PBW-filtration over Z and Compatible Bases
for V(L) in Type A,, and C,,

Evgeny Feigin, Ghislain Fourier, and Peter Littelmann

Abstract We study the PBW-filtration on the highest weight representations V (1)
of the Lie algebras of type 2, and C,. This filtration is induced by the standard
degree filtration on U(n™). In previous papers, the authors studied the filtration and
the associated graded algebras and modules over the complex numbers. The aim of
this paper is to present a proof of the results which holds over the integers and hence
makes the whole construction available over any field.

1 Introduction

Let g be a finite dimensional simple complex Lie algebra, we fix a maximal torus
h and a Borel subalgebra b = h @ n™. Denote by R the set of roots and let P be
the integral weight lattice. Corresponding to the choice of b, let R™ be the set of
positive roots and let P be the monoid of dominant weights.

For A € P let V(1) be the finite dimensional irreducible representation of high-
est weight A and let v, be a highest weight vector. Denote by M (X) the Verma
module corresponding to the same highest weight. For a Lie algebra a denote by
U(a) its enveloping algebra. Fix a highest weight vector m; € M()). The linear
map

Un™)—> M®), n— nm,
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is an isomorphism of complex vector spaces. The degree filtration on U(n™):
U(tf)0 =Cl, U(n*)s =span{l,x;...x;: x;en”, [ <s} fors>1,
induces via the isomorphism above a natural b-stable filtration on M (A):
M) =U(n") m, fors=>0.

Set Un™)_1 = M(A)_1 =0, then the associated g-character

char, M(}) := Zchar(M(x)s /M(N)s—1)q*

5s>0
has a very simple form:

1
[Tper+ (1 —qe=F)’

This is obvious by the fact that the associated graded module M (1)* = @, M (A)s/
M (A)g—1 is a free module over the associated graded algebra S(n™) = gradU(n™).
In contrast, the situation becomes rather complicated if one replaces M (1)

by its finite dimensional quotient V(A). Again this module has an induced b-
stable filtration V(A); = U(m™)sv;, called the Poincaré-Brikhoff-Witt-filtration,
or, for short, just the PBW-filtration. The associated graded module V(1)¢ =
Do VA)s/V(A)s—1 is a U(b)-module as well as a S(n~)-module. A general
closed formula for the g-character

char, M (A) = e

char, V(1) := Y " char(V (1), /V (A)s-1)q*

s>0

is not known, partial combinatorial answers can be found in [4, 5], more geometric
interpretations can be found in [3, 6]. Another natural (and, at least in the general
case, open) question is about the structure of V (1)¢ as a cyclic S(n™)-module, gen-
erated by the image of the highest weight vector.

The aim of this paper is to present a proof of the results in [4, 5] which holds
over the integers and hence makes the whole construction available over any field.
More precisely, for g of type A, or type C,, we want

e to describe V;(X) as a cyclic Sz(n™)-module, i.e. describe the ideal Iz(A) —
Sz (n™) such that V7 (1) = Sz(n™)/Iz(});

e to find a basis of V/ (1), in particular, show that V7 (1) is torsion free;

e to get a (characteristic free) combinatorial graded character formula for VZ“ Q).

As a last remark we would like to point out that one should not confuse the PBW-
filtration (discussed in this paper) neither with the Brylinski-Kostant filtration [2]
(BK-filtration for short) on the weight spaces induced by a principal sl-triple
(e, h, f), nor with the right Brylinski-Kostant filtration discussed in [7]. As an ex-
ample, consider the case g of type By and A = w; + 2wy. In Table 1 we list for
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Table 1 Examples for the Poincaré polynomial of the associated graded weight spaces in V (1),
A =w; + 2wy, g of type By, enumeration as in [1]

Weight A —oap — 30 A—2a1 — 207 A —2a; —3an A —2a; —4dan
PBW q3 +q2 q3 +2q2 2q3+q2 q4+q3+q2
BK q4+q3 q4+q3+q2 q5+q4+q3 q6+q5+q4
Right BK q*+q* a*+4q +q C+at+q ¢ +4¢ +q*

some weights the Poincaré polynomial of the associated graded weight space. For
the left and right Brylinski-Kostant filtration, the polynomials have been taken from
[7], for the PBW-filtration the polynomials have been calculated using Theorem 3
(B2 =C2).

2 The Setup over the Complex Numbers: Definitions and
Notation

Let g be a complex finite-dimensional simple Lie algebra. We fix a Cartan subal-
gebra b and a Borel subalgebra b = h @ n™. Let R be the set of positive roots
corresponding to the choice of b and let «;, w;, i = 1,...,n be the simple roots
and the fundamental weights. The height h#(8) of a positive root is the sum of the
coefficients of the expression of 8 as a sum of simple roots.

Let G be the simple, simply connected algebraic group such that Lie G = g. Fix
a maximal torus T C G and a Borel subgroup B D T such that Lie B=h @& n™ and
Lie T = h. Denote by N~ the unipotent radical of the opposite Borel subgroup.

Let g=n" @b @®n~ be the Cartan decomposition. Consider the increasing de-
gree filtration on the universal enveloping algebra of U(n™):

U(n_)szspan{l,xl...xlz xien_,lfs}, (1)

for example, Un")p =C-1,Un™); =C-1+n", and so on. The associated graded
algebra is the symmetric algebra S(n™) over n™.

For a dominant integral weight A let ¥ : G — GL(V (1)) and ¢ : g — End(V (1))
be the corresponding irreducible representations. Fix a highest weight vector v;.
Since V(A) = U(m™)v,, the filtration in (1) induces an increasing filtration V (1)
on V(L):

V(s =U(n") ;.

Definition 1 We call this filtration the PBW-filtration of V (A) and we denote the
associated graded space by V4()).

Let ny = th(ﬁ)Zs n_z Sn- be the Lie subalgebra formed by the root sub-
spaces corresponding to roots of height at least s. In fact, n; C n™ is an ideal, and
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the associated graded algebra n™¢ = @szl ng /ng; is an abelian Lie algebra. We
make n™“ into a B- as well as a b-module by identifying the vector space n™¢ with
the quotient space g/b, which is a B- respectively b-module via the induced adjoint
action ad : B — GL(g/b).

Definition 2 Denote by g¢ the Lie algebra g = b @ n—“, where n™“ is an abelian
ideal in g and b acts on n™¢ via the induced adjoint action described above.

For a positive root 8 let U_g C G be the closed root subgroup corresponding
to the root —B. Denote by G, the additive group of the field (viewed as a one-
dimensional unipotent algebraic group) and let x_g : G, g — U_g be a fixed iso-
morphism of the root subgroup with the additive group G,. We add the root as an
index to indicate that this copy G, g of the additive group is related to U_g.

The group N~ admits a filtration by a sequence of normal subgroups: let
N = [1j(py=s U-p- then N is a normal subgroup of N~. Denote by N™¢ the
product N 74 =[]~ Ny /Ny |, then N~ is a commutative unipotent group. We
can identify N ¢ naturally with the product [] BeR+ Ga,pg, viewed as a product of
commuting additive groups. Here G, g gets identified with the image of U_g in
Nh;(ﬁ)/N,;(ﬂ)+ . The Lie algebra of N™% is n™¢.

The action ad of B on n™¢ can be lifted to an action Ad on N~ using the expo-
nential map. To make this action more explicit, recall that for two linearly indepen-
dent roots o, B we know by Chevalley’s commutator formula: there exist complex
numbers c¢;,j o, such that

o (xp()xg (x5 () = [ ] xietjp(cijapt’s?)
i,j>0

for all s, ¢t € C. The product is taken over all pairs i, j € Z~¢ such that ia + jB is
a root and in order of increasing height of the occurring roots. We have for m =
]_[ﬂeR+ x_g(ug) € N%and x4 (1) € B, ug,t € C:

Ad(xo (1)) (m) = 1_[ x_ﬁ<uﬁ+ Z c,-,,-,a,_yz"ufy'). )
BeRT i,j>0,yeR*
—p=ia—jy

Definition 3 Denote by G¢ the semi-direct product G* >~ B x N ¢, where N ¢
is an abelian normal subgroup in G* and B acts on N ¢ via the action described
above.

The subspaces V(A); = U(n") v, are stable with respect to the B- and the b-
action, so we get an induced action of B as well as of b on V¥(1). Since the appli-
cation by an element f € n~ induces linear maps

fi Vs = Vg
U U
VR)s—1—> V(R)s
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we get an induced endomorphism *(f) : V4(L) — V?(A) with the property that
YAOYS) =P : VEQR) — V) is the zero map for f, f/ en™.
Hence we get an induced representation of the abelian Lie algebra n™¢ and of its
enveloping algebra S(n™%), the symmetric algebra over n—"¢. Note that V(1) is a
cyclic S(n™“)-module:
Vi) =S[00

The action of n™¢ on V¥(A) is compatible with the B-action on V(i) and on n™¢:
suppose b € B, f en™ and v € V(4),, then

b(f.v) = (bfb™")(bv) = (ad(b)(f))bv +m.bv  for some m € b,
and hence bf.v = (El(b)(f))bv in V(A)s+1/V (A)s. It follows:

Proposition 1 V4()) is a g*-module, it is a cyclic S(n™%)-module and a B-module.
The B-action on S(n™%) is compatible with the B-action on V4(A) = S(mn™%).v;,

The action of U_g on V() is given by:
el
W(x_p))=) 'y )@ forveVGyandreC
i>0 :

and we get an induced action of U_g on V() by

v (x_p())(v) = Zriw (f—f)(v) forve V¥(\) and t € C.
l!

i=0

The action of the various U_g on V(1) commute and hence we get a representation
w4 N—% — GL(V*(L)). This action is compatible with the B-action on V%(})
and hence:

Proposition 2 V¢(}) is a representation space for G*.

In analogy to the classical construction we define:

Definition 4 The closure of the orbit G4.[v,] € P(V4(})) is called the degenerate
flag variety J%.

3 The Kostant Lattice

Let Gz be a split and simple, simply connected algebraic Z-group (see [8]), set
G4 = (Gg)4 for any ring A. We assume without loss of generality (Gz)c = G.
We fix a split maximal torus 77 C Gz such that T = (Tz)c and a Borel subgroup
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Bz D Tz such that B = (Bz)c. Let gz, bz, "Z etc. be the Lie algebras, then we have
g=9gzQRC,b=0bz ® Cetc.
Fix a Chevalley basis

{fﬁ,eﬁiﬂ€R+;h1,...,hn}CQZ,

where fg € n,, (respectively eg € nJZr) is an element of the root space g_g 7 (respec-
tively gg z), and h; € bhz.

Letng =3y py=s "_ p.z be the Lie subalgebra formed by the root spaces cor-
responding to roots of height at least s. The Lie subalgebra ny oo Chg g is an
ideal, and the associated graded algebra n,“ = @, ny /0y .1 1s an abelian Lie
algebra. We make ni‘a into a By- as well as a bz-module by identifying the vector
space n,, *@ with the quotient module gz /bz, which is a Bz- respectively bz-module
via the adjoint action.

Definition 5 Denote by g7, the Lie algebra g7, = bz ® ni’“, where n, ** is an abelian
ideal in g7, and bz acts on n,, ** via the induced adjoint action described above.

We write eg"), f ém) for the divided powers {ni! and fni! in the enveloping algebra

U(g). We denote by (ﬁ;) the following element in U(g):

<h,~>_h,~(h,~—l)-~-(h,~—m+l)

m m!

Let now Uz(g) be the Kostant lattice in U(g), i.e. the subalgebra generated by the
(}:,;) and the divided powers eg"), fém). We identify Uz (g) with Dist(G7,), the alge-
bra of distributions or the hyperalgebra of Gz. We fix an enumeration of the positive

roots {B1, ..., Bn}. Given an N-tuple m = (m1, ..., my) of non-negative integers,
we set
(m) _ p(m1)  ,(my) (m) _ (m1) _(mn)
= fﬁl fﬁN ’ e =ep €y -
and given an n-tuple £ = (¢4, ..., £,), set

p@ _ (MY (T
VA )

f (m)h(e)e(k), where m, k are N-tuples, £ is an n-tuple of natural numbers,

The ordered monomials

form a Z-basis of Uz(g) as a free Z-module. The subalgebras Uz(n~) and Uz(n™)
admit the ordered monomials

{f(m) |my,...,my GZZ()}
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respectively
{e(m) |my,...,my € Zzo}

as bases.
Let Uz(n™); be the Z-span of the monomials of degree at most s:
Uz(n_) < (m1) f;m/) |my+---+mg<s, yl,...,y/geR—'—)Z, 3)

N
where the degree of f( m). )EZ”‘) is the sum m; + - - - + my. Since changing the
ordering is commutative up to terms of smaller degree, the Uz (n™); define a filtra-
tion of the algebra Uz(n™). By abuse of notation denote by Sz (n™¢) the associated
graded algebra. Note that ni’” C Sz(n™%). In fact, Sz(n™%) is a divided power
analogue of the symmetric algebra over ni’“. This algebra can be described as the

quotient of a polynomial algebra in infinitely many generators (the “symbols” f(m)

Z[f(m) | m € Z>o, B € RT] modulo the ideal J generated by the following identities:

5 <f(m)f(k) <m+k>f<m+k>

k,mzl,ﬁeR+>. 4

So we have:
Sz(n ™) = Z[f§" | m € Z=o. p € RT]/3.

The isomorphism above sends the basis given by classes of the monomials in
the symbols f(ml) fg;’]’v) to the basis of Sz(n™%) given by the monomials
f(ml) fé?N)

Let U'i(f) + nt) C Uz(g) be the span of the monomials h©Oe® gsuch that

Yl + Z]/V:l k;j > 0. The natural map which sends a monomial to its class in
the quotient:

Uz(n™) = Uz(@)/Uz(n")US (h+nt),  f0  pom

is an isomorphism of free Z-modules. Recall that Uz(g) is naturally a Bz-module
and a Uz(b)-module via the adjoint action, and UZ(n_)UE(f) +n™) is a proper
submodule. Via the identification above, we get an induced structure on Uz(n™)
as a Bz-module and a Uz(b)-module. The filtration of Uz(n™) by the Uz(n™); is
stable under this Bz- and Uz (b)-action and hence:

Lemma 1 The By-module structure and the Uz (b)-module structure on Uz(n™)
induce a Bz-module structure and a Uz(b)-module structure on Sz(n~4).

For a dominant integral weight A = mw;| + -+ + myw, fix a highest weight
vector vy, and let Vz(A) = Uz(g)v, C V(X) be the corresponding lattice in the com-
plex representation space. Since Vz(A) = Uz(n™)v;, the filtration (3) induces an
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increasing filtration Vz(A); on Vz(}1):
Vz()s =Uz(n7) vs. &)

We denote the associated graded space by V7 (). Since Bz Vz(L)s C Vz(A)s, V7 (M)

becomes naturally a Bz-module. The application by an element ffgm) e Uz(n™)
provides linear maps for all s:

£ Va)s > VaMWegm
U U
Vz(M)s—1 = Vz(M)s+m—1,

and we get an induced endomorphism ¥r¢( fﬁ(m)) : V(&) — V7 (&) such that
w“(fgm))lp“(f)fz)) =y (f;fe))wa(fém)), and hence we get an induced represen-

tation of the abelian Lie algebra ni’“ and of the algebra Sz(n™%). Note that Vg Q)
is a cyclic Sz(n™%)-module:

Vg (W) = Sz(n™)vs.

The action of Sz(n™“) on V(1) is compatible with the Bz-action on Sz(n™%) and
on V4(}), so summarizing we have:

Proposition 3 V7 (1) is a g7-module, it is a cyclic Sz(n™“)-module and a Bz-
module. The By-action on Sz(n"%) is compatible with the Bz-action on Vg A =
Sz(m™%).v;.

For a positive root B let U_g 7 C Gz be the closed root subgroup corresponding
to the root —f. We denote by x_g : G, 7.5 — U_g 7 a fixed isomorphism of the
root subgroup with the additive group G, z. We add the root as an index to indicate
that this copy G4,z g of the additive group is supposed to be identified with U_g 7.

As in the case before over the complex numbers, the group N, admits a

filtration by a sequence of normal subgroups: set Ny - = [, (5)>, U-p.z, the
product N, = [Is>1 Ny /Ny s yy> 1 a commutative group. We can identify
Ny naturally with the product []4. g+ Ga,z,p, viewed as a product of commut-
ing additive groups. Again, G, 7 g gets identiﬁed with the image of U_g 7z in
Nz ey Nzn(gy+1- The Lie algebra of N,,*“ is n,*
The action of U_g,z on Vz(1) is given by

W (u_p®) @)=Y 'y (f5")w) forveVz()andreZ

i>0

and we get an induced action of U_g 7 on V7 (1) by

W (u_p(0) @)=Y 'y (f5") () forve VEQ) and 1t € Z.

i>0
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The action of the various U_g 7z on V7 (A) commute and hence we get a representa-
tion ¥ : Ni’” — GL(V (A)). Since we started with a Chevalley basis, by [9], §6,
or [10], §3.6, the coefficients in (2) are integral, so we get an action of Bz on N, “,

Denote by G, the semi-direct product Bz x N, *“. The actions of Bz and N, “ on
V7 ()) are compatible and hence we get

Proposition 4 V7 (1) is a G -module.
As a consequence, given a field k, we have the group G} = (G?)x, the representa-

tion space V! = (V) and the degenerate flag variety J% , := G{.[vi] C P(V(})).
Here are some natural questions:

(i) is the graded character of V’ (1) independent of the characteristic?
(ii) is V7 (1) torsion free?

An explicit monomial basis for V(g (A) has been constructed for G = SL,, in [4] and
for G = Sp,,, in [5]. Another natural question:

(iii) is this basis of V4()1) compatible with the lattice construction in this section?
Or, to put it differently: is V7 (1) a free Z-module with basis {f ® v, |s €
S(A)}? (For the notation see the next sections.)

The aim of the next sections is to give an affirmative answer to these questions for
G =SL, and G = Sp,,,.

4 Roots and Relations in Type A and C

Let R be the set of positive roots of sl, 1. Let o, w; i =1, ..., n be the simple
roots and the fundamental weights. All positive roots of sl,; are of the form «, +
Opi1+---+ay forsome 1 < p < g < n. In the following we denote such a root by
ap g, for example o; = q; ;.

Let now R™ be the set of positive roots of sp,,. Let a;, w; i =1,...,n be the
simple roots and the fundamental weights. All positive roots of sp,, can be divided
into two groups:

(X[yj:Oli+Oli+1+"'+0lj, 15’5]5”7 (6)

o=+t +toaptapmr ooty 1<i<j<n

ij
(note that o; , = «; 7). We will use the following short versions

o =0, ar=a

ii

We recall the usual order on the alphabet J ={1,...,n,n —1,..., 1}

l<2<---<n—l<n<n—1<---<1. @)
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Let g=n" @ h @ n~ be the Cartan decomposition. By Lemma 1, the Uz(n™)-
module structure on Uz(n~) induces a Uz (n™)-module structure on Sz(n~%). We
want to make this action more explicit for g of type A and C.

If o = B or if the root vectors commute, then

(adel) (£4™) =0. 8)

If o, y, B = o + y are positive roots spanning a subsystem of type A, then

(k) p(m—k) :
+ , ifk<m,
(ade®) (£5™) = Fr s nr=m 9)
0, otherwise.
If o, y, 0 4+ y, @ + 2y span a subrootsystem of type By = C», then
(k) (m k) :
1 far, » ifk<m,
ad ) (£ v 10
(adeg”) (fa's ) 0, otherwise, (10)
and
(k) p(m—k) .
:t b f k < 9,
(adelf), ) (1) = {07 o TR = i
Y 0, otherwise,
and
izk (k) (m— k), ifk < ,
(adef) (7i) = {5 Jo e T = (12)
0, otherwise,
and
(k) ,(m—k)
fa+y fa’—nt-Zy
(@) p(b) ,(c) :
(ade)(,k))(fofﬁ)zy) = +Za4ib>1€kmrabcfa fa—&-yfai,_zya itk <m, 13)
0, otherwise,

where the coefficients r, j . are integers.

5 The Spanning Property for SL,;
We first recall the definition of a Dyck path in the SL,-case:

Definition 6 A Dyck path (or simply a path) is a sequence

= (B0, (1), ..., B(K)), k=0

of positive roots satisfying the following conditions:
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(1) the first and last elements are simple roots. More precisely, 8(0) = «; and
B(k) =aj forsome 1 <i < j<n;

(ii) the elements in between obey the following recursion rule: If 8(s) = c, 4 then
the next element in the sequence is of the form either B(s + 1) = o) 441 or

Bls+1)=0apy14.
Example 1 Here is an example for a Dyck path for sl¢:
= (ap, a2 + a3, + a3 + a4, 03 + a4, A4, 04 + a5, A5).

For a multi-exponent s = {sg}g>0, Sg € Z>0, let f ) be the element

f(s) l_[ f(vﬁ) —a).

BeRT

Definition 7 For an integral dominant sl 1-weight A = ZL] m;w; let S(A) be

the set of all multi-exponents s = (sg)gecp+ € Zgg such that for all Dyck paths
= (B(0), ..., B(k))

SpO) +spy + o+ Spay =mi A mipr 4o+ mj, a4

where 8(0) = «; and B(k) = «;.

The space V£ (1) is endowed with the structure of a cyclic Sz(n~"%)-module,
hence V(1) = Sz(n™“)/Iz () for some ideal Iz(A) € Sz(n™%). Our aim is to
prove that the elements f®v,, s € S(1), span V7).

Let A =mjw; + --- + muw,. The strategy is as follows: f((A “)H) =0in
V7 ()) for all positive roots a, so foro =a; +--- +a;j, i < j, we have the relation

(mi+--+mj+1)
furtiva, " € Iz ).

(m)

In addition we have the operators e, ~ acting on VZ“ (1). We note that I7(A) is stable

with respect to the induced action of the e(m)
m) (mj+-+m;+1) . .
the operators e o fo, 1. +a; , we obtain new relations. We prove that these

on Sz(n™%) (Lemma 1). By applying

relations are enough to rewrite any vector f® v, as an integral linear combination
of f®v, withse S(A).
To simplify the notation we use the following abbreviations: we write just f; ;

, Sy +--ta)
for fo;+...+a;» i < j,and we write f( 7 for fa+++;/ .

By the degree degs of a multi-exponent we mean the degree of the corresponding
monomial f© = [li<icj<n /i (S”) in Sz(n™?), i.e. degs =) _s; ;.

We are going to define an order on the monomials in Sz (n™%). To begin with,
we define a total order on the f; j, 1 <i < j <n.We say that (i, j) > (k, ) if i > k
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orifi =k and j > [. Correspondingly we say that f; ; > fi;if (i, j) > (k,1), so

Jon > facin > facin—1> fucon > > 23> fo2> fin > > f1,1.

We use a sort of associated homogeneous lexicographic ordering on the set of multi-
exponents, i.e. for two multi-exponents s and t we write s > t:

(i) if degs > degt,
(ii) if degs = degt and there exist 1 < iy < jo < n such that s;,j, > #;,j, and for
i>ipand (i =igand j > jo) we haves; j =1¢; ;.

We use the “same” total order on the set of monomials, i.e. f® > f® if and only
ifs>t.

Proposition 5 Letp = (p(0), ..., p(k)) be a Dyck path with p(0) = «; and p(k) =
aj. Let s be a multi-exponent supported on p, i.e. s =0 for o ¢ p. Assume further
that

k

Zsp(l) >mi+---+mj.
=0

Then there exist some constants ct € Z labeled by multi-exponents t such that

fO+> afV ez (15)

t<s

(t does not have to be supported on p).

Remark 1 We refer to (15) as a straightening law because it implies

fO==>"cf® inSz(n")/Iz() = VEQ).

t<s

Proof We start with the case p(0) = oy and p(k) = «, (so, k = 2n — 2). This
assumption is just for convenience. In the general case p starts with p(0) = «;,

it 1 .
(nittmy ) I7()) instead of

p(k) = o and one would start with the relation f; ;

the relation fl(':1+"'+m”+l) € I7()) below.

So from now on we assume without loss of generality that p(0) = «j and p(k) =
a;,. In the following we use the differential operators 3(5/‘) defined by

f(k_)af,g(m_k), iff—ae AT and k <m,

. (16)
0, otherwise.

3§k)f,§m) _

The operators 35/‘) satisfy the property
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In the following we use very often the following consequence: if a monomial

fé:'”) . fﬂ(lm’ ) e I7(1), then for any sequence of positive roots «j, ..., &g and any
sequence of integers ki, ..., ks € Z~ we have:

ok gl fm0 M € Iz(h).

Since .fl(j’;1+"'+m”+])vx =01in VJ(X) and sp) + -+ + Spky > m1 + -+ +my, by

assumption, it follows that

FLIOETEO) ¢ 1),

1,n

Write 9" for 84"}, and for i, j =1,....n set

j n
Se = Sij.  Sie= ) Sij.
i=1 =i

‘We first consider the vector

8}[(;;[,1171)8@-,}172) . 82(-5:1,1)f](sp(0)+--.+sp(1<)) c IZ()\,) (17)

n—1,n N
By means of formula (16) we get:

a(S.,l) (sp(0)+"'+sp(k))_f(sp(0)+"'+sp(k)7s0,l) (Se,1)
2n 1,n —J1i,n 1,1

and

(50,2) 0 (Se.1) L(Sp)FFSpk) _ (Sp)FF8pd) —Sel =5e2) £(5e1) ,(Se2)
aSn a2n 1,n _fl,n fl,l f1,2 .

Summarizing, the vector (17) is equal to

(Se,1) (Se,2) (Se,n)
w1 i fia €1z,

To prove the proposition, we apply more differential operators to the monomial
(sn.l) (30,2) (So,n)

w1 Ji2 T i . Consider the following element in I7(A) C Sz(n™%):
(52,6) 0(53.0) (Sn,e) ,(5e.1) £(Se2) (Se.n)
A=31,1 a1,2 ~~-81,n—1 Lt Jiz o Jin o (18)
Claim
A=Y "cfY wherecs=1. (19)
t<s

Now A € Iz(A) by construction, so the claim proves the proposition.

Proof of the claim In order to prove the claim we need to introduce some more
notation. For j =1,...,n — 1 set

(S'+l,o) (s'+2,o) (Sn,o) (So,l) (5-,2) (So,n)
Aj=0 0 T A AT T A (20)
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so A; = A. To start an inductive procedure, we begin with A,_1:

An 1= 3(Vn o) f(s-l)f(S-Z) f(von).

1,n—1
_ (X) (y) _
Now sp,6 = Spnand 9,7, =0for j #n, so
( ., ) ( ., ) ( on— n.n) ( rl,n)
Ancr= £V A5 e (1)

We proceed with the proof using decreasing induction. Since the induction proce-
dure is quite involved and the initial step does not reflect the problems occurring in
the procedure, we discuss for convenience the case A, _» separately.

Consider A,,_», we have:

(So,n _Sn,n) (Sn,n)
1,n .

Anfz — affn 1 o)f(vo I)f(s‘o 2) .

Now o0 ") =0 for j #n — Ln, 0 _,fiw =0, and 9P (xy) =
Ejf:oa(k D) (y), so

Sn—1,e

(S.I) (50,2) (Se,n—1—Sn—1,01+¢) (Son Sn,n— ) (sp—1,6—10) @) (Sn,n)
” -2 = Z f fln 1 f fn—l,n—l fn—l,n n,n. -

We need to control which divided powers fn(e_)1 ,, can occur. Recall that s has support

inp. Ifa,_1 ¢ p, then s,,_1 ,—1 =0 and s,_1.¢ = Sy—1.n, SO ,fs_"l",ln‘”) is the highest

divided power occurring in the sum. Next suppose a1 € p. This implies «; ,, ¢ p
unless j =n — 1 or n. Since s has support in p, this implies

Sen =S1nt  +tSu—1n+Sun=Su—1n+Snn,

and hence again the highest divided power of f,,_1, which can occur is f,™ . " b "),
and the coefficient is 1. So we can write
Sn—1,n
(30 l) (50 n 1—Sn—1, o+l) (Yo n—Sn,n—L) (Snfl.o_e) @) (Xn,n)
Apa = Z fi fin Jaltnoy Talinan™
(22)
For the inductive procedure we make the following assumption:
A is a sum with integral coefficients of monomials of the form
(30 l) (Se,j) (Se, j+1— (3‘- n—%) (t'+1,_'+l) j+1,j+2) (tnfl,n) (tw,n)
1 ! fiih - Jin fidui f]Jil ir2 e Ll ™ (23)
X Y

having the following properties:

(i) With respect to the homogeneous lexicographic ordering, all the multi-
exponents of the summands, except one, are strictly smaller than s.
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(ii) More precisely, there exists a pair (ko, £o) such that kg > j + 1, sgpe0 > kot
and sg¢ = txe for all k > kg and all pairs (kg, £) such that £ > €.

(iii) The only exception is the summand such that ¢ ,,, = s¢ , for all € > j 41 and
all m, and in this case the coefficient is equal to 1.

The calculations above show that this assumption holds for A,_1 and A,,_>.

We start now with the induction procedure and we consider A;_| = al(sfl'.‘:)lA i

k ; . _
Note that 81(’])._1]‘1(’?2) =0for{ < j,and for £ > j we have Bf{’]?_lfl(zz) = f,-(,'é)ff,qz p)
for p < ¢, and the result is O for p > q.

Furthermore, E)ff’j?_l k({iz) =0 for k > j + 1, so applying af{’j?_l to a summand of

the form (23) does not change the Y-part in (23). Summarizing, applying 81(‘3.':)1 to
a summand of the form (23) gives a sum of monomials of the form

(So, ) (S.. i—1) (So, j—%) (So,n**) ([', i) (t',n)
DRI P i

Lj—-1 J1,j o n JsJ jn
X' VA
Ejt1,j+1) f(Ej+1,j+2) (tn.n)
Sirtjwt Jjrrjaa - Jnn” (24)
Y

We have to show that these summands satisfy again the conditions (i)—(iii) above
(but now for the index (j — 1)). If we start in (23) with a summand which is not
the maximal summand, but such that (i) and (ii) hold for the index j, then the same
holds obviously also for the index (j — 1) for all summands in (24) because the
Y -part remains unchanged.

So it remains to investigate the summands of the form (24) obtained by applying
af‘;jjl) to the only summand in (23) satisfying (iii).

To formalize the arguments used in the calculation for A,_» we need the follow-
ing notation. Let 1 <ky <kp <--- <k, <n be numbers defined by

ki =max{j: o; ; €p}.
For convenience we set kg = 1.

Example 2 Forp = (1,1, 01,2, .., %1 n—1, %10, 02,0, 03 n, X4 ps - - ., O, ) WE have
ki=nforalli=1,...,n.

Since s is supported on p we have

ki
Sie= Z Sies S0 = Z Si g (25)

l=k;_ i ki) <€<k;

Suppose now that we have a summand of the form in (24) obtained by applying

31(‘;.j;'1) to the only summand in (23) satisfying (iii). Since the Y-part remains un-

changed, this implies already #, , = Spn, ..., 1j+1,j+1 = Sj+1,j+1. Assume that we
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have already shown ¢;, = sjn, ..., ¢,+1 = 8j,¢y+1, then we have to show that
ljg = Sjto-
‘We consider five cases:

(i) £o > k;. In this case the root ; ¢, is not in the support of p and hence s; ¢, =
0. Since £g > kj > kj_1 > --- > ky, for the same reason we have s; ¢y =0

for i < j. Recall that the divided power of £} in A;_; in (20) is equal to
Se,t0- NOW ¢,y = ;. ; 8i.¢, by the discussion above, and hence f1 ) has

already been transformed completely by the operators 81 Si> ], and hence
N tjey=0=5j¢,. )
(i) kj—1 < Lo <kj. Since £y > kj_1 > --- > ki, for the same reason as above we
have s; ¢, =0 for i < j, 50 $e,¢, = Z[>/ Si.¢o- The same arguments as above

show that for the operator 8( *) | only the power f1 is left to be trans-
formed into a divided power otJ fi.ey> SO necessarily 7, go <8 6o

(iii) kj—1 =4£o=k;. In this case s; o = 5; ¢, and thus the operator 3 1 = BS’ 40

can transform a divided power f (*) in A; only into a power f i Eo with ¢ at
most s ¢, . '
(iv) kj_1 =4€o < kj. In this case sj e = 5j ¢y + Sj o1 + -+ + Sjk;- Applying
8(5’ ')1 to the only summand in (23) satisfying (iii), the assumptlon tin =
Sjns--stjgg+1 = Sje,+1 implies that one has to apply 81j jl to f(*) and
(s, -7) ..
0, ;ijl : o fiy (*) _ etc. to get the demanded divided powers of the root vec-

tors. So for fl(’? only the operator 3 o 01 is left for transformations into a

divided power of fij.ey» and hence ¢ ¢, < < S}y
(v) £o < kj_1. In this case s ¢, = 0 because the root is not in the support. Since
tje =sj¢ for £ > £y and s ¢ = 0 for £ < £( (same reason as above) we obtain

(5j,0) esgy 550
a1,,]/—1 = al,j—l :

But by assumption we know that 8 ’ 550 5.0

(/l)

| is needed to transform the power f1

into f
0= Sjlo

for all £ > £, so no d1v1ded power of 91 ;1 is left and thus #; ¢, =

It follows that all summands except one satisfy the conditions (i), (ii) above. The

only exception is the term where the divided powers of the operator afsj:;)l are dis-
tributed as follows:

(Se,1) (5e,j—1) (s ) ,(Sej) (Y',_'+1) (Se,j+1—
Jin --f1,jl1 (1}11 1)(1;41 fljfrl )

(sjn)  p(Sen—%) (Sj+1,j+1) (Sn.n)
"(al,j'—l 1,n )fj-‘:l,j{‘rl creJnn

By construction, this term has coefficient 1 and satisfies the condition (iii), which
finishes the proof of the proposition. g
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Theorem 1 The elements f(s) vy with s € S(X) (see Definition T) span the module
VE(A).
VA

Proof The elements f®, s arbitrary multi-exponent, span Sz(n~%), so the elements
f® vy, s arbitrary multi-exponent, span Sz (n=4)/Iz(A) ~ V7 (X). We use now the
Eq. (15) in Proposition 5 as a straightening algorithm to express f® vy, s arbitrary,
as a linear combination of elements f® v, such that t € S(A).

Let A =) ;mjw; and suppose s ¢ S(1), then there exists a Dyck path p =
(p(0), ..., p(k)) with p(0) =«;, p(k) =, such that

k

Zsp(1)>m,-+-~~+mj.
=0

We define a new multi-exponent s’ by setting

§ Sq, ifaep,
o 0, otherwise.

For the new multi-exponent s’ we still have

k

D Spay > mitmj.
=0

We can now apply Proposition 5 to s’ and conclude

f(S/) — Z Ct’f(t/) in SZ(II_’G)/IZ()\.)v

s>t

where ¢y € Z. We get f® back as f©® = f(s/) H5¢p fﬂ(sﬁ). For a multi-exponent t’
occurring in the sum with ¢y # 0 let the multi-exponent t and ¢; € Z be such that
ce f ®) ngﬂ, fﬁ(sﬂ )= cf ® (recall (4)). Since we have a monomial order it follows:

FO=fOT] £ =3 ef® inSz(n™)/1z(0). (26)

Bép s>t

Equation (26) provides an algorithm to express f ©) in Sz(n=%) /1z(A\) as a sum of
elements of the desired form: if some of the t are not elements of S()), then we can
repeat the procedure and express the f® in S7(n™%)/I7(%) as a sum of f® with
r < t. For the chosen ordering any strictly decreasing sequence of multi-exponents
(all of the same total degree) is finite, so after a finite number of steps one obtains
an expression of the form f® = Yerf ) in Sz(n™%)/Iz (%) such that r € S(1) for
all r. O
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6 The Main Theorem for SL,,

Theorem 2 The elements {f ® | s € S(A)} form a basis for the module Vg Q)
and the ideal I7()) is generated by the subspace

(Uz(ot) fu " 1 <i < j<n—1).

As an immediate consequence we see:

Corollary 1

(i) V7 (A) is a free Z-module.

(i1) For every s € S(A) fix a total order on the set of positive roots and denote by
abuse of notation by f® € Uz (n™) also the corresponding product of divided
powers. The {f(s) vy | s € S(A)} form a basis for the module Vz()) and for all
s < 5" we have Vz(\); is a direct summand of Vz(\)y as a Z-module. (See (5)
for the filtration.)

(iii) With the notation as above: let k be a field and denote by Vi (L) = Vz (L) @z k,
Uk(g) =Uz(9) ®zk, Upr(n™) =Uz(n") ®z k etc. the objects obtained by base
change. The { f® vy, | s € S(L)} form a basis for the module Vi (}).

Proof We know that the elements f® v, s € S(1), span V7 (%), see Theorem 1.
By [6], the number £S()) is equal to dim V (1), which implies the linear indepen-
dence. By lifting the elements to Vz(A), we get a basis of Vz(X) which is (by con-
struction) compatible with the PBW-filtration: set

SO, = {se S(x) ‘ > sp §r},

BERT

then the elements f®v;, s € S(1),, span Vz(A),.
Let I C Sz(n™“) be the ideal generated by

it+etmj+1 . .
(Uz(w¥)o fu T 1 <i < j<n—1),
by construction we know I C Iz(X). But we also know that the relations in /
are sufficient to rewrite every element in V7 (1) in terms of the basis elements

f®v,, s € S(A), which implies that the canonical surjective map Sz(n~)/I —
Sz(n7)/Iz(A) ~ Vz(}) is injective. O

7 Symplectic Dyck Paths

We recall the notion of the symplectic Dyck paths:
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Definition 8 A symplectic Dyck path (or simply a path) is a sequence
p=(BO).BM),....AK), k=0

of positive roots satisfying the following conditions:

(i) the first root is simple, 8(0) = «; for some 1 <i <n;
(ii) the last root is either simple or the highest root of a symplectic subalgebra,
more precisely B(k) =a; or B(k) = o7 for some i < j <m;
(iii) the elements in between obey the following recursion rule: If 8(s) = «p, 4 with
p,q € J (see (7)) then the next element in the sequence is of the form either
B(s +1) =ap 441 0r B(s + 1) =apy1,4, where x + 1 denotes the smallest
element in J which is bigger than x.

Denote by D the set of all Dyck paths. For a dominant weight A =Y "'_, m;w;
let P(X) C R'fo be the polytope

If B(0) =i, B(k) =, then

spo) +---+spuy <mi +---+mj,

if B(0) = a;, B(k) = o5, then ’
SO+t spry =mi+ -+ my

P() =1 (a)a>0| VP ED: 27

and let S()) be the set of integral points in P (L).
For a multi-exponent s = {sg}g>0, 5§ € Z>0, let f ®) be the element

9= T] 57 es2(07).

BeERT

8 The Spanning Property for the Symplectic Lie Algebra

Our aim is to prove that the set f ®)y,, s € S(1), forms a basis of V7 (X). As a first
step we will prove that these elements span V7 (1).

Lemma 2 Let A =Y i, mjw; be the sp,,-weight and let Vz (L) C V(1) be the
corresponding lattice in the highest weight module with highest weight vector v;,.
Then

ottty —0, 1=i<jsn—1, (28)
flmitetmatly, — 0, 1<i<n. (29)
Proof The lemma follows immediately from the sl-theory. O

In the following we use the operators Bo((k) defined by 8&1() (f ﬂ(m)) =0ifa=por
if the root vectors commute, and if «, y, 8 = o 4 y are positive roots spanning a
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subsystem of type A, then

f)sk)fﬁ(m—k)’ if k <m,

g (m)y _ 20
¢ (fﬂ ) 0, otherwise. (30)
If o, y,a 4+ ¥, @ + 2y span a subrootsystem of type B, = C», then
(k) o(m—k) .
a(k)(f(m)) fy fm y lfkfm, (31)
0, otherwise,
and
(k) p(m—k) .
, ik <m,
352;/ (fofri)z ) = f fa+2y B m (32)
v 0, otherwise,
and
k k .
8(k)(f(m)) 2kfo§ )f(m ), if k <m, 33)
0, otherwise,
and
(k) (m—k)
Jaty Taray
k (m) (@) () ,(c) .
3¢ )(fa’izy)_ +Za—ﬁc—>’j—ck_ Capefa faty Sy at2y ifk <m, (34)
0, otherwise,

with the coefficients ¢, p  chosen such that B(k)( f (sz) ==+(ad e(k)( f (’4”-)2 y)). Note

that all the operators are such that B(k) +(ad e(k)) (see (8)—(13)).

In the following we often just write f; ; and fl instead of fy, ; and fa . We
use the same abbreviation for the differential operators and the mu1t1 exponents o}
we write 0; ; and 9; ;7 instead of ;. i and 9y, -, similarly we replace S and Sa 5
by s;,j and s;, Recall that o; 7 = o, (see (6)

Lemma 3 The only non-trivial vectors of the form g fo, a, B > 0 are as follows:
fora=a;j,1<i<j<n

Oisfi,j= fs+1,j, 1<s<], Os,j fi,j = fis—1, 1<s=], (35)

andforao=o.-,1<i<j<n

ij’
disfi;=rip 1=s<], disli7=1Viss J=S5
Osfi7=TFis-1. J<s,

dp17fi7=fis, P=s<, dsmfij=VJiss J=s,

aj,x_]fl-j: fisz, J<s.
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Let us illustrate this lemma by the following picture in type Cs.

e} o o o o [ o
L] L) L] e L]
o o o

Here all circles correspond to the positive roots of the root system of type Cs in
the following way: in the upper row we have from left to right a1 1, ..., @15, o @
c 0T, in the second row we have from left to right @z 2, ..., a2 5, g 07,
and the last line corresponds to the root a5 5. Now let us take the root o 13 (which
corresponds to the fat circle). Then all roots that can be obtained by applying the
operators dg are depicted as filled small circles.

Theorem 3

() The vectors f® vy, s e S(L) span Vi ().
(ii) Let Iz(A) = Sz(n™)(UzmMR), i.e. Iz()) is the ideal generated by the ele-
ments obtained from R by the Uz(n)-action, where

it i+1 . . T .
R=span{ far TV N <i<jan—1, gmtetmtd | <i<p).

There exists an order “>pnon” on the ring Sz(n™%) such that for any s ¢ S(L)
there exists a homogeneous expression (a straightening law) of the form

fO=>" af®enm. (38)

S$>mont

Remark 2 1In the following we refer to (38) as a straightening law for Sz(n™%) with
respect to the ideal I7(}). Such a straightening law implies that in the quotient ring
Sz(m™%)/Iz(A) we can express f ) as a linear combination of monomials which
are smaller in the order, but of the same total degree since the expression in (38) is
homogeneous.

First we show that (ii) implies (i):
Proof [(ii) = (i)] The elements in R obviously annihilate v; € V7 (1), and so do

the elements of Uz (n™)9R, and hence so do the elements of the ideal I generated by
Uz(n™)MR. As a consequence we get a surjective map S(n~)/I — Vi‘ Q).
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Assume s ¢ S(1). We know by (ii) that f® =3 c(f® in Sz(m™9)/I.
If any of the t with nonzero coefficient c¢ is not an element in S(A), then we can
again apply a straightening law and replace f® by a linear combination of smaller
monomials. Since there are only a finite number of monomials of the same total
degree, by repeating the procedure if necessary, after a finite number of steps we
obtain an expression of £ in Sz (n™%)/I as a linear combination of elements f®,
t e S(1). It follows that { f® |t € S(A)} isa spanning set for Sz (n™%)/1, and hence,
by the surjection above, we get a spanning set { f Oy, | te S} for V7). O

To prove the second part we need to define the total order. We start by defining a
total order on the variables:

fiu<ho<-<finmi<fin<figoa<-<hs<hi

< fa—2.1-2 < fo—2.1—1 < o200 < fry_o7=1 < fu2ia
< fn—],n—l < fn—l,n <. n—1,n—1

< fans 39)

so, given an element fy y, the elements in the rows below and the elements on the
right side in the same row are larger than f, .

Remark 3 If we omit in (39) above the elements fi,]’ i=1,....n,i<j<n-—1,
then we have the order in the case g = sl,,.

We use the same notation for the induced homogeneous lexicographic ordering

on the monomials. Note that this monomial order > is not the order >,on We define
now. Let

J J
Se.j = Zsis./’ Sej = Zsij’
i=1 i=1
n n—1
Sie = ZS,',J' + Zsij.
J=t J=t

Define a map d from the set of multi-exponents s to Z;o:
d(S) = (Sn,e) Sn—1,05 -+ 51,0)-
So, d(8)i = Sn—i+1,e- We say d(s) > d(t) if there exists an i such that
ds)1=d®)1,...,d(s)i =d(®)i,d(8)i+1 > d®)i11.

Definition 9 For two monomials f©® and f® we say f® >yon f@® if
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(a) the total degree of f® is bigger than the total degree of f¥;
(b) both have the same total degree but d(s) < d(t);
(c) both have the same total degree, d(s) = d(t), but f©® > f©.

In other words: if both have the same total degree, this definition means that £
is greater than f if d(s) is smaller than d(t), or d(s) = d(t) but f©® > f® with
respect to the homogeneous lexicographic ordering on Sz(n™).

Remark 4 1t is easy to check that “>o,” defines a “monomial ordering” in the
following sense: if f©® >pon f® and f™ =£ 1, then

f(s+m) >mon f(t+m) >mon f(t)-

By abuse of notation we use the same symbol also for the multi-exponents: we
write 8 >mon t if and only if f©® >0, f©.

Proof of Theorem 3(ii) Let s be a multi-exponent violating some of the Dyck path
conditions from the definition of S(A). As in the proof of Theorem 1, it suffices to
consider the case where s ¢ S(A) and s is supported on a Dyck path p and s violates
the Dyck path condition for S(A) for this path p.

Suppose first that the Dyck path p is such that p(0) = «;, p(k) = «; for some
1 <i < j < n.Inthis case the Dyck path involves only roots which belong to the Lie
subalgebra sl C sp,,, and we get a straightening law by the results in Sect. 5. By
(19) and Lemma 3, the application of the d-operators produces only summands such
that d(s) = d(t) for any t occurring in the sum with a nonzero coefficient. Hence we
can replace “>" by “>pon” in (15), which finishes the proof of the theorem in this
case.

Now assume p(0) = «;; and p(k) = o5 for some j > i. We include the case
Jj = n by writing o, » = o 7. We proceed by induction on n. For n = 1 we have
sp, = sly, so we can refer to Sect. 5. Now assume that we have proved the existence
of a straightening law for all symplectic algebras of rank strictly smaller than n. If
i > 1, then the Dyck path is also a Dyck path for the symplectic subalgebra L =~
$Po,_p(i—1) generated by ey, foy o Poyyr | <k <n. Let nz, n; etc. be defined by
the intersection of n™, n~ etc. with L and set A, = Zzzi mywg. Itis now easy to see
that the straightening law for f® viewed as an element in Sz, (nZ’a) with respect to
I7.1,(AL) defines also a straightening law for f ©) viewed as an element in Sz(n™%)
with respect to I7(A).

So from now on we fix p(0) =« and p(k) =« ; for some i € {1,...,n}. Fora
multi-exponent s supported on p, set

k

E:ZSp(l) >my+ -+ my.
=0
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Obviously we have f ey (1). Now we consider two operators

(S-1+S") (Yot) (S-n 1) o(Se.n l+son) (Y”+Yot+l)
Al_alt 1 i+1,i+1° " n.n 8lnl alt
83 53
(So.i—l) (S. 2) o (5e.1)
'31,2 8 81 2
81
and
. a(52,6) 0(s3.6) (Si—1,0)
Ay = 8]’] 81,2 ...8],1;2 ,
and we will show that
)
M = O+ 3 e f© (40)

S>mont

with integral coefficients c¢. Since Ay A f %) ¢ I7()), the proof of (40) finishes

the proof of the theorem. A first step in the proof of (40) is the following Lemma 4
below.

Recall the alphabet J = {1,. n—1,. T}. Let g1,...,qi € J be a se-
quence of increasing elements deﬁned by

gr =max{l € J : ax; €p}.

For example, g; = i. All roots of p are of the form

O 1o s OL gy s 02 gy e e s O s vvns Oigi g5 evns Qg O
/ (S. D p(e2) Geogi_y=Sigi_y) ,Gigi_y) )
Lemma 4 Ser f©) = Ji2 7 Sig Tigios fzz_ » then
E 4
MfT = Z ef . (1)
$">mont

If fO, t+£5¢, is a monomial occurring in this sum, then either there exists an in-
dex j such that d(t); > 0 for some j € {1,2,...,n —i}, or d(t); =0 forall j €

. ll 1,1 (tll)
(1,2,....,n—i}and d(t),— 41 >s,~,.,0rd(t)—d(s)andf(t )f(iﬁl) . f”
(S,',T)

(sii) p(Siit1) .
R A 1

i,

Corollary 2 If ft+# fs is a monomial occurring in (41) then either Ay ft =0, or
As fYis a sum of monomials f* such that f$ >mon fX.

Proof of the lemma One easily sees by induction that

(2 (Se,1) ,(50,2) (Se,i—1) p(X—Se 1—502—"—Sei— 1)
5(f )= fir f1,2 il f11
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Note that the roots used in the operator are o 3, ..., ;, and they are applied to
f1.1 of weight oy 7. In terms of (10)-(13), we apply E)O(fiy to f at2y SO rule (11)
applies.

Since a1, j —a1¢, 1 < j <i,i <€=<n,and o j — o 7 1<j<i,i<{<n,
and a1,; — a1, 1 < j <1, are never positive roots, one has

(54,7+5i,0) (5,1) ,(5e2) (Se,i—1)
;2 838 ( L1 Ji2 e Ji- ) =0,
£
x) (¥ =501 =50 2—"=50,i~1)

S0 it remains to consider f 81 8382( f ).

To better visualize the followmg procedure, one should think of the variables f; ;
as being arranged in a triangle like in the picture after Lemma 3, or in the following
example (type Cq):

Ll fial fsl fal A3l sl Al

22| f23) 24 fo3| fon (42)
f33] /34| /33
)

With respect to the ordering “>", the largest element is located in the bottom row
and the smallest element is written in the top row on the left side. We enumerate the
rows and columns like the indices of the variables, so the top row is the 1-st row, the
bottom row the n-th row, the columns are enumerated from the left to the right, so
we have the 1-st column on the left side and the most right one is the 1-st column.
We refer to row k, column j as the (k; j) entry. Similarly, we refer to row k, column
j as the (k; j) entry.

The operator 01,4, 1 <g <n—1,killsall f ; for1 < j <gq, d1,4(f1,j) = fg+1, j
for j =g +1,....,q +1 (rule (9) applies), d14(f; ;) = f; 57 for j =1,.
(rule (9) applies), and 91 4 kills all f; ¢ for k > 2. Because of the set of indices of

. . . Y- o, o, e —Sei—
the operators occurring in 8, the operator applied to f, (Z=Se1=se2==Seiol) paver

increases the zero entries in positions (1; i) through (1; 2). As a consequence, the
application of 8, produces the sum of monomials

(V.H‘V.vi_) (S-.n—2+s.y,,, ) (Se,n— +S.n) k
f(X)fle H"'flﬁ lf l +Zc A

where the monomials f® occurring in the sum are such that the corresponding tri-
angle (see (42)) has at least one non-zero entry in one of the positions between the
(i + 1)-th and the n-th row (counted from top to bottom). This implies d(k); > 0

for some j =1,...,n —i. The operators §3 and 8(5" i) do not change this prop-

erty because (in the language of the scheme (42) above) the operators 9 ij used to
compose §3 either kill a monomial or, in the language of the scheme (42), they sub-
tract from an (k, f) entry and add to a (k, j — 1) entry. The operator 91 ;— subtracts
from the entries in the top row and, since the entries in the positions (1,7 — 1) up
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to (1, é) are zero, adds to the entries in the i-th row. The only exception is 91 ;]

applied to f; i, the result is f) ;. It follows that the monomials f &) occurring in

7HSie
3]( bl' o )83 £® have already the desired properties because we have just seen that

d(k/)J >0forsome j=1,...,n—i.
So to finish the proof of the lemma, in the following it suffices to consider

X (S.j‘l’si,o) (So.i+5.,m) (Se,n— 2+5. n— 1) (Se.n—1+Se,n) )
f 81,1’71 83f1’i+_1 fln f fll
(S-.1T+Sia') (So,i) (Sc,i+1) (Yo n) ..n— l) (So.m) (So.zT)
=00 AT s ‘fln rochar A @)

Note that the operators in 83 are of the form 9.z, j =i 4+ 1,...,n, and they are

Nk
appliedto f} 7, £ =i+1,...,n,s0 8j(kj)f(p) O for £ # j and for j =f we seto =

o5 Y =011, 8] j Ba, f1 = Ja+y, sorule (10) applies and the coefficient in
(43) is 1.

It remains to consider the operator 8 s 1 ). There are three possibilities: apply-
ing 91 ;—1 to the monomial above increases the degree with respect to the variables
fi.x, or the operator is applied to a variable killed by the operator, or the opera-
tor is applied to a factor f i, in which case the result is f; ; (note that in this
case rule (11) applies). So the right hand side of (43) can be written as a linear
combination )_ ¢k f &) of monomials such that d (k) ; j=0for j=1,...,n—iand
d(K)n—i+1 = Sie-

It remains to consider the case where d(K),—;+1 = s;... This is only possible
if 91,1 1s applied 8, j-times to ffy’{, in which case d(k) has only two non-zero
entries: d(k); = X — s;6 and d(K),—i+1 = Si.e, S0 d(k) = d(s'). If k # &, then

(tll) ([li ) (tll) (ll) (I,i ) (SII)
necessarily f; £y £ < UL 8 0
Proof of the corollary The operators used to compose A, do not change anymore
the entries of d(t) for the first » — i + 1 indices.

Suppose first t is such that there exists an index j such that d(t); > 0 for some
Je{l,2,....,n—i}ord(t);; > si.. By the description of the operators occurring

in Aj, every monom1al f ® occurring with a nonzero coefficient in A, f® has this
property too and hence f©® =00 f®.

(ti.i (ti.i ) i,i i,i ) (gl 1)
Next assume d(t) = d(s') and f’ )ft lﬁ‘ ...f fz(j )fl(jﬁl . f”
Recall that t; ;= = --- =t; 7 = 0. It follows that the operators occurring in Ap

always only subtract from one of the entries in the top row and add to the entry
in the same column and a corresponding row (of index strictly smaller than i). It
follows that all monomials f® occurring in A,(f®) have the property: d (k) =

L. t. - . L. -
d(s). Since £ plim) L pUT o g0 i 0D i follows that £ >

£® and hence f© >mon f ®), O

Continuation of the proof of Theorem 3(ii) We have seen that, in order to prove
Theorem 3(ii), it suffices to prove (40). Recall the definition of the multi-index (s)
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in Lemma 4:

(e \qi—1 " Si.q; 1) (si q; 1) (s,'y,_')

) _ (Y.l) (v.z) i i
o= fi27 g Frgil e S

i,i

(44)

To prove the theorem it remains to prove (using Lemma 4 and Corollary 2) for
f ) that Ay f ) is a linear combination of £ with coefficient 1 and monomials
strictly smaller than £®. The following lemma proves this claim and hence finishes
the proof of the theorem. O

Lemma 5 The operator Ay .= 8“2 ')81(53') 81(2 12') applied to the monomial

f ) (see (44) for the multi-index (s')) is a linear combination of ® and smaller
monomials:

Af O = O+ 3 . (45)

S>mont

Proof First note that all monomials f® occurring in A, f &) have the same total

degree. Recall that s == s’l = 0. It follows that the operators occurring in

Aj always only subtract from one of the entries in the top row and add to the entry
in the same column and a corresponding row (of index strictly smaller than i and
strictly greater than 1). It follows that all monomials f® occurring in A»(f CO))
have the same multidegree d(s), in fact, we will see below that /S is a summand
and hence d(k) = d(s).

So in the following we can replace the ordering >0y by > since, in this special
case, the latter implies the first.

The elements f; ; and f, S 2 <i < j <n, are in the kernel of the operators 91
for all 1 <k <n, and so are the variables f} ;, j <k in the first k columns.

The operator 91, 1 <k <n, “moves” the variables fi j, k+1 < j <n from the
first row to the variable fiy1, ; in the same column, in this case rule (9) applies.

The operator 91 ¢, 1 <k <n “moves” the variables f; - o k+ 1< j <n from the
first row to the variable f; , 7 in the same column. Note that here rule (9) applies,
except for j =k + 1, in this case set rule (10) applies.

For j <k, the operator makes the variables switch the column, it moves the
variable f jto the variable f fi=n] in the j-th row and (k + 1)-th column. In this
situation rule (9) applies, except if j = 1. But note that j = 1 can be excluded in
our case because j = 1 implies i = 1 for the path, and this implies that A, is the
identity operator, so there is no operator 9 x in this case.

We proceed by induction on i. If i = 1, 2, then A, is the identity operator, f©® =
f ) and hence the lemma is trivially true. Now assume i > 3 and the lemma holds
for all numbers less than i. We note that the monomial

(s1,1) (Sl,q) (52(1) (52(1) (32q) (32q)
f 'flqll ( 1flqll' 2flqzz)

(si— Lg;_ 2) (si Lg; 2) (SI Lg;_ 1)

—lgi_ (Si—1,¢;_y) (Si,g;_y) (s;:7)
..... ( Li—a flq,-,z lz S flq,-,llq 1)(fi,q:11 o f )

ii



62 E. Feigin et al.

is equal to f* (only the rules (9) and (10) apply) and appears as a summand in

As £©). Our aim is to show that all other monomials in A, £ are less than f).
All monomials share the common factor ( fi(;ﬁ”) ... jfi(;i‘;)), the maximal vari-

able smaller than the ones occurring in the divisor is the variable f; 1,qi—, - Note

that if j <i — 1 then for any g € J the variable 9y ; f1,4 lies in the (j + 1)-th row,

note that j 4+ 1 < i. The operator 01 ;7 is applied s;_1 o-times, the unique maximal

L. . i—le .
monomial in the sum expression of 9 I(S; _12’ ) £ is

(Se,1) (5e,2) (Se,;_p =Si—1.g;_5) ;1 (Si-1.4;_) (Si—1.4;_1) (Sig;_y) (5;7)
L1 f1,2 g (fi—l,qi—z "'fi—l,qi—l )(fi»qi—l fzz_ )’

because applying the operator dy ;> to any of the variables fi ; such that j #
qi—2,-.-,4gi—1, gives a monomial smaller in the order >, and the exponents s; 1 ;,

j=qi_2,...,qi_1, are the maximal powers such that 81(??_2 can be applied to fl(’yj)
because either g;_» < j < gi_1, and then y =5, j = si_1,j, or j = gi_1, then
Si—1,4;_; 18 the power with which the variable occurs in f ©), or Jj = qi—2, then
only the power s;_1 4,_, of the operator is left.

Repeating the arguments for the operators 91 ;3 etc. finishes the proof of the

lemma. O

9 The Tensor Product Property
In the following section let g = SL, or Sp,,.

Proposition 6 For two dominant weights A and w the Sz(n™“)-module V(1 +
W) is embedded into the tensor product Vg A) ®7 Vg () as the highest weight
component, i.e. there exists a unique injective homomorphism of Sz(nw™%)-modules:

Vi + 1) = Vi(R) Q Vy(w) suchthat vigy > vy ® vy. (46)

Proof Using the defining relations for V(A + w), it is easy to see that we have a
canonical map V7 (A + ) — V7 (1) ® V7 (1) sending vy4, to vy ® vy,. We know
that V7 (A) C V4(1) and V7 (u) C V¢(u) are lattices in the corresponding complex
vector spaces, and, by [4] and [5], we know that S(n™%) (v ®v,) C VAA) @ V(1)
is isomorphic to V¢(X + w), the isomorphism being given by

VO + 1) dmauygy > mu, @u, € V) @ V() form e S(n™9).

It follows that the induced map V(A + ) — V7 (1) ® V7 () between the lattices
is injective and hence an isomorphism onto the image. g
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