
Chapter 7
Transformation Electromagnetics Design
of All-Dielectric Antennas

Wenxuan Tang and Yang Hao

Abstract The discrete coordinate transformation is a practical implementation of
transformation electromagnetics. It solves the transformation between coordinate
systems in a discretized form. This method significantly relaxes the strict
requirement for transformation media, and consequently leads to easily-realizable
applications in antenna engineering. In this chapter, the discrete coordinate
transformation is demonstrated and analyzed from the theory and is proved to
provide an all-dielectric approach of device design under certain conditions. As
examples, several antennas are presented, including a flat reflector, a flat lens, and
a zone plate Fresnel lens. The Finite-Difference Time-Domain (FDTD) method is
employed for numerical demonstration. Realization methods are also discussed,
and a prototype of the carpet cloak composed of only a few dielectric blocks is
fabricated and measured.

7.1 Introduction

The concept of transformation electromagnetics was first proposed in 2006 in
pioneering theoretical works by Leonhardt and Pendry et al. independently [1, 2].
It provides us with a flexible method to manipulate the propagation of electro-
magnetic waves by using custom-engineered media. Novel functional devices have
been successfully proposed and designed through transformation electromagnetics,
such as the exotic ‘cloak of invisibility’ [3–6], EM rotators [7, 8], EM concen-
trators [9–11], sensor cloaks [12], optical black holes [13, 14], antenna devices
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[15, 16], etc. However, there exist considerable problems when transformation-
based devices are put into practice. One such problem is that those designs often
include extreme values of constitutive parameters (e.g., near zero or extremely
high permittivity or permeability). Even though metamaterials have been proved to
be capable of providing a wide range of permittivity and permeability and even to
achieve extreme values, they often require resonant unit cells which severely limit
the operating bandwidth. In addition, many transformation-based devices require
anisotropic permittivity and permeability simultaneously, which makes their
practical realization even more difficult.

The discrete coordinate transformation (DCT) is therefore proposed to cir-
cumvent these problems [17]. Instead of global coordinates, the physical space and
the virtual space are described with quasi-orthogonal local coordinates, and the
transformation electromagnetics equations are applied between a pair of corre-
sponding local coordinate systems in the two spaces. A well-known application of
the DCT technique is the ‘carpet cloak’. As demonstrated in [17], the carpet cloak
can be constructed with conventional isotropic dielectrics instead of resonant
metamaterials, and consequently overcomes the disadvantage of its narrow-band
performance. Experimental validations of the carpet cloak have been done using
low-loss and non-resonant artificial materials at microwave frequencies [18, 19]
and at optical frequencies [20, 21].

Due to its easy realization and the broadband performance of the DCT based
design, there are many possible applications other than the carpet cloak. For example,
in antenna systems, many widely used devices have curved surfaces, such as para-
bolic reflectors and convex lenses. Using the discrete coordinate transformation, one
can design equivalent devices that operate in the same manner but have flexible
profiles. In the virtual space perceived by the electromagnetic waves, those devices
have curved surfaces, contain homogeneous and isotropic materials, and can be
described with distorted coordinate systems. By using appropriate transformations,
these distorted coordinate systems are mapped to a physical space where the devices
possess flat surfaces, contain spatially dispersive but isotropic materials, and are
represented in new coordinate systems, for example, the Cartesian coordinate system.

The organization of this chapter is as follows: in Sect. 7.2, we begin with the
theory of the discrete coordinate transformation, and give analyses towards its
conditions of application. In Sect. 7.3, some examples of antenna devices are
presented and numerically demonstrated. In Sect. 7.4, realization methods are
discussed and a prototype of an all-dielectric device is fabricated and measured.
A Summary of the above is in Sect. 7.5.

7.2 The Discrete Coordinate Transformation

To implement the discrete coordinate transformation, both the virtual space and
the physical space are discretized into small cells using quasi-orthogonal local
coordinate systems. For illustrative purpose we show in Fig. 7.1 an example of
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transforming a parabolic reflector in the virtual space into a flat one in the physical
space.

Suppose that the coordinate transformation between the virtual space (Fig. 7.1a)
and the physical space (Fig. 7.1b) is x0 ¼ x0ðx; y; zÞ, y0 ¼ y0ðx; y; zÞ, z0 ¼ z0ðx; y; zÞ,
where ðx; y; zÞ are local coordinates in the virtual space and ðx0; y0; z0Þ are local
coordinates in the physical space. Based on the theory in [2], the permittivity and
the permeability tensors in the physical space can be calculated as:

��e0 ¼ J��eJT

detðJÞ ;
��l0 ¼ J��lJT

detðJÞ ;
ð7:1Þ

where the Jacobian matrix between each pair of local coordinate systems is

J ¼

ox0

ox
ox0

oy
ox0

oz

oy0

ox
oy0

oy
oy0

oz

oz0

ox
oz0

oy
oz0

oz

0
BB@

1
CCA: ð7:2Þ

Because the parabolic reflector (shown as the curved PEC in Fig. 7.1a) is placed in
the free space, the original permittivity and permeability tensors are

��e ¼ e0I;

��l ¼ l0I;
ð7:3Þ

where I is the unitary matrix.
To simplify the problem, we assume that the transformation is two-dimensional

(2D), and thus the device is infinite in the z direction normal to the x� y plane
defined in Fig. 7.1. The bold reduction from three dimensions to two dimensions
makes the design process much simpler. In practice, because many devices are
symmetric, or work at a specified polarization, three-dimensional (3D) transfor-
mation devices can be obtained by rotating or extending 2D models about an axis.

(a)

(b)

Fig. 7.1 (Section view)
a The virtual space with
distorted coordinates. A
parabolic reflector is located
in the free space, as
illustrated by the curved PEC.
b The physical space with
Cartesian coordinates. The
parabolic reflector is
transformed into a flat PEC
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Examples will be presented in Sect. 7.3. For a 2D E-polarized incident wave with
electric field along the z direction, only the components of lxx, lxy, lyy, lyx and ezz

contribute, and hence, the permittivity and the permeability become

e0z � e0zz ¼ e0detðJÞ�1; ð7:4Þ
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Based on the theoretical study presented in [17], for anisotropic materials an
effective average refractive index n0 can be defined as

n02 ¼ n0xxn0yy=ðe0l0Þ ¼
ffiffiffiffiffiffiffiffiffiffi
l0yye

0
z

q ffiffiffiffiffiffiffiffiffiffi
l0xxe

0
z

p
=ðe0l0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
l0yyl

0
xx

q
e0z=ðe0l0Þ; ð7:6Þ

where l0xx and l0yy are the principal values of the permeability tensor in Eq. (7.5)
and n0xx and n0yy are the corresponding principal values of the refractive index
tensor.

Equation (7.6) indicates that if l0xxl
0
yy ¼ l2

0, i.e. if there is no magnetic
dependence, then the refractive index n0, which determines the trace of the wave,
can be realized by the permittivity alone, leading to an all-dielectric device. Next,
we shall show that this condition is approximately satisfied if certain grids are
properly chosen in the coordinate transformation.

The explicit value of l0xxl
0
yy from Eq. (7.5) is
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According to Eq. (7.7), the approximate condition l0xxl
0
yy ’ l2

0 is satisfied when at
the same time

ox0

oy
’ 0; ð7:8Þ

and

oy0

ox
’ 0: ð7:9Þ

Since x0 and y0 are functions of both x and y, Eqs. (7.8) and (7.9) can be also
written using the chain rule as

ox0

oy
¼ ox0

ox

ox

oy
’ 0; ð7:10Þ
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oy0
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ox
’ 0: ð7:11Þ

The above condition can indeed be satisfied because we can generate a grid in the
virtual space with quasi-orthogonal cells such that

ox

oy
’ 0; ð7:12Þ

oy

ox
’ 0: ð7:13Þ

To illustrate how this orthogonality restriction can be approximately satisfied, see
for example the virtual space shown in Fig. 7.1a. A sample distorted cell is drawn
in Fig. 7.2, and the 2� 2 covariant metric g is re-defined to characterize the
distortion as [22–24]:

g ¼
g11 g12

g21 g22

� �
; ð7:14Þ

gi;j ¼ a!i � a!j ði; j ¼ 1; 2Þ: ð7:15Þ

a!1 and a!2 are the covariant base vectors defined in Fig. 7.2, and h is the angle
between them. We quantify the orthogonality of the grid using the parameter h for
each cell, defined through

cos h ¼
ffiffiffiffiffiffiffiffiffiffiffi
g12 g21

g11 g22

r
: ð7:16Þ

The distribution of the angle parameter h is plotted in Fig. 7.3 for the grid
shown in Fig. 7.1a. We observe that in most cells, h is distributed around the 90�
point, with a much smaller exception further away from 90�. The full width at half
maximum (FWHM) index of the distribution is also measured from this plot,
which is only 1�, indicating that most of the local coordinates are quasi-orthog-
onal. Thus, for a perfectly orthogonal grid, g is a unit matrix, cos h ¼ 0, FWHM
¼ 0, and ultimately l0xxl

0
yy ¼ l2

0. And even for a quasi-orthogonal grid such as the
one in Fig. 7.1a, these conditions can be approximately satisfied, yielding an all-
dielectric device with very minor sacrifices in performance.

Fig. 7.2 The covariant base
vectors in a 2D distorted cell
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Furthermore, the near-orthogonal property ensures an approximation of Eq.
(7.5) that

��l0 ¼ l0

detðJÞ
ðox0

oxÞ
2 0

0 ðoy0

oyÞ
2

 !
: ð7:17Þ

Because all cells are generated to be approximately square-shaped, l0xx and l0yy
have very similar values which are close to unity. Accordingly, the relative per-
meability of the device can be assumed to be isotropic and unity, and the effective
relative refractive index in Eq. (7.6) is only dependent on e0z as

n02 ’ e0z=e0 ¼
1

detðJÞ : ð7:18Þ

Note that under the orthogonal condition of Eqs. (7.8) and (7.9), the refractive
index profile of the device can be directly retrieved from each cell within the grid,
using Eq. (7.2):

n02 ’ 1
ox0
ox

oy0

oy

’ DxDy

Dx0Dy0
; ð7:19Þ

where Dx;Dy;Dx0;Dy0 are the dimensions of cells in the two spaces, as marked in
Fig. 7.1.

For the case of H polarization, similar results are obtained. Now the contrib-
uting components of the permittivity and the permeability are exx, exy, eyy, eyx and
lzz. Under the orthogonality criteria of Eqs. (7.8) and (7.9), the permittivity and the
permeability tensors become

��e0 ¼ e0

detðJÞ
ðox0

oxÞ
2 0

0 ðoy0

oyÞ
2

 !
; l0z ¼ l0detðJÞ�1; ð7:20Þ

Fig. 7.3 Distribution of the
angle between two local
coordinates in every cell of
the virtual space. The
orthogonal property is
quantified by the full width at
half maximum (FWHM)
index. When the FWHM
index approaches zero, the
local coordinates are quasi-
orthogonal. In this case the
index is only 1�
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while detðJÞ ¼ ox0

ox �
oy0

oy . The effective average refractive index is now

n02 ¼ n0xxn0yy=ðe0l0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
e0yye

0
xx

q
l0z=ðe0l0Þ: ð7:21Þ

It can be easily checked that in this case e0xxe
0
yy ’ e2

0, and thus the effective average
refractive index in this case is dependent on l0z only, similar to Eq. (7.18) as:

n02 ’ l0z=l0 ¼
1

detðJÞ : ð7:22Þ

The above analysis indicates that a properly selected magnetic material can control
the H-polarized wave, similar to how a dielectric material can control the E-
polarized wave. Thus the designer can generate a grid under the assumptions
specified in this section, calculate the refractive index distribution from Eq. (7.19),
and choose to tune either e or l to operate using E-polarization or H-polarization
respectively.

7.3 All-Dielectric Antennas Based on the Discrete
Coordinate Transformation

7.3.1 A Flat Reflector

The parabolic reflector antenna is one of the most commonly used antennas from
radio to optical frequencies [25]. This antenna serves to transform a spherical wave
originated from its focal point into a plane wave, and consequently generates
highly directive beams. Such an antenna device can be considerably large when
operated at low frequencies, and difficult to construct due to the parabolic shape. In
[26], the technique of discrete coordinate transformation was implemented to
create an alternative to the parabolic reflector: an all-dielectric reflector that
possesses a compact flat volume while maintaining the performance of the para-
bolic dish.

Figure 7.4a shows the geometry of a prototype of conventional parabolic
reflector, whose shape follows the equation of

R ¼ 2F

1þ cos h
: ð7:23Þ

This parabolic reflector is designed to operate at the C-band (4–8 GHz) and the X-
band (8–12 GHz). The focal length F is set to be 108.6 mm and the angle h ranges
from �45� to 45�. Accordingly, the aperture of the parabolic surface is 180 mm.
This parabolic reflector is exactly the same as the one located in Fig. 7.1a. It is
noted that in Fig. 7.1a the transformation region is chosen to be 300 mm � 75 mm,
so as to ensure that in the physical space in Fig. 7.1b a source placed at the focal
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point is not embedded in the transformation media. Quasi-orthogonal grids are
generated in both the virtual space and the physical space as illustrated in Fig. 7.1,
using a commercial software called ‘PointWise’ [27]. Based on the analysis in
previous section, these grids are indeed quasi-orthogonal, leading to an all-
dielectric flat reflector in the physical space. The permittivity distribution of the
transformation based flat reflector is calculated according to Eqs. (7.18) and (7.19).
The complete permittivity map is shown in Fig. 7.5a, consisting of 64 � 16 square
blocks.

To reduce the complexity of the flat reflector and to make it more realizable,
some simplifications are adopted. First, materials with relative permittivity of less-
than-unity value are neglected and replaced with those of er ¼ 1 as air or free
space. In this design, materials with less-than-unity permittivities are found close
to the bottom around x ¼ 80 mm and x ¼ �80 mm (see Fig. 7.5a). Since these
areas are electrically small at operating frequencies, and those permittivity values
are often very close to one, the simplification is considered to be safe. This fact has
been demonstrated in Refs. [19, 26, 28], and will be shown later by simulation
results in this section. The permittivity map without less-than-unity values is
shown in Fig. 7.5b. It should be pointed out that materials with less-than-unity
parameters are termed as ‘dispersive materials’ here, as they are strongly disper-
sive over operating frequencies. Strictly speaking, all materials are essentially
dispersive in frequency. However, conventional dielectrics can be nearly non-
dispersive at the X-band and the C-band [19].

The second step to approximate and simplify the transformation device is to
reduce the resolution of permittivity map. This concept has been developed in the
design of a simplified carpet cloak made of only a few blocks of isotropic all-
dielectric materials [19, 29]. The fundamental limitation of resolution is based on
the Nyquist-Shannon sampling theorem [30]. Sampling is the process of con-
verting a signal (for example, a function of continuous time or space) into a
numeric sequence (a function of discrete time or space). Shannon’s version of the
theorem states: If a function f(t) contains no frequencies higher than W cps, it is
completely determined by giving its ordinates at a series of points spaced 1/2W
seconds apart. Fig. 7.6 interprets this theorem in the spatial domain. When
propagating in the physical space, at a fixed time, the electromagnetic wave is a
function of continuous space. Transformation media with a high resolution dis-
cretize the space using a high sampling rate while low-resolution ones discretize
the space using a low sampling rate. If the electromagnetic wave operates in a

Fig. 7.4 Geometry of the
parabolic reflector located in
Fig. 7.1a
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frequency band from fL to fH , to accurately reconstruct information of the wave,
the sampling rate fs should satisfy

fs [ 2fH : ð7:24Þ

Because

fs ¼
1
Md

; f ¼ 1
k
; ð7:25Þ

the resolution of the discrete space should satisfy

Md\
1
2

kH : ð7:26Þ

Md is presented as the dimension of blocks in the permittivity map, and kH is the
minimum wavelength within the frequency band. According to Eq. (7.26), as long
as dielectric blocks are smaller than half a wavelength at operating frequencies, the
simplified device can maintain the property of a high-resolution one. When the

(a)

(b)

(c)

(d)

Fig. 7.5 a Relative
permittivity map consisting
of 64 � 16 blocks. b Relative
permittivity map consisting
of 64 � 16 blocks, without
less-than-unity values.
c Relative permittivity map
consisting of 16 � 3 blocks.
d Relative permittivity map
consisting of 16 � 3 blocks,
without less-than-unity
values

Fig. 7.6 An electromagnetic
wave propagates in the spatial
domain at a fixed time
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operating frequency goes higher, the resolution of the permittivity map should
increase accordingly.

The above simplifications have made significant advances for the transforma-
tion device to be able to be realized in practice. When applied to the present work,
the high resolution permittivity map shown in Fig. 7.5a thus can be approximated
using a relatively low resolution map of 16 � 3 blocks as shown in Fig. 7.5c. The
size of each block is 18.75 mm, which is half a wavelength in free space at 8 GHz.
To execute the simplification, the position of a block in Fig. 7.5a–d is defined as
the position of its center point. Each low-resolution block in figure c/d can find a
high-resolution one in figure a/b which has the closest position to it. Once the two
blocks are decided, the permittivity in the high-resolution block is filled into the
low-resolution one uniformly. Figure 7.5d shows the simplified map without
values less than unity (we call it a ‘non-dispersive map’ in the following text).

The FDTD method based simulations are employed to compare the perfor-
mance of the parabolic reflector and the flat reflector [31, 32]. For simplicity, we
use 2D modelling with Hx, Hy and Ez components (E polarization). A 3D reflector
is easily realizable by rotating the permittivity map in Fig. 7.5 to the y axis. For the
reflector in this design, the simulation domain is relatively small and a conven-
tional Cartesian grid is fine enough to accurately model the device. A spatial
resolution of k/30 is chosen for the FDTD grid. The total-field/scattered-field
technique is applied to implement an incident plane wave. Perfectly matched layer
(PML) absorbing boundary conditions are added surrounding the antennas in order
to terminate the simulation domain. Dispersive modelling [33, 34] is also
employed to simulate the full-mapped flat reflector with less-than-unity values.

First, a plane wave with E polarization comes along þy direction at 8 GHz, in
order to compare the low-resolution non-dispersive flat reflector shown in
Fig. 7.5d with the parabolic reflector in term of the focal length. Figure 7.7a and b
illustrate the real part of the Ez field from the transformed flat reflector and the
conventional parabolic reflector, respectively, after the steady-state is reached.
Their focal lengths are measured as the distances from the center of the PEC
surface to the narrowest envelope marked with the dashed red line in Fig. 7.7a and
b. The focal lengths in Fig. 7.7a and b are 102.6 and 102.7 mm respectively, very
close to each other. In addition, slightly different reflections are observed on two
sides of the reflectors. This difference is due to the neglecting of less-than-unity
permittivities, and the discontinuity between the flat reflector and the air. In Fig.
7.7c and d we also compare the performance of these two reflectors when fed by a
small horn with its phase center located at the focal point. The field distributions
illustrated are indeed similar, which indicates that the flat reflector maintains the
function of transforming an incident cylindrical wave to a plane wave and con-
sequently obtains highly directive beams.

To investigate the directive property of the antennas, in Fig. 7.8 radiation
patterns of the conventional reflector, flat reflectors with different resolutions, and
the radiation pattern of a flat PEC surface alone, are compared. The near-to-far-
field (NTFF) transformation is applied to observe the far-field characteristics [31].

200 W. Tang and Y. Hao



Using the data obtained from the near-field simulation, the NTFF transformation
calculates the forward radiation patterns of the reflectors. The energy is calculated

as jEzj2, and normalized to the peak energy when the conventional reflector is
applied. It is shown in Fig. 7.8 that the conventional reflector and all the three flat
reflectors produce highly directive beams around / ¼ 0 (/ defined in Fig. 7.7d),
which verifies the excellent cylindrical-to-plane wave transformation. The 64 �
16-block flat reflectors, dispersive (with less-than-unity permittivities) or non-
dispersive (without less-than-unity permittivities), seem to have insignificant
energy loss around the radiating direction when compared to the conventional
parabolic one. In addition, when the less-than-unity values are removed from the
full 64 � 16 map, the performance deteriorates only slightly, in term of the energy
reduction around / ¼ 0. Once the 16 � 3-block map is applied, the flat reflector
suffers more energy loss in the radiating direction. However, its directive property
is still comparable to that of the conventional reflector. When all reflectors are
removed, obviously, the PEC surface alone cannot hold the directive property.

Furthermore, the bandwidths of the dispersive and non-dispersive flat reflectors
are tested at different frequencies. Both the flat reflectors are composed of 16 � 3
large blocks, and the testing frequencies are 4, 6, 10 and 12 GHz respectively.
Figure 7.9 shows that at frequencies higher than 8 GHz, the two reflectors have
extremely similar radiation patterns. When the operating frequency goes lower, the
dispersive reflector has higher radiation around the angle of / ¼ 0, but slightly
larger side-lobes than the non-dispersive one. This effect occurs since as the

(a) (b) (c) (d)

Fig. 7.7 Real part of the Ez field at 8 GHz. a A plane wave along the y direction illuminates a
low-resolution flat reflector shown in Fig. 7.5d. The focal length (measured from the dashed red
line to the center of the PEC) is 102.6 mm. b The same plane wave illuminates the conventional
parabolic reflector. The focal length is 102.7 mm. c A small horn antenna is applied at the focal
point to feed the flat reflector. d A small horn antenna is applied at the focal point to feed the
conventional reflector
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operating frequency decreases, the less-than-unity values change more and more
rapidly according to the Drude model. In conclusion, a non-dispersive reflector has
a comparable radiating performance and a wider bandwidth than the dispersive
one, and is much easier to realize.

Fig. 7.8 The comparison of the radiation patterns at 8 GHz. The definition of U is shown in Fig.
7.7d

(a) (b)

(d)(c)

Fig. 7.9 Comparison of the radiation patterns between dispersive and non-dispersive flat
reflectors at 4, 6, 10 and 12 GHz. Both the flat reflectors are composed of 16 � 3 blocks
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7.3.2 A Flat Lens

A convex lens is another common device in antenna systems. It functions to
transform a spherical wave from a point source (or a cylindrical wave from a line
source in a 2D problem) located at its focal point to a plane wave at the other side.
This device has been widely used at different frequencies and at various polar-
izations. In [26], an all-dielectric lens at the C-band and the X-band was created
from a conventional convex lens by using the discrete coordinate transformation.
The created lens obtained very similar performance as the convex one, whilst
possessing a planar profile with half the thickness of the other one.

Figure 7.10a shows the section view of the virtual space where the original
convex lens is located. It is supposed to be made of isotropic homogeneous
dielectric with er ¼ 3. The aperture of the lens is 160 mm (4:3 k0 at 8 GHz), and
the two surfaces are arcs on a circle with radius equal to 300 mm. The thickness
varies from 45.6 to 23.8 mm, from the center (x ¼ 0) to the two ends (x ¼ � 80
mm). Applying the discrete coordinate transformation, the conventional convex
lens in the virtual space is completely compressed into the flat physical space with
half the thickness, as shown in Fig. 7.10b. Contrary to the boundary condition in
the flat reflector design, here the top and bottom boundaries in the virtual space are
curves. Since the boundaries are different before and after the transformation, if we
want to grant the transformation lens exactly the same property as the conventional
one, we should add transformation media surrounding the flat profile (filling region
II in Fig. 7.10b) in order to maintain the space and to palliate the impedance
mismatching [35]. Unfortunately, such filling materials commonly have some
permittivity values less than the unity, which results in narrow-band performance.
In addition, if we fix the boundaries before and after transformation, the flat lens
will lose the benefit of small volume. It is obvious that both of the above two
factors are important to a broadband antenna. Therefore, we can assume that firstly
a complete virtual space with air surrounding the convex lens (within the dashed
red box in Fig. 7.10a) is transformed to a physical space (within the dashed red box

(a)

(b)

Fig. 7.10 a The virtual space
with distorted coordinates. A
convex lens made of
dielectric with er ¼ 3 is
imbedded in the air. b The
physical space with Cartesian
coordinates. The
transformation lens is inside
region I
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in Fig. 7.10b), and then materials with less-than-unity parameters in the physical
space are replaced with the air. Therefore, the flat lens in the physical space can
have a compact size and potentially broadband performance. As long as the per-
formance is properly maintained, as will be proved, this approximation is valid in
practice.

Quasi-orthogonal grids are again generated to discretize both the virtual space
and the physical space. In the virtual space, to achieve a good orthogonality, points
on the top and bottom boundaries are no longer evenly distributed. More points
assemble at the four corners, resulting in smaller cells at the two ends and larger
cells in the central area. In the physical space, the points on the top and bottom
boundaries are determined in the same proportion as that in the virtual space
because x0 is the projection of x. Note that since some cells in the physical space
are not squares, the components of lxx and lyy have different values, implying that
the transformation media in the physical space have become more anisotropic.
Strictly speaking, the effective average refractive index has approximate values of
n02 ’ 1

detðJÞ in the central area and at the two ends. Nevertheless, for a near-axis

incidence, the isotropic approximation is acceptable, and the flat lens holds its
performance, as will be demonstrated later. The covariant metric g is calculated for
each cell, and the FWHM index is 3.68, indicating that local coordinate systems
are fairly orthogonal and the discrete coordinate transformation can be applied.

In Fig. 7.11 the permittivity maps with different resolutions are presented,
calculated by Eqs. (7.18) and (7.19). The high-resolution map in Fig. 7.11a is
composed of 80 � 15 blocks, with each block sized about 2 mm � 1.7 mm. Proper
simplification is implemented to reduce the resolution using the same technique
described in the previous sub-section, and a low resolution permittivity map is
exhibited in Fig. 7.11b, consisting of 14 � 2 blocks sized 12.3 mm � 11.9 mm. It
is noted that the two rows of blocks have the same permittivity values, therefore
the low-resolution map is in fact composed of 14 � 1 blocks.

The FDTD method based simulations are employed again to predict the per-
formance of the designed flat lens in a 2D E-polarized circumstance. In Fig. 7.12
the real part of the electric field under different excitations are depicted. To test the
focusing property of the 14�1-block low-resolution lens, we compare the field

(a)

(b)

Fig. 7.11 Permittivity maps of the flat lens. a The map consisting of 80 � 15 blocks, with each
block sized 2 � 1.7 mm. b The map consisting of 14 � 2 blocks. The first and last columns have a
width of 6.2 mm and the rest have a width of 12.3 mm
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distribution when a plane wave is applied to illustrate the flat lens and the convex
lens in Fig. 7.12a and b respectively. The focal length is measured from the center
of the lens to the point with the maximum amplitude. The flat lens has a focal
length of 130 mm, whilst the conventional convex lens has a focal length of 131
mm. Apparently, the two lenses focus energy to almost the same position, even
though their profiles are quite different. Next, line sources are placed on the focal
points of the two lenses in order to generate plane waves on the other side. Two
blocks of PEC are added to the left and right sides of the lens to prevent inter-
ference from leaky waves. Figure 7.12c and d depict the real parts of the EZ field
when the low-resolution flat lens and the conventional lens are used, respectively.
Indeed, plane waves are seen to emerge on the other side, which verifies the
excellent performance of the simplified all-dielectric flat lens. Note also that the
reflected waves are stronger on the side of y [ 0 when the flat lens is applied. This
is because blocks with large permittivity values are located in the central area of
the flat lens, causing a stronger impedance mismatch to the air.

To test the relationship between the resolution and the antenna performance, in
terms of the radiation pattern and the bandwidth, two additional permittivity maps
with 40 � 8 blocks and 20 � 4 blocks are also generated (but are not given in Fig.
7.11). Since all these flat lenses are expected to operate from 4 to 12 GHz, the
minimum wavelength is calculated at 12 GHz. In the transformation media, the
average relative permittivity is about 5, therefore half the minimum wavelength is
about 5.6 mm. It is apparently that blocks in the 80 � 15-block map and in the
40 � 8-block map are smaller than half the wavelength, which means that both
resolutions are fine enough according to the sampling theorem. Blocks in the
20 � 4 map are slightly bigger than half the wavelength. This reduced resolution
may harm the performance, but not significantly. The 14�1-block map has an

(a) (b) (c) (d)Fig. 7.12 The real part of the
Ez field at 8 GHz. a A plane
wave illuminates the low-
resolution flat lens from the
bottom. The focal length is
130 mm. b The same plane
wave illuminates the
conventional lens from the
bottom. The focal length is
131 mm. c A line source is
located at the focal point to
feed the low resolution flat
lens. d A line source is
located at the focal point to
feed the conventional lens
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unqualified resolution, which will result in obvious degradation to the
performance.

To prove the above assumption, the radiation patterns of the conventional lens
and the four flat lenses with different resolutions are depicted in Fig. 7.13. When
the permittivity map decreases from 80 � 15 blocks to 40 � 8 blocks and then to
20 � 4 blocks, the performance remains almost unchanged at 8 GHz. In the
radiating direction of / ¼ 0�; the three curves are exactly the same. The 20 � 4-
block map has slightly increased side lobes compared with the other two. How-
ever, it can be considered as the threshold resolution. A visible degradation is
observed when the map reduces to 14 � 1 blocks. The energy validated in the
direction of / ¼ 0� drops to about 75 % (-1.25 dB) of that from a convex lens,
accompanied with an obvious increase of side lobes. Although its performance is
acceptable for many applications in practice, theoretically speaking, the properties
of a propagating wave are not accurately re-constructed under this resolution. In
Fig. 7.14, the radiation patterns are also tested at 4, 6, 10 and 12 GHz, respec-
tively. Again, the 20 � 4-block map is proved to have almost the same perfor-
mance as the 80 � 15-block map, indicating the resolution is adequate. As the
operating frequency increases, the 14 � 1-block map brings in lower radiation
around / ¼ 0� and different side lobes. However, from an engineering point of
view, the 14 � 1-block flat lens operates effectively in a broad frequency band
from 4 to 12 GHz.

Since the created flat lenses are made of isotropic dielectrics, a 3D model is
straightforwardly accomplished by rotating a 2D model about its optical axis, as
illustrated in Fig. 7.15. It has been demonstrated in 2D simulations that the
20 � 4-block map is a considerable threshold with a qualified resolution, whilst
the 14 � 1-block map has an unqualified resolution. Accordingly, their 3D models
are tested to further prove the relationship between performance and resolution.
The commercial software, Ansoft HFSS [36], is applied as another tool for
numerical simulation. An electric dipole is located at the focal point to generate an

Fig. 7.13 Comparison of the
radiation patterns at 8 GHz.
The definition of U is shown
in Fig. 7.12d
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incident Hertzian-Dipole wave, and the directive property of both two flat lenses
and the convex lens are compared.

Figure 7.16a–c present the directivity patterns of the three lenses in both the E-
plane and the H-plane at 4, 8 and 12 GHz, respectively. At 4 GHz, when the
resolution of the 14 � 1-block lens is similar to half the wavelength, the 14 � 1-
block lens has almost the same directivity as the 20 � 4-block one. When the
frequency increases to 8 GHz, the two lenses still have very similar directivity
patterns. The lower-resolution one has slightly lower peak directivity (the maxi-
mum directivity over all the directions, as defined by HFSS), and slightly increased
side lobes. As the operating frequency further increases to 12 GHz, the difference
between the two lenses enlarges. The peak directivity of the low-resolution lens
decreases further and the side lobes increase as well. However, the low-resolution
lens still holds a good directivity pattern, which agrees well with the results from
2D simulations. Besides, the convex lens always has the best directivity in terms of
the highest peak directivity and the lowest side lobes.

Figure 7.16d plots the peak directivity of the three lenses from 2 to 16 GHz, so
as to compare their operating bandwidth. The convex lens has a -3 dB bandwidth
from about 8.5 GHz to about 16.7 GHz (8.2 GHz span), the 20 � 4-block lens has
a bandwidth from about 7.7 GHz to about 16 GHz (8.3 GHz span), and the 14 � 1-
block lens has a bandwidth from about 6.6 GHz to about 15.5 GHz (8.9 GHz span).
Overall, in the entire frequency band, the peak directivity decreases as the convex
lens, the 20 � 4-block lens and the 14 � 1-block lens are applied respectively.

(c)

(a) (b)

(d)

Fig. 7.14 Comparison of the radiation patterns when the flat lenses are fed by a line source at
focal points. Three lenses with different resolutions (80 � 15 blocks, 20 � 4 blocks and 14 � 1
blocks) are tested at 4, 6, 10 and 12 GHz respectively
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Fig. 7.15 A 3D flat lens is created by rotating the 2D permittivity map about its optical axis. The
3D lens is made of annular dielectric blocks. Colour bar shows the relative permittivity values

(a) (b)

(d)(c)

Fig. 7.16 Comparison of the directivity of the convex lens, the 20 � 4-block lens and the
14 � 1-block lens. The directivity patterns are drawn in the E-plane and the H-plane at a 4 GHz,
b 8 GHz and c 12 GHz. In d, peak directivities of the three lenses are plotted from 2 to 16 GHz
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The differences between the three lenses become larger as the operating frequency
goes higher. It is also noted that at low frequencies, all three lenses have low
directivity. The underlying physics is that when the aperture size of a lens is
comparable to the wavelength, it cannot efficiently focus energy to the focal point,
or reform the phase front of the wave.

7.3.3 A Broadband Zone Plate Lens

The diffractive lens, as an alternative to the traditional plano-convex lens for many
optical applications, offers significantly reduced thickness with its flat profile, and
thus possessing the merits of easy fabrication and small volume [37]. However, the
tradeoff for such a low profile lens, based on the principle of wave diffraction
instead of refraction, is narrow-band operation. For example, a Fresnel zone plate
lens can obtain a very compact profile with its focal point being very close to the

Fig. 7.17 Schematic showing of the zone plate lens design from the discrete coordinate
transformation. a 2D hyperbolic lens in quasi-orthogonal coordinates. The parameters are
D ¼ 63:5 mm, F ¼ D=4, t ¼ 9 mm. b 2D flat lens with the permittivity map consisting of
110 � 20 blocks. c 2D flat lens with the permittivity map consisting of 22 � 4 blocks. The
four layers have heights of 1.4, 3, 3 and 1.6 mm respectively in the z direction. The 1st to 10th
annular thickness is 3 mm and the 11th annular thickness is 1.75 mm. d The 3D zone plate lens
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plate [38–40], but becomes incapable of performing phase correction when the
operating frequency varies. In [41], a zone plate lens utilizing a refractive instead
of diffractive approach was presented for broadband operation. Using the discrete
coordinate transformation, a conventional hyperbolic lens was compressed into a
flat one with a few zone plates made of all-dielectric materials. Such a transformed
lens maintained the broadband performance of the original lens and achieved an
effectively reduced volume, thus providing a superior alternative to the diffractive
Fresnel element which is inherently narrow band.

Figure 7.17 is the schematic showing of the design procedure. A quasi-
orthogonal grid is generated in the virtual space where the hyperbolic lens is
located, as shown in Fig. 7.17a. Figure 7.17b illustrates the permittivity map in the
physical space consisting of 110 � 20 blocks. So far, a conventional hyperbolic
lens in the virtual space has been completely compressed into the flat profile in the
physical space, and hence the thickness of the lens is significantly reduced. After
that, simplifications are again carried out, with the additional transformation layer
in Fig. 7.17b neglected, and a low-resolution permittivity map (22 � 4 blocks) in
Fig. 7.17d created. Finally, the 2D lens model is rotated to its optical axis and a 3D
zone plate lens is therefore achieved in Fig. 7.17c.

A full-wave finite-element simulation using Ansoft HFSS is then performed to
verify the proposed design. Three devices are simulated for comparison: the
conventional hyperbolic lens, the transformed zone plate lens, and a quarter-wave
phase-correcting Fresnel lens with the same aperture size D and the same thickness
t as the zone plate lens. When a point source is placed on the focal point of each
lens, all three lenses have high directivity and well-matched radiation patterns as
expected at the designed central operating frequency of 30 GHz. The corre-
sponding pattern for this scenario is shown in Fig. 7.18b. Compared with the
original hyperbolic lens, the side lobes of the transformed lens become slightly
higher, due to the simplification and approximation in the design. However, the
transformed zone plate lens retains acceptable performance over a broad band-
width from 20 to 40 GHz. In contrast, the phase-correcting Fresnel lens has a
severely degraded directivity at both 20 and 40 GHz due to the phase error, as
shown in Fig. 7.18a and c. Figure 7.18d further explores the bandwidth property of
the phase-correcting Fresnel lens and the zone plate lens in term of directivity. The
zone plate lens is proved to possess a steady performance over 20 to 40 GHz, while
the phase correcting Fresnel lens only has 5 GHz bandwidth from 30 to 35 GHz.

7.4 Realization Methods

As pointed out in Sect. 7.2, constraints from less-than-unity permittivity or per-
meability have been completely removed in a device based on the discrete coor-
dinate transformation. This fact significantly reduces the complexity of realizing a
proposed design in practice, meanwhile grants the design with broadband per-
formance because its composing material is no longer strongly dispersive in
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frequency. In this section, a number of methods that can be adopted for realizing
DCT based antennas are discussed.

The first option is to use sub-wavelength structure arrays, which have been well
known as metamaterials [42–44]. This method is able to provide permittivity and/
or permeability from negative values to almost infinitely high values, and therefore
has been successfully used in many transformation optics-based devices such as
the cloak reported in [3] and the carpet cloak reported in Refs. [18, 28]. Generally
speaking, a metamaterial unit cell can be either an electric resonator or a magnetic
one. For a DCT based antenna device that only requires higher-than-unity per-
mittivities, a large array of electric resonators, for example, the I-shaped resona-
tors, is an efficient option. Figure 7.19a shows a sample of the I-shaped resonator,
and Fig. 7.19b illustrates the typical distribution of its effective permittivity. The
real part of permittivity (blue curve) follows the Lorentz model, becomes extre-
mely large around the resonance frequency (fr), and changes rapidly. This property
indicates an essential disadvantage of resonant metamaterials: narrow-band per-
formance. However, as long as the required relative permittivities are not much
higher or much lower than unity, such as in a DCT based antenna design, the
resonant metamaterials can operate very well away from the resonance. For
example, in Fig. 7.19b the I-shaped resonator has a relatively constant distribution
of permittivity value over frequencies much lower than fr. Figure 7.19c illustrates
how to arrange an array of resonators to mimic a homogeneous block in a per-
mittivity map. Full-wave simulations, the S-parameter retrieval technique [45, 46]
and the effective medium theory [47] have been applied to decide the dimensions

Fig. 7.18 Radiation patterns of the conventional hyperbolic lens, the transformed zone plate lens
and the phase-correcting Fresnel lens at a 20 GHz, b 30 GHz, and c 40 GHz. d Comparison of
broadband performance of the three lenses from 20 to 40GHz
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and arrangement of resonators, as described in Refs. [18, 28]. An advantage of
using metamaterials based on printed circuit board (PCB) approaches as shown in
Fig. 7.19c is its low cost and readiness for mass-production. The main drawback is
that strong spatial and spectral dispersions may occur and therefore limit the
bandwidth of the devices.

An alternative method is to drill sub-wavelength holes of different sizes in
dielectric host medium. This is the same technology used in the developments of
the conventional Fresnel lenses [39, 40] and the recent 3D carpet cloak [48]. These
schemes can be regarded as a homogeneous medium replacing the air and the
dielectric region. Generally, perforations in the host medium (er1) lead to a lower
relative permittivity value eeff ranging from eair

r2 to er1. Apparently, several different
host media may be needed to fulfill a transformation design corresponding to a
required permittivity range. An efficient solution to this problem is to insert high-

index dielectric cylinders (ehigh
r2 ) into the drilled holes to take place of the air.

Therefore, the effective permittivity is expanded to eair
r2 \eeff\ehigh

r2 . Here we use
this method to design the zone plate lens shown in Fig. 7.17 as an example.
Figure 7.20 gives the graphical representation of the relationship between the
effective permittivity and the perforation. The host material we employ here has a
relative permittivity value of er1 ¼ 5:8 and the filling high index dielectric has a

value of ehigh
r2 ¼ 36:7. These specific permittivity values are chosen because they

are from available dielectrics, and have been successfully applied in the conven-
tional Fresnel lens fabrications [39, 40] and an unidirectional free space cloak
design [49]. The effective permittivity can be estimated from the area ratio
between the holes (pd2=4) and the unit cell (l2) [39, 40]. A more accurate way is to

(c)

(b)(a)Fig. 7.19 The I-shaped
electric resonator.
a Dimensions of a unit cell.
b The effective permittivity
distribution of I-shaped
resonator arrays. Blue curve:
the real part. Dashed red
curve: the imaginary part. c A
group of I-shaped resonators
to mimic a homogeneous
block in a permittivity map

212 W. Tang and Y. Hao



retrieve the permittivity value from S parameters [46]. Given l ¼ 1 mm, different
d will lead to different effective permittivity, as shown in Fig. 7.20b. As d varies,
the effective permittivity ranges from 1.68 to 24.11. In addition, we can see that
the effective permittivity is for our purposes dispersionless, and does not vary
much with the frequency as long as the unit cell is sub-wavelength, as shown in
Fig. 7.20c–f. Table 7.1 gives the detailed value of d as a solution to realize the

Fig. 7.20 Graphical representation of the relationship between the effective permittivity and the
perforation. The host medium chosen here is er1 ¼ 5:8, and the filling material is air eair

r2 ¼ 1 or

ehigh
r2 ¼ 36:7. d refers to the hole diameter, and l refers to the length of side of the unit cell. l ¼ 1

mm is sub-wavelength scaled in order to make the effective media more homogeneous.
a Perforated host medium with square unit cell topology. b The effective permittivity achieved
from the square unit topology at 30 GHz as d is varied. The maximum value is 24.11, and the
minimum value is 1.68. c Frequency response of the effective perforated medium from 20 to
40 GHz. d Magnified picture of the frequency response in (c) around the effective permittivity
equal to 2.62. e Frequency response of the perforated medium filled with high dielectric material
from 20 to 40 GHz. f Magnified picture of the frequency response in (e) around the effective
permittivity equal to 15.02. (The curves at different frequencies are very similar, and in (c), (d),
(e), (f) clearly overlapped. This represents, for our purposes, dispersionless effective media. The
parameter retrieval in (b), (c), (d), (e), and (f) assumes the unit cell to be periodically infinite. In
practice, the finiteness of the structure will result in slight changes in effective permittivity)
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required permittivity distribution shown in Fig. 7.17c. To be noted, for relative
permittivities larger than 5.8, we drill holes and then fill in the high-index
dielectric cylinders. In this way, the proposed zone plate lens in Sect. 7.3.3, whose
relative permittivity ranges from 2.62 to 15.02, can be completely realized in
practice.

Furthermore, the DCT based devices can be realized using non-magnetic and
isotropic dielectrics which exhibit only slight dispersion and low loss. These
materials are commonly available in nature and are easily controlled and produced.
For demonstrating purpose, here we present an all-dielectric design of a carpet
cloak that reported in [19].

To begin with, a carpet cloak is designed in [50], and the permittivity map is
down-sampled to six dielectric blocks as shown in Fig. 7.21, with refractive
indexes of 1.08, 1.14 and 1.21, corresponding to relative permittivities of 1.17,
1.30 and 1.46. These dielectrics are located around a metallic perturbation that is

Table 7.1 The perforation size (d) in every unit cell shown in Fig. 7.20. The unit size is l ¼ 1
mm

d (mm) 1 2 3 4 5 6 7 8 9 10 11

1 0.85 0.83 0.74 0.68 0.59 0.50 0.36 0.19 0.31 0.57 0.76
2 0.52 0.51 0.49 0.46 0.40 0.34 0.15 0.21 0.46 0.66 0.82
3 0.34 0.33 0.31 0.29 0.24 0.14 0.13 0.34 0.52 0.69 0.84
4 0.28 0.28 0.25 0.23 0.16 0.00 0.26 0.36 0.52 0.69 0.85

Fig. 7.21 The perturbation bounded by the composite dielectrics. The perturbation is an
aluminium triangle of height 16 mm and base 144 mm. At the base of the triangle is a metal
boundary. In a, the dielectric 2D map of the 4� 2 blocks is shown. The dielectric blocks are
rectangles of dimension 34. 25 � 30 mm2. The fabricated cloak is shown in (b). In practice, a
metallic ground plane is located at the base of the triangular perturbation, while the entire
structure is enclosed within parallel metallic plates
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to be ‘hidden’ from the incident electromagnetic waves. The dielectric blocks have
a size of 34.25 � 30 mm2 (1:14k� k at 10 GHz), with the dielectric blocks in
contact with the perturbation cut appropriately as shown in Fig. 7.21. The per-
turbation is an electrically large aluminium triangle with a base of 144 mm and a
height of 16 mm (b ¼ 4:8k and h ¼ 0:53k at 10 GHz). At the base of the triangle is
a metallic ground plane. The fabricated cloak is shown in Fig. 7.21b.

The first stage in the realization of the cloak is the development and full
characterization of the dielectric mixtures. The requirements for the composing
materials of each block are that they exhibit low loss and low dispersion at
microwave frequencies. Homogeneous composites of polyurethane and ceramic
particles are required, with strong bonding between ceramic particles and the
polymer matrix, and reasonably good mechanical properties. Additionally, com-
posites with the requisite range of dielectric properties must be easily fabricated on
demand. Accordingly, a dielectric mixture of polyurethane with high-j barium
titanate (BaTiO3) is found to be suitable for this purpose. Polyurethane is used to
create a low-j foam matrix, and BaTiO3 is used to load the foam in order to
increase the effective permittivity while not greatly altering the mechanical
properties of the structure. The density of BaTiO3 powder is low, and the small
particle size is advantageous when used in a dispersion system and is less likely to
affect the polymer matrix structure. This results in less damage to the mechanical
properties of the composite material. Both substances exhibit low loss and low
dispersion at microwave frequencies, and are thus suitable for our requirements.

A range of BaTiO3 / polyurethane composites were fabricated to realize the
required permittivity values by changing the BaTiO3 particle loading. The relative
permittivity of the composite at 1 MHz and 10 GHz are measured and plotted in
Fig. 7.22. The measured permittivities show very good agreement with the spec-
ified values, with errors of up to about 2 %. Furthermore, as the measured per-
mittivities at both frequencies agree relatively well, it would imply that there is

Fig. 7.22 Measured relative
permittivity versus BaTiO3

volume fraction of the
BaTiO3/polyurethane
composite, at 1 MHz and 10
GHz. Measured points are
plotted and compared with
the Maxwell-Garnett (� � �)
and Bruggeman (��)
effective medium
relationships for three-phase
mixtures
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little dispersion between the bands. It is clear that a large range of permittivity
values can be attained by controlling the volume percentage of BaTiO3.

A prototype of the all-dielectric carpet cloak is measured in a near-field scanner
system which operates at frequencies between 6 and 12 GHz. It is composed of
two parallel conducting plates, each with a diameter of 1 m and spaced 15 mm
apart. Holes have been drilled in the top plate, which rotates at intervals that give a
resolution of 5 mm. A monopole measures the fields between the two plates at
each interval, while a wave is incident from a fixed X-band waveguide (single-
mode operational frequency range: 8.2 to 12.4 GHz; cutoff frequency: 6.557 GHz).
Details of the measurement setup is described in [19]. Figure 7.23 shows the
measured electric fields inside the near-field scanner system. Firstly, the near-field
scanner is tested with an empty setup. The measured 2D field amplitude plot is
shown in Fig. 7.23a, with the well-formed wavefronts visible. Figure 7.23b rep-
resents the measured fields when the perturbation has been introduced. In this case,

(a) 

(b) 

(c) 

Fig. 7.23 Measured electric
fields. The electric fields
measured in the near-field
scanning system are shown.
Due to the setup of the
scanning system, the
semicircular region in which
the perturbation and cloak are
placed cannot be scanned and
is left blank. a The empty
system (no perturbation or
cloak), showing only the
incident wave reflecting off of
the metallic ground plane.
b The perturbation resting on
the ground plane. c The
cloaked perturbation. Strong
scattering is evident with the
perturbation. The cloak
significantly reduces the
scattering due to the
perturbation, with the
resulting field distribution
similar to that of the
perturbation-free system
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the effect on the incoming wave is clearly evident, with scattering and diffraction
leading to at least two visibly separate paths of the reflected waves. The goal of the
carpet cloak is to ‘hide’ the electrically large metallic perturbation; reconstructing
the scattered waves so that they appear identical to those of the empty scanner. To
accomplish this, the dielectric materials are ordered around the object, as illus-
trated in Fig. 7.21b. In the measurement shown in Fig. 7.23c, it is clear that, in
contrast to the perturbed case, the scattered fields appear less affected by the block;
the two separate scattered beams are no longer visible, and the wavefront profile
appears very similar to that of the empty scanner. In conclusion, the carpet cloak
composed of only six dielectric blocks does function to ‘hide’ the perturbation.

7.5 Summary

In this chapter, the discrete coordinate transformation (DCT) was introduced as a
practical implementation of the transformation electromagnetics to create all-
dielectric antennas. It was demonstrated in theory that under certain orthogonal
conditions, this method can lead to transformation devices composed of isotropic
and non-magnetic dielectrics. Due to this property, the discrete coordinate trans-
formation is extremely suitable for the design of broadband antennas with compact
volumes, flexible profiles and even custom-projected electromagnetic perfor-
mances, as well as specifying designs that are easy to fabricate. Several broadband
antenna devices, including a flat reflector, a flat lens, and a zone plate Fresnel lens
were designed and numerically validated as examples. In addition, three different
realization methods for DCT based designs were discussed and demonstrated.
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