslexp{A(p(b))} — 1}+CO/8XP{*[A(P(O) — Alp(b))]}dz].
0

(7.29)

Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < a~'(t,), is the value
which satisfies a(b*) + T*(b*) = min  (a(b) + T*(b)).

0<b<al(n)
Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, 0o), where b* can
be any value in [0, 00).
Case 3. By # ¢, By, # ¢. For b € By, let T*(b) be the unique solution of the

Eq. (7.29). Then the optimal (b*, T*) = (b*, T*(b*)), where b* is the value
which satisfies

alb’) + T(b") =  min  (a(b) + T*(b)).

b < a’](h),bEB]
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7.3.3 Model 3

We consider burn-in and replacement Model 3: the component is burned-in by the
burn-in procedure B and the block replacement with minimal repair at failure is
applied to the component in field use. Then, obviously, the long-run average cost
rate is given by

(b, T) = %([Cob + cmA(p(D)] + cn[Ala(b) + T) — Ala(b))] + c,),

(7.30)
The properties of the optimal b* and 7* minimizing c¢(b, T) in Eq. (7.30) are

given by the following theorem.

Theorem 7.8 Suppose that the failure rate function r(t)is bathtub-shaped and
differentiable. Let

Cﬂl

B = db>0: / (o) — r(O]dt > —lc, + cob + comA(B)] b,
b

B, = [0, <)\B; and a '(t;) > 0 be the unique solution of the equation
a(t) = t1. Then the properties of the optimal burn-in time b* and the replacement
policy T* can be stated in detail as follows:

Case 1. By = [0, ), B, = ¢. Let T*(b) be the unique solution of the equation

a(b)+T
Tr(alb) + T) — / re)dt = Ci[c, b oob + emAlp(B))].  (1.31)
a(b)

Then the optimal (b*, T*) = (b*, T*(b*)), where 0 < b* < a~!(#;), is the value
which satisfies

alb’) + T(b") =  min  (a(b) + T*(b)).

0<b<al(y)

Case 2. By = ¢, B, = [0, 00). The optimal (b*, T*) = (b*, c0), where b* can
be any value in [0, c0).

Case 3. By # ¢, B, # ¢. For b € By, let T*(b) be the unique solution of the Eq.
(7.31). Then the optimal (b*, T*) = (b*, T*(b*)), where b* is the value which
satisfies

alb) + (%) =, min(a(b) +T°(b).
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